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ÂuF+dªYO\^�+d^A�Y]C]DQX�HOÂ�\ H]H;\^NQX=H;Y]DQX�_+DGCE_+H���DGd HONV`�DQdªd^A#_uDG\^C�\^XJY]A�COP�DQ`�A�H;Y]DGX�_+DGCE_+H�� R �A#`Ea�X+\�¿
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YON0`Ea�N�N�H;A���DGÂ�NJX+I�YOa+AsH;A�Y�NGPWA � \ HSY]\ªX�I0DG\^CB\^XJY]A�COP�DQ`�AuHSYEDGX�_�DGCE_+H �+YOa+A=NJX+A�� ��a+\ `Ea
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�Áa+A²Â½DQ\ªX�_4\^H]DQ_ ��DQX�Y]DGIJA6NGP�H;F�`Ea�D?`�NQX��QA#XJY]\ªNJX�DGdfDG�+��CON�DQ`Eao\ HuY]a+A1d^DJ`E�hNQP
M�A � \^K+\^dª\ªY �~\ªXpCOA�HOHONQF+CE`�A²DGd^dªN4`�DGYO\^NQXlR �'Y�_+N�A�H�X+NGYsY]DG�JA6Y]a+A²F�H;A#C�_4A#Â½DGX�_+H�DGX�_
YOCED��6`=C]A���F+\^C]A�Â�A�X�Y]HV\^XJY]N1`�NQX�HO\ _4A�CED�Y]\ªNJX � ��a�\^`Eajd^A#DJ_+HVYONcDGXjN �JA�CEDGd^d�\^X+A5�6`�\ªA#XJY
F�HOA0NGP�YONGYEDGdÁD���DG\^d^DQK+dªA²H;��A#`�YOC]F+Â COA�H;NJF+CE`�A#H#R¡©�`�YOF�DQdªd����UY]a+A1Â�DQ\ªXpIQN�DGd�NQPBYOa�\^H
HO`Ea�A�Â�A³\^HÁCED�Y]a+A�C�\^X�YOA�COP.A�C]A�X�`�A�D��QNJ\^_+DQX�`�A�YOa�DQX*`�DG��DQ`�\ªY �½Â½D � \^Â�\^�#DGYO\^NQX

�Áa+AÁ\ªX�YOC]N4_4F�`�YO\^NQX�NGP�C]A#`�NQX���IQF+CEDGK+d^A�¸!NQP Y��fDQCOAÁµBDJ_4\ªN³H �!H;YOA#Â½H\ HUA � ��A#`�YOA#_uYON
��D��QA�YOa+A �ÁD��VY]NVÂ�NJCOA�M�A � \^K+d^A��G_4A#Â�DQX�_sNQC]\ªA#XJY]A#_=_ ��X�DGÂ�\^`fHO��A�` YOC]F+Â�DQdªd^N4`�D�Y]\ªNJX
HO`Ea�A�Â�A#H�� ��a+\ `Ea ��\^d^d4A�X�HOF+C]A�Y]a+AÁNQ�4Y]\ªÂsF+Âº_4A#dª\��QA#C �uNGP�Y]a+AÁF�HOA�C(� H �ÁDGX�YOA�_uHOA�C �!\^`�A
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COA�HOHONQF�C]`�A#HfDQHÁA5�6`�\ªA#XJY]d �²DQHÁ��NJH]H;\^K+d^A � �(�'R
©�H�YOa+AfH;NQP Y��fDQCOAWCEDQ_4\^NÁYOA�`Ea+X+NJdªNJI�����CONJIQC]A#H]H;A�H ��_+\�$�A�C]A�X�Y�HO��A#` Y]COF�Â�DQdªd^N4`�D�Y]\ªNJX
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DGd^dªN4`#D�YO\^NQX�R

• ���� l����� § �!�G�#��
 �+7�7,�l�Q�4�������Ãt½�.�#	Ã���+�����~���!���#��
����J�j�#	��4�������76 �Áa�\^H
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DQdªd^N4`�D�Y]\ªNJXlR �ÀX9YOa�\^H�`�DJH;A�� � � A#_~P.C]A���F+A#X�` �~K�DQX�_+H�DGC]A²DQdªd^N4`�D�Y]A#_~P.NJC�_+\�P ¿
P.A#COA#XJY ��\^C]A�d^A#H]H½DG\^C6\ªX�Y]A�COP�DQ`�A*H;Y]DQX�_+DGCE_+H#R �ÀX�YOA#C]H;Y]DQX�_+DGCE_9a�DGX�_4N �JA�CEH�DGC]A
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��NJH]H;\^K+d^A�YONsDGd^dªN �pC]DJ_4\ªN�C]A#H]HONQF+CE`�A�HOa�DGC]\ªX�I�R �Áa�\^H�Â�DQ�QA�HU\�Yf��N�HOHO\ªK�dªAÁY]N=K�D�¿
d DGX�`�AuY]a+AsYOCED��6`=d^NJDJ_+H�K�A�Y��fA�A#X¡H;Y]DQX�_+DGCE_+HVDGX�_jP.COA �JF�A�X�` �1K�DGX�_+H#R �Áa�D�Y
Â�A#DQX�H���C]DJ_4\ªNVCOA�HOHONQF�C]`�A#HlDQCOA�X+NGYUNQ��A�CED�Y]A#_�\^X�_4A#��A#X�_4A�X�Y]d ��NQP�NQX+AfDGX+NQYOa+A#C��
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• ���� l���º� § �!�Q����
 �+7,7��l�J�4�#�,��� t½�.��	 � § ���Q����
� § ����7,�����"6n¸!��A#`�YOC]F+Â
MUN!NQd^\ªX�I=\^HfD�C]A#H]H;NJF+CE`�A�H;a�DGC]\ªX+IsHSY]C]DGYOA�I���� ��a+\^`Ea6DQdªd^N �BH[D�d^\ `�A�X�H;AVN ��X+A�C[NQP
D*HO��A�` Y]C]DQdWK�DGX�_¡Y]N*COA#XJY=D*HO��NJC]DJ_4\ `�DGd^d��*F�H;A�_?��DGCOY=NGPÁ\�Y�Y]N*NGYOa�A�C�F�HOA�CEH �
F+X�Y]\ªdfa+A6X+A#A#_+Hu\�Y�a+\^Â�HOA�dªP"� � �¬R �Áa�\^HsHSY]C]DGYOA�I��¡`#DGXoK�A0F�HOA#_~\^X9`�NJÂuK+\^X�D�¿
Y]\ªNJX ��\ªYOa � � A#_~HO��A�` Y]COF+Â DGd^dªN4`�DGYO\^NQX ����CON �!\ _4\ªX�I�� � A�_¡HO��A�` Y]COF+Â K�DGX�_�H �
\^X?Y]\ªÂ�A½DGX�_jP.C]A���F+A#X�` ����P.NQC³A#DJ`Ea¡H;Y]DGX�_+DGCE_jDGX�_¡DQdªd^N ��\ªX�I6YOa�A�HOa�DQCO\^X+I0NQP
HONQÂ�A6HO��A�` YOC]F+Â K�DGX�_�H � Y]a+A0HONc`#DGd^dªA�_~H;��A#`�YOC]F+Â ��N!NQd H���K�A�Y��fA�A#X~DQ\ªC�\^X4¿
Y]A�COP�DQ`�A�H�R �Áa+\ H6H]`Ea+A�Â�A*DGd^d^N �BH�D~_��!X�DQÂ�\^`1\^X�`�C]A#DJH;AcNQC½_4A�`�C]A#DJH;A1NGP�YOa+A
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� �+7,7��l�J�4�#�,��� 6��ÀXcY]a+\^H�H]`Ea+A�Â�A���X+N½�+C]A#_4A���X+A�_
��DQC;Y�NQP�Y]a+A�P.COA ��F+A�X�` �jK�DQX�_?\ H=DJHOHO\ªIJX+A#_jYON*DGX��jNQP�Y]a+A6H;Y]DGX�_+DGCE_+H#R �Áa+A
HO��A�` Y]COF+Â DQdªd^N4`�D�Y]\ªNJX�Y]DG�JA#HW��d^DJ`�AB\^X0D³Y]NGY]DQdªd��NM�A � \^K+dªAVDGX�_½_4A#Â½DGX�_�NJCO\^A�X4¿
Y]A#_hÂ½DGX+X+A#C#R �Áa�\^H�H;YOCED�Y]A�I��?COA �JF�\ªC]A#H³D �QA#C �*a+\^IQa~d^A �JA�dWNGP�`�N!NJC]_4\^X�DGYO\^NQX
K�A�Y��fA�A#XjYOa�AsNJ��A#C]DGYONQCEH�NQP[YOa+A�_4\ $�A#COA#X�Y�DG\^C�\ªX�YOA#C;P�DJ`�A�HVDQX�_cYOa�AsF�HOA�CVYOA#C;¿
Â�\^X�DGd H �Wd^A#DJ_4\^X+IjY]N?a+\^IQa+d��o`�NJÂ���dªA � C]A#H]HONQF+CE`�A½Â½DGX�DGIQA#Â�A�X�Y�DQdªIJNQC]\�Y]a+Â½H
DQX�_cH;\^IQX�DQdª\^X+I�COA ��F+\ªC]A�Â�A#XJYEH�R

��N³K�AÁDQK+d^AfNJ��A#C]DGYOAf\ªX�DGXsA�X��!\ªC]NQX�Â�A#X�Y ��\ªYOa�_��!X�DGÂ�\ `�P.COA �JF�A�X�` �=DGd^dªN4`�DGYO\^NQX �
DGX�_=Â�DQ�QA�YOa+AfNQ�4Y]\ªÂsF+Â F�HOA�NQP�\�YEH�C]A#`�NQX���IQF+CEDGK+\^d^\�Y ����D�¸!NGP Y��ÁDGC]A�µBDJ_4\^N�YOA#COÂ�\^X�DGd
X+A�A�_+H=HONQÂ�A½�!\ªX�_¡NQP�A�X��!\ªC]NQX+Â�A#XJYEDGd[D �ÁDGC]A�X+A�HOH#R �ÀX � ¨ � �Ui*\ªYONJd^Dca�DJH�_4A#H]`�C]\^K�A�_
DGX&%;\^XJY]A�d^dª\^IQA#X�Y('sDGIJA�X�Y�`�NQX�YOC]NQd^d^\ªX+I6YOa+A�H;NQP Y��fDQCOAuC]DJ_4\ªN²F�HOA�CVYOA�C]Â�\ªX�DGd ����a+\^`Ea?\^H
DGK+d^A1YONoDQ_�DG�4Y�\�YEH;A#d�P�YONhY]a+A1YOCED��6` ��P.COA �JF�A�X�` �9A�X��!\ªC]NQX�Â�A#X�Y�DQX�_nF�H;A#C�X�A�A#_�H �
��a+\ `Eara+AhCOA�P.A�CEH½YON�DQH0YOa+A*),+.-�/�02130246587�9�:;0<+�R �Áa+Ao��NQIJX+\�Y]\ �JA¡µBDJ_4\^N9a�DQH0YON
`�NJXJY]\ªX!F+NJF�HOd �hNQK�HOA�C �QA6YOa+A1�+a��4H;\ `�DQd�A�X��!\^CONJX+Â�A�X�Y��[DQX�_oÂ½DG�JA²_4A�`�\ H;\^NQX�HsDGK�NQF4Y
a+N � YONcF�HOAsYOa+A�D���DG\^d^DQK+dªAsCOA�HOHONQF�C]`�A#HB\^X~D0Â�NJH;Y³A5�6`�\^A�X�Y³Â�DQX+X+A#C#R �VX�AuNGP�YOa+A
Â�NJH;Y�\ªÂ���NQCOY]DQXJY�P.F+X�` Y]\ªNJX�H�HOF+�+��NQCOYO\^X+I�Y]a+A�A#X���\^C]NQX+Â�A�X�YEDGd�D �ÁDGC]A�X+A�HOH�\ HWY]a+A=9;02>
02/�1�5�>@?�9BA�5�0<:B5�/C1D0 EFAG9;1D0<+;/ � ��a+\^`Eac\ H�_4\ HO`�F�HOHOA#_²\^X²Y]a+A�X+A � Y�HOA#`�YO\^NQXlR



¨ ���������
	����������	��

��������� )+2�$�� 3 #%� $�� /�!0����� �734#�2
	�!0/1#�2-,43

�Áa+AfÂuF+dªYO\4Â�N4_4A�`�DQ��DGK+\^d^\�Y �³NGP�YOa+A�¸!NQP Y��fDQCOAfµBDQ_4\^N�COA �JF�\ªC]A#H�YOa�DGY[D�¸4µ9YOA#COÂ�\^X�DGd
\^HV`�DQ��DGK+d^A=NQPW_+A�YOA�` Y]\ªX+I ��\ _4A#XJY]\�P �!\^X+I0DQX�_*Â�NQX+\ªYONJCO\^X+I6DQX �²NGPWY]a+AsDQ\ªCB\^X�YOA#C;P�DJ`�A#H
D���DG\^d^DQK+dªA�\ªX²\�YEH�A#X���\^C]NQX+Â�A�X�Y�R �Áa�A�¸4µ ����a�A�X0\ªYÁ\^HÁH ��\�YE`Ea+A#_½NJX �!a�DQH�Y]NuK�A�DQK+dªA
YON*H]`�DGX¡d^DQCOIJA�DQCOA�DQHVNGP�YOa+A½HO��A�` YOC]F+Â \^XhNQCE_4A�C�YONcd^N4`�D�Y]A���\ _4A�X�Y]\�P �hDGX�_¡F�HOA�DQX
DG\^C�\^X�YOA#C;P�DJ`�A��!DGX�_ ��a+\^dªA³`�NJX+X+A#`�YOA�_�YON�DuX+A�Y���NJCO���J\�YÁa�DQH�YONsK�A³DGK�dªA�YON�Â�NJX+\ªYONQC
DGdªYOA#COX�DGYO\��QA*DG\^C½\^XJY]A�COP�DQ`�A#H�YONoK�AjDGK�dªAcY]No��A#C;P.NJCOÂ \^X�YOA#C]H;Y]DQX�_+DGCE_pa�DGX�_+N �QA�C�\ªP
X+A#`�A#H]HODQC �JR

�ÀX²Y]a+A�K�A#H;Y�`�DQHOA��!Y]a+A�\ _4A�X�YO\ ��`#D�YO\^NQXcDGX�_0Â�NQX�\�Y]NQC]\ªX+I�YEDG�QA�Hf�+d^DJ`�A³\^XcD � � A�_
P.COA ��F+A�X�` ��DQdªd^N4`�DGYO\^NQX A�X��!\ªC]NQX�Â�A#X�Y#R �ÀX YOa+\ H?`#DQHOA���Y]a+A9Â�N4_4A9\ _4A�X�Y]\���`#D�Y]\ªNJX
`�NJX�H;\ H;Y]H�NQP4HO\^Â���dªA[A#X+A�C]I���_4A�Y]A#`�YO\^NQX�NQX=D�`�NQF+��dªA[NQP4�+COA�_4A ��X+A#_�P.C]A���F+A#X�` �VK�DGX�_�H�L
�'PUYOa+A=HONGP Y��ÁDGC]A³C]DJ_4\ªN½_4A�YOA�` Y]HBA�X+A#COI��6\ªXcY]a+A=¾QÄJÄ�ij@B�=K�DGX�_1\^X �F+CONJ��A���\ªYV`�DQX
NQX+d��6K�Au��¸4i DGX�_²X+NQYOa+\^X+I½A�d HOAQR

�Áa+A �fNQCEHSYf`�DQHOA�H]`�A#X�DGC]\ªNuN!`#`�F+CEH�� ��a+A#X6YOa�A�\ _4A�X�YO\ ��`#D�YO\^NQX0a�DQH[YON=YEDG�JA��+d DQ`�A
\ªX½DQXsF+X���X�N ��XsA#X �!\^CONJX+Â�A�X�Y%��\�Y]a½_��!X�DGÂ�\ `fP.COA �JF�A�X�` �uDGd^dªN4`#D�YO\^NQX �QDQHW_4\ H]`�F�H]H;A�_
\ªXcY]a+Au��COA���\^NQF�HBH;A�` Y]\ªNJXlR �ÀXcYOa+\ HV`#DQHOA���YOa+A=Â�N�HSY�NJK���\^NQF�HBH;NJdªF+YO\^NQXcYON6YOa+\ HB�+C]NG¿
K+d^A�Â ��NJF+d _cK�A=F�H;\^X+I0D½IJdªNJK�DGd�+\^dªNQYV`Ea�DGX�X+A�d ���!X+N ��X*DQX�_*DQ`#`�A#H]H]DGK+d^A³YON6A��QA#C �
F�HOA�C � ��a+\ `EauY]C]DQX�H;Â�\ªY]H�\^X4P.NQC]Â½D�YO\^NQX�DGK�NQF+YUA � \^H;YO\^X+I�DG\^CU\ªX�YOA#C;P�DJ`�A�H�R �Áa+A�HO`�NQ��AfNQP
YOa+\ H�\ªX4P.NJCOÂ½DGYO\^NQX6`�NJF+d _½C]DQX+IQABP.CONJÂºY]a+A�Â�A�C]A�A � \^H;YOA#X�`�AVNGP�YOa+A³HOA�C ��\ `�A�\ªX0DuH;��A�¿
`�\ ��`VP.COA ��F+A�X�` �6K�DQX�_ �4Y]N�Â�NJCOA�_4A�Y]DG\^d^A#_1DGX�_1F�HOA�P.F+dlYO\^��HÁdª\^�QA�YEDGC]\�$?\^X4P.NJCOÂ½D�Y]\ªNJX
NQCÁY]a+A �JF�DGd^\�Y �6NQPUHOA�C �!\^`�AQR
T�A�H;�+\ªYOA�YOa+A�NQK��!\ªNJF�HWDQ_���DQXJYEDGIJA#HU\ªY�N $�A�CEH���YOa+A�IQd^NQK�DQd+�+\^dªNQY�`Ea�DGX�X+A�d�`�NQX�`�A��4Y

\^H�X+NQY�COA#IJDGCE_4A�_jDQH³D²��N�HOHO\ªK�dªAsP.F4YOF�COA½HONQd^F4YO\^NQXlR �SHOHOF+A�H�HOF�`EahDQHVYOa+A�N ��X+A#C]HOa+\^�
NGPÁYOa�A0`Ea�DGX�X+A�d ��YOa+A6\^X��QNJd �JA#_~`�N�HSYEH=DGX�_~C]A �JA�X!F+A�H�DGX�_~NQYOa+A#CuA#`�NQX+NJÂ�\^`#DGd[DGX�_
��NJdª\ªYO\ `�DQd���CONJK+dªA#Â½H��+C]N �QA�_�YOa+A#Â½H;A#d �JA#H�YONuK�A�\ªX�HOF+C]Â�NQF+X�Y]DQK+d^ABNQK�H;Y]DJ`�d^A#H�P.NQC�YOa+A
\ªX�_4F�H;YOC �cYON*DQ`#`�A��+Y�DQX�_?H;Y]DQX�_+DQC]_4\^��A�D²IQd^NQK�DQd���\ªd^NGY=`Ea�DQX+X+A�d � ®(�'R �Áa�DGY�Â�A�DGX�H
YOa�DGYÁYOa+A�\ _4A�X�Y]\���`#D�Y]\ªNJX0a�DJHfYON�Y]DQ�QA��+d^DJ`�A³\^X1D�K+d^\ªX�_0Â½DGX�X+A�C �4\,R AQR ��\ªYOa+NJF4Y�DGX��
a+A�d^�1P.CONJÂ YOa�A�X+A�Y��fNQC]�*R

�ÀX�D?P.F+d^d �n_ ��X�DGÂ�\^`0P.C]A���F+A�X�` �9DGd^d^N!`#D�Y]\ªNJXpH �!H;YOA#Â �[A#DJ`EapDG\^C�\ªX�Y]A�COP�DQ`�Ac`�DQX
K�A½NJ��A#C]DGYOA�_¡DGYuDGX��*P.C]A���F+A�X�` �?K�DGX�_�R �Áa�A�C]A�P.NQC]A����+CO\^NQC³Y]N*\^_+A�X�YO\ ��`�DGYO\^NQX ��YOa+A
¸4µ a�DQHsY]N9_4A�Y]A#` Y6DQX�_�dªN4`�DGYOA1YOa�A1\^X�_4\��!\^_+F�DGd�DQ\ªC�\^X�YOA�COP�DQ`�A*HSYEDGX�_+DQC]_�Hs\^X�YOa+A
P.COA ��F+A�X�` �½_4NQÂ½DG\^XlR � R AQRW\ªYfa�DJH�YON�_4A�Y]A�C]Â�\^X+AVYOa+A�X!F+ÂuK�A�CÁNQP_4\ $�A#COA#XJY�D���DG\^d^DQK+d^A
DG\^Cs\^X�YOA#C;P�DJ`�A#Hs\^X9YOa�A1CEDQ_+\ªN*P.C]A���F+A#X�` �oA#X���\^C]NQX+Â�A�X�Y �[DGX�_nA#H;YO\^Â�DGYOA²YOa+A#\ªC�`�DQC;¿
CO\^A�C�P.COA ��F+A�X�`�\ªA�H�DQX�_*K�DQX�_���\ _!YOa�H#R �Áa+\ HV�+CON4`�A#H]HB\ H�C]A�P.A#COC]A#_²YON1DQHBYOa+A A���96/�/ 5�
� 53-�� 5�/C1 9;1D0<+;/�R

�'Ys\ H�COA�DQHONQX�DQK+d^AsY]N?DQH]HOF+Â�A�YOa�DGY���A �QA#Xo\ªX9DQX~A�X��!\ªC]NQX+Â�A#XJY ��\ªYOa9_ ��X�DGÂ�\^`
P.COA ��F+A�X�` �9DGd^dªN4`#D�YO\^NQX �WYOa+A#COA ��\^dªdBH;YO\^dªd�K�AcNQX+d��nD¡dª\^Â�\�Y]A#_pX!F+ÂuK�A�C½NQPV��NJH]H;\^K+d^A
��A#dªdU_4A���X+A#_¡DG\^C�\^X�YOA�COP�DQ`�A#H�� ��a�NJHOAuC]A�d^A ��DGX�Y���DQC]DQÂ�A�YOA#C]H ��\ªd^d�K�A��!X+N ��X*YON0YOa+A
F�HOA�C�YOA#COÂ�\^X�DGd H �QNQCW`�DQXsK�A�_4N ��X+d^NJDQ_+A#_ �GDJHUX+A���DG\^C�\^X�YOA#C;P�DJ`�AÁHSYEDGX�_+DQC]_�HA#Â�A�C]IQAQR



��� ��� 	������	����
���%� ��	���
 �
	������� ��������� � �����"����� � ���!�%��� 	���" ®

���,�"6 � 6 � ¸+TVµ ��\ªYOa*D�i*N4_4A �S_4A�X�Y]\���`#D�Y]\ªNJXc¸!F�K�H �4H;YOA#Â

�Áa+\ H[C]A#_4F�`�A#H[YOa+AV�+CONJK+d^A�Â NGP�YOa+A�DG\^C[\^XJY]A�COP�DQ`�AB\^_+A�X�YO\ ��`�DGYO\^NQX½\^X�YONuD���CONJK+dªA#Â£NQP
COA�`�NJIQX+\ªYO\^NQXlL �Áa+AVDQ\ªC�\ªX�Y]A�COP�DQ`�A�\^_4A#X�YO\ ��`�DGYO\^NQX6HOF+K�H �!H;YOA#Â `�d DQH]H;\ ��A#HWYOa+AVCOA�`�A�\��QA�_
H;\^IQX�DGdUDQHVK�A#dªNJX+IQ\^X+I½Y]N²NJX+AuNQP[YOa+A��!X+N ��X?DQ\ªC�\ªX�Y]A�COP�DQ`�A�H ��NQC�C]AS±SA#`�Y]HV\�Y�DQHVF+X+��¿
X+N ��XlRUZ�\ªI�R�gJRªgB��COA�H;A#XJYEHUYOa�AV¸!NGP Y��ÁDGC]A�µBDQ_+\ªNuH;YOC]F�`�YOF+C]A��+C]NQ��NJHOA#_�\ªX�Y]a+\ H �fNQC]���
��a+A�C]A�YOa+AsDG\^C�\ªX�YOA#C;P�DJ`�A�\ _4A�X�Y]\���`#D�Y]\ªNJX1\ H���A�COP.NQC]Â�A#_²F�H;\^X+I�Y]a+A=K�DQX�_���\ _!YOa*DGX�_
`�DQCOC]\ªA#C�P.C]A���F+A�X�` �h\ªX4P.NJCOÂ½DGYO\^NQXo�+C]N �!\^_4A�_~K��¡Y]a+A²`Ea�DGX+X+A#d�HOA�IJÂ�A#X�Y]D�Y]\ªNJX9HSYEDGIJA
YONJIQA�Y]a+A�C ��\ªYOa*\^X4P.NJCOÂ½D�Y]\ªNJXc�+CON �!\ _4A#_²K��6Y]a+AuDG\^CB\^X�YOA�COP�DQ`�A�_+D�YEDGK�DJH;A�� ��a+\ `Ea1\^X4¿
`�d^F�_4A�H�DQdªd�YOa�AVC]A�d^A ��DGX�Y�\^X4P.NJCOÂ½D�Y]\ªNJX0DGK�NQF+Y�Y]a+A�DQ\ªCf\^XJY]A�COP�DQ`�A#HWY]NsK�A�COA�`�NQIJX+\^��A#_lR

�ÀX*YOa+\ H ��NJCO����D0X+N �QA#d�DG\^C�\^X�YOA#C;P�DJ`�A=\ _4A�X�Y]\���`#D�Y]\ªNJX?DGd^IQNJCO\ªYOa+Â ��DGd^NQX+I ��\ªYOahD
`Ea�DGX�X+A�dUH;A#IQÂ�A�X�YED�YO\^NQXjH;YOA#� ��\^HV\^X �JA#H;YO\^IJDGYOA#_ � ��a+\ `Ea ��F+X+d^\ª�JAuÂ½DGX��cNGP[\ªY]H³`�NQF+X4¿
YOA#CO��DQC;YEH ��\^H³P�DQ\ªC]d��?C]NQK+F�H;Y=DGI�DG\^X�HSY�ÂsF+d�Y]\ª��D�YOahP�DJ_4\ªX�IjDGX�_~©�Ã� � ��DGX�_h\ H=DGd HON
`�DQ��DGK+d^AWNGP4\ _4A�X�Y]\�P �!\^X+IVHO\ªIJX�DGd H���a+\ `Ea�a�D��JA[DÁC]DGYOa+A#C�`�NJÂ���dª\ `�DGYOA#_�H;YOC]F�`�YOF+C]A���H;F�`Ea
DQH ��ZUTVi DGX�_²�fT�ij©�H;\^IQX�DGd H�R �Áa+\ H �fNQC]��\^H�NQC]IJDQX+\ª�#A#_�\^X½YOa�A�P.NJdªd^N ��\ªX�IuÂ½DGX4¿
X+A�C�L �ÀX¡��a�DG�4Y]A�CV� ��DGXcN �JA�C ��\^A��vNGPUYOa�As¸!NGP Y��ÁDGC]A�µBDQ_+\ªN6`�NQX�`�A��4Y�\ HB��COA�H;A#XJY]A#_ �
DGd^NQX+I ��\ªYOa²YOa+A³Y]A#`Ea+X+NJdªNJIQ\ `�DQd�DJH;��A#`�Y]HÁC]A�IJDQC]_+\ªX+Is\�YEHÁ\ªÂ��+d^A�Â�A#XJYED�Y]\ªNJXlR���a�DG�+YOA�C
�h�+CON �!\ _4A#H�DGX�N �QA#C �!\^A���NQP�Y]a+AcÂ�NJK+\^dªAj`�NQÂ�ÂuF+X�\^`#D�YO\^NQXpA�X��!\ªC]NQX�Â�A#X�Y�� ��a�A�C]A
YOa+A½`Ea�DQC]DJ` Y]A�C]\^H;YO\ `�HVNGP�YOa+A�Â�NQK+\^d^A�CEDQ_+\ªN1�+C]NQ��DQIJD�Y]\ªNJXj`Ea�DGX�X+A�d H³DGC]A�_4A�HO`�CO\^K�A#_ �
DGX�_1_4\ $�A#COA#X�Y�Y ����A#HBNGPÂ�NJK+\ªd^A=`�NJÂ�ÂuF+X+\ `�DGYO\^NQXcH;\^IQX�DGd H�A#X�`�NJF+X�YOA#COA�_0\^X1YON4_+D���� H
C]DJ_4\^N?P.C]A���F+A#X�` �9A#X���\^C]NQX+Â�A�X�Y½DGC]Ac\ªX��QA�HSY]\ªI�D�Y]A#_ � ��a�\^`EaÃIQ\��QA1C]\^HOA1YONo_4\ $�A#COA#XJY
H;\^IQX�DGd�H;YOC]F�` Y]F+C]A#H#R �ÀX²��a�DQ�4YOA#C[¨ �!D�`Ea�DQX+X+A�d�H;A#IQÂ�A�X�YED�YO\^NQX�DGd^IQNJCO\ªYOa�Âº\ H[�+C]A#HOA�X4¿
YOA�_ � ��a�\^`Ea*\ HBK�DJH;A�_cNQXj`�dªF�H;YOA#CVDQX�DGd��4H;\ H�R���a�DQ�4YOA#C�®���CON �!\ _4A#H�DQXjDG\^C�\^XJY]A�COP�DQ`�A
\^_+A�X�YO\ ��`�DGYO\^NQX¡Â�A�YOa+N4_?K�DQHOA#_?NQX?A � �+dªNJ\�Y]\ªX�I0Y]a+A�` �4`�d^NJH;Y]D�Y]\ªNJX�DGC �1�+CONJ��A#C;Y]\ªA�H�NQP
Â�NQK+\^dªA�`�NJÂ�ÂsF+X+\ `�DGYO\^NQX0HO\ªIJX�DGd H#R�©�X�_ ��X�DGd^d ���!`�NQX�`�dªF�_4\ªX�I=COA#Â½DGC]�!H�DGC]A�Â½DQ_+A�\^X
`Ea�DG�+YOA�CB´�R
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HSYEDGX�_�DGCE_ �4K+F4YVDQd^HON�NGPU\ªX�`�NQC]��NQCED�YO\^X+I�DGX��½P.F4Y]F+C]A=DG\^C�\ªX�YOA#C;P�DJ`�A�H � ��a�A�X1YOa+A��0K�A�¿
`�NJÂ�AjD���DQ\ªd DGK+d^A�� �!\^DoHONGP Y��ÁDGC]A*_4N ��X+d^NJDQ_�HsNJC6NGY]a+A�C½Â�A�DGX�H#R ��NJX�H;\ _4A#CO\^X+IhYOa+A
NQ��A�CED�Y]\ªX+IsP.C]A���F+A�X�`�\^A#HfNGPYON4_+D���� HfÂ�NJH;Y�\ªÂ���NQCOY]DQXJY ��\^COA#dªA�HOHÁH;Y]DGX�_+DGCE_+HfIQ\��QA#X0\^X
�DQKlR��+Rªg���\�Y[K�A#`�NQÂ�A#H ��F+\ªYOA�`�d^A#DQC�Y]a�D�YW\^XuY]a+A�`�F+C]C]A�X�YP.C]A���F+A#X�` ��A#X���\^C]NQX+Â�A�X�Y �GD
ÂuF+dªYO\�Â�N4_4AV¸4µÃY]C]DQX�H]`�A�\��QA#CWa�DQH[YONsK�A�DGK+d^A�YONs`�N �QA#C�D ��\ _4ABCEDGX+IJA�NGP�P.C]A���F+A#X�` �
K�DGX�_+H ��P.C]NQÂ »Q¾JÄ=ij@���P.NJCÁ��¸4i YON�®J·Q�Q®�ij@���P.NJCf@�\ª��A�C]d DGX �Q�4R �Áa+\^H�P.A�D�YOF�COAV\^H
`�NJÂ�Â�NJX+d �0COA�P.A�C]COA#COA�_�YON6DJHfYOa+A�ÂsF+d�Y]\lK�DQX�_²`#DG��DQK+\^dª\ªY �QR
©BX+NQYOa+A#C��!\^X�_�NGPlC]A#`�NQX���IJF+CEDGK+\^dª\ªY �uD $�A�` Y]H[YOa+AVa+\^IQa+A#C�d D��QA�CEHUNGP�Y]a+AB�+C]NGY]N4`�NQd

HSYEDQ`E��R �Áa+ABDG\^Â£NQP�YOa+\ H[�!\^X�_�NGP�C]A#`�NJX���IJF+C]DGYO\^NQX�Â½D��uK�ABYON�\^Â��+C]N �QAÁYOa�AB��A#C;P.NJC;¿
Â½DGX�`�AVNQP�YOa�NJHOAVd D��QA#C]H�\ªX²YOA#COÂ½HfNGP ��F�DGd^\�Y ���4H;��A�A�_²DQX�_6P.F�X�` Y]\ªNJX�DGd^\�Y ���4NQCfYON�DQ_�_
X+A��ºP.A#DGYOF+C]A#H#R�Z�NQC�A � DQÂ��+dªA�D1X+A��£A�X�`�C �!�4Y]\ªNJXhDQdªIJNQC]\�Y]a+Â YONc\^Â��+CON �JAsH �4HSY]A�Â
H;A�`�F+C]\ªY ���4NQC�D�X+A �vF�HOA�CBDQ�+�+d^\^`#D�Y]\ªNJXlR
©fY�Y]a+Aca�DGCE_��ÁDGC]A0d^A �JA�d ��DQ`Ea+\^A �!\^X+I¡D¡a+\^IQaÃ_4A�IJCOA#A0NQPVC]A#`�NJX���IJF+C]DQK+\^dª\ªY �¡C]A�¿

��F+\ªC]A#H�DcC]A#_+F�` Y]\ªNJXh\^XhYOa+A²DGÂ�NQF+X�Y�NGPÁC]A�d D�YO\��QA#d �?\ªX M�A � \ªK�dªA0DQX�DGd^NQIcHO\ªIJX�DGdW�+C]NG¿
`�A�HOHO\ªX�IuA�d^A�Â�A#XJYEHfF�H;A�_½\^X0Y]a+A�Y]C]DQX�H]`�A�\��QA#C�DQX�_�YOa�A�\^Â��+d^A�Â�A�X�Y]DGYO\^NQX²NGP�DQHfÂ½DGX��
NGPfYOa+A²C]DJ_4\^N²P.F�X�` Y]\ªNJX�DGd^\�Y]\ªA�HuDJH���N�HOHO\^K+dªA½\^X~YOa�A0_4\^IQ\ªY]DGd�_4NQÂ½DG\^XlR �Áa�D�YsÂ�A�DGX�H
YOa+AVDGX�DQdªNJIVY]N=_4\^IQ\ªY]DGd�`�NQX��JA�CEH;\^NQXs\ªX6D�HONGP Y��ÁDGC]AÁC]DJ_4\ªN�C]A#`�A�\��QA#C�a�DQHUY]N�Y]DQ�QA��+d DQ`�A
�QA#C �½X+A�DGCÁY]NsY]a+A=DGX�Y]A�X+X�D�R
Z+C]NQÂ YOa+As��A#C]HO��A#` Y]\ �JA=NGP[_4\^IQ\ªY]DQd�HO\^IQX�DQdl�+C]N!`�A#H]H;\^X+I6a�DGCE_��fDQCOA��+C]A#`�NJX���IJF+C]DG¿

K+\^d�Y �~Â�A#DQX�H=Â�N �!\ªX�IcP.CONJÂ _+A#_4\ `�DGYOA#_oDQ�+�+d^\^`#D�Y]\ªNJX9H;��A#`�\���`0\ªX�Y]A�IQCED�Y]A#_~`�\^CE`�F+\ªY]H
��©�¸��O�fH��³YON �ÁDGCE_+H�Â�NJCOA M�A � \ªK+d^A½�+C]NQIJC]DQÂ�Â½DQK+dªA�a�DQC]_��ÁDGC]A��lHOF�`EaoDQH�_+\ªIJ\�YEDGd�HO\�¿
IQX�DQdU�+CON4`�A#H]H;NJC]HN��T³¸!M�H���NQC ��A�d _?��CONJIQCEDGÂ�Â½DGK+d^A=IJDGYOA�DGC]C]D��4HN��Z�M��³©�H��VP.NQC�HO\�¿
IQX�DQd+�+C]N4`�A#H]HO\ªX+I�R �Áa+A�COA#�+CONJIQCEDGÂ�Â½DGK+\^d^\�Y �³NGP�Y]a+ABa�DQC]_��ÁDGC]A�DGd^dªN �BH�Y]a+A�HONGP Y��ÁDGC]A
\ªÂ��+d^A�Â�A#XJYED�Y]\ªNJX¡NQPfCEDQ_4\^N²P.F+X�` Y]\ªNJX�DGd^\ªYO\^A#H�HOF�`EahDJH�`�N4_4\^X+I ��Â�N4_4F�d^DGYO\^NQX ��_4A�Â�NG¿
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_4F+d D�Y]\ªNJX �QA �JF�DGd^\^H]D�Y]\ªNJXsA�Y]`GR�� ��a�\^`Ea�\ H[D�P.F+X�_+DQÂ�A�X�Y]DQd+COA ��F+\ªC]A�Â�A#XJYUP.NJCWYOa+A�ÂuF+dªYO\
Â�N!_+A=`�DG��DGK+\^dª\ªY �QR

�Áa+A9H;NQP Y��fDQCOA¡C]DJ_4\^N�`�NQX�`�A��4Y*N $�A�CEHcÂ½DGX��rDQ_ ��DQX�Y]DGIJA#H1N �QA#C0Y]a+AoA � \ HSY]\ªX�I
`�NJX �JA�X�YO\^NQX�DGdQH �4HSY]A�Â½H � ��a�\^`Eau`#DGX=K�A�Â½DQ\ªX+d��=D�YOYOC]\ªK�F4YOA�_³YONV\�YEH M�A � \ªK�\ªd^\�Y �JR �Áa+A�H;A
DQ_���DQXJYEDGIJA#Hf\ªX�`�d^F�_4AQL

• �Áa+A�A�X�a�DGX�`�A#_?F�H;A#CVC]NJDQÂ�\ªX+I0�+CON �!\ _4A#_jK �cY]a+A�COA�`�NQX ��IQF+CEDGK�dªA�Y]A�C]Â�\ªX�DQd^H
\ H�IQNQ\^X+I?YONhÂ�DQ�QA²YOa+A1F�HOA�CEH�DGK+d^A6Y]N¡C]NJDQÂ DQCONJF+X�_~Y]a+A'��NJCOd _ ��\ªYOapYOa+A
H]DGÂ�A�YOA#COÂ�\^X�DGd ��\ªYOa�NQF4Y �fNQC]C �!\^X+IsDQK�NJF4YB`�NJÂ���D�YO\^K+\^dª\ªY �0\ H]H;F+A�H�R

• �Áa+A³F�HOA�CEH ��\ªd^d�K�A�DQK+dªAVYON½`Ea+N!N�H;A�YOa+A³Â�NJH;YÁDGY;Y]C]DJ` YO\��QA�X+A�Y���NJCO���!`�NQX�H;\ _4A�¿
C]\ªX�I�`�NJH;Y�����F�DQdª\ªY ��NGP�HOA�C �!\^`�A���N $�A#COA�_uHOA�C ��\ `�A�H ��A�Y]`GRP.C]NQÂ�D�H;A�YUNQP�D���DG\^d^DQK+d^A
X+A�Y���NJCO�4H#R

• �Áa+A~DGK�\ªd^\�Y ��Y]Np\^X�`�NJCO��NQCED�Y]AjX+A � P.A#D�Y]F+C]A#H1_��!X�DGÂ�\ `�DGd^d����VDJH6Y]A#`Ea+X�NQd^NQI��
�+C]NQIJCOA�HOHOA#H�� ��\ªd^dld^A�X+IQYOa+A#X²Y]a+A�d^\�P.A=HO��DGX�HÁNGP�Y]a+A�F�HOA�CÁY]A�C]Â�\^X�DQd^H#R

• �Áa+A�CEDQ_4\^N²YOCEDGX�HOÂ�\^H]H;\^NQX¡`Ea�DGCEDQ`�YOA�C]\ HSY]\^`#H�NQPfD1H;NQP Y��fDQCOAsC]DJ_4\ªNc`�DQX?K�A½NQ�4¿
Y]\ªÂ�\^��A#_?DQ`�`�NQCE_4\^X+I�YON½Y]a+AuA#X���\^C]NQX+Â�A�X�Y �4YOCED��6`�d^NJDJ_+HBDGX�_1YON6Y]a+AuHOA�C �!\^`�A
_4A�H;\^C]A#_ ���+C]NQÂ�NGY]\ªX+I=DuÂ�NQC]ABH;��A#`�YOCEDGd^d ��A5�6`�\^A�X�YÁ_4A�d^\ �JA�C �uNQP�YOa+A�H;A#C �!\ `�AÁYON
Y]a+A�F�HOA�C�R
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�Áa+A�H;\^Â��+dª\ ��A�_?H;YOC]F�` Y]F+COA�NGPfDGX?\ _4A�DGdWH;NQP Y��fDQCOAuC]DJ_4\ªN²COA�`�A#\ �JA�C�\ H�\ªd^d^F�HSY]C]DGYOA�_j\^X
Z�\ªI�R¡�4R^gQR �Áa+A1µBZ H;\^IQX�DGd[P.C]NQÂ YOa�A6P.C]A���F+A�X�` �hK�DGX�_9NGP�\ªX�Y]A�C]A#H;Y��U\^H�_4\^IQ\ªYO\^��A�_
\ªÂ�Â�A#_+\^DGYOA�d��½K�A�a+\^X�_0YOa+A³DGX�YOA#X+X�D � ��\ªYOa�NQF4Y�DGX��½H;F�K�HSYEDGX�YO\ DGd�DQX�DGd^NQI=��COA#�+CON4`�A#H;¿
H;\^X+I�HSY]A���H#RW©Bd^d�NQP�YOa+A³HO\ªIJX�DGd��+C]N!`�A#H]H;\^X+I�C]A���F+\^COA�_�P.NQC�YOa�AVCEDQ_4\^N�P.F+X�` YO\^NQX�DGd^\�Y]\ªA�H �
\ªX�`�d^F�_4\^X+Is_4N ��X�`�NQX��JA�CEH;\^NQX�DGX�_0`Ea�DGX+X�A�d^\ª��D�YO\^NQX �Q\ H���A�COP.NQC]Â�A#_½K���H;NQP Y��fDQCOABC]F+X4¿
X+\^X+I?NJXp_4\^IQ\ªY]DQdfHO\ªIJX�DGdf�+C]N4`�A#H]HO\ªX+I?A�d^A�Â�A�X�Y]H#R �Áa+\ HsDQ�+�+C]NJDQ`Ea � ��a�\ªd^A1DQdªd^N ��\^X+I
D �QA#C ��M�A � \^K+d^AuC]A#`�A�\��QA�C�\ªX*Y]A�C]Â½H�NQP[COA�`�NQX ��IQF+CEDGK�\ªd^\�Y ���+\ H�X+NQYV�+CEDQ`�YO\ `�DQK+dªA ��\�Y]a
YON4_+D���� HÁYOA�`Ea+X+NQd^NQI��²DQX�_���\^dªdCOA#Â�DQ\ªXjHON½P.NJCBYOa�A=P.NQCEHOA�A#DQK+d^A³P.F4YOF+C]AQRVe�A�`�DQF�H;A�NQP
YOa+A³P.NJdªd^N ��\^X+IsC]A#DJH;NJX�H#L

• ©�X�DGd^NQIcY]N?_4\^IQ\ªY]DGdf`�NJX �JA�CEH;\^NQX¡NGPÁYOa�A���a+NJdªA�P.C]A���F+A#X�` �hK�DGX�_~NGP�\ªX�Y]A�C]A#H;Y_4\^C]A#` Y]d �²D�P YOA#CÁYOa+A�DQXJY]A�X+X�DuC]A���F+\^COA�H�a�\ªIJa²��A�COP.NQC]Â½DGX�`�A ��\ _4A�K�DGX�_1DGX�DQdªNJI
Y]NÃ_+\ªIJ\�YEDGd�`�NJX �JA�COYOA#C]H ��©�T��fH�����a�\^`Ea�DGC]A¡X+NQY1C]A#DQdª\^�#DQK+d^A ��\ªYOavYON4_+D���� H
Y]A#`Ea+X+NJdªNJI��JR

• ��\ªYOa+NJF4YÁYOa+A�_+D�YED=C]A#_4F�` YO\^NQX0�+CON �!\ _4A#_�K���YOa�A�DQX�DGd^NQI=��COA#�+CON4`�A#H]H;\^X+I �QYOa+ADQÂ�NJF+X�Y�NGP[_+DGY]D�Y]a�D�Y�a�DQH�Y]N½K�Asa�DGX�_4dªA�_c\ªXcY]a+Au_4\^IQ\ªY]DQd_4NJÂ½DG\^X1C]A�Â½DQ\ªX�H
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BPF ADC DSP
RF

�����76Wx 6 � �Áa+A³\^_+A#DGd�¸!NGP Y��ÁDGC]A�µ�DQ_4\^N�COA�`�A�\��QA#C

�JA�C �0a+\^IQa ��COA ��F+\ªC]\^X+I½D �QA�C �0a�\ªIJa1��CON4`�A�HOHO\^X+I���N �fA�C ��a�\^`Eac\^XcYOF+C]X*dªA�DQ_+H
Y]N �QA�C �½a+\^IQac��N ��A#CÁ`�NQX�HOF+Â��4Y]\ªNJXlR

@BA#X�`�A���Y]a+A�\^_4A�DGdWHONGP Y��ÁDGC]A�C]DJ_4\ªN ��a�DQH�YON1K�A�`�NJX�H;\ _4A#COA�_*DQH�YOa+A�F+dªYO\^Â�DGYOA�HSYEDGIJA
NGPBA��QNQd^F4Y]\ªNJXoP.NQC�COA�H;A�DGCE`Ea9DGX�_n_4A �JA�d^NQ�+Â�A�X�Y�A $�NQCOY]H��%��a+\^`Ea�`�DQX9K�A1a+NJ��A�P.F+dªd��
DQ`Ea+\^A �JA#_0\ªX1YOa�A³P.F4YOF+C]AQR
©�H0DQXÃA#DGC]d^\ªA#C6HSYEDGIQAcNQP�_+A �QA#dªNJ�+Â�A�X�Y�YON �ÁDGCE_+H�YOa�Aj\^_+A#DGd�¸!NGP Y��ÁDGC]A*µBDQ_4\^N �

YOa+A�HON²`�DQdªd^A#_h¸!NGP Y��ÁDGC]AuTVA ��X�A#_hµBDQ_4\^N �,H;NJÂ�A�YO\^Â�A#H³DGd HON²`�DQdªd^A#_*YOa+A��+CEDGIJÂ�DGYO\ `
H;NQP Y��fDQCOA�CEDQ_+\ªN ��C]A��+C]A#HOA�X�Y]H�D6K�DQd^DQX�`�\^X+I0DJ` YVK�A�Y��fA�A#X*P.F+d^d M�A � \^K+\ªd^\ªY �cDQX�_cY]A#`Ea4¿
X+NQd^NQIJ\^`#DGd�d^\ªÂ�\ªY]DGYO\^NQX�H.�^g��'R �ÀXjD6¸!NGP Y��ÁDGC]A�T�A���X+A#_*µ�DQ_4\^N �,¸4T�µ ��YOa+AuHO\^IQX�DQdla�DQH
YONhF+X�_4A#COIJN¡HONQÂ�AcDGX�DQdªNJI?�+C]A��+C]N4`�A�HOHO\ªX�IjK�A�P.NQC]A0Y]a+A1YOCEDGX�HO\ªYO\^NQXoY]N¡Y]a+Ac_4\ªIJ\�YEDGd
_4NQÂ½DQ\ªX �!C]A#_4F�`�\^X+IuY]a+A�H;\^IQX�DGd�K�DGX�_���\^_4YOa²YOa�DGYfY]a+A�©�T���� H�DQX�_½Y]a+A�_4\^IQ\ªY]DGd��+C]NG¿
`�A�HOHO\ªX�I1a�D��QAsYONj`�NJ��A ��\ªYOalR²©�H³Y]a+A½YOA�`Ea+X+NJdªNJI��*�+C]NQIJCOA�HOHOA#HV\ªXo`�NQC]A�DQCOA�DQH³d^\ª�JA
DGX�DQdªNJI�YONc_4\^IQ\ªY]DGdU`�NJX��QA�COYOA#C]H��+Â�A�Â�NJC �*`Ea+\^��H�DGX�_jHO\^IQX�DQd�+C]N4`�A�HOHONQCEH �+YOa+AsYOCEDGX4¿
H;\ªYO\^NQX¡K�NJF+X�_+DQC �*K�A�Y��fA�A#X?Y]a+A½DGX�DQdªNJI0DGX�_¡_4\^IQ\ªY]DQdW_4NQÂ½DG\^X�H ��\^dªd[HOa+\ªP Y�Y]N �fDQC]_�H
YOa+A�DQXJY]A�X+X�D �+DG���+CON�DQ`Ea+\^X+IuYOa+A³F+dªYO\^Â½D�YOA�IJNJDQd�NQP�DsP.F+d^d �²_4\ªIJ\�YEDGdlHONGP Y��ÁDGC]A�CEDQ_4\^N�R

�ÀX½YOa+AVdª\^IQa�Y�NQP�YOa+A�_4\ HO`�F�HOHO\^NQX6DGK�N �QA��Q\ªY�K�A#`�NQÂ�A#H �JF�\�Y]ABA �!\ _4A�X�Y�Y]a�D�YÁDGX�DQdªNJI
YONÃ_4\^IQ\ªY]DGd�`�NQX��QA#C;Y]A�CEH½�+d D��rDnÂ�NJH;Y*`�C]\�Y]\^`#DGd�CONJdªA¡\ªXvYOa+A~_4A��QA�d^NQ��Â�A#X�Y1NQP=YOa+A
¸!NGP Y��ÁDGC]A�µBDQ_+\ªN³Y]A#`Ea+X+NJdªNJI��JR �Áa+AB��A�COP.NQC]Â½DGX�`�A�NGP�YOa�A�©�T��pDGX�_�\ªY]H�dªN4`�DGYO\^NQX�\^X
YOa+A�C]A#`�A�\��QA#C�`Ea�DQ\ªX�D $�A#`�YWYOa+A ��a�NQd^AÁH;YOC]F�`�YOF+C]AÁNGP�Y]a+AB_4A���\ `�ABDQX�_�DGC]A��JA ��P�DJ` YONJC]H
_4A�Y]A�C]Â�\ªX+\^X+I�YOa�A�A � YOA#XJY�NQP�YOa�A M�A � \^K+\ªd^\ªY �²DGX�_6Y]a+A³COA�`�NQX ��IQF+CEDGK�\ªd^\�Y �½N $�A#COA�_6K��
YOa+AVH �4H;YOA�ÂcR �ÀX�YOa�ABP.NQd^d^N ��\ªX+I � �fA�DGC]A�IQNJ\ªX+I³Y]N=a�D��JABD=`�d^NJHOA�C[d^N!NQ��D�Y[Y]a+AV©VT³�fH
DGX�_1_4\ HO`�F�H]HfYOa+A#\ªCB��A�COP.NQC]Â½DGX�`�AV\ H]H;F+A�H�R

��� ����� )+3(/ *�,�� # ,�� 2��42�#%/�*�� , 3�� � $
	 2-,43

©BX6\ _4A�DGd�©VT³� �!DQH�_4A��+\ ` Y]A#_½\^X0Z�\^I�RW�4R ���J`�NQX�HO\ HSYEH[NGPlD=H]DGÂ��+d^A�DQX�_�a+NQd _½`�\^CE`�F+\ªY��
��a+\ `Ea?��A�COP.NQC]Â�H�YOa�A�H]DGÂ��+d^\^X+I0NJ��A#C]DGYO\^NQX ��`�NJX��QA�COYO\^X+I½Y]a+A½`�NJXJY]\ªX!F+NJF�H�YO\^Â�A½HO\�¿
IQX�DQd�\ªX�Y]N6D�_+\^H]`�A�YOA³YO\^Â�A=H;\^IQX�DGd �+D �JF�DGX�YO\^��A#C��+DQX�_²DQXcA�X�`�N!_+A�C ����a+\^`Ea*`�NQX��QA#C;YEH
YOa+A=_+\^H]`�C]A�Y]A³H]DGÂ��+d^A#HÁ\^X�YON½_4\^IQ\ªY]DQd���NJC]_+H#R

Z+NQC�DGXj\ _4A�DGd©VT³� ��Y]a+AuNJX+d �cHONQF+CE`�A=NQPWA�C]CONJCB\^H�YOa�AsHON0`�DQdªd^A#_ ��F�DQXJY]\^H]D�Y]\ªNJX
X+NQ\ HOA

en = yn − xn
����a+\ `Eaj\ H�IQA�X�A�CED�YOA�_*\^XjYOa�A ��F�DQX�YO\^�#D�Y]\ªNJXj�+C]N4`�A#H]H#R³��\��QA#X

DGX�©�T�����\�Y]apÂ½D � \^ÂuF�Â DQX�_9Â�\^X+\^ÂuF+Â ��F�DQX�YO\^��A#_ ��DQdªF�A#H�NGP
V
DGX�_ −V

��D
X!F+ÂuK�A�CVNGP[NGPWNJF4YO�+F+YVd^A �QA#d^H

Qo
DQX�_jD½C]A#HONQd^F4YO\^NQXcNQP

No = log2(Qo)
��YOa+AsdªA�DQH;Y
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S/H Q[.] Encoder
x(t) xn yn

�����76Wx 6 x �Áa+A³\^_+A#DGdDGX�DQdªNJIuY]N�_+\ªIJ\�YEDGdl`�NJX��QA�COYOA#C

H;\^IQX�\���`#DGX�YWK+\ªY���¯�¸4e���\^HWA ��F+\ ��DQdªA#XJYWY]N
∆ = 2V

Qo−1

R �Áa+A�C]A�P.NJCOA���YOa+A ��F�DQX�YO\^�#D�Y]\ªNJX
A�C]CONJCf_+N�A�H�X+NQYÁA � `�A�A�_0a�DGdªPY]a+A=¯¸4e �+\¬R AQR |en| ≤ ∆

2

R
�ÀX9NQCE_4A�CuYON*P�DJ`�\^dª\ªY]DGYOA0YOa+A1DGX�DQd �4HO\^H���YOa+A0P.NQd^dªN ��\^X+I?DJHOHOF+Â��4YO\^NQX�HuDGC]A½Â½DQ_4A

DGK�NQF4YÁY]a+A�X+NQ\ HOA���CON4`�A�HOH#L

• �Áa+A ��F�DGX�YO\^�#DGYO\^NQX~X+NJ\^HOA½\^HsDjH]DGÂ��+d^A6H;A �JF�A�X�`�A6NGPBDjH;Y]DGYO\^NQX�DQC �jCEDGX�_4NQÂ
�+C]N4`�A�HOH#R

• �Áa+A�X�NQ\ H;A³�+C]N4`�A#H]H
en
\ HÁF+X�`�NQC]COA#d^DGYOA#_���\�Y]a1YOa+A�\^X+�+F4Y�H;A �JF�A�X�`�A

xn
R

• �Áa+A½��CONJK�DGK+\^d^\�Y �j_4A#X�HO\�Y �*P.F�X�` Y]\ªNJX¡NQP�Y]a+A�X+NQ\ H;A��+C]N4`�A�HOH�\ H³F+X+\ªP.NQC]Â N �QA#C
[−∆

2 ; ∆
2 ]
R

• �Áa+A�X�NQ\ H;A³�+C]N4`�A#H]Hf\^H ��a+\�Y]AQR
�BX�_4A#C�Y]a+A#HOA�DJHOHOF+Â��4YO\^NQX�H �JYOa+AVD��QA�CEDGIJAÁ��N �fA�C[NQP�YOa+A�X+NQ\ H;A��+CON4`�A#H]H[\ H[IQ\��QA#X

DQH#L

σ2
e =

∆2

12
=

1

12

(

2V

2No − 1

)2

≈ 1

12

(

4V 2

22No

) �,�4R^g(�

DGX�_0YOa�A���N �fA�CBHO��A�` Y]C]DQd�_+A�X�HO\�Y �²NGPYOa+A�X+NJ\^HOA³�+C]N!`�A#H]HÁ\^HÁIJ\ �JA�X1K���L

SEE(f) =
∆2

12fsample
, |f | ≤ fsample/2

�¬�4R � �

��\�Y]a1YOa+A=H]DGÂ��+d^\ªX�I�CED�Y]A
fsample�'PlYOa+A�H;\^IQX�DGd+\ H�D=��A�C]N=Â�A#DQX½C]DQX�_4NJÂ£�+C]N4`�A�HOH%��\ªYOa²DGX0D��JA�CEDGIQAÁ��N ��A#C[NGP

σ2
x

�
YOa+A=HO\^IQX�DQd�Y]N½X+NQ\ HOA�CED�Y]\ªN�NGP�YOa�A=©�T��r_4F�A³YON ��F�DGX�YO\^�#DGYO\^NQX1\^HÁIJ\ �JA�XcDQH

SNRQ = 10log(
σ2

x

σ2
e

) = 10log
σ2

x

V 2
+ 4.77 + 6.02No

�,�4R � �

�'Y�\ HA#DQHO\^d ��HOA�A�X=YOa�DGY�\^X�`�C]A#DJH;\^X+I�Y]a+AfCOA�H;NJdªF4Y]\ªNJX�NGP+Y]a+AÁ©�T��hdªA�DQ_+H�YON�DGX=\^X�`�COA�DQHOA
\ªX

SNRQ
�³DGK�NQF4Y*´Q_+e ��A�CcA � Y]C]DnK+\�Y*NQPuCOA�H;NJdªF+YO\^NQXlR�¸!\^X�`�A¡YOa�A¡Y]NGYEDGd³X+NQ\ HOA
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��N �fA�CV\^HV\^X�_4A���A�X�_4A�X�Y�P.CONJÂ Y]a+A�HODQÂ���dª\^X+I6CED�Y]A���N �QA#C]H]DGÂ��+d^\ªX�I�`#DGXjK�A�F�H;A�_cYON
H;��COA�DQ_�Y]a+AÁX+NQ\ HOA���N ��A#CUN �QA�CUD�K�DGX�_uIJCOA�D�YOA#C�Y]a�DGXsYOa�AfK�DGX�_���\ _!Y]a�NQP�Y]a+A�H;\^IQX�DQd �
_4A#`�COA�DQHO\ªX�I�YOa+As\ªXjK�DGX�_*X�NQ\ H;A=��N �fA�C�R �'PWYOa+As\ªX+��F4Y�HO\ªIJX�DGd\^H�D½d^N � ��DQH]H�HO\ªIJX�DGd
��\�Y]ajD½K�DQX�_���\ _!YOa

2fmax � fsample
��NQX+d��²D0H;Â½DGd^d�P.CEDQ`�YO\^NQXcNGPUYOa�A�YONQY]DGdX+NQ\ HOA

��N �fA�C���\ªd^dVP�DGd^dV\^X�YON9Y]a+AjP.C]A���F+A#X�` �ÃK�DQX�_
[−fmax, fmax]

R �Áa+A¡X+NQ\ HOAj��N �fA�C
NQF4YEH;\ _4A�Y]a+A6H;\^IQX�DGdWK�DQX�_���\ _!YOao`�DQX~K�A½A�DQHO\ªd��?HOF+�+�+C]A#H]H;A�_?K��?Dcd^N �º��DQH]H ��d�Y]A�C
D�P Y]A�C[Y]a+A³DGX�DQdªNJI³YONu_4\^IQ\ªY]DQd�`�NQX��QA#C]HO\^NQXlR �Áa�A�\^X6K�DGX�_½X+NQ\ HOAB��N �fA�C�\^Hf`�DQd^`�F+d D�YOA�_
DQH#L

σ2
e(ib) = σ2

e

(fsample

2fmax

) �,�4R ¨ �

©BX�_²Y]a+A=H;\^IQX�DGd�YON�X+NJ\^HOA³C]DGYO\^N�\^HfY]a+A�X

SNRQ = 10log
σ2

x

V 2
+ 4.77 + 6.02N + 10log

(fsample

2fmax

) �,�4R ® �

©BX�\^Â���NQCOY]DQX�Y0��A#C;P.NJCOÂ½DQX�`�AcÂ�A#DJH;F+C]A*NGP�DGXr©VT³�¦\ H½\ªY]H0_ ��X�DGÂ�\^`cCEDGX�IQAQR
�Áa+A³_��!X�DGÂ�\ `BCEDGX+IJA�IQ\��QA�H[Y]a+A�C]DQX+IQABNQP�\^X+�+F4YBDGÂ��+d^\ªYOF�_4A�H ��P.NJC ��a+\ `Ea6Y]a+A³©�T��
�+C]N!_+F�`�A�H�D¡��NJHO\�Y]\ �JAc¸��Vµ	� · �'R �'Y½\ H�_+A ��X+A�_pDJHsYOa+AcCED�YO\^N?NQP�Y]a+Ac��N �fA�C�NGP³D
H;\^X!F�HONQ\ _+DGdBHO\ªIJX�DGd � ��a�\^`EaÃ�+C]N4_4F�`�A�H�YOa+A?NQ�4Y]\ªÂsF+Â

SNRQ
YON~Y]a+A*��N ��A#C½NGP�D

H;\^X!F�HONQ\ _ ��a+\^`Ea0COA�H;F+dªY]H�\^X0ÄQ_+e
SNRQ

R �VK��!\ªNJF�HOd ���GYOa�AVÂ½D � \^ÂuF+Â ¸��VµrN4`�`�F+C]H
��a+A�X�Y]a+ABHO\ªIJX�DGd+a�DQHUY]a+ABÂ½D � \^ÂuF+Â DGÂ��+d^\�Y]F�_4A V

��DQX�_ �JDJ`�`�NQCE_4\ªX�IQd�����YOa�AB��N �fA�C
V 2/2

R �Áa+A²H;\^X!F�H;NJ\^_ ��\ªYOa9YOa+A²��N �fA�C
σ2

e(ib)

��\^dªdf�+C]N!_+F�`�A0D
SNRQ

NGPBÄj_+e�R
�Áa+A�C]A�P.NJCOA���YOa+A=_��!X�DQÂ�\^`�CEDGX+IJA�NQP�DQX1©VT³�v`�DQX²K�A�IQ\��QA#X1DJH�L

D = 10log
Popt

Pmin
= 10log

( V 2/2

∆2/12

fsample

2fmax

)

= 1.76 + 6.02No + 10log
(fsample

2fmax

) �,�4R ´ �

�ÀXnDj��C]DJ` YO\ `�DQd�©VT³� ��YOa�A�C]A0A � \ HSY�NGY]a+A�C�A�C]CONJCuHONQF+CE`�A�H�YOa�DGXoY]a+A ��F�DQX�YO\^�#D�Y]\ªNJX
X+NQ\ HOA���Â½DG\^X+d �j_+F+AuY]N0Y]a+A�dª\^Â�\�YED�YO\^NQX�HV\^XjY]a+A�a�DGCE_��ÁDGC]AQR �Áa+A�Â�N�HSY�\ªÂ���NQCOY]DQXJY
NQX+A�HÁK�A#\ªX�I�L

• ©���A#C;Y]F+COAÁ±S\ªY;Y]A�C

• �Áa+A#COÂ½DQd �BNQ\ HOA

• �ÀX�YOA#COÂ�N4_4F+d D�Y]\ªNJX²��CON4_4F�`�Y]H�_4F�A³YON½X+NJX+dª\^X+A�DGC]\�Y]\ªA�H



��� � ��	������	����
� � � ��	�� ����������
 � �� ��
 g��

• ��NJÂ���DGCED�YONJC�DGÂuK�\ªIJF+\�Y]\ªA�H

�Áa+A#HOA1A�C]CONJC]HsÂ½DGX+\ªP.A#H;YsY]a+A�Â½HOA�d��QA�H�DJH�DQ_+_4\ªYO\^NQX�DGdÁX+NQ\ HOA²\^XnY]a+A*©�T�� NJF4YO��F4Y��
_4A#`�COA�DQHO\ªX�I½YOa+AsYONQY]DQdU¸��Vµ�NQPWYOa+A�_4A �!\ `�AJR �Áa+\ H�\^HVA���F+\���DGd^A�X�Y�Y]N1D²_4A#`�COA�DQHOA=\^X
YOa+AVA $�A#`�YO\��QA�COA�H;NJdªF4Y]\ªNJX�P.NQCÁD�IQ\��QA#X6NQF+YO�+F4Y�HO\ªIJX�DGd�YONuX�NQ\ H;AVC]DGYO\^N �QNJCfDs_4A#`�COA�DQHOA
\ªX1Y]a+A=_��!X�DGÂ�\ `�C]DQX+IQAVP.NQCBD�IQ\��QA#X²C]A#HONQd^F4Y]\ªNJXlR

�Áa+AuDG��A�COYOF�COAÁ±S\ªY;Y]A�C�COA�P.A�CEHÁYON½Y]a+AuH]DGÂ��+d^A³YON0H]DGÂ��+d^A ��DGC]\ D�YO\^NQX1\^X*YOa+AsHODQÂs¿
�+d^\ªX+Is\ªX�HSYEDGX�Yf_4F�A�Y]N=YOa�AVA#COC]NQCEHW\^X½YOa+A³`�d^N4`E�½H;NJF+C]`�AQR �ÀX6�+CEDQ`�YO\ `�A��JYOa�A�H]DGÂ��+d^\ªX�I
�+C]N!`�A#H]HB`�DQXcK�Au`Ea�DGCEDQ` Y]A�C]\ª�#A#_²K��1D�Â�A#DQXjDGX�_*D0HSYEDGX�_+DQC]_1_4A���\ D�Y]\ªNJX���\�Y]a*COA�HS¿
��A�` Y=Y]N*YOa�A0HODQÂ��+dª\^X+I*Y]\ªÂ�AJR �Áa�A6Â�A#DGXoC]A���COA�H;A#XJYEH�YOa+A²D��QA�CEDGIJA�_+A�d D��¡\^X~YOa+A
HODQÂ��+dª\^X+I~\^X�HSYEDGX�Y�� ��a+A�C]A#DJHsYOa+AjH;Y]DQX�_+DGCE_n_+A �!\^DGYO\^NQXÃ`Ea�DGCEDQ`�YOA#CO\^��A�H=Y]a+A ��DGC]\^DG¿
YO\^NQXcNGPYOa+A=H]DGÂ��+d^\^X+I½��NJ\ªX�YBDGX�_²\ HB_4A���X+A�_1DJHfYOa+A�C]Â½H�DG��A�COYOF+C]Af±S\�YOYOA#C

τa
R �Áa+A

DQ_+_+\�Y]\ªNJX�DGd�X+NJ\^HOA³��N �fA�C�_4F�A³YON�YOa+A=DQ��A#C;Y]F+C]A�±S\ªY;Y]A�CBA#COC]NQCEHf`�DGXcK�A�IQ\��QA#X²DQH

σ2
aj = (πfmaxV τa)2,

�,�4R · �
DGX�_c_4A#��A#X�_+H�NQXcYOa�A=K�DGX�_���\�Y]a*NGP�YOa+Au\ªX+��F4Y�HO\ªIJX�DGd¬R �Áa�\^H�Â½DQ�QA#H�YOa+AuDQ��A#C;Y]F+C]A
±S\�YOYOA#C�NQX+A�NGP�YOa+A�Â½DG\^XjP�DJ` YONJC]H�d^\ªÂ�\ªYO\^X+I²YOa+A�K�DQX�_���\ _!YOahNGPÁDGX¡©VT³�VR© _+A�Y]DQ\�¿
dªA�_oDGX�DQd �4HO\^H³NQPÁYOa+A²A $�A#` YEH=NQP�±S\ªY;Y]A�C�DGX�_~NQYOa+A#CuH;NJF+CE`�A#H³NQP�A�C]CONJC=DG�+��A#DQCO\^X+I*\^X
�+CEDQ` Y]\^`#DGd�©�T��fH�\ H�IQ\��QA#X²\^X � » �¬R

�Áa+A���N �fA�C�`�NJX�HOF+Â��4YO\^NQXh\^H�DQX+NGY]a+A�C�\^Â���NQCOY]DQX�Y³��A�COP.NQC]Â½DGX�`�AsÂ�A�DQHOF+COAsP.NQC
DGX�©�T�� ��A�H;��A#`�\^DQdªd���\^X ��\^COA#dªA�HOH�DG�+��dª\ `�DGYO\^NQX�H�� ��a+A�C]A[Y]a+AfK�D�YOYOA�C ��d^\�P.Af\^HUD�`�C]F�`�\ DGd
\^H]HOF+AQR �Áa+A���N �fA�C�`�NJX�HOF+Â��4YO\^NQX¡F�H;F�DGd^d �*\^X�`�C]A#DJH;A�H ��\�Y]a¡\^X�`�C]A#DJH;\^X+I²COA�H;NJdªF4Y]\ªNJX
DGX�_hH]DGÂ��+d^\ªX+IcCED�Y]A�����a+\ `Ea~dª\^Â�\�YEH�YOa+A½��A�COP.NQC]Â½DGX�`�AsNQP�YOa�A6©�T��fH�\ªX~D1Â�NQK+\^dªA
YOA#COÂ�\^X�DGd¬R
� �QA�CVYOa�Asd DQH;YVY��fN²_+A#`�DJ_4A#H���YOa+A#COA�a�D��JA=K�A#A�X¡YOC]A�Â�A�X�_4NQF�HVC]A#HOA#DGCE`Ea*A $�NQCOY]H

\ªX0YOa+A�DQCOA�D�NGPDQX�DGd^NQIuYON�_4\ªIJ\�YEDGd�`�NJX��QA�CEHO\ªNJX � ��a+\ `Ea0d^A#_6YONsYOa+A³IJCOA�D�YfDQÂ�NQF+X�Y�NQP
_4\ $�A#COA#XJYVY �!��A�H�NQP�©�T��fHV`�NQÂ�Â�A�CE`�\ DGd^d �cD���DG\^d^DQK+d^A�YON4_+D��JR �ÀXjY]a+AsP.NQd^dªN ��\^X+I � ��A
DGC]A=IQNJ\ªX�I�YON0a�D��QAuD½d^N!NQ�cD�YVYOa+AuP.A���`�NJCOAs©�T�� DGCE`Ea+\ªYOA#`�YOF+C]A#H�� ��a�\^`EajÂ�N�HSY�NQP
YOa+A=`�NQX��QA#C;Y]A�CEH�\^X1YOa+A�Â½DQCO�JA�Y�DGC]A�K�DQHOA#_²NQXlR

��7��+��	  s����2��J�����J���
�Áa+A�M�DQHOa ��NJC���DGCEDGd^dªA#d!DQX�DGd^NQI�YON³_4\^IQ\ªY]DGd+`�NQX��QA#C;Y]A�C\^HUNJX+A�NQP�Y]a+AÁNQd _4A#H;Y[DGX�_uÂ�N�HSY
�+C]\ªÂ�\ªYO\��QA�©�T��vDGCE`Ea+\�Y]A#`�YOF+C]A#H#R �'YV`�NJX�H;\ H;Y]HÁNGP

2N − 1
`�NJÂ���DGCED�Y]NQCEH�R �VX+A³\ªX��+F4Y

NGP[DGd^d�NGPUYOa+A�`�NJÂ���DGCED�YONJC]HÁ\ H�`�NQX�X+A#`�YOA#_1Y]N6Y]a+Au\^X+�+F4Y³H;\^IQX�DGd �!\ D6D6H]DGÂ��+d^AuDGX�_
a+NQd _6`�\ªCE`�F+\ªY#R �Áa+A�NGY]a+A�C�\ªX��+F4Y]HÁDQCOA�`�NQX�X+A#`�YOA#_½YONsHOF�`#`�A#H]HO\ �JA�HSY]A���H�NGP�D=C]A#HO\^H;YONJC
d^DJ_+_4A#C�� ��a+\^`EacP.F�X�` Y]\ªNJX�H�DJHBD �QNJd�YEDGIJA=_4\ �!\ _4A�C ��DJH�\^dªd^F�H;YOCED�YOA�_c\ªXjZ�\^I�R��+R ��R �Áa+A
COA�P.A�C]A�X�`�A �QNJd�YEDGIQA�`�NQX+X+A�` Y]A#_sYON�Y]a+ABC]A#HO\^H;YONJCWd^DJ_+_4A#C[COA#�+C]A#HOA�X�Y]H�Y]a+A�CEDGX+IJAÁNGP�YOa+A
©�T��VR�©VH�Y]a+A0\^X+�+F4Y �QNJd�YEDGIQA½\^X�`�COA�DQHOA#H��lYOa�A²`�NJÂ���DGCED�Y]NQCEH �lNJX+A0DGP YOA�C�DGX+NQYOa+A#C��
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From S/H

Reference
Top

Reference
Bottom

2N-1 Comparators

N Output Bits

���,�"6[x 6 | � �!�+\ `�DGdlZ�d DQHOa1©VT³��DGCE`Ea+\ªYOA�` YOF�COA

IQ\��QA=g³DQH�NQF+YO�+F4Y �#��a+\^`Ea²\^H�YOa�A�X0A#X�`�N4_4A�_6\^X�YONsDQX
N
¿'K+\ªY �fNQCE_�K���YOa+A�A�X�`�N4_4\ªX�I

dªNJIQ\ `GR
�Áa+A9K�A�X+A��+Y]H?NGP�YOa+\ H?DQC]`Ea�\�Y]A#` Y]F+C]A9DGC]Ah\ªY]H¡HSY]C]DQ\ªIJa�Y;P.NQC �ÁDGCE_�_4A�H;\^IQX ��a�\ªIJa

H;��A�A�_ �UDGX�_~\ªY]HudªN � `�NJH;YsDGY=dªN � COA�H;NJdªF+YO\^NQX�H#R �Áa+A0Â�N�HSY=\^Â���NJC;YEDGX�Yu_4CED ��K�DQ`E�
NGP�YOa+\ HB_4A�H;\^IQX1d^\ªA�H�\ªX1Y]a+A�A � ��NQX+A#XJY]\^DQd�\ªX�`�C]A#DQHOA�\ªX1YOa�A=X!F+ÂuK�A�C�NQPU`�NQÂ���DGCED�Y]NQCEH��\�Y]aj\^X�`�C]A#DJH;A�\^XjC]A#HONQd^F4YO\^NQX � ��a+\ `EajdªA�DQ_+HBYON1D �QA#C �²a+\ªIJaj��N ��A#C�`�NJX�H;F�Â��+YO\^NQX �
d^DQCOIJA½`Ea+\ª�9DQCOA�D*DGX�_ha+\^IQa9`�NJH;YsD�Y=a�\ªIJaoCOA�H;NJdªF4Y]\ªNJX�H#R1TVF+A½Y]N*YOa+A�H;A0�+CONJK+d^A�Â½H �
M�DQHOa~`�NQX��JA�COYOA�CEH³DGC]A�HOA�d _4NJÂ�d��?F�H;A�_?P.NJC=DG�+��dª\ `�DGYO\^NQX�H³C]A���F+\^CO\^X+I1Â�NQC]AsY]a�DGXÃg�Ä
K+\ªY]H�NQPC]A#HONQd^F4YO\^NQXlR

��
�7.�#�,�����+���� s����2������#�����
©ºÂsF+dªYO\ HSYEDGIQAs©�T�� ��DJHVHOa+N ��Xj\^X?Z�\^I�R=�4R ¨ ��`�NJX�H;\ H;Y]HBNQP�D0`#DQH]`�DJ_4A=NGP

k
H;Y]DQIQA�H �

A#DJ`Eap`�NJX�Y]DG\^X+\^X+I¡D~H]DGÂ��+d^A1DQX�_pa+NQd _n`�\ªCE`�F+\ªY��fDhdªN ��C]A#HONQd^F4Y]\ªNJX9Â K+\ªY6DGX�DQdªNJI
YON*_4\^IQ\ªY]DQd[`�NQX��JA�COYOA�C �lDGX

m
K+\ªYu_4\^IQ\ªY]DGdUY]N*DGX�DQdªNJI1`�NQX��QA#C;Y]A�C³DGX�_hD1IJDG\^XhK+dªN4`E�

K�A�Y���A#A�X�A#DJ`EasH;Y]DGIJA�� » �'R�TVF+C]\ªX�IVY]a+AÁNQ��A�CED�Y]\ªNJX ��A#DJ`EasH;Y]DGIJAf`�NQX��QA#C;YEHlY]a+A�NQF+YO�+F4Y
P.CONJÂ YOa�A��+COA��!\ªNJF�HÁHSYEDGIQA�\^XJY]N½Dsd^N ��C]A#HONQd^F4Y]\ªNJX²_4\^IQ\ªY]DQdl`�N4_4A��+DQX�_0YOa+A#X1K�DQ`E��YON
DGX1DGX�DQdªNJIsC]A��+C]A#HOA�X�YED�YO\^NQX�R �Áa+A³\^XJY]A�CEHSYEDGIJA�DQÂ���dª\ ��A�CÁ\ HfP.A#_ ��\ªYOa²YOa+A�_4\ $�A#COA#X�`�A
P.CONJÂ�Y]a+A�a+A�d _½DGX�DGd^NQI³H;\^IQX�DQd+DGX�_sY]a+ABC]A#`�NJX�H;YOC]F�` Y]A#_�DGX�DQdªNJI�HO\ªIJX�DGd � ��a+\ `Ea�YOF+C]X�H
YOa+A�C]A#HO\ _4F�DGd+HO\^IQX�DQd�N �JA�C�YON�Y]a+A�X+A � Y�H;Y]DQIQAQR �Áa+A�C]A#HO\^_4F�DGd+HO\ªIJX�DGd4\ HU�+C]N!`�A#H]H;A�_=K��
YOa+A�X�A � Y�HSYEDGIJA#HU\^XsY]a+ABH]DGÂ�AÁÂ�DQX+X+A#C#RU©�P Y]A�CWY]a+AB`�NJÂ���dªA�YO\^NQX�NGP�DGd^d k `�NQX��QA#C]HO\^NQXHSYEDGIJA#H��4YOa+AuNQF4Y]�+F4Y]H�NGPUYOa�A

k m
K+\ªY�DGX�DGd^NQI�YON6_4\^IQ\ªY]DQd`�NQX��QA#COA#C]HÁDGC]A�`�NJÂuK+\^X+A#_

YON�IQA#X+A�CED�Y]A�YOa+A ��X�DQd
k × m

K�\�Y �fNQCE_�R
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S/H Stage 1 Stage i Stage k

S/H

m-bit

ADC

m-bit

DAC

G
-

Analog

input

m bits m bits m bits

Digital Combination Logic

Digital Output

k×m bits

Vin Vout

���,�"6[x 6 & �Áa�A=i*F+dªYO\ HSYEDGIQA�©VT³�

�ÀX1`�NQÂ���DGC]\ H;NJX½YONsYOa+AJM�DJH;ac`�NJX��QA�COYOA#C]H��GY]a+A³X!F+ÂuK�A�CÁNGPU`�NJÂ���DGCED�YONJC]H�COA ��F+\�¿
COA�_jK��1YOa+\ H�_4A�H;\^IQX?DQCOAsÂuF�`Ea¡dªA�HOH#L

k(2m − 1)
`�NJÂ���DGCED�Y]NQCEHÁP.NQC

k × m
K+\ªY]H�NGP

COA�H;NJdªF+YO\^NQX1\ªX�H;YOA�DQ_1NGP
2mk − 1

� ��a�\^`EacC]A#HOF+d�YEH�\^XcHOÂ½DGd^dªA#C�_4\^A=H;\^��A���d^N ��A#CÁ��N �fA�C
`�NJX�H;F�Â��+YO\^NQXpDQX�_pCOA�_4F�`�A�_n`�NJH;Y#R �VXnYOa+A*NQYOa+A#C�a�DGX�_ �[YOa�AcHO��A�A#_pNGP�`�NQX��JA�CO¿
H;\^NQX�\ H�HOF+K�H;Y]DQXJY]\^DQdªd��ud^N �fA�C �JHO\ªX�`�AÁYOa+A�`�NJX �JA�CEH;\^NQXuY]DQ�QA#H[�+d^DJ`�AB\^X½Â�NQC]AÁYOa�DQX6NQX�A
HSY]A��lR³��\ªYOa¡YON4_+D���� HBY]A#`Ea+X+NJdªNJI�����ÂsF+d�Y]\^H;Y]DQIQA�©�T��fH�`#DGX?DJ`Ea+\^A �QAuF+�jY]N¡g�´6K+\ªY]H
NGP�COA�H;NJdªF4Y]\ªNJX1DGY�Â�N4_4A#C]DGYOA³K�DQX�_���\ _!YOa�H"� » �'R

m �,�� n�!w]¥1�!7.�#�  u����2������#�����
¸!\^IQÂ½D�¿À_4A�dªY]DB�

Σ
¿
∆
��DQX�DGd^NQI�Y]N0_4\^IQ\ªY]DGd`�NQX��JA�CEH;\^NQX²\^HVD�COA#d^DGYO\��QA�d��0X�A�� DGX�_1�+C]NG¿

Â�\^HO\ªX�I=YOA�`Ea+X+NJdªNJI���� ��a+\ `Ea6F�HOA#H�X+NQ\ HOAVHOa�DG�+\^X+IuYOA#`Ea�X+\ ��F+A�H�\^X²`�NQÂsK+\ªX�D�YO\^NQX���\�Y]a
N �QA#C]H]DGÂ��+d^\ªX�I�YON³DQ`Ea+\^A �JAfDVa+\^IQasCOA�H;NJdªF4Y]\ªNJXlR© ��CEH;Y�NJC]_4A#CU¸4\ªIJÂ�DG¿'TVA�dªY]D���NQX��JA�CO¿
YOA#C=\^H=\ªd^dªF�HSY]C]DGYOA#_h\^X9Z�\ªI�R²�4R ®�� ��a+A�C]A�YOa+A �JF�DGX�YO\^��A#C�a�DQH�K�A�A#X~Â�N4_4A#dªA�_oDQH�DQX
DQ_+_+\�Y]\ �JAVX+NJ\^HOA³H;NJF+C]`�A ��\ªYOa1�+C]NQ��A�COYO\^A#HÁ_4A#H]`�C]\^K�A�_6\^X0Y]a+A³�+COA��!\ªNJF�H�HOA#`�YO\^NQXlR �Áa+A
`�NJX �JA�COYOA#C�`�NQX�HO\^H;Y]H�NQPfD

Σ
¿
∆
Â�N4_4F�d^DGYONQC�HOF+K�`�\^C]`�F+\�Y ��Dc_4\^IQ\ªY]DQdWdªN �º��DQH]H ��d�Y]A�C

DGX�_1D�_4A#`�\ªÂ½DGYONQC�R
�'P�YOa+A�_+\ªIJ\�YEDGd4Y]NuDGX�DQdªNJI�`�NQX��JA�COYOA�CW\ HW\ _4A#DQd �JYOa�ABNQF4Y]�+F4Y�DGY[YOa�A ��F�DGX�YO\^��A#C�`�DQX

K�A�IJ\ �JA�X1\ªX²YOa�A³YO\^Â�A=_+NQÂ½DG\^X*DQH#L

yn = xn−1 + en − en−1
�,�4R » �

DGX�_²\^X1��¿'TVNQÂ½DQ\ªXlL

Y (z) = z−1X(z) + (1 − z−1)E(z)
�¬�4R ¾ �
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DAC

Z-1 LPF âD
-

en

xn yn

Quantizer

G-) Modulator

�����76Wx 6 � © ��CEHSY�NQCE_4A#C
Σ
¿
∆
©VT³�

�Áa+AuNJF4YO��F4Y
yn
`�NQX�HO\ HSYEHBNGPWY]a+AsHOF+Â NGPWY]a+As_+A�d D��QA#_c\^X+�+F+Y³HO\ªIJX�DGd�+d^F�HBY]a+As_+\�P ¿

P.A�C]A�X�YO\ D�Y]A#_ ��F�DGX�YO\^�#DGYO\^NQX¡X+NQ\ H;AJR6¸!\ªX�`�A6_4\ $�A#COA#X�YO\ D�YO\^NQXh\ H�D²a�\ªIJah��DQH]H ��d�Y]A�C]\ªX�I
NQ��A�CED�Y]\ªNJX ��YOa+A ��F�DGX�Y]\ª��D�YO\^NQX?X+NQ\ H;A�\ H�DGY;Y]A�X!F�D�Y]A#_¡D�Y³dªN � P.C]A���F+A#X�`�\^A#H³DQX�_?DQÂs¿
�+d^\���A�_~D�Y=a+\^IQa¡P.COA ��F+A�X�`�\ªA�H � ��a+\ `Ea¡\ H=`�DQdªd^A#_¡X+NJ\^HOA6H;a�DG�+\^X+I�R �Áa+A½NJF4Y;¿'NGP ¿'K�DQX�_
X+NQ\ HOAV\ H�YOa+A#X²C]A�Â�N �QA�_½K���YOa+A�d^N �r��DQH]H ��dªYOA�C�DQX�_½Y]a+A�_4A#`�\ªÂ½D�Y]NQC�P.NQd^dªN ��\^X+IsYOa+A
��F�DGX�YO\^�#DGYO\^NQXlR

�Áa+A�HO\^Â���dªA�HSYVP.NQC]Â NQP
Σ
¿
∆
©VT³��F�H;A�Hug�¿¬K+\ªY ��F�DQX�YO\^�#D�Y]\ªNJXcP.NQCVYOa+A�\^XJY]A�C]X�DGd

TB©��ºDGX�_h©�T��fH�R �Áa+\^H=�+CON �!\ _4A#H³HOF%�6`�\^A�X�Y=C]A#HONQd^F4YO\^NQX¡P.NQC�a+\^IQa~N �JA�CEHODQÂ���dª\^X+I
C]DGYOA�H�R�©º_4A�YEDG\^dªA�_1DQX�DGd��4H;\ HÁNGPWHOF�`Ea*DGX*©�T���\^H�IJ\ �JA�X1\ªX � ¾ � � ��a+A#COA�\ªY�\ HBHOa+N ��X
YOa�DGYÁYOa+A³NQF+YO�+F4Y�NQPlYOa+A�g�¿¬K+\ªY �JF�DGX�YO\^��A#Cf\ Hf\ªX1�+F+d HOA³_+A�X�HO\�Y �½Â�N4_4F+d D�Y]A#_0P.NQC]Â½D�Y��
��a+\ `Eah\ HuD��JA�CEDGIJA#_*K��¡YOa+A6_4\^IQ\ªY]DQd�d^N �º��DJHOH ��d�Y]A�C�Y]Nj�+C]N4_4F�`�A6D*_+\ªIJ\�YEDGd�HO\ªIJX�DGd
`�d^NJHOA�d��6DG�+��CON � \^Â�DGYO\^X+IsYOa+A=DQX�DGd^NQI�\ªX��+F4Y�HO\ªIJX�DGd¬R
e�A�Y;Y]A�CUX+NQ\ HOAfDGY;YOA#X!F�D�Y]\ªNJXu`�DQXuK�AfDJ`Ea+\ªA��QA�_�F�HO\ªX+I�D�a�\ªIJa+A�C�NQCE_4A�C�X+NJ\^HOA[Y]C]DQX�HS¿

P.A�CsP.F+X�`�YO\^NQXlR �ÀXpHOF�`Ea9D?`#DQHOA���YOa+A²\ªX��+F4Y;¿'NQF+YO�+F4Y�C]A�d D�YO\^NQX�H;a+\^�oNGP�Y]a+Ac©�T��£\^H
IQ\��QA#X1DJH�L

Y (z) = z−1X(z) + (1 − z−1)LE(z)
�¬�4R^g#Ä �

��a+A�C]A�¯h\^HÁY]a+A�NQCE_4A#CfNQPY]a+A�©�T��VR
T�F+ABYON�YOa+A�X�NQ\ H;A�HOa�DG�+\^X+I ��YOa+A ��F�DQX�YO\^�#D�Y]\ªNJXuX+NJ\^HOA�DGX�DQd �4HO\^H�P.NJC

Σ
¿
∆
`�NQX��JA�CO¿

YOA#C]HÁ\ H�_4\ $�A#COA#XJY�R[Z+NJCBDGX*¯�� YOacNQCE_4A#C
Σ
¿
∆
`�NQX��QA#C;Y]A�C �

SNRQ
IQ\��QA#X1DJH � ¾ �¬L

SNRQ = 10log
(σ2

x

σ2
e

)

+ (2L + 1)10log
( fs

2fmax

)

− 10log
( π2L

2L + 1

) �¬�4R^gQg �

Z+C]NQÂ �,�4R^gQg � ��\�Y³`�DQX*K�AsA#DQHO\^d �cH;A#A�XcY]a�D�Y�\ªX�`�COA�DQHO\ªX�I�YOa+AsNQCE_4A�CBNQPUYOa+A�©�T��
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COA�H;F�d�YEH�\ªXjD6a+\ªIJa+A�C
SNRQ

R�@BN �fA �QA#C���a+\ªIJa+A�C�NQCE_4A�C
Σ
¿
∆
`�NQX��QA#C;Y]A�CEH�DGC]A�Â�NQC]A

`�NJÂ���dªA � YON½_4A�H;\^IQXcDGX�_1d^A#DJ_6Y]N½a+\ªIJa+A�CfY]\ªÂ�A=_4A#d^D��4H�DGX�_²H;Y]DQK+\ªd^\ªY �0�+C]NQK+d^A�Â½H#R
©BX+NQYOa+A#C�\^H]H;F�A�DJHOHON4`�\ D�YOA�_ ��\ªYOa²YOa+A

Σ
¿
∆
_4A#HO\ªIJX0\ H�YOa�DGY�DJH�DsC]A#HOF+d�YÁNGP�X+NQ\ HOA

H;a�DG�+\^X+I ��a�\ªIJauC]A#HONQd^F4YO\^NQX�`�DGXsNQX+d���K�ABD�Y;YEDG\^X+A#_=P.NQCUd^N �oYON³Â�A#_4\^F+ÂºHO\^IQX�DQd�K�DGX�_!¿
��\^_4YOa�H#R��Áa+\ H�`�DQX*K�AsH;NJd �JA#_1K��²F�HO\^X+I6Â�NQC]A=`�NJÂ���dª\ `�DGYOA#_*`�NQX��QA#C]HO\^NQXcDGCE`Ea+\�Y]A#`�¿
YOF+C]A#H ��\ªYOa0ÂsF+dªYO\^�+dªA�¸!\^IQÂ½D�¿ÀTVA�dªY]Du`�NQX��QA#C;Y]A�CEHW\^X6��DGCEDGd^d^A�d �JA�DQ`Ea6NQP�YOa+A#Â�`�NQX��JA�CO¿
YO\^X+I½_4\ $�A#COA#XJYB��NQCOYO\^NQX�HÁNGP�Y]a+A=HO\ªIJX�DGd�K�DQX�_ � » �¬R

�ÀX¡d^\ªIJa�Y�NQP[YOa+A�_4\ HO`�F�H]H;\^NQX?DQK�N �JA���YOa�As�+C]NQK�dªA#Â�H³DJHOHON4`�\ D�YOA�_'��\�Y]a?Y]a+A�\^_4A�DGd
¸!NGP Y��ÁDGC]AcµBDQ_4\^N9DG���+CON�DQ`Ea�`�DGX�K�AjÂ�NQC]A1A�DQHO\ªd��n`�NQÂ��+C]A�a+A#X�_4A#_lR �ÀX�NQCE_4A�C�YON
_4\^IQ\ªYO\^��A²YOa+A'��a+NJdªA1P.C]A���F+A�X�` �oK�DQX�_9NQPV\^XJY]A�C]A#H;Y ��\ªYOaÃD¡K�DGX�_ ��\^_!Y]a�DQCONJF+X�_�®
�³@B���Ja+\^IQa²H;��A�A�_6©�T��fH ��\ªYOa �QA�C �ud^N ��DG��A�COYOF+C]AW±S\ªY;Y]A�CÁDGX�_ �JA�C �sa+\^IQa6_ ��X�DGÂ�\^`
C]DQX+IQA1DGC]A²X�A�A#_+A#_ � ��a�\^`EaÃ`�DQX+X+NGY�K�A1C]A#DQdª\^��A�_ ��\ªYOaÃDGX��oNGPVYOa+A*DGCE`Ea+\ªYOA�` YOF�COA�H
_4\ HO`�F�HOHOA#_nDGK�N �QAQR �Áa+\^HsÂ½DG�JA#H�Y]a+A1A � \^H;YOA#X�`�A²NGP�DQX�DGd^NQI*�+C]A���CON4`�A�HOHO\^X+I*\ªXnYOa+A
¸!NGP Y��ÁDGC]A³µBDQ_4\^N�COA�`�A#\ �JA�CÁ\ªX�_4\^HO��A�X�H]DGK+d^A�P.NQCÁY]a+A³YO\^Â�A�K�A#\ªX+I�R

��� ����� � , � #�� / $���� / � 2-,��.$�,43 #�� 3 �

�Áa+A�P.CONJXJYUA�X�_u\^XsD�`�NJX �JA�X�YO\^NQX�DGd ��\ªC]A�d^A#H]H�C]A#`�A�\��QA#C���A�COP.NQC]Â�HY]a+AfP.NQd^dªN ��\^X+IBP.F�X�` ¿
YO\^NQX�H#L

• ��a�DQX+X+A#d�H;A#dªA�` Y]\ªNJX

• �ÀX�YOA#C;P.A#COA#X�`�A�HOF+�+�+C]A#H]HO\ªNJX

• ©�Â���dª\ ��`�DGYO\^NQX

• TVN ��X�`�NJX��QA�CEHO\ªNJX1NQPWYOa+A�H;\^IQX�DGdlP.C]NQÂ Y]a+AsCEDQ_+\ªN½P.C]A���F+A#X�` ���µ�Z��BYON²K�DQHOA�¿
K�DQX�_�R

�Áa+A�P.C]NQX�YBA�X�_cNGP[D6¸!NGP Y��ÁDGC]A=µBDJ_4\ªN½a�DQHÁY��fN½\ªÂ���NQCOY]DQXJY�_4\�$�A�C]A�X�`�A#H�`�NQÂ���DQCOA�_
YON�YOa�A=`�NQX��JA�X�YO\^NQX�DQd�COA�`�A�\��QA#C]H#L

• �'YEH�NQ��A�CED�Y]\ªX+I�P.C]A���F+A#X�` �6\ HÁX+NQYB�+COA�_4A�Y]A�C]Â�\ªX+A�_

• �'YEHB`Ea�DGX�X+A�d�K�DQX�_���\ _!YOac\ H�X+NQYÁ��COA�_4A�Y]A�C]Â�\^X+A�_
ijDGX��r_4\ $�A#COA#X�Y²P.C]NQX�YcA�X�_�DGCE`Ea+\ªYOA#`�YOF+C]A#H1DGC]A¡`�F+C]COA#XJY]d �Ã\^X�_+\^H]`�F�H]HO\ªNJXrP.NQC

D?¸4T�µ�R �Áa+A6Y]C]DJ_4\ªYO\^NQX�DQd�HOF+��A#COa�A�YOA#CON4_��!X+A²DGCE`Ea+\�Y]A#`�YOF+C]A�� ��a+\ `Ea9��A�COP.NQC]Â�H=YOa+A
_4N ��X�`�NQX��QA#C]HO\ªNJX�\ªX²ÂuF+dªYO\^�+d^A³H;YOA#��Hfa�DQH�YOa�A³_+C]D ��K�DJ`E�sNQP�K�A�\^X+Isa�\ªIJa+d �6`�NQÂ��+d^A �
DGX�_1��N ��A#CÁa�F�X+IQC �QR[i*NJCOA³\^Â���NJC;YEDGX�Y�YOa�DQX1YOa�DGY��+\ªYBd^DJ`E�4HfYOa+A M�A � \ªK+\^d^\�Y ��� ��a+\ `Ea
\^Hu`�C]F�`�\ DGdUP.NJCuDcÂuF+dªYO\ª¿'Â�N4_4A½ÂsF+dªYO\ª¿¬K�DQX�_~NQ��A�CED�Y]\ªNJXlR �VXhYOa�A½NGYOa�A�C=a�DQX�_ �YOa+A
��A#CONQ¿ �SZcC]A#`�A�\��QA�CEH�� ��a�\^`Ea���A#C;P.NJCOÂ�YOa+A�_4N ��X�`�NQX��QA#C]HO\^NQX�\^X�D�HO\ªX+IJdªA�H;YOA#� �QDGC]AÁdªA�HOH
`�NJÂ���dªA � DGX�_~�+CON �!\ _4A�A#DJH;\^A�C=\^Â½DGIJA�HOF+�+��COA�HOHO\ªNJXlR �Áa�A6Â½DG\^Xo�+CONJK+d^A�Â a�A�C]A½\^H
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Analog

FE
ADC DSP

Digital

FE

IFRF BB

Front End

���,�"6Wx 6 � ¸4TVµ DQC]`Ea+\ªYOA�` Y]F+COA ��\ªYOa*D�_4\ªIJ\�YEDGd�P.C]NQX�Y]A�X�_

YOa+A�X�A�A#_0P.NQC���a�DQHOA�DGX�_1DGÂ��+d^\�Y]F�_4A�K�DQd^DQX�`�A�_0Â�\ � A�CEHfDQX�_²NJH]`�\^dªd D�Y]NQCEH�N �JA�C �QA#C ���\^_+A³P.COA �JF�A�X�` �6K�DGX�_+H �ªg�Ä �
��HO\ªX+IcD1`�NQÂsK+\^X�D�Y]\ªNJXjNGP�DQX�DGd^NQI²Â�\ � \^X+I1DQX�_?_+N ��X�`�NJX �JA�CEH;\^NQX'��\ªYOah_4\ªIJ\�YEDGd

_4N ��X�`�NQX��JA�CEH;\^NQXuDQX�_ ��d�Y]A�C]\ªX�I�\ HWDGX�NGYOa�A�C[DG���+CON�DQ`Ea � ��a+\ `Ea�a�DQHW_+C]D ��X�`�NQX�H;\ _4A�¿
C]DQK+d^A�DGY;YOA#X�YO\^NQX0\^XcCOA�`�A#XJY �QA�DGCEH �^g#Ä �¬R �ÀX²YOa+\ H�`�DJH;A���YOa+A=¸4T�µ Z+C]NQX�YOA#X�_0`�NQX�HO\^H;Y]H
NGP�DQX0DGX�DQdªNJI=DGX�_0Du_4\^IQ\ªY]DQd�HOF+K�H �4HSY]A�Â ��HOA�A�Z\^I�R[�+R ´ � RUZ\^CEHSY ��\^X6NJC]_4A#C[Y]NuÂ½D�YE`Ea
YOa+Ac_��!X�DQÂ�\ `²C]DQX+IQA0DQX�_oY]a+A1K�DGX�_ ��\^_!Y]anNQPBYOa+AcHO\ªIJX�DGd�YON¡YOa+Ac`�DQ��DGK�\ªd^\�Y]\ªA�HuNQP
YOa+A6©VT³�£DQX�_hYOa+A6T³¸!M�H��WDcdª\^Â�\�Y]A#_~K�DQX�_hNQF4Y=NQP�Y]a+A½P.F+d^df®*�³@��½K�DGX�_~\^H=HOA�¿
dªA�` Y]A#_hDGX�_¡K+C]NQF+IJaJYVYON*DGXh\^XJY]A�C]Â�A#_4\ D�Y]AuP.C]A���F+A#X�` ��� �SZ���K��*Y]a+A½DGX�DQdªNJI²H;Y]DQIQAQR
�Áa+\ H ��\^_+A�K�DQX�_cH;\^IQX�DQd�`�NJX�Y]DG\^X�H�D�K+F�X�_4d^A�NGP[_4\ $�A#COA#XJY�`Ea�DGX+X+A#d^H��+��NJH]H;\^K+d��½P.C]NQÂ
_4\ $�A#COA#XJY ��\ªC]A�d^A#H]HuH;Y]DQX�_+DQC]_+H#R �Áa�A²HO\ªIJX�DGdf\^H�_4\^IQ\ªYO\^��A�_9D�YsYOa+A �SZ DGX�_~P.F�C;Y]a+A�C
_4N ��X�`�NQX��QA#C]HO\ªNJX ����dªYOA#CO\^X+IjDQX�_o`Ea�DGX�X+A�dfH;A#dªA�` YO\^NQXo\ H=��A�COP.NQC]Â�A#_h\^XoYOa+A²_4\ªIJ\�YEDGd
_4NQÂ½DQ\ªX ��K��³Y]a+A�H;N³`�DQdªd^A#_s_4\ªIJ\�YEDGd�P.C]NQX�Y�A#X�_ � ��a�\^`Ea�DQ` YEHUDQHUD�K�CO\ _4IQA�K�A�Y���A#A�XsYOa+A
DGX�DQdªNJIB��µBZÃDGX�_ �SZ��BH;\^IQX�DQdl�+C]N4`�A#H]HO\ªX+I6DQX�_1YOa�Au_4\^IQ\ªY]DGdK�DQHOA�K�DGX�_��eÁe���HO\ªIJX�DGd
�+C]N!`�A#H]H;\^X+I�R
Z+C]NQÂ YOa+A�¸!NGP Y��ÁDGC]AuµBDJ_4\^N6��NJ\ªX�Y�NGP �!\ªA � ��Y]C]DQX�H;P.A�C]CO\^X+I0D½��DGCOYVNGPWY]a+A=P.F�X�` ¿

YO\^NQX�HuNGPÁYOa�A½P.CONJX�Y=A�X�_o\^X�YONj_4\^IQ\ªY]DQd�_4NJÂ½DG\^XoÂ�DQ�QA�H³��A#C;P.A�` Y�HOA�X�H;A½\^X~YOA#COÂ½H=NQP
COA�`�NJX���IQF�C]DQK+\ªd^\ªY �pDGX�_ÃCOA#�+CONJIQCEDGÂ�Â½DGK+\^d^\�Y ���fHOa+\ªP YO\^X+InY]a+AjY]C]DQX�HO\�Y]\ªNJX�K�NJF+X�_+DQC �
K�A�Y���A#A�X�YOa�A�_4\^IQ\ªY]DGd�DGX½DGX�DQdªNJI�_4NQÂ½DG\^X�HW`�dªN�H;A#CWYON³Y]a+A�DGX�Y]A�X+X�D ��YOa!F�H�\ªX�`�C]A#DQHO\^X+I
M�A � \^K+\^dª\ªY �QR

��!�� $�;>E E +.- @
�Áa+\ H�HOA#`�YO\^NQX9��COA�H;A#XJY]A#_9DQXnN �JA�C ��\^A��¤NJXoYOa+Aj¸!NQP Y��fDQCOA²µBDQ_4\^N~`�NQX�`�A��+Y��[DGd^NQX�I
��\�Y]ao\�YEH=H;YOC]A�X+IQYOa�H=DQX�_hdª\^Â�\�YED�Y]\ªNJX�H�R �Áa+A�YOA�`Ea+X+NJdªNJIQ\ `�DGdWNJK�H;Y]DQ`�dªA�H³\ªX~Y]a+A½C]A#D�¿
dª\^�#DGYO\^NQX*NQPWDQX*\^_+A#DGdW¸!NQP Y��fDQCOA=µBDJ_4\^N½a�D��QA=K�A�A#X?_4\ HO`�F�H]H;A�_ ��DQX�_*DGXjDQd�Y]A�C]X�D�Y]\ �JA
YOCEDGX�H]`�A#\ �JA�C�DGCE`Ea+\�Y]A#`�YOF+C]A���YOa+A�HON²`�DQdªd^A#_h¸!NGP Y��ÁDGC]AuTVA ��X�A#_hµBDQ_4\^N0a�DQHVK�A#A�X?\^X4¿
YOC]N4_4F�`�A�_
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�Áa+\ Hl`Ea�DG�+YOA�C��+COA�H;A#X�Y]H�DGX�N �JA�C �!\ªA �jNGP�YOa+A�Â�NJK+\^dªA�`�NQÂ�ÂuF�X+\^`#D�Y]\ªNJXVA#X �!\^CONJX+Â�A�X�Y��
\ªX���a+\ `Ea6YOa�A�DQ\ªCf\ªX�Y]A�COP�DQ`�A�\ _4A�X�YO\ ��`#D�YO\^NQX0\^H�YON�K�A���A�COP.NQC]Â�A#_�R �ÀX6Y]a+A ��CEHSYÁ��DGCOY��
YOa+Af`Ea�DGCEDQ`�YOA#CO\ HSY]\^`#H�NGP4Y]a+A[Â�NQK+\^d^A�`�NJÂ�ÂuF+X+\ `�DGYO\^NQX=`Ea�DQX+X+A#dJDGC]A[_4A�HO`�CO\^K�A�_ � ��a+\ `Ea
\^HuDcCOA#d^DGYO\��QA�d��ja+N�HSY]\ªd^A½A�X��!\^CONJX+Â�A�X�Y#R �ÀXhY]a+A0HOA#`�NJX�_h��DGCOY���YOa+C]A�A�P.F�X�_+DGÂ�A#XJYEDGd
YOCEDGX�HOÂ�\^HO\^NQXuH]`Ea+A�Â�A�H�A#X�`�NJF+X�YOA�C]A#_u\ªXuYON4_+D���� H�CEDQ_4\^NBP.C]A���F+A#X�` ��A#X���\^C]NQX+Â�A�X�YUDGC]A
\ªX��JA#H;YO\^IJD�Y]A#_ �#��a+\ `EacIQ\��QA�CO\ HOAVY]N ��F+\�Y]A�_4\�$�A�C]A�X�Y�HO\ªIJX�DGdlH;YOC]F�`�YOF+C]A#H#R

� !# � ��/�� %.=>4�?�/ 02+"3:4�%
	 - %"G:+"9<+ 'K4�%"7�� ��+<7�7:/�?
�ÀX~Â�NJK+\^dªA0`�NQÂ�ÂuF�X+\^`#D�Y]\ªNJX�H ��A�d^A#` Y]CONJÂ½DGIQX�A�YO\ ` �fD��JA#H�DQCOA�F�HOA#_¡YONcY]C]DQX�HOÂ�\ªYsHO\�¿
IQX�DQd^H�P.CONJÂ DcY]C]DQX�H;Â�\ªY;Y]A�C�Y]N?D*C]A#`�A#\ �JA�C�R �Áa+A0�+CONJ��DGI�D�Y]\ªNJX¡�+C]NQ��A�COYO\^A#H=NGPÁYOa+A
C]DJ_4\^N �fD��JA#HÁDGC]A=�+C]\ªÂ½DQCO\^d �1_4A�Y]A�C]Â�\ªX+A�_*K��0Y]a+As`#DGC]CO\^A�CBP.COA �JF�A�X�` �²NQPWYOa+A�H;\^IQX�DQd �
DGX�_6YOa+A³�+a��4HO\^`#DGd�A�X��!\ªC]NQX+Â�A#XJYfNGPlY]a+A�YOCEDGX�HOÂ�\�YOYOA#CÁDQX�_½Y]a+A�COA�`�A�\��QA#C#R �ÀX²YOA�C]C]A#H;¿
YOC]\^DQd ��\ªC]A�d^A#H]H³`�NQÂ�ÂsF+X+\ `�D�Y]\ªNJX�H����+CO\^X�`�\ª��DQdªd��cYOa�COA#A�_4\ $�A�C]A�X�Y³Y ����A#H³NQP��+C]NQ��DGIJDG¿
YO\^NQXcHO`�A�X�DQCO\^NJHÁDQCOA�`�NJX�HO\^_4A#COA�_ �^gQg �

• M[\ `�N4`�A�d^d^H��Qa�D��!\^X+I�F�H;F�DGd^d �=D³HOÂ�DQdªd!CEDQ_4\^F�H��GF+�sYON�g#ÄJÄ�Â �QDQCOAfF�HOF�DGd^d���P.NQF+X�_\^Xp\^X�_4N!NJC�DQCOA�DQH#R9e�A�`�DQF�H;A²NGPBY]a+A*H;Â½DQdªdÁH;\^��A1NGPVYOa+Ac`�A#dªd �[Y]a+A�C]A1F�H;F�DGd^d �
A � \ H;Y]HfDu_4\^COA�` Yfdª\^X+A�NGP�HO\ªIJaJY ��¯ �³¸ �[`�NQX+X+A�` Y]\ªNJX6K�A�Y���A#A�X½Y]a+A�COA�`�A�\��QA#C�DGX�_
Y]a+A*YOCEDGX�H;Â�\ªY;YOA#C#R �Áa+AjF�HOA�C²H;��A�A�_+H6DGC]AcF�HOF�DGd^d �pdªN � ��DQCONJF+X�_�Do`�NQF��+dªA
NQP��!\ªd^NQÂ�A�Y]A�CEHB��A�C³a+NJF+C#R �Áa+A��+\^`�N4`�A�d^d HVDQCOAu`�NQÂ�Â�NQX+d��cF�HOA#_cP.NJC ��\^COA#dªA�HOH
¯© � �.�r¯© �J��DGX�_c`�NQCE_4dªA�HOH�Y]A�d^A��+a+NJX��0DG�+��dª\ `�DGYO\^NQX�H#R

• i*\ `�C]N4`�A#dªd HÁDGC]A�F�HOF�DGd^d��½dªN4`�DGYOA�_½\ªX1F+C]K�DGX1DGC]A#DJH�DGX�_0DGC]AV`Ea�DGCEDQ` Y]A�C]\ª�#A#_�K��X+NJX¡d^\^X+A½NGPÁH;\^IQa�Y � ��¯ �³¸ ��`�NJX�_4\ªYO\^NQX�H#R �Áa�A�`�A�d^dWC]DJ_4\^F�H�Â�D��?K�A½DGC]NQF�X�_
g��!Â1R �ÀX?YOa+\ H�H]`�A�X�DGC]\ªN ��Y]a+AsF�H;A#C³HO��A�A#_�HVDQCOA�DQH]H;F+Â�A�_*YON1K�A�DQCONJF+X�_?®QÄ
�!Â ��alR

• ijDJ`�C]N4`�A�d^d H �!a�D��!\^X+I�C]DJ_4\ª\�\^X1YOa+A�NJC]_4A#CÁNGP�Y]A�X�HÁNQP��!\^dªNJÂ�A�YOA#C]H��4DGC]A³F�H;F�DGd^d �P.NJF+X�_9\^XpHOF+K+F�COK�DQXnDGX�_9C]F+C]DQd�DQCOA�DQH#Rh© ¯ �³¸o`�NQX+X�A#` Y]\ªNJX9K�A�Y��fA�A�XnYOa+A
C]A#`�A�\��QA�C�DQX�_¡YOCEDGX�HOÂ�\�YOYOA�C�N4`#`�F+CEH�C]DQCOA#d �JR �Áa�A½F�H;A#C=H;��A�A�_+H�DGC]A½DQH]H;F�Â�A�_
Y]NsK�AVa�\ªIJa+A�CfYOa�DGX0K�NGY]a0NQPlYOa+A��+C]A �!\^NQF�Hf`�DJH;A�H �JP.NQCfA � DGÂ��+d^A�NQX6a+\^IQa#�ÁD��4H
NJC�\ªX1YOCEDG\^X�H#R
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Base Station

Direct Path Reflection

Scattering

Diffraction

v

�����76�|"6 � �Áa+A�i*F�d�Y]\ª��DGYOa*M[C]NQ��DGIJDGYO\^NQX6\^X*D�i*NQK+\^d^As��NQÂ�ÂuF+X�\^`#D�YO\^NQX�HÁ¸��!H;YOA#Â

�Áa+A½�+C]NQ��DQIJD�Y]\ªNJX?NQP�A�d^A#`�YOC]NQÂ½DGIJX+A�Y]\^` �ÁD��QA�H�\^XoDcÂ�NJK+\^dªA½`�NJÂ�ÂuF+X+\ `�DGYO\^NQX�H
A�X��!\ªC]NQX�Â�A#X�Yf\ HB`�DQC]DJ` Y]A�C]\ª�#A#_½K��6Y]a+C]A�A�_4\ $�A#COA#XJYBA�$�A�` YEH

• MWD�Y]aud^NJH]Hl\ HlY]a+A�DGY;Y]A�X!F�D�Y]\ªNJX=\^XuH;\^IQX�DGdQ��N �fA�C_+F+A[Y]NBYOa�A�_4\ HSYEDGX�`�A�K�A�Y��fA�A#XY]a+A½YOCEDGX�H;Â�\ªY;YOA#C=DGX�_¡C]A#`�A#\ �JA�C�R �ÀX ��DJ`�F+F+Â �YOa+\ H�d^NJH]H³\^H³��CONJ��NJC;Y]\ªNJX�DGd�YON
Y]a+A½H ��F�DQCOAsNGP�Y]a+A½_4\ HSYEDGX�`�AQR �ÀXhÂ�NQK+\^dªA�A�X��!\^CONJX+Â�A�X�Y]H�� ��a+A�C]AsX�N²d^\ªX�A�NQP
HO\ªIJa�Y³A � \^H;Y]H���YOa+A½��D�YOa¡dªN�HOH�Â½D��j\^X�`�C]A#DJH;A ��\�Y]a¡a�\ªIJa+A�C�A � ��NQX�A�X�Y]H�NGP�YOa+A
_4\ H;Y]DGX�`�A���P.C]NQÂ �cYON?® �U_+A���A�X�_4\^X+IjNJXhYOa+A0YOA�C]CEDG\^X~`Ea�DGCEDQ` Y]A�C]\^H;YO\ `�H#R �Áa+A
A�$�A�` YWNGP���D�Y]asd^NJH]H�\ HWDVCOA#d^DGYO\��QA�d���H;d^N �9d^NQX+I�YOA#COÂ ��DQCO\ D�Y]\ªNJX=\ªXsYOa�AfÂ�A�DGXuNQP
Y]a+A�COA�`�A#\ �JA#_0HO\^IQX�DQd���N �fA�C � ��a�\^`Ea*`�DQX0K�A=`�NJCOC]A#`�YOA#_0F�HO\ªX+I���N ��A#Cf`�NQX�YOC]NQd
H]`Ea+A�Â�A�H�R

• ¸!a�DQ_4N ��\^X+I�\^HfY]a+A=D�YOYOA#X�F�D�YO\^NQXc\^X*H;\^IQX�DQd���N �fA�CB_4F�A³YON�YOa+A���a �4HO\^`#DGd�NJK�HS¿YEDQ`�d^A#H[NQX�YOa+AVH;\^IQX�DQd4��D�Y]a ��\,R AQR�K+F+\^d^_+\ªX+I�H �JYOA#COCEDG\^X�`Ea�DGCEDQ`�YOA�C]\ HSYE`�H���YOF+X+X�A�d H �
A�Y]`GR �Áa+A�A $�A#` YEH�NQP�YOa+A�HOa�DJ_4N ��\ªX�IVP�DQdªd H[\^X�YON�Y]a+A�`#D�YOA#IQNJC �=NQPlH;d^N �nP�DJ_4\^X+I �
DQX�_1Â�D��²DGd H;N�K�A=`�NQÂ���A�X�H]D�Y]A#_²K �²��N �fA�C�`�NQX�YOC]NQd�DGd^IQNJCO\ªYOa�Â�HJ�^g��(�'R

• i*F�d�Y]\ª��DGYOa¡�+CONJ��DGI�D�Y]\ªNJX²\ H�`#DGF�HOA#_cK��²YOa+AsCOA#M�A#`�YO\^NQX ��HO`#D�Y;Y]A�C]\ªX�I0DGX�_*_+\�P ¿P.CEDQ`�YO\^NQX�NGP�A�d^A#` Y]CONJÂ½DGIQX�A�YO\ ` �fD��JA#H��GDQHU\^dªd^F�H;YOCED�YOA�_u\^X½Z�\ªI�R���RªgJR �Áa+ABHO\ªIJX�DGd
Y]C]D��JA�d H�P.CONJÂ Y]C]DQX�HOÂ�\ªY;Y]A�C½Y]N9C]A#`�A#\ �JA�C6NJXÃÂuF+dªYO\^�+d^A¡_4\ $�A#COA#X�Y0��D�Y]a�H#R �Áa+A
C]A��+d^\ `�DQH�NQPVY]a+A?HO\ªIJX�DGdBDQCOC]\��QAcD�Y6_4\ $�A#COA#XJY0YO\^Â�A*\^X�H;Y]DQXJYEH ��\ªYOa�_4\ $�A#COA#XJY
�+a�DQHOA#H���_4\ $�A#COA#XJY6DQÂ���dª\ªYOF�_+A#H���_4\ $�A#COA#X�Y½DQX+IQd^A#HsNGP³DGC]CO\���DGdÁDGX�_p_4\ $�A#COA#XJY
��NQd DGC]\^H]D�Y]\ªNJX�H#R �Áa+A�H;F+��A�C]��NJHO\�Y]\ªNJX�NQP�YOa+A�H;\^IQX�DGd+C]A��+d^\ `�DQH�`�DGF�H;A�Du_4A#H;YOC]F�` ¿
Y]\ �JA6NQCu`�NQX�H;YOC]F�`�YO\��QA½\^XJY]A�COP.A�C]A�X�`�A6D�Y=Y]a+A6C]A#`�A�\��QA�C �_+A���A�X�_4\^X+I¡F+��NJX~YOa+A
C]A�d D�Y]\ �JA½�+a�DQHOA#H#R1¸4\ªX�`�A�YOa+A ��DQCO\ D�Y]\ªNJX�H³\^X~YOa+A6\^X�YOA#C;P.A#COA#X�`�A½��DGY;Y]A�C]X¡YEDG�JA



��� � ��� 
�� 	������@
���� � ��	�� �5	�� �6� �%��� 	�� ���C� ��� 
�� �+g

h(í,t)

n(t)

x(t) r(t)

���,�"6W| 6 x �Áa�A=i*NQK+\^d^A=��NJÂ�ÂuF+X+\ `�DGYO\^NQX�H���a�DGX+X+A#d

�+d DQ`�AuN �JA�C�_4\ H;Y]DGX�`�A#H�\ªXjYOa+A�NQCE_4A�C�NGPWYOa�AsHO\ªIJX�DGd �fD��JA�d^A�X+IQYOa ��A �QA#XjH;Â½DQdªd
`Ea�DQX+IQA�H[\^X0d^N4`�D�Y]\ªNJX6NGPA�\ªYOa+A#C�Y]a+A�Y]C]DQX�HOÂ�\ªY;Y]A�CfNQC�YOa+A�COA�`�A#\ �JA�C�Â½D��½`�DQF�HOA
Â½D�±SNJCB`Ea�DGX�IQA#Hf\^X1YOa+A�C]A#`�A�\��QA#_²H;\^IQX�DGd�d^A �QA#d �4IJ\ �!\^X+I�CO\ H;A�Y]N�P�DQH;YfP�DJ_4\^X+I�R

��������� ��� � ���(/ 3 3 �"* � ' � &(* 	 � � � 	 � ,43 	 �

Z+C]NQÂ¦D�H �4HSY]A�Â�Y]a+A�NJCOA�YO\ `���NJ\ªX�Y�NGP �!\ªA � �4Â�NJK+\^dªA=`�NQÂ�ÂuF+X�\^`#D�YO\^NQXc`Ea�DQX+X+A�d H�`�DQX
K�A6`Ea�DGCEDQ` Y]A�C]\ª�#A#_¡DQH�d^\ªX�A#DGC³Y]\ªÂ�A ��DQCO\ DGX�Y=H �4H;YOA#Â�H �ªg��(�¬R²Z\^I�R1�+R �²\ªd^dªF�HSY]C]DGYOA#HuD
Y �!�+\^`#DGd�Â�NQK+\^dªA�`Ea�DQX+X+A�d � ��\�Y]ajY]a+AuY]\ªÂ�A ��DGC ��\^X+I6\^Â��+F+d H;A�C]A#HO��NJX�H;A

h(t, ν)
DGX�_

YOa+A�DQ_�_4\�Y]\ �JAsX�NQ\ H;A�`�NQÂ���NQX+A#X�Y
n(t)

R �Áa+AuC]A#`�A�\��QA�_jH;\^IQX�DGd�\ªX?YOa+\ H³`�DQHOAs`#DGX¡K�A
IQ\��QA#X1DJH�L

r(t) = x(t) ∗ h(t, ν) + n(t) =

∫ ∞

−∞

h(t, ν)x(t − ν)dν + n(t)
���+R^g(�

�Áa+ABY]\ªÂ�A ��DQC �!\^X+Iu`Ea�DQX+X+A#d�\^Â��+F+d H;AVCOA�H;��NQX�HOA<�,H;NJÂ�A�YO\^Â�A#HfDGd H;Nu`#DGd^dªA�_�YOa�AV_4A#d^D��
H;��COA�DQ_�P.F+X�`�YO\^NQX �l\^H�YOa�A�C]A#HO��NJX�HOAWNGP4YOa�Af`Ea�DQX+X+A#dJD�YYO\^Â�A

t
YON�DGX=\^Â��+F+d H;AfD�YYO\^Â�A

t − ν
R �Áa�A=Z+NQF�CO\^A�C��C]DQX�H;P.NQC]Â�NGP�YOa+A³Y]\ªÂ�A ��DQC �!\^X+I½`Ea�DGX+X�A�d�\^Â���F+d^HOA�C]A#HO��NJX�H;A

��\�Y]a²C]A#HO��A#` YÁY]N
ν
\ H�`�DQdªd^A#_6YOa+A³Y]\ªÂ�A ��DGC ��\^X+I�`Ea�DGX�X+A�d�Y]C]DQX�HSP.A#CfP.F+X�` Y]\ªNJX1DQX�_²\^H

IQ\��QA#X²K���L

T (t, f) =

∫ ∞

−∞

h(t, ν)e−j2πfνdν
�,�+R � �

�ÀXhYOA�C]Â½H³NGP�YOa+A�Y]\ªÂ�A ��DGC �!\ªX+I*`Ea�DQX+X+A#dUYOCEDGX�H;P.A�C�P.F+X�`�YO\^NQX �YOa�A½COA�`�A�\��QA�_?HO\ªIJX�DGd
`�DQX²K�A�IQ\��QA#X1DJH�L

r(t) =

∫ ∞

−∞

∫ ∞

−∞

T (f, t)x(t − ν)ej2πfνdfdν + n(t)
����R � �
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©9`�NJÂ�ÂuF+X+\ `�DGYO\^NQX³`Ea�DGX�X+A�dG\ Hl`#DGd^dªA�_VX�DGC]CON ��K�DQX�_ � ��a�A�X³YOa�AWYO\^Â�A�_4A�d D��BK�A�Y��fA�A#X
YOa+AVdªNJX+IQA�HSYfDGX�_�Y]a+AVHOa+NQCOYOA�HSY�ÂuF+dªYO\^��D�Y]a�H

∆τ0
\ H�ÂsF�`Ea½dªA�HOH�YOa�A�X½Y]a+A�C]A#`�\ª�+C]N4`�DQd

NGPYOa+A=HO\ªIJX�DGd�K�DGX�_���\ _!Y]a
B
�+\¬R AJR

∆τ0 <<
1

B

���+R ¨ �

�ÀX9H;F�`Ea~D*`#DQHOA��YOa+A0COA�`�A�\��QA#C=`�DQX+X+NGYu_+\^H;YO\^X+IQF�\^HOaoK�A�Y���A#A�X~ÂuF�d�Y]\ª��DGYOaoC]A��+d^\ `�DQH
DGC]CO\��!\ªX�I�DGYV_4\ $�A#COA#X�YBYO\^Â�A#H���DGX�_*`�DGX�X+NGYBC]A#HONQd��QA�YOa�A=��DGCOYO\ `�F�d^DQCB��D�Y]a�H�\^X*YO\^Â�AQR
�Áa+A�`Ea�DGX�X+A�dl\^Â��+F+d H;A³C]A#HO��NJX�HOA�\^X1YOa+\ H�`�DJH;A�`#DGX1K�A�IJ\ �JA�XcDQH �^g#� �'R

h(t, ν) = h(t)δ(ν)
����R ® �

DGX�_0YOa�A³YO\^Â�A ��DQC �!\^X+I½`Ea�DGX+X�A�d�YOCEDGX�HSP.A#C�P.F�X�` Y]\ªNJX

T (t, f) =

∫ ∞

−∞

h(t)δ(ν)e−j2πfνdν = h(t)
�,�+R ´ �

@BA#X�`�A��4YOa+A�C]A#`�A�\��QA�_0HO\ªIJX�DGd�\ H�`�DQd^`�F+d^DGYOA�_²DJH

r(t) = h(t)x(t) + n(t)
����R · �

�Áa+A0`Ea�DQX+X+A#dWYOCEDGX�H;P.A�C=P.F+X�` Y]\ªNJXo\ªX~Y]a+\ Hu`�DJH;A½\ H=DcY]\ªÂ�A ��DQC �!\^X+IcÂuF+dªYO\^�+d^\^`#D�YO\��QA
D�YOYOA�X!F�DGYO\^NQX ��DQd^HON²`#DGd^dªA�_?D²ÂuF+dªYO\^�+d^\^`#D�YO\��QAsP�DQ_+\ªX+Ic`�N!A �½`�\ªA#X�Y#Ru¸!\^X�`�AsYOa�A ��a�NQd^A
H;\^IQX�DGdUH;��A#`�YOC]F+Â \ H�DGY;Y]A�X!F�D�Y]A#_ ��\�Y]ajYOa�A�H]DGÂ�AsP�DQ_4\^X+Ic`�N!A5�6`�\ªA#XJY �l`Ea�DGX�X+A�d H�NQP
YOa+\ H�Y �!��A½DQCOAsCOA�P.A�C]COA�_*YONcDQH�M�DGY³P�DQ_4\^X+I*`Ea�DGX�X+A�d H ��NJC�X�NQX4¿¬P.COA ��F+A�X�` �jH;A#dªA�` Y]\ �JA
`Ea�DGX�X+A�d H�R
¸!\ªX�`�ABY]a+A �fD��JA�d^A�X+IQYOa�HUNQP�YOa+AVÂ�NJK+\^dªA�`�NQÂ�ÂsF+X+\ `�D�Y]\ªNJX�H�H �4HSY]A�Â½H�DQCOA�F�H;F�DGd^d �

ÂuF�`EapH;Â½DGd^d^A�CsYOa�DQX9YOa�A²��DGYOa�_4\�$�A�C]A�X�`�A#HsK�A�Y��fA�A�XpÂuF+dªYO\^��DGYOanC]A���dª\ `�DJHuNQPBYOa+A
H;\^IQX�DGd � �fA�`�DQX1DJHOHOF+Â�A�Y]a�D�Y�Y]a+A³�+a�DJH;A�HÁNGP�Y]a+A�ÂuF�d�Y]\ª��DGYOac`�NJÂ���NQX�A�X�Y]H�DQCOA�F+X4¿
`�NJCOC]A�d D�Y]A#_�R �Áa�\^H[DQX�_sYOa+ABDJHOHOF+Â��4Y]\ªNJXsNQP�D�d DGC]IQAfX�F�ÂuK�A�C[NQP�\^X�`�\ _4A#XJY[ÂsF+dªYO\^��D�Y]a
`�NJÂ���NQX�A�X�Y]Hfd^A#DQ_�H[Y]N�DQX²DGX�DGd��JY]\^`�_4A�HO`�CO\^�4YO\^NQX²NGPlY]a+A³�+C]NQK�DQK+\ªd^\ªY ��_+A�X�HO\�Y ��P.F�X�` ¿
YO\^NQX ����_4P���NGP�YOa+AVP�DQ_+\ªX+Is`�N!A5�6`�\^A�X�Y�RU©VHOHOF+Â�\^X+I=Y]a�D�YfX+NuHO\ªX+IJdªAV��D�Y]a0_4NJÂ�\^X�DGYOA#H
NGY]a+A�CEH ��DGX�_�F�H;\^X+I³YOa�AV`�A#X�YOCEDGd+d^\ªÂ�\ªY[YOa�A�NQC]A�Â � ��A�IJA�Y�Du`�NQÂ��+d^A � �³DGF�H]HO\^DQX�_+A�X4¿
H;\ªY ��P.NQC�YOa+AVP�DQ_4\^X+I�`�N!A5�6`�\^A�X�Y � ��a+\ `Ea6d^A#DJ_+HWY]NsD=F�X+\�P.NJCOÂ _4\ H;YOC]\ªK+F+YO\^NQX6\^X0�+a�DQHOA
N �QA#CBYOa�As\^X�YOA�C ��DGd

[0, 2π)
DGX�_¡D0µBD��!d^A�\^IQa?_+\^H;YOC]\ªK�F4YO\^NQX¡\ªXhDGÂ��+d^\�Y]F�_4A�����a�\^`Eaj\ H



��� � ��� 
�� 	������@
���� � ��	�� �5	�� �6� �%��� 	�� ���C� ��� 
�� �Q�

_4A ��X+A#_cDQH �^g#� �

fh(ρ) =
ρ

σ2
e−ρ2/2σ2

, 0 ≤ ρ < ∞ �,�+R » �

��a+A�C]A
σ2 \ H�YOa+A ��DGC]\^DQX�`�AVNGPlY]a+A³F+X�_4A#COd��!\ªX+I��³DGF�H]HO\^DQX0�+C]N4`�A#H]HfDGX�_ ρ

\ H�YOa+A
DGÂ��+d^\�Y]F�_4A�NGPWY]a+A��+CON4`�A#H]H�R �Áa+A�µ�D���d^A�\^IQa¡_4A�X�HO\ªY �1\ H�D0F�HOA�P.F�dY]N!NQdP.NQC³`Ea�DGCEDQ`�¿
YOA#CO\^��\^X+I�X�DGC]C]N ��K�DGX�_0`Ea�DGX+X�A�d H ��\�Y]a1X�N�_+NQÂ�\ªX�D�YO\^X+I�d^\ªX+A�NQPUHO\^IQa�YB`�NQÂ���NQX+A#X�Y#R

�'P�Y]a+A�C]AB\ H�D�_4NJÂ�\ªX�DQX�Y�`�NQX�Y]CO\^K+F4Y]\ªNJXsP.C]NQÂ D�d^\ªX+A�NGP�H;\^IQa�Y[��DGYOa �JYOa+AVDQH]H;F+Â��4¿
YO\^NQX�H ��a+\ `Eana�D��QA0d^A#_9YON¡YOa+AcµBD��!d^A�\^IQan_4\ H;YOC]\ªK+F+YO\^NQXp_+N¡X+NQY�a�NQd _�R �'Y½`�DGXpK�A
H;a�N ��X0Y]a�D�Y�\^XcHOF�`Ea*D�`�DJH;A��JY]a+A³P�DQ_+\ªX+I6`�N!A5�6`�\^A�X�YÁP.NQd^dªN �BH�D�µ�\ `�A�_4\ H;YOC]\ªK+F+YO\^NQX

fh(ρ) =
ρ

σ2
e−(ρ2+β2)/2σ2

I0

(ρβ

σ2

)

, 0 ≤ ρ < ∞ �,�+R ¾ �

��a+A�C]A
β
\ HuY]a+A*DGÂ��+d^\�Y]F�_4A1NGPVYOa+Ac_4NQÂ�\^X�DGX�Y���D�Y]apDQX�_

I0(.)
\^HsY]a+AcÂ�N4_4\ ��A�_

efA#H]H;A#d�P.F+X�` Y]\ªNJX ����CEH;YÁ�!\^X�_ �+�#A�C]NsNJC]_+A�C ����a+\^`Ea1\ H�IQ\��QA#X²DQH

I0

(ρβ

σ2

)

=
1

2π

∫ 2π

0

eβρcos(φ)/σ2

dφ.
�,�+R^g#Ä �

�Áa+A³µBD��!dªA#\ªIJa0_4\ HSY]CO\^K+F4Y]\ªNJX²`�DQX6K�A³HOA�A#X0DQHÁDsH;��A#`�\^DQd�`#DQHOA�NQPlYOa+A³µ�\ `�A³_4\ HSY]CO\^K+F4¿
YO\^NQX'��\ªYOa

β = 0
R �ÀX*Z�\ªI�R[�+R ��µ�\^`�A³��_!P � HVDGC]A�\^d^dªF�H;YOCED�Y]A#_0P.NQCB_4\ $�A�C]A�X�Y���DGd^F+A#HÁNQP

YOa+A���DGCEDGÂ�A�Y]A�C
β
R

������� � ��� � � / �(� � � �+�7*-/���� 2�3(� ���(/�3(3 �7*�� , � �"*

©�H]H;F�Â�\^X+I0YOa�DGYVY]a+AuY]C]DQX�HOÂ�\ªY;Y]A#_¡H;\^IQX�DQd
x(t)

a�DQH�D½Y��fN²HO\ _4A#_?K�DGX�_ ��\�Y]a?NGP
B
�

DG�+��d �!\^X+I�Y]a+A�HODQÂ��+dª\^X+IVYOa+A#NQC]A�Â NJX=YOa�Afd^N �9��DJHOH�A �JF�\ ��DGd^A�X�YWH;\^IQX�DGd
xl(t)

C]A#HOF+dªY]H
\ªX1Y]a+A³P.NQd^dªN ��\^X+I�H;\^IQX�DGd�C]A��+C]A#HOA�X�Y]DGYO\^NQX �^g�¨ �¬L

xl(t) =
∞
∑

n=−∞

xl

( n

B

)sin[πB(t − n/B)]

πB(t − n/B)

�,�+R^gQg �

�Áa+A�Z+NJF+CO\^A�CÁY]C]DQX�H;P.NQC]Â NGP
xl(t)

\ H

Xl(f) =

{

1
B

∑∞
n=−∞ xl(n/B)e−j2πfn/B |f | ≤ B

2

0
NQYOa+A#C ��\ HOA �,�+R^g�� �
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�����76Á|"6^| �Áa+A6µ�\ `�A��+C]NQK�DGK+\^dª\ªY �?_4A#X�HO\�Y �*P.F�X�` Y]\ªNJX�H ��\ªYOa
σ2 = 1

P.NJC=_4\�$�A�C]A�X�Y
��DGd^F+A#HÁNQP

β
R[Z�NQC

β = 0
� �Áa+A=µ�\ `�A�_4A#X�H;\ªY �0C]A#_+F�`�A�H�Y]N6D�µBD��!dªA#\ªIJa²_4A#X�H;\ªY �QR

��HO\ªX�I½YOa+AsdªN � ��DQH]H�A���F+\���DGd^A�X�YVNQPWYOa+AuYO\^Â�A ��DGC]\^DQXJY�`Ea�DGX+X�A�dlY]C]DQX�H;P.A�CBP.F�X�` Y]\ªNJX
Tl(t, f)

Y]a+A�dªN ����DQH]HÁA���F+\���DGd^A�X�Y�NGP�YOa+A�C]A#`�A�\��QA#_²H;\^IQX�DGdl`�DQX²K�A�A � �+C]A#H]HOA#_0DJH�L

rl(t) =

∫ ∞

−∞

Xl(f)Tl(t, f)ej2πftdf + n(t)
����Rªg�� �

¸!F+K�H;YO\ªYOF+YO\^X+I ����Rªg�� ��\ªX �,�+R^g#� � �!\^A�d _+H

rl(t) =
1

B

∞
∑

n=−∞

xl(n/B)

∫ B/2

−B/2

Tl(t, f)ej2πf(t−l/B)df + n(t).
����Rªg#¨ �

T�A���X+\^X+I�Y]a+A�K�DGX�_�dª\^Â�\�Y]A#_ �QA#C]HO\^NQX�NGP�YOa+ABd^N �n��DQH]HWA���F+\���DGd^A�X�Y�`Ea�DGX�X+A�d+\^Â��+F+d H;A
COA�H;��NQX�H;A³DQH

hB(t, ν) =

∫ B/2

−B/2

Tl(t, f)ej2πfνdf = hl(t, ν) ∗ sin(πBν)

(πν)

�,�+R^g�® �
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rl(t) =
1

B

∞
∑

n=−∞

xl(n/B)hB(t, t − n/B) + n(t)
����Rªg�´ �

=
1

B

∞
∑

n=−∞

xl(t − n/B)hB(t, n/B) + n(t).

�VK���\^NQF�H;d�����P.NQC�d DGC]IQA
B
�
hB(t, ν)

`�NQX��JA�C]IQA#H[YON
hl(t, ν)

R[�hA=`�DQX���C]\ªYOA

rl(t) ≈
1

B

∞
∑

n=−∞

xl(t − n/B)hl(t, n/B) + n(t).
����Rªg�· �

�ÀX�YOC]N!_+F�`�\^X+I�YOa+A³Y]\ªÂ�A ��DGC �!\ªX�I�`Ea�DQX+X+A#dl`�N!A5�6`�\^A�X�YEH
hn(t)

DJH

hn(t) =
1

B
hl(t, n/B)

����Rªg�» �
YOa+A�NJF4YO��F4YBNGPYOa+A=`Ea�DQX+X+A#dl`�DGXcK�A�A � �+C]A#H]H;A�_0DJH

rl(t) ≈
1

B

∞
∑

n=−∞

xl(t − n/B)hn(t) + n(t).
����Rªg�¾ �

�Áa+A6P.NJCOÂ NQPBYOa+A²COA�`�A#\ �JA#_oHO\ªIJX�DGdf\ªX ����Rªg�¾ �³\^Â��+dª\^A#HsY]a�D�YsYOa+Ac`Ea�DGX�X+A�dÁ`�DQX9K�A
Â�N!_+A�d^A#_~NQC�C]A���COA�H;A#XJY]A#_~DQHuD1Y]DG����A�_o_4A�d D��?d^\ªX�AQR �Áa+A�YO\^Â�A ��DGC �!\ªX+I*\^Â��+F+d H;A
COA�H;��NQX�H;A�P.NQCUY]a+A�`Ea�DGX+X�A�d+`�DQXuK�A�A � �+C]A#H]H;A�_=\^XuY]A�C]Â½HUNGP�Y]a+AB`Ea�DQX+X+A�d+`�N!A5�6`�\^A�X�Y]H
DQH#L

hl(t, ν) =

∞
∑

n=−∞

hn(t)δ(ν − n/B)
����R �QÄ �

DGX�_0YOa�A³YO\^Â�A ��DQC �!\^X+I½`Ea�DGX+X�A�d�YOCEDGX�HSP.A#C�P.F�X�` Y]\ªNJX1\ H

Tl(t, f) =

∞
∑

n=−∞

hn(t)e−j2πfn/B �,�+R �4g �

�ÀXp��C]DJ` YO\ `�A���ÂsF+d�Y]\ª��D�YOa�`Ea�DQX+X+A#d^H�`�DQXpK�AcCOA#�+C]A#HOA�X�YOA�_9K��nD ��X+\ªYOAcX!F+ÂuK�A�C½NQP
Y]DQ��H�R �Áa�A*X�F�ÂuK�A�C6NQP�Y]DQ��H

M
COA �JF�\ªC]A#_nP.NQC6Do`Ea�DQX+X+A#dB_4A���A�X�_�H½NQX�YOa�Aj`�NG¿
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�����76U|"6 & �Áa+A ��DG�+��A#_cTVA�d D��0¯l\^X+Au��a�DQX+X+A�di*N4_4A�d

a+A�C]A�X�`�A½K�DQX�_���\ _!YOaoNQPfY]a�D�Ys��DGCOYO\ `�F+d DGC=`Ea�DGX+X+A#d � ��a+\ `Eao\^Hs_4A ��X�A#_oDQH�YOa+A½P.C]A�¿
��F+A�X�` �0HOA���DQC]DGYO\^NQX �#��a+A#COA�YOa�A=`�NQC]C]A�d D�YO\^NQX²NGP�Y���N�C]A#`�A#\ �JA#_1H;\^IQX�DGdl`�NJÂ���NJX+A�X�Y]H
K�A�`�NJÂ�A�H�d^A#H]H�YOa�DQX¡Ä+R ®B�^g�¨ �¬R�Z�\ªI�R���R ¨²\ªd^d^F�HSY]C]DGYOA�HVD6Y]DG����A�_?_4A#d^D��cd^\ªX+A�`Ea�DQX+X+A�d
��\�Y]a

M
`Ea�DGX+X+A#d�`�N!A5�6`�\^A�X�Y]H#R �Áa�Af`�N�A �6`�\^A�X�Y]HNGP+Y]a+AÁ`Ea�DGX+X�A�d�\ªÂ��+F+d HOA�C]A#HO��NJX�HOA

DGC]A�YO\^Â�A ��DQC �!\^X+I²H;YON4`Ea�DJHSY]\^`���CON4`�A�HOHOA#H ��\�Y]a¡`�NQÂ��+d^A � �³DGF�H]HO\^DQXj_4\^H;YOC]\^K+F4YO\^NQX�H ���a+\ `EajIQ\��QA�C]\^HOA�Y]N²µ�\ `�AsNQCVµ�D���d^A�\^IQa*_4\ H;YOC]\ªK+F+YOA#_?Â½DGIQX�\�Y]F�_4A#H���DJHV_+\^H]`�F�H]HOA#_c\^X
H;A�` Y]\ªNJX1��RªgJR �0R

��������� ��� ��� � ��� � ) 	 	 &(' � #�2�,43

�Áa+\ HVHOA#`�YO\^NQXj_4A�HO`�CO\^K�A�HBY]a+AsHO\^Â���dª\ªP �!\ªX+I1DQH]H;F�Â��+YO\^NQX�H�Â�DJ_4Au\^XjNJC]_4A#CBY]N0Â�N4_4A�d
YOa+A=H;Y]DGYO\ HSY]\^`#DGdl`Ea�DQC]DJ` Y]A�C]\^H;YO\ `�H�NGP�YOa+A=`Ea�DGX+X+A#d�\ªÂ��+F�d^HOA³COA�H;��NQX�HOA

hl(t, ν)
R

Z\^CEHSY �#Y]a+A�DJHOHOF+Â��4YO\^NQX�NQP���\^_4A�H;A#X�H;A[H;Y]DGYO\^NQX�DQCO\ªY �<����¸+¸ �H;a�DQdªdQK�A[A � DGÂ�\ªX�A#_�R
©��+CON4`�A#H]H�\ HÁ`�DQdªd^A#_���\^_+A³HOA�X�H;A³HSYED�Y]\ªNJX�DGC ���!\ªP\ªY]H ��CEHSYÁY��fNsÂ�NJÂ�A#X�Y]H��4\,R AQRUÂ�A#DQX
DGX�_1DGF+YON4`�NJCOC]A�d D�Y]\ªNJX6DGC]AV\^X�_4A#��A#X�_4A�X�YBNQPDGK�HONQd^F4Y]AVY]\ªÂ�A��^g�®(�'R[Z+NJCÁD ��\ _4A�H;A#X�HOA
HSYED�Y]\ªNJX�DGC �9`Ea�DGX�X+A�d ��Y]a+\ H½Â�A#DGX�H�YOa�DGY½YOa+AjDQF4YON4`�NJCOC]A�d D�Y]\ªNJXoP.F+X�`�YO\^NQXr_4A#��A#X�_+H
NQX+d��0NJX1YO\^Â�As_4\�$�A�C]A�X�`�A���DGX�_²YOa�A=Â�A#DGXc\ HB`�NJX�H;Y]DGX�Y�R �ÀXcYOa+A=Y]DG����A�_1_+A�d D��0d^\ªX+A
`Ea�DGX�X+A�d �f_+A#H]`�C]\ªK�A#_p\ªXÃY]a+A*�+C]A �!\^NQF�H½HOA#`�YO\^NQX ��YOa+A*��¸�¸ÃDQH]H;F+Â��4Y]\ªNJXpd^A#DJ_+H�YON
C]DQX�_4NJÂ�`Ea�DGX+X�A�dl`�N!A �½`�\ªA#X�Y]H

hn(t)
��\ªYOa*`�NJX�HSYEDGX�Y�Â�A#DGX ��DGd^F+A#H#R

�Áa+ABH;A�`�NJX�_u\^Â���NJC;YEDGX�Y[DQH]H;F�Â��+YO\^NQXu\ HUY]a+A�F+X�`�NQC]COA#d^DGYOA#_uHO`#D�Y;Y]A�C]\ªX�I�� �V¸ �UDJHS¿
H;F�Â��+YO\^NQXlR �ÀX6`Ea�DQX+X+A�d H%��\ªYOa½F+X�`�NQC]C]A�d D�YOA�_�HO`#D�Y;Y]A�C]\ªX�I ��Y]a+A�H;Y]D�Y]\^H;YO\ `�H�_4A#H]`�C]\^K+\ªX�I
H;\^IQX�DGd[`�NJÂ���NJX+A�X�Y]H�DQCOC]\���\^X+I ��\�Y]ao_4\�$�A�C]A�X�Yu_4A#d^D��4H�DQCOA½DQH]HOF+Â�A#_?YON*K�A½F+X�`�NJC;¿
COA#d^DGYOA�_ ��\ªYOa~A#DJ`Ea?NQYOa+A#C#R6Z�NQC�YOa+A�YEDG�+��A#_~_4A#d^D��?dª\^X+A6`Ea�DQX+X+A�dWÂ�N4_4A#d ��YOa+A ��¸
DQH]H;F�Â��+YO\^NQXod^A#DQ_�H�YONh`Ea�DGX�X+A�df`�N!A5�6`�\^A�X�YEH ��a+\ `Ea9DGC]A6F+X�`�NQC]C]A�d D�YOA�_ ��\�Y]a9A#DJ`Ea
NGY]a+A�C�R

�Áa+AVÂ�N�HSYÁF�HOA�P.F+dl`Ea�DQX+X+A#d�Â�N4_4A�d�P.C]NQÂ¤Y]a+A �!\^A�����NQ\^X�YfNQPDuÂ�NJK+\ªd^A�C]DJ_4\ªNuA�X4¿
IQ\^X+A�A#CV\ HVYOa+A�a��!K+CO\ _4\^�#DGYO\^NQXjNQP[YOa+A�DGK�N �QA�`Ea�DGX�X+A�d H ��C]A�P.A#COC]A#_1Y]N1DJH ��\ _4A�H;A#X�HOA
HSYED�Y]\ªNJX�DGC �9F+X�`�NQC]COA#d^DGYOA�_pH]`�DGY;YOA#CO\^X+I �.��¸�¸��V¸ �²`Ea�DQX+X+A�d H#R �Áa+A*��DQC;Y]\^`�F+d DGC0HO\�¿
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�����76�|"6 � �Áa�AhTVNQ�+��dªA#C²A�$�A�` Yc\^H1`�DQF�H;A�_�K���YOa+AhCOA#d^DGYO\��QAjÂ�N �JA�Â�A�X�Y0NQP=YOa+A
COA�`�A#\ �JA�C ��\�Y]acCOA�H;��A#`�YfY]N�YOa+A³Y]C]DQX�H;Â�\ªY;Y]A�C

IQX+\ ��`#DGX�`�A²NQPBYOa+\ H��!\ªX�_nNQPV`Ea�DGX�X+A�d H�`�NQÂ�A�HuP.C]NQÂ Y]a+A1P�DQ`�Y�Y]a�D�Y�YOa�A �nDQCOA²YOa+A
H;\^Â��+d^A#H;Y½`Ea�DGX+X+A#d^HsY]N9DGX�DQd �4HOA²DGX�_nÂ�N4_4A�d ��YOa�DGY�A � a+\ªK�\�Y½Y]\ªÂ�AjDGX�_9P.C]A���F+A#X�` �
H;A#dªA�` Y]\ �JAVP�DJ_4\^X+I>�ªg�´ �¬R

��������� ��� � �+, � � *�� $ ��� �"!�#

Z+NJC[DGX½DQ`#`�F+CED�Y]A�Â�N4_4A�d^d^\ªX+I�NQP�Y]a+ABÂ�NQK�\ªd^A�`�NQÂ�ÂsF+X+\ `�D�Y]\ªNJX�`Ea�DGX+X+A#d^H��GY]a+A�A $�A#`�Y]H
NGP�YOa+AV_4NQ�+��dªA#C�H;a�\�P Yfa�D��QAfYONuK�A�DQd^HON�Y]DQ�QA�X�\^X�YONuDJ`�`�NJF+X�Y#R �Áa+A�TVNQ�+�+d^A�C�A $�A#` Y�\^H
`�DQF�H;A�_1K �²YOa�AuC]A�d D�YO\��QA³Â�N �QA#Â�A�X�YBK�A�Y���A#A�XcY]a+AuC]A#`�A�\��QA�CBDQX�_1YOa�A=YOCEDGX�H;Â�\ªY;YOA#C��
��a+\ `Ea*\^H�\ªd^dªF�HSY]C]DGYOA#_c\^XjZ�\ªI�R��+R ®4R �Áa+A=C]A�d D�Y]\ �JA �QA�d^N4`�\ªY �

v
NGPWYOa�A=F�HOA�C�`#DGF�HOA#HVD

H;a�\�P YB\^X1YOa+A³P.C]A���F+A#X�` �6NQP�Y]a+A�\ªX�`�\ _4A�X�Y �ÁD��QA
fC

����a+\ `Ea*`�DGX1K�A=`�DGd `�F�d^DGYOA#_1DQH

fD =
fCv

c
cos(π − γ) = fDmaxcos(π − γ)

����R �J� �

��a+\ªYOa�YOa�A�T�NJ�+�+d^A�CfH;a+\ªP Y
fD

�JYOa�A�H;��A�A�_�NGP�d^\ªIJaJY
c ≈ 3×108m/s

�JDQX�_�YOa�A�DGX+IJdªA
NGPWDGC]CO\���DGd�NGP�YOa�A �fD��JAV\ H

π − γ
DQH�HOa+N ��X²\^XjZ�\ªI�R��+R ®4R �Áa�A�Â�D � \ªÂsF+Â _4NJ�+�+d^A�C

H;a�\�P Y ±fDmax
P.NJCD�IJ\ �JA�X

v
DQX�_

fC
N4`#`�F+CEH � ��a+A#X�YOa+A �fD��JA�P.C]NQX�YlDGC]CO\��QA�H�_4\^COA�` YOd��

P.CONJÂ�K�A�a+\^X�_1NQCÁP.C]NQÂ¦DQa+A#DJ_ ��\,R AQR
cos(γ) = ±1

� R
�ÀX6DGX�A�X��!\ªC]NQX�Â�A#X�Y ��\�Y]a½ÂuF+dªYO\^��D�Y]a½�+C]NQ��DQIJD�Y]\ªNJX ��YOa�A�H;\^IQX�DGd�DGYWYOa+ABC]A#`�A�\��QA#C

\^Hf`�NJÂ���N�H;A�_�NGPlH;A��QA#C]DQd+ÂuF+dªYO\^��DGYOa²`�NQÂ���NQX+A#XJYEH ��\ªYOa0_+\�$�A�C]A�X�YfDQX+IQd^A#H�NGP�DQCOC]\ ��DQd
DGX�_ ��`�NJX�H;A ��F+A�X�YOd����+_+\�$�A�C]A�X�YV_4NJ�+�+d^A�CBHOa+\ªP Y]H#R �Áa+A=HOF+��A�C]��N�H;\ªYO\^NQXcNGP�YOa�A=H;\^IQX�DQd^H
P.CONJÂ _+\�$�A�C]A�X�Y�ÂsF+dªYO\^��D�Y]a�H�d^A#DJ_+HWY]N=Y]a+AVHOF+��A�C]��N�H;\ªYO\^NQX½NQP�YOa+A#\ªCf\ªX�_4\ �!\ _4F�DQd�TVNQ�4¿
�+d^A�CBHOa+\�P YEH ��COA�H;F+dªYO\^X+I�\^XcD�HO�+C]A#DQ_²NGPYOa+A=HO\^IQX�DQd�\ªX1YOa�AVP.C]A���F+A#X�` �²_4NQÂ½DG\^XlR
©BX²DQX�DGd���YO\ `BC]A��+C]A#HOA�X�YED�YO\^NQX½NQP�YOa+A�A $�A#`�Y]HfNGP�Y]a+A³T�NJ�+�+d^A�CÁH;a+\ªP YÁ\^HfDQ`Ea+\^A �JA#_ �

F�HO\ªX+I�Y]a+A³P.NQd^dªN ��\^X+I�H;\^Â��+d^\�P �!\^X+I6DQH]H;F�Â��+YO\^NQX�H#L
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The Jakes Spectrum
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Dmax

Φ
(f

)

�����76W| 6 � �Áa+A=b�DG�JA#HÁ¸!��A#` Y]COF�Â

• �Áa+A�DGX+IJdªAuNGPWYOa�AsDGC]C]\ ��DGdNGPUYOa�As\^X�`�\ _4A#XJY�ÂuF+dªYO\^��DGYOa?`�NQÂ���NJX+A�X�YEHB\ H�F+X�\�¿
P.NJCOÂ�d��0_4\ HSY]CO\^K+F4Y]A#_1N �QA#C

[0, 2π)

• �Áa+A �ÁD��QA��+C]NQ��DQIJDGYO\^NQX½YEDG�QA�HÁ�+d DQ`�A³NJX1D�a+NJCO\^��NJXJYEDGd��+d DGX+A

• �Áa+AuCOA�`�A�\��QA#C�A�Â��+d^N �4HBDGX*NJÂ�X�\^_4\^C]A#` Y]\ªNJX�DGdlDQX�YOA�X�X�D ��\�Y]a?D½`�\^CE`�F+d DGC���DGY;¿
Y]A�C]X

�Áa+A#HOA�DQH]H;F�Â��+YO\^NQX�HÁC]A#HOF+dªYÁ\^X*D�T�NJ�+�+d^A�CBHO��A�` YOC]F+Â � ��a+\ `Eac\^HÁIJ\ �JA�XcDQH �^g��(�

Φ(f) =

{

1√
1−(f/fDmax)2

|f | ≤ fDmax

0
NGY]a+A�C ��\^HOA �,�+R �G� �

DGX�_9\^Hs\ªd^d^F�HSY]C]DGYOA�_~\ªX�Z\^I�Rh�+R ´+R �Áa�\^Hs�!\ªX�_9NGP�TVNQ�+�+d^A�C�HO��A�` YOC]F+Â \ HsDQd^HON?`�DQd�¿
dªA�_cYOa�Asb�DG�QA�H�¸!��A#`�YOC]F+Â DGX�_cC]A��+C]A#HOA�X�YEHÁYOa+A�H;��COA�DQ_c\^X*YOa+A=P.COA �JF�A�X�` �c_+NQÂ½DG\^X
NGP�D1�+F+C]A�d��?H;\^X!F�HONQ\ _+DGd[HO\ªIJX�DGdUF+X�_4A�C�Y]a+A½\^X M�F+A#X�`�A½NQP�Y]a+A6T�NJ�+�+d^A�C�A�$�A�` Yu\^XoD
ÂuF+dªYO\^��DGYOa9`Ea�DQX+X+A�d¬R²TVF+A½Y]NcYOa+A6YO\^Â�A6P.COA �JF�A�X�` �¡_4F�DQdª\ªY ���YOa�\^H³P.C]A���F+A#X�` �h_4\ HS¿
��A#C]HO\��QAB�+a�A�X+NJÂ�A#X+NQX0COA�H;F+dªY]H�\^X0D�Y]\ªÂ�A³H;A#dªA�` YO\��QAVK�A#a�D��!\ªNJF+C�NQP�YOa+A³`Ea�DQX+X+A�d ��\,R AQR
a+\^IQa+A#C�F�H;A#C �QA#dªN4`�\�Y]\ªA�H³COA�H;F+dªY=\^X ��\^_4A#Cu_4NJ�+�+d^A�C=HO�+COA�DQ_+H�� ��a�\^`Ea~d^A#DQ_¡Y]NcP�DQH;YOA�C
M�F�`�YOF�DGYO\^NQX�HÁ\^X1YOa+A=`Ea�DQX+X+A#d�\ªÂ��+F+d HOA�COA�H;��NQX�HOAQR

�DQ��\^X+IÁY]a+A���¸+¸ �V¸�DJHOHOF+Â��4YO\^NQX ��TVNQ�+��dªA#C�H;��COA�DQ_4\^X+IBDGX�_�P�DQ_4\^X+I�A $�A#`�Y]H�\ªX�YON
DQ`#`�NQF�XJY ��DGXh\^X�_4\���\ _4F�DQd�`Ea�DQX+X+A�d[`�N!A5�6`�\^A�X�Y�NGPfYOa+A�YEDG�+��A#_~_4A#d^D��?dª\^X+A6`Ea�DQX+X+A�d
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�����76U|"6 � ��A�X+A#C]DGYO\^NQX1NGPWD�`Ea�DGX+X�A�dl`�N!A �½`�\ªA#X�Y

Â�N!_+A�d�`#DGXhK�A½IJA�X+A#C]DGYOA#_?X!F+Â�A�C]\^`#DGd^d �jDJH�H;a+N ��Xh\^X~Z�\^I�R½�+R ·!R �Áa+A½\^Â½DGIJ\ªX�DQC �
DGX�_�YOa+A¡COA�DGd���DGCOY]H6NQP�YOa+Ah`Ea�DGX�X+A�d�`�N!A5�6`�\^A�X�YcDGC]AjIQA#X+A�CED�Y]A#_ÃH;A#��DGCED�Y]A�d��nK��
F�HO\ªX+I²Y��fN0F+X�`�NQC]COA#d^DGYOA�_���a+\ªYOA½�³DGF�H]H;\ DGX?�+CON4`�A#H]H;A�H ��IQ\��!\ªX�I0C]\^HOAuY]N1D²µBD��!dªA#\ªIJa
_4\ HSY]CO\^K+F4Y]A#_6DQÂ���dª\ªYOF�_+AQR �Áa+A�A�$�A�` YEH[NGP�Y]a+AV_+NQ�+�+d^A�CfH;��COA�DQ_�DGC]ABÂ�N4_4A�d^A#_�K���YOa+A
��dªYOA�CEH�DG���+CON � \^Â½D�YO\^X+IsYOa+A=TVNQ���+dªA#CBH;��A#`�YOC]F+ÂcR

� ! � � %.=:4#?�/ � - +"7:LKE 4#L L 4#%"7 $ 6 ��/�E /�L
©�`�`�NQCE_4\ªX�IuY]N�YOa+A�Y]C]DQX�HOÂ�\ H]H;\^NQX1HO`Ea+A#Â�A�F�H;A�_ �4Y]a+\^H�`Ea�DG�4Y]A�CB_4\��!\^_+A#HÁY]a+A�Â�NQK+\^dªA
`�NJÂ�ÂsF+X+\ `�DGYO\^NQXcH;\^IQX�DQd^Hf\^X�YON�YOa+C]A�A=`#D�Y]A�IQNJCO\^A#H#L

• ¸!\^X+IJdªA6�fDGC]CO\^A�C�YO\^Â�A�_4\��!\^HO\^NQXjÂsF+d�Y]\ª��dªA�DQ`#`�A#H]H(� ��T�ij©��VH;\^IQX�DGd H�R³i*NJH;YVNQPY]a+A½H;A�`�NQX�_jIQA#X+A�CED�Y]\ªNJX*Â�NQK+\^dªAsYOA#dªA�`�NJÂ�ÂsF+X+\ `�DGYO\^NQX¡HO\^IQX�DQd^H�P�DGd^dU\ªX�YON²YOa�\^H
`#D�YOA#IQNJC �JR �Áa+A�Â�NJH;YV�+C]NQÂ�\^X+A�X�Y³A � DGÂ��+d^A#H�DGC]As��¸4i ��T f� � ��M�T�� DGX�_
�;¸�¿Eg#�J´+R

• ¸!\^X+IJdªA�`�DQCOC]\^A�CW`�N4_4A�_4\��!\^HO\ªNJXuÂsF+d�Y]\ª��dªABDJ`�`�A�HOH �'�fTVij©J�WHO\ªIJX�DGd H�R �Áa+A�DGÂ�A�¿C]\^`#DGX �;¸!¿'¾�®oDGX�_rYOa+A~�GCE_ÃIQA#X+A�CED�Y]\ªNJX � ��µB© H �!H;YOA#Â½H²DQCOA ��A#dªd��!X+N ��X
A � DQÂ��+dªA�HÁK�A#dªNJX+IQ\^X+I�YON�Y]a+\ H�`�D�Y]A�IJNQC �QR

• �VCOYOa+NJIQNJX�DGdQP.COA �JF�A�X�` ��_4NJÂ½DG\^X=ÂuF+dªYO\^�+d^A � � ��Z�T�i �H;\^IQX�DGd H�R �Áa+A ��\^COA#dªA�HOH¯© �ÃHSYEDGX�_�DGCE_ �   o»QÄ��4R^gQg�DBDGX�_=YOa+A�YOA#COC]A#H;YOC]\ DGd!_4\ªIJ\�YEDGd��!\^_+A�N�K�CON�DQ_+`#DQH;¿
Y]\ªX+IN��T���e�¿ ����H �4HSY]A�Â½HlDGC]A[DG\^Cl\^X�YOA�COP�DQ`�A#H�F�HO\^X+IÁYOa+\ H�Y]C]DQX�HOÂ�\ H]H;\^NQX�H]`Ea+A�Â�AQR
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Z�COA �JF�A�X�` �0eÁDGX�_ g#»J»QÄ�¿Eg#¾JÄQÄ�ij@��
�fDQCOC]\ªA#CÁ¸4A���DQC]DGYO\^NQX �GÄJÄsk�@��
�VH;A#C]H ��`#DGC]CO\^A�C »
TVF+�+d^A � \^X+I½i*A�Y]a+N4_ ZUTVT
Z�C]DQÂ�A�¯�A�X+IQYOa ¨�R ´+g�´GÂ½H
¸!d^NGYB¯�A�X+IQYOa ®J·G´ � ¾

µ
H

�NGYEDGd�¸��!ÂuK�NQdlµ�D�YOA �J·GÄ � »Q�Q�uk³K+\�Y ��H
i*N4_4F�d^DGYO\^NQX � �!��A �³i?¸4k ��\�Y]ace ����Ä�R �

:f�4� 6[| 6 � ��¸+i ¸��!H;YOA#Â�MWDGCEDGÂ�A�Y]A�CEH

��� ����� �.2�3 � *-� � /1$�$�2-� $ � � � ) � � 	 #%�"'�	

©BX N �JA�C ��a+A�d^Â�\ªX+I�Â½D�±SNJCO\ªY �rNGP�Y]a+A9H;A�`�NJX�_�IQA�X�A�CED�YO\^NQX�Â�NQK+\^d^A9`�NQÂ�ÂsF+X+\ `�D�¿
YO\^NQXcH �4H;YOA#Â�H�`�F+C]COA#XJY]d �0\ªXcNQ��A�CED�Y]\ªNJX0K�A�d^NQX+I�HfYON�YOa�A=`�D�Y]A�IJNQC �½NGP�HO\^X+IQd^A�`�DGC]C]\ªA#C
��TVi?©£H �4HSY]A�Â½H � ��a+A#COA=A�DQ`EajF�H;A#CVDQ`#`�A�HOHOA#HBYOa+AuP.F+dªdW`Ea�DQX+X+A#d�K�DQX�_���\ _!YOa?P.NQC³D
P.C]DJ` Y]\ªNJX6NGPlY]\ªÂ�A³NQX²Du��A�C]\ªN4_4\ `VK�DQHO\^H#R �Áa+\ H�Â�A�DGX�H�YOa�DGY��+DGYÁDuIQ\��QA�X6YO\^Â�A��!YOa+A#COA
\^HsNQX�d �hNQX+A²H;\^IQX�DQd�NQPBNQX+A6��DGCOYO\ `�F+d DGCsF�H;A#CuNJX~YOa+A1`Ea�DGX+X�A�d � ��a�\^`Ea9Â½DQ�QA#H=YOa+A
H;A#��DGCED�Y]\ªNJXjNGP�YOa+A�F�HOA�CEH�COA#d^DGYO\��QA�d��*d^A#H]H�`�NQÂ��+d^\^`#D�Y]A#_�R �ÀX¡YOa�AsP.NJdªd^N ��\^X+I1D²K+C]\ªA�P
N �QA#C �!\^A���NGPWHONQÂ�A�DG\^C�\ªX�YOA#C;P�DJ`�A�H�F�H;\^X+I�YOa+\ HÁY]C]DQX�H;Â�\ HOHO\^NQX²H]`Ea+A#Â�A³\ H��+C]A#HOA�X�YOA�_�R

} m �

�ÀX�YOC]N!_+F�`�A�_½\ªX²A#DQCOd��sX�\ªX+A�YO\^A#H�����¸4i \ H�NQX+AVNGPlY]a+AVÂ�N�HSYÁH;F�`#`�A�HOH;P.F+d�Â�NJK+\^dªA³`�NJÂs¿
ÂuF+X�\^`#D�YO\^NQX1HSYEDGX�_�DGCE_+H�R �ÀX [F+C]NQ��A�����¸4i X+A�Y��fNQC]�4H�DQCOA�NQ��A�CED�Y]A#_0NQX²¾JÄQÄ�ij@B�
�,��¸4i ¾QÄJÄ ��DQX�_6g�»QÄJÄBij@B�.�¬��¸4i g�»QÄJÄ ��K�DQX�_+H ��a+A#COA�DQH�Y]a+AB��¸4i ��DQCO\ DGX�YF�H;A�_
\ªXcX+NJC;Y]a+A�C]X²©�Â�A�C]\^`#DsC]A#HO\ _4A#HÁNJX0Y]a+A½g#¾JÄQÄ�ij@B��K�DQX�_�R[��¸4i F�HOA#H�D�P.C]A���F+A#X�` �
_4NQÂ½DQ\ªX½_4F+��dªA � �,Z�T�T ��H]`Ea+A�Â�A�� ��a+A#COA�F+��dª\^X+��DGX�_½_4N ��X�dª\^X+�sHO\^IQX�DQd^HWDQCOAÁY]C]DQX�HS¿
Â�\�YOYOA#_hNJXh_4\ $�A�C]A�X�Y�P.COA ��F+A�X�`�\ªA�H�R��VX~¾QÄJÄ²ij@��½K�DGX�_ng���¨c`�DGC]C]\ªA#CVP.C]A���F+A#X�`�\^A#H
DGX�_hNJX¡Y]a+Ajg�»QÄQÄcij@��½K�DGX�_o��·�¨*`#DGC]CO\^A�C�P.C]A���F+A�X�`�\^A#H=DQCOA½DGd^d^N!`#D�Y]A#_¡P.NQCs��¸+i
YOCEDGX�HOÂ�\^H]HO\ªNJX ��\ªYOa½D�`�DQCOC]\^A�CWH;A#��DGCED�Y]\ªNJXuNQP��QÄQÄ³ij@B�JR �DQ`Ea�`�DQCOC]\ªA#CU\^H[HOa�DQCOA�_uK��
»uF�H;A#C]Hf\^X1D ��TVi?©�P�DJH;a�\ªNJX �#��\�Y]a1HOdªNQY�dªA#X+IGY]a�HfNGPU®�·�´ � ¾

µs
DQX�_½P.CEDGÂ�A�dªA#X+IGY]a�H

NGP�¨�R ´+g#´VÂ½H�R �Áa+AÁY]NGY]DQd+H �!ÂsK�NJd4C]DGYOAÁNQXsYOa+AB`Ea�DGX+X+A#d4\^H��J·�Ä � »J�Q����K�\�Y ��HUC]A#HOF+d�Y]\ªX�I
\ªX*D�H ��ÂsK�NJd�dªA#X+IGY]a

Ts
NGPW�+R ´Q¾��

µ
H#R

e�A�`�DQF�H;AWNQP�\ªY]H�CONJK+F�H;YOX+A�HOH�DQIJDQ\ªX�H;Y�HO\ªIJX�DGd�P�DJ_4\ªX�I�DGX�_�\^X�YOA�COP.A�C]A�X�`�A�����¸4i¤F�HOA#H
�³DGF�H]HO\^DQX½Â�\^X+\^ÂuF+Â HOa+\ªP Yf�JA �!\ªX�I��,�³i?¸+k"�WÂ�N4_4F+d D�YO\^NQX � ��a�\^`Ea6\ H�_+A�C]\ �JA#_�P.C]NQÂ
YOa+A�Â�\^X+\^ÂuF+ÂºHOa+\ªP Y[�QA���\^X+I ��i¡¸4k"��HO`Ea+A#Â�AQR �Áa+AÁdª\^X+A#DQCW�+a�DJH;AÁ`Ea�DGX�IQA#H�K�A�Y��fA�A#X
DQ_�±;DJ`�A#XJYUK+\ªYW��A#CO\^N4_+H�\ªÂ�i?¸+krDGC]AfHOÂ�N!NGYOa�A#_=\^X��³i¡¸4krF�HO\^X+I�D³�³DGF�HOHO\^DQX ��dªYOA#C��
D��QNJ\^_4\^X+I³Y]a+AV_4\ H]`�NQX�Y]\ªX!F+\ªYO\^A#H�\ªX6YOa+AV�+a�DQHOAV_+A�C]\ ��D�Y]\ �JA�YOa�D�Y�C]A#HOF+dªY�\^X²D ��\ _4A�X�\ªX+I
NGPYOa+A=HO\ªIJX�DGdlHO��A#` Y]COF�Â	�^g#´ �'R



��� � � 	������2
������ ��".� � "G"���	�� ����� 
�� 
�" ��g

�³i?¸4krÂ�N4_4F+d D�Y]\ªNJX � ��a+\ `Ea�\^HUF�HOA#_s\^X���¸4i �G`�DGX�K�Af\^X�YOA#CO�+C]A�Y]A#_�DQHUD³��¿'dªA��QA�d
ZW¸4k Â�N4_4F+d D�YO\^NQX ��\ªYOa¡D1Â�N4_4F+d D�Y]\ªNJX?\^X�_4A � h = 0.5

R �Áa+A�`�NJÂ��+dªA � A�X��QA#dªNJ��A
NGPUD6�³i?¸4k�Â�N4_4F+d D�Y]A#_cHO\ªIJX�DGd�\ H

s(t) = exp
[

j2πh
∞
∑

n=−∞

dn

∫ t

−∞

g(τ − nTs)dτ
]

.
�,�+R ��¨ �

��\�Y]acYOa+AsH �!ÂuK�NQdH;A �JF�A�X�`�A
dn ∈ {−1, 1} ��YOa+AuH �!ÂuK�NQdlCED�Y]A fs = 1/Ts

DQX�_1YOa+A
P.COA ��F+A�X�` �6\^Â���F+d^HOA

g(t)
IQ\��QA#X²DQH

gf (t) =
1

Ts
rect

( t

Ts

)

∗ pGauss(t).
�,�+R �Q® �

�Áa+A³IJDQF�HOHO\ DGX0\^Â��+F+d H;A
pGauss(t)

a�DQHfY]a+A³P.NQC]Â

pGauss(t) =

√

2π

ln2
· B · exp

(

− 2(πBt)2

ln2

)

.
�,�+R �G´ �

�Áa+Au�JA �0��DGCEDGÂ�A�Y]A�CBNQP�Y]a+As�³i?¸+k£Â�N4_4F+d D�Y]\ªNJX*\^HBYOa+As�+C]N!_+F�` Y�NQPUYOa+A��Q_+e
K�DGX�_���\^_4YOa

B
DGX�_nY]a+AjH ��ÂsK�NJdBd^A�X+IQYOa

Ts
� ��a�\^`EaÃ\ H6DGd H;N~C]A�P.A#COC]A#_nYON9DJH�YOa+A

X+NQC]Â½DGd^\ª�#A#_oK�DQ_���\ _!YOa�R9© d^N �
BTs

��CON4_4F�`�Y�C]A#HOF+dªY]H�\^XpDjK�CON�DQ_4A#CuP.C]A���F+A#X�` �
\ªÂ��+F�d^HOA

g(t)
��dªA�DQ_4\^X+I³Y]N=D�a+\^IQa+A#C �;¸�� � ��a+\^d^ABCOA�_4F�`�\ªX+I³Y]a+ABK�DQX�_���\ _!YOa � ��a+A#COA�DQH

P.NQC=Dca+\^IQa~e �º��CON4_4F�`�Y��U�³i?¸4k `�NQX��JA�C]IQA#H�YONji¡¸4k �l_4A#`�COA�DQHO\ªX�I²Y]a+A6HO��A�` YOCEDGd
A5�6`�\^A�X�` �QR[Z�\^I�RW�+R »�\ªd^d^F�HSY]C]DGYOA�H�Y]a+A³P.C]A���F+A�X�` �6\^Â��+F+d H;A

g(t)
P.NQCB_4\ $�A�C]A�X�Y���DGd^F+A#H

NGPfX+NQC]Â½DGd^\ª�#A#_¡K�DGX�_ ��\^_!Y]a�H
BTs

R6Z�NQCu��¸4i ��D
BTs

�+CON4_4F�` Y�NGP�Ä+R �1a�DQH³K�A�A#X
`Ea+NJHOA�X�R

�ÀX²NJC]_4A#CfYON½`�NJÂ���A�X�HODGYOAVP.NQCfYOa+A �;¸���DGC]\ H;\^X+I=P.C]NQÂ¤Y]a+A�d^N ��e �r�+C]N4_4F�` Y�DGX�_
P.CONJÂ YOa�AÁYO\^Â�AB_+\^HO��A#C]HO\��QAÁX�D�Y]F+C]AfNQP�Y]a+A�Â�NQK+\^dªAÁ�+C]NQ��DGIJDGYO\^NQX�`Ea�DGX+X�A�d ��YOa+A���¸+i
A�Â��+d^N �4H�D���\ªYOA�C]K+\lA ��F�DGd^\ª�#A�C ��a+\ `Eac��A#C;P.NJCOÂ½HBi?D � \ªÂsF+Â ¯�\ª�JA�d^\ªa�N�N4_c¸!A���F+A#X�`�A
�H;YO\^Â�DGYO\^NQX ��i?¯¸����R
�VCO\^IQ\^X�DGd^d���_4A�H;\^IQX�A#_³P.NJC �QNJ\^`�A�`�NQÂ�ÂuF+X�\^`#D�YO\^NQX �#Y]a+Af��¸+i¦H �!H;YOA#Â a�DQHF+X�_4A#C;¿

IQNJX+A=H;NJÂ�A=Â�N!_+\���`#D�Y]\ªNJX�HBN �JA�CÁYOa�A �QA�DGCEHfYON1DGd^dªN � _+D�YED½`�NJÂ�ÂsF+X+\ `�DGYO\^NQX�H ��\�Y]a
Â�N!_+A�CED�YOAVH �!ÂuK�NQd�CED�YOA�H�R �Áa+A�@V¸��Á¸4T ��a+\ªIJa0HO��A#A#_0`�\ªCE`�F�\�YÁH ��\ªY]`Ea+A�_½_+D�YED �[A�X4¿
a�DGX�`�A�Â�A#XJYV\^H�D0`�NQX+X+A�` Y]\ªNJX*NQC]\ªA#XJY]A#_*H]`Ea+A�Â�AuDQdªd^N ��\^X+I½YOa�As`�NJÂuK+\^X�DGYO\^NQX*NGP[F��
YON6¨�Y]\ªÂ�A�H;d^NGYEHÁP.NQC�D½H;\^X+IQd^A=F�HOA�CBYON0DJ`Ea+\ªA��QA�X+A�YV_+DGY]D½CED�Y]A#H�F+�cY]N²®J·4R ¨��!K+\ªY �GH�R
�Áa+A���M�µ�¸:�¬��dªNJK�DGd+��DQ`E�QA�YWC]DJ_4\ªN³H �!H;YOA#Â �UDGd H;N�DGd^d^N �BH�Y]a+AB`�NJÂuK+\^X�DGYO\^NQX�NGP�YO\^Â�A
H;d^NGYEH �4a�N ��A��QA�C �!\ªX*D���DJ`E�QA�YÁNJCO\^A�X�Y]A#_²Â�DQX+X+A#C#R �VH;\^X+I�YOa�Au��M�µ�¸cH]`Ea+A�Â�A���_+D�YED
C]DGYOA�H³NGPVgJg�®0�!K+\�Y ��H=`#DGXhK�A6DGY;YEDG\^X+A#_�R �Áa�A �T�� 5� [X+a�DQX�`�A�_~TVDGY]D1P.NQCu��d^NG¿
K�DGd� �JNQd^F4YO\^NQX*�[F�HOA#HfDsÂ�NJCOAVC]DJ_4\ `�DGd�DG�+��CON�DQ`Ea�YON�DQ`Ea�\ªA��QAV_�D�Y]DuC]DGYOA�H�F+�²YON��Q»Q¨
�!K+\�Y ��H#R �'YWA�Â��+d^N �4HDVa+\^IQa+A#CUdªA��QA�d�Â�N4_4F+d D�YO\^NQXuY �!��A.��»VM�¸4k"�\^X�H;YOA#DJ_=NQP��³i?¸4k �
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�����76V|"6 � �Áa+A1Z+C]A���F+A�X�` �h�+F+d H;A
gf (t)

P.NQC�_4\�$�A�C]A�X�Y ��DQdªF�A#H=NQP�YOa+A²��DGCEDGÂ�A�YOA�C
e �

F�HO\ªX+I½D��+F+d HOA=H;a�DQ��A�_4A�H;\^IQX�A#_0YON½Â½DG\^X�Y]DG\^X²YOa+Au�QÄQÄs�!@��=`�DQCOC]\ªA#CfHOA���DGCED�YO\^NQX�R

¥²¹  s:
�Áa+AsT f� ����TV\ªIJ\�YEDGd [X+a�DQX�`�A�_h��NQCE_4d^A#H]H �A�d^A��+a�NQX�� �BH �!H;YOA#Â a�DQHVK�A#A�X¡\ªX�YOC]NG¿
_4F�`�A#_1\ªX1Y]a+A�A#DQCOd��6X+\^X+A�Y]\ªA�H.�^g�· �'R �'YBa�DQHBK�A#A�X*_4A#HO\^IQX+A�_6P.NJCB`�NQCE_4d^A#H]HfYOA#dªA#�+a+NQX��
DGX�_h_+DGY]D²YOCEDGX�HOÂ�\^H]HO\ªNJX?\^Xh\^X�_4N!NJC�N �6`�A�A�X��!\^CONJX+Â�A�X�Y]H���P.NQC=HOÂ½DGd^d[Â�NQK+\^dªA�X+A�Y;¿
��NJCO�4HVDGX�_jDJHVD0Â�NQK+\^dªA�DQ`#`�A�HOH�Â�A�YOa+N4_jYON6Y]a+A��+F+K+d^\^`uYOA#dªA#�+a+NJX+AsX�A�Y��fNQC]� ��\,R AQR
dªN4`#DGd�d^N�NJ� � R

�Áa+A�DG\^C[\^X�YOA�COP�DQ`�A�NGP�YOa�A�T Á� ��H �4H;YOA�Â \ HWK�DQHOA#_�NJX ��TVij©�NQX½D³P.C]A���F+A#X�` �
K�DGX�_ÃK�A�Y���A#A�X�g�»Q»QÄG¿]g�¾Q¾JÄ?ij@��QR��VXÃY]a+\^H²K�DQX�_ ��g#Än`�DGC]C]\ªA#C]H ��\ªYOa�Dn`�DGC]C]\ªA#C
H;��DQ`�\^X+I¡NGPugJR ·Q�G»jij@��1DQCOA²F�HOA#_�R �DJ`Eap`#DGC]CO\^A�Cs\^H�HOa�DGC]A#_oK���g��*F�HOA�CEH�R �Áa+A
F+�+d^\ªX���DQX�_6_4N ��X�dª\^X+�½DGC]A�HOA���DQC]DGYOA#_�K���F�HO\ªX�IsD �Á\^Â�AVTV\ �!\ H;\^NQX²T�F+��dªA � � ��T�TJ�
HO`Ea�A�Â�AQR �Áa+A³P.CEDGÂ�A�_4F+CED�Y]\ªNJX²\ H³g#Ä�Â½H ��DGX�_0YOa+A=HOd^NGY�dªA#X+IGY]a*Ä+R ¨�g�·�Â½H�R

�Áa+A³YONQY]DGdH �!ÂuK�NQd�CED�Y]A³NQX1YOa+A=`Ea�DGX+X+A#d�\^H=gQg�®J�=�!K+\ªY �GH �4C]A#HOF+dªYO\^X+I�\ªX*D½H �!Âs¿
K�NJd�d^A�X+IQYOa~NGPBÄ�R »J´Q»

µ
H�R �ÀX9T f� � �d^\^�QA½\^Xn��¸4i �lY]a+A²�³i?¸+k Â�N4_4F+d D�Y]\ªNJX~\^H

A�Â��+d^N �QA�_ �!a+N ��A��QA#C�� ��\�Y]a1D�X+NJCOÂ½DGd^\^��A#_6K�DGX�_ ��\^_!Y]a²NQP
BTs = 0.5

R �Áa�A�a�\ªIJa+A�C
BTs

�+CON4_4F�` Y=`�NJÂ���DGC]A#_?YON?��¸4i C]A#HOF+d�YEH³\ªXoDcHO\ªÂ��+d^\���`�D�Y]\ªNJX~NQX¡YOa+A½C]A���F+\^COA�_
`�d^N4`E�0C]A#`�N �JA�C �½�+C]N!`�A#_4F�COA�H ��DGX�_ ��Â�NJH;Y�\ªÂ���NQCOY]DQXJY]d ����\^XjD½C]A#_4F�`�YO\^NQXc\^X*YOa+A �;¸��
\ªX�a+A�C]A�X�Y�Y]N6Y]a+A��³i¡¸4k¤Â�N!_+F+d^DGYO\^NQX � ��a�\ªd^As\^X�`�COA�DQHO\ªX+I�Y]a+A�H;\^IQX�DQdK�DGX�_���\ _!Y]a
��HOA�AcZ�\ªI�R9�+R » � R9¸!\^X�`�A²Y]a+AcT f� � H �4H;YOA#Â a�DQHsK�A#A�XÃ_4\^Â�A#X�HO\ªNJX+A#_~P.NJC�F�H;A1\^X
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Z�COA �JF�A�X�` �0eÁDGX�_ g#»J»QÄ�¿Eg#¾JÄQÄ�ij@��
�fDQCOC]\ªA#CÁ¸4A���DQC]DGYO\^NQX gQR ·G�Q»uij@��
�VH;A#C]H ��`#DGC]CO\^A�C g#Ä
TVF+�+d^A � \^X+I½i*A�Y]a+N4_ ��TVT
Z�C]DQÂ�A�¯�A�X+IQYOa g#ÄQÂ�H
¸!d^NGYB¯�A�X+IQYOa Ä+R ¨�g�·�Â½H
�NGYEDGd�¸��!ÂuK�NQdlµ�D�YOA gQg�®Q�=k³K�\�Y ��H
i*N4_4F�d^DGYO\^NQX � �!��A �³i?¸4k ��\�Y]ace ����Ä�R ®

:f�4� 6W|"6 x T f� � ¸��4HSY]A�Â¦MWDQC]DQÂ�A�YOA#C]H

�+\ `�N4`�A#dªd H ��\ªYOaoCEDQ_4\^\[\^X~YOa+A6NJC]_+A�C�NGP�g�ÄQÄ1Â DQX�_ ��\ªYOaoÂ½D � \^ÂuF+Â F�H;A#CuHO��A#A#_+H
NGP��GÄ²��Â ��a ��YOa�A�ÂsF+dªYO\^��D�Y]ah_4A#d^D��4H�\^X¡Y]a+A�NQCE_4A�C�NGPfa!F+X�_4C]A#_+H³NQP�X�DQX+NJHOA#`�NQX�_�H
N4`�`�F�CO\^X+I=\^X0HOF�`Ea½\ªX�_4N!NQC�A#X���\^C]NQX+Â�A�X�YEH�_4N=X�NGYf`#DGF�HOA�DQX ��HO\ªIJX+\���`�DGX�Y�\^X�YOA#C]H �!Âs¿
K�NJd�\^X�YOA#C;P.A#COA#X�`�A6A#\�Y]a+A�C�R¡@�A�X�`�A��WT f� ��H �!H;YOA#Â½Hs_4N?X+NGY�X+A#`�A#H]HODQCO\^d �¡F�HOA²DGX��
`Ea�DGX�X+A�dBA ��F�DGd^\ª��D�Y]\ªNJX�H]`Ea+A�Â�A�H�R �Áa�A>M�D�Y½P�DJ_4\ªX�IoN!`�F+C]CO\^X+I~\ªXÃY]a+Aj`Ea�DQX+X+A�d�\^H
`�NJÂ���A�X�HODGYOA#_jF�H;\^X+I1DGX�YOA#X+X�D0_+\ �JA�CEH;\ªY �1YOA#`Ea�X+\ ��F+A�H�R ��DGKlR³�+R �6HOF+Â�Â½DGC]\ª�#A#H�YOa+A
Â�NJH;YÁ\^Â���NJC;YEDGX�Y���DGCEDGÂ�A�YOA�CEHfNGP�YOa+A=T f� ��H �4H;YOA#Â1R

" m � | �
�;¸9g��Q´0\^H³D²Â�NJK+\^dªA½`�NJÂ�ÂuF+X+\ `�DGYO\^NQX?H �4HSY]A�Â ��CO\^Â½DGC]\ªd��cF�H;A�_j\^X?Y]a+A �V¸4©uR �'Y�\^H
YOa+A=HOF�`#`�A#HONQCÁNQP�YOa�A �;¸�¿À®G¨½H �4H;YOA�Â ��a+\^`Ea �ÁDQHÁ\^XJY]CON4_4F�`�A#_²\^Xhg�¾Q¾�gQR

�;¸6g��Q´VF�H;A�HP.COA �JF�A�X�` �u_4\���\ HO\ªNJXs_4F+��dªA � \^X+I ��\ªYOa�F+�+d^\ªX+�uNQXsYOa+A�»J�G¨G¿À»G¨�¾Bij@B�
K�DGX�_1DQX�_c_4N ��X+d^\ªX��0NQX1Y]a+A=»Q´J¾�¿À»Q¾G¨�ij@B�uK�DGX�_lR �Áa+A=`�DQCOC]\^A�C�H;A#��DGCED�Y]\ªNJX²\ HB�JÄ
�4@B��� ��a+\ `Ea½COA �JF�\ªC]A#HWDQX�A �6`�\^A�X�Y�HONQF+CE`�A�`�N4_4\^X+I=H]`Ea+A�Â�AÁP.NJC �QNJ\^`�A�Y]C]DQX�HOÂ�\ H]H;\^NQXlR
´ �Á\ªÂ�AjHOdªNQY]H½DQCOAjDJHOHO\ªIJX+A#_9YONoA�DQ`Ea�`�DQCOC]\ªA#C#R �Áa+AjYONGYEDGdBH �!ÂuK�NQdBCED�Y]A1\ H0�G¨�R �
�!K�DGF�_ ��H���C]A#HOF+d�Y]\ªX�Ih\^X�DoH �!ÂsK�NJdB_4F+CED�YO\^NQX�NGP�¨�gJRªg�®

µ
H#R �Áa+A �;¸�¿Eg#�J´¡H �4HSY]A�Â

A�Â��+d^N �4H
π/4

¿ÀT��VM�¸4kvÂ�N4_4F�d^DGYO\^NQX�F�HO\ªX+IsD³C]DQ\^HOA#_�C]N�NQY�`�N�H;\^X+A�\^Â���F+d^HOA�HOa�DG��\ªX+I
��dªYOA�C � ��\ªYOacY]a+A=C]NQd^d�¿'N $*P�DJ` Y]NQC

ρ = 0.35
R �Áa�A=COA#d^DGYO\��QA#d �6d^NQX�I6H �!ÂuK�NQd_4F+CED�YO\^NQX

`�NJÂ���DGC]A#_*Y]N?��¸4i COA�H;F�d�YEH³\ªXoD1dªA�HOH�HOA �JA�C]A �;¸�� � ��a+\ `Ea¡C]A���F+\^COA�H�dªA�HOH=`�NQÂ��+d^A �
`Ea�DGX�X+A�d�A �JF�DGd^\^H]D�Y]\ªNJX²DGd^IQNJCO\ªYOa�Â�H#RW@BN �fA �JA�C ��F�X+dª\^�QA³\^Xj��¸4i �+Y]a+A=`Ea�DQX+X+A�d�Â½D��
`Ea�DGX�IQA³H;\^IQX+\ ��`#DGX�YOd��6\^X1NJX+A³K+F+CEHSY�\^X�YOA�C ��DGd¬R

��� ����� �.2�3 � *-� � /1$�$�2-� $ � � � ) � � 	 #%�"'�	

i*NJH;Y½NGPVYOa+A*�GCE_9IJA�X+A#C]DGYO\^NQXpÂ�NJK+\^dªA*`�NJÂ�ÂuF+X+\ `�DGYO\^NQX�H�H �!H;YOA#Â½H½DGC]A²K�DJH;A�_9NJX
H;\^X+IJdªAB`#DGC]CO\^A�C[`�N!_+A�_4\���\ HO\ªNJX�ÂsF+dªYO\^�+dªAVDQ`�`�A#H]H��¬�fT�ij©J�[H]`Ea+A�Â�A#H#R �ÀX�YOa+A��fT�ij©
HO`Ea�A�Â�A��JF+X+d^\ª�JAB\ªX ��T�ij© �GYOa�A�F�HOA�CEHWDGC]ABDGd^dªN �fA#_sY]N=DQ`�`�A#H]HUYOa�A ��a+NQd^ABD���DG\^d^DQK+d^A
P.COA ��F+A�X�` �0K�DQX�_*HO\ªÂsF+d�YEDGX+A#NQF�HOd����+\^X�YOA�COP.A�C]\^X+I ��\�Y]a*A#DJ`Ea1NQYOa+A#C�\^XcYO\^Â�AuDGX�_1P.C]A�¿
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t
*-%8&72=9+QjO=(+*-2/%3DE*P,Z%TO=5

y8DE.B�TA'2Z9<O=%TA82ZQ
DEy'9+.wO/A'*-%",HFB2$A'.

W�\��/\"\xb^\'*-,/%"OZ5

TS

TC

�����76U|"6 " ��A�X+A#C]DGYO\^NQX1NGPUD�T³¸ �Q¸+¸c¸!\ªIJX�DGd

��F+A�X�` �QR �Áa+AVHOA���DGCED�YO\^NQX�NQP�_+\�$�A�C]A�X�Y�F�HOA�CEH[\ H�DJ`Ea+\^A �QA�_�F�H;\^X+I=F�H;A#C�HO��A�`�\ ��`B`�N4_4A
H;\^IQX�D�YOF�COA�H�R �ÀX1YOa+\ HBHOA#`�YO\^NQX � �fA�H;a�DGd^d�\ªX��QA�HSY]\ªI�D�Y]AVY]a+A��+C]\ªX�`�\^�+dªA�HÁNGP�YOa+As�fT�ij©
`�NJÂ�ÂsF+X+\ `�DGYO\^NQX�H#R

�fTVij© \ H�K�DQHOA#_?NQX*Y]a+A½_4\ªC]A#`�Y³HOA���F+A#X�`�A�H;��COA�DQ_jHO��A�` Y]COF+Â ��T³¸ �G¸+¸ ��Y]A#`Ea4¿
X+\ �JF�A�� ��a+\ `Ea �ÁDQH�NQC]\ªIJ\ªX�DQdªd��³`�NQX�`�A�\��QA�_³YON��+C]N �!\^_4A�`�N �QA#C;Y�`�NQÂ�ÂsF+X+\ `�D�Y]\ªNJX�H ��\�Y]a
DGXc\^X+a+A�C]A�X�YBC]NQK+F�HSY]X+A#H]HÁYON³±;DQÂ�Â�\^X+I�R �Áa+AsZ\^IQF�COA�H��+R ¾½DGX�_c�+R^g#Ä�\^d^dªF�H;YOCED�Y]A³YOa+A
�+C]\ªX�`�\ª��dªAcNGPVYOa+AjT³¸ �Q¸+¸�HO`Ea+A#Â�AQR �Áa+Ac\ªX+P.NQC]Â�DGYO\^NQXÃH;\^IQX�DGd ��\�Y]a�Dh_�D�Y]DhCED�Y]A
1/Ts

\^HBÂuF+dªYO\^�+d^\ªA�_'��\�Y]ajDs��H;A#F�_4N½CEDGX�_4NJÂ¦HO�+COA�DQ_4\^X+I½`�N4_4A ��\ªYOajD�a+\^IQa�A�CBCED�Y]A
1/Tc

Rs¸!\^X�`�A�ÂsF+d�Y]\ª��dª\ `�DGYO\^NQX?\^XjY]\ªÂ�A½_4NJÂ�DQ\ªXh`�NJCOC]A#HO��NJX�_+HBYONcD²`�NQX��QNJdªF4Y]\ªNJXj\^X
YOa+AuP.COA ��F+A�X�` �1_+NQÂ½DG\^X �+Y]a+\ H�NJ��A#C]DGYO\^NQXcCOA�H;F�d�YEHB\^X?D6HO�+COA�DQ_4\^X+I½NQP�Y]a+Au\^X4P.NJCOÂ½D�¿
YO\^NQXoHO\ªIJX�DGdU\^X¡Y]a+A�P.C]A���F+A�X�` �?_4NJÂ½DG\^X¡K��¡D²P�DJ` YONJC³NGP

Ts/Tc
R6©fY�Y]a+A½COA�`�A#\ �JA�C �

YOa+A=HO\^IQX�DQd�\ H�C]A#`�N �QA�C]A#_6K �0ÂuF+dªYO\^�+d���\^X+I6DQIJDG\^X���\ªYOa1Y]a+A=`�N4_4A=HOA���F+A#X�`�AJR
�ÀXÃDo�fT�ij© H �4H;YOA#Â ��\ªX�_4\ �!\ _4F�DQd�F�H;A#C]HsY]C]DQX�H;Â�\ªY6T�¸ �Q¸+¸pH;\^IQX�DQd^H�HO\ªÂsF+dªY]D�¿

X+A�NJF�HOd �²N �QA�CÁY]a+A ��a+NJdªA=D���DQ\ªd DGK+d^A�`Ea�DGX�X+A�dK�DGX�_ ��\^_!Y]alR �Áa+AuHOA���DQC]DGYO\^NQX1NGPUYOa+A
F�HOA�C�HO\ªIJX�DGd H�\ HlDQ`Ea�\ªA��QA#_�K���F�H;\^X+I�F�HOA�CH;��A#`�\���`�H;�+C]A#DJ_4\^X+IB`�N4_4A[HOA���F+A#X�`�A�H � ��a+\ `Ea
_4\ H;�+d D��0`�A�COY]DG\^XcDGF4Y]NG¿[DGX�_c`�CON�HOHÁ`�NJCOC]A�d D�Y]\ªNJX6�+C]NQ��A�COYO\^A#H#R

��NQX�HO\^_+A�C]\ªX+I9DnH �!X�`Ea+C]NQX�NQF�H6H �4HSY]A�Â \ªXvDGXr©�Ã� � `Ea�DGX+X�A�d �ÁYOa+Ah�fT�ij©
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t

*-%8&)2Z9+QjO=(+*-2Z%�DE*-,/%TO=5

y8DE.B�TA'2�9<OZ%"A82ZQ
DEy'9+.wO/A'*-%",HDE.wvx�".@%"FB.

W�\"\8\$b^\'*-,Z%TOZ5

TS

TC

�����76�|"6 � z¦T³¸ �Q¸+¸1H;\^IQX�DQd�COA�`�N �JA�C �

H;\^IQX�DGd�_4F+C]\ªX�I�YOa+A�X � YOa*H �!ÂuK�NQd�\^XJY]A�C ��DGdl`�DQX²K�A�C]A��+C]A#HOA�X�YOA�_0DJH�L

r(n)(t) =
K
∑

k=1

dkck(t) + n(t), (n − 1)Ts < t < nTs
�,�+R �J· �

��\�Y]a0Y]a+A�X+NQ\ H;A³HO\ªIJX�DGd
n(t)

�4X!F+ÂsK�A#CÁNGP�F�HOA�CEH
K
DQX�_½Y]a+A�HO�+C]A#DJ_4\ªX�Is`�N4_4A³HO\ªIJX�DGd

ck(t)
��a�\^`Ea1\^H�_4A ��X�A#_cDQHfP.NJdªd^N �BH

ck(t) =

Q
∑

q=1

ck,qg(t − (q − 1)Tc)
�,�+R �G» �

��a+A�C]A
g(t)

\ HfYOa+A³\^Â��+F+d H;A�HOa�DG�+\^X+I ��dªYOA�C �4DGX�_
ck,q

\ H�YOa+A�`�N!_+A³HOA���F+A#X�`�A�NGPYOa+A
��� Y]a1F�H;A#C ��\�Y]acD�`�N!_+A�d^A�X�IGYOa

Q
R

�ÀX¡Y]a+A½C]A#`�A#\ �JA�C ��YOa+A½H �!ÂuK�NQdWNGPfYOa�A
j
� YOa~F�HOA�C�\ H�_4A�Y]A#`�YOA#_hÂsF+d�Y]\ª��d �!\^X+IcYOa+A

COA�`�A#\ �JA#_1H;\^IQX�DQd���\�Y]a1YOa+A=`�N!_+A=H;A �JF�A�X�`�A�NQPY]a+A
j
� Y]a*F�HOA�CBDGX�_0\^X�YOA�IJC]DGYO\^X+I�N �QA#C
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D�H �!ÂuK�NQd�\^X�YOA#C ��DGd �4IQ\��!\ªX�I

d̂j =

∫ Ts

0

c2
j (t)djdt +

K
∑

k=1
k 6=j

∫ Ts

0

dkcj(t)ck(t)dt + nj
�,�+R �G¾ �

��\�Y]a
nj =

∫ Ts

0 n(t)cj(t)dt
R �'P�YOa�A�`�N4_4A#H³DGC]AuX�NQC]Â�DQdª\^��A�_ ��\¬R AJR ∫ Ts

0 c2
k(t)dt = 1

�
��A³IJA�Y

d̂j = dj +

K
∑

k=1
k 6=j

∫ Ts

0

dkcj(t)ck(t)dt + nj
�,�+R �QÄ �

�Áa+A³Â�\^_+_+dªA³Y]A�C]Â�\ªX²YOa�A�A � �+C]A#H]H;\^NQX1DGK�N �QA�\^H�`#DGd^dªA�_6Y]a+A³ÂuF+dªYO\^�+d^A=DQ`�`�A#H]Hf\ªX�YOA#C;¿
P.A�C]A�X�`�A"��ij© � � ��DGX�_ ��DGX+\ HOa+A#HU\ªP�YOa+A�`�N4_4A#HUNQP�Y]a+A�_4\ $�A#COA#X�Y[F�H;A#C]HWDQCOAÁNJC;Y]a+NQIJNQX�DQd
YON�A#DJ`Ea²NQYOa+A#C��4\¬R AQR

∫ Ts

0

cj(t)ck(t)dt = δjk
�,�+R �+g �

DGd^dªN ��\^X+I¡YOa+A*NJ�4YO\^Â½DGdBHOA���DQC]DGYO\^NQXpNGP�Y]a+A*\^X�_4\���\ _4F�DQd�F�HOA�CEH�R���N4_4A#H½H]D�Y]\^H;P �!\ªX�I
YOa+AcNJC;Y]NQIQNJX�DGd^\ªY �~`�CO\ªYOA#CO\^NQXp`�DGX�K�A1IJA�X+A#C]DGYOA�_9F�HO\ªX�I~D¡ÂuF�d�Y]\�Y]F�_4A*NGP³_4\ $�A#COA#XJY
Â�A�YOa�N!_�H�R

�BX�_4A#C�C]A#DQd4dª\ªP.A�`�NJX�_4\ªYO\^NQX�H ��\�Y]a�ÂsF+dªYO\^��D�Y]a½�+CONJ��DGI�D�Y]\ªNJXsDGX�_s��NJH]HO\ªK+d��sDJH �!X4¿
`Ea+C]NQX+NJF�H�_�D�Y]DsY]C]DQX�H;Â�\ HOHO\^NQX �#��a+A#COA�F�HOA�CBHO\ªIJX�DGd HÁDGX�_0YOa+A#\ªC�ÂsF+dªYO\^��D�Y]a²C]A��+d^\ `�DQH
DGC]CO\��QAVD�YfYOa+A�COA�`�A#\ �JA�C ��\�Y]a²_4\ $�A#COA#X�Y�Y]\ªÂ�A�_4A�d D��4H �JYOa�A�NJC;Y]a+NQIJNQX�DQdª\ªY �s`�NQX�_+\�Y]\ªNJX
NGP �,�+R �+g(��K �1\ªY]HOA�dªP�_4N!A#HVX+NGY³H;F%�6`�A�YON1H;F+���+COA�HOHBYOa+A�ij©�� R �ÀX?HOF�`Ea?D6`#DQHOA���YOa+A
`�C]NJH]H�`�NQC]COA#d^DGYO\^NQX1P.F+X�`�YO\^NQX�H�NGP�YOa+A�`�N4_4A�H�a�D��JA�YON ��DGX+\ HOa*P.NQC³DGd^d��NJH]HO\ªK+d^AsYO\^Â�A
_4A�d D��4HJ�ªg�» � ��\,R AQR

∫ ∞

−∞

cj(t)ck(t + τ)dt = 0 ∀j 6= k
���+R �J� �

DGX�_ ��DJ_+_4\ªYO\^NQX�DQd ����Y]a+A�DGF4Y]N!`�NQC]COA#d^DGYO\^NQX1P.F+X�`�YO\^NQX�H�NQPWYOa+A�`�N4_4A�H�ÂsF�HSY³DG�+��CON�DQ`Ea
YOa+A�\^_+A#DGd¬R�¸4\ªX�`�A�HOF�`Ea=`�N4_4AfH;A ��F+A�X�`�A#HDGC]A[X+NGY�COA�DGd^\ª��DGK+d^A��#YOa�\^HCOA�`�A#\ �JA�C�H;YOC]F�` Y]F+C]A
\^HfF+X�DGK+d^A�Y]N=Y]NGY]DQdªd��½A�d^\^Â�\^X�DGYOAVYOa+A³ij©�� �4a�N ��A��QA�C �Q\ªY]HfA�$�A�` Y]HÁ`#DGX0K�A�Â�\ªYO\^IJDGYOA�_
`Ea+N!NJHO\ªX�I�`�N4_4AfH;A �JF�A�X�`�A#H ��\�Y]auIQN!N4_=DQF4YONQ¿�DQX�_=`�C]NJH]H]`�NQC]A�d^d D�YO\^NQX³`Ea�DQC]DJ` YOA#CO\ H;YO\ `�H#R

�Áa+AcYONQY]DGd³�fTVij© H;\^IQX�DQdBD�Y½Y]a+A*COA�`�A#\ �JA�C½`�DQX�K�A*A � �+C]A#H]HOA#_�DQHB��HOA�AjZ�\^I�R
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�����76�|"6 � � �Áa�As�fTVij© HO\^IQX�DQdlD�YÁYOa+A�C]A#`�A�\��QA#C

�+R^gQg � ���ªg�» �'L

r(t) =

K
∑

k=1

∞
∑

−∞

Akdk(n)ck(t − nTs − τk) ∗ hk(t, ν) + n(t)
����R �J� �

��a+A�C]A

• τk
\ HÁYOa�A=_4A�d D��½NGP�YOa+A���� YOacF�HOA�C

• Ak
\ HÁY]a+A=DGÂ��+d^\�Y]F�_4A�NQP�YOa�A��*� YOacF�HOA�C

• hk(t, ν)
\ HfYOa+A³Y]\ªÂ�A ��DGC]\^DQX�YÁ`Ea�DQX+X+A#dl\ªÂ��+F�d^HOA³COA�H;��NQX�HOA³NGPYOa+A���� YOacF�HOA�C

©�H1_4\^H]`�F�HOHOA#_ÃK�A�P.NJCOA���NQX+A¡NGP³YOa+A¡Â�NJH;Y²\^Â���NQCOY]DQX�Y0Â�A#DQHOF+C]A#H½NQP�YOa+A¡��A#C;¿
P.NQC]Â½DGX�`�A�NQPfDcHO�+COA�DQ_4\^X+I*`�N4_4A�P�DQÂ�\^d��¡DGC]A�\�YEH=DGF4Y]N4`�N!A�C]COA#d^DGYO\^NQXhDGX�_h`�C]NJH]HO`�NQCO¿
COA#d^DGYO\^NQXÃ�+C]NQ��A�COYO\^A#H#R �'P³Y]a+AjF�HOA�C1H;��A#`�\���`?`�N4_4A#H0_4N9X+NQY0A � a+\^K+\ªY²DG�+��CONJ�+CO\ D�Y]A
`�NJCOC]A�d D�Y]\ªNJX�`Ea�DGCEDQ` Y]A�C]\^H;YO\ `�H��JDJ_+_4\ªYO\^NQX�DQd�HO\^IQX�DQd��+C]N4`�A�HOHO\ªX�I=Â½D��sK�AVC]A���F+\^C]A#_�R ��N
IQ\��QA6DQXhA � DGÂ��+d^A��YOa+A6NJC;Y]a+NQIJNQX�DQd ��DQCO\ DGK�dªA6HO�+C]A#DQ_+\ªX+I � ���³¸4Z ��`�N4_4A�H�F�HOA#_~\^X
YOa+As�GCE_²IJA�X+A#C]DGYO\^NQX1Â�NQK+\^dªA=`�NQÂ�ÂuF�X+\^`#D�Y]\ªNJX�H�H �4H;YOA#Â � ��µB© �^g#¾ ��a�D��QA³YOa�AuDQ_!¿
��DGX�Y]DQIQA�NGPlK�A�\^X+I �JA�C �"M�A � \ªK+d^A�\^X½Y]A�C]Â�H�NGPl`�N4_4A�H;A#dªA�` Y]\ªNJXlR �Áa�AV`�N4_4A�HWP.C]NQÂ£YOa+A���³¸4ZpP�DGÂ�\^d �cC]A�Â½DG\^X*NQCOYOa+NJIQNJX�DGd�Y]N0A#DJ`Ea*NGY]a+A�C ��A��QA#XcP.NQC³_4\�$�A�C]A�X�YVHO�+C]A#DJ_4\ªX�I
P�DQ`�YONQCEH#R �Áa+\ H��+C]NQ��A�COY �9DGd^dªN �BHsYOa�A ��DQCO\ D�Y]\ªNJXnNQP�YOa�AcH �!ÂuK�NQd�CED�Y]A1DGY½D � � A�_
K�DGX�_���\^_4YOa*DQ`#`�NQCE_4\^X+IsYON�YOa+A�F�H;A#CB_4A�Â½DGX�_+H�R[@�N ��A��QA#C���YOa�A³YOa+A=`�CON�HOH;¿UDQX�_cDGF4¿
YON4`�NJCOA#d^DGYO\^NQX�P.F+X�`�YO\^NQX�H�NGP�YOa�AV`�N4_4A�H[_4\ $�A#CfHO\^IQX+\ ��`�DQX�YOd��=P.C]NQÂ£YOa+AB\ _4A�DGd �Jd^A#DJ_4\ªX�I
YON½DGXc\^X�`�C]A#DJH;A�_0HOA�X�HO\ªYO\���\ªY �0DQIJDG\^X�H;YfÂsF+dªYO\^��D�Y]a*�+CONJ��DGI�D�Y]\ªNJXlR

�ÀX²NJC]_4A#C�Y]Ns\^Â��+C]N �QABY]a+A�`�NJCOC]A�d D�Y]\ªNJX0`Ea�DGCEDQ`�YOA#CO\ HSY]\^`#H[NQPlYOa+A³F�HOA�C�HO\ªIJX�DGd ��YOa+A
H;N~`�DQdªd^A#_pHO`�C]DQÂuK+d^\^X+Ih`�N4_4A#H�DGC]A1F�H;A�_ � �GÄ �¬R �Áa+A*H;\^IQX�DQdÁ\^H�ÂsF+d�Y]\ª��dª\^A#_ ��\�Y]a�D
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HO`�C]DQÂuK+d^\^X+I1`�N4_4A½H;A �JF�A�X�`�A6D�P YOA#C³YOa+A½F�H;A#C=H;��A#`�\���`½HO�+C]A#DJ_4\ªX�I�R �ÀX � ��µB© ��YOa+A
HO`�C]DQÂuK+d^\^X+I=`�N4_4A�HOA���F+A#X�`�A�HWP.C]NQÂ£YOa+A�P�DGÂ�\^d ��NGP���NJd^_½`�N!_+A#H ��\�Y]a0D=`�N4_4A�dªA#X+IGY]a
NGPV�J»G¨�ÄQÄ �UNJCsP.C]NQÂ Y]a+A²P�DGÂ�\ªd��9NQP�¸F�,� ��`�N4_4A#H ��\ªYOa�D¡`�N!_+A1d^A�X�IGYOapNGP��J®G´¡DGC]A
A�Â��+d^N �QA�_�R �Áa+A6`�A�d^d[H;��A#`�\���`�H]`�CEDGÂsK+d^\ªX+I1F�HOA#_¡\ªX � ��µ�© _4N ��X+d^\ªX+�jHOA�C �QA�DGd HON
P.NQCBHOA���DQC]DGYO\^X+IsYOa+A=HO\ªIJX�DGd H�P.CONJÂ¦_4\ $�A#COA#X�Y�`�A�d^d H�R

�ÀX*YOa+AuP.NQd^dªN ��\^X+I6HOA#`�YO\^NQX�H�� �fA=�+C]N �!\^_4A=D6K+CO\^A�PWN �JA�C ��\^A��vNGPWY]a+A � ��µ�©ºDGX�_
�;¸�¿À¾J®=DQ\ªCÁ\^X�YOA�COP�DQ`�AVH;Y]DQX�_+DGCE_+H ��a+\ `Ea²DQCOA�Y���N ��A#dªd��!X+N ��X1`�A�d^d^F+d^DQC�Â�NJK+\ªd^A�`�NJÂs¿
ÂuF+X�\^`#D�YO\^NQXcH �!H;YOA#Â½HÁF�H;\^X+I0�fT�ij©=R

/²:u0¢
�Áa+A*�GCE_nIJA�X+A#C]DGYO\^NQXpÂ�NJK+\^dªAj`�NQÂ�ÂuF+X�\^`#D�YO\^NQX�H�H;Y]DQX�_+DQC]_ � ��µB© a�DQH�Y��fN~_+\�P ¿
P.A�C]A�X�Y�DQ\ªC�\^XJY]A�COP�DQ`�A�Â�N4_4\,R �ÀX � ��µB© ��TVT ��F+�+d^\ªX��=DGX�_s_4N ��X+d^\ªX+��DQCOA�HOA���DGCED�YOA�_
F�HO\ªX+I*D0YO\^Â�A6_4\ �!\ H;\^NQX~_4F+��dªA � \^X+I � ��T�T �³HO`Ea+A#Â�A�� ��a+A#COA�DQH � ��µ�© ZUT�T�F�HOA#H
P.COA ��F+A�X�` �0_4\��!\^HO\ªNJX1_+F+�+d^A � \ªX�I>�,ZUTVT � R

e�NQYOajDQ\ªCB\^X�YOA#C;P�DJ`�A#HBF�H;AsD½K�DGX�_���\^_4YOa*NGP�®½i?@B�=��A�C�`�DGC]C]\ªA#C�NQXcYOa�As�6�³@B�
C]DQX+IQAJR�© YONQY]DQd�NGP�g��½`�DQCOC]\ªA#C]H�DQCOA�C]A#HOA�C �QA�_²P.NQCBY]a+A � ��µB©�¿ÀZUTVT£Â�N4_4A���DGX�_h·
`�DQCOC]\ªA#C]H�P.NJC�YOa+A � ��µB©B¿ ��T�T�Â�N4_4AQRfefNGYOacÂ�N4_4\�F�H;A �VM�¸+kºÂ�N4_4F+d D�Y]\ªNJX���\�Y]a
D=C]N!NGY�CEDG\ HOA#_6`�NJHO\ªX+AV\ªÂ��+F�d^HOA�HOa�DQ�+\ªX�I ��dªYOA#C ��\ªYOa²CONJdªd�N $cP�DQ`�YONJC

ρ = 0.22
DQX�_0D

`Ea+\^�²CED�Y]A�NQPU��R »Q¨JÄsij`Ea+\^� ��H#R
�Áa+AÁF�H;A#C�HO��A#`�\ ��`ÁHO�+COA�DQ_4\^X+IB\ HW`�DQCOC]\^A#_³NQF+YUF�H;\^X+I�NQCOYOa+NJIQNQX�DGd ��DGC]\ DGK+d^AfHO�+C]A#DG¿

_4\^X+I�P�DQ` Y]NQC"� ���³¸4Z �Á`�N4_4A#H�����a+\ `Ea ��DJHÁ��NJ\ªX�YOA�_0NJF4YBA#DQCOd^\^A�C �!DQdªd^N ��Y]C]DQX�H;Â�\ªY;Y]\ªX+I
��DGC]\^DQK+dªA³H ��ÂsK�NJd�C]DGYOA�HÁN �QA�CfY]a+A=HODQÂ�A�®�ij@��=`Ea�DGX�X+A�d¬R

�Áa+A�� ��µB©�ZUT�T�HO\ªIJX�DGd4a�DQHWDVP.C]DQÂ�Afd^A�X�IGYOa�NQPg#Ä�Â½H#R �DJ`Ea�P.C]DQÂ�A�`�NQX�HO\^H;Y]H
NGP�g�®�Y]\ªÂ�A#HOd^NGY]H��l`�NJÂ��+CO\ HO\ªX+Ic�Q®Q´QÄ6`Ea+\^��H#R �Áa+A�H;�+C]A#DJ_4\^X+I6P�DJ` YONJCVÂ½D��1Y]DQ�QAsYOa+A
��DGd^F+A#H0¨ �B» �³g�´ �B�J� ��´G¨ �³g��G»~NQCc�Q®Q´~\ªX�F+��dª\^X+����DGX�_Ã¨ �B» �³g�´ �B�J� ��´G¨ �³g��G» �
�Q®Q´²NJCs®4g��²\ªX9_4N ��X�dª\^X+��R �ÀX~Y]a+A0_4N ��X+d^\^X+���lYOa�A6F�HOA�CuHO\ªIJX�DGd�F+X�_4A#COIJN�A�H�D*`�A#dªd
H;��A#`�\���`½HO`�C]DQÂuK+d^\ªX�I ��\^Â��+C]N ��\^X+I1YOa�A0`�NJCOC]A�d D�Y]\ªNJX¡`Ea�DQC]DJ` YOA#CO\ H;YO\ `�H�NGPfYOa+A²H;\^IQX�DQd �
DGX�_���CON �!\ _4\ªX�I=`�A�d^d�\ _4A#XJY]\���`�D�Y]\ªNJXlR �ÀX½F+�+d^\ªX�� �JYOa�AVH]`�CEDGÂuK�dª\^X+I�\ H�_4NJX+A ��\ªYOa6F�HOA�C
H;��A#`�\���`�H]`�CEDGÂuK�dª\^X+I=`�N4_4A�H[\^X�H;YOA#DJ_�R[¸!\^X�`�A�YOa+AVF�H;A#C�HOA���DQC]DGYO\^NQX½\ H[�+C]N �!\^_+A#_�K��½D
`�NJÂuK+\^X�D�Y]\ªNJXsNQP�Y]a+ABHO�+COA�DQ_4\^X+I³DGX�_sY]a+A�F�HOA�C�HO��A�`�\ ��`�H]`�CEDGÂuK�dª\^X+I ��Y]a+\ H[DG�+��CON�DQ`Ea
DGd^dªN �BH�YOa�A�C]A�F�H;AsNGP�Y]a+A����³¸4Z�`�N4_4A�H�K �*NQYOa+A#C³F�H;A#C]HV\^X�H;\ _4A�YOa�A�H]DGÂ�A � ��µB©
`�A#dªd¬R �ÀX½F��+dª\^X+����A#DQ`Ea�F�HOA�C�`#DGX�YOCEDGX�H;Â�\ªY[N �QA�CWF���YON=´�_+DGY]D�`Ea�DQX+X+A�d HW\^X���DGCEDGd^dªA#d,R
�ÀX*H;F�`EacD�`�DJH;A��!YOa+A=HO�+C]A#DQ_+\ªX+IsP�DQ`�YONJC�ÂuF�H;Y�K�A=`Ea+N�H;A#X1DJHÁ¨�R

� ��µB©B¿ ��T�T F�HOA#H½Y]\ªÂ�A~_4\���\ HO\ªNJX�_4F+�+d^A � \^X+I9Y]NpHOA���DQC]DGYOAcY]a+A¡F��+dª\^X+��DGX�_
_4N ��X+d^\ªX��jH;\^IQX�DQd^H#Rs¯�\ª�JAs\^X¡YOa+A½ZUTVT�Â�N4_4A��lA#DJ`Eang�Ä0Â½H�P.CEDGÂ�A�`�NQX�HO\ HSYEHVNQPVg�®
H;d^NGYEHuNQPBdªA#X+IGY]a��J®G´QÄ?`Ea+\ª��H�R �BX+d^\^�QA²YOa+AcZUTVT �Wa+N �fA �QA#C��YOa�A#HOA¡g�®cYO\^Â�A1HOd^NGY]H
a�D��QAVYON�K�A=H;a�DQCOA�_½K�A�Y��fA�A�X1F+�+d^\^X+�²DQX�_0_4N ��X�dª\^X+��R �'YB\^HÁDGd HON�DQdªd^N ��A�_½Y]N�DJHOHO\ªIJX
YOa+A=YO\^Â�A�H;d^NGYEH�Y]N6F+�+d^\ªX��1DQX�_*_4N ��X+d^\ªX��²\^XjDGXjDJH �!Â�Â�A�YOC]\ `³Â�DQX+X+A#C���DQ`�`�NQCE_4\^X+I
YONuYOa+A�F�HOA�C�X�A�A#_�H�R �Áa+\ H�M�A � \^K+\ªd^\ªY ��Â½DQ�QA#H[YOa+A � ��µ�©�¿ ��TVT�Â�N4_4AV��DGCOYO\ `�F+d DGC]d �
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©�\ªC �ÀXJY]A�COP�DQ`�A � ��µB©�¿ÀZUTVT � ��µB©�¿ ��T�T
TVF+�+d^A � \^X+I6i*A�YOa+N4_ ZUT�T ��T�T
eÁDQX�_���\ _!YOa ®Qij@B� ®Qij@B�
��a�\ª�cCED�YOA ��R »Q¨�ij`Ea�\ª� �GH ��R »Q¨�i?`Ea+\ª����H
Z�C]DQÂ�A³¯�A�X+IQYOa g�ÄGÂ½H g�ÄGÂ½H
¸4dªNQYB��A#CÁP.C]DQÂ�A g�® g�®
ijN!_+F+d^DGYO\^NQX � �!��A �VM�¸+k �VMf¸4k
�ÀÂ��+F�d^HOA=H;a�DG�+\^X+I ��dªYOA�C µ�N!NQYÁCEDG\ HOA#_0`�NJHO\ªX�A µBN�NQYBC]DQ\^HOA#_²`�N�H;\^X+A��

C]NQd^d�N $ULWC ��Ä�R �J� C]NQd^d�N $ULWC ��Ä+R �Q�
¸4�+COA�DQ_4\^X+I0��N4_4A#H ����¸4Z ����¸+Z
¸4�+COA�DQ_4\^X+I½Z�DJ` Y]NQCEH ¨ �ªR#R�R � �Q®Q´ � �B�+d^\ªX�� � g��ªR#R�R��ªg�´ � ���+d^\ªX+� �

¨ �ªR#R�R � ®4g�� �,T�N ��X+d^\^X+� � g³NJC�g#´>��TVN ��X+d^\ªX+� �
¸+`�CEDGÂuK�dª\^X+I½`�N4_4A³d^A�X+IQYOa �J®G´sNQC��Q»Q¨JÄQÄ g�´

:��4� 6[| 6 | � ��µB©�¸��4H;YOA#Â¦MWDGCEDGÂ�A�Y]A�CEH

H;F�\�YEDGK+d^A0P.NJC6DG�+��dª\ `�DGYO\^NQX�H�C]A���F+\^CO\^X+I¡DJH �!Â�Â�A�Y]CO\ `²_�D�Y]D M�N � �fH;F�`Ea�DQH�\^XJY]A�C]X+A�Y
K+C]N �BH;\^X+I � ��a+A#COAh_4N ��X+d^\ªX���DQdªÂ�NJH;Y1DQd �ÁD��4H½C]A���F+\^COA�H½a+\^IQa+A#C1_+DGY]DoCED�Y]A#H6YOa�DQX
F+�+d^\ªX���R
©BIJDQ\ªX � ����¸4Zp`�N4_4A#H�DGC]A�F�H;A�_²P.NQCVHO�+C]A#DJ_4\ªX�I�R �ÀX*F+��dª\^X+����HO�+C]A#DQ_+\ªX+I�P�DJ` YONJC]H

NGPWg��4���J¨ �!»=DGX�_cg#´=DQCOABDQdªd^N ��A�_ �JDQX�_�A#DJ`Ea�F�H;A#C�`#DGX�YOCEDGX�H;Â�\ªY�N �QA#C[D�Â½D � \ªÂsF+Â
NGPs�9��DGCEDGd^dªA#dV`Ea�DQX+X+A#d^H#R �Áa�A¡HO�+COA�DQ_4\^X+I9\^X�_4N ��X�dª\^X+�Ã\^H1`�DQCOC]\^A#_ÃNQF+Y ��\ªYOa�D
H;��COA�DQ_4\^X+IjP�DJ` Y]NQC�NGPug�´+R ��DGKlRn��R �hHOF+Â�Â�DQCO\^��A�H=Y]a+A1Â�N�HSY½\^Â���NJC;YEDGX�Y�H �4HSY]A�Â
��DGCEDGÂ�A�YOA�CEHfNGPYOa+A � ��µB© DG\^C�\ªX�Y]A�COP�DQ`�AJR

" m " �
�Áa+A�Â�NJK+\^dªA�HSYEDGX�_�DGCE_ �;¸�¿À¾J® �fDJH�\^X�YOC]N!_+F�`�A�_j\^X?Y]a+A�Â�\ _jX�\ªX+A�YO\^A#H³\^X?Y]a+A �V¸4©
DQH[YOa+A ��C]H;Y�Â�NJK+\ªd^A�`�NQÂ�ÂuF+X�\^`#D�YO\^NQX6H �4HSY]A�Â¤A �JA�C[K�DQHOA#_�NQX6YOa+A��fTVij©�H]`Ea+A�Â�AQR
�'YuNQ��A�CED�Y]A#H�NJX~YOa+A²»J��¨Q¿'»J¾G¨cij@B�0K�DGX�_ ��\ªYOa9DjK�DGX�_ ��\^_!Y]aoNGP�gQR �Q®ci?@B�6��A�C
`Ea�DGX�X+A�d �!dªA�DQ_4\^X+I=Y]N�DuÂ½D � \ªÂsF+Â NGPU�GÄuD���DQ\ªd DGK+d^AV`#DGC]CO\^A�C[P.COA �JF�A�X�`�\ªA�H�R �Áa+A³`Ea+\^�
C]DGYOA²NQXnA�DQ`Ean`Ea�DGX+X+A#d�\ H1gQR �Q�Q»Q»*ij`Ea+\^� �GH ��\ªYOa

π/4
¿ÀT��VM�¸4k Â�N4_4F+d D�YO\^NQXnP.NQC

YOa+A*_4N ��X�dª\^X+�oDGX�_pN $�HOA�Y �VM�¸4k P.NJCsY]a+A1F+�+d^\ªX+��R �ÀXp_4N ��X+d^\^X+���[�hDQd^HOaÃ`�N4_4A#H
NGPBd^A�X+IQYOa9´Q¨?DGC]A6F�HOA#_~P.NJCuF�HOA�C�H;��A#`�\���`0HO�+COA�DQ_4\^X+I*\^Xn`�NJÂuK+\^X�DQdª\^NQX ��\ªYOa9d^NQX�I
`�N4_4A�H ����a+\ `Ea¡DQCOA�F�HOA#_jP.NQC�HO`�C]DQÂuK+d^\^X+I�R �ÀXhF+�+d^\ªX�� �lYOa+A½HO�+COA�DQ_4\^X+I0Y]DG�JA#H��+d DQ`�A
Dud^\ªY;YOd^A�_4\ $�A#COA#XJY]d �JR �DQ`Ea²��N�HOHO\^K+dªA�´sK+\ªY�`�NQÂsK+\ªX�D�YO\^NQX²\^HÁDJHOHO\ªIJX+A#_½YON�NQX+A�NGPYOa+A
´G¨���NJH]H;\^K+d^A��~DGd HOacHOA���F+A#X�`�A�HÁNGPUdªA#X+IGY]a*´G¨ � ��a+\^`EacDGC]A�YOCEDGX�HOÂ�\�YOYOA�_²\^X*�+d DQ`�A�NQP
YOa+A�DQ`�YOF�DQd�K+\ªY�HOA���F+A#X�`�A�� ��a+\ `Eaj\ H�`#DGd^dªA�_jDGX*NJC;Y]a+NQIJNQX�DQdlÂ�N!_+F+d^DGYO\^NQXlRVZ+NQC�YOa+A
F�HOA�CBHO��A�`�\ ��`³H;�+C]A#DJ_4\^X+I �4d^NQX+I½`�N!_+A#H�DGC]A�A�Â��+d^N �QA#_lR
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�Áa+A�Â½DG\^Xh_4CED ��K�DJ`E�1NQPfHO\ªX�IQd^A�`#DGC]CO\^A�CVYOCEDGX�H;Â�\ HOHO\ªNJXj\ H�YOa+A½\^X�YOA�CEH ��ÂsK�NJdU\ªX�YOA#C;¿
P.A�C]A�X�`�A � �;¸�� �6DGC]\ H;\^X+Io\^X�Â�NJK+\^dªA?`�NQÂ�ÂuF�X+\^`#D�Y]\ªNJXr`Ea�DGX+X�A�d H � ��a+A#COAjÂsF+dªYO\^��D�Y]a
�+C]NQ��DQIJD�Y]\ªNJX½N4`�`�F�C]H#R �Áa�\^HfÂ½DG�JA#H�YOa+A³C]A#`�A#\ �JA#_6H �!ÂuK�NQd

d̂n
X+NGYÁNQX�d �6_4A#��A#X�_4A#XJY

NGP4Y]a+AfDJ` Y]F�DGdQYOCEDGX�HOÂ�\�YOYOA#_sH;\^IQX�DGd
dn
��K+F4YWDGd HONBNGP+Y]a+A���COA���\^NQF�H�YOCEDGX�H;Â�\ªY;YOA�_uH �!Âs¿

K�NJd^H
dn−i

R �Áa�A �;¸���\ªX�`�COA�DQHOA#H ��\�Y]as_4A�`�C]A#DQHO\^X+I�H ��ÂsK�NJdJd^A�X�IGYOa
Ts
DGX�_u\ªX�`�C]A#DQHO\^X+I

_4A�d D��oH;��COA�DQ_oNQPBYOa+Ac`Ea�DQX+X+A�d¬R �HO��A�`�\ DGd^d �hP.NJC�K�CON�DQ_4K�DQX�_oH �!H;YOA#Â½H ��\ªYOa �QA#C �
H;a�NQCOYuH �!ÂuK�NQd[YO\^Â�A���YOa+A6C]A�Â�N ��DGd�NGP �;¸��³COA �JF�\ªC]A#H³Y]a+A6F�HOA½NGPB`�NQÂ��+F4YED�YO\^NQX�DGd^d �
_4A�Â½DQX�_4\^X+I�A���F�DQdª\^�#DGYO\^NQX½DGd^IQNJCO\ªYOa+Â½H�� ��a+\ `Ea�\ªX�`�COA�DQHOAÁYOa+A�N �QA�CEDGd^d4`�NJÂ���dªA � \ªY �uNQP
YOa+ABH �4HSY]A�Â½H#R �Áa+A�F�X�_4A�C]d���\^X+I³�+C]\ªX�`�\^�+dªA�NQP�`�NQX��QA#XJY]\ªNJX�DGd!ÂsF+d�Y]\^`#DGC]CO\^A�C�Y]C]DQX�H;Â�\ HS¿
H;\^NQX²\^H�Y]N�_4\��!\^_+A³D�_+DGY]D�HSY]COA�DGÂ¤\ªX�Y]Nsd^N ��A#C�CED�Y]A�_�D�Y]D�H;YOC]A#DGÂ½HfDGX�_6YONsYOCEDGX�HOÂ�\�Y
YOa+A#Â N �JA�C³D²X!F+ÂsK�A#C�NGPÁ_4\�$�A�C]A�X�YuHOF+K�`�DGC]C]\ªA#C]H�� ��A#dªd[HOA���DQC]DGYOA�_j\^X¡P.C]A���A#X�` �*K��
IQF�DQC]_1K�DQX�_+H�YON0D��JNQ\ _1\ªX�YOA#C]`#DGC]CO\^A�C�\ªX�YOA#C;P.A#COA#X�`�AJR��Áa+\ HVDQ�+�+C]NJDQ`EacDGd^d^N �BH�DGX*\^X4¿
`�C]A#DJH;As\ªXhH �!ÂuK�NQdW_4F�C]DGYO\^NQXjNJX?A#DJ`Ea¡`#DGC]CO\^A�C ��C]A#_+F�`�\^X+I²YOa+AsYO\^Â�A�_+\^HO��A#C]HO\^NQXjNJX
A#DJ`Ea²H ��ÂsK�NJd�_4F+A�YONsYOa+A³ÂsF+d�Y]\ª��D�YOa1�+C]NQ��DQIJDGYO\^NQXlRU@BN �fA �JA�C �JF�HO\^X+IsX�NQX+N �JA�C]d^DQ�4¿
�+\^X+Ij`�DQCOC]\ªA#C]H�HOA���DQC]DGYOA#_¡K��jIQF�DGCE_?K�DQX�_+H³d^A#DJ_+H³YONjDc_4A�`�C]A#DJH;A�\ªXhY]a+A0HO��A�` YOCEDGd
A5�6`�\^A�X�` ��NGP�YOa+AÁH �!H;YOA#ÂcR%��ZUT�i � ��a+\ `Eau\ H�D�HO��A�`�\ DGd4`�DJH;AfNGP�ÂsF+dªYO\ `�DGC]C]\ªA#C�Y]C]DQX�HS¿
Â�\^H]H;\^NQX �4�+CON �!\ _4A#H�D�Â�A�Y]a+N4_²P.NQCB\^X�`�C]A#DJH;\^X+IsYOa+A=HO��A#` Y]C]DQd�A5�6`�\^A�X�` �0K��6��DQ`E�!\ªX�I
YOa+A=HOF+K�`�DQCOC]\ªA#C]HÁÂ�NJCOA�_4A#X�H;A#d ��� ��a+\^dªA=D��JNQ\ _4\^X+I�\ªX�YOA#C]`#DGC]CO\^A�Cf\^XJY]A�COP.A�C]A�X�`�AQR �ÀX*DQX
��ZUTViyH;\^IQX�DGd � ��\�Y]anY]a+Ac�+C]NQ��A�C½`Ea+NQ\ `�A�HsP.NQC�YOa+A*`#DGC]CO\^A�C�H;A#��DGCED�Y]\ªNJX

∆f
DGX�_

H �!ÂsK�NJd[dªA#X+IGY]a
Ts
�\ªYu\ H=��NJH]H;\^K+d^A�YON?DQCOCEDGX+IJAuY]a+A½Y]a+A0HOF+K�`#DGC]CO\^A�CEH�HONcYOa�DGY=YOa+A

H;\^IQX�DGd�`�DQX1K�A�C]A#`�A#\ �JA#_���\�Y]a+NQF4YB\^X�YOA#C;P.A#COA#X�`�A�P.C]NQÂ�X+A#\ªIJa!K�NJCO\^X+I�H;F+K�`�DQCOC]\^A�CEH�R
�Áa+A���ZUTVi H]`Ea+A�Â�A�a�DQH�Y]a+A�P.NQd^d^N ��\ªX+I1�QA��?DQ_ ��DQX�Y]DGIJA#H�\^X~`�NQÂ���DQCO\ H;NJX*YON

H;\^X+IJdªA�`�DQCOC]\^A�CÁH �4H;YOA�Â½H#L

• ©�X ��ZUT�i H �4HSY]A�Â a�DJH�DGX�\ªX+a�A�C]A�X�Y�C]NQK�F�HSY]X+A#H]H�DGI�DG\^X�HSYsYOa+AcA�$�A�` Y]H�NQP
ÂsF+d�Y]\ª��D�YOa��+C]NQ��DQIJDGYO\^NQX ��COA�_4F�`�\ªX+I ��\�P�X+NGYUA�d^\^Â�\^X�DGYO\^X+I ��Y]a+A�`�NQÂ��+F+Y]D�Y]\ªNJX�DGd
d^NJDJ_0C]A���F+\^COA�_6P.NJCB`Ea�DGX�X+A�d�A �JF�DGd^\ª��D�YO\^NQX

• ©�X ��ZUTVi H �4H;YOA�Â \ H�Â�NJCOA=C]A#HO\ HSYEDGX�YVDGI�DG\^X�H;Y�X�DGC]C]N ��K�DGX�_1\^X�YOA�COP.A�C]A�X�`�A��
HO\ªX�`�A=HOF�`Ea²\^X�YOA#C;P.A#COA#X�`�A�D $�A#`�Y]HÁNJX+d �²D�HOÂ½DGd^dlX!F+ÂuK�A�C�NQP�HOF+K�`�DGC]C]\ªA#C]H

• �ÀX*DGX ��ZUT�i H �4HSY]A�Â �4\ªYB\^H���NJH]HO\ªK+d^A�YON½\^X�`�C]A#DJH;AVYOa�A=H �4H;YOA�Â `�DQ��DQ`�\�Y �½K��
DJ_+DG�4Y]\ªX�IjYOa�A1_+DGY]D?C]DGYOA6��A�C½HOF+K�`#DGC]CO\^A�CsDQ`�`�NQCE_4\^X+I*YON?YOa+A*¸��Vµ�NGP�Y]a�D�Y
��DQC;Y]\^`�F+d DGCBHOF+K�`#DGC]CO\^A�C

• ©�X ��ZUTVi¦H �4H;YOA�Â A � a�\ªK+\ªY]Ha+\^IQauHO��A#` Y]C]DQdJA �6`�\^A�X�` ����A#HO��A�`�\ DGd^d ��P.NJC�D�a�\ªIJa
X!F+ÂsK�A#CBNGPUH;F+K�`�DQCOC]\^A�CEH
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�ÀXuDGX ��ZUT�i�H �!H;YOA#Â �#Y]a+A ��©Vi � �VF�DQ_4CED�Y]F+COA[©�Â��+dª\ªYOF�_4A�i*N4_4F�d^DGYO\^NQX �lNQC�Mf¸4k
�.M[a�DQHOA�¸!a�\�P Y=k³A �!\^X+I ��Â�N4_4F+d D�YOA�_j\^X4P.NQC]Â½D�Y]\ªNJX¡H ��ÂsK�NJd^H�DGC]AsYOCEDGX�HOÂ�\�YOYOA#_?N �QA#C
ÂuF+dªYO\^�+d^A?`�DQCOC]\^A�CEHs\^XÃ��DGCEDGd^d^A�d¬R �ÀXr`�NJXJY]C]DJHSY�Y]N~YOa+Aj`�NQX��QA#XJY]\ªNJX�DGd�ÂsF+dªYO\ `�DGC]C]\ªA#C
Â�A�YOa�N!_�H �%��Z�T�i F�H;A�H³N �QA#COd DG�+��\ªX+I1H;F�K�`#DGC]CO\^A�CEHVP.NQC�YOa+A�Y]C]DQX�HOÂ�\ H]H;\^NQXlR �'Yu`�DQX
K�A�H;a�N ��X�YOa�DGY[YOa+AVNQCOYOa+NJIQNJX�DGd^\�Y �uK�A�Y���A#A�X½Y]a+AVHOF+K�`�DGC]C]\ªA#C]HW`#DGX½K�AVDQ`Ea�\ªA��QA#_�K��
`Ea+N!NJHO\ªX�I�Y]a+A�HOF+K�`#DGC]CO\^A�CWHO��DQ`�\ªX�I

∆f
DQHWDQX�\^X�YOA#IQA�CWÂsF+dªYO\ª��dªABNQP�Y]a+ABH ��ÂsK�NJd+CED�YOA

NQX¡YOa+A0\ªX�_+\ �!\ _4F�DGd�H;F+K�`�DQCOC]\^A�CEH
1/Ts

��DQX�_?F�H;\^X+IjD1COA�` YEDGX+IJF+d^DQC³\ªÂ��+F+d HOA6H;a�DQ��A
NGPUdªA#X+IGY]a

Ts
NJX1A�DQ`Ea*HOF+K�`#DGC]CO\^A�C�R �ÀX1YOa�\^HV`�DQHOA���NQX+A=HO\ªX�IQd^A ��Z�T�i H ��ÂsK�NJd�`�DQX

K�A ��C]\ªY;YOA#X*DQH#L

s(t) =

{

∑NC−1
i=0 diexp

(

j2πit
Ts

)

0 < t < Ts

0
HONQX�H;Y

�,�+R �G¨ �

��a+A�C]A
NC

\ HÁY]a+A=X!F+ÂuK�A�C�NGP[`�DQCOC]\ªA#C]H#R �Áa+AuCOA�`�A�\��QA#C�_4A�Â�N4_4F+d D�Y]A#H�Y]a+A ��ZUT�i
H �!ÂsK�NJd+K��s_4N ��X�`�NQX��QA#C;Y]\ªX�IVA�DQ`Ea½`�DQCOC]\ªA#CUYON=T��pDGX�_�\^X�YOA�IJC]DGYO\^X+I³N �QA#CUDuH �!ÂuK�NQd
dªA#X+IGY]a

Ts
R � R AQRUP.NJCÁYOa+A�d � Y]a*`�DGC]C]\ªA#C �fA³IQA�Y

d̂l =

∫ Ts

0

exp
(−j2πtl

Ts

)

NC−1
∑

i=0

diexp(
j2πit

Ts
)dt
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=

NC−1
∑

i=0

diTsδ[i − l] = dlTs.
�,�+R �J® �

¸!\ªX�`�A0A�DQ`Ea~NGPÁY]a+A²HOF+K�`�DGC]C]\ªA#C]H³A � `�A��4YuYOa+A0_+A#HO\ªC]A#_~NJX+A6A � a+\^K+\ªYsDGXo\^X�YOA#IQA�C
X!F+ÂuK�A�C�NGP+��A�C]\ªN4_+H ��\ªYOa+\^XuY]a+A�\^X�YOA#IQCED�YO\^NQX�\^X�YOA#C ��DGd

Ts
��YOa+A��=DGC]A[NQCOYOa�NQIQNJX�DGd ��\,R AQR

YOa+A#\ªC=`�NQX�YOC]\^K+F4YO\^NQX?YON²YOa+A½_4A#Â�N!_+F+d^DGYO\^NQXh\^H��#A�C]N ��A�d^\^Â�\^X�DGYO\^X+I1YOa+A�\^XJY]A�CE`�DQCOC]\ªA#C
\ªX�Y]A�COP.A�C]A�X�`�AQR

�Áa+AsNJC;Y]a+NQIJNQX�DQdª\ªY �1NGP[Y]a+A�`#DGC]CO\^A�CEH�`#DGX?DQd^HON0K�A�NQK�HOA�C �QA�_c\ªX?YOa+A�P.C]A���F+A#X�` �
_4NQÂ½DQ\ªXlR²Z\^I�R²�+R^g��1H;a�N �BH�Y]a+A0HO��A�` Y]C]D1NGPÁN �QA#COd DG���+\ªX�I1`#DGC]CO\^A�CEH�\ªXoDGX ��ZUT�i
H �4H;YOA#Â���\ªYOa0®�HOF+K�`�DQCOC]\ªA#C]H#R �Áa+AVF�HOA�NGPlD�C]A#` YEDGX+IJF+d DGCW�+F+d HOA�H;a�DG��ABNGP�d^A�X+IQYOa

TsdªA�DQ_+H�Y]N�D
sinc(πfTs)

Y �!��A³NQP�HO��A�` YOC]F+Â¦P.NQCÁA#DJ`Ea²HOF+K�`#DGC]CO\^A�C �#��a+\ `Ea²a�DJHf��A�C]NJH
P.NQCBDQdªd

f
YOa�D�Y�DGC]A³\ªX�Y]A�IQA#C�ÂuF+dªYO\^�+d^A#H�NQP

1/Ts
Rf¸!\^X�`�A³YOa+A=`#DGC]CO\^A�C�HO��DQ`�\ªX+I�\ HBDGd HON

`Ea+NJHOA�XhDQH
∆f = 1/Ts

�lY]a+A½Â½D � \ªÂsF+Â NQP�A�DQ`Ea~H;F+K�`�DQCOC]\^A�C�`�NJ\ªX�`�\^_+A#H ��\ªYOahYOa+A
��A#CON0`�CON�HOHO\^X+IJH�NGP�DGd^dYOa+A�NGY]a+A�C³H;F�K�`#DGC]CO\^A�CEH � ��a+\ `Ea?H]D�YO\ H ��A#H�YOa+A�NQCOYOa�NQIQNJX�DGd^\ªY �
`�NJX�_4\ªYO\^NQX�H#R

��HO\ªX+IVD�`�NQX��JA�X�YO\^NQX�DQd�Â�N!_+F+d^DGYONJClK�DGX��BYON�IQA�X�A�CED�YOAUY]a+A ��ZUT�i H;\^IQX�DQd �fNQF+d _
COA ��F+\ªC]A�D �QA#C �6a�\ªIJa*X�F�ÂuK�A�CBNQP�N�HO`�\ªd^d^DGYONJC]H�DQX�_���d�Y]A�CEH ��Â�DQ�!\ªX+I�Y]a+A=\^Â��+dªA#Â�A�X4¿
Y]DGYO\^NQX~NGP�H;F�`Ea~D*H �4HSY]A�Â �JA�C �?`�N�HSY]d �JR²@�N ��A��QA�C ��\ªYs`�DQXhK�A½A#DJH;\^d��?H;a�N ��X¡Y]a�D�Y
YOa+A���ZUT�i H �!ÂuK�NQdUNGP ���+R �J® ��`#DGX¡K�A�IQA#X+A�CED�Y]A#_*K��jF�H;\^X+IcDGX?\^X��QA#C]HOA�_+\^H]`�C]A�Y]A
Z+NJF+CO\^A�CfY]C]DQX�HSP.NJCOÂ � �STVZ ���fNJX0Y]a+A

NC
\ªX4P.NJCOÂ½DGYO\^NQXcH �!ÂuK�NQd HJ� �+g �'R �Áa+\^HÁÂ½DQ�QA#H

D*`�NJÂ���F4Y]DGYO\^NQX�DQdªd��?A �½`�\ªA#X�Yu\ªÂ��+d^A�Â�A#XJYED�Y]\ªNJXoNGPÁYOa+A'��Z�T�i H �!H;YOA#Â ��NJH]H;\^K+d^A��
F�HO\ªX+I0P�DQH;Y³DQX�_jA �6`�\^A�X�Y;Y �SZUZ �ºDGd^IQNQC]\ªYOa+Â½H#R �Áa+A ��ZUTVi Â�N!_+F+d^DGYO\^NQXj��CON4`�A�HOH
F�HO\ªX+I �SZ�Z � \ H�\^d^dªF�H;YOCED�Y]A#_c\^X?Z�\ªI�R��+R^g#��RB©�P Y]A�C³D6H;A#CO\ DGdlYON0��DGCEDGd^dªA#d�`�NJX �JA�CEH;\^NQX �
YOa+AV_4\^H]`�C]A�Y]AÁYOCEDGX�HOÂ�\�Y�HO\^IQX�DQd+\^H�`�DGd `�F�d^DGYOA#_�K��uF�H;\^X+I³YOa�A��SZUZ �³R!¸!F+K�HOA���F+A#X�YOd����!D
��DGCEDGd^d^A�d�YON�H;A#CO\ DGd�`�NJX �JA�CEH;\^NQX½\ HÁ`�DQCOC]\ªA�_½NQF+YÁDQX�_½Y]a+A�_+\ªIJ\�YEDGd�H;\^IQX�DGd�\^HÁ`�NQX��QA#C;Y]A#_
YON*DGX�DGd^NQI�R �'PfYOa+A½X!F+ÂsK�A#C�NGP�`�DQCOC]\ªA#C]H�_4N!A#H³X�NGY=A���F�DQdUYOa+A �SZUZ �£dªA#X+IGY]a ���#A�C]N
��DQ_�_4\ªX�I�ÂsF�H;YBK�A=`#DGC]CO\^A#_0NQF4Y�K�A�P.NQC]A³YOa�A �SZ�Z �³R
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}1
�+���Ã���� 9�c�+���r�Q�l�Q7��,�c�J ����!��������
�ÀXs��C]DJ` YO\ `�DQd ��Z�T�i H �4H;YOA�Â½H���YOa�A�A $�A#` YEHUNGP �;¸��DQCOAÁDGd^Â�NJH;YW`�NQÂ��+d^A�Y]A�d��=A�d^\ªÂ�\^X�D�¿
YOA�_²K��6F�H;\^X+I�H;N½`�DQdªd^A#_²IQF�DGCE_½YO\^Â�A#H#R �Áa+A³IQF�DQC]_0YO\^Â�A

Tg
����a+\ `Ea1\^HÁ\^X�YOC]N!_+F�`�A�_

P.NQCUA#DJ`Ea ��ZUT�i H �!ÂuK�NQd ��a�DQHYON³K�A�`Ea+NJHOA�X=d DGC]IQA#C�Y]a�DGXsYOa�AfA � ��A�` YOA�_uÂsF+dªYO\^��D�Y]a
_4A�d D��4H[P.C]NQÂ¤Y]a+A�`Ea�DGX�X+A�d �4H;NsYOa�DGY�Y]a+A�H;\^IQX�DGd�`�NQÂ���NQX+A#X�Y]H�P.CONJÂ�_4\ $�A#COA#XJYÁ��DGYOa�H
NGPfNQX+A6H �!ÂuK�NQd[_4NcX+NQY=\ªX�YOA#C;P.A#COA ��\ªYOahYOa�A½X+A � YuH ��ÂsK�NJd,R½©fY�Y]a+A6C]A#`�A#\ �JA�C ��YOa+A
IQF�DQC]_�\^X�YOA�C ��DGd�\^H�COA#Â�N �QA#_�K�A�P.NJCOA�Y]a+AVZUZ �ÃK+d^N4`E� ��C]A#H;YONQC]\^X+I�YOa+AVNQCOYOa+NJIQNQX�DGd^\�Y ���
��a+\ `Ea9a�DQHuK�A#A�X9d^NJH;YsK��~DGCOYO\ ��`�\ DGd^d��¡A � Y]A�X�_+\ªX+I?YOa+A1H �!ÂsK�NJd�d^A�X+IQYOanDGY�D'� � A�_
P.COA ��F+A�X�` �0HOA���DQC]DGYO\^NQXlR

�ÀXvNJC]_4A#C0Y]N�D��JNQ\ _ÃYOa�A¡\^X�YOA�CE`�DQCOC]\^A�C0\^X�YOA#C;P.A#COA#X�`�A � �O� � �0F+X�_4A#C*ÂuF+dªYO\^��DGYOa �
COA�H;F�d�Y]\ªX+I6P.CONJÂ Y]a+A�_4A�d D��QA�_cCOA#�+dª\ `�DJH�NGP�YOa+A ��Z�T�i HO\ªIJX�DGd ��YOa+A�IQF�DQC]_c\^X�YOA#C ��DGd
a�DQH�Y]N�K�AB_+A#HO\ªIJX+A#_�`�d^A �JA�C]d �JRTV\�$�A�C]A�X�Y�HOF+K�`�DGC]C]\ªA#C]H�\^XJY]A�COP.A�C]A ��\�Y]a�A�DQ`Ea�NGY]a+A�C �Q\ªP
YOa+AB` �4`�d^A#H�NGP�YOa+A�_4A#d^D��JA#_ �QA#C]HO\ªNJX�HNGP�YOa+A�HOF+K�`#DGC]CO\^A�CWHO\ªIJX�DGd H�\ªX½DQX�ZUZ �n\^X�YOA#C ��DGd
Tu

_4NcX+NGY�a�D��JA�DQX?\^XJY]A�IJA�C³X!F+ÂuK�A�C�R �Nc�+C]A �QA#X�YVY]a+\^H��lY]a+A���ZUTVi H ��ÂsK�NJdU\^H
` �4`�d^\ `�DGd^d��*A � YOA#X�_4A#_h\^XhYOa+A½IJF�DGCE_*Y]\ªÂ�A���DQH�HOa+N ��Xh\ªXoZ�\ªI�R½�+R^g�¨�R½©VH�D²C]A#HOF+dªY��
ÂuF+dªYO\^��DGYOan`�NQÂ���NJX+A�X�YEH � ��a+\ `Ea9a�D��JA6_4A�d D��4HuHOÂ�DQdªd^A�C=YOa�DQXoYOa+A²IQF�DQC]_~\^X�YOA#C ��DGd
`�DQX+X+NGYB`#DGF�HOA�DGX��½\ªX�Y]A�CE`�DGC]C]\ªA#Cf\^X�YOA#C;P.A#COA#X�`�AJR

�ÀXjYOa�AuP.NJdªd^N ��\ªX�I0H;A�` Y]\ªNJX�H ��D6K�CO\^A�P[N �JA�C ��\^A�� NQP �    »QÄJ�+RªgJg#D�DGX�_jT��Ve�¿ �
DG\^C�\ªX�Y]A�COP�DQ`�A�Hf\^H���COA�H;A#XJY]A#_ ����a�\^`EacDGC]A³K�DQHOA#_²NQX!��ZUTVi YOCEDGX�H;Â�\ HOHO\ªNJXlR

"�¹�¹V¹ ��z�x 6 � � �
�   ~»QÄ��4R^gQg#D�DQ\ªC�\^XJY]A�COP�DQ`�A�a�DJHK�A�A#Xs_4A��QA#dªNJ��A�_³P.NQC ��\ªC]A�d^A#H]HdªN4`�DQd�DQCOA�DBX+A�Y���NJCO�
�.�r¯© ����DQ�+�+d^\^`#D�YO\^NQX�H�R �ÀX �V¸4© ��\�YUNQ��A�CED�Y]A#H�NQXs®+Rªg�®�¿S®4R �Q®���®4R �Q®�¿À®+R ��®ÁDGX�_u®+R ·Q�Q®�¿
®4R »J�J®²i?@B�½K�DQX�_+H�� ��\ªYOa9D*`Ea�DQX+X+A#d�H;A#��DGCED�Y]\ªNJX¡NQP��QÄ*ij@B���IJ\ �!\^X+I*C]\^HOA�YON?�QÄ
D���DG\^d^DQK+dªA�`Ea�DGX�X+A�d H�R �'Y�F�H;A�H³DGX ��Z�T�i HO`Ea+A#Â�A ��\ªYOao®Q�²H;F�K�`#DGC]CO\^A�CEH�R �ÀXhA#DJ`Ea
��ZUTVi H �!ÂsK�NJd ��P.NJF+CUNGP+Y]a+A�H;F+K�`�DQCOC]\^A�CEH�DGC]A�_+A#_4\ `�DGYOA#_uYON��+\^dªNQYUHO\^IQX�DQd^H���\ªXsNQCE_4A�C
YON½Â½DG�JA�Y]a+Au_4A�YOA�` YO\^NQXcC]NQK+F�HSYBDGI�DG\^X�H;Y�P.C]A���F+A#X�` �²N $�H;A�Y�DQX�_1�+a�DJH;A³X+NJ\^HOAQR �Áa+A
H �!ÂsK�NJd�_4F+CED�Y]\ªNJXhNJXoA#DJ`Ea~`#DGC]CO\^A�C�\ H

Ts = 4µs
��\ªYOaoIJF�DGCE_h\ªX�YOA#C ��DQd�_4F+CED�Y]\ªNJX
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Tg = 0.8µs
DGX�_jYOa+A�F�HOA�P.F�dUHO\^IQX�DQdU_+F+C]DGYO\^NQX

Tu = 3.2µs
��dªA�DQ_4\^X+I²YONcD²`#DGC]CO\^A�C

H;A#��DGCED�Y]\ªNJX
∆f = 312.5

�!@��6DGX�_~D²YONQY]DQd�H;\^IQX�DGdWK�DQX�_���\ªYOa~NGP³g#´�R ´cij@��QR0©VH
A � �+d DG\^X+A#_oDQK�N �JA���YOa+A ��ZUT�i H ��ÂsK�NJd^HuDGC]A½A � YOA#X�_4A#_o` �4`�d^\^`#DGd^d �h\ªX~Y]a+A6IJF�DGCE_
\ªX�Y]A�C ��DQd,R �Áa+A ��ZUT�i `#DGC]CO\^A�CEH�DQCOAsÂ�N!_+F+d^DGYOA�_ ��\ªYOa~efM�¸4k � �VM�¸4k �Ug#´G¿ ��©Vi
NQCW´G¨Q¿ ��©Vi�Â�N4_4F+d D�Y]\ªNJXs_4A#��A#X�_4\^X+I�NQXsYOa+AÁC]A���F+A�HSY]A#_=X�A�Y�_+DGY]DVC]DGYOA�� ��a+\^`Ea�`�DQX
Y]DQ�QA�YOa+A ��DQdªF+A�H�´ �+¾ ��g�����g�» ���G¨ �4�Q´ �4¨J»�DGX�_c®�¨½i*K�\�Y ��H#R

¥��²quw]:

�Áa+ABT���e�¿ � ��TV\ªIJ\�YEDGd �V\^_4A#N=efCON�DQ_+`#DQH;YO\^X+IG¿ ��A#COC]A#H;YOC]\ DGd ��\^HWYOa+AB_4\^IQ\ªY]DQd4YOA#dªA��!\^HO\ªNJX
K+C]NJDQ_�`�DQH;YO\^X+IoH;Y]DGX�_+DGCE_�_4A �JA�d^NQ��A#_�P.NJC6F�HOA?\^X [F+C]NQ��A?\^X�YOa+A?X+\ªX�A�YO\^A#H#R �Áa+A
T��Ve�¿ � a�DJHBY��fN²_4\ $�A�C]A�X�Y�NJ��A#C]DGYO\^NQXjÂ�N4_4A�H ����a+\ `Ea¡_+\�$�A�C�P.C]NQÂ A#DJ`EajNGY]a+A�C³\^X
YOa+A�d^A�X�IGYOacNQP�YOa�A�\^C�ZUZ ��HBDQX�_ �+`�NJX�HOA���F+A�X�Y]d ���4\ªX1YOa�A�\^CB`�DGC]C]\ªA#CÁHOA���DGCED�YO\^NQX�R �Áa+A
»G��Â�N!_+A�� ��a+\^`Ea½F�H;A�H�DGX6ZUZ �Ãd^A�X+IQYOa½NGP�»�g#¾���\ H��+CO\^Â½DGC]\ªd��s`�NQX�`�A�\��QA�_uP.NJC�d DGC]IQA#C
H;\^X+IJdªA�P.COA ��F+A�X�` ��X+A�Y��fNQC]�4H � ��a+A#COA�DQH�YOa+AB�G�=Â�N!_+A ��\ªYOa�DGX�ZUZ �ndªA#X+IGY]auNQP��GÄQ¨J» �
��a+\ `Ea½\^H�Â�NQC]ABCONJK+F�H;Y[YONuÂuF+dªYO\^��D�Y]a6�+C]NQ��DQIJDGYO\^NQX �G\ H�Â�NJCOAVH;F+\ªYOA�_�P.NQCfH;\^X+IJdªA � �
HSYED�Y]\ªNJX�HÁNQC�HOÂ�DQdªd^A�C�X�A�Y��fNQC]�!H#R

�ÀX½YOa+A³T���e�¿ �ÃHSYEDGX�_�DGCE_ �QY]a+AVHOF+K�`�DQCOC]\ªA#C]H�`�DGX½K�A�Â�N4_4F+d D�Y]A#_½F�H;\^X+Iu¨ ��©�i �
g#´ ��©�i NQCW´G¨ ��©�ioR���a+A#X�YOCEDGX�HOÂ�\�YOYO\^X+I ��\�Y]acg#´ ��©Vi¦NJCW´G¨ ��©Vi �GD³H;N=`#DGd^dªA�_
a+\^A�CEDGCE`Ea+\^`#DGd�Â�N4_4F+d D�YO\^NQXj`#DGXcK�A=F�HOA#_²YON½Y]C]DQX�HOÂ�\ªY�Y��fN6_4\�$�A�C]A�X�Y�_+DGY]D½H;YOC]A#DQÂ�H
��\�Y]a�_+\�$�A�C]A�X�Y½�+C]\ªNJCO\ªYO\^A#H#R �Áa+Ac_+D�YED¡H;YOC]A#DQÂ ��\�Y]anY]a+Aca+\^IQa+A#C���CO\^NQC]\�Y �~C]A��+C]A�¿
H;A#X�Y]HuYOa+A1K�DQHO\ `0HOA�C ��\ `�A���\�Y]apD?Â�N4_4A#C]DGYOA �JF�DGd^\�Y �~NGP�HOA�C �!\^`�A ��\,R AQR~�+\ ` Y]F+COA1NQC
H;NJF+X�_ ��F�DQdª\ªY � � ��COA �JF�\ªC]\ªX�I*dªN �fA�Cs¸ ��µ ��DGd^F+A�H � ��a+A�C]A#DJH³YOa�A0d^N ��A#C=�+C]\ªNJCO\ªY �¡HO\�¿
IQX�DQd��+C]N ��\ _4A�HÁa+\ªIJa+A�C���\^`�YOF+C]A=DGX�_cHONQF+X�_ ��F�DQdª\ªY ����DQX�_1��N�HOHO\^K+d �0NGYOa�A�CBHOA�C ��\ `�A�H �
COA ��F+\ªC]\^X+I?a+\^IQa�A�C½¸���µ ��DGd^F+A#HuP.NQC��+C]NQ��A�C�_4A�Â�N4_4F+d D�Y]\ªNJXlR9TVA���A�X�_4\^X+I~NQXnYOa+A
`Ea�DGX�X+A�d�H;Y]D�Y]A��!Y]a+A³F�H;A#C�`�DGX1`Ea+N!NJHOA�K�A�Y��fA�A#X0Y]a+A³K�NQYOacH;\^IQX�DQd^H#RUZ+NQCfY]a+A�_4A�YEDG\^d^H
NGPYOa+A�a+\^A�CEDGCE`Ea+\ `�DQd�Â�N4_4F+d D�Y]\ªNJX �+HOA�A�� �J�(�'R

� !�� $�;>E E +.- @
�Áa+\ H�`Ea�DG�4Y]A�C�a�DJH��+CON �!\ _4A#_hDGXhN �QA#C �!\^A�� NQP�YOa�A½Â�NJK+\^dªA½`�NJÂ�ÂuF+X+\ `�DGYO\^NQXhA�X��!\�¿
CONJX+Â�A�X�Y#R �ÀX½Y]a+A ��C]H;Y���DQC;Y�NGP�YOa�AV`Ea�DQ�4YOA#C��JYOa+A�A $�A#`�Y]H�NGP�Y]a+A�ÂsF+d�Y]\ª��D�YOa²�+C]NQ��DG¿
IJDGYO\^NQX1NQX1Â�NJK+\^dªA=`�NQÂ�ÂuF+X�\^`#D�YO\^NQXcHO\ªIJX�DGd Hfa�D��QA³K�A�A�X*HOF+Â�Â½DGC]\ª�#A#_ �+DQdªNJX+I ��\�Y]a
YOa+A�A�$�A�` YEHWNGP�_4NQ�+��dªA#C[H;a+\ªP Y���DGX�_sY]a+ABH;\^Â��+d^\�P �!\^X+I�DQH]H;F+Â��4Y]\ªNJX�H�� ��a+\ `Ea�DQCOAfÂ½DQ_4A
��a+A�X½Â�N4_4A#dª\^X+IuDQX�_�DGX�DQd �4HO\ªX+I³Y]a+ABÂ�NQK�\ªd^A�C]DJ_4\^N=`Ea�DGX+X�A�d+a�D��JA�K�A#A�X6_4A�HO`�CO\^K�A#_�R
©BXhN �QA#C �!\^A�� NGP�YOa+C]A�A½_4\ $�A�C]A�X�Y³YOCEDGX�HOÂ�\^H]H;\^NQXhHO`Ea�A�Â�A#H�a�DJH³K�A#A�Xh�+COA�H;A#X�YOA#_¡\^X
YOa+A1H;A�`�NJX�_o��DQC;Y�L�HO\^X+IQd^A²`#DGC]CO\^A�C ��T�ij© �UHO\^X+IQd^A²`#DGC]CO\^A�C��fT�ij© DGX�_ ��Z�T�i �
��a+\ `EahIJ\ �JAsC]\ H;A�YONj`�NQÂ��+d^A�Y]A�d��?_4\ $�A#COA#XJYuHO\^IQX�DQd[HSY]COF�`�YOF+C]A#H��lÂ½DG�!\^X+Ic\�Y �JF�\�Y]A6D
`Ea�DGd^d^A�X+IJAsY]Nj_4A �!\ H;A6DcHO\ªX�IQd^A½F+X+\ ��A#_~Â�A�Y]a+N4_ � ��a+\^`Eao`#DGX~K�A½F�H;A�_hYON*\ _4A�X�YO\ªP �
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DGd^d�Y]a+C]A�A1NGP�YOa�A�ÂcR  � DGÂ��+d^A#H�DGC]A0�+C]N �!\^_+A#_~\^X9P.NQC]Â NGP�DJ` Y]F�DGdÁDG\^Cs\^X�YOA#C;P�DJ`�A#H
`�F+C]C]A�X�YOd��½\ªXcNJ��A#C]DGYO\^NQXlR
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M[C]\ªNJC0Y]Np\ _4A�X�Y]\�P �!\^X+I�DGXvDQ\ªC1\^XJY]A�COP�DQ`�AhH;Y]DQX�_+DGCE_ ��YOa+A ��CEHSY1YOa+\^X+I�DÃ¸!NGP Y��ÁDGC]A
µBDQ_+\ªNhCOA�`�A#\ �JA�C�a�DQHsYON~_4Nh\^H�Y]N¡d^N4`�DQdª\^��A1\�YEH½H;\^IQX�DGdÁ\ªXpYOa�A0P.C]A���F+A#X�` �n_+NQÂ½DG\^X
DGX�_c\ HONQd D�YOAu\�Y�R�Z+NJCBYOa�\^H�COA�DQHONQX ��YOa+As¸+µ a�DQHBYON²K�Au`#DG��DQK+d^A=NGP[DGX�DGd����#\ªX�I6d^DQCOIJA
��NJC;Y]\ªNJX�H�NGP�YOa+AÁA�d^A#`�YOC]NQÂ½DGIJX+A�Y]\^`fHO��A�` YOC]F+ÂcR ��HO\ªX+IVYOa�AB_+D�YEDBP.C]NQÂ Y]a+A�H;��A#`�YOC]F+Â
DGX�DQd �4HO\^H��+Y]a+A½¸4µ�a�DJH�Y]N²DGF+YONQÂ½DGYO\ `�DGd^d��1_4A�YOA�` Y�YOa+A�X!F+ÂuK�A�C�NGP�DJ` YO\��QAuA�Â�\�YOYOA#C]H
\ªX*\ªY]H�A�X��!\ªC]NQX�Â�A#X�Y�DGX�_²YOa�A�\^C�C]A#HO��A�` YO\��QA=`#DGC]CO\^A�CÁP.C]A���F+A#X�`�\^A#H�DGX�_cK�DQX�_���\ _!YOa�H �
DQH[_+\^H]`�F�H]HOA#_�\^X6`Ea�DG�4Y]A�CBgJR �ÀX�Y]a+A�d^\ªYOA�CED�Y]F+C]A���Y]a+\^H��+C]NQK+d^A�Â£\^H�COA�P.A�C]COA�_sYON=DQH[YOa+A
`Ea�DGX�X+A�dlHOA�IJÂ�A#X�Y]D�Y]\ªNJX0�+C]NQK�dªA#Â � · �¬R

�Áa+\^H�`Ea�DQ�4YOA#C=�+C]N ��\ _4A�H=D*K+C]\ªA�PB_4\^H]`�F�HOHO\ªNJXoNQX9_4\ $�A�C]A�X�YsHO��A�` YOC]F+Â DGX�DGd��!HO\ H
YOA�`Ea+X+\ �JF�A#H[DQX�_�\ªX�Y]CON4_4F�`�A#H[DQX½DGF4Y]NQÂ½D�Y]\^`�`Ea�DQX+X+A#d�H;A#IQÂ�A�X�YED�YO\^NQX½H]`Ea+A�Â�A�K�DJH;A�_
NQXcDG�+��d �!\^X+I½`�d^F�HSY]A�CBDQX�DGd��4H;\ H�YOA#`Ea�X+\ ��F+A�H�NQX²YOa�A=H;��A#`�YOC]F+Â DQX�DGd��4H;\ HÁ_+D�YED+R

� !# �27:+"? @���4�7:9 ' �:/ $ G /�6�' -�;>E
�ÀXcYOa+A#NQC ����YOa+A=d^N4`�DQdª\^�#DGYO\^NQXcNGPW��N ��A#CB\ªXcY]a+A=P.C]A���F+A#X�` �1_4NQÂ½DQ\ªXj`#DGX*K�A=��A#C;P.NJC;¿
Â�A#_*K��c��DQH]HO\ªX+I�Y]a+AsHO\^IQX�DQd�NGP[\^X�YOA#COA�HSYBY]a+C]NQF+IJa?D½X�DQCOC]N �vK�DGX�_4��DQH]H ��dªYOA#CVDGX�_
Â�A#DQHOF+C]\ªX�I�YOa+A�D��QA#C]DQIQA���N �fA�C�D�Y�Y]a+A ��d�Y]A�C�NQF4Y]�+F4Y#R �Áa+AuHO��A�` Y]C]DQdK�DQX�_cNGP[\^X4¿
YOA#COA�HSYW`�DQXsK�AÁ��DGCOYO\ªYO\^NQX+A�_=F�HO\^X+I�D�K�DQX+��NGP�X�DGC]C]N ��K�DGX�_³K�DGX�_4��DQH]H ��d�Y]A�CEH � ��a�NJHOA
`�A#XJY]A�C�P.C]A���F+A#X�`�\^A#HuDGC]A�HOA���A�CED�Y]A#_hK��jY]a+A ��dªYOA#CuK�DQX�_���\ _!YOa�H#R �ÀX~Y]a+A6d^\ªÂ�\ªY��WDQH
YOa+A ��d�Y]A�C�K�DGX�_ ��\^_!Y]a�H�DQ�+�+C]NJDJ`Eas�#A�C]N ��Y]a+A�Â�A#DJH;F�COA#Â�A#X�Y]HUNGP�Y]a+A�D��QA#C]DQIQAf��N �fA�C
X+NQC]Â½DGd^\ª�#A#_hK��hYOa+A ��d�Y]A�C�K�DGX�_ ��\^_!Y]a�HsCOA�H;F+dªYu\^XoYOa�A0H;N¡`�DGd^d^A#_~��N ��A#CsHO��A�` YOCEDGd
_4A�X�H;\ªY � �.Mf¸4TJ��NGP�YOa+A=HO\ªIJX�DGd¬R �Áa+A³M�¸4TºNGPWD�HO\^IQX�DQd

x(t)
\ H�IQ\��QA#X²DJH

Sxx(f) = lim
B→0

lim
T→∞

1

T

1

B

∫ T/2

−T/2

|hf
B(t) ∗ x(t)|2dt

��¨�R^g(�

��a+A�C]A ∗ \^H�YOa+A6`�NQX��QNJdªF4Y]\ªNJX¡NJ��A#C]DGYO\^NQX~DGX�_ hf
B(t)

\ H³Y]a+A6\^Â���F+d^HOA½C]A#HO��NJX�H;A�NQP
D�K�DGX�_²��DQH]H ��dªYOA�C ��\�Y]a*K�DGX�_���\^_4YOa

B
��`�A�X�Y]A�C�P.C]A���F+A#X�` �

f
DGX�_*D�IJDG\^XcNGPÁg=D�Y

YOa+A=`�A�X�YOA#C�NGPYOa+A���DJHOHÁK�DGX�_�R
�ÀX½�+C]DJ` Y]\^`�A��GY��fN��+C]\ªX�`�\^��DGd�Â�A�YOa+N4_+H�a�D��QAÁA#Â�A#COIJA#_sP.NQCfDG�+��CON � \^Â�DGYO\^X+I��.¨�R^g(�

N �QA#C ��\ _4A�P.C]A���F+A�X�` �6CEDGX+IJA#H��#��a+\^`Ea*DQCOA�F�HOA#_1\ªX1Y]N!_�D��*� HÁH;��A#`�YOC]F+Â DQX�DGd��!��A#C]H
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gQRB¸#�fA��+Y�H;��A#`�YOC]F+Â DQX�DGd��4H;\ H
�4R�ZUZ �vDQX�DGd��4H;\ H

�Áa+\ H�HOA#` Y]\ªNJXjK+C]\ªA#M �1�+COA�H;A#X�Y]HÁY]a+AuK�DJH;\ `�NJ��A#C]DGYO\^NQX*�+C]\ªX�`�\^�+dªA�HBNQP[K�NQYOa*Y �!��A#HBNQP
DGX�DQd �!�#A�CEHfDQX�_1_4\^H]`�F�HOHOA#HfY]a+A=DQ_���DQXJYEDGIJA#HfDGX�_c_4CED ��K�DQ`E�4H�NGP�A#DQ`Ea1Â�A�Y]a+N4_�R

� ������� � � � �(# ��� �"!�#%$�&(' )+3(/ * ��� � $
	

�Áa+AVH �fA��4YÁH;��A#`�YOC]F+Â�DGX�DQd �!�#A�C�\ H�YOa+A�Â�NJH;Yf`�NJÂ�Â�NJX+d���F�H;A�_6H;��A#`�YOC]F+Â�DGX�DGd��!HO\ H
YOA�`Ea+X+\ �JF�Au\^X?�+CEDQ`�YO\ `�AQR�Z�\ªI²¨�R^g=\ªd^d^F�HSY]C]DGYOA�HBY]a+AuNJ��A#C]DGYO\^X+I6�+C]\ªX�`�\^�+dªAsNGP�HOF�`EajDQX
DGX�DQd �!�#A�C�RfeÁDQHO\ `�DGd^d����4Y]a+\^HBY �!��A=NQP[DGX�DQd �!��A#C]H�D�Y;Y]A�Â��4YBY]N0DG���+CON � \^Â½D�YOA ��¨�R^g(�fK��
H �fA�A#�+\^X+I1D1X�DQCOC]N ��K�DQX�_'��dªYOA#CuDQ`�CON�HOH�YOa+A�P.C]A���F+A#X�` �?C]DQX+IQA�NGPf\ªX�YOA#COA�HSY

Bspan
�

Â�A#DQHOF+C]\ªX�IBYOa�A�M�¸+TÃNGP+Y]a+AfHO\^IQX�DQd�DGY�A�DQ`Ea�P.C]A���F+A#X�` ��K��=`�DQd^`�F+d D�YO\^X+I�YOa+AÁD��QA#C]DQIQA
��N �fA�C³D�Y�YOa�A�NJF4YO��F4Y�NQP�Y]a+A ��d�Y]A�C�Rs¸!\^X�`�A�K�DGX�_4��DQH]H ��dªYOA�CEHVYOF+X�DGK+d^AsN �JA�C�d^DQCOIJA
P.COA ��F+A�X�` �?CEDGX+IJA#H=DQCOA �JA�C �?A � ��A�X�H;\��QA���Y]a+A6\^X+�+F4Y�H;\^IQX�DQd x(t)

\ HuH ��A#�4Yu��DJHSYsD
� � A#_³X�DQCOC]N ��K�DQX�_B\^X�YOA�C]Â�A#_4\ D�Y]AUP.COA ��F+A�X�` �N� �SZ��lK�DGX�_4��DQH]H ��dªYOA#C�\^X�HSY]A#DJ_ �#Â�\ � \ªX+I
YOa+A0\ªX+��F4Y�HO\^IQX�DQd ��\�Y]aoYOa�A6NQF4Y]�+F4Y�NGPBD �QNJd�YEDGIJA6`�NQX�Y]CONJdªd^A#_hNJH]`�\^d^d^DGYONQC � �V� � � �
��a+\ `Ea²\ HB_4C]\ �JA�X1K��0D�H �fA�A#�²IJA�X+A#C]DGYONQC�R

�Áa+AsA�$�A�` YEH�NQPWYOa+A���DGCEDGÂ�A�YOA�CEH�NQP[YOa+A �SZ ��dªYOA�C�NQXjYOa+As��A#C;P.NJCOÂ½DGX�`�AuNQPWYOa+A
DGX�DQd �!�#A�C�`�DQX²K�A=H;F�Â�Â½DQCO\^��A�_²DJHfP.NQd^dªN �BH#L

• � ��N�H;��A#`�YOC]F+Â `�NJÂ���NQX�A�X�Y]H�NGPlA���F�DQd�DQÂ���dª\ªYOF�_+AV`�DQX6K�A�C]A#HONQd��QA#_ �Q\ªP�YOa+A#\ªC
P.C]A���F+A#X�` ��HOA���DQC]DGYO\^NQX�\ H�IJCOA�D�YOA#ClY]a�DGX�Y]a+AÁ�Q_+ehK�DQX�_���\ _!YOa=NQP+YOa�A �SZ���dªYOA#C��
��a+\ `Eac\^H�`#DGd^dªA�_²YOa+A³C]A#HONQd^F4YO\^NQX1K�DGX�_���\^_4YOa ��µBef� ��R

• �Áa+A ��dªYOA�CUHOA�d^A#` Y]\ �!\ªY ��� ��a+\ `Ea=\ H�_4A���X+A#_uDQH�YOa+A�C]DGYO\^N�NGP4YOa�A��Q_�e¡K�DGX�_���\ _!Y]a
Y]Nc´JÄQ_+e�K�DQX�_���\ _!YOa~_4A�YOA�C]Â�\ªX�A#H��lDQH�\ªd^d^F�HSY]C]DGYOA�_j\^X¡Z�\ªIc¨�R � ��Y]a+A�COA�H;NJd ��DG¿
K+\^d^\�Y �~NGPÁY]a+A²HO��A�` Y]C]DQd�`�NJÂ���NJX+A�X�Y]Hua�D��!\ªX�Ij_4\�$�A�C]A�X�YsDQÂ��+dª\ªYOF�_4A#H#R¡¸!\^X�`�A
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���,�"6 & 6 x �Áa�A �SZnZ�\ªdªYOA#CV¸!a�DQ��A

K�NGY]anH;\^IQX�DGd H³YOCEDQ`�A6NQF4YsYOa+A²HODQÂ�A ��d�Y]A�C�COA�H;��NQX�H;A��\ªYu\ Hu��NJH]H;\^K+d^A½P.NQCuYOa+A
�fA#DQ�QA�C�H;\^IQX�DGdlY]N0K�AsK�F+CO\^A#_jF+X�_4A#C�Y]a+A�HO�!\ªCOY�NQP�\�YEHVH;YOC]NQX�IQA�C�X+A�\^IQa!K�NQF+C(� H
C]A#HO��NJX�HOA��4\ªPY]a+A=H;A#dªA�` Y]\ �!\ªY �6\^HBdªN ��R

�Áa!F�HVYOa+A �SZ ��d�Y]A�C³a�DQH�Y]N²K�A½K�NGYOahX�DQCOC]N ��K�DGX�_jDGX�_?a�D��QA�D²IQN!N4_?HOA�d^A#` Y]\ �!\ªY ���
DG�+��CON�DQ`Ea+\^X+IcYOa�A1_4\^CEDQ`6C]A#HO��NQX�HOA6\^X9YOa�A0P.C]A���F+A#X�` �o_4NJÂ�DQ\ªX �W\,R AQR

δ(f − fIF )
R

efA#`�DQF�HOA�NGPYOa+A#\ªCÁIJN�N4_²H;A#dªA�` YO\��!\�Y ���#��dªYOA�CEH ��\�Y]a1DQ�+�+C]N � \ªÂ½D�Y]A�d��6�³DGF�H]H;\ DGX²H;a�DQ��A
DGC]ABF�HOA#_�\^X6Â�NJH;YfH ��A#�4YfHO��A#` Y]COF�Â¤DQX�DGd��!��A#C]H#R � �!�+\^`#DGd�HOA�d^A#`�YO\��!\�Y � ��DGd^F+A#H ��a+\ `Ea
`�DQX=K�AfC]A#DGd^\^��A#_=F�H;\^X+I³DGX�DQdªNJI ��dªYOA#C]HC]DQX+IQA�K�A�Y���A#A�X6gJLªg�®BDQX�_6gJLªgJgQRl��\ªYOa�_4\ªIJ\�YEDGd
��dªYOA�CEH��+H;A#dªA�` YO\��!\�Y]\ªA�HÁ\ªX1Y]a+A�C]DQX+IQA�NGPÁgQL ®uYONcgQL ¨½DGC]AV��NJH]HO\ªK+d^A � �G� �'R

�Áa+A �SZ���dªYOA�CCOA ��F+\ªC]A#H�D�`�A�COY]DQ\ªX³Y]\ªÂ�A[��A�C]\^N!_�Y]NB�+C]N4_4F�`�A[YOa+A�COA �JF�\ªC]A#_�NQF+YO�+F4Y
D�Y[A�DQ`Ea�P.COA ��F+A�X�` ���QYOa!F�H��QY]a+A��V� ��`�DGX�X+NGY�H ��A#A���YOa�CONJF+IQasYOa+ABP.COA �JF�A�X�` �sCEDGX+IJA
NGP�\ªX�YOA#COA�HSYUY]N�N�P�DJHSY�R �Áa+\ HUC]A#HOF+d�YEHU\ªX�d^NQX+I³Â�A#DJH;F+C]A�Â�A#XJY�YO\^Â�A#HW\^X�Â�A�DQHOF+C]A�Â�A�X�Y]H
COA ��F+\ªC]\^X+IBDBX�DQCOC]N �¡µ�e�� DQX�_ ��\ _4AWP.C]A���F+A#X�` �³CEDGX+IJAQR �Áa+A�Â�DQ\ªXudª\^Â�\�Y]\ªX+I�P�DQ`�YONQC
\ªX9YOa+A²Â�A�DQHOF+C]A�Â�A�X�YsHO��A#A#_n\^H=YOa+AcDGK+\^d^\�Y �hNGP�Y]a+A �SZ ��dªYOA#CuY]N?C]A#HO��NJX�_hYON?YOa+A
Â½DGIQX�\�Y]F�_4A ��DGC]\ D�YO\^NQX�H�COA�H;F+dªYO\^X+I�P.C]NQÂvYOa�A�H �fA�A#���+C]N!`�A#H]H�R �Áa�\^H�dª\^Â�\�Y]A#_�C]A#HO��NJX�HOA
H;��A�A�_½d^A#DQ_�HWYONsA�C]CONJC]HU\^X0DQÂ���dª\ªYOF�_+AVDGX�_�P.COA ��F+A�X�` ��DJHWY]a+AVH ��A#A��6CED�Y]AB\^X�`�C]A#DJH;A�H
P.NQC�D�IJ\ �JA�X �SZ���dªYOA#C#RW©VH[D³COF�dªA�NQP�Y]a�F�ÂuK �JYOa+A�H;ABDQCOAÁ�+C]NQ��NQCOYO\^NQX�DGd!YON³Y]a+ABH �JF�DGC]A
NGPfYOa+A²H �fA�A#�hCED�Y]A>� �G¨ �¬Rj��NQX��JA�X�YO\^NQX�DQdWH �fA��4YuHO��A#` Y]COF�Â DQX�DGd��!��A�CEH��QA#A��hYOa+A�H;A
A�C]CONJC]H ��\ªYOa�\ªX�DJ`�`�A��4YEDGK+d^A*dª\^Â�\�YEH0K���DGF4Y]NQÂ½D�Y]\^`#DGd^d �pdª\^Â�\�Y]\ªX+InYOa+AhH �fA�A#�ÃC]DGYOA#H
DQ`#`�NQCE_4\^X+IsYON�YOa+A=HOA�d^A#`�YOA�_²µBef� � �G¨ �'R
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m ts� § � m�§ ���Q����
� ¶¢0���+7��l�#�,��/1�������h¥1�����.���+7f"��º���,7.�#�����
©�H�a�\ªIJa*��A#C;P.NJCOÂ½DGX�`�A�DGX�DQdªNJIuY]N0_4\^IQ\ªY]DQd�`�NJX �JA�COYOA#C]HÁDGX�_1T³¸!MÃY]A#`Ea+X+NJdªNJIQ\^A#HÁK�A�¿
`�DQÂ�A²Â�NQC]A1DQX�_9Â�NQC]A²D���DQ\ªd DGK+d^A²DQX�_9D $�NJC]_+DQK+d^A��UYOa�A²Y]C]DQX�HO\�Y]\ªNJXoP.CONJÂ DGX�DQdªNJI
_4NQÂ½DQ\ªXj\^X*Y]a+AsHO��A�` Y]COF+Â DQX�DGd��!��A#C]H�Â�N �JA#_1YON �ÁDGCE_+HÁY]a+A�\ªX+��F4Y³HO\ _4AuNQPWYOa+A�_4A�¿
�!\^`�A���P.NQd^dªN ��\^X+IsYOa+A³IJA�X+A#C]DQd�Y]COA#X�_6NJK�H;A#C �JA#_½\^XcDGd^d�CEDQ_+\ªNsCOA�`�A�\��QA#CfDQC]`Ea�\�Y]A#` Y]F+C]A#H#R
�BA ��A#C�IQA#X+A�CED�Y]\ªNJX½H �fA��4YÁH;��A#`�YOC]F+Â DGX�DQd �!�#A�CEHWA�Â��+d^N ��_+\ªIJ\�YEDGd �SZ ��d�Y]A�CEH[\^X�HSY]A#DJ_
NGP+DGX�DGd^NQIÁNQX+A�H ��DJH�\ªd^d^F�HSY]C]DGYOA�_³\ªX=Z�\^IB¨�R � ��`�NJX �JA�COYO\^X+IÁYOa�A�H;\^IQX�DGdG\^X�YON�_4\^IQ\ªY]DQdQC]\ªIJa�Y
D�P Y]A�C�YOa+A�Â�\ � \^X+Ic�+C]N4`�A#H]H#R �Áa+\ H�DG�+�+C]NJDJ`Ea*�+C]A#HOA�X�Y]HVYOa�AsP.NJdªd^N ��\^X+I1DJ_���DGX�Y]DQIQA�H
N �QA#CÁ`�NQX��QA#X�YO\^NQX�DQd�H ��A#�4Y�HO��A�` YOC]F+Â¦DQX�DGd��4H;\ H#L

• efA�YOYOA#C ��dªYOA#C�H;a�DG��A#H%��\ªYOa½a+\^IQa�A�C�HOA�d^A#`�YO\���\ªY �s`#DGX½K�ABC]A#DGd^\^��A#_sF�HO\ªX�I=_4\ªIJ\�YEDGd��dªYOA#C�_4A�H;\^IQX�.F+�1Y]N*gQL ¨ �4H#R[DsÂ½D � \^ÂuF�Â�NGPÁgQL^gQg ��\�Y]a*DGX�DQdªNJI ��dªYOA#C]H��

• TV\ªIJ\�YEDGd���d�Y]A�CEHÁN $�A�C�Â�NQC]AJM�A � \^K+\ªd^\ªY �6\ªX1Y]a+A�COA�H;NJdªF+YO\^NQX1K�DGX�_ ��\^_!Y]alR

• TV\ªIJ\�YEDGd �SZ ��dªYOA#CO\^X+I½DGd^dªN �BHÁa�\ªIJa+A�CBH ��A#A��1C]DGYOA�H �+HO\ªX�`�A�A�C]C]NQCEH�P.C]NQÂ _4\ªIJ\�YEDGd
��dªYOA#C]Hc`#DGXrK�AhDJ`�`�F+C]DGYOA#d �Ã`�NJCOC]A#`�YOA#_lR �Áa+\ H²`�NQÂ�A#H0P.C]NQÂ YOa+A¡P�DQ`�Y²Y]a�D�Y
Y]a+A0_��!X�DQÂ�\ `6`Ea�DQC]DJ` Y]A�C]\^H;YO\ `�H�NGPB_4\^IQ\ªY]DQd[d^\ªX+A�DGC=��a�DQHOA �SZ ��d�Y]A�CEHuDGC]A �QA#C �
�+C]A#_+\^`�Y]DGK�dªA�DGX�_1`#DGX1K�A³Y]a+A�C]A�P.NJCOA�`�NQC]COA�` YOA�_½Y]N�HONQÂ�A³A � Y]A�X�Y#R

� ������� � � ��� / 	 � � ��� �"!�#%$�&(' )+3(/�* ��� � $
	

�'Y�\ H ��A#dªdU�!X+N ��X?YOa�DGYVY]a+A���N �fA�C³H;��A#`�YOCEDGdU_4A�X�H;\ªY �*NGP�D1HO\ªIJX�DGd�\^H�A �JF�DGd�YON²YOa+A
Z+NJF+CO\^A�CÁY]C]DQX�H;P.NQC]Â�NGP�YOa+A=DQF4YON4`�NQC]COA#d^DGYO\^NQX6P.F�X�` Y]\ªNJX1NQPY]a�D�Y�HO\^IQX�DQd,R�ZUZ � ��Z�DJHSY
Z+NJF+CO\^A�C �C]DQX�H;P.NQC]Â ��K�DJH;A�_¡HO��A�` Y]COF+Â DGX�DQd �!��A#C]H�Â½DG�JAsF�H;A½NQP�YOa�\^H�P�DJ` Y�� ��a+\ `Ea
a�DQH³K�A�A#XoA#H;Y]DQK+dª\ HOa+A#_¡K��jYOa�A½��\ªA#X+A�CO¿'k³a�\ªX�`Ea�\ªX+A�Y]a+A�NJCOA#Â �K��¡`�NJX��QA�COYO\^X+I²YOa+A
��a+NQd^AfP.COA ��F+A�X�` �uCEDGX+IJA�NQP�\^X�YOA#COA�HSY[\^X�YON³YOa�AB_4\ªIJ\�YEDGd+_4NJÂ½DG\^X�DQX�_�`�DQd^`�F+d^DGYO\^X+I�YOa+A
��A#CO\^N4_4NQIJC]DQÂ NGP�YOa+A0_+\^HOCOA�YOA�¿,Y]\ªÂ�A½H;\^IQX�DGd � ��a+\ `Eah\ H³Y]a+A½Â½DGIQX�\�Y]F�_4A6H �JF�DGC]A#_jNQP
YOa+A1T�\ H]`�C]A�YOA²Z+NQF�CO\^A�C ��CEDGX�H;P.NQC]Â NQP�YOa+A²\ªX��+F4Y�HO\^IQX�DQd,R �'Y�`�DQXoK�A1H;a+N ��X~Y]a�D�Y
YOa+A*��A�C]\^N!_+NQIQCEDGÂ NQP³D~HO\ªIJX�DGdÁ\ H½A���F+\���DGd^A�X�Y�YONhYOa+AjZ�NQF+C]\^A�C ��CEDGX�HSP.NJCOÂ NQPV\ªY]H
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�����76 & 6 & �Áa+A=H ��A#�4Y�¸!��A�` Y]COF+Â ©BX�DQd �!�#A�C�F�HO\ªX�I�D�_4\^IQ\ªY]DQd �SZ ��dªYOA#C

DGF4Y]N4`�NQC]C]A�d D�YO\^NQXnA#H;YO\^Â�DGYOA � �Q®(�'R �Áa+Ac��A�C]\ªN4_4NJIQCEDGÂ \ H½`�DGd `�F�d^DGYOA#_pF�HO\ªX�I9Z�Z �³R
Z�\ªI�¨�R ¨�\ªd^d^F�HSY]C]DGYOA�HfYOa+A�K�DJH;\ `�NQ��A�CED�Y]\ªX+I��+C]\ªX�`�\^�+dªA�NQP�DQX1ZUZ ��K�DQHOA#_1DGX�DQd �!��A#C#R

�ÀXsDGXsZ�Z �oK�DQHOA#_=HO��A�` Y]COF+Â DQX�DGd��!��A�C �#YOa+A ��a+NQd^A�HO��A#` Y]COF�Â�CEDGX�IQA[NQP�\ªX�Y]A�C]A#H;Y
\^H�DGX�DGd��!HOA#_oHO\^ÂuF+dªY]DQX+A�NJF�H;d��QRh©�` Y]F�DGd^d ���WYOa�A0A $�A#`�Y�NQP�YOa+A1��A�C]\ªN4_4NJIQCEDGÂ \^HuYOa+A
HODQÂ�AsDQH�F�HO\^X+I²D²K�DGX��*NGP�X�DQCOC]N � K�DGX�_j��DJHOH ��dªYOA�CEH�\ªX¡��DGCEDGd^d^A�d ��C]A#HOF+dªYO\^X+I0\^X~D
P�DQH;YOA#C�Â�A#DJH;F+C]A�Â�A#XJY�H;��A�A�_j`�NJÂ���DGC]A#_1YON1H �fA��+Y�HO��A�` YOC]F+Â DGX�DGd����#A�CEH � ��a+\^`Ea?\^H
YOa+AÁ�+C]\^Â�DQC �=DJ_���DGX�Y]DQIQA�NGP�Y]a+A�ZUZ �f¿'K�DJH;A�_uDGX�DGd����#A�CEH�R �Áa+AÁÂ�A�DQHOF+C]A�Â�A�X�YWH;��A�A�_
\^H�dª\^Â�\�Y]A#_=HONQd^A�d���K �VYOa�A��+C]N4`�A#H]HO\ªX+I���N �fA�ClNQP4YOa+AfT�¸!M�H � ��a+\ `Ea���A�COP.NQC]Â�Y]a+A�ZUZ �
NQ��A�CED�Y]\ªNJXlR�©�X+NGY]a+A�C6DJ_���DGX�Y]DQIQA²NGP�Y]a+AjZUZ �f¿=K�DQHOA#_�DGX�DQd �!�#A�CEHu\ H�YOa+A#\ªC²H;X�DQ�
H;a�NGY�`#DG��DQK+\ªd^\ªY �QRW¸!\ªX�`�ABY]a+A ��a�NQd^A�P.COA ��F+A�X�` ��C]DQX+IQA�\ H�DQX�DGd��!��A#_½HO\^ÂuF+dªY]DQX+A�NJF�H;d����
�+a+A#X+NQÂ�A�X�D � ��a�\^`EaÃN4`�`�F+C½\ªX�D~HOa+NQCOYsY]\ªÂ�A*\^X�YOA�C ��DGdB`#DGXÃK�Aj_+A�YOA�` Y]A#_pK �nYOa+A
ZUZ � DQX�DGd��!��A#C�� ��a�A�C]A#DQH�YOa+A�_4A�Y]A#` Y]\ªNJXjNGP[HOF�`Ea?DQX*A �QA#X�Y�\ªX¡D6H �fA��+YVH;��A#`�YOC]F+Â
DGX�DQd �!�#A�C³COA ��F+\ªC]A#H�Y]a�D�Y�Y]a+A0DQX�DGd��4H;A#C �ÁDQH�H �fA�A���\ªX+I1Y]a+A6��DQC;Y]\^`�F+d^DQC���NJC;Y]\ªNJX¡NQP
YOa+A�P.C]A���F+A#X�` �?C]DQX+IQA�NGPÁ\ªX�Y]A�C]A#H;Y�� ��a+A#COA�Y]a+A½A �JA�X�Y³YON!NQ�?�+d^DJ`�A���D�Y�Y]a+A½�+C]A#`�\ HOA
Â�NQÂ�A�X�Y³\ªX ��a+\ `EajYOa�AsA��QA�X�Y�YON!NQ�*��d^DJ`�A�� ��a+\ `Eah\^H�F+X+d^\^�QA�d��*\ªP[YOa+A½H ��A#A��?YO\^Â�A
NGPYOa+A=DQX�DGd��!��A�CÁ\ H�ÂuF�`Ea²a+\^IQa�A�CÁYOa�DGX1YOa+A=_+F+C]DGYO\^NQX²NGP�YOa+A�A��QA�X�Y�R

�Áa+AuÂ½D�±SNJC��+C]NQK+d^A�Â \ªXjZUZ � K�DJH;A�_1HO��A#` Y]COF�Â DQX�DGd��!��A#C]HÁ\ H�Y]a�D�YBY]a+A ��a�NQd^A
P.COA ��F+A�X�` ��C]DQX+IQABNQPl\ªX�Y]A�C]A#H;Y�a�DJH[Y]NuK�A�`�NQX��QA#C;Y]A#_�P.C]NQÂ DGX�DQdªNJI³YON�_4\ªIJ\�YEDGd�D�YfYOa+A
HODQÂ�AWYO\^Â�AQRU@BN �fA �QA#C���DQH_4\^H]`�F�HOHOA#_³\^Xu`Ea�DQ�4YOA#C�����A#COC]NQCEH�\ªXs©�T��fH�C]A#HOF+dªYO\^X+I�P.C]NQÂ
YOa+AÁ±S\ªY;Y]A�C�A�$�A�` Y]HB\ªX�`�COA�DQHOA ��\ªYOac\^X�`�C]A#DJH;\^X+I�H;\^IQX�DGd�K�DGX�_���\^_4YOa � ��a�\^`EacDQ_��JA�CEH;A#d �
D $�A#`�Y]H�Y]a+Au_��!X�DQÂ�\^`�CEDGX�IQA³NGPUYOa�As`�NJX��QA�COYOA#C#RfZ+C]NQÂ¦YOa�DGY�COA�DQHONQX �+YOa+Au_ ��X�DGÂ�\^`
C]DQX+IQA�NGPWDGX�DGd^NQI�YON6_4\^IQ\ªY]DQdl`�NJX �JA�COYOA#C]HfK�A#`�NJÂ�A=DGX1\^H]H;F�A��+\ªPUYOa+A³P.C]A���F+A#X�` �1H;��DQX
YON³K�AÁDQX�DGd��4H;A�_=\ HUd^DQCOIJAQR �BNGY]AfYOa�DGY�Y]a+ABH ��A#�4YUHO��A#` Y]COF�Â£DGX�DGd����#A�CEH�F�H;\^X+I³_4\ªIJ\�YEDGd
�SZ ��dªYOA�CEHUDGd H;NVCOA ��F+\ªC]A�a�\ªIJasHO��A#A#_uDQX�DGd^NQIBYON³_4\ªIJ\�YEDGd4`�NJX��QA�COYOA#C]H���a+N ��A��QA#C���\ªXsYOa�\^H
`�DJH;A���NQX+d��=D�X�DGC]CON �~P.C]A���F+A#X�` �=HOA�IJÂ�A�X�Y�\^XsYOa+A�H]DGÂ�AÁNQCE_4A�C�NGP�Â�DQIQX+\ªYOF�_4A�DQHYOa+A
COA�H;NJdªF+YO\^NQX*K�DQX�_���\ _!YOa¡\^H³`�NJX��QA�COYOA�_c\ªX�Y]N²_4\^IQ\ªY]DQd ��D��QNJ\^_+\ªX+I�Y]a+A�_��!X�DGÂ�\ `uCEDGX+IJA
�+C]NQK+d^A�Â½H#R

�'P�YOa�A�P.C]A���F+A#X�` ��HO��DGX�Y]NVK�AÁDGX�DQd �4HOA#_³A � `�A�A#_�H�Y]a+AfK�DGX�_ ��\^_!Y]asHO��A�`�\ ��`�DGYO\^NQX�H
NGPÁYOa�A0©�T��fH �UÂsF+d�Y]\ª��dªA0ZUZ � � Hu`�NJÂ��+F4YOA�_~N �QA#C�X�DGC]CON �fA�C³K�DQX�_���\ _!YOa�Hu`�DQXoK�A
`�NJX�`�DGYOA�X�D�YOA�_1YONc`�N �JA�C�Y]a+AsC]A���F+\^C]A#_1P.C]A���F+A�X�` �cC]DQX+IQAJR �Áa+\ H�DG�+�+C]NJDJ`Eaj`�DQXjK�A
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\ªX�Y]A�C]�+COA�YOA�_*DQH�D0`�NQÂsK+\^X�D�Y]\ªNJX*NGPWYOa�AsH ��A#�4YVHO��A�` YOC]F+Â DGX�DGd��!HO\ H ��\�Y]ajY]a+AsZUZ �
DGX�DQd �4HO\^H��lHO\ªX�`�A½D1P.COA �JF�A�X�` ����\ªX�_+N �º\ H=H �fA��+Y³N �JA�C�YOa�AsP.C]A���F+A#X�` �¡H;��DQX?Y]N*K�A
`�N �JA�C]A#_ ��DGd^K�A#\�Y�\ªXh_4\^H]`�C]A�Y]AuH;YOA���H�R �VK �!\^NQF�HOd�����YOa+AsÂ�A�DQHOF+C]A�Â�A�X�Y�HO��A�A#_jNGPWYOa�\^H
DG�+��CON�DQ`Ea�\^Hfd^A#H]H[Y]a�DGX0YOa+A³HO\ªX+IJdªA�ZUZ ��`�DQHOA���X+A��QA�COYOa�A�d^A#H]H ��\�YÁ\ H�H;YO\^dªd�P�DJHSY]A�C�YOa�DQX
YOa+A½H ��A#�4Y�H;��A#`�YOC]F+Â DGX�DGd��!HO\ H ��d^\ªÂ�\ªYOA#_~HONQd^A�d��cK �jYOa+A��+C]N4`�A#H]HO\ªX+I²��N �fA�C�NGP�YOa+A
T�¸4M�HsDQX�_hYOa�A0a+NJ�+�+\^X+I*YO\^Â�A0NQP�YOa+A²NJH]`�\^dªd D�Y]NQCEH�DGX�_~C]A��+C]A#HOA�X�YEH=D*C]A#DQHONQX�DGK+d^A
YOCEDQ_4A�¿¬N $�R

�Áa+A ��DGC]\ DGX�`�A[NGP!YOa�A�M�¸+TpA�HSY]\ªÂ½DGYOA[\^X=K�NGYOasH �fA��4YUH;��A#`�YOC]F+Â DGX�_�ZUZ �oK�DJH;A�_
DGX�DQd �!�#A�CEHV`#DGX~K�A�C]A#_4F�`�A#_hA#Â���dªN �!\^X+I0Y]\ªÂ�A6D��JA�CEDGIQ\^X+I�LV© �QA�CEDGIJ\ªX�I6YOa�A½COA�H;F+dªY]H
P.CONJÂ ÂuF�d�Y]\ª�+d^A*H �fA�A#��H�D�Y½A#DJ`EanP.C]A���F+A#X�` �oK�\ªXÃ\^XnY]a+AcP.NQC]Â�A�C ��DGX�_�D��QA#C]DQIQ\^X+I
ÂuF+dªYO\^�+d^A���A#CO\^N4_4NQIJC]DQÂ½H�\^X1YOa+A�d D�YOYOA�C.� �Q® �¬R
Z+C]NQÂ DGXjA#X+IQ\^X+A#A�C]\ªX+I0��NJ\ªX�YVNQP �!\ªA � ��F�H;\^X+I²ZUZ � K�DJH;A�_*H;��A#`�YOC]F+Â DGX�DGd��!HO\ H

YOA�`Ea+X+\ �JF�A#H�\^X9D?¸!NQP Y��fDQCOA½µBDJ_4\ªNcY]A�C]Â�\ªX�DQd�HOA�A#Â�H=Â�NJCOA½C]A#DJH;NJX�DGK�dªA���H;\^X�`�A½YOa+A
¸4µ¤DGd^COA�DQ_��?COA �JF�\ªC]A#H³a+\^IQa~��A�COP.NQC]Â½DGX�`�A ��\ _4A½K�DQX�_~DGX�DQdªNJI0Y]Nj_4\^IQ\ªY]DGd�`�NQX��JA�CO¿
YOA#C]H��fDJH½_4\ HO`�F�HOHOA#_�\^X�`Ea�DG�4Y]A�C0�h\^XÃNQCE_4A�C�Y]No��A#C;P.NJCOÂ DJH½Â½DGX��9NQPVY]a+A*C]DJ_4\^N
P.F+X�`�YO\^NQX�DQdª\ªYO\^A#HVDQHB��NJH]HO\ªK+d^A�\^X*YOa+As_4\ªIJ\�YEDGd�_4NQÂ½DG\^XjDGX�_1P.F+COa�A�C]Â�NJCOA��+\ªYVC]A���F+\^COA�H
ZUZ � `#DG��DQK+\ªd^\ªY �²DQH�DGXc\ªX�Y]A�IQCEDGd���DGCOY�P.NQC ��ZUT�i `�NJÂ�ÂsF+X+\ `�DGYO\^NQX ��DQHB_4\ H]`�F�H]H;A�_
\ªX~`Ea�DQ�4YOA#C³��R �Áa!F�H���ZUZ ��K�DJH;A�_¡HO��A�` Y]COF+Â DGX�DQd �4HO\^H�`�DQX¡K�A���A#C;P.NJCOÂ�A#_?F�HO\ªX+I
`�DQ��DGK+\^d^\�Y]\ªA�H � ��a�\^`EaoDGC]A�DGd^COA�DQ_��j\^X�YOA#IQCED�YOA�_j\^X�YONcYOa�A0¸4µ¤DGCE`Ea+\�Y]A#`�YOF+C]A���A��QA�X~\ªP
\�YVÂ�D��²COA ��F+\ªC]A�\^Â���CON �JA#_1��A#C;P.NJCOÂ½DQX�`�A�P.C]NQÂ YOa+Au`�NQC]COA#��NJX�_4\^X+I�Â�N!_+F+dªA�H ��H;F�`Ea
DQHsdªNJX+IQA#C�ZUZ � d^A�X+IQYOapA�Y]`QR ��HO\ªX�IhH ��A#�4Y�HO��A#` Y]COF�Â DGX�DQd �4HO\^Hs\ªX�D¡¸4µ �fNQF+d _
COA ��F+\ªC]A�Y]a+AV\^X�YOA#IQCED�YO\^NQX½NQP�Du_4\ $�A�C]A�X�YfC]A#`�A�\��QA#C�HSY]COF�` YOF�COA�`�NQÂ��+d^A�Y]A�d��½_4A#_4\ `�DGYOA�_
YON½HO��A�` YOC]F+Â DGX�DQd �4HO\^Hf\^XJY]N�YOa+Au¸!NQP Y��fDQCOA�µBDJ_4\^N ����a+\ `Ea��fNQF�d^_²K�A�F�X�_4A#HO\^C]DQK+dªAJR

� ! � �2;�'K%<E +.'K4�6 � ��+"7:7:/�?D$�/�9<E /�7N'K+.'K4�%"7
Z�\ªI*¨�R ®²A � a+\^K+\ªY]H³Y]a+A6HO��A�` YOC]F+Â DGX�DQd �4HO\^H³_+DGY]D1P.C]NQÂ DcHO��A�` YOCEDGd�K�DGX�_ ��a+\ `Ea~\^H
N4`�`�F��+\ªA�_9K��o¨~_4\�$�A�C]A�X�Y�C]DJ_4\^N?A�Â�\ªY;Y]A�CEH ��\ªYOaÃ_4\ $�A#COA#X�YsY]C]DQX�H;Â�\ªY���N �fA�CEHuDGX�_
H;��A#`�YOCEDGd�HOa�DG��A#H�� ��a+\ `Eana�DJH�K�A#A�XnA�HSY]\ªÂ½DGYOA#_pF�HO\ªX�IhDQXpZUZ � K�DQHOA#_pDG�+��CON�DQ`Ea
��\�Y]a?DGXjZUZ ��dªA#X+IGY]a*NGP[¨�ÄQ¾Q´�R �Áa�A�Y]DJH;�²NGPWYOa�AuDGF4Y]NQÂ½D�Y]\^`u`Ea�DGX+X�A�dHOA�IJÂ�A�X�Y]DG¿
YO\^NQX?HOF+K�H �4HSY]A�Â \ HBY]N²_4A�YOA#`�YVY]a+Au��COA�H;A#X�`�A=NQPWYOa+A�H;A�¨0_4\ $�A�C]A�X�Y³HONQF�C]`�A#HBDQX�_cYON
A#H;YO\^Â½D�YOABYOa+AVK�DGX�_ ��\�Y]a�H�DQX�_½`�DQCOC]\^A�CUP.C]A���F+A�X�`�\^A#H[NQPlA �JA�C �uNQX�ABNGP�YOa�A�Â �4H;N�Y]a�D�Y
YOa+A��¡`#DGX~K�A0\^HONQd D�Y]A#_~DGX�_hK+C]NQF�IQa�Y³YONcYOa�A6K�DQHOA�¿'K�DQX�_?NJX+A½K��?NJX+A�P.NQC�P.F�C;Y]a+A�C
DGX�DQd �4HO\^HÁDQX�_0��CON4`�A�HOHO\^X+I�R

�Áa+\^Hs�+C]NQK+d^A�Â �+C]A�YOY �~ÂuF�`Ea9C]A#HOA�ÂsK+d^A#H�Y]a+A²HON¡`#DGd^dªA�_ 0 � 9 -B5 � 5 -�� 5 /�1�96130<+6/
�+C]NQK+d^A�Â A�X�`�NQF+X�YOA#COA�_�\ªXr`�NQÂ��+F4Y]A�C �!\ H;\^NQXlR �ÀÂ½DGIJAjH;A#IQÂ�A�X�Y]DGYO\^NQX�\^H0F�HOA#_Ã\^X
Â½DGX��6DG�+��dª\ `�DGYO\^NQX�H�NGP�\ªÂ½DGIJA��+C]N4`�A�HOHO\ªX�I�R �'Y]H�DG\^Â \ H�Y]N�A � YOCEDQ`�Y�F�HOA�P.F+d�\^X4P.NJCOÂ½D�¿
YO\^NQX0P.CONJÂ¤Ds_4\^IQ\ªY]DGd�\^Â�DQIQAN� �Q´ � �4HOF�`Ea²DJH�_4A�YOA�` YO\^NQX²NGP�NJK4±SA#`�Y]H�NQCÁHSY]COF�` YOF�COA�H�DGX�_
A#H;YO\^Â½D�YO\^X+I³Y]a+A�\^C���DQC]DQÂ�A�YOA#C]H��GHOF�`Ea6DQHWDQCOA�D³NQC[`�A#X�YOA�C�NGP���A#\ªIJa�Y��GK���A�\ªYOa+A#C[\^_+A�X4¿
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���,�"6 & 6 � © `Ea�DGX+X�A�dlHOA�IQÂ�A#XJY ��\ªYOac¨½H;NJF+CE`�A#H

YO\ªP �!\ªX+I�a�NQÂ�NQIJA�X+NJF�H�COA#IQ\^NQX�H�\^XuY]a+A�\ªÂ½DQIQA.�.\¬R AJRUCOA#IQ\^NQXuK�DQHOA#_�H;A#IQÂ�A�X�Y]DGYO\^NQX � �GNQC
K��6_4A�Y]A#` Y]\ªX�IsY]a+A�`�NJXJY]NQF+CEH�NGP�Y]a+A³COA#IQ\^NQX�HJ�.\¬R AQR K�NJF+X�_+DQC �½K�DJH;A�_0HOA�IJÂ�A#X�Y]D�Y]\ªNJX � R

��a�DGX+X�A�d+HOA�IQÂ�A#XJYED�Y]\ªNJXu`�DQXuA#H]HOA�X�YO\ DGd^d ��K�Af\ªX�YOA#CO��COA�YOA#_sDQHUDGXs\ªÂ½DQIQAÁH;A#IQÂ�A�X4¿
Y]DGYO\^NQX1�+CONJK+d^A�Â	� �J·(� ��a+A�C]A�YOa+A�NJF4YO��F4YBNGP�YOa+A=HO��A#` Y]COF�Â DGX�DGd��!HOA�CÁC]A��+C]A#HOA�X�YEH�D
NQX+A1_4\^Â�A#X�HO\ªNJX�DGdf\ªÂ½DQIQA��UY]a+A %S�+\ � A�d H�'²DQCOA0YOa+A²P.C]A���F+A�X�` �~K+\^X�H�DGX�_~Y]a+A %S�+\ � A�d
\ªX�Y]A�X�HO\�Y]\ªA�H�'=DGC]A�YOa+A ��DQdªF+A�H�NGP�YOa�A�M�¸4T£A#H;YO\^Â�DGYOA�H�D�YBA#DJ`Ea1P.COA �JF�A�X�` �6K+\^XlR �Áa+A
COA#IQ\^NQX�H=YON¡K�A1_4A�Y]A#` Y]A#_pDGC]A½YOa+Ac`�NJX�YOC]\ªK+F+YO\^NQX�H=P.CONJÂ Y]a+A1\ªX�_+\ �!\ _4F�DGdfA�Â�\ªY;Y]A�CEH �
DGX�_�Y]a+A���DGCEDGÂ�A�Y]A�CEH�YON=K�A�A�HSY]\ªÂ½D�Y]A#_½DQCOAÁY]a+A�K�DQX�_���\ _!YOa�H�DGX�_½`�DGC]C]\ªA#CWP.COA ��F+A�X4¿
`�\^A#H#R �ÀX�Y]a+\ H[H;A�` Y]\ªNJX �JD³C]A�IJ\ªNJXsK�DJH;A�_�DGF4Y]NQÂ½D�Y]\^`�`Ea�DQX+X+A#d+H;A#IQÂ�A�X�Y]DGYO\^NQX�Â�A�Y]a+N4_
\^Hs�+C]A#HOA�X�YOA�_ � ��a+\ `EaoYOC]A#DGY]H�Y]a+A²HO��A#` Y]COF�Â _�D�Y]D¡DQHsDjNQX�A0_4\^Â�A#X�HO\ªNJX�DGdf_4\ªIJ\�YEDGd
\ªÂ½DQIQA½DGX�_hÂ½DG�JA#H³F�HOA½NGPÁ\^Â�DQIQA��+C]N4`�A#H]HO\ªX+I²YOA�`Ea+X+\ ��F+A#H�d^\^�QA½H;Â�N!NGY]a+\^X+I �Â�NJC;¿
�+a+NJdªNJIQ\ `�DGd!NJ��A#C]DGYO\^NQX�HUHOF�`Ea�DJHUA�C]NJHO\ªNJXsDQX�_s_+\ªd D�YED�YO\^NQX�DGX�_s\^Â½DGIJAfHOA�IJÂ�A#X�Y]D�Y]\ªNJX
Â�A�YOa�N!_�HWK�DQHOA#_�NJX�`�dªF�HSY]A�C�DQX�DGd��4H;\ H�R �Áa+A��+C]NQ��NJHOA#_�DGd^IQNJCO\ªYOa+Â£`�NQX�H;\ HSYEHUNGP�YOa+C]A�A
Â½DG\^X1H;Y]DQIQA#H#L

gQRÁM[C]A���CON4`�A�HOHO\^X+I

�4R���d^F�H;YOA�CVDGX�DQd �4HO\^H

�+RÁMUNJH;YO��CON4`�A�HOHO\^X+I�DQX�_1��DGCEDGÂ�A�YOA�CÁA � Y]C]DJ` Y]\ªNJXlR
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���,�"6 & 6 � © `Ea�DGX+X+A#dlH;A#IQÂ�A�X�Y ��\ªYOac¨½H;NJF+C]`�A#HÁHOÂ�N!NQYOa+A�_0K��0D�Â�A#_+\^DQX���dªYOA#C

� � ����� � $�� �($�,�!0� 	 	 2�3 �

�Áa+A��QA �1P.F+X�` YO\^NQX�DGd^\�Y �cNGP��+COA#�+C]N!`�A#H]H;\^X+I6\ HVYON²\ªÂ��+C]N �QA�Y]a+A½H;��A#`�YOC]F+Â DGX�DGd��!HO\ H
_+D�YEDc\ªXpD'�fD��?YONj\^X�`�C]A#DJH;A�Y]a+A0`Ea�DQX�`�A½NQPBH;F�`#`�A�H�NGPÁYOa�A6P.NQd^d^N ��\ªX+I*��CON4`�A�HOHO\^X+I
HSYEDGIJA#H#R �ÀXjYOa�\^H�`�DJH;A����+C]A��+C]N4`�A�HOHO\ªX�I½\ªX��QNJd �JA#HÁY]a+A�H;Â�N!NGY]a+\ªX�I6NGPWY]a+AsHO��A�` Y]COF+Â �
��a+\ `Ea6P�DQ`�\ªd^\ªY]D�Y]A#H�YOa�A³`�NQX��QA#COIJA�X�`�ABNGP�YOa+A�`�d^F�H;YOA#CÁDQX�DGd��4H;\ HfDGd^IQNQC]\ªYOa+Â¤A�Â��+d^N �QA�_
\ªX0YOa+A³HOF�`�`�A�A#_+\ªX+I�HSYEDGIJA#H#R �Áa+A�Y���NsÂ�NJH;Yf`�NJÂ�Â�NJX+d���F�H;A�_0HOÂ�N!NQYOa+\^X+IuÂ�A�YOa+N4_+H
\ªXsYOa�A�\^Â½DGIQAf�+C]N4`�A#H]HO\ªX+I�DGC]A�D��JA�CEDGIQ\^X+I � ��a+\ `Eau\ HUA#H]HOA�X�YO\ DGd^d ��DVdªN �n��DQH]H ��d�Y]A�C]\ªX�I
NQ��A�CED�Y]\ªNJX �VDQX�_rÂ�A#_+\^DQX ��dªYOA#CO\^X+I � ��a+\ `Eav\ HcDnX+NJX+d^\ªX+A�DGC���dªYOA�C]\^X+IpNJ��A#C]DGYO\^NQXlR
¸!\^X�`�A*Â�A#_+\^DQX ��d�Y]A�C]\ªX+I~\ H½�!X+N ��XpYONo�+C]A#HOA�C �QA²YOa+A*A�_4IQA*\^X4P.NJCOÂ½D�Y]\ªNJX � �G´ � ��DQH
NQ�+��NJHOA#_*YON²D��JA�CEDGIJ\ªX+I � ��a+\ `Ea?HOÂ�A�DGCEH�Y]a+AsA�_4IQA�H � ��\ _4A�X�\ªX+I0YOa+A�HO��A�` YOCED½NQP[YOa+A
\ªX�_4\ �!\ _4F�DQdJHO\ªIJX�DGd H �#YOa�A��+C]NQ��NJHOA#_�DQdªIJNQC]\�Y]a+Â�A#Â���dªN �4HlÂ�A�_4\^DQX ��dªYOA�C]\^X+I�YONVCOA�_4F�`�A
YOa+A³DGÂ��+d^\ªYOF�_4A ��DGC]\^DGYO\^NQX�H�\^X6YOa�A�HO��A�` Y]COF+Â�_�D�Y]Ds_4F+AVYON�©���� � �!Â�A#DJH;F�COA#Â�A#X�Y
X+NQ\ HOA��!ÂuF+dªYO\^��DGYOa6P�DJ_4\^X+I �4A�Y]`GR��4�+C]N4_4F�`�\^X+I�DuC]A�d D�Y]\ �JA�d���HOÂ�N!NGYOa1H;��A#`�YOC]F+ÂcR��fDGC]A
H;a�NQF+d _jK�A�Y]DQ�QA�X?YOa�DGY³YOa+A ��dªYOA#C ��\ªX�_+N �º_4N!A#H³X+NQY�A � `�A#A#_?DQK�NJF4Yu�GÄ�� NGP�YOa+A
K�DGX�_���\^_4YOa1NGPlY]a+A�H;\^IQX�DQd ��\ªYOa²YOa�A�X�DGC]CON �fA#H;Y�K�DQX�_���\ _!YOa1A � ��A#` Y]A#_ �+HONsYOa�DGYfX+N
N �QA#C]HOÂ�N�NQYOa+\^X+I�YEDG�QA�HB�+d DQ`�A���DGX�_jDGd^d�YOa+A�H;��A#`�YOCEDGdP.A#D�Y]F+C]A#H�DGC]A=�+C]A#HOA�C �QA#_lRVZ�\ªI
¨�R ´�A � a+\^K+\ªY]HÁY]a+A=C]A#HOF+d�YBNQP[H;F�`Ea*D½HOÂ�N�NQYOa+\^X+I½NJ��A#C]DGYO\^NQXcNQX1YOa�AuH;��A#`�YOC]F+Â _+D�YED
P.CONJÂ¦Z�\ªI�¨�R ® �4F�H;\^X+I½D ��dªYOA#C ��\ªX�_+N ��NGP[®G�uP.C]A���F+A�X�` �6K+\^X�H#R
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��dªF�HSY]A�C]\ªX+I0\^H�D6��NQ�+F�d^DQCVÂ�A�Y]a+N4_*A�Â��+d^N �QA�_*\^Xj\ªÂ½DQIQAuHOA�IJÂ�A#X�Y]D�Y]\ªNJXlR �Áa�AsDG\^Â
NGPÁ`�d^F�HSY]A�C=DQX�DGd��4H;\ H�\ H�YONc��DQC;Y]\�Y]\ªNJXhDcHOA�Y�NGPfNQK4±SA�` YEHV\^X�YONca+NJÂ�NJIQA#X+NQF�HVIQC]NQF���H �
H;Ns`�DGd^d^A#_6`�dªF�H;YOA#C]H#R �Áa+AV��DGCOYO\ªYO\^NQX+\^X+IuHOa+NQF�d^_½K�A���A�COP.NQC]Â�A#_½\^X0HOF�`Ea0D �fD��sYOa�DGY#L

• �Áa+A³NJK4±SA#`�Y]HÁK�A�d^NQX+IJ\ªX+IsYONsYOa�A³H]DGÂ�A�`�d^F�H;YOA#CÁDQCOA³DQHÁHO\ªÂ�\^d^DQCfYON�A#DJ`Ea0NGY]a+A�C
DJHÁ��N�HOHO\ªK�dªA��+\,R AQRW\^X�HO\^_+A³D�`�dªF�H;YOA#C���a+NQÂ�NQIJA�X+A#\�Y �½\ HÁC]A���F+\^COA�_�R

• �Áa+A½NJK4±SA#`�Y]H³K�A�d^NQX+IJ\ªX�I²Y]N*_4\�$�A�C]A�X�Y=`�d^F�H;YOA#C]H�DQCOA½DQH³_4\ $�A�C]A�X�Y�P.CONJÂ A#DJ`Ea
NQYOa+A#CBDQHÁ��NJH]H;\^K+d^A��+\¬R AJRUK�A�Y���A#A�X*`�d^F�H;YOA�CEH��4a+A�Y]A�C]NQIQA#X+A�\ªY �½\ HÁCOA �JF�\ªC]A#_ � �Q» �'R

��dªF�HSY]A�C]\ªX+Ip`�DGX�K�A?`�NQX�HO\^_+A�C]A#_�DQH²DGX�F+X�H;F+��A�C �!\^HOA#_Ãd^A#DQCOX�\ªX+Io��CON4`�A�HOH�� ��a+\ `Ea
DG\^Â½HsDGY�_4\ HO`�N �QA#CO\^X+IjDGX�_9_4A�Y]A#`�YO\^X+I¡a�\^_+_+A�XpH;YOC]F�`�YOF+CEDGd�COA#d^DGYO\^NQX�HOa+\^��H=K�A�Y��fA�A#X
YOa+A�_+D�YED���NQ\^XJYEH[\^X0D=_+DGY]D=HOA�YJ� �Q¾ � � ��a+\ `Ea½Â½DG�JA#HWY]a+A�Â¤��DQC;Y]\^`�F+d DGC]d �s\ªX�YOA#COA�HSY]\ªX�I
P.NQCBHOA�IJÂ�A#X�Y]D�Y]\ªNJX0�+C]NQK�dªA#Â�H#R ��HOF�DQdªd����4�+\ � A�dl\^X�YOA#X�H;\ªYO\^A#H�DGC]AVF�HOA#_cDJHfP.A#D�Y]F+C]A#HÁ\^X
`�d^F�H;YOA�C]\^X+I½K�DQHOA#_*HOA�IJÂ�A�X�Y]DGYO\^NQX1YOA�`Ea+X+\ �JF�A#H�\^XjIQCED�� ��DGd^F+A=\^Â½DGIJA#H�� ��a+\ `Ea*IQ\��QA#H
CO\ HOA[YON³DVNQX+AÁ_4\^Â�A#X�HO\ªNJX�DGdJP.A#DGYOF+C]AfHO��DJ`�A���NJC�µ��³e ��DGd^F+A�H\^Xs`�NQd^NQC�\ªÂ½DQIQA#H�� ��a+\ `Ea
dªA�DQ_+H[YON�Du��¿ÀT�P.A�D�Y]F+COA�H;��DQ`�AJR �Áa�\^H��!\ªX�_6NGP�HOA�IQÂ�A#XJYED�Y]\ªNJX6`�DGX½K�A ��\^A��fA#_½DJH�DQX
DQ_+DQ�4YO\��QA �JF�DGX�YO\^�#DGYO\^NQX³NGP4Y]a+A�\^Â½DGIQA�� ��a+A�C]AWYOa�A�_4\ HO`�COA�YOA ��F�DQX�YO\^�#D�Y]\ªNJX�dªA��QA#d^HDGC]A
_4A�Y]A�C]Â�\ªX+A�_1K �²YOa�A=`�d^F�HSY]A�C]\ªX�I6DGd^IQNQC]\ªYOa+ÂcR �Áa+AsHODQÂ�A���CO\^X�`�\^�+d^A=`�DQX1K�AuDQ�+�+d^\ªA�_
YON*Y]a+A²`Ea�DGX+X+A#d�HOA�IQÂ�A#XJYED�Y]\ªNJXh��CONJK+dªA#Â �UDJ_+DG�+YO\��QA�d�� ��F�DQX�YO\^��\^X+IcYOa+A1H;��A#`�YOC]F+Â
DGX�DQd �4HO\^H�_+DGY]D²\ªX~H;F�`Ea¡D��fD��1YOa�D�Y³YOa+A½`�NQX�YOC]\ªK�F4YO\^NQX�HVP.C]NQÂ \^X�_4\��!\^_4F�DGd[HONQF+CE`�A�H
`�DQX²K�A=_4\ HSY]\ªX+IJF+\ H;a+A�_²P.CONJÂ YOa+A�K�DQ`E�!IQC]NQF+X�_½X+NQ\ HOAQR

�Áa+A�Â�NJH;Y���NQ��F+d^DQC�`�dªF�H;YOA#CO\^X+I�Y]A#`Ea+X�\ ��F+A�H[P.NJF+X�_½\^X6d^\�Y]A�CED�YOF�COABK�A�d^NQX�I=YONuYOa+A
P�DGÂ�\^d �*NQP�`�NJÂ���A�Y]\�Y]\ �JAsd^A#DQCOX�\ªX+I1DGd^IQNJCO\ªYOa+Â½H�� ��a+A�C]AuCEDGX�_+NQÂ�d �c\^X+\ªYO\ DGd^\ª�#A#_h`�d^F�HS¿
YOA#CÁ`�A�X�YOA#C]H��!DGd H;N�`�DGd^d^A#_0`�dªF�HSY]A�CÁ�+C]NGYONQY �!��A�H�`�NJÂ���A�YOA ��\�Y]a0A�DQ`Ea6NQYOa+A#CfK�DQHOA#_½NJX
H;NJÂ�AsNJ�4YO\^Â½DGd^\�Y �?`�CO\ªYOA#CO\^NQX¡\ªX¡YOa�A�P.A#D�Y]F+C]A�HO��DJ`�A�DQHVYOa+A6DQdªIJNQC]\�Y]a+Â �+C]NQIJCOA�HOHOA#H#R
�Áa+\ H�`�NJÂ���A�YO\ªYO\��QAVH;YOA#�½\^H�F�HOF�DGd^d��uP.NJdªd^N ��A�_�K ��D�d^A#DQCOX+\^X+IuH;YOA#� � ��a+A�C]A�YOa�A���DQC]DG¿
Â�A�YOA#C]H[NGP�YOa+A�`�d^F�H;YOA�C��+CONQYONQY ����A#H�DGC]A�F+��_�D�YOA�_�R �Áa+A#HOABH;YOA���H�DGC]A�C]A���A#D�Y]A#_�F+X�Y]\ªd
H;NJÂ�A³`�NQX��QA#COIJA�X�`�AV`�CO\ªYOA#CO\^NQX1\^HBÂ�A�YBNQCÁY]a+A�X!F+ÂuK�A�C�NQP�\ªYOA#C]DGYO\^NQX�HÁA � `�A�A�_+H�H;NJÂ�A
�+C]A#_4A�YOA�C]Â�\ªX�A#_²Â�D � \ªÂsF+Â ��DGd^F+AQR �Áa�A³HO\^Â���dªA�HSYB`�NJÂ���A�YO\ªYO\��QA�d^A#DGC]X+\^X+I>�¬�f¯K�ÁDQd�¿
IQNJCO\ªYOa+Â½H=DQCOA0K�DQHOA#_~NJX~YOa+A6a�DGCE_o`�NQÂ���A�Y]\�Y]\ �JA0d^A#DGC]X+\^X+I*�+C]\ªX�`�\^�+dªA � �Q¾ � �%��a�A�C]A
YOa+A1DQ_+DQ�4Y]DGYO\^NQX~NGPÁY]a+A0�+C]NGY]NGY �!��A½NGP�D*��DQC;Y]\^`�F+d DGCu`�dªF�H;YOA#C=\ Hu��A�COP.NQC]Â�A#_hF�HO\ªX+I
H;NJdªA#d �~Y]a+NJHOA*_+D�YED?��NQ\^X�Y]H��[P.NJC ��a+\^`EapYOa�\^H���DQC;Y]\^`�F+d DGC��+C]NGYONQY �!��A1a�DQH �fNQXpYOa+A
`�NJÂ���A�Y]\�Y]\ �JA=HSYEDGIJAQRWZ+NJC�A � DGÂ��+d^A³YOa+A �fA�d^dl�!X+N ��Xck�¿¬Â�A�DGX�HÁDGd^IQNJCO\ªYOa�Â�K�A#dªNJX+IJH
YON¡YOa+\ H�IQC]NQF��lRp¸!NQP Y½`�NQÂ���A�YO\ªYO\��QAcd^A#DQCOX+\^X+I~DGd^IQNJCO\ªYOa+Â½H��[H;F�`Ea�DJHuY]a+A1P.F+�����9` ¿
Â�A#DGX�HBDGd^IQNJCO\ªYOa+Â �+a�N ��A��QA�C �!YOC]A#DGY�Â�NQC]A³YOa�DQX*NQX+A���CONQYONGY �!��A=DQHÁY]a+A ��\^X+X+A#C�YON
H;NJÂ�A�A � Y]A�X�Y���DGX�_uYOa�AÁDJ_+DG�+Y]D�Y]\ªNJXs\ HU��A�COP.NQC]Â�A�_sDJ`�`�NQCE_4\ªX�IQd��QR¸!\^X�`�A�Y]a+AB`Ea�DQX+X+A�d
H;A#IQÂ�A�X�YED�YO\^NQX��+C]NQK�dªA#Â ��K��s\ªY]H �QA#C �sX�D�Y]F+COA��JC]A���F+\^C]A#HWF+X�DGÂuK�\ªIJF+NQF�H[COA#IQ\^NQX�K�NJC;¿
_4A�CEH��Ja�DQC]_0`�NQÂ���A�Y]\�Y]\ �JAVd^A#DQCOX+\^X+IuDQdªIJNQC]\�Y]a+Â½H�DQCOAVÂ�NJCOA�H;F�\�Y]A#_½P.NJC�Y]a+\ H���F+CO��NJHOAQR
�ÀXÃYOa+A?X+A � Y²HOA#`�YO\^NQX �BH;Y]DQC;Y]\ªX+I ��\ªYOaÃY]a+A?ÂsF�`EaÃ��NJ�+F+d DGC1k�¿¬Â�A#DQX�H½DGd^IQNJCO\ªYOa�Â �
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�����76 & 6 � ��a�DQX+X+A#d�¸!A�IJÂ�A#X�Y]D�Y]\ªNJX���\ªYOa*k�¿'Â�A#DGX�Hf©�dªIJNQC]\�Y]a+Â���k �³®

`�d^F�H;YOA�C�DGX�DQd �4HO\^HuÂ�A�YOa�N!_�H=K�DJH;A�_oNQXoa�DQC]_o`�NQÂ���A�YO\ªYO\��QA²dªA�DGC]X+\^X+I*�+C]\ªX�`�\ª��dªA1DGC]A
\ªX��JA#H;YO\^IJD�Y]A#_6P.NQC�F�HOA�\ªX²YOa�A��+CONJ��N�H;A�_²`Ea�DGX+X+A#dlH;A#IQÂ�A�X�YED�YO\^NQX1DGd^IQNJCO\ªYOa+ÂcR

51w] 9�!�+���

�Áa+A�k�¿¬Â�A#DQX�H³DGd^IQNJCO\ªYOa+Â a�DJH�\�YEHVC]N!NGYEHV\^X¡YOa+A ��NJCO�4HVNGP��³DGF�H]H<� �QÄ � � ��a�A�C]Asa+A
�+C]NQ��NJHOA#_�F�HO\ªX+IÁY]a+A�Â�A�YOa+N4_³NGP4Â�\^X+\ªÂsF+Â�Â�A�DGX=H ��F�DGC]A#_�A�C]C]NQC�P.NQC���DGCEDGÂ�A�Y]A�ClA�HS¿
YO\^Â½D�YO\^NQX��+C]NQK+d^A�Â½H#R �Áa+A�k�¿'Â�A#DGX�H�`�dªF�HSY]A�C]\ªX+I³DGd^IQNJCO\ªYOa�Â \^H�A � �+d^\ `�\ªYOd��u_4A#H]`�C]\^K�A�_
P.NQC�YOa�A ��C]H;YUYO\^Â�A�\ªXsYOa+A �fNQC]�4HNQP�@VDGCOYWDQX�_�T�F�_�DN� �+g��¬RUk�¿¬Â�A�DGX�H���DQC;Y]\�Y]\ªNJX�H�YOa+A
_+D�YED³\ªX�Y]N=k�`�dªF�HSY]A�CEHW\ªX½HOF�`Ea6D �ÁD���YOa�DGY[YOa�ABÂ�A#DGX½H ��F�DGC]A#_�A�C]C]NQCW`�N�HSY[P.F�X�` Y]\ªNJX

JK−means =
∑

j∈Ω

‖ ~Xj −
K
∑

k=1

zjk
~Pk‖2 �.¨�R � �

\^HVÂ�\ªX�\ªÂ�\^��A#_ � ��a+A#COA ~Xj
\ H�YOa+AsP.A#DGYOF+C]A �QA�` Y]NQCBP.NJCBY]a+A�±�� YOahHODQÂ��+dªAu\ªX*Y]a+A�_+D�YED

_4NQÂ½DQ\ªX
Ω
��� ��a+\ `Ea¡\ HVYOa+A�HOÂ�N!NQYOa+A�_jM�¸4T�A#H;YO\^Â�DGYOA�D�Y�YOa+A�±�� YOa¡P.COA ��F+A�X�` �*K+\^X

\ªXoNJF+C=`�DJH;A � � ~Pk
\ H³Y]a+A0`�d^F�H;YOA#C=�+C]NGYONQY �!��A½NQP�Y]a+A6��� Y]a9`�d^F�H;YOA�CsDGX�_

zjk
\^H=YOa+A

Â�A�ÂuK�A�CEHOa+\ª�Ã\^X�_4\ `�DGYONQC6P.F+X�` Y]\ªNJX � ��a+\ `Ea�\^H0A���F�DQd�YON9F�X+\�Y ���Á\�P�Y]a+A �QA�` Y]NQC ~XjK�A#dªNJX+IJH�YON�YOa+AÁ`�d^F�H;YOA#C
k
DQX�_��#A�C]N�NGY]a+A�C ��\ H;AJR �Áa+AÁk�¿¬Â�A#DQX�H�`�dªF�H;YOA#CO\^X+IV�+CONJK+d^A�Â



��� � � ���	�� �%����� ��� ����� 
!����
G� � 
 �0�3������	�� ®�·

`�DQX²K�A=HSYED�Y]A#_1DQH#L

[zjk, ~Pk] =
DQCOIJÂ�\ªX
zjk , ~Pk

(JK−means), j ∈ Ω, k = 1 . . .K
�.¨�R � �

�.¨�R � �=`�DQXnK�A1HONQd��QA�_o\ªYOA�CED�Y]\ �JA�d��~K �oDQd�Y]A�C]X�D�Y]\ªX+I¡K�A�Y���A#A�X�D?`�NJÂ���A�YO\ªYO\��QAcHSY]A�� �
��a+A�C]A�Y]a+AVDJHOHO\ªIJX+Â�A�X�Y[\ H�`�DQCOC]\^A#_�NQF4YfIQ\��QA#XsY]a+AV`�F+C]COA#XJY�A#H;YO\^Â�DGYOABNQP�YOa+A�`�d^F�H;YOA�C
�+C]NGYONQY �!��A�H ��DGX�_6DudªA�DGC]X+\^X+I=HSY]A�� �#��a+A#COA�YOa+A�`�d^F�H;YOA�Cf`�A#XJY]A�CEH�DQCOABF���_+DGYOA�_6IQ\��QA#X
YOa+AV`�F+C]COA#X�YW`�dªF�HSY]A�C]\ªX+I�R �Áa�ABA�X�YO\^C]A��+CON4`�A#_4F+C]AÁ\^H�COA#��A�D�Y]A#_�F+X�YO\^d+Y]a+A�`�d^F�H;YOA#C]HUX+N
dªNJX+IQA#C�`Ea�DGX+IJAQR �Áa+A=`�dªF�HSY]A�C�DJHOHO\ªIJX+Â�A�X�Y�NGPWDGX1\ªX��+F4YVH]DGÂ��+d^A³\^HB_+A�YOA#COÂ�\^X+A#_1K��
H;A#dªA�` Y]\ªX+I�Y]a+A=`�d^F�H;YOA�CÁY]a�D�YBÂ�\^X+\^Â�\^��A�HÁYOa�A=`�NJH;YÁP.F+X�`�YO\^NQX �+\¬R AQRWF�HO\ªX�IsY]a+A�X+A�DGC]A#H;Y
X+A�\^IQa!K�NQC�`�CO\ªYOA#CO\^NQX�R �Áa+A�`�d^F�H;YOA�C��+C]NGYONQY �!��A�H[DGC]A�_4A�YOA�C]Â�\ªX�A#_½K���H;NJd �!\^X+I�P.NQC�YOa+A
��A#CON=IJC]DJ_4\^A�X�Y�`�NJX�_4\ªYO\^NQX6NJX

JK−means
��\ªYOa²COA�H;��A#`�Y�YONuYOa+A�`�d^F�H;YOA�Cf�+C]NGY]NGY �!��A�H�R

�Áa+A�DGd^IQNJCO\ªYOa+Â `�DGX1K�A=H;F+Â�Â½DGC]\^��A#_1DQHfP.NJdªd^N �BH#L
gQR���a+N!N�H;A�YOa�A�X�F�ÂuK�A�C�NGPW`�d^F�H;YOA#C]H�k
�4RÁ\^X+\ªYO\ DGd^\ª�#A=kº`�d^F�H;YOA#C��+CONQYONQY ����A#HÁCEDGX�_4NQÂ�d��
�+R�Z�NQC�A#DJ`Ea

j ∈ Ω
�+HOA�d^A#`�Y

zjk
H;F�`Ea²YOa�D�Y

zjk =
DQCOIJÂ�\ªX

zjk

(JK−means), j ∈ Ω, k = 1 . . .K

¨�R�Z�NQC
k = 1 . . .K

~Pk =

∑

j∈Ω zjk
~Xj

∑

j∈Ω zjk

®4R�µ�A#��A�D�Y�H;YOA#��HB��DGX�_²¨�F+X�YO\^d
zjk

X+N½dªNJX+IQA#C�`Ea�DGX+IJA#H#R

Z�\ªI�R�¨�R ·u_4\ H;��d^D��4H�YOa+A�k�¿'Â�A�DGX�Hf`�d^F�H;YOA#CO\^X+IuC]A#HOF+dªY]H ��\ªYOack �³®�NQX0YOa+A³HOÂ�N!NQYOa+A�_
H;��A#`�YOC]F+Â P.CONJÂ Z�\^I�RB¨�R ´�R ��NGY]A=YOa�D�YVDQdªd�P.NQF+C�H;NJF+C]`�A#HBDQCOAs_4A�Y]A#` Y]A#_cP�DQ\ªC]d����fA�d^d �
a+N �fA �QA#C��QYOa+A³K�DQX�_���\ _!YOa1NGP�YOa+A �fA#DG�JA#H;YfHONQF+CE`�AV\^HÁHONQÂ�A���a�D�Y�F�X�_4A�C]A#H;YO\^Â½D�Y]A#_ �
H;\^X�`�A�\ªYB\ H�NQX+d��²��_+evDGK�N �QAVYOa+A�X+NJ\^HOA³dªA��QA#d,R

¹V�����*¢���� § �#��2��  s�� § ���#���#��2��17��!�4����,��
© �+CONJK+d^A�Â DQH]HON!`�\^DGYOA�_ ��\�Y]anY]a+A*k�¿¬Â�A�DGX�H�DGd^IQNJCO\ªYOa�Â \ H�YOa�D�Y�YOa+A*`�NQX�YOA � Y]F�DGd
\ªX+P.NQC]Â�DGYO\^NQX ��a+\^`Ea�\ H½`�NQX�YEDG\^X+A#_p\ªXpYOa�Ac_�D�Y]D~HOA�Y½\ H½`�NQÂ��+d^A�Y]A�d��n_4\ H;C]A�I�DGCE_4A#_ �
YOa�DGYB\^H�DGd^d�_+D�YED���NJ\ªX�Y]H�DGC]A�A���DGd^F�D�Y]A#_1K��6YOa�A�Â½H;A#d �JA#H���DGX�_6Y]a+A�\^CBX+A#\ªIJa�K�NQC]a+N!N4_
COA#d^DGYO\^NQX�HOa+\^��H�DGC]A½`�NJÂ���dªA�YOA�d��h\ªIJX+NQC]A#_h_4F+C]\ªX�IcYOa+A6`�dªF�H;YOA#CO\^X+I*�+C]N4`�A�HOH#R �ÀX � �J�(�
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M[a�DQÂ a�DJH=�+C]NQ��NJHOA#_hDGXo\^Â½DGIJA6H;A#IQÂ�A�X�Y]DGYO\^NQXoDGd^IQNJCO\ªYOa�Â � ��a+\ `Eao\ªX�`�NQC]��NJC]DGYOA�H
YOa+AVA#_4IJAB\^X4P.NQC]Â½D�YO\^NQX6DQdªC]A#DJ_��u��COA�H;A#XJY�\ªX½Y]a+A�\^Â½DGIJAB\ªX6YOa+A�`�NJH;Y[P.F+X�` YO\^NQX�R �Áa�\^H
DGd^IQNJCO\ªYOa+Â \ H�C]A�P.A#COC]A#_�Y]NsDJH[Y]a+AVA�_4IQA�DQ_+DQ�4YO\��QA�k�¿¬Â�A�DGX�H�DGd^IQNQC]\ªYOa+Â¤DGX�_²`�DQX6K�A
`�NJX�H;\ _4A#COA�_²DJH�DsIJA�X+A#C]DQdª\ H]D�YO\^NQX²NGPYOa+A=k�¿'Â�A#DGX�H�`�d^F�HSY]A�C]\ªX�I�R �Áa+A�`�N�HSY�P.F�X�` Y]\ªNJX
NGPYOa+A�A�_4IQA�DQ_�DG�4Y]\ �JA³`�dªF�HSY]A�C]\ªX+I½DQdªIJNQC]\�Y]a+Â \^HBIQ\��QA�X1DQH#L

JEA =
∑

j∈Ω

|Xj −
K
∑

k=1

zjkPk|2 + λ
∑

j∈Ω

‖∇Xj −∇
K
∑

k=1

zjkPk‖2 �.¨�R ¨ �

�BNQYOAjY]a�D�Y²YOa+A �QA�` YONJC0HO\ªIJX�H6NJX
Pk

DQX�_
Xj

a�D��QA?K�A#A�X�_4C]NQ����A�_ �BH;\^X�`�AjYOa�\^H
DGd^IQNJCO\ªYOa+Â \ H�H;��A#`�\���`�DGd^d��n_4A#HO\^IQX+A�_oP.NQC6Dpg�¿À_4\^Â�A�X�HO\ªNJX�DGdfP.A�D�YOF�COA*HO��DQ`�AQR ∇ \^H
YOa+A¡IQCEDQ_4\^A�X�Y6NJ��A#C]DGYONQC���a+\^`Ea�\^XrNJF+C²`#DQHOA*\^H1D9HO\ªÂ��+d^A?_4\ $�A#COA#X�YO\ D�YO\^NQX �BH;\^X�`�A
YOa+A³\^Â½DGIQAV\^HfNJX+A�_+\ªÂ�A�X�H;\^NQX�DQd�DGX�_²`�DGX²K�A�DQ�+�+C]N � \^Â½D�Y]A#_½K��½F�HO\ªX�I ��X�\�Y]A³_+\�$�A�¿
COA#X�`�A�H�R �Áa+A ��CEHSYWY]A�C]Âº\^XB�.¨�R ¨ ��\ H�YOa�A�`�N�HSYUP.F+X�`�YO\^NQX�NGP�YOa�A�k�¿¬Â�A�DGX�HUDGd^IQNJCO\ªYOa�Â �
��a+\ `Eas��A�X�DQdª\^��A�HUYOa�AB_4\�$�A�C]A�X�`�AÁK�A�Y���A#A�X�YOa�A�NQC]\ªIJ\ªX�DQd!\ªÂ½DGIJA�DGX�_sYOa�ABH;A#IQÂ�A�X�YOA�_
\ªÂ½DQIQAQR �Áa+A½H;A�`�NJX�_jY]A�C]Â \ H�Y]a+A6HON1`#DGd^dªA�_?A�_4IQA���A#X�DGdªY ��� ��a+\^`EahC]A���F+\^COA�H�Y]a�D�Y
YOa+AVIQCEDQ_4\^A�X�YEHWNGP�Y]a+A�NJCO\^IQ\^X�DGd�DGX�_½HOA�IJÂ�A#X�YOA#_�\^Â½DGIJA#HWY]NuK�AVDJH�`�d^NJHOABDQH���NJH]H;\^K+d^A
YON³A#DJ`EauNQYOa+A#C#R�@BA�X�`�AÁYOa�AÁHOA�IJÂ�A�X�Y]DGYO\^NQXu\ HW`�DQCOC]\^A#_�NJF4YWK�DQHOA#_sNQX�K�NQYOasYOa+A�HO��A�` ¿
YOC]F+Â�\^X�YOA�X�H;\ªY �6DGX�_0YOa�A�A�_4IQA�\^X4P.NQC]Â½D�YO\^NQX �!DQX�_0YOa+A³K�DQd^DQX�`�A�K�A�Y���A#A�X²YOa+A³K�NGY]a
YOA#COÂ½H�\ HB`�NJX�YOC]NQd^dªA�_²K��0YOa+A=��DGCEDGÂ�A�Y]A�C

λ
RfZ�NQC

λ = 0
Y]a+\ H�DGd^IQNJCO\ªYOa�Â¦`�NJX �JA�C]IQA�H

YON0YOa+A�NQCE_4\^X�DGC �1k�¿'Â�A#DQX�HVDQdªIJNQC]\�Y]a+Â � ��a�A�C]A#DQH ��a+A�X
λ
\^H�d DGC]IQA���YOa�As\^X M�F+A#X�`�A

NGPBY]a+AcA#_4IJA²\^X4P.NJCOÂ½D�Y]\ªNJXnNJX9YOa�AcHOA�IJÂ�A�X�Y]DGYO\^NQX9K�A#`�NQÂ�A#H�Â�NQC]A²��COA�_4NQÂ�\^X�DGX�Y#R
¸!\^X�`�A�Y]a+A6HO`#DGd^A#H³NQP�Y]a+A6DGÂ��+d^\�Y]F�_4A�P.A�D�YOF�COA6HO��DQ`�A½DGX�_hIQCEDQ_+\ªA#XJY�P.A#DGYOF+C]A6HO��DQ`�A
DGC]A�_+\�$�A�C]A�X�Y��4\ªY�\^HÁÂ�NJCOA³`�NJX �JA�X+\^A�X�YfYON�\ªX�Y]CON4_4F�`�A�DuX+NJCOÂ½DQdª\^��A�_6K�DQd^DQX�`�AVP�DQ`�YONQC
λ0
��a�\^`Eac\ H�_4A ��X�A#_cDQH

λ0 = λ
scale(∇Xj)

scale(Xj)

�.¨�R ® �

©�HV\ªXcY]a+Au�+C]A �!\^NQF�H�`�DQHOA���YOa+As`�NQÂ���A�Y]\�Y]\ �JAuDGX�_cd^A#DQCOX�\ªX+I6H;Y]DQIQA�HBDGC]Au`�DQCOC]\^A#_
NQF4Y�DGdªYOA#COX�D�YO\^X+IJd ����DQX�_*Y]a+A�`�dªF�HSY]A�C��+CONQYONQY ����A#H�DGC]As_+A�YOA#COÂ�\^X+A#_?K��cHONQd��!\ªX�I6P.NQC
YOa+A��#A�C]N0IQCEDQ_+\ªA#XJY³`�NJX�_4\ªYO\^NQX?NJX

JEA
��\ªYOahCOA�H;��A#`�YVY]N0Y]a+A½`�d^F�HSY]A�C³�+C]NGY]NGY �!��A�H�R

�Áa+A�DGd^IQNJCO\ªYOa+Â `�DGX1K�A=H;F+Â�Â½DGC]\^��A#_1DQHfP.NJdªd^N �BH#L

gQR���NJÂ���F4YOA³Y]a+A�IQCEDQ_4\^A�X�YÁNGP�YOa+A=HO��A#` Y]COF�Â _+DGY]D

�4R���a+N!N�H;A�YOa�A�X�F�ÂuK�A�C�NGPW`�d^F�H;YOA#C]H�k

�+R �ÀX+\ªYO\ DGd^\^��A=kº`�dªF�HSY]A�C��+C]NGY]NGY �!��A�HÁC]DQX�_4NJÂ�d��
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¨�R�Z�NQC�A#DJ`Ea
j ∈ Ω

�+HOA�d^A#`�Y
zjk

H;F�`Ea²YOa�D�Y

zjk =
DQCOIJÂ�\ªX

zjk

(JEA), j ∈ Ω, k = 1 . . .K

®4R�Z�NQC
k = 1 . . .K

Pk =

∑

j∈Ω

(

zjkXj + λ∇(Xj −
∑

l6=k zjlPl)∇zjk

)

∑

j∈Ω zjk + λ||∇zjk ||2

´+R�µ�A#��A�D�Y�H;YOA#��H�¨½DGX�_c®sF+X�YO\^d
zjk

X+N½dªNJX+IQA#C�`Ea�DGX+IJA#H#R

Z�\ªI�H�¨�R » �,D �fDGX�_1¨�R » �.K �Á_4\ HO�+d^D��6YOa+A�C]A#HOF+dªY]H�NQPUDQX1A�_4IQA�DJ_+DG�4Y]\ �JA�k�¿¬Â�A#DQX�H�HOA�IG¿
Â�A�X�Y]DGYO\^NQXjNJX*YOa+A�HO��A�` YOC]F+Â _+DGY]D6P.CONJÂ Z�\^I�R³¨�R ®��

λ0 = 1
DGX�_

λ0 = 5
C]A#HO��A�` ¿

YO\��QA#d �JRj©�H
λ0
\ªX�`�COA�DQHOA#H��lY]a+A0A�_4IQA6\^X4P.NJCOÂ½D�Y]\ªNJX~K�A�`�NQÂ�A�H=Â�NQC]A6\^X M�F+A#XJY]\^DQd�NJX

YOa+AudªA�DGC]X+\ªX�I½�+CON4`�A#H]H �+\¬R AQRfYOa+A�DGd^IQNJCO\ªYOa+Â¦YOC]\ªA�HÁYON0�+d^DJ`�A�Y]a+Au`�dªF�H;YOA#CBK�NQCE_4A�CEHBD�Y
YOa+A�A � YOC]A�Â½DuNQP�Y]a+A�IQCEDQ_4\^A�X�YÁNGPYOa+A=HOÂ�N�NQYOa+A�_²HO��A#` Y]COF�Â ����a�\^`Ea1Â½D��6COA�H;F�d�Y�\^X
Â�\^H]`�d DQH]H;\ ��`#D�YO\^NQX�H �!\ªP�Y]a+A�C]A�DGC]A�DGX��0HOa�DGC]�²d^N4`�DQd���A�DG�4H�\^X²Y]a+A=HO��A�` YOC]F+Â _4F+A³YON
X+NQ\ HOAsNJC�ÂsF+dªYO\^��D�Y]a?P�DJ_4\ªX�I ��A�YE`GR ��a+\^`Ea~`�NJF+d _jX+NQY³K�A½H;Â�N!NGY]a+A#_?NQF4Y=DQX�_jIJ\ �JA
CO\ HOAuY]N1HOa�DGC]�jÂ½D � \^Â½D²DQX�_jÂ�\^X+\ªÂ½D1\^XjYOa�A�IJC]DJ_4\^A�X�Y�_+DGY]D�R �Áa+\ H³�+a+A�X�NQÂ�A�X+NJX
`�DQX=K�AfNQK�H;A#C �JA#_³\^XsZ�\ªI�R¨�R » �.K � ��a+A�C]A[P.C]A���F+A#X�` �³K+\^X�H�K�A�d^NQX+IJ\ªX+I�YONVYOa+A �fA#DG�JA#H;Y
A�Â�\ªY;YOA#C�a�D��QA�K�A�A�X1Â�\^H]`�d DQH]HO\���A�_6K�A#`#DGF�HOA³NGP�Y]a+A³�+C]A#HOA�X�`�AVNQP�D�dªN4`#DGd�Â½D � \ªÂsF+Â
\ªX1Y]a+A=H;Â�N!NGY]a+A#_1HO��A�` YOC]F+ÂcR

¥²�����J�� 9�,��,��?�#	��j(*
� ?�����½��$  s7�
������J���
©BdªYOa+NJF+IQa*K�NGY]a*YOa�Ask�¿'Â�A�DGX�H�DGX�_1Y]a+A �_+IQAs©�_�DG�4Y]\ �JAuk�¿¬Â�A�DGX�HBDQCOA�F�X�H;F���A#C;¿
�!\^HOA#_�d^A#DQCOX�\ªX+IpDGd^IQNQC]\ªYOa+Â½H��ÁYOa+A���C]A���F+\^C]A*YOa�DGY²Y]a+AhX�F�ÂuK�A�C1NGPu`�d^F�H;YOA#C]H²k \^H
�+C]A#_4A�YOA�C]Â�\ªX�A#_�Rh@BN �fA �QA#C��YOa�A²X!F+ÂsK�A#CsNQP�YOa+A²X�D�Y]F+C]DQdf`�dªF�HSY]A�CEH=\^X9YOa�A0\^X+�+F4Y
_+D�YEDcH;A�Y=\^H�F�H;F�DQdªd��?X�NGY=�!X+N ��Xh�+CO\^NQC³Y]NcYOa+A6`�dªF�HSY]A�C=DGX�DGd��!HO\ H�R �'PBk�\ H=`Ea+N�H;A#X
YON!Nud^N � �JYOa+\ H�Â½D���d^A#DQ_½YON=Y]a+A³H;Nu`#DGd^dªA�_½NQX�A�¿'�+CONQYONQY ����A�¿¬Y]DQ�QA�HS¿'ÂuF+dªYO\^�+d^A�¿À`�d^F�H;YOA�CEH
� �VM ��ih� ���+a+A�X�NQÂ�A�X+NJX ����a+\ `Ea¡Â�A�DGX�H�Y]a�D�Y=HONQÂ�A�NGP�Y]a+A�X�D�Y]F+CEDGdW`�d^F�H;YOA�CEH³\^X
YOa+A0\ªX+��F4Y�_+DGY]DjHOA�YsÂ�D��¡K�A²Â�A�C]IQA#_h\^X�YONjNJX+A6H;\^X+IJdªA0`�dªF�HSY]A�C ��DQX�_hYOa+A²`�NQC]C]A#H;¿
��NJX�_4\^X+I6`�d^F�H;YOA#C��+CONQYONQY ����A³Â�N �QA#HÁ\^X�YON�Y]a+A=`�A#XJY]A�CBNQP �fA�\^IQa�YBNGP�YOa�A#HOA=`�d^F�HSY]A�CEH�R
�Áa+\ H��+a�A�X+NJÂ�A#X+NQX?\^HV\ªd^d^F�HSY]C]DGYOA�_*\ªXhZ�\ªI²¨�R^gQg �,D �Á\^X?D6Y���N1_4\ªÂ�A#X�H;\^NQX�DGdlP.A�D�Y]F+COA
H;��DQ`�A ��\�Y]a*YOa+C]A�AsX�D�Y]F+CEDGd`�dªF�HSY]A�CEHVDQX�_

K = 1
R �'PWY]a+A�k�¿¬Â�A#DQX�HBDQdªIJNQC]\�Y]a+Â \ H

F�HOA#_ ��Y]a+A�`�dªF�HSY]A�C��+CONQYONQY ����A ~P1
NQK��!\ªNJF�HOd �cÂ�N �QA�HB\^XJY]N0Y]a+A�`�A�X�Y]A�C�NGP[Y]a+A½`�d^F�HS¿

YOA#C]HÁDGX�_0H;Y]DGCOY]H�YON�NJH]`�\^d^d^DGYOA³DQHf\ªX��+F4Y���D�YOYOA#COX�HfDGC]A��+COA�H;A#X�YOA#_½YON�YOa+A³DGd^IQNJCO\ªYOa�Â1R
�ÀXhYOa+A0`�NQX�YOA � Y³NQPÁ`Ea�DGX+X+A#d�HOA�IQÂ�A#XJYED�Y]\ªNJX ��YOa�\^HuÂ�A�DGX�H�Y]a�D�YuYOa+A6HOA�IJÂ�A#X�Y]D�Y]\ªNJX
DGd^IQNJCO\ªYOa+Â Â½D��hP�DG\^d�Y]N¡_4A�YOA�` Y�A�Â�\�YOYOA#C]H ��\�Y]and^N �¦¸���µ ��DGd^F+A#H���DQHu\ªd^d^F�HSY]C]DGYOA�_
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�����76 & 6 " �Áa+A �VM ��i¡����CONJK+dªA#Â�\^X*��a�DQX+X+A#d¸!A�IJÂ�A�X�Y]DGYO\^NQX

\ªXhZ�\ªI�R=¨�R ¾���\ªYOa
K = 3

����a+A#COAuYOa+A�X+NJ\^HOAsd^A �JA�dUDGX�_jYOa+A�d^A �JA�dUNGP[Y]a+A ��A�DG�JA#H;Y
A�Â�\ªY;YOA#C�D�a�D��QA�K�A�A�XcÂ�A�C]IQA�_0\^X�YON�NQX�A³HO\^X+IQd^A�`�d^F�HSY]A�C�R

�'P
K
\ H�`Ea+NJHOA�XoY]N!N¡d DGC]IQA��Y]a+\ HsÂ½D��~d^A#DQ_oYON¡YOa+AcH;Nh`�DQdªd^A#_ � ��96>.5�: A  � � 1 5 >

�+C]NQK+d^A�Â � ��a�A�C]A½NQX+A6HO\ªX�IQd^A�X�D�YOF�C]DQd�`�d^F�H;YOA�Cu\^H�F�X+X+A#`�A#H]HODQCO\^d��j��DGCOYO\ªYO\^NQX�A#_¡\ªX�YON
ÂuF+dªYO\^�+d^AV`�dªF�H;YOA#C]H��JDJH�_4\ HO�+d^D��JA#_�\^X0Z�\ªI�R¨�Rªg�Ä³dªA�DQ_4\^X+I�Y]NsDQX6DGÂuK�\ªIJF+NQF�H�H;A#IQÂ�A�X4¿
Y]DGYO\^NQX1NGP�YOa+A=`Ea�DQX+X+A#d,R

�Áa+AsF�H;F�DQdWDG�+�+C]NJDJ`EacP.NQC³_4A�Y]A�C]Â�\ªX+\^X+I²YOa+A�NQ�+YO\^ÂuF+Â X!F+ÂsK�A#CVNQP�`�d^F�H;YOA�CEHV\^H
YON½C]A���A#DGYfY]a+A=`�d^F�H;YOA#CO\^X+I�P.NQCB_4\ $�A�C]A�X�Y���DGd^F+A#H�NQP

K
�4\ªX�`�C]A�Â�A�X�YO\^X+I�\ªY�D�P YOA#CBA#DJ`Ea

`�d^F�H;YOA�C]\^X+I�R �Áa+A6`�dªF�H;YOA#CO\^X+IcC]A#HOF+d�Y=\ H³A ��DQdªF�DGYOA�_¡F�H;\^X+I1YOa+A6`�NQC]COA�H;��NQX�_4\ªX�I1`�NJH;Y
P.F+X�`�YO\^NQX~D�Y³YOa+A½A#X�_¡NGP�A�DQ`Ea¡��DQH]H��.\¬R AJR

JK−means
NQC

JEA
\ªXhNQF�C=`�DQHOA(��R �Áa+A

dªN!NJ�9\^HsY]A�C]Â�\^X�DGYOA#_ ��\ªPBYOa+A1IJDQ\ªXpCOA�H;F�d�Y]\ªX+I?P.CONJÂ P.F+COYOa+A#C�\^X�`�COA#Â�A#X�YO\^X+I
K
�.\¬R A

YOa+AsCOA�_4F�`�YO\^NQX*\^X*YOa+As`�NJH;YBP.F+X�` YO\^NQX*��_4C]NQ��H�K�A#dªN � D0�+COA�_4A�Y]A�C]Â�\ªX+A�_1YOa+C]A#HOa+NJd^_�R
@BN �fA �JA�C ��YOa�\^H�DG�+��CON�DQ`Ea³X+NGYUDGd �fD��4H��!\^A�d _+H�IJN!N!_³C]A#HOF+dªY]H��#\ªP+Y]a+A�DQK�N �JA�Â�A�X�YO\^NQX�A#_
YOa+C]A#HOa+NJd^_²\^H�`Ea+NJHOA�XcDGC]K+\ªYOCEDGC]\ªd����#��\ªYOa+NJF4Y�Y]DQ��\^X+I�\^XJY]N6DQ`#`�NQF�XJYÁY]a+A=_4\ HSY]CO\^K+F4Y]\ªNJX
NGPYOa+A�\^X+�+F4Y�_+D�YED ����a+\ `Ea²C]A���F+\^C]A#HÁD�P.F+COYOa+A#CBDGX�DQd �4HO\^HfNGP�YOa�A³P.A#D�Y]F+C]A³HO��DJ`�AQR

�Áa+As¸!A#d�P�¸!�+d^\ªY;YO\^X+I1��NJÂ���A�YO\ªYO\��QAu¯�A#DGC]X+\^X+IB�,¸+¸��f¯K�BDQdªIJNQC]\�Y]a+Â ����a+\ `Ea*\^H�\^X4¿
�QA�HSY]\ªI�D�YOA�_h\ªX~Y]a+A6P.NJdªd^N ��\ªX�IjH;A�` YO\^NQXo��COA�H;A#XJYEH=D �!\ DGK+d^A6DGdªYOA#COX�DGYO\��QA�Y]N*YOa+A1DG�4¿
�+C]NJDQ`Ea�_4A�HO`�CO\^K�A#_�DGK�N �QA��#DQF4YONJÂ�DGYO\ `�DQdªd�� ��X�_4\ªX�IBYOa�A[NQ�4Y]\ªÂ½DQdJX!F+ÂsK�A#C�NGP+`�dªF�H;YOA#C]H
\ªX*D�_+DGY]D�H;A�Y��+d^A#DJ_4\^X+IuY]N½IQN!N4_²HOA�IJÂ�A�X�Y]DGYO\^NQX0C]A#HOF+dªY]H#R
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�����76 & 6 � z �Áa+Au¸4a�DGC]A#_*��dªF�HSY]A�C�M[a+A#X+NQÂ�A#X+NQXc\^Xj��a�DGX+X+A#d�¸!A�IJÂ�A�X�Y]DGYO\^NQX

m �!7,$ m�§ 7������#�,��  s�� § ���#���#�.2��²���!�4����,��
�Áa+A=¸!A�dªP[¸!�+d^\�YOYO\^X+I²��NQÂ���A�YO\ªYO\��QA�¯�A#DGC]X+\^X+I>�,¸+¸��f¯ �ÁDGd^IQNJCO\ªYOa+Â ����a+\ `Ea1a�DQHÁK�A�A#X
�+C]NQ��NJHOA#_*K�� .�a�DQX+IcDGX�_¡¯l\^F¡\^X � �G¾ �[\ H�K�DQHOA#_?NQX¡YOa+A�HON1`#DGd^dªA�_ �VM � ��� ��NQX+A
�+C]NGYONQY �!��AcYEDGd^A#H½NJX+Aj`�d^F�H;YOA�C ����DQC]DJ_4\ªIJÂcR �Áa+A¡¸�¸��f¯�H;Y]DGCOY]H ��\ªYOa�NJX+A?HO\ªX�IQd^A
�+C]NGYONQY �!��AcCEDGX�_4NJÂ�d �9\^X+\ªYO\ DGd^\ª�#A#_Ã\^XÃYOa+AcP.A�D�Y]F+COAjHO��DJ`�AQRvT�F+C]\^X+IoYOa�A*dªA�DGC]X+\ªX�I
�+C]N!`�A#H]H ��Y]a+\^HB�+CONQYONQY ����A³H;�+d^\ªY]HÁ\^XJY]N�Y���N��+C]NGY]NGY �!��A�H �!K�DJH;A�_0NJX²D�HON�`#DGd^dªA�_²HO�+d^\�Y
��DGd^\^_4\ªY �²`�CO\ªYOA#CO\^NQX�R�©�H�YOa+AuDQdªIJNQC]\�Y]a+Â��+C]NQIJCOA�HOHOA#H��!NGY]a+A�CB��CONQYONGY �!��A#HBDQCOA�`Ea+N�H;A#X
YON½HO�+dª\ªY��4\ªP�YOa+A��6Â�A�A�YÁY]a+A³X+A#`�A#H]HODQC �6`�CO\ªYOA#CO\^NQXlR �Áa+A�HO�+dª\ªY;Y]\ªX�IsY]A�C]Â�\ªX�DGYOA�H �4\ªPX+N
Â�NQC]A��+CONQYONQY ����A�\ HWP.NQF�X�_½H;F�\�YEDGK+d^A�P.NQC�H;�+d^\ªY;YO\^X+I�R �Áa�ABÂ�A�ÂuK�A�CEHOa+\ª��P.F�X�` Y]\ªNJX

zjk\^H�_+A�YOA#COÂ�\^X+A#_1F�HO\^X+I�YOa+A�X+A�DGC]A#H;Y�X+A�\^IQa!K�NQC�`�C]\�Y]A�C]\ªNJX1DJHÁK�A�P.NQC]AQR
�ÀX½YOa+A�`�NJCOA�NQP�Y]a+A�¸�¸��f¯jDGd^IQNJCO\ªYOa�Âºd^\ªA�H[Y]a+A �VM � ���n\ _4A#D�R �ÀX6`�NQX��QA#X�YO\^NQX�DQd

�f¯oHO`Ea�A�Â�A#H���`Ea+N!NJHO\^X+IuY]a+A=X!F+ÂsK�A#CBNGPU�+C]NGYONQY �!��A�H
K
dªA�HOHfY]a�DGXcY]a+A�X!F+ÂuK�A�CBNQP

YOa+AÁDQ`�YOF�DQd!X�D�Y]F+C]DQd�`�dªF�HSY]A�CEH�\^XuY]a+AÁ_+D�YEDVHOA�YUdªA�DQ_+H�YONVYOa�A �VM ��ih�h�+a+A#X+NQÂ�A�X�NQX �
DQHB_+\^H]`�F�H]HOA#_1�+C]A �!\ªNJF�HOd � ��a�A�C]A�Y���N�NJCBÂ�NQC]A�X�D�Y]F+C]DQd�`�d^F�H;YOA#C]HBDQCOA�Â�A#COIJA#_²\ªX�YON
NQX+A½HO\ªX�IQd^A�`�dªF�H;YOA#C���DGX�_?YOa�A�`�NQC]COA�H;��NQX�_4\ªX�I1`�dªF�H;YOA#C³�+CONQYONQY ����A�Â�N �QA#H�\^X�YON1YOa+A
`�A#XJY]A�C=NQP�Â�DJHOHuNGPÁYOa�A#HOA0`�d^F�H;YOA�CEH#R �Áa+A'�VM � ���º�+CO\^X�`�\ª�+d^A���a+N �fA �JA�C ��A�X�H;F+C]A#H
YOa�DGY�Y]a+\^H�`�d^F�H;YOA#C��+C]NGY]NGY �!��Au\^HVK+\ DQHOA#_1YON �ÁDGCE_+H�NJX+d��²NJX+AuNQP�Y]a+A#HOAs`�dªF�HSY]A�CEH�DGX�_
\ªIJX+NQC]A#H�Y]a+A�NGY]a+A�CEH �+DJHf\ªd^dªF�HSY]C]DGYOA#_1\^Xc¨�R^gQg ��K �

�Áa+\^H1K�A�a�D��!\^NQF+C1\ H²DJ`Ea+\ªA��QA�_�K��ÃDJHOHO\^IQX+\^X+InDQXvDGF � \^d^dª\ DGC � �JA#`�YONQC²P.NQC1A#DJ`Ea
`�d^F�H;YOA�C³�+C]NGY]NGY �!��A��l`�DQdªd^A#_jYOa+A½DJH �!Â��4YONQYO\ `u��CONJ��A#C;Y � �QA�` Y]NQC���©BM �J� ~Ak

����a+\ `Ea
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�����76 & 6 � � �CED�±SA#`�YONJC �½NQP�D½`�d^F�H;YOA#C��+CONQYONQY ����A���D � �ÀX1Y]a+A=`�DJH;A�NGP �VM ��i¡�1�.K �
F�HO\ªX+I��VM � ������DGCEDQ_+\ªIJÂ

\^H\^X+\�Y]\^DQdª\^��A�_uDGY�DVC]DQX�_4NQÂ�d^N!`#D�Y]\ªNJX�P�DGCUD �fD���P.CONJÂ YOa+AÁ`�NJCOC]A#HO��NQX�_4\^X+I��+C]NGY]NGY �!��A
~Pk
RW��\�Y]a0Y]a+AVa�A�d^�²NQPlYOa+A�DJH �!Â��4YONQYO\ `���CONJ��A#C;Y � �QA�` Y]NQC �QY]a+A�H;N�`�DGd^d^A#_0_ ��X�DGÂ�\^`

X+A�\^IQa!K�NQC]a+N!N4_6NGP ~Pk
\ H�_4A���X+A#_cDJHfYOa+A=HOA�Y�NGPU\^X+�+F4YB��DGY;Y]A�C]X�H ~Xj

P.NJC ��a+\^`Ea

‖~Pk − ~Xj‖ ≤ ‖~Pk − ~Ak‖.
�.¨�R ´ �

�Áa+A �VM � ���£H]`Ea+A�Â�A½\ Hu_4A��!\^HOA#_~\^X9H;F�`Ea9D��fD��?YOa�DGY=YOa�A0_+D�YED*��NQ\^XJYEH=\^X�HO\^_4A
YOa+\ H�X+A�\^IQa!K�NQC]a+N!N4_'��\ªd^d�`�NQX�YOC]\^K+F4YOAsÂuF�`Ea?Â�NJCOAuYON0YOa+A�dªA�DGC]X+\^X+I6�+C]N4`�A#H]HBNQP ~PkYOa�DQX1YOa+N�H;A�NJF4Y]HO\^_+AQR�©fY�YOa+A�K�A�IJ\ªX+X�\ªX+I½NQPUYOa+A=DQdªIJNQC]\�Y]a+Â � ~Ak

\ HÁP�DGC�D �ÁD���P.C]NQÂ
~Pk
��a+A#X�`�A�Y]a+A½X+A�\^IQa!K�NQC]a+N!N4_jNGP ~Pk

\ H�d DGC]IQA��l`�NQX�YEDG\^X+\ªX�I1��D�Y;Y]A�C]X�H�P.C]NQÂ DQdªdWNQP
YOa+A²X�D�Y]F+CEDGd�`�dªF�HSY]A�CEH �U\¬R AJRjYOa�A�C]A6\^HsX+N¡K+\^DJH�Y]N �fDQC]_+HuDGX��¡NQP�YOa+A1`�d^F�H;YOA�CEH#R?©�H
YOa+A³\^X+�+F4YB��D�Y;Y]A�C]X�H�DGC]A�C]DQX�_4NQÂ�d��½�+C]A#HOA�X�YOA�_6Y]NsY]a+A�DGd^IQNJCO\ªYOa+Â � ~Pk

DQX�_ ~Ak
DGC]A

F+��_+D�Y]A#_�\^X6H;F�`Ea½D �ÁD���Y]a�D�Y[Y]a+A ��`Ea+N!NJHOA�D�X�DGYOF+CEDGd+`�dªF�H;YOA#C�DQX�_�`�NQX��JA�C]IQA�YON=\ªY]H
`�A#XJY]A�C ���+C]NQIQC]A#H]HO\ �JA�d��VC]A#_4F�`�\^X+I�Y]a+A�H;\^��AÁNQP+YOa+AÁX+A#\ªIJa!K�NJCOa+N!N4_�R �Áa+AÁ��D�YOYOA�C]X�H ~XjDGC]A=�+C]A#HOA�X�YOA�_1YON½Y]a+AsDQdªIJNQC]\�Y]a+Â NQX+A=K��cNQX�A=\ªX¡D½C]DQX�_4NJÂ¦P�DJH;a+\^NQX�R��DQ`EajYO\^Â�A
D0��D�Y;Y]A�C]X¡\ H³�+C]A#HOA�X�YOA�_*Y]N²Y]a+A½DGd^IQNJCO\ªYOa+Â ��Y]a+A ��\ªX�X+\ªX�I1��CONQYONGY �!��As\ H³_4A�Y]A�C]Â�\�¿
X+A#_jF�H;\^X+I0YOa+A�X+A#DQCOA�HSYVX+A�\^IQa!K�NQCV`�CO\ªYOA#CO\^NQX�RV©�H]HOF+Â�\ªX+I0YOa�DGY ~Pk

\ HBY]a+A ��\ªX+X�\ªX+I
�+C]NGYONQY �!��A�P.NJC ~Xj

��YOa�AsF+��_+DGYOA�A���F�D�Y]\ªNJX*P.NQCVYOa�A�`�NQC]COA�H;��NQX�_+\ªX+I6©�M��¤\^HVIQ\��QA#X
DQH#L

~A′
k = ~Ak +

δk

n ~Ak

( ~Xj − ~Ak)Θ(~Pk , ~Ak, ~Xj)
�.¨�R · �
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��a+A�C]A ~A′
k
\ H�YOa�A0©BM�� F+��_+D�Y]A0DGX�_

Θ(~Pk, ~Ak, ~Xj)
\^HuDGXo\^X�_4\ `�D�Y]NQC�P.F�X�` Y]\ªNJX

IQ\��QA#X1DJH

Θ(~Pk, ~Ak, ~Xj) =

{

1, ‖~Pk − ~Ak‖ ≥ ‖~Pk − ~Xj‖
0,
NQYOa+A#C ��\ HOA �.¨�R » �

0 < δk ≤ 1
\^HVY]a+A�dªA�DGC]X+\ªX�I²CED�Y]AsNQP ~Pk

� ��a+\ `Ea¡Â½D��cK�A�`�NQX�H;Y]DQX�Y�NJC³DJ_+DG�+YO\��QA��
DGX�_

n ~Ak

\^HÁY]a+A=HON�`#DGd^dªA�_���\^X+X+\^X+I½`�NJF+X�YOA#C�NGP ~Ak
��a+\^`Eac\ HÁF+��_+D�Y]A#_cDQH

n′
~Ak

= n ~Ak
+ δkΘ(~Pk, ~Ak, ~Xj)

�.¨�R ¾ �

�Áa!F�H � ~Ak
��\^d^d[H;a+\ªP Y�YON �ÁDGCE_+HBYOa+A½�+C]A#HOA�X�Y]A#_?H]DGÂ��+d^A���\ªP�\ªY�dª\^A#H³\^X¡YOa+A�X+A#\ªIJa�K�NG¿

COa�N�N4_½NQP ~Pk
�4NGY]a+A�C ��\^HOA�\ªY ��\ªd^d�X+NGYÁK�A�F+��_+D�Y]A#_1D�YÁDGd^d,R �VM � ����\ HÁDQ`Ea+\^A �JA#_�K��

dªA�Y;Y]\ªX+I ~Ak
IJF+\ _4A³YOa+A�d^A#DQCOX�\ªX+I��+C]N4`�A#H]HÁNGP ~Pk

R���NQX�HO\^_+A�CÁYOa�A�F+��_�D�YOA�A ��F�D�Y]\ªNJXlL

~P ′
k = ~Pk + ηk( ~Xj − ~Pk)

��¨�R^g#Ä �
��\�Y]a

ηk =

(

‖~Pk − ~Ak‖
‖~Pk − ~Xj‖ + ‖~Pk − ~Ak‖

)2 ��¨�R^gQg �

Z+NJC ‖~Pk − ~Xj‖ � ‖~Pk − ~Ak‖
��YOa+A�dªA�DGC]X+\^X+I6CED�YOA

ηk
DG���+CON�DQ`Ea+A�HBÄ ��a+A#X�`�AuYOa+A

��D�YOYOA#COX�H�NQF4YEH;\ _4A�YOa+A�X+A�\^IQa!K�NQC]a+N!N4_�_+Nua�D��JABNQX+d���DuHOÂ�DQdªd�DGÂ�NQF�XJYfNGPl\^X M�F+A#X�`�A
NQX0YOa+A�dªA�DGC]X+\^X+Iu�+C]N4`�A�HOH�NGP ~Pk

�#��a+A#COA�DQH�P.NQC ‖~Pk − ~Xj‖ � ‖~Pk − ~Ak‖
�
ηk → 1

�
��a+\ `Ea?Â�A#DQX�H���D�YOYOA�C]X�H�\^X�H;\ _4AsYOa+\ H³X+A#\ªIJa�K�NQC]a+N!N4_*a�D��JAsD �QA�C �cd^DQCOIJAu\^X M�F+A#X�`�A
NQX0YOa+A�d^A#DQCOX+\^X+I�HSYEDGIQAJR �'Y�`#DGX1K�A�HOa+N ��X6Y]a�D�Y�F+dªYO\^Â½D�Y]A�d���� ~Ak

DQX�_ ~Pk
`�NQX��JA�C]IQA

YONcY]a+A0H]DGÂ�A�X�D�Y]F+C]DQd�`�d^F�H;YOA#C��\ªIJX+NQC]\ªX�I²Y]a+A½NGY]a+A�CEH#R ~Pk
\ H=`�NQX�HO\^_+A�C]A#_?YON*a�D��JA

`�NJX �JA�C]IQA�_ ��\ªP�Y]a+A½_4\ HSYEDGX�`�AsK�A�Y��fA�A#X ~Ak
DGX�_ ~Pk

\ H³H;Â½DQdªd^A�C�YOa�DGX¡D²�+C]A#_4A���X+A�_
YOa+C]A#HOa+NJd^_

ζ(1) �+\¬R AJR

‖~Pk − ~Ak‖ < ζ(1) ��¨�R^g�� �
�VM � ���hK���\�YEH;A#d�P�\^H�X+NQY�A#X+NQF�IQa�P.NJCUD�HOF�`�`�A#H]HSP.F+d!`�d^F�H;YOA#CO\^X+I �GHO\^X�`�Af\�YWA#X�DGK+d^A#H

A#DJ`Ea*�+CONQYONQY ����A³YON ��X�_*NJX+A=X�DGYOF+CEDGd�`�d^F�HSY]A�C ��K�F4Y�_4N!A�HBX+NQYVDQ_4C]A#H]HÁY]a+Au\ HOHOF+A=NQP
��X�_4\^X+IhYOa�A*NQ�4Y]\ªÂsF+Â X!F+ÂsK�A#C½NGP�`�dªF�HSY]A�CEH

K
� ��a+\^`Ea�\ H�A#HO��A�`�\ DGd^d �n`�COF�`�\ DGd�\^X

�VM � ��� �[HO\ªX�`�Aj`Ea+N!NJHO\ªX�I
K
YON!Nod^N � ��\^dªdV`�DGF�H;A*HONQÂ�AcNGP�YOa+Aj`�dªF�H;YOA#C]H�Y]NoK�A

\ªIJX+NQC]A#_lR��ÀX�� �G¾ � ��D²H;N²`�DGd^d^A#_jHO�+d^\�Y ��DQdª\ _4\ªY �*`�C]\�Y]A�C]\ªNJX1\ HV\ªX�YOC]N4_4F�`�A#_cY]N=±SF�_4IJAu\ªP
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DGd^d+Y]a+AVX�D�YOF�C]DQd�`�d^F�H;YOA#C]H�a�D��QA�K�A�A#X²`�d DQH]HO\���A�_½D�P Y]A�C�DQX �VM � ���pH;Y]DGIJAQR �'P�YOa+\ H�\^H
X+NGYÁY]a+A=`�DJH;A���NJX+A³NGPYOa+A��+C]NGY]NGY �!��A#Hf\^H�`Ea�NJHOA�X6Y]N6H;��dª\ªY�\ªX�YON�Y��fN �4\^X�`�C]A�Â�A#XJY]\ªX�I
YOa+A�X!F+ÂsK�A#C[NGP�`�d^F�H;YOA#C]H��JDQX�_sYOa+A �VM � ���nH;Y]DGIJA�HSYEDGCOY]HWN �JA�C�P.CONJÂ�Y]a+A�K�A#IQ\^X+\^X+I�R
�Áa+\ H��+C]N4`�A�_4F+C]A�\^HVCOA#��A�D�Y]A#_cF+X�YO\^dUX+N½P.F+COYOa�A�C��+CONQYONQY ����AuH]D�Y]\^H ��A#HBYOa+A�H;��dª\ªY;Y]\ªX+I
`�C]\�Y]A�C]\ªNJXlR �Áa+A�N �QA#C]DQdªd�`�dªF�H;YOA#CO\^X+I½DGd^IQNJCO\ªYOa�Â�HSYEDGCOY]H ��\ªYOacNQX+A=HO\^X+IQd^A³�+CONQYONQY ����A��
C]DQX�_4NJÂ�d��o\^X+\�YEDGd^\ª�#A#_ �fDGX�_�DhX+A�� �4YONQYONQY ����Ac\^H½HO��D ��X+A�_nDGP YOA�C½A�DQ`Ea �VM � ���
\�Y]A�CED�Y]\ªNJX �4F+X�YO\^d�DGd^d�YOa�A�X�D�Y]F+C]DQdl`�d^F�H;YOA�CEH�DGC]AVP.NQF+X�_lR

��N6`#DGd `�F+d D�Y]AVY]a+A=HO�+dª\ªY ��DGd^\ _4\�Y �²`�C]\�Y]A�C]\ªNJX �+DGX+NQYOa+A#CBDGF � \^dªd^\ DGC � �QA�` YONJC���Y]a+AuHON
`�DQdªd^A#_j`�A�X�YOA#C��+C]NQ��A�COY � �QA#`�YONJC ~Ck

\ HVDJHOHO\ªIJX+A#_1Y]N0A�DQ`Ea*�+C]NGY]NGY �!��AJRVTVF+C]\ªX+I0YOa+A
dªA�DGC]X+\^X+I��+CON4`�A#H]HÁP.NQC ~Pk

� ~Ck
\ HBF���_+DGYOA�_*DQ`�`�NQCE_4\^X+I�YON0k�¿'Â�A#DGX�HÁdªA�DGC]X+\ªX�I½COF+d^A#H

F�HO\ªX+I1Y]a+A½\ªX��+F4Yu��DGY;Y]A�C]X�H �lP.NQC ��a+\ `Ea ~Pk
a�DJH�K�A#A�XhYOa�A ��\ªX+X�A�C�R��VK �!\^NQF�HOd����l\ªP

YOa+A�_4\ HO`�COA#��DGX�` �1K�A�Y���A#A�X ~Pk
DQX�_ ~Ck

\ HBY]N!N0d DGC]IQAuDGY�YOa�AsA#X�_*NGP�YOa+A �VM � ���
HSYEDGIJA���YOa+\ H³Â�A#DQX�HVYOa�DGY�Y]a+\ HV��CONQYONGY �!��A�_+N�A�H�X+NGY�DQ`#`�F+CED�Y]A�d��1C]A���COA�H;A#XJY�DGd^d�YOa+A
��D�YOYOA#COX�H�\^X?Y]a+A½`�d^F�H;YOA�C

k
�lDQX�_?YOa+A#COA�ÂuF�H;Y�A � \ HSY�D�Y�d^A#DQH;Y³NQX+A�X�D�Y]F+CEDGdW`�d^F�HSY]A�C��a+\ `Ea0a�DJH�K�A�A#X²\^IQX�NQC]A#_½K���YOa�A �VM � ����HSYEDGIQAJR �Áa+A�HO�+d^\�Y ��DGd^\ _4\�Y �6`�CO\ªYOA#CO\^NQX0\^H

P.F+d ��dªd^A#_ � \ªP

‖~Pk − ~Ck‖ > ζ(2) ��¨�R^g#� �

��a+A�C]A
ζ(2) \ H�D½�+C]A#HOA�YBY]a+COA�H;a�NQd _�R���N1H;\^Â��+d^\�P �1YOa�AsDGd^IQNJCO\ªYOa�Â � ζ(1) = ζ(2) = ζÂ½D��¡K�A1`Ea�NJHOA�XlR �Áa+A0��DGCEDGÂ�A�Y]A�C

ζ
`�NJX�YOC]NQd H³YOa+AcDQ`#`�F+CEDQ` �¡NQP�YOa+Ac`�d^F�H;YOA#CO\^X+I�R

��a+N!NJHO\ªX�I9DhYON!Nod^DQCOIJAcYOa+C]A#HOa+NJd^_�Â½D��nd^A#DJ_�YONod DGC]IQA�C6`�dªF�HSY]A�CEH6DGX�_ �VM ��i¡�
�+a+A#X+NQÂ�A�X�NQX � ��a+A�C]A#DJHBD�YON!N6HOÂ½DGd^dlYOa�COA�H;a+NJd^_cd^A#DJ_+HÁY]N0DGX*F+X�X+A#`�A#H]HODQCO\^d �²d^DQCOIJA
X!F+ÂuK�A�CUNGP�`�d^F�H;YOA�CEH��GdªA�DQ_4\^X+IVYON³H;a�DGC]A#_u`�dªF�HSY]A�CEH�DQX�_s\ªX�`�COA�DQHO\ªX�IBYOa�AB`�NQX��JA�C]IQA�X�`�A
YO\^Â�A0NGPÁY]a+A²DQdªIJNQC]\�Y]a+ÂcRcTVA�Y]A�C]Â�\ªX+\^X+I

ζ
DQ_�DG�4Y]\ �JA�d��jP.C]NQÂ YOa+A1DGX�DQd �4HO\^H�NQP�YOa+A

P.A#DGYOF+C]ABH;��DQ`�AÁF�HOF�DQdªd��uIJ\ �JA#HWIJN�N4_sCOA�H;F�d�YEH�R �ÀX½NQF+C[`#DQHOA���`Ea+N!NJHO\ªX+I
ζ
DJH[® � NGP�YOa+A

Â½D � \ªÂsF+ÂvH]`�DQdªAWNQPJY]a+A[\^X+�+F4Y�P.A#D�Y]F+C]A[H;��DJ`�AUa�DJH��+C]N ��\ _4A�_�DÁC]NQK�F�HSYlHOA�IJÂ�A#X�Y]D�Y]\ªNJX
NGPYOa+A=`Ea�DQX+X+A#d,R
©�P YOA#CuHO�+dª\ªY;Y]\ªX�I �lY]a+A�Â�NGYOa�A�C��+C]NGY]NGY �!��A�H;Y]D��4H�\ªX~\ªY]H³d^N!`#D�Y]\ªNJX � ��a+A#COA�DQHVYOa+A

_+DGF�IQa�YOA#C½�+CONQYONQY ����A*a�DJH�YON9K�Aj\^X+\ªYO\ DGd^\ª�#A#_�D�Y0D9dªN4`�DGYO\^NQX�P�DGC²D �fD��~P.C]NQÂ YOa+A
Â�NGYOa�A�C��+C]NGY]NGY �!��A��4\ªXcNJC]_4A#CfYON�A�X�HOF+C]A�YOa�DGYB\�Y�_4N!A�H�X+NGYB`�NQÂ���A�YOA ��\ªYOac\ªY]H��+C]A�¿
`�F+CEHONQC�P.NJC�Y]a+AsH]DGÂ�As`�dªF�HSY]A�C�\ªX*Y]a+A�X+A � Y �VM � ���v\�Y]A�CED�YO\^NQX�R �Áa+\ H�\ HVDJ`Ea+\^A �QA�_
K��?A�Â��+d^N �!\ªX�IcD1Y]a+\^C]_~DGF � \^d^dª\ DGC � �QA�` Y]NQC ��D*H;Nj`#DGd^dªA�_¡_+\^H;Y]DQXJY=��CONJ��A#C;Y � �JA#`�YONQC
~Rk

� ��a�\^`Ea¡\^H�\^X+\�Y]\^DQdª\^��A�_?DGY�YOa�A�H]DGÂ�Aud^N4`�DGYO\^NQX¡DJH ~Pk
��DGX¡�+C]NQIQC]A#H]HO\ �JA�d��0Â�N �QA�H

D �fD���P.C]NQÂ�\ªY��+DJHfYOa+A �VM � ���rHSYEDGIJAV�+C]NQIJCOA�HOHOA#H#R �Áa�A�F���_+DGYOA³A���F�DGYO\^NQX²P.NQC ~Rk\^HÁIJ\ �JA�XcDQH

~R′
k = ~Rk +

κk

n~Rk

( ~Xj − ~Rk)Θ(~Pk, ~Xj , ~Rk)
��¨�R^g�¨ �
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Trajectory of P
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P
1
 

�����76 & 6 � x ~P1
Â�N �!\ªX+I�Y]N �fDQC]_�HfYOa+Au`�A�X�YOC]NQ\ _1NGP[D6`�dªF�H;YOA#C�`�NJ\ªX�`�\ _4\ªX�I ��\�Y]a*YOa+A

IQd^NQK�DQd�`�A�X�Y]CONJ\^_

0 ≤ κk ≤ 1
\^HfY]a+A³dªA�DGC]X+\ªX�IsCED�Y]A�����a+\ `Ea²Â½D��6K�A�`�NJX�HSYEDGX�Y�NQC�DQ_�DG�4Y]\ �JA��4DGX�_

n~Rk

\ HfYOa�A ��\ªX+X�\ªX+I6`�NQF+X�Y]A�CÁNGP ~Rk
��a+\ `Ea1\^HÁF+��_+DGYOA#_*DJH

n′
~Rk

= n ~Ak
+ κkΘ(~Pk, ~Xj , ~Rk).

��¨�R^g�® �

�'P ~Pk
\^HWP.NQF+X�_sY]N�K�ABHOF+\ªY]DGK�dªAfP.NQC�H;�+d^\ªYO\^X+I �QYOa+AB_+DQF+IQa�Y]A�CU�+C]NGYONQY �!��AÁ\ HW\ªX�\�Y]\^DQdª\^��A�_

D�YÁYOa�A�dªN4`�DGYO\^NQX1NGP ~Rk
R

�'YBÂ�D��6HONQÂ�A�YO\^Â�A�HfN!`#`�F+CfY]a�D�Y ~Pk
Â�N �JA#H�YON½Ds`�dªF�HSY]A�C ��a+N�H;A³`�A#XJY]CONJ\^_²`�NJ\ªX4¿

`�\ _4A#H ��\�Y]a²Y]a+A�IQd^NQK�DGdl`�A#X�YOC]NQ\ _0NQPY]a+A³P.A#DGYOF+C]A=H;��DQ`�AJR �ÀX1YOa+\ H�`#DQHOA�� ~Pk
��\^d^dlX+NGY

P.F+d ��dªd!Y]a+A�H;��dª\ªY ��DQdª\ _4\ªY �u`�C]\ªYOA�C]\^NQX �GDQX�_�Y]a+A�DGd^IQNQC]\ªYOa+Â�YOA#COÂ�\^X�D�Y]A#H���P�DG\^d^\ªX+IVYON ��X�_
YOa+AuNGYOa�A�C�`�dªF�H;YOA#C]H#R �Áa�\^H��+a+A�X�NQÂ�A�X+NJXc\^H�\^d^dªF�H;YOCED�Y]A#_c\^X*Z\^I�Rf¨�R^g��+R �N½�+C]A �QA#X�Y
YOa+\ H�P.C]NQÂ a�DQ�+��A#X+\^X+I �lDQXhDJ_+_4\ªYO\^NQX�DQd�K�\^DJH�P�DJ` Y]NQC³\^H�\^X�YOC]N!_+F�`�A�_*YON1Y]a+A�F+��_�D�YOA
A���F�DGYO\^NQX0NQP ~Pk

� ��a+\ `Ea1\^HÁIJF+\^_+A#_²K � ~Rk
R �Áa+A³N �JA�CEDGd^d�F+��_+DGYOA�A���F�DGYO\^NQX ~Pk

`�DQX
K�A�IJ\ �JA�XcDQH#L

~P ′
k = ~Pk + ξkηk( ~Xj − ~Pk)

��¨�R^g#´ �
��a+A�C]A�YOa+A�K�\^DJHfP�DQ` Y]NQC

ξk
\ H�IQ\��QA#X1DJH

ξk =

(

‖~Pk − ~Rk‖
‖~Pk − ~Xj‖ + ‖~Pk − ~Rk‖

)2 ��¨�R^g�· �
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DQHÁDsCOA�H;F+dªY��4_+DGY]D�HODQÂ��+dªA�H�`�dªN�H;A#CfYON ~Pk
��\ªd^dlD�YOYOCEDQ` Y ~Pk

Â�NQC]A�Y]a�DGX0YOa+N�H;A³`�d^NJHOA�C
YON ~Rk

��d^A#DJ_4\^X+I6Y]N1D0K+\^DJH�A�$�A�` Y�R �Áa+As\^X�YOA#COA�HSY]A#_*C]A#DJ_4A�CV\^H�C]A�P.A�C]C]A#_1YON � �G¾ �UP.NQC
Â�NQC]A�_4A�Y]DQ\ªd H�NQX¡YOa+A6¸+¸��f¯ÃDQdªIJNQC]\�Y]a+ÂcR �Áa+A�N �QA#C]DQdªdU`�d^F�H;YOA�C]\^X+I1DQdªIJNQC]\�Y]a+Â `�DQX
K�A=HOF+Â�Â½DGC]\ª�#A#_1DQHfP.NJdªd^N �BH�L

• �ÀX+\ªYO\ DGd^\^�#D�Y]\ªNJX

�

¸!A�Y
K = 1

�

�

�ÀX+\ªYO\ DGd^\ª�#A ~R1 = ~P1
CEDGX�_4NQÂ�d�� �

�

�ÀX+\ªYO\ DGd^\ª�#A ~A1 = ~C1
CEDGX�_4NQÂ�d����4K+F4Y�P�DQCÁP.CONJÂ ~P1

�

�

T�A�YOA#COÂ�\^X+A
ζ
�

• ��d^F�H;YOA�C]\^X+I

gQR�µ�A���A#DGYF+X�Y]\ªd ‖~Pl− ~Al‖ < ζ
P.NQC

l = 1, . . . , K
NJCD�Â�D � \ªÂsF+ÂvX!F+ÂsK�A#C

NGPU\�Y]A�CED�Y]\ªNJX�Hf\^H�C]A#DJ`Ea+A#_lL
�

M[C]A#HOA�X�Y�D�C]DQX�_4NQÂ�d��u`Ea+N�H;A#X�_+DGY]D���NQ\^XJY � ��X�_uY]a+A ��\^X+X+A�CW��CONQYONG¿
Y �!��AÁF�HO\ªX�IVY]a+AÁX+A#DQCOA�HSYUX+A#\ªIJa�K�NQF�CU`�CO\ªYOA#CO\^NQX ��d^DQK�A#d�\ªY ��\ªYOa�\ªX�_+A �
k
�

�

�B��_+D�Y]A ~Ak
� ~Ck

� ~Rk
DQX�_ ~Pk

DJ`�`�NJC]_+\ªX+IJd �JR
�4RB¸!�+d^\�YOYO\^X+I�L

� ‖~Pm − ~Cm‖ = maxl ‖~Pl − ~Cl‖
P.NQC

l = 1, . . . , K

�

\�P ‖~Pm − ~Cm‖ > ζ
��HO�+d^\�Y ~Pm

�+\^X�`�C]A�Â�A�X�YBk �
� ~PK = ~Rm

�

�

DQH]H;\^IQX ~CK
� ~RK

DQX�_ ~AK
�

�

IQNQYON½�
�

A�d H;A�IJNGY]Ns¨

�+R�µ�A#HOA�Y�L
�

P.NQC�d �sg��^RªR^R�� k£_4N�L
� ~Rl

� ~Pl
�

� ~Al
� ~Cl

�

�

H;A�Y�DGd^d�YOa+A ��\^X+X+\^X+I6`�NQF+X�YOA#C]H�Y]N½��A�C]N
�

IQNQYONcg
¨�R�Z�\ªX�_ck£`�d^F�HSY]A�CEH �!Y]A�C]Â�\ªX�DGYOAJR
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���,�"6 & 6 � | ¸!A#IQÂ�A�X�YED�YO\^NQX1F�HO\ªX�IsY]a+Au¸+¸��f¯~©�dªIJNQC]\�Y]a+Â

Z\^I�R³¨�Rªg��6_4\ H;�+d D��4H�Y]a+AsC]A#HOF+dªY]HVNGP�DQX¡¸+¸��f¯�H;A#IQÂ�A�X�YED�YO\^NQX�R �Áa+A�DGd^IQNQC]\ªYOa+Â
a�DQH�_4A�YOA�C]Â�\ªX�A#_

K = 5
DJHVYOa+A�NQ�4Y]\ªÂ½DQd�X!F+ÂsK�A#CVNQP�`�d^F�H;YOA#C]H#Rs��NQÂ���DQCO\^X+I0Z�\^I�R

¨�R^g#��Y]N²Z�\ªI�RB¨�R ·�DQX�_*¨�R » �,D � �+YOa�A�¸+¸��f¯nHOA�IQÂ�A#XJYED�Y]\ªNJX²Y]C]DJ`�A�HBNQF+Y�YOa�AsHO��A�` YOCEDGd
H;a�DG��ABNGP�YOa�AB\ªX�_4\ �!\ _4F�DQd�A#Â�\ªY;Y]A�CEH�DQX�_�K�DQ`E�!IJCONJF+X�_sX+NQ\ H;A�ÂsF�`Ea½K�A�Y;Y]A�C�YOa�DQX�YOa+A
k�¿¬Â�A�DGX�HDGX�_ �_4IQAf©�_+DG�4Y]\ �JA�k�¿'Â�A�DGX�HDGd^IQNJCO\ªYOa+Â½H�� ��a�\^`Eas\^HÂ½DG\^X+d �³_4F+A�YON�YOa+A
�+C]NQIQC]A#H]HO\ �JA�d��s_4A�`�C]A#DQHO\^X+IuX+A#\ªIJa!K�NJCOa+N!N4_0HO\^��A�\ªX²YOa+A �VM � ���Ã��DGCEDQ_4\^IQÂ � ��a+\ `Ea
DGd^dªN �BH�YOa�A�\^X+�+F+YB��D�YOYOA�C]X�HÁ`�NJX�`�A#X�YOCED�YOA�_6\^X0Y]a+A�`�d^NJHOAV��CON � \^Â�\ªY �½NGPYOa+A³X�DGYOF+CEDGd
`�d^F�H;YOA�C�`�A#XJY]A�CEHÁYON²a�D��QA�Â�NJCOA=\^X M�F�A�X�`�A=NQX*Y]a+Aud^A#DQCOX�\ªX+I½NQP[`�d^F�HSY]A�CV�+CONQYONQY ����A#H
YOa�DQX1YOa+A�NJX+A#HfP�DQC;Y]a+A�CBD �ÁD��QR �ÀX�YOA�C]A#H;YO\^X+IJd ���!YOa+A�C]A#HOF+dªY]HÁ�+C]N �!\^_4A�_0K��½Y]a+Au¸+¸��f¯
DGd^IQNJCO\ªYOa+Â¤DGC]ABK�A�YOYOA�C�YOa�DGX½Y]a+AVNJX+A#H��+C]N ��\ _4A�_�K ��Y]a+A �_4IQA�©�_+DG�4Y]\ �JA�k�¿'Â�A�DGX�H
DGd^IQNJCO\ªYOa+Â �lDQd�Y]a+NQF+IJajY]a+A�d^DGY;YOA#C³Â�DQ�QA�HVF�H;A�NGP�YOa+A�A�_4IQA�\ªX+P.NQC]Â�DGYO\^NQX ����a�A�C]A#DQH
YOa+A=P.NQC]Â�A#C�\ªIJX+NQC]A#HÁ\ªY#R  �JA�XcYOa�NQF+IJa²Y]a+As¸+¸��f¯9DGd^IQNJCO\ªYOa+Â `�DGXcK�A=Â�N4_4\���A#_1YON
\ªX�`�NQC]��NQCED�YOA6YOa+A1A#_4IJA0\^X4P.NQC]Â½D�Y]\ªNJX �[NQC�HONQÂ�A0NQYOa+A#CuY �!��A²NQPV`�NJXJY]A � YOF�DGdf\ªX4P.NJC;¿
Â½D�YO\^NQX �l\�Y=\^X�`�COA�DQHOA#H�YOa+A6`�NQÂ��+F4YED�YO\^NQX�DGdW`�NJÂ���dªA � \ªY �*NGPfYOa�A�DQdªIJNQC]\�Y]a+Â ����a+\ `Ea
\^H³DQdªC]A#DJ_��*`�NQX�H;\ _4A�CEDGK�d �ca+\^IQa+A#C�Y]a�DGX¡YOa�A�`�NQX��QA#X�YO\^NQX�DQd`�d^F�H;YOA#CO\^X+IcDGd^IQNQC]\ªYOa+Â½H��
COA�H;F�d�Y]\ªX+I³\^X �QA�C �=d^\�YOYOd^A��J\�PlDGX����G��A#C;P.NJCOÂ½DQX�`�AÁ\^X�`�C]A#DJH;Af\ªX�C]A�Y]F+COX�R�efA#`#DGF�HOAÁNGP�YOa+A
D�P.NJCOA#Â�A#X�YO\^NQX+A�_1DJ_���DGX�Y]DQIQA�H �4Y]a+A�¸�¸��f¯9DGd^IQNJCO\ªYOa�Â a�DJH�K�A�A�X¡`Ea+NJHOA�XcY]N6K�AuYOa+A
`�NJCOA½�+\^A#`�A6NGPÁY]a+A0N �JA�CEDGd^d[`Ea�DGX+X�A�d�HOA�IJÂ�A#X�Y]D�Y]\ªNJXoDGd^IQNQC]\ªYOa+Â �+COA�H;A#X�YOA#_h\^XoYOa�\^H
��NJCO��R
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©�P Y]A�ClY]a+A�`�dªF�HSY]A�CDQX�DGd��4H;\ H���YOa�A ��F�DGX�YO\^��A�_�H;��A#`�YOC]F+Â _+D�YED�a�DQH�YONBK�A��+C]N4`�A�HOHOA#_�\^X
H;F�`Ea²D �fD���Y]N�_+A�YOA�` YÁYOa�A�\^X�_4\��!\^_+F�DGd�A#Â�\ªY;Y]A�CEH�DGX�_0A#H;YO\^Â½D�YOA�Y]a+A�\^C���DGCEDGÂ�A�YOA�CEH#R
�Áa+A³��N�HSYB��CON4`�A�HOHO\^X+I�H;Y]DQIQA�`�DQX²K�A=HOF+Â�Â�DQCO\^��A�_²DJHfP.NQd^dªN �BH#L
gQR�ef\^X�DGC]\ª�#AuY]a+A ��F�DGX�YO\^��A�_?HO��A�` Y]COF+Â K �¡_4A�Y]A�C]Â�\^X+\^X+I²YOa+A�X+NJ\^HOAsd^A �JA�d�P.C]NQÂ
Y]a+A=`�d^F�H;YOA�C]\^X+I�COA�H;F+dªY]H#R

�4R�µ�A#Â�N �QAÁH;Â½DGd^d+DGCOYOA�P�DQ`�Y]H�NQCWHO�+\ª�JA#H ��a+\ `EasÂ½D��uDQCO\ HOAfDGYU`�dªF�H;YOA#CWK�NJF+X�_+DQCO\^A#H
`#DGF�HO\ªX�I~DQÂuK+\^IQF�\�Y]\ªA�H�F�H;\^X+I~Â�NQC]�+a+NJdªNJIQ\ `�DGdÁNJ��A#C]DGYO\^NQX�H���HOF�`Ea�DQH�A�C]NJHO\^NQX
DQX�_c_4\ªd D�Y]\ªNJXlR

�+R�TVA�Y]A#` Y�YOa+A�C]A�IJ\ªNJX�HfK�A#dªNJX+IQ\^X+IsYON½A#DJ`Ea²A#Â�\�YOYOA�C�R
¨�R�Z�NQC�A#DJ`Ea1_+A�YOA�` Y]A#_1A�Â�\ªY;YOA#C���_4N�YOa+A³P.NJdªd^N ��\ªX�I�L

�,D �1Z+N4`�F�H�NJX0A�DQ`Ea6A#Â�\ªY;Y]A�CÁK��½A � YOCEDQ`�YO\^X+I=Y]a+A�`�NJCOC]A#HO��NJX�_4\^X+I�P.C]A���F+A#X�` �
K+\^X�HBP.C]NQÂ Y]a+A�HOÂ�N!NGYOa�A#_jHO��A�` Y]COF+Â ��DGd^d^N ��\ªX+I6P.NQC³H;NJÂ�AuN $�H;A�Y�P.C]NQÂ
YOa+A�X�A�\^IQa!K�NJCO\^X+I�X+NQ\ HOA�C]A�IJ\ªNJX�H#R

��K � ��HOA�¸+¸��f¯p`�dªF�H;YOA#CO\^X+I²NQX�`�AuÂ�NQC]A���YOa+\ HVYO\^Â�AsNJX+d �cNJX*YOa+A�A � Y]C]DJ` YOA�_
H;��A#`�YOC]F+Â HOA�IJÂ�A�X�Y#R

�,` �1ef\ªX�DQCO\^��A�Y]a+A³COA�H;F+dªY#R
�,_ �1µ�A�Â�N �JA�Y]a+A=DGCOYO\ªP�DQ`�Y]HÁF�HO\ªX�I�Â�NJCO�+a�NQd^NQIQ\ `�DQd�NQ��A�CED�YO\^NQX�H
��A(� �H;YO\^Â�DGYOA¡YOa+A¡K�DGX�_���\^_4YOavDQX�_r`#DGC]CO\^A�C½P.C]A���F+A#X�` �ÃNQP�YOa+AhA�Â�Â�\�Y]A�C

F�HO\ªX+I�Y]a+A�K+\^X�DGC]\ª�#A#_1H;��A#`�YOC]F+ÂcR
¸�YOA#�0¨�\^HfDGX²NQ�4Y]\ªNJX�DGd�HSY]A�� ����a+\ `Ea½P.N4`�F�H;A�H�NJX6YOa�AVA#Â�\ªY;Y]A�CÁH;A#IQÂ�A�X�YEH�NJX+A�K��

NQX+A��!YOa�DGYBa�D��QA�K�A�A�X*_4A�YOA�` YOA�_1\ªX1YOa�A�\ªX+\ªYO\ DGd`�d^F�HSY]A�C]\ªX�IsNQPY]a+A ��a+NQd^A�H;��A#`�YOC]F+Â
C]DQX+IQA��!\ªXcNQCE_4A#C�Y]N½\ªX�`�C]A#DQHOAVYOa+A=DJ`�`�F�C]DJ` �½NGP�YOa�A���DGCEDGÂ�A�Y]A�CÁA#H;YO\^Â½D�Y]\ªNJX ����a+\ `Ea
\ªX�`�C]A#DQHOA#HlYOa+A�`�NQÂ��+F4YED�YO\^NQX�DGd!`�NQÂ��+d^A � \ªY ��NGP+Y]a+AÁDGd^IQNQC]\ªYOa+Â ��H;\^X�`�A�Y]a+A�`�d^F�HSY]A�C]\ªX�I
a�DQHfY]N�K�A�C]A���A#DGYOA#_0P.NQC�A�DQ`Eac_4A�Y]A#`�YOA#_cHO\ªIJX�DGdlHONQF�C]`�AQR

�Áa+A6X+NJ\^HOA�¿'dªA��QA#dWYOa+C]A#HOa+NJd^_hF�HOA#_h\^X9K+\^X�DGC]\ª�#\ªX�I²Y]a+A ��F�DQX�YO\^��A#_~HO��A�` Y]COF+Â \^X
HSY]A��~guDQX�_cHSY]A��*¨ �,` �f\ H�_4A�YOA#COÂ�\^X+A#_1F�HO\ªX�I½K �cDGX�DGd����#\ªX�IsY]a+A�Y��fN�dªN �fA#H;Y ��F�DGX4¿
YO\^�#DGYO\^NQX�dªA��QA�d H���Â½DG�!\^X+I ��YON9HONQÂ�AcA � YOA#X�Y��ÁDGd^dªN �ÁDGX�`�A#HsP.NQC�Y]a+AjHOa�DGC]A#_�`�d^F�H;YOA�C
�+a+A#X+NQÂ�A�X�NQX �#��a+\ `Ea6Â½D��½DGC]\^HOA�\ªPlYOa�A�M�F�` Y]F�D�Y]\ªNJX�H�_+F+A�Y]NsÂ�A�DQHOF+COA#Â�A�X�Y�X+NJ\^HOA��
P�DQ_4\^X+I1DGX�_¡©���� �£`�NQF+d _*X+NQY�K�A�H;Â�N!NGY]a+A#_jDJ_4A���F�DGYOA#d �c\^XjYOa�As�+C]A���CON4`�A�HOHO\^X+I
HSYEDGIJAQR �Áa+A³dªN �fA#H;Y ��F�DQX�YO\^�#D�Y]\ªNJX6d^A �QA#d�\^H�`Ea+N�H;A#X0DQH�Y]a+A³K+\ªX�DGC]\ª��D�YO\^NQX0YOa+C]A#HOa+NJd^_ �
\�PUY]a+As_4\ $�A�C]A�X�`�A�K�A�Y���A#A�XcYOa�A=Y��fN½dªN �fA#H;YBdªA��QA#d^HB_+N�A�H�A � `�A�A#_*D���COA�_4A�Y]A�C]Â�\^X+A�_
��DGd^F+A

ς
��NGY]a+A�C ��\^HOA���Y]a+AfD��JA�CEDGIJAWNGP+Y]a+AfY���NVdªN �fA#H;Y ��F�DQXJY]\ª��D�Y]\ªNJX=dªA��QA#d^H�DGC]A[YEDG�QA#X

DQHVYOa�A½K+\ªX�DGC]\ª��D�YO\^NQX?YOa+C]A#HOa+NJd^_�R
ς
\^H�`Ea�NJHOA�X¡DJH�g�® � NGPfYOa+A½H]`�DGd^A�NGP�YOa+A�\^X+�+F4Y

_+D�YED�H;A#IQÂ�A�X�YÁP.NQCÁY]a+A=HSY]A��c¨ �,` � �+DGX�_cDQH
ς = 0.5

_+eÃP.NJCÁYOa+A=H;YOA#�¡gJR
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�Áa+A³Â�NJCO��a+NQd^NQIJ\^`#DGd�NJ��A#C]DGYO\^NQX�H�F�HOA#_0NQX6Y]a+A³K+\^X�DGC]\ª�#A#_²H;��A#`�YOC]F+Â�\^X²H;YOA���HB�
DGX�_²¨ �,_ � �+YOa+A=_4\^d D�YO\^NQXcDGX�_²A#CON�H;\^NQX²NQ��A�CED�Y]NQCEH�DQCOA �fA�d^d���X�N ��X²K�DJH;\ `�NQ��A�CED�Y]NQCEH
\ªXc\^Â½DGIQA���CON4`�A�HOHO\^X+IsA#Â��+dªN �JA#_1NQX1K+\^X�DGC �0\^Â½DGIJA#H � �G´ �'R �Áa+A=HON6`�DQdªd^A#_²NQ��A�X�\ªX+I
NQ��A�CED�Y]NQC � ��a+\ `Eaj\ H³DGX?A#CON�H;\^NQX*NJ��A#C]DGYO\^NQXcP.NJdªd^N ��A�_*K��jD0_4\^d D�YO\^NQX ��\ H��!X+N ��X*YON
COA#Â�N �QAÁDGCOYOA�P�DJ` YEHUdª\^�QA�HO�+\ª�JA#H�� ��a+\ `EasÂ½D��uDQCO\ HOAÁDGYUYOa+A�C]A�IJ\ªNJXsK�NQF+X�_+DGC]\ªA�HU_4F+AÁYON
DGÂsK+\ªIJF+\ªYO\^A#H�\ªX¡YOa�A�HOA�IJÂ�A�X�Y]DGYO\^NQX � ��a+\^dªA��+C]A#HOA�C �!\ªX�I6YOa�A�C]A�IJ\ªNJX?HOa�DG��A#H�A � `�A�A�¿
_4\^X+I0Y]a+A½_4\^Â�A#X�HO\ªNJX�H�NGP[Y]a+A½DGX�DQd �4HO\^H ��\ªX�_4N ��R��fDGC]AsHONQF�d^_?K�A�Y]DQ�QA#XjYOa�D�Y³YOa+A
��\ªX�_4N �oH;\^��A[NQP4YOa+A�NQ��A�X+\^X+I�NJ��A#C]DGYO\^NQX�_4N!A#H�X+NGY�A � `�A#A#_�Y]a+A�HOÂ½DGd^dªA�HSY�K�DGX�_���\ _!Y]a
YOa+A=HOA�IJÂ�A�X�Y]DGYO\^NQXcDGd^IQNQC]\ªYOa+Â�\ H�C]A���F+\^COA�_6Y]N6_4A�Y]A#`�Y���HON�YOa�DGY�\�YEHB`�NJX�YOC]\ªK+F+YO\^NQX1\^H
X+NGYÁY]NGY]DQdªd��0C]A�Â�N �JA#_�P.C]NQÂ¦YOa+A�K+\^X�DQC �½\^Â½DGIQAJR
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�Áa+\ H�HOA#`�YO\^NQX6�+C]N �!\^_+A#H�HO\^ÂuF+d D�Y]\ªNJX6COA�H;F�d�YEH[P.NJC[YOa�A�HOA�IJÂ�A#X�Y]D�Y]\ªNJX6DGd^IQNJCO\ªYOa+Â _4A�HS¿
`�C]\ªK�A#_~\^X~YOa�A6�+C]A �!\ªNJF�H=HOA#`�YO\^NQXlR �Áa+C]A�A6_4\ $�A#COA#X�YsHO`�A�X�DQCO\^NJH�DQCOA6`�NQX�HO\ _4A�C]A#_h\^X
YOa+A1H;\^ÂuF�d^DGYO\^NQX�H�� ��a+\^`Ea9DQCOA²_4\^HO�+d D��QA�_~\ªXnZ�\^IJH#Rj¨�R^g�¨*��D � ��¨�R^g�¨ ��K ��DQX�_o¨�R^g�¨*��`(�
COA�H;��A#`�YO\��QA#d �JR

m �J�!��4���,� �
�Áa+\ H�H]`�A�X�DGC]\ªN�C]A��+C]A#HOA�X�YEH�DB`�C]N �B_4A#_³HO��A�` Y]COF+Â HOA�IJÂ�A#X�Y ��\�Y]a=´B_4\ $�A#COA#X�Y�HONQF+CE`�A�H
��a+\ `Ea²a�D��JA�_+\�$�A�C]A�X�Y�K�DGX�_���\^_4YOa�H��+_4\ $�A#COA#XJYBHO��A�` Y]C]DQd�HOa�DQ��A�H�DGX�_1`�NJX�H;\ _4A#C]DQK+d �
_4\ $�A#COA#XJYu¸��Vµ�R ��DGKh¨�R^g�HOF+Â�Â½DGC]\ª�#A#H�YOa+A½��DQC]DQÂ�A�YOA#C]HVNGP�YOa+A�A#Â�\ªY;Y]A�CEH�P.NQC�YOa�\^H
HO`�A�X�DQCO\^N�R �Áa+AÁ¸ ��µ ��DQdªF�A#H�P.NQCUA#DJ`EauH;NJF+CE`�A�\ H�IQ\��QA#X=\ªXsYOA#COÂ½H�NGP�YOa+AfK�DQ`E�!IJCONJF+X�_
X+NQ\ HOA�d^A �JA�d � ��¯ � ��a+\ `Ea²\ H �!P.NQC�A � DGÂ��+d^A��4¿Eg�®s_+er\^XcZ\^I½¨�R^g�¨*��D � R

Sij
COA#�+C]A#HOA�X�Y]H�YOa+A�±�� YOa1A�Â�\�YOYOA#C �.P.CONJÂ dªA�P Y���\^X0Y]a+AV\ � YOacHO`�A�X�DQCO\^N�R �DQK+dªA�Hf¨�R �

YON³¨�R ¨���COA�H;A#XJYUY]a+A�`Ea�DGX+X�A�d4H;A#IQÂ�A�X�YED�YO\^NQXsCOA�H;F�d�YEH�P.NJC ��¯ ��¿Eg#ÄJ_+e � ¿Eg�®Q_+ehDGX�_=¿À�QÄ
_+e�C]A#HO��A�` Y]\ �JA�d�������a+A#COA

• Y]a+A�Â�A#DGX ��DGd^F+A³NGP�YOa�A=`�DGC]C]\ªA#C�P.C]A���F+A#X�` �6A�HSY]\ªÂ½DGYOA#H f̂C

• Y]a+A=HSYEDGX�_�DGCE_²_4A��!\^DGYO\^NQX1NGP�Y]a+A=`�DQCOC]\^A�CfP.COA ��F+A�X�` �6A#H;YO\^Â½D�Y]A#H σfC

• Y]a+A�Â�A#DGX ��DGd^F+A³NGP�YOa�A�K�DGX�_ ��\^_!Y]acA#H;YO\^Â�DGYOA�H B̂

• Y]a+A�C]DGYO\^N�NGP�Y]a+A=H;Y]DGX�_+DGCE_²_+A �!\^DGYO\^NQX1\ªX²YOa�A�K�DGX�_ ��\^_!Y]acA#H;YO\^Â�DGYOA�X+NJCOÂ½DG¿d^\ª�#A#_1K��½YOa�A�Â�A�DGX ��DGd^F+A³NGP�YOa+A�K�DGX�_���\ _!Y]a1A�HSY]\ªÂ½DGYOA
σB/B̂

DGC]A0F�HOA#_oYONhA ��DGd^F�D�Y]A6Y]a+A1HOA�IJÂ�A�X�Y]DGYO\^NQX9NQP�YOa+Ac`Ea�DGX�X+A�d¬RÃg#ÄQÄJÄj_4\ $�A#COA#X�YsC]A#D�¿
dª\^�#DGYO\^NQX�HuNGP�Y]a+A1H]DGÂ�A1`Ea�DGX+X�A�d�DQCOA0F�H;A�_oP.NJC=YOa�A1HOA�IJÂ�A#X�Y]D�Y]\ªNJX9DGd^IQNJCO\ªYOa+Â P.NQC
A#DJ`Ea ��DQdªF�ABNGP �V¯[R �ÀX½YOa+A�H;ABYOa+C]A�A�`�DQHOA#H��GY]a+AVZUZ �ÃC]A#HONQd^F4YO\^NQX�\ Hf�³�4@�����K�\ªX �!DGX�_
DGXjZUZ ��dªA#X+IGY]a*NGPW¨JÄJ¾Q´�\^H�F�HOA#_1YON²`�N �QA#C�YOa�Au»Qij@��=K�DQX�_�R �Áa+AuHOA�IJÂ�A#X�Y]D�Y]\ªNJX
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COA�H;F�d�YEHU\ªX�_+\^`#D�YOAfY]a�D�YWK�NGYOa�Y]a+AB`�DQCOC]\ªA#C�P.C]A���F+A#X�` �sDGX�_uYOa+A�K�DGX�_���\ _!Y]asA�HSY]\ªÂ½D�Y]A#H
DGC]A��+COA�Y;Y �~DQ`#`�F+CED�Y]A��DQX�_¡YOa+A²HSYEDGX�_+DQC]_~_4A��!\^DGYO\^NQX�H�NQP�Y]a+A6A�HSY]\ªÂ½D�Y]A#H�\^X�`�COA�DQHOA
DQH�YOa+A=¸��Vµv_+A#`�C]A#DJH;A�H�R%�VK���\^NQF�H;d����JYOa+A³A#Â�\ªY;Y]A�CEH ��\�Y]a²d^N ��A�HSY�¸���µ ��DGd^F+A#H�a�D��JA
YOa+A�a�\ªIJa+A#H;YBHSYEDGX�_+DQC]_1_4A���\ D�Y]\ªNJX�H#R

�DQK+dªA�HÁ¨�R ¨�YON�¨�R ·s_4\^HO�+d D��½YOa�A=H;A#IQÂ�A�X�Y]DGYO\^NQX²COA�H;F+dªY]HfP.NJCÁYOa+A=H]DGÂ�A�H]`�A�X�DGC]\ªN �
K+F4Y=Y]a+\ H³YO\^Â�A��YOa+A6ZUZ � COA�H;NJdªF4Y]\ªNJX¡\ H³Y���\ `�A½DQH ��X+A6DQH�Y]a+A6�+C]A �!\^NQF�H�`#DQHOA�\,R AQR
g��4@B�½��A�C=P.COA �JF�A�X�` �?K+\^XlR²TVA#`�COA�DQHO\ªX�I²Y]a+A½C]A#HONQd^F4YO\^NQX~K�DQX�_���\ _!YOa~C]A#HOF+d�YEH�\^X9D
COA�_4F�`�YO\^NQX=\^X=Y]a+A�H;Y]DQX�_+DGCE_=_4A��!\^DGYO\^NQX�H�NGP+Y]a+A�A�HSY]\ªÂ½DGYOA#H�DGX�_�dªA�DQ_+H�YON�DGX=\^X�`�COA�DQHOA
\ªXhY]a+A½\ªXhY]a+A6DQ`#`�F+CEDQ` �*NGP�Y]a+A½Â�A#DJH;F+C]A�Â�A#XJYEH �D�Y�YOa�A½A � ��A#X�HOA�NQPÁDQX¡\^X�`�COA�DQHOA
\ªXjYOa+A�`�NQÂ��+F+Y]D�Y]\ªNJX�DGdK+F+CE_4A�X ��K�NGY]ajNQXjYOa+A�`�d^F�HSY]A�C]\ªX�I0HSYEDGIJA#HBNJXcYOa+A�HO��A�` YOCEDGd
DGX�DQd �4HO\^HÁH;Y]DQIQAQR

m �J�!��4���,�nx
�Áa+A³H;A�`�NQX�_½HO`�A�X�DQCO\^N=C]A��+C]A#HOA�X�Y]H�Ds`#DQHOA�� ��a+A�C]AVD ��\^_+AVK�DQX�_6DQX�_½Y]a+COA#AV`�NQÂ���D�¿
C]DGYO\��QA#d �=X�DGC]CON ��K�DQX�_�H;\^IQX�DQd^HUN4`#`�F+���sYOa+A�P.C]A���F+A#X�` �sK�DGX�_�NGP�\ªX�Y]A�C]A#H;Y��JDJH[HOa+N ��X
\ªX9Z�\^I�R1¨�R^g�¨*�.K ��R ��DGK+d^A6¨�R »*HOF+Â�Â½DGC]\ª�#A#H�YOa�A6��DGCEDGÂ�A�YOA�CEH³NGPÁY]a+A½P.NQF�CsHONQF+CE`�A�H
YON~K�Aj_4A�Y]A#` Y]A#_�R �Áa�A*C]DGYO\^NJH�NGP�YOa+A*K�DGX�_���\ªYOa�H�NGP�YOa+A*X�DQCOC]N �fA#H;YsA�Â�\ªY;Y]A�C�YON
YOa+A ��\^_+A�K�DQX�_cA�Â�\ªY;YOA#C�\ H�DQ�+�+C]N � \^Â½D�Y]A�d��?gQL �GÄ�R ��NGY]A=YOa�D�YVDQdªd�YOa+AsA�Â�\�YOYOA#C]HVDGC]A
DQ`#`�F+CED�Y]A�d��1_4A�YOA�` YOA�_ ��A �JA�X?YOa+NJF+IQa*Y]a+A�A�Â�\�YOYOA#C ��\ªYOa?YOa+A�X�DQCOC]N �fA#H;YBK�DGX�_ ��\�Y]a
N4`�`�F��+\ªA�H�NQX�d �~DGK�NQF4Ys� � NQPÁYOa+A0HO��A#` Y]COF�Â CEDGX+IJA�YONjK�A0_4A�YOA#`�YOA�_�Rj¸!\ªÂ�\^d^DQC�YON
YOa+A��+COA��!\ªNJF�HWHO`�A�X�DQCO\^N �GYOa+C]A�ABHO\ªÂsF+d D�YO\^NQX�C]F+X�HWa�D��QAÁK�A#A�X½��A�COP.NQC]Â�A#_�F�HO\ªX+I=D³C]A�¿
H;NJdªF+YO\^NQX1NGP[�u�4@�����A#C�P.COA ��F+A�X�` �6K+\^X � ��a�\^`EacDGC]A�_4\^HO�+d D��QA�_0\^X �DQK+dªA�HÁ¨�R ¾ �4¨�Rªg�Ä
DGX�_²¨�R^gQg�� ��\ªYOa �V¯ ��¿S®G_+e � ¿]g�ÄQ_+eÃDQX�_6¿Eg�®Q_+eÃC]A#HO��A�` YO\��QA#d � � �+DGX�_cDGX�NGYOa�A�CfYOa+C]A�A
H;\^ÂuF�d^DGYO\^NQX�HBDQCOA=`#DGC]CO\^A#_1NJF4Y ��\ªYOa?D½C]A#HONQd^F4Y]\ªNJX1K�DGX�_���\ _!Y]ajNGP�g��4@�����P.C]A���F+A#X�` �
K+\^X � ��a+\ `Ea1DQCOA�HOa+N ��X1\ªX ��DGK+d^A#HÁ¨�Rªg���Y]N�¨�Rªg#¨�R

m �J�!��4���,�9|
�Áa+A�YOa+\^CE_²DQX�_ ��X�DGd�H]`�A�X�DGC]\ªN�_4A#H]`�C]\^K�A�HfD�`�DJH;A�����a+A�C]AVY���N ��\^_+A�K�DGX�_1DGX�_²NQX�A
X�DGC]C]N ��K�DGX�_²H;\^IQX�DGd H�N4`#`�F+���6Y]a+A³P.C]A���F+A�X�` �0CEDGX�IQA�NGPU\ªX�YOA#COA�HSY ��DQHÁ\^d^dªF�H;YOCED�Y]A#_1\^X
Z�\ªI�Ru¨�R^g�¨*��`(� R �Áa+A���DQC]DQÂ�A�YOA#C]HVNGP�YOa+A�YOa�COA#A�A#Â�\�YOYOA�CEH�a�D��QA�K�A�A�X~HOF+Â�Â�DQCO\^��A�_
\ªX ��DGK+d^Ac¨�R^g#´+R �DQK+d^A#H�¨�R^g�·*YON~¨�R^g#¾¡_4\ H;�+d D��~YOa�AjH;A#IQÂ�A�X�Y]DGYO\^NQXpCOA�H;F+dªY]HsP.NJC6D
COA�H;NJdªF+YO\^NQXjK�DQX�_���\ªYOa¡NGPf�G�!@�� ��\ªYOa ��¯ ��¿À®Q_+e � ¿Eg#ÄJ_+e�DQX�_*¿Eg�®Q_+e�COA�H;��A#`�YO\��QA�d����
��a+A�C]A#DJH�\^X �DQK+d^A#HV¨�R �GÄ�YON²¨�R �Q� �+YOa�AuC]A#HOF+d�YEH�P.NJCsg#�!@�����P.COA �JF�A�X�` �0K+\^X?`�DJH;AsDGC]A
H;a�N ��XlR

�Áa+AfHO\^ÂuF+d D�Y]\ªNJXuC]A#HOF+d�YEH���CON �!\ _4A#_�\^X=Y]a+\ H�HOA#`�YO\^NQX�DGd^dªN �~Y]a+A�P.NJdªd^N ��\^X+IV`�NQX�`�dªF4¿
H;\^NQX�H�L

• �Áa+A³�+C]A#HOA�X�Y]A#_1`Ea�DGX+X�A�d�H;A#IQÂ�A�X�YED�YO\^NQX1DGd^IQNJCO\ªYOa+Â¤\ H�`�DQ��DGK+d^A�NGP�_+A�YOA�` Y]\ªX+I
Y]a+A�HO\ªIJX�DGd HWDGX�_�DJ`�`�F�C]DGYOA�d��=A�HSY]\ªÂ½D�Y]\ªX�I³YOa+A#\ªC[K�DGX�_���\ _!Y]a�H[DGX�_�`#DGC]CO\^A�CUP.C]A�¿
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��F+A#X�`�\^A#H���A��QA#X*F+X�_4A#CVd^N ��¸���µ�`�NQX�_+\�Y]\ªNJX�H ��DGX�_jA �QA#X*\�PWY]a+AuK�DGX�_���\ªYOa�H �
Â½DGIJX+\ªYOF�_4A�HBDGX�_²HO��A�` Y]C]DQdlH;a�DQ��A�HÁNGPYOa+A�\^X�_4\��!\^_4F�DGd�HO\ªIJX�DGd HÁ_4\ $�A#C�H;\^IQX�\��+¿
`#DGX�YOd��QR

• �Áa+A ��DGC]\^DQX�`�AcNGP³Y]a+A?A�HSY]\ªÂ½D�Y]A#H0\ªX�`�COA�DQHOA*DQH½Y]a+A¡¸��Vµ _4A�`�C]A#DQHOA#H��ÁH;\^X�`�A
Y]a+A"M�F�` YOF�D�YO\^NQX�H�\ªXcY]a+AsHO\^IQX�DQd�H;��A#`�YOCED�\ªX�`�C]A#DQHOA�DGX�_1Y]a+Au_4\ H;Y]DGX�`�A�Y]N½YOa+A
K�DJ`E�!IQC]NQF+X�_0X+NQ\ HOA�d^A �JA�dl_4A�`�C]A#DJH;A ��\�Y]a*_4A#`�COA�DQHO\ªX+I½¸��Vµ�R

• ©VH�A � ��A�` YOA�_ �!YOa�A ��DGC]\ DGX�`�ABNGPlY]a+A�A#H;YO\^Â�DGYOA�H�_4A�`�C]A#DJH;A�H�DGX�_�YOa+A³Â�A#DJH;F�COA�¿Â�A�X�Y�DJ`�`�F�C]DJ` �½\^X�`�C]A#DJH;A�H ��\ªYOac\^X�`�C]A#DJH;\^X+I�ZUZ �vC]A#HONQd^F4YO\^NQXlR

• �Áa+A�Â�A#DQX¡NQP�Y]a+A�K�DGX�_ ��\^_!Y]a~A#H;YO\^Â�DGYOA�HV\^X�`�COA�DQHOA ��\ªYOah\ªX�`�C]A#DQHO\^X+I1¸��Vµ �
HO\ªX�`�ABD�d^DQCOIJA�C���NJC;Y]\ªNJXsNQP�Y]a+ABH;\^IQX�DGd HC]A�Â½DQ\ªX�DGK�N �QA�YOa+AÁK�DJ`E�!IQC]NQF+X�_uX+NQ\ HOA
d^A �JA�d¬R

� � ����� �.&(' ' /1$ �

¸�Y]DQC;Y]\ªX�I ��\ªYOa�D¡K+CO\^A�P�N �QA#C �!\^A�� NQXÃHO��A�` YOCEDGd�DQX�DGd��4H;\ H�Â�A�YOa+N4_+H���YOa+\ H½`Ea�DG�+YOA�C
�+C]A#HOA�X�YOA�_¡D*`Ea�DQX+X+A#d[H;A#IQÂ�A�X�Y]DGYO\^NQXhÂ�A�YOa�N!_hK�DJH;A�_?NJXo`�d^F�HSY]A�C=DQX�DGd��4H;\ H³NGPfYOa+A
H;��A#`�YOC]F+Â _+D�YED+R~¸!A �JA�CEDGd�`�dªF�H;YOA#CO\^X+IhDGd^IQNQC]\ªYOa+Â½H�a�D��JA6K�A�A�Xp\ªX��JA#H;YO\^IJD�Y]A#_ �UDGX�_
DGÂ�NQX�I0Y]a+A�Â �YOa+A0¸+¸��f¯Ãa�DQH³K�A�A#X¡P.NJF+X�_¡YOa�A½Â�N�HSY=HOF+\ªY]DGK�dªA�P.NJC=`Ea�DGX+X�A�d[HOA�IG¿
Â�A�X�Y]DGYO\^NQXj�+F�CO��NJHOA#H#R �Áa+As��A#C;P.NJCOÂ½DGX�`�A=NQPWYOa+A�DGd^IQNJCO\ªYOa+Â \ HVHOa+N ��X*K��cÂ�A�DGX�H
NGPUH;\^ÂuF+d D�Y]\ªNJX²C]A#HOF+dªY]H#R

�Áa+A0Â½DG\^Xo�+C]NQK+d^A�Â DQH]HON!`�\^DGYOA�_ ��\ªYOa9YOa+A6��CONJ��N�H;A�_h`Ea�DGX+X+A#d�HOA�IJÂ�A#X�Y]D�Y]\ªNJX
DG�+��CON�DQ`Ea�\ H�YOa+AfK�DGX�_���\^_4YOa�NGP+Y]a+AfP.COA �JF�A�X�` ��C]DQX+IQA�YON�K�A�`�N �JA�C]A#_�R �'P�YOa�A ��a�NQd^A
»Q¾JÄQij@���¿S®4R »��³@��=C]DQX+IQA�a�DQHÁY]N6K�AsH;A#IQÂ�A�X�YOA�_ �+Y]a+AuDQÂ�NJF+X�YBNGPW�+C]N4`�A#H]HO\ªX+I���NG¿
��A#C���H;YONQCEDGIJAWDGX�_�Y]\ªÂ�A[C]A���F+\^COA�_VP.NQCHO��A#` Y]COF�Â�DQX�DGd��4H;\ HlDGX�_�H;A#IQÂ�A�X�Y]DGYO\^NQX �fNQF+d _
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��!# C*7N' -�% 3�;:6 'K4�%"7
�Áa+\ Hs`Ea�DQ�4YOA#Cu�+C]A#HOA�X�YEHuD*Â�A�Y]a+N4_oP.NJCu\ _4A�X�YO\ªP �!\ªX�IjYOa�A²DG\^Cu\^X�YOA#C;P�DJ`�A0HO\ªIJX�DGd H=NQP
\ªX�Y]A�C]A#H;Y��BY]a�D�Y*a�D��JA?K�A�A#X�\ H;NJd^DGYOA#_vDGX�_�K+C]NQF+IJaJY²YONpYOa+AhK�DJH;A#K�DGX�_vD�P Y]A�C1YOa+A
`Ea�DGX�X+A�d�H;A#IQÂ�A�X�Y]DGYO\^NQXrH;Y]DQIQA�� ��a�\^`Eara�DQH6K�A�A#Xr\^X �JA#H;YO\^IJDGYOA#_Ã\^X�Y]a+A?�+C]A �!\^NQF�H
`Ea�DG�+YOA�C�R��¡A�d^\ªÂ�\ªYÁYOa+A�DGX�DGd��!HO\ H�NQP�YOa�A³HO\^IQX�DQd�NQP�\^XJY]A�C]A#H;Y�Y]N�YOa+A³�+a��4H;\ `�DQd�d^D��JA�C �
��a+\ `Ea�\^HlYOa+A�A#DQHO\^A#H;YlYON�DJ`�`�A#H]H�R�©VHDBÂ�DGY;Y]A�C�NQP!P�DQ` Y ��YOa+A���DGCEDGÂ�A�Y]A�CEH�P.C]NQÂ�a+\ªIJa+A�C
�+C]NGYON4`�NQdQd D��QA#C]H�DQCOA�NQX+d���DQ`�`�A#H]H;\^K+d^A�D�P Y]A�C�YOa+AÁ_4A�Â�N4_4F+d D�Y]\ªNJX�NGP4Y]a+AfHO\^IQX�DQd � ��a+\ `Ea
COA ��F+\ªC]A#HÁDJ` YOF�DGd^d �6�!X+N ��\^X+IsYOa+A=DQ\ªC�\^X�YOA#C;P�DJ`�A�HSYEDGX�_�DGCE_�R

�ÀX YOa+Aod^\�Y]A�CED�Y]F+COA��³Â�N�HSY?`�NQÂ�Â�NQX+d����³Â�N4_4F+d D�Y]\ªNJXvY �!��AoCOA�`�NJIQX+\ªYO\^NQX DGd^IQNQ¿
CO\ªYOa�Â�H½DQCOAc�+C]NQ��NJHOA#_9P.NQC�Y]a+A*�+F+C]��N�H;A1NGP�DG\^C�\ªX�Y]A�COP�DQ`�Ac\ _4A�X�Y]\���`#D�Y]\ªNJXlR�©Bd^IQNG¿
CO\ªYOa�Â�H6NGP�YOa+\ H6�!\^X�_�F�H;F�DGd^d �p\ªX�`�dªF�_4A?D¡P.A#DGYOF+C]A*A � YOCEDQ`�YO\^NQX�HOF+K�H �!H;YOA#Â DGX�_�D
`�d DQH]H;\ ��`#D�YO\^NQX*HOF+K�H �4HSY]A�ÂcR �Áa+AuP.A#DGYOF+C]AuA � Y]C]DJ` Y]\ªNJXjH;F+K�H �4H;YOA�Â Â½DG��H�YOa�AuC]A#`�A#\�¿
�QA�_sHO\ªIJX�DGd!\^X�YON�DVP.A#D�Y]F+C]A �JA#`�YONQC � ��a+\ `Eas\ HUF�HOA#_sK���YOa+AB`�d^DJHOHO\ ��`�DGYO\^NQXuHOF+K�H �4HSY]A�Â
YON�DQH]H;\^IQX�YOa�AfHO\ªIJX�DGdQYON�D�Â�N!_+F+d^DGYO\^NQXu`�d^DJHOH#R �Áa�A�Â�N4_4F+d D�YO\^NQX³Y �!��Af`�d^DJHOHO\ ��`�DGYO\^NQX
DGd^IQNJCO\ªYOa+Â½H[P.NQF+X�_²\^X6YOa�AVd^\�Y]A�CED�Y]F+COA�Â�NJH;Yf`�NQÂ�Â�NQX+d��½F�HOA�Y]a+AV��a�DQHOA��4DGÂ��+d^\ªYOF�_4A
DGX�_6\ªX�H;Y]DQX�Y]DGX�A�NQF�HWP.C]A���F+A�X�` ��\ªX4P.NJCOÂ½DGYO\^NQX�P.C]NQÂ YOa+A�C]A#`�A#\ �JA#_½HO\ªIJX�DGd�YONsCOA�`�N �QA#C
YOa+A*Â�N4_4F+d D�Y]\ªNJX�Y ����AjHO��A�`�\ ��`1P.A#DGYOF+C]A#H�C]A���F+\^COA�_9P.NJC�YOa+A¡`�d DQH]H;\ ��`�DGYO\^NQXlR �Áa+A
IQA#X+A�CED�Y]\ªNJXjNGP[P.A�D�Y]F+COA�H�\ H³��A�COP.NQC]Â�A�_*F�HO\ªX�I��fA�d^dU��X�N ��XjYON!NJd^H�NGPfHSYED�YO\ H;YO\ `�DGdWHO\�¿
IQX�DQd���CON4`�A�HOHO\^X+I ��H;F�`Ea1DQH�a+\ HSY]NQIQCEDGÂ½H��JH;Y]DGYO\ HSY]\^`#DGd�Â�NJÂ�A�X�Y]H�NGPHOA#`�NQX�_6NQCfa+\ªIJa+A�C
NQCE_4A�C �Qd^\^X+A#DQC�NQC�X+NQX+d^\^X+A#DQC[YOCEDGX�HSP.NJCOÂ½D�Y]\ªNJX�H���HOF�`Ea0DJH�T�Z � �J�~D��QA#dªA�Y �DQX�H;P.NQC]Â �
��F�DQ_4CED�Y]\^`VNQCÁa+\^IQa�A�C�NQCE_4A#C�X+NJX+d^\ªX+A�DGC]\�Y]\ªA�H���NJX0Y]a+A³�+a�DQHOA��+DQÂ��+dª\ªYOF�_4A³NQC�\^X�HSYEDGX4¿
Y]DQX+A�NJF�HBP.C]A���F+A#X�` �c\^X4P.NQC]Â½D�Y]\ªNJX���HOA�A:� �J� � ��� �G¨ � � � �J®(� ��� �J´ � � � ��·(�WDQX�_ � �Q» � � R �Áa+A
`�d DQH]H;\ ��`#D�YO\^NQX~NQP�YOa+A²Â�N4_4F�d^DGYO\^NQXoY �!��A0\ H=F�HOF�DGd^d��¡��A�COP.NQC]Â�A#_oF�HO\^X+I?D*��DGY;Y]A�C]X
COA�`�NJIQX+\ªYO\^NQXhNQC�_4A#`�\^HO\ªNJXhYOa+A#NQC]A�YO\ `6DQ�+�+C]NJDQ`Ea �lA�Â��+d^N �!\ªX+IjH;Y]DQX�_+DQC]_¡YOA�`Ea+X+\ ��F+A#H
NGP���D�Y;Y]A�C]X²C]A#`�NQIJX+\�Y]\ªNJX ��HOF�`EacDQHf��NQd���X�NQÂ�\^DQd�`�d DQH]H;\ ��A�CEH��JX+A�DGC]A#H;YfX�A�\^IQa!K�NJCf`�d^DJHS¿
H;\ ��A#C]H��W\^X0Y]a+AVP.NQC]Â�A#C��4DQX�_½ÂuF�d�Y]\ª�+d^A³a�����NGY]a+A#HO\ H[Y]A#H;YO\^X+IsÂ�A�YOa+N4_+HÁ\^X6Y]a+AVd D�YOYOA#C#R

�Áa+A�C]A=DGC]A�YOa+C]A�A��+CEDQ`�YO\ `�DQd��+CONJK+d^A�Â½HfYOa�DGY�Â½DG�JA#HfYOa�\^HBDQ�+�+C]NJDJ`Ea0F+X�HOF+\ªY]DQK+dªA
P.NQCBDQ\ªC�\^X�YOA�COP�DQ`�AV\ _4A#XJY]\���`�D�Y]\ªNJXc\ªX*D½¸!NGP Y��ÁDGC]A³µBDQ_4\^N½H �4H;YOA#Â

• �Áa+A¡COA�`�NJIQX+\ªYO\^NQXÃNGP³Y]a+A?��DQC;Y]\^`�F+d DGC6Â�N4_4F+d D�Y]\ªNJXÃY ����A?A#Â��+dªN �JA#_�\^X�YOa+A
C]A#`�A�\��QA#_sH;\^IQX�DGd�Â�D���X�NGYWK�A�HOF%�6`�\^A�X�YUP.NQCWDVX+NQX4¿ÀDGÂsK+\^IQF+NJF�Hl\ _4A�X�Y]\���`#D�Y]\ªNJX
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NQP4DQX=DG\^Cl\^XJY]A�COP�DQ`�A[HSYEDGX�_+DQC]_lR�©�HDÁÂ�DGY;Y]A�C�NQP!P�DQ` Y ��Y]a+A�C]A[A � \ H;YDG\^Cl\^XJY]A�COP�DQ`�A
H;Y]DQX�_+DGCE_+H ��a+\ `Ea?F�HOAuY]a+A�HODQÂ�A�Â�N4_4F+d D�YO\^NQXhHO`Ea�A�Â�A��,H;F�`EahDQHVM�T�� DGX�_
�;¸jg#�Q´ �QK�NGY]a0NGP ��a+\^`Ea0F�H;A

π/4
T��VM�¸4k"��R+¸!NQÂ�AVDQ\ªCf\^XJY]A�COP�DQ`�A#H�DQd^HONuDQdªd^N �

Y]a+A0F�HOA6NQPÁÂsF+dªYO\^�+dªA²Â�N!_+F+d^DGYO\^NQXhY �!��A�H �W_4A#��A#X�_4\^X+I?NJXhYOa+A1HSYED�YOA0NGPÁYOa+A
Y]C]DQX�H;Â�\ HOHO\^NQXc`Ea�DGX+X�A�d¬R

• ©VH�_4\ HO`�F�H]H;A�_²\^Xj`Ea�DQ�4YOA#CB� �+YOa�A=Â�NQK+\^dªA=`�NQÂ�ÂuF�X+\^`#D�Y]\ªNJXc`Ea�DGX+X+A#dl\ HB`Ea�D�¿CEDQ`�YOA�C]\^��A#_rK �rDndªN � ¸���µ DGX�_rP.COA �JF�A�X�` �rH;A#dªA�` YO\��QA¡ÂuF+dªYO\^��DGYOarP�DJ_4\^X+I�R
i*N�HSYVNGPUYOa+AsÂ�N!_+F+d^DGYO\^NQXcY �!��Au`�d DQH]H;\ ��`#D�YO\^NQXcDGd^IQNJCO\ªYOa�Â�H�P.NQF+X�_c\^X*Y]a+A=d^\�¿
Y]A�CED�YOF�COA³��A�COP.NQC]Â�COA#d^DGYO\��QA#d �½��N!NQC]d �6F�X�_4A�CÁY]a+A#HOA�a+N�HSY]\ªd^A�`�NQX�_4\�Y]\ªNJX�H#R

• ¸�YEDGX�_�DGCE_jÂ�N4_4F+d D�YO\^NQXjY ����A�`�d DQH]H;\ ��`�DGYO\^NQX?DQdªIJNQC]\�Y]a+Â½H�DQCOAsF�H;F�DGd^d �*K�DJH;A�_NJXcYOa+AuDJHOHOF+Â��4Y]\ªNJX²Y]a�D�Y�YOa+A#COA�A � \ H;Y]HBNJX+d��0NQX�A�Â�N4_4F�d^DGYOA#_*HO\^IQX�DQdlNGPWNQX�A
��DQC;Y]\^`�F+d DGCuF�H;A#Cs\^XoYOa�A1`Ea�DQX+X+A#d�D�Y�DjIJ\ �JA�XoÂ�NQÂ�A�X�Y�R �Áa+\ H�DQH]H;F+Â��4Y]\ªNJX
Â½D���K�AfDG�+�+C]NQ��CO\ D�Y]AP.NJClY]a+A�DQ\ªCl\^X�YOA#C;P�DJ`�A#H ��a+\^`EasDGC]AWK�DQHOA#_³NJX³YOa+A ��T�ij©
H]`Ea+A�Â�A�� ��a+A#COAWA�DQ`Ea³F�HOA�C�\ H�DQdªd^N ��A�_BY]NBDQ`#`�A#H]H�YOa�A�`Ea�DGX�X+A�d�P.NJClDfP.C]DJ` Y]\ªNJX�NQP
Y]\ªÂ�AÁNQXuDV��A�C]\ªN4_4\ `[K�DJH;\ H#R@BN �fA �JA�C �#\ªY[_4N!A#HX+NGYUa+NJd^_=P.NQC[�fTVij©ÃH �4HSY]A�Â½H �
��a+A#COA�HO\ªIJX�DGd HP.CONJÂ£DQdªd4F�HOA�CEH�N �QA#COd DG�=K�NGY]a�\ªX�YOa�AÁYO\^Â�ABDQX�_uYOa+AÁP.C]A���F+A#X�` �
_4NJÂ½DG\^XlR �ÀX1YOa+\ H�`�DJH;A��!YOa+A�C]A#`�A�\��QA#_²H;\^IQX�DGdl`�NJX�HO\^H;Y]HÁNQP�YOa�A=H;F+Â NGPUDGd^d�YOa+A
Â�N4_4F+d D�Y]A#_sF�H;A#CWH;\^IQX�DQd^H ��a+\ `Ea �G\^XuY]a+A ��NJC]H;Y�`#DQHOAfH]`�A#X�DGC]\^N ��a�D��QAf_4\ $�A#COA#XJY
DQÂ���dª\ªYOF�_+A#HBDQX�_c_4A�d D��4H �4DGX�_1DQCOA³_4\ HSY]NQCOYOA�_²K��0_+\�$�A�C]A�X�Y�`Ea�DQX+X+A�d�\^Â��+F+d H;A
P.F+X�` YO\^NQX�H�RB��NQX��QA#X�YO\^NQX�DQd�Â�N4_4F+d D�Y]\ªNJX1Y ����Au`�d^DJHOHO\���`�D�Y]\ªNJX²DQdªIJNQC]\�Y]a+Â½H�DGC]A
F+X�DGK+d^AuY]N0A � Y]C]DJ` YVYOa+AsÂ�N4_4F�d^DGYO\^NQXjY �!��A=P.C]NQÂ HOF�`Ea?D0HO\^IQX�DQdÂ�\ � R�¸!\^Â�\�¿
d DGC]d ����\^X*Y]a+As`#DQHOA=NGP ��ZUT�i ��Y]a+AsH �!ÂuK�NQd HBP.C]NQÂ NQX�A=��DGCOYO\ `�F�d^DQC�F�HOA�C�DGC]A
Y]C]DQX�H;Â�\ªY;Y]A#_jN �JA�CBÂsF+dªYO\^�+dªA�N �QA#COd DG���+\ªX�I�`#DGC]CO\^A�CEH�\^Xj��DQC]DQdªd^A�d¬RV@�A�X�`�A���YOa+A
C]A#`�A�\��QA#_½HO\^IQX�DQd�`�NQX�HO\^H;Y]H�NGPlÂsF+d�Y]\ª��dªA�Â�N!_+F+d^DGYOA�_6`�DQCOC]\ªA#C]H[\ªX�YOA#C;P.A#CO\^X+I ��\�Y]a
A�DQ`EanNQYOa+A#Cs\^X9Y]\ªÂ�A*DGX�_oP.C]A���F+A�X�` ���[DQX�_oY]a+AcÂ�N!_+F+d^DGYO\^NQXoY �!��AcNQX9��DQC;¿
Y]\^`�F+d^DQC�`#DGC]CO\^A�CEH=`#DGX+X+NQYuK�A²`�d DQH]HO\���A�_oK��h`�NQX��QA#X�YO\^NQX�DQd[Â�A�YOa�N!_�H�R �Áa�F�H �
`�NQX��QA#XJY]\ªNJX�DGdWÂ�N4_4F+d D�Y]\ªNJX?Y �!��A6C]A#`�NJIQX+\ªYO\^NQXhDGd^IQNJCO\ªYOa+Â½H�`#DGX+X+NQY=K�A½F�H;A�_
Y]N�C]A#`�NQIJX+\ª�#A��fT�ij© DGX�_'��Z�T�i K�DQHOA#_²DG\^C�\^X�YOA�COP�DQ`�A#H��#��a+\^`Ea1`�NJX�HSY]\�Y]F4YOA
Y]a+AVÂ½DG±SNQC]\�Y ��NGP�Y]a+AVX�A��fA�C�IJA�X+A#C]DGYO\^NQX ��\^COA#dªA�HOH�`�NJÂ�ÂsF+X+\ `�DGYO\^NQX0H �4HSY]A�Â½H�R

�ÀX9NQF+C ��NJCO��� ��A0�+COA�H;A#X�YsD?_4\ $�A�C]A�X�YsDG���+CON�DQ`EahYONjYOa+A1DG\^Cu\^XJY]A�COP�DQ`�A6\^_+A�X4¿
YO\ ��`�DGYO\^NQXÃ�+C]NQK+d^A�ÂcR��hA*�+C]NQ��NJHOA1A � �+dªNJ\�Y]\ªX�I¡Y]a+A?` �!`�dªN�HSYED�Y]\ªNJX�DGC �~�+CONJ��A#C;Y]\ªA�H ���a+\ `Ea½A � \^H;Y�\^X �!\^C;Y]F�DGd^d ��DGd^d�Â½DQX½Â�DJ_4AV`�NQÂ�ÂuF�X+\^`#D�Y]\ªNJX6H;\^IQX�DQd^H��JDJHWP.A�D�YOF�COA�HWP.NQC
DG\^C�\^X�YOA#C;P�DJ`�A�COA�`�NQIJX+\ªYO\^NQXlR �ÀX0Y]a+A�P.NQd^dªN ��\^X+I � �fA�DQCOA�IQNJ\ªX�I=YON�HOa+N ��YOa�D�Y�H;\^IQX�DQd^H
K�A#dªNJX+IQ\^X+IsYON½_4\ $�A#COA#X�Y�DQ\ªCÁ\^X�YOA�COP�DQ`�A�H;Y]DQX�_+DQC]_+HfF�HOF�DQdªd��½A � a+\^K+\ªY�_+\�$�A�C]A�X�YB` �4`�d^NG¿
HSYED�Y]\ªNJX�DGC �s��CONJ��A#C;Y]\ªA�H�R �Áa+A���COA�H;A#X�`�A�DGX�_6DQK�HOA�X�`�A�NGP�YOa+A�H;A�_4\^H;YO\^X�`�Yf�+C]NQ��A�COYO\^A#H
`�DQX0K�A�A � �+d^NQ\ªYOA#_0P.NQCfY]a+A³COA�`�NQIJX+\ªYO\^NQX0NQP�Y]a+A³��DGCOYO\ `�F+d DGC�H �4HSY]A�ÂcR �Áa+A³�+CONJ��N�H;A�_
Â�A�YOa�N!_?�+C]A#HOA�X�Y]H�D0F�X+\���A#_?DQ�+�+C]NJDJ`EacYON²YOa+A�COA�`�NJIQX+\ªYO\^NQX*NQP�H;\^IQX�DGd H�K�A�d^NQX+IJ\ªX�I
YON1YOa�A�DQdªd�Y]a+COA#A�K�DQHO\^`�DG\^C³\ªX�Y]A�COP�DQ`�A�`�DGYOA#IQNQC]\^A#H�_4\^H]`�F�HOHOA#_?\ªX~`Ea�DG�+YOA�C���L�HO\ªX�IQd^A
`�DQCOC]\ªA#C ��T�ij©�H �4HSY]A�Â½H�� ��Z�T�i H �4H;YOA#Â�H�DQX�_1H;\^X+IQd^A�`�DQCOC]\ªA#C��fTVij© H �4HSY]A�Â½H#R
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�Áa+\ H�H;A�` YO\^NQXh�+C]N �!\^_4A�H³DGXhN �QA�C �!\ªA ��NQX~`�NJX�YO\^X�F�NQF�HVYO\^Â�A6` �4`�d^NJH;Y]DGYO\^NQX�DQC �c�+C]NG¿
`�A�HOHOA#H.� �Q¾ �¬R��'Y�K�A#IQ\^X�H ��\ªYOajYOa+As\ªX�YOC]N4_4F�`�YO\^NQX*NGPUY]a+As`�NQX�`�A��4Y�NQP[` �4`�d^NJH;Y]DGYO\^NQX�DG¿
CO\ªY �cDGd^NQX+I ��\ªYOa?YOa+AuP.NQC]Â½DGdU_4A ��X�\�Y]\ªNJX�H�NQP�`�NJX�±SF+IJDGYOAuDQX�_*X+NJX�`�NJX�±SF+I�D�YOAs` �4`�d^\^`
DGF4Y]N4`�NQC]C]A�d D�YO\^NQXhP.F+X�` YO\^NQX�H�DQX�_9HO��A�` Y]C]DQdf`�NQC]COA#d^DGYO\^NQX9_4A#X�H;\ªY �hP.F+X�`�YO\^NQX�H#R9¸!F+K4¿
H;A ��F+A�X�YOd����[YOa+A*`�NJX�`�A#�4Y�NGP�` �4`�d^N�A#COIJN4_4\^`�\�Y �h\ H�\ªX�YOC]N4_4F�`�A#_nDQX�_nDQXpDQd�Y]A�C]X�D�Y]\ �JA
\ªX�Y]A�C]�+COA�Y]DGYO\^NQX�HÁY]N6Y]a+A�` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY �6\^H�_4\ HO`�F�H]H;A�_ � ��a�\^`Eaj��CON �!\ _4A#HBD0Â�NQC]A
�+C]NGP.NQF�X�_*\^X�H;\^IQa�YBY]N0Y]a+AuX�D�YOF�COAsNGP�` �4`�dªN�HSYED�YO\^NQX�DGC]\�Y �JR�Z�\ªX�DQdªd�����Y]a+AuÂ�NGY]\ �JAuK�A�¿
a+\^X�_6Y]a+A�\ªX�YOA#X�YO\^NQX6Y]NsA � �+dªNJ\�YfYOa�A³` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY �s�+C]NQ��A�COYO\^A#H�NGP�`�NQÂ�ÂsF+X+\ `�D�¿
YO\^NQXcH;\^IQX�DGd HÁ\^H�_4\ H]`�F�H]H;A�_�R

��� ����� � � $�2�, �(2�!0/�*�* � � , $�$��7*-/1#%� � � $�,.!0� 	 	 � 	

Z+NJCuD*`�NJÂ���dªA � �#A�C]N*Â�A�DGXhYO\^Â�A0`�NJX�YO\^X�F�NQF�H���CON4`�A�HOH x(t)
�
(t ∈ � )

��Y]a+A6Y]\ªÂ�A
��DGC ��\^X+I�DGF4Y]N4`�NQC]C]A�d D�YO\^NQX6P.F+X�` Y]\ªNJX � � �U©�Z �Á\ HB_4A ��X+A#_1DQH#L

Rxx(t + τ/2, t − τ/2) = E{x(t + τ/2)x∗(t − τ/2)} �,®+Rªg �
�ÀX?Y]a+A½`�NJXJY]\ªX!F+NJF�HVYO\^Â�AsY]a+A�NJC �*NQPf` �!`�dªN�HSYED�Y]\ªNJX�DGC]\�Y ����\ªY�a�DQH³K�A�A#X?P.NJF+X�_¡Â�NQC]A
`�NJX �JA�X+\^A�X�Y�YON³F�HOAfYOa+ABH �!Â�Â�A�YOC]\^` �QA#C]HO\^NQXuNQP�Y]a+A�� ��©VZ �GC]DGYOa+A#C�YOa�DQXuY]a+ABDQH �!Âs¿
Â�A�YOC]\ ` �JA�CEH;\^NQX �

Rxx(t, t − τ) == E{x(t)x∗(t − τ)} Rv@BN �fA �QA#C��[YOa+A*C]A#HOF+dªY]H�+C]N ��\ _4A�_6\^X²Y]a+\ HBH;A�` Y]\ªNJX1`#DGX1K�A�A�DQHO\ªd��6Â�N4_4\���A#_²P.NQCÁY]a+A=DQH]H �!Â�A�Y]CO\ `�`�DQHOA�� �J¾ �'R
�Áa+ABCEDGX�_4NJÂº�+C]N4`�A�HOH

x(t)
\ H�`Ea�DGCEDQ` Y]A�C]\ª�#A#_�DQH��5 >!0<+ :;0<AG9   ! A�+6>!>.5  9;1 5�: ��\ªP�YOa+A

� ��©VZ9\ HÁ��A#CO\^N4_4\ `³\ªX1YO\^Â�A ��DGC]\^DQK+dªA
t
��\�Y]acD���A�C]\ªN4_

P
�4\¬R AJR

Rxx(t + τ/2, t− τ/2) = Rxx(t + τ/2 + mP, t− τ/2 + mP ); ∀m ∈ � �¬®4R � �
©�H�D6C]A#HOF+dªYVNGPWY]a+\ HV��A�C]\^N!_+\^`�\�Y ����Y]a+AsYO\^Â�A ��DGC ��\^X+I0DQF4YON4`�NQC]COA#d^DGYO\^NQX1P.F+X�`�YO\^NQX?NQP
x(t)

`�DGX1K�A�COA#�+COA�H;A#X�YOA#_²DQH�D�Z+NJF+C]\ªA#CBH;A#CO\^A#H#L

Rxx(t + τ/2, t − τ/2) =
∑

α

Rα
xx(τ)ej2παt �,®4R � �

��a+A�C]A�YOa�A²HOF+Â \ H�YEDG�JA�XoN �QA#C³YOa+A²\ªX�Y]A�IQA#C=ÂuF�d�Y]\ª�+d^A#HsNGPÁY]a+A½P.F+X�_�DGÂ�A�X�Y]DQd�P.C]A�¿
��F+A�X�` �

αf = k/P
�
k ∈ � R �Áa+A�Z+NJF+CO\^A�CÁ`�N!A �½`�\ªA#X�Y]H�� ��a+\ `Ea0_4A#��A#X�_6NJX½YOa�AVd DGI��DGCEDGÂ�A�YOA�C

τ
DQCOA�`�DGd^d^A#_*Y]a+A8A ! A  0<A 9 � 1�+ A�+6>!>G5� 9;1D0<+;/ ? � / A 1D0<+;/*DGX�_jDQCOA�IQ\��QA#X?DQH
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� �J¾ �'L

Rα
xx(τ) =

1

P

∫ P/2

−P/2

Rxx(t + τ/2, t − τ/2)e−j2παtdt
�¬®4R ¨ �

Z+NJCUHONQÂ�A�`�NJÂ��+dªA � ��DGd^F+A#_�H;\^IQX�DGd H ��Y]a+AÁYO\^Â�A ��DQC �!\^X+I�`�NQX�±SF�IJD�Y]A�DGF4Y]N!`�NQC]COA#d^DGYO\^NQX
P.F+X�`�YO\^NQX � � �V�f©VZ��fÂ½D��0DQd^HON�K�A�F�H;A�P.F+d � ��a+\^`Ea1\ HB_4A ��X+A#_cDQH

Rxx∗(t + τ/2, t − τ/2) = E{x(t + τ/2)x(t − τ/2)} �¬®4R ® �
©BX�DQdªNJIQNJF�H=Y]NhYOa+A*X+NJX�`�NJX�±SF+I�D�YOAc`�DJH;A��[Y]a+A*`�NQÂ��+d^A � ��DQdªF�A#_pC]DQX�_4NQÂ ��CON4`�A�HOH
x(t)

\^H�`#DGd^dªA�_1`�NQX�±SF�IJD�Y]AV��A�C]\^N!_+\^`#DGd^d �0`�NQC]COA#d^DGYOA�_ �!\�PUYOa�A � �V�f©�Z9\ HÁ��A�C]\ªN4_4\ `³\ªX
YO\^Â�AQL

Rxx∗(t+τ/2, t−τ/2) = Rxx∗(t+τ/2+mP, t−τ/2+mP ); ∀m ∈ � �¬®4R ´ �
DGX�_1DQ_+Â�\ªY]H�D�Z�NQF+C]\^A�C�H;A#CO\^A#HÁC]A���COA�H;A#XJYED�Y]\ªNJX

Rxx∗(t + τ/2, t − τ/2) =
∑

α

Rα
xx∗(τ)ej2παt �,®4R · �

©�H0K�A�P.NQC]A��ÁYOa�A?H;F�Â \ H½YEDG�JA�XÃN �QA#C�YOa+A¡\ªX�YOA#IQA#C6ÂuF+dªYO\^�+d^A#H0NGP³YOa+A?P.F+X�_+DQÂ�A�X4¿
Y]DQd�` �4`�dªA�P.C]A���F+A#X�` �

αf = k/P.
�Áa+A0Z�NQF+C]\ªA#Cu`�N!A �½`�\ªA#X�Y]H�NQPfY]a+A � �V�f©VZvDQCOA

COA�P.A�C]COA�_sYONuDJHWYOa�A�`�NJX�±SF+IJDGYOA�` �4`�d^\^`BDQF4YON4`�NQC]COA#d^DGYO\^NQXsP.F+X�` Y]\ªNJX0DGX�_½DGC]A�IQ\��QA�X6DJH�L

Rα
xx∗(τ) =

1

P

∫ P/2

−P/2

Rxx∗(t + τ/2, t − τ/2)e−j2παtdt
�¬®4R » �

��� ����� � ,4* ��� �"$�, �(2�!0/�*�* � !0, $�$��7*-/1#%� � � $�,.!0� 	 	 � 	

©�`�NJÂ��+dªA � ��DGd^F+A�_~��A�C]N*Â�A#DQX~`�NQX�YO\^X!F+NQF�H��+C]N!`�A#H]H
x(t)

\^Hs`�DQdªd^A#_ ��`�NQX�±SF�IJD�Y]A(�
��NJd �!��A�C]\ªN4_4\ `�DQdªd��u`�NQC]COA#d^DGYOA#_ �Q\ªP�YOa+A � ��©VZ � � �V�f©�Z �[`�NQX�HO\^H;Y]HUNQP�ÂuF+dªYO\^�+d^AB��A#C;¿
\ªN4_4\ `³`�NJÂ���NQX�A�X�Y]H ��\ªYOa1\ªX�`�NQÂ�Â�A�X�HOF+CED�Y]AV��A�C]\ªN4_+H

P1, . . . , Pn
R �ÀX²YOa+\ H�`�DJH;AVYOa+A

� ��©VZ ��NQC�� �V�f©�Z �ÁDJ_4Â�\�Y�D�Z+NJF+C]\ªA#CBH;A#CO\^A#HfC]A��+C]A#HOA�X�Y]DGYO\^NQXlL

Rxx(t + τ/2, t − τ/2) =
∑

α

Rα
xx(τ)ej2παt

Rxx∗(t + τ/2, t − τ/2) =
∑

α

Rα
xx∗(τ)ej2παt �,®4R ¾ �
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��a+A�C]A�YOa+A�HOF+Â�\ H�YEDG�JA�XuN �JA�CUDGd^d�YOa+AÁ\^X�`�NJÂ�Â�A#X�H;F�C]DGYOA�P.F+X�_+DQÂ�A#X�Y]DGd!P.C]A���F+A#X�`�\^A#H
α ∈ {k1/P1, . . . , kn/Pn}

��\ªYOa
k1, . . . kn ∈ � RU¸!\^X�`�A[ÂuF+dªYO\^�+d^A[��A�C]\ªN4_4\ `�\ªYO\^A#H ��\�Y]a_4\ $�A#COA#XJY�P.F+X�_+DGÂ�A�X�YEDGd�P.C]A���F+A#X�`�\^A#H�A � \ HSY ��Y]a+AjZ+NJF+C]\ªA#C�`�N!A5�6`�\^A�X�Y]H½`#DGX+X�NGY½K�A

`�DQd^`�F+d^DGYOA�_=��A�COP.NQC]Â�\^X+I�D�YO\^Â�ABD��JA�CEDGIJ\ªX+I�NQ��A�CED�YO\^NQXsN �QA#C�NJX+Af��A#CO\^N4_ �QDQHU\^X>�,®4R ¨ �
DGX�_��,®+R » � �GDGX�_sDQXu\^X���X+\ªYOA#d �=d^NQX�IBYO\^Â�AÁ\ªX�YOA#C ��DQd�a�DQHYON�K�AÁF�HOA#_u\ªX�HSY]A#DQ_ �G\ªXsNQCE_4A�C
YON�H;F+���+COA�HOH�YOa�A�`�NJX�YOC]\ªK+F+YO\^NQX�H�P.CONJÂ�YOa+AfH;\^IQX�DQd�`�NQÂ���NQX+A#XJYEH�A � a+\ªK�\�Y]\ªX+I�_4\ $�A#COA#XJY
��A#CO\^N4_4\ `�\ªYO\^A#H#R �Áa!F�H���YOa+A�` �!`�dª\ `fDGF4Y]N!`�NQC]COA#d^DGYO\^NQX�P.F�X�` Y]\ªNJXuP.NJCUDV��NQd�����A�C]\^N!_+\^`#DGd^d �
`�NJCOC]A�d D�Y]A#_6��CON4`�A�HOHÁ`#DGX1K�A�A � ��COA�HOHOA#_1DQH

Rα
xx(τ) = lim

T→∞

1

T

∫ T/2

−T/2

Rxx(t + τ/2, t − τ/2)e−j2παtdt
�¬®4R^g#Ä �

DGX�_6YOa+A�`�NQX�±SF+I�D�Y]AV` �4`�dª\ `VDQF4YON4`�NQC]COA#d^DGYO\^NQX�P.F+X�`�YO\^NQX²P.NQC�D�`�NQXG±SF+IJDGYOA���NQd��!��A#CO\^NG¿
_4\ `�DGd^d��0`�NJCOC]A�d D�Y]A#_6��CON4`�A�HOHf\ H.� �Q¾ �

Rα
xx∗(τ) = lim

T→∞

1

T

∫ T/2

−T/2

Rxx∗(t + τ/2, t − τ/2)e−j2παtdt
�¬®4R^gQg(�

�ÀXoYOa+A0P.NQd^dªN ��\^X+I!�fNQC]����Y]a+A6Y]A�C]Â A ! A  + � 1�96130<+6/ 96> ! \ H=F�H;A�_~YON?`Ea�DGCEDQ` Y]A�C]\ª�#A
K�NQYOaj`�NQX�±SF+I�D�Y]A=DGX�_1X+NJX�`�NJX�±SF+IJDGYOA���A�C]\ªN4_4\ `�DQdªd��0DQX�_c��NJd �!��A�C]\ªN4_4\ `�DQdªd��0`�NQC]COA#d^DG¿
YOA�_6�+C]N4`�A#H]HOA#H#R �Áa+A�YOA#COÂ½H A�+6/�� � - 961�5�A ! A��+ � 1 9;1D0<+;/ 9;> ! DQX�_ / +6/ A�+;/�� � - 961�5�A ! A  +��
� 1 9;1D0<+;/ 96> ! DGC]A�A�Â��+d^N �QA#_ ����a+A�C]A �JA�C�\�Y�\ H³X+A#`�A#H]HODQC �1YONcA � ��dª\ `�\ªYOd��?_4\ $�A#COA#X�YO\ D�YOA
K�A�Y���A#A�X*Y]a+As`�NQX�±SF�IJD�Y]AsDQX�_cX+NQX�`�NQXG±SF+IJDGYOAs`#DQHOA#H#R�Z+F�C;Y]a+A�C]Â�NQC]A��+Y]a+A�Â�NJCOAuIQA�¿
X+A�CEDGdW_4A���X+\ªYO\^NQX�H�P.C]NQÂ �,®4R^g#Ä ��DQX�_D�,®4R^gQg ��DGC]AsIJNQ\^X+I0Y]NcK�A�F�HOA#_?P.NQC³Y]a+A½` �4`�d^\^`
DGF4Y]N4`�NQC]C]A�d D�YO\^NQX6P.F+X�` Y]\ªNJX�HÁY]a+CONJF+IQa�NQF4YÁYOa�\^H�`Ea�DQ�4YOA#C#R

��� ��� � � $�, � � $%#�2�� 	 , � � �.! *�2�!+)+& # ,.!0, $�$��"*-/1#�2-, 3 � & 3(!�#�2-,43 	

�Áa+A?`�NQX�±SF+I�D�Y]AjDGX�_�X+NJX�`�NJX�±SF+IJDGYOAj` �!`�dª\ `*DGF+YON4`�NJCOC]A�d D�Y]\ªNJXnP.F+X�` YO\^NQX�H0DGC]A*_4\ HS¿
`�C]A�Y]A¡P.F�X�` Y]\ªNJX�HcNGPsYOa+AhP.C]A���F+A�X�` �r��DQC]DQÂ�A�YOA#C

α
DGX�_�DGC]Ah`�NQX�YO\^X!F+NQF�H²\^X�YOa+A

d^DQI~��DGCEDGÂ�A�Y]A�C
τ
R�Z+NQC6D~��CON4`�A�HOH ��a�\^`Ea�_4N!A#H6X+NGY6A � a�\ªK+\ªY0` �4`�dªN�HSYED�YO\^NQX�DGC]\�Y ���

Rα
xx(τ) = 0

DQX�_
Rα

xx∗(τ) = 0 ∀α 6= 0
R �'Y�HOa+NQF+d _cK�AuX+NQYOA#_1Y]a�D�Y ��P.NQCVD6�+F+C]A�d��

HSYED�Y]\ªNJX�DGC ���+CON4`�A#H]H �!Y]a+A#HOA�P.F+X�` Y]\ªNJX�H�DGC]A³COA�_4F�`�A#_½Y]N6`�NJX �JA�X�YO\^NQX�DGd�DGF4Y]N!`�NQC]COA#d^DG¿
YO\^NQXcP.F+X�` YO\^NQX�H�R�©BX��²X�NQX+�#A�C]N ��DQdªF�AuNGPUY]a+A=P.C]A���F+A#X�` �1��DGCEDGÂ�A�YOA�C

α
��P.NQC ��a+\ `Ea

Rα
xx(τ) 6= 0

NQC
Rα

xx∗(τ) 6= 0
\ H�`#DGd^dªA�_�D A ! A  5 ?�>.5�� � 5 / A ! �!DGX�_sYOa�A�_4\ HO`�COA�YOABHOA�Y[NGP

YOa+A6` �4`�d^AsP.C]A���F+A#X�`�\^A#H
Axx

�,`�NQC]C]A#HO��NJX�_4\^X+I6Y]N
Rα

xx(τ)
��DGX�_

Axx∗

��`�NQC]COA�H;��NQX+¿
_4\^X+I1YON

Rα
xx∗(τ)

��DGC]A�COA�P.A�C]COA�_*YONjDJHVYOa+A A ! A��5 � ��5GA 13> � �¤DQX�_ A�+6/�� � - 961�5 A ! A  5
� ��5�A 1D> � ��C]A#HO��A�` Y]\ �JA�d��QRZ�NQC[D³` �4`�dªN�HSYED�YO\^NQX�DGC �³HO\^IQX�DQd ��Y]a+AB` �4`�dªA�HO��A�` YOCED³`�NJXJYEDG\^X
a�DGC]Â�NQX+\ `�HfNQP�A�DQ`Ea1NGP�Y]a+A�\^X�`�NJÂ�Â�A#X�H;F�C]DGYOA�P.F+X�_+DQÂ�A�X�Y]DQd�` �4`�d^A�P.COA ��F+A�X�`�\ªA�H�R[©
H;\^IQX�DGdB\ H²H]DG\ _�YONnA � a+\^K+\�Yc` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY � ��NQC²`�NQX�±SF�IJD�Y]Aj` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY � �



»Q´ � �(� �(������
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 � ��
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��\�Y]a*YOa�A�` �!`�dªA=P.COA �JF�A�X�` �
α0

��\ªP
α0 ∈ Axx

�
α0 ∈ Axx∗

� R�Z+NQC�YOA#dªA�`�NQÂ�ÂsF+X+\ `�D�¿
YO\^NQX~H;\^IQX�DGd H ��Y]a+A6` �4`�dªA�P.C]A���F+A�X�`�\^A#H�DGC]A�Y �!�+\^`#DGd^d �?COA#d^DGYOA#_jYONcY]a+A6H �!ÂsK�NJdWC]DGYOA��
H;��COA�DQ_4\^X+In`�N!_+A?C]A���A�YO\ªYONJXrCED�YOA��B`�DQCOC]\ªA#C½P.C]A���F+A�X�` ���BP.COA �JF�A�X�` ��a�NQ�+�+\^X+IpC]DGYOA��
`Ea+\^�+�+\^X+I�C]DGYOA��4A�Y]`�� ¨JÄ �'R

��� ����� � � ! *�, �"$ � , �(2�! 2�# �

�Áa+A�`�NQX�`�A��+Y�NQP�A�C]IQN4_4\ `�\ªY �c\ªX¡COA#d^DGYO\^NQX*Y]N1D²C]DQX�_4NJÂ ��CON4`�A�HOHV\^Â���dª\^A#HVYOa�D�Y³YOa+A
dªNJX+IjY]A�C]Â K�A#a�D��!\ªNJF+CsNQP�YO\^Â�A1D��JA�CEDGIQA�_hÂ�A�DQHOF+C]A�Â�A�X�Y]HsNQXpD?H]DGÂ��+d^A0��DGYOanNQP
DnCEDGX�_4NQÂ �+C]N4`�A#H]H0`#DGXvK�Ao`�DQd^`�F+d D�YOA�_ÃP.C]NQÂ YOa�A¡�+C]NQK�DGK+\^dª\ H;YO\ `jÂ�N4_4A�d�NQP=YOa+A
C]DQX�_4NJÂ �+CON4`�A#H]H�F�H;\^X+I�A�X�HOA�ÂsK+d^A³D��JA�CEDGIJA#H��Q\¬R AJRWA � ��A�` YED�YO\^NQX1NQ��A�CED�Y]NQC �4DGX�_0YOa+A
d^DQCOIJA�H]DGÂ��+d^A�K�A�a�D��!\^NQF+CNGP+a��!��NQYOa+A�YO\ `�DGd!A#X�H;A#ÂuK+d^A�D��JA�CEDGIJA#_VÂ�A�DQHOF+C]A�Â�A�X�Y]H�`�DQX
K�A��+C]A#_4\ ` Y]A#_jP.CONJÂ DQ` Y]F�DGd�Y]\ªÂ�A�D��QA�CEDGIJA#_cÂ�A#DJH;F�COA#Â�A#X�Y]HVNQX?NJX+AsH]DGÂ��+d^A���D�Y]a
NGP�YOa+AuA�X�HOA�ÂsK+dªAJR �Áa�\^H�Â�A�DGX�HÁY]a�D�Y�YOa+A�Y]\ªÂ�AuDQX�_cA�X�H;A#ÂuK+d^A=D��QA#C]DQIQA�NQ��A�CED�YO\^NQX�H
`�DQX²K�A³P.COA#A�d��6A � `Ea�DQX+IQA�_�R \,R AQR

E{x(t)} = lim
T→∞

1

T

∫ T/2

−T/2

x(t)dt
�¬®4R^g�� �

��a+\ `Ea²d^A#DJ_+HfYON

lim
T→∞

1

T

∫ T/2

−T/2

E{x(t)}dt = lim
T→∞

1

T

∫ T/2

−T/2

x(t)dt
�¬®4R^g#� �

H;\^X�`�A
E{E{·}} = E{·} R��Áa+A�H;AsDQH]H;F+Â��4Y]\ªNJX�H ��\^X*IQA�X�A�CEDGd ��HO\ªÂ��+d^\�P �cÂ½D�Y]a+A�Â½DG¿YO\ `�DQd�DGX�DQd �4HO\^HÁDQX�_1A � ��A#CO\^Â�A�X�Y]DQdl_4A#HO\^IQX1IQC]A#D�Y]d �JR �Áa+A��+C]NQ��A�COY �6NGPWHSYED�Y]\ªNJX�DGC]\�Y �

\^H�D��+C]A�C]A���F+\ HO\�YÁP.NQCBD�CEDGX�_+NQÂ��+C]N4`�A�HOH�YON½A � a+\ªK�\�YBA#COIJN!_+\^`V�+C]NQ��A�COYO\^A#H#R
�Áa+AB`�NJX�`�A#�4YWNGP�A#COIJN4_4\^`�\�Y �=`#DGX�K�AÁA � Y]A�X�YOA�_sYON³\ªX�`�d^F�_4A�` �4`�d^NJH;Y]DGYO\^NQX�DQC �³�+C]NG¿

`�A�HOHOA#H#R �Áa+\ HU�+C]NQ��A�COY ��\^HUC]A�P.A#COC]A#_=YON�DQH A ! A��+ 5 >D- + :;0<A�021 ! � ¨�g �'RUZ�NQCWD³` �4`�d^N!A�C]IQN4_4\ `
�+C]N!`�A#H]H �#YOa�A�DQH �!Â��4YONQYO\ `�HO\ªX!F�HONQ\ _+DGd^d�� �fA�\^IQa�YOA�_=HODQÂ��+dªA���D�Y]auD��QA#C]DQIQA#H�DQCOA�A���F�DGd
YON�YOa�A=`�NQC]C]A#HO��NJX�_4\^X+I�HO\^X�F�H;NJ\^_+DQdªd�� �fA�\^IQa�YOA�_0A#X�H;A#ÂuK+d^A�D��QA#C]DQIQA#H��Q\¬R AQR

lim
T→∞

1

T

∫ T/2

−T/2

E{x(t)}e−j2παtdt = lim
T→∞

1

T

∫ T/2

−T/2

x(t)e−j2παtdt
�¬®4R^g�¨ �

��\�Y]a�Y]a+AoDQH]H;F�Â��+YO\^NQXrNQPs` �4`�d^N!A�C]IQN4_4\ `�\ªY ����Y]a+A~A � ��A#` YED�Y]\ªNJX�NQ��A�CED�Y]NQC²\ªXvYOa+A
X+NQX�`�NQXG±SF+IJDGYOA�DGX�_�`�NQX�±SF+I�D�Y]AB` �4`�d^\^`�DQF4YON4`�NQC]COA#d^DGYO\^NQX�P.F+X�` YO\^NQX�H�`�DQX�K�AB_4C]NQ����A�_
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� �J¾ �'L

Rα
xx(τ) = lim

T→∞

1

T

∫ T/2

−T/2

x(t + τ/2)x∗(t − τ/2)e−j2παtdt
�¬®4R^g�® �

DGX�_

Rα
xx∗(τ) = lim

T→∞

1

T

∫ T/2

−T/2

x(t + τ/2)x(t − τ/2)e−j2παtdt
�¬®4R^g#´ �

��� ����� � � ! *�,�	 # /1#�2-, 3 / $�2�# � / 	+� � �"!�#%$�/�* � , $�$��"*-/1#�2-,43

©oF�HOA�P.F+dJ\ªX�Y]A�C]�+COA�Y]DGYO\^NQX³NGP!YOa�A�` �4`�d^\ `[DGF4Y]N4`�NQC]C]A�d D�YO\^NQX�Z+F+X�` YO\^NQXs`�DGX³K�A[NQK+Y]DG\^X+A�_
K��½P�DQ`�YONQC]\^X+I

e−j2παt \ªX �,®+Rªg�® ��L

Rα
xx(τ) = lim

T→∞

1

T

∫ T/2

−T/2

[x(t+τ/2)e−jπα(t+τ/2)][x(t−τ/2)ejπα(t−τ/2)]∗dt
�,®+Rªg�· �

�Áa!F�H �
Rα

xx(τ)
`#DGX�K�AÁ\^XJY]A�C]�+C]A�YOA�_uDJH�D³`�NQX��QA#XJY]\ªNJX�DGd!`�C]NJH]H�`�NQC]C]A�d D�YO\^NQX=P.F+X�` Y]\ªNJXlL

Rα
xx(τ) = lim

T→∞

1

T

∫ T/2

−T/2

u(t + τ/2)v(t − τ/2)∗dt = Ruv(τ)
�¬®4R^g#» �

��\�Y]a

u(t) = x(t)e−jπαt �¬®4R^g#¾ �
DGX�_

v(t) = x(t)e+jπαt.
�¬®4R �GÄ �

u(t)
DQX�_

v(t)
DGC]AuP.C]A���F+A#X�` �1Y]C]DQX�H;d D�Y]A#HVNGP

x(t)
K��

+α/2
DGX�_ −α/2

C]A#HO��A#` Y]\�¿
�QA#d �JR �'YuP.NJdªd^N �BHuP.CONJÂH�¬®4R^g#» ��YOa�DGY�D¡H;\^IQX�DQd

x(t)
A � a+\^K+\�YEHs` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY �?\ªP

DGX�_nNQX+d��o\ªP�\�YEH½H;��A#`�YOCEDGd�`�NJÂ���NJX+A�X�Y]H�HOA���DQC]DGYOA#_9K �9Dh` �4`�dªA²P.COA ��F+A�X�` �
α
DGC]A

YOA#Â���NQCEDGd^d��0`�NJCOC]A�d D�Y]A#_ �4\¬R AJR
Ruv(τ)

\ HBX+NJX+��A#CONsP.NQC�HONQÂ�A
τ
DGX�_0P.NJC

α 6= 0
� �Q¾ �'R

�Áa+A=`�NJX�±SF+I�D�YOA=` �4`�d^\^`�DQF4YON4`�NJCOC]A�d D�Y]\ªNJX½P.F+X�`�YO\^NQXj`#DGXcK�AuCOA#A � �+C]A#H]H;A�_0DQH�D½`�C]NJH]H
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 �0����� ��������	�������� ��	�� ��� ��� ���0�G� 	;" � �%��� 	��C��� �����

`�NJCOC]A�d D�Y]\ªNJX½P.F+X�`�YO\^NQXc\ªX*D�HO\ªÂ�\^d^DQCÁP�DQHOa+\ªNJXlL

Rα
xx∗(τ) = lim

T→∞

1

T

∫ T/2

−T/2

u(t + τ/2)w∗(t − τ/2)dt = Ruw(τ)
�¬®4R �4g(�

��a+A�C]A

w(t) = x∗(t)e+jπαt.
�¬®4R �Q� �

\^HfY]a+A³P.C]A���F+A�X�` �½Y]C]DQX�H;d D�Y]A³NGP
x∗(t)

��� ����� ��� � � � �7!�# $�/ * � ,4$�$��"*�/7#�2�,43 �+�73 	 2�# � � &(3 !�#%2�,43

�Áa+AV`�NQX��QA#X�YO\^NQX�DQd���N ��A#C�HO��A�` YOCEDGd�_4A#X�H;\ªY ��P.F+X�`�YO\^NQX�.M�¸4T ��\^HfD=F�H;A�P.F+d�Â�A�DQHOF+C]A
A�Â��+d^N �QA�_6Y]N½dªN4`�DQdª\^��A�Y]a+A=D��QA#C]DQIQA���N �fA�C

E{|x(t)|2} = Rxx(0)
NQPUD½H;Y]DGYO\^NQX�DQC �

C]DQX�_4NJÂ �+CON4`�A#H]H
x(t)

\^X¡Y]a+A�P.COA ��F+A�X�` �?_4NJÂ�DQ\ªX�R �Áa+A�M�¸+T�`�DQX¡K�A�A � �+C]A#H]H;A�_
DQH#L

Sxx(f) = lim
T→∞

E{| 1
T

XT (f)|2} �¬®4R �G� �

��a+A�C]A

XT (f) =

∫ T/2

−T/2

x(u)e−j2πfudu
�¬®4R ��¨ �

\^H�YOa+A�Z�NQF+C]\^A�C �C]DQX�H;P.NQC]ÂrNGP
x(t)

N �QA#C�YOa+AWY]\ªÂ�A[\^X�YOA#C ��DGd
T
R �'Y`#DGX³K�A�H;a+N ��X�Y]a�D�Y

Sxx(f)
\ HB_4\^COA�` YOd��6C]A�d D�Y]A#_0YON

Rxx(τ)
YOa�CONJF+IQa0YOa+A���\^A�X+A#C;¿Àk³a+\^X�`Ea+\^X²C]A�d D�Y]\ªNJXlL

Sxx(f) =

∫ ∞

−∞

Rxx(τ)e−j2πfτ dτ
�¬®4R �Q® �

¸!\^Â�\^d DGC]d ����P.NQCWDV` �4`�d^NJH;Y]D�Y]\ªNJX�DGC ���+CON4`�A#H]H ��YOa�AÁHO��A#` Y]C]DQd�`�NQC]COA#d^DGYO\^NQXu_+A�X�HO\�Y �³P.F�X�` ¿
YO\^NQX>�,¸��fT ��+C]N ��\ _4A�H�DVÂ�A#DJH;F+C]A[P.NJCUYOa+AÁd^N4`�DGd^\ HODGYO\^NQX=NQP�YOa�AÁ`�NQC]COA#d^DGYO\^NQX�K�A�Y��fA�A#X
YOa+A�P.C]A���F+A#X�` �jHOa+\ªP YOA#_ �JA�CEH;\^NQX�HVNGP�YOa+A½HO\ªIJX�DGd

x(t)
�l\¬R AJR

Ruv(0) = Rα
xx(0)

�l\ªX
YOa+A�P.C]A���F+A#X�` �¡_4NQÂ½DG\^XlR �Áa+A½H;��A#`�YOCEDGd[`�NQC]COA#d^DGYO\^NQX¡_+A�X�HO\�Y �jP.F+X�` Y]\ªNJXo`�DGXhK�A6_4A�¿
CO\��QA�_oHSYEDGCOYO\^X+IjP.C]NQÂ Y]a+A²HON¡`#DGd^dªA�_o\ªX�HSYEDGX�Y]DQX+A�NJF�H=M�¸+T �W\^XoYOa�A1H]DGÂ�A0Â½DQX+X+A�C
DQH�Y]a+A6` �4`�d^\ `½DGF4Y]N!`�NQC]COA#d^DGYO\^NQX¡\^H=_+A�C]\ �JA#_?P.CONJÂ YOa+A6YO\^Â�A ��DQC �!\^X+I*DGF4Y]N!`�NQC]COA#d^DG¿
YO\^NQX?P.F+X�` Y]\ªNJXlR �Áa+A�\^X�HSYEDGX�Y]DQX+A�NJF�HVM�¸4T NQP�D0HO\ªIJX�DGdU\ H³_4A ��X�A#_?DJHVYOa+A�Z+NJF+CO\^A�C
YOCEDGX�H;P.NQC]Â NGP�YOa+A�YO\^Â�A ��DGC ��\^X+I1DGF4Y]N!`�NQC]COA#d^DGYO\^NQX*P.F�X�` Y]\ªNJX ��\ªYOahCOA�H;��A#`�Y³YON1YOa+A
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d^DQI���DGCEDGÂ�A�Y]A�C
τ
L

Sxx(t, f) =

∫ ∞

−∞

Rxx(t + τ/2, t − τ/2)e−j2πfτdτ
�¬®4R �G´ �

�'P
x(t)

A � a�\ªK+\ªY]HÁ` �!`�dªN�HSYED�Y]\ªNJX�DGC]\�Y ����YOa�\^H�P.F+X�`�YO\^NQX1DQ_4Â�\ªY]HfDuZ+NJF+C]\ªA#C�HOA�C]\ªA�H[C]A��+C]A�¿
H;A#X�Y]D�Y]\ªNJX

Sxx(t, f) =
∑

α

Sα
xx(f)ej2παt �¬®4R �J· �

��a+A�C]A�YOa+A=Z�NQF+C]\^A�C�`�N!A5�6`�\ªA#XJYEH�`�DQX1K�A=`�DQd^`�F+d D�YOA�_²DJH

Sα
xx(f) = lim

T→∞

1

T

∫ T/2

−T/2

Sxx(t, f)e−j2παtdt.
�¬®4R �G» �

Sα
xx(f)

\^H�C]A�P.A�C]C]A#_�YON³DQH�YOa�AfHO��A�` Y]C]DQd�`�NQC]COA#d^DGYO\^NQX=_4A#X�H;\ªY �³P.F+X�`�YO\^NQXlRUZ+C]NQÂ �¬®4R �G´ �
DGX�_>�¬®4R �G» � �G\ªY[\^HWA�DQHO\ªd��uHOA�A#XsY]a�D�YWY]a+ABHO��A�` YOCEDGd+`�NQC]COA#d^DGYO\^NQX�_4A�X�HO\ªY �=P.F+X�`�YO\^NQX½DGX�_
YOa+As` �4`�d^\^`uDGF4Y]N!`�NQC]COA#d^DGYO\^NQX²P.F+X�`�YO\^NQXjDGC]A=C]A�d D�Y]A#_²YOa+C]NQF�IQa1YOa+A�` �4`�d^\ ` �QA#C]HO\ªNJX²NQP
YOa+A���\^A�X�A�CO¿'k³a+\^X�`Ea+\^X1COA#d^DGYO\^NQX �!\¬R AJL

Sα
xx(f) =

∫ ∞

−∞

Rα
xx(τ)e−j2πfτ dτ

�¬®4R �G¾ �

¯l\^�QA6\ªY]HsX+NJX�`�NJX�±SF+IJDGYOA6`�NQF+X�YOA#CO��DGCOY��YOa+A1`�NQXG±SF+IJDGYOA0HO��A�` Y]C]DQd�`�NJCOC]A�d D�Y]\ªNJXh_+A�X4¿
H;\ªY �cP.F+X�`�YO\^NQX~`�DQX?K�AsNJK4Y]DQ\ªX+A�_jK��jZ+NJF+C]\ªA#C�Y]C]DQX�HSP.NJCOÂ�\^X+I6Y]a+A½`�NJX�±SF+IJDGYOA�` �4`�d^\^`
DGF4Y]N4`�NQC]C]A�d D�YO\^NQX6P.F+X�` Y]\ªNJXlL

Sα
xx∗(f) =

∫ ∞

−∞

Rα
xx∗(τ)e−j2πfτ dτ

�¬®4R �QÄ �

¸!\^Â�\^d DGC[Y]N��,®+R �Q� ��\ªYf`#DGX½K�AVHOa+N ��X�YOa�DGY�YOa�A�`�NJX�±SF+IJDGYOA�DQX�_�X+NJX�`�NJX�±SF+IJDGYOABHO��A�` ¿
YOCEDGdl`�NQC]COA#d^DGYO\^NQXc_4A�X�HO\ªY �½P.F+X�`�YO\^NQX�HV`�DGXcK�A=`�DQd^`�F+d^DGYOA�_²F�H;\^X+I�YOa�A=Z+NQF�CO\^A�CÁY]C]DQX�HS¿
P.NQC]Â�NGP�YOa�A=H;\^IQX�DQd�_4\ªC]A#`�YOd�� � ¨��(�'RW��\�Y]acYOa+A=DJHOHOF+Â��4Y]\ªNJX²NQP�` �4`�dªN!A�C]IQN4_4\ `�\ªY �

Sα
xx(f) = lim

V →∞
lim

T→∞

1

V

∫ V/2

−V/2

1

T
XT (t, f + α/2)X∗

T (t, f − α/2)dt
�,®+R ��g(�
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DGX�_

Sα
xx∗(f) = lim

V →∞
lim

T→∞

1

V

∫ V/2

−V/2

1

T
XT (t, f + α/2)XT (t, α/2 − f)dt

�,®+R ��� �

��\�Y]a
XT (t, f) =

∫ t+T/2

t−T/2
x(u)e−j2πfudu

R�Z+NQd^d^N ��\ªX+I6YOa+A�HODQÂ�Audª\^X+A�NGPUYOa+NJF+IQa�Y
DQHU\^X0¸!A#`�YO\^NQX6®4R �4R ®���Y]a+A�`�NQX�±SF+I�D�Y]AÁDQX�_�X+NQX�`�NQXG±SF+IJDGYOA�H;��A#`�YOCEDGd+`�NQC]COA#d^DGYO\^NQXs_+A�X4¿
H;\ªY �sP.F+X�` Y]\ªNJX�H�`#DGX½K�A�\^X�YOA�C]�+C]A�Y]A#_½DQH�`�NQX��JA�X�YO\^NQX�DQd+`�C]NJH]H[HO��A�` YOCEDGd�_4A�X�H;\ªY �uP.F�X�` ¿
YO\^NQX�HÁNQPP.C]A���F+A#X�` �6YOCEDGX�HOd^DGYOA�_ �QA#C]HO\^NQX�HfNGP

x(t)
�+\¬R AJR

Sα
xx(f) = Suv(f)

�¬®4R �Q� �
DGX�_

Sα
xx∗(f) = Suw(f)

�¬®4R �G¨ �
��a+A�C]A

u(t)
�
v(t)

DGX�_
w(t)

DGC]AB_4A���X+A#_�\^X �,®+Rªg�¾ � �¬®4R �GÄ �UDQX�_>�,®+R �J� ��C]A#HO��A�` YO\��QA#d �JR
�Áa+AÁA � \^H;YOA#X�`�AÁNQP�YOA#Â���NJC]DQd!`�NQC]COA#d^DGYO\^NQX=K�A�Y��fA�A#X�HO��A#` Y]C]DQd4`�NQÂ���NQX+A#X�Y]HUH;A#��D�¿

C]DGYOA�_sK��sYOa+A�` �4`�d^A�P.C]A���F+A#X�` �
α
\^X0D�` �4`�dªN�HSYED�YO\^NQX�DGC �uH;\^IQX�DGd�`#DGX½K�A�\^XJY]A�C]�+C]A�YOA�_

DQH�H;��A#`�YOCEDGdfCOA�_4F+X�_�DGX�` �h\^X9Y]a+A1\ªX4P.NJCOÂ½DGYO\^NQXoY]a+A�NJCOA�YO\ `0HOA�X�HOAQR9¸!\^IQX�DQd���CON4`�A�HS¿
H;\^X+IcY]A#`Ea+X+\ ��F+A#H ��a+\ `Ea9_4N*X+NGYsÂ�DQ�QA6F�H;A½NQPfY]a+A²` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY �*\ªIJX+NQC]A�YOa+A
�+C]A#HOA�X�`�AuNGP�YOa+\ H�COA�_4F+X�_�DGX�Y�\^X4P.NJCOÂ½D�Y]\ªNJX?\^X?Y]a+A½H;\^IQX�DGd � ��a�A�C]A#DQH�YOa�A�Â�A�YOa+N4_+H
A � �+d^NQ\ªYO\^X+I*` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY �²Y]DG�JA½DQ_���DGX�YEDGIQAsNGPfYOa+\ H³C]A#_4F+X�_+DGX�` ���l\^XhNQCE_4A�C�YON
\ªX�`�C]A#DQHOAVYOa+A���A�COP.NQC]Â½DGX�`�A�DQX�_1CONJK+F�H;YOX+A�HOHfNGP�YOa�A=DGd^IQNQC]\ªYOa+Â½HfF�HOA#_�R
��a+A�X1YOa�A=H;\^IQX�DQd

x(t)
F+X�_4A#COIJN�A�HÁDsd^\^X+A#DQCÁYO\^Â�A ��DQCO\ DGX�Y ��dªYOA�C]\^X+I�NQ��A�CED�YO\^NQX

z(t) = h(t) ∗ x(t) =

∫ ∞

−∞

h(u)x(t − u)du
�,®+R ��® �

YOa+A½X�NQX�`�NQX�±SF+I�D�Y]A�DQX�_¡YOa+A6`�NQX�±SF�IJD�Y]A6¸��fT NGPfYOa�A½NQF4Y]�+F4YsHO\ªIJX�DGd
z(t)

`�DQX~K�A
`�DQd^`�F+d^DGYOA�_²DJH � ¨�Ä �

Sα
zz(f) = H(f + α/2)H∗(f − α/2)Sα

xx(f)
�¬®4R �Q´ �

DGX�_

Sα
zz∗(f) = H(f + α/2)H(α/2 − f)Sα

xx∗(f)
�¬®4R ��· �
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COA�H;��A#`�YO\��QA#d ������a+A�C]A
H(f)

\ HfYOa+AsZ+NQF�CO\^A�CÁY]C]DQX�HSP.NJCOÂ¦NGP
h(t)

R�@BA#X�`�A��+Y]a+A�dª\^X+A�DGC
YO\^Â�Au\^X ��DQCO\ DGX�Y ��dªYOA#CO\^X+I½NQ��A�CED�Y]\ªNJX*`�DGX�X+NGYV`Ea�DGX+IJA³YOa+A�` �4`�d^A=H;��A#`�YOCED½NGPUY]a+AsHO\�¿
IQX�DQd,RV@BN �fA �QA#C���_4A���A�X�_4\ªX�I²NJXcYOa+A�H;a�DG��AuNGPWY]a+A ��d�Y]A�C³H;��A#`�YOC]F+Â ��Y]a+A ��d�Y]A�C]\ªX�I
NQ��A�CED�Y]\ªNJX*Â�D��cd^A#DJ_cYON1D0HOF+�+�+C]A#H]H;\^NQX*NJC�DQXjA�X�a�DGX�`�A�Â�A�X�Y�NGPWYOa�A�` �!`�dªN�HSYED�Y]\ªNQ¿
X�DGC �6`Ea�DQC]DJ` YOA#CO\ H;YO\ `�H#R

��� ����� � , #%2 �1/1#�2-, 3

 � �+d^NQ\ªYO\^X+Ij` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY �*\^X9DG\^C�\ªX�YOA#C;P�DJ`�A½C]A#`�NQIQX�\�Y]\ªNJX?P.NJCuDj¸!NGP Y��ÁDGC]A½µBD�¿
_4\^NcH �4HSY]A�Â ��COA�H;A#XJYEH�Y���NcÂ½DG\^X~DQ_���DGX�YEDGIQA�H ����a�\^`EaoHOa�DGd^dWK�A6_+\^H]`�F�H]HOA#_¡\ªXhYOa�\^H
H;A�` Y]\ªNJXlR
Z\^CEHSY�NQPUDQdªd � �!\^C;Y]F�DGd��²DQdªd�Â�DQX4¿'Â�DJ_4A=`�NJÂ�ÂuF+X+\ `�DGYO\^NQX*HO\ªIJX�DGd HÁA � a+\^K+\ªYV` �4`�d^NG¿

HSYED�Y]\ªNJX�DGC]\�Y � ��\�Y]a0` �4`�d^AÁP.C]A���F+A�X�`�\^A#HWC]A�d D�Y]A#_�YONua+\^_�_4A�X½��A�C]\ªN4_4\ `�\ªYO\^A#H�F+X�_4A#COd��!\ªX�I
YOa+A½HO\ªIJX�DGd ��HOF�`Ea~DQHVYOa+A6`#DGC]CO\^A�CVP.C]A���F+A�X�` ���H �!ÂuK�NQd[DQX�_ ��NQC�`Ea+\^�¡CED�Y]A#H�����A#CO\^N4_
NGPBY]a+A*H;��COA�DQ_4\^X+IhNQC�HO`�C]DQÂuK+d^\ªX�I¡`�N4_4A�H�A�YE`GRpZ�CONJÂ YOa+\ H�C]A#DQHONQX �[H;\^IQX�DQd^HuP.C]NQÂ
_4\ $�A#COA#XJY�DQ\ªC�\ªX�YOA#C;P�DJ`�A�H ��\�Y]a6_4\�$�A�C]A�X�Y[Y]C]DQX�HOÂ�\ H]H;\^NQX�HO`Ea�A�Â�A#H��JH �!ÂuK�NQd4CED�YOA�HWA�YE`GR
A � a+\^K+\ªY�` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY � ��\�Y]a6_4\ $�A#COA#XJY�` �4`�d^AÁP.COA �JF�A�X�`�\ªA�HWDGX�_sP.NQC[_+\�$�A�C]A�X�Y ��D�¿
dªF�A#H³NGPfYOa�A½d^DQI1��DGCEDGÂ�A�Y]A�C

τ
R �Áa!F�H �A#DJ`EahDQ\ªC�\^X�YOA�COP�DQ`�A�HO\^IQX�DQdWa�DQH³\ªY]H�F�X+\ ��F+A

` �4`�d^\ `6H;\^IQX�D�YOF�COAJR �Áa�A0�+C]A#HOA�X�`�A6NQCsDGK�HOA�X�`�A6NGPBD?��DGCOYO\ `�F+d DGCsH;\^IQX�DGYOF+C]A½\^XoYOa+A
COA�`�A#\ �JA#_*HO\ªIJX�DGd�\^HVY]a+A�C]A�P.NJCOAuD1_4\ HSY]\ªX�` Y�P.A#D�Y]F+C]A=YOa�D�Y�`�DGX¡K�A�F�HOA#_cY]N²C]A#`�NQIJX+\ª�#A
D���DGCOYO\ `�F+d DGC�DQ\ªC�\^X�YOA�COP�DQ`�AQR

�Áa+A�HOA#`�NQX�_?DQ_���DGX�YEDGIQA�d^\^A#H�\ªXjYOa+A�_4\ HO`�CO\^Â�\ªX�DGYONJC �c`�DQ��DGK+\^d^\�Y �1YOa�D�Y�Y]a+A�F�H;A
NGP�` �4`�d^\^`�HSYED�Y]\^H;YO\ `�H��+C]A#HOA�X�Y]HVK�A�Y��fA�A�X?YOa+A�HO\ªIJX�DGdUH;NJF+CE`�A#H ��\ªYOa~_4\^HO��DQC]DGYOAu` �!`�dªA
H;��A#`�YOCED0DQX�_cYOa�AsC]NQK+F�HSY]X+A#H]H�DQIJDG\^X�H;Y�X+NJ\^HOAsDQX�_*\^XJY]A�COP.A�C]A�X�`�A ��a+\ `Ea*Y]a+\^H³HO\ªIJX�DGd
H;A#dªA�` Y]\ �!\ªY �6�+C]N ��\ _4A�H�R
¯lA�Y

x(t)
K�A½D²X+NQ\ H �*NQK�HOA�C ��D�YO\^NQX?NGP[Y]a+A½` �4`�d^NJH;Y]DGYO\^NQX�DQC �cH;\^IQX�DGdUNGPf\ªX�YOA#COA�HSY

s(t)

x(t) = s(t) + n(t),
�,®+R �J» �

��a+A�C]A
n(t)

\^H�H;Y]D�Y]\ªNJX�DGC �0X�NQ\ H;AJR��'Y³`#DGX*K�AuA�DQHO\ªd��1HOa+N ��XcY]a�D�YVYOa+A�` �4`�d^\^`sDGF4Y]NG¿
`�NJCOC]A�d D�Y]\ªNJXsP.F�X�` Y]\ªNJX1DQX�_�YOa�A�HO��A�` Y]C]DQd�`�NQC]COA#d^DGYO\^NQX6_4A#X�H;\ªY ��P.F+X�`�YO\^NQX1NGP

x(t)
DQCOA

IQ\��QA#X²K���L

Rα
xx(τ) = Rα

ss(τ) Sα
xx(f) = Sα

ss(f); α 6= 0
�,®+R �J¾ �

�ÀXoDcÂ�NJCOA�IJA�X+A#C]DQdU`#DQHOA�� ��a+A�C]A�YOa+A6\^X�YOA#C;P.A#CO\^X+I*H;\^IQX�DGdWNQC=HO\^IQX�DQd^H�DQd^HONcA � a+\^K+\�Y
` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY ����\ªY[\^H�HSY]\ªd^d4��N�HOHO\^K+dªAÁY]N�H;A#��DGCED�Y]A�Y]a+ABH;\^IQX�DGd4NGP�\ªX�Y]A�C]A#H;YWP.CONJÂ YOa+A
\ªX�Y]A�COP.A�C]A�X�`�AsK��?`Ea+N!N�H;\^X+IcD1` �4`�d^\^`sP.C]A���F+A�X�` �

α0
��a+\^`Eah\ H=_4\ $�A#COA#XJY³P.C]NQÂ Y]a�D�Y
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NGPYOa+A�\^X�YOA�COP.A�C]\^X+I½H;\^IQX�DQd^H#RW¯lA�Y
x(t)

K�A=D�`�NQÂ���NJHO\�Y]A�H;\^IQX�DQd

x(t) =

L
∑

l=1

sl(t) + n(t),
�,®+R ¨�Ä �

��\�Y]a�YOa+AB�#A�C]N³Â�A�DGX½` �4`�dªN�HSYED�YO\^NQX�DGC �=H;\^IQX�DQd^H
sl(t)

��DQdªd�NGP ��a+\^`Ea½DQCOA�H;Y]D�Y]\^H;YO\ `�DQdªd��
\ªX�_4A���A�X�_+A�X�Y�NQP+A#DJ`Ea=NGY]a+A�CUDGX�_�YOa+AfDQ_+_4\ªYO\��QAfHSYED�Y]\ªNJX�DGC �VX�NQ\ H;A

n(t)
��\ªYU`#DGX=A�DQHO\ªd��

K�A=HOa+N ��X²YOa�DGY#L

Rα
xx(τ) =

L
∑

l=1

Rα
slsl

(τ) + Rnn(τ)δ[α]
�¬®4R ¨�g(�

DGX�_

Sα
xx(f) =

L
∑

l=1

Sα
slsl

(f) + Snn(f)δ[α]
�¬®4R ¨�� �

��\�Y]a*YOa�A�k³C]N!A�X+A�`E�QA�CB_+A�dªY]D½P.F�X�` Y]\ªNJX
δ[α]

RVZ+C]NQÂ �¬®4R ¨�g(�BDGX�_��¬®4R ¨�� � ��\�YVP.NQd^dªN �BH
YOa�DGY³`Ea�N�N�H;\^X+I

α = αk 6= 0
HON6YOa�D�Y�YOa+AsNQX+d��*H;\^IQX�DQd ��\ªYOa?YOa+As��DGCOYO\ `�F�d^DQCV` �4`�dªA

P.COA ��F+A�X�` �
αk
\ H

sk(t)
�+\¬R AJR

αk ∈ Asksk

DGX�_
αk /∈ Aslsl

� ∀l 6= k
���fA�`�DQX���C]\�Y]AQL

Rαk
xx(τ) = Rαk

sksk
(τ)

�¬®4R ¨J� �
DGX�_

Sαk
xx (f) = Sαk

sksk
(f)

�¬®4R ¨Q¨ �
�Áa+A0H]DGÂ�A0`�NQX�HO\^_+A�CED�YO\^NQX�H=DGC]A0DGd HON ��DQdª\ _hP.NQCuYOa+A1`�NJX�±SF+IJDGYOA0` �4`�d^\^`6DQF4YON4`�NQC]COA�¿
d^DGYO\^NQXÃDGX�_Ã`�NQX�±SF+I�D�Y]AcHO��A#` Y]C]DQdB`�NJCOC]A�d D�Y]\ªNJXp_4A#X�H;\ªY �9P.F�X�` Y]\ªNJX�H�Rr@�A�X�`�A�� ��a+A#X
ÂuF+dªYO\^�+d^A�H;\^IQX�DQd^H�N �QA#COd DG�½\^X²YO\^Â�A³DGX�_6P.C]A���F+A#X�` �½_4NJÂ�DQ\ªX �JY]a+A�\^CB` �4`�dª\ `VDQF4YON4`�NQCO¿
COA#d^DGYO\^NQX~DGX�_~¸��fT¤P.F�X�` Y]\ªNJX�H=_4N*X+NQY�N �QA�C]d DG�?\^XhYOa+A6` �4`�d^AsP.C]A���F+A#X�` �h_4NQÂ½DQ\ªX �
DQHÁd^NQX+I½DJHfYOa+A�HO\ªIJX�DGd HÁ��N�HOHOA#H]HÁ_4\ HSY]\ªX�`�Y�` �4`�d^A³P.C]A���F+A�X�`�\^A#H#R
@BN �fA �QA#C��Q\ªX½�+CEDQ`�YO\ `�A��GYOa�\^H���A#C;P.A�` Y�HO\ªIJX�DGd�H;A#dªA�` YO\��!\�Y ��� ��a+\ `Ea�YOa�AB\^_+A#DGd�` �4`�d^\^`

DGF4Y]N4`�NQC]C]A�d D�YO\^NQX=DQX�_uYOa+A�HO��A�` YOCEDGd4`�NQC]COA#d^DGYO\^NQX=_4A#X�H;\ªY �³P.F+X�`�YO\^NQX�HUA � a+\ªK�\�Y �JHOF�$�A#C]H
P.CONJÂ X+NQ\ H;A�DGX�_*\ªX�Y]A�COP.A�C]A�X�`�AQR�Z+NJC ��X+\�Y]AsNJK�HOA�C ��DGYO\^NQX*d^A�X+IQYOa�H���YOa�As�+C]A#HOA�X�`�AuNQP
X+NQ\ HOA0DGX�_~\^X�YOA#C;P.A#COA#X�`�A6D $�A�` Y]H=YOa+A²K+\ DQHuDQX�_hYOa�A ��DGC]\^DQX�`�A½NQPÁYOa+A²A#H;YO\^Â�DGYO\^NQX�H
NGP

Rα0
xx(τ)

DGX�_
Sα0

xx(f)
COA�H;��A#`�YO\��QA�d��QR �Áa+\^HsA $�A#`�Y�_+\ªÂ�\^X+\^HOa+A�H ��\ªYOap\ªX�`�COA�DQHO\ªX�I

NQK�HOA�C ��D�Y]\ªNJX0d^A�X+IQYOa
To
R
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�ÀXcYOa+\ H�HOA#`�YO\^NQX ��YOa+As` �4`�d^NJH;Y]DGYO\^NQX�DQC �½�+C]NQ��A�COYO\^A#HBNGP[`�NJÂ�ÂsF+X+\ `�DGYO\^NQX*H;\^IQX�DGd H�DGC]A
\ªX��JA#H;YO\^IJD�Y]A#_ � ��a+\^`Ea�DGC]A¡`�NQÂ�Â�NQX+d��ÃA�X�`�NQF+X�YOA#COA�_r\^X��+CEDQ`�YO\ `�A��VH;Y]DGCOYO\^X+I ��\�Y]a
K�DQHO\ `�dª\^X+A#DQC�Â�N!_+F+d^DGYOA�_oH;\^IQX�DQd^H��`�NQX�YO\^X!F+\^X+I'��\�Y]an�³i?¸4k Â�N4_4F�d^DGYO\^NQX � ��a+\ `Ea
\^HfD �JA�C � ��\ _4A#d �½F�HOA#_6X+NQX+d^\^X+A#DQC�Â�N4_4F+d D�Y]\ªNJX½Y �!��A���A�H;��A#`�\^DQdªd���\ªX ��TVij©�K�DJH;A�_
��¸4i DQX�_oT Á� � H �4H;YOA�Â½H���DJHu_4\ H]`�F�H]H;A�_~\ªX9`Ea�DG�4Y]A�Cs��Rj¸!F+K�HOA���F+A#XJY]d ���W` �4`�d^\^`
DGF4Y]N4`�NQC]C]A�d D�YO\^NQX�P.F+X�` YO\^NQX�HNQP�H;\^IQX�DGd H�K�DJH;A�_�NQX ��Z�T�i¦DQX�_s�fT�ij©�HO`Ea+A#Â�A#H�DGC]A
\ªX��JA#H;YO\^IJD�Y]A#_ � ��a+\ `EanDQCOA6F�H;A�_o\ªXnX+A��fA�C�IQA#X+A�CED�Y]\ªNJX ��\^C]A�d^A#H]Hu`�NJÂ�ÂuF+X+\ `�DGYO\^NQX�H
H �4H;YOA#Â�H#R

��� ����� ��� � � � ! *�2�! )+& #%,�!0,4$�$��"*�/7#�2�,43 , � / *�2�3(� / $ ' , � &(*�/7#%� �
�.2 �43(/ *

© _4\ªIJ\�YEDGd�Â�N4_4F+d D�Y]A#_cH;\^IQX�DGd�\^H�`Ea�DGCEDQ` Y]A�C]\ª�#A#_6DJHÁdª\^X+A�DGCÁÂ�N!_+F+d^DGYOA�_ �+\ªPY]a+A�YONGYEDGd
�fD��JA�P.NJCOÂ�NQP�Y]a+A�HO\ªIJX�DGdG`#DGX³K�A[A � �+C]A#H]H;A�_³DQH�YOa�A�H;F�ÂvNQP �ÁD��QA�P.NQC]Â�H�NQP�\^X�_4\��!\^_+F�DGd
H �!ÂsK�NJd^H#R½@BA�X�`�A��Dcdª\^X+A#DQC³Â�N4_4F�d^DGYOA#_~HO\ªIJX�DGdW`#DGXhK�A½A � ��COA�HOHOA#_¡DQH�DGXh\^X���X+\ªYOA
H;F�Â NGP�YO\^Â�A1HOa+\ªP YOA�_9\^Â���F+d^HOA²P.F+X�` Y]\ªNJX�H

g(t)
� �fA�\^IQa�YOA�_~K��~YOa+Ac_4\ HO`�COA�YOA6Y]\ªÂ�A

Â�N!_+F+d^DGYO\^X+I0HOA���F+A#X�`�A
an
� ��a+\^`Eac\ H�D½C]A#DQdª\ H]D�YO\^NQX1NGPUY]a+Au_4\ HO`�COA�YOA�Y]\ªÂ�A=CEDGX�_4NQÂ

�+C]N!`�A#H]H
a
R �Áa+A�\ªÂ��+F+d HOA³P.F+X�` Y]\ªNJX�H�DGC]A³H;A#��DGCED�Y]A#_½\^X0Y]\ªÂ�A³K��6\^XJY]A�IJA�CÁÂuF+dªYO\^�+d^A#H

NGPVYOa+A*H ��ÂsK�NJdB_4F+CED�Y]\ªNJX
Ts
Rr��\ �JA�XpYOa�DGY�Y]a+A*\^X+\�Y]\^DQdÁYO\^Â�\ªX+I~NQPVY]a+A*H;\^IQX�DQdÁ\^H

F+X+�!X+N ��X �!Y]a+A�d^\ªX+A�DGC�Â�N4_4F+d D�Y]A#_1H;\^IQX�DQdl`�DQX²K�A�A � �+C]A#H]H;A�_²DJH

x(t) =

∞
∑

−∞

ang(t − nTs − ε)
�¬®4R ¨�® �

��\�Y]a~YOa+A0F+X+�!X+N ��XoH �!ÂsK�NJd[YO\^Â�\ªX�I
ε
R �ÀX~Y]a+A½P.NQd^d^N ��\ªX+I � �fA0DQH]HOF+Â�A�YOa�DGY=YOa+A

H �!ÂsK�NJdlH;A �JF�A�X�`�A�\ HÁ\^X�_4��A�X�_4A#X�Y�DGX�_²\^_+A�X�YO\ `�DQdªd��0_4\ HSY]CO\^K+F4Y]A#_ ��\,R AQRUY]a+A=_4\ $�A#COA#XJY
HSYED�Y]A#H

a(i) NQPBYOa�A²CEDGX�_+NQÂ �+CON4`�A#H]H
a
N!`#`�F+C ��\ªYOanA ��F�DGdf�+C]NQK�DQK+\ªd^\ªY ���WDGX�_9YOa+A

N4`�`�F�COC]A�X�`�A�NQP�Y]a+A�H;Y]DGYOA#HU\^X6_4\ $�A#COA#X�Y�H �!ÂuK�NQd4\^X�YOA#C ��DGd HWDGC]AÁ\ªX�_4A���A�X�_+A�X�Y�NGP�A#DJ`Ea
NGY]a+A�C �!YOa�DGYBÂ�A#DGX�HfP.NQCÁYOa�A�\ªX�_+\ �!\ _4F�DGd���CONJK�DGK+\^d^\�Y]\ªA�H�L

P (an = a(i)) =
1

M

�¬®4R ¨J´ �

DGX�_

P (an = a(j) ∧ am = a(k)) = P (an = a(j)) · P (am = a(k))
�¬®4R ¨!· �
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�Áa+\ HsDJHOHOF+Â��4YO\^NQXn\ªÂ��+d^\ªA�HsYOa�DGYuYOa�A1_+DGY]D¡H;A �JF�A�X�`�A0\ HuF+X�`�NQC]C]A�d D�YOA�_ �Áa+A²YO\^Â�A
��DGC ��\^X+I0DQF4YON4`�NQC]COA#d^DGYO\^NQX1P.F+X�`�YO\^NQX?NQP[YOa�Asd^\ªX�A#DGC�Â�N4_4F+d D�YOA�_jHO\ªIJX�DGdU`�DQXjK�A�`�DQd�¿
`�F+d D�Y]A#_1DQH#L

Rxx(t + τ/2, t − τ/2) = E

{

∞
∑

n=−∞

∞
∑

m=−∞

ana∗
m

g(t − nTs − ε + τ/2)g∗(t − mTs − ε − τ/2)

}

.

©�H]H;F�Â�\^X+I�YOa�D�Y
g(t)

\ HUC]A#DGd���DGd^F+A�_sDQX�_=Y]a+A�H �!ÂsK�NJd+H;A �JF�A�X�`�A
an
\^HU\^X�_4A#��A#X�_4A�X�Y

DGX�_Ã\ _4A#XJY]\^`#DGd^d ��_4\ H;YOC]\ªK+F+YOA#_,�.\¬R \¬R _lR � �
E{ana∗

m} = σ2
aδ[n − m]

� ��a+A#COA
σ2

a =
E{|an|2}

\ HYOa+A ��DGC]\ DGX�`�A[NGP�YOa+AfA�Â�\ªY;YOA�_sH �!ÂuK�NQd H ��Y]a+A�DGF4Y]N4`�NQC]C]A�d D�YO\^NQX³P.F�X�` Y]\ªNJX
`�DQX�K�A[A � ��COA�HOHOA#_�DQHlDQX³\ªX���X+\�Y]A�HOF+Â�NQP!YOa+A[d DGIÁ�+C]N4_4F�`�Y�NGP�YOa+A�\ªÂ��+F+d HOAWP.F+X�`�YO\^NQX�H

Rxx(t + τ/2, t − τ/2) = σ2
a

∞
∑

n=−∞

g(t − nTs − ε + τ/2)

. g(t − nTs − ε − τ/2)
�,®+R ¨�» �

�'YV\ H�H;YOCEDG\^IQa�Y;P.NJC �ÁDGCE_0YON0HOA�A�Y]a�D�Y
Rxx(t + τ/2, t − τ/2)

\^HBYO\^Â�A�¿'��A#CO\^N4_4\^` ��\�Y]a
D=��A�C]\ªN4_0A���F�DGd�YON

Ts
�#��a+\^`Ea²Â�A#DGX�H�Y]a�D�YfYOa�AVd^\ªX�A#DGCfÂ�N4_4F+d D�YOA�_0HO\ªIJX�DGd�A � a+\^K+\ªY]H

` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY � ��\�Y]a�D?P.F�X�_+DGÂ�A#XJYEDGd�` �4`�d^A²P.C]A���F+A#X�` �
αf = 1/Ts

DQX�_pYOa+A
` �4`�d^A�H;��A#`�YOC]F+Â `�NQX�Y]DQ\ªX�H�Y]a+A�\^XJY]A�IJA�C�ÂuF�d�Y]\ª�+d^A#HBNGP

fs = 1/Ts
L

Rα
xx(τ) =

{

Rkfs
xx (τ), α = kfs; k ∈ �

0,
NQYOa+A#C ��\ H;A �¬®4R ¨J¾ �

�'PlYOa�A��+F+d HOA�P.F+X�` YO\^NQX
g(t) = gR(t)

\^HÁD=P.F+dªd�_4F+Y �J¿À` �4`�dªABC]A#`�Y]DQX+IQF+d DGC��+F+d H;AVIQ\��QA#X
DQH

gR(t) =

{

1, |t| < Ts/2
0,
NQYOa+A#C ��\ HOA �¬®4R ®GÄ �

YOa+A²` �4`�d^\^`0DGF4Y]N!`�NQC]COA#d^DGYO\^NQX¡NGPÁYOa+A0dª\^X+A#DQCuÂ�N4_4F+d D�Y]A#_oHO\ªIJX�DGd�`#DGX~K�A6A � �+C]A#H]H;A�_
DQH#L

Rkfs
xx (τ) = σ2

d

sin[πkfs(Ts − |τ |)]
πk

ej2πkfsε for|τ | < Ts
�¬®4R ®4g �
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Cyclic Autocorrelation Function for a QPSK Signal (Rectangular Pulse Shape)
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s

�����76 � 6 � �Áa+AfÂ�DQIQX+\ªYOF�_4A�NQP4YOa+AfX+NQX�`�NQXG±SF+IJDGYOA�` �!`�dª\ `�DQF4YON4`�NQC]COA#d^DGYO\^NQX³A#H;YO\^Â½D�YOA
P.NQCBD �VM�¸4k£H;\^IQX�DGd���\ªYOacCOA�` YEDGX+IJF+d^DQCÁ�+F+d H;A�HOa�DG��A

�Áa+A³Â½DGIQX�\�Y]F�_4A³NGPYOa+A�` �4`�dª\ `³`�NQC]C]A�d D�YO\^NQX0A#H;YO\^Â�DGYOA�P.NQC�D �VM�¸4k�Â�N4_4F�d^DGYOA#_cHO\�¿
IQX�DQd���\�Y]a�COA�` Y]DQX+IQF�d^DQC���F+d^HOABHOa�DG��A�\^H�_4\^HO�+d D��QA�_u\^X½Z\^I�RW®4R^g�� ��a+A�C]AfYOa+A�_+\^H]`�C]A�Y]A
`�NJCOC]A�d D�Y]\ªNJXcHOF+COP�DQ`�A#H�P.NJC

α = kfs
DQCOA�`�d^A#DGC]d�� �!\ H;\^K+d^AQR �Áa�AuÂ½D � \^ÂuF+Â ��DGd^F+AuNQP

` �4`�d^\ `�`�NQC]COA#d^DGYO\^NQX²N!`#`�F+CEH�P.NQC
α = ±1/Ts = ±fs

DQX�_
τ = ±Ts/2

R

:=	��j�����!�G����$���	� § 
�7����*�#	�� § �

¸!\^X�`�A²YOa+A1C]A#` YEDGX+IJF+d DGC=�+F�d^HOA1HOa�DQ��A²a�DQH�D?HO��A#` Y]COF�Â ��a+\^`Eap_4A#`#D��!HuCOA#d^DGYO\��QA#d �
H;d^N ��d�����\¬R AJR ��\�Y]a

1/|f | P.NJC�d^DQCOIJA f
�lNQYOa+A#C��+F+d H;A½HOa�DG��A�P.F+X�`�YO\^NQX�H ��\ªYOa~a+\^IQa�A�C

H;��A#`�YOCEDGdUA5�6`�\ªA#X�` �?DQCOA�F�HOF�DGd^d��*A�Â��+d^N �QA#_?\ªXh�+CEDQ`�YO\ `�DGdU_4\^IQ\ªY]DQd[`�NQÂ�ÂsF+X+\ `�D�Y]\ªNJX
H �4H;YOA#Â�H#R �ÀX~Y]a+A�P.NQd^d^N ��\ªX+I � �fA6DGC]A½IQNJ\ªX+I1Y]Nj\ªX��JA#H;YO\^IJD�Y]A�YOa+A6\^X M�F�A�X�`�A½NGPÁYOa+A
H;��A#`�YOC]F+Â NQP

g(t)
NQXjY]a+A6` �4`�dª\ `sDQF4YON4`�NQC]COA#d^DGYO\^NQX*P.F+X�` YO\^NQX

Rα
xx(τ)

P.NQC�D1d^\ªX+A�DGC
Â�N!_+F+d^DGYOA�_oH;\^IQX�DQd,R  � ��COA�HOHO\ªX�IcYOa+A²�+F+d H;A0HOa�DQ��A g(t)

\ªX~Y]A�C]Â�HuNGPB\ªY]HsZ+NQF�CO\^A�C
YOCEDGX�H;P.NQC]Â

g(t) =

∫ ∞

−∞

G(f)ej2πftdf
�¬®4R ®Q� �
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DGd^dªN �BH[YOa+AVCOA#A � �+C]A#H]H;\^NQX�NQP�YOa+A�` �4`�d^\^`VDGF4Y]N4`�NQC]C]A�d D�YO\^NQX�P.F+X�` YO\^NQX²\ªX6YOA�C]Â½H�NQP�YOa+A
�+F+d H;A�HO��A�` Y]C]D�RW�¡A�NJK4Y]DQ\ªX

Rkfs
xx (τ) = lim

T→∞

σ2
a

T

∫ T/2

−T/2

∫ ∞

−∞

∫ ∞

−∞

[

exp[j2π
(

f1t − f1ε

+f1τ/2 + f2t − f2ε − f2τ/2 − kfst
)

]G(f1)G(f2)

∞
∑

n=−∞

e−j2πnTs[f1+f2]
]

df1df2dt.

 � �+C]A#H]H;\^X+I=Y]a+A³\ªX ��X+\ªYOA=HOF+Â NGP��+a�DQHONQCEH�DJHÁDGX0\^X���X�\�Y]A=H;F+Â NQP\^Â��+F+d H;A�H �fA�IQA�Y

Rkfs
xx (τ) = lim

T→∞

σ2
a

T

∫ T/2

−T/2

∫ ∞

−∞

∫ ∞

−∞

[

exp[j2π
(

f1t − f1ε + f1τ/2 + f2t

−f2ε − f2τ/2 − kfst
)

]G(f1)G(f2)

.

∞
∑

i=−∞

δ[f1 + f2 − ifs]
]

df1df2dt.
�¬®4R ®G� �

Z�\ªX�DQdªd����4\^X�YOA#IQCED�YO\^X+I ��\ªYOacCOA�H;��A#`�YÁYON
f1
YON�A#dª\^Â�\ªX�DGYOA³Y]a+A�\ªÂ��+F�d^HOA#H�d^A#DJ_+HfYON

Rkfs
xx (τ) =

σ2
a

Ts

∫ ∞

−∞

[

e−j2πfτG(f)

∞
∑

i=−∞

G(ifs − f)e−j2πifs(ε−τ/2)

. lim
T→∞

1

T

∫ T/2

−T/2

ej2πfst(i−k)
]

dtdf.

=
σ2

a

Ts

∫ ∞

−∞

e−j2π[(fτ+kfs(ε−τ/2)]G(f)G(kfs − f)df
�,®+R ®G¨ �

Z+C]NQÂ �,®4R ®�¨ � �Á\ªY0K�A�`�NJÂ�A�H0`�dªA�DGC½Y]a�D�Y6Y]a+A?DQÂ�NJF+X�Y6NGP=` �!d^\^`?`�NQC]C]A�d D�YO\^NQX�\^X
YOa+A*d^\^X+A#DQC�Â�N4_4F+d D�Y]A#_ÃHO\ªIJX�DGd�_4A#��A#X�_+H½NJXnY]a+AjH;��A#`�YOCEDGd�N �JA�C]d^DQ�+�+\^X+I?K�A�Y��fA�A#X
YOa+A�P.C]A���F+A#X�` �0HOa+\ªP YOA�_ �JA�CEH;\^NQX�H�NQP�YOa�A��+F+d H;A�HO��A�` YOC]F+Â �+\¬R AJRUK�A�Y���A#A�X

G(f)
DGX�_

G(kfs − f)
R �Áa+AsDGÂ�NQF+X�YBNQP�Y]a+\ H�HO��A�` YOCEDGd�N �QA�C]d DG�+�+\^X+I�NQK��!\^NQF�HOd �²_4A���A�X�_�HBNQX

YOa+A=HOa�DQ��A³NGP�YOa�A���DGCOYO\ `�F+d DGC�HO\ªIJX�DGd��+F�d^HOA³P.F+X�`�YO\^NQXlR
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G(f)
ρ=0

ρ=1

ρ=0.3

−1/T −1/2T 1/2T 1/Ts s s s f
�����76 � 6 x¦µBDG\ HOA#_*��NJHO\ªX+A=¸!��A#`�YOC]F+Â

�ÀXh_4\^IQ\ªY]DQd�`�NQÂ�ÂuF�X+\^`#D�Y]\ªNJX�H ��Y]a+A�HO\^IQX�DQd�+F�d^HOAs\ H�F�HOF�DGd^d �j_+A#HO\ªIJX+A#_cY]N1DQdªd^N �
H �!ÂsK�NJd�CED�Y]A#Hf`�NQÂ���DQC]DQK+d^AÁYONsYOa+AVY���N�H;\ _4A�_6`Ea�DGX�X+A�d�K�DGX�_���\^_4YOa

B
��a+\^dªA�Â�\ªX�\�¿

Â�\ª�#\ªX+IuYOa+A�\^XJY]A�CEH �!ÂsK�NJd�\^XJY]A�COP.A�C]A�X�`�AN� �;¸�� �[K�A�Y��fA�A#X0DQ_�±;DQ`�A#X�YfH ��ÂsK�NJd^H�\^X6YO\^Â�AQR
�Áa+A�`�NJX�_4\ªYO\^NQX1P.NQC�X+N�\^X�YOA�CEH ��ÂsK�NJd�\ªX�Y]A�COP.A�C]A�X�`�AV\ H�\^X²Y]\ªÂ�A=_4NJÂ½DG\^X

g(nTs) =

{

1 (n = 0)
0 (n 6= 0)

�¬®4R ®Q® �

��a+\ `Ea �4\ªX1P.C]A���F+A#X�` �0_+NQÂ½DG\^X0Y]C]DQX�HOd^DGYOA#HfY]N�YOa+A³P.NJdªd^N ��\ªX�I�`�NQX�_+\�Y]\ªNJX

∞
∑

m=−∞

G(f + m/Ts) = Ts
�¬®4R ®G´ �

��a+\ `Ea1\ H�`#DGd^dªA�_²YOa+A � � �JF�\^H;Y��+F+d HOA=H;a�DQ�+\^X+I6`�C]\�Y]A�C]\ªNJX �+NJC���� ��F+\^H;YV`�CO\ªYOA#CO\^NQX1P.NQC
_4\ HSY]NQCOYO\^NQX+d^A#H]H�K�DQHOA�K�DQX�_?`�NQÂ�ÂuF�X+\^`#D�Y]\ªNJX �^g�¨ �'R½Z+NJC

Ts = 1/B
��YOa+\ H�`�NJX�_4\ªYO\^NQX

`�DQXsNJX+d ��K�ABH]D�YO\ H ��A#_sK��=DVC]A#`�Y]DQX+IQF+d DGCUHO��A�` YOC]F+Â � ��a�\^`Ea�dªA�DQ_+HY]N³D��+F�d^HOA�H;a�DQ��A
g(t) = sin(πt/Ts)

πt/Ts

R�@BN �fA �QA#C���YOa+A#COA�DGC]AWY���N���C]DJ` YO\ `�DQdJ_4\ �6`�F+dªYO\^A#H���YOa�DGYÂ½DG�JAWYOa�\^H
�+F+d H;A�HOa�DG��A�F+X�HOF+\ªY]DQK+dªA�P.NJCBH �4H;YOA�Â _4A#HO\^IQX

• �Áa+\ H��+F+d H;A�HOa�DQ��AV\^H��+a��!HO\ `�DGd^d��sF+X�COA�DGd^\ª��DGK+d^A�K�A�`�DQF�H;A�NGP�YOa�AVDGK�COF+�+Y[YOCEDGX4¿
HO\�Y]\ªNJX�HBDGYfY]a+A�K�NQF+X�_�DGC]\ªA�H�R

• g(t)
_4A#`�COA�DQHOA#H[DJH

1/|t| P.NQC�d^DQCOIJA |t| �!COA�H;F�d�Y]\ªX+Is\ªX²D=C]A�d D�YO\��QA#d ��HOdªN ��CED�Y]ABNGP_4A�`�D��JRB©�`�`�NJC]_+\ªX+IJd ����D�Y]\ªÂ�\^X+I0Â�\ H;Â½DGY]`Eaj\^XcYOa+AsCOA�`�A#\ �JA�C�`#DGX*C]A#HOF+d�Y�\ªX¡D
�JA�C �*a+\ªIJa?\^X�YOA�CEH ��ÂsK�NJdU\ªX�YOA#C;P.A#COA#X�`�AJRu@BA#X�`�A�Y]a+\^H��+F�d^HOA½H;a�DQ��A�DGd^d^N �BH�X+N
Â½DGC]IQ\^X²P.NQC�A�C]C]NQCÁ\ªX²YOa�A=HODQÂ���dª\^X+I�YO\^Â�A#H#R
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−1/2T 1/2T 1/Ts s s f

G(f) G(f −f)s

�����76 � 6^| ¸!��A#`�YOCEDGd�N �QA#COd DG�+��\ªX+I~K�A�Y��fA�A#X�YOa+A?P.COA ��F+A�X�` ��H;a+\ªP YOA�_ �QA#C]HO\^NQX�H½NQP
G(f)

© ��\ _4A�d��~F�HOA#_o�+F�d^HOA1HO��A#` Y]COF�Â P.NJC=Y]a+\^H�`#DQHOA6\^HuYOa�A²CEDG\ H;A�_o`�N�H;\^X+A0HO��A�` Y]COF+Â �
��a+\ `Ea¡`�NJX�HO\^H;Y]H�NGPÁD M�D�Y���NJC;Y]\ªNJX¡DQX�_?D1C]NQd^d�¿'N $~��NJC;Y]\ªNJXjY]a�D�Y�a�DJH�D1HO\ªX!F�HONQ\ _+DGd
P.NQC]Â �^g�¨ �

Grc(f) =



















Ts (0 ≤ |f | ≤ 1−ρ
2Ts

)

Ts

2

{

1 + cos
[

πTs

ρ

(

|f | − 1−ρ
2Ts

)]

}

( 1−ρ
2Ts

≤ |f | ≤ 1+ρ
2Ts

)

0 (|f | ≤ 1+ρ
2Ts

)

�¬®4R ®J· �

��a+A�C]AWY]a+A���DGCEDGÂ�A�Y]A�C
ρ
\ H`#DGd^dªA�_�YOa+AfCONJdªdJNGP4P�DJ` YONJC�DQX�_³Y]DQ�QA�H ��DGd^F+A#H\^X�YOa+AfCEDGX+IJA

0 ≤ ρ ≤ 1
R �Áa+A�C]NQd^d�N $jP�DJ` Y]NQCB_4A�YOA�C]Â�\ªX�A#HfYOa�A=DGÂ�NQF+X�Y�NGP�YOa�A=H;N½`�DQdªd^A#_ 5 � A�5 � �

� 96/ :��	0<:61 �²NGP�YOa+A6HO\ªIJX�DGd ��\¬R AJRuY]a+A½K�DGX�_���\^_4YOahN!`#`�F+��\ªA�_?K��*Y]a+A½H;\^IQX�DQdUK�A��QNQX�_
YOa+A � � �JF�\^H;Y6K�DGX�_���\^_4YOa

WNyq = 1/Ts
� ��a+\ `Ea�\ H�YOa�AjÂ�\ªX+\^ÂuF�Â DGÂ�NJF+X�Y�NQP

K�DGX�_���\^_4YOa~COA ��F+\ªC]A#_¡K��jY]a+A ��� ��F+\ HSY�Y]a+A�NJCOA#Â1R6Z�NQC=A � DGÂ��+d^A�� ��a+A#X ρ = 0.3
�

YOa+AfA � `�A#H]HlK�DQX�_���\ _!YOas\^HU�QÄ � ��DQX�_ ��a+A#X ρ = 1
��YOa�A�A � `�A#H]H�K�DGX�_���\ _!Y]au\ H�g�ÄQÄ �0R

Z+NJC
ρ = 0

\�Y�`�NJX��QA�C]IQA�HfYONcD½C]A#` YEDGX+IJF+d DGCVHO��A#` Y]COF�Â ��DJH�HOa+N ��Xj\^X¡Z�\ªIc®4R � �Áa+A
�+F+d H;A

grc(t)
a�D��!\ªX�IuY]a+A�C]DQ\^HOA#_1`�N�H;\^X+A³H;��A#`�YOC]F+Â¦\ H�IJ\ �JA�X0K�� �ªg#¨ �¬L

grc(t) =
sin(πt/Ts)

πt/Ts

πρt/T

1 − 4ρ2t2/T 2
s

�¬®4R ®G» �

��HOF�DGd^d ����YOa+A�Y]C]DQX�H;Â�\ªY�DQX�_jC]A#`�A�\��QA ��d�Y]A�CEHV\^X¡D0YOA#dªA�`�NJÂ�ÂsF+X+\ `�DGYO\^NQX?H �4HSY]A�Â
DGC]A�_4A#HO\ªIJX+A#_cHON�YOa�DGYBYOa+A³Y]NGYEDGdlA�$�A�` Y�NQPY]a+A#HOA ��dªYOA�CEHBDQ�+�+C]N � \^Â½D�Y]A�Y]a+Au_4A�H;\^COA�_
H;��A#`�YOC]F+ÂcR �ÀX1YOa+\ HB`#DQHOA��4Y]a+A=H;N½`#DGd^dªA�_²C]N!NGY�CEDG\ H;A�_²`�NJHO\ªX+A ��dªYOA#C]H�DGC]A�A#Â��+dªN �JA#_�R
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Cyclic Autocorrelation Function of a QPSK Signal (raised root cosine pulse)
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s

�����76 � 6 & �Áa+AfÂ�DQIQX+\ªYOF�_4A�NQP4YOa+AfX+NQX�`�NQXG±SF+IJDGYOA�` �!`�dª\ `�DQF4YON4`�NQC]COA#d^DGYO\^NQX³A#H;YO\^Â½D�YOA
P.NQCBD �VM�¸4k£H;\^IQX�DGd���\ªYOacCON!NQYÁCEDG\ HOA#_0`�NJHO\ªX�A���F+d^HOA=HOa�DG��A

�Áa+A³CON!NQYÁCEDG\ HOA#_1`�NJHO\^X+A�H;��A#`�YOCEDGdl`Ea�DQC]DJ` YOA#CO\ H;YO\ `B\ HÁIQ\��QA�X1K���L

Grrc(f) =
√

|Grc(f)| �¬®4R ®G¾ �

�Áa+A�CON!NGYÁCEDG\ H;A�_6`�N�H;\^X+A ��d�Y]A�CÁ\ HÁF�H;A�_6\^X1HOA�C]\^A#H���DG\^C]H��4H;NsYOa�D�YÁYOa+AVYONQY]DQd ��d�Y]A�C]\ªX�I
A $�A#`�Y�\^HBYOa�DGYVNQPWD�CEDG\ HOA#_c`�N�H;\^X+A ��dªYOA#C#R��Áa+AsDQ_���DGX�YEDGIQA³\ H�Y]a�D�Y�\ªPWYOa�A�YOCEDGX�HOÂ�\�Y
H;\ _4A ��dªYOA�C�\ H³HSY]\ªÂsF+d D�YOA�_?K��jDQX?\^Â���F+d^HOA��lYOa+A#X?Y]a+A�COA�`�A�\��QA�H;\ _4A ��dªYOA#C�\ H�P.NQCE`�A�_
YON���d�Y]A�C³DGXj\^X+�+F+Y��+F�d^HOAsHOa�DG��A=Y]a�D�Y³\ H�\ _4A�X�Y]\^`#DGdYON0\ªY]HVN ��Xj\^Â��+F+d H;AsCOA�H;��NQX�HOA��
YOa+A#COA#K���HOA�YOYO\^X+I�F+�sD�Â½D�Y]`Ea�A#_ ��dªYOA#C�DQX�_³Â½D � \^Â�\^��\^X+I�HO\^IQX�DQdGYONVX+NQ\ HOA[C]DGYO\^N ��a+\^dªA
D�Y[Y]a+AVH]DGÂ�A�Y]\ªÂ�AVÂ�\^X+\^Â�\ª�#\ªX+Is\ªX�Y]A�CEH �!ÂuK�NQd�\ªX�YOA#C;P.A#COA#X�`�AJR �Áa�A��+F+d HOABa�D��!\ªX�I�YOa+A
CON!NQYÁCEDG\ HOA#_0`�NJHO\ªX�A³HO��A#` Y]COF�Â¦\ H �ªg#¨ �

grrc(t) =
4ρ

π
√

Ts

cos( (1+ρ)πt
Ts

) + Ts

4ρtsin( (1−ρ)πt
Ts

)

1 − 4ρt/Ts

�¬®4R ´QÄ �
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©BI�DG\^X �QY]a+ABC]NQd^d�N $0P�DQ`�YONJC�\ HWYOa�A���DQC]DQÂ�A�YOA#C�_4A�Y]A�C]Â�\ªX+\^X+I�Y]a+A�A � `�A#H]H[K�DGX�_���\ _!Y]a
NGP³YOa�A?H;\^IQX�DGd¬R � ��µ�© � �;¸�¿'¾�®�� �;¸�¿Eg#�Q´oDQX�_�M�T�� DGC]AjH;NJÂ�A*NQP³YOa+A?DQ\ªC0\ªX�YOA#C;¿
P�DQ`�A#H�F�H;\^X+IuYOa+AVCON!NGYfC]DQ\^HOA#_½`�NJHO\ªX�AVHO��A�` YOC]F+Â �!K�NQYOa1D�Y�Y]a+AVYOCEDGX�HOÂ�\�YOYOA�CÁDGX�_�YOa+A
COA�`�A#\ �JA�C�R

¸!\ªX�`�AhYOa+AhC]N�NQY1CEDG\ HOA#_r`�NJHO\ªX+Ah�+F+d HOAhHO��A�` Y]COF+Â HOF+�+��COA�HOHOA#H0YOa+AhP.C]A���F+A#X�` �
`�NJÂ���NQX�A�X�Y]H½NQP³YOa+A?HO\^IQX�DQdÁP.NQC |f | > 1+ρ

2Ts
= 1+ρ

2 fs
��\�Y]a

0 ≤ ρ ≤ 1
Y]a+A�C]A

A � \ HSYEH�X+N1H;��A#`�YOCEDGd�N �QA#COd DG�+��\ªX+I½K�A�Y��fA�A#X*YOa�A=P.C]A���F+A�X�` �1YOCEDGX�HOd D�YOA�_ �QA#C]HO\^NQX�H�NQP
Grrc(f)

P.NJC |k| > 1
�4\¬R AQR

Grrc(f)Grrc(kfs − f) = 0; |k| > 1
�,®+R ´�g(�

�Áa!F�H �[P.NQC½Djd^\ªX�A#DGC�Â�N4_4F+d D�Y]A#_nHO\^IQX�DQd ��\ªYOa�CON!NQYsCEDG\ H;A�_n`�N�H;\^X+A1H;��A#`�YOC]F+Â � ��A
IQA�Y�HO\^IQX+\ ��`�DQX�Y³HO��A�` Y]C]DQdU`�NQC]COA#d^DGYO\^NQXjNJX+d��*P.NQC

k = ±1
R�Z�\ªIj®4R �²\ªd^dªF�HSY]C]DGYOA#H�Y]a+A

H;��A#`�YOCEDGd�N �QA�C]d DG�+�+\^X+I1P.NQC�DjC]N!NGY=CEDG\ H;A�_o`�NJHO\^X+A6�+F+d HOA0H;a�DG��A²DGX�_
k = 1

R �Áa+A
DGÂ�NQF�XJY�NGP³H;��A#`�YOCEDGd�N �JA�C]d^DQ�+�+\^X+IjNQK��!\^NQF�HOd �o\^X�`�COA�DQHOA#H ��\�Y]a�\^X�`�COA�DQHO\ªX+I¡A � `�A�HOH
K�DGX�_���\^_4YOacNQC �4A���F+\���DGd^A�X�YOd�������\ªYOac\^X�`�C]A#DJH;\^X+I

ρ
R

�Áa+A0Â½DGIJX+\ªYOF�_4A²NGPÁYOa�A²` �4`�dª\ `6DGF+YON4`�NJCOC]A�d D�Y]\ªNJX¡P.F�X�` Y]\ªNJXoP.NQC�D �VM�¸4k Â�NG¿
_4F+d D�Y]A#_ÃH;\^IQX�DGd�A�Â��+d^N �!\ªX�I~D~C]N!NGY½CEDG\ H;A�_p`�NJHO\ªX+A*HO��A�` Y]COF+Â ��\�Y]a

ρ = 0.22
\ H

_4\ H;�+d D��QA�_0\^X*Z�\ªI�R�®4R ¨�R[©�HÁ��COA�_4\^`�YOA�_ �4YOa�Au` �4`�d^\ `�DQF4YON4`�NQC]COA#d^DGYO\^NQX6\ HBHOF+�+�+C]A#H]H;A�_
P.NQC |k| > 1

R��ÀX?`�NQX�YOCEDQH;YBY]N6YOa�Au�+C]A �!\^NQF�HV`�DQHOA���YOa�As` �4`�dª\ `=`�NJCOC]A�d D�Y]\ªNJX*H;F+COP�DQ`�A#H
D�Y

α = ±fs
��A�DG�0DGY

τ = 0

��� ����� � � ! *�,�	 # /1#�2-, 3 / $ � � $�, � � $%#�2-� 	 , � /�� � ��� 	 2 �43(/ *

�Áa+Aj�³DGF�H]HO\^DQX9Â�\ªX+\^ÂuF�Â HOa+\�P Y½�JA �!\ªX�ID�¬�³i?¸4k"� � ��a+\ `Eap\ H�A�Â��+d^N �QA�_9\^XÃ��¸+i
DGX�_ÃT f� � ��\ H6D~X+NJX+d^\ªX+A�DGC½Â�N4_4F+d D�Y]\ªNJXpY �!��A�� ��a+\ `EaÃÂ�DQ�QA�H�YOa+AcY]a+A�NJCOA�YO\ `�DGd
`�DQd^`�F+d^DGYO\^NQX½NQPlYOa+A³` �4`�dª\ `�DQF4YON4`�NJCOC]A�d D�Y]\ªNJX�P.F+X�` Y]\ªNJX�H ��F+\�Y]A�Ds_4\ �½`�F+dªY�YEDQHO��R �Áa+A
DGX�DQd �4HO\^Hu�+C]N ��\ _4A�_o\ªX9YOa+\ H�H;A�` YO\^NQXp\^HsK�DJH;A�_oNQX�H;A#��DGCED�Y]\ªX+IcY]a+A*�³i?¸4k HO\ªIJX�DGd
\ªX�Y]N6\�YEH�d^\^X+A#DQC�DGX�_cX�NQX+d^\ªX�A#DGC�`�NJÂ���NQX�A�X�Y]HVDGX�_1P.N4`�F�H;\^X+I6NJXcYOa+Asdª\^X+A#DQCB��DQC;Y�NQP
YOa+A�HO\ªIJX�DGd � ��a+\ `Ea�\^HWD���A�C]Â�\ H]H;\^K+d^AÁDQ�+�+C]NJDJ`Ea ��H;\^X�`�AfY]a+A�dª\^X+A�DGCU��DGCOYWNGP�YOa+ABHO\ªIJX�DGd
`�NJXJYEDG\^X�HÁ`�D�R[¾Q¾ �¤NGP�Y]a+A³YONQY]DQdlH;\^IQX�DQd�A�X+A#COI��B� ¨�� �'R

���,��!�4�������4����������$V}1� m 5

�³i?¸4k�`#DGXjK�A�\ªX�YOA#CO��COA�YOA#_?DQH³D²��¿¬d^A �JA�dZW¸4k�Â�N4_4F�d^DGYO\^NQX ��\ªYOahD6Â�N4_4F+d D�Y]\ªNJX
\ªX�_4A � h = 0.5

R �Áa+A=`�NQÂ��+d^A � A#X��QA�d^NQ��A�NGPWD��³i¡¸4kºÂ�N4_4F+d D�Y]A#_1H;\^IQX�DGd�\ H

s(t) = exp
[

j2πh

∞
∑

n=−∞

dn

∫ t

−∞

gf (τ − nTs)dτ
] �¬®4R ´J� �
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��\�Y]a*YOa�AuH �!ÂsK�NJdHOA���F+A�X�`�A
dn ∈ {−1, 1} �+H �!ÂsK�NJd�CED�YOA fs = 1/Ts

DGX�_
gf (t)

D
P.COA ��F+A�X�` �6\^Â���F+d^HOA ��\ªYOa*DsYO\^Â�A�K�DGX�_���\ _!Y]a1��CON4_4F�`�Y

BTs
R

gf (t) =
1

Ts
rect

( t

Ts

)

∗ pGauss(t)
�¬®4R ´Q� �

��a+A�C]A
pGauss(t)

\ H�D½�³DGF�H]H;\ DGX1\^Â���F+d^HOA

pGauss(t) =

√

2π

ln2
· B · exp

(

− 2(πBt)2

ln2

) �¬®4R ´G¨ �

Z+NJCBYOa�A���¸4i H �4H;YOA�Â ��YOa�A=P�DQ`�YONJC
BTs = 0.3

�ÁDQH�`Ea�NJHOA�X � ��a+A�C]A#DJHB\^X?T f� � �
BTs = 0.5

R �ÀX½�+CEDQ` Y]\^`�A��QYOa+AB\^X���X�\�Y]ABdªNJX+Is�³DQF�HOHO\ DGX�\ªÂ��+F�d^HOAB\ H[`�F4Y�YONuD³d^A�X�IGYOa
LTs

��\ªYOa
L ≥ 3

R �ÀX � ¨J� � �!\�Yf\^HÁHOa+N ��X�YOa�DGYÁDs�³i?¸4k�HO\ªIJX�DGd�`�DQX6K�AVCOA#�+C]A#HOA�X�YOA�_
DQHfY]a+A=H;F���A#CO��NJHO\�Y]\ªNJX²NQP

2L−1 A�d^A�Â�A#XJYEDGC �6\^Â���F+d^HOA�P.F+X�`�YO\^NQX�H cK(t)

s(t) =
∞
∑

n=−∞

2L−1
∑

K=1

exp[jπhAK,ncK(t − nTs)]
�¬®4R ´J® �

��\�Y]aoYOa�A²H;Y]D�Y]\^H;YO\ `�DQdªd��o_4A���A�X�_4A�X�YsÂ�N4_4F+d D�Y]\ªX�I¡HOA���F+A�X�`�A
AK,n

� ��a+\ `Ean`�DQX9K�A
A � �+C]A#H]H;A�_0DJH�DuP.F�X�` Y]\ªNJX1NQPY]a+A=_+DGY]D�H;A ��F+A�X�`�A dn

DQHfP.NJdªd^N �BH

AK,n =
n
∑

i=−∞

di −
2L−1
∑

l=1

dk−lvK,l

K =

2L−1
∑

l=1

2l−1vK,l; vK,l ∈ 0; 1
�¬®4R ´Q´ �

�Áa+A�K+\ªYVHOA���F+A�X�`�A
vK,L−1, . . . , vK,1

`�NQC]COA�H;��NQX�_�H�Y]N�YOa+AuK+\ªX�DGC �6COA#�+C]A#HOA�X�Y]DGYO\^NQX
NGP=Y]a+Ah\ªX�_+A � K

R�© �QA#C ��_4A�Y]DQ\ªd^A#_v_4\^H]`�F�HOHO\ªNJX�DGK�NQF+Y²Y]a+Ah_+A�C]\ ��D�Y]\ªNJX�NQP=YOa+A
A�d^A�Â�A�X�YEDGC ��\ªÂ��+F+d HOA�P.NJCOÂ½H

cK(t)
\ H��+CON �!\ _4A#_u\ªX:� ¨Q¨ ��DQX�_�� ¨J� �¬RUZ+NJC

L = 4
��a�\^`Ea

\^H�`�NQÂ�Â�NQX�d �=F�H;A�_u\^X��+C]DJ` Y]\^`�A���Y]a+A��³i?¸4k�H;\^IQX�DGd+`�NJX�HO\^H;Y]HUNQP�Y]a+ABH;F���A#CO��NJHO\�Y]\ªNJX
NGPU»�A�d^A�Â�A�X�Y]DQC �½\^Â��+F+d H;A³P.F�X�` Y]\ªNJX�H�L



g#Ä�� � � � �.���0� 
 �G�<� ��
(� � 
 �0����� �!�%����	�������� ��	�� ��� ��� ��� �.��	6"��3������	��C� ��� ���

s(t) =

∞
∑

n=−∞

exp
[

jπhA0,n

]

c0(t − nTs)

+

∞
∑

n=−∞

7
∑

K=1

exp[jπAK,n]cK(t − nTs)
�¬®4R ´�· �

�'Y�\ H[A�DQHO\ªd���HOA�A#X�YOa�DGY�Y]a+A ��CEH;Y�H;F�Â¤`#DGX½K�A�\^X�YOA�C]�+C]A�Y]A#_½DQH�D�d^\ªX+A�DGC�Â�N4_4F�d^DGYO\^NQXlR
Z+C]NQÂ Y]a+\^H�C]A#DJH;NJX �WY]a+AcK�DQHOA�¿'K�DGX�_p�³i?¸4k H;\^IQX�DGdÁ`�DGX�K�A1C]A���COA�H;A#XJY]A#_pDQHsYOa+A
H;F���A#CO��NJHO\�Y]\ªNJX²NQP�D�d^\ªX�A#DGC�DQX�_cDsX�NQX+d^\ªX�A#DGC�`�NQÂ���NJX+A�X�Y�L

s(t) =

∞
∑

n=−∞

exp
[

jπh

n
∑

i=−∞

di

]

c0(t − nTs)

+

∞
∑

n=−∞

7
∑

K=1

exp[jπAK,n]cK(t − nTs)

= slin(t) + snl(t)
�¬®4R ´Q» �

�ÀXsZ�\^I�RW®4R ®���YOa+A ��CEH;Y�Y��fNV\^Â��+F+d H;A�H
c0(t)

DGX�_
c1(t)

DGC]Af_4\ HO�+d^D��JA#_�P.NJC
BTs = 0.3

R
�'YB`�DGX²K�A�HOa+N ��X6Y]a�D�Y

c0(t)
`�NJX�Y]DG\^X�H

99%
NGPlY]a+A�H;\^IQX�DQd�A�X+A#COI��B� ¨J¨ � �4a�A�X�`�AVY]a+A

�³i?¸4kvH;\^IQX�DQd4`�DGXsK�ABDQ�+�+C]N � \ªÂ½D�Y]A#_�K���\ªY]HUd^\ªX�A#DGC[`�NQÂ���NQX+A#XJY�P�DG\^C]d �=DJ`�`�F�C]DGYOA�d��QR
Z+NJCÁD�_4A�Y]DQ\ªd^A#_1_4\ HO`�F�HOHO\^NQX0NJX0Y]a+\ HÁCOA#�+COA�H;A#X�Y]D�Y]\ªNJX0DGX�_6Y]a+A³A�d^A�Â�A�X�Y]DQC �½\^Â��+F+d H;A
P.F+X�`�YO\^NQX�H

cK(t)
�+H;A#A<� ¨J� �'R �Áa+A�dª\^X+A#DQC���DGCOY�NGP�YOa+A�HO\ªIJX�DGd

slin(t)
`�DGX²K�A ��C]\�YOYOA�X

DQH

s(t) ≈ slin(t) =

∞
∑

n=−∞

znc0(t − nTs)
�¬®4R ´Q¾ �

��\�Y]a1YOa+A=H �!ÂuK�NQdlHOA���F+A�X�`�A

zn = exp
[

jπh
n
∑

i=−∞

di

]

= exp
[

j
π

2
(dn +

n−1
∑

i=−∞

di)
]

= jdnzn−1
�¬®4R ·�Ä �

�'YB`�DQX0K�A³HOa+N ��X½Y]a�D�YÁY]a+AVd^\^X+A#DQCÁDQ�+�+C]N � \ªÂ½D�Y]\ªNJX½NGPlY]a+A=�³i?¸4k�HO\^IQX�DQd�\ HfÂ�NQC]A
DQ`#`�F+CED�Y]AVP.NJCBa+\^IQa+A#C ��DGd^F+A#H�NQP

BTs
� ��a+\ `Ea*\^HBX+NGY�HOF+C]�+CO\ HO\ªX+I �+H;\^X�`�A³YOa+As�³i¡¸4k
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�����76 � 6 �
c0(t)

DGX�_
c1(t)

P.NQC
L = 4

�
BTs = 0.3

H;\^IQX�DGd�`�NQX��QA#COIJA#H�Y]N¡D?i¡¸4k H;\^IQX�DGd[P.NJC
BTs → ∞ �%��a+\ `Ea9\^H�Djd^\^X+A#DQCuÂ�N4_4F4¿

d^DGYO\^NQX?Y ����AQR�¸!\^X�`�A�YOa�A�\^X+�+F+Y�HO\^IQX�DQd�HOA���F+A#X�`�A
dn ∈ {−1, 1} � ��A�HOA�AsYOa�DGY�Y]a+AÂ�N!_+F+d^DGYO\^X+I�H;A �JF�A�X�`�A

zn
\^X

slin(t)
`�NJX�HO\^H;Y]H�NGPDQd�Y]A�C]X�D�Y]\ªX�IsC]A#DQd�DQX�_6\^Â½DGIQ\^X�DQC �

H �!ÂsK�NJd^H#R �Áa+\ H=�+C]NQ��A�COY �?d^A#DJ_+H�Y]N¡Dj`�NQX�±SF+I�D�Y]A0` �4`�d^NJH;Y]DGYO\^NQX�DQC �?K�A#a�D��!\ªNJF+C=\^X
YOa+Au�³i¡¸4k�Â�N4_4F+d D�Y]A#_cH;\^IQX�DGd¬R

 s������
���4�#�  =�l�J7��,�1¢²
����l�Q��������7,�4�#�,���Ã�
���G����������$��9}1� m 5 ��������+7

�¡A6H;Y]DQC;Y=NJF+C=DGX�DGd��!HO\ H ��\ªYOa~Y]a+A6`�NJX�±SF+I�D�YOA½` �!`�dª\ `½DGF+YON4`�NJCOC]A�d D�Y]\ªNJX
Rα

ss∗(τ)
NQP

Dh�³i¡¸4k HO\ªIJX�DGd¬R �ÀX�d^\ªIJaJY�NGPVYOa+A*_4\ H]`�F�H]H;\^NQX�DGK�N �QA��[NQX+d��oY]a+Acdª\^X+A#DQC���DGCOY�NQP
YOa+A�HO\ªIJX�DGd�\ H�`�NQX�H;\ _4A�C]A#_lR�©VHOHOF+Â�\ªX�IsY]a�D�YfYOa�AVY]\ªÂ�\^X+I�NGPYOa+A�HO\ªIJX�DGd�\^HÁF�X+�!X+N ��X
YON1YOa�A½COA�`�A�\��QA#C����fA½`�DQX¡A � ��COA�HOHVYOa�A�YO\^Â�A ��DQC �!\^X+I1`�NQX�±SF�IJD�Y]A½DGF4Y]N!`�NQC]COA#d^DGYO\^NQX
P.F+X�`�YO\^NQX*_4F+A³Y]NsY]a+A�d^\ªX+A�DGCB`�NQÂ���NJX+A�X�Y�NGP�YOa�A=H;\^IQX�DQd�DQHfP.NQd^d^N �BH�L

Rα
ss∗(t + τ/2, t − τ/2) ∼= E{slin(t − ε + τ/2)slin(t − ε − τ/2)}

=

+∞
∑

n=−∞

+∞
∑

m=−∞

E{znzm}c0(t − ε − nTs + τ/2)

· c0(t − ε − mTs − τ/2)
�,®+R ·4g(�

F�HO\ªX+IB�¬®4R ·�Ä �fDQX�_
E{dndm} = E{dnd∗m} = δ[n − m]

���fA�IJA�Y

E{znzm} = (−1)nz2
−∞δ[n − m]

�¬®4R ·G� �
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��\�Y]a*YOa�Au`�NJX�HSYEDGX�Y
z2
−∞ ∈ {−1, 1} ����a+\ `Eaj_4A#��A#X�_+H�NJXcYOa+Au\ªX+\ªYO\ DGdUH;Y]D�Y]A=NGPUY]a+AH;A ��F+A�X�`�A

zn
R �Áa!F�HÁY]a+A�YOa�Au`�NJX�±SF+IJDGYOA=` �!`�dª\ `�DGF+YON4`�NJCOC]A�d D�Y]\ªNJX6P.F+X�`�YO\^NQXj`#DGXcK�A

��CO\ªY;Y]A�X*DQH

Rα
ss∗(t + τ/2, t − τ/2) =

+∞
∑

n=−∞

z2
−∞(−1)nc0(t − ε − nTs + τ/2)

· c0(t − ε − mTs − τ/2)
�,®+R ·G� �

�VK���\^NQF�H;d����
Rα

ss∗(t + τ/2, t − τ/2)
\ H½��A#CO\^N4_4\ `���\�Y]arD~��A#CO\^N4_ÃA���F�DQd�YON

2Ts
�

H;\^X�`�AsY]a+A½H;A ��F+A�X�`�A
(−1)n \ H³��A#CO\^N4_4\^` ��\ªYOaoD0��A�C]\^N!_¡A���F�DQdUYON*��� ��a�\^`EahdªA�DQ_+H

YON0D²`�NJX�±SF+IJDGYOAu` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY � ��\�Y]a?` �4`�dªA�P.C]A���F+A#X�`�\^A#H
α = k/2Ts = kfs/2

�
k = ±1,±2 . . .

RW�hA=`�DQX���C]\ªYOAQL

Rα
ss∗(τ) =

{

R
kfs/2
ss∗ (τ), α = kfs/2

0,
NQYOa+A#C ��\ H;A �¬®4R ·�¨ �

�Áa+A�`�NJX�±SF+IJDGYOA�` �4`�dª\ `�DGF4Y]N4`�NQC]C]A�d D�YO\^NQX6P.F+X�` Y]\ªNJX*`�DGX1K�A=`�DGd `�F�d^DGYOA#_1DQH

R
kfs/2
ss∗ (τ) = z2

−∞ lim
T→∞

1

T

∫ T/2

−T/2

∞
∑

n=−∞

(−1)nc0(t − ε − nTs + τ/2)

. c0(t − ε − τ − nTs − τ/2)e−jk2π(fs/2)tdt.
�¬®4R ·G® �

DQH�\^XnY]a+Ac�+COA��!\ªNJF�Hs`#DQHOA��[A � �+COA�HOHO\^X+IjY]a+Ac�+F+d H;A c0(t)
\ªXnYOA#COÂ½H�NGPV\�YEH½Z+NQF�CO\^A�C

YOCEDGX�H;P.NQC]Â

c0(t) =

∫ ∞

−∞

C0(f)ej2πftdf

DGX�_²C]A#DGd^\^��\^X+IuY]a�D�Y
(−1)n = ejπn d^A#DJ_+HfYON

R
kfs/2
ss∗ (τ) = z2

−∞ lim
T→∞

1

T

∫ T/2

−T/2

∫ ∞

−∞

∫ ∞

−∞

[

exp[j2π
(

f1t − f1ε + f1τ/2

+f2t − f2ε − f2τ/2 − k(fs/2)t
)

]C0(f1)C0(f2)
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.

∞
∑

n=−∞

e−j2πnT [f1+f2−(fs/2)]
]

df1df2dt.
�¬®4R ·�´ �

 � �+C]A#H]H;\^X+I=Y]a+A³\ªX ��X+\ªYOA=HOF+Â NGP��+a�DQHONQCEH�DJHÁDGX0\^X���X�\�Y]A=H;F+Â NQP\^Â��+F+d H;A�H �fA�IQA�Y

R
kfs/2
ss∗ (τ) =

z2
−∞

Ts
lim

T→∞

1

T

∫ T/2

−T/2

∫ ∞

−∞

∫ ∞

−∞

[

exp[j2π
(

f1t − f1ε + f1τ/2

+f2t − f2ε − f2τ/2 − k(fs/2)t
)

]C0(f1)C0(f2)

.
∞
∑

i=−∞

δ[f1 + f2 − fs(i +
1

2
)]
]

df1df2dt.
�,®4R ·Q· �

�ÀX�YOA�IJC]DGYO\^X+I ��\�Y]a1C]A#HO��A#` YÁY]N
f1
YON½A�d^\^Â�\^X�DGYOA�YOa+A�\^Â��+F+d H;A�H�d^A#DQ_�HfYON�L

R
kfs/2
ss∗ (τ) =

z2
−∞

Ts

∫ ∞

−∞

e−j2πfτC0(f)

.

∞
∑

i=−∞

C0(fs
2i + 1

2
− f)e−j2πfs

2i+1
2 (ε−τ/2)

. lim
T→∞

1

T

∫ T/2

−T/2

ej2πfst 2i+1−k
2 dtdf.

=
z2
−∞

Ts

∫ ∞

−∞

e−j2π(fτ+ k
2 fs(ε−τ/2))C0(f)C0(k

fs

2
− f)df

�¬®4R ·�» �

(*�����Q�����#
����4�#�! u�l�Q7,���0¢²
����l�Q��������7,�4�#�,���p��
���Q�#�,������$Á�¡}1� m 5 m �������7

¸!\^X�`�A
slin(t)

\^H³D6d^\^X+A#DQC�Â�N4_4F+d D�Y]A#_¡H;\^IQX�DQd�DQX�_
E{znz∗m} = δnm

��Y]a+A��³i¡¸4k
H;\^IQX�DGd�DQd^HON�A � a+\^K+\ªY]H[X�NQX�`�NQX�±SF+I�D�Y]AB` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY � ��\�Y]a0D�P.F+X�_�DGÂ�A�X�Y]DQd�` �!`�dªA
P.COA ��F+A�X�` �

αf = 1/Ts = fs
R µ�A�`�DQdªd^\ªX�I �¬®4R ®�¨ � ��YOa�Ah` �!`�dª\ `hDGF4Y]N!`�NQC]COA#d^DGYO\^NQX
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s
f /2

|C ( )|-ff /2s0|C (f)|0

Í)¹_Ô

|C (f)|0 |C ( )|-ffs0

Í)§$Ô

�����76 � 6 � ¸!��A#`�YOCEDGdQN �JA�C]d^DQ�+�+\^X+I�P.NQC �,D ��Y]a+A�`�NJX�±SF+I�D�YOAWDQX�_ �.K ��YOa+A[X�NQX�`�NQX�±SF+I�D�Y]A
` �4`�d^\ `�DQF4YON4`�NQC]COA#d^DGYO\^NQX½P.F+X�` YO\^NQX�H
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�����76 � 6 ��ijDGIJX+\�Y]F�_4A³NGP�YOa+A�`�NJX�±SF+I�D�YOAu� �4`�d^\ `V©�F4YON4`�NJCOC]A�d D�Y]\ªNJX0Z+F�X�` Y]\ªNJX²A�HSY]\�¿
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P.F+X�`�YO\^NQX1P.NQCÁY]a+\^H�`�DQHOA�`�DQX²K�A�IQ\��QA#X²DQH#L

Rkfs
ss (τ) =

1

Ts

∫ ∞

−∞

e−j2π[(fτ+kfs(ε−τ/2)]C0(f)C0(kfs − f)df
�,®+R ·G¾ �

:=	��j¹ �����Q����$���	�j«�
�7���� m 	� § �
 ��F�D�Y]\ªNJX�H �¬®4R ·�» �=DGX�_ �,®+R ·G¾ �³HOa+N �£YOa�DGY=YOa+A1H;��A#`�YOC]F+Â NGPfYOa+A²�+F+d H;A½P.F�X�` Y]\ªNJX
c0(t)

_4A�YOA�C]Â�\ªX�A#H�YOa+A�H;a�DQ��AVNGP�K�NGYOa²`�NQXG±SF+IJDGYOA�DQX�_½X+NJX�`�NJX�±SF+IJDGYOA�DQF4YON4`�NQC]COA#d^DG¿
YO\^NQXcP.F+X�` YO\^NQX�H�NQP�Y]a+AsHO\^IQX�DQd,R�¸!\^X�`�AuH;��A#`�YOC]F+Â NGPUYOa�Au�+F+d HOA��

C0(f)
��DJHOHON4`�\ D�YOA�_

��\�Y]ajY]a+Asd^\^X+A#DQC���DGCOYVNGP�YOa+A½�³i?¸4k�HO\^IQX�DQd\ H �JA�C �cX�DGC]CON � ��YOa�A�HO��A�` Y]C]DQdN �JA�CO¿
d^DQ�+�+\^X+I�K�A�Y��fA�A�X

C0(f)
DQX�_

C0(kfs −f)
\ªX �¬®4R ·�¾ � � ��a+\ `Ea½\ HW\ªd^d^F�HSY]C]DGYOA�_�\ªX6Z�\^I�R

®4R ´ ��K ��P.NQC
k = 1

\ H��QA#C �²H;Â½DGd^d �+dªA�DQ_4\^X+I�Y]N6DGX*DGd^Â�NJH;Y�YONGYEDGd�HOF+�+��COA�HOHO\ªNJX²NQPUYOa+A
X+NQX�`�NQXG±SF+IJDGYOAÁ` �4`�d^\^`fDGF+YON4`�NJCOC]A�d D�Y]\ªNJX�P.F+X�`�YO\^NQXlRU@BN �fA �JA�C �#Y]a+A�H;��A#`�YOCEDGd4N �JA�C]d^DQ�4¿
�+\^X+I½K�A�Y���A#A�X

C0(f)
DGX�_

C0(kfs/2 − f)
��a+\ `Ea*DG�+��A#DQC]HÁ\^XcYOa+A�A � �+COA�HOHO\^NQX²P.NQC

YOa+A�`�NJX�±SF+I�D�YOA�` �4`�d^\ `sDQF4YON4`�NJCOC]A�d D�Y]\ªNJX1P.F+X�` Y]\ªNJX ��\ HVÂsF�`Ea?d DGC]IQA#C���DQHV\ªd^d^F�HSY]C]DGYOA�_
\ªX9Z�\^I�Rj®4R ´ �,D � �Â½DG�!\^X+IcYOa�A²`�NJX�±SF+I�D�YOA6` �4`�d^\^`6H;Y]DGYO\ ` Y]\^`#H=NGPÁY]a+A²�³i?¸4k HO\ªIJX�DGd
YOa+A�d^NQIJ\^`#DGd�`Ea+NJ\^`�AVP.NJCÁYOa+A���F+CO��NJHOA³NGPUDG\^C�\ªX�YOA#C;P�DJ`�A³\ _4A�X�YO\ ��`#D�YO\^NQX�R

�Áa+AuÂ½DGIJX+\ªYOF�_4AuNGPUYOa+A�`�NJX�±SF+IJDGYOA=` �!`�dª\ `=DQF4YON4`�NJCOC]A�d D�Y]\ªNJX0P.F�X�` Y]\ªNJX
Rα

ss∗(τ)NGP�D1�³i?¸4k HO\ªIJX�DGd ��\�Y]a
BTs = 0.3

\ HVHOa+N ��X*\^X¡Z�\^I�R�®+R ·�� ��a�A�C]A=YOa�A�_4\ H]`�C]A�YOA
` �4`�d^\ `�`�NQC]C]A�d D�YO\^NQX�HOF+C;P�DJ`�A�HUNGP�YOa+A�HO\^IQX�DQd�D�Y

α = ±fs/2
DQCOA�`�dªA�DGC]d � ��\ HO\ªK+d^AQR �Áa+A

Â½D � \ªÂsF+Â¦DQÂ�NJF+X�Y�NGPW`�NQC]C]A�d D�YO\^NQX0N!`#`�F+CEH�D�Y
τ = 0

R

��� ��� � � � � � ��2��43 /�* 	

�ÀXrDGX ��ZUTVi%H �4H;YOA�Â �fYOa�AjM�¸4k NQC ��©�i Â�N4_4F+d D�YOA�_Ã\ªX+P.NQC]Â�DGYO\^NQX�H ��ÂsK�NJd^H
DGC]AuY]C]DQX�HOÂ�\ªY;Y]A#_?N �QA�C�ÂuF�d�Y]\ª�+d^A6`�DQCOC]\^A�CEHB\^X¡��DQC]DQdªd^A�d¬R ��ZUT�i F�HOA#H�N �JA�C]d^DQ�+�+\^X+I
`�DQCOC]\ªA#C]H�P.NJC6Y]a+AjY]C]DQX�H;Â�\ HOHO\^NQXlR �Áa+A#COA�P.NQC]AcYOa+AhH �!ÂsK�NJd �ÁD��QA�P.NJCOÂ½H�P.C]NQÂ NQX�A
\ªX�_4\ �!\ _4F�DQd�F�HOA�CsÂ�N!_+F+d^DGYOA�_oNQX9_4\ $�A�C]A�X�Y�`#DGC]CO\^A�CEH�N �QA#COd DG� ��\ªYOanA�DQ`EaoNQYOa+A#Cu\^X
YO\^Â�A�DQX�_�P.C]A���F+A�X�` �QR �Áa+AVK�DQHOA�K�DGX�_���ZUT�i HO\ªIJX�DGd�`�DQX½K�A�A � �+C]A#H]H;A�_½DQHfDuHOF+Â
NGPUH;\^X+IQd^A�`�DQCOC]\ªA#CÁÂ�N4_4F�d^DGYOA#_cHO\ªIJX�DGd H

s(t) =

√

1

Nc

∞
∑

n=−∞

Nc−1
∑

i=0

dn,ie
j2πi∆f(t−nTs−ε)gR(t−nTs−ε)e−j2π Nc−1

2 ∆ft �,®+R »JÄ �

��a+A�C]A
dn,i

\ H�YOa�AjX � YOar\^X4P.NQC]Â½D�Y]\ªNJXÃH �!ÂuK�NQdBÂ�N4_4F+d D�Y]A#_ÃNJXÃYOa+Aj\ � YOar`�DQCOC]\^A�C �
Nc

\^H�Y]a+AjX!F+ÂsK�A#C6NGP�`�DQCOC]\ªA#C]H��
∆f

\^H6YOa+Aj`#DGC]CO\^A�C6HOA���DQC]DGYO\^NQX �
ε
\ H½Y]a+A*F+X+��¿

X+N ��X�H �!ÂuK�NQd!Y]\ªÂ�\^X+I�DGX�_
gR(t)

\ H�YOa+A�C]A#`�Y]DQX+IQF+d DGCU�+F�d^HOAfP.F+X�` Y]\ªNJX�NGP�d^A�X�IGYOa
Ts
R

Ts = Tu+Tg
\ H�YOa+AÁH ��ÂsK�NJd!dªA#X+IGY]a � ��a+A#COA

Tu = 1/∆f
\^HYOa�AfF�H;A�P.F+d+H �!ÂsK�NJd!_+F4¿

C]DGYO\^NQX6DQX�_
Tg
\^H�YOa+A�d^A�X+IQYOa6NQP�YOa+A�IQF�DQC]_�\^X�YOA#C ��DGd¬RW©�H]H;F�Â�\^X+IuYOa�DGY�YOa�A ��ZUT�i
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1.2

Cyclic Autocorrelation Function of an OFDM  signal

α/f
s

τ⋅∆f

�����76 � 6 � ijDQIQX+\ªYOF�_+A�NQP�Y]a+A²� �4`�d^\^`�©BF+YON4`�NJCOC]A�d D�Y]\ªNJX �H;YO\^Â½D�YOA�NQPÁDQX ��ZUT�i
H;\^IQX�DGd¬R

H �!ÂsK�NJd�\^HÁA � Y]A�X�_+A#_c` �4`�d^\ `�DGd^d��½\ªX1YOa�A�IQF�DQC]_0\ªX�YOA#C ��DQdlDGX�_0YOa�DGY dn,i
\^HB`�A�X�YOA#COA�_

\,R \¬R _�R��4Y]a+A³YO\^Â�A ��DQC �!\^X+I�DGF4Y]N!`�NQC]COA#d^DGYO\^NQX6NQPY]a+A=HO\ªIJX�DGdl`#DGX1K�A�A � ��COA�HOHOA#_²DQH#L

Rss(t + τ/2+, t− τ/2) = A
∞
∑

n=−∞

Nc−1
∑

i=0

ej2πi∆fτe−j2π Nc−1
2 ∆fτ

gR(t − nTs − ε + τ/2)g∗
R(t − nTs − ε − τ/2)

��\�Y]a
A = σ2

d/Nc
DGX�_

σ2
d = E{dn,id

∗
n,i}

R �Áa+\^H6A � �+C]A#H]H;\^NQX�`�DQXÃK�A*P.F�C;Y]a+A�C
H;\^Â��+d^\���A�_²YON�L

Rss(t + τ/2, t − τ/2)=A
sin(πNc∆fτ)

sin(π∆fτ)

�¬®4R »+g(�

·
∞
∑

n=−∞

gR(t − nTs − ε + τ/2)g∗
R(t − nTs − ε − τ/2)

�'YV\ H�A�DQHO\ªd��²HOA�A#X*YOa�DGY
Rss(t + τ/2, t − τ/2)

\^H���A#CO\^N4_4\^`u\ªX
t
��\ªYOa¡D½��A#CO\^N4_

A���F�DQd4YON
Ts
�Ja+A�X�`�A�YOa�A ��ZUTVi HO\ªIJX�DGd�A � a+\^K+\�YEH[X+NJX�`�NJX�±SF+I�D�YOAB` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY �
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��\�Y]a*Ds` �!`�dªA�P.C]A���F+A#X�` �
α = k/Ts = kfs

R �Áa+A�` �4`�dª\ `³DGF4Y]N!`�NQC]COA#d^DGYO\^NQX½P.F�X�` Y]\ªNJX
`�DQX²K�A=`�DQd^`�F+d^DGYOA�_²DJH�L

Rkfs
ss (τ) = A

sin(πNc∆fτ) sin[πkfs(Ts − |τ |)]
πksin(π∆fτ)

ej2πkfsε �¬®4R »J� �

�Áa+A½Â½DGIJX+\�Y]F�_4A�NGPfYOa�A0` �4`�d^\ `�DQF4YON4`�NQC]COA#d^DGYO\^NQXjP.F�X�` Y]\ªNJX¡P.NJC=DGX ��ZUTVi HO\ªIJX�DGd
��\�Y]a

Nc = 15
�
Tu = 16Ts/21

\^HBHOa+N ��X*\^XjZ�\ªI�R�®+R » � ��a+A#COA�Y]a+Au_4\ H]`�C]A�YOA=` �4`�d^\^`
DGF4Y]N4`�NQC]C]A�d D�YO\^NQX=HOF+COP�DQ`�A#HUD�Y�YOa+AÁa�DQCOÂ�NJX+\^`#H�NQP�Y]a+A�H �!ÂuK�NQd!CED�Y]A

α = k/Ts = kfsDGC]A���A#C;P.A�` YOd��~_4\^H]`�A#COX�\ªK+d^AQR �Áa+A½��A#DG�4H�NQPÁYOa+A6` �!`�dª\ `½DGF+YON4`�NJCOC]A�d D�Y]\ªNJX¡N4`�`�F+C=D�Y
τ = ±Tu = ±1/∆f

����a+A�C]A�YOa+A�P�DQ`�YONJC sin(πNc∆fτ)
sin(π∆fτ)

YEDG�QA�Hf\�YEH�Â½D � \ªÂsF+Â ��DQdªF+AJR
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�ÀXpD~�fTVij© H �!H;YOA#Â �UYOa+A1COA�`�A#\ �JA#_9HO\ªIJX�DGdf`�NJX�H;\ H;Y]HsNGPBY]a+A1HOF+Â NGP�DGd^d�Y]a+A²\^X4¿
_4\���\ _4F�DQd[F�HOA�C=HO\ªIJX�DGd H#R �ÀXoHOA#`�YO\^NQXo®4R �4R ·�� �fA�a�D��QA�A#H;Y]DQK+d^\^HOa+A#_?YOa�A½P�DQ`�Y�Y]a�D�Y�D
`�NJÂ���NJHO\ªYOA6HO\ªIJX�DGd ��a�\^`Ea9`�NQX�HO\^H;Y]H=NGPÁYOa+A1H;F�Â NQP�H;Y]DGYO\ HSY]\^`#DGd^d �¡\ªX�_4A���A�X�_+A�X�Y�HO\�¿
IQX�DQd^Hua�DQHsD?` �!`�dª\ `0DQF4YON4`�NQC]COA#d^DGYO\^NQX¡P.F+X�` Y]\ªNJX ��a+\ `Ea9\ H=Y]a+A²HOF+Â NGPB\^X�_4\��!\^_+F�DGd
` �4`�d^\ `6DGF4Y]N4`�NQC]C]A�d D�YO\^NQXhP.F+X�` YO\^NQX�H�R?Z�CONJÂ Y]a+\ HuC]A#DJH;NJX ��Y]a+A²` �4`�d^\^`²DGF4Y]N!`�NQC]COA#d^DG¿
YO\^NQXnP.F+X�` Y]\ªNJXpNQPBYOa�A²Y]NGYEDGd��fTVi?© HO\^IQX�DQdf\ H�A���F�DQd�Y]N?Y]a+A*H;F�Â NGP�Y]a+Ac` �4`�d^\^`
DGF4Y]N4`�NQC]C]A�d D�YO\^NQX�P.F+X�` YO\^NQX�HÁNGP�YOa�A�C]A#`�A�\��QA�_½F�HOA�CÁH;\^IQX�DQd^H��!DGX�_²_4A���A�X�_�H�NJX0Â½DGX��
P�DQ`�YONQCEH�� ��a�\^`Eac\^X�`�d^F�_4A

• �Áa+A³Y]NGYEDGd�X!F+ÂuK�A�C�NGP�DJ` Y]\ �JA�F�H;A#C]HÁ\^X0Y]a+A=H �!H;YOA#Â �

• �Áa+AuX�D�Y]F+COA�NQPY]a+A�F�HOA�C�HO��A#`�\ ��`�HO�+C]A#DQ_+\ªX+I½`�N!_+A#H�A#Â���dªN �JA#_²K �0YOa+Au\ªX�_+\�¿
�!\ _4F�DGd�F�H;A#C]H��

• ��a+A�YOa+A#C�DJ_+_4\ªYO\^NQX�DQdH]`�CEDGÂsK+dª\^X+I6\ HBA#Â��+dªN �JA#_cNJC�X+NQY���DGX�_cY]a+AuX�D�YOF�COA=NQPY]a+A=HO`�C]DQÂuK+d^\^X+I�`�N4_4A�F�HOA#_ �

• �Áa+A?COA#d^DGYO\��QAjDGÂ��+d^\ªYOF�_4A�H � ��\ªYOa���a�\^`EaÃY]a+Aj\^X�_4\���\ _4F�DQd�F�HOA�C²H;\^IQX�DQd^H0DGC]A
C]A#`�A�\��QA#_ �

• �Áa+A�C]A�d D�Y]\ �JA�Y]\ªÂ�A=_4\ $�A�C]A�X�`�A�NGP�DQCOC]\���DQd�NGPUF�H;A#CBH;\^IQX�DGd H�R
�ÀX�YOa+A�P.NJdªd^N ��\^X+I � �fA�DGC]AÁIQNQ\^X+I�YON=_+A�Â�NQX�H;YOCED�Y]AfYOa�DGY�H;\^IQX�DGd HUNGP�\ªX�_+\ �!\ _4F�DGd�F�H;A#C]H
A � a+\^K+\ªY�` �4`�dªN�HSYED�YO\^NQX�DGC]\�Y �!��\ªYOap` �4`�d^A½P.C]A���F+A�X�`�\^A#H fs = 1/Ts

DGX�_
fc = 1/Tc

R
�Áa+A�H;\^IQX�DGd�NGP�YOa�A

l
� YOa1F�H;A#C�\ªX*D6�fT�ij© H �4H;YOA#Â `�DQX²K�A�IQ\��QA#X1DJH

xl(t) =

+∞
∑

n=−∞

Q
∑

q=1

dn,lcl,qg(t − nTs − qTc − εl)
�¬®4R »Q� �
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��a+A�C]A
Q = Ts/Tc

\ H�YOa+ABHO�+C]A#DQ_+\ªX+I³HOA���F+A�X�`�AfdªA#X+IGY]a �
dn,l

Y]a+AB_+DGY]D³H;A ��F+A�X�`�A�NQP
YOa+A

l
� YOa²F�HOA�CÁDGX�_

cl,q
\ H�YOa+A³`�N4_4A³H;A ��F+A�X�`�A�NQP�YOa+A

l
� YOa²F�H;A#C#R �Áa+AVYO\^Â�A ��DGC �!\ªX�I

DGF4Y]N4`�NQC]C]A�d D�YO\^NQX6P.F+X�` Y]\ªNJX1P.NQCÁYOa�\^HBHO\^IQX�DQdl`�DGX1K�A=`�DGd `�F�d^DGYOA#_1DQH#L

Rxlxl
(t + τ/2, t − τ/2) = E

{

+∞
∑

n=−∞

+∞
∑

m=−∞

Q
∑

q=0

Q
∑

p=0

dn,lcl,qd
∗
n,lc

∗
l,p

· g(t − nTs − qTc − εl + τ/2)

· g∗(t − mTs − pTc − εl − τ/2)
} �¬®4R »G¨ �

��a+\ `Eac`#DGX1K�A=HO\^Â���dª\ ��A#_²Y]N�L

Rxlxl
(t + τ/2, t − τ/2) = σ2

d

+∞
∑

n=−∞

Q
∑

q=0

Q
∑

p=0

cl,qc
∗
l,p

· g(t − nTs − qTc − εl + τ/2)

· g∗(t − nTs − pTc − εl − τ/2)
�,®+R »�® �

�'Y�`#DGX9K�A²A�DQHO\ªd��~H;A#A�XoY]a�D�Y�YOa+A²\ªX�X+A�C�_4NQF�K+dªA1H;F�Â YOA�C]Â \ªX �,®4R »J® ��C]A��+C]A#HOA�X�YEH
YOa+A��+C]N4_4F�`�Y�NQP[YOa+A½HOa+\ªP YOA#_ �QA#C]HO\ªNJX�HVNGP[Y]a+A½`�N4_4A�H;A �JF�A�X�`�AuNGPfdªA#X+IGY]a

Ts
R �Áa+A

NQF4Y]A�C[HOF+Â�Â½D�YO\^NQX�Y]A�C]Â£`�DQF�HOA#H�YOa�A�COA#��A�YO\ªYO\^NQX½NGP�YOa�A�d^DQI���CON4_4F�`�Y ��\�Y]a6D���A#CO\^N4_
NGP

Ts
��Y]a!F�H ��Y]a+A½H;\^IQX�DGd�A � a+\^K+\�YEH³X+NQX�`�NQXG±SF+IJDGYOAs` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY ����\ªYOa~D0` �!`�dªA

P.COA ��F+A�X�` �
1/Ts = fs

RB@�N ��A��QA�C �4\ªYV\ HBNQK��!\^NQF�HÁY]a�D�Y�YOa+A�` �4`�d^\^`uDGF4Y]N!`�NQC]COA#d^DGYO\^NQX
P.F+X�`�YO\^NQX*_4A���A�X�_+H�NQX²YOa�A���DGCOYO\ `�F+d DGC�`�N!_+A=H;A �JF�A�X�`�A�NQP�Y]a+A�F�HOA�C�L

Rkfs
xlxl

(τ) =
σ2

d

Ts

∫ ∞

−∞

e−j2π[(fτ+kfs(ε−τ/2)]Cl(f)Cl(kfs − f)df
�,®+R »J´ �

��a+A�C]A
Cl(f)

\^HnYOa�AvZ+NJF+C]\ªA#C9YOCEDGX�HSP.NJCOÂ NGP*YOa�A���DQC;Y]\^`�F+d^DQCp`�N!_+A �fD��JA�P.NJCOÂ
cl(t) =

∑Q
q=1 cl,qg(t − qTc)

R �Áa+A�C]A�DGC]A�HOA �JA�CEDGd��+CEDQ` Y]\^`#DGd��+C]NQK�dªA#Â�H�DJHOHON4`�\ D�Y]A#_
��\�Y]a¡F�H;\^X+I²YOa+A½` �4`�dªN�HSYED�YO\^NQX�DGC]\�Y � ��\�Y]ajY]a+A½H �!ÂuK�NQd�P.C]A���F+A#X�` �

fs
DQH�D6P.A�D�Y]F+COA

P.NQCBDQ\ªC�\^X�YOA�COP�DQ`�AV\ _4A#XJY]\���`�D�Y]\ªNJXlR

• ¸!NJÂ�A=�fT�ij© H �4HSY]A�Â½H �!P.NJC�A � DGÂ��+d^A � ��µB©�¿ÀZUTVT�DQX�_0¿ ��T�T�DGd^d^N ��YOa+AF�HOAhNGP ��DGC]\ DGK+d^A?H ��ÂsK�NJd³C]DGYOA#H���DJ`�`�NJC]_+\ªX+I9YON9Y]a+AhF�H;A#C²X�A�A#_�H�R �Áa+\ H²\^H
DJ`�`�NJÂ��+dª\ HOa+A#_³K��³F�HO\ªX+IVH;�+C]A#DJ_4\^X+IB`�N4_4A�H ��\ªYOau_+\�$�A�C]A�X�Y�HO�+C]A#DJ_4\ªX�IÁP�DQ` Y]NQCEH�R
@�A�X�`�A��ÁYOa�Aj\ªX�_4\ �!\ _4F�DQd�F�HOA�C1H;\^IQX�DQd^H�Â½D��pa�D��QAj_4\ $�A�C]A�X�Y²H ��ÂsK�NJdBCED�YOA�H �



� � � ��� �G� 	;" � �%����	�� ��� � �4�
	 � 

�����2
�"(	�� � 	�� �  �����!�%����	�� � � � �C�;��" gQgJg

d^A#DJ_4\ªX�IsY]N6_4\ $�A#COA#XJYB` �!`�dªA³P.C]A���F+A#X�`�\^A#HfP.NJC�A#DJ`Ea0F�HOA�C�R

• �ÀXhH;NJÂ�A�`�DJH;A�H ��H]`�CEDGÂuK�dª\^X+I6Â½D��cK�A�F�HOA#_?\ªXhDQ_+_4\ªYO\^NQX?YON0YOa+A�F�HOA�C³H;��A#`�\�¿
��`�HO�+C]A#DQ_+\ªX+I�R ��HOF�DQdªd����lH]`�CEDGÂsK+dª\^X+I²\^H³��A�COP.NQC]Â�A#_jN �JA�C�ÂuF+dªYO\^�+d^A½H �!ÂuK�NQd
��A�C]\ªN4_+H���_4A�HSY]CON �!\^X+I=Y]a+A=` �4`�dªN�HSYED�YO\^NQX�DGC]\�Y � ��\ªYOa1YOa+A�H �!ÂuK�NQd�CED�YOA�DQX�_0\^X4¿
Y]CON4_4F�`�\ªX�I�D�X+A �n` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY � ��\�Y]auY]a+AÁCOA�`�\^�+CON4`#DGd�NGP�Y]a+A�HO`�C]DQÂuK+d^\^X+I
`�N!_+A�dªA#X+IGY]a

1/Tsc
R

• ¸!\^X�`�A ��ABDQCOA�\^X½H;A�DGCE`EasNQPlD³IQA�X�A�CEDGd+HONQd^F4YO\^NQX�YON³Y]a+ABC]A#`�NQIQX�\�Y]\ªNJXs�+C]NQK�dªA#Â �Y]a+A�_4A#��A#X�_4A�X�`�ABNQP�Y]a+AB` �4`�d^\ `�DGF4Y]N!`�NQC]COA#d^DGYO\^NQXuP.F+X�` Y]\ªNJX½NQX�YOa�A���DGCOYO\ `�F+d DGC
`�N!_+A=H;A �JF�A�X�`�A#HÁ\ HÁF+X�_4A�H;\^C]DQK+d^AQR

�ÀXcYOa+AuP.NQd^dªN ��\^X+I �+\�Y�\^HVH;a�N ��X²Y]a�D�YVYOa+A=YO\^Â�A ��DGC ��\^X+I6DQF4YON4`�NJCOC]A�d D�Y]\ªNJX0P.F�X�` Y]\ªNJX
a�DQH�D¡��A#CO\^N4_4\ `²`�NQÂ���NJX+A�X�Y � ��a+\ `Eap_4N!A�HsX�NGY6_4A���A�X�_nNJX9YOa�AcHO�+C]A#DJ_4\ªX�I¡`�N4_4A
H;A ��F+A�X�`�AQR��,®+R »�® �f`�DQX²K�A�C]A � �+C]A#H]H;A�_6\^X²Y]a+A³P.NQd^d^N ��\ªX+I�Â½DGX+X�A�C�L

Rxlxl
(t + τ/2, t − τ/2) = σ2

d

+∞
X

n=−∞

Q
X

q=1

Q
X

p=1
p6=q

cl,qc
∗

l,pg(t − nTs − qTc − εl + τ/2)

· g∗(t − nTs − pTc − εl − τ/2)

+ σ2
d

+∞
X

n=−∞

Q
X

q=1

|cl,q |
2g(t − nTs − qTc − εl + τ/2)

· g∗(t − nTs − qTc − εl − τ/2)
z �$U � �Z~

¸!\ªX�`�A |cl,q |2 = 1
DGX�_

QTc = Ts
��Y]a+A�HOA#`�NQX�_VYOA#COÂ NQPF�¬®4R »�· ��`�DQX�K�AfH;\^Â��+dª\ ��A�_

YON½D�H;\^Â��+d^A=H;F+Â�Â½D�Y]\ªNJX

σ2
d

+∞
∑

q=−∞

g(t − qTc − εl + τ/2)g∗(t − qTc − εl − τ/2)
�,®+R »J» �

�BNQYOA²YOa�DGYsY]a+\^H�Y]A�C]Â \^H���A�C]\ªN4_4\ `���\�Y]apD¡��A#CO\^N4_9NGP
Tc
DQX�_n_+N�A�HuX�NGY½_4A���A�X�_

NQX?YOa+A���DQC;Y]\^`�F+d^DQC³F�H;A#C�`�N4_4A��DGX�_?\�Y=\ H³DQ` Y]F�DGd^d��cYOa+A½H]DGÂ�A�YOA�C]Â YOa�D�Y=DG�+��A#DQC]H
\ªX9YOa+A0YO\^Â�A ��DGC �!\ªX+IjDQF4YON4`�NQC]COA#d^DGYO\^NQXhP.F+X�`�YO\^NQX9NQP�Djd^\ªX+A�DGCsÂ�N4_4F�d^DGYOA#_nH;\^IQX�DQd �
DQH�\^X �,®+R ¨�» � R �ÀXoNGYOa�A�C �fNQCE_+H���D*H;\^X+IJdªA½F�HOA�C=HO\^IQX�DQd�DGd �fD��4H�A � a+\^K+\ªY]Hs` �4`�d^NJH;Y]DG¿
YO\^NQX�DQCO\ªY ����\ªYOahYOa+A½`Ea+\^�hC]DGYOA

fc = 1/Tc
��DJH�D²C]A#HOF+dªY�NGP�Y]a+A�\ªÂ��+F�d^HOA6H;a�DG�+\^X+I �

COA#IJDQC]_4d^A#H]H�NQPBYOa+AcH;YOC]F�` Y]F+COA²NQCsYOa+A1d^A�X+IQYOanNQPBYOa�A²��DQC;Y]\^`�F+d DGCs`�N4_4A²A#Â��+dªN �JA#_�R
�Áa!F�H ��Y]a+A½` �4`�d^\^`sDGF4Y]N4`�NQC]C]A�d D�YO\^NQX1P.F+X�` YO\^NQXhNGPfD0HO\ªX+IJdªA½�fTVi?© HO\^IQX�DQd�`�NQX�HO\^H;Y]H
NGPÁD1`�N4_4A½_4A���A�X�_+A�X�Y=`�NQÂ���NQX+A#X�Y�� ��a+\ `Ea~\^H³X�NQX+�#A�C]N6P.NQC

α = kfs
DQX�_¡D1`�N4_4A
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�����76 � 6 " ijDGIJX+\ªYOF�_4A1NGPVYOa+A?� �4`�d^\ `²©�F4YON4`�NJCOC]A�d D�Y]\ªNJX �H;YO\^Â½D�YOAcNQPVD~�fT�ij©
H;\^IQX�DGd¬R

\ªX�_4A���A�X�_+A�X�Y�`�NQÂ���NJX+A�X�Y � ��a�\^`Eao\ H=X+NJX+��A#CONcP.NJC
α = k/Tc = kfc

R �'Y�H;a+NJF+d _
DGd H;NuK�A�X+NGY]A#_6YOa�DGY�Y]a+AV`Ea+\^�0CED�Y]A

fc = Qfs
\�YEH;A#d�P�\ HÁDGd H;NsDGX0\^X�YOA#IQA�C�ÂuF+dªYO\^�+d^AVNQP

YOa+A=H �!ÂuK�NQd�CED�Y]AQR[Z+C]NQÂ�YOa+\ H�C]A#DQHONQX �JY]a+A³YONQY]DQd�` �4`�d^\ `�DQF4YON4`�NQC]COA#d^DGYO\^NQX6P.F�X�` Y]\ªNJX
D�Y=Y]a+A0` �!`�dªA6P.COA �JF�A�X�` �

α = k/Tc = kfc
a�DQH�K�NGY]anD*`�N4_4A0_+A���A�X�_4A#X�Y�DGX�_oD

`�N4_4A1\ªX�_4A���A�X�_+A�X�Y6`�NQÂ���NQX+A#X�Y#Ro@BN �fA �JA�C �W\�Y½`�DQXnK�A1HOa+N ��X9Y]a�D�Y�YOa�A1`�NQX�YOC]\�¿
K+F4Y]\ªNJX²P.C]NQÂ¦YOa+A=`�N4_4A=_4A���A�X�_4A�X�Y�YOA#COÂ \ªX �¬®4R »�· �f_4\^Â�\ªX�\^HOa+A#H���DJHÁYOa+A=DQ��A#CO\^N4_4\ `
DGF4Y]N4`�NQC]C]A�d D�YO\^NQXuP.F+X�`�YO\^NQXB� �GÄ ��NQP�YOa+AB`�N!_+A�H;A ��F+A�X�`�A�DG�+�+C]NJDJ`Ea+A#HY]a+AB\ _4A#DQd�_4A�dªY]D
P.F+X�`�YO\^NQX � ��a+\^`Eas\^HW_+A#HO\ªCEDGK+d^A�P.NQC��fT�ij©�`�N4_4AÁH;A ��F+A�X�`�A#H��QHO\ªX�`�Af`�N4_4A#H ��\ªYOa�H;F�`Ea
DGF4Y]N4`�NQC]C]A�d D�YO\^NQX*��CONJ��A#C;Y]\ªA�HVDQCOAsÂ�NJCOAsCONJK+F�H;Y³DQIJDQ\ªX�H;Y�Y]a+A�A $�A#` YEH³NGP�ÂsF+dªYO\^��D�Y]a
�+C]NQ��DQIJD�Y]\ªNJXlR

�Áa+As`�N!_+A=\ªX�_4A���A�X�_+A�X�Y�`�NQÂ���NJX+A�X�Y�\^X*Y]a+As` �!`�dª\ `=DQF4YON4`�NJCOC]A�d D�Y]\ªNJX0P.F�X�` Y]\ªNJX
NGPlY]a+A�F�H;A#C�H;\^IQX�DQd�C]A�Â½DQ\ªX�H�F+X�`Ea�DGX+IJA#_½A��QA�X²\�P�HO`�C]DQÂuK+d^\ªX�Iu\ H�`#DGC]CO\^A#_½NJF4Y#RW©VH�D
Â½D�Y;Y]A�C�NQPlP�DQ`�Y���H]`�CEDGÂsK+dª\^X+IsF�H;F�DGd^d �6\^Â��+C]N �QA#H�YOa�A³DQF4YON4`�NQC]COA#d^DGYO\^NQX0`Ea�DQC]DJ` Y]A�C]\^H;¿
YO\ `�HfNGP�Y]a+A�F�H;A#C�H;\^IQX�DQd^H��JP.F+C;Y]a+A�CÁ_4A�`�C]A#DQHO\^X+I�YOa�A�`�N!_+A�_4A#��A#X�_4A#X�` �JR�¸!\ªX�`�A�A��QA#C �
F�HOA�C=HO\ªIJX�DGdUA � a+\^K+\ªY]H=` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY � ��\ªYOahY]a+A6`Ea+\^�¡CED�Y]A�NQP�Y]a+A6H �4H;YOA#Â ��YOa+A
YONQY]DGdfC]A#`�A#\ �JA#_oHO\ªIJX�DGdfDGd H;N?A � a+\^K+\�YEHs` �!dªN�HSYED�YO\^NQX�DGC]\�Y � ��\�Y]a fc

R �Áa�A�C]A�P.NQC]A��UA � ¿
�+d^NQ\ªYO\^X+I6Y]a+As`Ea+\^�?CED�Y]Au` �4`�dªN�HSYED�YO\^NQX�DGC]\�Y �²\^H�YOa+AsdªNJIQ\ `�DQd`Ea+NJ\^`�A=P.NQC�YOa+A��+F+C]��NJHOA
NGPUDG\^C�\ªX�YOA#C;P�DJ`�A³\ _4A�X�YO\ ��`#D�YO\^NQX²P.NQCBD6�fT�ij©�HO\ªIJX�DGd¬R
Z\^I�R�®+R ¾�_4\ HO�+d^D��4H�YOa�A�Â�DQIQX+\ªYOF�_4A³NGP�Y]a+A=` �4`�dª\ `³DGF4Y]N!`�NQC]COA#d^DGYO\^NQX½P.F�X�` Y]\ªNJX1NQP

D�H �!X�`Ea�CONJX+NQF�H[�fT�ij©rHO\ªIJX�DGd �GK�DJH;A�_�NQX � ��µB©B¿'ZUT�Tv_+N ��X+dª\^X+��H;��A#`�\���`#D�Y]\ªNJX�H�R
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�Áa+AjX!F+ÂsK�A#C6NGP�F�HOA�CEH
L = 16

DGX�_pY]a+A?HO�+COA�DQ_4\^X+I9`�N!_+A*dªA#X+IGY]a�\^H
Q = 16

�
YOa+AcH]`�CEDGÂuK�dª\^X+I?`�N!_+A0d^A�X+IQYOan\ H

Qsc = 38400
R �Áa+A²\ªX�_+\ �!\ _4F�DGdÁF�HOA�CEHsA�Â��+d^N �

�VM�¸4kvÂ�N!_+F+d^DGYO\^NQX ��\ªYOa½C]N!NGY[CEDG\ H;A�_s`�NJHO\ªX+A���F+d^HOA�HOa�DG��A��JF�HO\ªX+I=D=CONJdªdª¿¬N $½P�DQ`�YONQC
ρ = 0.22

R �Áa+A=` �4`�d^\ `�DQF4YON4`�NQC]COA#d^DGYO\^NQX0HOF+COP�DQ`�A�H�D�Y
α = ±fc

DGC]A³`�dªA�DGC]d � �!\ H;\^K+d^AQR
�Áa+A½` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY �*`�DQF�H;A�_jK��*Y]a+A½HO`�C]DQÂuK+d^\ªX�I1HOA���F+A#X�`�A�_4NcX+NGY=DQ�+��A�DGC³\^X
YOa+\ H³A#H;YO\^Â½D�Y]A��lHO\ªX�`�AuY]a+A�NQK�HOA�C ��D�Y]\ªNJXjdªA#X+IGY]a?NQP[YOa+A�A�HSY]\ªÂ½D�Y]NQC³\ H�HOa+NJC;Y]A�CVYOa�DQX
YOa+A=H]`�CEDGÂsK+d^\ªX+I�`�N4_4A³��A�C]\ªN4_

Tsc = 38400Tc
R

��� ����� ��� �"!�#%$�/�* *�2�3(� � �"3(� $�/1#�2-,43

©£HO\^IQX�DQd
y(t)

`�NJX�Y]DG\^X�H³D ��X+\�Y]A½HSY]COA#X+IGY]a¡DQ_�_4\�Y]\ �JA�HO\^X+A �ÁD��QA�`�NJÂ���NQX�A�X�Y ��\ªYOa
P.COA ��F+A�X�` �

f0
��HOD��

Aej2π(f0t+θ) \ªPY]a+A=Z+NJF+C]\ªA#CÁ`�N!A5�6`�\^A�X�Y

bf0 = lim
T→∞

1

T

∫ T/2

−T/2

y(t)e−j2πf0tdt
�¬®4R »Q¾ �

\^HsX+NJX+��A#CONjDQX�_o\ HuA �JF�DGd[Y]N
bf0 = Aej2πθ R �ÀXnYOa+\ Hs`#DQHOA���YOa�A0��N ��A#CsHO��A�` YOCEDGd

_4A�X�H;\ªY �½NGP
y(t)

\^X�`�dªF�_+A#H�D�H;��A#`�YOCEDGd�dª\^X+A�D�Y
f = f0

R �Áa�D�Y�\ H ��Y]a+A³M�¸4T�`�NQX�Y]DQ\ªX�H
YOa+A=DJ_+_4\ªYO\��QA�YOA#COÂ

|bf0 |2δ(f − f0)
�¬®4R ¾QÄ �

��\�Y]a1YOa+A=_4\^CEDQ`³_4A�dªY]DsP.F+X�` YO\^NQX
δ(·)Z+C]NQÂ�Y]a+Au` �!`�dªN!A#COIJN!_+\^`�_4A ��X+\�Y]\ªNJX�H�NQP�Y]a+A=` �4`�dª\ `�DGF4Y]N4`�NQC]C]A�d D�YO\^NQX0P.F+X�`�YO\^NQX�H

IQ\��QA#X²\^X �¬®4R^g�® ��DQX�_ �,®4R^g#´ � �4\ªYB\^HÁNJK���\^NQF�HfYOa�DGY�DJ_+_4\ªYO\��QA�HO\ªX+A �ÁD��QA³`�NJÂ���NJX+A�X�Y]H
`�DQXhK�A6C]A�IJA�X+A#C]DGYOA#_jP.CONJÂ ` �4`�d^NJH;Y]D�Y]\ªNJX�DGC �jHO\ªIJX�DGd H³F�HO\ªX+IjHONj`�DQdªd^A#_~_4A#d^D���¿ÀDGX�_4¿
ÂuF+dªYO\^�+d�� ��T�i ��X+NJX+dª\^X+A�DGC]\�Y]\ªA�H �4DQHf\^dªd^F�H;YOCED�Y]A#_6\^XcZ\^I�R[®+Rªg�Ä � ��a+A�C]A�Y]a+A³NQ�4Y]\ªNJX�DGd
`�NJÂ���dªA � `�NJX�±SF+IJDGYO\^NQX¡NQ��A�CED�YO\^NQX¡a�DQH³K�A�A#Xh_+A�X+NQYOA#_¡K�� (∗) DGX�_?YOa+A½_4A#d^D��?��D�¿C]DQÂ�A�YOA#C0\ Hc_4A�X+NQYOA�_rDQH

Td
R �Áa+A~Z+NJF+CO\^A�Cc`�N!A �½`�\ªA#X�Y]H1`�NQC]C]A#HO��NJX�_4\^X+I~YONpYOa+A

COA#IQA#X+A�CED�Y]A#_0HO��A#` Y]C]DQd�dª\^X+A�H�`�DGX1K�A�A � �+C]A#H]H;A�_²DJH�L

bf0 = lim
T→∞

1

T

∫ T/2

−T/2

x(t)x∗(t − Td)e
−j2πf0tdt = Rf0

xx(Td)e
−j2πf0Td/2 �¬®4R ¾+g �

P.NQCÁY]a+A=TVi X+NJX+d^\ªX+A�DGC]\�Y � ��\ªYOa*`�NQÂ��+d^A � `�NQX�±SF�IJD�Y]\ªNJX²DQX�_ �

b̃f0 = lim
T→∞

1

T

∫ T/2

−T/2

x(t)x(t − Td)e
−j2πf0tdt = Rf0

xx∗(Td)e
−j2πf0Td/2 �¬®4R ¾J� �
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×

Td

x(t)
(*)

y(t)

�����76 � 6 � z �Áa+A=TVA�d D���¿'DQX�_!¿[i*F+dªYO\^�+d��0X+NJX+d^\ªX+A�DGC]\�Y �

P.NQC�Y]a+A[T�i _4A �!\ `�A%��\ªYOa+NJF4Y`�NJÂ��+dªA � `�NQX�±SF+I�D�Y]\ªNJXVNJ��A#C]DGYO\^NQX³COA�H;��A#`�YO\��QA#d �JR �Áa�F�H �
YOa+A�\^XJY]A�X�HO\ªY �½NGPlY]a+A�H;��A#`�YOCEDGd�dª\^X+A³COA#IQA#X+A�CED�Y]A#_�K��6Ds_+A�d D��J¿ÀDGX�_!¿¬ÂsF+dªYO\^�+d ��_4A���\ `�A
\^H�DQ`�YOF�DQdªd��1A���F�DGd�YON0YOa+AsÂ�DQIQX+\ªYOF�_4AuNQP�Y]a+A�`�NQC]C]A#HO��NJX�_4\^X+IB��`�NJX�±SF+I�D�YOAsNQCVX+NQX4¿
`�NJX�±SF+IJDGYOA ��` �!`�dª\ `�DGF4Y]N!`�NQC]COA#d^DGYO\^NQX�P.F+X�` YO\^NQXcD�Y

α = f0
DGX�_

τ = Td
R �Áa�A�C]A�P.NQC]A��

\ªX�NJC]_+A�C�YONnCOA#IQA�X�A�CED�YOA²YOa�A?H;��A#`�YOCEDGdVdª\^X+A���\ªYOarÂ½D � \^ÂuF+Â ��N�HOHO\^K+dªA*\^X�YOA#X�H;\ªY �
D�Y³YOa�A�P.COA �JF�A�X�` �

f0
��YOa+A½_4A#d^D��?��DGCEDGÂ�A�Y]A�C

Td
a�DQH�Y]N*K�A½`Ea+N�H;A#XhHOF�`Ea¡YOa�DGY=\�Y

HODQÂ��+dªA�H[Y]a+A�`�NJCOC]A#HO��NJX�_4\^X+Iu` �!`�dª\ `�DQF4YON4`�NQC]COA#d^DGYO\^NQX6HOF+C;P�DJ`�A�D�YÁ\^HfÂ½D � \^ÂuF+Â ��D�¿
dªF�AQR �Áa+\^H�\^X�YOA�C]�+C]A�YED�YO\^NQX�DGd H;N�`�d DGC]\���A#HYOa+AÁC]A#DJH;NJX � ��a ����YOCEDQ_4\ªYO\^NQX�DGd^d ����YOa+A�_4A#d^D��
��DGCEDGÂ�A�YOA�C�\^H�`Ea+NJHOA�X½DQH

Td = Ts/2
P.NQC�C]A�IJA�X+A#C]DGYO\^X+I�H �!ÂsK�NJd�CED�YOABHO��A#` Y]C]DQd�d^\ªX�A#H

P.NQC6d^\^X+A#DQC½Â�N4_4F�d^DGYOA#_�HO\^IQX�DQd^H#LjZ+C]NQÂ Z\^I�R ®4R^gc\�Y0\ H½NJK �!\^NQF�H�Y]a�D�Y0P.NQC6d^\ªX�A#DGC
Â�N!_+F+d^DGYOA�_1HO\^IQX�DQd^H ��\ªYOa*C]A#`�Y]DQX+IQF+d DGCÁ�+F�d^HOA=H;a�DG��A#H��+YOa�A=` �4`�d^\^`uDGF4Y]N!`�NQC]COA#d^DGYO\^NQX
H;F�C;P�DJ`�A�`�NQC]COA�H;��NQX�_4\ªX�I�YON

α = 1/Ts
A � a+\^K+\ªY]H�Â½D � \^Â�D�D�Y τ = ±Ts/2

�GDQX�_�\ªYWa�DQH
D���A�C]N½D�Y

τ = 0
R[@�N ��A��QA#C��!\ªPUD��+F+d HOA³HOa�DQ��A ��\ªYOacC]N�NQY�C]DQ\^HOA#_²`�NJHO\^X+A�H;��A#`�YOC]F+Â

\^H�F�HOA#_ ��YOa+AsNQ�4Y]\ªÂsF+Â ��DGd^F+AuNQP�Y]a+As_+A�d D��²��DQC]DQÂ�A�YOA#CB\ H
Td = 0

� ��a+\ `Ea?`�DQX*K�A
H;A#A�X1\ªX*Z�\^I�R�®4R ¨�R

}1� m 51w]� § �!�Q�.�U�0� § �!�G�#���+7Á7������!�
¸!\^X�`�A�YOa�A��³i¡¸4kºHO\ªIJX�DGd�A � a�\ªK+\ªY]HÁK�NGY]a*`�NQXG±SF+IJDGYOA³DGX�_²X+NQX�`�NQXG±SF+IJDGYOA³` �4`�d^NJH;Y]DG¿
YO\^NQX�DQCO\ªY ����K�NGYOa �QA�CEHO\ªNJX�H�NGPWY]a+AsT�i _+A �!\^`�As`#DGX*K�AsA#Â���dªN �JA#_1P.NQC�YOa+A�HO��A�` YOCEDGd
dª\^X+A�IJA�X+A#C]DGYO\^NQXlR
Z\^IJH#R�®4R^gQg³DGX�_c®+Rªg��u_+\^HO�+d D��½YOa+A=HO��A#` Y]C]DQd�dª\^X+A�H�COA#IQA#X+A�CED�Y]A#_½P.C]NQÂ D��³i¡¸4k

H;\^IQX�DGd ��\�Y]a
BTs = 0.3

K��6DsT�i _+A �!\^`�A ��\ªYOa1`�NJÂ���dªA � `�NQXG±SF+IJDGYO\^NQX6NJ��A#C]DGYO\^NQX ���a+\ `Eac`�NQC]COA�H;��NQX�_+H�YON�YOa�A�X+NQX�`�NQX�±SF�IJD�Y]A�` �4`�d^\^`�DQF4YON4`�NQC]COA#d^DGYO\^NQX6P.F�X�` Y]\ªNJX ��DGX�_
K��¡D*T�i X+NQX+d^\^X+A#DQCO\ªY �!��\ªYOa+NJF4Ys`�NJÂ��+dªA � `�NQX�±SF+I�D�Y]\ªNJX � ��a+\ `Eao`�NJCOC]A#HO��NJX�_+HVYON
YOa+A²`�NQXG±SF+IJDGYOA6` �4`�dª\ `6DGF+YON4`�NJCOC]A�d D�Y]\ªNJXjP.F+X�`�YO\^NQXoC]A#HO��A�` Y]\ �JA�d��QRcZ+NQCuK�NQYOa9`�DJH;A�H �
YOa+A½_4A#d^D��*\ H�`Ea+N�H;A#X¡DQH

Td = 0
\^X¡NJC]_4A#C�YONcCOA#IQA#X+A�CED�Y]A=YOa�A�NJ�4YO\^ÂuF�Â H;��A#`�YOCEDGd

dª\^X+A�H�RW©�H�_+\^H]`�F�H]HOA#_½\^X1HOA#`�YO\^NQX²®+R ��R � ��YOa+A��³i?¸4k£H;\^IQX�DQd�A � a+\ªK�\�YEH�X�NQX�`�NQX�±SF+I�D�Y]A
` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY � ��\�Y]aÃDh` �4`�dªA1P.C]A���F+A�X�` �

α = 1/Ts = fs
��a+N ��A��QA#C

Rfs
xx(τ)
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Spectral lines generated for a GMSK signal
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Spectral lines Generated for an OFDM Signal

�����76 � 6 � | M�¸4TrNGP+Y]a+A�TVi NQF4Y]�+F4YWP.NJCUDQX ��ZUT�i HO\ªIJX�DGdF� ��\�Y]a�`�NQÂ��+d^A � `�NJX�±SF4¿
IJDGYO\^NQX �

\^H �QA#C � ��A�DG�¡K�A�`�DGF�H;A6NQP�YOa+A²�+F+d H;A²H;a�DQ��A0\ªX��QNJd �JA#_�R �Áa�A�C]A�P.NQC]A��YOa�A²HO��A�` YOCEDGd
dª\^X+A6DGY

f = fs
\^X~Z�\^I�R²®+RªgJg�\^H�DQd^HON �QA�C �!�fA#DQ�?DGX�_h_4\ �6`�F+dªY=YONj_+A�YOA�` Y=F+X�_4A�C

X+NQ\ HOAQR �BNJX+A�Y]a+A�d^A#H]H��lDQHVA � ��A�` Y]A#_ ��Y]a+A½H;��A#`�YOCEDGdUdª\^X+A�D�Y f = fs/2
\^X¡Z�\^I�Ru®4R^g��

`�NJCOC]A#HO��NJX�_4\^X+I=Y]N
R

fs/2
xx∗ (Td)

\^HfP�DQ\ªC]d �²HSY]CONJX+I�DQX�_1ÂuF�`Ea1A#DJH;\^A�CfY]N6_4A�Y]A#` Y�R

¼½��¥1� w]� § �!�Q�����1� § �!�G�����+7f7��,��!�
�Áa+A ��ZUTVi HO\ªIJX�DGd4A � a+\ªK�\�YEHWNQX+d��uX�NQX�`�NQX�±SF+I�D�Y]AÁ` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY ����a+A�X�`�ABD�T�i��\�Y]a²`�NQÂ��+d^A � `�NJX�±SF+IJDGYO\^NQX½a�DJH[Y]NuK�AVF�H;A�_½P.NQCÁHO��A�` YOCEDGd�dª\^X+A�COA#IQA#X+A�CED�Y]\ªNJXlR �Áa+A
M�¸4T NGP�Y]a+A²T�i NQF+YO�+F4YsP.NQCuYOa+A���Z�T�i HO\ªIJX�DGd�NGP�HOA#` Y]\ªNJXn®4R �+R �c\^Hs_4\ H;�+d D��QA�_
\ªXpZ\^I�R~®4R^g#� � ��a�A�C]A½YOa+A1H;��A#`�YOCEDGdfdª\^X+A�Hs`�NQC]COA�H;��NQX�_+\ªX+IcY]N¡_4\ H]`�C]A�YOA²` �4`�d^\^`²DGF4¿
YON4`�NJCOC]A�d D�Y]\ªNJX1HOF+COP�DQ`�A#HBDGY�a�DGC]Â�NQX+\ `�HÁNQP

1/Ts
DGC]A���A�COP.A#` Y]d � �!\^HO\^K+dªAJR �Áa+Au_4A#d^D��

��DGCEDGÂ�A�YOA�CW\ H�`Ea�NJHOA�X½DQH
Td = 1/∆f

� ��a�A�C]A�YOa+AV` �4`�d^\^`�DGF4Y]N!`�NQC]COA#d^DGYO\^NQXsA � a+\^K+\�YEH
H;a�DGC]�0��A#DG�4H#R

 s¥²��¢6w]� § �!�Q�����1� § ���Q�����+7Á7��,��!�
Z�\ªX�DQdªd�����YOa+A²TVi NJF4YO�+F+Y=P.NQC³Y]a+A1�fT�ij©�HO\ªIJX�DGd[_4A�HO`�CO\^K�A#_h\ªX9HOA#`�YO\^NQXo®4R �+R ¨c\^H
_4\ H;�+d D��QA�_~\ªX�Z�\ªI�Rn®4R^g�¨�R

Td = 0
�ÁDQHs`Ea+NJHOA�XoY]N¡NJK4Y]DQ\ªX9YOa+AcH;��A#`�YOCEDGdfdª\^X+AcD�Y

f = 1/Tc = fc
��\ªYOa1Y]a+A�Â½D � \ªÂsF+Â¦��NJH]HO\ªK+d^A³\ªX�Y]A�X�HO\�Y �JR
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Spectral lines generated for a CDMA Signal

�����76 � 6 � & Mf¸4T�NGP�YOa�AVT�i NQF4Y]�+F4YfP.NQCfD��fT�ij©�HO\ªIJX�DGd � ��\ªYOa1`�NQÂ��+d^A � `�NJX�±SF4¿
IJDGYO\^NQX �

µ�A�IJA�X+A#C]DGYO\^NQX�NGP�H;��A#`�YOCEDGd+d^\ªX�A#HWF�HO\^X+I=D³_4A�d D��sDQX�_�ÂuF+dªYO\^�+d��s_4A���\ `�A�a�DQHWK�A�A#X
F�HOA#_~\^XoYOa+A²dª\ªYOA#C]DGYOF+C]A½P.NJCu�+C]A#HOA�X�`�A0_4A�YOA#`�YO\^NQXoNQP�T�¸ �Q¸+¸oHO\ªIJX�DGd H�F+X�_4A�C�X+NQ\ HOA
\ªX� ¨�®(�UDGX�_ � ¨J´ � �4P.NJC�YOa+A=_+A�YOA�` Y]\ªNJX1NQPUYOa+A=`Ea�DQX+X+A#d�DGd^dªN4`#D�YO\^NQX1\^X4P.NQC]Â½D�YO\^NQX1\^XjD
H;��A#`�YOC]F+Â ��N!NJdª\^X+I²H �4HSY]A�Â \^X�� ¨!· � ��P.NQC�Â�N!_+F+d^DGYO\^NQX*Y �!��As`�d^DJHOHO\���`�D�Y]\ªNJX*NGP�Mf¸4k
DGX�_hi?¸4k H;\^IQX�DGd H�\^X � ¨�» �[NQC�P.NQC�H �!X�`Ea+C]NQX+\^�#DGYO\^NQXj�+F�CO��NJHOA#H�\^XD� ¨J¾ �¬R�@BN �fA �JA�C �
YOa+\ H���DG��A�CEH�a�D��QAfDGX�DQd �4HOA#_³Y]a+AÁH;��A#`�YOCEDGd!dª\^X+AfCOA#IQA#X+A�CED�Y]\ªNJX ��\�Y]a+NQF4Y[DQX �³Â�A�X�Y]\ªNJX
NGPYOa+A=`�NQX�`�A��4YBNQP�` �4`�dªN�HSYED�YO\^NQX�DGC]\�Y �JR

��� ����� �.&(' ' /1$ �

�Áa+A[` �4`�dªN�HSYED�YO\^NQX�DGC �BH;\^IQX�DQdQDGX�DGd��!HO\ H��+CON �!\ _4A#_V\^X³YOa+\ HlHOA#` Y]\ªNJX�H;a+N �BH�YOa�DGY�H;\^IQX�DQd^H
P.CONJÂ _4\�$�A�C]A�X�Y½DG\^Cu\^X�YOA�COP�DQ`�A#HsA � a+\^K+\ªY�_4\ $�A�C]A�X�Y��!\^X�_+HsNGPV` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY �jP.NQC
_4\ $�A#COA#XJY ��DGd^F+A#HVNGP[Y]a+Au��DGCEDGÂ�A�Y]A�CEH

α
DGX�_

τ
R �DJ`EajNGPWY]a+A�\ªX��QA�HSY]\ªI�D�Y]A#_*HO\ªIJX�DGd

Y �!��A�HVa�DQH�H;a+N ��X¡`�NQXG±SF+IJDGYOA�DGX�_ ��NQCVX+NQX�`�NQX�±SF�IJD�Y]As` �!`�dªN�HSYED�Y]\ªNJX�DGC �0K�A�a�D��!\^NQF+C
��\�Y]aj` �4`�d^A³P.C]A���F+A�X�`�\^A#HBDQX�_c_4A�d D��4H�COA#d^DGYOA�_6Y]N½YOa+AsH �!ÂuK�NQd�NQCB`Ea+\^�*C]DGYOA�HÁNGPUYOa+A
��DGCOYO\ `�F�d^DQCUH �4HSY]A�ÂcR �DQK+dªA�®+Rªg�HOF+Â�Â½DGC]\ª�#A#H�YOa�A�COA�H;F+dªY]H[NGP�Y]a+A�DQX�DGd��4H;\ HP.CONJÂ�YOa�\^H
H;A�` Y]\ªNJX � ��a+A#COA

τ0
_+A�X+NQYOA#HWYOa+A ��DGd^F+A�NQP�Y]a+A�d^DQI³��DGCEDGÂ�A�Y]A�C ��P.NQC%��a�\^`Ea�YOa�AB` �4`�d^\^`

DGF4Y]N4`�NQC]C]A�d D�YO\^NQX²H;F+COP�DQ`�A#H�Y]DQ�QA�YOa�A�\^CBÂ½D � \ªÂsF+Â ��DGd^F+AJR
©�H]H;F+Â�\^X+I1YOa�DGY�YOa+A6¸!NQP Y��fDQCOA�µBDJ_4\ªN1C]A#`�A#\ �JA�C³�!X+N �BHVYOa+A���DQC;Y]\^`�F+d DGC�` �4`�d^NG¿

HSYED�Y]\ªNJX�DGC �¡K�A�a�D���\^NQCsNGP�A�DQ`EanDQ\ªCs\ªX�Y]A�COP�DQ`�A1H;\^IQX�DGd�YON?K�AcCOA�`�NJIQX+\^��A�_ � ��a+\^`Ean\^H
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\'*-,Z%TOZ5|�t�'y . ha2Z%"FB2Z%��e�8,gO_(+. �C2Z%��^�",gO_(+.
τ0F@�'FB5-2/De(<O_(+*P2Z%TO_9+*-(l� F:�8F@5P2ZDe(<O=(+*-2/%"O=9+*6(^�

�|*-%8.wO=9}QH2$A8�85PO=(+.wA
α0 = 1/Ts

h �Z�
Ts/2>m*6(+G39+.BF@(<O=%",Z�"5PO=9cy"�85PDE.

�|*-%8.wO=9}QH2$A8�85PO=(+.wA
α0 = 1/Ts

h �Z� £
>m*6(+G39E9+F�y"�85-DE.
��0�\'�

α0 = 1/Ts α0 = 1/2Ts

£	&)2Z9}4 2Z(+G
�YJKW�0

α0 = 1/Ts

h �Z�
1/∆f�CW�0��u>m*6(+G39E9+Fay"�"5-DE.

α0 = 1/Tc

h �Z� £
:f�4� 6 � 6 � � �4`�d^NJH;Y]DGYO\^NQX�DQC ��K�A�a�D��!\^NQF+C�NQP�_4\ $�A�C]A�X�Y�H;\^IQX�DGd�Y �!��A�H

\ªX¡`�NQX�`�F+C]COA#X�`�A ��\�Y]a*YOa+A½¸4µ�H;YOC]F�`�YOF+C]As_4\ HO�+d^D��JA#_c\^X?Z�\ªI�RugJRªg���Y]a+As��CONJK+dªA#Â NQP
DG\^CV\^X�YOA#C;P�DJ`�A�COA�`�NQIJX+\ªYO\^NQX*C]A#_4F�`�A#HV\�YEH;A#d�P�YON²YOa+A�_4A�YOA#`�YO\^NQXhNGP[Y]a+A��+COA�H;A#X�`�AsNGPÁD
��DGCOYO\ `�F�d^DQC[` �4`�d^\^`�H;\^IQX�DGYOF+C]A��Q\,R AQR�YON³Y]a+AV_+A�YOA�` Y]\ªNJX�NQPl` �4`�d^NJH;Y]DGYO\^NQX�DQC ��K�A�a�D��!\^NQF+C
\ªX1Y]a+A=C]A#`�A#\ �JA#_1H;\^IQX�DGd�P.NJC�`�A#C;YEDG\^X ��DGd^F+A�H�NGP

α
DQX�_

τ
R �Áa+A�X�A � Y�H;A�` Y]\ªNJX1\^X��QA�HS¿

YO\^IJDGYOA#HsDGX9DJH �!Â��4YONQYO\ `�DQdªd��¡`�NQX�H;Y]DQXJYuP�DGd H;A0DQd^DQCOÂ CED�YOA �¬�fZ4©�µ��³YOA�HSY �%��a+\ `Eao\^H
_4A �!\ H;A�_0A � DQ` Y]d �6P.NQCÁYOa�\^H���F+CO��NJHOAQR

��! � � ��� �20 �/�LF'1& %.-�� /�' /�6�'K4#%"7 %"& �1@�6�?�%"L 'K+ 'K4#%JI
7�+.- @��,/ �:+�� 4�%<;�-

�Áa+\ H�HOA#` Y]\ªNJX³�+CON �!\ _4A#H�D�Â�A�YOa�N!_�P.NJC_4A�YOA�` YO\^X+I�Y]a+A[�+C]A#HOA�X�`�A[NQP4` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY �
\ªXcD�IQ\��QA#X1HO\ªIJX�DGd�A#Â���dªN �!\^X+IuY]a+A=H;Y]D�Y]\^H;YO\ `�DQd�YOA#H;Y�P.NQCÁY]a+A³�+C]A#HOA�X�`�A�NQP�`�NQX�±SF+I�D�Y]A
` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY ��� ��a+\ `Ea�a�DQH�K�A#A�Xu_4A��QA#dªNJ��A�_³K ��T�DGX�_�D �fDGYOAW\^X � ®QÄ ��P.NQC_+\^H]`�C]A�Y]A
YO\^Â�A��+C]N4`�A�HOHOA#H ��a+\ `EauA � a+\^K+\ªY[`�NQXG±SF+IJDGYOA�` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY ����NQX=Y]a+AfN �QA�CEH]DGÂ��+d^A#_
COA�`�A#\ �JA#_�H;\^IQX�DQd

x[i] = x(iTsample)
DQX�_�H;a+N �nYOa�DGY[\�Y�`#DGX�K�A�A � YOA#X�_4A#_sY]N=_4A�Y]A#` Y

X+NQX�`�NQXG±SF+IJDGYOA³` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY �6DGd H;N�R
�Áa+A�YOA�HSYV�+CON �!\ _4A#_²\^XcYOa+\ H�HOA#`�YO\^NQX*`Ea+A#`E�4HÁP.NJC�D�IQ\��QA#X*` �4`�d^A³P.COA ��F+A�X�` �

α =
α0
��YOa+A��+C]A#HOA�X�`�AuNQP[YOa+A½`�NQX�±SF+I�D�Y]As` �4`�dªN�HSYED�YO\^NQX�DGC]\�Y �0P.CONJÂ D0_+DGY]D1H;A#IQÂ�A�X�YVNQP

dªA#X+IGY]a
To
R �Áa+A�_4\ HO`�COA�YOAfYO\^Â�A �QA�CEHO\ªNJXuNGP�YOa+AÁA�HSY]\ªÂ½D�Y]\ªNJXsNQP�Y]a+A�`�NQXG±SF+IJDGYOAÁ` �4`�d^\^`

DGF4Y]N4`�NQC]C]A�d D�YO\^NQX6P.F+X�` Y]\ªNJXc\^H�IJ\ �JA�X1DQH � ®GÄ �'L

R̂α
xx∗(v)=

1

To

To−1
∑

i=0

x[i]x[i + v]e−j2παi �¬®4R ¾Q� �

��\�Y]a
v
Y]a+Aj_4\ HO`�COA�YOA �QA#C]HO\ªNJX9NGPVYOa+Acd DGIh��DGCEDGÂ�A�YOA�C

τ
RÃ@BA�C]A���YOa+A*DJHOH �!Â�A�YOC]\^`

_4A ��X+\�Y]\ªNJXcNGP�Y]a+A=`�NJX�±SF+I�D�YOA�` �!`�dª\ `³DGF4Y]N4`�NQC]C]A�d D�YO\^NQX6P.F+X�` Y]\ªNJXc\^H�F�H;A�_ �+H;\^X�`�A
v/2_4N!A#HÁX+NQYBA � \ HSYÁP.NQC�N4_+_ ��DGd^F+A�HÁNGP v

\ªX1YOa�A=_4\^H]`�C]A�Y]A³d^DQI�_+NQÂ½DG\^XlR
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�Áa+A�`�NQX�±SF�IJD�Y]AV` �!`�dª\ `�DQF4YON4`�NQC]COA#d^DGYO\^NQX�A#H;YO\^Â½D�YOA³`�DQX6K�A ��C]\�YOYOA#X²DQH�YOa�A�HOF+Â
NGPYOa+A=DJ` YOF�DGd ��DGd^F+A=DGX�_6Y]a+A�A#H;YO\^Â½D�YO\^NQX1A�C]C]NQC

∆α
xx∗(v)

R̂α
xx∗(ν) = Rα

xx∗(v) + ∆α
xx∗(v)

�¬®4R ¾G¨ �
��NQX�HO\^_+A�C]\ªX+IuYOa+A³IJA�X+A#C]DQd�`#DQHOA��#��a+A�C]A���COA�H;A#X�`�A�NGP` �4`�d^A#Hfa�DQH�YON�K�A�`Ea�A#`E�QA�_

P.NQC�D½HOA�YVNGPWd^DQIJH
v
��CED�Y]a+A�CÁY]a�DGXjD½HO\^X+IQd^A=NQX�A���D

1 × 2N
C]N � �JA#` Y]NQCB`�NQX�HO\^H;YO\^X+I

NGP[`�NJX�±SF+I�D�YOA=` �4`�d^\^`=DQF4YON4`�NQC]COA#d^DGYO\^NQX0A�HSY]\ªÂ½DGYOA#HVD�YBY]a+Au` �!`�dªA=P.COA �JF�A�X�` �
α = α0`�DQX²K�A=_4A ��X+A#_cDQHfP.NJdªd^N �BH#L

r̂xx∗ =
[

Re
{

R̂α0
xx∗(v1)

}

, ..., Re
{

R̂α0
xx∗(vN )

}

, Im
{

R̂α0
xx∗(v1)

}

, ..., Im
{

R̂α0
xx∗(vN )

}] �¬®4R ¾J® �
��\�Y]a½YOa�A � � A#_½d DGI�H v1, ..., vN

R �Áa+ABC]N � �JA#` Y]NQC[NQP�YOa+A�YOC]F+A���DGd^F+A#H�NGP�Y]a+A�`�NJX�±SF4¿
IJDGYOA�` �4`�d^\ `�DQF4YON4`�NQC]COA#d^DGYO\^NQX

rxx∗

\ HB_4A���X+A#_cHO\ªÂ�\^d^DQCOd��6DQH#L

rxx∗ =
[

Re
{

Rα0
xx∗(v1)

}

, ..., Re
{

Rα0
xx∗(vN )

}

, Im
{

Rα0
xx∗(v1)

}

, ..., Im
{

Rα0
xx∗(vN )

}] �¬®4R ¾Q´ �
DGX�_0YOa�A�A#H;YO\^Â�DGYO\^NQX1A�C]CONJC �QA#`�YONJC

∆xx∗

∆xx∗ =
[

Re
{

∆α0
xx∗(v1)

}

, ..., Re
{

∆α0
xx∗(vN )

}

, Im
{

∆α0
xx∗(v1)

}

, ..., Im
{

∆α0
xx∗(vN )

}] �¬®4R ¾�· �
H;N�Y]a�D�Y �fA�`�DGX ��C]\�Y]A

r̂xx∗ = rxx∗ + ∆xx∗

�¬®4R ¾Q» �
��HO\ªX�I³YOa+\ H �QA�` Y]NQCO¿¬Â½D�Y]CO\ � X+NQY]D�Y]\ªNJX ��Y]a+AB_4A�Y]A#`�YO\^NQX�NGP�YOa+A��+COA�H;A#X�`�AÁNQP�`�NQX�±SF+I�D�Y]A
` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY �0`#DGX*K�A=P.NQC]ÂuF�d^DGYOA#_1\^X*YOA#COÂ½H�NGP�D½K+\^X�DQC �²a �!��NGY]a+A#HO\^HBYOA�HSY]\ªX+I
�+C]NQK+d^A�ÂcR[��\ �JA�X²YOa�DGY�YOa+A�a��!��NGYOa�A#HO\^H

H0
C]A��+C]A#HOA�X�Y]H�Y]a+A=`�DJH;A ��a+A#COA

x(t)
_4N!A#H

X+NGY�A � a�\ªK+\ªY�`�NJX�±SF+I�D�YOA�` �!`�dªN�HSYED�Y]\ªNJX�DGC]\�Y � ��\ªYOa1YOa�A=` �4`�d^A�P.COA �JF�A�X�` � α0
DQX�_²YOa+A

a�����NGY]a+A#HO\ H
H1

C]A��+C]A#HOA�X�YEH�YOa+Af`�DJH;A%��a+A#COA
x(t)

_4N!A#H�A � a+\^K+\�YU`�NJX�±SF+IJDGYOA�` �4`�d^NJH;Y]D�¿
YO\^NQX�DQCO\ªY ����Y]a+AfP.NQd^dªN ��\^X+I�K�\ªX�DQC �³a��!��NQYOa+A�H;\ HYOA�HSY]\ªX+I��+C]NQK+d^A�Â `#DGXuK�AfP.NQC]ÂuF+d D�Y]A#_�L
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H0 : α0
\ H�X+NQYBD½` �4`�d^A�P.COA �JF�A�X�` � ∀v ∈ {vn}N

n=1 ⇒ r̂xx∗ = ∆xx∗

H1 : α0
\ HBD�` �4`�dªA�P.C]A���F+A�X�` �½P.NJCBH;NJÂ�A

v ∈ {vn}N
n=1 ⇒ r̂xx∗ = rxx∗ + ∆xx∗

¸!\^X�`�A
rxx∗

\ H�X+NQX+CEDGX�_4NQÂ �+Y]a+A�_4\^H;YOC]\^K+F4YO\^NQX?NGP
r̂xx∗

F+X�_4A#C
H0

DGX�_
H1

_4\ $�A#C]H
NQX+d��6\^XcÂ�A�DGXlR
T�A���\ HO\ªX+IjDc_4A�`�\ H;\^NQX~H;YOCED�YOA#I��*P.NJC³YOa+\ H�K+\^X�DQC �ja��!��NGYOa�A#HO\^H�Y]A#H;YO\^X+I*�+C]NQK+d^A�Â

COA ��F+\ªC]A#HBYOa+A��!X+N ��d^A#_4IJA=NGP�YOa+A�_4\ HSY]CO\^K+F4Y]\ªNJX?NGP
∆xx∗

����a+\ `Ea?\ H�F+X+�!X+N ��X ��K�A�¿
`�DQF�H;A[YOa+A�_+\^H;YOC]\ªK�F4YO\^NQX=NQP!YOa+Af_+D�YED�\^HX+NQY��!X+N ��X³YON�Y]a+A�DQ\ªC\ªX�Y]A�COP�DQ`�A�COA�`�NQIJX+\ªYO\^NQX
H;F�K�H �4H;YOA#ÂºNGP�Y]a+A�HONGP Y��ÁDGC]A�C]DJ_4\ªN³F+X�_4A�C�YOa+ABa��!��NGYOa�A#HO\^H

H0
R �Áa�A�C]A�P.NQC]A��J\ªXB� ®GÄ � �

\�Y³a�DJHVK�A�A#X?�+C]NQ��NJHOA#_*YON1A � �+d^NQ\ªYVY]a+A½DQH ��Â��4Y]NGY]\^`u�+CONJ��A#C;Y]\ªA�H�NQP[YOa�A�` �4`�d^\^`�DGF4¿
YON4`�NJCOC]A�d D�Y]\ªNJX�A#H;YO\^Â�DGYONJC]H[YON=\^X4P.A�C�YOa�A�DJH �!Â��4YONQYO\ `��+C]NQ��A�COYO\^A#H�NGP�YOa�A�A#H;YO\^Â½D�Y]\ªNJX
A�C]CONJC �JA#`�YONQC

∆xx∗

R

��� � ��� ) 	 � ' � #%,�#�2�! � #%/1#�2�	 #�2�! 	 , � # �(� � ,43�� & � /1#%� � � ! *�2�! )+&��
#%,.!0, $�$��7*-/1#�2-,43 � 	 #�2�' /1#%, $
	

�'Y�\ H�A�DQHO\ªd��sHOA�A#X½YOa�D�Y
R̂α

xx∗(v)
\ H�DQX6F+X!K+\ DQHOA#_�A#H;YO\^Â½D�Y]A�NGP

Rα
xx∗(v)

R[@BA#X�`�A���YOa+A
A#H;YO\^Â½D�YO\^NQXcA#COC]NQC

∆α
xx∗(v)

��DGX+\ H;a�A#HBDJH
T0 → ∞ R �ÀX*a�\^H �fNQC]���+TVDQX�_+D �ÁD�Y]A�a�DQH

H;a�N ��XcYOa�DGYV\ªY�\ H�DQd^HON0D0`�NQX�HO\ HSY]A�X�Y�A#H;YO\^Â½D�Y]AsDGX�_cYOa+A ��F�DGX�YO\ªY � √
ToR̂

α
xx∗(v)

\ H
DQH �!Â��+YONGY]\^`#DGd^d �j`�NQÂ��+d^A � X�NQC]Â�DQd[_4\ HSY]CO\^K+F4Y]A#_ ��+CON �!\ _4A#_jYOa�DGY x(t)

P.F+dªd ��d H=DcH;N
`�DQdªd^A#_ � 0 �B02/ - A�+6/ :;021D0<+;/ �,¸!A#AÁDQ�+��A�X�_4\ � ©pP.NQCU_4A�YEDG\^d^H�� R �Áa+A�`�NJÂ��+dªA � X+NQC]Â½DGd^\�Y �
a�DQH=K�A#A�X9�+C]N �QA#X¡K��~H;a�N ��\ªX+IcY]a�D�Y�`�F+ÂsF+d^DQX�Y]H=NQP�NQCE_4A�CEH ≥ 3

NQP √
ToR̂

α
xx∗(v)��DGX+\ H;ahDQH �!Â��+YONGY]\^`#DGd^d ����\,R AQR=DJH

To → ∞ ����a+\ `Ea?\ H³D²_4\^C]A#` Y³C]A#HOF+d�Y�NGP[Y]a+A½DGK�NG¿
�QA#Â�A#X�YO\^NQX+A�_6Â�\ � \^X+I�`�NQX�_4\�Y]\ªNJX � ®GÄ �'R[Z+F�C;Y]a+A�C]Â�NQC]A��!\ªX²YOa�A³H]DGÂ�A���DG��A�C �!a+A³a�DQH
_4A�Â�NJX�HSY]C]DGYOA�_~YOa�DGY½\�YEH�`�N ��DGC]\^DQX�`�A0`#DGXpK�A1A � �+C]A#H]H;A�_o\^XnY]A�C]Â�H�NQPBYOa+Ac`�NJX�±SF4¿
IJDGYOA�DQX�_�X+NQX�`�NQXG±SF+IJDGYOA�`�CON�HOH[HO��A#` Y]C]DQd�`�NQC]COA#d^DGYO\^NQX�_4A�X�HO\ªY �sP.F�X�` Y]\ªNJX�H[NQP�YOa+AVd^DQI
�+C]N!_+F�` YEH

fv[i] = x[i]x[i + v]
R

lim
To→∞

Tocov(R̂α
xx∗(v), R̂β

xx∗(ρ)) = Sα+β
fvf∗

ρ
(β)

lim
To→∞

Tocov(R̂α
xx∗(v), (R̂β

xx∗(ρ))∗) = Sα−β
fvfρ

(−β)
�¬®4R ¾Q¾ �

��a+A�C]A�YOa+A=`�CON�HOHÁHO��A�` Y]C]DQdl_4A�X�HO\ªY �6P.F+X�`�YO\^NQX�H�DQCOA�_4A���X+A�_1DJH�L

Sα
fvf∗

ρ
(f) = lim

To→∞

1

To

To−1
∑

i=0

∞
∑

ξ=−∞

cov(fv [i], fρ[i + ξ])e−j2πfξe−j2παt �,®+Rªg�ÄQÄ �



� � ��� � � ��� � 
�" �	��	�����
�� 
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 � � 	 ��	  � g��+g

DGX�_

Sα
fvfρ

(f) = lim
To→∞

1

To

To−1
∑

i=0

∞
∑

ξ=−∞

cov(fv [i], f∗
ρ [i + ξ])e−j2πfξe−j2παt �,®+Rªg�Ä+g �

Z+C]NQÂ�YOa+A�H;A[C]A#HOF+dªY]H��#\ªY`#DGX³K�A�`�NQX�`�d^F�_4A#_�Y]a�D�Y�YOa+A�_+\^H;YOC]\ªK�F4YO\^NQX�NQPJY]a+A[A#H;YO\^Â½D�Y]\ªNJX
A�C]CONJC �JA#`�YONQCB`�NQX��QA#COIJA#HfDQH �!Â��+YONGY]\^`#DGd^d ��Y]N½D�X+NQC]Â½DGd�_4\ HSY]CO\^K+F4Y]\ªNJXlL

lim
To→∞

√

To∆xx∗
D
= N (0,Σxx∗)

�,®+Rªg�ÄJ� �

��a+A�C]A D
=
_+A�X+NQYOA#H�Y]a+A�`�NQX��QA#COIJA�X�`�A�\ªX1_4\ HSY]CO\^K+F4Y]\ªNJX0DGX�_ N (0,Σxx∗)

\ HÁD=ÂuF�d�Y]\�¿
��DGC]\^DGYOABX+NJCOÂ½DQd�_4\ HSY]CO\^K+F4Y]\ªNJX ��\�Y]a6Â�A#DQX6ÄuDGX�_½`�N ��DGC]\^DQX�`�A�Â½DGYOC]\ � Σxx∗

� ��a+\ `Ea
_4A���A�X�_+H[NJX�YOa+AB��DGCOYO\ `�F+d DGC[HO\ªIJX�DGd¬R ��HO\ªX+I �¬®4R ¾Q¾ � �GY]a+A�`�N ��DQCO\ DGX�`�AÁÂ½D�YOC]\ � `�DQX½K�A
A � �+C]A#H]H;A�_0DJH�L

Σxx∗ =





Re
{

Q(∗)+Q

2

}

Im
{

Q(∗)−Q

2

}

Im
{

Q(∗)+Q

2

}

Re
{

Q−Q(∗)

2

}





�,®+Rªg�ÄQ� �

�Áa+A
(l, m)

YOauA#X�YOC]\ªA�HNQP+YOa�Af`�NQÂ��+d^A � `�N ��DQCO\ DGX�`�A[Â½D�Y]CO\ `�A�H Q(∗) DGX�_ Q
DGC]A�IQ\��QA#X

DQH

Q(∗)(l, m) = S2α0

fvl
f∗

vm

(α0)

Q(l, m) = S0
fvl

fvm
(−α0)

�,®+Rªg�ÄG¨ �
¸!\^X�`�A�Y]a+A6DQH �!Â��+YONGY]\^`�H;Y]DGYO\ HSY]\^`#H³NGPfYOa+A½A�HSY]\ªÂ½D�Y]\ªNJX¡A#COC]NQC³\ H��!X+N ��X ��Y]a+A½IQA#X+A�¿
C]DQdª\^��A�_cdª\^�QA#dª\^a+N!N4_c�+C]\ªX�`�\ª��dªA�`�DGX*K�A�A�Â��+d^N �QA#_²Y]N0IQA#X+A�CED�Y]AuD6HOF+\ªY]DGK�dªA�_4A#`�\^HO\ªNJX
HSYED�Y]\^H;YO\ `�HfP.NJCÁYOa+A�K+\^X�DQC �6a��!��NGYOa�A#HO\^HfY]A#H;Y#R

��� � ��� ��� � �+�"3 � $�/ *�2 � � � � 2�� �"*�2 � ,�, � � $�2�3(! 2-��*-�

�VX+A[NQP�Y]a+A�Â�N�HSY`�A�d^A�K+CED�Y]A#_�Â�A�Y]a+N4_+Hl\^X�YOa�A�H;Y]D�Y]\^H;YO\ `�Hl\^H�YOa+A�H;N�`#DGd^dªA�_³dª\^�QA#dª\^a+N!N4_
C]DGYO\^N0Y]A#H;Y#R �'Y��+C]N ��\ _4A�H�D1��N ��A#C;P.F�dY]N!NQd � ��a+\ `Ea¡\ H³F�HOA#_¡\ªX~Â½DGX��jDG���+dª\ `�DGYO\^NQX�H
\ªXr`�NQÂ�ÂuF�X+\^`#D�Y]\ªNJXpY]a+A�NJC ���ÁA#HO��A�`�\ DGd^d ��\ªX�a��!��NGYOa�A#HO\^H�Y]A#H;YO\^X+I9�+C]NQK�dªA#Â�H���H;F�`Ea
DQH½_4A�YOA�` YO\^NQX�Rv��NQX�HO\^_+A�C�YOa�A*K+\ªX�DGC �oa �!��NGY]a+A#HO\^H�Y]A#H;YO\^X+Io�+C]NQK+d^A�Â � ��a+A�C]A1YOa+A
a�����NGY]a+A#HOA#H

H0
DQX�_

H1
a�D��QA�Y]a+A�DG¿¬��CO\^NQC]\l�+C]NQK�DQK+\^dª\ªYO\^A#H

P (H1) = 1 − P (H0)
�

DGX�_²Ds_+A#`�\ HO\ªNJX6a�DQH�Y]NsK�A³Â�DJ_4A�K�DQHOA#_0NQX6Y]a+A�NQK�HOA�C ��D�YO\^NQX
r
R �Áa�AVÂ½D � \^ÂuF+Â D
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��N�HSY]A�C]\ªNJCO\�_4A�`�\ H;\^NQX1C]F+dªA³d^A#DJ_+HfYON6D�_4A�`�\ H;\^NQX²P.NQC
H1

\ªP

P (H1|r) > P (H0|r)
�,®+Rªg�ÄJ® �

DGX�_*P.NQC
H0

NQYOa+A#C ��\ H;AJR �Áa�A�`�NQX�_4\ªYO\^NQX�DGd��+CONJK�DGK�\ªd^\�Y �*_4A#X�HO\�Y �1P.F+X�`�YO\^NQX�H�NQP[YOa+A
C]DQX�_4NJÂ ��DQCO\ DGK�dªA

r
DQCOA�`#DGd^dªA�_6Y]a+A�dª\^�QA#dª\^a+N!N4_6P.F�X�` Y]\ªNJX�HBDGX�_²DQCOA�_4A���X+A#_cDJH�L

p(r|H0) = p0(r)

p(r|H1) = p1(r)
�,®+Rªg�ÄQ´ �

DGX�_0F�HO\ªX+I�eÁD��QA�H#�JCOF+d^A���Y]a+A³Â�D � \ªÂsF+Â�D=��NJH;YOA#CO\^NQC]\�_+A#`�\ HO\ªNJX²`�DQX6K�A�C]A � �+C]A#H]HOA#_
DQH

p1(r)

p0(r)
>

(1 − P (H1))

P (H1)

�,®+Rªg�Ä�· �

�Áa+A�C]DGYO\^N
λ(r) = p0(r)

p1(r)

\ H�C]A�P.A#COC]A#_�Y]NsDJH[Y]a+AVd^\^�QA�d^\^a+N!N!_0C]DGYO\^N �!DGX�_0D=Y]A#H;YfK�DJH;A�_
NQX

λ(r)
\ H�`#DGd^dªA�_�D�d^\ª�JA�d^\ªa+N!N4_³CED�YO\^NÁYOA�HSY�R���A#X+A�CEDGd^d ����\�Y�\ HÂ�NJCOA[`�NQX��QA#X+\^A�X�Y�YONBF�H;A

YOa+AuX�D�Y]F+C]DQd�dªNJIJDQCO\ªYOa+Â¦NGPUYOa+A�d^\^�QA�d^\^a+N!N!_1CED�Y]\ªN � ��a+\ `Ea1\ H�C]A�P.A#COC]A#_0YON0DJHfYOa+AudªNJI
dª\^�QA#dª\^a+N!N4_1C]DGYO\^N

ln(λ(r))
����a+\ `Ea*\ H�D���A�C]Â�\ H]H;\^K+d^AuDG�+��CON�DQ`Ea �+HO\ªX�`�A�Y]a+A=X�DGYOF+CEDGd

dªNJIJDQCO\ªYOa+Â \ HDVÂ�NQX+NQYONJX+\^`�\ªX�`�C]A#DQHO\^X+IBP.F+X�` YO\^NQX�� ®+g �'R �Áa+Afd^\ª�JA�d^\ªa+N!N4_�CED�Y]\ªNV\^HUDGd HON
A�X�`�NQF+X�Y]A�C]A#_³\^Xu_4A�Y]A#`�YO\^NQX��+C]NQK+d^A�Â½H ��\�Y]au_4\ $�A#COA#XJY�NQ�4Y]\ªÂ½DQdª\ªY ��`�CO\ªYOA#CO\ D ��\^X ��a+\ `Ea
`�DJH;A�HÁNQX+d��6Y]a+A�YOA#COÂ NQX1Y]a+A=C]\ªIJaJYO¿¬a�DGX�_1H;\ _4A=NQPY]a+A=\^X+A���F�DQdª\ªY �²`Ea�DGX+IJA#H#R �'PUYOa+A
K�NQYOa1a�����NGY]a+A#HOA#HÁDQCOAVA���F+\^�+CONJK�DGK�dªA�� �fA�IQA�YfYOa�A³HON�`�DGd^d^A#_6Â½D � \^ÂuF�Â�dª\^�QA#dª\^a+N!N4_
_4A�Y]A#`�YO\^NQXlRUZ+NJCW��X�N ��XsHO\ªIJX�DGd H�F+X�_4A#C[©���� � ��Y]a+\ H�YOA#H;Y[d^A#DQ_�H�Y]N�YOa+A �fA�d^d4�!X+N ��X
Â½D�Y]`Ea�A#_���d�Y]A�CBC]A#`�A�\��QA#C#R
Z+NQC²_4A�Y]A#` Y]\ªX�InH;\^IQX�DGd H ��\�Y]a�F+X+�QN ��XÃNJC½C]DQX�_4NQÂ ��DGCEDGÂ�A�YOA�CEH���DGX�DG¿¬�+C]\^NQC]\

�+C]NQK�DQK+\ªd^\ªY �¡_4A#X�H;\ªY �jP.F�X�` Y]\ªNJXoP.NQC�Y]a+A#HOA6��DQC]DQÂ�A�YOA#C]H�`#DGXoK�A0DQH]HOF+Â�A#_ �UDGX�_~DQX
D��QA#C]DQIQA#_¡d^\ª�JA�d^\ªa+N!N4_~CED�YO\^Nj`�DQX9K�A0IQA#X+A�CED�Y]A#_hF�HO\ªX�I*YOa+A�H;A²�+C]NQK�DQK+\ªd^\ªY �¡_4A#X�H;\ªY �
P.F+X�`�YO\^NQX�H#RW\,R AQR

λ(r) =

∫

{θ} p1(r|θ)w(θ)dθ
∫

{φ}
p0(r|φ)v(φ)dφ

�,®+Rªg�ÄQ» �

��a+A�C]A
θ
DGX�_

φ
DGC]A³YOa�A=F+X+�!X+N ��XcCEDGX�_4NJÂ¦��DQC]DQÂ�A�YOA#C]H��+DGX�_

w(θ)
DQX�_

v(φ)
DGC]A

YOa+A��+C]NQK�DGK+\^dª\ªY �*_4A�X�H;\ªY �cP.F+X�`�YO\^NQX�H³NQP[YOa+A�H;A���DQC]DQÂ�A�YOA#C]H �.�!X+N ��X¡NQC³DQH]H;F+Â�A�_ � R
�'P=X+N9�!X+N ��d^A#_4IJAjDGK�NQF4Y²YOa+Ah_4\ HSY]CO\^K+F4Y]\ªNJX�NGP�YOa�A?��DQC]DQÂ�A�YOA#C]H�A � \ªY]H1DGX�_Ã\�Y1\^H
X+NGY�DG�+�+C]NQ��CO\ D�Y]AsY]N?DQH]HOF+Â�A6DGX��¡HOF�`Ea9_4\ HSY]CO\^K+F4Y]\ªNJX �YOa+A1H;Nj`#DGd^dªA�_ -B5 / 5 >.9  0�� 5�:
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 0��B5� 0 ��+ + :�� >!02/ A�0 �  5�`#DGX1K�A=DQ�+�+d^\ªA�_ � ®+g �¬R

λ(r) =
max{θ}p1(r|θ)
max{φ}p0(r|φ)

�,®+Rªg�ÄQ¾ �

�Áa�D�Yf\^H���YOa+A ��DGd^F+A#H�NGP
θ
DGX�_

φ
DGC]A�F�HOA#_ �#��a+\ `Ea6Â½D � \^Â�\^��A�YOa+A�d^\ª�JA�d^\ªa+N!N4_�P.F+X�` ¿

YO\^NQX�H#R �'YVH;a�NQF+d _1K�A=X�NGYOA�_1YOa�DGYBYOa�\^H�\^HBDQX*\ªX�\�Y]F+\�Y]\ �JAuHONQd^F4YO\^NQX1YON6YOa+\ HB�+C]NQK�dªA#Â �
DGX�_9Â�D��~X+NQY�X�A#`�A�HOH]DGC]\^d �¡dªA�DQ_oY]N?NJ�4YO\^ÂuF+Â _+A�YOA�` Y]\ªNJXn\^XoYOa+AcHOA�X�HOA0NQP�Â½D � \�¿
Â�\ª�#\ªX+I¡YOa�A1_4A�YOA�` YO\^NQXp�+C]NQK�DQK+\ªd^\ªYO\^A#HsNQC�Â�\^X+\^Â�\ª�#\ªX+I¡YOa�A²A#COC]NQCsC]DGYOA#H��Wa+N �fA �JA�C �
\�Y6��CON �!\ _4A#H½D~F�HOA�P.F�d�YON!NQdBP.NQC0`�A�COY]DG\^X�_4A�Y]A#`�YO\^NQXÃ�+C]NQK+d^A�Â½H#R �Áa+A ��DGd^F+A#H6NGP

θDGX�_
φ
��YOa�D�YVÂ½D � \^Â�\ª�#A p1(r|θ)

DQX�_
p0(r|φ)

DQCOA�Y]a+AsHON0`#DGd^A#_cÂ½D � \^ÂuF+Â d^\ª�JA�d^\�¿
a+N!N4_²A�HSY]\ªÂ½DGYOA#HÁNQPY]a+A#HOA���DQC]DQÂ�A�YOA#C]H��4DGX�_1DGC]A�_4A�X+NQYOA�_1DJH

θ̂
DGX�_

φ̂
R �Áa!F�H��4YOa+A

IQA#X+A�CEDGd^\ª�#A#_0dª\^�QA#dª\^a+N!N4_0�+C]\^X�`�\^�+d^A=`�DGX1K�A=H;F+Â�Â½DGC]\^��A#_²DQHfP.NJdªd^N �BH�L

• Z�CONJÂºY]a+ABC]A#`�A#\ �JA#_�_+D�YED �QP.NQC]Â�YOa�ABÂ½D � \ªÂsF+Â dª\^�QA#dª\^a+N!N4_sA�HSY]\ªÂ½DGYOA#H[NGP�YOa+AF+X���X�N ��X²��DQC]DQÂ�A�YOA#C]H#R

• �VH;A1YOa�A#HOA²A�HSY]\ªÂ½D�Y]A#H�\^XnY]a+Acdª\^�QA#dª\^a+N!N4_9CED�YO\^N ��DQHs\�PVYOa+A�� ��A#COA0YOa+A1Y]COF+A
��DGd^F+A�H�NGPYOa+A���DQC]DQÂ�A�YOA#C]H#R

©�` Y]F�DGd^d ���lY]a+\^H�_+A�YOA�` Y]NQC�\ H³YOa+A6H]DGÂ�A½DQH�Y]a+A�Â½D � \ªÂsF+Â d^\^�QA�d^\^a+N!N!_¡C]A#`�A#\ �JA�C�P.NQC
`�NJÂ���dªA�YOA�d��³�!X+N ��X=H;\^IQX�DGd H ��YOa�A�NQX�d ��_4\ $�A#COA#X�`�A�K�A#\ªX�IBYOa�D�Y�YOa+A�A#H;YO\^Â�DGYOA�_ ��DGd^F+A#H
NGPYOa+A���DQC]DQÂ�A�YOA#C]HÁDQCOA³F�HOA#_²\ªX�HSY]A#DQ_1NQP�YOa�A³YOC]F+A³K+F4Y�F+X���X�N ��X²��DQC]DQÂ�A�YOA#C]H#R

�ÀX¡Y]a+A�P.NQd^dªN ��\^X+I ��YOa+A6_4A�YOA�` YO\^NQXh�+C]NQK+d^A�Â NQP�F+X���X�N ��X¡K+F+Y=X+NQX+CEDGX�_4NQÂ HO\�¿
IQX�DQd^HfF+X�_4A�CBX�NQ\ H;A�\ªX1Y]a+A=`�NJXJY]A � Y�NGP�IQA�X�A�CEDGd^\ª�#A#_6d^\^�QA�d^\^a+N!N!_²CED�YO\^NsYOA#H;YB\ HÁ\ªX��QA�HS¿
YO\^IJDGYOA#_lR[��NJX�HO\^_4A#CÁYOa+A�K�\ªX�DQC �0a �!��NGY]a+A#HO\^HfY]A#H;YO\^X+I��+C]NQK+d^A�ÂcL

H1 : r = Hs + n

H0 : r = n
�,®+RªgJg#Ä �

��a+A�C]A
n
\^H�D²��A#CON²Â�A�DGXhÂuF+dªYO\���DGC]\^DGYOA½�³DGF�H]HO\^DQX¡_4\ HSY]CO\^K+F4Y]\ªNJXhDQX�_

s
\ H³D²X�NQX4¿

C]DQX�_4NJÂ K+F4Y�F+X+�!X+N ��X~H;\^IQX�DGd¬R �Áa+A��+C]NQK�DQK+\ªd^\ªY �j_4A�X�HO\ªY �*P.F+X�`�YO\^NQX�H³NQP
r
F+X�_4A�C

K�NQYOa*a��!��NQYOa+A�H;A�HB_4\ $�A#C�NJX+d �²\ªX*Â�A�DGX ��a+A�X�`�A³YOa+Audª\^�QA#dª\^a+N!N4_1P.F+X�` Y]\ªNJX�H�P.NJC�YOa�\^H
a�����NGY]a+A#HO\ HfYOA#H;Y�`�DQX²K�A�A � �+C]A#H]HOA#_0DJH�L

p0(r) =
1

(2π)n/2|Σ|1/2
exp
(−rTΣ−1r

2

) �,®+RªgJgQg �
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DGX�_

p1(r|s) =
1

(2π)n/2|Σ|1/2
exp
(−(r−Hs)TΣ−1(r −Hs)

2

) �,®+RªgJg�� �

��a+A�C]A
Σ
\ HÁYOa�A=`�N ��DGC]\^DQX�`�A�Â½D�Y]CO\ � NQP n R �'P s ��A#COA�`�NJÂ��+dªA�YOA#d �6�!X+N ��X �4YOa+A�d^NQIdª\^�QA#dª\^a+N!N4_0CED�Y]\ªN �fNQF+d _1K�A=`#DGd `�F+d D�Y]A#_1DQH#L

ln(λ(r)) = ln
(p1(r)

p0(r)

)

= rTΣ−1Hs− 1

2
sTHTΣ−1Hs

�,®+RªgJg#� �

�ÀX³YOa+\ H�`#DQHOA���YOa+A%��C]H;YlYOA#COÂ ��NJF+d _VK�A[F�HOA#_�DJHl_4A�`�\ H;\^NQX�H;Y]D�Y]\^H;YO\ ` ��HO\ªX�`�AWYOa�A�H;A�`�NJX�_
YOA#COÂ _+N�A�H�X+NQY�_+A���A�X�_hNQX

r
R0¸!\^X�`�A

s
\ H=DGXhF+X+�!X+N ��XhX+NJX+C]DQX�_4NJÂ H;\^IQX�DGd ����A

`�DQX�F�H;A�Y]a+ABIJA�X+A#C]DQdª\^��A�_sd^\^�QA�d^\^a+N!N!_��+C]\^X�`�\^�+d^A�P.CONJÂ��¬®4R^g#ÄQ¾ � ��H;F+K�HSY]\�Y]F4YO\^X+I
s
��\�Y]a

\�YEH�Â½D � \^ÂuF+Â�d^\^�QA�d^\^a+N!N!_²A#H;YO\^Â½D�Y]A
ŝ
� ��a+\ `Ea1\^H�IJ\ �JA�XcDQHJ� ®4g��'L

ŝ = (HTΣ−1H)−1HTΣ−1r,
�,®+RªgJg�¨ �

�+C]N ��\ _4A�_�YOa�DGY
(HTΣ−1H)

\ HÁX+NGY�HO\ªX+IJF+d DGC�R�@�A�X�`�A���YOa+A³IJA�X+A#C]DQdª\^��A�_½dª\^�QA#dª\^a+N!N4_
_4A#`�\^HO\^NQXcHSYED�YO\ H;YO\ `�HfP.NQCÁY]a+\ H�K+\^X�DGC �0@��!��NGY]a+A#HO\^HfY]A#H;YO\^X+I½�+C]NQK+d^A�Â¦\^H

Z = rTΣ−1H(HTΣ−1H)−1HTΣ−1r = rTΣ−1r
�,®+RªgJg�® �

�Áa+A�_4A�`�\ H;\^NQX�H;Y]DGYO\ HSY]\^`
Z
a�DQHD �JF�DQ_4CED�Y]\^`�P.NJCOÂ�DGX�_�`#DGX�K�A �!\ªA ��A�_�DJHlD �fA�\^IQa�YOA�_

A�X+A#COI��?_4A�YOA#`�YONJC#R �ÀXhYOa�A0H;��A#`�\^DQd�`�DJH;A�� ��a+A#COA
n
\ H�F+X�`�NQC]C]A�d D�YOA�_ �

Z
�fNQF+d _hK�A

�+C]NQ��NQCOYO\^NQX�DQd�Y]N
rTr =

∑

r2i
��a+\ `Ea²\ HÁYOa�A�A�X+A#COI��½NGP�YOa+A�C]A#`�A�\��QA#_²H;\^IQX�DGd

r
R

��� � � � ��� � �+�"! 2 	 2-,43 � #%/1#�2�	 #�2�! 	

efA#`�DQF�HOA�NQPÁYOa+A0DJH �!Â��4Y]NGYO\ `�X+NJCOÂ½DGd^\ªY �jNGP √
To∆xx∗

�YOa�A½YOA�HSYsH;Y]DGYO\ HSY]\^`#H³P.C]NQÂ
�,®+RªgJg�® �B`�DGX*K�A�_4\ªC]A#`�YOd��*DG�+�+d^\^A#_cY]N6YOa�AuK+\^X�DGC �ca�����NGY]a+A#HO\ H�YOA�HSY�D�Y�a�DGX�_ � ��\�Y]a
H = I

L

Zxx∗ = Tor̂xx∗Σ̂−1
xx∗ r̂

T
xx∗

�,®+RªgJg#´ �
��a+A�C]A

Σ̂xx∗

\^HfY]a+A�A#H;YO\^Â½D�Y]A#_c`�N ��DGC]\ DGX�`�A�Â½D�Y]CO\ � R
�'Y¡`�DQX�K�AnHOa+N ��XvYOa�DGY��=F+X�_4A�C

H0
�³YOa+An_+\^H;YOC]\ªK�F4YO\^NQX NGP

Zxx∗

`�NJX��QA�C]IQA�H
DQH �!Â��+YONGY]\^`#DGd^d ��Y]N�D�`�A#XJY]C]DQd

χ2 _+\^H;YOC]\ªK�F4YO\^NQX ��\�Y]a 2N
_4A#IQC]A�A#H0NGPsP.COA#A#_4NJÂ �

\ªC]C]A#HO��A�` YO\��QA³NQPY]a+A=_4\ HSY]CO\^K+F4Y]\ªNJX1NQPY]a+A�\^X+�+F4YV_�D�Y]DB�,H;A#A � ®QÄ � ��DGd H;N½©��+��A#X�_4\ � ©� Rl@�A�X�`�A��lP.NJC�D²IJ\ �JA�X?YOa+C]A#HOa+NQd _ ��Y]a+A�P�DGd H;A½DQd^DQCOÂ �+C]NQK�DGK+\^dª\ªYO\^A#H³`#DGXhK�A½DGX�DGd��J¿
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YO\ `�DQdªd��²`#DGd `�F+d D�Y]A#_²P.NQC�HOF%�6`�\^A�X�Y]d �²d^DQCOIJA�NJK�HOA�C ��DGYO\^NQX1dªA#X+IGY]a�H
To

��C]A�I�DGCE_4d^A#H]H�NQP
YOa+A³��DQC;Y]\^`�F+d DGC�H;\^IQX�DGd ��d^A#DJ_4\^X+IuY]N½DGXcDQH ��Â��4Y]NGY]\^`#DGd^d �½`�NJX�H;Y]DGX�YÁP�DGd HOA�DQd^DQCOÂ CED�Y]A
�¬�fZ4©Vµ ��YOA�HSY�R �VX+A=`�DQX���C]\�Y]A��4F+X�_4A�C

H0
L

lim
To→∞

Zxx∗
D
= χ2

2N

�,®+RªgJg�· �

��a+A�C]A�YOa+A���_!PUNGP�YOa+A
χ2

2N

_4\^H;YOC]\^K+F4YO\^NQX1\ H�IQ\��QA#X²DQH

pY (y) =
1

2N (N − 1)!
yN−1e−y/2 �,®+RªgJg#» �

�VX9Y]a+A²NQYOa+A#C�a�DGX�_ �[F+X�_4A#C
H1

�WYOa�Ac_+\^H;YOC]\ªK�F4YO\^NQXpNGPBY]a+A0Y]A#H;Y�H;Y]DGYO\ HSY]\^`#H
Zxx∗`�NJX �JA�C]IQA�H�DQ�+�+C]N � \^Â½D�Y]A�d��sY]N6D�X+NQC]Â½DGdl_4\ HSY]CO\^K+F4Y]\ªNJX � ®GÄ � �lL

lim
To→∞

Zxx∗

D≈ N (Torxx∗Σ−1
xx∗r

T
xx∗ , 4Torxx∗Σ−1

xx∗r
T
xx∗)

�,®+RªgJg#¾ �

�Áa+A�Y]A#H;Y�P.C]NQÂ��¬®4R^gQg�´ �ÁDGd^d^N �BHÁYOa+As_4A�Y]A#` Y]\ªNJXjNGPUY]a+Au` �4`�dª\ `=HO\ªIJX�D�Y]F+COA�NQP[H;\^IQX�DQd^H
A � a+\^K+\ªYO\^X+I�`�NQX�±SF�IJD�Y]A�` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY ���JHOF�`Ea1DQH�YOa+A���¸4i DGX�_²T Á� ��HO\ªIJX�DGd H�R
��N~K�A?DGK�dªA1YONoC]A#`�NQIJX+\ª�#A1HO\^IQX�DQd^H�A � a�\ªK+\ªYO\^X+IoX+NJX�`�NJX�±SF+I�D�YOAc` �4`�dªN�HSYED�YO\^NQX�DGC]\�Y ���
H;F�`EacDJHÁYOa�A��fT�ij©�DGX�_ ��Z�T�i HO\ªIJX�DGd H �+YOa+\ H�Y]A#H;Y�a�DQH�YON6K�A=Â�N4_4\���A#_�R�Z+NJdªd^NG¿
��\ªX�I�YOa+A�HODQÂ�A�dª\^X+A[NQP!C]A#DJH;NJX+\^X+I�DQHl\^X � ®GÄ � ��F�H;\^X+I�Y]a+A�Â�\ � \ªX+IV`�NQX�_4\�Y]\ªNJX³NGP ��©uR ¨ � �
DuHO\ªÂ�\^d^DQC[Y]A#H;Yf`�DQX6K�AV_4A#CO\��QA�_�P.NQC�YOa+A��+C]A#HOA�X�`�ABNGPlX+NJX�`�NJX�±SF+I�D�YOAV` �4`�d^NJH;Y]DGYO\^NQX�DG¿
CO\ªY ������a�\^`Ea1a�DQHfY]a+A=H]DGÂ�A�DQH ��Â��4Y]NGY]\^`³`Ea�DQC]DJ` YOA#CO\ H;YO\ `�HfDQH �,®+RªgJg#´ ��RWT�A���X+\^X+I�YOa+A
_4\ HO`�COA�YOAfYO\^Â�ABA#H;YO\^Â½D�YOA�NQP�Y]a+ABX+NJX�`�NJX�±SF+I�D�YOA�` �!`�dª\ `ÁDGF4Y]N4`�NQC]C]A�d D�YO\^NQXuP.F+X�`�YO\^NQX6DQH

R̂α
xx(v) =

1

To

To−1
∑

i=0

x[i]x∗[i + v]e−j2παi = Rα
xx(v) + ∆α

xx(v)

DGX�_¡Y]a+A �QA�` Y]NQCEH
rxx

�
r̂xx

�
∆xx

HO\ªÂ�\^d^DQC�YON��¬®4R ¾J® � �YOa+A0_+A#`�\ HO\ªNJX~H;Y]DGYO\ HSY]\^`#H³P.NQC
YOa+\ HB`#DQHOA�`#DGXcK�A�IJ\ �JA�X1DQH#L

Zxx = Tor̂xxΣ̂
−1
xx r̂Txx

�,®+Rªg��GÄ �
�Áa+A*`�DQd^`�F+d^DGYO\^NQXpNGP�Y]a+A*A�X�Y]CO\^A#H�NGPVYOa+Aj`�N ��DGC]\^DQX�`�A²Â�DGYOC]\ � Σ̂xx

\ H���A�COP.NQC]Â�A�_
\ªXÃD~H;\^Â�\ªd DGC�P�DJH;a+\^NQXÃDQH�\^XnY]a+A*�+C]A �!\^NQF�H�`�DJH;A��HOA�A �¬®4R^g#ÄG¨ � � �[YOa�\^H�Y]\ªÂ�AcF�HO\ªX+I
YOa+AV`�C]NJH]H�HO��A#` Y]C]DQd�`�NJCOC]A�d D�Y]\ªNJXs_4A#X�HO\�Y �sP.F+X�`�YO\^NQX�HWNQP�YOa+AB`�NQX�±SF+I�D�Y]A�d^DQI���CON4_4F�`�Y]H
f̃v[i] = x[i]x∗[i + v]

\ªX�H;YOA�DQ_1NGP
fv[i]

R
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�����76 � 6 ��� �Áa+A�a�\^H;YONJIQCEDGÂ½HfNGP
Zxx

F+X�_4A�C
H0

©�Hu_+\^H]`�F�H]HOA#_oDGK�N �QA��lY]a+A ��DGC]\^DQX�`�A½X�NQC]Â�DQdª\^�#DGYO\^NQX ��a+\ `Eao\^Hs`�DGC]C]\ªA�_?NJF4Yu\^X
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\ªXcY]a+A�C]A#`�A#\ �JA#_cHO\ªIJX�DGd���\ªYOa
α0 = 1/Ts

DGX�_
τ = 1/∆f

R �Áa+A=_4A�YOA#`�YO\^NQX*C]A#HOF+dªY]H
P.NQC

Pf = 0.05
DQX�_�YOa+A¡µ ����P.NJC²¸���µ

=
ÄJ_+e¦DQCOAj_+\^HO�+d D��QA#_�\^XrZ�\ªI�H�R ®4R �4g

DGX�_o®+R �J�0C]A#HO��A#` Y]\ �JA�d��QR��VX�`�A6DQIJDG\^X ��YOa+A �ÀX�_4N!NQCEe�`Ea�DGX�X+A�d[Â�N4_4A#d�\ H�F�HOA#_hP.NQC
H;\^ÂuF�d^DGYO\^X+I�YOa+A�A�$�A�` Y]HBNGP�Y]a+A ��\^COA#dªA�HOHÁ`Ea�DQX+X+A�d � ��\ªYOacF�HOA�CBHO��A#A#_+HÁNQPW®sÂ ��H#R
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Zxx
\ HUF�H;A�_�DQHYOa+AB_+A�YOA�` Y]\ªNJX

HSYED�Y]\^H;YO\ ` ��\ªX�NJC]_+A�C�Y]NB_4A�Y]A#` Y�YOa+A[��COA�H;A#X�`�AWNQP�Y]a+A[X+NJX�`�NJX�±SF+I�D�YOA[` �4`�d^NJH;Y]D�Y]\ªNJX�DGC]\ªY �
\ªXjYOa+A�COA�`�A#\ �JA#_*HO\ªIJX�DGd ��\�Y]a

α0 = 1/Tc
DGX�_

τ = 0
R �Áa�As_4A�YOA#`�YO\^NQXjC]A#HOF+dªY]H�P.NQC

Pf = 0.05
DGX�_²YOa�Auµ ����P.NQC�¸���µ

=
�J_+e�DQCOA�_4\ HO�+d^D��JA#_1\^XcZ�\^IJH#Rf®+R �Q��DQX�_*®4R ��¨

COA�H;��A#`�YO\��QA#d �JR � ����\^`#DGd ��COK�DGX?`Ea�DQX+X+A#dÂ�N4_4A�d ��\ªYOang�®�Â ��HBF�H;A#C�HO��A�A#_�H�\ H�F�H;A�_
P.NQCBHO\ªÂsF+d D�YO\^X+I�YOa�A�A $�A#` YEH�NGPYOa+A�Â�NJK+\ªd^A³�+C]NQ��DQIJD�Y]\ªNJX²`Ea�DQX+X+A#d,R
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�Áa+A½H;\^ÂuF�d^DGYO\^NQXhCOA�H;F+dªY]H³\^X�_4\ `�DGYOA�Y]a�D�Y�Y]a+A6HSYED�Y]\^H;YO\ `�DQdUYOA#H;Y�P.NQC³Y]a+A��+C]A#HOA�X�`�A�NQP
` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY ��\ªX�Y]CON4_4F�`�A#_²\ªX1Y]a+\^H�H;A�` YO\^NQX1\ H�\ªX�_4A�A�_1D���N ��A#C;P.F�d�YON!NQd�P.NJCB_4A�¿
YOA�` YO\^X+I�Y]a+Au` �4`�dª\ `�H;\^IQX�D�YOF�COA�NQPUHO\ªIJX�DGd H#R �Áa+\ HÁYOA�HSY�a�DQHÁY]a+AuDQ_ ��DQX�Y]DGIJA³NGPUK�A#\ªX+I
D?�fZ4©�µ Y]A#H;Yu\ªX~Y]a+A0HOA�X�HOA�YOa�D�Y=Y]a+A½YOa�COA�H;a+NJd^_hIJF�DGCEDGX�YOA#A�\^X+IcDc��DGCOYO\ `�F+d DGC

Pf_4N!A#H�X+NQY6_4A���A�X�_�NJX9YOa�A*��DGCOYO\ `�F+d DGC�C]A#`�A�\��QA#_pH;\^IQX�DGd ��DGX�_�`�DQXpK�Aj`�DQd^`�F+d D�YOA�_
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DGX�DQd ��Y]\^`#DGd^d �*NJC�K��jF�H;\^X+IcdªN!NJ�J¿'F+�?Y]DGK�dªA�H�P.NQC
χ2 _4\ H;YOC]\ªK+F+YO\^NQX�H#R �Áa+\^H³��CONJ��A#C;Y �

Â½DG�QA�H�\ªY���N�HOHO\^K+dªAuYON*_4\ H;��A�X�H;A ��\�Y]a?Y]a+A�F�H;A�NGPf`�NQX+P.F�H;\^NQX¡Â½D�YOC]\ `�A#H�DQH³D²Â�A#D�¿
H;F�COAsNGP���A�COP.NQC]Â½DQ`�AuNGP[Y]a+A�DQ\ªC�\^XJY]A�COP�DQ`�As\ _4A�X�Y]\���`#D�Y]\ªNJX?H �4H;YOA#Â �lHO\^X�`�AuYOa+AsP�DGd H;A
DGd DGC]Â�CED�YOAÁP.NJC[A �JA�C �=Y �!��A�NGP�\ªX��+F4Y�HO\ªIJX�DGd�\^H[YOa+A�H]DGÂ�AB_4F�AÁYON�Y]a+A���DGC]\^DQX�`�AÁX+NJC;¿
Â½DGd^\ª��D�YO\^NQX�R �Áa+A=C]A#HOF+dªY]HBHOa+N �rY]a�D�Y�D½HODGYO\ HSP�DJ` YONJC �²_4A�Y]A#` Y]\ªNJXc��A#C;P.NJCOÂ½DGX�`�A=`�DQX
K�A�DGY;Y]DQ\ªX�A#_²P.NQCÁÂ�N4_4A�CED�Y]A�NJK�HOA�C ��DGYO\^NQX6\^X�YOA#C ��DGd�d^A�X�IGYOa�H

To
��DGX�_²C]A�d D�YO\��QA#d �½d^N �

¸���µ ��DQdªF+A�H �+P.NQC�¸��Vµ ≥ ´Q_+e�\ªX1Y]a+Au`�DJH;A³NQP[��¸+i ��T f� � DGX�_j�fT�ij©�HO\ªIJX�DGd H �
DGX�_½P.NQCf¸ ��µ ≥ �J_+epP.NQC�YOa+A ��Z�T�i HO\^IQX�DQd ��DGd^dªN ��\^X+I�Y]a+AVC]A#`�NQIJX+\�Y]\ªNJX�NGP�H;\^IQX�DGd H �
��a+\ `Ea6DGC]A�COA�`�A�\��QA�_ ��\ªYOa0A�X+NJF+IQa���N ��A#CWYON���A�C]Â�\�YÁ`�NQÂ�ÂsF+X+\ `�D�Y]\ªNJX ��\�Y]a6DQ`�`�A��4¿
Y]DQK+dªAVK+\ªYfA#COC]NQC�C]DGYOA#H#R�MUDQC;YEH�NQP�YOa+A�C]A#HOF+d�YEH���COA�H;A#XJY]A#_½\^X6Y]a+\ H�HOA#`�YO\^NQX6a�D��JA�K�A�A#X
�+F+K+d^\ H;a+A�_1\ªX� ®Q®(��DQX�_1\ªX� ®G´ �'R
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�Áa+AVDQ\ªCf\^XJY]A�COP�DQ`�ABCOA�`�NJIQX+\ªYO\^NQX�Y]A#`Ea+X+\ ��F+A���COA�H;A#XJY]A#_½\^X½Y]a+\^HÁ`Ea�DQ�4YOA#C�\ HfK�DQHOA#_�NJX
YOa+A½DJHOHOF+Â��4YO\^NQXjYOa�DGY�Y]a+A�K�DQHOA�K�DQX�_?HO\^IQX�DQd�P.C]NQÂ Y]a+A½DG\^CV\^X�YOA�COP�DQ`�AuY]N²K�A�COA�`�NQ¿
IQX+\^��A�_6\ HÁD���DQ\ªd DGK�dªA�D�YfYOa+A=¸!NQP Y��fDQCOA�µBDQ_4\^N�COA�`�A�\��QA#C#R �Áa+\ H �4a+N �fA �JA�C �JC]A���F+\^C]A#HfD
��A#C;P.A�` Yf��X�N ��dªA�_4IQA�NQP�YOa+A�`�DGC]C]\ªA#CWP.COA ��F+A�X�` �sNQP�YOa+A�H;\^IQX�DQd�NQPl\ªX�YOA#COA�HSY � ��a�\^`Ea ��\^X
�+CEDQ` Y]\^`�A���\ H�A�HSY]\ªÂ½D�Y]A#_?K �1Y]a+A½`Ea�DGX+X�A�dUH;A#IQÂ�A�X�Y]DGYO\^NQXjH;Y]DQIQAu��CO\^NQC�YON²YOa+A�\^_+A�X4¿
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YO\ ��`�DGYO\^NQXlR �Áa+AVA#H;YO\^Â½D�YOA�_0`#DGC]CO\^A�CWP.C]A���F+A#X�` ���!NQK��!\ªNJF�H;d����JÂ½D���K�A³`�NQX�YEDGÂ�\ªX�D�YOA�_
K��0A#H;YO\^Â½D�Y]\ªNJX1A#COC]NQCEH#R �Áa�\^HBHOA#`�YO\^NQXc\^X �JA#H;YO\^IJDGYOA#HfY]a+A�A $�A#`�Y]H�NGP�YOa+\ H�A#H;YO\^Â½D�Y]\ªNJX
A�C]CONJC]H�NQX*Y]a+A��+C]NQ��NJHOA#_*Â�A�Y]a+N4_�R=TVA�X+NQYO\^X+I0Y]a+A½`�DQCOC]\ªA#CBP.C]A���F+A#X�` �cA#H;YO\^Â½D�Y]\ªNJX
A�C]CONJCfDJH

δfc

� �fA³`#DGX ��CO\ªYOA�Y]a+A=`�NJXJYEDGÂ�\^X�D�Y]A#_²K�DQHOA�K�DQX�_1H;\^IQX�DQd�NGPU\ªX�YOA#COA�HSYBDJH�L

x̃(t) = x(t)e−j2πδfc t �,®+Rªg��4g �
�Áa+A³X+NQX�`�NQXG±SF+IJDGYOA�` �4`�d^\ `�DQF4YON4`�NQC]COA#d^DGYO\^NQX½P.F+X�` YO\^NQX*NQP

x̃(t)
`�DQX²K�A ��C]\�YOYOA�X*DJH�L

Rα
x̃x̃(τ) = e−j2πδfc τRα

xx(τ)
�,®+Rªg��Q� �

�Áa!F�H �[YOa+A*`�DQCOC]\^A�C�N $�H;A�Y�a�DJH�X+N¡A�$�A�` Y½NQXnYOa+AcX+NJX�`�NJX�±SF+I�D�YOAc` �4`�dª\ `²DQF4YON4`�NQCO¿
COA#d^DGYO\^NQXoP.F�X�` Y]\ªNJX ��NQYOa+A#CsY]a�DGX�D?d^\^X+A#DQCs�+a�DQHOA0Y]A�C]Â ��DGX�_p_4N!A#H�X+NGY�a�D��JA²DGX��
\ªX M�F+A�X�`�A=NJX²Y]a+As` �4`�d^A³P.COA �JF�A�X�`�\ªA�H�NGPUYOa�AuH;\^IQX�DGdlNQPU\^X�YOA#COA�HSY � ��a+\ `Ea*Â�DQ�QA�HÁYOa+A
�+C]NQ��NJHOA#_~Â�A�Y]a+N4_ �QA#C �~C]NQK+F�HSY�DGIJDQ\ªX�HSY=Y]a+\ Hs�!\^X�_oNQP�A#H;YO\^Â½D�YO\^NQXnA�C]CONJC��U\ªPBYOa+A
H;\^IQX�DGd�NGPU\ªX�Y]A�C]A#H;YÁA � a+\ªK�\�YEH�X+NQX�`�NQXG±SF+IJDGYOA³` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY �QR
@BN �fA �QA#C��!Y]a+\^X+IJH�dªN!NQ�1_4\ $�A#COA#XJY]d �0P.NQC�Y]a+Au`�NQX�±SF+I�D�Y]A=` �4`�d^\^`uDGF4Y]N!`�NQC]COA#d^DGYO\^NQX

P.F+X�`�YO\^NQX � ��a�\^`Eac`�DQX1K�A=`�DQd^`�F+d D�YOA�_²DJH�L

Rα
x̃x̃∗(τ) = R

α+2δfc

xx∗ (τ)
�,®+Rªg��G� �

�ÀX�YOa+\ H[`�DJH;A��GY]a+AB`�DQCOC]\ªA#CUN $�H;A�Y[dªA�DQ_+HUY]N=D³H;a+\ªP Y�\^X�YOa+A�`�NQX�±SF�IJD�Y]A�` �4`�d^\^`�DQF4YON4`�NQCO¿
COA#d^DGYO\^NQXuP.F+X�` Y]\ªNJXs\^XsYOa+A

α
_4\^C]A#` Y]\ªNJXlR �Áa!F�H��GA��QA�C ��` �4`�d^AfP.COA ��F+A�X�` ��\^HWHOa+\ªP YOA�_uK��

DGX?DQÂ�NQF+X�Y�NQP
2δfc

� ��a+\^`Ea ��DGY�YOa�A ��CEHSY³H;\^IQa�Y ��HOA�A#Â�HBYON²Â�DQ�QA�Y]a+A�COA�`�NQIJX+\ªYO\^NQX
\ªÂ���NJH]H;\^K+d^A��4F+X�dªA�HOH

δfc

\^HÁ��COA�`�\ H;A#d �6�!X+N ��X�R
�BA �JA�COYOa+A#dªA�HOH��G\ªY�`�DQX�K�A�A�DQHO\ªd��uHOa+N ��X�YOa�DGYWYOa+A�`�NQX�±SF�IJD�Y]A�` �4`�d^ABH;��A#`�YOC]F+ÂºNQP

`�NJÂ�ÂsF+X+\ `�DGYO\^NQX0HO\ªIJX�DGd H�HOa+N �BHfDuH �!Â�Â�A�YOC ����YOa�DGYf\ H���\ªP
α0
\ HÁDu` �!`�dªA�P.COA ��F+A�X�` ���

YOa+A#X −α0
\ H1DGd H;N�Dn` �4`�dªA?P.COA �JF�A�X�` ��NQP=YOa�AhHO\ªIJX�DGd ��HOA�A~Z�\ªI�R ®+R · � R�¸!\^X�`�A

YOa+A���a+NQd^A6`�NJX�±SF+IJDGYOA6` �!`�dª\ `6DQF4YON4`�NJCOC]A�d D�Y]\ªNJXjP.F+X�` YO\^NQXo\ HuHOa+\ªP YOA�_~K �¡YOa�A0HODQÂ�A
DGÂ�NQF�XJY �WYOa�A1_4\ H;Y]DGX�`�A1K�A�Y���A#A�X9Y��fN¡` �4`�d^\^`1DGF4Y]N4`�NQC]C]A�d D�YO\^NQXoHOF+COP�DQ`�A�HuC]A�Â½DQ\ªX�H
YOa+A�H]DGÂ�A��!\¬R AJR

2α0
R[@BA#X�`�A��!YOa+A�C]A#`�NJIQX+\ªYO\^NQX²`�DGX²K�A�`#DGC]CO\^A#_½NJF4YÁK �6`�NQX�_+F�` Y]\ªX+I

D~H;A�DGCE`Ea9P.NQC�Y]a+A*�+C]A#HOA�X�`�A²NQPVY��fN~` �4`�d^A1P.COA �JF�A�X�`�\ªA�H�\ªX�YOa�Aj`�NQXG±SF+IJDGYOAc` �4`�d^\^`
DGF4Y]N4`�NQC]C]A�d D�YO\^NQXjP.F+X�` Y]\ªNJX¡NQP

x̃(t)
��a+\ `Ea¡a�D��QA�D0P.C]A���F+A#X�` �jHOA���DGCED�YO\^NQX¡NGP

2α0
�

A�d^\ªÂ�\^X�D�Y]\ªX�I�YOa+AVX+A�A�_½NGP��!X+N ��\^X+I�Y]a+A�N $�HOA�Y
δfc

R �Áa+A�_4A�Y]A#` Y]\ªNJX6NGPlHOF�`Ea6D=` �!`�dªA
P.COA ��F+A�X�` �p��DG\^C0\^X

x̃(t)
\^H²D9`�d^A#DQC0\^X�_4\ `�DGYO\^NQXÃP.NQC0YOa+A¡�+C]A#HOA�X�`�A*NGPu`�NJX�±SF+I�D�YOA

` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY ��\ªX
x(t)

��\�Y]ajDsP.COA �JF�A�X�` �6NGP
α0
R

�Áa�F�H �\ªX~`�DJH;A�NGPÁDc`�DGC]C]\ªA#CVP.C]A���F+A#X�` �?A#H;YO\^Â�DGYO\^NQXhA�C]CONJC�P.NJC=H;\^IQX�DGd HVA � a+\ªK�\�¿
YO\^X+I?`�NQX�±SF+I�D�Y]A0` �4`�d^NJH;Y]DGYO\^NQX�DQCO\ªY � �,H;F�`EapDQHs��¸+i NQCuT f� ��� �Y]a+Ac�fZ4©Vµ¤YOA�HSY
�+C]NQ��NJHOA#_�\ªX6HOA#`�YO\^NQX0®+R ¨�a�DJHUYONuK�A�DG�+�+d^\^A#_�ÂuF�d�Y]\ª�+d^A�Y]\ªÂ�A#H�P.NQC�_4\�$�A�C]A�X�Y���DG\^C]HWNQP
α
� ��a+\^`EacC]A#HOF+dªY]HÁ\^XcD�`�NQX�HO\^_+A�CEDGK+d^AV\^X�`�COA�DQHOAV\^X1YOa+A=`�NQÂ��+F4YED�YO\^NQX�DGdl`�NJÂ��+dªA � \�Y �
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NGP�YOa+A�C]A#`�NQIJX+\�Y]\ªNJX²DQdªIJNQC]\�Y]a+ÂcR[@BN �fA �QA#C��!\ªPY]a+A�NQCE_4A#C�NGPUÂ�DQIQX+\ªYOF�_4A�NGPYOa+A�P.C]A�¿
��F+A�X�` �?N $�HOA�YuC]A�d D�Y]\ �JA�YONcYOa�A0` �4`�d^A½P.C]A���F+A#X�` �

α0
\ H=DQ�+�+C]N � \^Â½D�Y]A�d��j�!X+N ��XoD

�+C]\ªNJCO\ � �.\¬R AJR�YOa+A�A#COC]NQCUHSYED�Y]\^H;YO\ `�HUNQP�Y]a+ABH;A#IQÂ�A�X�YED�YO\^NQX�DGd^IQNJCO\ªYOa+Â ��YOa�ABH;A�DGCE`Eas`�DQX
K�A0dª\^Â�\�Y]A#_oNJX9DjH;Â½DQdªdWP.C]A���F+A#X�` �h\^XJY]A�C ��DGd �Â½DG�!\^X+IcYOa�A0F�HOA6NGPÁY]a+\^HsDG�+��CON�DQ`Ea
`�NJÂ���F4Y]DGYO\^NQX�DQdªd���P.A#DJH;\^K+d^AQR
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�ÀXhYOa+\ H �fNQC]����DcÂ�A�YOa�N!_hP.NJCuDG\^C�\^XJY]A�COP�DQ`�A�\ _4A#XJY]\���`�D�Y]\ªNJX~\ªX9Dj¸!NQP Y��fDQCOA½µBDJ_4\^N
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��DGCOY6NGP³Y]a+A¡¸!NQP Y��fDQCOA*µBDJ_4\ªNp`�NQX�`�A��+Y#R ©B\^C0\^XJY]A�COP�DQ`�A*\^_4A#X�YO\ ��`�DGYO\^NQX�DGd^dªN �BH0D
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�+C]N ��\ _4A�H�YOa�A1¸4µ ��\�Y]anDGXnDQd�Y]A�C]X�D�Y]\ �JA6Â�N4_4A0Â�NQX�\�Y]NQC]\ªX+I¡`�DG��DGK+\^dª\ªY ���[DQdªd^N ��\^X+I
YOa+Au¸+µ�Y]N���A#C;P.NJCOÂ�\^X�YOA#C]H;Y]DQX�_+DGCE_6a�DGX�_4N �JA�CEHf\�PUX+A#`�A#H]HODQC �JR
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_+DGÂ�A#XJYEDGdlDJHOHOF+Â��4YO\^NQX�H�L

gQR �Áa+A³DG\^C�\^X�YOA#C;P�DJ`�A�\ _4A#XJY]\���`�D�Y]\ªNJX6a�DJH[Y]NsK�A���A�COP.NQC]Â�A#_½\^X²DQX6A�X��!\ªC]NQX�Â�A#X�Y
��\ªYOa?D½P.F+dªd��*_��!X�DGÂ�\ `³P.C]A���F+A�X�` �cDGd^dªN4`�DGYO\^NQX*H]`Ea+A�Â�A���\,R AQR�A#DQ`Ea1Y]C]DQX�H;Â�\ HS¿
HO\ªNJXnH;Y]DGX�_+DGCE_9`�DQX9K�A0NQ��A�CED�Y]A#_oNJXnDGX��hP.C]A���F+A�X�` �hK�DGX�_ ��DQ`#`�NQCE_4\^X+IcYON
Y]a+A�F�HOA�CB_4A#Â�DQX�_+H�DQX�_6Y]C]D �6`�`�NQX�HO\ _4A�CED�Y]\ªNJX�H�RU©BdªYOa�NQF+IJa0Y]N!_�D��*� HfÂ�NQK+\^dªA
`�NQÂ�ÂuF+X�\^`#D�YO\^NQX�X+A�Y��fNQC]�4H0DGC]AjF�HOF�DQdªd��ÃK�DQHOA#_�NJX�� � A#_�P.COA �JF�A�X�` �ÃDQdªd^NG¿
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D�P.F4Y]F+C]Au¸!NGP Y��ÁDGC]A�µ�DQ_4\^N½H �4H;YOA�ÂcR
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a+A#dª�1P.C]NQÂ Y]a+A�X+A�Y���NJCO��R
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_+DGY]DQK�DQHOA�� ��a+\ `EaÃCOA�_4F�`�A�H�YOa�Aj\^_+A�X�YO\ ��`�DGYO\^NQX��+C]NQK�dªA#Â YON9D9COA�`�NQIJX+\ªYO\^NQX
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�Áa+A�Y]\ªÂ�A���DGC �!\ªX�I��*� YOa½NJC]_+A�CWÂ�NQÂ�A�X�Y
mkx(i,v)

NGPlD�`�NJÂ���dªA � CEDGX�_+NQÂ��+C]N4`�A�HOH
x[i]

��\�Y]a
v = [v1, v2, . . . , vk]

�
v1 = 0

\ HÁIQ\��QA#X1DJH

mkx(i,v) = E{x[i]x[i + v1] . . . x[i + vk−1]}
��©=R^g(�

dªA�Y
νj
K�AVHONQÂ�ABX�NQX+A#Â��+Y ��HOF+K�HOA�Y�NGP�YOa�AVHOA�Y�NQP�\ªX�_+\^`�A#H

ν = {0, 1, . . . , k} �!_4A ��X+AYOa+AhNQCE_4A#C0NGP�Y]a+A~H;F+K�H;A�Y
nj = |νj |

DQX�_
mnjx(i,vνj

)
\ H6Y]a+AhÂ�NJÂ�A�X�Y1NQP

nj��DGC]\^DQK+dªA�H ��\�Y]ac`�NQC]COA�H;��NQX�_4\ªX�I�HOF+K�H]`�C]\ª�+Y]HÁ\^X0Y]a+A=H;F�K�H;A�Y�� \,R AQR {x[i + vm]}m∈νj�Áa+A6��� Y]a~NQCE_4A�C³Y]\ªÂ�A ��DGC �!\ªX+I*`�F+ÂuF+d DGX�Y
ckx(i,v)

NQP
x[i]

`#DGX~K�A½A � �+C]A#H]H;A�_
\ªX1Y]A�C]Â�HÁNQP�Y]a+A�Â�NQÂ�A�X�Y�P.F+X�`�YO\^NQX�H�DQH

ckx(i,v) =
∑

Pk

(−1)p−1(p − 1)!

p
∏

j=1

mnjx(i,vνj
)

��©=R � �

��a+A�C]ABY]a+A³H;F+Â�Â½D�Y]\ªNJX6NQX0\^HÁ`�DQCOC]\^A#_�NQF+Y�N �QA#C[Y]a+A�_+\^H;YO\^X�` YÁ��DQC;Y]\�Y]\ªNJX�H
Pk
NQPlYOa+A

\ªX�_4A � H;A�Y {ν = 1, . . . , k} � ��a+\ `Ea~\^H�_+A ��X+A�_oDQH�Y]a+A6`�NJdªd^A#`�YO\^NQXhNGPÁ�~HOF+K�HOA�YEH³NGP
ν
� {νl}p

l=1

��a�D��!\ªX+IsYOa�A³P.NQd^dªN ��\^X+I��+C]NQ��A�COYO\^A#H#L

ν =

p
⋃

l=1

νl

νj

⋂

νk = ∅ P.NJC
j 6= k.

�,©=R � �
R

�BNGY]A=Y]a�D�YVYOa+A�Â�NQC]A=IQA#X+A�CEDGd�Y]\ªÂ�A ��DQCO\ DGX�YV`�F+ÂuF�d^DQXJY ��DJ`�`�NQÂ�N4_+D�Y]\ªX+I½A��QA#C �
`�NJÂuK+\^X�D�Y]\ªNJX²NQP�`�NQÂ��+d^A � `�NQX�±SF+I�D�Y]A#_1DGX�_²X+NQXG±SF+IJDGYOA#_cHO\ªIJX�DGd�Y]A�C]Â�H

ckxs
(i,v) = cxs1 ...xsk

(i,v)
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��\�Y]a
xsq

∈ {x[i], x∗[i]} � q = 1, . . . , k
`�DQXoK�A²A � �+C]A#H]H;A�_~H;\^Â�\ªd DGC]d ���UF�H;\^X+I*Y]a+A

Â�NQÂ�A�X�YÁP.F+X�`�YO\^NQX�H ��\ªYOa*DQ�+�+C]NQ�+C]\^DGYOA³`�NJX�±SF+IJDGYOA�¿¬X+NJX�`�NJX�±SF+I�D�YOA�`�NJÂuK+\^X�D�Y]\ªNJX�H#R
�Áa+A²Â�\ � \ªX+I~`�NJX�_4\ªYO\^NQXpF�H;A�_9\^X � ®GÄ �ÁY]Nh_4A#CO\��QA0YOa+A*DJH �!Â��4YONQYO\ `6�+C]NQ��A�COYO\^A#H

NGP�Y]a+A²` �!`�dª\ `6DQF4YON4`�NJCOC]A�d D�Y]\ªNJX~A#H;YO\^Â�DGYOA�H��.\¬R A1`�NQX�HO\^H;YOA#X�` �~DGX�_oDQH ��Â��4Y]NGY]\^`#DGd^d �
`�NJÂ���dªA � X+NQC]Â½DGd�_4\ HSY]CO\^K+F4Y]\ªNJX �Á`�DQXcK�A³IQ\��QA#X1DJH

∞
∑

v=−∞

H;F��
t

|vlckxs
(t,v)| < ∞ �,©=R ¨ �

�Áa+\ H�DJHOHOF+Â��4YO\^NQX0COA �JF�\ªC]A#H[YOa+A³DGK�HONQd^F4Y]AVHOF+Â�Â�DQK+\^dª\ªY ��NGPlY]a+AV`�F+ÂuF+d DGX�YEH�NQP
x[i]

�
��a+\ `Ea ��\ªX�\�Y]F+\�Y]\ �JA�d�����\^Â��+dª\^A#HVY]a�D�Y�HODQÂ��+dªA�H�NQP

x[i]
��a+\^`EahDGC]A �fA�d^d�HOA���DGCED�YOA�_*\^X

YO\^Â�A�DQCOAuDQ�+�+C]N � \ªÂ½D�Y]A�d��0\^X�_4A#��A#X�_4A�X�Y�� ´JÄ � � ��a�\^`Eaj\ H�NQK��!\ªNJF�HOd �0P.F+d���dªd^A#_?K �*DQdªd
`�NJÂ�ÂsF+X+\ `�DGYO\^NQXcH;\^IQX�DQd^H#R

� �:/ +<L @ EHG�' % 'K4�6�3�4�L ' -�4 =:;�'K4�%<7 %<&
Zxx∗

�Áa+ABDQH �!Â��4YONQYO\ `f_+\^H;YOC]\ªK�F4YO\^NQX�NGP
Zxx∗

F+X�_4A#C
H0

`#DGX�K�ABHOa+N ��X�K��sDG���+d �!\^X+I�YOa+A
P.NQd^dªN ��\^X+IsYOa+A#NQC]A�Â ����a+\ `Eaca�DQHÁK�A�A#X1��CON �JA�X0\^X� ´�g �'L

:=<*¹³¼60¹�� �
gQR �'P�YOa+A

1 × M
�JA#`�YONQC

Ψ̂
\ H³DGX¡DJH �!Â��4Y]NGYO\ `�DQdªd��j�³DGF�H]HO\^DQXjA#H;YO\^Â½D�YONJCVNQP

ΨF�HO\^X+I
To
_�D�Y]D�H]DGÂ��+d^A#H�� \¬R AQR

lim
To→∞

√

To(Ψ̂ −Ψ)
D
= N (0,ΣΨ)

��©=R ® �
DQX�_

Ψ 6= 0
�!YOa+A#X

lim
To→∞

√

To(Ψ̂Ψ̂H −ΨΨH)
D
= N (0,4ΨΣΨΨH)

��©=R ´ �
K+F+Y�\�P

Ψ = 0
DGX�_

ΣΨ = I
�!YOa+A#X

lim
To→∞

√

To(Ψ̂Ψ̂H −ΨΨH)
D
= χ2

M

��©=R · �

�4R �'P
limTo→∞(Ψ̂) = Ψ

DGX�_
limTo→∞(Ĝ)

m.s.s
= G

� ��a+\^`Eao\ HuDQX
M × MÂ½D�Y]CO\ � �!YOa+A#X

lim
To→∞

√

To(Ψ̂Ĝ)
D
= ΨG

�,©=R » �
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��a+N!NJHO\ªX�I
Ψ̂ = r̂xx∗Σ

−1/2
xx∗

DQX�_
M = 2N

�QC]A#DQdª\^��\^X+IVYOa�DGY
Σ

−1/2
xx∗

\ H[D�`�NQX�HO\^H;YOA#X�Y
A#H;YO\^Â½D�YOABDQX�_sF�H;\^X+I³Y]a+A�NJCOA#Â£���

Ψ̂
`�DQX�K�ABHOa+N ��XsYON�K�ABDQH ��Â��4Y]NGY]\^`#DGd^d �=X�NQC]Â�DQd �

H;\^X�`�A
limTo→∞

√
Tor̂xx∗

\ HlDQH �!Â��4YONQYO\ `�DGd^d��BX+NQC]Â½DGd �#DJHlH;a�N ��X�\^X�� ®QÄ �'R �Áa+A#COA�P.NQC]A
F�HO\ªX+IÁY]a+A�NJCOA#Â½H��ÁDGX�_�g���Y]a+A�DJH �!Â��4YONQYO\ `[_4\ HSY]CO\^K+F4Y]\ªNJX³NGP

Zxx∗

F+X�_4A#C
H0

\ HlIQ\��QA#X
DQH

lim
To→∞

Zxx∗
D
= χ2

2N

��©=R ¾ �

DGX�_²F+X�_+A�C
H1

lim
To→∞

Zxx∗

D≈ N (Torxx∗Σ−1
xx∗r

T
xx∗ , 4Torxx∗Σ−1

xx∗r
T
xx∗)

�,©=R^g#Ä �
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©�T�� ©�X�DGd^NQI�YON½_4\^IQ\ªY]DQd�`�NJX��QA�COYOA#C
©���� � ©�_+_+\�Y]\ �JA ��a+\�Y]Au�³DGF�H]HO\^DQX0X+NJ\^HOA
efM�¸4k ef\^X�DGC �6�+a�DJH;A�HOa+\ªP YB�QA �!\^X+I
�f©�Z � �4`�d^\ `�DGF4Y]N!`�NQC]COA#d^DGYO\^NQX½P.F�X�` Y]\ªNJX
���f©�Z ��NJX�±SF+IJDGYOA�` �4`�dª\ `³DGF4Y]N!`�NQC]COA#d^DGYO\^NQX0P.F+X�` Y]\ªNJX
�fTVi?© ��N4_4A=_4\��!\^HO\^NQX1ÂuF+dªYO\^�+d^A=DQ`�`�A#H]H
TB©�e TV\ªIJ\�YEDGd�DQF�_4\^N�K+CON�DQ_+`#DQH;YO\^X+I
TVZ � TV\^H]`�C]A�Y]A=Z+NJF+CO\^A�CfY]C]DQX�HSP.NJCOÂ
T��Ve�¿ � TV\ªIJ\�YEDGd �V\^_+A�N½efCON�DQ_+`#DQH;YO\^X+IG¿ ��A#COC]A#H;YOC]\ DGd
Z  Z�CONJXJY�A#X�_
ZUZ � Z�DQH;Y�Z+NQF�CO\^A�CfYOCEDGX�HSP.NJCOÂ
T Á� � TV\ªIJ\�YEDGd �F+CONJ��A�DGXj��NQCE_4d^A#H]H �A�d^A���a+NQX��
T�¸ �G¸+¸ TV\ªC]A#`�Y�H;A ��F+A�X�`�A�H;�+C]A#DJ_!¿ÀH;��A#`�YOC]F+Â
�;¸4¾J® �ÀX�YOA#CO\^Â ¸!Y]DGX�_+DGCE_²¾�®
��¸4i ��d^NQK�DQd�¸��4HSY]A�Â¦P.NQCBi*NJK+\ªd^Au��NQÂ�ÂuF�X+\^`#D�Y]\ªNJX�H
�³i?¸4k �³DQF�HOHO\ DGX1Â�\^X+\^ÂuF+Â H;a�\�P YB�JA �!\ªX�I
¯�© � ¯�N!`#DGdlDQCOA�DuX+A�Y���NJCO�
¯¸4e ¯�A#DQH;YBH;\^IQX�\���`#DGX�Y�K+\ªY
ij¯ ijD � \ªÂsF+Â�¿¬d^\ª�JA�d^\ªa�N�N4_
i?¸4k i*\^X+\^ÂuF+Â H;a�\�P Y��JA �!\^X+I
��¯ ��NQ\ H;A³d^A �QA#d
��ZUTVi �VCOYOa+NJIQNJX�DGd�P.C]A���F+A�X�` �0_4\��!\^HO\^NQX1ÂuF+dªYO\^�+d^A �
M�¸4T MUN �fA�C�H;��A#`�YOCEDGdl_4A#X�HO\�Y �
M�¸4k M[a�DQHOA=H;a+\ªP YB�QA��!\ªX+I
¸+¸��f¯ ¸!A#d�PWHO�+dª\ªY;Y]\ªX�I6`�NQÂ���A�Y]\�Y]\ �JA�dªA�DGC]X+\ªX�I
¸4T�µ ¸!NQP Y��fDQCOA³TVA ��X+A�_*µBDQ_+\ªN
¸4µ ¸!NQP Y��fDQCOA³µBDJ_4\ªN
¸���µ ¸!\^IQX�DGd�YON½X�NQ\ H;A³CED�YO\^N
��TVi?© �Á\^Â�A=_4\ �!\ H;\^NQX1ÂuF�d�Y]\ª�+d^A=DQ`#`�A�HOH
��i �B¸ ��X+\ �JA�CEHODQdli*NQK�\ªd^A ��A#dªA�`�NQÂ�ÂsF+X+\ `�D�Y]\ªNJXc¸��!H;YOA#Â
� ��µB© �Vi �B¸ ��A#COC]A#H;YOC]\^DQd�µBDQ_4\^N½©�`�`�A#H]H
�r¯�© � ��\^COA#dªA�HOHÁd^N4`�DQdlDGC]A#DsX+A�Y��fNQC]�
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��¸+¸���¸ ��\ _4A�¿ÀHOA�X�HOA�HSYED�YO\^NQX�DGC �½F+X�`�NJCOC]A�d D�Y]A#_²HO`#D�Y;Y]A�C]\ªX�I

��%.'K+ 'K4�%<7�L

x
�[DGC]\^DQK+dªA

x̂
�HSY]\ªÂ½D�Y]\ªNJX

x̄
© �QA#C]DQIQA

x(t)
��NJX�YO\^X�F�NQF�H�YO\^Â�A=H;\^IQX�DGd

x[n]
T�\ HO`�COA�YOA�YO\^Â�A=H;\^IQX�DGd

X(f)
Z�NQF+C]\^A�C ��CEDGX�HSP.NJCOÂ NQP

x(t)
X(z)

.�¿ �C]DQX�H;P.NQC]Â NQP
x[n]

x
�WA#` Y]NQC"��IQA�X�A�CEDGd �

~X
�WA#` Y]NQC"��\ªX1YOa�A³P.A#D�Y]F+C]A³HO��DJ`�A(�

X
ijD�Y]CO\ �

‖x‖ ��NQC]Â
Re{x} µ�A�DGd���DQC;Y
Im{x} �ÀÂ½DQIQ\^X�DGC ����DGCOY
E{x}  � ��A#`�Y]DGYO\^NQX
cov(x, y)

��N ��DGC]\ DGX�`�A
xlin(t)

¯�\ªX�A#DGCÁ��DQC;Y�NQP
x(t)

xl(t)
¯�N �r��DJHOHÁA �JF�\ ��DGd^A�X�YBHO\ªIJX�DGd�Y]N

x(t)
Rα

xx(τ)
��NQX�`�NQX�±SF�IJD�Y]A�` �4`�d^\^`³DGF+YON4`�NJCOC]A�d D�Y]\ªNJX
P.F+X�` Y]\ªNJXcNGP

x(t)
Rα

xx∗(τ)
��NJX�±SF+I�D�YOA³` �4`�dª\ `�DGF4Y]N4`�NQC]C]A�d D�YO\^NQX
P.F+X�` Y]\ªNJXcNGP

x(t)
Sα

xx(f)
��NQX�`�NQX�±SF�IJD�Y]A�HO��A#` Y]C]DQdl`�NJCOC]A�d D�Y]\ªNJX²_4A#X�H;\ªY �
P.F+X�` Y]\ªNJXcNGP

x(t)
Sα

xx∗(f)
��NJX�±SF+I�D�YOA³HO��A�` YOCEDGdl`�NQC]COA#d^DGYO\^NQX1_4A�X�HO\ªY �
P.F+X�` Y]\ªNJXcNGP

x(t)

$ @ E = %"?�L

Axx
� �4`�d^A=HO��A�` YOC]F+Â�NQP

x(t)
Axx∗

��NJX�±SF+IJDGYOA�` �4`�dªA�HO��A�` YOC]F+Â NGP
x(t)

~Ak
©VH �!Â��4YONQYO\ `³�+C]NQ��A�COY � �QA#`�YONJC
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B
eÁDGX�_���\^_4YOa

bf0

Z�NQF+C]\ªA#CV��N!A5�6`�\^A�X�YBD�Y�P.C]A���F+A#X�` �
f0

c
¸!��A�A�_1NGPUdª\^IQa�Y

ck(t)
¸!�+C]A#DJ_4\^X+I½`�N4_4A�H;A ��F+A�X�`�A³NGP�YOa+A���� YOacF�HOA�C"�¬�fT�ij©J�

cK(t)
[d^A�Â�A�X�YEDGC � �ÀÂ��+F+d H;A³P.F+X�` YO\^NQX�H�\ªX1Y]a+A
d^\ªX�A#DGCBDQ�+�+C]N � \ªÂ½D�Y]\ªNJX0NQPU�³i?¸4k

~Ck
��A#XJY]A�C��+C]NQ��A�COY � �JA#` Y]NQC

D
T �!X�DGÂ�\ `�µBDGX+IJA

dk
�ÀX4P.NJCOÂ½DGYO\^NQXcH;A �JF�A�X�`�A

dn,i
X � YOa*\^X4P.NJCOÂ½D�Y]\ªNJX²H �!ÂuK�NQd�Â�N4_4F+d D�YOA�_1NQX²YOa+A
��� YOa*`�DQCOC]\ªA#C(� ��ZUTVi � �
X � YOa*\^X4P.NJCOÂ½D�Y]\ªNJX²H �!ÂuK�NQd�NGP�YOa�A�\ � YOacF�HOA�C"�'�fTVij©J�

en
�VF�DQX�YO\^�#D�Y]\ªNJX²A#COC]NQC

Es
[X�A�C]I��6NQPUD�H ��ÂsK�NJd

f
Z�COA �JF�A�X�` �

fc
��a+\^�cC]DGYOA

fC
�fDQCOC]\ªA#CfP.COA �JF�A�X�` �

fD
TVNQ�+��dªA#CV¸!a+\ªP Y

fDmax
ijD � \ªÂsF+Â TVNQ�+��dªA#C�¸!a+\ªP Y

fh(ρ)
TV\^H;YOC]\ªK�F4YO\^NQXcNGP�YOa�A³P�DQ_4\^X+I½`�N!A5�6`�\ªA#XJY

fmax
ijD � \ªÂsF+Â�P.C]A���A�X�` �6`�NJÂ���NJX+A�X�Y�`�NJX�Y]DG\^X+A�_0\^X1D½HO\^IQX�DQd

fs
¸��!ÂsK�NJdlC]DGYOA

fsample
¸4DQÂ��+dª\^X+I½CED�Y]A

fv[i]
¯DGI��+C]N!_+F�` Y

f̃v[i]
��NJX�±SF+IJDGYOA³d DGI��+C]N!_+F�` Y

g(t)
�ÀÂ��+F+d H;Au¸4a�DG��A

gf (t)
¸!a�DQ��A�NQPY]a+A�P.COA ��F+A�X�` �0�+F�d^HOA �,�³i?¸4k"�

grc(t)
µBDQ\^HOA#_1`�N�H;\^X+A³�+F+d H;A

grrc(t)
µ�N!NGYBCEDG\ HOA#_0`�NJHO\ªX�A���F+d^HOA

gR(t)
µ�A�` Y]DQX+IQF�d^DQCf��F+d^HOA

G(f)
Z+NJF+C]\ªA#C���CEDGX�H;P.NQC]Â NGP

g(t)
Grc(f)

µBDQ\^HOA#_1`�N�H;\^X+A³�+F+d H;A=HO��A#` Y]COF�Â
Grrc(f)

µ�N!NGYBCEDG\ HOA#_0`�NJHO\ªX�A���F+d^HOA=HO��A�` YOC]F+Â

h(t, ν)
�Á\^Â�A ��DQC �!\^X+I�`Ea�DGX+X+A#d�\ªÂ��+F�d^HOA�COA�H;��NQX�H;A
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hn(t)
�Á\^Â�A ��DQC �!\^X+I�`Ea�DGX+X+A#dl`�N!A5�6`�\ªA#XJY

Hk
@ ����NGY]a+A#HO\ H��

I0(·)
i*N4_4\ ��A�_1efA�HOHOA�d�P.F+X�` YO\^NQXcNQP�NJC]_4A#CÁ��A�C]N

I
�S_4A#X�YO\ªY �²ijDGYOC]\ �

JK−means
k�¿'Â�A#DGX�H�`�NJH;YÁP.F+X�`�YO\^NQX

JEA
�_+IQA=DQ_�DG�4Y]\ �JA³k�¿'Â�A#DQX�HÁ`�NJH;YÁP.F+X�`�YO\^NQX

K
��F+ÂuK�A�CBNQPU`�dªF�HSY]A�CEHJ�,`�d^F�H;YOA�C]\^X+I �
��F+ÂuK�A�CBNQP�F�H;A#C]H �¬�fT�ij©J�

n(t)
©�Ã� �

n~u
��\^X+X+\^X+I6`�NJF+X�YOA#C�NGP

~u
NC

��F+ÂuK�A�CBNQPU`#DGC]CO\^A�CEH
N0

��NQ\ H;A³��N ��A#C
No

©VT³�vµ�A�H;NJdªF4Y]\ªNJX

pGauss(t)
�³DGF�HOHO\^DQX²\^Â��+F+d H;A³P.F�X�` Y]\ªNJX

~Pk
��d^F�H;YOA�C���CONQYONGY �!��A

Pd
M[C]NQK�DGK+\^dª\ªY �6NQPU_4A�YOA�` YO\^NQX

Pf
Z�DGd H;A�DGd DGC]Â�CED�Y]A

pk(r)
¯l\^�QA#dª\^a+N!N4_6P.F�X�` Y]\ªNJX²P.NJCÁYOa+A�a��!��NGYOa�A#HO\^H

k

Q
¸!��COA�DQ_4\^X+I½`�N4_4A³d^A�X+IQYOa

Q0
��F+ÂuK�A�CBNQP ��F�DQX�YO\^�#D�Y]\ªNJX0d^A �JA�d H

Qsc
¸4`�C]DQÂuK+d^\^X+I½`�N4_4A³dªA#X+IGY]a

r(t)
µ�A�`�A�\��QA�_²HO\^IQX�DQd

rxx

��NQX�`�NQX�±SF+I�D�Y]A³` �!dª\ `³DGF4Y]N!`�NQC]COA#d^DGYO\^NQX �QA#`�YONJC
rxx∗

��NJX�±SF+IJDGYOA�` �4`�dª\ `³DGF4Y]N!`�NQC]COA#d^DGYO\^NQX �QA#`�YONJC
Rα

xx(τ)
�BNJX�`�NJX�±SF+I�D�YOA�` �!`�dª\ `³DGF4Y]N4`�NQC]C]A�d D�YO\^NQX
P.F+X�` YO\^NQXcNQP

x(t)
Rα

xx∗(τ)
��NQXG±SF+IJDGYOA�` �4`�d^\ `�DQF4YON4`�NQC]COA#d^DGYO\^NQX
P.F+X�` YO\^NQXcNQP

x(t)
~Rk

TV\^H;Y]DQX�YB�+CONJ��A#C;Y � �JA#`�YONQC

Sxx(f)
M�¸4TºNGP

x(t)
Sα

xx(f)
�BNJX�`�NJX�±SF+I�D�YOA�HO��A�` Y]C]DQdl`�NQC]C]A�d D�YO\^NQX
_4A#X�HO\�Y �0P.F+X�` Y]\ªNJXcNGP

x(t)
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Sα
xx∗(f)

��NQXG±SF+IJDGYOA�H;��A#`�YOCEDGdl`�NQC]COA#d^DGYO\^NQX
_4A#X�HO\�Y �0P.F+X�` Y]\ªNJXcNGP

x(t)
SNRQ
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