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Notation

R setof realnumbers

C setof comple« numbers

A matrix: capitalletters

gl matrix entryin thek-th row andI-th column
\% vectorspacebold capitalletters

X vector:bold letters

Xk . I-th componenbf vectorx;,

A eigervalue: greekletters

G{V,E, A} graphG with verticesv € V, edges € E andadjaceng matrix A
(x|y) innerproductof vectorsx andy

|| absolutevalueof z

Il x || normof vectorx

| H || normof matrix A
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Chapter 1

Intr oduction

Many predictionsabout the waysnew technolagieswill transformsocietyfade
quickly - the telggraph, radio, movies, and television did createrevolutions,but
not the oneswe expected. Hence it is especiallyimportantthat we turn from
opinionsand predictionsto the seriousanalysisanddescriptionof onlinegroups.
(M. SmithandP. Kollock, 1999) [SK99, p.23]

As peopletransferpartof their sociallife to the Internet(seefor exampleon-
line communitiedik e friendster{Fri04], linkedin[Lin04], orkut[Ork04],...), the
guestionarisesif the useof computermediatedcommunicationCMC) changes
theway communitiesarebuilt andkeptalive, or if the known dynamicsof social
life arejust beingadaptedo the new technology [Wel02]. Onefocusof interest
is the notion of a centerof a network. The questionis how the way peoplebuild
groupsaroundcertain“very importantpeople”is transferedo CMC. Not only is
this questionof interestto the sociologist(seefor example [Wel01]), but it has
becomencreasinglyinterestingfor securityreasonon the onehand,andfor its
possibleeconomidmpacton the othet

Someapplicationshave gainedwide publicity, e.g. the huntfor terroristnet-
works, or the use of network dynamicsfor political goals. Sincethe terrorist
attackson New York on septembed 1th, 2001the ideaof usingmethodsdravn
from social network analysishave gaineda wide interest[Kre02]. For the sui-
cideattackon New York theterroristshadusedmoderncommunicatiorchannels,
e.g.emailandmobile phonesto planandexecutetheir dreadfulattack. Thusin-
terestin the developmentandenhancementf methodso detectcommunication
patternsof suchnetworkswell in advancehasgrowvn dramatically

In the 2004 U.S. presidentialelectionsthe campaignusedthe possibilities
of the Internetto reachout to communitiesby “snowballing ” (see [Ker04],
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2 CHAPTER1

[Bus04]). The aim is to motivate peopleto participatein the elections,andto
usethe socialnetworks of supportergo win over evenmorepotentialvoters.

In the world of economicsHayek [Hay45, p.519-520]pointsto one of the
major problemswhich researchersry to solve by using network analysis. He
explicitly statesthatthe peculiarcharacterof theproblemof a rationaleconomic
order is determinedreciselyby thefact that the knowled@ of the circumstances
of which we mustmale usenever existsin concentatedor integratedform, but
solelyasthedispesedbits of incompleteandfrequentlycontradictoryknowledg
which all the sepaate individuals possess Thus communications at the heart
of economicsuccessaswell asthe efficient allocationof informationwithin a
network. To know the patternsof suchcommunicatioroffersthe possibilityto act
accordingo theneedof theorganization.Hayek” sexampleis anillustrationthat
theknowledgegainedaboutsocialnetworks andhow they areanalyzedmight be
usefulin understandingconomigprocessek e markets.

Thuson the businessside the opportunityto view customeremployee,sup-
plier or traderbehaior via their useof new mediabecomegver moreinteresting,
temptingandrevealing. The availability of hugedatasets,e.g. emailsener data
or market log files, hasopenedthe possibility to analyzebehaior without the
dravbackof having to explicitly askthe obsened subjectsabouttheir behaior.
Thediscussioraboutprivagy in this context andthelegalaspect®f theuseof data
without the explicit consentof the obsened subjectss still on going. Thelegal
systemsf Germaly andthe United Statedor examplehave differentapproaches
to privagy, which hasthe effect, thatwhile in Germary emailsin a compaly en-
vironmentfall understrict laws protectingthe privacy of the author this is not
thecasein theU.S. Thusdatalik e this is not easilyaccessiblén Germary. Mes-
sagegpostedto newvsgroupsor ary otheropencommunicatiorplattform are not
protectedby law neitherin the U.S. norin Germalty. The scientificcommunity
thoughtendsto eitheraskpermissiorof ary suchgroupbeforeusingthe data,or
afterwards.

Theway email,for examplein anorganizationjs beingusedcanrevealif the
organizationaktructureof the compayy is reflectedin the groupsthatcanbe de-
tectedout of the CMC [KH93]. Onthecustomersideon theotherhandtheanal-
ysis of customemewsgroupsor chatroomscould help identify thosecustomers
who canswingopinions,andthushelpin marketing efforts. An applicationhere
is for exampleviral marketing. Anotherexampleof a network is givenwhenone
looks at supply chainmanagementHere a network of suppliershasto perform
the difficult taskof bringing partsand componentgogetherat the right time, in
therequiredamountto the manufcturer In this context informationalefficiency
plays a major role to cut costsor to stayon budget. If onenow looks at even
largerstructurespnecansee thatinformationefficiency is highly correlatedwith
efficient markets. And theseagaincanbe viewed associalnetworksin the sense,
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thatagentdgnteractvia communicatiorto tradegoodsor information.

As canbe seenfrom thesefew examplestheimpactof CMC on communities
and social interactionis strong. Consequentlythe interestof researchersand
subsequentltheuseof their resultsfor businessapplicationsjs growing rapidly.

Thereare mary differentanglesfrom which theseinteractionscan be ana-
lyzed. Theonethatwill bein thefocusin the courseof this bookis the question
of centralityof a memberwithin his or her socialnetwork. Centralitycharacter
izesthefact,thatamembeiplaysaveryimportantrole within agivennetwork and
with respecto theinteractionobsened. Themethodghathave beendevelopedn
suchuntil now unrelatedieldsassociology computersciencepsychologymath-
ematics,operationgesearchphysics,andsignalintelligencehave beenbrought
togetherto yield insight into subjectbehaior in the Internetage by analyzing
communicatiorstructuresanddynamicsin virtual communitieusingCMC.

1.1 Motivation

It's whoyouknow Really
(D. Gross,2004) [Gro04]

To find structurein “uncharted”communitieshasbeenof interestfor sociol-
ogistsandintelligenceserviceresearcherfor mary yearsand,dueto the effect
thelnternethason marketingit hasgainedgrowing interestin the businessvorld.
Theinterestof sociologistss to find out, whois “important” within acommunity
who “leads”, who correspondsvith whom, thusputtingthefocuson relationships
within a groupin a sociologicalsense.Theinterestof intelligenceservicess to
identify the links within a communicatiometwork, that, if shutdown, mostef-
fectively hurt the targetednetwork. Lastly the interestof companiedies on the
onehandin the knowledgeaboutthe behaior of their customerswhich canbe
anintegral partof customerelationshipmanagemengfforts. On the otherhand
the knowledgeof the existenceof so called “hidden organizations’is of impor-
tancefor the businesgprocessesvithin the compary whenprocessoptimization
is the goal. Thusthe knowledgeof communicatiorstructurehasbeenof major
importancdor thesefields.

Making all communicatiorstructureswith respecto socialinteractionvisible
hasbeenmadepossibleby applying different methodsto different “views” of
the communicatiorof a givencommunity Someof theseviews are: hierarchy
friendship,communicatiorwith, etc. Someof the employed methodsare: graph
theory hubsandauthorityalgorithmsandstochastigrocesses.
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But onemajoraspecbf communicatiorhasbeenvery difficult to analyzedue
to difficulties which arisefrom the mathematicatools usedto explain commu-
nicationstructurethroughcommunicatiorbehaior. Communicatioris a process
bywhich informationis exchangedbetweenndividualsthrougha commorsystem
of symbolssigns,or behavior [Dic04]. Thusby definitionit is bilateral. Several
guestionsarisefrom this fact. For onethereis thelargefield of signalprocessing,
which looks at the way signalscanbe transmittedfrom onepoint, the source to
another the destination.Whensignalsare combinedto createmeaningfulmes-
sagesthe questionof semanticandinformationarise. Informationhasbeenthe
focusof mathematicainformationtheorywhichwasfoundedoy Shannonn 1948
[SW63].

Communicationn thecourseof thisbookwill beseenasthebilateralprocess
of exchangeof messagedetweento membersof a network. Neitherwill the
guestionbe discussedvhetherthe information transmittedhasbeenunderstood
by the recipient,nor will therebe any discussionaboutthe technicalmeasures
of information. The focus will be on the questionhow to identify patternsof
communicationn a given network if all exchangesareincludedin the analysis
simultaneously This hasuntil now posedseveral problemswhentrying to use
standardoroceduresas for exampleeigensystenanalysis. The underlyingdata
hadto berepresenteth arealvaluedsocalledadjaceng matrix.

Real numberscan only storedataon one communicationdirection instead
of two whenlooking at bilateral communication. To encodetwo components,
datahadto be for exampledichotomizedto representhe dominantdirection of
communication. This led to asymmetricmatrices. Thesematricesare difficult
to usein eigensystenmanalysis,sincetheir spectrumcanyield negative or even
imaginaryeigervalueswhich aredifficult to interpret.

To circumwentthis, matricesarebeingpreprocessenh differentwaysto make
themsymmetric,becauseén this casethe eigensystenis easierto interpret. One
way is to multiply thesematriceswith their transposednatrices,which makes
the resultsymmetric,andthusbetterbehaed. Anothermethodis to usematrix
decompositiorior squarematricesto constructa symmetricmatrix.

Anotherproblemarisesfrom the factthatreal valuedmatricesuseEuclidean
space. Thus distancesare interpretedin a way, thatis often inappropriatefor
the subject. Especiallyin casesof non-transitvity, wheredistancesn Euclidean
spacesuggestthat there should be transitiity, give rise to somedifficulties in
interpretation.

All thesemethodshave one problemin common. Informationis lost or is
proneto noise-inducecerrors. Anotherproblemis the fact, that someof these
methodsonly usethe principal eigenpairfor interpretation,thus neglecting the
information that the rest of the eigensystemmight reveal aboutthe underlying
structure.
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The objectie of this book s to introducea generalizednethodto analyze
completelythe structureof an asymmetriccommunicatiometwork, to validate
this methodusingstandardiatasetsandto pointout someapplicationghatmight
benefitfrom thesefindings. The datasetsusedconsistof two way emailcommu-
nicationwithin acommunity Theresultswill be obtainedoy usingcomplex Her-
mitian adjaceng matricesinsteadof real valuedadjaceng matrices.A comple
numbercanstorebothcommunicatiordirectionsn onenumber Theeigensystem
of complex Hermitianmatricesyields a powerful tool to explain the communica-
tion structureof acommunitybasedon its oftenasymmetriccommunicatiorpat-
ternstructuredueto themathematicapropertiesof this classof matrices.Several
pointsarenotevorthy, andwill bediscussedn the courseof thiswork:

e The Hermitian matrix can be decomposednto a Fourier sum of its sub-
spacesveightedwith therespectre eigervalue.

¢ All eigervaluesof Hermitianmatricesarerealanddependn theamountof
communicatiorwithin the group: This makesinterpretatiorof theseeigen-
valuesas“enegy levels” intuitive.

e Theeigervaluescanalsobe usedto interpretthe relevanceof patternsdue
to the fact that they explain the part of the total variancecontainedin a
subspace.

e The eigervaluesare at the sametime also coordinatesin Hilbert space,
showing therelevanceof the subspacén referenceo the original matrix.

e The eigervectorsform an orthogonal(e.g. pairwiseindependentyystem:
all eigervectorscanbeusedfor interpretatiorpurposes.

e Theorthogonabprojector derivedfrom the eigervector revealsthe similar-
ity patternbetweerdifferentmembersn respecof the subspacgattern.

e To show stability or instability of a matrix eigensystemvhendisturbances
take place- for exampleflamewars- perturbationtheory can be usedto
explainwhathappenandwhy.

e No ex antenotion hasto be usedor filters appliedto preprocesshe data:
No lossof informationhasto beaccepted.

Thesecharacteristicgjive rise to a clearerview on communicationpatterns
in substructuresvithin virtual communities(VC) basedon the communication
traffic volumeandcommunicatiorbehaior within thegroup.
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1.2 Guideto the Reader

In chapter 2 of this book areview of theresearchdonein this field will be given
andthe relevant literaturewill be surweyed to introducethe readerto the topic
of the useof eigensystenanalysisin communicatiorstructureanalysis.A short
excursionattheendof thatchaptemwill shov how communications analyzedus-
ing graph-theoreticadpproachesr toolsusedin physics.Also someapplications
from economicswill be presented.

After thisintroductionto thefield, chapter3 will establisithetheoreticabasis
on which this book is grounded. Comple eigensystenanalysisof Hermitian
matriceswill bethe mainsubject.

Chapter 4 will presentthe main ideaof this book. The constructionof the
complex Hermitianadjaceng matrix will be explainedandsomeexamplesof ar-
tificially constructeaommunicatiorpatternswill bediscussedo makethereader
familiar with theapproach.

Chapter 5 describeghe datasetsthat have beenused. In orderto compare
theresultsof the proposednethodto thosealreadyexisting, the EIES (Electronic
Information ExchangeSystem)datasetof L. andS. Freeman [FF79 hasbeen
usedaswell asa subsethereof [Fre97].

After thattheresultsobtainedwith the proposednethodwill bepresenteénd
resultswill be discussedxtensiely in chapter6. Herethe eigensystemgained
from the dataare shavn andinterpretationswill be given basedon the insights
gainedin chapter4. In additiona comparatie interpretatiorwill be given,which
points out the advantagesof the proposedmethodwith regardto the standard
methods.

Chapter 7 summarizeghe resultsof this book, refersto someinteresting
applicationsandpointsout problemshatmight be of interestfor furtherresearch.



Chapter 2
RelatedWork

Theaim of this chapteris to provide an overview of researctdonein thefield of
communicatiorstructureanalysiswith the help of eigensystenanalysisof social
networks, especiallyin email networks. To achieve that, a shortreview of litera-
ture on rank, prestigeand statusindicesaswell aseigervectorcentralitywill be
given. Thiswill providethebackgroundor thegeneralize&pproactor commu-
nicationstructureanalysigpresentedhn this book.

In section 2.2 degreebasedmeasurementwill be discussedwhich give an
intuitive introductioninto section 2.3 abouteigensystenmanalysis,which starts
with rank and prestigeor statusmeasurementandgoeson to othereigervector
centralitymethods As asidetrackashortoverview of approachewwardnetwork
analysisgrom a physicspoint of view will begiven. Section 2.4will thepointout
someapplicationsof the methodsdescribedn the precedingsections.

2.1 SocialNetwork Analysis

A recentstandardext bookfor SNA is by WassermamandFaust [WF94]. Social
network analysigSNA) offersmary toolsto describeand/orevaluaterelationship
within a given network or group of people. It focuseson patternsof relations
amongpeople organizations states,etc. [GHW97]. This tool setallows to test
theoriesabouttheconceptshatdescribeheserelationshipsFor amoreelaborate
definition of SNA see [WF94, p.16]. This tool sethasover time grovn and
becomemoreelaborate.

Thebasicconceptthatis investigatedis thatof choice,meaning thatthe un-
derlyingsociomatrixs built upfrom thecommunicatiorchoiceghatthemembers
within a network make. Theimportanceof choicein an economicakettinghas
first beenemphasizedn A. Samuelson’RevealedPreferencelheory [Sam48].
Choicecanbe interpretedn a broadsense.As early as1984 Freeman [Fre84

7



8 CHAPTER?2

shoved how CMC, andthus*“choice” of email partnerscould help to form and
strengthenieswithin ascientificcommunity Also GartonandWellman [GW95]
give areview on how the useof electronicmail hasanimpacton organizations.
In 2001 Wellman [Wel01,p.2032]pointsout, thatthe factthatonepersonwrites
anemailto anothempersoncanalsobe seenasaform of choice.

2.2 DegreebasedMeasurements

Theintuitive explanationof centralityandprestigeof a network membetis based
on the numberanddirectionof choicesmembersn a network make. In addition
to intuitivenesst is alsoeasyto encode.A network canbeviewedasa graphG

wherealine/edgeconnectdwo verticesk and! if thosetwo verticesarerelatedin

ary senself the connectiorhasa direction,thenthe edgeis transformednto an

arrov startingat the vertex that madethe choiceandendsat the vertex thatwas
chosen.

Oneof thefirstto introducea centralitymeasurevasBavelas [Bav48], whoin
thefield of psychologytransfereddeasfrom topologyto describegroupstructure
andpossiblebehaior.

In graphtheoryit is known thatgraphscanbe encodedn socalledadjaceng
matrices [Jun99. The entriesin that matrix are either1 if a connectionexists
betweertwo verticesor 0 if it doesnotexist. Thusthismatrixis eithersymmetric,
if nodirectionis apparentpr asymmetricjf thechoicehasaninherentdirection.

A standardapproachfor the measuremenof centrality is basedon degree
measurementgseesection.3.2.1). The dggreeis the numberof edges(choices
made),that go out of (out-degree)or comeinto (in-degree)a vertex of a graph.
It focuseson the questionwho (or which group)canbe seenasmostcentralwith
respecto their in- or out-degreewith respecto their capacityto transferfor ex-
amplemessagewithin a network. Thesemeasurementsaneitherbe usedasa
standalonecharacterizatiof a network, or in conjunctionwith othertools. Ev-
erettand Borgatti [EB99] give an overview of thesemeasuresand even extend
it further to help analyzegroups. To usethesetools, measurementik e degree,
closenesshetweennessentralityandflow betweenneskave beendefined. The
majordranvbackliesin thefactthateitherin-degreeor out-degreecanbeused but
not both simultaneously

A branchof the degreebasedapproachooks at large networks andtheir evo-
lution. Erdos and Reryi describedn their 1959 paperon randomgraphshow
suchsystemgsanbedescribedThey proposedthatnetworks(or graphs)arebuilt
by the attachmenbf new verticesto an existing graph,andthat the probability
with which the new vertex attachegdo anexisting vertex is equallydistributed. In
1999 BarabasiandAlbert found [ALB99], thatfor realworld networks, suchas
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the World Wide Webor the nenoussystemtheassumptiorof equallydistributed
attachmenfprobability doesnot hold. They found that such networks shov a

scale-freedegreedistribution in contrastto the distribution expectedby the ran-

domgraphtheoryof ErddsandReryi. Scale-freenetworks aredescribedy the

factthatthe probability p(d) thata vertex is connectedo d otherverticesfollows

apowerlaw distributionp(d) ~ d~7. Thismeanghatverticeswith almostary de-

greecanbefoundin suchanetwork. A specialnterestof thisbranchof researclis

in thevulnerabilityof networks,sincein alargescale-freenetwork therearenodes
thathave avery high degreethat, whenattacled, could causea completenetwork

breakdevn. Largein this context meanghatthe numberof nodes/memberns a

networks exceedsl03. As anexamplesee,Ebeletal. [EMB02]. They describe
anemailnetwork of size N = 59,912 nodes.They useemailaddresseasnodes
andexchangedmessagesslinks. For instantmessagingsmith [Smi02] shovs

alsothe scale-freecharacteristi@ndpointstowardsaspect®f vulnerability.

Basedon degreemeasurementthereis alsoresearchn thefield of commu-
nity analysis.Therehave beentwo approachesOneapproacHooks for densely
knit groupswithin a network, which translatesnto high degreecentrality while
the otherlooks for thosemembersvho have a high betweennessentrality (see
section.3.2.1)andthencutthenetwork atthatpoint, repeatinghis procedureuntil
thenetwork decomposesSeefor example [ADDG *04].

A slightly differentstandardapproactis basedon the moregraph-theoretical
approachesgventhoughit is closely connectedo the degreemeasurementsilt
focusesmainly on theidentificationof subgroupsvithin a givennetwork/graph.

Recentresearchby Tyler et al. [TWHO3] shaved that they could identify
subgroupsn email networks by analyzingbetweennessentralityin the form of
inter-communityedgeswith alarge betweennesgalue. Theseedgesarethenre-
moveduntil the graphdecomposemto separateommunitiesthusre-oiganizing
the graphstructure. This is a min-cut-max-flav approachas discussedor ex-
amplein Ford andFulkerson [FF62. The graphrepresentinghe network was
generatedby defininga cut-off numberof emailsthatmustbe exchangedetween
membersanda minimum numberof emailsthathadto be exchangedsothata
memberwasincludedinto the graph. As discussedbove, this could meanloss
of information For example, it is not possiblelater on to find out who werethe
real “lurkers” in that network, sincethe thresholdeliminatedthese.Lurkersare
thosenetwork membersvho standat the sidelinesandobsene whathappensin
a newsgroupthis could meanthattheseare memberghatreadall messagedyut
only rarelyparticipate or do notgetanswergo their postings.
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2.3 EigensystemAnalysisin SocialNetwork Analy-
Sis

Theuseof eigensystenanalysisn SNA startedn thelate 1940sandearly 1950s
when social relationshipswere encodedn so called sociomatricesvhich were
closelyrelatedto adjaceng or incidencematricesalreadywell known from graph
theoryatthattime.

In 1953Katz [Kat53] presentednindex basedon this idea,namelythatthe
rank of a groupmemberdependson the rank of the membershe or sheis con-
nectedto by choice. Thesechoiceswererepresentedh a binary so calledadja-
cengy matrix. Thisindex doesnot only take into accounthe directpathbetween
two membersbut alsolongerpathsthatconnectwo members/ia othermembers.
Statedn mathematicalermsthisyieldstheeigervalueequationfor aneigervalue
equalto 1). Thecomponent®f the principal eigervectorarethe statusindicesof
eachgroupmember The highestranked membeythe onewith the largeststatus
index, is theonewhaois eitherchoserby few but high rankingco-memberspr by
mary relatively low ranked co-membersThis approachtthoughdid not presenta
solutionto the problemthatchoiceneednotbe mutual.In 1965Hubbell [Hub65
extendedthis approactbasedon the Leontief Input-Outputmodelto alsoinclude
weightedor unilateralchoices. Thusthe idea of using eigensystenanalysisto
definetherelevanceof groupmembersy comparingtheir individual statuswith
thoseof othermemberghey areconnectedo is in itself nota new idea.

Sincethe early 1950sthe interpretationof the resultsof suchmethodshave
beenenhancedand its applicationsbroadened. Richardsand Seary [RS00],
[SR0O34 give avery goodoverview of thedifferentapproachessedin the eigen-
systemanalysisof socialnetworks. Goh et al. [GKKO01] shov how the largest
eigervaluedepend®nsystensize,andthattheeigenfunctioneigervector)points
towardthenodewith thehighestdegree. They useeigensystemanalysigo further
investigatescale-freenetworks, but notasatool by itself.

Onefinding in the courseof researctwasthatdistancesn networks (between
membersre very difficult to describe sinceit may be the casethat member;
knows memberg andk, but thememberg andk have absolutelyno knowledge
abouteachother thusderying transitvity of the relationof knowing eachother
Transitvity, however, is a key factorin the conceptof distances.This leadsto
theassumptiorof non-Euclideardistancesn networks. BarnettandRice [BR85]
shovedthatif thematrixis for exampledefinedasa distancematrix, triads(trian-
glesof membersjormedbetweerthreenetwork membersieednotbe Euclidean.
If sucha matrix is corvertedby multi dimensionalscaling(non-linearprincipal
component@nalysis)into Cartesiancoordinatesgigervaluesmay becomenega-
tive and complex eigenspacesanemepge. To avoid this, suchasymmetricbe-
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havior is normally excludedby designingthe matrix in sucha way thatdistances
aredichotomized But this evidently meandossof information. BarnettandRice
show thattheseneggative eigervalues) < 0 yield information,for exampleabout
the homogeneityof the structureof the group. For this purposethey definethe
warp asthe ratio of thereal variance(all positive eigervalues)andthe total vari-
ance(all eigervalues). If this warp equalsl, thenthe spaceis Euclidean. The
largerit gets,themorenon-Euclideanthe spacebecomeswhich meansthatmore
andmoreinteractionis donethroughlessandlessnodes.Thusthey foundaway
to interpretthe negative eigervaluesthathadbeena problemin thefield.

Multi dimensionakcalingis alsothe startingpoint of Chino[Chi98], He was
thefirst to introducethe useof Hilbert spacetheoryin the analysisof preference
datain psychologyHe foundthatwith thehelpof Hilbert spaceheoryasymmet-
ric relationshipdbetweersubjectscould be betterdescribedTheinterpretatiorof
negative eigervalueshasalsobeendiscussedn his work. He proposeghatthe
signgivesa hint on symmetricandasymmetriaelationsbetweersubjects.

Eigensystenanalysishasthus beenpushedconsiderablytowardsthe expla-
nationof negative eigervalues. On the otherhandtherewere problems,already
discussedby Katz, aboutthe generalquestionof whatstatuss supposedo mean,
andwhereit comesfrom.

BonacichandLloyd [BLO1] presentnintroductionof the useof eigervector
like measurementsf centralityfor unpreprocessedsymmetricdatathat broad-
enstheeigensystenmterpretationin thatdirection. For asymmetriaelationsthey
show thatfor somenetworksthe standarceigervectormeasuresor network cen-
trality do not leadto meaningfulresults. As a solutionthey suggesthe notion
of a-centralitywhich combinesanindividual’'s own inherentstatuswith a weight
« for therelatve importanceof the perceved statusanda vectore of exogenous
source®f status.In their conclusiorthey find thatthis a-centralitycouldbe seen
asageneralizatiorof the standarceigervectorcentralitymeasure.

Thisapproachto useanexternalor nodeinherentstatuseffect, wasalsotaken
up by physicistsvho uselsing modelsto explainthebehaior of networks. Onthe
basisof thelsingmodelwhichdescribaheinteractionbetweerspinsoftenusedn
condensednatterphysics someresearcherfor exampleHerrero [Her02) have
alsoachieved somegoodinsightsinto interactionswithin a socialnetwork using
thismodel. Thesemethoddocusontransitionof anetwork from onestateinto an-
otherandthey try to determineheexactsystemcharacteristicgée.g.temperature)
thatleadto a phaseransitionof the system.

Therehave beenotherapproachewo theinterpretatiorof asymmetricommu-
nicationbehaior with the useof suchindices. FreemarifFre97]usedit to shav
hierarchieswithin agroup.He, like Chino[Chi98] andBarnettandRice[BR85],
generateshe matricesthatarethenthe basisfor the eigervalueanalysisby split-
ting a givenasymmetriaeal sociomatrixinto its symmetricandskew-symmetric
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part. While Barnettand Rice and Freemarremainin the real space Chino uses
this approacto shift into Hilbert space.

Onelastaspects thatof structuralstability whenlooking at the communica-
tion patternstructure.This problemis at the centerof perturbatiortheory There
is no literatureaboutthis topicin SNA. Still it is of interestto find out how much
perturbatiora network can“digest” without changingits structure.In the course
of thisbookthereforegeneraliteratureaboutperturbatiorof Hermitianeigensys-
temswill beintroduced.Therearetwo aspectso keepin mind:

e Perturbatiorof theeigervalues.Thisis closelyrelatedto traffic volumeand
relevanceof pattern.

e Perturbatiorof the eigenspacesThisis closelyrelatedto a changen rele-
vanceof the memberswithin the structure.

A generaland extensve introductioninto perturbationtheory of linear op-
eratorsis givenin Kato [Kat95] (originally publishedin 1966). Kato givesan
introductioninto BanachandHilbert spaceandon this basisgoeson to describe
perturbatiortheory As anapplicationof specialinteresthe givesexamplesfrom
guantummechanicsHeretheresultsof perturbatiortheoryin Hilbert spacehave
an applicationfor examplewhenlooking at Dirac operatorsor the Schivdinger
equation.

A modern,more mathematicabpproacho perturbationboundsof eigensys-
temsof Hermitianmatricescanbefoundfor examplein Dopicoetal. [DMMOO],
Mathias [Mat97], Barlow and Slapnicar [BS0(, Fonseca [dF00] and Ipsen
[Ips03 .

In agraph-theoreticaettingCvetkovic etal. [CS97] give anintroductioninto
the effects of perturbationon the eigervectorsand eigervaluesof graphsrepre-
sentedby real valuedadjaceng matrices. AppendixB [CS97, p.235-238]pro-
videsa table of eigervalue and eigervectorconfigurationgor differentkinds of
graphsupto 5 vertices.

As alastsetof methodswve presenthoseusedto describetopologyandevo-
lution of large networks. For a good overview of thesemethodsseeBarabasi
andAlbert [BA02] andBarabasiand Bianconi[BB01]. Heredifferentmethods
arebeingdescribedangingfrom randomgraphsto percolationtheoryandBose-
Einsteincondensation.Thesemethodshave beentaken from differentfields in
physicssuchascondensednatterphysics,solid statephysicsand statisticalme-
chanics. The ideais thatin all of thesefields thereexist extensive methodsto
describethe evolution and behaior of either latticesor particle aggreates. It
is only a shortstepfrom theseconceptgo the ideathat humannetworks might
follow similar laws asthosedescribedn physics.
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A field of physicsthatalsohasmuchto offer whenlooking atthe behaior of
networks is nonlineardynamics. Smaleand Hirsch [HS74] or Strogatz [Str01]
give anintroductionto thefield. Thesemethodsplay animportantrole for exam-
ple in the applicationto viral marketing, wherethe nonlinearbehaior on nearly
scale-freenetworksis anecessargonditionfor success.

2.4 Other Applications of Eigernvector Centrality

Oneof thosemary applicationsnot within SNA, which will not be further dis-
cussedin the courseof this work, hasbeenpresentedoy Kleinberg [Kle99],
[GKR98] who shoved how web siteson the internetarelinked to form groups
in view of their commoncontect. In a hypertext context the fact that oneweb
site featuresa link to anotherweb site canbe definedas a choice,andthusthe
link definesanentryin theadjaceng matrix. In this context the matrix explainsa
directedgraph,atthatpointwithoutweightsattachedo theedgesKleinbeig uses
the concepiof hubandauthority which hederivesfrom incrementallycomputing
andapproximatingheprincipaleigervalueandtheleft andright handeigervector
belongingto the principal eigervalue. Theinterpretations limited dueto thefact
thatit identifiesonly the major hub andthe major authority but doesnot reveal
muchaboutthe substructure Pageet al. [PBMW98] usedthis approachto cre-
atethe PageRanlalgorithmwhich is now the basisof the Googlesearchengine.
A goodreview of thesemethodsandresultscanbe foundin Park and Thalwall
[PTO3]. A collectionof algorithmsthat are being usedin thatfield is givenin
Borodinetal. [BRRTO1].

Anotherinternetrelatedresearchivasdoneby YaltaghiarandBehnak[YC02],
who usedifferentmethodgo analyzetheresultsof the Googlesearchengine.

Applicationsin organizationresearchave alreadybeenpointedoutin 1945
by Simon(see [Sim00]). He suggestshatthe useof emailin organizationswill
changethe way informationis being distributed, and that it may well causea
differentway of information diffusion thanbefore. An examplethatthis is the
caseis givenin a paperby Krackhardt [KH93], who usesmethodsof SNA to
uncover hiddenstructureswithin anorganizationcomparedo thosegivenby the
formal organization. In managemensiencethe evolution of organizationss of
someimportance. This behaior canalsobe analyzedusing methodsdescribed
above asfor examplein Guimeraetal. [GDDG'02]. A goodoverview of the
applicationof socialnetwork analysisin organizationaresearctcanbefoundin
BorgattiandFoster[BF03].

In amorecommunicatiormethodbasedarticle Smith [Smi0Z appliessome
of theaborementionednethodgo instantmessagingystemgustasEbel [EMBO02]
appliedthemto email networks. The largestemail network is mostprobablythe



14 CHAPTER?2

USENET A thoroughanalysisof this large network canbe found in Choi and
Danawski [CDO02].

Theideato to usethe communicatiorflow betweendifferentpoints(or ver-
tices)to detectpatternsandactaccordingto theseresultsplayeda majorrole in
naval warfareduringthe secondWorld War whensignalintelligencewasusedto
find from the patternsof communicatiorthe whereaboutsf targets. Theideato
analyzecommunicatiorstructuresvith mathematicamethodsdatesbackto the
1950sandhassincegrown in relevanceandcapability Yetthesimultaneousnal-
ysis of inboundand outoundcommunicationbetweentwo members/nodebkas
poseddifficulties,aswell asthefactthatthe eigensystenanalysisusedup to now
doesnot provide a completeinterpretationof the eigenspacehat could yield a
detailedview on the patternstructure.



Chapter 3

Theoretical Foundationsfor Pattern
Analysisin SocialNetworks

In this chapterthe theoreticaland methodologicalbackgroundfor the analysis
of communicatiorpatternsin socialnetworks will be presented.In section 3.1
notationsand definitionsnecessaryor SNA will be given. Section 3.2.1 will
explain the conceptf rankandstatusandhow they canbe measuredn a given
network. Thelastsection 3.3will presenthemathematicaandgraph-theoretical
conceptghatwill be needed.The main focusof this last sectionis to make the
readerfamiliar with complec Hilbert spaceandthe behaior of linearoperatorsn
thatspace.

3.1 SocialNetworks

3.1.1 Definitions

A social networkwill be definedasin Wassermarand Faust [WF94, p.20]asa
finite setor setsof actors and the relation or relationsdefinedon them (Social
Network.)

Therelationin the casedliscussedherewill bethe sendingof andanswering
to emails.The next smallerunitis thegroup.

Wellman[Wel01] definesa groupasa specialtypeof socialnetwork;onethat
is heavilyinterconnectedndclearly boundedGroup.)

A subgpoupis asubstructuref agroup,thatis definedby therelationtowards
its andhor (seebelow).(Subgroup.)

A virtual community(VC) following Rheingold [Rhe00,p.xvii] is agroupof
peoplewho usewords on screensto exchange pleasantriesand argue engage in
intellectualintercourse.... (Virtual Community)

15
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A moreformalizeddefinitionof anonlinecommunitycanbefoundin PreecgPre0Q

p.10]. Sucha communityconsistof

e peoplewho have ary kind of socialinteraction,
e have acommongoal,asfor exampleinformationexchange,
e performtheir exchangesvithin certainrulesor socialnorms,

] andusecomputersto communicate.

ThusaVC is aspecialkind of a socialnetwork.
In thecontext of thiswork anandor is definedasthemostprominentmember

of asubgroup.(Anchoy

This prominencas expressedy thefactthatthe complex rankprestigeindex

hasthe highestabsolutevaluein the eigervectorunderinspection. Theterman-
chor canbe usedarbitrarily eitherfor the mostprominentmemberof the whole
group,or themostprominentmemberof a subgroup.The network‘s anchoris the
memberwith the highestabsoluteeigervectorcomponenwvaluebelongingto the
highestabsolutevalueeigervalue.

Networks,andthuscommunicatiometworks,will berepresentedsweighted

directedgraphsG = {V, E, A} wherethe n membersof the network are the
verticesv € V. Connectiondetweermemberwill bemappedasweightededges
e € E. ThegraphG will bedescribedby aweightedn x n adjaceng matrix A.

An entry of this matrix ay; # 0 if thereis a connectiorbetweentwo verticesvy

andv;, whichis equivalentto e(k, 1) € E. In theunweightedandundirectedcase
theadjaceng matrix hasentriesay;, = 1 if e(k,l) € E and0 otherwise.

3.2 Rank and Status

This sectionwill introducerankandstatusastermsandconceptshatarerelevant
to this book. After a discussionof several definitionsof thesetermsdifferent
measurement®r theseconceptswill begiven.

In Tah( 3.1) definitionsof the conceptsby differentauthorsare given. The

germanexts have beentranslatedor betterunderstandingNo standardlefinition
canbe givenfor eitherof the concepts.In addition Tah( 3.2) shovs how some
of the conceptsare the foundationsfor otherconceptyrepresentedby “—") or

arederived on the basisof anotherconcept(

+"), or areusedin a similar way

or evensynorymical (“~"). Only the uppertriangularof this matrix is filled for
clearervisibility.
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| | socialposition Role Status Rank Prestige|

socialposition - —
Role - — ~
Status - ~ ~
Rank - —
Prestige -

Table3.2: OrderandSynorymity of role, status rank, prestige

Rankand statusare relatedin the sensethat sincethe word statusis mostly
usedin conjunctionwith aratinglike “high” or “low”, or thatthe context yields
thisinformationthesetwo areusedsynorymical. Sometimegventheword “pres-
tige” is usedasa synorym. But all thesethreeare basedon the role a member
holdsin agivencommunity

In the context of this booktheseabstractonceptwill beusedto describere-
sultsof mathematicaévaluationwith respecto thecommunicatiorbehaior of a
memberof the group. Thefollowing view is adopted:a membercanhave differ-
entroles,for exampleanchoror lurker (seelaterfor a detailedexplanation).The
role hasaninherentrankor statusandatthe sametime aninherentprestige.Both
dependon the mathematicacomputationdefinedon the communicationtraffic
generatedy eachmember

3.2.1 DegreebasedRank

In this subsectiorthe rank basedon in- or out-degreewill be described.Thusan

intuitive introductionto the conceptof rank is given even thoughthe proposed
methodis notrestrictedto degreecentrality Degreein this context whendirected
weightedgraphsare obsered is the numberof edgese that either departfrom

avertx v (out-degree: dy € R) or are pointedtowardsthe vertex (in-degree:
di € R). In the caseof weightedgraphswe alsodefinethe strengthfollowing

Barratetal. [BBV04] ass? andst, asthe numberof messagethat eithergo out

from vertex k£ or comeinto vertex k£ overall connectedrertices.

Centrality

Thereareseveraldefinitionsfor centralityc, € R. Centralityhereis definedfol-

lowing WassermamndFaust{WF94] by thefactthatin a non-directionaketting
a memberis saidto be central,if heis connectedo mary othermembers.In a
directionalsettingcentralityis definedby the choicesthe membemakes. Thisis
reflectedn the numberof differentothermembersie communicatesvith.
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Degreecentralityasdefinedin WassermamndFaust [WF94, p.199]focuses
onthechoiceghatarebeingmadeby the memberf a network, thusthe central-
ity in that caseis basedon the out-degree. A centralmemberis thusa member
thathasmary outgoingconnectiongo differentmemberswithin the network. dj,
of vertex k is definedasthe numberof verticesthatk is connectedo asgivenin
Eq.(3.1)

=1

with gz = 1if ag; # 0 andgy; = 0 if a; = 0. Thusthe standardizedentralityin
adirectedunweightedgraphcanbe definedasin Eq.(3.2):

Cp = dk with ¢, € R (3.2)
(n—1)

In theweightedcaseit is not possibleto standardizenymore,sincethe num-
ber of possibleconnectionss no longerknown. In thatcasejust the row sumis
taken. This thenhasthe problemof comparabilitybetweennetworks. (Degree
centrality)

Strengthis the conceptin the weightedcase.The standardizedorm is given
in EqQ.(3.3). It is givenasthe row sumof the weightedadjaceng matrix divided
by thetotal sumof matrix entries,with a;;, € R andn the numberof verticesor
membersn the network.

D i1 Ok
D ke D Okl

Thereareseveralderivedconceptof centralitywhich will be presentedvith-
out further explanation. We will presenthereonly thosethatarerelevantin the
context of directionalrelationships.lt shouldalsobe notedthatall of thesecen-
trality measurexan be generalizedo group centrality measures.This canbe
achievedfor exampleby defininghypernodeshatcontaintheverticesthatbelong
to thatgroup.

Standardizeatlosenesgentralityis definedfollowing again [WF94, p.200]
for adirectionalandunweightedgraphasin Eq.(3.4):

o __
S =

with s2 € R (3.3)

B n—1

B E?:l dZSt(ka l)
with dist(k,1) denotingthe shortestdistancebetweennodek and{. Closeness
centralitygivesanindicationof how closea memberis to the othermembersof

thegroup. This canintuitively bederivedfrom thedistancedetweenvertex £ and
all othermembers.It shouldbe mentionedthoughthatif the actoris anisolate,

cly, with ¢l € R (34)



20 CHAPTER3

meaning that he hasno connectionsat all, the sumof distancedbecomes) and
thustheindex is undefined (Closenessentrality)

Betweennessentralitybc, € R putsthefocusonthefactthatavertex v with a
high betweennessentralityis like abottleneck All (or much)of thecommunica-
tion within agivennetwork hasto go throughthis vertex. Betweennesesentrality
asdefinedby Eq.(3.5)is thusbasednthenumberof pathsthatgo througha cer
tain vertex whenconnectingwo verticesin relationto all pathswithin a network
thatconnecthesetwo vertices.

ber — Zlnzl,k<l ial 9kt
Cr, =
(n—1)(n—2)

with g, the numberof pathsbetweenvertex £ andl andgg, the numberof paths
betweenvertex £ and! that containvertex i. This view requiresthe assump-
tion that the choiceof communicationchannel/paths equally distributed. That
might notbethecasejf preferentiabehaior is takeninto account.Betweenness
centrality hasbeenusedto detectclusterswithin networks [GNO02], [NGO03].
(Betweennessentrality)

Informationcentralityis a strongerversionof betweennessentrality in that
it now takesinto accountthat pathsbetweentwo verticesmight not be taken for
the transportof informationon an equally distributed basis. Latora[LM04] ex-
tendedthis index to incorporatesomenotionsfrom flows in non-directionaland
weightedor unweightedgraphs,specificallythe notion that information might
take the shortestpossiblepath available betweentwo vertices. Thus the effi-
cieng ¢,; € R of two verticesregardinginformation transferis presumedo

be proportionalto m The efficiency of the network is thenthe aver-
2 htjec

age¢ = R If now agraphGj, is constructedvhereall edgedncidentto
vertex k have beenremoved, thenthe information centralityic,, is definedasin
Eq.(3.6)

with be, € R (3.5)

§— &k
3
Informationcentralityis thustherelativedropin the networkefficiencycausedoy
theremoval of edgedncidentto the obseredvertex.(Informationcentrality)
a-centrality as definedby Bonacich[BLO1] givenin Eqg.(3.7) addsan ex-

antestatus,givenasa vectore to the centralitymeasureandweighsthe relatve
importanceof the grouped-dexied rank in comparisonto the memberinherent
statusby a coeficient« .

eR (3.6)

ick =

x=aAx+e (3.7)
with A theunweighteddirectedadjaceng matrix.(a-centrality)



CHAPTER3 21

In a graph-theoreticasetting,on the otherhand,a centercanbe definedas
in Jungniclel [Jun99,p.91]. A vertex v is central if it hasminimal excentricity.
Excentricityex beingdefinedasex, = max; dist(k,l). Thusavertex k is seen
asatthecenterof agraphif Eq.(3.8)is calculated,

gcp, = mingexry, With gc, € R (3.8)

whichexpresseshefactthatthisvertex hastheminimallongestistancelist(k, 1)
of all verticesin thenetwork. This measures definedfor bothnon-directionabnd
directionalsettings.It is a generalizatiorof degreecentrality in thatall distances
areused notonly thoseto the nearesneighbors.(Graphentrality)

Prestige

Following [WF94, p.202]prestigein comparisorto centralityrepresentshe de-
greeto which a vertex is chosenby otherverticeswithin a directedandpossibly
weightednetwork. It is calculatedasin Eq.(3.9). Thusa vertex hasa high pres-
tige, if it hasa high in-degree,definedanalogougo the out-degreefor centrality
with di, = >~}" | qi, thecolumnsumasthein-degreeof vertex k:

dj,
n—1)

The strengthin this caseis definedanalogougo thethe outboundstrength.It
is the columnsumof matrix A, asin Eq.(3.10).

with p, € R (3.9)

pk=(

2k O (3.10)
D k=1 D1 Ok
Proximity prestigeis the in-boundanalogonto closenessentrality It is de-
finedasin WassermamndFaust [WF94,p.204]by Eq.(3.11):
I/(n—1) .
= th R 3.11
PP =SSRy T, i Pk € (3.11)
with I, representinghe numberof memberswho arein the influencerangeof
vertex k, whichmeansmembersvho canreachvertex k. Thusproximity prestige
asdefinedover directedunweightedyraphs.(Proximity prestige.)

T __
S =

3.2.2 Rank Prestigeor Statusindex and eigervector centrality

As was shavn in section 3.2.1 neithercentrality nor prestigeby itself give a
completepicture of the relevanceof a vertex within a network. By finding an
index thatcombineshothviews, this canbe achieved. Statusn the sensehatwiill
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beusedin thiswork will have the meaningthata vertex is centralandprestigious
at the sametime. Since [WF94] usestatusandrank prestigeas synoryms, this
will alsobethecasefor therestof this work. Statusor rankthusin this work will
bedefinedby thetraffic in emailvolumethatis exchangedandby the patternthat
becomewisiblein theeigensystem.

Thestatusndex asdefinedby Katz usesfor the calculationnotonly thedirect
pathsbetweenwo neighborshut alsoall pathsconnectingwo verticessincethe
k-th power of the adjaceng matrix A hasasits entriesthe numbersof pathsof
lengthk betweertwo vertices.This leadsto theinterpretatiorthattherankof one
memberdepend®n therankof thoseheis connectedo.

In generalthis is referredto aseigervectorcentrality sincethis is calculated
asfollows:

Theideaof therankprestigendex is basedntheideathatnot only thedirect
neighborhoodf a vertex influencesthe rank of a vertex, but also the rank of
the verticesthat are connectedo vertex [ by way of othervertices. This holds
alsoin a directedgraph. This canbe representedy the sum of an adjaceng
matrix A poweredto p = 1...00. Thatthe power of anadjaceng matrix gives
the numberof k-length pathsbetweentwo verticesis known from graphtheory
[Jun99 p.96]. Now the questionis, how to find the rank index given for each
memberof a network basedon the sum of the poweredmatrices. This canbe
solved with the help of two mathematicaproperties.For one every function of
adiagonalizablematrix leadsto a function of its eigervaluesandsecondhefact
is used thata power seriescorvergesundercertainconditions.Thesetwo results
will beintroducedn section 3.3.4.

The component®f the correspondingeigervectorsarethe indicesthatrepre-
senttherankof themember

Statusasproposedoy Katz [Kat53] is definedby the questionasked In the
courseof this work statusis thushigh if onememberis identifiedasan andor.
Themembemwith the highestoverall statuswill beidentifiedastheandor corre-
spondingo the highestabsoluteeigervalueof the system.

3.2.3 Communication Patterns

In additionto eigervectorcentralitythe projectorsderived form the eigervectors
yield aninterpretation.As will be explainedin moredetailin section 3.3.5the
orthogonalprojectorin Eq.(3.58) givesa representatiomf structuralsimilarity
for membersvithin asubspacandthepatternstructureof theoriginal space See
[BLO4] for adiscussiorof thecasefor G{V, E, A} with A € R.
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3.3 Linear Operatorsin Hilbert Space

In thissectionthemathematicabackgrounds presentedAs themethodproposed
in this book is basedon the complex valuedrepresentatiof communication,
complex numberswill first beintroducedin section 3.3.1. As a secondstepthe
constructof Hilbert spacewill be presentedn section 3.3.2. Section 3.3.3will
introduceHermitianoperatorsn Hilbert spacefollowedby eigensystenanalysis
of suchoperatorin section 3.3.4. In section 3.3.50rthogonalprojectorsarede-
fined, which arecomputedrom the eigervectors,andthe interpretationof these
projectorsin the context of communicatiorpatternanalysisis given. SinceHer-
mitian operatordehae very predictableunderperturbationwhich is of interest
whenanalyzingcommunicatiorpatternssection 3.3.6will introducethosechar
acteristicof HermitianoperatorsFinally section 3.4will presentheapplication
of the proposedmethodto two typesof graphs,namelythe stargraphandthe
completegraph.Resultsin the bidirectionalsymmetriccasewill be comparedo
the undirectedcase,andresultsfrom Cvetcovic, Rowlinson and Simic [CS97]
will beusedfor validation. Also eigensystemef asymmetrididirectionalgraphs
andperturbedgraphsaregivenanddiscussed.

3.3.1 Complex Numbersand Hermitian Matrices

Unlessotherwisestatedall numbersarecomplex (€ C). Columnvectorswill be
writtenin bold facex, with components;;, j = 1...n. Thevectorspacewill be
denotedby V = C". Capitalletterswill representnatricesA with a,; denoting
the entryin the k-th row andthel-th column(k,! = 1...n). Greekletterswill
standfor theeigervalueswith )\, representinghek-th eigervalue.x;, will denote
the eigervector correspondingo the k-th eigervalue. The complex conjugate
transposef a vectorx will be givenasx*. Thetransposef a vectorx will be
denotedasx’.

Theequationz? + 1 = 0 hasno solutionin R. By introducingtheimaginary
unit ¢ with 4> = —1 this equationis solvable. The setof the real numbersR
augmentedy the imaginaryunit ; andthe operations+ and« definedsuchthat
(a+1b)+(c+id) = (a+c)+i(b+d) and(a+ib) * (c+id) = (ac—bd)+i(ad+bc)
with a, b, ¢, d € R is definedasthefield of the complex numbersC.

As anintuitive alternatve introductionto complex numbersconsidera vector
p in a2-dimensionaplanein R asin Fig.(3.1).

Whenwe now renamethe z-axisto “real” andthe y-axisto “imaginary”, the
transitionto the Gauss-planéasbeenachievedascanbeseenin Fig.(3.2).

It canthuseasilybe seenthatthe complex numberz canberepresentetike a
vectorin algebraidorm or equialentlyin polarform:
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X, X

Figure3.1: Two componentectorin R?

Im A

Vi Fo- - - - - - p=x+i*y,

Figure3.2: Two componentectorin the Gausglane

z=a+ib=|z|e? (3.12)

with therealpartof z beingdenotedasRe(z) = a , theimaginarypartas/m(z) =
b, with i theimaginaryunit (2 = —1). z denoteshecomplex conjugatez = a—ib
of z. Theabsolutevalueandphasearedefinedby Eqgs.( 3.13)and( 3.14).

|z| = Va? + b? (3.13)
¢ = arccos RFT(\Z) 0<o¢p<m (3.14)

Thefollowing five equationsrehelpful whendealingwith complex numbers:
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22 = |21|| 2| #1742 (3.15)
z2=7Z if andonlyif z € R (3.16)

Zz = |2|? (3.17)

z +7Z = 2Re(z) (3.18)

2172 = (Re(z1)Re(z2) + Im(z1)Im(z9)) (3.19)

+i(Re(z9)Im(z1) — Re(z1)Im(zs)) '

Eq.(3.15)shaws thatthe multiplication of two complex numberss achieved

by multiplying the absolutevaluesand addingthe phasesof the two comple

numbers. Multiplication by a complex humberis thus equialentto a rotation
aboutg, andscalingby |z,| ascanbeseenn Fig.(3.3).

Im A

r=|rle”(i)=[pllale”(i@.+¢.))

g=lale”@.)

p=Ip| €@

Re
Figure3.3: Multiplication of two comple« numbers; andp

Eq.(3.16)stateghatacomplex numberandits complex conjugategor adjoint)
numberareequalif andonly if z is real. Eq.(3.17)expresseshatthe multiplica-
tion of a complex numberwith its complex conjugategivesthe the squareof the
absolutevalueof thatnumber which canalsobe expressedis Re(z)? + Im(z)?.
This againis arealnon-ngative number Eq.(3.18)stateshefact, thatthe sum
of a complex numberandits complex conjugates two timesthe real part of the
complex number Eq.(3.19)givesa representatioof the productof a complex
numberanda complex conjugatenumber Thiswill berelevantwheninterpreting
theorthogonalprojectors.

In analogyto complex numberswve now introduceHermitianmatrices,since
scalarsanbeviewedas1 x 1 matrices.

A matrix H is calledHermitian,if andonly if
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H* =H (3.20)

with H* representinghe complex conjugateransposef H. The complex conju-
gatetransposef a matrix H is found, whenthe original matrix H is eitherfirst
transpose@ndtheneachentry is complex conjugatedpr vice versa. Eq.( 3.20)
meangthat the matrix entriescanbe written ashy, = hi;. Theanalogonin R is
the symmetricmatrix. Hermitianmatricesarealsonormal(Eqg. 3.21) asfollows
from Eq.(3.20):

HH*=H"H (3.21)
A matrix H is unitarily similar (X*H X = D, with X unitaryandD diagonal)

to a diagonalmatrix if it is normal. This meansthat for normal matricesthe
eigervectorsform anorthogonakystem.

Any matrix M € C" canbewritten asin Eq.(3.22). With thefirst partgiving
ahermitianpartandthe seconda skew-hermitian(M* = —M).

M= %(M—i—M*)—i—%(M—M*) (3.22)

The characteristice®f Hermitianmatriceswhich are of specialinterestin this
work arethoseof their eigensystem.Thesecharacteristicsvill be discussedn
section 3.3.4.

3.3.2 Hilbert Spaceasa specialVector Space
Hilbert spaceas a

e complete

e normed

e innerproduct

vectorspaceln thefollowing thesecharacteristicsvill beintroduced.

For ary givenvectorspaceV on ary field the following equationshave to
hold:
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x+yeV
(x+y)+z=x+(y+2)
X+y=y—+Xx
H0—-x+0=x
J1 = 1Ix=x
A(—x) »x+(—x)=0
ax €V
(ab)x = a(bx)
a(x+y) =ax+ay

(a+b)x = ax + bx

Vx,y € V(closure)
(3.23)

Vx,y,z € V(associatity)
(3.24)

Vx,y € V(commutatvity)
(3.25)

Vx € V(neutralelement)
(3.26)

Vx € V(neutralelement)
(3.27)

Vx € V (additiveinverse)
(3.28)

VaeC,x eV
(3.29)

Va,b € C, Vx € V(associatiity)
(3.30)

Va € C,Vx,y € V(distributivity)
(3.31)

Ya,b € C;Vx,y € V(distributivity)
(3.32)

A normp onagivenvectorspaceV C C" is givenby

Ix ll= QL [7)7
k=1

Thenormsmostoftenusedarethel-norm(|| x ||1=Y",_, | =

(3.33)

), the2-norm

(I x llo= Orey | & |2)1/2) andtheco-norm(|| x ||e= mazy | x4 |).

In Hilbert spacethe normis analogto the 2-norm, but is basedon the inner
product,asdefinedin Eq.(3.34). The inner productof x andy is a semilinear
(conjugate-lineam thefirst partandlinearin the secondform on a givenvector

spaceV andis representeds

x|ly)=xy= Zﬂf_kyk
k=1

(3.34)

Theinnerproductnormis consequentlyefinedby Eq.(3.35):

Vx| x) =[x

(3.35)
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This is the analogonto the Euclideanor 2-norm || x o= /D> r_; | 2k 2

which by Eq.(3.17)is thesameas /) ", _, Ty, which following Eq.(3.34)is
thesameasEq.(3.35).

For agivenarbitrarynormthefollowing rulesmusthold:

x>0 (3.36)
|x]|=0&x=0 (3.37)
|ax || =|al|||x]|, VaeC (3.38)
Ix+y <[] +]yl (3.39)

A vectorspaceV is saidto becompletejf everysequencéz, } corverges.In
acompletenormedspacethe Cauchycondition

liInmin(n,m)—)oo || Xn — Xm ||_) 0
is satisfied.

Thematrixnorm|| A || is aninducednormfor agivenvectornorm. Thusthe
matrix norminducedby theinnerproduct-normis statedn Eq.(3.40). It explains
to whatextenta vectoris stretchedyy A or shrunkby A=! if A is nonsingular

|| A ||: maxHxH:l || Ax || (3.40)

Therearetwo matrix norms,which areof interestin this context:

e TheFrobeniusmormasdefinedin Eq.(3.41)

I ANZ=" | an [*= trace(A*A) (3.41)
k,

e The 2-normasdefinedin Eq.( 3.42)following Eq.(3.40)and Eq.( 3.52).
Thisnormwill betheoneusedasthestandardnatrixnorm,if nototherwise
stated.

| A [|=] Admas | (3.42)

If Aisnonsingulathen|| A" ||=

‘)\mm‘ ’
Eq.(3.42)definesat the sametime the spectralradius,which will beintro-
ducedin moredetailin section 3.3.4.

In Hilbert spacehusthefollowing equationshold:
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(x|x)>0 with (x|x)=0 ifandonlyif x=0 (3.43)
(ax|y)=alx|y); (x|ay)=alx|y) a€C (3.44)
(x+ylz)=(x|2z)+{y|2) (3.45)
(x|y)=(yI[x) (3.46)

3.3.3 Hermitian Operatorsin Hilbert Space

A linearoperatoron a givenfield is definedasa functionthat sendsevery vector
x € X into anothervectory € X by alineartransformation.Thusthe transfor
mationin

n
X1 = E C13Yi
i=1

. (3.47)
Xp = Z CniYi
=1

with ¢; € C canalsobewrittenasx = Cy with ¢;; the entriesof the matrix C.
C isthencalledalinearoperator

The adjoint spaceV* of a vectorspaceV is the setof all semilinearforms
(e.g. innerproductEq.(3.44))on a vectorspaceV [Kat95, p.11] (Pleasenote
that Kato usesrow vectorsandthusthe inner productis definedaslinearin the
first part and semi-linearin the second). A selfadjoint linear operatoris called
Hermitian.In Hilbert spaceheadjointspaceV* canbeidentifiedwith the vector
spaceV itself. For a proof see [Kat95, p.252-253].Linear operatorsaasdefined
in Eq.(3.20)will beof interestfor therestof this book.

Thefollowing (in)equalitieshold in anormedinnerproductspace:

e Cauchy-Schwarzinequality:
(b [x)[ < v/(h [ h)y/(x | x) (3.48)

with equalityif x = ah, a € C.

e Besselinequality: for arny vectorh andan orthonormalbasisx; with j =
1,...,n of avectorspaceX

D (| x;)* <[ h|? (3.49)

j=1
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If thex; form acompleteorthonormabkystentheBesselnequalitybecomes
Parseval’'s equality:

Z [(h [ x3)|* =[| b ” (3.50)

e TriangleinequalityEq.(3.39)

Ih+x[=+(h+x|[h+x) <[ h|+][x][=+(h]h)+(x]x)
(3.51)

with equalityif x = ¢h asin Eq.(3.48)andin additiona € R.

In Hilbert spaceEq.(3.48) becomesan equalityand Eq.( 3.50) holdsdueto the
factthe conditionfor equalityhold.

ThusHilbert spacds a very corvenientvectorspacefor Hermitianoperators,
sincefor the purpose®f this book, mary featureshelpto leadto a quite natural
interpretationn the context of SNA.

3.3.4 Eigensystemanalysisof Hermitian Operators

In this sectionthe mainpartof themethodologicabasisof thiswork is introduced
sincethe methodproposedis basedon the eigensystenanalysisof Hermitian
matrices.

The eigervalue equationof a Hermitian matrix H with eigervector x and

eigervalue is givenby Eq.(3.52):
Hx = \x (3.52)
Hermitianmatriceshave thefollowing characteristics:
e All eigervaluesarereal (Eg.(3.53)) and canthusbe orderedeitherfrom

Amaz = A1 > ... > Amin = Ap, Or @sin the contet of this book by their
absolutevalue.

M €R Vk with ‘)\1 \:maxk|)\k\>...>|)\n \:mmk\)\ﬂ
(3.53)
becausgHx | x) = (Ax | x) = A(x | x) and(x | Hx) = (x | Ax) =
Mx | x) andEQ.(3.20)imply (Hx | x) = (x | Hx) andthus\ = X which
meandy Eq.(3.16) ) € R (see [Mey00, p. 548], [Kat95, p. 53]).

e Thelargestabsoluteeigervalueis the spectraradiusbecausef Eq.(3.42).
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e Eigervectorsbelongingto differenteigervaluesform anorthogonakystem,
which canbe choserto be orthonormal

(xk | x1) = Ot (follows from (3.20)) (3.54)
with
0 ifk#1
Opr = ’ 3.55
H {1 if k=1 (3:55)

This alsoholdstruefor arbitraryrotation:

<6i¢kxk | ei¢lxl> = e Pkl <Xk | Xl>
= ei(d’l%’k)(xk | Xl) (356)

e They canberepresentetly acompletespectradecompositiomsin Eq.(3.57).
Theeigervaluescanbeinterpretedasweightsof thecorrespondingigenspace.

H=> MNP (3.57)
k=1
with
1Ty T1%p
TnT1 TnTn

representinghe orthogonalprojectors.Note,that ", _, P, = I, P} = P,
P2 = Py. For moredetailseesection 3.3.5.

e Any function f(H) of aHermitianmatrix H canalsobe seenasa function
of its eigervaluesf (\). Now let f(H) = >~ 2, H? beapower seriesthen
it followsthat f(\;) = 372 A7, Vi = 1,...n, sincef(H) = f(XDX ™)
with X representinghe matrix of all eigervectorsand D a diagonalmatrix

with f()\;) asentries.This canbe seenwhenthefunctionis expanded:
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:Z( /\kPk)p by Eq.(3.57)

j{:,kkf% :E:’Xk}%
= Z)\k Z)\kpk Z)\kpkz (Z)‘kPk)+
k=1

Z/\kpk Z)\kpk /\1P1 * )\1P1)

I
M
ZEU

()\1P1*/\2P2) )+

=) MP) + O MP) + O WP+ by P, P, = 6, P
k=1 k=1 k=1
=33 un
p=0 k=1
= > [P
k=1

(3.59)

It is awell known resultthatsuchpower seriesconverge undercertaincon-
ditionswhichalsoholdfor everyadjaceng matrix H € C . [MeyO00, p.618].
We now useaspecialypeof power seriesthevon Neumanrserieggivenin

Eq.(3.60)andtheir corvergencecriteria,sincevon Neumanrseriesexactly
reflecttherelationshipwe needto find therankindex introducedn section
3.2.2.

I+H+H?+ H?+ ZHP

— ([ — H)™ 1 (3.60)
& limy oo H? =0
&S e <1
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whichis equvalentto | H ||< 1. Since|| H ||=| Amaz | (EQ.(3.42)). This
is equivalentto the factestablishedibove thata functionof H generates
functionof \. It followsthatthecorrespondingower seriedor \ corverges
if | Amaz |< 1. This meansthatif the von Neumannseriescorvergesfor
H, thisis connectedo the eigensystenof H in thatthe power seriesfor \
convergesto (1—-\) ! — |A| < 1. Thustheeigensystenof H approximates
the eigensystenof the power seriesandcorvergesin thelimit.

e Eq.(3.57)togethemwith Eq.(3.50)yieldstheresult,thattheeigervaluescan
beusedto explain the containedvarianceof a subspaceThevariances? of
x is definedaso? = £ >, (zx — p)? = £ || x — pe ||* with p representing
themeanande theunit vector

Proof:
I H=> NP |”=(H-Y MNP | H=Y \P) Eq.(3.35)
k=1 k=1 k=1
= (H |H)-(H | Z)\kpk> - (Z)\kpk | H)
k=1 k=1
—(H|Y APy Edq.(3.45)
k=1

=|| H ? =2 H >+ _MPi | > MPe) Eq.(3.35)
k=1 k=1

=— | H|*+)>_A\X(P | P;) Egs.(3.53),(3.57),(3.58)

Y]

= H P+ X =0
=1

= HIP=) X
k=1

(3.61)

If onesumsnot over all n but only to anindex m < n anddividesby the
total sumof all A2, the resultshawvs the variancecoveredby the m first
eigenspaces.

e They arewell conditioned which meanshata small disturbanceF of the
HermitianH matrixonly resultsin achangeof theeigensystemupto || E ||.
Seesection 3.3.6for details.
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For matricesof theform discussedh chapters4 and 6, thefollowing charac-
teristicshold:

Let H be a matrix with h;, = 0 (no self referenceXhenfollowing the fact
that H = UDU ' the )} _ A\ = trace(H) = >.;_ohwe = 0. This leads
immediatelyto the existenceof negative eigervalues.

Of specialinterestis the matrix B of ordern + m with

_ Onxn A
B_<A* Omm> (3.62)

with A representingan x m matrix. In generalthis is the representatiof a
bipartitegraph.

In thespecialcaseof n=1andm=k this matrix representadirected weighted
stargraphwith £ +1 vertices.Thespectrunof thatsystems describedsfollows:

O'(B) = {+)\1, +)\2, caay —Am+n71, —)\m+n} (363)

(see[Mey00, p. 555]) with |A1| = [Ansal, [A2] = [Aman_1], €tc.

The eigervaluesare by definition of the sameabsolutevalue, but beingthe
squarerootsof the singularvaluesof A they have eithersign. For the respectie
eigervectorsthis leadsto thefactthatthey areonly determinedup to multiplesof
.

As anexamplelet H bea3 x 3 Hermitianmatrix of a stargraphwith Az, = 0
andhy, = 0 for (k) € {(23),(32)}. Theequationdor the eigensystenarethen
givenexplicitly following Eq.(3.52)by Eq.(3.64). The phaseof the eigervector
componentsvill becalculatedby Eq.(3.65).

01?1 -+ h121'2 + h131‘3 = >\$1
h—uxl + 0332 + 033'3 = /\.’L'Q (364)
h—13$1 + 0xy + 0.’11'3 = )\153

Thusit follows, thatthe phasedor z, » 3 canbe expresseds:

1
=—h
X3 b\ 13
_ 1h_
T2 = 2 (3.65)
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The last equationholds, becausehe determinantdet(H — \I) = —\3 +
Ahishi + Ahighiy = —A(X2 — Y3i_, | hu [?) = 0. This holdsfor A3 = 0
and)\? = +320_ | hy |* (EQ. 3.34),which is the sameas A\, = + || h, ||
(Eq.3.35).

It canbe seenthatin the eigervectorof anunperturbedstar the phaseof the
originalmatrixentryis keptbut complex conjugatedThisis understandablerhen
onelooksattheprojectors.

3.3.5 Orthogonal Projectors

Thefact, thatthe entriespy,; of the projectorsP; in Eq.(3.58)aregivenby z,z;
withk,l = 1,. .., ntheindex within theeigervectorx,, it followsfrom Eqgs.(3.17)
and( 3.19)that

Pkl = Ty
= (Re(xx)Re(x;) + Im(xk)Im(x;)) + i(Im(xg)Re(x;) — Re(xg)Im(x;))
:<X1‘Xk>+i‘XkXXl|
(3.66)

with (x; x x;) thecrossproductof two vectors.We regardeachcomplex number
zy andz; asatwo componentectore R? in this casewith components;;, ; =

Re(z) andz, 2 = Im(z;). The crossproductof two vectorsis againa vector

that is orthogonalto the planespannedoy the two original vectorsand hasthe
lengthidenticalto theareaof the parallelogranspannedy thetwo vectorswhich

canbecalculatedusingthe determinanbf the matrix built by thetwo row vectors.
Thisleadsto thefollowing interpretatiorof projectorP; in Mat.(3.67)( [Chi98],

[BLOA)):

e Eachentry givesin its real part a measureof the structuralsimilarity or
closenes®etweerthe communicatiorpatternsof two memberswithin this
subspacesincethereal partis constructedy the scalarproductof thetwo
eigervectorcomponents.

¢ Initsimaginaryparttheprojectorentrygivesameasuref thedivergenceof
behaior, sincetheimaginarypartis the absolutevalueof the crossproduct
betweerthe eigervectorcomponents.

As anexampleusetheprojectorPy, in Eq.(3.67).

0_ %hu %h13
Py =|3h2 O 0 0 (3.67)
thiz 0 0 0
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As will beexplainedin section 4.3.2it alsoyieldsanadditionalinterpretation
in the context of communicatiorpatternanalysis.

3.3.6 Perturbation Theory for Hermitian Operators

Thebehaior underperturbations well researchetbr HermitianoperatorgKat95],
[DS88]. And sincethisis a majoradwvantageof the proposednethodwhenthink-
ing of futurework in this field, a very shortintroductionat leastfor perturbation
of eigervaluesis given.

Now assumean unperturbedHermitian matrix A with eigervaluesay, ...,
g, With oy > ... > o, anda Hermitianperturbatiomrmatrix £ with eigervalues
€1,---,65, With e, > ... > ¢,. Fortheeigemvalues\, ..., \,, with \; > ... >
A, Of theresultingHermitianmatrix H = A + E aWeyl type perturbatiorbound
is givenby

Q5 + € Z /\j Z Q; + €, (368)

See[HJ90,p.181-182],[Kat95, p.61]or [Mey0O, p.551-552].
The BauerFike boundin Eq.(3.69)for diagonalizablanatricescanbe used
to give anevenbetterboundfor Hermitianperturbations[HJ90, p.367-370]:

| Ak — ay |

X)||E 3.69
T <R E (3.69)

MM,

with x(X) =|| X ||| X! || for amatrix X of eigervectors,wherethe inverse
existswhich is the casefor the matrix of eigervectorsof a Hermitianmatrix. For
Hermitian matricesthe BauerFike boundin Eq.(3.69) evenreducedo || E ||,
sincex(X) = 1. Sincethe matrix X is orthogonalX* = X ') and|| X ||=1
dueto orthonormality Thus Hermitian matricesare well conditioned [HJ90,
p.528]which hasalreadybeenmentionedn section 3.3.4.

With theseboundsit would be possibleto checkif andhow a matrix H is
theresultof a perturbationE. This will be of someinterestin chapter 4, when
the constructiommndbehaior of complex Hermitianadjaceng matricesandtheir
respectieeigensystemwill bediscussedSinceaHermitianmatrix H canberep-
resentedy a Fouriersumof its subspaceshe addendsoprderedby their weights
(the correspondingeigervalues)can be seenas an approximationof a perturba-
tion. Theaddendwith arelative high weightcanbe seenasthe unperturbedna-
trix, with all otheraddendssperturbatiormatrices.This interpretationis highly
corvinient, whenthe first one or two subspacealreadycover a large part of the
variance.
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3.4 Eigensystenof realadjacencymatricesfor non-
dir ectional graphs

For real valuedadjaceng matricesextensie literatureaboutthe corresponding
eigensystemsf graphscanbe foundin Cvetkovic et al. [CS97. As discussed
thereinthe eigenspectrunof a graphdoesnot identify the graphuniquely since
cospectrality which means‘having the sameeigenspectrum”doesnot lead to
isomorphismwhichmeans'having thesamegraphstructure”in this context. But
if, in addition,the eigenspacearetakeninto accountheuniquenessf theeigen-
systencanbeestablishedAs areferencdor laterusein chapter4.4,someresults
abouteigensystemsf certainkinds of graphsfrom Cvetkovic will be presented
without proof.

Star graph

Let S be a stargraphasin Fig.(3.4)with 4 verticesv, k = 1,2, 3,4. Further
let v, bethe centerof thatstar Thenthe normedeigensystenof therealvalued
adjaceng matrix A = ay;, agx = 1if e(k,l) € E elseay; = 0 hastheform as
in Tah 3.3.

@ Q)
~a

Figure3.4: Nondirectionalstargraph

X
b | Xk Xp2  Xp3  Xpa
1.73 1 0.71 0.41 0.41 041
-1.73|10.71 0.41 0.41 041
0 0O 082 082 0.82
0 0O 082 082 0.82

AW N X

Table3.3: Eigensystenof a stargraphin Fig.(3.4)
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As canbeseenthereis onepair of non-zerceigervalueswith the sameabso-
lutevaluebut differentsign(eigervalue), » = £1.73 (Eq.(3.63))). Theeigervec-
torsfor the two non zeroeigervaluesshaw, thatthe vertex v; hasa highervalue
thanthe othervertices who have equalabsolutevalues.This s intuitive in a stag
thecenterns percevedasthe strongestmembeywhile all the othersareperceved
to belessrelevantin comparisorbut equallyrelevantamongsthemseles. This
resultqualitatvely correspondso theresultfrom thedegreecentralitymeasuren
Eq.(3.2),whichyieldsc! = 1,¢5 5, = 1/3.

Complete Graph

Let C bea completegraphasin Fig.(3.5)againwith 4 verticeslabeledasabove.
Theeigensystenthenis givenin Tah 3.4.

Figure3.5: Nondirectionalcompletegraph

k A X

Xg,1  Xg2 Xg3  Xgd
3.00 | 0.50 0.50 0.50 0.50
-1.00| 0 0.87 0.87 0.87
-1.00| 0 0.87 0.87 0.87
-1.00f 0 0.87 0.87 0.87

AW NP

Table3.4: Eigensystenof acompletegraphin Fig.( 3.5)

This eigensystemshaws only one maximal eigervalue, while all the others
havethesameabsolutevalueandeventhesamesign. Theeigervectorcomponents
of themaximaleigervalueshow thatall verticesareof equalrelevance.

The star graphand the completegraphare two graphswhich representhe
two extreme communicationpatternsfor group structures. A group can either
be extremelyconnectedergo a completegraph,or stronglycenteredgergo a star
Thereexist all kindsof mixtures,andin additiontherecanalsobeisolatedvertices
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within groups. But in the context of this book, all membershave at leastone
connectionwithin the group. Thisis why isolatedverticesneednot be discussed
here.

Aswasshawnin this chaptertheuseof complex Hermitianmatriceshasmary
advantagesvhencalculatingthe eigensystemTheseare:

e Realeigervalues

e Orthogonakigervectorsystem— orthogonalbprojectors
e Well conditionedmatrices

e Innerproductnorm

e Fouriersumrepresentation

Therelevanceof thesepropertiedor the purposeof interpretingthe structure
of emailcommunicatiorwill beshavnin thenext chapter
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Chapter 4

Analysis of General Bidir ectional
Communication Patterns

This chapterdealsin section 4.1 with the coding of bidirectionalcommunica-
tion patternsin a weightedadjaceng matrix. In section 4.2 it is shovn how a

comple« Hermitianadjaceng matrix canbe deducedrom aweighteddirectional
graphin a socialnetwork. Section 4.3 givesan interpretationof the resultsob-

tainedin chapter3in thecontet of bidirectionalcommunicatiorpatternanalysis.
Section 4.4 givessomeexamplesof designedsyntheticcommunicatiormatrices
andshaws how the proposednethodcanbe usedto analyzethe communication
structurehiddenin thesematrices.

4.1 Communication Behavior

In thefollowing we consideridirectionalcommunicatiorpatternsvhich canbe
modeledasadirectedandweightedgraphG = {V, E, A} asdescribedn section
3.1.1.Let v, andv, bevertices(memberspf thegroup(vg, v; € V). Thecommu-
nicationgoing from v, to v; andfrom v; to v, will betransformednto the entry
ay; In thematrix A.

Thusthefollowing possibilitiesfor communicatiorbetweertwo verticesmay
arise:

e No selfreferenceun, =0, Vk
e k and/ communicateay; # 0

— k£ communicatesvith [ onthesamdevel
— k writesmoreoftento [ thenvice versa
— [ writesmoreoftento k thenvice versa

41
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Codingthe communicatiorbetweerverticesk and( is a problemin SNA, as
long asay; € R, becauseonly oneinformationcanbe codedin a real number
insteadof the numberof messagesentfrom & to [ andvice versa. It is usually
achieved by makinga choiceof whatto code,e.g. only the differencein commu-
nication,or the predominantirection,...andchoiceimpliesinformationloss. A
solutionto this problemis to regardthesetwo componentasa two component
vectorin a2 dimensionaplane.Thusthisrealtwo componentectorcanbetrans-
formedinto a complex number asexplainedin section3.3.1. As a consequence
ay € C VEk, 1. Theasymmetryof communicatiorbehaior is the characteristic,
whichhasto bedealtwith, whentrying to find feasiblesolutionswith eigensystem
analysis.

4.2 ComplexHermitian Adjacency Matrix

The amountm of outboundcommunicationof a vertex k is translatednto the
real part of the matrix entry, m = Re(ay), whereashe amountp of inbound
communicatiorof vertex k is denotedastheimaginarypart,p = I'm(ay;). Thus
the characteristic®f complex numbersasdescribedn section 3.3.1Eq.(3.13)
now have thefollowing interpretation:

e The absolutevalue correspondgo the traffic volume exchangedbetween
two members.

e Thephasep(ay,;) representsherelative directionof thecommunication.

The complex adjaceng matrix A hasentriesasgivenin Tah( 4.1):

communicatiorbehaior | ay; =m +ip | ¢(ak)
no selfreference agr =0 arbitrary
k—=1>1—k m>p [0, %
l—=k>k—1 m<p 1%, 5]
k—=l=1—k m=p T

Table4.1: Communicatiorbehaior representation

The entriesof the complex adjaceng matrix A canbe completedby following
Eq.4.1:

Qg = ZCL_HC (41)

The constructiorof thematrix A is thusgivenby Eq.4.2
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A=B+iB', with b, R (4.2)

with B representingheweightedrealvaluedadjaceng matrix, thustheentriesof
B reflectthenumberof messagewhich go from vertex k to vertex (.

In Fig.( 4.1) a samplecommunicatiorcanbe seen. The pointsrepresenthe
matrix entriesay, of a samplematrix givenin Eq.(4.1). The diagonalline has
beendravn to demonstrat¢he underlyingsymmetry

4 Im = Inbound

(0]
P« C/

0 >
m, Re = Outbound
Figure4.1: Communicatiorbehaior beforerotation

It caneasilybe seenaswell from Eq.(4.1) asfrom Fig.(4.1) that A canbe
transformednto a Hermitianmatrix H by rotation. Rotationis achiezed by mul-
tiplying A following Eq.(3.15). Therotationfactoris e~ asshown in Eq.(4.3).

H=A-e'i (4.3)
Proof:

1. Lettheentryof A beary complex numbera,; = re*® with absolutevaluer
andphasep.

Thenby Eq.(4.1) ay, = iay = ire™*
arr = 0 = hy, becausef theexclusionof selfreferences
After rotationabouty : hy = age’ = ree? = reil®t¥)

hy = ae™ = ire e = e'zret®—9)

o o k~ W N

For Hermitianmatriceshy,; = hy, musthold (Eq.(3.20),thereforeyei(¢+¥) =
(5 +o—0)
re 2 .
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7. Thisholds,if ¢ +¢ = -5 — ¢ + ¢.
8. Solvingfor ¢ leadsto 2¢) = —7. Thusy = —7. ged

The alternatve way given by Chino yields a matrix thatis similarto H in
Eq.(4.3).Theproofis thefollowing:

Let Hc = 1(B + B") +i1(B — B') by Eq.(3.22)andHy = (B + iB')e "4
by Egs.(4.2, 4.3)then:

1 1
He==(B+ B") + 2'5(3 — BY)

2
1
= §(B+iB+Bt—iBt)
1 . :
= 5(B(1 +1i) + B'(1 —1))
= 5 (Be't + Ble ™) (4.4)
2 s ;T ;T
= %(B + Ble '2)e'1,e "2 = —j
2 x
= %(B —iB"e"t
2
= 5 Hu

with Hy representinghe complex conjugatednatrix of H.

This leadsto aneigensystenthatis complex conjugatedandscaledby a con-
stantto theonepresentedAs will beseenaterin section 4.3.2theinterpretation
of the orthogonalprojectorswill be moreintuitive andrevealingwith the matrix
givenby Eq.(4.3) thanwith themethodproposedy Chino. In additionthecom-
parisonwith the original adjaceng matrix is not easyto achiese, sincemorethan
abackrotationis neededn the caseof Chino.

Tah( 4.2) shavs how the communicatiorbehaior patternsof Tah( 4.1) re-
mainvisible in therotatedmatrix H with entriesh,,; aftertherotation:

1. No selfreferencehy, = 0

2. More outboundthaninboundtraffic (¢ — [ > [ — k) leadsto a negative
signof theimaginarypartp, = I'm(hg) < 0

3. More inboundthanoutboundtraffic (I — k& > k& — [) leadsto a positive
signp, = Im(hy) > 0
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4

4

4

/,
» Inbound
7/
/7
7/
/7
P« yos
7/
/7
/7
0
/7
/7
/7
s 0
/7
/7
0 >
N my Re
N
.0
N\
N
> 0
N\
N\
-P« N
N
N\
N
N\
N\
N\
o
N\
N
N\
\/ Outbound

Figure4.2: Communicatiorbehaior afterrotation

4. Outboundequalsnboundtraffic (k -1 =1—k): p, =0

Fig.(4.2) shonvs how the datapointsin Fig.(4.1) behae underrotation.
Note thatthe normis invariantunderrotation. The absolutevalue - thatis the
representatioof theamountof of communicatior doesnotchange.

communicatiorbehaior | ay; = m + ip | hy = m, + ip,
no selfreference age =0 hir, =0
k—=1l>1—k m>p pr <0
l—k>k—1 m<p pr >0
k—=l=1—k m=p pr=0,m, >0

Table4.2: Communicatiorbehaior representatiom the matrix H

4.3

Inter pretation of the Eigensystem

In this sectiontheinterpretatiorof thecomponentsf theeigensystenof thecom-
plex Hermitianadjaceng matricesntroducedn section4.2will bediscussedin
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the following the solutionof the eigensystenfix = Ax is considered.First, in
section 4.3.1the eigenspectrunwill beinterpretedn thelight of the input data,
then,in subsection4.3.2,the interpretationof eigervectorsandthe resultingor-
thogonalprojectorswill beexplained.

4.3.1 Eigenspectrum

Sincethe input dataconsistsof inboundand outboundmessageshe eigenspec-
trumreflectsthe“enegy” level, or traffic level within thedataset,since

Al =l H [|=]| Al
is the spectralradiusfollowing Eq.(3.42). Thus A changeswith the numberof
messageexchanged\ doesnotrevealif thenumberof in- or outboundmessages
haschanged.

The eigervalue can be interpretedfollowing Eq.( 3.57) asthe weight of the
correspondingeigenspacethusit is alsopermissibleto seeit asthe weightof a
patternthat sernesasa correctve perturbationor patternon the mostprominent
eigenspacdf now \, < 0 and); > 0 or vice versaandtheanchorcorresponding
to A\; and )\, is the same thenthe correctionthatthe patterncorrespondingo \,
bringsputsa strongerfocuson a characteristiavithin the communicatiorof the
wholegroup. Thesignof theeigervalueyieldsinformationif thecommunication
behaior demonstratedby the subspaces the patternwith the subgroup,or the
communicatiorpatternthatthesubgroupmaintaingo therestof thegroup.For an
exampleseesubsection4.4.3. This could be seenasa kind of filtering function.
Whenthe secondsubspaceaveightedby its eigervalueis addedto the first, the
strongespatternrecevesa modulation. The sign of the eigervalue alsoyields
information.

As wasshawn in section 3.3.4,the spectrumexhibits a symmetryfor undis-
turbedstargraphs.If thestaris beingperturbedthesymmetrybreaksdown. This
meanghatif, for example,a groupshows the communicatiorbehaior of a star
graph,additionalcrosscommunicatiortakestherole of a perturbatioraslong as
it is smallcomparedo communicationn the star Thisis analogin the caseof a
completegraph. In this casefor exampleonesidedcommunicatioror very little
communicatiorbetweenwo nodesakestheform of a perturbation.

4.3.2 Eigenvectorsand orthogonal projectors

The absolutevalue of the eigervectorcomponentss the well known eigervec-
tor centralityindex (seeBonacichandLloyd [BLO1]). In this context this in-
dex canbeinterpretedasa similarity in communicatiorpatternamongthe group
members.Thusthe componenivith highestabsolutevaluecanbeinterpretedas
the highestranked memberwithin that pattern. This hasbeendefinedin section
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3.1.1asthe anchorof the subgroup. The phaseinformation of the eigervector
componentgivesinformationaboutthe directionalsimilarity comparedwith the
anchorwithin the subgroup.This meanshatthe phaseshows, how the direction
of communicationof the vertex is similar to the direction of the anchorin that
pattern. The anchorcanbe definedto have a phaseof ¢ = 0, the phaseof all
othercomponentss arelative information. If for examplethe eigervectorshavs
thedistribution of absolutevaluesthatrepresena starlik e pattern thenthe phase
givesanindicationof thedirectionof the pattern(inboundor outboundstar).

The orthogonalprojectorsare the bridge betweeneigervectorsand original
adjaceng matrix. As hasbeenexplainedalreadyin section 3.3.5,the real part
of the projectorconsistf the scalarmproductof the eigervectorcomponentsthus
giving anindex for similarity. While the imaginarypart consistsof the absolute
amountof the crossproductof the eigervectorcomponentsthusgiving anindex
of skewness.Sincethe projectorsarepartsof the Fouriersumandthusarepartof
theoriginal adjaceng matrix, it follows thatthe numberof outboundmessagem
the original matrix is connectedo the scalarproductof the eigervectorcompo-
nents,while the numberof inboundmessagess connectedo the absolutevalue
of the crossproductof the eigervectorcomponents.

4.4 Examplesof Eigensystems

After having thusdescribedhe constructiorof the complex Hermitianadjaceng
matrix, this sectionwill presentsomeexamples,which are designedso as to
demonstratéow the methodsworks.

As anintroductionto eigensystemef complex Hermitianadjaceng matrices
the graphpatternsusedin section.(3.4) will beused.All calculationshave been
performedwith Mathematica[Wol03]. This hasthefollowing consequences:

e Eigervectorsarenotnormalized.

e In Mathematicahe eigervectorshave beenrotatedto resultin a phaseof 0
for the eigervectorcomponentith the largestabsolutevalue. But this, as
explainedin section.3.3.4Eq.(3.56),doesnot disturbthe orthogonalityof
theeigenspaces.

e Eigervalueshave beennormalizedby dividing eacheigervalue with the
matrix norm. Thusthelargesteigervalueis equalto |1|.

To shov how theresults,the enhancednethodsprovidescanbeinterpreted,
theanalognon-directionagjraphswill beconsideredirst, andthentheasymmetric
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versionwill be discussed.The analogonto a non-directionalgraphis a bidirec-
tional but equallyweightedgraph.For validationthe resultsof Cvetkovic [CS97]
in the caseof stargraphsandcompletegraphswill beused.

Threekindsof graphswill bediscussed:

e Thestargraph(subsection4.4.1)
e Thecompletegraph(subsection4.4.2)

e A graphrepresentingwo subgroupsconnectedby one link (subsection
4.4.3)

4.4.1 Star Graph

The equialentof a non-directionalstar graphin the complex representatioms
shavn in Fig.(4.3). Thecorrespondingomplex adjaceng matrix Ag is givenin
Eq.(4.5)andtherotatedmatrix A”° is givenin Eq.(4.6).

0 14+¢ 14+4¢ 144
[1+: 0 0 0
As = 1443 0 0 0 (4.5)
1+ 0 0 0
0 1.41 1.41 1.41
AT = Hy = 1.41 0 0 0 (4.6)

141 0 0 0
141 0 0 0

The eigensystenof the rotatedmatrix A" = Hg is givenin Tah( 4.3). Since
therotatedmatrix hasentriesh; € R theresultingeigensystenfor the non-zero
eigervaluesis the same(modulon) asthatin Tah( 3.3), eigervalueshave been
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normalized.This eigensystenshavs thefirst two eigervalueswith sameabsolute
value,but with differentsign. Thecorrespondingigervectorsarerealin thiscase
andshawv aphasedifferenceof exactly 7 (in this casea differentsign),apartfrom
the largestabsoluteeigervectorcomponent.Characteristidor a stargraphis the
factthattwo eigervaluesof the sameabsolutevaluebut with differentsignexist,
andthat the distribution of the absolutevalue of the eigervectorcomponentss
suchthatthecenterof the starhasthehighestvalue,while all othermembersave
alower but equallydistributedvalue.

k| Ak Xkl

=1 =2 =3 [=14

-1.0|] 0.71 -0.41 -0.41 -0.41
1.0 0.71 041 041 0.41
0 0 -0.58 -0.21 0.79
0 0 -0.58 0.79 -0.21

AW NP

Table4.3: Eigensystenior Hg in EqQ.(4.6)

Theeigensystenn Tah( 4.3)correspond¢émodulor) for thenon-zeroeigen-
valueswith theresultsof Cvetkovic etal. [CS97,p.235].

If the staris perturbedwithin the star which meansthat additionalcommu-
nicationtakesplacebetweerthe alreadyconnectednembersf the network, the
only effectis achangean theabsolutevalueof theeigervalues sinceby Eq.(3.42)
only || H || becomedarger, but no additionalmembergetconnectedlf the star
IS subjectedo a symmetricperturbatiorasin Fig.(4.4) betweervertices2 and3,
which meanghatthe matrix entriesa,; andas, aredifferentfrom 0 asmatrix A,
in Eq.(4.7)shaws,

0 14 144 144
Cl1+i 0 144 0
S=114i 147 0 0 (4.7)

1+7 0 0 0
thefollowing effectscanbeobsenedin the eigensystengivenin Tah( 4.4):

e The symmetryfor the largesttwo eigervaluesbreaksdown accordingto

Eq.(3.69): 'Aﬁ;ﬁ‘ﬂ = P8Ol _ .99 < 1, with E beingthe perturbation

matrix with only the entriese,s, e3o # 0.

e Theeigervectorsloosetheir symmetry which meanghatthe eigervectors
of thetwo largesteigervaluesdo nothavethesameweightsanymoreaswell
asthefactthatthe eigervectorcomponenfor vertex & in eacheigervector
doesnotonly changehesign,which would meana phaseshift of = (which
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is equivalentto arotationby 180° counterclockwis@r theratio betweerthe
circumference” of acircle andits diameterd giving % =3.14....

e The distribution of the eigervector componentswithin eacheigervector
loosests starlik e characteristicTheanchoris still visible, but thebehaior
of theotherverticeschanges.

Figure4.4: Symmetricaperturbatiorof non-directionaktargraphrepresenteth
Eq.(4.7)

k| Ak Xkl
I=1|1=2|1=3|1=4
1.0 | 0.61 | 052 | 0.52 | 0.28
-0.68| 0.75| -0.3 | -0.3 | -0.51
-0.46 0 -0.71] 0.71 0
0.14 | 0.25| -0.37| -0.37| 0.82

AW NP

Table 4.4: Eigensystemfor the perturbedstar in Eq.( 4.7) after rotation in
Fig.(4.4)

In additionit canbe said, thatif onereversesthe direction of the edgebe-
tweentwo vertices,the eigervaluesare kept, but the eigervectorsbecomecom-

plex conjugated.This canbe seenif the stargraphis subjectedo anasymmetric
perturbatiorasin Fig.(4.5)
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Figure4.5: Asymmetricperturbatiorof a non-directionaktar

Theeigensysterof thegraphin Fig.(4.5)representedy matrix A, in Eq.(4.8)
is givenin Tah( 4.5). In the caseof the perturbationin the otherdirection, the
eigensystenbehaesaspredictedseeTah( 4.6)).

0 142 1+7 142
1+2 0 1 0
1+2 2 0 0
1+2 0 0 0

Ay = (4.8)
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Theeigensystemalsoindicateshelocationof theperturbingevent. Thephase
of the eigervectorcomponent(x; ») and¢(z2 o) aswell as¢(z, 3) andg(z,3)
nolongershav aphaseshift of r ascanbeseenn Tabs.(4.5, 4.6). Thisis exactly
wherethe perturbatiortook place.

The eigervaluesleadto cumulatve coveredvarianceasin Tah( 4.7). As can
beseerthefirst two subspacesoveralreadyover90% of thevariance Theeigen-
projectorsderived from the eigensystemn Tah( 4.5) are given by Eqgs.(4.9 —
4.12). The projectorsP,, k = 1,2,3,4 arethosecorrespondingo eigervalues
Ay k=1,2,3,4.

A1 Ao | Az | M
coveredvariancepereigervalue | 0.55 | 0.39 | 0.05 | 0.01
cumulatve coveredvariance | 0.55 | 0.94 | 0.99 | 1.00

Table4.7: Cumulatve coveredvarianceof eigervaluesfrom Tah( 4.6)

Thefirst two projectorsP; and P, have thefollowing interpretation:

e Theanchoris identifiedby the highestabsolutevalueanidentifiedasvertex
1. iy = 0.42 andp{? = 0.50, wherep;’ representhe elementn row k

andcolumn/ of matrix P;.

e P; correspondso the highestabsolutevaluedeigervalue,thusmoretraffic
is beingexchangedn thatpatternand P, senesasthecorrectve pattern.If
onetakesinto accountthat A, < 0, it canbe seenthatthe secondpattern,
whenaddedasdescribedy the Fouriersum,hastheeffectthatthediagonal
entriesof thesumwill gotowards0 or below, andthattheentriesin thefirst
row andfirst columnwill be augmentedwhile the entriesin the submatrix
P T®  pT will tendtowards0. This thenalreadycomescloseto a
starlike adjaceng matrix.

e Thepatternin P; representshefactthatall membersareconnectedvith a
slighttendeng towardsa star Only P, shows a strongerstararoundvertex
1, sinceall other matrix entriesare lower by half at least. This suggests
that P, representgshe communicationwithin the whole group, while P,
representshe communicatiorwithin the star

0.42 0.31 — 0.06z 0.31 + 0.06¢ 0.21
0.31 + 0.062 0.23 0.2240.092 0.16 4+ 0.03¢
0.31 — 0.06¢ 0.22 — 0.092 0.23 0.16 — 0.032

0.21 0.16 — 0.03z 0.16 + 0.03z 0.11

P = (4.9)
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0.50 —0.26 —0.11i —0.26 + 0.114 —0.30
[ -0.26+40.11i 0.16 0.11 — 0.12i 0.16 — 0.07i
B = —0.26 —0.117  0.11+0.124 0.16 0.16 + 0.07: (4.10)
~0.30 0.16 +0.07s  0.16 — 0.074 0.18

P; hasvertex 3 asanchor but vertex 2 hasthe sameabsolutevalue, which
canbeinterpretedasa structuralsimilarity betweerthetwo. Only the difference
in phaseshaws thatcomparedo vertex 3 thatvertex 2 hasa slight differencein
directionof communication.

0.04 0.02+0.13;  0.02—0.13; —0.07
p._ | 002013 0.42 —0.40 — 0.14i —0.04 + 0.22i (4.11)
3 0.02 +0.13i —0.40 + 0.144 0.42 —0.04 — 0.22i '
—0.07  —0.04—0.22i —0.04 + 0.22i 0.12

In P, vertex 4 is theanchorandvertices2 and3 againhave the sameabsolute
valuebut differentphase.

0.041 —0.07+40.05¢ —0.07 — 0.05¢ 0.16
P = —0.07 — 0.05¢ 0.18 0.074+0.17¢ —0.28 —0.18:
—0.0740.052 0.07 —0.172 0.18 —0.28 + 0.18¢

0.16 —0.284+0.18 —0.28 —0.182 0.59

(4.12)
Now consideradirectedandweightedstargraphof anasymmetriccommuni-
cationbetweerb memberr verticesasin Fig.(4.6).

N4
V2N

Figure4.6: Asymmetricstargraph

The original complex adjaceng matrix Ags correspondingo the graphin
Fig.(4.6)is givenin Eq.(4.13).
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0 1+2¢ 243t 2+1 1+
241 0 0 0 0
Ags=|3+2 0 0 0 0 (4.13)
1+2 0 0 0 0
142 0 0 0 0
After rotation Ags becomeghe Hermitianmatrix Hgs:
0 21407 35407 21-07: 14
2.1—-0.72 0 0 0 0
A% = Hgs = | 3.5-0.7i 0 0 0 0| (4.14)
2140.7 0 0 0 0
1.4 0 0 0 0

The correspondingeigensystenis given in two differentrepresentationso
make certainaspectsnorevisible. To give a betterview of the effect of perturba-
tion on the eigervaluesno normalizationhasbeenperformed.As canbe seenin
bothTah( 4.8)andTah( 4.9) therearetwo non-zeroeigervaluesof the sameab-
solutevalue(|\;| = |A\2| = 5.0) but with differentsign (\; < 0, A2 > 0). Aswas
shavn in Eq.(3.63)this is indeedthe characteristiof the adjaceng matrix of a
stargraph.As canalsobe seenthe eigervectorsbelongingto thetwo eigervalues
arethe samein absolutevaluesbut differ by 7 in phaseasshavn in Eq.(3.65).
Note thatthe entry in the first row (vertex 1) is the centerof the stargraphand
is indicatedassuchby the eigervectorcomponenbf the highestabsolutevalue.
This membercanthusbe describedasthe mostcentraland prestigiousmember
of thegroup,ergo theanchor It canalsobe seernthattheentryin row 3 (member
with ID 3) hasthe seconchighestabsolutesigervectorcomponentwhich means
thatthis vertex hasa strongsimilarity in behaior comparedo vertex 1.

Ak A1 A2 Az Aq As
5.0 5.0 0 0 0
Xe1 | 0.71 0.71 0 0 0
Xi2 | -0.3+0.1i| 0.30-0.10i| -0.27+0.09i| -0.36+0.27i|  0.72
Xps | -0.5+0.1i| 0.50-0.1i | -0.14+0.03i| -0.19+0.11i| -0.64-0.08i
Xe4 | -0.3-0.1i | 0.30+0.10i -0.08-0.03i| 0.86 | 0.18+0.13i
X5 | 0.2 0.20 0.94 | -0.08+0.03i| 0.13+0.04i

Table4.8: Eigensystenfor Hgs in Eq.(4.14)with z = a + ib
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Ak A1 A2 A3 A4 As
-5.0 5.0 ~0 0 0
[z | 8(z) | |z] | 8(z) | |2] | 9(2) | |2]] ¢(=) | |z]]| 8(2)
xp1 | 071 O 0.71f O 0 undef| O |undef| O | undef
xro | 0.32] 2.8210.32|-0.32| 0.28 | 2.82 | 0.45| 250 | 0.72| O
xr3 | 0.51] 2.94 | 0.51| -0.20| 0.14 | 2.94 | 0.22| 2.62 | 0.64| -3.02
x4 | 0.32]-2.8210.32| 0.32 | 0.087| -2.82|0.86| O 0.22| 0.64
xp5 | 020 7 0.20 0 0.94 0 0.09| 2.82 | 0.14| 0.32

Table4.9: Eigensystenfor Hgs in Eq.(4.14)with z =| z | (%)

A
AN

Figure4.7: Perturbedstargraphcorrespondingo Eq.(4.15)
Now considera symmetricperturbationof the form givenin Fig.( 4.7) with the
respectre matrix Ags, in Eq.(4.15).

0 1+2¢ 2430 2417 1+
2+ 0 2421 0 0

Ags,= | 34+2 2+2i 0 0 0 (4.15)
142 0 0 0 0
1+i 0 0 0 0

which afterrotationbecomeshe Hermitianmatrix Hss, in Eq.(4.16):

0 21407 35407 21-0.7 14

2.1 —0.7i 0 2.8 0 0

A = Hssp = | 35— 0.7 2.8 0 0 0
2.1+0.7: 0 0 0 0

1.4 0 0 0 0

(4.16)
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Ak A1 A2 A3 A4 A5
6.2 -4.5 -2.5 0.79 0
Xk, 1 0.61 0.70 -0.26-0.01i| 0.23-0.08i 0
Xi2 | 0.46-0.13i| 0.03+0.07i 0.78 -0.34+0.21i 0
xi,3 | 0.56-0.13i| -0.57+0.07i| -0.50-0.06i| -0.25+0.17i 0
x4 | 0.21+0.07i| -0.33-0.11i| 0.22+0.08i 0.70 -0.51-0.17i
Xk.5 0.14 -0.22 0.15 0.42-0.14i 0.85

Table4.10: Eigensystenfor Hgs, in Eq.(4.16)with z = a + b

)\lc )\1 )\2 )\3 )\4 )\5

6.2 45 25 0.79 0
(2| 8(z) | |2z | 9(2) | |2]|8(2) | [2]|0(2) |[2]] 8(2)
0.61] 0 [070] 0 [0.27]-3.10]0.25]-0.32] 0 | undef
0.48|-0.27|0.073| 1.19 | 0.78| 0 |0.40| 2.60| 0 | undef
x |0.57|-0.22| 0.58 | 3.02 | 0.50| -3.03| 0.31| 2.54| 0 | undef
0.22| 0.32 | 0.35 | -2.82| 0.23| 0.37 | 0.70| 0 |0.53|-2.82
014| 0 | 022| 7= |0.15| 0.04|044|-0.32/0.85 0

Table4.11: Eigensystenfor Hgs, in Eq.(4.16)with z =| z | ¢(?)

Theeigensystenbelongingto matrix Hgs, hastheform shovnin Tabs.(4.10,
4.11).

As canbe seenwhencomparingTah( 4.9) andTah( 4.11)the anchorsof the
firsttwo eigenspacedid notchangeywhile in therestof thesubspacetheanchors
changedTheperturbatiorthushadeffectsnotin the overall communicatiorpat-
tern, but in the correctve patterns.in Tah( 4.12)the coveredvarianceis shawn.
As canbe seenthefirst two eigervaluesexplain already~ 90% of thetotal vari-

ance.

AL A A | A A
coveredvariancepereigervalue| 0.59 | 0.31 | 0.1 | 0.01 | 0
cumulatve coveredvariance | 0.59 | 0.89 | 0.99 | 1.00 | 1.00

Table4.12: Cumulatve coveredvarianceof eigervaluesfrom Tah( 4.6)

Theprojectorgderivedfromtheeigensystenn Tah(4.10)aregivenin Eqgs.(4.17)
- (4.20).
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P doesnot contritute andhasbeenomitted.

The interpretationof the projectorsis similar to the interpretationof the pro-
jectorsfor the non-directionalstar The starcanstill be seen,but the effects of
the asymmetricbilateral communicatiorandthe perturbationare superimposed.
Againit canbeseenthat P, is the representatie of the stat while in P°* the
communicatiornpatternseemso point towardsa more equally distributedform.
This againhasthe effect that whenboth subspaceareweightedandadded the
secondsubspacavill enhancehestarlik e pattern.

As predictedby Eq.(3.68)theeigervaluesof matrix Hgs is now disturbed.In
this intuitive examplethe consequencef the perturbationcanbe seenwhenwe
view Hgs, asthesumof theunperturbednatrix Hgs; andthe Hermitianperturba-
tion matrix Fs5 of theform

0 0 0 00
0 0 2+2: 0 0
Fes=|0 242 0 0 0 (4.21)
0 0 0 00
0 0 0 00
The eigervaluesof matrix Fi; afterrotationare A{"s”) = 2.8, A{"s?) = —2.8.

Thusthe largesteigervalue of )\fSSP = 6.2 of the perturbedmatrix Hgs, should
be inside the Weyl-type boundsfollowing Eq.( 3.68) given by Az + )\gF“) =
50+28 =78 >62>22=50-28 = /\f“5 + )\gFS"’) andthe smallest
eigervalue)\. * = —4.5 shouldbeinsidethe boundgivenby AZs® + +)\§F55) =
~5+28=-22>-45> —5-28 = —7.8 = AIss 1 17\ Tah(4.10)
confirmsthis.

As canbe seenthe eigervaluesrise in absoluteamount,dueto the factthat
moretraffic volume hasoccurredwithin the group. This correspondso the fact
that the norm of the matrix Hgs, is greaterthanthe norm of Hgs. Sincethe
norm of a Hermitianmatrix by Eq.(3.42) definesthe spectralradiusthis means
anincreasan thelargesteigervalueof Hgs,.

Note,thatdueto theperturbatiorthesymmetryof theeigervaluesin Tah(4.8)
is destrgyed. In additionthe perturbationeadsto a breakin symmetrybetween
the eigervectors. The eigervector componentsaffected by the perturbationdo
no longer show the regular phaseshift of = anymore. For memberswith ID 2
and 3 this is visible in Tah( 4.11). However, a perturbedstargraphcanstill be
recognizedy thefactthattherestill existsananchorwhich canbeidentifiedby
the highestabsolutevalueeigervectorcomponentn two eigervectorsatthesame
ID position.

Matrix A,, in Eq.(4.22)representthe product\; P°**. By adding,according
to the Fourier sumthe product/\2P255p we get matrix AZ% ap, 1N EQ.((4.23).

=1
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The remainingpartialsumOEz_3 A p, Only coversaboutl% of thevariance.

2.31 1.74+0.49: 2.12+0.49: 0.79 — 0.26: 0.53
1.74 — 0.49: 1.42 1.70 — 0.08; 0.54 — 0.37¢ 0.40 — 0.11%
Ay, = 212-0.49¢ 1.70 — 0.08: 2.05 0.67—0.41¢ 0.49 —0.11¢
0.79+0.26¢ 0.54+0.37: 0.67 + 0.41¢ 0.30 0.18 + 0.062

0.53 0.404+0.11¢ 0.4940.11z 0.18 — 0.067 0.12

(4.22)
0.1 1.7+0.7 39407 1.8—-0.6z 1.2
1.7-0.72 1.4 1.7—0.12 06—-0.3: 04

AZi—l N = 39-0.7¢ 1.7—0.12 0.6 —-0.1 —0.1 (4.23)
- 1.840.6: 0.6+ 0.3: —0.1 —-0.2 —0.1
1.2 0.4 —0.1 —-0.1 —0.1

If we now rotatethis matrix backby e, the matrix A% in Eq.(4.24)

. . .. . k=1 )‘kF_’k
alreadylooks quite lik e the original matrix A, apartfrom the entrieSass, as4, a4s.

This matrix could also be written as the original matrix Ass plus the original
perturbationmatrix Fss plusa matrix C' in Eq.(4.25)with the remainingnon-
zeroentries.This C is thebackrotatedpartialsumCss_  p, .

0 1420 243 2+10 1+10

241 1+1i 1+1i 1 0
Abz”,%t_lxkpk: 3+2 1+1i 0 0 0 (4.24)
142 0+1i 0 0 0
1+1i 0 0 0 0
0 0 0 0 0
0 —1—15 14+1i =1 0
C=1|0 1+1i 0 0 0 (4.25)

0 —1i 0 0 0
0 0 0 0 0

As aconclusiont canbestatedhatastargraphlik e structurecanbeidentified
if the eigensystenmasthefollowing characteristics:

e Two eigervalueswith differentsign, but relatively equalor equalabsolute
value (in comparisonto the othereigervalues): | Ay |=| N |, &k, =
1,...,nandk # I.
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e Theeigervectorsto the abore mentionedeigervaluesfeaturethe samean-
chor:argmaz; | zy ; |= argmaz,, | z,m | with j = m.

e Thedistribution of absolutevaluesof eigervectorcomponentshovs one
high absolutevalue andthe restis relatively lower. In the caseof a clear
star all otherabsolutevaluesarethe same.

If thestaris clearlyidentifiable,it canevenbeventuredo construcanunper
turbedmatrix andcheckfor the perturbationptherwisethe alternatve way using
the Fouriersumasafilter tool shouldbe investigated.

4.4.2 CompleteGraph

The spectralbehaior of a non-directionalcompletegraphasin Fig.( 4.8) and
representedy matrix Mq4 in Eqg.(4.26)andits correspondindgdermitianmatrix
M7l = Heq in EQ.(4.27)is characterizedby the fact thatonly oneeigervalue
mazy | Ap |= £\ exists, while all otherswill be of the sameabsolutevalue
A < A,k # 1. Sincethe sumof all eigervalueshasto be 0 asexplainedin
section 3.3.4they alsohave the oppositesign of the strongeseigervalue. In ad-
dition all eigervectorcomponent®f thefirst eigervectorwill have equalabsolute
value. This holdsalsowhenusingcomplex Hermitianmatrices(seeeigensystem
in Tah(4.13).

Figure4.8: Completesymmetricbidirectionalgraphcorrespondingo Eq.(4.26)

0 1+12 1+1z 141

1+1i 0 14+1i 1+1;
Mea = 1+1i 1+17 0 1+1s (4.26)
1415 1415 1+1i 0
0 1.41 1.41 1.41
141 0 1.41 1.41
rot __ _
Mgy = Hea = 141 141 0 141 (4.27)

141 141 141 0 )
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k Ak Xk,
l=1|1l=2|1=3|1=4
1. 0.5 0.5 0.5 0.5
-0.33| -0.09| -0.53| -0.20| 0.82
-0.33|| 0.04 | -0.54| 0.79 | -0.29
41-0.33] 0.87|-0.29| -0.29| -0.29

WN -

Table4.13: Eigensystenof Hq4 in EQ.(4.27)

This eigensystenfor all eigervaluesandthe eigervectorcorrespondingo the
largesteigervaluecorrespondo Cvetkovic etal. [CS97, p.235].
Now consideran asymmetriccompletegraphasin Fig.( 4.9). The comple

adjaceng matrixis givenin Eq.(4.28)andtherotatedHermitianmatrix M7, =
Heye in EQ.(4.29).

Figure4.9: Completedirectionalcomplex graph

0 243 3 5i
(342 0 2415 4456
Mesa = 3 1+2 0  1+1; (4.28)

) 5+4i 14 1¢ 0

0 3.54+0.77 21—21i 35435
rot _|35-07 0 21—0.74 6.3+ 0.7i
Mcia = Heua = 21+21i 2.1+0.7i 0 1.4 (4.29)
3.5—35i 6.3—0.7Ti 1.4 0

Theeigensystenof this graphis givenin Tabs.(4.14)and( 4.15)

Again the effect of bidirectionalasymmetriccommunicationis visible. The
eigervaluesloosetheir strict behaior asdotheeigervectors.

As aconclusionit canbe statedthata completestructurecanbe identifiedif
theeigensystenmasthe following characteristics:
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K Ak Xk,

=1 =2 [=3 =4
1| 1.0 || 0.44+0.26i| 0.55+0.12i| 0.21+0.19i 0.58
2| -0.67 -0.12-0.39i| -0.53+0.05i| -0.06+0.19i 0.72
31|-0.37 0.64 -0.36+0.47i| -0.04-0.48i| -0.06-0.08i
4| 0.05 || -0.06-0.40i| 0.04+0.22i 0.80 -0.15+0.34i

Table4.14: Eigensystenof matrix Hecy, in EQ.(4.29)

M A o X A
1.0 -0.67 -0.37 0.05

[ 2] 6(2) | [2] | (2) | [2] ] (2) | [2] ] o(2)

X1 | 051] 053] 041 -1.9[ 064 0 |0.40| -1.7

Xkp | 0.56( 0.21| 0.53| 3.1 | 0.59| 2.2 | 0.23| 1.4

Xk | 0.29] 0.75]0.20| 1.9 | 0.48| -1.7 | 0.80| 0

x¢4 | 058] 0 |0.72] 0 | 01| -23]037] 2.0

Table4.15: Eigensystenfior Hgs, in Eq.(4.16)with z =| z | ¥¢(*)

e Thereis only oneeigervalueof relative high absolutevalue,while all oth-
ershave the sameor almostthe sameabsolutevalue andare smallerthan
the largesteigervalue: 3 | Aoz |>>] M\ | VEk # maz and | Apee| =

Z&aw;ﬁk;k:l ‘)‘k‘

e Theeigervectorcorrespondingo thelargesteigervalueshavsadistribution
of absolutevaluesof eigervectorcomponentshatis equallydistributedor
closeto that. All membersare of relative equalimportancewhich is intu-
itive.

4.4.3 Two subgroupsconnectedby onelink

An interestingexamplethatgivesmoreinsightinto theinterpretatiorof thesignof

the eigervaluescanbe constructedasfollows. Considera network with two sub-
groupssuchthattheonesubgrougs a starstructurewhile the otheris acomplete
graph.Thesetwo subgroupsharealink. (seeFig.(4.10)).

Thematrix T for this graphis givenin Eq.(4.30). The structureof the two sub-
groupsis evidentin thematrix 7. The eigensystenof therotatedmatrix is given
in Tah( 4.16). Thefactthatthe secondandthird eigervalue sharethe samean-
chorpointsto the factthata secondnterpretablecharacteristicanbe seen.The
eigervectorsgive this interpretation. The subspaceorrespondingo the nega-
tive eigervalue A\, = —0.68 givesthe patternfor the connectionsn the complete
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Figure4.10: A network consistingof two subgroupsindsymmetricbilateralcom-

munication

group, while the subspaceorrespondingo the positive eigervalue A3 = 0.64
shavsthatthetwo subgroupdreakapartif vertex 6 is removed.

/ 0
14 1i

14 1i

14 1i

14 1i
0

o O O

\

1+1s2

0

S OO o oo o

1+1s

0

S OO o O oo

1+1z

0

SO OO O oo

1+1z

0 0 0 0\
0 0 0 0
0 0 0 0
0 0 0 0
1+1i 0 0 0
0 141 14+1i 1+1i
1+1i 0 1+1i 1+1i
1+1i 141 0 1+1
1+1i 1+1i 1+1i 0
(4.30)

This behaior alsoholdsfor arbitrarymatricesof this kind. This follows the

obsenationsof Barnettetal. [BR85].

4.5 Conclusion

It canthusbe seenfrom theseexamplesthatthe eigensystenof a complex Her-
mitian adjaceng matrix holdsall the information,thatthe real adjaceng matrix
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K Ak Xk,
I=1(1=2|1=3|1l=4|1l=5|l=6|[=7|1=8|1=9
1 1 0.09| 0.03| 0.03| 0.03| 0.2 | 0.52| 0.47 | 047 | 0.47
21-068|| 064 | -03 | -03| -0.3|-0.45| 0.32|-0.08| -0.08]| -0.08
31064 069 0.35| 0.35| 0.35| 0.35 0 -0.12| -0.12| -0.12
41-043| -0.32| 0.24 | 0.24| 0.24| -0.3 | 0.71 | -0.21| -0.21| -0.21
51-0.32 0 0 0 0 0 0 0.76 | -0.12| -0.64
6| -0.32 0 0 0 0 0 0 -0.34| 0.81 | -0.48
71 011 -0.09|-0.26| -0.26| -0.26| 0.74 | 0.34 | -0.21| -0.21| -0.21
8 0 0 0.72 | -0.04|-069| O 0 0 0 0
9 0 0 -051| 0.81|-029, O 0 0 0 0

Table4.16: Eigensystenof therotatedmatrix 7" in Eq.(4.30)

carriedandin additiondoesalsoprovide informationof the directionof commu-
nication. Informationsthatcanbe gainedfrom this analysisare:

e The patternstructureof bidirectionalasymmetriccommunicationwhich

canberepresentedsa Fouriersum.

e Structuralsimilarity thatis representeth the projectorsasin realadjacenyg
matricesanddirectionalsimilarity from the phasenformationavailablein
comple« numbers.

e Patternhomogeneitythatis expressedn the eigervectorscorrespondingo
positve andnegative eigervalues.

¢ Perturbatiortheorycanbe usedto explain eigensystenbehaior.

The methodof eigensystenanalysisof complex Hermitianadjaceng matri-
cescanthusbroadenhe setof informationthatcanbe gained. The factthatthis
analysisis performedin Hilbert spacels a more generalapproachthenthe ones
availableat the moment. The useof comple« numbersallow for the useof bidi-
rectionaldatawithout informationloss.
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Chapter 5

Data sets

In this chapterthe datasetsusedin this work will be shortly describedandtheir
characteristicsvill beintroduced.Two well known datasetswill beused.

1. TheEIESfull datasetasdescribedn Freeman[FF79

2. TheEIESsubsetasdescribedn Freeman[Fre97

Thesedatasetsarebeingused sothatthedifferenceandsimilaritiesbetween
the methodproposedn chapter 4 andthe standardnethodsbecomeclearly vis-
ible. The completeEIES datasetis usedto shov how communicatiorpatterns
are detectedthe subsetis usedto shov how the methodyields resultsthat are
differentfrom thosereturnedby the standardnethodsbut notimplausible.

5.1 EIES data set

This datasetis basedon researctdoneby L. andS. Freemanin the late 1970s
[FF79. It is thoroughlydiscussedn [WF94]. It describeshe communication
behaior of a setof researchersvho usedan electronicinformation exchange
system(EIES). This researchHocusedon theway CMC influencedthe communi-
cationbehaior within a group of researchers/ho are geographicallyapartand
sharethe sameinterestinto a newly developingresearcHield.

This datasetgivesthe opportunityto seethat differentcommunicationpat-
ternsexist in onegroupwith respecto direction,evenif the groupis not huge.
Tah( 5.1) representshe weightedadjaceng matrix. In this datasetmessages
from onememberto oneothermemberaswell asfrom onememberto all other
memberdave beenincluded[Fre04. For the purpose®f thisbooktheentrieson
thediagonalweresetto g, = 0.

67
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Theplotsof in- andout-degreeasdefinedin section3.2.1canbeseenn Fig.(5.1)
and Fig.( 5.3). The correspondingplots of strengthas givenin section 3.2.1
is shovn in Fig.( 5.2) andFig.( 5.4). Thesefiguresshaw thatwhile the degree
distribution doesnotdropdramaticallyafterthe highestdegreevalue,the strength
dropssharply This canbe explainedby thefactthatthe memberwith ID 1, who
actuallyis Linton Freemanwasthesystemadministratoin thisexperiment.Thus
he hadto write mary messageto all othermembers[Fre04.

251 e
20 ¢ .
15 | y

10 ....eee

Figure5.1: EIES:In-degreesortedby amount

2500
2000 |
1500 |
Slk .

1000 |

500 ¢

0l ©®%0c0ccces

Figure5.2: EIES: Inboundnormalizedstrengthsortedby amount
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Figure5.3: EIES: Out-degreesortedby amount
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Figure5.4: EIES: Outboundnormalizedstrengthsortedby amount
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The standardndicesfor this datasetare:

e Numberof authors:32
e Numberof messagest5034

¢ Inboundstrengthdistribution: As canbeseenin Fig.(5.2) oneauthor(ID
1) clearly hasthe highestinboundstrengthasdefinedin Eq.(3.10). Most
of the othermemberdave a strengthof below 500. Only 7 authorshave a
strengthin therangeof 500 to 1500.

e Outboundstrengthdistribution: As canbeseenn Fig.(5.4)theauthorwith
ID 1 againclearly standsapart. Most of the othermembershave a degree
of below 500. 5 authorshave a strengthin therangeof 500 to 1200. and2
authorsarein therangeof 1500 to 2500.

e Outboundstrengthinboundstrength:Tah( 5.2)givestheoutboundstrength
andinboundstrengthindicesnormalizedwith thetotalamountof messages.

e Centrality: Following Eq.(3.2) is givenin Fig.(5.3). In Tah( 5.2) thisis
alsogivenin comparisorto the strength.

e PrestigeFollowing Eq.(3.9)is givenin Fig.(5.1). In Tah( 5.2)thisis also
givenin comparisorto thestrength.

e Eigervectorcentralitycalculatedasin FreemanFF79]seeTabs.(7.6),(7.7),
( 7.8)and( 7.9)in the appendix:As canbe seen the eigervaluescomein
pairs,thusthetwo correspondingigenspaceareusedto evaluatethe hier-
archicalstructure.
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AuthorID | Outboundstrength| Inboundstrength| Centrality | Prestige
1 0.21 0.17 0.032 0.030
2 0.075 0.081 0.029 0.025
3 0.00093 0.0067 0.003 0.011
4 0.022 0.021 0.019 0.019
5 0.010 0.0059 0.029 0.008
6 0.016 0.014 0.016 0.013
7 0.0013 0.0082 0.001 0.007
8 0.11 0.092 0.026 0.021
9 0.013 0.025 0.011 0.011
10 0.024 0.025 0.021 0.019
11 0.056 0.049 0.021 0.019
12 0.0055 0.013 0.006 0.012
13 0.00100 0.0098 0.003 0.009
14 0.0054 0.013 0.006 0.010
15 0.015 0.015 0.006 0.008
16 0.013 0.022 0.012 0.015
17 0.015 0.019 0.018 0.017
18 0.013 0.015 0.011 0.011
19 0.0043 0.011 0.007 0.011
20 0.00053 0.0065 0.002 0.008
21 0.0015 0.0074 0.004 0.010
22 0.0047 0.019 0.004 0.010
23 0.0039 0.0080 0.007 0.009
24 0.043 0.042 0.032 0.013
25 0.0073 0.0073 0.007 0.006
26 0.0045 0.011 0.005 0.008
27 0.020 0.027 0.017 0.018
28 0.0016 0.0052 0.004 0.008
29 0.15 0.091 0.029 0.026
30 0.019 0.027 0.014 0.014
31 0.069 0.076 0.032 0.027
32 0.071 0.061 0.018 0.018

Table5.2: Outbound,jnboundstrength centralityandprestigeof the EIES com-

pletedataset
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5.2 Subsetof EIES data set

The EIES subsetis a seren membersubsetf the total EIES dataset(Tah 5.3,
[Fre97). Thesesevenmembersarethe mostprominentin thegroup. The entries
now representhe numberof messagethat wentfrom onememberto the other
member [Fre04. This subsetsinceit is smallerandthusmoreopento intuitive
investigationjs usedto give acomparisorbetweerthe calculationdoneby Free-
manandtheresultsobtainedwith the methodproposedn chapter4 [HGSO04].

Author | ID | Freeman White | Alba | Bernard| Doreian| Mullins | Wellman
1 2 4 8 11 24 29
Freeman| 1 0 115 17 93 53 33 84
White 2 84 0 4 5 5 0 15
Alba 4 16 10 0 15 3 3 4
Bernard | 8 127 22 17 0 57 12 34
Doreian | 11 57 9 4 57 0 8 10
Mullins | 24 23 4 3 9 8 0 33
Wellman| 29 118 24 5 35 15 45 0

Table5.3: Numberof messageexchangedetweemmembersn the EIES subset

Thestandardndicesfor this datasetare:

e Numberof authors:7

e Numberof messagest295

¢ Outboundandinboundstrengthcentralityandprestige:SeeTah( 5.4).

e Themostcentralandprestigiousmembelis Freemanfollowedby Bernard
(seeTah( 5.4)).

e Eigervectorcentrality: Calculatedvith thedichotomizatiorandsubsequent
symmetrizatiorseeTah( 5.5). The mostcentralmemberdueto the eigen-
systemis Wellman. This is only understandable’henthe preprocessings
takeninto account.

In Fig.(5.5)thein-degreeis givenby authorID. It canbe seenthatthegraph
is almostcompletelyconnected.This is supportedoy the out-degreedistribution
in Fig.(5.7).
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Figure5.5: EIES subsetin-degree;k: authorID
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Figure5.6: EIES subset:Inboundnormalizedstrengthsortedby amount;k: au-
thorID
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Thestrengthof inboundandoutboundraffic in thesubsets givenin Fig.(5.6)
andFig.(5.8). Clearlynow theauthorwith ID 1 (Freeman)s themostactive and
authorwith ID 4 (Bernard)comessecondput very closeto all others.
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Figure5.7: EIES subsetOut-deggreesortedby amount
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Figure5.8: EIES subset:Outboundnormalizedstrengthsortedby amount
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Author | ID OsltjrtSr?gl]Jt%d Isr']feor?g;tﬂ Centrality | Prestige
Freeman| 1 0.31 0.33 0.24 0.24
White 2 0.087 0.14 0.20 0.24
Alba 4 0.039 0.039 0.24 0.24
Bernard| 8 0.21 0.17 0.24 0.24
Doreian | 11 0.11 0.11 0.24 0.24
Mullins | 24 0.062 0.078 0.24 0.20
Wellman| 29 0.19 0.14 0.24 0.24

Table5.4: Outboundandinboundstrengthfor the EIES subsenormalizedby the
total numberof messagesswell ascentralityandprestige

Thesetwo datasetswill be analyzedwith the proposedmethodin chapter
6, and the resultsobtainedwill be comparedwith the standardresultsand an

interpretatiorwill begiven.

Author/Eigewvalue| 1.0 | 0.13 | 0.071| 0.071| 0.011| O 0
Freeman 0.40| 0.25 | 0.20 | 0.61 | 0.47 0 0
White 0 0 0 0 0 0 1.0
Alba 0.16| 0.48 | -0.47| -0.38| -0.15| 0.71 | O
Bernard 0.51]0.064| 0.47 | 038 | -0.71| O 0
Doreian 0.40| 0.25| 0.27 | -0.22| 0.47 0 0
Mullins 0.16| 0.48 | -0.47| -0.38| -0.15| -0.71| O
Wellman 0.60| -0.65| -0.47| -0.38| 0.061| O 0

Table5.5: Eigensystenof the EIES subsetiscalculatedwvith the methodusedby
Freeman
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Chapter 6

Resultsand Discussion

This chaptemwill presentesultsobtainedwith the proposednethod.To shav the
differencesdetweerthe standardnethodsandthe proposednethodthe very well
describecEIES datasetof Freemanseesection 5.1) andthe subsef thatdata
setdescribedn section 5.2 will beused.

For eachdatasetthefollowing resultswill be presente@nddiscussed:

¢ Eigensystem

— Full dataset: 7.2 Tabs.(7.2),(7.3),( 7.4)and( 7.5)
— Subsetseesection6.2.1

Eigernvaluedistribution

— Full dataset: seeFig.(6.2)
— SubsetseeFig.(6.29)

Cumulatve variancecoveredby eigervalues

— Full dataset: seeFig.(6.3)
— SubsetseeFig.(6.30)

Distribution of the absolutevalueandphaseof eigervectorcomponents

— Full dataset: seeFigs.(6.4)-(6.14)andFigs.(6.5)-(6.15)
— SubsetseeFigs.(6.31)-(6.33)andFigs.(6.32)-(6.34)

Eigenprojectodensityplotsfor relevantsubspacegealandimaginarypart
separately)

— Full dataset: Figs.(6.16)-(6.26)andFigs.(6.17)-(6.27)
— SubsetFigs.(6.35)-(6.37)andFigs.(6.36)-(6.38)

79
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6.1 EIES Data Set

6.1.1 Eigensystemof the EIES Data Set

Theeigensystenof the completeEIES dataset(seeTah( 5.1)) obtainedwith the
methoddescribedn chapterd is givenin theappendixin Tabs.(7.2),(7.3),( 7.4)
and( 7.5). Fig.(6.1)shavstheeigenspectrurwhensortedby value.For aclearer
view of a possiblesymmetryFig.( 6.2) shavs the distribution of the eigervalues,
wherethe positive eigervalueswith index j and the negative eigervalueswith

index f aregiven.It suggestshe brokensymmetryof a stargraphasdiscussedn

chapter 3.

5 10 15 20 25 30
]

Figure6.1: Eigenspectrunof the completeEIES datasetsortedby value

In addition the first and thus largesteigervalue covers already66% of the
varianceof the data(seeTah( 6.1)). Togetherwith the secondeigervalue they
explain 86% of the variance. The first six eigervaluescover about98%. For a
clearemrepresentationf the cumulatve varianceseeFig.( 6.3).

Thus, to understandhe patternstructurewith the most messagevolume it
would be sufficient to look at the first two eigenspaceskor a broaderview the
first six eigenspacearegivenandinterpretechere.If moredetailis necessaryhe
othersubspacesanbetakeninto account.

As thedistribution of the eigervectorcomponentgjivesa hint aboutthe struc-
ture within the pattern,first the distribution of the absolutevalueof components
of theeigervectorscanbeseenn Figs.(6.4),( 6.6),(6.8),(6.12),(6.10),(6.14)
with their respectre phasedistribution in Figs.(6.5),(6.7), (6.9), (6.13),(6.11),
(6.15). The z-axisis denotedby ! which is the runningindex within the eigen-
vector Thisindex is not equivalentto the authorID, sincethe valueshave been
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Figure6.2: Eigenspectrunof thecompleteEIES datasetsortedby absolutevalue
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Figure6.3: Cumulatve coveredvarianceby eigervalues);
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k Coveredvarianceper )\, | Cumulatve coveredvariance
1 0.66 0.66
2 0.20 0.86
3 0.06 0.92
4 0.03 0.96
5 0.02 0.98
6 0.01 0.98
7-10 < 0.01 0.99
11-32 ~0 1.0

Table6.1: Cumulatve coveredvarianceof eigervaluesfrom Tabs.(7.2)-(7.5)

sortedby eitherabsolutevalueor amount.

First suspaceof EIES data set

Let us startwith analyzingthe subspace&orrespondingo \; in moredetail. As
canbeseenn Fig.(6.4)thedistribution startsof ratherow andalreadythesecond
largestcomponenbnly hasan absolutevalue of about0.4. Fromk = 10...22
and againfor the restthereis almostan equaldistribution visible. This points
towardsa connectedyraph. The phasedistribution, asgivenin Fig.( 6.5), varies
betweer) and?, which suggeststhatthe communicatioris mostly balanced.

1

08!
06!
[z 1]

041}

0.2}

Figure6.4: Absolutevaluedistribution for the eigervectorcorrespondingo \;

As arepresentationf the projectorsfollowing Eq.(3.66) thereal partof the
projectorsthe patternsimilarity of eigervectorcomponent®f eacheigervector
andtheimaginarypart, the absolutevalueof the crossproductof the eigervector
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Figure6.5: Phasdlistribution of the eigervectorcomponentgorrespondingo ),

componentganbe visualizedin densityplots, wherethe gray level indicatesthe
relatve absolutevalue. The densityplot givesthe completematrix of the real,
respectrely theimaginarypartof the projector The numbersat the bottomand
attheleft handsideof the plot indicatethe authorasin the original matrix. This
representatioms now thelink backto the original complex Hermitianadjaceng
matrix, andthusby back-rotatiorto the original complex adjaceng matrix. The
matrix is symmetricfor thereal partandskew-symmetricfor theimaginarypart.

Fig.(6.16)shaws, thattheauthorswith ID 2,8,11, 29, 31 and32 have a high
patternsimilarity to authorwith ID 1, who is the anchorin this patternascan
be verifiedby checkingagainsthe completeeigensystemandalsoamongseach
other Thisis representefly thebrightsquaresvhichlie in thebottomrow. Since
this plot is symmetric,this also holds for the first column. A high brightness
standgor a high similarity. Fig.(6.17)in additionshows, thatauthorwith 1D 29
hasa high (first row) skewnesscomparedo authorwith ID 1, which meanshe
could be viewed aswriting more mails to authorwith ID 1, thenhe getsback.
Whereasauthorswith IDs 2 and31 have a low skewness,andarethusmorein-
boundoriented.Sincethis plot is skew-symmetric,a bright squaran onehalf of
thematrix correspond$o a darksquaran the other

TheprojectorP,, of thisfirst subspaceveightedby the correspondingigen-
valueandrotatedbackwardsby el is partly givenin Tabs.(6.3)and( 6.4). For
reasonof betterclarity only the ten highestranked memberdn that eigervector
have beentaken. Theindiceson top andontheleft handsidegive theauthorID.

If thisresultis now comparedo asubmatrixof thecomplex adjaceng matrix,
which hasbeenextractedfrom the complex adjaceng matrix by usingtheauthors
basedon the statusindex within the subspacethis givesa clearerview whatthe



84 CHAPTERG

subpatterns. The submatrixbasedon the eigervectorcentralitygivenin thefirst
eigervectoris givenin Tah( 6.5). As canbe seen,the membersare connected
andthe subgraphis complete. This hasalreadybeensuggestedby the projector
andthe distribution of the absolutevaluesof the eigervector Also the direction
information given by the projectorcanbe found in this submatrix. The author
with ID 1 hasmoreinboundthanoutboundraffic, while authorswith IDs 29 and
8 aremoreoutboundthaninboundoriented.

Secondsubspaceof EIES data set

The secondsubspacalreadysenesasa correctionfor thefirst (Fouriersum),in
thatit almostcancelghediagonakentries whichwerepresentn thefirst projector
and at the sametime shows the secondstrongestpattern(variancecoverageof
about20%) andin this casealsodescribeshebehaior of thesubgrouponsisting
of the strongesimembersn this pattern. Comparedo the first subspacegiven
in Fig.(6.4), Fig.( 6.6) shaws, thatthe highestvaluedcomponentanksat about
0.7 andthe next follows only afteragapof about0.2. Again afteradropof about
0.2 onemoreauthorsstandsout, while the restthendropsbelov 0.1 andout of
relevance.This suggests starpatternwith about3 majorcentersandaminorone
of stars,k = 1...4. The phasedistribution in Fig.( 6.7) shows, that the phase
rangesfrom —= ..., which is partly dueto correctionsfor the first subspace.
Thisis probablythe casefor ¢ ~ +.

1
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0.2

Figure6.6: Distribution of |xy|

The real part of the projectorgivenin Fig.( 6.18) suggeststhat the authors
with IDs 2 and 29 againhave the strongeststructuresimilarity comparedwith
the anchor who is the authorwith ID 1. The patternin questionis a starlike
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Figure6.7: Distribution of ¢(xy;)

behaior. Fig.(6.19)shaws, thattheauthorwith ID 8 hasalow skewnesswhich
correspondso a higheroutboundbehaior towardsauthorl.

Again the backrotatedweightedprojector P, is given partly for the second
subspacen Tabs.(6.6) and ( 6.7). As canbe seen,this projectorcorrectsthe
diagonalentriesof P,, almostcompletely In additionit strengthensghe position
of theanchor(authorwith ID 1) andtheauthorwith ID 29.

The submatrixcomposedlongthe secondeigervectoris givenin Tah( 6.8).
This matrix supportsthe interpretationgiven alreadyfor the correspondingpro-
jector P,,. A starpatternis clearlyvisible. Thestrongesstaris aroundthe author
with ID 1. Theauthorwith ID 29 is alsothe centerof a strongstar

The first two subspaceghus give information aboutthe fact, that while the
relevant membersare strongly connectecamongstthemseles andloosely con-
nectedwith therestof the group, therearedistinct starlik e patternsfor eachof
therelevantmemberswith theauthorwith ID 1 asthe strongesbf them.

Third subspaceof EIES data set

Thedistributionof theabsolutevaluesof thethird eigervectoris givenin Fig.(6.8).
The anchorhaschangedwhich pointstowardthe fact, thata differentgroupand
patternis described.This time, the authorwith ID 8 is the anchor In addition
astheanchorof thefifth eigervectorsuggestsn Tah(7.2), thereis a starpattern
againcenteredon the authorwith ID 8. The distribution supportsthe view, that
while thereare4 relevantmembersthe restareequallylessrelevant. The phase
distributionin Fig.(6.9) suggeststhatthereis symmetry which pointstowardsa
inbound ~ outbound patternwith a starpatternasin subspace$ and3.
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Figure6.8: Eigervectorcomponentlistribution for the 3rd eigervector
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Figure6.9: Eigervectorcomponentistribution for the 3rd eigervector
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Therealpartof the projectorgivenin Fig.(6.20)shavs the high patternsimi-
larity betweertheauthorwith ID 8 andtheauthorswith IDs 11, 30 and32. While
Fig.(6.21)shavs amoreoutboundcommunicatiorfor theauthorswith IDs 2 and
29 comparedo the authorwith ID 8 anda moreinboundcommunicatiorfor the
authorwith ID 30 and1 comparedo theauthorwith ID 8.

The submatrixdeducedrom the third eigervectoris givenin Tah( 6.9). It
confirms, that thereis a strongly connectedgroup aroundthe anchorwith the
authorwith ID 8. For acomparisorseethe projectorP,, givenin Tabs.(6.10)and
(6.11).

Fifth subspaceof the EIES data set

Thefifth eigervectoragainhasa similar behaior asthe secondsuggestingthat
this patternis the completepatterncorrespondindo the starpatternfoundin the
third subspaceThedistribution is givenin Fig.(6.10). The phasedistributionin
Fig.(6.11)supportghatview, in thatit is similarto theoneof thefirst eigervector
if onetakesinto accountthataphasebetweer) < ¢ < 7 hasasimilarinterpre-
tationasa phasebetween—%w < ¢ < —. In thiscasehestarpatternof thethird
eigenspaces strongerthen the completegraphpatternof the fifth eigenspace,
which is reflectedin the absolutevalue of the respectie eigervalues. The fact,
that therelies anothereigervalue andthus anotherpatternbetweenthe two can
be explainedby theinterlacingeffect of eigervalueswhich occursif perturbation
takesplace.

08!
06!
|51

0.4}
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Figure6.10: Eigervectorcomponentistribution for the 5th eigervector

The projectorin Fig.( 6.22) shavs the structuralsimilarity within the pattern.
Clearly, the authorswith 1Ds 30, 32,9 and 11 have a high structuralsimilarity
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Figure6.11: Phasdistribution for the 5th eigervector

with author8. Fig.(6.23)reveals,thatauthors30,9 and2 have alow skewness,
translatingnto aninboundpatterncomparedo author8, while authorsli 4, 22 and
24 aremoreoutboundn comparison.

Thefact, thattherearetwo disturbedstar patternsaroundthe authorwith 1D
1 andthe authorwith ID 8, combinedwith the resultthat the authorwith ID 8
alsoplaysarelevantrole in the groupof theauthorwith ID 1 suggeststhatthese
two star patternsare closely connected.While the first groupis more strongly
connecteavith everybodyelse while still keepinga starpatternthesecondyroup
aroundthe authorwith ID 8 hasa strongerfocuson the star patternthanon the
completepatternwhich might allow the conclusionthat the group of the anchor
with ID 1 is more*“opento the public”, while the grouparoundthe anchorwith
ID 8 is moreclosed.

Fourth subspaceof the EIES data set

Thedistribution in the fourth eigervectoris givenin Fig.(6.12). Now the author
with ID 29 is theanchor Theotherrelevantmembersarethosewith IDs 2 and24.
It is probablethatagainthisis anew subpatterrandalsoanew group. Thephase
distributionin Fig.(6.13)againsuggests stronglyconnectegattern.

Thedensityplots supportthe above interpretation Fig.( 6.24)shaws, thatthe
authorswith IDs 2, 24 and31 seemto be highly patterncorrelatedwith theauthor
with ID 29. In additionFig.(6.25)shaws, thatwhile theauthorswith IDs 2 and24
have amoreinboundbehaior, theauthorwith ID 31 hasamoreoutboundpattern.
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Figure6.12: Eigervectorcomponentistribution for the 4th eigervector
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Figure6.13: Phasdlistribution for the 4th eigervector
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Sixth subspaceof the EIES data set

Fig.(6.14)givesthedistribution of the absolutevaluesof the eigervectorcompo-
nentsof thesixth eigervector while Fig.(6.15)againshavsthephaseistribution.
Theanchorof thatsubspacés theauthorwith ID 2. Theauthorwith ID 24 is also
close, but overall the relevanceof both authorsis alreadynot very high with a

centralityindex of approximately).4.
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Figure6.15: Phasdistribution for the 6th eigervector

TheprojectorP,, is againgivenin his realpartin Fig.(6.26)andin its imag-

inary partin Fig.( 6.27). The authorwith ID 2 shows a relative high visibility.
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As canbe seen,he seemgo be moreinboundoriented,asin Fig.( 6.26) all his
relevantpartnersshov alow patternsimilarity.

If onenow takesalook atthetwo partialsumsof weightedprojectorspnamely
M, = (Zizl A Py)els givenin Tabs.(7.10), ( 7.11), ( 7.12) and ( 7.13)in
the AppendixandM; ¢ = (22:3 M Pr)eld givenin Tabs.(7.14),( 7.15),( 7.16)
and( 7.17)inthe Appendix, thenit canbe seenthat A, , is alreadya very good
approximationof the original matrix whenbackrotated. M3 ¢ on the otherhand
shaws that oncethe main bulk of communicatiorhasbeenfiltered out, thatthe
authorwith ID 8, whichis Bernard,is actuallythe centralmemberof the group.

6.1.2 Comparisonwith dichotomizedand symmetrisizedeigen-
system

If theeigensystenof thefull datasetis calculatedvith the methodusedby Free-
man (seeTabs.(7.6) -( 7.9) in the Appendix),a comparisongivenin Tah( 6.2)
showvsthattheanchorof thesubpatterndonotmatch,exceptfor thefirst eigenspace.
H(\x) andF'()\;) representhe Freemarmmethodandthe Hermitianmethod.The
numberdn bracletscorrespondo the eigervaluessortedby absolutevalue. The
authorlDs aregivenfrom left to right for eacheigervector goingfrom theanchor

to the 10thrankedmemberin thateigervector Theeffect seenis mostprobablya
resultof the dichotomizatiorandthusof informationloss.

H(\)| 1[29] 8 [ 2 [32]31[11]24]30][ 27
F(A) | 1|31 8|24 5|29 2|11 3|10
H(\) | 1|29] 2 | 8 [32]11[15] 18] 2631
F(\) | 17| 16| 12[23] 9 |22 7 [21|20] 14
H()\;) | 8 [32]30[11[29] 1 [ 2| 9 [ 3117
F(A;) | 5| 2|32[30[27[10[19]17| 6 | 25
H()\,) | 29[ 24] 2 [31]15]32[12] 11|14 10
F(\) |32 2 |31|27[ 4|6 [12] 24| 8 |29
H()\;) | 8 [32]30[29]24]22[11] 2 [15] 14
F(Xs) | 24| 1 [27|18[ 5 |13| 2 [28] 20| 8
H(X\e) | 2 |24]31[22[29]30| 8] 9 | 18] 10
F(h) |11[27]15[10] 5 | 4 [32] 6 |29 25

Table6.2: Comparisorof anchorof thefull datasetbetweerthe methodusedby
Freemar(F'(\;)) andthe methodpresentedn this book (H (\x))
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L 1 | 29 | 8 | 2 | 32 |
1 || 370.81+370.81i| 237.94+ 306.61i | 243.33+ 225.41i| 252.20+ 177.74i | 181.19+ 186.72i
29 || 306.61+ 237.94i| 203.10+ 203.10i | 199.54+ 142.99i | 201.64+ 107.16i | 150.33+ 120.33i
8 || 225.41+ 243.33i | 142.99+ 199.54i | 148.35+ 148.35i | 155.11+ 118.43i| 110.01+ 122.40i
2 || 177.74+ 252.20i | 107.16+ 201.64i | 118.43+ 155.11i| 128.36+ 128.36i | 86.29+ 126.44i
32 || 186.72+ 181.19i| 120.33+ 150.33i| 122.40+ 110.01i | 126.44+86.29i | 91.28+ 91.28i
31| 114.67+187.96i| 66.79+ 148.63i | 77.01+116.03i | 85.35+ 97.45i 55.48+ 94.10i
11 || 133.87+142.30i| 85.12+116.89i | 87.38+ 87.38i 91.90+ 69.06i 65.35+ 71.60i
24 || 97.75+117.32i | 60.91+ 95.20i 64.62+ 71.79i 68.45+ 58.20i 47.62+ 58.93i
30 || 50.12+81.04i 29.30+ 64.14i 33.63+50.01i 37.19+ 41.95i 24.26+ 40.58i
27 || 44.02+ 72.56i 25.60+ 57.35i 29.57+ 44.80i 32.80+ 37.64i 21.30+ 36.32i

Table6.3: Part 1: Backrotatedweightedprojectorbasedcorrespondingdo thefirst eigervalue

92

] 31 | 11 | 24 | 30 | 27 |
1 || 187.96+114.67i| 142.30+ 133.87i | 117.32+ 97.75i | 81.04+ 50.12i | 72.56+ 44.02i
29 || 148.63+66.79i | 116.89+85.12i | 95.20+60.91i | 64.14+ 29.30i | 57.35+ 25.60i
8 116.03+ 77.01i 87.38+ 87.38i 71.79+ 64.62i | 50.01+ 33.63i | 44.80+ 29.57i
2 97.45+ 85.35i 69.06+ 91.90i 58.20+ 68.45i | 41.95+ 37.19i | 37.64+ 32.80i
32 94.10+ 55.48i 71.60+ 65.35i 58.93+47.62i | 40.58+ 24.26i | 36.32+ 21.30i
31 65.37+ 65.37i 44.84+ 68.69i 38.21+51.48i | 28.29+ 28.29i | 25.20+ 25.20i
11 68.69+ 44 .84i 51.47+ 51.47i 42.58+ 37.74i | 29.61+ 19.59i | 26.52+ 17.22i
24 51.48+ 38.21i 37.74+ 42 .58i 31.45+ 31.45i | 22.18+ 16.67i | 19.88+ 14.68i
30 28.29+ 28.29i 19.59+ 29.61i 16.67+22.18i | 12.24+12.24i | 10.90+ 10.90i
27 25.20+ 25.20i 17.22+ 26.52i 14.68+ 19.88i | 10.90+ 10.90i | 9.71+9.71i

Table6.4: Part 2: Backrotatedweightedprojectorbasedcorrespondingdo thefirst eigervalue
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L 1 | 29 | 2 | 8 | 32 |
1 [[ -364.31-364.31i| 147.15+267.28i| 144.20-3.31i | 214.81+ 161.81i] -15.49+ 75.78i
29 || 267.28+ 147.15i | -127.76- 127.76i | -81.48+ 25.66i | -148.86- 56.62i | -3.68- 45.66i
2 || -3.31+144.20i | 25.66-81.48i | -28.56-28.56i | -8.78-74.78i | 18.34-11.52i
8 || 161.81+214.81i | -56.62- 148.86i | -74.78-8.78i | -99.26-99.26i | 13.52- 38.04i
32 || 75.78- 15.49i -45.66- 3.68i | -11.52+18.34i | -38.04+13.52i | -8.21-8.21i
11 || -37.79+12.25i 23.52- 0.74i 4.83-10.02i 18.64- 9.08i 4.66+ 3.72i
15| 68.53+31.26i | -33.82-29.08i | -19.58+7.83i | -37.70-11.17i | -1.75-11.17i
18 || -26.13+ 2.65i 15.30+ 2.80i 4.52- 5.80i 13.32- 3.27i 2.49+ 3.05i
26 || 18.74-10.80i -12.44+3.05i | -1.44+5.88i -8.90+ 6.94i -2.90- 1.45i
31 || -0.76+20.57i 3.82- 11.57i -4.07- 4.07i -1.10- 10.609i 2.64-1.61i
Table6.6: Part 1: Backrotatedweightedprojectorcorrespondingo the seconceigervalue
1 11 _ 15 _ 18 _ 26 _ 31 |

1 [ 12.25-37.791 | 31.26+ 68.53i | 2.65-26.13i | -10.80+ 18.74i| 20.57- 0.76i

29 || -0.74+ 23.52i | -29.08- 33.82i| 2.80+15.30i | 3.05-12.44i | -11.57+ 3.82i

2 || -10.02+4.83i | 7.83-19.58i | -5.80+4.52i | 5.88-1.44i | -4.07-4.07i

8 || -9.08+18.64i | -11.17- 37.70i | -3.27+13.32i | 6.94-8.90i | -10.69- 1.10i

32 || 3.72+4.66i | -11.17-1.75i | 3.05+2.49i | -1.45-2.90i | -1.61+ 2.64i

11 || -2.17-2.17i | 5.80+0.25i | -1.70-1.10i | 0.91+ 1.40i 0.67- 1.44i

15| 0.25+5.80i | -7.79-7.79i | 0.97+3.71i | 0.52-3.12i | -2.78+1.16i

18 || -1.10-1.70i | 3.71+0.97i | -0.95-0.95i | 0.39+1.03i 0.63- 0.84i

26| 1.40+0.91i | -3.12+0.52i | 1.03+0.39i | -0.64-0.64i | -0.19+0.84i

31| -1.44+0.67i | 1.16-2.78i | -0.84+0.63i | 0.84-0.19i | -0.58-0.58i

Table6.7: Part2: Backrotatedweightedprojectorcorrespondingo the seconceigervalue
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[ 8 _ 32 _ 30 11 29
8 | -5.12-5.12i | 8.84+0.51i | -27.39+ 31.84i 3.835.73i 20.55- 22.60i
32|| 0.51+8.84i | -7.68-7.68i 51.04- 6.81i 1.17-8.37i -37.32+4.01i
30 | 31.84-27.39 | -6.81+51.04i | -172.74-172.74i | -34.92+ 19.73i | 122.65+129.07i
11| 5.73+3.83i | -8.37+1.17i | 19.73-34.92i -4.66- 4.66i | -15.02+25.08i
29 || -22.69+ 20.55i | 4.01-37.32i | 129.07+ 122.65i | 25.08- 15.02i | -91.76- 91.76i
1 3.06-4.30i 0.70+6.43i | -26.28-15.88i | -3.67+3.46i | 18.85+12.06i
2 | -11.05+13.62i | -0.99-21.48i | 83.82+58.16i | 12.89-10.70i | -59.99- 43.93i
9 | -2.74-0.75i | 3.12-1.55i -3.15+16.21i 2.42+1.21i 2.59- 11.75i
31 || -17.91+10.15i | 8.12-23.90i | 66.69+99.46i | 18.66-6.17i | -46.74-73.71i
17 | 1.31-0.38i | -0.89+1.41i -2.76-7.45i -1.30+0.11i 1.87+5.48i
Table6.10: part1: Backrotatedweightedprojectorcorrespondingo thethird eigervalue
L] 1 | 2 | 9 | 38 [ 17 |

8 [ -4.30+3.06i | 13.62-11.05i | -0.75-2.74i | 10.15-17.91i | -0.38+ 1.31i

32| 6.43+0.70i | -21.48-0.99i | -1.55+3.12i | -23.90+8.12i | 1.41-0.89i

30 || -15.88-26.28i | 58.16+ 83.82i | 16.21-3.15i | 99.46+ 66.69i | -7.45- 2.76i

11 || 3.46-3.67i | -10.70+12.89i| 1.21+2.42i | -6.17+18.66i | 0.11-1.30i

29 || 12.06+18.85i| -43.93-59.99i | -11.75+ 2.59i | -73.71- 46.74i | 5.48+1.87i

1| -273-2.73i | 9.62+8.48i 1.88-0.87i | 14.14+5.14i | -0.99- 0.11i

2 | 8.48+9.62i | -30.13-30.13i| -6.43+2.50i | -45.83-20.02i | 3.27+0.58i

9 | -0.87+1.88i | 250-6.43i | -0.79-0.79i | -0.02-8.09i | 0.13+0.52i

31| 5.14+14.14i | -20.02-45.83i | -8.09-0.02i | -41.51-41.51ji | 3.32+2.03i

17 | -0.11-0.99i | 0.58+3.27i | 0.52+0.13i | 2.03+3.32i | -0.18-0.18i

Table6.11: part2: Backrotatedweightedprojectorcorrespondingo thethird eigervalue
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Figure6.16: Densityplot of real partof eigenprojectocorrespondindo ),
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Figure6.17: Densityplot of imaginarypartof eigenprojectocorrespondingo \;
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Figure6.19: Densityplot of imaginarypartof eigenprojectocorrespondingo A,
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Figure6.20: Densityplot of realpartof eigenprojectocorrespondindo A3
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Figure6.21: Densityplot of imaginarypartof eigenprojectocorrespondingo \;
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Figure6.22: Densityplot of realpartof eigenprojectocorrespondingo A5
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Figure6.23: Densityplot of imaginarypartof eigenprojectocorrespondingo s
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Figure6.24: Densityplot of real partof eigenprojectocorrespondingo A\,
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Figure6.25: Densityplot of imaginarypartof eigenprojectocorrespondingo A\,
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Figure6.26: Densityplot of realpartof eigenprojectocorrespondindo g
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Figure6.27: Densityplot of imaginarypartof eigenprojectocorrespondingo \g
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6.2 Subsetof EIES

The subsetof the EIES dataset Tah(5.3) consistsof seven prominentmembers
of the original set. For the purposeof shaving the advantage<f the enhanced
methodof eigensystenmanalysis,the resultsobtainedby Freemanand reported
in [Fre97 will be used. In this paperFreemanwantedto shov a hierarchyof
memberdasedon their eigervectorcentrality But to calculatethis eigervector
centralityhehadto dichotomizetheadjaceng matrix. Thishedid, with theeffect,
thatamatrixentrybecamey,, = 1 if thememberk wrotemoremailsto member
thenvice versa,and0 otherwise. Thenhehadto symmetrizedueto the problems
describedn chapter2. Thisnow ledto theresult,thatWellmanwith ID 29 became
thetop ranked member

As canbeseenwhenthemethodpresentedh thisbookis used Freemarwith
ID 1 himselfis the mostprominentmember Freemarhimselfstatedn his paper
thatthedichotomizatiorledto theeffect, thatthemostgarrulousmembetecame
themostprominentwhichin his casewasWellmanwith ID 29. With themethod
presentedhere,no dichotomizationis necessargndtherelevanceof themembers
is solelybasedn theircommunicatiorbehaior, inboundaswell asoutbound.

Theoriginaladjaceng matrixis givenin Freeman[Fre97, p.11]. Thecomple
matrix F' composedsdescribedn chapter4 thenis givenin Eq.(6.1). As canbe
seenthe graphcorrespondingo this matrix is complete. Still thereare patterns
visible.

F =
( 0 1154+ 84¢ 174160 93+ 1271 53+ 57t 33+ 23¢ 84+ 118:

84 + 1154 0 4410i 5422 5+9i 4 15+ 24i
16+17 10+ 4i 0 15+17i 344 3+3i  A+5i
127+93i 2245 17+ 15i 0 57+57i 1249 34+ 35i
57+53 9451 A+3i 57457 0 8+8 10+ 156
23 + 33 4 3+3i 9+12i 8+8i 0 33 + 45

K118+84¢ 24+15i 5+4i 35+34i 15+10i 45+ 33 0

(6.1)

6.2.1 Eigensystemof the EIES Subset

The eigensystenof the complex Hermitian matrix (H = Fe™'1) is givenin
Tabs.(6.17and(6.18).

In Fig.(6.28)all eigervaluesaregivensortedby theiramount.Againfor better
visibility of symmetryFig.( 6.29) shavs the positive and negative eigervalues
rearrangedlt is clearlyvisible from Fig.(6.29)thata starlik e structureemepes.
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Fig.( 6.30) basedon Tah( 6.12) shaws, that while the largesteigervalue covers
alreadymorethan60% of the variance the two largesteigervaluescover about
93%. Only thefirst two subspacewill bediscussedThediversityof patternshas
beendiscussedh section 6.1.

1.
05}
)\j 0 ° = .
0.5}
-1l
1 2 3 4 5 6 7

Figure6.28: Eigenspectrunof the EIES datasubsesortedby amount

1ie
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AT,y 0 L . x
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1 1.5 2 25 3 35 4

Jf
Figure6.29: Eigenspectrunof the EIES subsesortedby absolutevalue

The distribution of the eigervector componentswithin the first and second
subspacés givenin Figs.(6.31)and( 6.33). Togethemwith the phasedistribution
in Figs.(6.32and 6.34)thesamebehaior asin thecompletedatasetcanbeseen.
Namely thatthereis a strongly connectedoatternvisible in the first subspace,
whereaghe secondsubspacés predominantlya starlik e pattern.
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k | Coveredvarianceper ), | Cumulatve coveredvariance%
1 0.64 0.64
2 0.29 0.93
3 0.05 0.98
4 0.02 1.0
5 ~0 1.0
6 ~0 1.0
7 ~0 1.0

Table6.12: Cumulatve coveredvarianceof eigervaluesfrom Tah( 6.18)

1~ T T ;e 0 ® J J

0.8+

Figure6.30: Cumulatve coveredvariancegivenin Tah( 6.12)

The orthogonalprojectorof the first subspaceés againdecomposedhto the
realpart,givenin Fig.(6.35)andimaginarypart,givenin Fig.(6.36). As canbe
seenin Fig.(6.35)theauthorswith IDs 3 and6 have alow patternsimilarity with
theanchor(authorwith ID 1). Ontheotherhandit canbeseenn Fig.(6.36)that
theauthorwith ID 1 sharesa moreinboundorientedpatternwith the authorwith
ID 2 andamoreoutboundelationshipto authorswith IDs 4 and7. In additionthe
authorwith ID 2 shows a high inboundorientedcommunicatiorwith the authors
with IDs 4 and7.

Theseresultsreflectthe rearrangednatrix givenin Tah( 6.13). The second
projectorgivenin Figs.(6.37)and( 6.38)shavs againtheauthorwith ID 1 asthe
anchorof a starwith a high patternsimilarity with theauthorswith IDs 2, 4 and?7.
This resultis supportedby the rearrangeadjaceng matrix in Tah( 6.14)where
the inboundcharactef Freeman(the authorwith ID 1) is visible andalsothe
strongconnectiorto White (ID 2), Bernard(ID 4) andWellman(ID 7).
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1 4 7 2 5 6 3
Freeman| 1 0 93+ 127i| 84+ 118i| 115+ 84i | 53+ 57i | 33+ 23i | 17+ 16i
Bernard | 4 || 127+ 93i 0 34+35i | 22+5i |57+57i| 12+9i | 17+ 15i
Wellman| 7 || 118+ 84i | 35+ 34i 0 24+ 151 | 15+ 10i | 45+ 33i| 5+ 4i
White |2 || 84+ 115i| 5+ 22i 15+ 24i 0 5+09i 4i 4+ 10i
Doreian | 5| 57+53i | 57+57i | 10+ 15i 9+5j 0 8 + 8i 4+ 3i
Mullins | 6 || 23+33i | 9+12i | 33+45i 4 8 + 8i 0 3+3i
Alba |3 | 16+17i | 15+17i | 4+5i 10+ 4i 3+4i | 3+3i 0
Table6.13: Submatrixbasedon first eigervector
1 2 4 7 5 6 3
Freeman| 1 0 115+ 84i | 93+ 127i| 84+ 118i| 53+ 57i | 33+ 23i | 17+ 16i
White | 2 || 84+ 115i 0 5+ 22i 15+24i | 5+09i 4 4+ 10i
Bernard | 4 || 127+ 93i | 22+5i 0 34+35i | 57+57i| 12+9i | 17+ 15i
Wellman| 7 || 118+ 84i| 24+ 15i | 35+ 34i 0 15+ 10i | 45+ 33i| 5+4i
Doreian | 5| 57+ 53i 9+ 5ij 57+57i | 10+ 15i 0 8 + 8i 4+ 3i
Mullins | 6 || 23+ 33i 4 9+ 12i 33+ 45j 8 + 8i 0 3+ 3i
Alba 3| 16+ 17i 10+ 4i 15+ 17i 4+ 5j 3+ 4i 3+3i 0

Table6.14: Submatricebasedn seconceigervector
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If the partial sumof the first two subspaceg{; » is taken (Tah( 6.15), mul-
tiplied with the eigervaluesandthenrotatedback, it is clearly visible that com-
paredto the original matrix F in Eq.(6.1)thisis alreadyaspredictedavery close
match.TheremainingpartialsumHj ; asgivenin Tah( 6.16)is decidedlysmaller
in every entry, andthussenesasa correctionfor thefirst partialsum. The main
correctionis taking placedueto the communicatiorof Bernard(ID 4).
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Figure6.32: Distribution of the phasep(x1; (1))
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Ak 1.00 -0.67 -0.27 -0.16 0.07 0.04 -0.01
Xk1 0.62 0.76 0.056-0.005i | -0.073-0.021i| 0.027-0.039i | 0.15-0.001i| -0.059-0.026i
X2 | 0.33+0.06i | -0.39-0.05i | -0.018-0.057i| 0.55+0.07i | 0.12-0.16i 0.69 -0.106-0.059i
xx3 | 0.098-0.008i| -0.011-0.012i -0.121+0.003i| 0.015+0.004i| -0.16+0.03i | 0.118-0.037i 0.97
Xrs | 0.45-0.07i | -0.38+0.06i 0.65 -0.20+0.03i | -0.35+0.15i | -0.18+0.1li | -0.001+0.015i
x5 | 0.29-0.02i | -0.079-0.011if -0.55+0.02i | 0.39-0.02i | -0.47+0.25i | -0.32+0.21i| -0.14+0.02i
xre | 0.17+0.01i | -0.013-0.032i 0.22+0.001i 0.55 0.56 -0.51-0.11i | 0.15+0.05i
xx7 | 0.40-0.06i | -0.33+0.07i | -0.45+0.03i | -0.53+0.13i | 0.42-0.11i | -0.16-0.04i | -0.002+0.014i
Table6.17: Eigensystenfor H with z = a + ib
Ak 1.00 -0.67 -0.27 -0.16 0.07 0.04 -0.01
(2] [ 8(2) | [z| | o(z) | 12| | ¢(2) | [2] | d(2) | |2] | &(2) | [2] | o(z) | |2] | ¢(2)
xp | 062 O 0.76 | 0 |0.056|-0.09|0.076| -2.86| 0.047| -0.96| 0.15| -0.02| 0.064| -2.73
Xk | 0.34 | 0.18 | 0.39 | -3.00| 0.06 | -1.88| 0.44 | 0.15| 0.20 | -0.92| 0.69| O 0.12 | -2.63
xx3 | 0.098| -0.09| 0.016| -2.32| 0.121| 3.12 | 0.016| 0.29 | 0.16 | 2.93 | 0.12|-0.30| 0.97 | O
xz4 | 0.45 | -0.15| 0.38 | 3.00| 0.65| O 0.21 | 299 | 0.38 | 2.75| 0.20| 2.64 | 0.015| 1.67
x5 | 0.29 | -0.07| 0.080| -3.00| 0.56 | 3.10 | 0.39 | -0.04| 0.53 | 2.64 | 0.38| 2.56 | 0.14 | 3.03
xgs | 0.17 | 0.05| 0.034| -1.97| 0.22 | 0.02| 055 | O 056 | 0 |052(-294| 0.16 | 0.34
xp7 | 0.41 | -0.15| 0.34 | 293 | 045 | 3.07| 055 | 291 | 0.44 | -0.25| 0.16| -2.89| 0.014| 1.73

Table6.18: Eigensystenof H with z = (| z |, ¢(2))
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Figure6.34: Distribution of phasep(xa;(\2))
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Figure6.35: Densityplot of realpartof eigenprojectocorrespondindo A,
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Figure6.36: Densityplot of imaginarypartof eigenprojectocorrespondingo \;
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Figure6.37: Densityplot of real partof eigenprojectocorrespondingo A,
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Figure6.38: Densityplot of imaginarypartof eigenprojectocorrespondingo )\,
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6.2.2 Comparisonof subsetresultswith dichotomizedand sym-
metrizied eigensystem

Tah( 6.19) shaws, that the anchorsdiffer dependingon the methodused. The
representatiois againasin Tah( 6.2). While the methodusedby Freemarstill

shavs the sameanchorin thefirst subspacehe alreadyshovs Wellman(ID 7) as
theanchorof the secondsubspaceFreemarin his paperexplainsthatthis might
bedueto thedichotomizationBernard(ID 4) who seemgo bealessactive writer
but averyimportantmemberof thecommunityis clearlyvisible whenthemethod
proposedn this bookis used.Not so,whenthe methodusedby Freemaris used.

HO)1[4][7]2[5]6]3
FO.) [ 1]3]6|4|5]2]|7
HOw) [1]2[4]7[5]6]3
FOo) | 7]2]4|5|3]6]1
HOw) [4]5]7(63]2]1
FOu) [ 1]5]2|6]|7]3]4
HO) [6]7]2]54]1]3
FOW [ 6]5]7(2|4]3]|1
HOs) [6]5]7]4[2]3]1
FOs) ([ 6]7]2(3|5]4]1
HOe) [2]6]5]47]1]3
FOo) | 4]3]5(6|2]7]1
HO,) [3]6]5(21]4]7
FOw) [ 4]3]1|7|2]6]|5

Table6.19: Comparisorof anchordor the EIES subset

As couldbe shavn, the methodis capableto presenta view on the communi-
cationpatternsdasedon inboundandoutboundtraffic within a group. Compared
to the standardmethodsit revealsa clearerpicture. In the examplesusedsome
insightscould be gainedinto the structureof the respectre groups. For the full
EIES datasetthefollowing resultscanbe stated:

e Sincethe entriesof the adjaceng matrix alsoincludemessagesentto all
othermembersthusdiluting the personto personcommunicationit canbe
statedthat the first two subspacesontaina lot of datanoisedueto these
message4do noonein particular”.

e Freemar(ID 1) is theanchorof thefirst two subspaced-e is the centerof
aninboundorientedstarandalsoanimportantmemberof alarge connected
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subgroup.Thefactthat Freemarwasthe “administrator”of the communi-
cationsystemmakesthatplausible.

e Wellman(ID 29) alsois a veryimportantmemberof the group. For onehe
communicatevery extensvely (outboundoriented)and alsosenesasan
anchorfor subspac¢hree.He alsoseemso bethe connectiorbetweerthe
groupsaroundrFreemarandBernard.

e Whenthe next subspacesspeciallysubspace8 and5 areinspectedthey
reveal that Bernard(ID 8) is a very importantmemberof the community
He is alsothe centerof a starand an importantmemberof a connected
subgroup.

For the subsethefollowing resultscanbe stated:

e Thefirst two subspacealreadycover morethan90% of the varianceof the
data.

e Freemar(ID 1) is againthe anchorof ainboundorientedstarandalsothe
importantmemberof thealmostcompletegraph.
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Chapter 7

Conclusionand Futur e Applications

SNA providesa rich toolbox to analyzeandinterpretnetworks betweenhuman
actors. The focusof this bookis to presenta generalizednethodfor one of the
tool setsavailablein SNA, namelytheeigervectorcentrality Thestandaranethod
needsproper data preparationbeforethe resultscan be interpretedin a useful
way. Thisis dueto the factthatneitherimaginaryeigervalueshave foundagood
interpretationin social sciencesor have imaginary eigervectors. Both canbe
the resultof an eigensystentalculatedfor an asymmetricadjaceng matrix. To
circumwenttheseproblemsdatahadto be madesymmetric,which meantloss of
information.

The useof the proposedjeneralizedpproactbasedn the eigensystenanal-
ysis of complex Hermitian adjaceng matricesobviously solvesthe problemof
having to adjustasymmetricdataso asto befit to be analyzedwith standardeal
valuedeigensystenanalysis. The suggestedolutionis basedon the fact, that
complex numberscanstoremore informationthanreal numbersandthusno ex
anteassumptionsr filters have to be appliedto the datathatmight distortthere-
sultsobtained.In Hilbert spacghenorm,andthusthedistancesis definedby the
inner product. Thereis no needto definesimilaritiesor arny otherconstructused
in the standardnethodswhendealingwith asymmetricdata. This is usedwhen
representingnboundandoutboundtraffic by therealpartandtheimaginarypart
of the complex matrix entry. The eigensystemsf suchmatricesallow for more
detailednterpretatiorof theunderlyingcommunicatiorpatternsaswasup to now
possible.Sinceall eigervaluesarereal, anddependon the traffic volume, it can
easilybe assumedthatthey canbeinterpretedasdistinct “enegy levels” within
the group. Sinceeigervectorsof Hermitianmatricesdefinean orthogonakystem
it canfurtherbeassumedhattheeigervectorscanbeviewedasindependentvith
respecto theirinherentcommunicatiorpatternstructure. The eigervectorcom-
ponentgepresenthe memberf the group. The statusor rank of eachmember
is givenby the absolutevalueof the eigervectorcomponentt eachenepy level.

117
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The phasecontainsinformation aboutthe directionalsimilarity of the member
with respecbf the patterngovernedby the anchor Thuseventhe anchorof the

completegroup canbe identified. He/Sheis represente@sthe highestabsolute
valueeigervectorcomponenbelongingto the highestabsolutevalueeigervalue.
In addition the possibility to constructcompletesubspacegjivesthe chanceto

analyzein moredetailthe substructuresf the group.

7.1 FutureApplications

7.1.1 Markets

As a motivating examplefor further applicationstake a look at forecastingmar
kets, especiallyforecastingmarkets like Internetbasedpolitical stock markets.
Eachtradecanbe viewed asa communicatiorbetweenra traderanda share.All
transactionsreloggedin the orderbook andarethusavailable. As caneasilybe
seenary suchmarket canbe viewed asa bipartite graph,andthusthe spectrum
will bequalitatively liketheonegivenin Eq.(3.63). Theefficiency of marketsde-
pendstronglyon theinformationflow within the market. And this againdepends
onthemarket structure.

Preliminaryexperimentalresults,obtainedon a political stockmarket hosted
at the Chair for Information Servicesand ElectronicMarkets at the Universitt
Karlsruhe(TH) (seeTah( 7.1 for resultsof the election), RMSE (Root Mean

Squarekrror) = 4/ ETM), suggesthatthe expectedbehaior canbemadevisible.
A stockmarket canbe seenasa bipartitegraphasin Fig.( 7.1). ThegraphG =
{E,V,, Vs} consistsof verticesV; representinghe tradersin the market and V
representinghe shares.

In % Result Result Result Official

PSM (normalized) Sudwest-Presse result
CDhU 39,10 39,18 39,27 44,80
SPD 33,00 33,07 31,68 33,30
FDP 8,90 8,92 9,51 8,10
B90/Giine| 9,00 9,02 8,99 7,70
REP 7,20 7,21 7,79 4,40
Sonstige 2,60 2,61 2,76 1,70
Summe 99,80 100,00 100,00 100,00
[RMSE [ 4,356 4,280 4,947 |

Table7.1: Forecastedesultsvs. actualresultsof 2001 diet electionsin Baden-
Wirttembeg
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Qe—
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Share
Trader Markets

Figure7.1: Stockmarket asbipartite-graph

If for examplethe market is dominatedby a monopolist,this could be rep-
resentedas a star graphlike structure,which -aswe have seen- caneasily be
detectedwith the method. If on the otherhandthe market is an oligopoly, the
representatioasa graphwould be a connectedf notevenacompletegraph.If it
is now takeninto accountthattransactiondjk e communicationarerecordecasa
two-way flow, it is feasibleto usethe methodof Hermitianadjaceng matricesto
analyzemarkettransactiongandthusgaininsightinto market structureandmarket
efficiency.

It wasfound thatif a shareis the anchorof a star thenthe traderswith the
next highestabsoluteeigervectorcomponentarethosethattradeheavily in the
share.On the otherhand,if atraderis the anchorof a star the sharethathe/she
tradesmostoftenin, is identifiableby it’s absoluteeigervectorcomponent.The
eigervaluesagainshawv thevolume,if oneuseshe exchangedamountsof money
asthe weightson the edgesE. Thusanedgee # 0 if atraderboughtor sold
shares. As our market offered also a primary market, wheretraderscould buy
portfolios, we also hadthe opportunityto checkfor arbitragetraders. This was
possibleby checkingfor the eigervectorwith the portfolio asanchoror for the
index of the portfolio in any eigervector The highestrankedtraderin thateigen-
vectorcould be identifiedasanarbitragetrader It is alsopossibleto shawv, how
efficient informationis distributed within this market. If the absolutevaluesof
the eigervector componentshaov an uniform distribution , thenaswas shavn
in chapter 4 this pointstowardsa completegraph. This leadsto the interpreta-
tion of equallydistributedinformationwithin thatmarket. Informationefficiency
is a prerequisitefor market efficiengy. This shouldbe further investigated.The
eigenspectra@nalysisover time could alsoyield someinsightinto stockmarket
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behaior.

A market, wherenetworking playsanimportantrole hasalwaysbeenthe job
market. As Arrow and Borzelowski point out in their recentdiscussionpaper
( [ABO4]) the network effect is morerelevantwithin a groupof similar situated
workers.

7.1.2 Organization Analysis

Anotherapplicationareais thatof the analysisof organizationabehaior. Krack-
hardtandHansor{KH93] shaw in theirarticlehow theknowledgeaboutthesocial
networkswithin a compary canhelp managemerto useresourcedetter Ahuja
et al. [AGCO03] shaw, thatthe centrality of a group member measuredn email
exchangas a very goodpredictorof performanceof the saidmember They also
hadthe alreadymentionedproblemof asymmetricdata. If now the analysisof
asymmetricdatacan be achieved, and the statusof a membercalculatedbased
on asymmetriccommunicatiorbehaior, thenthe predictionaboutperformance
couldimprove.

7.1.3 Viral Mark eting

Viral Marketing,a modernword for “word of mouth” which with the Internetbe-
camea word-of-mousgseeHelm [Hel00]), hasgainedwide interestin the past
yearsasa meando usesocialnetworksto market new products.Subramanand
Rajagopalan[SR03H for examplesuggest frameavork basedon socialnetwork
considerationso enhancehe outcomeof viral marketingefforts. As of now viral
marketing campaignsaremoreor lessanecdotaln planningandoutcome since
the underlyingmechanicsare not yet well investigated.While the generalchar
acteristicoof epidemiologyarewell known, themechanicshathelpto “spread’a
marketing“virus” arestill underinvestigation But if onecouldusethecommuni-
cationwithin aknown scale-freenetwork andanalyzat with theappropriatgools
(e.g.theoneproposedn this work), onemightfind away to setup viral market-
ing campaignsnoreeffectively. DomingosandRichardson[DRO1] have already
introduceda way to calculatethe network value of customers. Network value
is in this paperdefinedasthe expectedprofit from salesto other customes she
may influenceto buy, the customes thosemay influenceand so on recursively.
This makes network analysisapplicablein CustomeRelationshipManagement
(CRM). But to find out who getsinfluencedto buy by whom s a very difficult
task, and Domingosand Richardsonmodel this network as a Markov random
field asa goodfirst approximation.



CHAPTERY 121

7.2 Outlook

Someinterestingquestiondor furtherinvestigationarefor examplethe evolution
of suchnetworks,andhow they canbeanalyzedr evenpredictedwith thehelpof
this method.The possibilityto applywell known methodsof perturbatiortheory
from physicsto the Hermitian matricesusedhere, might bring new insightinto
thedynamicsof grouppatternsandstructures.

Anotherinterestingquestionwould be the comparisorwith a contect based
analysisof emailtraffic. It couldwell be, thatthe structurewe find throughthe
mereexistenceof communicatiormight give a clue asto the topicsdiscussedn
that substructure This is alreadybeinginvestigatedn the Internetlink research
community

As could be shavn the proposedmethodnot only yields more insight into
asymmetricand thus more generalizedccommunicationstructures but also has
somepotentialfor further applicationsn severalfields. With the problemof in-
formationoverflow andtheresultingneedto structurethisinformationit is safeto
predictthatthesemethodswill gainever morerelevance.
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Ak 1 2 3 4 5 6 7 8
1.0 -0.56 -0.31 -0.23 0.17 0.095 -0.092 -0.059

Xp1 0.56 0.74 -0.009-0.118i 0.078+0.041i -0.127-0.018i 0.116-0.033i -0.20+ 0.04i 0.011- 0.039i
Xg2 || 0.32+0.06i -0.39-0.05i 0.030+0.109i -0.41-0.11i -0.18+0.06i 0.46 -0.095+ 0.103i -0.12- 0.24i
X3 |[0.014+ 0.011i-0.0093- 0.0061i-0.0116+ 0.0018i0.0087+ 0.0032i-0.016- 0.022i 0.043+ 0.047i 0.016- 0.020i -0.014+ 0.049
X4 ||0.073+ 0.005i -0.026- 0.006i -0.019+ 0.002i 0.021+ 0.003i 0.043-0.005i -0.006- 0.025i -0.028- 0.032i-0.102+ 0.081
x5 ||0.026+ 0.002i -0.010+ 0.010i 0.0110+ 0.0012i 0.007- 0.015i -0.053- 0.018i -0.024+ 0.021i 0.009- 0.023i -0.046+ 0.008
X6 ||0.066- 0.002i -0.044-0.001i -0.030-0.005i -0.043-0.002i -0.050+ 0.031i -0.037-0.047i 0.069- 0.015i 0.112+ 0.009i
xk7 |[0.022+ 0.016i -0.026- 0.005i -0.0045+ 0.0025i 0.007+ 0.021i -0.027- 0.018i 0.091+ 0.090i 0.021- 0.006i 0.011+ 0.131i
xks || 0.35+0.01i  -0.14- 0.15i 0.69 -0.071- 0.033i 0.49 -0.24+0.06i -0.042- 0.045i 0.121+ 0.030i
Xy [[0.071+ 0.030i -0.018- 0.029i 0.091+ 0.044i 0.027+0.036i 0.110+0.056i 0.21+0.01i -0.17-0.03i -0.13+ 0.07i
Xk10(/0.081+ 0.012i 0.019+ 0.004i 0.048-0.010i -0.096- 0.052i -0.098- 0.032i -0.14+ 0.004i 0.072+ 0.012i 0.035+ 0.004
xr11|| 0.21+ 0.006i -0.102+0.038i -0.28+0.05i -0.119-0.056i 0.20-0.02i 0.035+ 0.113i -0.39-0.004i -0.34+0.10i
Xk12//0.042+ 0.016i 0.040- 0.010i  0.004- 0.032i -0.14- 0.04i -0.096- 0.027i-0.139+ 0.0001i 0.041- 0.049i -0.11+ 0.10i
Xx13//0.020+ 0.016i0.0023+ 0.0044i 0.0086- 0.0039i -0.039- 0.033i -0.045- 0.038i 0.039+ 0.020i 0.014-0.019i 0.06+ 0.14i
Xx14(/0.040+ 0.018i 0.009- 0.012i 0.015-0.005i -0.125-0.042i -0.129- 0.057i -0.058+ 0.010i 0.074+ 0.003i-0.092+ 0.031
Xk15(/0.081- 0.005i -0.064+ 0.024i 0.024+0.013i -0.20-0.02i -0.19-0.02i 0.023-0.027i 0.095-0.078i 0.005+ 0.131i
x116(/0.076+ 0.020i -0.016+ 0.008i -0.023-0.009i -0.059- 0.001i -0.100- 0.032i 0.036+ 0.058i 0.15-0.08i 0.04+ 0.21i
Xk17(|0.069+ 0.012i -0.048+ 0.007i -0.058- 0.003i -0.0018- 0.0020i0.054+ 0.011i 0.036+ 0.055i 0.035- 0.030i 0.082+ 0.086i
Xr18//0.056+ 0.010i -0.064- 0.001i -0.018-0.003i -0.047-0.005i 0.014+0.017i 0.14+0.06i -0.124-0.005i 0.30+ 0.07i
Xk19//0.022+ 0.014i -0.015- 0.009i -0.036- 0.005i -0.016- 0.024i 0.013- 0.014i -0.007+ 0.012i -0.086- 0.038i 0.073+ 0.003;i
X120(/0.015+ 0.014i-0.0059- 0.0092i-0.0036- 0.0034i -0.015- 0.003i -0.036- 0.028i 0.004+ 0.016i 0.040+ 0.003i-0.043+ 0.036
Xx21(/0.020+ 0.013i0.0060+ 0.0056i 0.016+ 0.0007i -0.045- 0.029i -0.057- 0.042i -0.014- 0.003i 0.079+ 0.007i-0.017+ 0.038
Xk22//0.049+ 0.030i 0.019+ 0.006i 0.034+0.003i -0.060-0.071i -0.17-0.10i -0.27-0.11i 0.027-0.018i -0.21+ 0.04i
Xk23//0.022+ 0.012i-0.0006- 0.0089i-0.0030- 0.0052i -0.034- 0.007i -0.062- 0.024i -0.012+ 0.013i 0.028- 0.003i -0.039+ 0.058
Xko24|| 0.16+0.01i 0.024-0.029i -0.026-0.038i -0.42-0.10i -0.29-0.06i -0.41-0.04i 0.17-0.03i 0.069-0.031i
X25//0.028+ 0.006i -0.035+ 0.003i 0.0060+ 0.0106i 0.026- 0.004i -0.059- 0.006i 0.012+ 0.092i -0.071- 0.011i 0.095+0.077i
Xj26//0.042+ 0.018i -0.056- 0.024i -0.009+ 0.012i -0.028+ 0.006i -0.059- 0.024i 0.067+ 0.008i 0.093+ 0.049i 0.009+ 0.088i
X127(/0.088+ 0.022i -0.020- 0.022i 0.020+ 0.009i -0.051-0.041i 0.011+0.015i 0.030-0.075i 0.092-0.017i -0.27-0.06i
X28//0.014+ 0.009i-0.0110- 0.0030i0.0066- 0.00005i 0.020+ 0.015i -0.016- 0.011i 0.076+ 0.040i 0.008- 0.025i -0.038+ 0.096
Xpag|| 0.41-0.05i -0.42+0.12i -0.09+0.12i 0.60 -0.33+0.02i -0.28-0.007i -0.13+0.07i 0.062- 0.036i
Xk30(/0.099+ 0.023i -0.008+ 0.030i -0.33-0.07i  0.015+ 0.026i 0.36+0.08i -0.26+0.08i 0.025+ 0.052i -0.32-0.04i
Xps31|| 0.23+0.06i 0.026- 0.051i 0.084- 0.021i 0.27+0.11i 0.019+0.008i 0.27+0.18i 0.70 -0.18- 0.07i
Xg32|| 0.28-0.004i -0.062+0.093i -0.50+ 0.01i -0.16- 0.07i  0.39+0.03i -0.048-0.105i 0.29-0.0083i 0.41

Table7.2: Full EIES dataseteigensystema; to \g
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Ak 17 18 19 20 21 22 23 24
-0.016 0.014 -0.013 -0.011 0.010 0.0086 -0.0071 0.0061

xy1 || 0.023- 0.031i -0.018- 0.013i -0.021-0.009i-0.024+ 0.022i -0.021- 0.012i -0.031- 0.021i 0.0050- 0.0069i -0.014+ 0.035i
X2 || 0.093- 0.024i 0.0086+ 0.0013i-0.023- 0.034i -0.122- 0.027i -0.066- 0.018i 0.021- 0.050i -0.067+ 0.019i 0.041- 0.020i
X3 |[-0.073+0.001i 0.21+ 0.05i -0.28-0.11i 0.34 -0.26+0.04i 0.052+0.032i -0.29+0.08i -0.028- 0.091i
Xra || 0.09+0.22i 0.048-0.059i -0.22+0.08i -0.047+0.026i -0.042- 0.029i -0.16+0.08i -0.010- 0.030i -0.002+ 0.051i
X5 |[-0.088+0.030i 0.11-0.19i -0.011+0.028i -0.15-0.08i -0.16+0.02i 0.050- 0.015i 0.14- 0.31i 0.50

X16 0.43 -0.133+0.046i -0.06-0.21i -0.19-0.13i -0.022-0.072i 0.0135- 0.0031i -0.06+ 0.16i -0.07+0.18i
X7 |[-0.049+ 0.055i 0.0001+ 0.032i -0.053-0.010i 0.04+0.29i -0.06-0.20i 0.014-0.068i  0.04+ 0.15i 0.35+0.23i
X || -0.018- 0.017i -0.0005- 0.0035i 0.008+ 0.015i 0.053- 0.013i 0.0098+ 0.0034i0.0047+ 0.0073i 0.018+ 0.005i 0.00006- 0.0026i
Xpg || 0.076+0.026i -0.13+0.09i 0.027- 0.035i -0.003-0.111i 0.050-0.017i 0.068+ 0.065i -0.004- 0.022i -0.023+ 0.015i
Xp1o| -0.21+0.32i -0.127+0.001i -0.16-0.02i 0.010+0.054i -0.036- 0.034i 0.15- 0.15i 0.060- 0.023i -0.066- 0.017i
Xp11|| -0.16-0.01i  -0.09+0.21i 0.085+0.062i 0.15-0.10i 0.037+0.036i 0.043+0.064i 0.0072-0.0001i -0.034-0.017i
Xp12|| 0.047+0.067i 0.079+ 0.050i -0.098- 0.004i -0.16+ 0.04i 0.42 -0.069+ 0.116i -0.14+ 0.13i 0.27-0.18i
xk13|| 0.050- 0.128i 0.39 -0.010+ 0.044i 0.31- 0.05i -0.18- 0.06i 0.13+0.08i -0.31+ 0.07i 0.036+ 0.061i
Xp14[ 0.071+0.116i 0.26+ 0.07i 0.27-0.19i 0.17+0.20i 0.08+ 0.34i -0.01+ 0.25i 0.39 -0.30- 0.03i
Xp15| -0.24+0.03i -0.004- 0.062i 0.03+0.18i 0.13-0.08i 0.28- 0.21i -0.33+0.05i  -0.015- 0.059i 0.082+ 0.082i
xr1g|| -0.05-0.22i -0.19+0.21i -0.32+0.12i -0.037-0.111i -0.13+ 0.29i 0.11+ 0.24i 0.15- 0.13i -0.0052+ 0.0128i
Xp17|| -0.15+0.05i  0.006- 0.17i 0.39 -0.19+0.21i  -0.19+ 0.15i 0.23+ 0.05i -0.18-0.17i -0.06+ 0.17i
xr1g)| 0.107- 0.021i  0.27-0.13i -0.12-0.17i -0.17+0.16i -0.012+0.018i -0.21-0.06i 0.18- 0.15i -0.02- 0.17i
Xp19|| 0.17-0.33i 0.19- 0.11i 0.30+0.03i 0.095-0.048i 0.16+ 0.05i -0.30+0.12i -0.16+ 0.09i 0.070- 0.008i
Xg20|| 0.16-0.06i -0.039-0.061i 0.002+ 0.089i 0.15+ 0.004i -0.040- 0.090i 0.36 -0.022+ 0.020i -0.033- 0.102i
Xy21(/0.0001+ 0.048i -0.10+0.11i 0.080- 0.056i -0.029+ 0.064i -0.034+ 0.112i 0.15+ 0.22i -0.18+0.19i 0.21+ 0.06i
Xp2o|| 0.16-0.14i -0.010-0.027i 0.19+0.03i -0.069-0.094i -0.15-0.10i 0.007-0.084i -0.067-0.055i 0.017- 0.009i
Xkos|| 0.12-0.26i -0.013-0.058i 0.17+0.05i -0.050+ 0.085i 0.005-0.050i 0.18-0.28i -0.028- 0.075i 0.005- 0.047i
Xk24||-0.035+ 0.034i -0.009- 0.018i -0.008+ 0.020i 0.044- 0.012i -0.097-0.043i 0.007-0.020i -0.0031+0.0128i -0.033-0.012i
Xp25(/-0.083+ 0.114i 0.12- 0.16i -0.17+0.21i -0.15+0.22i -0.018+ 0.050i -0.044+0.056i -0.16+ 0.29i -0.16+ 0.22i
Xp26(/-0.041+ 0.017i -0.139- 0.016i 0.059+ 0.063i 0.067-0.007i -0.04-0.22i -0.05- 0.21i  0.040- 0.025i -0.25- 0.083i
Xgo7// 0.014+ 0.077i  0.18-0.25i -0.054+ 0.029i -0.05+0.24i -0.14+0.08i 0.049-0.035i 0.072-0.076i -0.032+ 0.058i
Xj28|| -0.15-0.04i 0.006+0.033i 0.063+0.092i 0.22+0.13i -0.07-0.15i -0.011-0.123i 0.15+ 0.03i 0.026+ 0.118i
Xj29(/ 0.010+ 0.018i -0.005+ 0.018i -0.014- 0.009i 0.039+ 0.019i 0.054+ 0.009i 0.0003+ 0.0139i 0.024- 0.009i 0.002- 0.027i
Xp3o0l| 0.027+0.093i 0.24-0.18i -0.038- 0.052i -0.048- 0.073i -0.039- 0.040i -0.021- 0.110i -0.001+ 0.071i 0.066- 0.003i
Xp31|/-0.042- 0.008i 0.063+ 0.041i 0.112+ 0.003i -0.003- 0.097i 0.094- 0.022i -0.032+0.033i -0.071+ 0.042i 0.017- 0.092i
Xp32|| 0.011- 0.024i -0.073+ 0.075i 0.0001+ 0.017i0.027+ 0.025i 0.050- 0.024i 0.022+0.022i 0.022- 0.024i 0.000132 0.000028j

Table7.4: Full EIESdataseteigensystema;; to Ay
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Ak 1 1 0.3 03 024 024 017 0.17
x|l 0.45 031 -0.1 -0.024 0.34 0.03 -0.036 0.35
xk2 || 0.015 -01 -0.2 -0.2 -0.0110.015 -0.22 -0.028
xk3 || -0.14 -0.39 0.033 -0.14 0.39 -0.16 0.034 0.091
x4 || -0.019 0.36 -0.034 -0.25 0.05 -0.23 0.06 -0.21
x5 || -0.33 0.18 -0.018 -0.087 0.26 -0.11 -0.086 -0.15
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xrs || 0.02 0.12 -0.096 0.25 -0.26 -0.2 -0.031 0.046
xp7 || 0.29 -0.24 0.14 0.0061 0.26 -0.48 -0.11 -o.oowh
xys || -0.057 -0.032 -0.099-0.0075-0.14 0.14 0.092 0.47
xpo || 0.14 -0.22 -0.12 -0.34 -0.0480.043 -0.051 -0.15
Xr10/l -0.036 0.076 0.19 0.53 0.065 -0.2 -0.00097-0.033
xx11/-0.0061 -0.1 0.018 0.05 -0.36 -0.28 -0.092 0.28
xp12/| 0.15 0.19 0.19 -0.2 -0.17 0.044 -o.oo&wo.ooommv
xr13| 0.19 0.22 0.02 0.016 -0.0160.034 -0.023 0.056
Xk14/-0.0064-0.072 0.16 -0.3 -0.15-0.013 -0.037 0.15
x5 0.17 0.019 0.0078 -0.18 -0.39 -0.3 -0.075 -0.016
xr16/| 0.23 -0.22 -0.22 0.25 0.15 0.1 0.066 -0.049
xr17/| 0.004 -0.059 -0.2 0.11 -0.03 0.055 0.036 -0.29
xr1s|| 0.2 -0.081 -0.12 0.026 -0.16 0.43 0.064 -0.1

Xg1o| -0.13 -0.22 -0.37 0.037 0.026 -0.14 -0.023 -0.028
Xr20| 0.031 0.058 -0.25 -0.14 -0.14-0.038 0.26 0.023
X21//0.0046 0.19 -0.33 -0.073 0.11 -0.27 -0.019 0.27
Xp22/-0.042 -0.12 -0.03 0.29 -0.14 0.057 -0.12 -0.02
Xp23/l 0.052 -0.12 0.1 -0.21 0.095 0.17 -0.063 0.14
Xp24| 0.16 -0.23 0.48 -0.043-0.0240.021 0.022 0.076
Xpes5(-0.072 -0.059 0.18 -0.16 -0.05-0.022 -0.22 -0.19
Xr26/| -0.25 0.063 0.037 -0.065 0.08 0.062 0.14 0.24
Xp27|| 0.022 0.0073-0.097 0.067 0.095 -0.06 0.049 -0.16
xr2s|| 0.29 -0.075-0.067 -0.08 -0.073-0.18 -0.048 -0.28
Xp20| -0.31 -0.16 -0.12 -0.024 -0.2 -0.036 -0.19 0.2

X3ol 0.022 0.25 0.081 0.048 -0.028-0.021 -0.35 -0.092
Xps31|| 0.13 -0.016 -0.12 0.084 0.14 0.24 -0.68 0.069
Xy32/| -0.098 0.055-0.0044 -0.12 0.088-0.099 -0.22 -0.14

Table7.6: Full EIES dataseteigensystenaccordingo Freemam\; to Ag
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Ak

0.03 0.03 0.021 0.021 0.012 0.012 0.012 0.012

XK1

Xk2

Xk3

Xk4

Xk5

Xk6

Xk7

X8

Xk9

Xk10
Xk11
Xk12
Xk13
Xk14
Xk15
Xk16
Xk17
Xk18
Xk19
Xk20
Xk21
Xk22
Xk23
Xk24
Xk25
Xk26
Xk27
Xk28
Xk29
Xk30
Xk31
Xk32

0.051 0.046 -0.066 -0.049 -0.061-0.057-0.026 0.34
-0.28 -0.16 -0.17 -0.22 -0.22 -0.24 -0.25 -o.omm
0.19 0.13 -0.24 -0.039 0.017-0.074-0.014 -0.1
-0.069 0.068 -0.18-0.00650.023-0.016-0.034-0.21
-0.0078 -0.29 0.1 0.16 -0.0750.086 0.12 0.53
-0.053 -0.068-0.021 -0.058 -0.11 -0.092-0.094 0.13
-0.19 -0.3 0.021 0.041 0.15 0.036 0.015 -0.15
-0.079 0.2 0.14 -0.13 -0.0160.022-0.023 0.35
0.31 0.12 -0.016 0.14 -0.085 0.14 0.12 0.31
-0.083 0.23 -0.0660.0066 0.13 -0.12 -0.0710.094
0.24 -0.32 -0.25 0.044 -0.035-0.046-0.068 0.13
0.0019 -0.12 -0.093 -0.16 0.024 0.16 0.05 -0.003
0.36 -0.0044-0.026 0.091 0.24 -0.16 -0.015-0.078§
-0.55 0.047 -0.18 0.014 0.055 0.19 -0.037 0.15
0.22 0.2 0.32 -0.028 -0.3 0.065 0.077 -0.15
-0.19 -0.0091-0.041 -0.36 0.009-0.026-0.032 0.12
0.15 -0.15 -0.32 -0.017-0.045 0.28 -0.11 0.18
-0.036 -0.064-0.049-0.0027 0.18 -0.17 -0.0170.018
0.083 0.13 0.046 -0.16 0.2 0.21 0.12 -o.owm
-0.13 -0.16 -0.066 0.24 0.069 0.045 -0.14 -0.06
0.047 -0.023 0.17 0.044 0.13 0.12 0.073 -0.16
0.0037 -0.21 0.26 0.11 0.13 0.34 -0.33 0.023
0.02 -0.042 0.36 0.3 0.2 0.0047-0.42 -o.omm‘
0.1 0.022 0.004 0.21 -0.13 0.15 -0.16 0.039
0.013 -0.19 0.39 -0.39 0.27 -0.2 0.24 0.18
031 -0.25 -0.1 -0.33 -0.17 -0.11 -0.4 -0.13
-0.11 -0.085 0.28 0.24 -0.52 -0.26 -0.12 0.015
0.071 0.0074 -0.1 0.12 0.29 -0.37 -0.25 0.21
-0.025 0.19 -0.095 0.27 0.045 -0.41 0.14 0.06
-0.0071 0.042 -0.069 -0.16 0.14 0.23 -0.15 -o.okﬁ
0.047 -0.091-0.096 0.11 -0.2 0.099 0.12 -0.19
0.041 0.46 0.029 -0.14 -0.049 0.13 -0.48 0.13

Table7.8: Full EIES dataseteigensystenaccordingto Freemam; to Ao
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10
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12
13
14
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16
17
18
19
20
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22
23
24
25
26
27
28
29
30
31
32

6.5+ 6.5 470+ 340i 24.+4.i 68.+55.i 19.+26.i
340+ 470i 29.+29.i 5.7+1.6i 18.+25.i 10.1+5.9i
4.+24.i 1.6+5.7i 0.30+0.30i 0.3+ 1.9i 0.25+ 0.65i
55.+68.i 25.+18.i 1.9+0.3i 5.9+5.9 2.4+ 1.9
26.+19.i 5.9+ 10.1i0.65+ 0.25i 1.9+ 2.4i 0.67+ 0.67i
66.+64.i 18.+10.i 1.5+0.08i 5.4+4.4i 2.3+ 1.2i
14.+40.i -1.8+7.0i0.32+ 0.47i 0.2+ 2.8i 0.34+ 0.81i
220+ 390i 150+ 40i 9.4+0.1i 31.+25. 13.+9.i
22.+90.i 24.+24.i 1.9+0.8i 4.3+7.7i 1.9+2.8i
39.+50.i 37.+36.i 2.6+0.7i 7.0+7.9i 2.3+2.9i
200+ 170i 54.+58.i 5.1+1.2i 16.+17.i 6.3+4.7i
-7.+24.0 28.+26.i 1.6+0.6i 3.6+5.2i 1.1+2.3i
3.+21.i 3.+15. 0.54+0.61i 0.5+3.2i 0.14+ 1.13i
4.+40.i 17.+19.i 1.24+0.59i 2.6+4.8i 1.0+ 1.9i
100.+70.i 14.+16.i 1.7+0.3i 6.3+5.7i 2.5+ 1.2i
49.+67.i 22.+32.i 2.0+0.9i 51+7.9 1.9+2.6i
65.+74.0 12.+19.i 1.5+0.6i 4.3+6.2i 1.9+ 1.7i
61.+75.i 4.0+8.1i 0.99+0.38i3.1+4.6i 1.6+ 1.1i
9.+36.i 3.4+ 7.4i 0.48+0.37i 0.8+ 2.7i 0.49+ 0.90i
-1.+27.0 2.6+ 7.1i 0.35+0.37i 0.3+ 2.2i 0.23+ 0.81i
5.+16.i 6.+15.i 0.60+0.53i 0.9+ 3.0i 0.24+ 1.07i
6.+41.i 17.+35. 1.5+1.2i 25+7.2i 0.7+2.7i
3.+27.i 8.2+9.6i 0.64+0.34i 1.3+ 2.7i 0.54+ 1.01i
72.+120.i82.+55.i 5.1+0.8i 15.+14.i 5.4+5.4i
33.+38.i -0.2+4.6i0.44+ 0.23i 1.4+ 2.3i 0.73+ 0.49i
31.+79. 2.1+2.5i 0.66+0.35i 1.6+ 3.8i 1.2+ 1.1i
43.+93.i 32.+27.i 2.4+0.7i 6.3+8.3i 2.6+2.9i

64.+66.i 40.+14.i 390+ 220i
10.+18.i 7.0-1.8i 40+ 150i
0.08+ 1.5i 0.47+ 0.32i 0.1+ 9.4i
4.4+5.4i 2.8+0.2i 25.+31.
1.2+2.3i 0.81+0.34i 9.+ 13.i
3.9+3.9i 2.1-0.3i 21.+25.i
-0.3+2.1i 0.40+ 0.40i -2.+15.i
25.+21.i 15.-2.i 120+ 120i
3.2+6.7i 3.0+1.0i 15.+36.i
56+8.1i 3.9+1.4i 34.+38.i
11.+16.i 6.7+1.0i 68.+95.i
3.3+54i 27+1.3i 20.+22.
0.1+ 3.0i 0.77+0.98i 2.+16.i
2.1+4.51 2.0+0.90 12.+22.
3.9+5.0i 2.0-0.1i 25.+35.i
3.4+7.4i 2.9+1.3i 22.+41.
25+5.3i 1.9+0.5i 15.+35.i
1.5+3.4i 1.15-0.08i 8.+27.i
0.4+2.1i 0.74+0.37i1.2+13.3i
0.08+ 1.8i 0.59+ 0.45i-0.3+ 10.4i
0.5+2.9i 0.87+0.89i 5.+ 15.i
1.7+7.0i 2.3+2.0i 13.+34.
1.0+2.4i 1.04+0.47i4.9+ 12.3i
12.+14.i 8.1+1.4i 69.+66.i
0.5+1.7i 0.44+0.01i 3.+14.
0.7+ 2.5 0.94-0.17i 0.2+ 20.i
49+75i 3.7+0.8i 26.+41.i

8.+22.i 1.3+5.1i 0.29+0.26i 0.5+ 1.7i 0.28+ 0.54i0.15+ 1.40i0.41+ 0.26i 0.7+ 9.0i

570+ 390i 53.+51.i 7.9+0.4i 32.+25.i 14.+4.
69.+70.i 28.+49.i 2.7+1.4i 6.8+10.6i 2.2+ 3.5i
80+ 200i 104.+88.i 7.0+2.1i 18.+23.i 6.7+ 8.7i
260+ 170i88.+ 100.i 7.5+1.8i 24.+23.i 8.2+6.9i

19.+21.i 8.4-3.0i 120+ 170i
4.4+ 10.4i 3.7+2.2i 32.+56.
15.+22.i 11.1+3.2i 82.+106.i
17.+23.i 9.9+2.6i 110+ 130i

Table7.10: Part 1 of partialsum/; , of thefirst two weightedprojectorsof thefull EIES dataset
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74.+65. 75.+61.i 36.+9. 27.-1.i 16.+5.i 41.+6. 27.+3.i 120.+72.i
19.+12.i 8.1+4.0i 7.4+3.4i 7.1+26i 15.+6.i 35.+17.i 9.6+8.2i 55.+82.i
0.6+ 1.5i 0.38+ 0.99i 0.37+ 0.48i0.37+ 0.35i0.53+ 0.60i1.2+ 1.5i0.34+ 0.64i 0.8+ 5.1i
6.2+4.3i 46+3.1i 2.7+08 22+03i 3.0+0.9 7.2+25i 2.7+1.3i 14.+15.i
1.7+1.9i 1.1+1.6i 0.90+0.49i0.81+0.23i1.07+0.24i2.7+ 0.7i1.01+ 0.54i 5.4+ 5.4i
53+25i 3.4+15i 21+04i 1.8+0.08i 2.9+0.5i 7.0+1.7i 24+1.0i 14.+12.
0.5+1.9i-0.08+ 1.15i0.37+ 0.74i0.45+ 0.59i0.89+ 0.87i2.0+ 2.3i0.47+ 1.04i 1.4+ 8.1i
35.+15. 27.+8. 13.3+1.2i 10.4-0.3i 15.+5.i 34.+13.i 12.3+4.9i 66.+69.i
54+6.2i 44+4.2i 26+15 22+09 26+2.0 6.1+5.1i 2.2+2.0i 9.+19.

74+73i 6.4+6.2i 3.6+15 3.0+05 29+1.1i 7.1+2.7i 3.2+1.4i 15.+16.i
15.+12.i 10.1+9.2i 7.1+2.6i 6.2+1.1i 8.8+1.8i 22.+6.i 7.9+3.7i 44.+41.
44+55i 45+47 23+1.1i 18+04i 1.2+1.1i 29+2.3i 1.7+0.9i 5.9+9.3i
0.7+3.1i 0.6+2.6i 0.70+0.98i0.69+ 0.62i0.61+0.78i1.5+ 1.9i0.62+ 0.92i 1.5+ 6.8i
3.3+4.4i 3.0+3.4i 1.7+1.0i 1.4+05 1.3+1.2i 3.1+2.7i 1.4+1.1i 4.8+10.5i
55+3.2i 29+23i 2.4+07 22+03i 3.7+0.4i 9.0+15i 3.0+1.3i 18.+15.i
5.3+6.6i 3.9+53i 28+17 25+09 29+1.4i 7.1+3.6i 2.8+1.9 13.+18.i
42+4.2i 23+3.0i 20+1.2i 19+0.7 29+1.0i 7.0+3.0i 2.3+1.7i 12.+16.i
3.0+23i 1.2+1.2i 1.3+0.8i 1.27+0.55i 2.6+0.9i 6.1+2.8i 1.7+1.5i 10.+14.i
1.2+2.0i 0.8+1.3i 0.62+0.62i0.58+ 0.44i0.86+ 0.82i2.0+ 2.1i0.58+ 0.87i 1.9+ 7.3i
0.7+ 1.9i 0.55+1.27i0.44+ 0.58i0.42+ 0.42i0.50+ 0.75i1.1+ 1.9i0.33+ 0.73i 0.4+ 5.7i
1.0+2.9i 0.9+2.6i 0.82+0.86i0.75+ 0.50i0.63+ 0.63i1.6+ 1.5i0.72+ 0.77i 2.2+ 6.0i
3.0+7.0i 2.8+6.1li 2.1+20i 19+1.1i 15+16i 3.7+3.7i 1.7+1.8i 5.+14.

1.7+2.3i 1.5+1.7i 0.87+0.58i0.73+0.33i0.77+0.72i1.8+ 1.7i0.70+ 0.70i 2.4+ 6.3i
16.+12.i 14.+10.i 7.3+1.9i 5.7+0.4i 6.0+2.2i 14.+5.i 6.3+2.4i 30.+30.i
1.2+ 1.2i 0.23+ 0.62i 0.56+ 0.44i0.60+ 0.33i1.30+ 0.45i3.1+ 1.4i0.84+ 0.79i 4.8+ 7.2i
2.2+1.8i 0.89+0.38i0.81+ 0.62i0.81+ 0.57i 1.9+1.3i 4.2+3.6i 1.0+1.4i 4.5+ 13.1i
7.3+6.6i 58+4.7i 33+1.4i 2.7+0.7 3.4+1.8i 8.0+4.6i 3.0+2.0i 14.+21.i
0.6+ 1.3i 0.32+ 0.86i 0.36+ 0.43i0.37+ 0.30i0.57+ 0.49i1.3+ 1.3i0.38+ 0.57i 1.4+ 4.7i
27.+10.i 11.9+6.0i 11.0+2.3i 10.2+0.9i 20.+0.8i 48.+6.i 15.+6.i 98.+76.i
6.6+9.3i 49+8.1i 3.8+25 34+12i 3.7+1.6i 9.2+4.0i 3.8+2.4i 18.+23.i
21.+20. 18.+16.i 9.8+4.0i 7.9+1.6i 8.2+4.6i 19.+11.i 8.3+4.7i 37.+50.i
22.+18. 15.+16.i 10.6+3.9i 9.1+1.2i 11.3+1.6i 28.+5.i 11.3+4.3i 62.+50.i

Table7.12: Part 3 of partialsum/; , of thefirst two weightedprojectorsof thefull EIES dataset
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1

2

3

4 5 6

Vi

8

-2.2-2.2i
29.+ 21.i

21.+ 29.i
-22.-22.

2.5-1.1i
6.8+ 0.6i

-0.6-251 15+0.8i 0.6+2.4i
-2.1+3.2i 1.7-03i -7.0-0.9i

3.1-0.4i
14.-0.7i

-40.+ 16.i
-24.-70.i
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-1.1+2.5i 0.6+6.8i 0.53+0.53i -0.29-0.54i 0.40+0.19i-0.84+0.01i 0.9+1.2i 4.9-3.5i

-2.5-0.6i 3.2-2.1i -0.54-0.29i 0.21+0.21i -0.63- 0.26i -0.20- 0.35i -0.72- 0.54i 9.8+ 9.1i

0.8+1.5i -0.3+1.7i 0.19+ 0.40i -0.26-0.63i 0.64+ 0.64i 0.48+ 0.74i-0.02+ 0.86i-4.5- 10.1i
2.4+0.6i -0.9-7.0i 0.01-0.84i -0.35-0.20i 0.74+0.48i 0.29+0.29i 0.11-1.37i -3.9+ 8.4i
-0.4+3.1i -0.7+14.i 1.2+0.9i -0.54-0.72i 0.86-0.02i -1.37+0.11i 1.9+1.9i 2.1-8.3i

16.-40.i -70.-24.i -3.5+4.9i 9.1+9.8 -10.1-45 8.4-3.9 -8.3+2.1i -120-120i
5.2-3.5i 5.1+12.5i 1.30+0.18i -0.2+2.5i -1.1-3.3i -0.81+0.17i 3.0-0.3i -10.-24.i
10| 5.2+ 1.0i -18.-15.i -0.22+0.76i 0.79-0.44i 0.5+2.2i 1.32+0.19i-1.11+0.71i -21.- 20.i
111-16.+14.i -9.-30.i -2.1+0.7i -0.18+0.54i -1.6+0.04i -6.4-8.1i -0.4+1.4i 106.+ 70.i
12| 4.2+ 1.6i -23.-17.i -0.06+0.41i 1.03-0.69i 0.6+2.7i 0.25-0.86i -0.67+0.16i -17.- 3.i

13| 1.7+3.9i -2.8-1.0i 0.93+0.62i 0.02-0.30i 0.14+0.82i -0.82-0.03i 1.6+ 1.0i -4.6-12.6i
14| 6.0+5.5i -18.-10.i 0.88+0.80i 0.47-0.93i 0.9+2.7i -0.72+0.41i1.02+ 0.86i -14.- 22.i
15| 14.+7.i -21.-10.i 2.3+0.2i -0.11-0.47i 19+25i -1.7+1.4i 3.8-0.5 -27.-33.
16| 2.1+5.4i -7.0+54i 14+0.7i -041-131i 14+15i -15+03i 21+14i -3.8-8.2i
17|-4.7+1.8i 1.22- 0.08i-0.22+ 0.23i -0.26+ 0.05i -0.19- 0.52i -1.1-2.0i 0.24+0.77i 19.+ 20.i
18| 0.7+3.3i -0.6+4.5i 1.4+0.4i -0.48+0.43i 0.15-0.72i -1.9-15i 3.1+0.9i 1.5+1.9i
19|-2.6+2.3i -0.2-5.4i -0.24+ 0.16i0.047- 0.129i-0.25+ 0.35i-0.56- 1.14i-0.10+ 0.39i 11.+9.i

20| 0.4+ 2.1i -2.7+1.9i 0.40+0.34i 0.03-0.58i 0.35+0.75i-0.55+ 0.27i 0.49+ 0.62i -0.6- 5.3i
21| 2.6+3.1i -5.9-4.3i 0.50+0.48i 0.26-0.39i 0.19+1.23i-0.36+ 0.44i0.63+ 0.54i -6.-15.i

22| 5.2+3.2i -13.-22.i -1.10+0.14i 1.0-1.7i 0.6+4.2i 2.0+28i -3.2-0.5i -14.-29.i
23| 1.7+ 2.5i -4.8+0.2i 0.51+0.29i -0.03-0.72i 0.68+ 1.08i-0.39+ 0.45i 0.59+ 0.52i -4.6- 7.0i
24| 14.+8.i -64.-54.i -0.52+0.62i 2.2-1.9i 2.3+75i 0.05-1.5i -2.0-0.6i -31.-11.
25(0.04+2.6i 0.4+9.7i 0.51+0.94i -0.87-0.90i 1.32+0.19i 0.25+0.58i 0.6+2.2i -0.5-12.7i
26| 2.7+4.2i -0.9+5.1i 1.18+0.18i -0.42-0.57i 0.77+0.59i -1.4+0.9i 2.0+0.3i -0.3-11.4i
27| 4.1+0.6i 0.8-13.0i 0.30-0.54i 0.19+ 1.26i -0.84- 0.32i0.004- 0.24i 1.1-1.5i -7.3-6.1i
28| 0.1+ 1.4i 2.9+11.0i 0.92+0.39i -0.39-0.37i 0.44-0.23i -0.73+0.47i 1.5+0.9i -1.9-7.2i
29|-10.9+5.2i 80.+42.i -3.0-1.3i -7.1-6.4i 7.0-0.1 9.+12.i -7.4+24i 38.-23i

30| -31.-5.i -4.-30. -6.3-1.3i 1.24+0.19i -2.7-1.1i -1.4-10.6i -8.6-1.0i 100+ 150i
31| -54-5.0i 29.+64.i 24+12 -18-13i 1.4-32i 05+3.1i 3.0+4.0i -18.-20.i
32(-28.+13.i 3.-65. -51-28i 08+18 -44-04i -8.-13.i -3.5-4.5i 160+ 170i

O©CoO~NOOA~WNPE

Table7.14:Part 1 of the partialsum/; ¢ of thefirst two weightedprojectorsof thefull EIES dataset
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17 18 19 20 21 22 23 24

1| 1.8-4.7i 3.3+0.7i 2.3- 2.6i 2.1+ 0.4i 3.1+ 2.6i 3.2+52i 25+17 8.+14.
21-0.08+1.22i 4.5-0.6i -5.4-0.2i 1.9-2.7i -4.3-5.91 -22.-13.i 0.2-4.8i -54.-64.
3]0.23-0.22i 0.4+1.4i 0.16-0.24i 0.34+0.40i 0.48+0.50i 0.14-1.10i 0.29+ 0.51i 0.62- 0.52i
41/ 0.05-0.26i 0.43-0.48i -0.129+ 0.047i-0.58+ 0.03i -0.39+ 0.26i -1.7+1.0i -0.72-0.03i -1.9+2.2
5]/-0.52- 0.19i-0.72+ 0.15i 0.35-0.25i 0.75+0.35i 1.23+0.19i 4.2+ 0.6i 1.08+0.68i 7.5+ 2.3i
6| -2.0-1.1i -1.5-1.9i -1.14-0.56i 0.27-0.55i 0.44-0.36i 2.8+2.0i 0.45-0.39i -1.5+0.05i
710.77+0.24i 0.9+3.1i 0.39-0.10i 0.62+0.49i 0.54+0.63i -0.5-3.2i 0.52+0.59i -0.6-2.0i
8] 20.+19.i 1.9+1.5i 9. +11. -5.3-0.6i -15.-6.i -29.-14.i -7.0-4.6i -11.-31l.i
9| 44+4.3i 5.8+4.1i 1.1+2.2i -0.61-0.78i -2.4-1.7i -14.-10. -1.1-1.8i -12.-11.
10|-1.32-0.22i -4.3-2.9i -0.14-0.15i 0.74+0.19i 0.13-0.49i 7.0+3.7i 0.96+0.39i 5.2-3.2i
11| -4.1-2.1i -2.5-0.7i -6.0- 1.7i -3.5-0.4i -42-08i -11.0-6.1i -5.1-2.3i -31.-31.
12| -1.9-1.6i -5.2-3.7i -1.08-0.73i 0.33-0.04i -0.79-0.13i 5.3+4.9i 0.16+0.04i -4.4-6.3i
13(0.41-0.72i 0.33-0.29i 0.01-0.53i 0.59+0.27i0.036+ 0.006i-0.92+ 0.20i0.40+ 0.27i -2.1-5.8i
14| -1.5-1.5i -3.4-2.5i -0.79-0.62i 1.04+0.42i 0.14+0.23i 4.4+4.5i 0.84+0.78i -3.6-4.6i
15| -2.1-1.4i -2.9-2.7i -1.8- 0.4i 1.6-0.3i -0.26-0.56i 1.7+3.6i 1.21-0.03i -15.-10.i
16| -1.0-1.4i -1.3+0.6i -0.51-0.86i 1.08+0.43i 0.85+0.74i 2.9+0.7i 0.97+0.80i -2.5-2.7i
17/(-0.15- 0.15i 0.25+ 1.20i -0.82-0.49i -0.67-0.18i -0.74-0.26i -2.7-3.8i -0.89-0.71i -4.3-7.9i
18/|1.20+ 0.25i 2.0+ 2.0i -0.63- 0.40i - 0.48i -1.2-0.8i -6.7-6.1i -0.46-1.18i -11.-16.i
19(-0.49- 0.82i -0.40- 0.63i -0.61-0.61i -0.28+ 0.02i -0.29-0.06i -0.58-0.07i-0.41-0.18i -1.7-4.5i
20//-0.18-0.67i -0.48 0.02-0.28i 0.38+0.38i 0.36+0.57i 1.2+1.4i 0.30+0.62i-0.27+ 0.96i
21)|-0.26-0.74i -0.8-1.2i -0.06-0.29i 0.57+0.36i 0.20+0.20i 1.3+2.5i 0.46+0.57i -0.6-1.5i
22| -3.8-2.7i -6.1-6.7i -0.07-0.58i 1.4+1.2i 2.5+ 1.3 15.+15.i 1.9+2.7i 15.+17.
23||-0.71- 0.89i -1.18- 0.46i -0.18-0.41i 0.62+0.30i 0.57+0.46i 2.7+1.9i 0.62+0.62i 0.17+ 0.58i
24f -7.9-4.3i -16.-11.i -45-1.7i 0.96-0.27i -15-0.6i 17.+15.i 0.58+0.17i -14.-14.
25/[-0.47+0.69i -0.5+2.6i 0.50-0.16i 1.07+0.45i 1.8+0.05i 5.3-3.3i 1.6+0.7i 11.3+0.2i
26(/-0.35- 0.81i 0.47+ 0.45i -0.34-0.26i 0.72+0.29i 0.55+ 0.57i -0.37+0.94i0.53+ 0.60i -4.5+ 0.1i
27//0.39+ 0.04i 1.3-2.3i -0.66 -0.22-0.76i -1.2-1.4i -5.1+0.01i-0.48-1.25i -7.7-9.1i
28//0.92+0.11i 1.4+2.0i 0.54-0.04i 0.49+0.29i 0.49+0.44i -1.1-1.8i 0.45+0.42i0.10+0.12i
29 -11.2-1.4i -1.3+5.0i 3.6-1.8i 6.4+ 2.9i 20.+ 3.i 54.+ 7. 12.+8.i 120+ 80i
30| -4.5-2.7i -6.5-2.0i -4.7- 2.0i -5.9-1.1i -46+0.2i -25-3.0i -6.6-3.1i -14.-11.
31| 6.0+2.9i 8.0+11.4i 5.1+0.8i 1.8+ 1.3i 3.6+2.1i -0.8-10.7i 2.6+2.1i 23.+17.
32| -7.4-7.1i -3.2-8.3i -10.1-3.6i -7.2-2.0i -7.7-0.8i -21.+2.i -9.8-4.9i -57.-34.

Table7.16: Part 3 of the partialsum/; ¢ of thefirst two weightedprojectorsof thefull EIES dataset
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