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Abstract

We investigate several non-destructive testing problems for rough and
periodic surfaces, where the task is to determine such a structure from
scattered waves. We are interested in the analysis of the Factorization
method applied to this special class of inverse scattering problems. To set
the stage for the method, we show in the first chapter a range identity
in factorizations which is suitable for application in the surface scattering
context. In the same chapter it is further investigated how the method
can be regularized in case of noisy data. These abstract results precede
and are applied in three different case studies. First, we study a periodic
transmission problem, motivated by identification problems in photonics.
Second, we consider the problem of detecting a bounded contamination
on a rough surface with Dirichlet boundary condition. Third, we continue
the latter problem and consider the determination of a rough surface using
near field scattering data.






Preface

The topic of this thesis is the Factorization method and its application to
inverse problems in photonics and rough surface inverse scattering prob-
lems. Inverse scattering problems evolved into a self-contained research
area 40 years ago and have extensively been studied since then. However,
the focus of research has mainly been directed on inverse scattering prob-
lems involving bounded scattering objects. Recent progress in the analysis
of direct scattering problems involving unbounded scatterers allows nowa-
days to have a closer look at the corresponding inverse problems.

One particular problem regarding the Factorization method for un-
bounded scatterers is that Sommerfeld’s radiation condition has to be
replaced by different radiation conditions, which cause standard assump-
tions of the method to fail. In the first chapter, we consequently provide
an extension of the method’s basic theorem on range identities in fac-
torizations which is suitable for our purpose. This theorem on range
identities has already some predecessors in the literature. The advantage
of our version becomes evident when we use it to construct a Factoriza-
tion method for the inverse medium problem, since eventual transmission
eigenvalues of the direct scattering problem do no longer perturb the Fac-
torization method. In Chapter I we also develop a regularization technique
for the Factorization method in case of perturbed data, which is illustrated
through numerical examples for an inverse medium scattering problem.

Chapter II is devoted to the study of an inverse problem arising in pho-
tonics: Monochromatic light is scattered by a periodic interface between
two dielectrics and one aims to detect the interface from measurements of
the scattered fields. This is a typical identification problem for photonic
crystals and again we use the Factorization method to characterize the
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periodic interface explicitly in terms of the measurements. The technical
difficulties of the analysis of the problem are heavy and partly caused
by a lack of positivity and a large kernel of the middle operator in the
Factorization.

In Chapter III we consider the detection of a bounded contamination
on a rough surface from measurements of scattered fields a finite distance
away from the contamination. It is an open problem to directly formulate
a Factorization method for such measurements. We rely in this chapter on
a factorization of an unphysical data operator and link that one afterwards
to the physical measurement operator, improving results in [48].

Finally, Chapter IV presents the Factorization method as a tool to
recover the entire rough surface and not just a bounded contamination.
For various reasons, which will be discussed in detail, we have to restrict
ourselves here to surfaces which have a surface elevation bounded by some
constant divided by the wavenumber. Broadly speaking, this guarantees
some necessary positivity assumption of the Factorization method to be
satisfied. For completeness, we also explain in the end of this chapter
why an approach in weighted spaces does not seem to extend this limited
frequency range.

Note that parts of Sections I-5 and I-6 have been previously published
in reference [57].
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CHAPTER I

The Factorization Method
and its Regularization

I-1. Introduction

In this first chapter we introduce the Factorization method in the con-
text of a so-called inverse medium scattering problem and show how the
method provides information on the location of an inhomogeneity in a
background medium from measurements of scattered waves. We also show
the theoretical basis of the method, see Theorem 1.7, which is a certain
range identity between operators linked by a factorization. It is this fac-
torization which motivates the method’s name. We also investigate the
behavior of the method when only perturbed data are available and set
up a simple regularization scheme for that situation. Finally, numerical
examples for the inverse medium problem illustrate our theoretical results.

The Factorization method in inverse scattering theory has been intro-
duced by Kirsch in [46], inspired by the Linear Sampling method devel-
oped by Colton and Kirsch in [21]. Both methods belong to the class of
qualitative methods for inverse scattering problems. Their objective is of-
ten not to give a complete description of the scattering object but rather
to determine certain features of the object, the most prominent one be-
ing certainly its shape (but, for example, not the precise values of the
refractive index of an inhomogeneity). One might even imagine situations
where one is merely interested in the number of connected components of
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the scattering object. A different approach is for instance usually taken
by Newton-like methods [36, 34, 74]. Algorithms of this class linearize the
non-linear inverse scattering problem locally and try to find all possible
information about the scatterer. The potential of hybrid approaches com-
bining Newton-like with qualitative methods does by the way not yet seem
to be fully explored. Compared to Newton-like methods, two advantages
of the Factorization method are its easy implementation and its indepen-
dence of a-priori knowledge as for instance location or boundary conditions
of the scatterer. Apart from the Linear Sampling method [12, 10], other
qualitative methods are for instance the range test [73] or the notion of
the scattering support [55, 32].

Applications of the Factorization method include inverse electromag-
netic problems [47, 48] and inverse problems in elasticity [17] as well as
inverse elliptic problems [47, 27], especially applications in impedance to-
mography [33, 35, 38] and optical tomography [39]. Let us also point
out the applications of the method to scattering problems for periodic
structures [7, 3], which will be considered in more detail in Chapter II. A
striking feature of the method is its sound theoretical foundation together
with its simple implementation. On the other hand, the assumptions nec-
essary for the construction of a Factorization method are probably among
the most restrictive ones compared to the methods cited above and there
are many situations where it is not known yet whether or not the Factor-
ization method applies, see [49]. Especially, the Linear Sampling method,
closely related to the Factorization method through its methodology, has
been shown to be applicable in much more situations than the Factoriza-
tion method.

If it is applicable, the Factorization method provides an explicit binary
criterion characterizing the shape of an obstacle or the support of an in-
homogeneity. The data required for this shape characterization is the
spectral decomposition of a certain operator which is computed from the
measured data. For inverse scattering problems with far field measure-
ments, this data is represented by the so-called far field operator. In this
chapter, we are also interested in the behavior of the Factorization method
when the measurements are only known approximately. This models the
situation when only perturbed data with a certain error are at hand. Our
results imply that the Factorization method still characterizes the scat-
tering object in an asymptotic sense as the noise level goes to zero, if one
regularizes the method in a suitable way. This result in turn validates
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application of the method to noisy data, but also offers new analytical
ways to apply the Factorization method, compare [58]. We demonstrate
this regularization technique for the special example of an inverse medium
problem where one aims to detect the support of a bounded inhomogeneity
of the refractive index from far field measurements.

[-2. Scattering by an Inhomogeneous Medium

In this chapter, we choose a two dimensional inverse medium scattering
problem as a model problem to investigate regularization of the Factor-
ization method with perturbed data. The corresponding direct problem
is the scattering problem of incident acoustic waves by a bounded inho-
mogeneity in which the speed of sound differs from the speed of sound
in the homogeneous and isotropic background medium. Our study of the
two dimensional situation is no constraint of the Factorization method,
indeed, everything in this chapter is also valid in three dimensions. How-
ever, we confine ourselves in all of the later chapters of this thesis to two
dimensions and for consistency proceed in the same way here. Especially
for the results in Chapters III and IV the extension to three dimensions
is mathematically non-trivial, whereas that the results of Chapter II are
independent of dimension.

Propagation of electromagnetic fields in three dimensions within linear,
inhomogeneous and isotropic materials is described by the time depen-
dent Maxwell’s equations. If the time dependence of all fields involved
is exp(—iwt) for all times ¢t € R where w > 0 denotes the frequency, the
time dependent Maxwell’s equations reduce to the time harmonic ones.
Assuming that there are no free currents these equations read

iw (5+%)E+V><H:O, —iwpH+V xE=0, (L1)

where the positive electric permittivity e and magnetic permeability u as
well as the non-negative conductivity o are space dependent coefficients.
We refer to [65] and [69] for a derivation of these equations from the
time dependent Maxwell’s equations. Note that, by taking the divergence
of the last two equations, the well known identity V - Vx = 0 yields
V- -(pH) = 0 and V- ((¢ + io/w)E) = 0. In case that all fields and
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coefficients are independent of the third variable, the curl of the electric
and magnetic field is

OFs 0BE; 0E, OF,\'
— 5 s — and
8x2 8x1 8x1 81'2

OH; OHs 0H, OH:\'
81'2 ’ 81'1 ’ 8x1 8x2

VxE:(

VxH:(

respectively. Plugging these two relations in the first and second equation
of (I.1), we obtain two systems independent of the third variable of the
magnetic and electric field,

iw (6+%) E1+?)—I;§ =0, (1.2)
iw (e + 1;0) By — %—i* =0, (L3)
iw<5+%>E3+%—Ix{f—%—Ix{;:0, (L4)

and
—lwuH, + g—fz =0, (L.5)
—lwpHy — g—f‘f =0, (1.6)
—iwpHs + g—ff - g—f; =0. (I.7)

Note that the systems (I.2), (I.3) together with (I.7) and (I.4)-(1.6) de-
couple. Also, in the first and second of these systems of equations, the
knowledge of F3 and Hj already determine the fields £ and H. Now,
plugging in (I.2) and (I1.3) into (I.7) we find that Hjs satisfies the scalar

equation
1 2 _

Solutions to this equation are called transverse electric modes. Let us now
additionally assume that the permeability u equals some constant pg > 0
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in all of R2. Plugging in (I.5) and (1.6) into (I.4) we find that E3 satisfies
Au 4w g (5 + 15) u = 0. (1.9)

Solutions of the latter equations are called transverse magnetic modes.

In the remainder of this work we will only study equation (1.9), which
is known as the Helmholtz equation. We will also assume in this entire
chapter that € equals some constant £g > 0 outside of some bounded
domain and that ¢ has compact support. More precisely, we assume
that the support D of €y — € is bounded, that the complement R? \ D
is connected and that supp(c) C D. The wavenumber k is defined by
k = w,/eopio > 0 and the refractive index n by

1 (+,0>1/2
n.—\/ET) € i~ .

In case of a complex refractive index (with non-negative imaginary part),
the square root in the latter definition is the analytic extension of the
square root function to the slit complex plane with branch cut along the
negative imaginary axis. Since n = 1 outside of D it will also be convenient
to deal with the contrast

q:= n? — 1,

which has compact support. We can then restate the Helmholtz equation
as
Au+k(1+qu=0 inR?% (1.10)

In the remainder of this section, we study scattering of an incident plane
wave ' _
u'(x,0) = eF e, r € R?, (I.11)

of direction d € S' := {§ € R? : |§] = 1} at the inhomogeneity supported
in D. Obviously, u’(-, d) satisfies the equation Au+ k?u = 0 with constant
coefficients in R%. Hence, the incident field u? causes a scattered field u*
such that the total field
ul = ut 4 u®

satisfies the Helmholtz equation (I.10) in all of R%2. Moreover, generation of
the scattered field u® is a local effect in D and therefore we impose that the
scattered field u® propagates away from D. This property is expressed as
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a radiation condition, namely the Sommerfeld radiation condition, which
states that

lim /7 (8;7: — ikus> =0, r=|x|, (I.12)

where the limit is uniform in all directions z/|z| € S!. Roughly speaking,
the Sommerfeld radiation condition imposes on u° to behave as a spherical
wave propagating away from the scatterer D. More precisely, compare [11,
Section 4.1], any solution u of the Helmholtz equation which satisfies (1.12)
has the asymptotic behavior

) = ‘i/% (uoo(gz) +0 (ﬁ)) L oo, (L13)

where the limit is again uniform in all directions & := z/|z| € S'. The
function us € L%(S!), which describes the leading order behavior of the
radial part of u(z) for || — oo is known as the far field pattern of u.
Probably the most important radiating solution of the Helmholtz equation
is the radiating fundamental solution ® of the Helmholtz equation. In two
dimensions,

i
O(ey) = 7Hy (o —yl),  w#y, (1.14)

where Hél) denotes the Hankel function of the first kind of order zero, see,
e.g., [70]. Recall that the far field pattern of ®(-,y), which is also called
a point source at y, is denoted by ®oo(-,y) and given by (see, e.g., [11,
Section 4.1])
ei7‘r/4 o
¢Oo(j:ay) = —e_lkx'y7 z e Sla Yy e RQ' (115)
81k

Since the incident and the total field satisfy two different Helmholtz equa-
tions, we find that the scattered field solves

Au® + k(14 q)u® = —k*qu’ in R2.

We will solve this equation for a wider class of right hand sides and con-
sider the equation

Av+E*(1+q)v=—k*qf  inR? (1.16)
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for f € L?(D), where we seek again for a solution which also satisfies the
Sommerfeld radiation condition. Moreover, we require v and its normal
derivative to be continuous over interfaces where the contrast ¢ jumps.
Since we consider f € L?(D), we understand the last equation in the
weak sense: formal integration of (I.16) against a testfunction ¢ € D(R?)
and an application of Green’s first identity shows that

/ (VoVe — k*(1 + q) vo) da::kQ/ qf ¢dz  for all ¢ € D(R?).
R2 D

(1.17)
Hence we seek for a (weak) solution v € H (R?) which satisfies the weak
formulation (I.17) and Sommerfeld’s radiation condition (I.12). It is easy
to observe by Cauchy’s inequality that for v € H. _(R?), all integrals
in (I.17) are well defined. Moreover, well known regularity results for el-
liptic equations [63, Theorem 4.16] and Sobolev’s embedding theorem [28,
Section 7.7] show that the field v which solves (I.17) is continuously dif-
ferentiable outside of D such that the radiation condition (I.12) is well
defined for v.
We treat equation (I.16) using the Lippmann-Schwinger integral equa-
tion approach. Therefore we recall that the volume potential

Vf = /D o) ) dy,  weR (118)

is a bounded operator from L?(D) into HZ_(R?), see for instance [63,
Equation (6.10)] and the references therein.

THEOREM I.1. Let ¢ € L*°(D) such that 1 + Re(q) > 0 and Im (¢) > 0
and f € L*(D).

(a) If a function v € H\ (R?) solves (1.16) and (1.12), then the restric-
tion v, solves the following Lippmann-Schwinger equation

v =k V(v + ). (119)

Ifv € L*(D) solves this Lippmann-Schwinger equation, then k*V(q(v+f))
provides an extension of v to a function in HL (R?) which solves (1.16)
and (1.12).

(b) The Lippmann-Schwinger equation (1.19) has a unique solution for
all k > 0 and f € L?(D), which depends continuously on f.



8 The Factorization Method and its Regularization

Proof. (a) Assume that v solves (I1.16) together with (I.12). It is well
known [63, Section 9] that ® is a fundamental solution for the Helmholtz
operator —A—k?, that is, A®(-,y)+k?®(-,y) = —J, where J, denotes the
Dirac distribution in z, d,(¢) = ¢(x) for ¢ € D(R?). Therefore, see [63,
Page 197], AVf + k?Vf = —f holds in the distributional sense for all
f € &(R?), thus, especially for all functions f € L?(D). For such f, the
function Vf belongs to HZ .(R?) and the equality AV f+k?Vf = — f holds
in L?(R?). In consequence,

AV(K*q(v + f)) + k*V(k*q(v + f)) = —k*q(v + f)

and a simple computation shows that w = v — V(k%q(v + f)) is a solution
of the Helmholtz equation Aw + k*>w = 0 with zero right hand side.
Moreover, w satisfies the Sommerfeld radiation condition and is hence an
entire radiating solution of the Helmholtz equation. It is well known that
such a function vanishes identically in all of R?, compare [22].

Assume now that v € L?(D) solves the Lippmann-Schwinger equa-
tion (I.19). We extend v by the volume potential on the right-hand side
of (I.19) to a radiating solution of the Helmholtz equation in R2. As
mentioned above, V is a bounded operator from L?*(D) into HZ_(R?),
thus, v € HZ.(R?). We computed in the first part of the proof that
AV(E2q(v + f)) + E*V(k*q(v + f)) = —k%*q(v + f) in R2. From the latter
equation combined with the Lippmann-Schwinger equation it follows that
Av + k*v = —k%q(v + f), which means that Av + k?(1 + q)v = —k?qf.
The proof of this part is complete.

(b) The boundedness of V from L?(D) into HZ .(R?) implies that f —
k* V(qf)|p is a compact operation on L?(D). Writing the Lippmann-
Schwinger equation (I1.19) in the form

v —k*V(qv)|p = k> V(gf)|p s

one observes that Riesz-Fredholm theory, see, e.g., [63, Theorem 2.19],
implies that the Lippmann-Schwinger equation is solvable for any right-
hand side if its only solution for f = 0 is the trivial solution. Hence, to
finish the proof we need to show injectivity of Id —k? V(¢ )|, on L?(D).

Assume that v — k% V(qu)|, = 0. Then, according to part (a) of the
proof, the extension of v by k2V(qu) to all of R? is a radiating solution
of (I.16) for zero right hand side. The mapping properties of V imply
that v € H2_(R?). Using this regularity result, we conclude by Green’s

loc
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first identity [63] in the domain Qg := {z € R? : || > R}, R > 0 large
enough, that

ov
Vo2 — K2(1 + ¢)|v|? dx:/ v— ds.
L (v = gpr) = [ w3

The imaginary part of the left hand side is non-positive, since by assump-

tion Im (¢) > 0. Hence,
Im (/ v@ ds) >0,
R 81/

and Rellich’s Lemma implies (see, e.g., [11, Theorem 3.6] for the argu-
ment) that v vanishes in Qg for R large enough. However, in this situa-
tion the unique continuation property, which holds in two dimensions for
elliptic equations with bounded measurable coefficients, see [79], implies
that v vanishes in all of R2. O

Combining parts (a) and (b) of the latter theorem, we obtain the fol-
lowing corollary.

COROLLARY 1.2. For all k > 0 and ¢ € L>°(D) such that 1+Re(q) > 0
and Im (¢) > 0, there is a unique solution v € HZ _(R?) of the scatter-
ing problem (1.16), (1.12). Especially, for all incident plane waves u'(-, )
of the form (1.11) there is a unique scattered field u®(-,0) € HE . (R?)

which satisfies (1.16) with f = u'(-,0) and the Sommerfeld radiation con-
dition (1.12).

1-3. A Factorization Method for the Inverse Medium Problem

After the presentation of the solution theory for the direct scattering prob-
lem in an inhomogeneous medium, we can now state the inverse problem
we want to investigate: Given the far field pattern us_(Z, ) of the scat-
tered field u®(-, ) for all angles & € S* and all incident directions 6 € S*,
determine the support D of the contrast ¢! We are going to develop a Fac-
torization method for this problem which follows the lines of construction
in [49, Chapter 4]. However, using a refined version of the method’s basic
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theorem on range identities, our version has the advantage that the trans-
mission eigenvalues of the direct scattering problem (see, e.g., [49, Chapter
4] for a definition) do not enter the analysis of the inverse problem at all.

Regarding the contrast ¢ we have to strengthen our assumptions from
the last section to construct the Factorization method. Even if the fac-
torization of the far field operator in Theorem 1.4 itself does hold for
bounded and measurable contrasts, we are not able to show the crucial
range identity of the method, see Theorem 1.7, in such a general situa-
tion. We therefore require in the remainder of this chapter the following
assumptions for gq.

ASSUMPTION 1.3. The contrast ¢ € L°°(D) satisfies Imq > 0 and ¢ # 0
almost everywhere in D. Moreover, we impose that

Re (q) > ¢|q| almost everywhere in D (1.20)

for some constant ¢ > 0.* Finally, one of the following two assumptions
needs to be satisfied: Fither

for every closed ball B C D there is Cg > 0 such that |q| > Cp in B,
(I.21)
or

1
there is € > 0 such that / —dx < oo,

p. ldl
where D, = {x € D : dist(z,0D) <e}. (1.22)

Note that Assumption 1.3 allows the contrast ¢ to vanish on the bound-
ary dD. For instance, any real contrast ¢ € L>°(D) which is strictly posi-
tive on any compact subset of D satisfies (I.20) with ¢ = 1 and also (1.21).
If the absolute value of the contrast is not bounded from below on any
compact subset of D, then g must to decay slowly near the boundary such
that 1/|q| is integrable in some neighborhood of D and (1.22) holds. An
example for such a contrast is, for instance, the function ¢(z) = |z| in the
domain D = {x € R? : |z| < 1}. This contrast does not satisfy (I.21),
but it does satisfy (1.22).

*The letters C' and c¢ denote generic constants in the entire work. Their numerical
values might change from one occurrence to the other. To emphasize the dependence
of the constant on some parameter p we write C(p).
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Let us next introduce the far field operator
F: LAY — L*(SY), g— [ g(0) ux(-,0)ds(0).
Sl

The far field operator is an integral operator with continuous (and even
analytic) kernel us(-, "), see, e.g, [11, Section 4.1], and is therefore com-
pact on L?(S'). By linearity of the scattering problem, Fig which maps a
density g to the far field corresponding to the incident field vy, defined by

vg(x):/gl g(@)ui(-,H)ds(H):/Slg(e)eika'”dsw), z R

The function v, is called the Herglotz wave function of g. If we are given
far field measurements {u.(2,6) : £,60 € S'} for all angles # and incident
directions 6, then we also know the far field operator (and vice versa).
Therefore we investigate in the remainder of this section the following
inverse problem:

Given F', determine the support D of the contrast ¢!

The basis of the Factorization method is a suitable factorization of F. To
state this factorization, we still need to define the Herglotz operator,

12 138) = D). g /@] [ g0)c*"*as(0). e D.

Note that H f is the restriction of the Herglotz wave function v, to D

(multiplied by 1/|g|). The Cauchy-Schwartz inequality implies that H is
a bounded linear operator. The adjoint of H with respect to the inner
product of L?(D) is easily computed to be

H*: L*(D) — L*(SY), H/ F@)V]q(@)e *%7dz, 0 e S

THEOREM 1.4. The far field operator can be factored as
F=~H*TH,
where v = exp(in/4)/vV8nk and T is defined as

Tf=p12_9_ L+ )7
f \/m(\/mf U|D
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and v € H}

loc

(R?) is the radiating solution of

Av+E(1+q)v= —k'QLf in R?, (I.23)

Vldl

Proof. Recall from Theorem 1.1 in Section I-2 that the Helmholtz equa-
tion (1.23) together with the Sommerfeld radiation condition (I.12) has
always a unique solution v € H} (R?), which can be represented by a
volume potential, see (1.19),

v =k2V (%Hq%). (1.24)

We define the data-to-pattern operator G : L*(D) — L*(S!) by f +— veo,
where vo is the far field pattern of v solving (1.23). Then the equality F' =
GH holds by construction. The adjoint H* maps f € L?(D) to the far
field pattern of the volume potential V(\/Hf)/'y, v = exp(in/4)/\/8nk,
since the far field pattern of the fundamental solution x — ®(x,y) is
v exp(—ik & - y), compare (I.15). Thus, yH*f = (V(1/]q|f))s- Replacing
now f by T'f as defined above, we find

~VH*Tf = k2 (v(\/%ﬂqvb))

Comparing the right-hand side of the latter equation with (1.24) shows
that yH*Tf is the far field pattern of the radiating solution of (I1.23),
that is, yH*T = G. Therefore we conclude that

o0

O

The Herglotz wave operator H, the middle operator T' and also the
data-to-pattern operator GG, introduced in the proof of the last theorem,
have certain special properties which we will exploit for construction of
the Factorization method. For convenience, we announce these properties
in the following lemma.
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LEMMA L1.5. Assume that the contrast q satisfies Assumption I1.3. Then
the following statements hold.

(a) The Herglotz operator H : L*(S?) — L?(D) is injective.

(b) The middle operator T : L*(D) — L*(D) is injective and has a
natural splitting in a sum of a coercive and a compact operator:

Tf:kQ%f—HcQ

q

Vldl

’U|D = T0f+T1f

with Tof = k2-Lf and T\ f == k2— o], |

ld] Vidl

where v is again the radiating solution of (1.23). Moreover, T is an iso-
morphism and

Im (/D?dex) >0  feL*D). (1.25)

(¢c) The data-to-pattern operator G : L?(D) — L?(S!) characterizes D
in the following way: a point z € R? belongs to D if and only if the far
field pattern @ (-, 2) of a point source at z belongs to the range of G. The
same holds for the adjoint H* of the Herglotz operator.

Recall that an operator T : L?(D) — L?(D) is, by definition, coercive, if
there is ¢ > 0 such that Re [, fTfdz > c||f||2L2(D) for all f € L?(D). For
a selfadjoint operator, this corresponds to the notion of positive definite-
ness: we call a selfadjoint operator T : L?(D) — L?(D) positive definite,
if there is ¢ > 0 such that [, fTfdz > c||f||%2(D) for all f € L*(D).
Moreover, a selfadjoint operator T : L?(D) — L?(D) is called positive,
if fDTTf dr > 0 for all 0 # f € L?(D) and non-negative or positive
semidefinite, if [, fTfdz > 0 for all f € L*(D). All these definitions
have of course natural extensions to general Hilbert spaces.

Proof. (a) If Hg vanishes on D, then

z— [ g(0)e*?*ds(h)
St
is an entire solution of the Helmholtz equation which vanishes on D. The
unique continuation property directly implies that Hg vanishes entirely in
R? and the Jacobi-Anger expansion [11, Section 3.3] shows that g vanishes.
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(b) If is easily seen that the part T} of T is compact: since the solu-
tion v of the scattering problem (I.23) restricted to D belongs to H2(D),
compactness of the embedding H?(D) < L?(D) implies compactness of
L*(D) > f — w|, € L?*(D). Moreover, multiplication by k2ﬁ is a

bounded operation on L?(D) and hence T} is compact. For the part Ty
we note that Assumption 1.3 implies

Re ([ T ar) = [ EEBIs a2 00011

that is, Tp is coercive on L?(D).

Next we prove that T is injective. Assume that T f = 0 which means
that f + \/HU = 0 in D and rewrite the last equation as —f/\/m = .
Since v is a radiating solution of Av + k(1 +¢q)v = —k2qf/+/]q|, we find
that Av+k2(1+q)v = k%qu in R2. Clearly, we obtain that v is an entire
radiating solution of Av + k2v = 0 in all of R?. Since the latter problem
is uniquely solvable for any right hand side in L?(D), we conclude that v
vanishes and hence f vanishes, too, implying that T is injective. Thus,
T in an injective Fredholm operator of index zero since it is the sum of a
coercive and a compact operator. Consequently, T" is an isomorphism.

Finally, we show (I.25). For f € L?(D),

rrar— 12 [ LowTar— 12 [ L (1P — s
/Dfodxfk' /D|q|wfdx k /D|Q| <|w| mwv) dz, (1.26)

with w := f+/|q| v|. From the definition of v in (I.23) we observe that

f—k*qu = 24y

R .
Vidl Vidl

We plug this relation into (1.26) and find by Green’s first identity in D

/7dexzk‘2/ i|w|2dx—|—/ (Av + k) vdz
D p ldl D

:k;2/ i|w|2dx+/ (2o - [Vol?) dx+/ v ds.
b |4l D op OV

Note that in the last integral on the right, v denotes the exterior unit
normal to D. Since the imaginary part of ¢ is by assumption non-negative,

Av+ k2o = —
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it is sufficient to show that Im (faDiﬁv/al/ ds) > 0 to conclude that
Im (fD fTf da:) > 0. However, assuming that Im (faDﬁﬁv/al/ds) <0
Rellich’s lemma [11, Theorem 3.6] yields that v vanishes entirely, hence
Im ([,,,79v/8vds) = 0, contradiction.

(c) It is not difficult to see that the far field of a point source at z € R?\ D
cannot belong to the range of G: Assume that v is a radiating solution
of (1.23) for some f € L?(D) with far field (-, 2) in R?. Hence, the far
field pattern of the radiating solution w = u — ®(-, z) vanishes and the
asymptotic behavior (I.13) implies that

1 ) 1 1
|w|?ds = — |w™(2)|]” ds + = 0 (—> ds
/zR R Jiz=r R Jig=r  \R?

1 1
0o |2 —

and hence f|a:|:R|w|2d5 — 0 as R — oo. Rellich’s Lemma [11, Theo-
rem 3.5] and an analytic continuation argument imply that w vanishes
in the exterior of D U {y}, that is, ®(,2) = u in R?\ (D U {y}). How-
ever, ®(-,z) has a singularity at z ¢ D but u belongs by Theorem I.1
to HZ_(R?). Hence, by the Sobolev embedding theorem [28, Corollary
7.11], u is a continuous function in R? and cannot have a singularity at v,
contradiction.

For z € D we need to show the existence of some ¢ such that H*¢ =
®°°(-,y). Under assumption (I1.21), such an element is constructed literally
as in [49, Theorem 4.6]. Therefore we only consider assumption (I.22)
here: There is € > 0 such that ‘[Da 1/]g|dx < oo where D, = {x € D :
dist(z,0D) < e}. For z € D there is a smooth function y € C°(R?)
such that x = 0 in a neighborhood of z and x = 1 in a neighborhood of
R?\ D. We can moreover choose x such that supp(x) N D is included in
D.. The far field of ®(-, z) equals the far field of w = x®(-, z). Moreover,
the function

1
k2

is square integrable in D due to assumption (I1.22). For this f, the radi-
ating solution of (1.23) equals w outside of D, by the unique solvability
of the latter equation. Hence, the far field of w belongs by definition to
the range of G, and by construction the far field of ®(-,y) belongs to this

f= (Aw—kkz(l—l—q)w)@
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range, too. According to part (b), T is an isomorphism. Since YH*T = G,
the range of G equals the range of H* and hence the proof is complete. [

The preparations made in the last lemma combined with an abstract
result on range equalities, see Theorem 1.7, directly yields a characteriza-
tion of D in terms of F'. For simplicity, we first state this characterization
in the next theorem and postphone the required result on range identi-
ties in the following Section I-4. As a prerequisite, we introduce real and
imaginary part of a bounded linear operator 1" on a Hilbert space, which
are defined in accordance with the corresponding definition for complex
numbers,

1 1
ReT := §(T—|—T*), ImT::;(T—T*).
i
THEOREM 1.6. Let (\j,%;)jen be an orthonormal basis of the selfadjoint

compact operator Fy := |[Re (y"1F)|+1Im (y~'F). A point y € R? belongs
to D if and only if

| 2

i |<‘I’oo('7y)7¢j>L2(81)

. 1.2
y < oo (1.27)

J=1

We emphasize that the definition of Fj is in this entire thesis of local
nature. Later on in Theorem 1.7 we will for instance omit the constant
4~1 in the definition of Fy. The precise definition of Fy will always be
stated explicitely.

Proof. The claim follows directly from an application of Theorem 1.7 to
the factorization y~'F = H*TH. All the assumptions of Theorem 1.7
have been checked in Lemma I.5. Note that (I1.25) implies that ImT' =
(T —T*)/(21) is positive semidefinite, since

Im (/DTdex) :/D?(ImT)fdx.

Therefore Theorem 1.7 implies that Range(Fnl/ ®) = Range(@). Since

(Aj,%;) is an eigensystem of Fy we observe that (/\;/Q,wj) is an eigen-
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system of Fﬁl/ ? and Picard’s theorem [46] implies that

o [ )
f € L*(S') belongs to Range(G) <<= Z 3\7] < 0.
j=1 !
Part (¢) of Theorem 1.5 now yields the claim of the theorem. O

Recall from (1.15) that the far field (-, y) is given by & +— v exp(—ik Z-
y). Also note that the series in (I.27) is constantly referred to as a Picard
series in the following, due to its occurrence in Picard’s theorem, where
this series tests the range of a compact operator. In a numerical implemen-
tation of the Factorization method, one picks grid points z;, i =1,...,1,
in a certain test domain and computes the inverse of the value of the se-
ries in (I.27) for each z;. Of course, in numerical computations we cannot
compute the entire series but only compute a finite approximation with
summands that are afflicted with certain errors. Nevertheless, one might
hope that this procedures leads to small values at points z outside the
support D of the contrast ¢ and to large values at points inside D. We
will rigorously study the behavior of the series in (1.27) for perturbed data
in Section I-5.

[-4. A Range Identity for Factorizations

In this section we prove the fundamental functional analytic result for
the Factorization method, which is a range identity for factorizations. In
the proof of this result, already announced before Theorem 1.4, we follow
the approach of Grinberg and Kirsch [49, 47] and consider the auxiliary
operator Fy, which is easily computable from the far field operator F.
However, we modify the assumptions of the theorem such that they fit to
the situation of this (and also of the following) chapters, where the non-
selfadjoint part of the middle operator T is non-negative, but fails to be
positive. More precisely, Im [}, fTfdx > 0is valid for all f € L?(D), but
no strict inequality holds. The new feature is that assumptions of either
injectivity of the corresponding real part ReT (which is sometimes also
called the selfadjoint part of F') or else positivity of the imaginary part
ImT (sometimes also called the non-selfadjoint part of F') appear in a kind
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of “mixed” form. Concerning the characterization result of this chapter
in Theorem 1.4, we remark that our approach has the advantage that
the consideration of the transmission eigenvalues of the direct scattering
problem can be completely avoided, compare [49, Chapter 4].

Before stating the theorem, we recall the definitions of real and imagi-
nary part of an operator T on a Hilbert space, ReT :=1/2 (T +T*) and
ImT :=1/(21) (T —T%).

THEOREM 1.7. Let X C U C X* be a Gelfand triple with Hilbert space U
and reflexive Banach space X such that the embedding is dense. Further-
more, let V be a second Hilbert space and F: V — V, H : V — X and
T : X — X* be linear and bounded operators with

F=H'TH.
We make the following assumptions:
(a) H is compact and injective.

(b) ReT has the form ReT = Ty + Ty with some coercive operator Tp
and some compact operator T : X — X*,

(¢) ImT is non-negative on X, i.e., (ImTp,p) > 0 for all ¢ € X.
Moreover, we assume that one of the following conditions is fulfilled.
(d) T is injective.

(e) ImT is positive on the finite dimensional null space of ReT, i.e.,
for all ¢ # 0 such that ReT¢ = 0 it holds (ImT¢, ¢y > 0.

Then the operator Fy := |Re F| +Im F' is positive definite and the ranges
of H* : X* =V and Fﬁl/2 : 'V =V coincide.

Proof. We first recall from [47] that it is sufficient to assume that X = U
is a Hilbert space and that H has dense range in U. The reduction to the
Hilbert space case follows from the introduction of the coercive square
root TOI/2 : X = U, see, e.g., [76, Theorem 12.33], since

F=HTH= (H*Tol/Q) (Tgl/QTT(}/Q) (TO*1/2H> = H'TH.
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If the range of H is not dense in U, we replace U by its closed subspace
Range(H ) using the orthogonal projector P from U onto Range(H ). Since
PH = H, the factorization F = H*PTPH holds and all properties re-
quired in the claim of the theorem are preserved. Hence, we can assume
that X is a Hilbert space, which is in the remainder of the proof denoted
as U, and that H has dense range.

The factorization of F' implies that Re F' is compact and selfadjoint. By
the spectral theorem for such operators, there exists a complete orthonor-
mal eigensystem (A, 1;);jen of Re F. In consequence, the spaces

VT =span{¢y; : \; >0} and V™ =span{y; : A\; <0}

are invariant under Re I and satisfy V=V* ®V~. We set U~ = HV ™.

In the next step we show that U™ is finite dimensional: The selfadjoint
part ReT of the middle operator T': U — U is by assumption sum of a
coercive and a compact operator and we denote by (1, ¢;)jen an eigen-
system of ReT. We set W* = span{¢; : p; 20} and note that W~ is
finite dimensional. Let now ¢ = Hvy € U~ with (unique) decomposition
¢ =o¢t +0, ¢t € WE. Since ¢ € V™, we note that

0> (Re Fep, ) = (Re T)Hep, HY) = (Re T (¢ + ¢7), ¢+ +¢7)
= ReT¢", ")+ (ReTo, ¢ ) > cll¢T||> — |ReT|[| ¢~ ||%,

thus, [|¢]> = [|¢T]|*> + [|¢~||> < C||¢~||2. This shows that the mapping
¢ — ¢~ is boundedly invertible from U~ into W~. Consequently, U~ is
finite dimensional, because W™ is finite dimensional.

The denseness of the range of H implies that the sum HVT 4+ U~ is
dense in U. Since U~ is a finite dimensional and therefore complemented
subspace, compare [81], we can choose a closed subspace U™ of HVT such
that the (non-orthogonal) sum U = UT @ U~ is direct. Let moreover
U° := HV¥ NU~ be the intersection of HV+ and U~. We denote by
Py: : U — U the canonical bounded projections, that is, every ¢ € U
has the unique decomposition

¢ = Py+o + Py-9.

Both operators Py+ are bounded and Pj+ — P- is an isomorphism, since

(Py+ — Py-)* = Pj. + P_ — Py+ Py- — Py-Py+ = Py+ + Py- =1d.
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Unfortunately, Re T fails to keep the spaces UT invariant. However, the
action of ReT can be seen as “flipping the spaces U*”, as the following
argument shows. From the factorization

ReF=H"(ReT)H

and the definition of U¥ we obtain H* ReT(U~) = Re F(V~) C V™. Note
also that by definition Ut C H(V*). In consequence, for ¢~ € U~ and
¥t € VT we have

0= (H"(ReT)¢™,¢") = ReT¢ ™, HY") = (¢, (Re T)HY™).

We conclude that (ReT)U~ C (H(V*))" = (UT ® U°)L ¢ (U+)L and,
moreover, (ReT)Ut C (U7)L. Indeed, for ¢ € U* there is a sequence
Yy, € V such that Hi,, — ¢ and H, € (U7)*, thus, ¢+ € (U7)*.

Now we prove that U° := HV+ N U~ is contained in the kernel of ReT.
This allows later on to show a factorization for Fy. For ¢° € HVTNU™ we
observe as above that (ReT'¢°, ¢°) = (ReTHvy, HYp) = (Re F,¢) < 0
since ¢° € U~. Since ¢° also belongs to HV+, a density argument implies
(ReT¢?, ¢°) > 0, that is, (ReT¢°, ¢°) = 0. However, by the mapping
properties of Re T stated above, ReT'¢° is orthogonal both to U~ and Ut
and hence (ReT¢°, ¢) =0 for all ¢ € U, implying that Re T'¢° = 0.

The result from the last paragraph allows now to prove a factorization
of Fy. Let ¢ € V and 1* be its orthogonal projection on V*. Then

[Re Fly = H* (ReT) H(4* — )
= H*ReT (Pys HY" + Py- Hpt — Pys Hy™ — Py- Hy™)
= H*ReT(Py+ HY +2 Py-Hyt —Py-Hy)
———
eUeCker(ReT)
= H*ReT(Py+ — Py )He) = H*[Re T|H.

This factorization of |[Re F'| yields a factorization of Fy,
Fy=|ReF|+ImF =H"ReT|H+ H'ImTH = H*TyH,
where Ty = |ReT| + ImT = Re T(Py+ — Py-) + ImT. Moreover, due to

(ReT(Py+ — Py-)Ho, Hp) = (Re Flp, ) 20, ¢ €V,
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and the fact that the range of H is dense in U, we conclude that |ReT|
is non-negative on U. The following general inequality for an arbitrary
bounded non-negative operator A on a Hilbert space H has been shown
in [47, Equation 4.5]:

1

(AY, ) > WHMJIR Y €H. (1.28)
Since T} is a non-negative operator (as sum of two non-negative operators)
we have

1
T3]

We finish the proof using one of the assumptions (d) or (e).

(d) First, we show that assumption (d) implies assumption (e). Under
assumption (d), let ¢ belong to the null space of ReT and suppose that
(ImT¢,¢p) = 0. We need to show that this implies that ¢ = 0. By
definition of the real part of an operator,

Té+T*¢=0. (1.30)

Furthermore, (I1.28) applied to Im T states that
1
[Tm 7|

and hence ||[Im7T¢|| = 0 and ImT'¢ = 0. By definition of the imaginary
part, this is to say that T¢p—T*¢ = 0. Combining this equation with (I1.30)
yields that T'¢ = 0, and assumption (d), which supposes the injectivity of
T, implies that ¢ = 0. We have hence proven that (ImT'¢, ¢) > 0 for all
0 # ¢ € ker(ReT). This is precisely assumption (e), which is considered
next.

(e) Assuming assumption (e), we show that T} is injective. Suppose
that Ty¢ = 0. Recall from above that T} is the sum of two non-negative
operators. Since

0 = (Re T|g, 6) + (InTo,¢), (1.31)

we observe that both terms on the right hand side have to vanish. Exploit-
ing again (I1.28), we note that {|[ReT|¢, #) = 0 implies that |[ReT|¢p = 0.
Moreover, due to selfadjointness,

|ReT| = (RGT)(Pu+ — Pu—) = (Pu+ —Pu—)*ReT
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and (Py+ — Py-)* is an isomorphism (since Py+ — Py- is an isomorphism).
Consequently, Re T'¢ = 0. Assumption (e) now implies that (ImT¢p, ¢) >
0 if ¢ # 0. However, we showed above that (ImT'¢, ¢y = 0, that is, ¢ =0
and therefore T} is injective.

Hence, by assumption (d) or (e), T} is an injective Fredholm operator
of index 0 (Fredholmness is due to assumption (b) of this theorem) and
hence boundedly invertible. By (I.29) we obtain

1
(T, ) > ”TuHIITWIIQ > Clly||>  forally € U.

Now, as Ty has been shown to be coercive, we can conclude as in [47]:

The square root Tul/ 2 of Ty is also coercive on U, see, e.g., [76, Theorems

12.32, 12.33], hence the inverse Tﬁ_l/2 is bounded and we can write

F = Fn1/2 (Fﬁ1/2> = H'TyH = (H*Tu1/2> (H*Tﬁ1/2> .

However, if two positive operators agree, then the ranges of their square
roots agree, as the next lemma shows.

LeEMMA L8. Let V, Uy and Uy be Hilbert spaces and Aj : U; — V,
j =1,2, bounded and injective such that Ay A} = AsA%. Then the ranges
of A1 and Ay coincide and AIIAQ s an isometric isomorphism from Us
onto Uq.

We refer to [47, Lemma 2.4] for a proof. Setting 4; = Ful/2 and A; =
H*Tu1/2, the last lemma states that the ranges of Ful/2 and H*Tul/2 agree
and that Fufl/ZH*Tﬁl/2 is an isomorphism from U to V. Since Tul/2 is an
isomorphism on U, we conclude that the range of H *Tnl/ 2 equals the range

of H* and that Fﬁfl/zH* : U — V is bounded with bounded inverse. The
proof of the theorem is complete. O

[-5. Regularization of the Factorization Method: Preliminaries

The Factorization method is an elegant tool to solve the inverse medium
scattering problem, since it provides an explicit representation of the sup-
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port D of the contrast g by the Picard series. Recall from (1.27) that

o} 2
P (- .

y € D — Z M < 00, (132)

, Aj
Jj=1
where ®.(-,y) is the far field pattern of a point source at y € R? and
(Aj, ) jen denotes an eigensystem of the selfadjoint positive operator Fy.
Equivalently, the sequence

N 2
(I)oo ) s ¥g .
N — Z —|< STRCHI is bounded ~— yeb.
j=1 Aj

In this section, we are going to investigate what happens to the criterion
in (I.32) when we do not know the far field operator F' exactly but only
approximately. One might for instance have in mind the case of a finite
dimensional measured approximation of F. For example, assume we are
given

uz,(6;,0;) for 4,5 =0,...2n, 6; := (sin(nj/n), cos(mj/n)), (1.33)

for some n € N. Given the function values f(7j/n), j =0,...,2n, of areal
analytic and 27 periodic real function f, its trigonometric interpolation
polynomial, see [51], is given by

P.(f)(x):= Z a; cos(jx) + z_: b; sin(jx)
j=0 j=1

with coefficients

1 2n—1 1 2n—1
ag = % Lt f(?Tm/n), ap = % mz::o(_l)mf(ﬂ-m/n)a
2n—1
1 .
aj—l—ibjzﬁ f(mm/n)e™im/m, j=1,...,n—1.
m=0

The trigonometric polynomial P, (f) is uniquely determined by the inter-
polation property

Po(f)(mj/n) = f(mj/n),  §=0,....2n.
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For the far field pattern u?_, which depends on two variables, the product
interpolation polynomial P, ,(ul) is found by first applying P, to the
first variable of u3, (the second variable being though of as a parameter).
The result is a function of two variables, which is for fixed second argument
a trigonometric polynomial in the first variable, say,

Pa(e(22)) (01) = 3 a5 (2) cos(jzn) + 3 by () sin(jz).
7=0 j=1

Afterwards one applies P, to the second variable of this function of two
variables. Thereby one obtains a function P, ,(u,) periodic in two vari-
ables which is a trigonometric polynomial in each of its two arguments.
Moreover, exploiting the interpolation property of P,, we have that

P, o (us,)(mi/n, mj/n) = ul (mi/n, 7j/n), 1,7 =0,...,2n.

Using the exponential convergence ||P,(f) — flleo = O(e™™°) for some
s > 0 proved in [51] and arguments from [52, Section 11.2] one can show
that the “interpolated” approximation of the far field operator

Fop = ” 1/1(9)Pn,n (u;o) ('a 9) dS(@), (NS LQ(Sl)v

converges exponentially to F' in the operator norm, ||F — F,|| < O(e™"*).
Obviously, F}, is a finite dimensional operator and a characterization result
as Theorem 1.6 cannot hold for Fj,, since the “approximate” eigenvalues
Ajn of F{* := |Re F,| + Im [, vanish for j large enough. However, one
might wonder whether Picard’s criterion (I.32) holds for F, in some ap-
propriate limit sense as n — oo. This will indeed be the case, if one
applies a suitable regularization by spectral cut-off.

Let us also note here the study in [26] where the good performance of
a sampling method for low frequency is explained by the validity of the
Factorization method in the low frequency limit. This way of explanation
is in the same spirit as the asymptotic study of the Factorization method in
the rest of this chapter. Let us also note another (but different) asymptotic
factorization technique developed in [30] using asymptotic expansions for
small scattering objects.

Regularization of the Picard criterion (I1.32) is easily motivated to be
necessary to obtain meaningful reconstructions. Since F' is compact, its
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eigenvalues \A; tend to zero and in (I1.32) one divides by A;. Hence, nu-
merical errors in A; are strongly amplified: If the eigenvalues \; of F} are
slightly perturbed, say, by using the \;, of Fy', the value of the trun-
cated Picard series for some fixed truncation index n € N is likely to
become completely useless. Here enters the ill-posedness of the inverse
medium problem, see, e.g., [22]. In numerical experiments, the Picard
criterion in (I.32) has nevertheless been shown to yield good reconstruc-
tions of scattering objects. We are going to explain this behavior at least
partly using perturbation theory and a a suitable regularization of (I1.32)
by spectral cut-off. The technique we use here has been worked out in
the paper [57] and applied to the so-called complete electrode model in
impedance tomography in [58].

Before we treat the Factorization method with perturbed data we need
to have a look at some basics of perturbation theory for compact normal
operators, which can be found, e.g., in [41]. It is well known [76, Theorem
12.29] that such an operator F' : H — H on a Hilbert space H has an
eigensystem, which we denote by (A, %;)jen,

Fyp=> N0, ¢ eH.
JEN
Here, (-,-) denotes the inner product in H which induces the norm || ||? =
|- |3 on H. The spectrum of F is by definition the set of all values A € C

such that A — F' is not boundedly invertible. It is well known that the
spectrum of a compact operator is the union of its eigenvalues and 0,

o(F)=[J A u{o}
JEN
The complement of ¢(F') in C is called the resolvent set and in this (open)
set we can define the resolvent

REF) = (6= F)7 = 3 ety €€C\o(P).
jeN J

In general, a vector valued function f: @ C C — X is called holomor-
phic, if for each zg € Q the limit

i 1) = 1)

zZ—20 Z— 20

=: f'(20) (1.34)
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exists in the Banach space X. Note that Moreira’s theorem holds for
vector-valued holomorphic functions: If f is continuous in z and the inte-
gral [ A f(2)dz over the boundary of any closed triangle A C €2 vanishes,
then f is holomorphic. For details on complex variables in infinite dimen-
sional spaces we refer to [67].

The resolvent is a holomorphic operator-valued function in C \ o(F)
and it is not difficult to show the following two crucial norm estimates

IR, F)ln -1
LIk L A, - >\ 9
ozver  [Yln jen (1€ =217) (1.35)

IFRE )l =sup (171 6= X1 7))
jEN

IR F)lnon =

These estimates allow to prove two perturbation lemmas in the sequel.
Note that we suppress from now on the subscripts H and H — H in the
norms and operator norms, respectively.

LEMMA 1.9 (Perturbation Lemma I). Let Fy, F» : H — H be compact
normal operators. Then dist(c(F1), o(Fy)) < ||F1 — F3||, that is,

sup dist(§, o(F2)) < ||F} — Fa] and vice versa.
§ea(F1)
Proof. It is by symmetry sufficient to prove that dist(§, o(F»)) > [|[F1 —
F,|| implies £ € C\ o(F}). Hence, assume that dist(§,o(Fz)) > [|[F1 —
Fy|| and that Fy # Fs, to avoid trivial cases. From (I.35) we conclude
that ||R(¢, Fy)|| < ||[F1 — F2||~1, hence, by a Neumann series argument,
Id —(Fy — F2)R(¢, F») is invertible. The resolvent identity

R(ga Fl) - R(ga FQ) = R(ga Fl)(Fl - FQ)R(€7 FQ) (136)

for £ ¢ o(F1) U o(Fy), which can be proved by multiplication with £ — Fy
and £ — Fy from left and right, respectively, shows that

R(&,Fy) = R(§, )M [Ild—(Fy — B)R(§, F2)] '

Therefore R(&, F1) is a bounded operator and thus £ € C\ o(F}), which
was to show. g

A similar lemma theorem holds for the eigenspaces instead of the eigen-
vectors of a compact normal operator. To state such a result, it is con-
venient to use the concept of a spectral projection. For a compact normal
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operator one can define the spectral projection on the eigenspace associ-
ated with some eigenvalue \; by

Pi(F):= Y (d,¢n)bn, ¢ €H. (1.37)

n: kn =)\J‘

One can express P; in a more suitable way for our later purpose using
complex function theory. Recall that the index of point z with respect to
a closed smooth and positively oriented path in the complex plane 7 is
defined as

dg

) 1
1nd7(z):2—7ri/€_z, z € R?\ 7.
8!

The function ind, is integer-valued and vanishes in the unbounded com-
ponent of R? \ v, see, e.g., [75, Theorem 10.10].

ProprosiTION 1.10. Let F : H — H be compact and normal with eigen-
system (A;,¥;)jen and fit n € N. Let v be a closed smooth and positively
oriented path in the complex plane such that v separates X\, from the rest
of the spectrum of I': ind(\;) = 0x,.»;, J € N. Then

PAFYo = 5= [ REPI0dE wen (139)
Y

For a proof using Cauchy’s integral formula we refer to [57, Proposition
4.3]. The integral in the last formula is a vector-valued integral with
Hilbert space values. For details on integration in Banach spaces we refer
to [76, Chapter 3|. Note that (I.38) has the advantage that we can replace
F by any operator which has no spectrum on the curve v such that the
resolvent is well defined. Therefore we denote the spectral projection
sometimes by

P(F) = 5 [ RGP ag,
Y

to emphasize the dependence on the path . Using the concept of the spec-
tral projection we can now state the second perturbation lemma, which
deals with perturbations of eigenspaces.

LEMMA L.11 (Perturbation Lemma II). Let Fy, F» : H — H be compact
normal operators. Consider a closed smooth positively oriented curve vy
in the complex plane such that v separates the eigenvalue A, of Fy from
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the rest of the spectrum of Fi. The associated projection P,(F1) gives
rise to an orthogonal decomposition H = M; @® Mf, where Py (F1) is the
orthogonal projection onto My. If ||Fy—F3|| < dist(A,, ) then v separates
the spectrum of Fy into two parts, too. The analogous decomposition H =
My ® M3, defined with the help of P, (Fy) (the orthogonal projection onto
Ms), has the property that My is norm isomorphic to My. Moreover, if
|Fy — ol <6 and dist(An, 0 (F1) \ {\n}) > 2p for some p > § > 0, then
1P, (F) - Py (B < (139

Proof. Except for estimate (I1.39) a proof of the theorem can be found
in [41, Chapter IV, Theorem 3.16, page 212]. Here we merely prove the
given estimate following [57, Theorem 4.2]. Note also that orthogonality of
the projection P, (Fj), j = 1,2, follows from (I1.37). From Proposition I.10
we obtain that the projections P,(Fi) and P,(F») do not change if we
redefine v to be the circle of radius p around A, . Indeed, the eigenvalues
of Fy and F inside and outside the curve 7 are precisely the same after
this redefinition as before.

The definition of the spectral projection in (I1.38) and a simple estimate
yield

[Py (F1) — Py (Fa)| < % sup [|R(, F1) — R(E F2),
€y

where |y| denotes the length of the curve . Obviously, the length of v is
now 2mp. The resolvent identity (1.36) and (I1.35) imply that

sup || R(§, F1) — R(S, F2)|| = sup || R(&, F1)(Fy — F2)R(S, F2) ||
g€y ey

gm( wp (A€ su (m—a-l)).

£€y \ A€o (F1) peo(Fa)

The first supremum inside the bracket of the last equation can be bounded
by 1/p, since £ is a point on the curve v and A belongs to the spectrum
of Fi. Indeed, the distance of £ to A, equals p and the distance of £ to
o(F1)\{A\.} is grater or equal than p, using our assumption dist(\,, o(F1)\
{An}) > 2p and the (inverse) triangle inequality. The second supremum
can be bounded by 1/(p — 0) using the bound ||Fy — Fz|| < § and another
(inverse) triangle inequality. O
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1-6. A Perturbation Lemma for the Factorization Method

From now on, we make the general assumption that Fy : H — H is
a compact positive selfadjoint operator on some Hilbert space H with
eigensystem (\;,%;)jen. Then Picard’s criterion characterizes the range

of Ful/zz For ¢ € H the sequence

" (g, )P
ni— Z 3\7] is bounded <= ¢€ Range(Fnl/Q). (1.40)
j=1 J
In this section, we study the behavior of the Picard criterion in case that
the eigensystem (A;,;) is only known approximately. The Factorization
method itself will merely play a secondary role in the remainder of this
chapter and one can interpret the following study purely as an analysis of
a regularization method for Picard’s criterion (I1.40).

However, for the specific example of the inverse medium problem, Fj
denotes the auxiliary operator from Theorem 1.6, H = L?(S') and we used
testfunctions ¢, = P (-, y) to obtain a characterization of the domain
D. Our analysis in this section is based on the fundamental assumption
that we know some sequence of operators Fy* which converges to Fy as
n — oo. Unfortunately, in the inverse medium problem, we measure an
approximation F;, of the far field operator F', from which we compute an
approximation Fy' := Re F,| + Im F,, of F; := |Re F| +Im F. Hence, for
completeness, we still need to investigate whether Fu" — Fyif B, = F as
n — o00. This is not obvious, since Fy depends nonlinearly on F'. However,
the following estimate which we found in [82], answers this question: For
A, B bounded operators on a Hilbert space H and p > 0 there exists a
constant C), such that

[JA[” = [BIP[| < Cp(1+ [In(| A = BI)| )| A = BII™"+). (1.41)
Using the latter estimate for p = 1 we conclude that

IF = Fy|| < [[[Re Fu| = [Re FI[| + |[Im F, — Im F]|
< (Cr(1+ (| Fu = FINI) +1) [|F = F.
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Now we see that [|[F)* — Fy|| — 0 if ||F}, — F|| — 0, with any rate o < 1,
that is, for every a € (0,1) there is C(«) such that

[1Ff" = Fell < CallFn = FI|%

We set
d, = ||Fu" — Fyl, n €N, (1.42)

and denote by (Ajn,%¥;n)jen an eigensystem of F" and by (Aj, ¥j)jen
an eigensystem of Fy. Then |A;, — \;| < d, for all j and n € N due to
Lemma 1.9.

Let us first motivate our method to regularize the Picard criterion (I1.40)
with perturbed data by a simple example, where we only perturb the
eigenvalues A; of F}, but not the eigenvectors. Define the truncation index
T, by T, = max{k € N: A\, > (24 7)dy}, for v > 0 a fixed parameter.
Since d,, — 0 but A\g, — A; as n — oo, the index fn tends to infinity as
n — oo. Moreover, due to A; > \j,, —dn > (1 4+ v)d,, we find

@) _ O 1 )
= /\jm - = )\j —d,
T, Ty
o)’ 2 = A+ d)
]Z::l /\J j=1 ](/\j - dn)
IR A TR N (R
B j=1 >\J j=1 )\](’ydn)

This estimate, despite its technical simplicity, can be seen as the main
idea of this section. It shows how to use regularization in the form of
a truncation of the eigenvalues to obtain stable approximations for the
sequence

n € N.
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In the same way, one can estimate the series from below,

T

~h

el 5 Lol
Z} =Y
A )P +TZ (.07 (s = s = )
2N TS Nt

T,
>(1-
( 2+7) t

Jj=

since Aj+d,, > Ajn > (2+7)d,,. We already explained above that fn — 00
as n — 0o. Hence, we obtain that the sequence n — 2]21 |{¢, 1/)j>|2 /Ajn

is bounded if and only if the sequence n — Ejrll (¢, ;)| /A is bounded,
that is, if and only if y € D. Our aim is now to perform a similar analysis
when both the eigenvectors and eigenvalues enter the Picard series in a
perturbed way. To deal with perturbations of the eigenvectors it will be
helpful to consider the numbers

P =min{| A — Njnl 0 [Aen — Ajn| > 2d,, j €N}, k.neN,

which indicate the distance of A, to that part of the spectrum of Fy’
which does not converge to the same eigenvalue of F} as n — oo: Since

[Akesn = Ajonl <Ak = Al + Ak = Al 4+ [Aj = Ajnl < 2d5 + [Ak — A

for j, k,n € N, we see that if |\g, —Ajn| > 2d,, then A, and A, cannot
be perturbations of the same eigenvalue. Stated in a different way, these
two eigenvalues of Fy" converge to two different eigenvalues of Fj.

Using these prerequisites we define, for fixed parameters n > 0 and
0 < ¥ < 1/2 (which plays the role of an exponent in the following)

T, =max{k € N: A\, > (24 0)dY, prn > 4dY, kdr 72" <1}, (1.43)

Note that T, does no longer depend on Fy, but entirely on Fy* and the noise
level d,,. Moreover, as d” — 0, Mo — i, and pg ., — dist()\k, o(Fy) \
{A\k}), we observe that T;, — oo as n — oo. The following theorem is the
main result of this section.
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THEOREM 1.12. Letn > 0 and 9 € (0,1/2) be arbitrary fized parameters
and denote by (Ajn,¥jn)jen an eigensystem of the approzimation Fy of
Fy forn € N. Then the sequence

o 140 %) ”
n Z % is bounded <<= ¢¢€ Range(Ful/z) (L.44)
j=1 Jn

Proof. By definition of the truncation index 75, it holds that A\; — d,, >
Ajn —2d, > ndg for 5 < T, and n so large that d,, < 1. Then

(6, 050)° = [, 9

j=1 j=1 ](A] - dn) 1 >\] - dn
dy "\ = L v’
(g
n = Aj
2
+ |<¢7 wl>|
AJ jSTn 1=

Here we exploited in the last step Lemma I.11, stating that the eigenspaces
of Fy and Fy* associated with A; and Aj ,,, respectively, have the same di-
mension. The last term in the last line of this estimate can be reformulated
using the difference of the spectral projection of ¢ on the span of eigen-
vectors of Fy and Fy" associated with A; and A, respectively. We denote
these projections by P;(Fy) and P; (Fﬁ”), respectively. Then we observe
that

Z —d Z|¢¢l — (¢ ¥1n)I”

Ajsd STn

- L (PRI - 1P (F)I)
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and hence

Z s idn Z |<¢awl>|2 - |<¢awl,n>|2

Xj, j<Ty Y N=2;

1
<— S |IB(E)eI? ~ | P(EMel?|.

" Aj i<Ty,

A simple computation shows that

123 (F)oll* — 1P (B )¢l
= (15 E) = 1P ENDN) (1P (E)I + 155 (F) N1l
< |IPE)N = 1P (ED 2016017 < 175 (F) = P (EP)I1 2]l

since the operator norms of the orthogonal projectors P;(Fy) and P;(F}")
are bounded by one. Next we estimate the norm || P;(F}y) — P;(F}")[|. As
we have explained above, the spectral projections can be written as

1
P;(A) = 3 / R(&,A)de where A= F or A = F}". (1.45)
i

We still have to define the curve ~;, merely using £y, and the problem is
here that multiple eigenvalues of F; might result in different eigenvalues of
F}'. Therefore we proceed as follows: To each \;, € o(F}') we associate
its cluster

clu (Aj,n) = {Ak,n : |>\k,n — >\j,n| < an}, ] S N, n € N.

It is clear that A;, € clu(Ag,,) precisely if Mg, € clu(A; ). Moreover,
if j,k,1 < T, and n is large enough such that d,, < 1, then the cluster
determines even a transitive relation: If X\;,, € clu(Agy) and Ay, €
clu(A;n) then Aj, € clu(N;,5). Indeed, otherwise, by the definition of T,

4d2 < Pin < jn = Ainl < Ajn = Men| + [ Aen — An| < 4dn,

which is a contradiction for n so large that d,, < 1. Hence, for fixed n we
can partition the first T}, eigenvalues in groups of clusters: There is m :
N — Nand I, < T, such that |J;;, clu Amgym) ={Ajm i =1,... T}
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and the union is disjoint. Around each A, (;y,, we consider the circle I'; ,,
with radius 2d%. Then all elements in clu (A, (j),) lie inside T';,, and at
least one eigenvalue of F}, too, since dist(o(Fy),o(F}")) < dy,. Moreover,
the circles I'; ,, do not intersect, since otherwise there exist Ay, and A;p,
1 < k0 < T, with 2d,, < |Mn — M\in| < 4d?, which is impossible by
definition of T;,, see (1.43). Finally, we note that

dist (I, o(F}")) > 2d5, — 2d,, > Cd}), and
dist (Tjn, o(Fy)) > 2dY) — 3d,, > Cd})

for n large enough. Now, the positively oriented curve =, is defined such
that its path is the union of the circles T';,, of radius 2dY. If follows from
the last equation that the integral representing P;(F}") in (I.45) is now
well defined. Moreover, due to Lemma I.11 we can estimate

1P (Fy) — < C0dy,™

(F| < ———— ™
BEON < ogr =54, —a,

for some constant C' and n large enough. We conclude that

>3

)‘jijTn

d Z (@ )* = (6, Yra) | < CTody ™
J

and, collecting terms,

2 1-9\ In 1—
s Winm d d
j=1 o Y e Y
BN S, C
<(1+ )3 el Sy
n = J n

where we exploited again the definition of T}, in (I1.43) in the last step.
Obviously, the left hand side is uniformly bounded in n if the sequence
n— Z],Tll [{&, ¢j>|2/)\j is bounded.

An estimate of the perturbed Picard series from below is achieved anal-
ogously. Since \;,, < \j+d, and \jp+dy, < Ajp+2dy, < (2410)d2+2d, <
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(4 + n)d? it holds that

S 10 i) = 16 )l

=L = R

VP P W A (&) * = 16, 45)
= N "N ) T A+ dn

A\ §- 1) 8 Y
> n (R _ 2
> (14 25 ) S el on 2

A7 & C
><1+ )Z"M’f - Tl
J=

Consequently, if the sequence n +— Z]‘TQ [{o, wj)|2 /A;j diverges for some

y € R?, then n — erll |<¢,¢j,n>|2/)\j,n diverges. Since T,, — oo as
n — oo we obtain the claim of the theorem. O

In view of the Factorization method, the preceding theorem shows that
it is reasonable to believe that a truncated series criterion delivers mean-
ingful reconstructions for perturbed data, when the truncation index is
chosen in a suitable regularizing way. This explains why the Factoriza-
tion method works in practice, when only perturbed finite dimensional
data are at hand. In the following corollary, we strengthen the conver-
gence properties of the perturbed regularized Picard series. Therefore we
use the reciprocal of the Picard series,

-1
Ty

¢Jn>|

which is often plotted for some fixed n as a function of y in numerical
validations of the Factorization method.

COROLLARY 1.13. Let K C R?\ D be compact. Then

-1
Ty

2
sup <(I)oo('ay)v1/)j,n>|

yeK j=1 )\]n

— 0 as n — o0.
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Proof. Since the norms ||® (-, ¥)| £2(s1) are uniformly bounded in y € R2?,
we know from the proof of Theorem [.12 that there are constants C7,Cy
such that

-1 -1
Ty 2 2
<¢y7¢j7n>| <¢yv¢]>| .
I B Y

(1.46)

By construction of T, the series on the right hand side tends to 0 as
n — oo pointwise for every y € K. Moreover, the right hand side is
monotonous in n, 0 < S,1+1(y) < Su(y) for y € K and n € N and each
partial sum of the Picard series is continuous in y as a finite sum of
continuous functions. Hence, Dini’s theorem [84] states that S,(y) — 0
uniformly in K, which yields the claim of the corollary due to (1.46). O

We finish this chapter with several numerical examples of domain re-
constructions by the Factorization method. The data we use is generated
by an implementation of the Lippmann-Schwinger equation (I1.19) based
on fast Fourier transform techniques which is described in [78] and goes
back to [83], see also [77]. The first inclusion we consider is kite-shaped,
the value of the refractive index inside the kite is equal to ten and outside
equal to one. The wavenumber k in all our examples below is equal to
one. We approximate the far field operator using 32 incident angles and
measurement directions equally distributed on the unit circle according
to (1.33). A glance at the magnitude of the eigenvalues in Figure I.1 of
the approximation corresponding to the auxiliary operator Fy shows ex-
ponential decay of the eigenvalues round about up to the 8th eigenvalue
and then a tail of eigenvalues which are of the order 5- 1074, Except for
special cases, the precise noise level dso from (1.42) is of course unknown,
but the precision of the forward data can be estimated by the order of
magnitude of the eigenvalues in the tail of the eigenvalue sequence of the
approximation to Fy. Hence, as a (brute) approximation of the cut-off cri-
terion (I.43) we only take those eigenvectors and values in consideration
for which the magnitude of the eigenvalue is larger than the noise level of
the forward data. The precise cut-off parameter is determined “by hand”,
with a glance at the spectrum of the corresponding matrix. This is of
course no guarantee that the corresponding eigenvectors have a similar
precision, but it is unclear to us how to set up an analogous criterion for
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the eigenspaces. Several authors investigated the choice of the cut-off in-
dex before, see for instance [33] for a related technique, but also [40, 58].
In Figure I.1 we plot the magnitude of the spectrum of our numerical
approximation to Fy where no artificial noise was added. Round about
nine eigenvalues seem to be above the noise level. Figure 1.2 shows the
corresponding reconstruction of the support of the scatterer plotting the
reciprocal of the function in (I.44) for T32 = 9 and n = 32. The recon-
struction looks roughly like a triangle, the non-convexity of the scattering
object is hardly observable. Note, however, that the wavelength 27 /k in
the background equals 27 and is longer than the diagonal of the plot,
which has length and height equal to four. It is hence not surprising that
small details of the scattering object are not resolved. In [66, Section 5.4]
it is remarked that the reconstruction of an inhomogeneous medium using
the reciprocity gap functional is less satisfactory than for a perfect con-
ductor, and the same has been observed for the Linear Sampling method
n [20]. Comparing our results to examples of reconstructions of impen-
etrable scatterers by the Factorization method given in [49], we note in
analogy to the just mentioned references that our medium reconstructions
have less quality.

Figure 1.3 shows again the spectrum of the numerical approximation to
Fy, where the far field pattern is now perturbed by one percent artificial
(relative) noise, measured in the Frobenius norm. Round about 4 modes
still seem to be precise, whereas the remaining tail of the eigenvalues are all
completely perturbed. Figure 1.4 shows the corresponding reconstruction
using the reciprocal of the criterion (I.44) for T35 = 4. Now merely the
position of the scatterer is observable and the shape is not reconstructed
anymore. However, note that only four modes have been used for this
reconstruction.

Now we consider a disconnected scatterer consisting of one kite and
one smaller ball above the kite. The value of the refractive index inside
the inhomogeneity equals as for the single kite ten in both parts of the
obstacle. Again, we plot the magnitude of the eigenvalues of the approx-
imation to Fy without artificial noise, see Figure 1.5, observe that we can
trust the eight first modes and use these for a reconstruction of the scat-
terer’s support, shown in Figure 1.6. The reconstruction shows the two
components of the scatterer and the shape of the kite is well approxi-
mated. There appears a kind of bridge between the scatterers, which is
not surprising since the wavelength 27 is again larger than the diagonal
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Figure I.1: Magnitude of eigenvalues
of the approximation to Fj.
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Figure 1.3: Magnitude of eigenvalues
of the approximation to Fj, one
percent artificial noise.

Figure 1.2: T332 = 9, no artificial
noise.
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Figure 1.4: T3z = 4, one percent arti-
ficial noise.

Figures 1.1-1.4: Reconstructions of the support of a piecewise constant

refractive index.

of the plot of length 4v/2. We perturb the approximation to the far field
operator by one percent relative artificial noise in the Frobenius norm and
note that merely three modes seem to be acceptable, compare Figure 1.7.
The corresponding reconstruction is shown in Figure 1.8, and shows again
good localization of the scattering object, but no separation of its two

components.

In implementations of the Factorization method one observes sometimes
that eigenpairs of the approximation to Fy for which the noise level of the
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data is of the order of magnitude of the eigenvalue still improve the recon-
struction considerably. Such eigenvalues are of course useless from the nu-
merical point of view, as they represent by no means an approximation to
the true eigenvalue, and the same holds for the corresponding eigenspace.
The above theory tells nothing about this phenomenon, however, we be-
lieve that the concept of the so-called noise subspace, presented in [62],
might give some explanation of this phenomenon, which is also present
here: Plotting the reciprocal of the sum in (I.44) for the same data as
in Figure 1.7 for T52 = 29 shows two separated parts of the scatterer in
Figure 1.9. The value 29 has been chosen rather arbitrarily, the same
procedure for T3, = 28 yields in Figure 1.10 an even sharper separation of
the two objects.

Finally, we consider a partially absorbing scattering object with two
components which are the same kite and ball as in the previous experi-
ment, but the contrast of the material is now vanishing at one of the scat-
terer’s boundaries. This time, the refractive index inside the ball equals
ten whereas inside the kite the refractive index is given in polar coordinates
(r,¢) by 14+4(1+i)z(¢)((r cos(¢) —0.8)% + (rsin(¢) +0.6)% — 0.5)27 where
x(¢), ¢ € [0,27], is a parameterization of the kite’s boundary, analogous
to the one in [22, Page 70]. In particular, the corresponding contrast to
this refractive index vanishes at the boundary of the kite. As above, after
a look at the magnitude of the spectral values of the approximation to Fj,
see Figure I.11, we decide to trust the first eight modes and plot the corre-
sponding reconstruction in Figure I.12. The quality of the reconstruction
of the support is comparable to that of the piecewise constant medium in
Figure 1.6. Again, we perturb the approximation to the auxiliary opera-
tor Iy by one percent relative noise in the Frobenius norm. Using merely
the three modes above the noise level the Factorization method is again
only able to find the location of the scatterer, but not the number of con-
nected components. As in the previous example, we see again that taking
into account more modes (which represent by no means an approxima-
tion to the true eigenvalues) produces reconstructions which show the two
components of the scatterer, however, as above not their shape.
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Figure 1.7: Magnitude of eigenvalues
of the approximation to Fj, one
percent artificial noise.

Figure 1.9: T32 = 29, one percent ar-

tificial noise.

Figure 1.6: Tso
noise.

= 8, no artificial

Figure 1.8: T3 = 4, one percent arti-

ficial noise.

Figure 1.10: T32 = 28, one percent

artificial noise.

Figures 1.5-1.10: Reconstructions of the disconnected support of a piecewise

constant refractive index.
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Figure 1.15: T32 = 29, one percent Figure 1.16: T32 = 27, one percent
artificial noise. artificial noise.

Figures 1.11-1.16: Reconstructions of the support of a smooth and partly
complex valued refractive index.






CHAPTER II

The Factorization Method for
Photonic Crystals

II-1. Introduction

In this chapter, we develop a Factorization method for the inverse trans-
mission problem of reconstructing a periodic interface between two media
from measurements of scattered fields in a finite distance above the in-
terface. The periodic and binary two dimensional material configuration,
also called a diffraction grating, is a simple model for a photonic crystal —
a dielectric structure with periodically varying material parameters taking
only two values. The direct transmission problem arises for instance when
monochromatic light is scattered at a photonic crystal or at a diffraction
grating made of dielectrics. Possible applications of such materials include
splitting and guiding of light in nano scale devices. The inverse problem
arises naturally as an identification or non-destructive testing problem in
nano optics.

For the inverse periodic transmission problem (which is stated in a more
precise form on page 64) we apply the Factorization method in a similar
way as we applied it in Chapter I to the inverse medium problem, and
derive an explicit characterization of the periodic interface. However, the
inverse transmission problem for periodic structures is more difficult to
treat, since “standard” assumptions for the middle operator of the cor-
responding near field factorization N = —LM*L* fail: M is without
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suitable modification indefinite. However, following [17], a suitably mod-
ified version of the selfadjoint part of M is a compact perturbation of a
coercive operator. We will observe later on that the imaginary part of
the middle operator M* is merely semidefinite and hence our generalized
version of the basic result on range identities of the Factorization method
in Theorem 1.7 makes the construction of the method convenient. To em-
phasize this fact, we also show the tremendous effort necessary for the
construction of the method when only an earlier version due to Kirsch
and Grinberg, see [49, 47], is at hand. In that case, we have to combine
holomorphic Fredholm theory with the Factorization method, and to pay
the price of possibly loosing exceptional frequencies where the method
cannot be proven to work. By holomorphic Fredholm theory we conclude
that ReM is injective for all but a countable sequence of real frequen-
cies and construct a Factorization method using the “old” result on range
identities. Using our new version, we do not loose exceptional frequencies
during the treatment of the inverse problem and avoid the application
of holomorphic Fredholm theory. We finally show how to close a gap
in former applications [7, 3] of the method to periodic structures where
Dirichlet boundary conditions have been treated.

In the remainder of this introductory section, we present the setting
for the direct scattering problem of this chapter in detail. We consider
time harmonic scattering from a periodic interface I' in R? that represents
the interface between two media with constant, but different, refractive
indices. The interface I is assumed to be sufficiently smooth (more pre-
cisely, of class C*%, « € (0,1)) and 27 periodic in z; direction, i.e., for
x € T the point =+ j(27,0,0) also belongs to I for j € Z. In x3 direction,
the interface is constant. We fix some number A > 0 such that 0 < zo2 < h
for x €T

As we derived in Section I-2, time harmonic scattering of electromag-
netic plane waves at I' reduces for the transverse electric and magnetic
mode to a scalar partial differential equation posed on a two dimensional
domain. We only consider such a reduced problem and remark that,
despite our restriction to the two dimensional case, all results can be ex-
tended to scattering from biperiodic media in three dimensions. Let us
from now on identify the interface I" with its restriction to the two dimen-
sional “unit cell”

T = (0,27) x R C R?
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and work in a two dimensional setting, compare Figure II.1. We introduce
the two segments

Fy:={zxell: a2 =h} and I_:={xe€ll: 23 =0}

and denote by Q4 C II the set of all points = “above” I' and by Q_ C I the
domain “below” I'. More precisely, a point belongs to €2 if it is connected
to 'y by some continuous path that does not cross the interface I' and
Q_ =1\ Q. We require that € is connected, but {_ may consist
of several components. We define Dy to be two domains of finite height
above and below T,

Dy :={x€Qy, z2 <h}, D_:={xe€Q_, z3 > 0},
and set
D=D,uUTUD_ =(0,27) x (0, h).
On the curve I' we define a unit normal field v that points into Q4 and

on I't+ we choose v to be exterior to D+. Note that we do not require I"
to be the graph of a function.

I'_ 27 47 T

Figure II.1: The interface I, which is required to be of Hélder class C*%, a €
(0,1). The upper domain D is supposed to be connected.

Physical properties of the dielectric 24 are modelled by the permittivity
¢ which takes constant values e; > 0 in Q4 and e_ > 0 in Q_. These
two constants are fixed in the entire chapter and determine the piecewise

constant function
c o= {€+ in Q+,

e inQ_.
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The permeability p is supposed to be a positive constant whereas the
conductivity o is assumed to vanish in this chapter. As in Chapter I, the
number w > 0 denotes the angular frequency and the wavenumber k. is
defined as k+ = w,/Exfg. Since we rely several times in this chapter ex-
plicitely on the frequency w instead of the wavenumber k, it eases notation
if we assume, without loss of generality, that pg = 1, thus,

ky in Qy,
ki =wy/ex and k:= {]: inQJ:.

II-2. The Direct Transmission Problem

In general, incident plane waves do not share the 27 periodicity in x;
direction of the scatterer I', but they are a-quasiperiodic. A function
f : R — C is called quasiperiodic with phase shift a« € R if f(x + 27) =
exp(2ria) f(z), * € R. A function with domain of definition in R? is
called a-quasiperiodic if it is a-quasiperiodic in the first variable z1. Note
the following shorthand notation for the jump of a function across I': For
f : I — C such that the traces f|1ir from Q4 and f|p from Q_ on I' are
well defined, we set

[flr = fI7 = flp -
The direct transmission scattering problem for the transverse magnetic
mode is formulated as follows (compare Section I-1). For an incident
plane wave propagating towards I" from above,

ut = ei’”é'm, 6= (cosf, —sind), 0 € (0,m),

which is quasiperiodic with phase shift « = k4 cosf, we want to find an
a-quasiperiodic total field u! solving

Aut +weut' =0 inQUQ_. (IL.1)

At the interface I' a pair of transmission conditions is imposed, com-
pare [23],

= 0. (I.2)
T

out
[ut]F:O and [E}



II-2. The Direct Transmission Problem 47

This formulation of the direct problem does not yet guarantee uniqueness
of solution. A radiation condition has to be imposed on the scattered field
u® =u' —u’ in Q4 and on w! in Q_. In physical terms, such a condition
guarantees that energy is transported away from the interface I'. It is well
known [23, 44] that the correct way of imposing a radiation condition for
the problem at hand is to assume that the scattered field away from the
crystal can be represented as a Rayleigh series

: +
u®(z) = Zu:e‘(“"”ﬁﬁn 22) for z9 > h,
neL

with ap, =n+a, B =4/k2 —a2 =\/w2e, —a2, (IL3)

which is required to converge uniformly on compact subsets of {x € R? :
x2 > h}. The square root in definition (II.3) is defined as the unique
holomorphic extension of the square root on the positive numbers to all
of C\ [0, —ico), which is the complex plane slit at the negative imaginary
axis. Especially, if w is positive,

[ 2. 2 1/2
n n wily —ag, o] Sw(eq)?, f
= w) = e Z. (11.4
By = B, (w) {i 0T — e, Jan| > w(z )2, or n (11.4)

Our definition of the square root necessitates to exclude certain frequencies
w, namely those for which w?ey — a2 € [0, —ico) for some n € Z. We
denote this exceptional set by

E={weC: v, — a2 or w’e_ — a2 belong to [0, —ico)
for some n € Z}. (I1.5)

Note that ENRsg={w >0: w = |04n|€jrl/2 orw = |04n|5:1/27 n € Z}

consists of a sequence of numbers tending to infinity. We impose a similar
condition as (I1.3) on the total field u! below I'. More precisely,

u'(z) = Zu;ei(“”“_[g;“), for x9 < 0,

neZ
where 3, = 1/kZ —a2 = \/w?e_ —a2. (IL6)



48 The Factorization Method for Photonic Crystals

Conditions (I1.3), (IL.6) are in the sequel referred to as the upper and
lower Rayleigh conditions, respectively.

As in Chapter I we deal with weak solutions when solving the direct
scattering problem and therefore need to introduce convenient function
spaces. We set, for a € R,

Cr(D) = {u e C*(D): e_ia’“u(x) =Ul|p
for an x1-periodic U € C*° (]RQ)}

and define H' (D) to be the closure of C°(D) in the H!(D) norm. The
same construction works for D4 or for I' and one can also define spaces
with local integrability as, e.g., H} .. (IT) or H},.(4). The trace space

a,loc
of H}(D) is the periodic Sobolev space Hé/z(F), defined by H:(T) :=
Co(T) ™™ s € R. We recall that u € H}(D+) possesses a unique nor-
mal derivative du/0v € Ha_l/Q(I‘) if Au € L*(D+) in the weak sense [63].
A variational formulation of the direct problem, originally posed on an
unbounded domain, needs to incorporate the Rayleigh conditions (11.3)
and (II.6) in some way. One option is to use transparent boundary
conditions on the artificial boundaries I'x. For ¢ € bzrdd 2(F+) the a-
quasiperiodic solution v of the Helmholtz equation in 4 that satisfies
the Rayleigh condition (II.3) and takes boundary values v = ¢ on I'; is

V(@) = Y guellenm i) gy s,
neZ

where én denotes the nth Fourier coefficient of the periodic function
exp(—ia-)¢. The normal derivative of v on I'y is, at least formally,
ov/dv =13 B dpelon®t . This motivates to define the Dirichlet-to-Neu-
mann (or Steklov—Poincaré) operator

1 iapTy v
At ¢ = Z e = o
nez

=i B e,

Iy ne”

and the growth bound |3;F| < Cn|, n € Z, shows that AT is bounded from
H:(Ty) to HS71(T'y) for s € R. In a similar way one defines a Dirichlet-

to-Neumann operator A~ : H(ly/2(F_) — H;l/z(F_) on I'_ taking into
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account the lower Rayleigh condition (11.6),

AT d=) Gn T iy B dad

nez neEZ

The sign of A~ is chosen such that A~v = dv/dv = —0v /x4 for v which
satisfies (I1.6). Both operators A* depend through their coefficients 3
holomorphically on the frequency w € C\ €, see (1.34) for a definition.

LEMMA IL.1. The Dirichlet-to-Neumann operators A* are holomorphic
operator valued functions of the frequency w in C\ €. Here,

Ci={2z€C:Rez>0o0rImz>0}

and & was defined in (11.5). Additionally, for w > 0 small enough both
operators AT are coercive, i.e., there exists a constant C > 0 that does

not depend on w such that, for i, ¢ € Hé/Q(Fi),

“Re <6”/4/F EAWdS) 2 Cullvlya,:
+

Proof. We only consider A in the proof. Holomorphy of At follows from
the representation

/ PATYds =21 > B, =21 > Ve — a2pndn,  (IL7)
Ty

nez nez

where ¢, 9 € Hé/Q(I‘Jr) and ¥y, »n denote the Fourier coefficients of
the periodic functions exp(—ia-)1 and exp(—ia-)ep, respectively. The co-
efficient 37 = \/w?s; — a2 is holomorphic in w € C\ € and the series
in (I1.7) is absolutely convergent. This implies holomorphy of the series.
In a side computation, we note that |w?e; —a?| = w? |4 — (n+a)?/w?.
Moreover,
4o/t —cy] 1
1+ n? 2

as |n| — oo.

Choosing wp > 0 small enough, the expression |e; — a2 /w?| does never
vanish for w € (0,wo); the choice wy = infrez nyazol|n + af/(v2e4)] is
for instance sufficient. Note here that we consider « as a fized parameter
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of the problem. Hence, there is a constant C' independent of w such that
|(n+a)?/w? —e4]| > C(1+n?) for 0 < w < wp. Using the representation
in (I1.7) another time, we compute

2

— Re <ei7r/4 EAJF’I/}dS) — \/5”2 |W25+ _ a%‘l/Q T/AJn
Iy neZ

~ |12
> Cw Y (40?2 2 Cwllble,

neL
for w € (0, wy). O

To obtain a variational formulation of the direct transmission scatter-
ing problem, assume that u! € H é}loc(ﬂ) is a a-quasiperiodic solution
that solves the Helmholtz equation in II and satisfies the boundary con-
ditions (I1.2). We multiply the Helmholtz equation (II.1) with T for some
v € HL (D<) and apply Green’s first identity, yielding

¢
/ (Vu'Vo — w?esu'D) do — / Ea—u ds =0, (IL.8)
Dy 0D 4 al/ﬂ:

where vy is the exterior normal to Dy. The contributions of the integral
over 9Dy in (IL.8) on the vertical lines cancel due to a-quasiperiodicity
of u* and v. The transmission condition (I1.2) implies

t t
/ (Vu'VT — w?eu') do = / Fa—u ds + / Eal ds,
D,UD_ r_ Ov r, ov

where € is e4 in Dy and e_ in D_. Rayleigh’s conditions (II.3) and (II.6)
give

out  out  ou®  oul
guo_ _ 7 Ai s

ov 81/‘ + ov ov AT ‘

_ ot + A (u! — ') = ATl + (%—u - Aiui) on I'y.

ov v

Hence we obtain

B(u',v) = / v (%u - A+ui> ds for all v € HL(D), (I1.9)
Ty v
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with a sesquilinear form B defined by

B(u',v) = / (Vu'Vo — wleu'v) dz — /EA*ut ds — /EAfut ds.
DiUD_ Iy r_
(IL.10)
It is well known that any weak solution in H, é)lOC(H) of the scattering
problem (II.1)-(IL.3) solves (I1.9) and any solution of the latter formulation
can be uniquely extended into II to a solution of (II.1)-(IL.3), see [8].

We briefly state existence and uniqueness results for the variational
problem (I1.9).

LEMMA I1.2 (Theorems 3.1, 3.2 in [23]). For w > 0 small enough, the
form B is coercive. Moreover, B satisfies a Garding inequality for arbi-
trary w € C4.

By Garding’s inequality and the Fredholm alternative [63, Theorem
2.27], uniqueness of solution of the homogenous problem yields existence
and uniqueness for the inhomogeneous problem. One can prove uniqueness
of the transmission problem for all frequencies as it is done in [44, Lemma
2], see also [72, Chapter 2]. Therefore, however, additional geometric
assumptions on I" have to be imposed. We do not want to follow this path,
but apply the following result, which is known as holomorphic Fredholm
theory, see [29, Theorem 1.5.1] or [2].

THEOREM II.3. Assume that Q@ C C is an open connected set and F, :
H — H is for all p € Q a Fredholm operator on a Hilbert space H. Assume
moreover that F,, is holomorphic in . Then for all i € §), except possibly
for a sequence of isolated points, the equation

Fup=0

has the same number of linearly independent solutions.

Combination of the latter theorem with Lemma I1.2 and the observation
that the problem is always uniquely solvable for complex frequencies [8]
yields the following existence result.

THEOREM 11.4. Let f € HL(D)* be a continuous antilinear form on
HLY(D). For all but an at most countable sequence of positive frequencies
(wj)jen C Rso without finite accumulation point, the variational problem
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to find ut € HX(D) such that
B(u',v) = f(v) for allv € H:(D)

is uniquely solvable.

In the last theorem we have chosen to pay the price of possibly “losing”
the discrete set of frequencies (w;) en. We gained not to have to impose
that I' is graph of a function. This choice is motivated by the application of
several Dirichlet-to-Neumann operators on I' to treat the inverse problem
later on. For the existence and invertibility of such operators we have to
exclude a discrete set of frequencies anyway, since the Neumann problem
cannot be shown to be uniquely solvable even if I" is assumed to be graph
of a function.

The above transmission scattering problem (II.9) can be reformulated
as a transmission problem for the scattered field u°, where v® = uf — u?
in Q; and u® =« in Q_. For simplicity we replace now u® by u. For

g=- ui|r € H(ly/Q(I‘) and h = — 8ui/81/|1, € Ha_l/Q(I‘), u solves

=h,  (IL11)

0
Au+ w?eu =0 nQLuUQ_, [ulr=uy, [u] =
r

ov
and satisfies the Rayleigh conditions (II.3) and (I1.6). This problem can
of course be posed for general (g,h) € H(ly/2(F) X H;1/2(F). For the
variational formulation of (II.11) we transform the jump of the Dirichlet
values into the variational formulation using a function g that satisfies
glp = g. Since the trace operator has a continuous right inverse [63,
Theorem 3.37], there is g € H'(D4) with g|p = g such that 9l 2Dy <
C||g||Hé/2(F) for some constant C' independent of g. The problem of finding

u, solution of (II.11), is then equivalent to find v € H} (D), solution of
B(v,w) = / hwds —/ (VgVw — w?e gw) dx (I1.12)
r Dy

for all w € HL(D).

THEOREM II.5. Problem (IL.11) is uniquely solvable for all but an at
most countable sequence of positive frequencies without finite accumulation
point.



I1-3. Quasiperiodic Potentials 53

Proof. Theorem I1.4 directly implies that the variational problem (I1.12) is
uniquely solvable for all but an at most countable sequence of frequencies.
O

I1-3. Quasiperiodic Potentials

Apart from variational formulations one can also apply integral equation
methods to solve transmission scattering problems. We will not follow
this approach here, but need to introduce the associated potentials and
boundary integral operators as well, since they are important for the Fac-
torization method. A basic ingredient for quasiperiodic potentials is the
a-quasiperiodic Green’s function

Glz,y) = o~ Z .3 glon(ermitinlzazval gy oty wy €11, (I113)

where we set, by abuse of notation, a,, = n + a and 3, = Jw?e — a2
for permittivity € which is either €4 or e_. For the choice €1, G is the
a-quasiperiodic Green’s function for wavenumber w, /2, whereas for the
choice e_ we obtain the a-quasiperiodic Green’s function for wavenumber
e_. Of course, (B, # 0 for all n € N is necessary for G to be well
defined.
As xg —yo > 0 for o > h and y € I it holds that |xo — y2| = z2 —
Y2, thus G(-,y) satisfies the upper Rayleigh condition (IL.3): G(z,y) =
S gn(y)el@n®itBn22) for 4o > b,y € T, with coefficients

i

—i(any1+Bny2) T. 11.14
5, e , (VRS ( )

gn(y) =
Concerning the gradient of GG, one computes

VyG(z,y) Z Vg (y)el(@n@1thnea), 29 >h,y€erl.
neZ

G(-,y) and V,G(-,y) also satisfy the lower Rayleigh condition (IL6).
These radiation properties carry over to single and double layer poten-
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tials defined by
SLo(e) = [ Gla)ol)dsty), @ €I\, (L1
il

DLy(r) = [ gros(@upip)dsty),  #€T\T. (IL16)

The single layer potential gives rise to the operator SL : Ha_l/Q(I‘) —
Hé)lOC(H), and the double layer potential gives rise to DL : Hé/Q(I‘) —
H é)lOC(H \T'). These mapping properties follow from corresponding prop-
erties of the usual potential operators, defined using the free space Green’s
function, because G differs from the free-space Green’s function by a
smooth function [44]. Jump relations and mapping properties of the po-

tentials are announced in the following theorem, which is proved as in [2,
Chapter 3.1].

THEOREM I1.6. The following jump relations hold for ¢ € H;l/Q(F)
and ) € HY*(T),

SLélr = 0, PSW} — 6, [DLYlr =, [QDLw} 0.

v r ov r
(I1.17)
Thus, the operators
S: H;Y*(T) — HY*(T), S¢ = SL¢|p, (IL18)
K : HY*(D) — HY(T), K+ := DLy| + DL4|p, (IL19)
Jr —
K: H;Y2(T) - H;YXI), K¢:= ﬂsm + 3SL¢> , (I1.20)
ov r Ov r
T: HY?(T) — H;Y(D), T = — aﬂDLw . (11.21)
v r

are well defined and bounded and are related to single and double layer
potentials as follows,

1
SL¢lp = 50, DLY|: = Kt % 5,

+
O sy =RoF o, 2 prty
ov r 2

ov =Ty

r
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Next we define the a-quasiperiodic Dirichlet Green’s function Gp for
the half space

Gp(z,y) = G(z,y) — G(2',y), 2’ =(21,—22), 21 20,z #y. (IL22)

which vanishes on {z € IT : 2 = 0}. The Rayleigh coefficients of Gp in
Q4 are easily determined to be ¢, (y) — gn(y’). We denote the potential
operators defined with the help of Gp by Sp, Kp, I~(D and Tp.

A helpful fact for our study of the periodic inverse transmission problem
is that the single and double layer potentials are holomorphic operator-
valued functions of the frequency, see (1.34) for a definition.

THEOREM IL7. The potentials SL : Ha'/*(T) — HL(D) and DL :

o2 (T') — HL(D\T) depend holomorphically on the frequency w € C1\E.

Proof. We prove the claim for the single layer potential with wavenumber
k = w,/e1. The proof for the double layer potential or the corresponding
Dirichlet potentials is essentially the same. According to [67] it is sufficient
to show that SL depends continuously on the frequency and that for an
arbitrary triangle in C \ & with boundary =, the integral fv SL,, ¢ dw
vanishes in H} (D). Let us first have a look at continuity.

For wy € C4 \ € and w € By(wo) C C4 \ € with » > 0 small enough,
we set w = SL, ¢ and wy = SLy,, ¢ for ¢ € H;l/z(F). The subscripts w
and wq indicate the frequency defining the respective wavenumber of the
integral operators. The difference w — wy solves

Aw — wo) + wie (w —wp) = ey (Wi — w?)w in D.

and the jump conditions

=0.

ow _ 9w
ov ov |

[w — wolr = {

In case that w3ey is no interior Dirichlet eigenvalue of —A in D with
quasiperiodic boundary conditions on the left and right boundary, stan-
dard results on well-posedness of elliptic problems [63, Chapter 4] imply

lw = wollgy(p) < Cey|w — wol [lwl|L2(p)

+ CHU) — wOHHl/Q(F+) + CHU} — w0|\H1/2(F7). (1123)
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However, if wie, is a Dirichlet eigenvalue, by Holmgren’s lemma wée
cannot be a Neumann eigenvalue with quasiperiodic boundary conditions
on the left and right boundary of D and hence we would obtain a similar
estimate relying on the Neumann boundary values of w—wg on I'y., which
then allows to proceed the proof in an analogous fashion as we do it now.

Since |lw||z2(py is uniformly bounded for all w € B,.(wo) by the norm
of ¢, it merely remains to show that ||w — wo| g1/2(r,) tends to zero as
wop — w, uniformly in ¢. We only need to show this for '}, the proof for
I'_ is basically the same. Since

(w=wle, = | (Gultp) = G L)) ) . (20

we need to estimate an integral operator with smooth kernel G, (-, y) —
Gu, (-, y). Note that the series

i 1 . )
Gw (x7 y) - 61047L(I17y1)+zﬁn (w)\z27y2|’
4w nie:z Bn(w)

converges absolutely and uniformly for x € T'y and y € ', and the sum-
mands of the series for frequency w converge to those of the series for
frequency wy as w tends to wg, uniformly in x and y. Hence, there is
0 :[0,00) — [0,00) with §(s) — 0 as s — 0 such that

|Gw(x,y) - Gwo(xvy)l < 5(|w - wO')

for z € I'y and y € I'. Using the same technique, one shows that for any
multiindex o € N? and B € N2 there is § = d(a, B) : [0,00) — [0,00)
with d(s) — 0 as s — 0 such that

0% P @ y) = Gunlsy))] < 3w =)
8xa8yﬁ w Y wo Y = 0

for x € T1 and y € T. In consequence, (I1.24) shows that there is a

function § as above such that ||w — wOHHé/2(F+) < Cllw — wollgyryy <

Co(|lw — w0|)||q5||H71/2(F). Therefore we conclude from the estimate

l[w = woll a0y < Ceylw = wol wlL2(p) + Co(lw = wo) 1@l =172y

that SL depends continuously on the frequency.
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Next we prove that fv SL, ¢dw = 0 for all triangles in Cy \ & with

boundary «. Note that the integral over w is Banach space valued (since
SL,, depends continuously on w, we can for instance use the operator-
valued Riemann integral here, see, e.g., [61, Appendix A]). Then

M SL“‘M“’} (z) = / (Gu(w,"), d)par) dw
= ([, Gulw,") dw, ¢)r2(r)

for x ¢ T'. Interchanging the integrals for fixed x is justified by Fubini’s
theorem for smooth ¢ and for arbitrary ¢ € Ha_l/Q(I‘) since fv~dw is
a continuous operation on functions depending continuously on w. It
remains to prove that fv Gu(r,y)dw =0for y €T and x # y.

Since G(-, y) solves the Helmholtz equation in IT\ {y} it is real analytic.
In consequence, v, := f“/ Gu(-,y)dw is also real analytic. Hence, if v,

vanishes on {x € II : zo > h}, then v, vanishes entirely in Q. For
xo > h and y € T the Dirichlet Green’s function is given by the uniformly
convergent series

G., l(an(wl Y1) +0n(z2— yz))
(,9) = Z 3¢
neE”Z
which depends on w through 3,,, and we find
vy(x) = e %ela“(’“ yl)/ —¢fn(@2=y2) ) in Q.
n

The last integral vanishes since the integrand

i LpiBa@amy) _ L /o —az(ea-w)
B Vw2eo —a2

is a holomorphic function of w in C \ €. Since G, (-, y) also satisfies the
lower Rayleigh condition (II.6) in Q_ the same argument shows that v,
vanishes entirely in II'\ {y}. Therefore fv Gu(,y)dw =0 in H(ly/Q(I‘) for
ally eI and z € Q. O

Since the trace operator and the normal derivative are independent of
the frequency w, the following corollary holds.
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COROLLARY I1.8. The potential operators S, K, K and T as well as
the correspondent operators defined via the Dirichlet Green’s function Gp
are holomorphic operator valued functions of the frequency w € C1 \ €.

I1-4. Auxiliary Scattering Problems

The analysis of the Factorization method for the inverse transmission
problem requires solvability of several auxiliary boundary value problems
above and below I'. The related solution operators are necessary to estab-
lish existence of certain Dirichlet-to-Neumann and Neumann-to-Dirichlet
operators. It becomes later on clear that we additionally need to solve
these problems for both material parameters 4 above and below I'. For
g€ Hé/2(f‘) we consider the problem of finding u € H} 1,.() that satis-
fies

Au+w?eiu=0 inQ,, u=g¢g onl, (I1.25)

and the upper Rayleigh condition (I1.3). The boundary data g can also
be used to pose a Dirichlet boundary value problem below T': find u €
H!. (Q_) that fulfills

a,loc
Au+weiu=0 inQ_, u=g onl, (I1.26)

and the Rayleigh condition (II.6). The Neumann problems of interest are

the following. For h € H;l/Q(I‘) we want to find u € H} ) .(Q4) that
satisfies 5
Au+w?etu=0 inQy, a_u =h onT, (I1.27)
v

and the Rayleigh condition (I1.3). As for the Dirichlet case we also take
the boundary values h to pose the Neumann problem in the lower domain,
9 . ou
Au+weru=0 in Q_, W h onT, (I1.28)
v
and condition (II.6). Again, holomorphic Fredholm theory implies that
all Dirichlet and Neumann problems are uniquely solvable for all but a
countable sequence of real frequencies. For simplicity we define the set
of exceptional frequencies €4 to be the union of & with all frequencies
such that one of the Dirichlet, Neumann or transmission problems fails
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to be uniquely solvable. Frequencies w ¢ €4 are called regular. For such
w we can define Dirichlet-to-Neumann operators T (., 1) on Hé/Q(I‘) that

are invertible. Indeed, define for g € Hé/z(F) the distribution T, )9
to be the Neumann boundary values of the solution u of the auxiliary
problem (I1.25),

ou _
Tier g =5 € H AT, (11.29)

As we assumed w to be a regular frequency, the Neumann problem (I1.27)
is uniquely solvable for the boundary data Y., 1)g and we conclude that
T (c, ) is invertible since it is bounded and bijective. In a similar way we

define Y., _) for w € &4 as the Dirichlet-to-Neumann operator that maps
g€ Hy? (T") to the Neumann boundary values of the solution of (I1.26).
In Lemma II.1 it was established that A* is holomorphic in w in C; \ €.

The same holds for T (., 4 if we replace & by &q.

THEOREM IL.9. The Neumann-to-Dirichlet operator Y (., 1 as well as
its inverse is holomorphic in w in CL\Eq and coercive for small frequencies
w > 0.

Proof. We only prove the claim for T =T, ).

Since by definition Y1 = du/0v for u which solves (I1.25) for the bound-
ary values u = 1, it is sufficient to show that u is a holomorphic function
of win HL(Dy). Our assumption that w ¢ &4 implies that the single layer

1/2 . . . . o
operator S on I' for the wavenumber we’” is an isomorphism, since it is
a Fredholm operator anyway [7]. Therefore we can represent u € Hl (D)
in the form u = SL ¢ where ¢ € H;l/Q (T';) solves the boundary integral
equation S¢ = 1. Equivalently, ¢ = S~1¢. Corollary (IL.8) implies that
S~! is holomorphic in the frequency w. Therefore ¢ also depends holo-
morphically on the frequency. The equation © = SL ¢ implies that w is
holomorphic in w, because the composition of two holomorphic functions
is holomorphic.

To show coercivity of T, assume that w > 0 is so small that Lemma II.1
applies. We use Green’s first identity (note that the normal v on I was
defined to point into D) to find

—/E'ﬁpds:/ (IVul]® — w?ei|ul?) dx—/ uATuds
r Dy

ry
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and conclude by Lemma II.1 that

“Re (eiﬁ/zx/jwds) > V2| Vull3p, +Cw||u||ili/2(r+)

- \/§w25+”u”%2(D+)

2 CWHUHHI(D) Vaw? erllullZzp, ),

where we used that ||Vul|Lzp,) + [|ull ;12 is an equivalent norm on

(Ty)
H} (D), see [23, Section 3.1]. As w? tends to zero faster than w we obtain

coercivity of T for small frequencies w > 0. |

A scattered field u that solves the transmission problem (II.11) is due
to the Rayleigh expansion condition (II.3) completely characterized in
{z € I : x5 > h} by the Fourier coefficients (u,)nez of exp(—ia- Julp, -
This sequence is referred to as the Rayleigh sequence of u. We define the
data-to-pattern operator L to map a pair of transmission values (g, h) to
the upper Rayleigh sequence of the solution u of (II.11),

L: HY2T)x H7V2T) - 2, (g,h) — (w0} )nez (11.30)

The following proposition shows that the Dirichlet-to-Neumann operator
T (._,—) characterizes the kernel of L.

PROPOSITION II1.10. Let w € C4 \ Eq be a regular frequency. Then the
data-to-pattern operator L : H1/2(F) X H;l/z (T') — £2 is compact and its
range is dense in (2. The kernel of L is given by

ker L :={(g9,T(-_,—)9): g€ HY*(D)}.

Proof. Compactness of L follows from smoothing properties of the Helm-
holtz equation. Indeed, suppose that L(g, h) = (uy,) for (g,h) € Hé/Q(I‘) X
Ha_l/Q(I‘) and that u denotes the solution of (II.11). By well known
regularity results [22], exp(—ia-)u is a smooth periodic function for xo >
h. The Fourier coefficients u,} of exp(—i« Julp, exhibit hence super-
algebraic decay. In particular, the sequence (u;}") belongs to the weighted
sequence space h*, s € R, with norm ||(a,)||7. = > ,cz(1 + n?)%|an|?, for
arbitrary s > 0. The sequence space h® is isomorphic to the Sobolev space
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H;3,.(T'4) with periodic boundary conditions, because

I: (ap)+— Z ane™) (I1.31)
neZ

defines a norm isomorphism. The well known compactness of the em-
bedding H3., (Iy) — HY. (Ty) = L*(Ty), s > 0 yields compactness of
h® — hO = (2, especially, L is compact.

To prove denseness of the range of L one shows that all sequences
ej :==(0,...,0,1,0,...), where the jth entry equals 1, belong to the range
of L. We observe that u = exp(i(anx1 + Bnz2)) in Qy, v = 0 in Q_,
solves (II.11) for the data

—€

ei(anlerﬁj;a:z) 0 i(anzi+6Fx2)
r’ v

} e HY2(T) x H;Y*(I).
r

and has the Rayleigh sequence e;.

By our assumption on w, for g € H(ly/2(F) there exists v € H}(D_) that
solves (I1.26) for the Dirichlet data g such that dv/0v = Y(._ _ygon .
Then u, defined by v =0 in Q4, v = v in Q_, solves (II.11) for (g,h) =
(9, (c_,—)g). Since u vanishes in € it is clear that L(g, T _yg) = 0.
It remains to show that the elements (g, T(._ _)g) form the entire kernel

of L. Assume that L(g,h) = 0 for some h € H;1/2(F) and h # T(._ _g.
By linearity, L(0,Y._,_yg —h) = 0. The associated solution v of the
scattering problem (IL.11) for the data (0,Y(._ _yg — h) vanishes in
by analytic continuation. Since the jump of the Dirichlet trace of u on
I' vanishes, u solves (I1.26) for ¢ = 0. We conclude from the unique
solvability of this problem that u = 0 below I', thus, in all of II. In
consequence, Y(._ _yg = h which is a contradiction to our assumption

,—

h 75 T(5_7_)g. [l

The interface I' can be explicitly characterized by the range of L us-
ing Rayleigh sequences (g,(y))n of the quasiperiodic Green’s function,
see (I1.14).

LEMMA I1.11. The Rayleigh sequence (gn(y))nez belongs to the range of
L if and only if y € Q_.

The proof is standard and can in a related setting be found in [3, Lemma
2.2]. See also Lemma L5 for the related result for the inverse medium
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problem which is proved in the same way. The crucial ingredient for the
proof is the connectedness of Q. We remark further that the claim of
Lemma I1.11 holds also for the Rayleigh sequence (g, (y) — gn(y'))necz of
the Dirichlet Green’s function Gp(-,y).

I1-5. The Near Field Operator and its Factorization

Let us now turn to the inverse transmission problem for periodic struc-
tures. Roughly speaking, it consists in determining the interface I' from
measurements of scattered waves caused by incident plane waves; see
page 64 for a precise statement. We restrict ourselves here to the case
where we send plane waves to the interface merely from above and mea-
sure the scattered waves also only above the interface I'. Our technique to
solve the inverse scattering problem, the Factorization method, is hence
applicable even if one has merely access to the object under investigation
from one side.

To generate the scattering data for the Factorization method we con-
sider the a-quasiperiodic incident fields

nj(x) = - - (ei(aﬁ'“*ﬁ;“) - ei(a”ﬁﬁ;‘r“)) ; r€Qy, jEL
47r5j

(I1.32)
These incident waves are composed by two fields exp(i(ajz1 — ﬂ;'xg))
and exp(i(ajz1 + ﬂ;_l'g)) which are downward and upward propagating,
respectively. The upward propagating part has no physical meaning but
from an abstract mathematical viewpoint it poses no difficulty: the corre-
sponding total field vanishes entirely. The choice (I1.32) for the incident
fields allows to analyze the Factorization method for propagating incident
fields and has been proposed and discussed in [3].

If one combines several incident fields, the resulting scattered field is by
linearity found by correspondingly combined scattered fields. We achieve
such linear combinations through sequences (a,)nez € £? and the corre-
sponding operator is denoted by

a .
H(an) = | ajnilp, Y a 8_717/]

JEZ JEZ

€ HY2(T) x H;Y*(I).  (I1.33)

r
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This operator is the analogue to the Herglotz operator from Section I-3.
In the next lemma, we prove that H is a bounded operator on ¢2, using
the representation of its (yet formal) adjoint. We recall that the Rayleigh
sequence (g;j(x));jez of the Green’s function G has been defined in (II1.14).

LEMMA I1.12. Let w € E4 be a positive regular frequency. Then H :
2 - Hé/Q(F) X H;l/Q(F) is bounded, even compact, and its adjoint H*
s given by

H*(¢,v)
- (/ [<gj<x> — g (e ota) + 20D ))“’(”)] ds(m))

JEZ
for (6,9) € Ha /2T x HY*(T).

Proof. Denote the two components of H(a,) by (Hi(an), H2(ay)) and
) (

let (¢,¢) € Ha *(T) x H*(T). Then (H(an), (9, 9)) = (Hi(an), ) +
(Ha(an), ). For the first summand we find

(Hq(ay,), /Za]n]gzﬁdsfz:a]/njqﬁdsf <a],/n]¢ds>

JEL JEL 2

The second summand is computed in the same way. Observe that o = o

and E = b’;f if 04? < w26+ but ﬁ = —ﬂ;f else. Therefore
: o gt T +
o [FE [ ] e,
77] xTr) = i |:e—i(ocjx1+ﬁj->$2) _ e_i((ijl_ﬁfx2):| else
4#5; ’ )

= g;(z) — g;(2").
Concerning boundedness of H, we note that H*(¢,v) is the Rayleigh
sequence of v = SLp ¢+DLp ¢. The mapping (¢, 1)) — v|F+ is continuous

from H;l/Q(I‘) X Hé/Q(I‘) into Hé/Q(I‘Jr). According to (I1.31),
I, : (ay) Zane Za elon()
nez neZ

is an isomorphism between h® and HS(I'y). Hence, v is continuously
mapped to its Rayleigh coefficients (v,) € h'/? < ¢2, which are just
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the Fourier coefficients of e~1() ’U|F+. Therefore H* is continuous, even
compact, and its adjoint H as well. O

The investigation of the adjoint H* is also one of the key ideas of the
Factorization method. More precisely, the method links the adjoint H*
to some boundary integral operator on T'.

In the remainder of this section we define and factorize the data operator
of the inverse transmission problem. Since this data operator corresponds
to measurements of scattered fields in a finite distance away from the
interface I', it is usually referred to as the near field operator. By defi-
nition, the near field operator N : ¢ — ¢ maps a sequence (a,,) to the
upper Rayleigh sequence of the scattered field caused by the incident field
H(an)7

N :=—LH. (I1.34)

Equivalently, we could also define N(a,) via the Fourier coefficients of
the restriction u|p, (multiplied with exp(—ia-)) of the scattered field u
corresponding to the incident field H(a,). Such a definition illustrates
the meaning of the expression “near field” much better. Obviously, the
definition (I1.34) is mathematically simpler and therefore we prefer it here.
More important, note that N involves data merely measured above I'.

The inverse transmission problem is now to reconstruct the interface
I' when given the near field operator N. We solve this problem with the
help of the Factorization method. For uniqueness results for a related
identification problem, we refer to [24]: In this work the authors show
that for small wavenumbers the interface I' is uniquely determined by the
scattered field corresponding to one incident plane wave. In general, sev-
eral incident fields are needed to obtain scattering data which characterize
the interface uniquely. However, the results in [24] rely on measurements
of the fields on both sides of the structure. We are not aware of unique-
ness results for one sided measurements in the literature, but remark that
the Factorization which we develop in this chapter will provide such a
uniqueness result.

In the first step we construct an operator Mp : H'? (T) x my? T) —
HY? (T x Ha_l/Q(I‘) such that the factorization N = —LM}L* holds. As
we have seen in the proof of Lemma I1.12, it holds that H*(¢, ) is the
Rayleigh sequence of v = SLp ¢ + DLp ¢ € H1710C(Q+). To avoid confu-

(03
sion, we denote the dependence of potential operators with wavenumber
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w,/x on the permittivity e+ in the following explicitely whenever this
is necessary, for instance as follows, v = SLf,” ¢ + DLy 1. Searching for
Mp such that H* = LMp we need to consider the jump of a suitable
extension of v to all of IT\ I that solves the transmission problem (II.11).
One possible choice is

et et
Y { SL5" ¢ + DLS 1), zeQ,, (1L.35)

—SL ¢ — DL ), zEQ_.

This choice of extension is of course not unique and by Lemma II.10
we could take any downward radiating function in Q_. The jump of v
in (I1.35) can be computed by Theorem II.6 and we define the operator
Mp to map (¢,) to this jump,

Mp : HY2(T) x HY*(T') — HY*(I') x H~'/(T),
(¢,9) = ([Sp" + 5] o+ [Kpr + K] v,
(Ko + K] o= [15 +T %) (1136)

Representing Mp in matrix form yields

S]~53+ + Se- K;r + Ke&-
MD = €4 Tre_ €4 Ee_
K5+ Ko~ —(T5" +1T5)

With this choice of Mp we obtain H* = LMp and the factorization N =
—LM{L* holds. The middle operator of this factorization is a Fredholm
operator.

PRrROPOSITION I1.13. The middle operator MY, : H;l/Q(F) EBHg/Q(F) —
o> M) o H,'? (T") is a Fredholm operator of index zero.

Proof. As an auxiliary result, let us first show that for w = i, the operators

S = S; and T = T; are coercive on H;l/z(F) and Hé/z(F), respectively,

for both permittivities e4. If we set u = SL; ¢ for ¢ € H;l/z(F), an
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integration by parts shows that

‘/FaSid)ds—‘/Fu(%ﬂ :) ds

:/ |Vu|2+6(x)|u|2dx—/ EA*uds—/ uA " uds
DiuUD_ . T

- 5

- —u
r Ov

2 C”“”Hi(D.MJD_) > C||¢HH;1/2(F)'

Here we exploited that for w =i it holds

_ A+ - 2 5 |2 2
/Fi ul udsfz\/ei—i—an || ZC||u||Hi/2(Fi).

neE”Z

The proof for the normal derivative of the double layer potential can be
shown by an analogous integration by parts.

Especially, for w =i, both S; and T; are isomorphisms and hence Fred-
holm operators of index zero. It is moreover well known that our smooth-
ness assumption on I' to be of class C®® implies that the difference of
two layer potential operators for different wavenumbers is compact. For
a proof we refer to [43] and to [2, Section 3.4] for the case of quasiperi-
odic potentials. Consequently, S and T are Fredholm operators for all
w € C. We already mentioned in Section II-3 that the corresponding
Dirichlet layer potential operators are compact perturbations of the usual
quasiperiodic ones. We conclude that

Sph + S5- 0 (ST + S 0
0 ~T5H—T-) — 0 ~T5 — T

1 1

Sph — St 0 Se- — S5 0
+ ( 0 T ) T 0 T - T

1

is Fredholm of index zero from H§1/2(F) @ H(ly/2(f‘) into H§1/2(F) @
HY? (T'). Due to the smoothness assumption that T is of class C*<, the
operators K and K are compact on Hé/ 2 (T') and Hy 1/2 (I"), respectively.
(Our smoothness assumption is far from optimal at this point, see again [2,
Section 3.4].) Hence follows that Mp is Fredholm of index zero and M
as well [63, Theorem 2.27]. O
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At least two features of the factorization
N =—-LMjL*

are out of the ordinary and need to be treated in a special way: The
middle operator Mp is indefinite, as Sp and Tp are coercive for w = i.
Further, the kernel of L has infinite dimension, as we showed in Proposi-
tion I1.10. We treat these two problems by a technique similar to the one
introduced by Charalambopoulus et al. [17] for an inverse transmission
problem in elasticity. In contrast to [17], the data operator in our prob-
lem is not normal and its non-selfadjoint part is not positive. As in [17]
we modify the factorization in such a way that for frequency w = i the
middle operator becomes coercive.

In the first step we split up the non-injective part of L, using the
Dirichlet-to-Neumann operator Y(._ _). This allows to use an injec-
tive modification of L. Since the kernel of L contains exactly the pairs

(9, T (c_,—)g), for g € H}y/2(f‘)7 it holds

-1 _1
oL W Yo ) L Mo =T

2 _T(5_7_) Id 2 —T(€_7_) Id
L[ 1d 1 L Id .
T2 _T(s_-—)] [Id T@*)} 3 [—T@_,_J {Id _T@—v*)} (I1.37)

=0

_ L [ Id —1 _ —1
=3 —M,J a -1 | =efa v ]

where L : Hé/Q(I‘) — (% is defined as L := L/2 [,T(Iiy_)] Due to

Lemma I1.10, £ is compact and injective and its range is dense in ¢2. The
factorization of N transforms into

- . « _ . Id
N =—LMLL*  with M} = [Id —T(€1_7_)} M;, [_ = )] .
e —
(I1.38)
This defines the bounded operator Mp : b P ) — Hy? (T), the ad-
joint of which plays the role of the middle operator in the factorization of
the near field operator in the remainder of this chapter.
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I1-6. Properties of the Factorization

The aim of this section is to prepare the construction of a Factorization
method based on the factorization of the near field operator. To be able
to apply Theorem 1.7 on range identities, we are going to show that M is
a compact perturbation of a coercive operator. Therefore we split up Mp,
defined via the Dirichlet Green’s function of the half space, in two parts,
where the first part consists of layer potential operators defined via the
standard quasiperiodic Green’s function, and the second part is compact:

Mo = [55+ 5] - [K5 + K] T

(T + 7] T

1 £4 £_ 1
Y[Ry A K }+T 2

-)

(5*17)

-7 €++f{€‘]+T<if>

(e-—)
=M+ R.

[
[SE+—|—S€+] [KE‘*'—I—KE_]T 1
[©

[T+ + T°-] T(’E{*ﬁ) +R

(I1.39)

The operator R takes all the parts of the layer potential operators Sp,
Kp, Kp and Tp that arise from the reflection at {x2 = 0}. Especially,
R is an integral operator with smooth kernel and therefore compact from
H;1/2(F) into Ha'? (T). Let us now denote the dependence of M on the
frequency w € Cy by M = M,. In the following, we show that the
difference M,, — M,,, is compact and that M,, is coercive for w = i.

PROPOSITION I1.14. M, — My, is compact for w and wg € Cy \ E4.

Proof. 1t is well known that differences of layer operators for different
frequencies are compact if the boundary I' is smooth enough. Our as-
sumption that I is of Holder class C®® provides enough smoothness, see,
e.g., [43, 2]. The compactness of the difference of Dirichlet-to-Neumann
operators for different frequencies follows from standard regularity results:
Consider for example T = T(., ;) and denote the dependence on w by
YT =7,. We prove that T, — T, is compact from Hé/2(I‘) to He 1/2(I‘)
Let v and v° be the upward radiating solutions of the Helmholtz equation
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with |} = v0|; =1 € Hé/z(F) and Y, = 0v/0v, Yyo1p = Ovg/Ov.
The difference w = v — v° solves

Aw + w?e w = eq (w2 —w?)vy  in O, w=0 on§_.
+ +(Wo +

Interior regularity results [63, Theorem 4.16] imply that w belongs to
HO%((O, 27) x (h, ?)h))7 with continuous dependence on the norm of ),

< CH’LUHH}! (D+U(0,27r)X[h73h))

+Cllll

lwll 7, ((0.2m)% (h31))

D4 U(0,2m) x [1,3h) ) < CHwHHf/Q(F)'

Especially, the boundary values wl, _,, belong to H§/2({x2 = 2h}).
Thus, global regularity results [63, Theorem 4.18] yield that w € H2(D.),

lwllmzpy) < Cllwllay o + Cllwll gz g, —ony) + CllvollL2o,

and therefore J(v — UO)/(‘)V‘; € Hé/Q(F). The compact embedding of

Hy? (T) in H;1/2(F) implies compactness of T,, — T,,. The Neumann-

to-Dirichlet operator T(_Ei 4) can be treated be similar arguments. O

Proposition I1.14 is the only part of this work where we need the strong
smoothness assumptions on I'. All other arguments are valid even for a
Lipschitz surface.

In the remainder of this section, we show that M (or equivalently Mp)
is a compact perturbation of a coercive operator. To prove this result, we
first split M in two parts, M = M*T +M~,

€ € —1x -1 rre -1 € —1x%

M* =5 — K=Y -t K- Tt
Next we show in a sequel of lemmata that M = J\/[fr is coercive for w = i.
Since the differences M~ — M;", M, — MIJF and M+t — MIJr are compact it
follows that

M=M+M" = (M =M+ (M~ =M7)+ (M7 —M)+2M;" (11.40)

is a compact perturbation of a coercive operator. Hence, we restrict us
in the following to the case w = i and denote by SL:* and S;* the
single layer potential and operator on I' for the wavenumber w24 = —c4,
respectively.
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LEMMA I1.15 (Lemmas 3.3, 3.4 in [17]). For w = i the operator B :=
Yoo o)=Yy ) Hé/z(F) — H;l/z(F) is coercive and selfadjoint and

£+,

Ye )M T y=BS*B-B. (I1.41)

Note that for w =1, T(., +) and A* are selfadjoint and coercive opera-
tors. This follows from the representation (II.7) and the second part of the
proof of Lemma IL.9. The single layer operator S; H;l/Q(I‘) — HY? (T)
is also selfadjoint for frequency i, since its kernel is real and symmetric.

Hence we observe from (IL.41) that M is selfadjoint for w = i, too.

Proof. The proof of the decomposition follows as in the proof of [17,
Lemma 3.3] using Calderén identities. For w = i the single layer op-
erator Sf * is selfadjoint and coercive (coercivity has already been shown
in the proof of Theorem II.13). From the jump relations for the single
layer potential in Theorem I1.6 we conclude the identity

0 rer oty e
TV =T = 5SLi+(Si+) ke F:_(Si+) Yy,

for ¢ € Hy/ *(T"), or equivalently,
ST (Tiepy = LTieyr) = 1d. (IT.42)

Moreover, the jump relations also imply that T(€+},)Sf+ =Id/2+ I~(1€+
and due to selfadjointness of T(., _ and St also SfJ’T(ﬂﬁ) =Id/2+
K. Finally, the Calderén identities I??’T(EJH_) = T(€+7_)Ki€+ and
Y, -y =T1d/2 -~ K;") imply with the help of the same computation
as it is performed in the proof of [17, Lemma 3.3] the equality claimed
in (IL41).

Now we show coercivity of B for w = i, following the ideas of [17, Lemma
3.4]. The arguments of Lemma 3.4 in [17] are not directly applicable here
due to the different character of Kupradze’s radiation condition and the
Rayleigh condition (I1.3). For v € Ho/*(T") we set u = SL*(STH) "1y €
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Hl

a,loc

(IT) and v = SL; (S, )"l € aloc( ). Then

/ UBYds = / DT yibds— / DY, 4yds
T T T
B _ Ovl|™ + ou|*
_/1“U|F v, ds / ulp ayrds

:/ |Vv|2+a,|v|2dx—/ TA-v ds
D -

—l—/ |Vu|2+5+|u|2dx—/ TATuds
Dy I+

> Cllullt p.y + Cloll oy = CHw”?ié/Q(F)

Coercivity of B for the frequency w = i yields positivity of Mi"’, as
the next proposition shows. The proof is a modification of [17, Lemma
3.5]. The main difference compared to [17] is here that the coefficients e
appear merely in the lower order terms.

ProproSITION I1.16. For w =i the operator M1+ is positive for 0 < ey <
e_ and negative for 0 < e_ < ej.

Proof. For w =1, T(._ _y is selfadjoint and Lemma II.15 implies that it
is sufficient to show that A := BS;" B — B is positive on Hé/Q(F). For
(NS H;/Q(I‘) we define

v:=SL" (By), wy:=SL{T(S{")" ', w_ :=SL{(S;) ',
£ +
and note that ¥ = wy|f = w_|5. Moreover,

ow_ +

ov ow
By =— {—} D BY=Te Y T b= 75— - -

ov |

r o |r

These two representations of B yield four representations of

/FEA¢d5=/FB_¢SE+B¢ds—/FEB¢ds
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that we write up, for simplicity, using the sesquilinear form

U (v, w) == VoV + evw dz — / wWAEv ds, e € {et,e_},
Dy Iy

for v,w € H}(D+). Note that UF is antisymmetric in v and w. As in [17,
Proof of Lemma 3.5] we find

/FEAwds = /FB_¢S€+B¢ds—/FEB¢ds

B ow_|  Ows v
/pv[ v ds /1“[81/

r v
Now, since w4 |p = w_|p, Green’s first identity implies

+

ol
- — wy ds.
r ov F]

r

/FEAw ds =V (v,w_) + ¥} (v,wy) =V (v,w-) = VT (v,wy)

=U_ (vy,w_) =V (v,w_). (I1.43)

e (

ov +

Exploiting the two different representations of B, we also obtain
Ov

+
/FZ/JAiZ)ds:/Fv 5 r] ds—/F 3V1~_$r]w+ds

N + - +
- \IIE+ (’U,U) + \IIE+ (’U,U) - lI/@r (Ua w—) - \IIE+ (Ua w+>

ov

r Ov

ov

=0, (v —wo) + V7 (v,0 —wy), (I1.44)
and finally
— v~ ow|t ow_ |~ Bwy || _
/Fi/)Az/st/Fvl%F—ar ds—/rl—&/ r_ Tl w4 ds

= \IIE_, (Ua w—) + \I/Z'+ (’U,’LU+) - \IIE_, (w_,w_) - W:; (’LU+,U}+)
=V (v—w_,w_) + V7 (v—wy,wy). (11.45)

Subtracting (I1.45) from (I1.44) yields

0=9_ (v,v—w_) -T2

+ E_

(w_,v—w_)+ \I/;Z(v —wy,v—wy) (I146)
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and thus

0:\I/;(v—w,,v—w,)+\Il:+(v—w+,v—w+)

—V (o—w )+ 9 (v,v—w_). (IL47)
Subtracting (I1.43) from (I1.47) results in

- / PAGds = U2 (v,0) — U2 (v,0)

+ UL (v —wi,v—wy) + VD (v—w_,v—w_). (IL48)
Moreover, adding (I1.43) to (11.46) yields

/rEAwdS =0, (vyu-) =9, (v,w-) +¥_ (v,0—w-)
_\II;_(w,,v—w,)+\11:+(v—w+,v—w+)
=V, (w—,w_) =¥ (v,w_)+ ¥ (v—w_,v—w_)
+ 0, (w-,v—w-) —|—\Ilj+(v —wy,v—wy)
+2ilm (9 (v,0-))
=V (w_,w )=V (w_,w_)
—I-\I/;(v —w_,v—w_) —|—\I/:+(v —wy,v—wy)
+2iIm (\If; (ww_)) +2iIm (\1/; (w_,v)) ,

Taking the real part of the last equation, the selfadjointness of A implies

/EAQ/st =V (w_,w_)—V_, (w_,w_)
r

+U (v—wo,v—w )+ UF (v—wy,v—wy). (I149)

The difference U — W_" is positive for 0 <e_ < e, since

B2 (0,0) — U2 (0,0) = (e —c) /D o] de

+27rz (\/E+ +a2 — /e +a%) [on|® >0

neE”Z
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for v # 0. Here, 9, denote the nth Fourier coefficient of exp(—ia-)v|. .
Hence, equation (11.48) shows that Mj' is negative definite. On the other
hand, for 0 < €4 < e€_ one observes by a similar computation that
Vo (w-,w-) = V_ (w—,w-) is positive and (IL.49) implies that M s
positive definite. This was the claim of the proposition. O

PROPOSITION I1.17. For w = i and 0 < e < e_ the operator M;" :
Ha_l/Q(I‘) — Hé/Q(I‘) is positive definite. In case that 0 < e_ < €4,
~M;" is positive definite.

Proof. We only consider the case 0 < e < e_ in the proof, such that J\/[fr
is positive definite. The case 0 < e_ < e can be treated analogously.

Since @ := [Id, —T(E{*ﬁ)]T is an isomorphism, the Fredholm index
theorem [63, Theorem 2.21] yields that

€4 €4
MIJF:Q* ( }%@r _K;Zij_.5+ )Q

1 1
is a Fredholm operator of index 0, compare Proposition I1.13. Moreover,
J\/[fr is a positive and hence an injective operator due to the last Proposi-
tion I1.16. Especially, J\/EIJr is an isomorphism. Since J\/EIJr is also selfadjoint
(see the remark directly after Lemma II.15), we can exploit (I1.28) in the
same way as in Chapter I, yielding

— 1 c
oM pds > IMGFo)* > lol?, ¢ € HSV*D).
I B EA
Therefore we obtain that J\/EIJr is a positive definite operator. |

COROLLARY IL.18. For ey # e_, the real part ReM{, of the middle
operator M3y of the factorization (11.38) is a compact perturbation of a
coercive operator.

Proof. The splittings (I1.39) and (I1.40) show that ReM} = 1/2(Mp +
Mjy) is a compact perturbation of 2Mi+. Depending on the sign of e —e_,
the latter operator has been shown to be positive or negative definite in
the last proposition, thus, MIJr is coercive in case that e, # e_. O
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II-7. A Factorization Method

In Corollary II.18 we showed that Re M is a compact perturbation of a
coercive operator. This result is the basis for the Factorization method
which we construct now. As we know from the first chapter, at least
semidefiniteness of the middle operator Im My is necessary to apply The-
orem 1.7 to the factorization N = —LMp{L*. In the first part of this
section we show that the middle operator is indeed semidefinite, but not
definite. Therefore our version of the basic result on range identities in
Theorem 1.7 can be applied, but former versions of this theorem do not
apply such easily, as we explain afterwards.

The middle operator Im Mj, of the factorization of N is negative semi-

definite if and only if Im (M}, ¢) < 0 for all ¢ € H;l/Q(I‘). Since the

range of the operator L* from (I1.37) is dense in H}y/Q(I‘), it is sufficient
to show that Im (LM5L*(ay), (a,)) < 0 for all (a,) € 2. Moreover,
LMEL* = LMBL* and (compare the discussion after (11.35))

St K\
LML =L =2 D L.
se=e( 2

Therefore we show in the following that

Sy K\ () (0
(R ) () ()
w7 ) ()
= Im ({8576, 9) + (K57 v.6) + (K5 o,u) = (T5" . 4)) > 0
for ¢ € H;l/Q(F) and ¢ € Hé/Q(F). For this computation we find it
convenient to denote the inner product on L*(T) by (-,-). Let u = SLy" ¢

and v = DLy v for ¢ € Ha_l/Q(I‘) and ¢ € Hé/Q(I‘). Then Green’s first
identity shows that

on=(n-[2])

:/ (IVul® — k*[ul?) dz —/ uAT uds
D, UD_ Iy
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and
< ov
(5570 9) = (=5 blr )
:/ (IVo]> = k*[v?) dm—/ EA;vds.
DyUD_ I,
We conclude that
Im (Sp," ¢, ¢) = —Im uAd uds =Im EA;uds >0

T, T,

and —Im (T",¢) = Im fr+ A}, vds > 0. The term Im fl“+ AL vds is
non-negative due to the representation of A}, in (IL.7). We furthermore
compute

£ e IS5 £ — a 5
(K5, 6) + (Kiy6,0) = (DLG |1 + DL 6|, — {5 SLiy ¢]F>
3 E4 + a E4 B €4
+<$SLD o + 3,50 qbr,[DLD w]p>
_ ou oult  ou|” _
_ + I e b bt +
7<U|F+U|F7 {8y]r>+<8yr+ 81/F’U|F U|F>'

In the next step, we take the imaginary part of the latter expresssion.
Since we use the Dirichlet potentials SLf,” and DL, both functions u and
v solve the Helmholtz equation in D_ and satisfy a homogeneous Dirich-
let boundary condition on the interval {(z1,z2) € II, z2 = 0}. Therefore
Green’s second identity shows that (v|.., Ou/0v|) — (Ou/Ov|, v|p) van-
ishes. Moreover, the two terms (v|p, —0u/Ov|{) + (Ou/Ov|ft, — v|p) and
(v|, u/ov|p) + (Bu/v|f, v|) are real numbers and hence negligible
when we consider the imaginary part of (K5 v, ¢) + (IZ'B*QS, ¥). Thus, by
Green’s first identity we find

ou +

Im (K5, ¢) + Im (K5 6, 4b) = —Im <v|+ au

2 (2l

ou ou ou
=1 —d 1 1—ds =21 T— ds.
m/FAvax2 s+ m/FAvax2 S m FAU&Q S

)
r
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Here, Ty = {# € II, zo = A} and A > h is arbitrary. The Rayleigh
expansion of

x) = Z ut exp(i(anz1 + B 29)), x9 > h,
nez

and
x) = Z vt exp(i(amzr + B x2)), x9 > h,
meZ

reveals that

U%ds_ S igtuton / ciamai ) gilane1+652) g g
X
0 2 n,meZ Ta

and hence

Im/ v—ds—Im Z iﬁ:u:v_rﬁeiﬁf""‘ew’t‘q/ eln=mz1 g g
axQ Ta

n,mez

=27 Im lz 8wt ot eiﬁ:AeiﬁiA] . (I1.50)

nez
Note that

AT AGBIA _ piy/wier—aZ A iy/wie —aZA

2 2
RY wiey > oy,
= 3+

eBbn A Wl < al.

The condition w?c; > o2 is satisfied precisely if 3, is a real number

which shows that the corresponding mode in the Rayleigh expansion is a
propagating one. Otherwise, if w?e; < a2, the corresponding mode in the
Rayleigh expansion is evanescent. Therefore, taking the limit as A — oo
n (I1.50) it follows that

Im (K5 4, ¢) 4+ Im (K5 ¢,4) = 2Tm v% ds
2

=47 Im Z 1B+u Un

n€Z: fnER
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Collecting terms, we arrive at
(55" 6. 8) + (K9, 9) + (K5 6,4) = (T5 4, ¢)

=Im / (EA;u + EA;ZU) ds + 47 Im Z 1[32'1@&
Iy nEZ: BnER

=Im (27187 [Jui P+ 10/ 1%] | +47 > BiRe [mﬂ

JEL n€Z: BnER
—2r > B [Juf 4+ 2Re (ufof) + o ]
JEL: Bn€R
=27 Z B ut + v > > 0.
JEL: BnER

Hence, we conclude by the discussion above that
Im (Mpo, ¢) >0 for ¢ € Hy (D),

which means that the non-selfadjoint part Im My, is negative semidefinite.

Theorem 1.7 on range identities offers two possibilities to finish the con-
struction of the Factorization method. Either we show that Im M is
negative on the kernel of Re My, or we show that Mf is injective. The
first option is difficult to show directly, but it is possible to prove that
Re My, is injective for all but a countable sequence of frequencies using
holomorphic Fredholm theory. With that information, we can even ap-
ply the old version of Theorem 1.7 due to Kirsch and Grinberg. On the
other hand, it is much easier to show that M, is injective for all regular
frequencies w € Rsq \ €q. Additionally, we do not have to take further
exceptional frequencies into account, which always happens when one ap-
plies holomorphic Fredholm theory. This second option is now used in
the sequel. After the construction of the Factorization method in Theo-
rem I1.19 we briefly consider the first option to show how much easier the
construction of the method is when one applies our modified version of
the basic Theorem 1.7 on range identities.

THEOREM I1.19. Let w € R<o\ Eq be a positive regular frequency and let
(Aj, (al))jen be an eigensystem of Ny = [Re N|+Im N : (2 — (2. Then a
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point y € II belongs to Q4 if and only if the Rayleigh sequence (gn(y))nez
belongs to the range of Nﬁ1/2’ or equivalently,

y€eN_ if and only if i |<(gn(y))):'(a%)>gz|2 <oo. (IL51)
=1 ’

Proof. Theorem 3.2 in [7] shows how to consider the factorization N =
—LM3L* using L*(T') instead of b2 (T") as space for the middle oper-
ator. Due to Proposition I1.17, MIJr is a coercive and selfadjoint operator
between Ha_l/Q(I‘) and HA/? (I"), thus it possesses a coercive square root
. which is bounded from Hg '/? (T') into L?(T") and also from L?(T') into
HY 2(F). Moreover, ¢ is selfadjoint with respect the inner product of
L?(T"). The definition L = Luand Mp =~ "Mpe! implies that the
factorization o

N =-LMpL” (I1.52)
holds and L : L3(T) — ¢* is compact with dense range. Moreover,
ReMj, = . 'Re M~ : L) — L3(T) is a compact perturbation of
a coercive operator and Im 3\7[]’5 is negative semidefinite. In this situation,
Theorem 1.7 shows that the ranges of Nﬁl/ > and £ coincide, if we are able

to show that JT/[]*D is injective. To this end, we show that M, is injective:
Assume that Mj¢ = 0 for ¢ € H;l/Q(F). We observe from (I1.38) that
My} has a non-trivial kernel, too. Since M is a Fredholm operator of
index zero we conclude that also Mp has a non-trivial kernel. Then the
function v defined in (I1.35) solves the transmission problem (II.11) for ho-
mogeneous Dirichlet and Neumann jump data. However, our assumption
that w € Rsg \ €4 is a regular frequency implies that ¢ vanishes.

We established in Lemma II.11 that the range of L characterizes the
interface I'. This characterization holds also for £ from (II.52) as the
ranges of £ and L are by construction equal, see (I1.37). The ranges of L
and £ = L1 coincide, since ¢ is an isomorphism. Hence,

(gn(y))n € Range(L)  ifand only if  yeQ_.
The criterion (I1.51) is a consequence of Picard’s range criterion. O

The last theorem strongly benefits from the generalization in Theo-
rem 1.7 on range identities compared to earlier versions of this result. To
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apply the ancestor of Theorem 1.7, see, e.g., Theorem [49], one needs to
show that the selfadjoint part Re My, is injective. This can indeed be
achieved via holomorphic Fredholm theory, but one has to pay the price
of possibly loosing another at most countable sequence of exceptional fre-
quencies. We briefly sketch this procedure now; our main motivation is
to show the advantage of our version of Theorem 1.7.

For the proof of injectivity of Re M{, for all but a discrete set of real
frequencies we exploit the following geometric assumption:

The interface I' is sufficiently afar from the line {« € II, x5 = 0}.
(I1.53)
This assumption is purely technical and can always be guaranteed using
a suitable coordinate transform, which is however tedious in our special
context since then the incident fields in (I1.32) look more complicated.
The precise meaning of “sufficiently afar” will become clear in the proof
of the next lemma.

LEMMA I1.20. Assume that the distance of T' to the line {xo = 0} is
large enough. Then the selfadjoint part Re Mp is injective for w = i.

Proof. Recall that Mp = M+ R. We know from Proposition I1.17 that for
w =1, M = M; = ReMj is coercive on H;1/2(F). The idea of the proof is
now to show that the “reflection part” R is small if T is away from {xq =
0}. The operator R consists in the evaluation of trace and normal trace
of single and double layer potentials, defined on the reflected interface
I'" = {2’ = (z1,22) : © € T}, on I' . However, for w = i these potentials
and all their derivatives decay exponentially in the second variable zs,
which is easy to see from Green’s function expansion (II.13). Therefore
the norm of R can be made arbitrarily small by increasing the space
between I and {z2 = h}. If the norm of R is smaller than the coercivity
constant of M we obtain that ReMp = M + Re R is injective. O

Inspecting the proof of Lemma II1.20, one could explicitely compute a
lower bound for the minimum distance between I' and {2 = 0} in terms
of the coercivity constant of M; and the exponential decay of the Green’s
function.

ProprosITION 11.21. The operator Mp depends holomorphically on the
frequency w € C4 \ 4.
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Proof. Recall that Mp is explicitely represented in (II.39). Using The-
orem II.7 we observe that all boundary integral operators in (I1.39) are
holomorphic functions of the frequency. In Lemma I1.9 we showed that
T (., +) is holomorphic in w in C; \ €4. Hence follows the proposition. [

The last result together with Theorem II.3 and Lemma I1.20 implies
the following corollary.

COROLLARY 11.22. Under the assumptions of Lemma 11.20 the selfad-
joint part ReMp is an isomorphism for all but a countable number of
frequencies without finite accumulation point. The exceptional frequen-

cies for which Re Mp fails to be injective are denoted by &; and we define
& =EqUE;.

By Corollary I1.22, one can construct a Factorization method for the
inverse periodic transmission problem in a similar way as we did it in
Theorem I1.19, but one can now use older results on range identities for
this construction. The price one has to pay is the possible exclusion
of exceptional frequencies, denoted by &; in the previous lemma, and of
course a rather complicated series of arguments leading to Corollary I1.22.
Application of the new result on range identities in Theorem 1.7 via the
injectivity of the middle operator My, itself is much easier here.

To give a first impression of the ability of the method in reconstruct-
ing periodic interfaces, we consider a grating I' given by the function
f(xz1) = 1.5+ 0.8sin(z1). The wavenumber ky above I' equals 8.5, the
wavenumber k_ is 1.5 and the quasiperiodicity « vanishes. The wave-
length in the upper medium is hence 0.74. We compute the Rayleigh
coefficients of the scattered fields corresponding to the incident fields
from (II.32) for j = —8,...,8 by a finite element method using two
Dirichlet-to-Neumann operators on the artificial surfaces above and below
the grating. Note that, due to the wavenumber 8.5, all computed modes
are propagating. In other words, the reconstructions below are obtained
without using evanescent modes. Using merely the propagating modes
naturally deteriorates the reconstruction, see [3] for a detailed study in
case of a corresponding Dirichlet problem. Nevertheless, the plots below
show that one is able to get a rough estimate of the interface between
the two media merely from the propagating modes. The Rayleigh co-
efficients which provide the data for the reconstruction are numerically
computed at the top of the computational domain where o = 4, roughly
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two wavelengths away from the interface. We use all 17 available Rayleigh
coefficients to approximate the inner product in ¢? arising in the Picard
criterion and plot the reciprocal of the Picard series truncated at some
truncation index. In Figure I1.2 we add no artificial noise to the synthetic
data and use all available terms of the Picard series in the plot. The
peaks of the interface are well found by the method and in the region
between xy = 0 and z; = 7 the shape of the interface is visible in the
blue part of the plot. In Figure I1.3 we add one percent of artificial noise
measured in the Frobenius matrix norm to the measurement data and
use merely the first 10 terms of the Picard series in the plot. The first
10 terms correspond, by visual inspection, to eigenvalues which still have
a reasonable precision after perturbation of the data by artificial noise.
Still, the peaks of the interface are found by the method, the blue area
below the maximum of the grating function is even larger than in the
upper plot. However, in the area above the surface there appear periodic
vertical artefacts. These artefacts become more and more pronounced if
the noise level is increased.

In general, the quality of reconstructions of the Factorization method for
the periodic transmission problem is not as satisfactory as the numerical
examples shown in [3] for the corresponding Dirichlet problem. However,
in [66] the authors report the same observation for the Linear Sampling
Method applied to different inverse scattering problems involving bounded
scatterers.

I1-8. Remarks on the Dirichlet Scattering Problem

In [7, 3] a similar version of the Factorization method for periodic struc-
tures has been established for the inverse Dirichlet scattering problem.
The authors of [7] prove a factorization of the corresponding near field
operator of the form NV = —LS*L* which involves the single layer opera-
tor S on T, see [7, Theorem 2.2]. In the factorization of [3], S* is replaced
by the single layer operator Sfy for the Dirichlet Green’s function of the
half space. In the two papers [7] and [3] the authors exploit positiveness
of Im S* and Im S}y, which does not seem to be satisfied (but semidefi-
niteness holds). However, this small gap in their proof can be closed in
two ways: the first is to use holomorphic Fredholm theory, in the same
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Figure II1.2: Reconstruction of a 2m-periodic interface us-
ing merely propagating modes, the Picard series is
truncated after 15 terms, no artificial noise.

Figure I1.3: Reconstruction of a 27-periodic interface us-
ing merely propagating modes, the Picard series is
truncated after 10 terms, one percent artificial noise.

fashion as above in the end of Section II-7, and to derive a result similar
to Theorem I1.19, valid for all but a countable set of real frequencies. We
will not go into the details of that approach. The second possibility is to
observe that in case that the periodic scattering surface is the graph of a
function, one does not need positivity of Im S* and Im S}, since S* and
S} are injective. Let us briefly indicate how to proceed for this approach.

For an application of Theorem 1.7, we merely need to show that S and
Sp are injective operators to establish a Factorization method for the in-
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verse Dirichlet problem as in [7, Theorem 3.4] or [3, Theorem 2.7]. Here we
note another time the advantage of Theorem 1.7 compared to earlier ver-
sions of this corresponding functional analytic basis of the Factorization
method. To prove injectivity of S, let us assume that there are two densi-
ties ¢1 and ¢o € 2 (T") such that S¢1 = S¢o. Then the two potentials
u; = SL¢1 and us = SL ¢ take the same Dirichlet boundary values on
I'. However, if " is the graph of a function (and sufficiently smooth), the
Dirichlet scattering problem in €4 together with the Rayleigh expansion
condition (II.3) has a unique solution, see, e.g. [45]. The analogous scat-
tering problem in 2_ also has a unique solution. Therefore u; = us in
IT and from the jump relations for the single layer operator we obtain
¢1 = ¢2 and hence injectivity of S. The proof for Sp is similar, except
that one has additionally to assume that w?e is not a Dirichlet eigenvalue
of —A in the domain D_.



CHAPTER III

Detecting contamination on a rough
surface

IIT-1. Introduction

Rough surface scattering theory in the frequency domain is a relatively
new and rapidly growing field. Starting with the works of Chandler-
Wilde, Ross and Zhang, see, e.g., [15, 16], on integral equation methods
in two dimensions, considerable progress in understanding mathematical
features arising from the unboundedness of the infinite scattering surface
has been made. Inverse scattering problems for unbounded rough surfaces
have on the other hand received little attention as yet. In [54], the au-
thors investigate the detection of a contamination on a locally perturbed
half-plane. In [59, 60], the authors investigate inverse scattering prob-
lems for rough surfaces using the point source method. Only recently, the
Kirsch-Kress method has been investigated in the context of rough surface
inverse scattering in [9]. Applications of the inverse rough surface scatter-
ing problem in non-destructive testing range from detecting impurities in
industrial workpieces and inverse problems in geophysics to reconstruction
problems in nanotechnology. Especially, the case of a locally perturbed
periodic surface is included in our investigations. This problem occurs for
instance when imperfections of a photonic crystal are searched for. Note
here the link to the last chapter where we investigated the determination
of a perfectly periodic photonic crystal.
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In this chapter, we develop a Factorization method for the inverse scat-
tering problem of finding a local contamination of a known infinite rough
surface. Compared to Factorization methods for bounded obstacles the
mathematical challenges increase, due to the different character of the
radiation condition: The upward radiation condition, an analogue to the
Sommerfeld radiation condition for unbounded scattering problems, yields
only a semidefinite imaginary part of the middle operator of the factor-
ization. Since we use near field measurements, the Factorization method
relies on modified, namely complex conjugated, incident point sources.
These sources have no physical meaning, however, it is yet an open prob-
lem to formulate a factorization of the physical measurement operator
which relies on upwards propagating point sources G(-,y). We discuss
in the second-to-last section of this chapter how to express the physi-
cally meaningfull near field operator using modified incident fields and
construct a numerical algorithm for the reconstruction of the local con-
tamination. These results extend and improve the earlier analysis for
conjugate incident point sources in [48].

To give a somewhat more precise outlook on this chapter, suppose a
rough surface I' in R? is locally perturbed, that is, the perturbation I,
differs from I' only in a bounded set. We consider the inverse problem of
reconstructing the contamination I'; \ T' using scattered waves measured
on some measurement line in a finite distance above I'. See page 105 for a
rigorous mathematical statement of this inverse problem. For this prob-
lem we formulate a Factorization method which relies again on the range
identity of Theorem 1.7. To set the stage for the Factorization method as
an inverse problems tool, we formulate the direct scattering problem using
boundary integral equations on the local contamination of the rough sur-
face. This leads in Section III-3 to a solution concept in Sobolev spaces, a
necessary tool for the construction of a Factorization method. The anal-
ysis of the boundary integral operators is carried out by combination of
variational methods for rough surface scattering and Green’s first identity.
As we have seen in Chapter III, there are quite stringent prerequisites to
be satisfied for a Factorization method to be applicable. In this chapter’s
setting, the difficulty arising from the unboundedness of the rough sur-
face is that the upward radiation condition makes the middle operator of
the factorization non-negative, but not positive as Sommerfeld’s radiation
condition does. This difficulty is tackled in Section I11-4 by an application
of Theorem 1.7, which is specifically designed for such cases.
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ITI-2. The Unperturbed Rough Surface Scattering Problem

Time-harmonic scattering from a rough surface I, either of acoustic waves
or of electromagnetic waves in transverse magnetic mode, compare Sec-
tion I-2, can be formulated as a boundary value problem for the Helmholtz
equation Au + k*u = 0. The wavenumber k is in this chapter assumed to
be positive and the rough surface I' = {(z1, f(z1)) : 1 € R} C R? is the
graph of a function

feCY(R) = {¢ €C'R): [[dllsc < 00, 9]l < 0,

SHPM@O},

s#t €R |s —t

For simplicity we assume that 0 < f_ < f < fi and denote the domain
above the surface by

D ={(z1,22) : x1 €R, 2 > f(x1)} C R2.

Additionally, the line T'y, = {(x1,h) : 21 € R} for h > f is often used
and the strip between I' and I';, is denoted by

Dh={$€D:$2<h}.

We also set
Up,={xe€D: xy>h}

to be the half space above I', and note that D = D, UT", UU,. We choose
the unit normal field v on I" to point downwards whereas on I', we choose
the normal v to point upwards. Hence, v is the exterior normal field to
the domain Dy,.

With the help of the fundamental solution ® of the Helmholtz equation
in two dimensions, see (I.14), we define the Dirichlet Green’s function* G
for the upper half space Uy,

G(l‘,y) = ¢($,y) - ¢(x7yl)) z 7& Y, T2,Y2 > 0.

*The quasiperiodic Green’s function has been denoted by Gp in the last chapter,
however, for simplicity we simply write G for the Dirichlet Green’s function in this
chapter.
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\/\/1\/
N
T

Figure III.1: The geometry of the rough surface I' and the domain D, which is
the union of the strip Dy, the line I'y, and the half space Uy. The field v is
the exterior normal to Dy,.

The point source G(-,y), y € D, satisfies the Helmholtz equation in
D\ {y}. We use such functions as incident fields, u'(-,y) = G(-,y).
The corresponding total field u needs to satisfy the sound-soft boundary
condition u = 0 on I' and, as usual in time harmonic scattering, the scat-
tered field u® = u — u’ needs to satisfy a radiation condition, which is for
our geometry the upward radiation condition [15]. In the following, we
formulate the scattering problem for the scattered field u® with general
Dirichlet boundary values in the space BC(T") of bounded and continuous
functions on T': Given g € BC(T), find u® € C%(D) N C(D) such that

Au® +k*u*=0in D, u*=gonT, (IT1.1)

and u® satisfies the following upward radiation condition: For some h > f
and ¢ € L>(Ty),

u(z) = / g—j;<x,y>¢<y> ds(y),  x €U (111.2)

A solution to this problem is found in form of a Brakhage-Werner-type
ansatz,

ww) = [ (o)~ inGle) ) vl st (111.3)

with a density ¥ € BC(T'), n > 0 fixed and « € D. This problem is well
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known to be equivalent to the boundary integral equation

oG
Y+2 e )( Y)(y) ds(y —ZZU/G ds(y) = —2¢g (I11.4)

which has been proved to be uniquely solvable [5, Corollary 4.5]. From now

on we restrict ourselves to the case g = G(-,y), y € D, denote by u*(-,y)

the corresponding solution of (IIL.1) and set u(-,y) = G(-,y) + v*(-, y).
Let us recall several regularity and decay results for ©® and u. In [16,

Theorem 3.1], see also [5, Section 4], it is shown that for h > fi and
€ (0,1) there exists C' > 0 such that

|Vu(z)] < Czg — f(x1))* 1, x € Dy, (IIL.5)

The bound (II1.5) can be used to prove a Green’s representation theorem
similar as in [16, Theorem 3.3] or [85, Theorem 4.1],

s = mzausz —u’(z 8Ga:z s(z
we.9) = [ (602 (o) = 0 (ean) g (2:2)) ), (11L)

for x,y € D. Here, v denotes the exterior unit normal field to D. Note
that a similar representation where the kernel G is replaced by the free
space Green’s function ® does not hold. Results from [5, 4] can be used
to obtain decay rates for the scattered field u® as follows. From [15] we
know that

14+ z2)(1+y2)

(
G2, y)l, [VyG(a,y)l < O Togpr 0 V€ D, |z —y[>1,

(I11.7)

and therefore we obtain from Corollary 4.5 in [5] that the density 1

from (I11.4) decays as |z1|~3/2. The same arguments as in the proof of [4,

Theorem 4.6, Corollary 4.7] show that «®, defined in (II1.3), has the same
decay rate in x7 in the strip Dy,

[u®(z,y)| < Clay — y1| /2, x € Dp, |21 — 11| > 1. (IIL.8)

The bound (IIL.5) implies that Vu is locally square integrable in D. Thus,

for any ball B(z,r) of radius r > 0 around = € T', ||ul| g1 (pnB(a,r)) is finite,

at least if the singularity of the incident field G(-,y) at y is far enough

away from z. Elliptic regularity results [28, Corollary 8.36] state that
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there is a constant C(x) such that for any ball B(xz,r’) of radius v/ < r
around x

()l ore BrsEm) < C@NU 9 co BoBEM)-

The constant C(z) depends on the local Holder norm of the function f
which defines I'. As || f||¢1.o(r) is bounded (we assumed f € C*'(R)), the
set {C(x) : x € I'} is uniformly bounded. Then the decay of u(-,y) =
G('7 y) + U's('a y) implies

|73/2

lu(-,9)lcre(pnB) < Cler — T € Dp, |21 —y1| > 1

that is, the decay of the total field u carries over to Vu. From the rapid
decay of the Green’s function in (III.7) we conclude that u® belongs to
HY(Dy,) and u(-,y) belongs to H'(Dy, \ B(y,1)) for h > f,.

The smoothness assumptions on I' are not the weakest possible. Using
results and techniques from [16, Theorem 3.1] one could also deal with
piecewise Lyapunov surfaces, however, we restrict ourselves to the class
C1! to avoid technical complications.

In the analysis of the Factorization method for the inverse scattering
problem we make use several times of the following reciprocity lemma,
which shows that the Green’s function for D is symmetric. See also [59, 60]
for a proof.

LeEMmMA III.1. Denote by u®(-,y) the scattered field corresponding to the
incident field G(-,y). Then the total field v = u®(-,y) + G(-,y) satisfies
the reciprocity relation u(z,y) = u(y,z) for x #y € D.

Proof. By the symmetry of the Green’s function G,

S

ww) = [ (660 g5 () = s () ) dsta). (11L9)

Interchanging the roles of x and y yields, for z,y € D,

w0 = [ (Gl g (o) = era) s o)) s

v(2)
(II1.10)
Let h > fi be such that u® satisfies the upward radiation condion
in (I11.2). By Green’s second identity applied in the interior of the contour
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0D, p from Figure II1.2 for b > 0 large enough and a > h,

s ou’ s ou’
0= /8Da’b (u (z,x) o2 (z,9) —u (279)81/(2) (z,a:)) ds(z). (IIL.11)

€2 I
T2 = a Fh

IS Dab

/\N\/I‘

xr1 = —-b xr1 = b X1
Figure III1.2: The contour Dy .

Let us first show that the part of the integral on the vertical line I :=
{r € D: x1 = b, 22 < a} tends to zero as b — oco. It is sufficient to

consider .

0
/11 us(z,x)ay—zzz)(z, y) ds(z) as b — oo.
From the boundedness condition of the scattering problem (III.1) and
estimate (III.5) we observe that fIl |Ou®/Ov| ds(z) is well defined and
uniformly bounded in b > 0. By the decay rate (IIL.8) it holds

s ou®
| v g e ase)

< sup oo [ [ )| o) =0

z€1ly I

as b — oo and the claim follows. Hence, taking the limit in (III.11) as
b — oo we know that

0= [ (w0~ ) g (z0) ) ds(e),
9] 3]
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where the integral exists due to the decay of u® in (II1.8). Additionally,
the part of the integral in the latter equation on the upper line I', vanishes
by Theorem 2.9 from [16]. Hence we arrive at

s ou’ s ou’
0= /1“ (u (z,x) a(2) (z,y) —u’(2z,9) o0 (2) (z,a:)) ds(z). (I1.12)

A similar formula for the incident fields fails due to the singularity of
the field: we can only use Green’s formula on D, \ (B(z,¢) UB(y,¢)) for
€ > 0 small enough, which yields by similar arguments as above

= oG z,y) — G(z 9G(z 7) s(z
0= [ (g o) - G i) asta)

0G G
" ~/SB(x,6)UaB(y,5) (G(27 CL') 81/(2;) (Z’ y) - G(Z, y) 81/(2') (Z; (E)> dS(Z)

As e — 0 we obtain as in the proof of [22, Theorem 2.1]

Gla9) = Gl = [ (Gl gocs ca0) = Gl s () ) s

We add the last equation to (I11.9), (II1.10), (IT1.12) and obtain

W) = w0 = [ (uer0) g ) — w5 (o)) ds(e)

+ G(y,.l?) - G(J?,y),

and the boundary condition v = 0 on T' yields w®(z,y) — v®(y,z) =
G(y,z) — G(z,y) and u(z,y) = u(y, z). O

ITI-3. Local Contamination and Boundary Integral Operators

We consider in this section the direct scattering problem when the rough
surface I' is locally perturbed. The aim of this section is to prepare the
tools for the treatment of the inverse problem later on, which consists in
the reconstruction of the perturbation when the rough surface is known.
Let us denote the perturbed surface by I'. and the perturbation itself by
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C:=T.\T. We require that the domain between € and T', called D_, is a
Lipschitz domain contained in D = {(x1,22) : 1 € R,z2 > f(x1)}, where
the function f defines the (unperturbed) rough surface. This assumption
forbids for instance cusps at the boundary points of €. Considering only
local perturbations means that we assume that D_ is bounded. The
complement of D_ in D is called D, and we set

D} =DpN Dy ={(z1,22) : 71 €R, f(z1) <22 <h}N Dy,

where h is now and in the following assumed to be so large that I'j, and
€ do not intersect. Moreover, we suppose that D satisfies the secondary
geometric assumption, compare [14]:

for x = (x1,22) € Dy and s > 0 it holds (z1,22 +s) € Dy.  (II1.13)

The unit normal v on the surface I'. points again downwards, as the
normal on I' points downwards. Note that v is hence the interior normal
to D_ on the arc €, but the exterior normal on 9D_ NT.

)

J,‘th* ———————————————————————————

Z1

Figure I11.3: The unperturbed surface I" and the perturbed surface I'c. The unit
normal v to I' and I'c points downwards. On the measurement line M, to be
introduced in Section I1I-4, data for the inverse problem is collected.

We consider again incident point sources G(-,y) for y € D and repre-
sent the total field u by

u(y) = G(hy) +u’(,y) +u(hy),  x,y€ Dy, (I11.14)

where u®(-,y) is the scattered field corresponding to the incident field
G(-,y) scattered at the surface I'. Moreover, u®(-,y) is the part of the
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total field which corresponds to scattering by the contamination C: u°
is an upwards radiating solution of the Helmholtz equation in Dy that
satisfies the boundary condition

uc(.,y) = _(G(ay) + us(vy)) on I'c.

We note that the boundary values — (G(-,y) +u*(:,y))|r_ have compact
support. Therefore we find ¢ by an integral equation approach on the
contamination €, leading to a solution concept in Sobolev spaces. The
Sobolev space setting is important for the application of the Factorization
method later on.
The boundary 0D_ is the extension of the curve € by a part of I' to a
closed Lipschitz curve. Following [80], see also [50, 53, 63], we set
H(€) = {@l¢: 6 € HYOD_), supp(6) C €},  [s| <1,

and
H*(€) = {6l : o€ H*(OD-)}, s/ <1,

We recall that H*(€) is also the completion of C°(C) in the norm of
H*(€). The couples (H—*(C), H*(C)) and (H*(€), H*(C)) are dual pair-
ings for the inner product of L?(€) and form a Gelfand triple [63]. In con-
trast to [50, 80, 53], we are going to work with the pair (H~*(€), H*(€)),
since in our case the Dirichlet values of u® = —(G(-,y) + u®(-,y)) on C
vanish in the endpoints of €. Obviously, the formulation of the scattering
problem gets easier if the local perturbation does not involve the bound-
ary I' of the domain, that is, when D_ and T' do not intersect. Then
H*(C) = H*(C).

In the Sobolev space setting, the boundary value problem for u® is
formulated as follows: Given g € H'/?(€), find u® € H. (D, ) such that

loc
Au® 4+ k*uf = 01in Dy, u® =g on C, u®=0onT.\C (III.15)

the norm ||uCHH1(D}+) is bounded and u° satisfies the upward radiation

condition (I11.2).

Problem (III.15) is of course a special case of a rough surface scattering
problem in the domain D, . In the following, we collect results from [14]
on variational methods for such problems. These results are subsequently
applied to show boundedness of the single layer operator on € which we
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will introduce to deal with the direct scattering problem (III.15). The
idea of proving properties of boundary integral operators via properties
of corresponding variational problems is well known, and has been also
applied for instance in the monograph [63], but also in [80]. In the lat-
ter reference, the authors treat scattering problems for screens and their
results are in some sense analogous to ours.

Scattering problems for the Helmholtz equation in DZ‘ can be cast into
variational formulations using Green’s first identity. In case that u €
HY(Dj") solves Au + k*u = f with f € L?>(D;") and satisfies as well the
boundary condition u|rc = 0, Green’s first identity shows that

/ (Vuvo — k*uv) dz+ [ fode = / @ms, (IIL.16)
Dz— DZ— Ty 8V

first for all v € C2°(D;), and hence by density for all v € Hg (D) :=
{ve HY(D}): v|p, = 0}. Now we replace the normal derivative of u on
I';, by the Dirichlet-to-Neumann operator T" applied to ulr, , compare [14].
The Fourier transform [63]

Fo(e) = \/%7 [ T o) exp(—izt)dr,  ECE,

and Fourier’s inversion formula yield

1 .
u(z1,h) = E/Rﬁru(',h)(f) exp(iz1€) d¢, 1 € R.

As w solves the Helmholtz equation in Uy, we formally obtain

u(xy, ) = \/Lz_ﬂ/miﬂ"u(-,h)(g) exp (w1 €+ivVk? — (v2—h)) d¢, =1 €R,

(II1.17)
and by our choice of the plus sign in front of the square one can show [14, 6]
that such w satisfies the upward radiation condition (IIL.2). Formally
taking the derivative with respect to x5 of the latter expression yields

ou i
%(xlah) - \/ﬁ

All these formal steps are valid if the involved functions are smooth enough
and sufficiently decaying [14, Lemma 2.2]. Moreover, the operator T,

/ VE2 =& Fu(-, h) (&) exp(iz1€)dE, 1 €R, zo > h.
R
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defined by

(To)(x / VIZ_E54( 1)) expliné)de,  x Ty,

(II1.18)
is bounded from H'Y?(T,) into H~/2(I',) [14, Lemma 2.4]. By a den-
sity argument, see [14, Lemma 2.2] for details, T' is hence the Dirichlet-
to-Neumann operator on I'j, and maps a function in ¢ € Hl/Q(Fh) to
the Neumann boundary values of the upwards radiating function which
takes Dirichlet boundary values ¢. Consequently, we can replace du/0v
in (II1.16) by T'(ulp, ) and obtain the following variational formulation for

the scattering problem: Find u € Hg(D;") such that

B(u,v) := /D+ (VuVy — kuv) dx—/F T (u)ds = —/D+ foda (111.19)

h
for all v € HY (D).

THEOREM II1.2 (Theorem 4.1 in [14]). The variational problem to find
u € HY(D;") such that

B(u,v) = f(v) for allv € Hy(Dj)
has a unique solution for all continuous antilinear forms f in the dual
space H}(D;5)* of HY(D;"). This solution depends continuously on f,
lll sty < Cllf sty
for all uw € HY(D").

A well known technique allows to solve inhomogeneous rough surface
Dirichlet problems.

COROLLARY IILI.3. There is a constant C' > 0 such that for each ¢ €
HY*(T.) there is a unique solution u € H*(D;") of the Dirichlet problem

0
Au+k*u=0 in D, ulp =1, au =T(u),
c o |p,
which satisfies ||u||H1(D}+) < Cl[Yllgrrzr,y-  Especially, for every g €

HY2(Q) there is a unique solution of problem (IIL15) in HY(D}) which
depends continuously on g.
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Proof. The proof follows the idea of the proof of Theorem II.5. Theo-
rem 3.37 in [63] states that the trace operator has a continuous right in-
verse and hence there is g € H*(D;) such that glp, = g and ||'gv||H1(D}+) <

Cllgll gr1/2(r,) with C independent of g. The variational problem to find
w € H (D) such that

B(w,v) = — /D+ (VgVo — k*gv) dz for all v € Hy(D;")

is uniquely solvable according to the previous theorem. Then the sum w+
'gV|D}+ is the solution we are looking for and the estimate ||w +’9v||H1(D}+) <

lwll gy oy + 190 mr oty < Clgla oy + Cllgllmzwey < Cllgllmzr.,)
holds. O

We also need the following corollary on transmission problems posed on
the arc €. Therefore we introduce the jump of a function u across C as
the difference of the trace u|ér from D, and the trace u|e from D_,

+ —
[ule = u|e - u|e .

COROLLARY IIL.4. For each ¢ € H~'/%(C) there is a unique solution
uw€ HYDf UD_):={ue H(D;f UD_): ulp =0} of the transmission
problem

Au+Kku=0 inDifUD_, [u]z=0, [8u] = ¢, Ou =T (u),

wl. "% @

T'n

which satisfies ||u||H1(D}TuD_) < C|@llgr-1/2(e) for some constant C > 0.

Proof. First, we note that the domain D is a domain with Lipschitz
boundary which satisfies by assumption the secondary geometric assump-
tion (III.13). Therefore the claim of Theorem III.2 holds also for the
domain D;, instead of D;{: The variational formulation to find w in
H(Dy) :={u € H (Dy) : ulp =0} such that

/ (VuVo — kuv) do — / T (u)ds = f(v) (III1.20)
Dy,

Iy
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for all v € Hg(Dy) has a unique solution for any continuous antilinear
form f on H}(Dy). We will now use the form

) = [ ovas

which is bounded since ¢ € H~1/2(€) and v|, € H'/2(€). Our claim is
that the solution for this right hand side solves the transmission problem
stated in the corollary and vice versa. Consider any solution u of the
transmission problem stated in the corollary. Continuity of u across the
interface € implies that u € H}(Dy,), see, e.g., [63, Excercise 4.5]. Further,
due to Green’s first identity in the domain D;{ applied to Au + k?u and
v € HY(Dy,), the restriction u|D; solves

/ (VuVT — kuv) dx—/ o1 (u) ds:/ Ou
DZ 'y e ov

for all v € H}(Dy,), whereas u|,, solves

_ _ - ou
/ (VuVo — kuv) do = _/e %

Jr
vds
e

vds
e

for all v € H}(Dp). Adding the latter two variational equations shows
that u € H}(Dj,) indeed solves the variational problem (I11.20). The proof
that any solution to the variational problem gives rise to a solution of the

transmission problem stated in the corollary uses analogous arguments.
O

With our knowledge on solvability of Dirichlet and transmission prob-
lems for rough surfaces, we can now introduce the single layer potential
and the single layer operator on the contamination €. For ¢ € H~/ 2
the single layer potential is defined as

(SL$)(z) = /e w(e,)o(y)ds(y), weD,UD.,  (IL21)

with kernel

w(z,y) = G(z,y) +u’(x,y), r,y€ D, x#y.
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The kernel w is the Dirichlet Green’s function for D and it is symmetric
by Lemma IIL.1. Since w(z,-) € H'/?(@), the expression in (IT1.21) is well
defined for x € D U D_ and it solves the Helmholtz equation in this
domain. Additionally, the trace of SL ¢ on I" vanishes, as w vanishes on
T", and SL ¢ is by construction an upwards radiating function. For z € €
we formally define the single layer operator by restriction to €,

(56)(x) = /e w(z,)ow) ds(y), e e

In our next theorem, we show that this single layer operator is bounded
between suitably chosen Sobolev spaces. Second, in order that the single
layer potential SL ¢ takes prescribed boundary values g € H'/?(C), the
density ¢ € H~1/ 2(T") needs to satisfy the following boundary integral
equation in HY/2(@),

S¢ =g, that is, /ew(,y)qb(y) ds(y) =g. (II1.22)

THEOREM IIL.5. Assume that k? is not a Dirichlet eigenvalue of —A in
the domain D_. N

(a) The single layer operator S is bounded from H—'/%(C) into H'/?(C).

(b) A function u¢ € HL (D) is a solution of (I11.15) for g € H'/?(C)
if and only if

u(z) = /ew(a:, y)o(y) ds(y), T e D,‘f, (II1.23)

and ¢ € H='/2(C) satisfies the boundary integral equation (I11.22).

Proof. Assume € is the solution of (II1.15), known to exist by Corol-
lary 1113, for some g € H'/2(€). We show that it has the form of (IIL.23)
and obtain boundedness of the single layer operator as a side product. Re-
calling the definition of D, ; (see Figure II1.2) we set D(J;b i=DgpNDy.

it
By Green’s formula in Dy,

e ou® . oG
@ = [ (GG g e ) b, ve Dl

(I11.24)
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As in the proof of Lemma III.1, this integral is split up in four parts
on the lines I1, I, I3 and a part on I'c. The integral [, |0u®/dv| ds(y)
is uniformly bounded for all sufficiently large b since u¢ € H'(D]) and
therefore the part of the integral in (II1.24) on I; tends to zero as b — oo,
as well as the part on Is. Then the part on the entire horizontal line T',
vanishes, again by [16, Theorem 2.9]. Hence,

wlo) = [ (GG - v gste)) ds). e D
(II1.25)
Note that in this formula, v denotes the exterior normal on Dy pointing
downwards. Let us now extend u€ to all of D by the solution of the interior
Dirichlet problem

Au¢ + k*u¢=0in D_, ule =g, “C|8D,\e =0.

Our assumption that k2 is no eigenvalue of the Dirichlet problem in D_
implies that this problem has a unique solution in H'(D_). Moreover,
since [u¢]e = 0 the extension of u¢ belongs to H. (D). Another applica-
tion of Green’s formula yields

ou® 0G(z,y) )
0= G(zx, —u(y)—=——— ] ds(y), xe€ Dy. (I11.26
[ (ctengem - wm Gt asw .. (1T.26)
Here, v_ denotes the exterior normal to D_, thus v_ = —v on €. Adding

equation (IT1.25) and (II1.26) yields

ww) = [ GGt + [ 6|

— —/Fus(fc,y)%(y)dé’(y)—/eus(fc,y) [%f(y)} ds(y)

e

S| asw)

+/ew(x,y) Pau: (y)]e ds(y), z€Ds.

It remains to prove that the term

0= [wenGotsw + [ v |[Gw)] aw)
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vanishes. First we integrate by parts to obtain

[ G wasm + [ v oo

e

ds(y)

= [ G| wwe [ e Go)| ao)
B 8u5(x,y)uc 5 u(x ou®, | <
- [Bemam+ [ wenGem]| s

since u® vanishes on I'c \ €. Now we see that

x) = Muc s u®(x o | s
o= [T i+ [ wenGo)| aso)

—/eus(x,y) %(y)‘ ds(y)

ous(x,y) / ou ‘
=— ——ul(y) ds(y) + u®(x, ds(y) =0
| st + [ weng-w)| asw
since v— = —v on € and v = 0 on OD_ \ C. Hence, we have shown that
e ou® B ou® 1
w= [t 5] asw=su(|G] ) mmon,

(IT1.27)
Consequently, u|o = g = S ([0u®/0v (y)]e). From Corollary II1.4 we
obtain the estimate

ou’
o) < € | |G 0)]

(I11.28)

ella-1/2(e)

which shows, again by Corollary I1I.4, that the single layer operator is
bounded from H~1/2(@) into H'/?(C). Moreover, we proved that a solu-
tion of the problem (III.15) gives rise to a solution of the integral equa-
tion (I11.23). The opposite direction is shown in the remainder of the
proof.

Assume that ¢ solves the integral equation (II1.23). Then we know
that the single layer operator SL ¢ solves the Helmholtz equation in D,J{,
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the upwards radiation condition (I11.2) and that SL ¢ takes the boundary
values ¢ on € and vanishes on T'. \ €. Consequently, the single layer
potential SL ¢ belongs to Hlloc(D;L'). For simplicity we set u® = SL¢. It
remains to show that u® belongs to H I(D;{) and therefore we consider
the decay of w(z,y) for y € €. Since € is bounded there is according
to (IIL.8) a constant C such that |w(z,y)|, |Vew(z,y)| < Clz|~3/? for
x large enough and y € C. Therefore u¢ decays as |x1|_3/2, too, which
implies that ||UCHH1(D;;) is bounded. Now, since u° satisfies the upward
radiation condition we know from [14, 6] that T(ulp,) = 0u®/Ov|., and
hence u° satisfies (II1.15). O

We note the following jump relation, which follows from (II1.27): For
u = SL¢, ¢ € H-/?(@), it holds

ou
5.

The missing minus sign on the right hand side of this equation might
be a bit inconvenient, but is due to our choice that the normal v to D_
on the arc € points downwards, hence into the domain; but Ou/ 8V|—é_
and Ou/0v|, denotes the trace taken from the outside and inside of D_,
respectively. Therefore the sign of the jump relation differs from, e.g., [63],
and also from the analogous jump relation in Chapter II.

For the Factorization method we require later on the following theorem.

THEOREM II1.6. The single layer operator S has a decomposition S =
So + Ko with Ko compact and Sy bounded and coercive: there exists ¢ > 0
such that Re (Sod, ¢) > c||¢||i1_1/2(€) for all ¢ € H=/%(C). Hence, S is a
Fredholm operator with index 0.

There are a couple of possibilities to prove Theorem II1.6. One can for
instance adapt the proof of the same assertion for the single layer potential
of the free space Green’s function, which is provided in [63, Theorem 7.6].
Since, for our situation, a proof can be given completely analogous to that
one in [63, Theorem 7.6], we omit this proof. As another option one can
use the result below which shows that for small positive wavenumbers S
itself is coercive, and note that the difference of two single layer potentials
for different positive wavenumbers is compact.
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If the wavenumber &k > 0 is small enough, then S is even coercive. This
relies on a Poincaré inequality, see [14, Theorem 3.4] or in a more general
context [68], which is considered in the next Chapter IV in more detail.

LEMMA IIL7. For h > fi we set HY (D)) == {u € H'(D}) : ul. =
0} to be the closed subspace in H' (D)) with vanishing trace on T. On
HY(D;}) the norm of HY(Dj) is equivalent to the Dirichlet norm

HuH% = /+ |Vu|2 dx.
Dh

The latter equivalence implies the existence of a constant Cp such that

||u||H1(D+) < CDHVU||2L2(D;*L-) for u € H(%(D}JLF)

Due to the representation of 7" in (II1.18) and Plancherel’s identity,

w [ G as) =t (i [ V=€ ol ac)
- /M VIZZE 56 de >0,

and therefore Im [, T0v/dvds = Im [, 7T (v)ds > 0 for any upward
radiating function v. The same technique shows that Re fr, Tov/Ovds =

Re fr vT(v)ds < 0 for any upward radiating function and hence espe-
cially for v = SL ¢. Using Green’s first identity for v = SL ¢, we find

_ oy 19N 2 22 _ [,
(S, ¢) = <v, [01/L> = /D,TUD (Vo> = K*[v|?) da /Fh v—ds

we find

Re <S¢a ¢> > ||VU||2L2(D;) - ]{}QHUHQLQ(D;) > Cp 1HU||H1 D*) kQHUHiQ(D;)
> (CIS1 - k2) HU”ip(D;) > C(CDl - k2)”¢||H1/2(e)'
(I11.29)

Therefore S is coercive for small wavenumbers. Additionally, for arbitrary
k > 0, we observe that

Im (S¢, ) = —Im (v, T(v)) = Im (T'(v),v) >0

which yields that Im S is positive semidefinite.
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COROLLARY III.8. For arbitrary k > 0 , Im S is positive semidefinite.
Moreover, under the assumption that k? is not a Dirichlet eigenvalue of
—A in D_, the single layer operator S is a bijective bounded linear oper-
ator between H=Y/2(C) and H'/2(€).

Proof. Due to Theorem III.6, it remains to show that S is injective for
arbitrary wavenumbers. Assume that ¢ € H~'/2(C) is such that S¢ = 0
and set u = SL ¢. Then u|, = u|_ = 0on €. Since u solves the Helmholtz
equation in the bounded domain D_, subject to the Dirichlet condition
uw =0 on dD_ and k? is not a Dirichlet eigenvalue in D_ we have u = 0
in D_. Theorem 4.1 in [14] on variational formulations of scattering from
a rough surface implies u = 0 in D, \ D, since D satisfies the secondary
geometric assumption (II1.13). For w vanishing entirely in D, the jump
relations for the single layer potential SL imply ¢ = 0. |

IIT1-4. The Inverse Contamination Problem and a Factorization
Method

We are now ready to consider the inverse problem of determing the con-
tamination € from measured scattered fields. Therefore we introduce a
measurement line M above the surface I'c, where incident waves in form
of point sources are emitted and the resulting scattered waves are mea-
sured. The segment M is assumed to be of the form M = {(x1,h) : a <
x1 < b} CR? for a < band h > f;. We assume moreover that we know
the Green’s function w(x,y) of the unperturbed rough surface, especially,
we know the surface I'. Our aim is to apply incident point sources w(-,y)
and to reconstruct € from measurements of the corresponding scattered
fields. In view of the application of the Factorization method later on it
is well known [48] that we need to modify these incident fields. Indeed, to
be able to construct a suitable factorization of the data operator we rely
for the moment on the incident fields

which are scattered at I, resulting in scattered fields u°(-,y). The scat-
tered fields u°(-,y) solve (IT1.15) for the data —w(-, y).
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The use of complex conjugated point sources instead of w seems cur-
rently to be necessary for the application of the Factorization method.
This is a serious drawback since such sources have no physical relevance.
In Section ITI-5 we are going to link the scattered fields u°(-,y) with phys-
ically meaningfull fields. For the moment we only consider the (physically
irrelevant) near field operator

N 2200 - 200, o [ @(ae@)dse).  (1L30)
M

and pose the inverse problem as follows: Given the near field operator N ,
find the contamination C! The literature on uniqueness results for such
inverse contamination problems is rather poor, apart from the studies of
obstacle detection in a half space, see, e.g., [31, 56] and the references
therein.

Let us first note that the integral operator in (II1.30) is compact. In-
deed, from Lemma III.1 we know that w(z,y) = w(y,z) for z,y € D
and the arguments of Lemma III.1 also show that w(x,y) + u(z,y) =
w(y, x)+u(y, x). Hence follows the reciprocity relation u¢(z,y) = u°(z, y)
for the contamination field. Due to (real) analyticity of any twice contin-
uously differentiable solution of the Helmholtz equation, we observe that
the kernel of N is symmetric and smooth in both variables. Hence, N is
compact on L2(M).

The derivation of the factorization of N relies on the data-to-pattern
operator L, which maps ¢ € H'/?(€) to the solution of (IT1.15) restricted
to the measurement line M,

L: H'2(€) — L2A(M), g ufly.

The auxiliary operator

i 12(0) — HY2(e), ¢~Aﬁmw@mm

which corresponds to the Herglotz operator from Section 1-3, is easily seen
to satisfy N¢ = —LH¢. We consider its adjoint

H* : HY?(@) — L*(M), gH/w(-,y)g(y)dS(y)-
c



106 Detecting contamination on a rough surface

H *g solves the perturbed boundary value problem (IT1.15) and takes the
boundary values

Sg = /e w(-y)g(w)dsly) i HY2(@),

which implies H* = LS an@v]v = —LS*L*. Due to the decompositions
L=H*S"! and L* = S~ H we can also factorize

N=—H*S'H, (I11.31)

whenever S is invertible. Indeed, we consider this factorization in the
sequel, since the Herglotz wave function-like operator H will be of special
use in Section III-5.

LEmMmA II1.9. Assume that k? is not a Dirichlet eigenvalue of —A in
D_. Then H : L*(M) — H'Y?(@) is compact and injective with dense
range.

Proof. The compactness of H follows from analyticity of the function

T /M w(x,y)o(y) ds(y)

in D\ M. Injectivity follows from the assumption that k% is not a
Dirichlet eigenvalue of —A in D_: Assume that ﬁ¢ = 0, that is, u :=
Jo (-, y)é(y) ds(y) vanishes on €. Since w(x,-) vanishes on I' we con-
clude that u vanishes on dD_. In consequence, u satisfies the Helmholtz
equation in D_ subject to homogeneous Dirichlet boundary conditions.
The assumption that k? is not a Dirichlet eigenvalue of D_ implies that
uw =0 in D_. On the other hand, the kernel w(z,y) is real analytic for
x # y and therefore w is real analytic in D \ M. Because u = 0 in the
open set D_ it holds u = 0 in R? \ M. Using the jump relations of the
single layer potential we conclude that ¢ = [0u/dv],, = 0.

To show denseness of the range of H it is sufficient to show that H* =
LS is injective. We already know that S is invertible and can restrict
ourselves to show that L is injective. Let 1 € H'?(C) be such that
Ly = u°|,;, = 0. Since solutions of the Helmholtz equation are real
analytic, we infer that v vanishes on the entire horizontal line I';, and
satisfies the upward radiation condition (III1.2). Lemma 2.9 in [16] yields
v =01in {z2 > h}. Again, analytic continuation shows ¢) = v|, =0. O
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Observe that the decomposition S = Sy + Ky into a coercive and a
compact operator implies that (S, 1) = (¢, S¢) = (¢, Sod) + (¢, Ko )
for ¢ € H'/2(€) and S¢ = 1. Hence,

(574 = ST RS, ) = (9,500 > Cllél ey = Cle N sm e

(II1.32)
Therefore S~! is a compact perturbation of a coercive operator, say,
Sl = 8 + K; with S; coercive and K; compact. In view of Theo-
rem 1.7 on range identities for factorizations we need to consider real and
imaginary part of S~! defined by

Re§ = L (S74+57),  Im§'= (57 -5").

7

Note that Re N and INmK/' have factorizations Re N = — H*Re S~'H and
Im N = —H*Im S~ H, respectively.

THEOREM II1.10. Assume that~k2 is mot a Dirichlet eigenvalue of —A
in D_. The near field operator N has a factorization

N=—H*S"'H, (I11.33)

with H : L2(M) — HY2(C) compact and injective and S : H1/2(C) —
H'2(@). Additionally, Re S~" is a compact perturbation of a coercive
operator and Im S~ is negative semidefinite. Let (\;, ¢j);en be an eigen-
system of the positive, compact and selfadjoint operator

N;: L*(M) — L*(M), Ny =|ReN|+ImN.

Then a point y € D belongs to D_ if and only if

| 2

i }(w(-ay)vfﬂL?(M) < . (I11.34)

Jj=1

Of course, the proof of the Factorization method relies again on the
abstract Theorem 1.7 on range identities in factorizations.

Proof. Since the middle operator S~—! maps from H'/?(@) to H~1/2(@),
we do not need to lift the factorization into L?(€) as in the proof of
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Theorem I1.19. The remark after Lemma III.7 states that Im S is positive
semidefinite. Since

for ) = S¢, Im S~! is negative semidefinite. We already showed in (I11.32)
that S~! is sum of a coercive and a compact operator. Finally, we recall
from Corollary IIL.8 that S~ is injective, since k? is assumed not to be a
Dirichlet eigenvalue of —A in D_.

By the properties of H and S ~! Theorem 1.7 implies that
Range(]%)l/2 = Range H*.

However, the range of H* is linked with the contamination €. Indeed,
it is easy to see that Range H* = RangelL since H* = LS and S is
an isomorphism. Consider now a point source w(-,y) at y € D. For
y € Dy, w(-,y)|,, cannot belong to Range L: If Lg = w(-,y)|,,, analytic
continuation together with the upward radiation condition implies that
the Herglotz wave function fe w(-,y)o(y)ds, for ¢ such that S¢ = g, has
a singularity in y. For y € D_ the singularity of w(-,y) is outside of D4
and HS™! w(-,y)|e = w(-,y)|,,- Using Picard’s range criterion we finally
obtain the claimed characterization of D_ and € in (II1.34). O

ITI-5. Approximation of the Sources

The near field operator N from (IT1.30) is physically meaningless because
it relies on the complex conjugate of the upward radiating Green’s function
w(z,y). However, for the physically meaningfull near field operator

N : L*(M) — L*(M), ¢H/ u(-,y)o(y) ds(y),
M

where u¢(-,y) is the scattered field corresponding to the incident point
source w(-, z), the Factorization method is not directly applicable [71],
merely for algebraic reasons: The factorization N = —H tS—1H, which
is analogous to the one of IV, involves the transpose H' rather than the
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adjoint H* of
H:IA(M) — 2©), ¢ /Mw<-, V)6(y) ds(y).

Therefore Theorem 1.7 is not applicable. This annoyance can be tackled
with a regularization technique that we learned from [48], where the idea
is, roughly speaking, to approximate H by H. For this approximation
procedure we choose a test domain € such that M N Q = @) and assume
that we have the a-priori information D_ C 2. Moreover, QND is assumed
to be a Lipschitz domain such that k2 is not a Dirichlet eigenvalue of —A
in QN D. By ¥ we denote the part of the boundary of Q contained in D:
3 := 900N D, compare Figure I11.4.

L2 M 'y

mgzhii

T1

Figure I11.4: The test domain Q N D with boundary ¥ = 9Q N D.

Next we define two compact operators V and V : L2(M) — HY/2(%),

Vo [ wtwewds. Vo= [ wlas)as

These two operators evaluate single layer potentials defined on M on the
boundary ¥ of the test domain,

SLo@) = [

M

w(z, y)o(y) ds, (SLe)(x) = / W(z,y)(y) ds,

M

for z ¢ M.
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LEmMmA IIT.11. V' and V are compact and injective and their ranges are
dense in HY/?(X).

We do not give a proof of this result, since the arguments are literally
the same as in the proof of Lemma II1.9. Even if the ranges of V and
V are both dense in H'/? (X), one can in general not solve the equation
Vi = ‘N/d) for ©. A way out is to consider a regularized solution of the
latter equation, which is done here via Tikhonov regularization, any other
regularization via filter functions being applicable, too. More precisely,
let

Ps¢p =+ V*V)"'WVe,  6>0,

be the Tikhonov regularization of the equation Vi = ‘7(1). From standard
regularization theory we know that Ps¢ does in general not converge as
§ — 0. However, V Ps¢ converges to V¢ in HY/?(X) for all ¢ € L*(M).
Consequently, the boundary values of the single layer potential SL Ps¢
on Y converge to those of SL¢. Since both SL Ps¢ and SL¢ solve the
Helmholtz equation in QN D and k2 is not a Dirichlet eigenvalue in QN D,
continuous dependence of the solution from its boundary values implies
that also HPs¢ — H¢ as 6 — 0. Thus, for every ¢ € L2(M),

%im NPsp = — (ym H'S 'HPs¢
-0 0 (I11.36)

—H'S™! lim H P; = —H'S™'H¢ = N¢.

From the point of view of applications it is attractive that N becomes
now in principle available, since N can be measured and Pjs can be com-
puted for arbitrary d > 0 if a test domain € is known a-priori. However,
it remains to investigate whether and how the numerically attractive Pi-
card criterion (II1.34) is of use when we only know a pointwise approxi-
mation NPy of N. This question has already been posed in [48]. The
pointwise convergence NP5 — N itself does not directly imply pointwise
convergence of (NPs)y — Ny, but NPs¢ — N¢ implies the weak conver-
gence PfN*¢ — N*gzﬁ for ¢ € L?(M). However, one can substantially
strengthen the convergence properties of N Py.

PROPOSITION II1.12. NP5 converges to N in norm, that is, | NPy —
N”L?(M) — 0 asd — 0.
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Proof. First, we recall that N Ps¢ — N for all ¢ € L?>(M) yields

(6, PEN* ) = (NP5, ) — (N, 9b) = (¢, N*¢)), & — 0,

and hence weak convergence PyN*iy — N*w for ¢ € L?(M). Since
(6 + V*V)~! is selfadjoint, the representation P} = VAV(6 + V*V) 1
holds. Using a singular system of the compact operator V', one easily
computes that V(§ + V*V)~! = (§ + VV*)~1V. Using the factorization
N* = —H*S~'*H we obtain

PiN* = —V*(6+VV*)"'WH*S " H. (I11.37)

The following observation will be the main tool to finish this proof: The
operator H* : H~'/2(C) — L?(M) can be factorized as H* = V*Sg'* Hy,
or equivalently, H = Hx S5 V. Here, Sx is the single layer operator on
the boundary ¥ of the test domain QN D,

Sy : H'V?(2) — HY?(%), Sz¢:/w(-,y)¢(y)d8(y)~
>

Our assumption on €2 that k2 is not an eigenvalue of —A in QN D by
the way implies that Sy, is indeed invertible. Moreover, Hy, denotes the
evaluation on € of the single layer potential SLy; on X,

Hs : H'?(%) — H/?(@), Hz;¢=/2w(-7y)¢(y)d8(y)-

To show that the above equality H = HgSilV holds, we choose ¢ €
L?(M) and set ¢ = V. As SLy Sglw|2 = 1) we find that the upwards
radiating function SLyx; Sy, L equals Vé on ¥ and 0 on I'. The potential
SL ¢ satisfies the same boundary conditions on ¥ and I'. Exploiting the
fact that k2 is not a Dirichlet eigenvalue in Q N D, we find that both
potentials are equal in Q N D. Thus, their evaluations on € equal, too.
This implies the equality H = Hx Sy, y.
Using the factorization of H* together with (IT1.37) we get

PN = —V*(§+VV*) WV Sg " HES T .

Now, using for instance a singular system of V, one observes that (§ 4+
VV*)7VV* converges pointwise to the identity. Since Sgl*HgS_l*H
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is compact, Theorem 10.6 in [52] implies that Py N* converges in norm.
As PYN*¢ — N *¢ and weak and strong limit coincide, the only possible
limit of PfN* is N*. Exploiting that |NPs — N|| = ||[PfN* — N*|| we
obtain the claim of the proposition. [l

By the norm convergence NP5 — N and (I.41) it is now clear from (1.41)
that also (NPs)y — Nﬁ in norm. Hence we can apply the perturbation
theory for the Factorization method developed in Chapter 1. Recall that
Theorem 1.12 shows that one can apply a regularized series criterion for
the perturbed data (N Ps)y to reconstruct the perturbation € asymptoti-
cally as § — 0. Let us in view of this aim denote by ()\?, wﬁ)jeN a singular
system of (N Ps)y : L*(M) — L?*(M). We denote the approximation error
by dy, := |[(NPs); — Ny|| and define the truncation index for the regular-
ization Picard criterion by 7). This index is chosen accordingly to (1.43)
and the auxiliary parameters in (1.43) are set as in the corresponding
Section I-6, replacing of course F{* and Fy by NP5 and N , respectively.
Theorem 1.12 yields the following result.

THEOREM II1.13. Denote by (6n)nen @ positive zero sequence and by
()\;S-",w?")jeN a singular system of (NFs,)s. Choose the truncation index
T, according to (1.43) (compare the discussion above) and y € R%. Then
the sequence

T, on 2

wA -, s ¥4

n— Z fw(-y) ;bé] >L2(M)| is bounded if and only if y € D_.
j=1 J




CHAPTER IV

The Factorization Method in Inverse
Rough Surface Scattering

IV-1. Introduction

In the previous chapter, the Factorization method was set up to solve an
inverse scattering problem for a locally contaminated rough surface. In
this chapter we show that the Factorization method can also be used to
entirely determine a rough surface from near field measurements. One
might argue whether this approach makes sense in practice, since the de-
termination of an infinite structure from near field data seems to be even
more ill-posed than the inverse scattering problem for a bounded obstacle,
and it is surely hopeless to obtain good reconstructions far away from the
measurement points. On the other hand, the material provided in this
chapter shows the potential of the Factorization method to provide an es-
timate of the rough surface in a certain neighborhood of the measurement
points, even if no a-priori knowledge on the surface is available. However,
note that we are only able to prove the characterization of the rough sur-
face via the Factorization method in case that the rough surface is not too
far away from a straight line, where the precise distance is depending on
the frequency. A frequency independent characterization is only possible
for surfaces which decay at infinity.

To give a brief outlook on this chapter, first we are going to study bound-
edness of the single layer operator in Sobolev spaces on a rough surface.
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Afterwards we show coercivity of the single layer potential between cer-
tain Sobolev spaces, a result which is important for the construction of the
Factorization method tackled next. One of the important techniques here
are again variational formulations for rough surface scattering problems,
already introduced in the last section. The inverse problem of determining
the rough surface from measurements of scattered fields a finite distance
away from the structure is announced on page 124. For a rough surface
which is graph of a Lipschitz continuous function and wavenumbers such
that the single layer potential is coercive, we show a Factorization method
in Section IV-4. For rough surfaces which look like a straight line at infin-
ity, we construct a wavenumber independent Factorization method. The
reason for these two restrictive conditions, either for the wavenumber or
for the geometry of the surface, is a certain lack of compactness due to the
unboundedness of the domain. Finally, we discuss in Section IV-5 why an

approach in weighted spaces does not seem to be able to overcome this
difficulty.

IV-2. Mapping Properties of the Single Layer Potential

As in the previous chapters, we work in a two dimensional setting and
denote by
I:={(z1, f(z1)) : 1 € R} C R?

the rough surface which is given as the graph of a function f : R — R.
We choose f € CO9L(R) := {¢ € L®(R), ||¢'||oc < o0} to be a Lipschitz
continuous function and assume that there are constants f,, f_ > 0 such
that f_ < f(z) < f4 for x € R. As in the previous chapter, let T}, :=
{(z1,22) : 22 = h} CR? and Uy, = {(z1,22) : x2 > h}, as well as

D = {(z1,22) : m2 > f(z1)} C R?
and
Dy, := D\ Uy = {(z1,22) : f(z1) <22 < h} for h > f4,
D_:=Uy\D = {(x1,22): 0 < z2 < f(z1)}

The unit normal normal field v points downwards on I' and upwards on
I';, and is hence the exterior unit normal field to Dy, compare Figure IV.1.
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i) Uh
Ty, T v
T = h B
D
m
D_
Z1

Figure IV.1: The rough surface I', which defines the domain D. The domain
between the z1-axis and I' is called D—. The normal v points downwards on
I’ and upwards on I'y, thus, v is the exterior normal to D = D \ Us.

We recall from the previous chapter the definition of the Green’s func-
tion for the half space

i
Gla,y) = 1 (B (bl —yl) - HP (klz = y'))) . 2 4,

where 3’ = (y1, —y2) and the wavenumber k£ > 0 is again positive. Recall
from the last section that G(-,y) and V,G(-,y) decay as (1 +x1)~3/2 for
|z1| — oco. Using

ik|z| 0 t71/2 —k|z|t 1 1+ it
P(a) = - Y}
T Jo Vit =2i(t —i(1 4 x2/|z]))?
we moreover define the impedance Green’s function G; for the half space,
Gi(z,y) =Gz, y) + Pz —y), z#y€elo.
The impedance Green’s function satisfies the impedance boundary con-
dition [13, Section 3]
0G;
83?2

and, according to [15, Lemma 3.1], G; satisfies the same decay bounds as
G,

(x,y)—f—lkGl(x,y):O CL’GF(), yeUOa

(1+22)(1 +42)

. : <
Gi(z,y)|, [VaGi(z,y)| < C 1—|—|{E—y|3/2

, Jr—yl>1. (IV.1)
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It is remarked in [64, Section 3] that any partial derivative of G(-, y) decays
with the same order —3/2, and the argument given in that reference shows
that this also holds for Gi(-,y).

In the following, we frequently use the single layer potential for the
Green’s function Gj, formally defined by

(SL¢)(z /G z,y)6(y)ds(y),  z € D.

From [85] we know that for ¢ € BC(I'), SL¢ is a twice continuously
differentiable function in D which solves the Helmholtz equation. More-
over, SL ¢ can be continuously extended up to the boundary with limiting
values

_ /F Gi(z,)é(y) ds(y),  z €T,

and as usual we call S¢ the single layer operator with density ¢. Trans-
forming the integral to an integral on the real axis, we obtain

(S¢ / Gi( t F@®) o, F))V1+ [/ (t)2dt
and writing ¢(t) = ¢(t, £(t)) and (S¢)(s) = (S¢)(s, f(s)) yields
/G (s,0)p(t)\/ 1+ |f/(t)|? dt, s € R,

with Gi(s,t) := Gi((s, f(s)),(t, f(t))). Therefore S is the operator of
multiplication by /1 + |f’|? composed with an integral operator. Under
our assumptions on I', multiplication by /1 + |f’|? is a bounded linear
operation on L?(R), since any Lipschitz continuous function f € C%!(R)
has a bounded measurable weak derivative [25, Theorem 4.5.8]. Moreover,
the singularity of Gj is of logarithmic type, see, e.g., [22, Equation 3.61],
and Gj(s,t) decays as |s — t|=3/? due to (IV.1). Thus we observe that
|Gi(s,t)| < £(s —t) for some function ¢ € L'(R) and therefore Young’s
inequality [42, Theorem IV.1.6] ensures that

$ AG«-JW) at
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is a bounded operation on L?(R). Consequently, S is a bounded operator
on L?(R) and S is bounded on L?(T), since by definition

1SSl = /]R |(SO)(t, FEDI* VI+[f/ ()] dt.

We also establish that S is a bounded operator from L?(T) into H(T).
Therefore we first recall that for s € [0, 1], by definition,

H3(T) = {p € L*(T") : ¥(x1, f(z1)) € H*(R)} (Iv.2)

and for s € [=1,0) the space H*(T") is defined by duality [63, page 98]

using the inner product in L?(T'). In the arguments leading to mapping

properties of S, as well as later on in this chapter, we extensively make
use of families of cut-off functions. Let x € C°(R) with

0<x<1, x(t) =0 for |t| > 2, x(t)=1 for|t] < 1. (IV.3)

For later purposes, we choose x such that

Z Xn =1 where xn(+) :== xn(- —n), n € Z.
ne3Z

We choose another cut-off function x! € C2°(R) which satisfies
0<x"<1, x'(t)=1fortesupp(x), x'(t)=0 fort¢ 2supp(x),

and define x}(-) := x'(- — n). The functions y; and y2 are sketched in
Figure IV.2. Finally, let x?> € C°(R) such that 0 < x2 < 1, x? = 1

Figure IV.2: The cut-off functions x and x'. Note that x*(¢) = 1 for t € supp(x).

on the set {t € R : dist(¢,supp(x')) < 2diamsupp(x)}. Again, we set
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X2 = x?(- — n). A technical computation shows that
191 = [ 19 + 17 at

3 / (el + o7

ne3Z

(IV.4)
<3 [ (WAOR + Ik ) ae
ne3Z
= 3 ey < OOy, b € H(R).
n€e3Z

The last step follows from the estimate

> Ikl <2 M X [ piRar

nesz neazsupp(xy,)

A o [ (1) dt < OO

ne3z Y supp(x4,)

We conclude that we can localize the norm on H*(R) by cut-off functions.
Recall from the theory of layer potentials for closed bounded surfaces [63,
Chapter 6] that

ISOGEDn (k) < COA XA 2Ry (IV.5)

where the set K, is defined as

K, = {t € R: dist(t,supp(x2) < diam(x")} . (IV.6)

Now we split the kernel of § with the help of the cut-off function y in
a local and a global part,

Gi(s,t) = Gl(s,t) + GY(s,t) := x(s — t)Gi(s,t) + (1 — x(s — 1))Gi(s, 1),
(Iv.7)
and prove boundedness of the associated operators S¢ and S from L? (R)
to H'(R) for both parts separately. The global part is the easier one, since
(1—x(s—1))Gi(s, 1) is a smooth function and all of its partial derivatives
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decay as |z|3/2. Therefore 9/(ds) G?(s,t) € L*(R) as the claim follows
as above from Young’s inequality,

1599|| mr1.ry < C|l0]l £2(m)-

Combining the latter estimate with (IV.5) yields for the local part St =
S — 59 that
HSZ(XELQZ))HHl(K,,) < C||X$L¢HL2(R)~

Thus, we estimate

”Sl(bH%-Il(]R) < Z HX%Sl(b”%—Il(]R) = Z HX%Sl(bH%Il(supp(x}L))
ne3Z n€e3Z

= > XS O 1 uppat )

ne3Z

<00 Y0 180G (k)

n€E3Z

< C(X17X2) Z ||X$L<ZB||2L2(R) < C(XI,XQ)HGBH%?(R)-
ne3Z

(IV.8)

Hence, S is bounded from L2(R) to H'(R). This implies that S is bounded
from L2(T') to HY(T), by definition of the latter space in (IV.2).

Since the kernel of the L?(T")-adjoint operator S* of S is the complex
conjugate Gj(z,y), it follows that S* is bounded from L?*(T) to H*(T),
too. Using duality in the Gelfand triple H=Y(T") ¢ L*(T') ¢ HY(T) we
obtain that S is also bounded from H~1(T') to L?(T'). By interpolation
theory for Sobolev spaces [63, Appendix B] we finally conclude that S is
a bounded operator from H~/?(T") into HY/?(T).

By a similar technique as for the single layer operator one can prove
that the single layer potential SL is bounded from H~/2(T) to H*(Dy,,),
ho > 0. As above, we split the integral operator in a local and a global
part,

SL¢ =SL' ¢ + SLY ¢ := /Fx(m —y1)Gi(z — y)o(y) ds(y)

+ / (1= (a1 — 92))Giz — y)(y) ds(y).
I
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From standard theory on the single layer potential on bounded surfaces
and the localization technique shown above it follows that the local part
SL! is bounded from H~/2(T") into H'(Dy,), and even into H(Uy \ Up,)
for some hg > fy. For the global part with smooth kernel (1 — x(z1 —
y1))Gi(z — y) we use again the decay of the Green’s function G; and
any of its partial derivatives of order —3/2, see (IV.1), to observe that the
L?(T'y)-norm of any partial derivative of SLY ¢ on any line 'y, 0 < h < ho,
is bounded in terms of the H~'/?(T")-norm of ¢. This follows by the same
arguments we used to prove boundedness of S9 above. Since [0, hg] is
compact, the constant in the corresponding norm estimate is uniformly
bounded in [0, hg]. We conclude that

ho
|| SL? ¢||%11(U0\U,L0) = /0 /F (Jul® + |Vul?) doi dzs
h

ho
< ; C@2)ollg-1/2r,,) dz2 < Cllollg-1/2ry,

which yields boundedness of the single layer potential between H ~1/2 (I
and HY(Up \ Up,).

IV-3. Variational Formulations for Rough Surface Scattering

While integral equation formulations for rough surface scattering in the
space of bounded continuous functions have been studied in detail dur-
ing the last decade, variational formulations for surface scattering prob-
lems have only been investigated recently. Partly, we already introduced
techniques and results which are relevant for us in the last chapter in
Section III-3. We apply these results now to show that the single layer
potential is coercive in a certain range of wavenumbers.

Let us recall from Section III-3 the variational formulation of the Helm-
holtz equation Au+ k?u = f with f € L%(Dy) where u € H}(Dy) = {u €
HY(Dy) : ulp = 0} satisfies the Dirichlet boundary condition ulp. = 0
and the transparent boundary condition du/dv|. = T(uly, ). Applica-
tion of the Dirichlet-to-Neumann operator T on the line I'j,, introduced
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in (II1.18), yields that the solution u € H}(Dy,) satisfies

B(u,v) := VuVo — k*uvdr — / vT (u)ds = — fodax (IV.9)
Dy, IS Dy

for allv € H}(Dp). It is shown in [14] that the sesquilinear form B satisfies
an inf-sup condition and thereby one obtains the following variational
result on existence and uniqueness of rough surface scattering problems.

THEOREM IV.1 (Theorem 4.1 in [14]). The variational problem to find
u € HY(Dy) such that
B(u,v) = f(v) for all v € Hy(Dp) = {v € H'(Dy), v|p =0}

has a unique solution for all f € H~1(Dy,), which depends continuously

on f,

||U||H1(Dh,) < C”f”H*l(D;L)-
For small k, such that 0 < k(h— f_) < /2, B is coercive on H}(Dy,): for
u € Hg(Dy,) it holds

2_k2(h_f*)2 2 2 2
Re B(u,u) > Sr IR f ) (”quLz(Dh) +k HuHLz(Dh))' (Iv.10)

We mention that it is basically the Poincaré inequality [14, Lemma 3.4]

h—f
lullz2(p,) < 7 IVullL2(py), (Iv.11)

which implies for 0 < k < ko := v2/(h — f_) the ellipticity stated
in (IV.10). Note that the Poincaré inequality also implies that the L?(Dj,)-
norm of the gradient defines an equivalent norm in H'(Dj,).

As in Chapter (IIT) we note the following corollary on solvability of the
inhomogeneous Dirichlet problem.

COROLLARY IV.2. There is a constant C > 0 such that for each ¢ €
H'Y2(T) there is a unique solution u € H'(Dy,) of the Dirichlet problem

Au+k*u=0 in Dy, ulp =1, Ou =T (u),
ov|p,

which satisfies |[ullgr(py < CIY| gz ry-
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Since the proof of Corollary IV.2 is analogous to that of Corollary II1.3,
we omit it here. Next we show that for 0 < kf; < /2 the single layer
operator is coercive.

PROPOSITION IV.3. The single layer operator S : H—/?(T') — H'/*(T")
is coercive for 0 < kfy < /2.

Proof. Because 0 < kfy < /2, there is h > f, such that
0 < kmax{h— f_, fi} < V2,

and we fix this number h in the following. Set Qr = {z € R? : |21 <
R,0<xy<h}land Iog = {z € R?: 1 = £R, x5 € (0,h)}. Moreover,
note the following trace and jump relations™ for the single layer operator,

0

SL | =S¢ and [5 SL ¢] ) = ¢, (IV.12)

which hold for ¢ € BC(I'), see [85, Lemma A.2] (and can be extended
to H='/2(") by density). For ¢ € C°(T) and u = SL ¢, Green’s first
identity implies

/ Equds:/ [@} uds
INQg rnos LOV]

Ju

2 2 2 _

= —k do — —ds. (IV.1
/QR<|VU| |u|) x /L’)QRU8V s. (IV.13)

We rewrite the last boundary integral as follows,

/ ds-/ u—ds—l—/ H@ds—/ u@ds
ooy OV r ol OV {las>Ryx(h) OV

ou ou ou
= —ds — —ds — —d
1“hu s /8;71 s /aRu s

where A% = {(z1,22) : 212 £ R, 25 € (0,h)}. Trace theorems from
HY(A}) mto H*1/2(9AL) imply that

‘/ ﬂ@ ds
oAt Ov

*By [u]r we denote the jump of a function w across I', that is, [u]p := u|1ir — ulp,

< ||u||H1/2(aA§)Hau/a’/”Hfl/z(aAﬁ) < C”u”?{l(Aﬁ)

where u|} is the trace on I taken from D and u|; is the trace taken from D_.
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and the latter quantity tends to zero as R — oo. Note that the limit as
R — oo of the right hand side of (IV.13) exists since S is bounded from
H~'Y2(T') into H'/2(T). Recall that

e ([ o) <o ([ )

= / VE2 — k2|TFu(€, h))PdE >0
l€I>k

is non-negative. Hence, we conclude as in (II1.29) that

Re </55¢ds>—/ (IVu|2—k2|u|2) dz — Re </ u@ds>
r Uo\Up T'n v
> Vul? — k2|ul? dx—l—/ Vul? — K2 |ul?) dz
(v k) aw e [ (vul - k)

J2-RK(h-f) 2 - k2fy
> . :
ull3p o,y + Cllulldnp_y-  (IV.14)

IVullZa(p, +
> (|

HVU||2L2(D_)

Here we exploited again the Poincaré inequality (IV.11), first in Dj, and
then in D_, where the constant (h — f_)/v/2 from (IV.11) has to be
replaced once by fi/v/2. The (conormal) trace theorem from H'(D},)
and H'(D_) into H='/2(T"), see [63, Lemma 4.3], implies

Re </$S¢ds> >C
r

oul|t

ov

r

NED
) ov |

H_1/2(F H_1/2(F)

ou
> puthd
= ¢ H L()VL“

Hence, using again the trace and jump relations from (IV.12), we infer
that

2

H=1/2(T) .

Ro ([ 350s) > Cloly-oe,

for ¢ € C*(T). By density of this set of functions in H—Y%(T), we
conclude that S is coercive for small wavenumbers. O
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IV-4. Factorization of the Near Field Operator and Character-
ization of the Rough Surface

We are now ready to state the factorization of the near field operator and
prove an explicit characterization of I' in terms of this operator. Therefore
we rely on the assumption that the positive wavenumber is small enough
compared to the surface elevation of the rough surface such that the single
layer operator is coercive. The case when the wavenumber is too large for
S to be coercive will be discussed in detail in the next section. Note
that the factorization in this chapter is again based on complex conjugate
point sources Gj(+,y), for the same reasons as in the last chapter, see the
discussion in the beginning of Section III-5.

The near field operator N is defined on a smooth bounded measurement
line M = {(z1,h) : a <z1 <b} C D. Let

N 200 - 00, o [ wlaeeds (Vi)
M
where u®(,y) is the scattered field due to the point source Gji(-,y). The
field u®(-,y) is by Theorem IV.1 well defined since IT' is the graph of a
Lipschitz continuous function.

The operator N provides the data for the inverse problem which we in-
vestigate in this chapter. It reads as follows: Given the near field operator
N, determine the rough surface I'!' Uniqueness for this inverse problem
can be shown using Schiffer’s argument, see, e.g., [22]. Note that Schiffer’s
argument works for the near field operator N as well as for its counterpart
which is defined without complex conjugation of Gj.

As in the previous chapters we also consider a Herglotz-like operator

H: L*(M) — HY*(I), flqb:/ Gi(,y)o(y) ds,
M

and note that N = —LH where L is the data-to-pattern operator which
maps ¢ € HY?(T) to u|,, € L?*(M), where u € H'(D;,) denotes the
unique radiating continuation to D of the solution to the rough surface
scattering problem

_ Ou

Au+k*u=0 in Dy, ulp =1, T(u) = »

(IV.16)

Iy
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As M is not necessarily included in Dy, the restriction u|,, € L*(M)
eventually requires extension of « to D by the formula given in (IIL.17).
Since this extension is based on upward propagating plane waves, we call
it the radiating extension of u to D.

Since H* = LS we obtain the factorization

N =—LS*L* (IV.17)
and whenever k, h and fi are such that Proposition IV.3 holds,
N=—-H*S'H. (IV.18)

In this section, we prefer the factorization given in (IV.18) instead of
the one in (IV.17). However, (IV.17) does also hold in cases where S
is not invertible, therefore we consider (IV.17) in the next section when
discussing limitations of the Factorization method.

LEMMA 1V.4. H is injective and compact from L2(M) into H=Y/2(T).

The proof that H is injective and compact follows the lines of the proof
of Lemma IIL9, except that we can drop here the assumption that k2
is not a Dirichlet eigenvalue of D_, since we use the impedance Green’s
function Gj, compare [85, Appendix C]. By the way, this lemma is the only
part in this chapter where we exploit the use of the impedance Green’s
function instead of the Dirichlet Green’s function for the half space. Using
this auxiliary result we can now prove the following characterization for
T.

THEOREM IV.5. Let 0 < kf, < v/2. Then the near field operator N
has a factorization B B B
N=—-H*S'H,

with H : L2(M) — H~Y2(T) compact and injective and
S~t. H-YA(T) — HY(D).

Additionally, Re S™' is a coercive operator and Im S~ is negative semi-
definite. Denote by (A;, ¢;)jen an eigensystem of the positive, compact
and selfadjoint operator

Ny : HY?(M) — HY?>(M),  Njy=|ReN|+ImN.



126 The Factorization Method for Rough Surfaces

Then a point y € Uy belongs to D_ if and only if

3 & ¢J>L2 anl < 0. (IV.19)

j=1 As

This characterization in inverse rough surface scattering relies of course
again on Theorem [.7. We remark that the claim of the theorem holds also
when Gj in (IV.19) is replaced by G, the Dirichlet Green’s function for the
half space. However, one cannot replace G; by the free-space fundamental
solution ®(-,y), since the trace ®(-,y)|. does not belong to H'/?(T).

Proof. The operator S is coercive by Proposition IV.3. This implies that
the selfadjoint part ReS is coercive. The non-selfadjoint part Im S is
negative semidefinite: Using Green’s first identity as in (IV.14) and the
representation (II1.18) for the Dirichlet-to-Neumann operator T,

Im ( /F $S¢ds> —Tm ( /F T ds)

=Im (1/ VE2 = ¢2 |9u(§,h)l2d§>
R
_ / VR — € |Fule, h))? de > 0,
[€]<k

where u = SL ¢. Consequently, Im .S is positive semidefinite. In pre-
cisely this situation we showed in the last chapter in (II1.32) and (III1.35)
that Re S™! is coercive and Im S~! is negative semidefinite, respectively.
Literally the same arguments apply also at this point. In view of the com-
pactness and injectivity of H, see Lemma IV.4, we can apply Theorem 1.7
which yields that the range of the square root of

N; = ReN|+Im N

equals the range of H*.

The proof is hence complete if we can show that Gi(-,y)|,, belongs to
the range of H* if and only if 5y ¢ D. This can be seen analogously
as in the proof of Theorem III.10. Indeed, for y ¢ ENit holds that
H*S™' Gi(-,y)|lr = Gi(-,y)|,,. Further, if Gi(-,y)|,;, = H*$, then ana-
lytic continuation and the upward radiation condition imply that G;(-,y)
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belongs to H!(D, ), which contradicts the logarithmic singularity of the
Green’s function at y. Indeed, the derivative of G;(-,y) has a singularity
of order one at y, which is not square integrable. O

It is interesting to observe that in [37] the authors show that the con-
dition k(fy — f-) < m implies that a periodic Dirichlet scattering sur-
face is uniquely determined by the scattered field corresponding to one
incident plane wave measured on some measurement line above the in-
terface. Hence, if the amplitude of the structure is small enough, then
one incident field is sufficient to determine the structure. Our condition
0 < kfy < /2 is somewhat similar to that: for f, small enough compared
to the wavenumber, the Factorization method works due to coercivity of
the middle operator.

Unfortunately, we cannot prove the latter theorem in case that the
wavenumber is large compared to the surface elevation of the rough sur-
face I'. This is especially unsatisfactory since, following the common rule
of thumb, inverse scattering techniques should produce better results for
higher wavenumbers, see for instance the study in [19] for the linear sam-
pling method. The crucial analytical problem for the inverse rough surface
scattering problem is of course the unboundedness of the obstacle, which
makes standard compactness arguments impossible. One way to obtain
compactness properties in unbounded domains is to use weighted spaces.
This is also motivated by the fact that the incident fields in our method
are rapidly decaying in x; direction. However, there are a couple of argu-
ments preventing a Factorization method in weighted spaces and for the
convenience of the reader we sketch some of them in the next section.

Of course, it is again an interesting question how one can approximate
the range of IV when the physical data operator N is known. Concerning
this topic, we just comment that, due to coercivity of the single layer
operator, an approximation result similar to Proposition III1.12 from the
last chapter can be shown.

For the special case where the rough surface I' is asymptotically a
straight line, we can extend the above Factorization method to all wave-
numbers. The reason is that for this special case compact embeddings of
unbounded Sobolev spaces hold true: Let f € C* ([O, oo)) be positive and
nonincreasing with bounded derivative such that for all e > 0

lim M = 0.
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Then [1, Theorem 6.52, Example 6.53] states that for the domain =
{(z1,22) : 0 < 21,0 < 22 < f(x)} C R? the imbedding H(Q2) — L2()
is compact. Motivated by this compact embedding result, assume the
rough surface I' is given by f € C*%(R), a € (0,1), which satisfies the
following conditions,

e there is R > 0: f'(s) <0 for s > R and f'(s) >0 for s < —R,

. - f(E(s+e))
e for all ¢ > 0 it holds lim ——= =0,
A @)
e there are f1,C: 0< f_ < f(s) < fu, |f'(s)] < C for all s € R.

(IV.20)

The surfaces I determined by some f which satisfies the latter assump-
tions can be considered as a natural extension of the situation consid-
ered in the previous chapter, namely, we consider here perturbations of a
straight line which are concentrated in some bounded region. The smooth-
ness assumption f € C%%(R) is merely necessary to obtain a compactness
statement for the difference of two single layer operators later on.

COROLLARY IV.6. Let the rough surface T' = {(x1, f(z1)) : 1 € R} C
R? be given by a function f € C3*(R) which satisfies (IV.20). Then the
embedding H*(D_) — L*(D_) is compact.

Proof. For each of the three domains D! = {z € D_ : 1 < —R},
D:={zeD_:-R-1<z <R+1}and D> ={zx € D_: 21 > R}
the embedding of H! into L? is compact. Hence, let (uy)neny C HY(D-)
be a bounded sequence. Then there is a subsequence which converges
in L?(D'). From this subsequence we can successively extract further
subsequences converging in L?(D?) and L?(D?). This final sequence
converges in L?(D_). O

Now we can state a Factorization method valid for all frequencies in the
special case of a rough surface which is asymptotically a flat surface.

THEOREM IV.7. Let the rough surface T = {(x1, f(z1)) : 1 € R} C R?
be given by a function f € C3*(R) which satisfies (IV.20). Then the near
field operator N has a factorization

N= AsA
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where H : L2(M) — H=Y2(T) is compact and injective. Additionally,
S—1: H-Y2(T) — HY*(T') is a compact perturbation of a coercive oper-
ator and Im S~ is negative semidefinite. Denote by (Aj, @5)jen an eigen-
system of the positive, compact and selfadjoint operator

N;: HY2(M) — HY?>(M),  Njy=|ReN|+ImN.

Then a point y € Uy belongs to D_ if and only if

00 2
3 i ¢J vonl _ (IV.21)

Jj=1

Proof. We choose kg so small that Sy, is coercive between H*'/2(T") and
denote the single layer operator for this wavenumber by Sy,. Splitting
the single layer operator in two terms, S = Sk, + (S — Sk,), We note
that Theorem IV.5 implies that we merely have to show that S — Sy, :
H~Y2(I') — HY?(T) is compact and that S is injective. Indeed, in
this case the coercivity of Si, implies by the Fredholm alternative [63,
Theorem 2.27] that S : H~'/2(I') — H'/2(T) is boundedly invertible
and the inverse is a compact perturbation of a coercive operator with
non-negative imaginary part by the same arguments as in the proof of
Theorem IV.5.

Let us first show that S is injective: Assuming that S¢ = 0 we obtain
from Theorem IV.1 that the potential SL ¢ vanishes in D and from [85,
Lemma A.2] that SL ¢ vanishes in D_. The jump relations (IV.12) for
the single layer potential yield that ¢ vanishes.

We finally show compactness of S — Sg, : H~Y?(T) — HY?(T) by
proving that SL — SLg, maps H~'/2(T") boundedly into H?(D_). Given
this result, assume that ¢, is a bounded sequence in H~Y/ 2(T'). Then
Uy := SL ¢, — SLy, ¢, is bounded in H?(D_) and the gradients Vu,, be-
long to the (vector-valued) space H*(D_)? and hence, by Corollary IV.6,
there is v € L?(D_)? such that Vu, — v in L?(D_). Extracting a fur-
ther subsequence we can also assume by Corollary IV.6 that u, — u in
L?(D_). Next we show that v = Vu and hence that u,, — u in H*(D_).

For all n € N it holds that

/ up,Vodr = —/ Vun¢de, for all ¢ € C°(D-).
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The left hand side tends to | p_uV¢dz by the Cauchy-Schwarz inequality,
whereas the right hand side tends to — [ p_ v¢dx, proving that

/qubda::—/ vod.

This implies by the definition of weak differentiability that v € L?(D_)
is the weak gradient of u. Consequently, u, — u in H'(D_) and the
trace theorem [63, Theorem 3.37] from H'(D_) into H'/?(T") implies that
Un|p = Sop — Sken — ulp in H'/2(I'). Hence, the operator S — Sk
H~Y2(T") — HY*(I') is compact.

It remains to show that SL — SLy, : H~Y/%(T') — H?(D_) is bounded.
This can be done using the same localization technique as in the proof
of the mapping properties of the single layer operator in the end of Sec-
tion IV-2. Splitting the kernels of the integral operators in a local and a
global part as in (IV.7), we note that the difference of the local parts is
again locally smoothing. Due to [43, Theorem 2.20] and our smoothness
assumption on the rough surface function f € C*%(R) we see that the
transformed operators S and Sy, satisfy

(5= 5k) 00| <COMNEolmm,  s€{-1,0},
(IV.22)
where we used the cut-off functions y2 from Section IV-2 and the bounded
set K, defined in (IV.6). This allows to show the described mapping
property of SL — SLy, by the same steps as in Section IV-2. O

Hs+2(Kn)

We finish this section with some numerical experiments. In the below
Figures IV.3-1V.8 we consider a rough surface with profile given by

Fn) = 2sin’(z1) exp (— 23/20 — (100 — 22)~Y) +3, |z1] < 10,
v 2exp (— #1/20) + 3, |z1| > 10.

This surface is exponentially localized around zero and meets the require-
ments of assumption (IV.20). Thus, by Theorem IV.7, a Factorization
method is theoretically justified independent of the wavenumber. In Fig-
ure IV.4, the rough surface is plotted in blue, and also the measurement
line is plotted in blue above the surface. The measurement is about half a
wavelength long, centered at x1 = 0, and is nearly two wavelengths away
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Figure IV.3: Magnitude of Figure IV.4: T3; = 15 no artificial noise.
eigenvalues of the approx-
imation to Fy

Figure IV.5: Magnitude of Figure IV.6: T3 = 4, one percent artificial noise.
eigenvalues of the approx-
imation to Fj, one percent
artificial noise.

from the rough surface. On the measurement line we place 31 equidis-
tant point sources and measurement points to approximate the near field
operator N defined in (IV.15). Note that we do not use conjugate point
sources for the data operator here and in the following. Using conjugate
incident point sources did not improve the overall quality of the recon-
structions in our experiments for this rough surface setting. The data for
our experiments are computed using an integral equation method as de-
scribed in [64]. Note that the wavelength used in the direct computations
is indicated in the upper right corner of the plots by a vertical black line.

The plot in Figure IV .4 shows the reciprocal of the Picard series (IV.21)
truncated at N = 15, where no noise has been added to the synthetic
data. A glance at Figure IV.3 shows that roughly the first 15 eigenvalues
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Figure IV.7: Ts1 = 24, no artificial noise, large measure-
ment line.

Figure IV.8: Ts1 = 8, one percent artificial noise, large
measurement line.

of this approximation to F} seem to be above the noise level, which is
of the order of 1-107®. The plot in Figure IV.4 shows the location of
the two big peaks of the surface graph, but is not able to distinguish the
two peaks. In Figures IV.5 and IV.6, the same situation is investigated for
perturbed data, where one percent relative artificial noise, measured in the
Frobenius norm, has been added to the data. Now, all but the largest four
eigenvalues are definitely completely perturbed. Plotting the reciprocal
of the Picard series shows again the rough location of the peaks of the
surface, but now parabola-shaped artefacts appear in a kind of wave-like
structure. When we stretch the measurement line and moreover use 61
point sources, see Figures IV.7 and IV.8, the quality of the reconstruction
increases. When no artificial noise is added to the synthetic data, the
reconstruction even makes the two peaks of the surface visible. Here we
truncated the series at N = 24 after having a look at the spectrum of the
data matrix, which is not shown here. Adding again one percent relative
artificial noise to the data, the location of the two peaks is still found,
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and the artefacts seem to be less dominant than for the case of a small
measurement aperture.
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Figure IV.9: Magnitude of Figure IV.10: T5; = 15 no artificial noise.
eigenvalues of the approx-
imation to Fy

Figure IV.11: Magnitude of Figure IV.12: T5; = 6, one percent artificial noise,
eigenvalues of the approx- same scattering surface as in Figure IV.10.
imation to F}, one percent
artificial noise.

In Figures IV.9-IV.12 we carry out the same experiments as in the last
paragraph, but this time for a periodic surface, given by the graph of
the function f(z1) = cos(z1) + 3. The wavelength and the height of the
measurement surface are the same as for the experiments above; again,
we place 31 point sources on the measurement surface. Note that the
condition kf, < v/2, which we used to set up a Factorization method for
this non-local inverse problem, is not satisfied. In Figure IV.7 we observe
that plotting the reciprocal of the Picard series truncated at N = 15 makes
the peak of the surface centered around x; = 0 visible, but none of the
neighboring peaks. We add one percent of artificial noise and truncate the
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Picard series after the six first terms, which seem to be credible according
to the plot of the eigenvalues of the approximation to Fj in Figure IV.11.
The reconstruction shows less quality than in the noise-free case, but still
the yellow parts of the plot indicates the position of the central peak of
the surface. In Figure IV.13 it is demonstrated that a longer measurement
line (with 61 point sources on this line) improves the reconstruction also
in the noisy case considerably.

Figure 1V.13: Ts1 = 12, one percent Figure IV.14: noise subspace tech-
artificial noise. nique, one percent artificial noise.

— el
Figure IV.15: Synthetic aperture re- Figure IV.16: Synthetic aperture re-
construction, no artificial noise. construction, one percent artificial
noise.

To finish the numerical experiments, we show several examples which
indicate further directions of research. First, in Figure IV.14 we plot the
inverse of the Picard series, which merely consists of five terms corre-
sponding to the five smallest eigenvalues. Since the data operator has
been perturbed by one percent relative artificial noise, these eigenvalues
and also the corresponding eigenspaces have nothing to do with the true
eigenvalues and eigenspaces of Fy. However, the reconstruction is surpris-
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ingly good, even comparable to the reconstruction done in the “standard”
way in Figure IV.7 where no artificial noise has been added.

Second, in Figures IV.15 and IV.16 we synthesized the plots by aver-
aging 16 reconstructions obtained from different measurement lines which
are all about half a wavelength long. These measurement lines are dis-
joint and their union covers the entire width of the picture; their vertical
position has been the same as on all other plots shown here. On each
of the short measurement lines we placed 15 point sources and measure-
ment points and obtained a reconstruction in the same fashion as above.
Afterwards, we averaged the 16 reconstructions, which results in a pic-
ture shown in Figure IV.15. The technique we use here is connected to
synthetic aperture radar imaging [18]. It produces a good reconstruction
of the entire rough surface in Figure IV.15, where no artificial noise was
added. When we add noise, however, then the parabola-shaped artefacts
which already appeared in the examples above make an interpretation of
the picture in Figure IV.16 difficult (the rough surface used for this picture
is the same as in Figure IV.12). However, appearance of such artefacts
is known a-priori and it might be possible to get rid of those in some
automatic way by an imaging procedure. If this can be done, this “syn-
thetic aperture” imaging might be an interesting option to obtain global
reconstructions of the rough surface.

IV-5. Why Weighted Spaces Do Not Help.

We saw in the last section that Factorization methods for large frequencies
fail since the single layer operator S on I is no longer coercive. The usual
trick in this situation is to split S = Sk, + (S — Sk,) where Sy, is the
coercive single layer operator for small wavenumber ky. For bounded
obstacles, the difference S — Sy, is compact, however, for the unbounded
obstacle T this is no longer true, since embeddings of Sobolev spaces on '
of different order fail to be compact. However, for certain weighted spaces
on unbounded domains, one obtains compactness of such embeddings.
Therefore one might hope to construct a Factorization method for large
frequencies using weighted spaces.

The crucial limitation for a Factorization method in weighted spaces is
the following: When we choose X to be the image space of the operator
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L in the factorization N = —LS *L*, then we necessarily have to consider
S* as an operator from X to X* where X* is the dual of X with respect to
the pivot space L?(I'). Indeed, for any other choice of image space for S*,
L and L* will no longer be adjoint to each other. However, for X being
a weighted Sobolev spaces with polynomial weight function, the middle
operator between X and X* is either compact or unbounded.

For the positive and differentiable weight function
pr:iRE=R, pa(2) = (1+a9)V?

and a set  C R? which is a domain or a surface in R?, we introduce the
weighted Sobolev spaces

HY(Q) = {ue D'@Q): pue HQY,  Jullug@ = lorulue@)-

The dual space of H§(I') for the usual inner product of L*(T') is H_(T).
This follows from the usual duality relation of the corresponding un-
weighted spaces, as

(60| = (L + 2120, (1 + |1 ) T20) | < N8llarg oy 1]l oy

for p € H{(T") and ¢ € H:i/2 (T). It is furthermore possible to show that
the outer operator L* of the Factorization is bounded from L?(M) into
H *(T) for A < 1

LeEMMA IV.8. L* is bounded and injective from L*(M) to H;l/z (") for
A<,

Proof. The adjoint of L is given by

1o = 2L Stare| | 12(0) — HYA(T),
ov r

where SLj; denotes the single layer potential on M for the Dirichlet
Green’s function w(-,y) of D, which has been introduced in Chapter III.
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Indeed, setting v = SLjs ¢, due to v|, = 0 Green’s formula implies

(L, &) L2 (ary = (L, [v]ar) 2 (any

/u— ds +/ (Vqu - k2uv dx — / u— ds
Dy,
/ u— ds + / (VuVU — k2u6) dx — / vTuds
Dh Fh,

/w—ds

Using the Cauchy-Schwarz inequality, we find
103y < [+l [ fute =P dpdalbliaon
< [ [P o - ) dedullél

1+ |£L’1|
<of [ ~ dedy 1613y < ClolZaun,

since M is compact and y — [.(1+ |x1|2))‘(1 + |z —y|)~® dz is uniformly
bounded on M. O

Now we can consider the factorization between the spaces L?(M) and

Hit)l\/ 2(T) for A € (1/2, 1). However, the single layer operator S cannot

expected to be bounded from H:i/2 (T") into Hi/z (T"): there is no reason
why S should map increasing functions boundedly into decaying ones and
at least for |A| < 1/2 the technique from Section IV-2 shows that S is
bounded from H;1/2(F) into Hl/z( T'). On the other side, S is compact
between H;1/2( I) into Hl/)?( I') for A > 0, since it is already bounded
from Ho_l/Q(I‘) into Hl/Q(I‘) and the embedding of Hé/z( I') into Hl/Q(I‘)
is easily seen to be compact. This compactness property is independent
of the wavenumber. We conclude that for the given family of weighted
spaces, there is no hope to improve the wavenumber range of validity of
the Factorization method in Theorem IV.5.






I1.
1.2.
1.3.

1.4.
L.5.
1.6.
1.7
1.8.

1.9.

1.10.

I.11.
1.12.

I.13.

1.14.

I.15.

List of Figures

Magnitude of eigenvalues of the approximation to Fy. . . . . .
Reconstruction of a kite, no artificial noise . . . . . . ... ..
Magnitude of eigenvalues of the approximation to Fy, one
percent artificial noise. . . . . . . ... ... ...
Reconstruction of a kite, one percent artificial noise . . . . . .
Magnitude of eigenvalues of the approximation to Fy . . . . .
Reconstruction of a disconnected scatterer, no artificial noise .
Magnitude of eigenvalues of the approximation to Fj, one
percent artificial noise. . . . . . . . ... ... ...
Reconstruction of a disconnected scatterer, one percent arti-
ficial noise . . . . . . .. ..o
Reconstruction of a disconnected scatterer, one percent arti-
ficial noise, more modes . . . . . . . . ... ... ... .. ..
Reconstruction of a disconnected scatterer, one percent arti-
ficial noise, more modes . . . . . . . ... .. .. ... ...
Magnitude of eigenvalues of the approximation to Fy . . . . .
Reconstruction of partially absorbing disconnected object, no
artificial noise . . . . . . .. ...
Magnitude of eigenvalues of the approximation to Fy, one
percent artificial noise. . . . . . . . ... ... ...
Reconstruction of partially absorbing disconnected object,
one percent artificial noise . . . . . . ... ... ... ..
Reconstruction of partially absorbing disconnected object,
one percent artificial noise, more modes . . . . . . . ... ...



140 List of Symbols

[.16. Reconstruction of partially absorbing disconnected object,
one percent artificial noise, more modes . . . . . . .. .. ... 41

I1.1. The periodic interface I" determining the diffraction grating . 45
I1.2. Reconstruction of a 27-periodic interface using merely prop-
agating modes, the Picard series is truncated after 15 terms,
no artificial noise. . . . . .. ... L oL o 83
I1.3. Reconstruction of a 2w-periodic interface using merely prop-
agating modes, the Picard series is truncated after 10 terms,

one percent artificial noise. . . . . . . ... ... ... 83
IT1.1. The geometry of the rough surface I' . . . . .. ... ... .. 88
II1.2. The contour used in the proof of Lemma III.1 . . . .. .. .. 91
IT1.3. The unperturbed surface I' and the perturbed surface I'.. . . . 93
I11.4. The test domain Q2N D with boundary . . . . .. ... ... 109
IV.1. The rough surface I' . . . ... ... ... ... ... .... 115
IV.2. The cut-off functions y and x*. . . . ... ... ... ... ... 117
IV.3. Magnitude of eigenvalues of the approximation to Fy . . . . . 131

IV.4. Reconstruction of a localized rough surface, no artificial noise 131
IV.5. Magnitude of eigenvalues of the approximation to Fy, one

percent artificial noise. . . . . . .. ... ... L. 131
IV.6. Reconstruction of a localized rough surface, one percent arti-
ficial noise . . . . . . .. .. 131

IV.7. Reconstruction of a localized rough surface, no artificial noise 132
IV.8. Reconstruction of a localized rough surface, one percent arti-

ficial noise . . . . . .. ... 132
IV.9. Magnitude of eigenvalues of the approximation to Fy . . . . . 133
IV.10. Reconstruction of a periodic surface, no artificial noise . . . . 133
IV.11. Magnitude of eigenvalues of the approximation to Fy, one

percent artificial noise. . . . . .. ... Lo 133

IV.12. Reconstruction of a periodic surface, one percent artificial noise133
IV.13. Reconstruction of a periodic surface, one percent artificial noise134
IV.14. Reconstruction of a localized rough surface, one percent arti-
ficialnoise . . . . . . .. .. 134
IV.15. Reconstruction of a localized rough surface, synthetic aperture 134
IV.16. Reconstruction of a periodic surface, synthetic aperture . . . . 134



List of Symbols

Chapter 1

N, 5) oo eigensystem of a normal operator, page 29
€ v electric permittivity, page 3
St unit circle, page 5

clu ... cluster of an eigenvalue, page 33

DL .............. double layer potential, page 54

SL ... single layer potential, page 54
Do testfunctions, page 7

Vo volume potential, page 7

L e magnetic permeability, page 3

D free-space fundamental solution, page 6
DoY) v far field of a point source, page 6

Dy e testfunction, page 29

o conductivity, page 3

o spectrum, page 25

Ap oo noise level, page 30

F oo far field operator, page 11

Fy ool modified far field operator, page 16

G oo data-to-pattern operator, page 12

H ... Herglotz operator, page 11

HY oo Sobolev space of order one, page 7

HE oo functions belonging locally to H', page 7
Hél) ............ Hankel function of the first kind of order zero, page 6

koo wavenumber, page 5



142 List of Symbols

£ refractive index, page 5

P, Pyl spectral projection, page 27

Q oo contrast, page 5

R(F) ..c.o..... resolvent of F', page 25

T oo middle operator, page 12

Tn oo truncation index, page 31

Vg wveeeeaanenn. Herglotz wave function, page 11

Chapter 11

B jump through T", page 46

Qpy e an =n+ «, page 47

B e B = .\/k% — a2, page 47

2o square summable sequences, page 62

E v electric permittivity, page 46

/7 S incident fields, page 62

I interface, page 44

) auxiliary lines, page 45

AT Dirichlet-to-Neumann operator, page 48

Cqr v 3/4-plane, page 49

B oo sesquilinear form, page 51

E exceptional frequencies, page 47

Ed viiii exceptional frequencies, direct problem, page 58

Lo modified data-to-pattern operator, page 67

Mp o modified middle operator, page 67

Qb domains above/below I', page 45

] unit cell, page 45

wE sesquilinear form, page 72

Tieyd) covvevens Dirichlet-to-Neumann operators, page 59

D ............... union of Dy, page 45

Dy oo bounded domains above/below I', page 45

G .o quasiperiodic Green’s function, page 53

Tr v Rayleigh sequence of the quasiperiodic Green’s func-
tion, page 53

H ............... Herglotz operator, page 63

HY oo Sobolev space of quasiperiodic functions, page 48

H(f vz Sobolev space of quasiperiodic functions, page 48



List of Symbols 143

koo wavenumber, page 46

L oo data-to-pattern operator, page 60
Mp ..ot middle operator, page 64

N o near field operator, page 64

S, K, K, T ...... boundary integral operators, page 55

Sp, Kp, Kp, Tp  boundary integral operators for Dirichlet Green’s func-
tion, page 55

Chapter III

I oo rough surface, page 87

Ty oo line at height h, page 87

C v, contamination on the rough surface, page 93

H ..o Herglotz operator, page 106

H3C) ...t Sobolev space on the boundary, page 94

N o near field operator, page 105

obt o Bounded Lipschitz continuous functions with bounded
Lipschitz continuous derivative, page 87

D ..o domain, page 87

Dt . complement of D_ in D, page 93

D_ ... domain between the contamination and the rough sur-
face, page 93

Dy oo truncated domain, page 87

Df D = Dy, N Dy, page 93

G .o Dirichlet Green’s function for the half space, page 88

H ... Herglotz operator, page 109

H3C) ... Sobolev space on the boundary, page 94

N o near field operator, page 108

Ps oo Tikhonov regularization operator, page 110

S o single layer operator, page 99

Up .ovviiiiin. half space of height h, page 87

V,V o evaluation operators, page 109

W oo, Dirichlet Green’s function for D, page 99

L oo data-to-pattern operator, page 105



144 List of Symbols

Chapter IV

XL cut-off functions, page 117

I oo rough surface, page 114

S o single layer operator, page 116

B oo sesquilinear form, page 96

F o Fourier transform, page 95

H . .............. Herglotz operator, page 124

N o near field operator, page 124

CP smooth functions with compact support, page 129
COLR) ......... bounded Lipschitz continuous functions, page 114
G .o Dirichlet Green’s function for the half space, page 115
Gi «ovviiii. half space impedance Green’s function, page 115
Hs ..o Sobolev space, page 117

Ky oo, a special set, page 118

L ... data-to-pattern operator, page 124

S o single layer operator, page 116

T oo Dirichlet-to-Neumann operator, page 96



Index

boundary integral equation, 99
boundary integral operator, 53

Calderén identity, 70
coercive operator, 13
coercivity, 13
conductivity, 3
contrast, 5, 10
cut-off function, 117

data-to-pattern operator, 12, 60,
105, 124

definiteness, 13

dielectric, 45

Dirichlet-to-Neumann operator, 48,
99, 95

double layer potential, 54

exceptional frequency, 81

factorization, 11, 65, 106, 125
Factorization method, 78, 107, 125,
128
perturbed, 32, 112
far field operator, 11
far field pattern, 6

Fourier coefficients, 48
Fourier transform, 95
frequency
exceptional, 81
regular, 59, 78
fundamental solution, 6

Green’s function
Dirichlet, 115
free space, 6
impedance, 115
quasiperiodic, 53

half space Dirichlet Green’s func-
tion, 87, 115

half space impedance Green’s func-
tion, 115

Hankel function, 6

Helmholtz equation, 5, 87

Herglotz operator, 11, 63, 105,
124

Herglotz wave function, 11

holomorphic Fredholm theory, 51

holomorphic operator-function, 25

ill-posedness, 25



146

Index

imaginary part, 16-18, 107
incident field, 5

incident wave, 62

index, 27

integral equation, 7
interface, 43, 45
interpolation theory, 119

inverse contamination problem, 104

inverse Dirichlet problem, 82
inverse problem
contamination problem, 105
medium problem, 9
periodic transmission prob-
lem, 43, 64
rough surface problem, 124
inverse scattering problem, 11

jump relations, 54, 102, 122

Lippmann-Schwinger equation, 7
Lipschitz curve, 94
local perturbation, 92

Maxwell’s equations, 3
Moreira’s theorem, 26

non-selfadjoint part, 17

permeability

magnetic, 3
permittivity

electric, 3, 45
perturbation lemma, 26, 32
perturbed Factorization method,

112

Picard series, 17, 23
plane wave, 5
Poincaré inequality, 121
point source, 6, 88

positive definiteness, 13
positivity, 13
potential
double layer, 54
single layer, 54

quasiperiodic Green’s function, 53
quasiperiodic potential, 53
quasiperiodicity, 46

radiation condition, 6, 47
range identity, 17
Rayleigh condition, 48
Rayleigh sequence, 60
Rayleigh series, 47

real part, 16-18, 107
reciprocity relation, 90
refractive index, 5
regular frequency, 59, 78
Rellich’s lemma, 9
resolvent, 25

rough surface, 87

scattered field, 5

scattering problem, 9

secondary geometric assumption,
93

selfadjoint part, 17

single layer operator, 102

single layer potential, 54, 98

Sommerfeld radiation condition,
6

spectral projection, 26

spectrum, 25

Steklov—Poincaré operator, 48

test domain, 109
Tikhonov regularization, 110



Index

147

total field, 5

transmission conditions, 46

transparent boundary condition,
48

transverse electric mode, 4

transverse magnetic mode, 5

unique continuation property, 9
unit cell, 44
upward radiation condition, 88

variational formulation, 7, 50, 120
volume potential, 7

wavenumber, 5, 46

weak formulation, 7

weak solution, 7

weighted Sobolev space, 136






[1]

2]

[5]

(6]

[7]

Bibliography

R. A. Apams AND J. J. F. FOURNIER, Sobolev spaces, Academic
Press, 2. ed., repr. ed., 2005.

T. ARENS, Scattering by biperiodic layered media: The integral equa-
tion approach, 2008. Habilitation Thesis, Universitat Karlsruhe, in
progress.

T. ARENS AND N. GRINBERG, A complete factorization method for
scattering by periodic structures, Computing, 75 (2005), pp. 111-132.

T. AreNs, K. HASELOH, AND S. N. CHANDLER-WILDE, Solvabil-
ity and spectral properties of integral equations on the real line: I
Weighted spaces of continuous functions, J. Math. Anal. Appl., 272
(2002), pp. 276-302.

——, Solvability and spectral properties of integral equations on the
real line: II. LP-spaces and applications, J. Int. Equ. Appl., 15 (2003),
pp. 1-35.

T. ARENS AND T. HOHAGE, On radiation conditions for rough sur-
face scattering problems, IMA J. Applied Math., 70 (2005), pp. 839—
847.

T. ARENS AND A. KirscH, The factorization method in inverse

scattering from periodic structures, Inverse Problems, 19 (2003),
pp. 1195-1211.

A.-S. BONNET-BENDHIA AND F. STARLING, Guided waves by elec-
tromagnetic gratings and non-uniqueness examples for the diffraction



150

Bibliography

[18]

problem, Mathematical Methods in the Applied Sciences, 17 (1994),
pp- 305-338.

C. BURKARD AND R. POTTHAST, Field reconstructions for 3d rough
surface scattering, in Proceedings of the 8th international conference

on mathematical and numerical aspects of waves, University of Read-
ing, 2007, pp. 147-149.

F. CAKONI AND D. COLTON, On the mathematical basis of the linear
sampling method, Georgian Math. J.; 10 (2003), pp. 95-104.

F. CAkoNI AND D. CoOLTON, Qualitative Methods in Inverse Scat-
tering Theory. An Introduction., Springer, Berlin, 2006.

F. Cakoni, D. CoLTON, AND H. HADDAR, The linear sampling
method for anisotropic media, J. Comp. Appl. Math., 146 (2002),
pp- 285-299.

S. CHANDLER-WILDE, C. ROSS, AND B. ZHANG, Scattering by infi-
nite one-dimensional rough surfaces, Proceedings of the Royal Society
A 455 (1999), pp. 3767-3787.

S. N. CHANDLER-WILDE AND P. MONK, Fxistence, uniqueness,

and variational methods for scattering by unbounded rough surfaces,
SIAM. J. Math. Anal., 37 (2005), pp. 598-618.

S. N. CHANDLER-WILDE AND C. R0SS, Scattering by rough surfaces:
the Dirichlet problem for the Helmholtz equation in a non-locally per-
turbed half-plane, Math. Meth. Appl. Sci., 19 (1996), pp. 959-976.

S. N. CHANDLER-WILDE AND B. ZHANG, A uniqueness result for
scattering by infinite dimensional rough surfaces, SIAM J. Appl.
Math., 58 (1998), pp. 1774-1790.

A. CHARALAMBOPOULUS, A. KirscH, K. A. ANAGNOSTOPOULUS,
D. GINTIDES, AND K. KIRIAKI, The factorization method in inverse
elastic scattering from penetrable bodies, Inverse Problems, 23 (2007),
pp. 27-51.

M. CHENEY, A mathematical tutorial on synthetic aperture radar,
SIAM Review, 43 (2001), pp. 301-312.



Bibliography 151

[19]

[20]

[22]

23]

[25]

[26]

F. CoLLiNO, M. FARES, AND H. HADDAR, Numerical and analyt-
ical study of the linear sampling method in electromagnetic inverse
scattering problems, Inverse Problems, 19 (2003), pp. 1279-1298.

D. Corron, J. COYLE, AND P. MONK, Recent developments in
inverse acoustic scattering theory, SIAM Review, 42 (2000), pp. 396—
414.

D. CortoN AND A. KIRSCH, A simple method for solving inverse

scattering problems in the resonance region, Inverse Problems, 12
(1996), pp. 383-393.

D. L. CorroN AND R. KRESS, Inverse acoustic and electromagnetic
scattering theory, Springer, 1992.

J. ELSCHNER AND G. SCHMIDT, Diffraction of periodic structures
and optimal design problems of binary gratings. Part I: Direct prob-
lems and gradient formulas, Math. Meth. Appl. Sci., 21 (1998),
pp. 1297-1342.

J. ELSCHNER AND M. YAMAMOTO, Uniqueness results for an invsere
periodic transmission problem, Inverse problems, 20 (2004), pp. 1841—
1852.

L. EvVANS, Partial Differential Equations, American Mathematical
Society, 1998.

B. GEBAUER, M. HANKE, AND C. SCHNEIDER, Sampling meth-
ods for low-frequency electromagnetic imaging, Inverse Problems, 24

(2008), p. 015007.

S. GEBAUER, The factorization method for real elliptic problems, 7.
Anal. Anwend, 25 (2006), pp. 81-102.

D. GILBARG AND N. S. TRUDINGER, Flliptic Partial Differential
Equations of Second Order, Springer, 2. ed., rev. 3. print. ed., 1998.

I. C. GOHBERG AND M. G. KREEN, Introduction to the theory of
linear nonselfadjoint operators, vol. 18 of Transl. Math. Monographs,
American Mathematical Society, 1969.



152

Bibliography

[30]

[31]

[38]

[39]

R. GRIESMAIER, An asymptotic factorization method for inverse elec-
tromagnetic scattering in layered media, STAM J. Appl. Math., 68
(2008), pp. 1378-1403.

N. I. GRINBERG, Obstacle localization in an homogeneous half-space,
Inverse Problems, 17 (2001), pp. 1113-1125.

H. HADDAR, S. KUSIAK, AND J. SYLVESTER, The convex back-
scattering support, SIAM J. Appl. Math., 66 (2006), pp. 591-615.

M. HANKE AND M. BRUHL, Recent progress in electrical impedance
tomography, Inverse Problems, 19 (2003), pp. S65-590.

M. HANKE, F. HETTLICH, AND O. SCHERZER, The Landweber iter-
ation for the inverse scattering problem, in Proc. of the 1995 design
engineering technical conference, K.-W. W. et. al., ed., vol. 3, Part
C, New York, 1995, The American Society of Mechanical Engineers,
pp- 909-915.

M. HANKE AND B. SCHAPPEL, The factorization method for electri-
cal impedance tomography in the half space, SIAM J. Appl. Math.,
68 (2008), pp. 907-924.

F. HETTLICH, Frechet derivatives in inverse obstacle scattering, In-
verse Problems, 11 (1995), pp. 371-382.

F. HETTLICH AND A. KIRSCH, Schiffer’s theorem in inverse scat-
tering theory for periodic structures, Inverse Problems, 13 (1997),
pp- 351-361.

N. HYVONEN, Complete electrode model of electrical impedance to-
mography: approzimation properties and characterization of inclu-
sions, STAM J. Appl. Math., 64 (2004), pp. 902-931.

N. HYVONEN, Locating transparent regions in optical absorption and
scattering tomography, STAM J. Appl. Math., 67 (2007), pp. 1101
1123.

N. HYyvONEN, H. HAKULA, AND S. PURSIAINEN, Numerical imple-
mentation of the factorization method within the complete electrode

model of impedance tomography, Inverse Problems and Imaging, 1
(2007), pp. 299-317.



Bibliography 153

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

T. KaTo, Perturbation theory for linear operators, Springer, repr. of
the 1980 ed., 1995.

Y. KATZNELSON, An introduction to harmonic analysis, Cambridge
University Press, 3. ed. ed., 2004.

A. KIRSCH, Generalized boundary value- and control problems for the
Helmholtz equation, 1984.

A. KirscH, Diffraction by periodic structures, in Proc. Lapland Conf.
on Inverse Problems, L. Pavarinta and E. Somersalo, eds., Springer,
1993, pp. 87-102.

—, Uniqueness theorems in inverse scattering theory for periodic
structures, Inverse Problems, 10 (1994), pp. 145-152.

A. KIRsCH, An introduction to the mathematical theory of inverse
problems, Springer, 1996.

A. KIRrscH, The factorization method for a class of inverse elliptic
problems, Math. Nachr., 278 (2004), pp. 258-277.

——, An integral equation for Mazwell’s equations in a layered
medium with an application to the Factorization method, J. Integral
Equations Appl., 19 (2007), pp. 333-358.

A. KirsCcH AND N. GRINBERG, The Factorization Method for Inverse
Problems, Oxford Lecture Series in Mathematics and its Applications
36, Oxford University Press, 2008.

A. KIRSCH AND S. RITTER, A linear sampling method for inverse
scattering from an open arc, Inverse Problems, 16 (2000), pp. 89-105.

R. KRESS, Ein ableitungsfreies Restglied fiir die trigonometrische In-
terpolation periodischer analytischer Funktionen, Numer. Math., 16
(1971), pp. 389-396.

R. KRESs, Linear integral equations, Springer, 1989.

R. KRESS, Inverse scattering from an open arc, Math. Methods Appl.
Sci., 18 (1995), pp. 183-219.



154

Bibliography

[54]

[55]

[56]

[65]

R. KrEss AND T. TRAN, Inverse scattering for a locally perturbed
half-plane, Inverse Problems, 16 (2000), pp. 1541-1559.

S. KUSIAK AND J. SYLVESTER, The scattering support, Commun.
Pure Appl. Math., 56 (2003), pp. 1525-1548.

M. LassAs, M. CHENEY, AND G. UHLMANN, Uniqueness for a wave
propagation inverse problem in a half-plane, Inverse Problems, 14
(1998), pp. 679-684.

A. LECHLEITER, A regularization technique for the factorization
method, Inverse Problems, 22 (2006), pp. 1605-1625.

A. LECHLEITER, N. HYVONEN, AND H. HAKULA, The factorization

method applied to the complete electrode model of impedance tomog-
raphy, STAM J. Appl. Math., 68 (2008), pp. 1097-1121.

C. LINES, Inverse Scattering by Unbounded Rough Surfaces, PhD the-
sis, Department of Mathematical Sciences, Brunel University, 2003.

C. D. LiNEs AND S. N. CHANDLER-WILDE, A time domain point

source method for inverse scattering by rough surfaces, Computing,
75 (2005), pp. 157-180.

L. LORENZI, A. LUNARDI, G. METAFUNE, AND D. PALLARA, Ana-
lytic semigroups and reaction-diffusion problems, tech. rep., Interna-
tional School on Evolution Equations, 2005.

D. R. LUKE AND A. J. DEVANEY, Identifying scattering obstacles
by the construction of nonscattering waves, SIAM J. Appl. Math., 68
(2007), pp. 271-291.

W. MCLEAN, Strongly Elliptic Systems and Boundary Integral Op-
erators, Cambridge University Press, Cambridge, UK, 2000.

A. MEIER, T. ARENS, S. N. CHANDLER-WILDE, AND A. KIRSCH, A
Nystrém method for a class of integral equations on the real line with

applications to scattering by diffraction gratings and rough surfaces,
J. Int. Equ. Appl., 12 (2000), pp. 281-321.

P. MoNK, Finite Element Methods for Mazwell’s Equations, Oxford
Science Publications, Oxford, 2003.



Bibliography 155

[66]

[67]

[68]

[69]

[70]

[71]

[79]

P. MONK AND J. SUN, Inverse scattering using finite elements and
gap reciprocity, Inverse Problems and Imaging, 1 (2007), pp. 643-660.

J. Muiica, Complex analysis in Banach spaces, North-Holland,
1986.

J. NECAS, Les Methodes Directes en Theorie des Equations Ellip-
tiques, Academia, Prague, 1967.

J.-C. NEDELEC, Acoustic and FElectromagnetic Equations, Springer,
New York etc, 2001.

G. N.WATSON, A treatise on the theory of Bessel functions, Univ.
Pr., 2. ed., 1966.

M. ORISPAA, On point sources and near field measurements in in-
verse acoustic obstacle scattering, doctorial thesis, University of Oulu,
Oulu, Finland, 2002.

R. PETIT, ed., Electromagnetic theory of gratings, Springer, 1980.

R. POTTHAST, J. SYLVESTER, AND S. KUSIAK, A ‘range test’ for de-
termining scatterers with unknown physical properties, Inverse Prob-
lems, 19 (2003), pp. 533-547.

A. RIEDER, On the regularization of nonlinear ill-posed problems via
inexact Newton iterations, Inverse Problems, 15 (1999), pp. 309-327.

W. RUDIN, Real and complex analysis, McGraw-Hill, 2. ed., 1974.
W. RUDIN, Functional Analysis, McGraw-Hill, 2. ed. ed., 1991.

J. SARANEN AND G. VAINIKKO, Periodic integral and pseudodiffer-
ential equations with numerical approximation, Springer, 2002.

H. ScHoN, Uber die Streuung akustischer Wellen in inhomogenen
Medien mit Finschlissen, PhD thesis, Universitdt Karlsruhe (TH),
2005.

F. ScHULZ, On the unique continuation property of elliptic divergence
form equations in the plane, Math. Z, 228 (1998), pp. 201-206.



156 Bibliography

[80] E. STEPHAN AND W. WENDLAND, An augmented Galerkin procedure
for the boundary integral equation method applied to two-dimensional
screen and crack problems, Appl. Anal., 18 (1984), pp. 183-2109.

[81] L. SVENSSON, Sums of complemented subspaces in locally convex
spaces, Arkiv for Mathematik, 25 (1987), pp. 147-153.

[82] G. VAINIKKO, The discrepancy principle for a class of reqularization
methods, U.S.S.R. Comput. Maths. Math. Phys., 21 (1982), pp. 1-19.

[83] G. VAINIKKO, Fast solvers of the Lippmann-Schwinger equation, in
Direct and Inverse Problems of Mathematical Physics, D. Newark,
ed., Int. Soc. Anal. Appl. comput. 5, Dordrecht, 2000, Kluwer Aca-
demic Publishers, p. 423.

[84] D. WERNER, Funktionalanalysis, Springer, 5 ed., 2005.

[85] B. ZHANG AND S. N. CHANDLER-WILDE, Integral equation methods
for scattering by infinite rough surfaces, Math. Meth. Appl. Sci., 26
(2003), pp. 463-488.






This book investigates several non-destructive testing problems
for rough and periodic surfaces, where the task is to determine
such structures from scattered waves. These problems are non-
linear and ill-posed. We are interested in the analysis of the
Factorization method applied to this special class of inverse
scattering problems. This method does not attempt to solve a
non-linear operator equation for the unknown object but rat-
her computes a binary criterion characterizing points inside
and outside the structure. To set the stage for the method,
we prove a range identity in factorizations suitable for appli-
cation in the surface scattering context and investigate how
the method can be regularized in case of noisy data. These
abstract results precede and are applied in three different
case studies. First, we study an inverse periodic transmission
problem, motivated by identification problems in photonics.
Second, the problem of detecting a bounded contamination
on a rough surface is considered. Finally, we investigate the
determination of a rough surface itself from near field scat-
tering data.
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