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Extension of the ‘solid-shell’ concept for application
to large elastic and large elastoplastic deformations

R. Hauptmann, K. Schweizerhof∗;† and S. Doll
Institute of Mechanics; University of Karlsruhe; Kaiserstr. 12; 76128 Karlsruhe; Germany

SUMMARY

In the present contribution we extend a previously proposed so-called solid–shell concept which incor-
porates only displacement degrees of freedom to the simulation of large elastic and large elastoplastic
deformations of shells. Therefore, the modi�cations necessary for hyper-elastic or elastoplastic material
laws are discussed. These modi�cations concern the right Cauchy–Green tensor for large elastic de-
formations, respectively, the deformation gradient for elastoplasticity which then are consistent to the
modi�ed Green–Lagrange strains that are necessary for transverse shear and membrane locking free
solid–shell element formulations.
However, in addition to the locking mentioned above especially in the range of plasticity incompress-

ibility locking becomes important. Thus, the second major aspect of this contribution is the discussion of
several ways to avoid incompressibility locking also including the investigation of eigenmodes. Finally,
a selective reduced integration scheme with reduced integration for the volumetric term is employed
and described in detail, although it is limited to material laws which allow the decomposition into
a volumetric and a deviatoric part. Some numerical examples show the range of application for the
proposed elements. Copyright ? 2000 John Wiley & Sons, Ltd.

KEY WORDS: non-linear �nite element analysis; shell element technology; plasticity; hyper-elasticity;
incompressibility locking

1. INTRODUCTION

General shell structures contain 
at, slightly and highly curved parts. They also consist
of parts with dominantly two- or general three-dimensional (2D or 3D) stress states. The
analyses of their linear and non-linear behaviour should be accurate and e�cient. It is therefore
desirable to combine di�erent element types, such that the calculation of each part is as
e�cient and as accurate as possible.
Most e�cient shell elements are based on the degenerated shell concept (see e.g. References

[1–3]). The starting point of this shell concept is the kinematics of the three-dimensional con-
tinuum modi�ed by the three following assumptions and resulting in a mid-surface description
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in analogy to standard shell theory (see References [4; 5]). First, the normals to the mid-
surface in the initial con�guration remain straight but not normal during the deformation.
Second, the thickness of the element remains constant and third the normal stress in thick-
ness direction is neglected. Although these approximations lead to very good results in most
cases, there could arise di�culties concerning the rotational degrees of freedom. In particular,
when describing the boundary conditions, special care of the nodal co-ordinate systems must
be taken and a complicated update of the rotations is necessary in geometrically non-linear
situations. Additional problems arise when shell elements are used in combination with solid
elements. However, the most important di�culty occurs in using general three-dimensional
material laws due to the requirement to reduce the material law according to the normal stress
condition.
The solid–shell concept presented previously in detail in Reference [6] and proposed by

B�uchter et al. [7], Parisch [8], Seifert [9], Verhoeven [10] in a slightly di�erent form that
has proven to avoid the disadvantages mentioned above and the linear and geometrically non-
linear analyses in Reference [6] and further studies have shown no misbehaviour so far for
small strain problems. Therefore, in the present contribution the application of the solid–shell
concept to large elastic and large elastoplastic deformations is described.
First the solid–shell concept is applied to compressible large elastic deformations. Therefore,

the most general, originally incompressibility Ogden material law [11; 12] with compressible
extension is introduced. This material law includes also the Neo-Hooke [13] and Mooney–
Rivlin [14] elastic material laws as special cases.
Then large elastoplastic deformations are considered. Therefore, the commonly used Hencky

material law with isotropic von Mises plasticity [15] is employed to the solid–shell formu-
lations. However, as known from solid elements the problem of incompressibility locking
arises.
So far, there are three promising approaches known to avoid this incompressibility locking.
The �rst one proposed originally by Moran et al. [16] is based on a modi�cation of the

deformation gradient. However, this modi�cation leads to rather complicated expressions, when
a consistent linearization is performed, and therefore it cannot be applied easily to existing
element formulations.
The second one, well known as reduced integration and also removing transverse shear

and membrane locking (see e.g. Reference [10]) leads to element formulations that ex-
hibit additional undesired zero-energy modes. To overcome this defect special stabilization
techniques (see e.g. Reference [17]) can be applied. However, the resulting elements are
based mostly on penalty parameters and therefore are not very reliable. Solely, the element
based on a quadratic Serendipity displacement interpolation in in-plane direction contains
only two zero energy modes that cannot appear in most FE meshes and is somehow more
reliable.
In the current contribution, the selective reduced integration of the volumetric term is chosen

which is described in Reference [18] for the �nite elastic case and in Reference [19] for
3D-continuum problems in the case of �nite elastoplasticity including viscoplasticity. Then,
as obtained in References [18; 19] for the solid elements no undesired zero-energy modes are
found and locking free solid–shell element formulations result. Essential for this approach is
that the material laws used must allow a split into volumetric and deviatoric parts. However,
the commonly employed material laws can be easily split and thus this limitation is no real
disadvantage at the moment.
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The concluding numerical examples are chosen to demonstrate the capabilities of the solid–
shell concept in the range of large elastic and large elastoplastic deformations. There is also a
focus on the eigenmodes and eigenvalues of single elements to gain more insight in particular
in the case of incompressibility.

2. A SHORT REVIEW OF THE SOLID–SHELL CONCEPT

In this section, the main features of a shell concept which employs only displacement degrees
of freedom and thus allows to overcome the known problems associated with the rotational
degrees of freedom and the plane stress assumption both incorporated by degenerated shell
elements are outlined. For a more detailed description see Reference [6]. Solely the assumption
of the degenerated shell concept that the normals to the element mid-surface remain straight
but not necessarily normal during the deformation is adopted by the solid–shell concept. Thus,
the initial 3D continuum of the shell geometry

X(�; �; �)= 1
2{(1 + �)Xu(�; �) + (1− �)Xl(�; �)} (1)

and the displacements

u(�; �; �)=T−1(�; �)�(�)



T(�; �) 03×3 03×n
03×3 T(�; �) 03×n
0n×3 0n×3 1n×n





uu(�; �)
ul(�; �)
R(�; �)


 (2)

are approximated in global Cartesian co-ordinates (e1; e2; e3). In Equations (1) and (2) the ap-
proximation in in-plane direction is decoupled from the approximation in thickness direction.
Due to the transformation matrix T from global to local co-ordinates aligned to the shell ge-
ometry the approximation in thickness direction of the local displacements in in-plane direction
can be chosen independently from the approximation of the local displacement in thickness
direction. An obvious possibility to ful�ll the assumption cited above, can be achieved by the
following matrix �(�), which contains the linear interpolation of all three local displacements
in thickness direction:

�(�)=
1
2



1 + � 0 0 1− � 0 0
0 1 + � 0 0 1− � 0
0 0 1 + � 0 0 1− �


 (3)

It must be noted that with this interpolation the transformation matrix T can be omitted leading
to a displacement approximation equal to the geometry approximation (1). According to the
degenerated shell concept � and � are local convective co-ordinates in in-plane direction and �
is the local convective co-ordinate in thickness direction. The position X and the displacements
u of each point of the shell is described by a position vector Xu and displacements uu of
the corresponding points on the upper shell surface and on the lower shell surface Xl and
ul. For the approximation of displacements (2) additional degrees of freedom belonging to a
hierarchical interpolation are employed. However, using the interpolation in thickness direction
described in Equation (3) no additional degrees of freedom �(�; �) are required. Applying the
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Figure 1. Geometry of the solid–shell element.

relation x=X + u, the geometry in the actual state which is essential for the evaluation of
the deformation gradient

F=
@x
@X

(4)

can be computed.
Contrary to the kinematics used for degenerated shell elements the weak form

��=
∫
V
�E · S dV + ��ext = 0; ��ext : : : external work (5)

contains the complete Green–Lagrange strain tensor E and the corresponding second Piola–
Kirchho� stress tensor S. Thus, it is possible to compute the thickness change due to forces
in thickness direction and to apply general 3D material laws without any modi�cation.

2.1. E�cient locking free, materially linear solid–shell element formulations

Degenerated shell elements or solid–shell elements can be considered to be completely locking
free, if the order of approximation for all displacements is fairly high at least of the order
of 4 or 5 [20]. Orders up to 8 provide even better convergence [20], though this is problem
dependent and clearly also a function of mesh density. However, elements based on such high-
order shape functions are di�cult to handle, less robust in the non-linear range and rather
ine�cient. Therefore, various methods to avoid locking by enhancing a linear, quadratic or
cubic displacement approximation have been developed in the past [8; 21–23].

2.1.1. Transverse shear and membrane locking. In our contribution, the method of assumed
strains is applied to solid–shell element formulations with a bilinear approximation in in-plane
direction. Thus, the following interpolation as proposed by Bathe and Dvorkin [24] to reduce
the transverse shear locking is used:

Eas��=
1
2(1− �)EA�� + 1

2(1 + �)E
C
�� Eas��=

1
2(1− �)ED�� + 1

2(1 + �)E
B
�� (6)

The essential assumption of the assumed natural strain concept is to assume the transverse
shear interpolation in local convective co-ordinates to be constant in � and linear in the �
direction for Eas��, respectively, to be constant in � and linear in the � direction for E

as
��.
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A slightly superior performance of this element formulation can be achieved by addi-
tional enhancements of the in-plane strains according to the enhanced assumed strain (EAS)
method [25]. Therefore, the functions suggested by Taylor and Wilson [26] and Braun [27]
are adopted:

Eip =



E��
E��
2E��


=Ekip + Ẽip=Ekip +M�

=



E��
E��
2E��



k

+
1
det J




t211 t212 t11t12
t221 t222 t21t22
2t11t21 2t12t22 t11t22 + t12t21




 � 0 0 0
0 � 0 0
0 0 � �





�1
�2
�3
�4


 (7)

In Equation (7) the vector Ekip contains the in-plane Green–Lagrange strains, det J is the
determinant of the Jacobian of the transformation in isoparametric space and the vector �
consists of independent parameters that are condensed out on element level. The factors

t��=G�(�; �; �) ·G�(0; 0; 0); �; �=1; 2 (8)

are used to transform the enhanced strains to the covariant co-ordinate system at the element
mid-point which is necessary to obtain unique values for the parameters �i. The vectors Gi and
Gi in Equation (8) are the base vectors of the covariant, respectively, contravariant co-ordinate
system.
For 9- or 16-node degenerated shell elements the assumed strain approximation proposed

by Bucalem and Bathe [21] leads to remarkably good results [28] so that this approximation
is recommended for solid–shell element formulations using a biquadratic or bicubic Lagrange
displacement approximation in tangent space, see e.g. Reference [28]. As is well known,
solely for the element formulation with a quadratic Serendipity displacement approximation
in the � and � directions the reduced integration scheme in tangent space leads to a membrane
and transverse shear locking free element [10] but contains two zero-energy modes. However,
both kinematical modes do not occur in most meshes and therefore the corresponding 16 node
solid–shell element works quite well in most cases.

2.1.2. Thickness locking. According to investigations in the literature (see e.g. References
[29; 27]), a formulation with a linear w′ displacement assumption in thickness direction tends
to so-called thickness locking, which also will be observed in the numerical analyses. This
undesired locking occurs due to the constant approximation of the strain E�� in thickness
direction contrary to a linear S�� stress distribution found when bending occurs. The reason
for the E�� varying linearly in thickness direction is the coupling between the linear in-plane
strains and the normal stress in thickness direction, if the Poisson ratio is not equal to zero
(see Figure 2).
One way to overcome this limitation is to apply the condition S��=0 for the normal stresses

according to the degenerated shell concept. Thus, the term �E��S��=0 originally included in
the weak form (5) vanishes and a zero-energy mode in thickness direction results. By adding
a sti�ness in thickness direction with neglecting the coupling between the normal in-plane
strains and the normal thickness strain the undesired zero-energy mode can be avoided. In
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Figure 2. Beam subjected to bending moments.

the case of the linear elastic St-Venant–Kirchho� material law this is achieved by simply
inserting the Poisson ratio �=0:0 into

S��= �E�� + �E�� + (�+ �)E�� (9)

�nally leading to the modi�ed weak form∫
V
�E ·S dV +

∫
V
�E���(�=0:0)E�� dV =0 (10)

For simplicity, it is assumed in Equations (9) and (10) and Figure 2 that the convective
co-ordinate system is a Cartesian such that Gi ·Gj=Gi ·G j=0 vanishes for i 6= j.
Concerning plasticity for small deformations the �rst term in Equation (10) can be evaluated

as for degenerated shell elements and the second term can be handled as for one-dimensional
(1D) plasticity which is used, e.g. for truss elements. However, rather complicated modi�ca-
tions must be applied to general 3D material laws and therefore this approach is limited to
linear elasticity or plasticity for small deformations and not described here in detail.
Instead, the assumption of a linear distribution of the normal strain in thickness direc-

tion over the thickness is proposed. This could be achieved by a modi�cation of the matrix
containing the interpolation in thickness direction (3):

��(�)=
1
2



1 + � 0 0 1− � 0 0 0
0 1 + � 0 0 1− � 0 0

0 0 1 + � 0 0 1− � 1− �2


 (11)

such that a quadratic approximation of the displacement in thickness direction results as
suggested in Reference [30] and in as slightly di�erent form in References [29; 9]:

u(�; �; �)=T−1(�; �) ��(�)



T(�; �) 03×3 03×1
03×3 T(�; �) 03×1
01×3 01×3 1





uu(�; �)
ul(�; �)
�(�; �)


 (12)

Thus, this solid–shell element formulation shows an additional degree of freedom per edge
(see Figure 3).
Another approach is to enhance the constant normal strain in thickness direction by a linear

extension over the thickness according to the EAS method, as proposed in References [7; 27]:

E33 =Ek33 + M̂Q̂=Ek33 + �
1
det J

[ 1 � � �� ]



�̂1
�̂2
�̂3
�̂4


 (13)
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Figure 3. Hierarchical quadratic interpolation in the � direction.

A similar formulation was suggested by Parisch [8]. For solid–shell element formulations with
a linear displacement approximation in in-plane direction the transformation to a co-ordinate
system in the centre of the element can be omitted. However, if higher-order elements in
tangent space are concerned a co-ordinate system varying over the element area must be
taken into account by adding the factor t233 to the matrix M̂ (13) in analogy to Equations (7)
and (8).

2.1.3. Curvature Locking. If the directions of the vectors from the lower to the upper nodes
at the edges are not perpendicular to the midsurface of the element, the so-called curva-
ture locking appears in bending situations. This is particularly obvious for thin solid–shells.
A perfect remedy is a bilinear interpolation of the thickness strains E�� in in-plane direction
as proposed by Betsch and Stein [36] and is therefore also implemented in the solid–shell
elements. In the numerical examples discussed in Chapter 5 this locking e�ect is of minor
importance and thus not further investigated in the current contribution.

3. CONSIDERATIONS CONCERNING LARGE ELASTIC DEFORMATIONS

Contrary to the St-Venant–Kirchho� material law which is only valid for small elastic defor-
mations large elastic deformations can be computed using, e.g. the Neo-Hooke [13], Mooney–
Rivlin [14] or Ogden [11] material law. The most general of these three material laws is the
Ogden material law which includes the two other material laws as special cases. Although
the Ogden material law is introduced only brie
y its application to the various locking free
solid–shell formulations is described in detail here. For an extensive discussion of hyperelastic
materials and large deformations, it is referred in Reference [31].

3.1. Ogden material law with compressible extension

For elastic deformations the stresses S are computed by partial di�erentiation of a strain
energy density function W to the Green–Lagrange strains E:

S=
@W
@E

(14)

In this contribution for the originally incompressible Ogden material law [23] a compressible
extension also proposed by Ogden [12] is employed. Thus, the incorporated strain energy
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1128 R. HAUPTMANN, K. SCHWEIZERHOF AND S. DOLL

density function W can be split additively into the original Ogden strain energy density
function WOG and the compressible extension Wcomp,

W =WOG +Wcomp (15)

The Ogden material model is based on the incompressible strain energy density function

WOG =
3∑
i=1

�i
�i

(
��i1 + �

�i
2 + �

�i
3 − 3) (16)

with the principal stretches �i and the parameters �i and �j which have to be determined
by material testing. However, it must be noted that for small deformations the St-Venant–
Kirchho� material law must be included. Thus, the condition

3∑
i=1
�i�i=2� (17)

limits the choice of the parameters �i and �i. In Equation (17), � is the Lam�e constant,
respectively, the shear modulus G=�. If the parameters are chosen such that �1 =�; �1 = 2
and �2 =�3 = 0 the Neo-Hooke material law is obtained.
Following Equation (15), the compressible strain energy density function

Wcomp =−
3∑
i=1
�i ln J +��−2

(
� ln J + J−� − 1); J = �1�2�3 (18)

is added to the Ogden energy function (16). Here the ratio of compressibility can be chosen
by the additional parameter �.

3.2. Right Cauchy–Green tensor consistent to the modi�ed strains

The principal stretches which are needed in Equations (16) and (18) are computed by a
spectral decomposition of the right Cauchy–Green tensor

C=
3∑
j=1
�2j Nj ⊗Nj ⇒ �j (19)

Considering the element kinematics as a function of the total displacements the right Cauchy–
Green tensor

C=FTF (20)

is computed using the deformation gradient F introduced in Equation (4).
However, special considerations are required for the computation of the right Cauchy–Green

tensor, if techniques are applied that lead to the locking free solid-shell formulations described
in Section 2.1. Thus, these formulations can be written such that they are based on strains
Emod which are the result of a modi�cation of the Green–Lagrange strains E. In equivalence to
total displacement formulations the relationship between the modi�ed Green–Lagrange strains
Emod and the corresponding right Cauchy–Green tensor Cmod shows the form

Emod = 1
2(C

mod − 1) (21)

which immediately leads to

Cmod =2Emod + 1 (22)
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Finally, the modi�ed right Cauchy–Green tensor

Cmod =
3∑
j=1
�2j Nj ⊗Nj ⇒ �j (23)

is employed to compute the principal stretches �j by spectral decomposition. The latter are
required for the evaluation of the strain energy density functions (16) and (18).

4. CONSIDERATIONS CONCERNING LARGE ELASTOPLASTIC DEFORMATIONS

In this contribution the classical Hencky material law [32] with isotropic von Mises plasticity
[15] for large elastoplastic deformations is employed to various solid-shell element formula-
tions. Essential for this material algorithm are the rate independency and the multiplicative
decomposition of the deformation gradient

F=FelFpl (24)

In equivalence to the previously introduced solid-shell element formulations the weak form
(5) is evaluated in the reference con�guration and thus the deformation gradient F is also
necessary for the push forward and pull backward operations. A detailed description of this
material law together with special algorithmic aspects is given in Reference [19].

4.1. Deformation gradient consistent to modi�ed strains

As already discussed in Section 3.2 locking free solid-shell element formulations are based on
modi�ed strains Emod (see Equation (21)). Therefore, a modi�ed deformation gradient Fmod

which is consistent to the modi�ed strains Emod is inserted into the material algorithm for
large elastoplastic strains. Thus, the big advantage of this approach is that all algorithms con-
cerning the material can be adopted from solid elements without any modi�cation. However,
the evaluation of the modi�ed deformation gradient Fmod is rather time-consuming which is
outlined in the following.
If the deformation gradient

F=RU (25)

which can be split into a right-stretch tensor U and an orthogonal rotation tensor R is inserted
into the Green–Lagrange strains

E= 1
2

(
FTF− 1) (26)

the orthogonal rotation tensor R drops out and the strain evaluation

E= 1
2

(
UT

(
RTR

)
U − 1)= 1

2

(
U2 − 1) (27)

depends solely on the right-stretch tensor U. Thus, a modi�ed right-stretch tensor Umod can
be computed by employing the polar decomposition to

Emod = 1
2

((
Umod

)2 − 1)⇒Umod (28)

Finally, the modi�ed deformation gradient

Fmod =RUmod (29)

Copyright ? 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 49:1121–1141
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is computed after the multiplication of the unmodi�ed orthogonal rotation tensor R with the
modi�ed right-stretch tensor Umod.
It must be noted that for the computation of the orthogonal rotation tensor R a polar

decomposition of Equation (25) is necessary. Thus, the method to evaluate the deformation
gradient Fmod which is consistent to the modi�ed strains Emod incorporates twice a time-
consuming polar decomposition at each integration point.

4.2. Volumetric locking and volumetric locking-free formulations

Plasticity for either small or large deformations is based on incompressible material behaviour.
In equivalence to solid elements solid–shell elements without modi�cations beyond the ones
described so far su�er from volumetric locking. This failure is con�rmed by the investigation
of the eigenvalues and eigenmodes in Section 5.1. Thus, in this section the mostly used
approaches to avoid volumetric locking are brie
y discussed. A more detailed description is
given in the corresponding literature.
Moran and coworkers [16] propose a volumetric locking-free formulation by modifying the

deformation gradient (4) in the following form:

F̃=
(
det F0
det F

)1=3
F (30)

In Equation (30), F0 is the deformation gradient at the element mid-point. Unfortunately,
this approach leads to a rather complicated consistent linearization and therefore it cannot be
applied easily to the solid-shell formulations described in the previous sections.
Observing the undesired eigenmodes with eigenvalues close to in�nity displayed in Figure

5 the idea to assume the normal thickness strain constant in tangent space evolves using
the compatible normal thickness strain at the element mid point of each integration point in
thickness direction:

Eas��(�; �; �)=E��(0; 0; �) (31)

In contrast to the previously mentioned approach this assumption can be applied very easily to
existing solid-shell element formulations. However, the coupling of the standard in-plane and
thickness strains together with the incompressible material behaviour indicated by a Poisson
ratio �→ 0:5 are responsible for far too sti� results due to thickness locking (see also Section
2.1.2).

4.2.1. Reduced integration in tangent space. The misbehaviour mentioned in the last section
can be overcome by also assuming the standard in-plane strains to be constant in the tangent
space. Thus, if reduced integration in in-plane direction is applied to reduce the computational
e�ort a formulation with additional constant approximation of the in-plane and transverse shear
strains in tangent space is obtained. As already mentioned in Section 2.1.1, transverse shear
and membrane locking is also avoided by reduced integration:∫ (red)

V

(
�E · @S

@E
�E+��E · S

)
dV �u= −

∫ (red)

V
�E · S dV − ��ext (32)

However, zero-energy modes occur and therefore complicated stabilization procedures [17]
must be applied to achieve reliable element formulations. Solely for the element based on a
quadratic Serendipity displacement interpolation in in-plane direction zero-energy modes occur

Copyright ? 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 49:1121–1141
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that cannot appear in most meshes. This formulation is very e�cient as far less operations on
element level are needed than compared to the solid-shell elements using a bilinear interpola-
tion in tangent space. Responsible for this fact is �rst the number of integration points which
is identical for the quadratic and bilinear elements and second that no additional sampling
points for the assumed strain part are necessary. Thus, also no additional time-consuming
spectral decompositions (28) and (25) are needed.

4.2.2. Reduced integration of the volumetric term. In this contribution the reduced integration
in tangent space of the volumetric term only is proposed to avoid volumetric locking. As usual
the developments are based on the weak form∫

V
�E · S dV + ��ext = 0 (33)

i.e. with the principle of virtual displacements. The strains E and stresses S in Equation (33)
can be split additively into a volumetric part

Ev = 1
3

(
E�� + E�� + E��

) 1 0 0
0 1 0
0 0 1


; Sv = 1

3

(
S�� + S�� + S��

) 1 0 0
0 1 0
0 0 1


 (34)

and a deviatoric part

Ed =E− Ev; Sd =S− Sv (35)

By inserting Equations (34) and (35) into Equation (33) the following form is obtained:∫
V
�Ed · Sd dV +

∫
V
�Ev · Sv dV +

∫
V
�Ed · Sv dV +

∫
V
�Ev · Sd dV + ��ext = 0 (36)

The further developments in this section are based on the assumption that the terms∫
V
�Ev · Sd dV =

∫
V
�Ed · Sv dV =0 (37)

vanish, which is ful�lled by all material laws that can be decoupled into a deviatoric and a
volumetric part. Thus, the weak form∫

V
�Ed · Sd dV +

∫ (red)

V
�Ev · Sv dV + ��ext = 0 (38)

with reduced integration in in-plane direction of the volumetric part is the basis for all volu-
metric locking free solid-shell formulations proposed in the following sections.
A simple and e�cient algorithm for this non-linear problem is obtained, if the strains are

not decoupled, which �nally leads to the linearized equation

{∫
V

(
�E · @Sd

@E
�E+��E · Sd

)
dV +

∫ (red)

V

(
�E · @Sv

@E
�E+��E · Sv

)
dV

}
�u

= −
{∫

V
�E · Sd dV +

∫ (red)

V
�E · Sv dV

}
− ��ext (39)

which is necessary for the commonly used Newton–Raphson-type solution method.
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It can be concluded that applying the selective reduced integration in tangent space to avoid
volumetric locking in addition to the methods described in Sections 2.1.1 and 2.1.2 to prevent
from membrane, transverse shear and thickness locking a number of di�erent locking free
solid-shell formulations can be derived. As only a separation of the volumetric and the devia-
toric parts of the sti�ness matrix and the right-hand side vector is necessary the modi�cations
of many well-known formulations can be implemented in a straight forward fashion into a
computer program. The only restriction to these formulations is that the material laws must
allow a decoupling into a volumetric and deviatoric part. However, for the commonly em-
ployed Hencky material law with von Mises plasticity which is also valid for large inelastic
deformation problems such a decoupling can be applied easily according to Doll et al. [19].

5. NUMERICAL EXAMPLES

The following numerical analyses are performed with quadrilateral, respectively, 8-node hex-
ahedron elements, all incorporating the assumed natural shear (ANS) strain approximation
(see Equation (6)). To avoid thickness locking the ANS3Dq solid-shell element employs the
quadratic interpolation of the local displacement in thickness direction shown in Equation
(12), whereas the ANS3DEAS element is based on the linear enhancement of the normal
strains in thickness direction (see Equation (13)). If in addition the in-plane strains of the
solid-shell element are enhanced according to Equation (7), then the EAS3DEAS element is
obtained. For all these three solid–shell elements a full integration of both, the deviatoric and
volumetric term, is used. The corresponding ANS3DqrV, ANS3DEASrV and EAS3DEASrV
elements are based on a reduced integration of the volumetric term in tangent space only
to remove volumetric locking. Furthermore, the 16-node hexahedron element called S8r3Dq
which is especially e�cient for materially non-linear problems is investigated. This solid-shell
element employs quadratic Serendipity shape functions and a reduced integration in tangent
space for all terms together with a quadratic approximation of the displacements in thickness
direction following Equation (12) to avoid locking.

5.1. Investigation of eigenvalues and eigenmodes

To get some information about the element behaviour concerning zero-energy modes and
possible locking tendencies the eigenvalues of a single element are computed for each element
formulation. For this analysis an element shape is chosen that is typical for an element
contained in a regular mesh of a square plate (see Figure 4).
Three situations are investigated. First the eigenvalues are computed using Poisson ratios

�=0:0 and 0.3 which are displayed Tables I and II. Then the eigenvalues of the square
element are investigated for the nearly incompressible range which is indicated by the use
of a Poisson ratio of �=0:499 (see Table III). To gain more insight into the behaviour in
the limit of incompressibility the eigenmodes of the ANS3DEAS element for the ‘in�nite’
eigenvalues are displayed in Figure 5. It must be noted that the �rst of these eigenmodes
should remain as it is, as no volumetric change is allowed. The other three eigenmodes are
responsible for volumetric locking and thus should be avoided.
The EAS3DEAS element with additional enhancement of the in-plane strains still shows

one undesired ‘in�nite’ eigenvalue. Obviously, due to the application of the EAS method
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Figure 4. Geometry and material data of the square element chosen for the eigenvalue analysis.

Table I. Eigenvalues of a square element: poisson ratio �=0:0.

EigenvaluesRigid-body
Element motion Kinematics ¡0:1 ¡1:0 ≈∞ Max

ANS3Dq 1.–6. — 7.–9. 10.–16. — 1365
ANS3DEAS 1.–6. — 7.–9. 10.–16. — 1365
EAS3DEAS 1.–6. — 7.–9. 10.–16. — 1365

ANS3DqrV 1.–6. — 7.–9. 10.–16. — 1365
ANS3DEASrV 1.–6. — 7.–9. 10.–16. — 1365
EAS3DEASrV 1.–6. — 7.–11. 12.–16. — 1365

S8r3Dq 1.–6. 7.–8. 9.–19. 20.–36. — 2579

Table II. Eigenvalues of a square element: poisson ratio �=0:3.

EigenvaluesRigid-body
Element motion Kinematics ¡0:1 ¡1:0 ≈∞ Max

ANS3Dq 1.–6. — 7.–9. 10.–16. — 1838
ANS3DEAS 1.–6. — 7.–9. 10.–16. — 1838
EAS3DEAS 1.–6. — 7.–9. 10.–16. — 1838

ANS3DqrV 1.–6. — 7.–9. 10.–16. — 1838
ANS3DEASrV 1.–6. — 7.–9. 10.–16. — 1838
EAS3DEASrV 1.–6. — 7.–11. 12.–16. — 1838

S8r3Dq 1.–6. 7.–8. 9.–20. 21.–36. — 3471

for the in-plane strains the third and fourth of the undesired ‘in�nite’ eigenvalues can be
avoided.
As already mentioned in Section 4.2.2 with reduced integration of the volumetric term

in tangent space the last undesired ‘in�nite’ eigenvalue is removed. Thus, only the desired
‘in�nite’ eigenvalue and the corresponding eigenmode are present.
The additional degrees of freedom necessary for the quadratic displacement interpolation in

thickness direction (12) employed for the ANS3Dq and ANS3DqrV elements are responsible
for the additional four, respectively, one ‘in�nite’ eigenvalues obtained for these elements.
The two ‘in�nite’ eigenvalues and the corresponding eigenmodes of the ANS3DqrV element
should be included in a correct formulation, thus this element is free from volumetric locking.
The 16-node element S8r3Dq shows many ‘in�nite’ eigenvalues, as does its fully integrated

counterpart. No judgement can be made from a closer look at the eigenmodes and simple
conclusions as for the bilinear element cannot be drawn. However, the S8r3Dq element shows
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Table III. Eigenvalues of a square element: poisson ratio � = 0:499.

EigenvaluesRigid-body
Element motion Kinematics ¡0:1 ¡1:0 ≈∞ Max

ANS3Dq 1.–6. — 7. 8.–15. 21.–28. ≈ 2× 105
ANS3DEAS 1.–6. — 7. 8.–15. 21.–24. ≈ 2× 105
EAS3DEAS 1.–6. — 7. 8.–15. 23.–24. ≈ 2× 105

ANS3DqrV 1.–6. — 7.–9. 10.–15. 27.–28. ≈ 2× 105
ANS3DEASrV 1.–6. — 7.–9. 10.–15. 24. ≈ 2× 105
EAS3DEASrV 1.–6. — 7.–11. 12.–15. 24. ≈ 2× 105

S8r3Dq 1.–6. 7.–8. 9.–20. 21.–36. 49.–56. ≈ 4× 105

Figure 5. Eigenmodes with ‘in�nite’ eigenvalues in the incompressible limit. ANS3DEAS element.

almost no volumetric locking in the examples analysed. Thus, this is not further investigated
here.
In addition, looking at the three undesired eigenmodes with ‘in�nite’ eigenvalues in Figure

5 it can be concluded that a constant approximation of the normal thickness strain in in-plane
direction using the value at the element mid point must lead to an element formulation which is
free from volumetric locking. This technique is applied leading to the so-called ANS3DEAScT
element and the investigation of the eigenvalues con�rm this observation. However, due to the
coupling of the constant thickness strains with the standard in-plane strains varying linearly
in in-plane direction this elements su�ers extremely from thickness locking. Therefore, it is
not considered any further in the following investigations.
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Figure 6. Geometry and material data of
the Cantilever beam.

Figure 7. Cantilever beam; 10× 1× 1 elements;
load de
ection diagram; displacement of point A,

ANS3Dq element.

Figure 8. Cantilever beam; 10× 1× 1 elements; load de
ection diagram;
displacement of point A, ANS3DqrV element.

5.2. Varying the Poisson ratio � with linear material models

A cantilever beam subjected to a line load at the end using a discretization with 10× 1× 1
elements is investigated. The geometry and the material data for the analyses of the geomet-
rically non-linear problem are given in Figure 6. For brevity reasons only the behaviour of
two solid–shell elements is displayed in the following load displacement diagrams in Figures
7 and 8.
From the two curves and further analyses the following is obtained: The behaviour of the

EAS3DEAS element is quite similar to the behaviour of the ANS3DEAS element and thus
not discussed separately. Comparing the ANS3Dq element with the ANS3DEAS element the
in
uence of the volumetric locking is much smaller for the ANS3DEAS element. This might
be due to the fact that the thickness strains are incompatible for the ANS3DEAS element. It is
clearly visible in Figure 8 and in further analyses with the S8r3Dq element that the volumetric
locking can be reduced drastically by employing selective reduced integration or reduced
integration in tangent space. The minor di�erences between the load displacement curves with
various Poisson ratios appear to be due to the in
uence of the boundary condition keeping the
upper and lower points �xed in horizontal direction. Thus, a constraint is introduced which
must lead to sightly di�erent results.
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Figure 9. Geometry, load and material data
of the hyper-elastic cylindrical shell.

Figure 10. Load versus displacement curves
for the hyper-elastic cylindrical shell.

Figure 11. Deformed geometry of the hyper-
elastic cylindrical shell.

Figure 12. Load versus displacement curves for
the hyper-elastic cylindrical shell.

5.3. Large elastic deformations

The analyses described in this section are all performed using the ANS3Dq, ANS3DEAS and
EAS3DEAS elements and the Ogden material law with compressible extension as described
in Section 3.1. In addition, the eight-node ANS3DL element with assumed shear strains (6)
but without any modi�cation to prevent thickness locking is included for comparison reasons.

5.3.1. Hyper-elastic cylindrical shell subjected to a line load. The geometry and material
data of the hyper-elastic cylindrical shell subjected to opposite line loads are given in Figure
9. This example is taken from Bischo� and Ramm [33]. The chosen thickness to length ratio
h=l accounts for a rather thick shell and thus large deformations occur during the deformation
(see Figure 11). Due to the symmetry of the structure only an octant is computed applying
symmetry conditions and using a mesh with one element over the thickness, three elements
in longitudinal direction and four elements in circumferential direction. For the integration in
thickness direction three Gauss points are employed.
In the following diagrams, the load factor versus the vertical displacement of the end of the

cylinder is depicted for all elements mentioned above. From the simulations we observe that—
as expected—only the ANS3DL element leads to overly sti� results. The minor di�erences
between the load displacement curves of the ANS3Dq and both EAS elements occur due to the
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Figure 13. Geometry and material data of
the torus taken from Reference [31].

Figure 14. Torus, 4 × 8 × 1 elements;
load de
ection diagram.

compatible, respectively, incompatible linear enhancement of the originally constant thickness
strains. The curves for varying mesh density given in Figure 12 indicate that the original
mesh is too coarse to obtain fairly accurate results. Although the results for the coarse mesh
compare very well to those obtained by Bischo� and Ramm [33] for smaller displacements,
the curves show major di�erences for increasing deformations. This deviation is due to the
material law used by Bischo� and Ramm

W =
�
2
(ln J )2 − � ln J + �

2
(trC− 3) (40)

which contains a di�erent compressible extension than the Neo-Hooke material law

W =
�
4
(J 2 − 1− 2 ln J )− � ln J + �

2
(trC− 3) (41)

which is included in the Ogden material law given in Equation (16) and employed to the
solid–shell elements ANS3DL, ANS3Dq, ANS3DEAS and EAS3DEAS in this contribution.

5.3.2. Torus under internal pressure. This example was proposed by Reese [31] to investi-
gate the material stability problem. Again only an octant of the torus with loading p0, the
geometry—radii rex; ri, thickness h—and material data for an Ogden material with compressible
extension given in Figure 13 is discretized with 4× 8× 1 elements applying symmetry condi-
tions. Although solely a symmetric part of the whole structure is investigated, still two of the
bifurcation points obtained in Reference [31], where almost the full structure was analysed,
were found. Due to the membrane-dominated behaviour of the torus under pressure there are
no di�erences visible in the results between the various solid–shell elements. Convergence
problems occur at a displacement of about twenty because then the �rst bifurcation point is
found and path change procedures could be applied. However, such investigations are beyond
the scope of this contribution. Some minor di�erences to the results of Reese [31] are caused
by the slightly di�erent discretization chosen.

5.4. Large elastoplastic deformations

For the analyses showing large elastoplastic deformations the fully integrated ANS3Dq,
ANS3DEAS and EAS3DEAS and the selective reduced integrated ANS3DqrV, ANS3DEASrV
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Figure 15. Geometry and material
data of the square plate.

Figure 16. Deformed geometry and
plastic zones of the square plate.

Figure 17. Square plate; load de
ection diagram;
displacement of center point, fully integrated ele-
ments and reduced integrated Serendipity element.

Figure 18. Square plate; load de
ection diagram;
displacement of center point, elements with

selective reduced integration.

and EAS3DEASrV solid–shell elements and the S8R3Dq solid–shell element using the re-
duced integration in tangent space are investigated. The material behaviour is described by
the Hencky material law with von Mises plasticity.

5.4.1. Square plate subjected to uniform loading. First, a square plate which is subjected to
uniform loading q0 with the geometry and material data, ideal elasto-plastic material, given in
Figure 15 is analysed. The lower boundary of the plate is �xed in vertical direction whereas
the displacements tangential to the plate and the upper boundary are free. After applying the
total uniform loading the deformation displayed in Figure 16 is obtained showing also the
�nal plastic zones. Due to symmetry only a quarter is discretized with one element over the
thickness and 8 × 8 elements in tangent plane for the bilinear elements, respectively, 5 × 5
elements for the biquadratic element. For the integration in thickness direction six Gauss
points are used. In Figures 17 and 18, the load displacement curves obtained in 70 load steps
are shown.
As expected, the curves coincide for displacements smaller than about 25 whereas the results

of the fully integrated elements are clearly very sti� due to incompressibility locking for larger
displacements. Although there are solely slight di�erences visible between the curves obtained
by the ANS3DqrV and ANS3DEASrV elements, the additional enhancement of the in-plane
strains included in the EAS3DEASrV element is responsible for larger di�erences.

Copyright ? 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 49:1121–1141



EXTENSION OF THE ‘SOLID-SHELL’ CONCEPT 1139

Figure 19. Geometry and material
data of the pinched cylinder.

Figure 20. Pinched cylinder; load de
ection
diagram; displacement of center point.

Figure 21. Deformed geometry and plastic zones of the pinched cylinder.

Investigations of B�uchter et al. [10] achieved by the use of a so-called seven parameter
shell element that is based on a biquadratic Serendipity displacement interpolation and reduced
integration technique are in full agreement with the load displacement curve of the S8R3Dq
element. Although the analyses published in Reference [34] for the same example are based on
a �ner discretization with 16× 16× 1 elements the results are in good equivalence with those
obtained by the EAS3DEAS solid-shell element with the coarser discretization used in the
current contribution. It must be mentioned that investigations with �ner meshes, omitted here
for brevity reasons, should be performed to obtain good results thus �nally mesh convergence.
However, as is well known, the di�erence in the element behaviour is more pronounced for
the chosen coarse mesh.

5.4.2. Pinched cylinder subjected to opposite point loads. Another example employing elasto-
plastic material behaviour with kinematic hardening is the pinched cylinder subjected to op-
posite point loads also previously investigated by Wriggers et al. [35] and Miehe [34]. The
geometry and material data are given in Figure 19. Due to symmetry, only one-eighth of
the cylinder is investigated using—on purpose—a fairly coarse mesh with 16× 16 elements
in in-plane and one element in thickness direction. The load displacement curves shown in
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Figure 20 are obtained by an integration with six Gauss points in thickness direction. Again
the results achieved are in full agreement with those published in References [34; 35]. It is
clearly visible from the deformed shapes in Figure 21 that the coarse mesh is responsible for
the non-physical kinks in the load de
ection curves. The coarse mesh resolution chosen for
comparison is not capable to capture the sharp curvature in the plastic zone and local snap-
through problems are arti�cially generated which could be completely removed with �ner
meshes. However, in the latter case the di�erences in the element behaviour are not visible
any more.

6. CONCLUSIONS

In the present contribution an alternative formulation to the established degenerated shell
concept developed previously for small strain non-linear analyses is enhanced for large elastic
and large elastoplastic deformations and �nally applied using some numerical examples.
The necessary enhancements concerning the right Cauchy–Green tensor for hyper-elastic

materials, respectively, the deformation gradient for elastoplastic materials, here Hencky mate-
rial combined with von Mises plasticity, have been presented. It is noted that the modi�cations
are rather elaborate for elastoplastic material.
Several approaches to avoid incompressibility locking are discussed. In the present contri-

bution, the selective reduced integration in tangent space of the volumetric term is favoured
and described in detail. Although this technique is limited to the material laws which allow a
split into a volumetric and a deviatoric part this limitation has no real disadvantage, commonly
used material laws can be easily modi�ed in such a fashion. The application to various nu-
merical examples show that the selective reduced integrated solid-shell elements with reduced
integration in tangent space of the volumetric term are very robust and excellent results can
be achieved.
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