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We report on our recent determination of the Boltzmann constant, kg, by means of Doppler broadening
thermometry. This relatively new method of primary gas thermometry was implemented by using a pair
of offset-frequency locked extended-cavity diode lasers at 1.39 um, to probe a particular vibration-
rotation transition of the H%0 molecule. Adopting a rather sophisticated and extremely refined line
shape model in the spectral analysis procedure, we were able to determine the Doppler width from
high-quality absorption spectra with unprecedented accuracy. Our spectroscopic determination of kg
exhibits a combined (type A plus type B) uncertainty of 24 parts over 10°. The complete uncertainty

budget is presented and discussed.
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1. Introduction

As is well known, the Boltzmann constant is the basic constant
of statistical mechanics and thermodynamics, appearing in several
fundamental laws of physics. It was introduced by Planck to pro-
vide the link between Boltzmann’s statistical definition of entropy
and the conventional one [1]. Boltzmann himself never introduced
it, as he never thought to the possibility of carrying out an exact
measurement of the constant [2]. Boltzmann, whose studies on
entropy date back to 1870, could not imagine that roughly hundred
and forty years later the Boltzmann constant (kg) would have been
the subject of tremendous efforts in the attempt to measure it with
an uncertainty better than one part over 10°.

The renewed interest towards kg arises from the possible redef-
inition of the International System of Units (SI). In fact, the Interna-
tional Committee for Weights and Measures (CIPM) has proposed
new definitions for the kilogram, ampere, kelvin, and mole, based
upon the assignment of fixed numerical values to a set of funda-
mental constants, namely Planck constant, elementary charge,
Boltzmann constant, and Avogadro number [3]. The changes pro-
posed for the SI units will be adopted only after a further refine-
ment of the experimental results on these constants. A refined
value of kg should ideally be determined by at least three different
methods, at a combined uncertainty of 1 part per million (ppm) or
better [4]. Presently, the most accurate way to access the value of
kg is from measurements of the speed of sound in a noble gas (Ar)
inside an acoustic resonator. After over 40 years of research and
technical developments, acoustic gas thermometry has recently
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provided a kg determination with a relative uncertainty of 0.71
parts over 10° [5]. Another consolidated approach, based upon
the Clausius-Mossotti equation, deals with measurements of the
electric susceptibility of helium as a function of the gas pressure.
Dielectric constant gas thermometry has recently led to a kg value
with a combined uncertainty of 4.3 ppm [6]. Other upcoming pri-
mary thermometry techniques are currently at the stage of further
development and optimization. Among them, the newest and most
promising one is Doppler broadening thermometry (DBT).

The expression of the Doppler width of a given atomic or molec-
ular spectral line, valid for a gaseous sample at the thermodynamic
equilibrium, namely Awp =22 | /2[n2"'ﬁ7, being wq the line center
frequency, c the speed of light, and M the molecular mass, repre-
sents a powerful tool to link the thermodynamic temperature, T,
to an absolute frequency and a frequency interval, passing through
the Avogadro number and the Boltzmann constant [7]. Therefore,
DBT consists in retrieving the Doppler width from the highly-
accurate observation of the profile corresponding to a given atomic
or molecular line in a gas sample at the thermodynamic equilib-
rium. If implemented at the temperature of the triple point of
water (namely, 273.16 K), pursuing the highest levels of precision
and accuracy for laser absorption spectroscopy in the linear regime
of interaction, DBT provides an optical determination of the
Boltzmann constant.

In proof-of-principle experiments, performed on NHs; and CO,
molecules, kg was determined with a combined uncertainty of
190 and 160 ppm, respectively [8,9]. The ammonia infrared
spectrum was probed by a frequency-stabilized CO, laser at
10.34 pm, while an extended-cavity diode laser (ECDL) at 2 pum
was used to interrogate a vibration-rotation transition of carbon
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dioxide. At that time, the spectral analysis was performed by using
either Gaussian or Voigt profiles [10,11].

In the last few years, with the ambitious goal of approaching the
target accuracy of 1 ppm, technical improvements of the experi-
mental setups have been accompanied by a more and more refined
interpolation of the absorption line shapes, also involving other
molecular targets, such as water [12]. Particularly, a great attention
has been paid to the role of line narrowing effects.

It is well known that molecular line shapes exhibit clear devia-
tions from the time honoured Voigt profile. Even in the case of a
well isolated spectral line, under the influence of binary collisions,
the shape can be quite complicated by the joint occurrence of
Dicke narrowing and speed-dependent effects. In 2011, for the
H180 spectrum at 1.38 um, we demonstrated that the molecular
confinement alone is unable to explain entirely the departures
from the Voigt profile and that the speed dependence of
pressure-induced broadening and shifting cannot be ignored, even
in the case of pure water samples in the Doppler regime [13,14]. In
fact, absorption spectra were successfully interpolated, under the
soft collision approximation, using the uncorrelated version of
the speed-dependent Galatry profile, with a hypergeometric
dependence on the absorber speed for both pressure broadening
and shifting parameters, thus reaching an agreement between
theory and experiment at the level of 5 x 107> [13]. More recently,
we have also tested the quadratic approximation in the speed
dependence of relaxation rates, demonstrating the partial failure
of the so-called quadratic speed-dependent models [15,16]. Simul-
taneously, the partially correlated speed-dependent Keilson-Storer
(pcSDKS) model has been proposed to describe H,O line shapes
[17]. Comparisons between simulated and experimental spectra
have shown excellent agreements, thus demonstrating the exis-
tence of a partial correlation between velocity-changing and
dephasing collisions [18]. Due to its complexity and large compu-
tational cost, the pcSDKS model has not been implemented into a
fitting procedure. Instead, it has been used as a bench-mark to test
the validity of simplified semiclassical models. This study has iden-
tified the partially correlated speed-dependent hard collision
(pcSDHC) profile as the most appropriate model for self-colliding
water molecules [18]. Exploiting these outcomes in the spectral
analysis of high-quality water spectra, which have been acquired
in a second-generation DBT experiment using a highly-precise
dual-laser absorption spectrometer at 1.39 pm [19], we have
succeeded in providing a new value for kg with a combined uncer-
tainty of 24 parts over 10° [20]. This is the best result obtained so
far by using an optical method, its uncertainty being a factor of six
smaller with respect to the one of Ref. [21].

In the present paper, we report complementary information
regarding our new determination of the Boltzmann constant, with
a particular focus on the line shape problem. The complete uncer-
tainty budget is also discussed in details.

2. Experimental setup

The dual-laser water spectrometer is depicted in Fig. 1. It is
based upon the use of a pair of offset-frequency locked
extended-cavity diode lasers. One of the two lasers (the master
laser, ML) acts as reference oscillator, while the second laser (the
slave laser, SL) is actively controlled so that its emission frequency
maintains a given offset with respect to the frequency of the refer-
ence laser. The ML, emitting in the wavelength range from 1.38 to
1.42 pm, has a maximum output power of 35 mW. It is frequency
stabilized against the central frequency of a Lamb-dip, resulting
from the nonlinear interaction that occurs inside a high-finesse
optical resonator, in coincidence with the 449 — 44 line of the
H,'80 v; +v; band, at 7198.988700 cm™'. At this purpose, the

optical cavity was filled with a '®0-enriched water-vapor sample
at low pressures (~5 Pa). Hence, the ECDL was firstly locked to
one of the resonant modes of the high-finesse cavity by means of
the Pound-Drever-Hall technique (PDH). Then, the cavity-mode
frequency was actively stabilized against the center of the Lamb
dip by using a dispersive signal, as provided by the first-derivative
detection of the cavity transmission, after dithering the cavity res-
onance by means of a sinusoidal signal at 2 kHz. More specifically,
the bandwidth of the PDH feedback loop was measured to be about
1 MHz, leading to a frequency noise reduction larger than 50 dB
(for Fourier frequencies smaller than 10 kHz) and, consequently,
to a narrowing of the emission width down to 30 kHz (for an obser-
vation time of 1 ms). On the other hand, the bandwidth of the sec-
ond control loop, namely the one used to lock the cavity resonance
to the sub-Doppler signal, was measured to be 150 Hz. The overall
relative frequency stability of the reference oscillator resulted to be
at a level of 10~!2 for an integration time of 1s [22].

The slave laser, probing the H1®0 line of interest (namely, the
441 — 440 line of v; + v3 band, at 7199.103190 cm™!), was offset-
frequency locked to the ML, following the scheme that is based
upon the continuous detection of the beat note frequency between
the two lasers, as described elsewhere [19]. The offset frequency
was provided by a radio-frequency (rf) synthesizer, which in turn
was phase-locked to a GPS-disciplined Rb-clock. The bandwidth
of the control loop was measured to be of about 10 kHz. By contin-
uously tuning the offset frequency, it was possible to perform
highly linear and highly accurate frequency scans of the SL around
a given center frequency. In the adopted configuration, SL scans
were 3.1 GHz wide and resulted from 3100 steps of 1 MHz each,
with a step-by-step acquisition time of 100 ms. The active control
of the emission frequency of the probe laser allowed us to build an
absolute and reproducible frequency scale underneath the absorp-
tion spectra, thus satisfying one of the main requirements for a
low-uncertainty DBT implementation.

Another key ingredient of our spectrometer is the intensity sta-
bilization of the probe laser, which allowed us to remove one of the
most subtle source of systematic deviation, namely, amplitude var-
iation in the background baseline. In fact, the intensity control
feedback loop effectively compensates for any power variation
associated to a laser frequency scan, also including the periodic
modulation of the power arising from spurious etalon effects, as
well as absorption from water molecules along the path of the
beam in air. The intensity control system is based on an acousto-
optic modulator (AOM), which is used as an actuator to continu-
ously control the amount of laser power that is deflected from
the primary beam to the first diffracted order, this latter beam
being employed for the spectroscopic experiment. The frequency
stability of the rf signal at 80 MHz, driving the AOM, is sufficiently
high (~10~7 over 300 s) to avoid the possible contribution to the
overall frequency jitter of the first order laser beam. Intensity
stabilization at the level of 10~ was achieved over a frequency
scan as wide as 10 GHz, the bandwidth of the control loop being
~50 kHz.

Laser-gas interaction, under the linear regime, takes place in an
isothermal cell operating at the temperature of the triple point of
water (TPW). This latter system, extensively described elsewhere
[12], is made of three cylindrical chambers, one inside the other,
the inner one being the cell that is filled with the water vapor sam-
ple. In order to ensure acoustic and thermal insulation from the
outside environment, the other two chambers are kept under vac-
uum conditions by means of a rotative pump. The cell body is an
electro-polished stainless steel cylinder with a length of 15 cm. A
series of anti-reflection coated optical windows allows the laser
to pass through the chambers, so as to reach the absorption cell.
The rear edge of the cell is equipped with a flat mirror so that
the laser beam could pass four times through the cell before being
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Fig. 1. Layout of the dual-laser absorption spectrometer. OI stands for optical isolator; BS, beam splitter; AOM, acousto-optic modulator; EOM, electro-optic modulator; /4,
quarter wave plate; M, mirror; PBS, polarizing beam splitter; Pd, photodiode; FPd, fast photodiode; PS, radio frequency power-splitter; OFL, offset-frequency locking; HFC,

high-finesse cavity; SA, spectrum analyzer; PC, personal computer.

probed by a ultralow-noise preamplified InGaAs photodiode (see
the beam path drawn in Fig. 1). This latter exhibits a detection
bandwidth of 1 kHz. An auxiliary thermostat is used for the first
stage of temperature control, namely to bring the temperature of
the cell slightly below the set-point. This is done by means of a
cooling fluid circulating in a coil around the intermediate chamber.
Hence, a constantan heater, uniformly wrapped around the cell,
allows one to actively stabilize the temperature, thus reaching
the desired value. Two capsule-type standard platinum resistance
thermometers (SPRT) are inserted in the front and in the back of
the cell at 180° between each other, in order to measure the tem-
perature in two opposite points of the cell body. The two thermom-
eters (Hart Scientific Model 5686) were calibrated at the TPW
temperature by the Italian National Metrological Institute (INRIM).
Their resistance is continuously measured with respect to a tem-
perature stabilized standard resistor by means of an outstanding
resistance bridge (ASL F18 Thermometry Bridge).

Prior to each measurement run, the isothermal cell was evacu-
ated by means of a turbo molecular pump. Hence, it was filled with
a 97.7% enriched '80 water sample at variable pressures, ranging
between 150 and 500 Pa, as measured by means of an absolute
pressure gauge. The remaining 2.3% of the water sample included
H1%0 (~2%) and H1’0 (~0.3%) molecules, other compounds and
elements being present at trace amounts (between 1 and
10 ppm). We anticipate that narrowing effects are not expected
to depend significantly on isotopic substitution. Similarly, gas pur-
ity is not an issue, as the collisional width is considered as a free
parameter in the line fitting procedure.

Absorption spectra were acquired using a data acquisition board
with a 16-bit resolution and a sampling rate of 1 x 10 samples per
second. The possible nonlinearity of the whole detection chain was
estimated to be well below the noise level. A LABVIEW code
allowed us to control the whole setup, to perform step-by-step fre-
quency scans and to acquire, for each step, the transmitted signal.

3. Line shape model

The power distribution P(w), describing the shape of an isolated
line centered at wy, is given by the following expression:

P(w) = (Po + P1(w)) exp{—A - Re[S(w)]} (1)

where A represents the integrated absorbance, the parameters Py
and P; account for a linear variation of the incident power, and
Re[] stands for the real part of the quantity in square parenthesis.
S(w) is the complex line shape function that is strongly influenced
by the collisional processes experienced by the absorbing mole-
cules. This is, in turn, the sum of complex profiles, F(w, va), corre-
sponding to absorbers with different velocities, va, according to
equation here below [23]:
w) = /dvAF(a),vA). (2)
The profile F(w, v,) is determined by the probability distribu-
tion function of the absorbers, f(r,va,t), which represents the
fraction of molecules at time t, in a volume dr centered in r, with
a vectorial velocity between v, and vj + dva. This function satisfies
the Boltzmann transport equation [24]. Therefore, under the
impact approximation, it is possible to write:

F(w,vp) / dt/d rf (r,va, t) expli(w — wo)t — ik -1

va) — iA(va)t] 3)

where k is the wave vector of the incident radiation, I'(za) and
A(va) are the collisional width and shift of the line, respectively,
and va = |Val.

Speed dependence of collisional width produces a narrowing of
the line, while speed dependence of collisional shifting leads to line
asymmetry. In the formalism developed by Berman and Pickett

- (I'(
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[25,26] collisional parameters are supposed to have a power-law
dependence on the relative speed of the absorber/perturber sys-
tem, with an exponent determined by the molecular interaction
potential, which in turn is approximated by an inverse power form,
namely, V(r) o 79, with g =3, 4, 5, etc. respectively for a dipole-
dipole, dipole-quadrupole, quadrupole-quadrupole, etc. interac-
tion. As a result of a statistical average over the relative speeds,
the collisional width and shift can be written as [27]:

F(en) mf%’”(*%%*“(y%)z) )
A(on) mfﬁ“(%%*“(%y) ®)

with «, », m and n given by:

a=" 5 ZksT m:qf3 n=— 3 . (6)
ma ma q—1 q-1

In the equations above, I',, and A4,, are the collisional width
and shift, respectively, averaged over the absorbers’ speed,
M(a,b,z) is the confluent hypergeometric function, while m, and
my are perturber and absorber masses. It is worth noting that the
perturber-to-absorber mass ratio is equal to 1, since the perturber
is identical to the absorber, in our experiment. Moreover, the nat-
ural linewidth has been neglected, being several orders of magni-
tude smaller than the collisional width.

The probability distribution function greatly determines the
form of the line profile. In the simplest case, a free motion on
straight-line trajectories is assumed for the absorbers, with a
Maxwell distribution for their velocities, Wy(va). Therefore, it is
possible to write:

f(r,va, t) =6(r — VA )W (Va), (7)

where ¢ is the three-dimensional Dirac function. Using Egs. (2), (3),
and (7), the speed-dependent Voigt (SDV) profile can be obtained:

1 Wwn(Va)
Ssov () = /dVA T(va) —ijw — al)v:J —AA(UA) —k-va]’ ®

This model gives a simplified description of the line shape as it
ignores the Dicke narrowing effect, which consists in a correction
to the Doppler broadening caused by the averaging effect of
velocity-changing collisions [28]. This physical process is usually
modeled adopting either the soft collision or the hard collision
approximation. Soft collision means that the effect of an individual
collision is infinitesimal, so that many collisions are required to
produce a significant change in velocity. In this case, the absorber
motion becomes diffusive. Hence, f(r,va,t) obeys the diffusion
equation, whose solution leads to the speed-dependent Galatry
profile [27].

The hard collision limit assumes that each collision completely
randomizes the velocity, according to a Maxwellian distribution.
This approximation leads to the speed-dependent hard collision
profile. In the partially correlated speed-dependent hard collision
model, a correlation parameter # (0 < # < 1) is added to consider
the partial correlation between velocity-changing collisions and
dephasing collisions. This parameter # represents the fraction of
dephasing collisions that provides also a velocity-changing effect,
thus contributing to the Dicke narrowing. For the pcSDHC profile,
we adopted the following form [29,30]:

~Lge {%} 9)

Spesprc ()

where G and H are given by:

- WM(T/A)
Clo) = /dVA B(va) + I'n(va) — i[@ — o — Ap(Va) — K- V4] 1o

_ W (Va)[p(2a) — T'vp(¥a) — idyp(Va)]
Hw)= /dvAﬂ(vA) +I'p(va) —i[w — wo — Ap(va) —K-Va]”

(11)

where the total collision rate is given by g = , + Bvp. The subscript
V refers to purely velocity-changing collisions, D purely dephasing
collisions, and VD simultaneous velocity-changing and dephasing
collisions. Similarly, the collisional width and shift are given by
I'=I'y+Typ and 4 = Ay + Ayp. Due to the physical meaning of
the correlation parameter, it is possible to write Bvp =1, I'vp =4I,
and Ayp =n4. As far as the speed dependence is concerned, it is
assumed to be identical for g and I" and given by Eq. (4), while it
is ignored for A4, since we did not observe any asymmetry in the
experimental profiles, at any pressure.

4. Results

Fig. 2 shows a few examples of absorption spectra, in coinci-
dence with the 441 — 440 line of the H}®0 v, + v5 band, recorded
at the TPW temperature as a function of the total gas pressure.
At each of the pressure values, spectral acquisitions were typically
repeated twenty times. The total number of acquired spectra, for
the aims of the spectroscopic determination of kg, was 718.

The pcSDHC model allowed us to successfully fit the measured
spectral profiles within the experimental noise, which was mea-
sured to be of the order of 200 uV (root-mean-square fluctuations
of the transmitted signal with empty cell). The fitting procedure
was implemented under the MATLAB environment, using the trust
region optimization algorithm, and involved a single spectrum at a
time. Free parameters were A, Py, Py, I'ay, 4, B2y and Awp, .y being
the average collision frequency over molecular speeds. The center
frequency, wo, was fixed at the extrapolated zero-pressure value of
the line centers that were retrieved by fitting the absorption spec-
tra to the symmetric version of the speed-dependent Voigt profile.

It is worth noting that the Doppler width is rather hidden in Eqgs.
(7)-(9) while it appears more clearly after the angular integration,
with the polar axis along the wave vector [30]. The parameters #
and q were fixed at 0.2 and 5.017, respectively. In setting the 75
value, we exploited the outcomes of Ref. [18], while the choice of
the g value required a specific study. Firstly, setting a relatively
small value for the g parameter (q = 4.9), the application of the fit-
ting procedure to the spectra led to a linear trend in the retrieved
kg values, as a function of the gas pressure, with a negative slope.
This situation obviously lacks physical meaning. Hence, the opti-
mum ¢ value could be identified only after repeatedly applying
the fitting procedure to the whole set of spectra, each time setting

Transmitted signal (V)

1 1
2000 2500 3000 3500 4000 4500 5000

0.0 L

Frequency detuning (MHz)

Fig. 2. Absorption line shape recorded at the TPW temperature and at different
H330 pressures. The x-axis represents the frequency detuning from the center of the
440 — 44, line of the H380 v + v3 band that is used for the absolute stabilization of
ML.
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a different value for the g parameter. In Fig. 3, we report the slopes
that were retrieved from a weighted linear fit of the kg data versus
the integrated absorbance (which is proportional to the gas pres-
sure), for different q values. A 2" order polynomial fit of these
slopes allowed us to retrieve the g parameter for which the slope
is exactly zero. We found ¢q=5.017 £0.017, which is consistent
with that characteristic of a quadrupole-quadrupole interaction
potential (q=5). Fig. 4 shows the kg values as a function of the
integrated absorbance, resulting from the spectral analysis with
q=5.017. We note a growing fluctuation of the data points with
decreasing pressures. This is caused by the decreasing signal-
to-noise ratio in the recorded spectra that makes the statistical cor-
relation between the free parameters, in the line fitting procedure,
more effective. One might wonder which kg values would have
been retrieved by adopting a simplified model, such as the sym-
metric version of the speed-dependent Voigt profile. Fig. 5 reports
the comparison between the two cases. Because of the lower num-
ber of free parameters (six, rather than seven), the statistical fluc-
tuations from one spectrum to the other are significantly reduced
when using the SDV model. Nevertheless, the kg values are clearly
underestimated, as line narrowing effects are not taken into
account properly. It should be noted that also for the SDV fits the
q value was fixed at the optimum one, namely, the value that gave
a zero slope (q =4.785). We also investigated the influence of the
choice of the # value on the retrieved parameters in the pcSDHC
fits. A very important outcome of this study is given by the fact that
the retrieved Doppler and collisional widths do not depend on the
selected # value, while ,, decreases with decreasing values of #, as
clearly evidenced in Fig. 6. In our opinion, this is due to the fact that
velocity-changing collisions do not give a large line-shape narrow-
ing, which instead is mostly produced by the speed dependence of
the relaxation rates [13]. Therefore, when setting a smaller
physical correlation between velocity-changing and dephasing
collisions, the Dicke narrowing effect appears even less effective.
However, the importance of the # parameter to describe the phys-
ical situation of self-colliding water molecules can be confirmed. In
fact, a zero value for 7 would lead to a negative slope in the linear
dependence of the velocity-changing collision frequency on the gas
pressure, circumstance that has no physical meaning.

Our spectroscopic determination of the Boltzmann constant
results from the weighted mean of the values of Fig. 4, amounting
to (1.380631 +0.000022) x 1023 J/K, the uncertainty being of the
type A. Table 1 summarizes the complete uncertainty budget,
which leads to a combined uncertainty of 24 ppm. This is a factor
of 6 better than the result obtained by Lemarchand et al., from
the analysis of 7171 spectra of NH3 at 10.35 pm [21]. We should

1.2x10°8

8.0x107

4.0x107

0.0

Slope (10 J K'MHZ™)

-4.0x107

-8.0x107

q

Fig. 3. Values of the slope retrieved from the weighted linear fit of kg data versus
the integrated absorbance, at different q exponents. The continuous blue line
represents the 2nd order polynomial fit that provides the zero-slope condition.
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Fig. 4. Spectroscopic determination of the Boltzmann constant resulting from the
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corresponding to one standard deviation, are the internal errors resulting from the
fitting procedure. For comparison, the current CODATA value was drawn as a red
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mention that a revised analysis of the dataset of Ref. [31] (consist-
ing of 1420 spectra in the pressure range between 0.1 and 1.3 Pa),
as briefly discussed in Ref. [21], leaded to a determination of the
Boltzmann constant with a global uncertainty of 50 ppm. This is
surprising as the experiment of Ref. [21]| exhibited several
improvements with respect to that described in Ref. [31]. However,
even when compared to this latter determination, our value gives
an improvement by a factor of 2. Our determination is in agree-
ment with the recommended CODATA value, namely, 1.3806488
(13) x 10723 J/K. In the sub-sections that follow, we discuss the dif-
ferent sources of uncertainty. It is useful to remind that, according
to the GUM (Guide to the expression of Uncertainty in Measure-
ment), evaluations of uncertainty can be of the type A and type
B: the former refers to a method of evaluation by statistical analy-
sis of series of observations; the latter results from any means
other than statistical analysis [32].

4.1. Temperature stability and uncertainty

The spectroscopic determination of the Boltzmann constant
requires a highly accurate knowledge of the thermodynamic tem-
perature of the absorbing gas. First of all, we tested the tempera-
ture stability of our cell by doing repeated determinations with a
temporal resolution of 8s, over a time span of about 9 h. The
results are shown in the upper part of Fig. 7. A linear drift is clearly
evidenced, amounting to —55 x 107° K/h. This translates into a sta-
bility of 0.11 mK over the time interval of 2 h that is typically
required for doing twenty repeated spectral acquisitions. The Allan
deviation analysis, reported in the lower part of the same figure,
demonstrates a white-type fluctuation for integration times (t)
smaller than 500s, characterized by a trend of the type 1/7%°.
Then, the Allan deviation starts to increase linearly with t, thus
confirming the occurrence of a linear drift. After applying the
subtraction of the drift to the data of the upper panel of Fig. 7, it
is possible to quote the statistical uncertainty on temperature
measurements, amounting to 48 x 10~° K (corresponding to one
standard deviation) for an integration time of 8 s. When averaging
over the time needed for the acquisition of a single spectrum
(namely, 310 s), it reduces to ~10~> K and, therefore, can be com-
pletely neglected. In fact, its relative contribution to the budget of
uncertainties on kg amounts to 3.7 x 1075,

Possible temperature gradients along the cell were also investi-
gated by doing repeated temperature readings at the two ends of
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Fig. 7. Temperature stability test for the isothermal cell over a time span of nine
hours. A linear drift of —1.55 x 10~® K/s is measured. The Allan deviation analysis is
shown in the lower panel. At low integration times (7 <500 s) white-type noise
dominates. The influence of the linear drift becomes dominant for 7 > 500 s.

the cell body, using the two SPRTs alternatively. As a result, the
temperature uniformity was estimated to be at the level of
0.05 mK.

Finally, the overall uncertainty in temperature measurements
was quoted considering the specifications of the resistance bridge,
the uncertainty associated to the SPRT calibration at the TPW tem-
perature, the correction that is applied to take into account the
self-heating effect of the SPRTs, the uncertainty of the standard
resistance, the temperature drift over the duration of a single spec-
tral acquisition, and the temperature uniformity. As a result, we
found 0.3 mK. This leads to a relative contribution to the uncer-
tainty budget of 1.1 x 107,

4.2. Frequency scale nonlinearity and uncertainty

The beat note between the two lasers, which was monitored by
a spectrum analyzer, exhibited a signal-to-noise ratio of 40 dB in a
10 Hz resolution bandwidth. This was sufficient for direct count-
ing. Therefore, in order to check the quality of the frequency scale,
the beat note frequency was accurately measured by means of a
universal counter with a gate time of 1 s, while scanning the off-
set-frequency locked slave laser over a frequency interval of
3.1 GHz. Fig. 8 shows the measured frequency as a function of
the offset frequency, as provided by the rf synthesizer. A fit to a
straight line is also shown. The fit residuals (computed as relative
deviations between theory and experiment) demonstrate the
excellent linearity of the frequency scan, possible deviations from
the linearity being smaller than one part over 10° (namely, at the
kHz level). This upper limit was set by the noise level in measuring
the beat note frequency.

Similarly, the root-mean-square value of the relative deviations
between measured and expected offset-frequencies amounts to
~107. This gives the relative uncertainty on any value of the
frequency axis underneath the absorption spectra and, conse-
quently, translates into a relative uncertainty of the type B on
the Boltzmann constant of 2 x 107%. Also in this case, the estimate
gives an upper limit.

4.3. Line shape model

The uncertainty on the optimum q value, which was adopted in
the analysis of the 718 spectra by using the pcSDHC model, con-
tributes to the budget of uncertainties. In fact, we determined
the variation of the weighted mean of the retrieved kg values when
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Fig. 8. Plot of the measured ML-SL beat note frequencies, for a probe laser scan
across the H®0 absorption line, along with a fit to a straight line. The offset
frequencies set by the rf synthesizer are on the horizontal axis. Relative residuals
exhibit a root-mean-square value of 1 x 107
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varying the g parameter from 5 up to 5.034. This calculation led to
a relative contribution of 14.9 x 107,

4.4. Laser line emission width and FM broadening

In Section 2, we have shown that a modulation of the optical
cavity length was necessary in order to build the absolute
frequency reference. Unfortunately, this frequency dither was
transferred from the master laser to the probe one, being the mod-
ulation frequency (2 kHz) well within the bandwidth of the offset-
locking loop. As a result, a broadening of the emission width of the
probe laser is expected. This effect was accurately investigated and
quantified by using an optical frequency comb synthesizer, which
is not displayed in Fig. 1 to avoid adding further complexity to
the figure.

The comb is based upon a 100-MHz femtosecond Er:fiber oscil-
lator (Toptica model FES), with two phase-coherent amplified out-
puts: the one, centered at 1.55-um wavelength, delivers nearly
250 mW of average power, while the other provides nearly
160 mW of supercontinuum (SC) light, whose spectral extension
can be tuned by modification of the chirp of the pulses injected
in the SC fiber. The comb can cover a spectral region as wide as
~150 THz, roughly corresponding to the 1030-2100 nm range.

Using an electrical spectrum analyzer, we recorded the beat
note between the offset-frequency locked slave laser and the near-
est tooth of the comb, varying the dither amplitude on the master
laser. As shown in the inset of Fig. 9, the shape of the beat note is
well reproduced by a Voigt convolution. Hence, a nonlinear least-
squares fit of the beat note yielded the laser width (FWHW), whose
values as a function of the dither amplitude are shown in Fig. 9.
Obviously, we exploited the fact that the width of the comb tooth
could be neglected (being at the kHz level). Reducing the dither,
the laser width decreased down to the minimum value of about
1 MHz, with a Gaussian component of about 850 kHz and a
Lorentzian one of about 210 kHz. This study allowed us to identify
the optimum operation conditions for the aims of the spectro-
scopic experiment. Furthermore, it was possible to quantify the
influence of the laser instrumentation function on the absorption
profile of the molecular transition of interest. In fact, following
the approach of Ref. [33], we simulated typical absorption spectra
(in the thermodynamic conditions of our experiment) by doing the
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Fig. 9. Dependence of the SL emission width on the amplitude of the 2-kHz
sinusoidal dither applied to the ML. The inset shows the power spectral density
(PSD) of the beat note (observed with a resolution bandwidth of 10 Hz) between the
optical frequency comb synthesizer and the SL, setting the dither amplitude at
100 mV. A fit to a Voigt convolution (red line) is also shown. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)

convolution between the laser profile, identical to the one emerg-
ing from the Voigt fit of Fig. 9, and the exponential of a SDV profile,
setting the parameters equal to the expected ones. Then, the sim-
ulated spectra were analyzed by doing fits to Eq. (1), adopting the
SDV model and ignoring the laser profile. So doing, it was possible
to quantify the influence of the laser profile on the determination
of the Doppler width and, consequently, of kg. We found a relative
contribution of the type B amounting to about 10 ppm.

4.5. Other components

Among the other sources of uncertainty, hyperfine structure
(HFS) effects should be considered.

In fact, a hyperfine structure is expected as the selected transi-
tion is of the ortho type (namely, the total nuclear spin of the two
hydrogen atoms is equal to 1) [34]. Nevertheless, HFS splitting,
caused by spin-spin and spin-rotation interactions, is calculated
to be more than one order of magnitude smaller than the emission
width of the probe laser. We remind that the quadrupole moment
of the hydrogen and oxygen (either '°0 or '®0) nuclei is zero.
Therefore, we estimate a relative contribution to the uncertainty
budget much smaller than 1076, Similarly, we could completely
ignore any effect due to a possible saturation of the line, as the
maximum intensity of the probe laser along the beam path in
the absorbing sample was calculated to be about 15 W/m?, which
is roughly eight orders of magnitude smaller than the saturation
intensity of our line, as calculated at the pressure of 100 Pa by
using the transition dipole moment and the self-broadening coeffi-
cient reported in the HITRAN database [35] and the equations of
Ref. [36].

As for the measurement of the line center frequency, which
enters into the determination of the Boltzmann constant, we used
a 7-digit wavemeter (Burleigh, model WA1500), whose wave-
length uncertainty, at 1.39 pm, corresponds to 30 MHz. This gives
a relative contribution of 0.278 x 1076, as shown in the budget of
Table 1.

As already mentioned, the possible non-linearity of the detec-
tion chain was estimated to be well below the noise level on the
recorded spectra. In this respect, it is worth noting the excellent
linearity in the response of InGaAs detectors (better than 10~ over
the large photocurrent range between 10~ and 10~ A), as docu-
ment in the past literature [37]. Attempts to measure a possible
nonlinearity by comparing absorption spectra acquired under the
same experimental conditions, with the only exception of the
power impinging the detector (which was attenuated by using a
variable filter placed on the beam path between the cell and the
detector), did not show any sign of deviation from linearity. Simi-
larly, experimental profiles were not perturbed by spurious ampli-
tude modulations of the laser beam, which were completely
cancelled by the intensity control feedback loop.

Table 1
Uncertainty budget (in terms of relative contributions, corresponding to one standard
deviation) related to the spectroscopic determination of the Boltzmann constant.

Component Type A Type B
Repeatability of Doppler width measurements  15.7 x 10~

Frequency scale <2x10°®
Line-center frequency 0.278 x 107
Line emission width and FM broadening 10 x 107
Saturation broadening Negligible
Detector nonlinearity Negligible
AM modulation effects Negligible
Cell’s temperature 37x10% 1.1x10°°

Hyperfine structure effects <1076
Line shape model 149 x 107¢

Combined relative uncertainty =24 x 107°
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Finally, no additional broadening is expected by the finite tran-
sit time of the H120 molecules through the laser beam, provided
that the absorbing medium is homogeneous and isotropic, as dem-
onstrated in Ref. [38].

5. Conclusions

We have reported on recent advances towards the development
of low-uncertainty Doppler broadening thermometry, based upon
precision molecular spectroscopy in the near-infrared region, for
the aims of the spectroscopic determination of the Boltzmann con-
stant. The dual-laser approach enabled us to reach unprecedented
fidelity in the observation of the shape associated to a given vibra-
tion-rotation transition of water. A major effort in our work was
devoted to line shape modeling, which is far from being trivial
for self-colliding water molecules. In this respect, we have shown
that the choice of the semiclassical model is of the utmost impor-
tance. In fact, a simplified model, such as the speed-dependent Voi-
gt profile, can lead to a systematic deviation in the retrieval of kg.
The choice of the partially correlated speed-dependent hard colli-
sion profile, suggested by recent theoretical and experimental
studies [17,18], revealed to be right, despite the complexity of
the model. In fact, the retrieved kg values did not show any depen-
dence on the selected value of the correlation parameter. Further-
more, it was possible to find the optimum g exponent so as to
reach the zero-slope condition. The uncertainty budget shows that
the achievement of a global uncertainty at the ppm level, for the
spectroscopic determination of kg, is a realistic possibility.

The statistical uncertainty can be reduced by increasing the
number of spectra, possibly enlarging the pressure interval. The
limitation arising from FM broadening has been already removed.
In fact, very recently, we have implemented noise-immune
cavity-enhanced optical heterodyne molecular spectroscopy
(NICE-OHMS) for the highly sensitive detection of the sub-Doppler
line, on which the reference laser is stabilized [39]. In this respect,
we benefit from the fact that NICE-OHMS provides a dispersion sig-
nal without dithering the optical cavity. As for the uncertainty
associated to the line shape model, we believe that it will be signif-
icantly reduced once a global analysis approach will be used to
simultaneously fit a manifold of profiles across a given range of
pressures, sharing a restricted number of unknown parameters,
including q and Awp. This approach would also reduce fluctuations
resulting from statistical correlations among free parameters, as
clearly demonstrated in Ref. [40].
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