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Abstract

Coolant temperature transients are analyzed by solviﬂg'the spatial-time depen~-

dent coolant heat balance equation im a reactor chanmnel.

Results coming from the analysis of the heat propagation in a fuel element .are
used in this work (see "Reactor Temperature Transients with Spatial Variables -
First Part: Radial Analysis" KFK-223).

The solution of the equation is obtained by using the Laplace transform method.

It has been found out that the coolant transients depend upon the following 5

parameters

tr = radial time scale = fuel,dens;;y x fuel specific heat cgpagity x (fuel radius)2

fuel thermal conductivity

fuel thermal conductivity

¥ % 77X fuel coolant heat transfer coefficient x fuel radius
g = axial time scale _ fuel rod length/coolant speed
radial time scale tr
o= fuel thermal capacity
thermal capacity of the associated coolant
_ _ fuel rod length
a =7 -

extrapolated length

Numerical examples are also included.
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1. Introduction

In nuclear feéctofs the téﬁperature ttahsients»are normally treated by uSiﬁg the
well known "lumped model®. This model does not take into account any effect due
to the heat propagation inside the fuel element and the heat transport along the
reactor channel. The heat propagation inside a fuel element (Radial Analysis)
was developed in bibl.1l.

In this second part (Axial Analysis) the results coming from the first part
(Radial Analysis) are incorporated in the heat balance equation of the coolant.
Then the complete solution, including the heat tramsport along the channel, is

analyzed.

2. Mathematical Fundamentals

Fig. 1 shows a reactor chanmnel with a cylindrical fuel element and its associated

coolant. In each cross section of the fuel element the heat is produced uniformely.

The heat balance equation of the coolant ist the following:

30 30
2nRh(T_~6) = Spc (z¢ v D) (n
where
R = external radius of the fuel
h = heat transfer coefficient between cylinder surface and

coolant (supposed to be constant)

T = surface temperatﬁre of the cylinder = Ts(z;t)

®@ = coolant temperature = 0{z;t)

S = area of the channel cross—section occupied by coolant
Py = coolant mass density (supposed to be constant)

. = coolant specific heat capacity (supposed to be constant)
t = time

z = axial coordinate (z = 0 at. channel middle plane)

v = coolant speed

In eq. 1 it has been supposed that the coolant temperature 6" at each cross




section of the reactor channel does not change from point to point of the same
cross section. "0" is therefore a function only of the axial coordinate "z' and

of the time "t" and not of the radial coordinate "“r".

In eq. ! the term related to heat conduction in the coolant along the axial

direction has been neglected.

The boundary conditions associated to eq. 1 are the following:

'[é] =H/2 = Oi(t) = given function of the time 2)
37y . _h (- |
3 == ) (see Bibl. 1, page 2, eq. 3) 3
r=R
where
Gi = inlet coolant temperature

H = length of the fuel rod

T = temperature at any point of the fuel
r = radius i. e. radial coordinate .

A = thermal conductivity of the fuei

Eq. 1 can be written as follows:

1360 30 _m _
T 3Ty (Tg-0) )
where
% = z _ axial coordinate )
H  height of the cylinder

i

¢ = H/v _ axial time scale 6)
tr radial time scale
2
m = E§_= TRTcgp et - fuel thermal capacity = const
C. ¢ 5o E thermal capacity of the associated coolant *
= £
TS (8)
T
PeCe
tr = -5 R2 = radial time scale = const. (9)
A

)




Considering the variation of the system from the stationary conditions, we can

introduce the following symbols:

A?zfr,fio,», | / o (1)
80 =06 - (12)
AT, =T =T ’ BE
Av=v=v | (14)

where subscript "o indicates initial steady state conditions and "A" variation

from steady state conditions.

From eqs. 6 and 14, we have:

Av zo
v "z ! (15) \
° 1
Eq. (4) becomes:
340 . Av 99, . Av 340 300 _ mly _
3x + v, - + v, 5t 20 el - (ATs AG) (16)

3. The case of constant cocolant speed (Av = 0)

The Laplace transform of eq. (16) of para. 2 in the case of constant coolant flow

(Av = O and therefore lo = f = const) is the following

ane™

. # Ex_ﬁ?_,_ ¥ - #
G + A6 Y (ATS AGT) 1) B
where
"' indicates Laplace transform

o = complex variable of the Laplace transformation

The boundary conditions (2) and (3) of para. 2 become respectively:

e o0 1 = 20](0) ¢3)
Z
and
3 *
da R TPV
[dyl =5 (aT_ -20") )

y=1




where
y=% ®)

According to Bibl. 1 para. 2 eq. 20, the boundary condition (3) can be substituted

by the following equation

* ¥ R ap* ’
] = 6,000 80"+ £ ¥, () Tt ®
where  p = reactor power
o = numberoffuel rods 5
Ve = total volume of fuel in the reactor = nnR'H (6)

M(x) = normalized power distribution along channel axis

+1/2
; f M{x)dx

i
—

-1/2
N . 1/0Z(0c)
Fo(0) = 35 [-6,)] = 1 72ty )
6_(0) = —— (8)
s 1+ =)
Z(o)
Jo(v’:a)
Z(c) = - ®
2/-g J!(/:E)
Jo and Jl being Bessel functions of the first kind.
Putting (5) in (1) and taking into account eq. 7, we have:
dae” # _mi R 1 *
=35 + o [1+oF _(0)] s0” = —Y--é-ﬁ-‘;-f-xzz(x)ﬁs(c)w (10)

Taking into account eqs. (6), (7) and (10) of para. 2, eq. (10) can be written

as follows

*
dAo - * 1 _ %
o *+ ot [1+wF_(0)] 4o OO M(x)F (0)AP (1)

At steady state conditions we have

P = nSpcccv(Oout-@i)o (12)




where

subscript "o" indicates initial steady state conditions

eout = coolant outlet temperature

Gi = coolant inlet temperature

We introduce the new function ''Y¥{¢)" so defined ,
¥(o) = o2 {'_1+m*ss(o)] ‘ (13)

Taking into account egs. (12) and (13), eq. (11) can be finally written:

o 5 . _
8AB * : . 4P
=t Y(oc)A0 (ecut 91)0 &(x)Fs(a)-——-Po (14)

The solution of eq. (14) with associated boundary condition (2) is the following:

*
A6 (03x) = H(c;x)A®§(0)+V(0;x}'[Q(x)—ei ]O ézﬁlgl - (5)
T
where -(x+%)Y(c) o
W(o;x) = e : (16)
X
{e(x)-eijo = (eout—ei)oj:”z M({x')dx' a7

X ¥ .
f MRS VEN () NPRTI

e(XﬂIZ)Y(G) fx M(x*)dx’
-1/2

V{o:x) = Fs(o)

For practical purposes it is useful to calculate the average temperature Eéﬁ(o)

and the effective temperature Aesz(o) defined respectively by: -

- +1/2 #
70 (o) =j AC (o3x)dx (19)
F-1/2

and

+1/2
)[ AG*(G;X)MZ(x)dx
-1/2

+1/2 9
N}P Hx)dx
-1/2 '

#
Aeeff(c) = (20)




Putting (15) in (19), we get:

*
88" (o) = W(o)A0} (o) + T(o) (B-0,) ég-éﬁl
- o]

where

1- -Y(c)
W(o;x)dx =

- +1/2
e < BN

1/2

- +1/2
(e-0,) =J[‘ {5(x)-ei] dx = (8, .=0,) J{

p:4
V{o;x)1i

+l/2
B ‘I(x')dx dx
-1/2

Putting (15) in (20) we get:

+1/2
M{x? )dx] dx

V(o) =

Bopee(®) = W,gp(0)00] (©) + Vore(0)(Oege0s),
where
+1/2 2
Hlo:x) MT(x)dx
Woge(®) = :}131/2 5
Mo (x)dx
-1/2
+1/2
f [é (x) —Gi] o Mz (x)d=
-1/2 ]
(Opes™ )y = 172
[ ?:12 {x)dx
-1/2
+1/2 <
j Mz (x) [j’ / M(x! )dx] ax
-1/2
- - -1/2
il O ei)o

+17/2 2
f Mo (x)dx
‘=172

21)

(22)

+l/ x ] t
”2?‘/2 M= )dx]dx (23)

(24)
&
AP (o)
—_ {25)
¢}
(26)
@n




+1/2 <
wrl ; ’ f ]
Vio:x) M () i[ Mx")dx'{dx
-1/2 =172
Yere@) = 172 N @
' j Riz(x) J’ M{x)dx'ladx
_!/2 -1/2
We have for o = O
W(0;x) = V(0:x) = HW(0) = V(O) = Woep(0) = veff('o) = | (29)

The functions W(o:x) and W(o) are independent from the power distribution M(x)

along the channel axis.

The functions V(c;x); 5(0); Weff(o)g Veff(o) are instead dependént on the power
distribution YM(x) along the channel axis.

4. The case of a step change of the coolant speed

Let us nov consider the case of a step change in the coolant speed.

The final coolant speed "v"” is given by the following equation

veEv +Av=vy o+ A, 1(t) (1)
where
v, = initial steady state walue of the coolant speed
AVC = amount of coolant speed change
1(t) = unit step function.
Taking into account eq. ! and eq. 15 of para. 2, eq. 16 of para. 2 becomes:
by _1(t) de_ bv o1 (t)—‘I&AG 240 ma_
A dx M L v, ‘Jax * zo 3t ¥ (ATs‘Ae) (2

The Laplace transform of eq. 2 is the following

rmnacn .

%
1 Av 4o Av \dAG mi ‘
¢ (1 + ) + 8 ohAe* = -;9- (A'r:-ae*) 3




We divide all the terms of Veq. 3 by the factor

| € e — =0 |
1'!'-‘-;-'— v (4)

and we get:

%
dAG mi do_ aw,
.dx‘*ﬂ,cae—y(ATsAG) T a T , (5)

o o

We have from eq. 17 of para. 3
de
dx (eout-@i)o H(x) (6)

Eq. 5 of para. 3 is:

-K
AT = G (0)Ae" + =- i o (o) M(x) 1)
Ve

Putting eqs. 6)and ¢)in (6)and takingv into account eq.(7)of para. 3, we get

*

* : '
dAe . . ¥ _ R - _ bve 1 2 - y AP
o * Y(o)a0” = Ta; (6,,404),, M(x) ;;9- 5+ ) ©,,.~9;), Ux)F_(0) F (8)
where
Y(o) = %0 [1 + m F ()] )
The solution of eq. (8) is the following
86" (o52) = - losm) [o-o] o=l (10)
o 0 .
40} (6) W(osx) + - “’ L2 (050 [o)-o,],
0 O
where
® '+1/2)Y
e(x +l ) (0') M(X')dx'
W(o:x) = =142 - ()
e(X'H/Z)Y(O) j M(x")dx"
-1/2

lo)-0,] = (8,,.79,), fzfz M(x')dx’ 12)




_!2—

and ¥W(o;x) and V(o;x) are defined in para. 3.
For the average coolant temperature 8 and for the effective coolant temperature
Ge ggo Ve have

i
P (13)

88" = =ii(o) £ [6-0,]
o

o* L”E

+ 46} (0)ii(0) + 3 AP L8 (9) (o) [B-e,],
O 0

and

¥ __2E Ae 1 |
Aeeff- %, Ye f(g)[eeff i] oV, s T (14)

2 AP*(0) -
HORNNORE o ToE, Vors () Bogs eijo

" wh +1/2 _ X 4
where j W(osx) j H(x')dx} dx
= I=1f2 ~-1/2

W(c) = I (15)
j tf Mx' )dx'} dx
~-1/2 "1/2 ‘
+1/2 ¢ x ,
(©-9,), = ®,, 07, J' []_1/2 M(x')dx}dx (16)
~-1/2
+1/2
, J uif(c x) M {x) j Mz dx'ax
Weff(c) = 1773 . (17)
j d (x) j 1£(x')dxj dx
YT e T
*1/2 X | | .
j Iiz(x)[j ) M(x')dx]dx
17=1/2
6 ..~0.) = (0 =1/2 ' (18)

eff “i‘oc out_ei)o +1/2 5
/ Mo (x)dx

1/2
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and W(o); V(o); Weff(c) and Veff(c) are defined in paragraph 3. The following

properties are important.

From eq. {[8) of para. 3 and eq. (11), we get
V(o3x) = Fs(c)ﬁ(o;x) (19)

From eq. (24) of para. 3 and eq. (15), we can urite

V(o) = F (c) ° (o) (20)

From eq. (23) of para. 3 and eq. (17), we obtain.

veff(c) = Fs(c) §eff(g) @1

In case of complete loss of ccolant eq. {(3) becomes

ml 40 1

% _ __2' 9!&_ * ~__2__ v
!Z.oaA@ = > (ATS A0) + = o (22)

In case of constant power (AP=0) and constant inlet coolant temperature (Aei=0)
and taking into account eqs. (6) and (7), eq. (22) becomes

A0* = I (=) (9,,,0,), (23)

2,02 [14mF ()]

5, Physical meaning of the parameters "&” and "m" and comparison with the axial

lumped model

In addition to the definitions of the parameters “.” and “m" given respectively
by egs. (6) and (7)of para. 2, it is possible to obtain another expression for the

product im" which has an interesting physical meaning.

Eq.(4)of para. 2 at steady state conditions becomes the following

40 _m& ,m _ |
&—Y(Ts@) (1)

Integrating eq. (1), we get
m _ e01.3,*:‘-6:{ (2)
Y T -0
S




~ ]3—

Eq. 54 of para. 4 ia Bibl. 1 gives for y the following equation at steady state

conditions
1 Tg0 1 Es'é
L - @
T -7 T ~T
c s .. ¢ s
where

Tc = central fuel temperature

and the line at the top indicates average along the 'x" axis.
By combining eqs. (2) and (3), we get
1 9
mi = — __.".I.t.:.._..j; %)

4 -
Tc Ts

If the coolant speed is large, "' becomes small (eq. (6) of para. 2) and the
product mf becomes small. We have from eqg. (4) that the steady state axial
coolant temperature profile becomes small in comparison to the fuel radial
temperature profile. This means that a more simplified axial model called

"lumped model” can be used.

The lumped model is defined by the following relationship between average,
outlet and inlet coolant temperatures.
AD, +A0O
ou

= _ 1 t ‘
48 = —=mp——— (3)

12,17

Integrating eq. (14) of para. 3 and eq. (8) of para, 4 in respect to "x", ve get

respectively
L J
* % - - - AP
BOout™80 * Y(0)AO = (0,,:=0p), F () P, (6)
and :
28"+ Y(o)aB" = (0 ) el ¢
out ut i o v, g

Taking into account eqg. (5), we get respectively from{6)and(7)

F_(a) ap*

- 1 : ‘
48 W A@ + (@ ® )O l"'Y(O’)/Z Po (8)

- 1 - &vc 1
=m0 5T T | @
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If we compare eq. (8) and (9) respectiveiyrwith eq. (21) of para. 3 and (10)

of para. 4, we realize that we obtain the same result by calculating the follow-

ing limits
_ l_e—Y(c) eY(o)lz_e—Y(c)IZ
20 ¥{o)~o Y(o) Y(o)»c Y(o) e
= 1lim S —
2(6)0 1+Y(0) /2
and
lim V(o) Vo) = 1 "ol an
im V(o) = 1lim V{c) = 1lim 11
g0 ¥(c)0 T(o)so 1PE@/2

6. The case of uniform power distribution along channel axis

In this case we have
M(x) =1 1

Eqs. (17) and (18) of para. 3 give respectively

lex)-6,1 = x+1/2) [0 -0, (2)
Yo = b Y(g) [l_e-(xH/Z)Y(G)] )
Egq. (26) of para. 3 gives
= l—e‘Y(g)
W ee(0) = W(o) = (R (4)
Egs. (23) and (27) of para. 3 give:
- - _ _ -l- . -
(e—ei)o - (Geff ei)o "2 (eout ei)o B (5)

Egs. (24) and (28) of para. 3 give:

- F_(0) {— e 4G by
V(o) = ff(ﬁ) = 2 e Y( ) 1 - *—WJ (6)
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Eq. (13) of para. 4 gives:

e (E41/2)¥(0)

W(o3%) = 7y I

Eqs. (17) and (19) of para. & give:

= = ]-e.Y(G)
W(c) = weff(g) = 2[3- W

N

®)

In the next sections of this paragraph the functions W(o:;x): V(o;x): (o) and

V(o) are developed in expressions which are easily antitransformable to the time

domain. .

6.1 Expansion in series of poles of the function W(o:x)

The function

WOy = o= EH/DI@

can be developed on the imaginary axis (o=ju) as follows (see Appendix 1):

-2 , n=o 14E ¢
W(g;x) ~ e (x+1 /2)0[{11.’_(1_‘@1) b Dn —
n=1 1 +Anc+Bncz

where:

W, = exp [= %& (X"'llzﬂl

a
n

n -a_ /2
{1-e an )cn

iy
i

B = ¢*n/2
n 2
o
n
a = (x+1/2) —mk
0.25+y%0
n
-2 u
l-e 1 n
i - R+ I -2
b, = I-e( a/y) (x+1/2) [n nou,

i3
i

Fd R B
_17/(.2.+ fa)
n v I v
n n n

1

2)

(3)

(4)

5)

(6)

€)

(®)
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o, = "n*'th root of the Bessel function equation Z(o)+y=0 and Z(c) given by eq.
(23) of para. 2 in bibl, 1.

Rn and ‘.[n being respectively real and imaginary parts of the expressiont

o' A m=w [ l=A e-am/26'+B e_am(a')2
(l _.n'm ) 1 ( m n m n (%)
eaﬂ/2+1 m=1 1-A 6'+B (0')2
wén mn m-n
where
- -
) T N (10)
with An
LT . an
n
and
1 A 2
U 2 S
n “YE (ZB ) (12)
n n
we have
n=co -
pX Dn = 1 (13)
n=1

6.2 Expansion in series of poles of the function V(o:x) in the case of uniform

pover distribution

The function
i Fs(c)

_=(x+1/2)Y(0)
x+1/2 Y(o) {-e ] R

V(o;x) =

can be developed as follows on the imaginary axis (o=jv)

(See Appendix 3)

l_e“(X+l/2)20' n=w Pn
Viosx) = Y1 (zx+1/2) %0 * Yy nil 1+o7cn¥ + (2)
=00 A )
R o Vo T I 8 V2 )L e

= = + + 2
n=1 1+o/6n n=l } Ana B o
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where
=1 ' | M
vy = T 7 . B _ (3)
vz - Y+1/8 1 (4)
2(14m)? x+1/2
- _Y+1/8 1
V3 = T(em? =172 ¢ T (17Sp) )
7
Y4 " Tom 5y
2
4 (14m)
P = = - (6)
o y+/8 o ¥ {34m+0 *)+4(yc *~m)%]
7 n n
k=co - n
—5 *+ (I~v;) I D (A-E) Ai ! 573
ot =g * p (y+1/3) o, k=1 - I=A 0 +Bk(cn )
TR m)2(x+1/2) 1 y+1/8 n

5+ (I-Sl)
(x+1/2) 2(14m) 14m

Y
T o= L. .n
T3 /(u v) 8)
n
M =..l..(....t_‘. ) \ 9)
n S v n
Ll L v
Si = E (-—— In + Rh) (10)
=} n

RZ and IZ being respectively real and imaginary parts of the function:

I—W; FS(—G;) Bﬁ
L
mk(x+1/2) 1+wF(~c") Dn(Ah En) ( A -E n (an
n n n
and
? = - 3
S TR e S (12)

)
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!-w’ ¥4$1/8 ne=e * k=

i""‘Sl = z Pncn L Dk(Ak‘Ek)

mi{x+i/2) l4m n=}

cn* is the "n"th zero of the Bessel function equation
Z(c) +'y~t--§-=0 (14)

w5 v, An; Bn; Dn and En are given in para. 6.1

v: 2: m and Z{o) are given in para. 2 and 3.

We have:

vtV t vy, = (15)
n=® = =

I P =3 P'= ¢ M =1 (16)
n=1 n=l % n=1 % :

, naw .2
- Zyvz(xivl/Z)' I Pl ) =1 7)
n=} nn

6.3 Expansion in series of poles of the function ﬁ(c)

The function
-¥{o)

Wo) = %—* (1)

can be developed on the imaginary axis as follows (see Appendix 6):

et v B e
(o) = W, + Wy b —t vy e % = *
Lo n=} 1i+0/c_ n=t 1*c/o
n n
. n=e 14C o
tw, e %o I Cn — u_
n=1 14A_g+B_o?
n- n
where
‘;1 = "HmL &)
- e y+i/3 %)

2(14m)?

2)

(13)




- g 2 - . , :
Gy=-m—XB_om g5, o )
2(14n)2 14m
_ mz _ . , o
- 4(1+m)2 |
L == BENYVIEEN = Pn M
o (v+118) [(4mro_I+b(yo_ ~m)?]
: n n n
I = ¢
n (Pn)x=1/2 ' 3
-mt/y 2
i-e =P mn__ s
3 = T Dn(An En) Ts o1’ (9
n m2 -
s
By 2 ___
- ‘ el Dan - %;E'Slznmﬁ
G = (lO)

An s Dns En;;,hn gn# hn being Sl; Ah; Bh; Dn; En; Mn and Nn calculated

1/2.

for x
%
Oy s P;, 8,5 M, I are given iq para. 6.2

A, B

ne Bpo D, and En are given in para. 6.1

m, %, and y are given in para. 2 and 3

e have
Wt W, t g b, = 1 (1)
n=co - n=oo - n::.'OO -
r L = £ L'= % ¢ =1 (12)
n=1 n n=1 o n=1 oo

6.4 Expansion in series of pclés of'ihe function §(6) in the case of uniform

power distribution

The function

- F_(o) _.~1(o)
V(C)=2'—§-<?5-1“-!—-§—(53'~' (1)
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can be developed on the imaginary axis (o=jv) as follows (see Appendix 7):

° - 1m0 . g . o oowE §1:1L
\7(<5)=vl TV TV Tt v, Eo———— : (2)
L0 3 2202 20 n=1 l+o/c
n
- b4 = a nt
- —gg D7 P - Q, - -y BT7 %
+v4e~ z -——-—-;-rsz —-—-————-;—z—-l'vee T *2+
n=l 1+odfo n=1 (l40/0_) n=1 {1+o/o_)
n n n
. p=e 1+ o
+tv, e o 7y Z, —= n.
n=1 1+A_o+B_o?
n~ n
where - - -
- . - 2(u, e, ) :
5, = 2 o, T G
2(14m) t4m
_ 5
V2 T Tm %)
2w 2 2
- 1 1 y+1/8 1
Vv, ® = ——(y+]/8) - [( ) 4+ ]"' (5)
3 2(l+m)2 22 (1+m) 14m 192(14m) |
2% n=o K=o o 1+(o *Is i'E)zv
+ 2 y+1/3 s i 5 k = n k -
L(14m) t4m . n - ¥ e T W, w
n=1 k=1 ¢ i~o /ck
kfn P n

Z(WB*WI;) y+1/8
2{1+m) 1+m

et
2(w3+w4) y+1/8

2%
v = 1 y+1/8,2 i
T R em [( tm ) l92(l+m)] T (T I (6)
an* - - Uk*‘ - -
S LT .. L!
20 hee ke o ¥ BB GF K
+ 3 «y+1/8 5 5 k — n
£(14m) 14m n=1 kel 1-0“
k#n *



, By *
| B ]
W =0 - = T.a n
. 2!»74 y+1/8 n-;oi' » Zm(_: a -é) Aka
L(1+m) 14m n=1 2°n k=1 e P~y 1-i o %43 (o #)2
) S SR A
25, y#1/8n=
Vs = TCim) Tem L, ' a
n={
- 2uy  y+1/8 n== _
= ¥
Y6 T () (1m) n’-z=l nn @)
2w!  n=efn
- 4 n.,w W v
Y7 T 20w E(" o * Ry ) S
o=}l \y
n
- L y+1/8
vy 2(1+m) 2(14m) 2.(l+m)on
*, %
, 2(*1/8) k;” %k ].“k h+o, /ck
!L(Hm)z k=1 o X 1=g */G*
k#n n n k
Bk *
- 1= ———o,
L k= -G,
- + - * - -
Pn‘~2:§- 71/82 w, {140 £ C (& -G) — A‘;_‘k — |+ an
v, 2(1+m)° k=1 1-Akon +Bk(an )
5 * ¥ == ]
n_ e, % ™
- k=o ok* on* f‘n ;:'l
+v3 1+ z 5 * + -
=1 l-on /Gk Lo
k#n 4
_ L7
Qn=n=w (12)
y T 2
L
n=l n
-I:-'
Q! = (3)
R T i-'
n=l nn
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2m(7+!/8)

(14)

(15)

o) (16)

a7n

(18)

19

(20)

7 ( 2(14m) 3 +K(_‘i§1w+gw)
n 2 whll(l+m) ‘n T n
el 7
- B R
oL /(2e )
v v 1°
n n n
InW and R being respectively real and imaginary parts of the function:
2w, _ _
[, -—rr ¥
2(!+m) (13m) Fs( cn) %
2n(y+1/8) = - Cn(Ah-Gn)(l_
" * 3t K (o) n"Cn
2(1+4m)
% = Hp jun
;oo
" 2B
n
E 2
5, = - (2
B 2B
n n
ol o - - T o gl L) - o -‘6 S o r
Vi3 Was Vsl Wy Ln, Ln’ Cn’ Gn are given in para. 6.3
on* is given in para. 6.2
A, and B being respectively A and B at x'= 1/2
Ah and Bn are given in para. 6.1
mf and y are given in para. 2 and 3
Bk *
= — S,
- Z(I-W Jn y+i/8 n=w k= . _ Ak-Ek
K = z L z Dk(Ak-Ek) 2
9. (l+m) i+m  n=l k=1 1 Ako +B
We have: .

@n

o~
[
LG
~




U1< ]

I ™

NI &
~

=

(23)

(24)
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7. The case of sinusoidal power distribution along channel axis
In this case the normalized power distribution along channel axis is

P (x) - L5120

TTamy sl (1)

‘where &L = v Z//_/T - & | : (1)

with H' being the extrapolated length and H being length of the fuel rod.

- Eq. (17) of para 3 gives

T _ . _ K72 /o(.x)f- S (oc/;’-) - O : (2)
[@ (x) .Oi]a O 2ah (’C/,’Z) (@oU/ L')o |

Eg. (18) of para 3 gives

Ve x) - =7y | {5 (e) Y (v) (CM ex) - coset) & (x+7&)f(y))+

sin (o) # st (%/2) Vot 2+ Y 2(0)

+‘_6 f?-“)?ca " sin (Lx) 4 St (</2) e- (XPZJYCO')) (z)
27 N & o< | » ’
Eqs. (23) and (27) of para 3 give
- , 1 :
(e-ei)o = <eeff’ei)o =2 (eout-ei)b : ‘(l“)
Eq. (24) of para 3 gives
| ; -Yte) |
V(G‘) .2 £ (6) Y(o‘_)" 7 - T-e. («/2) cos (/a) *
: B S ) Yo st (%3)
L E@LE gV sy
2 Y%(e)  Yco) o jid
Eq. (26) of para 2 g’ives Yk 3
: : 2 " ~Y (&
S - _______ﬁ_____ 2 (L Y (o) T -a ,
W () ST cor® (%/2) =z Y %) Yo

_2L* - L osin ke 7 e YO (6)'
L/Ao_csz"?‘(s)- Y¢e) L g '
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Eq. (28) of para 3 gives

FS(G)Y(G) [ I~ -:1,; sin2(a/2) (a/Z)coé(a/D
2 -

V (o) =2 w (G] + (7
eff a2+Y2(c) 1 + _____sig 2 sin (a/2) eff ™ .
A (o)
A 1) (]

Gtz‘l‘Yz(G) eff

Egqs. 11, 15 and 17 give respectively

W(osx) = < { ¥(0) [cos(oz x)- cos(a/2) e-(XHIZ)Y(Gﬂ +
o : - S

sinfo x)+ sin( alz) 24¥2(0)
+ qz ‘ "[sin(ax}; sinfa/2) é-(xﬂ/Z)Y(oﬁ} | | o . ()
02+Y2 (g) o o

o) = 2 Y(o) []__ e 40D (a/2)cos (a/ﬂ .
a?+72 (o) Y(o) sin(a/2)

+ al R l-e'Y(U)
22472 (0) Y(o)

(9)

1
(o) 9 -3 sinz(ozlz)_ (a/2)cos(al2)

We £5 (o) i+
02+Y2 (o) 1+sin{a/o) sin(a/2)

weff (o) = 2

_o? 4 . .(0) | | (10)
$ s T, (v] : .
a2+Y2(0) eff

In the next sections of this paragraph the functions V(o3x);
V(o); Weff(ﬁ) and Vo f:‘,:.(0) are developed in expressions which are easily

antitransformable to the time domain.,
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7.1 Expansion in series of poles of the function V(o,x) in the case of sinusoidal

power distribution

The function

o F {0)Y(0) -
V(o,x) = [ s (‘-."cos(ux) - cos(o/2) e (X_HIZ)Y(O)> +
sin(ox)+sin(a/2) Loa2+¥2(o) o ;
+ Fs(g)m2 (:sin(ax) + sin{a/2) e-(x+l/2)Y(ca} S 1)
02+Y2 (o) a o

can be developed on the imaginary axis G:=ju) as follows (see Appendix 10):

n=w 1+El ¢ n=o 14E2 ©
V(o,x) v, I DI L tv,e (x+1/2) %7 D2 L= +
a=1 1+AS_o+BS o2 n=1 1+AS_o+BS_o2
n n n n
n=co 1+E3 o
tvge (x+1/2)%0 5 D3n T (2)
n=1 1+A o+B_g?
S D Y
where .
Vi T (3)
sin(ax)+sin(a/2)
sin{a/2)
v, = , o, #(1=w, ) (1-5,)] %)
sin(ox)+sin(a/2)
sin(®/2)
vy = (l-w‘)sz (5)
sin(ox)+sin(a/2) :
] sin(ax)-BSn + a cos(ox) DZn o (8)

gin(ox)DS_ ES + a cos(ox) DZ_ EZ
Bl = n T n n n 7
n sin(ax)DSn + o cos{ox) DZn

WIDPn+(I—Wl)(l-SZ)DK2n

D2n = ()
w1+(1-w1)(1-82)
w,EP +(1-w )(1-S,)EK2
2 = 1" 'n 1 2 n )

&Y D -y -t} I{
vaPn+(1 wl)(l DZ)B Zn
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B3_ = DK]n (10)

EK1

_ n
E3n B Dmﬂ an

w3 l-wl; An; Bn are given in para. 6.1

DSn; ESn; DZ ; EZ ; A3

s 8
0 ns A5, BSn are given in Appendix 8.

32; 1-52; DKln; EI{In; DKZn; EKZn; DPn; EPn are given in Appendix 10.

We have
'\71 + v2 + V3 = 1 02)
n= n=ow n=w ®
LI Dl = % D2 = 35 D3 = | X#0, I DIn =0 x=0 (13)
n=] B g B n=p B n=f .~

=0 (14)

n=e DI_ AS, E1_ | |
T --—I: 1 - 35 = o cos(ox) Iy (15) i




7.2 Expansion in series of poles of the function V(6
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<l

} in the case of sinus-

oidal power distribution

The function

oy - 2 L@@ | 7o YO ) cor ()
. <2 Y 26D Y(e) , y f/,}z /°<-/Q_)
Eo)? g | : [
OC"'Q"F )/-2( ) : Y &) ' : . .

can be developed on the imaginary axis {e=jv) as follows (see Appendix 11)

T . _ n=w - /e 17=00 8 Z,
= 7 : A
Vie) - % " Zm E e T
/1=00 i : :
- T+EY, & o e LE AL e
+ V. DY, ——=2 +V,
” L",,Z g 4+}4,A”,,6”*57e(,,°‘ 5 ¢ /,Z 24, 7245, e'u?fs
-vs L2 ‘ |
rV; e 26, 7:£6,7 | (2)
' n=7 A 6rf 6* '
where »77 = 7Zm ’ , ‘ _ s . (3)
Y )‘f‘?} | ' | . : ~
V, = — = (%)
< Clrem)® |
o /“/‘ /? - ‘ '
V3 S tarmZ Trem (7° : (5
7 Lcor(4h) . 6)
o(f/n/’é/pz) .
— ca!ﬂéﬁ) / =
Lo ) 4I)*[//I)(m- <7 .
Y L sin (45) 7+m “(7' g (%)
a - ' ol
= [/17 —_;’-% .f7 )f3 ( 4’)
e U Dhkz - ‘p/rn'q');—E/fn

A R
-2 202 _
Dy = 5 222 ) 7 e laem] 77

L
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20z £z + 21 gns L 2B, |
/7 [a)] [4/-/77) : /[_1/_‘/,’"_). . : [40) |
7 /é’ DK, AS,-EA, 7

Z/ /r‘? Z(an?)

™
A
y

" 2DEZ, +

NGy P . | |
9r, A%, —({/‘f{/? +m(7—f7‘))$/f‘%n 4

- -
; ‘p‘gﬂ ?5_ ‘ ( /‘If'/n) (-17&/77)

+(m- ? f,) (7~ 5)?%4 | | | : (47)

7+

. P = j 2=
o DA, 55, _ /‘-,-‘/y +m/7—_()5/(</ # m—__”l;{z_ (7_4(‘) E/)’§
E‘f - e(ﬂ/-m) _![’Ifm) )

” ﬁﬁj,ﬁf-flf‘ A Yy
-z - -£ - /f5-
£ (7+m) l://7fﬂ’7/ m/7 )}D/f#f-(m '77‘-/'?7)('.7 f)ﬂ

(72)

}(43)

£/6 -
z , , : (24)

S;; -5, 4, 8, baing S50 75, An; B,

7/

ca/cu/q/caa/ /or X =7z,

A, B

A " ore y/fve_n ’h pare 6.1

e *. f, . "/’J; are y/'Vaﬂ A v 6.2.
’ )

n
/4.(,) ; BS JDZn ; EZn ove y/'vm  appendsx £,

7

TSy Ok, EH,, DA, EXS,; DY, ; ERY, ; DAS,

/7/ b

ora y/'vz/? v poore 5 3

Gy

. 53 /‘

E/fé"n ;D4 6, ;, EAG, - ore Grrarn i aprendiy 77,
Tt is | |
' l,'—" 6 » i . ‘ ‘ Lo
' - o o (75)

&=
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Lz . D . | ; .

Z ﬁ#n - = v‘ A= ) 7 y g :
n=7 ‘ nZ e ;;‘%” =7 - (74)
n=® py £4 . | | |

rn =7 8'Sn : : ‘ ’ (4/;)
b= v .

_S_ Z),L/" <7 ~ﬂf_’7_) 2L sin (%2) = :

"7 zs, cor () 24 (718)
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7.3 Expansion in series of poles of the function Weff(c) in the case of

sinusoidal power distribution

The function

v 2 .,2(» 5 - Yce)
Wy (o) s———r cos®(%2) Yoz‘_6>2_ 7, < =+
: 7!-—""‘::2" C 4K Vo) Yco&)
Y ;xz | 7-¢"Ym) - $792 K 7+Q~Y@ ‘ (’l)/
4oL Y ) Yte) oL 2 g "

can be developed on the imaginary axis (o=jV) as follows (see Appendix 13)
e » /7=.00 — ’

. 7-a > L, e 5
'WQA/(G):L/Q//["/ T+ ¢,§I,ZZ”“"""‘“+ eH3 & Z*————

n="T 7*'6'/5'”* n:’/ .7"‘676';:.

260 /) =0
. ; ' EHT & -le T+FHR, 6
. W - oH 1AM + Wogs @ H2 T1E7% O
*¥ ,,Zf " TAle B, 6% i ; " A Al 6Bl 6" (@)
£ A+EHZ 6
Wy @ E DHS, ———lee
@{(5 ,7:7’ n7flzl:76'+36'
: y 7 ~
her: < v
YRSTE A/4’¢4 7+ 2in 7 +m ’ (3)
’ <
7 ~r e :
W.., ., s ——— m g .
» ¢//2 7 - _(/o/éo( ((4"_,77)1 ) L (L/)
W = = o T | 2T, ) e
eff3 7+ -—-—:;Z'Z7 + 7 ?[—?*m) R 1 : \ ‘
7 st K , ;
W, = —L (6)

// p - S /noC :/}7_0( : R : :
W¢//—3-="—‘—_'; P, [m-ﬂ-h f,}{7‘v@)* ;a( Wy * P (7—w7)(4-.f‘)] (%)

x . N N . «
Wette "> onk [{m -7 Y1/ Sy +;;—(7-— w,/ v}J ()
| < | »
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UL cos*(Ya) 2K 7 A+ Y

Hy O ST N EG gy Ve (M) 2o M%7

7 UK cos /4) 2L T /c,/,
EH= 77 {w/ EH + —;;C——-Q/v EN -5 ?717:779” ZP/{ ff 0( Fr E/MZJ (70)

7 D4 (AH,-FH) N O

DHR_= < = (- )| Dhe

n 16({(‘71-!””(){ ‘(/7/—/77) mf(-ffm)z 7 M 7 kC/ n *

v (=2 ) (125, 20000, + 22 [W, 217+ (7-w, )(7- f;)/)/w,z,',” | (+1)
EHZ = 7 B O NI /% Q)| ene +

177 - —.

n (pb{;zn 1‘/@(,(5‘ (/lf.r/ﬂo( {/_1,Lm) f/7fm)2 7Em 7 n )

+ (m -;ﬁsz S )(7-5,) Eh1g + gf—'f_ {% E1Y # (7-w )(7- 5, )E/rf/.zﬁ} } (42)
Y p—— ( s P ) Dk, | (43)
e ey | Jo 2% (o g
R . 7 . V4 f ) sin
EH3, - T - S, KT~ (7= w, ) S, EN 71, (ry)

‘D//‘?n h/”-ﬁ{é 7#- < 7 +m oZ

— 20

j;/. 4_f1/ ,4”/, ,/?,,,‘.‘ éa/'nf LA, B, colewlotbed for X= V.
wy anel T-w, also calculatect for Xs V2.
W, 7~ W;,' A, 8, are givan in pare 6.4
6”/7*,‘~ S, 75, ave gven in para 6.3 .
Z.ﬂ ; /:',7 wra grven in pare 6. 3.
A, . BH, - DH. , f// IV, EN ave grven /n appandix 1L,
Sy TSy Sgp 7= Sp, DT, E1T,; DNE,; FHE ; DK S, ; EXG, DN, EAT,;

D4 10, ; EATE,, W17, £HTT; IHN72, , £A72, ava grvan /n app @ SIX ¢3,‘




DHT, EH T AKX cor k4
BH sth L . €

'3#4{9_£W¢A#a)= Y«*
!?/72 BH, , &

(75)
(76)
(17%¢)

(48)




_34_

7.4 Expansion in series of poles of the function V f.f(c)--in the case of

sinusoidal power distribution

The function

| £ ) Yeo) 2T s (%) (S)eor(2) |
Ve (7) = < iy J/+f’;’2—” 7 Wow (o)) *
.2 » '
ﬂ___ L,/%[ D) , (1)

0C2+ Yzfﬁ)

can be developed on the imaginary axis (o—"v) as follows (see Appendix 14)

~le A= = 7

T-a : L, ’ - le L’ :
Ve ) Veps ~p " Ytz Zﬂ: o % 3
=z S+ EH o  A+EL 2,5
+V 217, 272, ____~ +
<4 n-7 7+AS, GBS, &” @6[[ Z 7194:‘/6'*.3//6'
_ee 2 AL EL3 6 -te A +EI4E
AR Iy, ————— MY, — -
e/# ¢ ,,Z g 7*/;4;6‘%:,,62 Z " Al BN 6
fze 7+ E5 & | |
- €€ . ”
+V e E D8, ———— , (2)
eH s P 7*A 6 f.Z’hb'z '
: 7 + | K |
where [{4/7-7,‘ r;-gof P , ()
- Hr
Vo s - _— (%)
o 2 7"——"‘:20( e 1em)* :
7 | S 1/? m o = =
%4 * (7-5.) (s)
eH3 p IO L {[—ﬁm) Tt 7 ’ :
«L
7 ‘ 7 K cos /’4/2) .
Nyt (2L, ) (6)
W gesnk 2l b Lo (K /2)
' 7 stn £ ; i o
= ‘ 7 - L :
V@é{; 7 ¢ Stn L Z K f ) L P (/'z)
s -7 cor (</3) e :
o= o _ —f . g
V‘#é Wes sz g V¢//4 5o #7,«—_‘7:’(”‘ Lo () (- %) s _,( J
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Vo = Moy (755 )
l{#«? }1“4//5'/‘7‘4;) (v0)
S : 7 | ' /‘f—% 7 .r/hacr .
DI, = ———— Dk, * 5 0L1 -
DT gy (14529 e larm) n T ¢
- 7/3'.(/'/)2[’(/.‘2') b ‘
e'/ff ) [WY Af E/r) 4[ g, .r:?oc | 22, _ (1)
£r1, - 4 Al iz v £17 -
O oy G |\ e O Tk 6 5T
7~ % //1”20( , '
7 $ﬂ BS +¥ 1B () D2 52 (12)
{('1{-/77) i ’:(”‘f(
oIz - D2 (73)
FL2, |
£12, 71T (14)
215 =T M 5 2 b, £ DS AT
' = = ' / # ; + e -
T Vg |HETT T TR T (10 488) (10m)
| 2 .
7:""”( ({(:,«: wm (7= f,))p/ﬂ, (45)
K -
7 e - 24 B
I3 =—srr— | W, S ELZ =K, S, ELS + n " L
T e {ag{ BT T T (1 2) (1em) €
L (LT i fy-T)] ERy, 16)
7oL (ﬁmn), 7 . ]
DI, = DL, ~ \ T , (12)
Fry - ££4 | L 4
" dLH, | , |
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DI5, = DL6, | | : (19)
v EL n ; :
EIS, = BTg , ; (20)

““n
1-81, A By being 1-S,; A ; BnkcaiCulated for x=1/2.

A_; B are given in para 6.1.

Ggﬁ 1-8, are given in para 6.2.

1

, @re given in para 6.3.

AS ; BS ; DZ_; EZ_ are given in appendix 8.
n n n n : g

DK, ; EK_; DK3 ; EK3 ; DKk ; J{I-% are givern in appendix 11,

weffS; Weff6 are given in para7ﬂ3-

AH_; BH are given in appendix fZ;

Sgi 1-8g3 Sni 1-5,5 Sgj 1_;8; DL1 5 EL1 ; DL2 ; EL2 ; DL3 ; E'Lsn; ,DLL*n;
n

ELQn; DL5, 5 ELS ; DL6ﬂ; EL6_ are given in appendix 1lh.

We héve'

. =8

¢t =
/7 =0 77 .= oG ) n.=oo L1500 . 7 = o6 /7= 60
| g It > Wz, - E 215, - > 24, = > WS, - > oré= 7 (22)
rn=-7 7= n =7 ns T n=17 s o=

=0 - '
[ E14 4-= Iz Elz,.

V _‘p#_a_.,, Vo, Rati i BRI SRYS (23)
@K Y p— (85; e, 5;§§; ‘ l?ﬁg

7. oo B
2/, _AG £, EH
k;¢?‘ :i s [4 s, @7; B
i ” ﬂ='7
7 77’745752(%2i) i
‘7*45?5; ¥

(24)
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8, Antitransformation to the time domain

The expressions developed in para. 6 and 7 are easily antitransformable to the

time domain.

The following table gives the antitransformed of the elementary functions con-
tained in the equations of para. 6 and 7 (see Bibl. 2),

Laplace transform Function
F(o) | £(%) m
e 29 7(0) “f(t=a) T >a 320 2)
0 TS a
- X

1 1 a

{+aco E'e (3)
: - X
—---L-Z- -‘5 te @ %)
(1+ac) a
_ _a.

1 + co %-e 2b vsinYﬁ'r + ¢ (cos Y- gg_siant- ) , (5)

1+ac+bo?2 .
=l - (22
Y=y~ G

1-e"30

e 0 T>a (6)

1/a 0<t¢a

1~e"20
- 1 T >a ¢))
ac?

tf/Ja OgTt1<a
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. Jumerzcal Examples

Some numerical examnles have been carried out by using the equations obtained
in paragraphs 6 and 7 and the table of the antitransformed given in paragraph 8.

The followino numerical examules have been calculated either for a unit step of
the inlet coolant temperature "01" [functions W(o;x) and w(o)] or for a unit
pulse of the power "P¥ [functions V(o:x) and ﬁ(o)].

The time of all the calculated transients is "t that is the real time “'t"

divided by the radial time scale "tr“,

" Fig. 2 shows the transients of the averase coolant temperature (curve 1) and of

the outlet coolant temperature (curve 2) due to a step of "Gi"’ It is interesting

to notice that the two curves differ considerably. This means that the simple

lumped axial model in this case can not describe the transient very precisely.

Curve 1 can also represent the transient of the outlet coolant temperature due

to a step reduction of the coolant flow. Lookinc at curve 2 of fig. 2 it is

"important to notice that the transient is characterized by two parts: a step at

=% (which is equal to the time needed by the coolant to cross the all channel)

followed by a slow transient. Physically, this means that the coolant, during

. its travel along the channel, receives less power than it would have got if

there was no change in the inlet coolant temperature. The difference between

the total power produced and that carried out by the coolant is used to heat up

the fuel rod to the new equilibrium value. When the fuel has reached the final
temperature, it beginns again to release the all power to the coolant. For this

| reason the second part of the transient, being dominated by the fuel time constan.t,

is very slow.

A better understanding of this phenomenon can be obtained by looking at fig. 3
in which the temperature transients at different channel heights are showmn. The
size of the step is decreasing as we move from the imput to the ocutput of the

channel.

Fig. 4 shows the outlet and average coolant temperature transients for a smaller
coolant speed (& = 0.02). The difference between the two curves is more pro-~
nounced than in the case shown in fig. 2 (£ = 0.002). This means that the smaller
is the coolant speed, the worse can the lumped model describe the coolant tran—

sients.

The size of the step depends on """ (fig. 5). The bigger is "2", the smaller is

the coolant speed and the smaller is the step size because the longer is the
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time it takes to the coolant to cross the all channel. The bigger is "m" the
smaller is the step size of the outlet coolant temperature (fig. 6). This becomes
clear if one thinks that, because of the definition of "m", the bigger is "m",
the bigger is the heat capacity of the fuel which must be heated up to the new

equilibrium value.

The initial step size depends also on "y" (fig. 7). The bigser is "y, the bigger
is the step size. This becomes clear if one thinks that the bigger is "y" the
smaller is the heat transfer coefficient between fuel and coolant and therefore
the more adiabatie is the coolant temperature transient. In the extreme case y=x
(that is heat transfer coefficient between fuel and coolant equal to zero), the
outlet coolant transient would be perfectly adiabatic that is a unit step at t=%.

Fig. 8 shows the transients respectively of the average coolant temperature
(curve 1 ) and of the outlet coolant temperature {(curve 2) due to a power pulse.
The two transients differ considerably in the first rising part. This means that
the lumped model would not describe them correctly.

Fig. 9 shows the coolant temperature transients at different channel heights,
We notice that for a given channel section the peak temperature is reached at
a time t=4(x+1/2) which is the time needed by the coolant to travel from the

channel input to the section under consideration.

Fig. 10 shows the transients of outlet (curve 2) and average coolant temperature
for a smaller coolant speed (L = 0.02). The difference between the two curves

is more pronounced than in the case shown in fig. 8. This means that the smaller
is the coolant speed, the worse can the lumped model describe the coolant tran~

sients.

The smaller is "2", the bigeer is the peak temperature (fiz. 11). This can be
easily understood if one thinks that the smaller is "2", the smaller is the time
required by the coolant to cross the all channel and therefore the bigsoer is the

peak temperature.

The bigger is "m" the smaller is the peak temperature (fig. 12) and the biecrer
is 'y, the smaller is the peak temperature (fig. 13). Fig. 14 shows the effect

of "o" (axial power shape) on the transient of the outlet coolant temperature.

Figs. 15, 16, 17 and 18 show the influence of the number of poles on the
accuracy of the calculation of the coolant transients, In figs. 17 and 18 the
influence of the "singular pole" which has a large imaginary part {see Appendix 9)

is particularly examined.
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Appendix 1

In'this aﬁpendix'We‘inténdvto’obtéin the‘exﬁfeséion,(E) of4paré; 6.1

We stért.frdm NS , e . S ,
CW(esx) = e _(xﬂ/a,yl(@“_,,; o S 7 SR R D)

Substituting in (1) the expression of ¥(&) given by eq. (27) of para 2,

we get’

N
et

(x41/2)16 _-(x+1/2)1m6F (&) ' o
WEix) = e @x+1/2¢ Q o (x+1/2)1me S(‘}‘T Lo o : Ly
From Bibl. 1 para. 3 we get for F_(8) the following expression:

v:,n;m £ ‘ 5/6

- ‘ \2 7_“7 » Sn ~ 1 ; 4n .' L ”'z""," . 4
GFs(ﬁ' "GZ »’%:+6',75'n Ty zésn"ué‘?sn T P (

S
N

where:

Qun
ko
| i
1
Q
o

t-g being "n'"th root of the equition 1+2%§$ = O,with.Z(ﬁ)agiven by

eg. (23) of para. 2 v
Putting (3) in {(2), we getf,n:wé1 6/6n
R R R P -2 M Rl
—(x+1/2)16 A=
WS %) = 6 \x+./§?‘6 e Loon

o~

o~
\
N~

where

a_ = (x+1/2) 22 J = (x#1/2) ———mr5— L6)

&/ Tee TN A6 + &

n ) n’ .. . n 7 o (?)

in

=8n % e
e T ivo/e, 1+AG+B 6°
FREI st n

which is valid only on the imaginary axis, that is when &=3»

In (7) it is 
G ,‘aﬁ’” . _ : s s gl e
A AT T L e




= 41 -
and RVE %
B. = =——s- €9)
] 62 .
n
Putting (7) in (5), we get: - »
) : ' ' . an/Z an 62
'W(G';X) = e.: RERY | _ 2 . (10)
ni’l 1+A6+B 1 ‘
We have: . ' __
k=00 -1«+e.'ak/2’A- é‘+e_akB 62 k= 1-'.+e_ak’/2A e +e 2Kp 6-2 : ‘
k=1 1+A.6 +B 6 : ; K=1 - 1+A 6+B € .
: k k k k
- k#n
TR -
L ey 1oon/2 k=@ 1+ ak/zA o+e akBksZ
+(1,-e an) — - | E S — =
144 &+B 65 K=1 144 5 +B, &
n n. . kW Tk
: k#n
e - &= ko +E, &
= e k=1 + (’],_/e k=1 ) - Dk-—..—....____..._._,
. = G
k=1 1+Ak +Bko’
If "-o'r'l" and ”—62"_are the conjugate roots of the equation:
1A 6+B.6° = 0 (12)
Sn” o :
from eq. 11 we have for 6;_,5'1'1
 qee@n | A |kse - "ak/ZA O+ akBkﬂ(e’.;i)a
D (1-E &' ) = == 1p! 7 || e e (13)
I n-n ;?k“” ay 1 14e%n 2 k=1 1_.—A &' +B (6" )2 H
= | S k¥t P\ Cn’ B
14-e o : k;gn SR
and for 6__*65
A d-e ak/zA e-" akB (e' )2" 3
D (1-E_.&") = - sl (14)

: »-Akd"-"Bk(d") :




- 42 -

Egs. (13) and (14) can be written as follows

SR . =g 1 .
Dn(1’EnPh+dEth) 1_e—mlfy(x+1/2) (Rn * JIn)
' 1-¢”°0 ' g
Dn(1-EnF5-3En»ﬁ) 1_e—m1/Y(x+1/2) (Rn-JIn)

In (15) and (16) it has been taken into account that:

=00

ml .
ay = :7(X+1/2)

Rn and Ip being respectively real and imaginary parts of the expression

A ke 1—e—ak/2Ak6£+e-akBk(6;)2
R +3iI_ = (1-6' ) ’H‘ : - ——
noon 1+ean7§\ k=1 oA 6'4B (6')°
: _ - k'n "k n
k#n

In (16) it has been taken into account the well known property of the

analytical functions:

AL kea 1-eT/2g gt (07
(1=6" ———=—r) EE - - : - = R =3I
n 1+ean;2 k=1 14 6;(1+B (6.11)2 n n
kAn k'n "k n

In (15) and (16) it has also been put:
1 = -
Op = ¥p™3%

N iV
6 A

From (15) or (16) we get:

p . e (21 4R
n - -ml/y(x+1/2) V¥ "n n
1=-e n
and
| 1 1‘J'n Rr -1
Brw S r)
n n n

Putting (11) in (10), we get:

(15)

(16)

(17)

(18)

(19)

(21)

(22)

(23)



: W(O;X) _ e-(x+1/2)16'

where:

,W,Iz

© psoe A

- 3 v a .

. 552 v ~ml
e D= - e,:v/

L - 43 -

n=o

W+ (1-w,) ; n

Y(x+ﬁ/2)

D

1+E &
)

144 &4B 62
] n n
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Appendix 2

fAIn this,appendix_We wantjtd,démonstrate that£
|, @fsy |, Twe W Ag+e WBE
' 1+6/6. o 1+As+B_6

along the imag‘inarfy :ax‘j_s that is Wheln 6= v

In (1) we have:

a
ST SO
p 75 (1men/?)

kand:

ean/z

B 5
i .6
n

]

We introduce the new variable x = 6/6

exp |=a_ 6/65‘ = exy ;a <Eol 2 efan/a exp |-
Xp n 1+675n T eXp n T+x|. , p
Let us consider the function
» aﬁ x=1
£6) = e |- 5oqy

If in (5) we put y=1/x, we get:
' a x=1]| . 1
n .

1 5oy = exelon 2L
f(;) = £(y) = exp 2 x+1_"f(x

The problem cons1sts in approx1mat1ng the functlon exp[}an/z
the imaginary axis (that is when x= Jaﬂ by meéans of a rational functlon.
The order of the two polynomlals (at numerator. and denomlnator) must be":
the same. The bigger is. the order of the polynomlals, the better is the
approximation. Numerical evaluations have shownvthat a ratlonal,functhn

with second order polynomialsnapprdximate the function&exp'-én/g g:l

x~17

g .

X+

accurately for most of the practicalgcaégs;-thét'is for

Osa <3

Taklng lnto account ed. . 6 the rational functlon will be of the follow1ng

-type.

B GR

(2)

(3)

RRCON
(5)

- ®

W
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L GGy

i}

Lt - o : :1(55 <'
:(1+§;) (1f;§) o :
with

XX

okt Eanl = e_?n/a - 4 i : iv vv> ~ ’ ~:”'; : i ufﬁ:?(gj

It is necessary to associate another relationship to eqs 9 in,érdeh to

: dgtgrmln x1 ggd‘xa

This second condition may be fixed by imposing thaﬁ

7,300 = £,(e)  (case D) (100

or

Lo dg(w) g, df(jm) —— S Ly
lim ’ET%—T = lim -—14-7 (Case II) o - , (11)
o d Jw) w0 vd o , , o o Lo
where fé and ?f are respectively the phases of g(jw) and"gf?f(jﬁﬁ; : _
We shall ccnsider the two cases sébafately. | 7
Case I .‘/g(j-:’i) = ¥.(3+) R \ ; (12)
We have

o A% SR . -— . a 4‘- - 1 o - N E g L .
fFljw) = e an/2 eXp[%Q-l} = exp E?‘._EL;EJQ. = - (13)

From (13) it follows:

% 1edf o IR L T S
2 2 : ' ’ : ' i.. S (j&)

| “f(j’a‘a) l = éxp -

<aﬁd . ;
, . > Zp W . : v B B '
?}(JO) = - s - A : - R (15)

T+

We have'aL§d

. : a,. ('H-wx v-;)(1+:aqx- ) R Gent L el .

)

257 0
(14+922) (1+8=)
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and | g T

+ arctgax, = arctg ﬁL-— arotgfﬁ# w?iiv SR (7

_ fé(gu) ;»arctggx' 27 X, : 5

1
and fherefore

' 1 A
+ arctgx, e arctg 7— - arctg g o (18)

?-(j1) = afctgx
g " ; 3

1
Since: - . - ) U S
arctg_% = M/o - arctgx ‘ o : ’ 7 /7_ bv(jg)
(18) becomes:

?:(j1) = Zarotgx,a+ 2arctgx - e T o (20)

. whlch can be written as follows

i : B x1+x2 o

?_f~(j'1) Zarsteq oo T o o L (21)
& - 1-X4%5 ‘ S o

Condltlon (12) is therefore equlvalent to:
a, x1+x2
e S0 2arctg ?———*é

2 —TTik s fr ‘~},f:f. ::,:’5 ». “7 PR (22)

12
(22) can be modified as follows:

X +X “

ok ki) aﬁ o o : PR
T = g (— - T) = S o (23
4 172 ;gir : _ . _

Taking 1nto account ed. (9), we ‘can flnally wrlte condltlon (12) as follows
M=o : P o o :
X,“"XZ = = '_'a'.———. ; : . B i v . c : (21_*_)
T - |

.i , R | (‘aﬂ df(] w) : / e R 5'; .
Case 11 1lim —5—4—7= lim «—al—— S . : (25)

We have:

ffv d,(ﬂw)_; : - ‘i— ‘ i ;l ) an/z : B o '} ' :: o ;; .
1i?6—§?%;7 = (X1:? Xduf #2 - xé) e . g : i o - o (26)‘

and-

‘lim gg%%ﬁ% =fanéan{?  n» | ;“L | ;> . o ‘iv f'\,;}f.‘ ’f: ‘ (27?ifi_ﬂ

AJ-*O
 Condition (25) becomes:

: ) Lo : 2‘ ; : » . : ‘ “ ‘ v
x5 (x,"=1) '+ x,(x,7=1) « ' _ P N S
u2, 4, o 1_.2. a1t B » { ev;.lv i :'}‘;*:3 .t H‘ ,ﬂ{:_‘A‘ (28)ﬁf:“

TExxy 0




Téking into a¢¢ount eq. 9, (28) gives:

- T ¢ SR :

x.e an/2 - X ¥X.€ 'n/Z*X' : ‘ 2 E o

1 2 2 21 , S
e—an/2 : n : P

'Finalij'ccndition (25) can be written as follows

ne.'an/z an . o - o
X 4%, = = = = B R . (30)°
In conc1u51on the two sets of condltlons to determin x4 an@ X, are the
'fOllOWlng '
f-an/2 : ) : -
. ' tg o ' ’
Case: I ‘ : B
X%, = A2 | ~ (32)
: a A - ;
X +X., = 2 (33)
- ean72_ﬂ ' . Lo x ‘ ,
gase”II : ‘ ' o ‘ .
XiXp = e-an/a | B - S (3

Fig. 19 show the two functions

n

Map) = == P end - M) = s e
Fig. 20 shows the function .
. M=N . S - ,
O T T oD
From fig. 19 it appears that if
0O<ca_<3 A R S L (38)

the two function M(a ) and N(an) are practically coincident.

Numerical evaluations carried out on the IBM 7070 computer show that,
assumlng for X1 and X5 the values obtained in CaSe II, the errors in- sub-’
stltutlng £ jw) with g(Jaﬂ are less than 5 % in the amplltude and less than:

2o in the phase when O S a-s 3.

M

".fFlgs. 21 and’ 22 show respectlvely amplltude and phase of the functlons f(x) and

.g(x) [Case II] w1th a = 3.
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From egs. (33) and (34), we get:

®n | -ap/2 n
Y R b N SISV
2(e" 721) 2(e" ™ 7-1)
and’’
%n Ll ~ap/2 %n
*2 T T a2 T BV
2(e"m T-1) 2(e ™0/ 7=1)

.For any value of a we have:

o a 2
e-an/z >/ 1 n -
- 2(e?n 2-_-1)

. In fadfféondition (k1) can be written as follows

a a

- o n
cosh by >/71 + g

which is satisfied for any value of a_ as it can be’eaSily seen by

a

n
developing cosh = in series.

Putting (39) and (40) in (8), we get:

n 2 -ap/2

i+ X"’;T + X i€
' Tl ’ an/2
, o2n/

= -

aﬁ/é

a
n 2
(1-e~2n/2

Remembering the x = 6ﬁ§n, we get

. : ~an/2
Co/s, 1+6_ 2e>’é 
e-anW ~ -1 b'n . Gn )
, % 2 ean/2
1+ 6 573 + & -~
G (1~ ™) g
n n

Putting in eq. (44)

2h
A = — s
B o (1-e72n/2)
n
and
. ean/2
n - & 2

(39)

(40)

(L)

(42)

(43)

(44)

(45)

(46)



we get

e

olo

n l+o/c
n

I+e

- 4O -

“2n/2) ;ie"np o2
n 3

1+A_o+B o2
n n

(47)
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AEEeﬁdix¢3
In fhis\appeﬁdix we‘ihtend‘fo:obtain the expression 2 of para, 6.2

‘We start from:

. Fs(ﬁ)[1_e_(x+1/2)Y(6% : i, S L

V(§3x) = X+ 172 (&)

According to eq. .2 of para. 6.1 we have on the imaginary axis:

n=bo 1+En5

) 51"255: D >

- (x1/2)¥(8)
n=1 "M+A G+B. 0@
' o n T Tn

1= ~ 1_8-’(X+:1/2515; e‘(X+1/2)15(1_W

1

B
L pede 1+A'_E (o8
1-w,)¢ > D (A -E ) —F—f—s (2)
. n=T non -? 1+Aﬁ5+Bﬁ6 '

_e-(x;ﬂ/é)lﬁ; e—(x+1/2);a(

- N ml(x+1/2) : ; . Vg \
ZDn(An—En) = ——1':-€VT~— v o _ o (3)

According to egs. 21 ‘and 27, we gét:V

F(e) i | 0
1 _s 1 /eals) | W)

- R
YZdS = 16 1+mF _(G) - i; Y Sm
s o 1+Z(6) + EETES‘

3 (I8)
2/=6 3. (f=6)

(5)

J_ and J, being Bessel functions of the first kind.
Eq. (4) can be written as follows
Y&) T 16 g[z2(e)+y]+m o ‘ i
We want to. demonstrate that E : ‘
| ,‘FSCS) 4 ' np=e fﬁ _ L R
> g | L R )

o) = Ulinie n=T 14670 "

where

"-Oh*" is thg_"n"thvroct‘of the equation:



—5]—

Z(o) +y+ > =0 (8)
and
e = 4 (14m) )
(bm+s_*)+4 (o *-m)?

It will be shown in Appendix & that all the roots “-cn*" of eq. 8 are real and
negative.
From eqs. (5) and (6), we obtain:

*
!+c/an
£ = (m) lim | {————— ) = (10)
ors " |0 [Z(o)+y]+m

(1+0/0 ¥y 2/ 3, (/5)
= (l+m) lim » n =
00 -c Jo(/-‘c?)+2(m+yc)/23 J,(./IE)

hF

1
= (1+m)2 -——%Jl(/of) i, {5
Yoo E-UJO(/:&_)i-Z(m-l-yc)/:; Jl(/:&—)] |

o
n n t{do

Since it is:

[-o 3 /~or2@mtyo)v=o 3, (/=0)] = (11)
=.‘2.. [- 2 30(/-'-3)4-./:5 Jl(ﬁ?)%yf:E 3 (ﬁ-?)-(ZmWU)JO(»’:?)l
we have:
{gg [- 03 VT z<m+yc>/:a‘slc¢:s‘ﬂv=-c = a2)
n

2—
-J(/~)+4Y+1/~J(/~) Mo 3 (-0 ") =
=‘/";;Jx(‘/°—f)

2

[4Car2-vo_2(o H+4y+1 ] =

AR </ 5
[av1-4@mramye "y (- 2257 =
g

n
v’cr*J(/o;) :
~_3n _1°m b yo Fm)2 + L (dmro ®)

2 c* n c* n
11 n
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Putting (12) in (10), we get:

4(1#&)

1

M (1=N g!) = == - el
ln('\ I\Jn6'n) g ml gy 71- (’l+m) T’I‘:,—-(——%-,-T D (A E )(1 x n""En

f. = - - (13)
n ' PRIV R A
,_<4q+6h ) +4(Y6n m) :
‘which is equal to eg. 9
’Takingbinﬁo account egs (2) and (7}, eq. 1 bécomes:‘ 
' n=oo £ : 4-(5{41/2)15’ : : .
vie;x) 2 - - — E . g — : (14)
x+1/2 1(1+m) <3 o | &
- Bn
L ) ,]+ -—-—-——-—6
P AL =B T
- y1e 8= x
+ (1=w,) e (x+1/2)1¢ > D_(A-E) P -
: n=1 1+A 6+B 6
It is: . : c
i —(x+1/2)16 n= | fn 3 j_e—§x+1/2)16 i (55)
& =T 1+5/5* | © | |
n ; : = .
_ {1_6-(x+ﬂ/2)lﬁ] S fnﬁsn
‘ *
n="1 1+6/§n
and : o . B Bn 3
n= n=oo S An'-EnG ]
> . E Dn(An-En) s 45;_5,'_ (16)
n=1 1+6/e n=1 % 14A 64B 6 J
n n o n
. \ = 1+N dk A ’ =00 f!
= 3———1(2‘—_—-—-‘:;/2’ s, Moo b (1-5) > P
1 n="1 1+A 6+B 6 ‘n=1 1+6/o'*
n o n
From eq. (16) we obtain: -
) B
) . 1—» e k 4 3
1 1-w, k=w ( ) . -Ak-Ek no »
CF o , f D, (A =B ) e (17)
n 1-S ml(x+1/2? n£—= ki k Tk 1-n 6 *4B (6 *}2 .
: _— k'n k™ "n "
~and, taking into account eq.:(7}:
1 s(-e) Ba_ o) (18)



= 53 =
, o, o F_(- &) 0
M_(1-N_g") = 2= - (14m) —S—B— D (4 -E) (1= =2—6") (19)
n n n b1 ml(x+1;25 1+mF ( 6“) ol n» An-En in .

where -0 and -6 are the complex coningate roots of the equation

14A 648 6% = O / . (20)
n n : ! S
Putting
. N . 7 . . :
6 = u =iV, | (21)
and _ . :
[ : . h . . ‘ .
6n ?‘un+3vn 7 o : (22)

eqs. (18) and (19) can be written as follows:

v::‘ » - -;.‘ = e v . V : i ) .
Mn(1‘Nnun+3Nnvh) -y (Rn + JIn) 5 (23)
‘ . f;1 v 4 : . ;.
M (1=N p =3N v ) = s, (R =~ 3I) | e (2h)

”RX” and "IX” being respectively real and imaginary pafts of the function

1-w, ‘ F (- 5’) B
n

ml(§:77§7 (1+m) Tr F—T—**T D (A =K ) (1= —;:E; 5;) | j”' ' | (25)

From (23) or (24), we get:

1 n o.v Vs ' : : , S :
Mn = g‘— (V"' In + Rn) ‘ ‘ S B (26)
and
’ 1 n n : E = s _ -
No= o G 27
1 I : :
n
Since it is: T ; ' o -
n=9x n=o . : v '
P ] — . . . ‘
E Moo= E £l0= 1 : : (28)
n= n=4 o : . o Lo

we get

S, = > (5= I+ R) . SRR & ; AR (29)
n= n S v : Co v :




- sh -

apd i : ;T B . . B
_ e G,
1—w1 : n=m k= k Ek : » ‘)
155, = > f D, (A =E ) = - : 30
1 milx+1/2) - n|<— "k 'k 'k & *.n (g )2
B n=1 k=T 7 1 Ak n +Bk(6n ) : o
L o

Putting (15) and (16) in (1), we get finally

,é-(x+1/2)16 . p=e P

: ‘ 1= n. - : .
V(G'X) = Vv - + ¥ R ™ | (31)
3 1: . (x+1/2);§< ‘2-n=1_1+576n* ,

L /216 82 P (xs1/2)16 222 WE e
+ v s + v, e > M ————
> - n=T We/e | n=1 1+A_6+B 6
where
o Al |
Vi T T (32)
v, = - y+1/8 2 < 1. : ‘ | s
1(14+m)" x+1/2
Vs = YM/'Sz v B (15 o | C(3h)
7 1(em)? /2 dm |
m . v Rar , Ll
* -
P = £/ L. Jmo 1 . 563
n = n= '* = b,+’%7—8 6,* n . N 4 | (3¢
ZE £ /¢ n :
- n n
n=1
because it is -
c =00 ; \
E fn +1/8 ‘
= 5% = 14° (See Appendix 5) (599
-v2P + T (1=58 )1 | | N
~ 1-w 1_ Ek 5 .
1 1 1. , A |
TChem) X+1/2 SN 1<x+1/2)(m+15 zgz:‘Dk(Ak'Ek) T-Ak5ﬁ*+Bk(5n*)c
N n ; 1 .Y+1/8 ‘v --m . . -
ﬁ e (1-51)

x+1/2 1(14m)° am
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"M and "N " are given respectlvely by eqgs. (26) and (27)
It ist s . . _ : R
o : Lo : : : e

SR s> R e>w o=t T o) ,_

From eq. 1 we get:

lim V(6 x) = lim = (SR : | : o ' : , (k1)
O;M”v ’ 61+wXﬁ1/2 lygav RS S : - :

- From eg. 31 we get:

q

' o VoydBzee L5 ‘ S
1im V(e;x) = 11m ?"”7“715 + E: :E: Pn6£ --jgjigj,Pn(en*) o (B2)

6——-700 n=1 »

i

: oL . . n:'—_od .
1 : ' .1 , v Jdo . :5' *»
= lim - — - + —— . > f g
& — 15'(x+1/2)(1+m) 16(x+1/2) (14m) - (x+1/2)16°(14m) =T P O

i (x+1/2)10? 1+m 
Comparing 41 to 42, we get:
ok 1+4m o - : o ' ' i
f e’ = — . RO - v (43)

or

2 SRR A
2 Pn(en Yioe s Iy(x+1/2)v, - PR S - (hh)
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Appendix 4

o R
In this appendix we want to show that the roots "—cn " of the Bessel function

equation

Z(o) + Yy + 2 =0

are all real and negative.

It is
J_(/=0) d1g [/~o Jl(./l‘c?)]
Z(c) = - =
2V=6 Jl(/l?) do
It is
n:oa
J,(V=0) = @ o+ )
n=2 n

where Vbn are the real zeros of the Bessel function J‘

Taking into account (2) and (3), (1) becomes:

n=c l/bq

l+o/bn

[Pt 3 Z
o n=2

If o=x+jy is a root of eq. 4, putting it in (4), we get

n=m
1+m + 5 1

x2+y2 n=2 (x+bn)2+y2

it
o

v

Equation 5 is satisfied only if:

y=0

¢))

(2)

3

(4)

(5)

(6)

From (6) we can conclude that all the roots of equation (1) are real. Since the

coefficients of eq. (4) are all positive, the roots will be also all negative.
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. Appendix 5

With reference to eq. 37 of Appendix 3, and to eq. 13' of Appendix 7, we want
here to show that: o '

nz=w f : o '
=5 g X +m :
and ‘ ‘
e, @
n=1 (6 *)2 14m 192(1+m) ' P

. It is according to eq. 7 of Appendix 3
F_(8) n=% f

s° 7 \ “no : ' :
(1+m) T:m = ‘n%q W o o - (3)

It is also

n=w fn n=o fn 2 n=oo fn : |
E — = e § E"'—_+5 E m—— St - (&)
- n=1 146/ ¥ - n=1 6% as7 (6 %)%
n ; n n
and v
F_(8)

P(6) = (1+m) 7::-;—5,-—(-5-)- = 1+¢ P(0) ._1-6_2 El—é—?-)-}.... (5)
s

Comparing (4) to (5), we get:

n=ot fn : _ :
o> —-—; = - P'(O} . i . . : (6)
n= 6}‘1 ‘ | |
and o : | N ' :
S o _Po o R
It is:

1+mF (8 F! (&) =nF (8)F' (@) ' :
P(e) = (1+m)‘[ S } = 2 5;’ 5 . = 7 Lo (8)
: ,.P+mFS(64 :

(1+m)F'(6)
. S

P%@Fs(sﬁ}a
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N6 [, (é)} "o i ]2 [m@;aﬂ )

P6) = (1+m) - (9)
S . P+mF (6ﬂ
Fwa)ﬁmm(aﬂ-a{f(aﬂz
= (1+m) °
F+mF(Gq
Developing the Bessel function»in Series, we get;
g 62 |
J+% + == e o . ,
FS(G) = - g’ 122' z - , i . (10)
1+6(y+1/4)+6 (% +ogp)ett ’ :

From (10) we get

[%;%‘2‘? ; .]{“s(wg)wa(g;%ﬂ). : f] - [1+g+;;~-] [(Y+1/4)+2a(g+g,:>-~]

Fl(6) = , , L (11)
s ’F+6(y+1/4)+62(% + é%)..] :
- ~-(v+ )+26[ 1 - ses
F1(5) = oD 152 gﬂa }' (12)
® »[1+5(Y+’!/£+) ] T
 From (12) we get
: (13)

1 3 1 s e .
Fi(6) = poedrp [M,(“E)'"] 2ot J(Y+E>[<Y+8>+26<T‘9“§“€E 2 ]
8 - , : : -

[m(m/mm]”
C E(—l—’—' )+2(Y+1/4)(Y+1/8]+6 solup” =
Fl(6'> _ 192 % . [ ] [ ] =i s (14)
E+6(Y+1/4) ] ' '
Tt it 2Y2.+'2El+5("");+“"f (Y"S) EERAS A
[1+6<Y+1/4>+m]3’ ' [1+6(Y+1/l+)+~-']
Putting 6=0 in 10; 12 and (14), we get
Fs(p) =1 ' oo : 7 ' o :' (35)
FL(O) = = (y+1/8) e (16



=395
#(0) - [(Y+1/8)+T§'2'] S o
1Téking>intc account (15),’(16) and (17),7fcr;6¥0,(8)iand (9) give:

T+m

: and

1 1 - Y+']/8 2 s 7 :
P(O) = (1+m)2|%(1+m)[(y+1/8) + 752]-?m(y+1/8) J [(1+m) + TR Erey (19)

qutfingz(18) and. (19) reSPectively,iﬁ (6} and (7), we get:

nz=e £ ' . L E .
~—."n - y+1/8 - _ : L o : : ‘
A 6 ¥ T¥m o : ‘ (20)
n=%1 . n

~.and

v y+1/8y2 . T | S Lo
Z(s S e T €T
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- Appendix 6

In this appendix we want to obtain the expression 2 of para. 6

We start from

1+K‘€}§ G,
: n n B

- 1_6'—Y(6}’) .
W) = iy (1)
“According to eq. 2 of appendix 3%, we have ‘f§- .
. ’ ) ' L : n :
1- -6
~Y(6) g ﬁ n=e , 1+ An—En» :
1-e = lee ¥ (1 -e 6 D (A =E. ) ———— (2)
- =<5 B n 1+5 648 &
“nTn
where D ; E ; A 3 and B. are reSpegtiVely D yE ; A and B {Calculatea for .
R n n n v n : - T n n n ] e
x = 1/2
It is accordlng to eq. 3 of app°nd1X 3
E D (A —E ) = —-—_m; (3).
It is \ : |
1 T nF (5) L Fle) (43
T(6) - Ie[+mF_(6)] ~ 1o 1s ’i+mF (&) © " ¥EY - 7
Taking into aCcount eg. 7 of appendix 3, wé»geﬁz
1 1 m L= fn | |
T06) = 16 |'” Tem = T ¥ (5
Putting (2) and (5) in (1), we obtain
o 1—e—15 m 1?e-ls il fn' ‘ ;
W(G) = Y& - Thm 15 ‘5—7—;14'6. 6,n + (6)
: gn
ml 14+ E——ﬁ_s
1-e-f -16
+ EE D (A -E ) -
1+A 6+B &
| B, . -
m . 1=e 7~ —16 Eg: Kﬁ-Eﬁ
T Tem +0?6 * :EE:D (A _E ) =5
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It is: : A )
o Y NG o P e : oL
,1-e‘b§ a=e fn L 1eell€ 1%6';6 4=z fn_ﬁgn . ' ' : '*(7)
. * = " - =7 N :
o = 1+5/5 le | 1 = ‘I+./6"n_ |
According ﬁo eq. 16fof Appendix (ZE,,lt is:
a== ”?‘ﬁ"" B .
:E e ¥ :E
n="1 1+5’5 1+h G+B 62 : ’ L B
I n=co 1+N & ' Nz=d E;
= :-ml E - s+ (I 5 ) ———
e =1 v 6+B 6 f n 1 1+&/5

o

1"Mn1 ﬁﬂ and-fé are giﬁen’by the correspondiyg equations in Appendix 3
calculated for x = 1/2.

where S

Putting (7) and (8) in 6, we get finally:

. ’ =16 F =00 i, R . n=wm 1! E . K
CToix) = ﬁ1 1-;5. +~W2 g 1+5?57§ A W} efle'v”";I;%;—; L (9)
T 16 n:'] " 'n T n;v’l n .
- 14 n=o _ 1+Qn5
+ )+ e Cn "’-':_' 5
n=1 - 1+A 6+B &
where: ’ |
— 1
Y1 7 Tim (10)
1(1+m) ’ o ,
e 2 ‘
¥y = - KLU (1=5,) (12)
1(1+m) T+m
m2 =
R rel (13)
z . _asm Fa 5(14m)? A s
L = — = : P ()

1 ; f+1/8 GL* ) 5’ (y+1/8)[f4m+6 )+4(Yd *-m)2]
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R 2 _
- 2ME T L B (5 )
T o —1(+m) ~d+m. ~
L= : ——s =
- Y+1/_82 L, .o (_1_'51‘),
1(1+m) T+m ,
' 1- —?5——5'*
k;oﬂ - ’Kk,—Ek n
v E&; + /41 ml/y) E%; Dy (Ay=By ) — R
=L 6"* y+1/8 n L =A% +,Bk(-6 )
nn 1(1+m)2 Y+’1/8é m_ (1751)
1(1+m) T4m
-m1l/y -2
1-e = = mS =
T - 1 P (An—En) = Tem 21 Mn
n " m2 _
S Tim S
r‘_ -ml/Y m2 o
7 € D B --2 5 W N
G - 1 ..n n Sd+m 1 Tn o n
“n T ; 'mZ - )
Calm = Arm o1
It is:
Wy W, o+ WE + Wu =1
n=oo—_ : ﬂ:w _ N=e _
E L = E ! = C = 1
n=1 n n=1 = n= o
From eq. 1, we. get:.
lim W(6) = lim e
G0 6 a0 10
From eq. 9, we get:
w W, nzo
- . ] 2 — = *
lim W(6) = lim (5= + —= Le. ) =
lin W(6) = Lin (33 + 3 g L e ")
D | m aa A
= (e * The) < TS

(1‘5)

(16)

(17)

(18)
C(19)
(20)

(21)
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ABEend ix 7

In this appendlx ‘we intend to ‘calculate the express:.on (2) of: para. 6.4

 We start from
F (5) ' _ef-?Y(G)‘

1= , . S ‘ L
Y(er) Y(6) | : , ‘ S (1)7

Vie) =

According to eq. 7 of Appendix 3 it is

F (&) 2 n=o fn : : ‘
2 Y(G) l(1+m)5 =2 o ‘ (2)
n=1 . T4+~==— -
e}
n

According to eq. 9 of Appendix 6, it is:

ﬁ -¥(&8) - ~16 con=Ee o
e . = -16 :
g dze s W, |1 1e2f—~ +W, 1 1= :g:—-——— + (W +w4)(1 ™) 4 ' (3)
Y(6) : , 16 | T 1S
v o *
' : n
n=e L' n==o 1+G_&
-16 1.y - n - n-
(1~ .E )+ W, (1= c )
A AR TE- I R = RS e
c *
n
Taking into account that:
a=e L n=e L /6 " ST
n=1 a8 n=1. 1+6/6 : : o :
% : n
<3
n
n=¢ L' n=e¢ L"/S' : i ‘
2y 2’Sn . _ , _
n=1 -1+6/¢ n=1. 1+9/6 :
n - n
Eﬁ
n=o - 1+Gn6 n=eo . T+ Anéﬁhv : ' :
1= > € ~——-3e——s -6 > C (A -G ) —"-D | (&
%=1 ® 14K 6+B 6° n=q1 &+ % R 1+A§;+§ﬁ62 : o '

eq. 1 becomes:

. ' v ‘ _ =T %
= 2 L=z fn - 11 1-e—16 S e 4?”-Lnﬁfn,. . , ‘ :
V(e) = - Wl - R e s (7)
' 1(1+m) n=1 1+—§; 167 < 'n=1 1+6/55,
& : : ‘




—

B
. ? n |
| -16 =2 T /o * n=o 1+-v-7'1.":'c’;"" ®
o ey e -16 | m o n
'+;(w3+w4A *‘zr—~ + e Vs Ly wh E T (A -Gn) - 5.
’ S n=1 1+6/5 n=1 1+A6-H35
Putting in.(7) € = 0, we get:
. ) e | : ‘ : SN = ‘_]
IR n° 2m(y+1/8) | __2m® _ geee I,
T Wy Cn(An-Gn) = 5+ 3 5 (1—8 ) E; -
1(1+m) n=1 (1+m) 1(1+m) l(1+m) ‘ n=1. 6
:'Taking intd account eqs.v17‘and 1% of Appendix 3%, we have: B
. S ‘ . : k *
S ‘ \ . | 1e —2— G
vn—w_fﬁy ¢ A=wy g = 4(1+m) g ) Ak Ek n
' ¥ = T ~ - Py Aty %2 |
n= Un o omi(x+1/2) 1-8, n=1 (4m+sn )+(Y6n -AL 6 +B (6 )
,Puttihgz P ' o B . | .
'2(1—w1)m,' n=oo 4(1+m)/6n lk=o ‘Ak'Ek n’ :
K= e e 'EE ‘ o > D, (A =E ) == . =
2 2 - wy o oow a2 == kT kT e RN 2
»1'(1fm) §x+1/2)_n51 (4m+6n ?+(st m)” k=1 1-A, 8 +B,k(§n )
L

:2(1—w Qm y+1/8
n§ L % Dk(Ak E,)

i 1 (1+m) (x+1/2) 1+m

(8)’bé¢GMes;-
o 2 |
2w, nze : o 2m{y+1/8)
et G (R B ) = s+ — - + K
W) 227 0 Y () A(em)®

vwherg:‘”E = (K) .

(7)

(8)

)

@10y

an

arly

L= Y9 -




B AL o T .
oewy  lese 1 T-e 2w, Yf1/8v>n~“ Le ™ 1~e

T

P P P ¥ e 5 | = Lo -~ (12)
= 1*5/5ﬁ‘ [n=1 1+6/5n 16 S ” ; ,

W, o, 2%, y/8pme I, W

T+m 155. 1(1+m)’ 1+m: n=1 1+6/5n*

~e™ a(yE/8), 1=e T 2w, y+1/8

16 I =00 in/é/n*
196°.  1(1+m)T o 16 1¢1+m)  T+m

(1-e~ e

e W
= +6,
‘n=1 1+ /Gn

.and:

= 3 v .
1+6/sh ‘n§1 1*6/5n

= . o

: o ; i T * - r _ T L - T g W
iﬁg__~-‘%§: Iy s Ln/@n B 2W5 Y+1/8 p== Lps, | == Ln/gn :
n="

- | , . ) (13)
1C1+m)  1+m | n=1 1+576nf I'n=1 1+6/6h ,

o N
_ »2m(y+1/8) . 2m

+
12(1m)"

\ I g | oo _Q
(1-85) > =2 4 5, >

192J12(1+m)3 3 n="1 1+676n*

L]

—-99 -

BT (1e6/6. ") |
" Note that:

n;&fbn T+m n=o o E 1+m

1+m

192(1+m)

1 y+1/8 1 ; : : : - . ~ o :
> E — : n’2'= : 'Ql ')’ 4 —— I (See Appendix. 5) : : (13})
n=ﬂ»§h* v+1/8 n=1 (6h*)' y+1/8 ' : G

It ist

o e
€n = o TEAlB ., i
55 Tm * T9EREY

6% ¥=71 , ' :

H
8

”'71' :(Y+1/8) (1+m)‘ .k ‘Gk* _ lfgék
STV B B N e Sy
w0 %

3. " Tem T 192(Y+ﬁ/5) K




It is also

'\fandf

B e 1 (Y+1/8)/Q1+m) 12 -
n - 8- Y+‘1/8 n...
ST 1+m + 192(Y+1/8)

T e *\e
. ';N%-S' : (Y+1/8L/k1+m) :5: T Lea Gk ni":" k. 1
3;+1/8 . 1 n o |= K o, *_/?6 »*
g ST lem 192(Y+1/87]E_ ‘ i

- (Y+1/8)/Q1+m>
153"‘ _1+’l/8>_’; Y‘E;
1+m 192(Y+1/8)

HWT(WB-PWA) ‘6’

-1 2Ws5

tem(y+1/8) S 2m neew o L) Q‘
| — (1-S ) E —e 48
H12Cem ™t 192 12(1em)> “_ BT eefs *

e 1(1+6'/6 “‘)2,

K is‘defined by eq. 10

(155 B

16)

(17)

(18);

(19)

E gé -

9l




2

m(y+1/8) (15 B | |
1 1(1+m)“ T+m L -y k== ' _ii{/@'k* L k== ':Eksk’" v+1/8
e = : : L & : —
SR g 34 e (y+1/,8\)2+ 1 2 R Ty 1-5*/5k* Gn* k=1 1-5;/6; Trm
, 1Cm) 1 1em 77 192(4m)| ‘ k#n k#n
N > G * & *
mlyx1/8) w45y 2TT . ETTD
1 1(1+m)2 C o em. 1 k=0 k* nk 65* nk v+1/8
1-5, _m (y+1/8) . 1 L = kgz’l: B 1+m
. 1(1+m) T+m 192(1+m)J K£n
. 2
m(y+’l/.8)<’+ m__ (1.5 ) ‘
- 1 1(1+m)2 T+m L _ y+1/8
T BT ’ 2 L T
n’ Thoooom (Y+1/8) N 1 v TR em
1(1+m) 1+m 192(1+m) o
‘ 5 v & _
m(Y”/8) — (1=8.) AT T o A-TL
l(’1+m)2 1+m 1 ‘ n=e lk=w gk* nk 6n* x k v+1/8
e ‘ £1/8.2 1 ‘:1 k=T .
: :m ‘Y Ryl ¢ = = ’ - #* .
1(1+m) ﬁ T+m ) 192(1+m7]* K _ K#n 18, /6k T+m

m(y+1/8) n°

(1-5,) ,
i l(1+m) 1+m 1 E;f_E‘L"I+q/8
LR X+1/8 17 %=1 % tm
BR¢ )+ :
1(1+m)

Tem " 192(1+m{}+ X

RE

(20)

-9 -

(22)

(23)



It ise -

' 1= 00 f
R T SR . n

1(1+m) i e 1+6/6n )
. - 2 : nzos 1+ﬁ é ' o n:é e
-l 6| = : — : i . L L
=g l‘ ("EE"“) St 'Z‘I'n"("x’tj‘éé‘% + K] "82 -.Zn‘ “’:"‘E”:“—’Z' + (1-82) E . B
| A+m o 1(asm)” ] T 0= +A G+B 67 n=1 1+6/6 7|

Using the same procedure as that used for eq. 16 of Appendix 3, we get from eq. 24:

_ [
7= o (=2 1Y 4+ RY)
n S o ¢ n
.2 n
'I'-I" =
n
AWy, | L
8, = ' Gl (== I + R )
2 . m 2 2m(y+1/8) = n=1 Vp B n
( D e El K
Ctem o 1(M#m)
o e 5
2W v+1/8 %k ”
iy ’ . i P m—time &
- : ic=00 A -G " n
‘ 1. 1(1+m) (+m) - :EZ = = = kTR
‘0T s g2 on(y+1/8) | = 0n = R 1-T & *4B (6 52
72 v SRS L K =t B kon '

(1em)° ‘1(1+m)3




2wy, y+1/8 |
1-5, = 1;1+m) (1+m) -n%?
B : m. + 2m(y+’l/8) n=1|
(1+m)® 1(14m)”

Rg and’ 1 -being: respectively resl and imaginary parts of the function -

[ 3
| - s ¥
— ‘ o k.:w’ - - Kk——G_ n
Lo ™ ;E C. (A =G ) '
n'n k" 'k "k — ¥o=o o W2
g ) —-1 1-Ak€n +Bk(5n )
g ‘

2w
! - -1 . k= )
’(~~—y (14m). Fs("eh) I B _
== T8 (- i E)
(-m ) 2m(y+1/8) . R Tem F_(-6)) n n
Tem l(1+m)3 '
where ,
Bl om o - tae = = oo .
61 =W, = IV, (Note: G, means &  at x=1/2)
and L
A
e o 4 n-
Hp = *3E,
A2 .
vV = - (=) |
n §; 2B
Putting the expressions (12), (13), (18),
L . =le -1s pn=w P
V(e) = 71 e, . v, %—Egég + Vé 2, VB n—- + vu e
' olE 5 176 16 n=1 1+5%5
= —16;' n,:o? -Q~|

T+ﬁ‘€

N4eR <;+Bm2

~-l16

..n=1 1+6/Sn

'(19)'andvc24)‘in\eq, 7, we get:

n=ee P

*

=08 -
— R,
v e e e s gt et s B - ol

5 n=1 (1+s/€ )2

29

(30)"

(31)

(32) .

(33)

(34)



where:.

(36) b

2(y+1/8) 2w +W,,) ‘
ﬁﬁ-z'-_~-_—;3 W+ D (35)
1w ) T+m ‘
W
— W
Y2 T Aim | | _
2V, Y+1/8 2W, : Y+1/8.2 1 2m(y+1/8)2 2m : W 2(w +W4) y#1/8 0
- v - _ v : 3 i
v, = - ‘ - = ( - ) + |+ | == Tt 5 5 »F—S7 - (37)
o 1(+m) (1+m)  1°(1+m)  |° tem 192(1+m) | [17(14m) 192 1°(1em)” | L 71 1(1em) dem
e T 2W1 Y+1/8 2. }Wi 2(w_+w, ) y+1/8 2m(y+1/8)2 om » : | o
o , . . 2L 7 g =l . . EZLY
V) =+ =3 - 1( )+ e + _ N B I 2, 3 + K P'Sg]'*_ (38)
; 1°C4m) | Aem A2 (M4m) T(4+m)  1+m 17 (1#m) 192 17(1+m) : S S
o2 , N ) .
. (..EL) , 2mly+1/8) ¢ ;'[1._5 :
1+m/ 1(1+m)3 2]
nly1/8)° L 1 ~
_ lem{y+1/8)7 | - 2m s (39)
> 12(’!4-m)LF 192 12(’\+m)3 5 ‘ B
R R S
Vo miom- v + " - 4 K S5, (I"]’o)
6 :La(wm)br 192.12(1+m)3 ‘ 4”
lrn\2 5 (y+1/8) =
v, - |(2) mae® gl | )
| el l(1+m)3 S - o
R ‘_;aw1 .‘m/a_ﬂ ) 2w, ,W\/8 I, X 2m(y+1/8)° . 2m _/[1_8] . 20z, NACEE
n:: Vol 10em) tem T 12(1+m)  ém- s> 12 em) Y 192 1%(14m)” 3p 1(1+m) 14m °




204w

i

» "E»'M ST (re1/8) 2 (1e1/8) 1

&
5 ; B n
2m(y+1/8)° k=o 6 . 6, *
. 5 - 5t - L, = =
V., 1(14m) " 1%(14m)° & * 1201em)t o7 te* Kk 1.6 */c *
o n . ' n k
: k#n
T v+1/8 y+1/8 1 m(y+1/8) k=w &% _ 146 7/5,"
v, 1(1+m) 1(1+m)< 6 1(1+m) 1(1+m)® k=1 6 1-6_ /6, |
% - n kZn n . n k
1 o% v+1/8 T 2(W 4T, ) Y+1/8 [2m(y+1/8)° om |
EoX R 1 s} 3 4 - —
s Bl S + : Ln - + + K 1
SR /7 R S G D PR

m; ‘?m<%t1/8)

' + v
Cem)® 1w

v+1/86 2 [m(y+1/8)  a®
. )=
Tem - 1(1+m) | L01+m)T T+m
Y+1/8 2%, - " gzm o
G . C (A -
tem o 1(0em) BN BST SR

1(1+m) 1em

12(1+m)4

192 12(1+m)3

2w, (y+1/8) T
K &us] o }: a1 1 0
2 n -

1 2(w3+wq)(Y+1/8) _
2 ? * * ' . ? I.J
V), 17(1+m)"™ Gﬁ T(1em)°
¥ o6 .
BT R AT
= Kabo L&, Tn “k'+%5 ¥ Tn Tk
(1-51) k =% 3 X
k=1 ) ’G e
' _ . n
P
R T )
k X ¥ * o2 =
ﬂ—AkSn +B}(¢n )

(42)

.; Iz -



—

: . O ) ®. Tl .
B : et - g DL

PP S -- e T Ko ooB ok
L y+1/8 . K=o _ ‘Ak-Gk_ n koo ~6k k 63*: L W1
vy, 1(T+m) k=1 1-A 6 "+B (& ) k=1 - 1-6" " /o 16 ° :
L E : k' n k' on . , on k n
. , o kAn B
g S ()
> i |
n="1"
LT _‘ ~ R S | ,
Lorhg—. - T ST L | O (ns)
n: =0 __ . . . .
> LnﬁL'n
‘=1
From eq. 1 we get:
1im V(&) = lim —3 _ ' : R ) e (k6)
Ero . E>0 1yE , _ el .
From eq;:(BA) we get:
‘ ” _\F 2V J 2F V., n=o0 V. .nzo 2 ¥_. n=a ‘ 21
VT T G 2 2.3 = ” 3 s » 5 -~ % .
1im V(6) = 1lim |— = === 4+ —= 4 — > P g - —= E P (e ™) + == Q (& ") | (47
Comparing (47) to (46), it must be
; o i ,272 ) =00 » ‘
Vb T P 6" =0 (48)
e 1 n=1
and - _
o p=e e 2 nze . '*‘2 2V, 2
- P - — i —— )
v5 :EZ'Qn(sﬁ ) VB‘:EZ.In(Eh ) 2 , (49)
n=1 n=1" 1 1y
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It is:
v1+v2+v3+v4+v5+vé+v7=l (50)
and
N - nso n=os n=o n=ow -
zP=z§'=zo=zQ'=zz=x 1)
n=fp B n=} B n=} n n=] o n=} n
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Appendix 8

In this appendix we want to develop;thevfolloWing,éxpressionst

LPEe) &2 firce
T > by, TR 1)
L+ Y(6) L= - "A+4$6+BSE .
: F (s 2= /. ) . -
YLD S oz, TERT_ | @
Lo+ Y (o) " 2+ AL 6 B8 6 = ' :
: : n=7 n [d
.where ”-cg" and "-53" are the complex conjugate roots of the equation
e | P ; | o 5;
1+ AS; 0+ BS " =0 , (3)
"-dg" are the roots of the equation
Y(o) = ja o | (W)
and "-Eg” solve .the conjﬁgate equation
¥(0) = - ja - (5)

In Appendix~9 it will be described the procedure to évaluate the roots "=~
From (3) we have

ASn = (6)

Now we want to determine the ccefficients;DSn, ESn, DZﬁ’and EZﬁ.

From eq. (1) we have for o - og

(#)

‘ 052;(5-)[4»‘-A( 6+ 85 572)
D (7- £S5 6°)= /im £ i M i X
" %/ o6 L2 YE)

With the definitionsof F (o), ¥(o) and Z(o) in para 2 and according to

1'Hospital's theorem we get

Oy
G' "o
n
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S < F(s-) (-4, 6“+ff6*) )
o —-6,; - Y%e) N
) ocsz,,fiz&; &) | | s
-2 [/‘?—Z(‘S',f:] Y(-s’,;’) {/s "E’”+2(' T+E!:n;(‘z gl a)}>
From (&) we bave
Y(-62)=/& B (70)
NN B P 2 SVl B : | _
pyr20-62) m (/ {_6”) : (74)
- 50 [ ok | | | B

7’ 2(-6°)

H wa write Fhae fimit occ @n +V/Z;7 , i

,c(o-*’--o)(&wa)

R o+ -—ch/ o {{a A (/pc*g 12l &2 [7_77_ (/oc+6_ )] } (13)
- Fom ag. f//)‘ we have [for 5——9—570
s, (4 £3,67) = lim 0{26(6).{4”4?6“?&62), | R | (74)
6> 57 oL+ Y (6) s
Accoveling Fo thae ralation
FlZ)= f(Z) - | o (25)

wheve £ is an analyfrcal /uhc//an anc! Z /s e complex Var/fqé/a.l 7 eg. (7¢) the
_/./hﬂ/'/ s /?ﬂ e /Z,; .
£gs (P) and (74) camn ba wrtten ‘C/r‘/a//awf 7
o5, (1-£5,62)= R, #/ 7, o e
D5, (1-£562)-R - /1, | )
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g:l‘/o' >"/Mﬂo 7‘—a/.'/no
we 7a/L ‘

, S A

DS« R +——1
” n y_” ”
L, A

£ =t =

” Pn+yo In

From ag. (2) we hava /ov 6———)—6'"0

Y(e) £lo) (lfz—A.gs'+$"g,52) o

o6, L2 Y o)

DZ, (1-EZ 67) < /im

D2 [(1-EZ6,°) fé— (8 +/Z)
onel fov o—-5P

D7, [+-E2,50)= (R, -/7,)
with R, r/jL, from ag. (73). ;

Fom (23) and (24) we gat

R Vna
\ 2, 7 |
E Z 1 s T R /‘"o :
V" Zﬂ - Vno /2\))7_

From eqs. (1) and (2) we have fov >0

- em ﬁ_{i_ = A = nzsw DS
o °(2+ YZ(G") < n .

. / y L ) 7= 00
1=

6—>0 % Y3(»)

(48)

(17)
(20)

(24) ‘

(22)
(23)

(2¢)

(25)

(2¢)

(2/2)

()
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Appendix 9
In this appendix we want to solve the following Bessel funetion equation in the

complex domain:

k2 _az +Y2(o) =0 , (1)
wvhere
, PR m ‘ '
Y(o) = %6 + m )
: : J (V=o) 4 ' '
2(o) = ~ —= ==t (V=03 (/=) = (3

2/=5 3, (/<o) 4o

¢ being complex variable ¢ = u + iv; 24, m, v, o being parameters and Jo and Jl
being Bessel functions of the first kind. k has the value 1| {n the appendix 8,
and the value 2 in the appendix 12. ‘

Eq. (1) can be trénsformed into
Y(0) = ¢t § k & ‘ (%)

The roots of eq. (4) are complex conjugate. We consider eq. (4) with the plus,
that is the roots having positive imaginary part.

We define the function f(o)

L&)

AR A O]

with
a = RO | (6)

Hote that only the three parameters a, Y, m appear in the expression of £(o).

Eq. (4) with the plus can be written as

f(c)=o-ja+;ﬁ;)—=a M

Lat us now introduce the two auxiliary equations

L] =
ot ey O | ®
and
o= jat—0m=0 €
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which are obtained from eq. 7 by putting respectively
a=0 I ’ (10)

and

Z(oc) = %- (lumped model) (i1
Eq. 8 has already been solved in Appendix 4. The roots are real and they are

indicated with -cn*.

Eq. 9 gives two roots which we indicate withcb and Opye

Egq. 7 is solved by finding those values of ¢ which make the modulus of f(o)

equal to zero.

This is obtained by calculating the modulus of f(c) for successive values of o
which are obtained by making alternatively steps of the real part "u" and of the
imaginary pért "u" in the direction in which the modulus of £(0) tends to decrease.
This process is carried out until either the modulus of f{(o) or the step widths

of "p" and "v" become smaller than given values.

The initial wvalues which are used in this process are the real roots of eq. 3

%
(--cn ) and the two roots of eq. 9 (cC and 0.},

%
It has been always observed that one of the initial wvalues =0, leads to a root
of eq, 7 which is equal to one of the two roots of enq. 7 obtained by usiagcb and

~ a8 initial wvalues. This means that one roct has been calculated twice.

%

The remaining root (between those two which are obtained from o, and GD) is called

c
"singular pole" and its influence on the coolant transients can be observed in

figs. 17 and 13. The "singular pole has usually a big imaginary part.

To understand why the process here described gives always a root which is calcu~
lated twice, let us consider, the approximated expression of Z{c) given in '

appendix 4 (with only M poles)

M
zZ() =L+ 1z (12)
Putting 12 in 7 we get

£(c) = ¢ - ja + = .= 0 (13)
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The two auxiliary equations (8) and (9) become respectively

G + ~ =0 (14)
¥y
YrSE 2 o+b
n= n
and
o-ja+-‘3]~=o (15)
'y+-—

which are obtained from eq. (13) by putting respectively

a=0 {16)
and
b2 = b3 = feees = bN = ® (17)

Now we observe that eq. (13)has N+l roots while egs. (14) and (15) have respectively

I and 2 roots.

The M+2 initial values will lead to N+2 roots of eq. (13). Since eq. (13) has

only N+1 roots, it means that a root has been calculated twice.

Fig. 23 shows the flow chart of the procedure to search the roots of eq. (7).
i, vare the roots; i, v, are approximate values of the roots;Au and Av are the
widths of the steps respectively in p~ and u~direction. The modulus of £(o)

at 0 =y + iv is Flu,v), which is calculated by another subroutine.

The found roots are successively arranged in correspondence to the amount of

their real part and the roots which are equal are listed only one time.
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- Appendix 107::

In this appendix we want to obtain the expression (2) of para 7.1. ,

ﬁe start from
£ (8) Yis)

‘ ; —[Xf%) Y(G))
st (o 3¢) + s (K f2) par Yz(ﬁ)

(coffoc x) = Cof/oé/;z)a ) +

Vﬁsz?

(1)

Fu/—;(@-),cz [snlx) s r2) Q—(w"/é)Y(s) _
oCQJ-YZ(G') K L 7

According to the egs. (1) and (2) of para 4 and eqs. (1) and (2) of appen-
dix 8 eq. (1) can be written as '

75 00

' 7700 '
- & : C AL LE
Ve, x) =— 173%) T cos (K x) E DZ — LA "”/”C") f—ilf—égg-——- +
st ) 17 ) e ST T Z oA B
) o =00 ;. : =00
s (€2) | '*/7’?7"'5’/?6'” Z : 4%56" v
ES =ty e R L M W) < n7eA 6+ 867 (2)
where L . . .
: ) » |
2P = DS - 3“——"5-’—/——— S | , (3
Jf’ Srh /”(/.z) @Z ' c ' l ' (3) A
o E;Z = 7S, E% sk /"/J.) -V, | | oo | . )
/=00 N o ‘
B2 gpes ey
n= : e e N . .
e 0B -£8e _ Fet-SH E@ Y é)
g THALeHRLe” L2 Y e)
Tt s
H=em /1= 00

DR +£Pe | :E;l‘p ArE e
- .
= TrASEE8S5e” | 7 7+4,6 +8 o*

1= 00 ‘D/f’/nf-c’:_/fz’“e' ‘ 7= 09 ﬁ/fzn_,_f/fz@o R R
L > ——+ (7- ) E - et (%)
= '71‘,4,76‘»'-.[7,70" 2 S ..7{_Afn€+2.5;0)2 . : :

A= : g 7=
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with

/7 = o0 77 =00 )
DA, = g DKz =T
n =7 n=7

Tha complex can/"ayc//« roolts of the ayc/c/#a‘n
'4/—,4'/70‘;4-2)7”6"1 =

ore -c, and —E/; ‘c//7C[_/L/7'd'f'¢ 0//%0, dyé/cz/4'an
7+ A4S rBL 670

are -7 arrne *E,‘: .

4t o)) f, ) Vo)

oo L2 Y3U-6))

. k= : :
4"£:k30
/? oo 72 (Q/D /:/0 °) - z =
2,7 (/ - 4 ‘ 4”44-("-00*5,;-(5,,")2

/)"om eq, [’%) wa ya/

gpﬁ4h—£/r4;76"n/=3;;—(@7*//‘7)
D, - EAT 6] = —g—'//?-z, -/ I7,)

DK 3, - E42 60 « =[R2, +/12 )

— -7 , .
DKZ, - £/72,5p = — (R2,~/12,)
. <
/ou//‘/'n\c/
e
crrel

60 =/“no "D/.Vo

from eys. f43) ancl (14 ) respactivaly from aq.r (“/5) amcl (76) wa ohtarn

44)

p//-/n= [/Q// fv

()

(9)

(12)

(77)
(42)
( «/34}‘

(14)

(15)

(76)
(4/7)
(1)

(49)
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L 7,
N, T,
DKQ,, = -5, fR2n+ o 'I'Znt)
o ¥ T2
CEKZ, o
» | 7 52: v,
Sonca ///_(
S on=e _K n=o
| DHA, =§ onz, =1
‘n=‘/ n:I’I
we y‘@'z ~
. -z Vo T )
; ‘{2 =’E—1 [/?4 * .Vb [
errrel | _
f.= o Ay .
752 =:E; [Q%’fnf 72,
v n=-"1

(omé/'n/'ny eys. /2) ermel /'&)/ wzl‘:.yd/ ﬁhd//)/ o
: ~(x+T)EE

: ; 2-2 4+ £ 5
SlxiW)ls DI ArEF s ,
+V; e E 33,_7 A &+ B %
nz1 1 ”
WAQV&
= . +

i (4 )ecin (%)

‘ !/‘q /K/l) ’
L£) s (kXD £sin(a)

[m b 1-w) (-5, )}

kg0 e %‘/’.z )

. w, ) S
V3 N sin [Kx) ¢ I/n[°(/2> [-7 W7) 2

sth () ﬁ); + K o8 (X x)'.DZn

LS
~N

, 4
Eh o7 |
ey DB - (o) (4-5,) DK 2,

W (1-w) (1-5,)

ﬂ:Zn =

n=w .

> 2

) 05,65, « oL ot (< )2, FZ )

(20)

(24)
(22)
.‘{237 |
L fay)

(25)

’ 7_;520?4"‘2‘+
T 7rAs e se

(26)

- (24)
@ )
i(zy) |
‘(?0)
'3(342

RRNErY)
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i £ + (1-0) (1-5) Ex 2,

EFag =—" , ‘ ' )
n wy DB + (1-vw4) (1=5,) 042, : 7 o (23)
D3, = @/’Mn C(7Y)
EANT, :
£7 :—2= P
RNy _f;aD
Tt s

[(36)
7= # = o0 .=

s DA = S 3 - 4 (3/2)
S0t > 0> 0501

\7))y tha wey £

lim £ (8) « fim S | | (36)
& > oo S ey U v .

, ‘//'m Yfé‘)_ =/rm o 7 . , (39)
W/oth egs. (38) arncl (38) from ey, (77 wa yz/

. , Leoslhx) . 7
. | %o
lim Ve x)= lim S (x)esinlga) Epe? | e
G~ 00 o> |

_/rr'om eg. (26) W'aya/

N=o = o h =00
o 9%, £7 27, LET
y y 7 " _7__. a ~An n ,

6_/:;77“ V(G'/x);—e-/i/:; v ?’?v/ 75 +5‘2;,_Z1‘35,, (“/ 3&,) | (441)
[a.mpan'nf (4o) Fo (q—/),,wa 7¢/ |
=2 27 £4 |
Z 5 o | v
n=7 S, ~ ' - ,

27 = v0 2'7,,

a ' - :
7 (7—%{11)= AL cos (o %) 7 (43)
ey “n R




Appendix 11
In this appendix we want to obtain the expression (2)

We stirt from

2.6(_6) Y“? Lo 2= a__— Yee! (%) cos [fza

2.y 2_(&) Y(e) ‘ sin (%)

LG gV o
L2+ Y %) Yoo ?
Accordlng to the egs. (1) and (2) of para 6 and eqs. (1) and (2) of

. ,~/J,

,appendlx 8 eq. (1) can be written as

’ff-EZS"
v{t’) -2 E "Dzn -’/#A.(mﬂffe
Y/EX:]

— -te L% E’ - - A+rE & v R SV~
+ @ —_— W, & ¢e E c ”" 7 SRyt N B
3 z T e * ¢ : Ao +2 2
3 ) ° n b PR YR g " - '.f-,

n =+ n=-4

Q/(” /*E/Eb'
7-,%;; e+ 8567

whera |
< coc (%/3)

‘Dﬁn = ﬂS/—? - stn (X/3)

0%,

, ; AL cor (%)
JE%;=ZW?EQ ——7ZfTTJZ EE

erncl
{nm3 » < (<)
e e | fm- st
c—— 7+ASerBLEY 2 Y2e)

T ! . LRy
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7% S M rehe | g - N onAs, - Eh, - DHBS,e
lo ‘ P 7,L,4f,"s +Z’.&o~.2 e ‘ 4 n =7 7+4f6‘ %f&o"z (%)

i . 3
"2” (0K A5 = i)' lim | L - L EEES ;f—,,‘;:—f,;’)ims)m) |

: = Sl ol T ,
T 7 "C?* Y %)

=_,//'an < Y(o) Y‘fo*) - o(zF'(c) +%%%— (F' o) Y(a) * F(s) )//ar))

(¢)
=2, 064— Y2(6)+26Y(6)Y(d) :
7&/r/iny into eccount ags. (75) ane ///é) of wppendix 5 anc e _¢71/c‘z//'anr
Yeo)= o | | | o (9)
Y'to)= €(7¢m) e R | | (70)
we. ya/
s o5 (%2) | 7
S (oA -ER)= 44 % + # ey A(7m) (+1)
e ='7 B
From zg. (3) £ eppandix § and ag. /"/oo/‘ of apparndrx 7z pa \?¢/
pe t Yy < Z,, - i - 7 /-4f-m}F (s) | ) V (42,)
A em 7+ /5, o ca 7 +m F(6) ' S »
arc/
72 = 90 Zn ) _4._ o : ) ‘.
v =:€/—1+Fm FT;/.) (42)
N7 R Yie) T |

Fom' zzc?, () of eappandix 4 we ycz/
/ * < v i i |
Hl-el)- =0 3
cond/

Y(—*ok*): 0 : | | v ’ (/ﬂ/?
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Acc_orc(/hy fo the eguation (6_);' (6), (43) anet (14) A 15

Zﬂj% 2 Z‘_ﬂ%” DK, rER e
,7;=4 7*6/6: n'=14 7*‘4;{,,6*3%5'2
‘ hw : ,
, D3, +EK3, & - L
_dEm - ” -
- Z‘4+AS-E‘+.BS 6% m 27,_ 0'/6: ‘ (157 :
W//ﬁ v : : .
/7200 v ;
> 3o * | (16)
n=7 :

=00 and ~6? ove tha complex can/'ayc//cc rools a//%a ¢7Ud//’a/7

7rASs 8567 0 (47)
Tehing info ac’aéwﬂ” eg. (10) of oppandix & we put
| R3, /I3, - (OK,- Ek,6,°) > (p ; 74) (;;m - &Z;) (418)
onel gaf » |
DK3, - Eh3 60 = RS, + /I3, | o (19
WJ,, ~EK3 50 = @?n -/ 13, o | " (20)
Rotting |

o ‘0,_' °
=/un /)}}7 ’

| /?om eys. (49) enet (20) we oh Farn

3 A V s SR
DK, - RE +—-T3 ~ - S o (24)
EN3, - fg | : o | (22)

Atcm¢//h‘7 Yo the ¢yua//bnf [5—) [5) (42')- anct {44’) tbis

= Z':, | ﬁ.:m '.D/f +E/f & <, 2+m § J)/TL/ +E//4/ 5 .. ' 7. hf’? Z: : (Q})
£ ‘14'.7/-"'/«7: 1 7*/?!7,.-])’6" 7*/?,(0- +3.S c* m z T# 5/,,‘5# .
with . : ‘ ' , T '
LI ' (24%)

> k4 - o
nz: 7 S
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puz‘ff/'ny
| ke 7
Qﬁ‘n f/_f# (ﬁﬁ/ f/fo' ) Z——/-'—
. : 7= ”s'/r
wa yd/

. m . .
ﬂﬁé/n“fﬁ/é/nana =7—;;7—[/qu7 +0/[é//7)

DNy, - EWH 6P =2 (R - ;74 )

T4
Dir4, Y u?)
Iy
fhy =2 “
77 7+ Vna
TF s
772 o9 ”=-°oj
: — '7{-&35’ ' \D/’;f-fﬁo’
T “ATHGT ) \ G AL »Bhe
> DK, » EhS s 2= ppe «ENG s
[4 f)z%«—A.fe’f-[jfrf 7 % nZ ‘74—/—].’,8'{—.?"6'2 '
wn%
17 = o 7 = oa .
ohs - > oK, =T
n = n=7

7ha tomplex ca'n/&fczéa rools of the eguaéion
7. * /4—”6“ 7 ,])7_”(72 =
ave -6 ancd —-EZ wncl these of Fhe equation

i

- o
anrd &,

[4
cre = 50

P éZzh 4

/?';n ‘fr/'[gn - (‘pﬁﬁ~ E/fn 6-n0){k=4 C_/ , e

| (25}'

(26)

;(gﬁ)v

(28)

- (29)

(30)

(31)

(32)

( 33)

B (34)
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~ond
- '?F( ) .:Cc.a.r/"g/:e) Ff‘ :) Y(_ } o
R, +/ 16, = C. /,/, Gd ) Tn iin (720 i - (3%)
Y‘z (—5/) o
/‘yoh’) ;g, (30) we yz/ ' |
. 7 - ey o
DA, - NS, 0] s (/?5”‘*/15,7) - (3
DreERGT A (RS -j75) ()
OHG -ENG 6 - T (RG +y18) S (3%)
K6, - EHe, E’fi (Ré, ~;ré.) | . | O (39)
. B . R 3 N B B : : » . .
Pal&t'nj' v v ‘
R B N _(t/g)
ard : ’

=/0-‘H°+,/!Vn (4/4)

from egs. (367 aned (3%) respactivaly from eyz" (38) and (39) we

. obleri : : .
ons, - L (RS, +Lorg ) i | (42)
-5, v,.° | |

7 s | | )

EHS = | n | : o (%3)

775 v,’

i, L (RE » f” re) S - (4)

.23 - . SR :
. 7 Ie, | R
ENe, o | (45)

Simece s

&)=

Z@m ZQA’6~ S - - ‘/ ()
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e yaz‘

s )

= E //?5—7“/4" L
* N R ? yﬂ”

(?mé/h/hj z4qs, [2), [’7)/ //f), [,?Z) ard [30) ch; yzf/f/nc//[y

-6 7.z o0 [ : Z 7= o0 R
: y ——— . Y E —_— Vv, € > — +
V(o) = Vs ZC — 1+ 5* 8 5 : :
n =

n=g T* 075:‘

’nt“l

-1,15—'[/6 —é'o— LAt I+ E5 &
-V, E D4 g 25, nl. £
, “ “ 7+Afe+£§6' | 7+ASe + B2

=00 1+ F6 6
= ~lo - DE ">
* Vé ¢ E ‘ ~ 7,;.2”6,43,751

n=:7

\l“
3
1t

e
[/7#/71)2

- W,
V - e ——
2 m

el
o

= kf LI i //’/—f_,)
e(1rm)* Tt :

cos (4/3)
B K Sk /’</o2)

S

cos Kofé)
< sin [</3)

“g)

o

508

V64: /m—-

7

| PO 7 DK, A, - EX,
2D7 Inz =
[ n ((7+m) ' 7 €[7*m)

D

] ]
g(l A\

(472)

(4 8)

(49)

(50)
(57)
(2
kf?)

(5¢)

r‘fés)‘

(54)
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Ye .. MPE
. | zﬁz EZ ,4.{7:—";{75/(3 = Tel7im) » (5%)
o N DK AS, -EX, : :
/ ZﬁZ e QK3 ——a2 T :
- lltem) 7 bl 7r/m) :

gy ’_»- 7 DK, AS - EX, (rr%
, =

, _ : -5 | ord +
5 Z[‘ffM) \7(/1,‘/27.) e 1) " :

/"")) (o 7 (- £ kS
5 2 TG \Bem) T T e T T (53)
7 DX, AS, -EF, [+ 7y N ' . mR = .
T ~(((1ﬁm/'+ 17 (‘7 f.,))ﬂkl/n + /m -;{T;f7 )/7"(3)‘9/11{

+

(5¢)
Dk, BS '/Fﬁ/e

£4 - 0% o o (s7)
- DAE | - _ -
71‘ .z': ‘ » .
L=6 '
IR (62)
LT : ) :
and o
E 24, E 25 - > 26, - (63)
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