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Conductance of a spin-1 quantum dot: the two-stage Kondo effect
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We discuss the physics of a of a spin-1 quantum dot, coupled to two metallic leads and develop a
simple model for the temperature dependence of its conductance. Such quantum dots are described
by a two-channel Kondo model with asymmetric coupling constants and the spin screening of the
dot by the leads is expected to proceed via a two-stage process. When the Kondo temperatures
of each channel are widely separated, on cooling, the dot passes through a broad cross-over regime
dominated by underscreened Kondo physics. A singular, or non-fermi liquid correction to the
conductance develops in this regime. At the lowest temperatures, destructive interference between
resonant scattering in both channels leads to the eventual suppression of the conductance of the
dot. We develop a model to describe the growth, and ultimate suppression of the conductance in
the two channel Kondo model as it is screened successively by its two channels. Our model is based
upon large-N approximation in which the localized spin degrees of freedom are described using the
Schwinger boson formalism.

PACS numbers:

I. INTRODUCTION

The Kondo effect arises from the resonant spin-flip
scattering of electrons off localized magnetic impurities,
which manifest themselves through the anomalous trans-
port and thermodynamic properties of dilute magnetic
alloys1. A modern context for the physics of local mo-
ments is found within quantum dots2 in where the Kondo
effect is manifested as a zero-bias anomaly of the dif-
ferential conductance. The high degree of tunability in
quantum dots allows for realization of a number of in-
teresting variants of the Kondo effect, including both
the “over-screened” and “under-screened” Kondo mod-
els. For example, the Kondo effect has been observed in
spin-1 quantum dots containing an even number of elec-
trons, by tuning the dot to a singlet-triplet degeneracy
point by applying a magnetic field3,4.

The physics of a single spin 1/2 magnetic impurity,
with no orbital degrees of freedom is described by the
canonical one-channel Kondo model, where the loan spin
is fully screened by the conduction electrons at low tem-
peratures, forming a paramagnetic ground-state with
excitations described by Landau Fermi liquid theory.
Nozières and Blandin pointed out5 that in more realistic
magnetic ions the orbital structure of the local impurity
electron needs to be taken into account (l 6= 0), giving
rise to a much richer class of spin-screening phenomena.
For a spin S with unquenched orbital angular momen-
tum l, there are nl = 2l+ 1 screening channels. Depend-
ing on whether nl is greater than, equal to, or smaller
than the number ne = 2S of Hund’s coupled electrons
in the local moment, the spin is said to be overscreened
(2l + 1 > 2S), fully screened (2l + 1 = 2S) or under-
screened (2l + 1 < 2S). In both the underscreened and
overscreened cases, the excitations of the ground-state
are no longer described by a Fermi liquid, and a variety of

exotic non-Fermi liquid (NFL) phenomena can develop,
as summarized in Table I. Unfortunately, most transi-
tion metal ions are described by the fully screened case,
where 2S = 2l+1, so the underscreened and overscreened
Kondo effect is not readily observed in bulk materials.
For this reason, quantum dots provide an important al-
ternative milieu for the study of unconventional Kondo
screening phenomena.

Most recent interest has focused on the case of the
overscreened multichannel Kondo model. From detailed
Bethe ansatz6 and conformal field theory solutions7 the
low-energy physics of the overscreened S = 1/2 Kondo ef-
fect is known to involve a non-trivial fixed point, with sin-

gular power-law behavior of the specific heat C ∼ T
4

n
l
+2

and magnetic susceptibility. (Logarithmic corrections to
the specific heat appear in the two-channel case). A pos-
sible realization of this kind of behavior in the heavy elec-
tron compound UBe13 has been proposed by Cox, where
quadrupole fluctuations of singlet uranium ions may as-
sume the role of spin fluctuations in the conventional
Kondo effect8,9.

In point of fact, a spin-1/2 quantum dot coupled to two
leads does not provide a realization of the two-channel
Kondo effect, because the localized spin couples to a spe-
cific combination of the lead electrons forming a one-
channel Kondo model10. A proposal to overcome this
problem through the coupling of a quantum dot to a
strongly interacting “quantum box” has been advanced
by Oreg and Goldhaber-Gordon11, and the first, prelimi-
nary indications of the the two-channel Kondo effect have
been recently reported12.

By contrast, realization of the underscreened Kondo ef-
fect requires a quantum dot with a higher spin S > 1/2.
In most quantum dots, electrons fill the dot in accordance
with the Pauli principle, forming a singlet state when the
number of electrons is even, and for the most part, zero-
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TABLE I: Ground state properties of the Kondo model with impurity spin S and number of channels nl. Cv is the specific heat,
and χ the magnetic susceptibility. In the over-screened Kondo effect, electron-scattering remains inelastic in the ground-state.

Kondo effect Examples GS Phase shift δ(ǫ) Cv χ

Fully Screened S = 1/2; nl = 1 Fermi π
2

+ αǫ Cv ∼ T ∼
1

TK

S = 1; nl = 2 Liquid

Under Screened S = 1; nl = 1 Singular π
2

+ α
ln(TK/ǫ)

∼
1

T ln4(T/TK )
∼

1
B ln2(B/TK )

Fermi Liquid

Over Screened S = 1/2; nl = 2 Non inelastic ∼ T ln T ∼ ln T

S = 1; nl = 3 Fermi Liquid scattering ∼ T 4/5
∼ T−1/5

bias anomalies are observed in dots with odd numbers
of electrons13,14. A sequence of more recent experiments
have shown that zero-bias anomalies associated with a
Kondo effect can also occur in quantum dots with even
occupancies, where Hund’s coupling between the elec-
trons lead to novel degeneracies, either through the for-
mation of higher spin states, or through the accidental
degeneracy of singlet and triplet states. The observation
of a zero-bias anomaly in even integer quantum dots was
first reported by Schmid et al.15 who tentatively identi-
fied the phenomenon with a triplet ground state of the
quantum dot. Sasaki et al3 later discovered a zero-bias
anomaly in even electron quantum dots that are tuned to
the degeneracy point between singlet and triplet states.
Most recently, Kogan et al4 have shown that the singlet
- triplet excitation energy in lateral quantum dots can
be tuned by the gate voltage, explicitly demonstrating
that the zero bias anomaly develops once the triplet state
drops below the singlet configuration.

Pustilnik and Glazman16 have shown that a spin-1
quantum dot is associated with two screening channels
which fully screen the local moment at the lowest tem-
peratures. The two channels arise because the two elec-
trons in a spin-1 dot occupy two separate orbitals which
couple differently to the leads. At low temperatures the
conductance of the Fermi liquid that emerges is governed
by the interference between the two channels

G = 2
e2

h
sin2(δ1 − δ2)

where δ1 and δ2 are the scattering phase shifts of the two
screening channels16. According to this line of reasoning,
the development of a unitary phase shift in each channel,
δ1 = δ2 = π/2 leads to a complete suppression of the zero
bias anomaly in a triplet quantum dot17.

The two separate screening channels of a spin-1 quan-
tum dot are associated with two different antiferromag-
netic coupling constants Jλ (λ = 1, 2). Since the Kondo
temperature depends exponentially on the coupling con-
stants, TKλ = D

√
Jλρ exp(− 1

Jλρ
) (ρ is the density of

states and D is the band width), a rather modest dif-
ference in coupling constants can produce Kondo tem-
peratures separated by decades of temperature, TK1 >>

TK2. Over the intervening temperature range, defined
as ln(TK1) ≫ ln(T ) ≫ ln(TK2), the physics of the dot
is expected to be dominated by the underscreened fixed
point, or one-channel spin-1 Kondo model. In the un-
derscreened spin-1 Kondo, the residual spin-1/2 moment
is ferromagnetically coupled to leads, with a coupling
that scales asymptotically towards zero5. Recent stud-
ies of this problem have argued that the ground-state
which develops is a “singular Fermi liquid”, in which
the electrons are elastically scattered with unitary phase
shift, but in which the logarithmically decaying coupling
to the partially screened local moment leads to a sin-
gular energy dependence in the scattering phase shift
and a divergence in the resulting quasiparticle density
of states18,19,20. This singular behavior, has a number
of observable consequences for the conductance which if
confirmed, will provide a first experimental realization of
singular Fermi liquid behavior of an underscreened local
moment.

In this paper we present an analysis of the transport
properties of a spin-1 quantum dot in two cases: first
for one screening channel and then for two active screen-
ing channels. The initial part of our paper provides a
detailed treatment of the singular conductance proper-
ties previously predicted by us in a short paper on this
topic21. The second part of the paper extends this ear-
lier work to take account of the second-channel screening
processes and the interference it gives rise to. One of the
main results of this new analysis, is the development for
an approximate expression for the temperature depen-
dence of the linear conductance. We find that the linear
conductance can be divided into a coherent part, and an
incoherent part,

G = Gcoh +Ginc

where

Gcoh =
Ne2

h
(2αβ)2

∫

dω

(

−df(ω)

dω

)

|πρ(T1(ω)−T2(ω))|2

defines the coherent conductance through the two-
channel and

Ginc =
Ne2

h
(2αβ)2

∫

dω

(

−df(ω)

dω

)
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× πρ[τ−1
1 (ω) + τ−1

2 (ω)] (1)

the additional contribution due to incoherent transport,
where “T1” and “T2” refer to the scattering t-matrices in
the two screening channels of the quantum dot, α and β
define the relative amplitudes of channel 1 in the left and
right channels respectively and

τ−1
λ = ImTλ(ω) − πρ|Tλ(ω)|2. (λ = 1, 2) (2)

are the inelastic scattering rates in each channel, defined
by the deviation of the imaginary part of the t-matrix
from the value expected from the optical theorem.

II. CONSTRUCTION OF THE HAMILTONIAN

Our initial model Hamiltonian for a spin-1 quantum
dot coupled to two leads can be divided up into a Hamil-
tonian for the leads (HL), the quantum dot (HD) and the
coupling between the leads and the dot (HC) as follows

H = HL +HC +HD (3)

where

HL =
∑

kσ

γ=L,R

ǫkc
†
kγσckγσ (4)

describes the electrons in the left and right leads,

HC = t1
∑

k

(ψ†
kσd1σ+H.c.)+ t2

∑

k

(ϕ†
kσd2σ+H.c.), (5)

describes the hybridization in two channels between the
lead electrons and the quantum dot through the contacts.

Here d†1σ and d†2σ create electrons in two orthogonal states
of the quantum dot and

ψ†
kσ = αc†kLσ + βc†kRσ

ϕkσ = −βc†kLσ + αc†kRσ , (6)

create the linear combinations of conduction electrons
that hybridize with these two orthogonal scattering chan-
nels. The Hamiltonian of the spin-1 quantum dot can be
written

HD = −E1nd1 − E2nd2 + U1nd1↑nd1↓ + U2nd2↑nd2↓
+ U12nd1nd2 − J [~S1 · ~S2]. (7)

Here −Eλ (λ = 1, 2) are the energies of the two one-

particle states and ndλ =
∑

λ d
†
λσdλσ (λ = 1, 2) are the

occupancy of the two channels. U1, U2 and U12 are the
intra and inter-channel Coulomb interactions and lastly
~Sλ = 1

2d
†
λα~σαβdλβ are the spin operators for the two

channels and J is the (ferromagnetic) Hund’s exchange
coupling between the spins.

In general, we are interested in the case where the one-
particle energies −E1 and −E2 are negative, but U1, U2

2

d0

d :1σ1

d1:2σ

d 2:MJ
4

−+
12U−E1−E

−E

−E1

2

FIG. 1: Energy diagram of a spin-1 quantum dot with strong
Hund’s coupling.

are large quantities that restrict double occupancy of ei-
ther d-state. Finally, the Hund’s interaction J is assumed
to be large restricting the doubly occupied state to be a
spin-1 triplet state. In this situation, the quantum dot is
restricted to the states

|d0〉 ≡ |0〉,

|d1 : 1σ〉 = d†1σ|d0〉, |d1 : 2σ〉 = d†2σ|d0〉,

|d2 : M〉 ≡











d†1↑d
†
2↑|d0〉, (M = 1)

1√
2
(d†1↓d

†
2↑ + d†1↑d

†
2↓)|d0〉, (M = 0)

d†1↓d
†
2↓|d0〉, (M = −1)

(8)

The energy of the d2 triplet states is E1 +E2−J/4+U12

(see Fig.1).
We can project the Hamiltonian onto this Hilbert space

by combining the d-electron operators with a generalized
Gutzwiller projection operator as follows,

d†λσ → PT d
†
λσ ≡ X†

λσ (9)

where

PT = PG1PG2

(

1 + ~S1 · ~S2 −
nd1nd2

4

)

(10)

and

PGλ = (1 − ndλ↑ndλ↓), (λ = 1, 2) (11)

is the Gutzwiller projector for channel one and two. Here,
we have used Hubbard’s “X” notation to describe the
projected d-electron fields. With this notation, we can
write our projected Hamiltonian as

H =
∑

kσ

ǫkψ
+
kσψkσ +

∑

kσ

ǫkϕ
+
kσϕkσ

+ t1
∑

k

(ψ+
kσX1σ + h.c.) + t2

∑

k

(ϕ+
kσX2σ + h.c.)

− E1

∑

σ

X+
1σX1σ − E2

∑

σ

X+
2σX2σ

+

(

U12 −
J

4

)

nd1nd2 (12)

The main interactions in this Hamiltonian are hidden in
the constraints. In the Kondo limit, where this Hamilto-
nian is dominated by excitations between the d2 and d1
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state, the final interaction term has the effect of replacing
the excitation energy

−Eλ → E(d2) − E(d1) = −Eλ −
J

4
+ U12

With this observation, we shall eliminate the final inter-
action from the Hamiltonian, absorbing its effect into
the above redefinition of Eλ. (Another way is to set
U12 = J/4).

In the extreme Kondo limit where the dot is predomi-
nantly in the |d2〉 state, the d2 ↔ d1 charge fluctuations
can be eliminated from this Hamiltonian via a Schrieffer
Wolff transformation to give

H = HL + J1

∑

k,k′αβ

ψ†
kα~σαβψk′β · ~S

+J2

∑

k,k′αβ

φ†kα~σαβφk′β · ~S (13)

where

J1 =
(t1)

2

J
4 + E1 − U12

, J2 =
(t2)

2

J
4 + E2 − U12

, (14)

are the two antiferromagnetic coupling constants, corre-
sponding to two orthogonal channels.

III. SCHWINGER BOSON REPRESENTATION

A very convenient way to treat the Gutzwiller opera-
tors in this Hamiltonian is to use a combination of slave
fermions and Schwinger bosons. If we describe the empty

state |d0〉 = χ†
2χ

†
1|0〉 as a pair of two slave fermions, then

the singly occupied states are written

|d1 : 1σ〉 ≡ b†σχ1|d0〉 = −b†σχ†
2|0〉,

|d1 : 2σ〉 ≡ b†σχ2|d0〉 = b†σχ
†
1|0〉, (15)

while the doubly occupied states are given by

|d2 : M〉 =

{

1√
2
(b†↑)

2|0〉, b†↑b
†
↓|0〉,

1√
2
(b†↓)

2|0〉,
}

In this representation, the Hubbard operators are written

X†
1σ =

1√
nb
b†σχ1, X†

2σ =
1√
nb
b†σχ2, (16)

The prefactors 1√
nb

(nb is the number of Schwinger

bosons) are needed to guarantee the normalization of the
wavefunction. Thus

|d2 : M = 1〉 = X†
1↑X

†
2↑|0〉 =

1√
2
(b†↑)

2|0〉 (17)

which is the right normalization. Similarly

PTd
†
1↑d

†
2↓|d0〉 = X†

1↑X
†
2↓|d0〉

=
1√
2
b†↑b

†
↓|d0〉 =

1√
2
|d2 : m = 0〉.(18)

which consistently normalizes the matrix element

< d2 : m = 0|X†
1↑|d1 : 1 ↓〉 =

1√
2
. (19)

The physical Hilbert space is defined by those states
where

nb + nχ1 + nχ2 = 2S (20)

A. Large-N expansion

To develop a controlled many body treatment of (12)
we shall employ a large-N expansion, extending the num-
ber of spin components σ from two to N . For the work
in this paper, we are interested in the approach to the
Kondo limit of this problem, where the amplitude of the
valence fluctuations are small, and in this limit, we shall
replace

√
nb →

√
2S in (16) the above expression. With

this device,

tλX
†
λσ −→ t̃λ√

N
b†σχλ, (λ = 1, 2)

where N is the spin degeneracy and t̃λ = tλ/
√

2S/N .
The model Hamiltonian is then

H =
∑

kσ

ǫkψ
+
kσψkσ +

∑

kσ

ǫkϕ
+
kσϕkσ

+
t̃1√
N

(ψ+
kσχ

†
1bσ + h.c.) +

t̃2√
N

∑

k

(ϕ+
kσχ

†
2bσ + h.c.)

+ E1χ
†
1χ1 + E2χ

†
2χ2. (21)

where it is understood that as N becomes large, t̃1,2 is
kept fixed. There is one additional trick required to pre-
serve a finite scattering phase shift as N → ∞. For this
task, we introduceK = kN bosonic “replicas”, where k is
maintained fixed as N → ∞. With this device, in strong
coupling K bosons bind into the Kondo singlet and we
can produce a large N mean field theory in which the
scattering phase shift is δ = πk, with the qualitatively
correct logarithmic energy dependences20. The Hamilto-
nian used in the large N expansion is then

H =
∑

kσ

ǫkψ
+
kσψkσ +

∑

kσ

ǫkϕ
+
kσϕkσ

+
t̃1√
N

∑

kσµ

(ψ+
kσχ

†
1µbσµ + h.c.)

+
t̃2√
N

∑

kσµ

(ϕ+
kσχ

†
2µbσµ + h.c.)

+
∑

µ

(

E1χ
†
1µχ1µ + E2χ

†
2µχ2µ

)
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+ λ(nb + nχ1 + nχ2 − 2SK) (22)

where the sum over µ runs from 1 to kN , while the last
term imposes the generalized constraint

nb + nχ1 + nχ2 = 2SK. (23)

Notice how the large N model Hamiltonian (22) is ob-
tained by replacing

tλ −→ t̃λ√
N
, X†

λσ →
∑

µ=1,K

b†σµχλµ. (24)

in (12). Section IV examines in the underscreened one-
channel regime, where t̃2 = 0. Section V proceeds with
a discussion of the full Hamiltonian.

IV. ONE-CHANNEL SPIN-1 QUANTUM DOT:

UNDERSCREENED KONDO EFFECT

A. The singular Fermi liquid

In this section we discuss the limit where the Kondo
temperature of the second-channel TK2 is negligibly
small, so that the physics of the quantum dot is governed
by an underscreened Kondo effect. We present a large N
approximation to the physics of this underscreened limit.

The Hamiltonian that governs this behavior is derived
from the Hamiltonian (22) with t̃2 = 0 and E2 = 0. Much
is known about the equilibrium physics of this model. At
low temperatures, the spin is partially screened from spin
S to spin S − (1/2). The residual moment is ferromag-
netically coupled to the conduction sea, with a residual
coupling that slowly flows to weak coupling according to

Jρ(Λ) = − 1

ln(TK1

Λ )
+O

(

1

ln2(TK1

Λ )

)

where Λ ∼ max(T, µBB) is the characteristic cut-off en-
ergy scale, provided in equilibrium, by the temperature
or magnetic field. At low energies and temperatures, the
partially screened magnetic moment scatters electrons
elastically, with a unitary phase shift, however the cou-
pling to the residual spin (S − 1

2 ) gives rise to a singular
energy dependence of the scattering phase shift. The low
energy scattering phase shift can be deduced from scaling
theory to have the asymptotic form

δ(ω) =
π

2
± πρJ(ω) =

π

2

(

1 ± (S − 1
2 )

ln(TK1/ω)

)

.

for the “up” and “down” spin channels. The logarithmic
term on the right hand side is produced by the residual
coupling between the electrons and the partially screened
moment. While the electrons at the Fermi energy scatter
elastically off the local moment with unitary scattering
phase shift, as in a Fermi liquid, the logarithmically sin-
gular dependence of the phase shift leads to a divergent

density of states, N(ω) ∼ 1
π

dδ(ω)
dω

∼ 1
|ω| , which means

that we can not associate this state with a bona-fide Lan-
dau Fermi liquid. For this reason, the ground-state of
the underscreened Kondo model has recently been called
a “singular Fermi liquid”19.

These singular features of the underscreened Kondo
effect are expected to manifest themselves in the prop-
erties of a triplet quantum dot, in the range where
TK2 << T << TK1. In this regime, the physics is domi-
nated by the underscreened fixed point. For example, as
a function of magnetic field, we expect the conductance
to follow the simple relation

G(B) =
dI

dV
=
e2

h
sin2 δ(B)

so at low fields TK1 << µBB << TK2, the differential
conductance will have the form

G ∼ e2

h



1 − π2

16

1

ln2
(

TK1

µBB

)





Notice that the field derivative of the conductance di-
verges as 1/B

dG

dB
=

1

B

e2

h





π2

8ln3
[

TK1

µBB

]





at low fields. The prediction of the finite temperature,
and finite voltage conductance can not be made exactly,
however we expect the above form to hold, for the differ-
ential conductance at finite temperature or voltage, with
an appropriate replacement of cut-offs, namely

G(V, T ) ∼ e2

h



1 − π2

16

1

ln2
(

TK1

max(T,eV )

)





so that over the temperature range dominated by the un-
derscreened Kondo fixed point, the conductance will be a
monotonically increasing function of decreasing temper-
ature and voltage. Over this range, dG/dT ∼ 1/T and
dG/dV ∼ 1/V will be divergent functions of temperature
and voltage respectively.

B. Dyson equations and one-channel t-matrix

We now analyze the low energy behavior of the t-
matrix in the large-N approach. Our development be-
gins with a derivation of the Dyson equations for the
Green’s function of the conduction ψkσ-fermions (G) that
are coupled to the dot and the Green’s function of aux-
iliary χ−holons (J) that describe the partial screening.
In this large-N approach, we will show that the Green’s
function of the Schwinger bosons B remains unrenormal-
ized.
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In general, we will be dealing with a voltage-biased
quantum dot. The Hamiltonian for the leads is given by

H0 =
∑

kγσ

(ǫk − µγ)c
†
kγσckγσ, (γ = R,L)

where µL = + eV
2 and µR = − eV

2 . The Green’s function
of the conduction electrons is given by

gγ(t− t′) = −i
∑

k

〈TcK
ckγσ(t)c

†
kγσ(t

′)〉 (25)

where cK is the Keldysh contour. Following the stan-
dard procedure, we write this Green’s function using the
Larkin-Ovchinnikov representation, in terms of the ad-
vanced (gA), retarded (gR) and Keldysh Green’s func-
tions gKas follows

ĝγ =

[

gRγ gKγ
0 gAγ

]

=

[

−iπρ −i2πρ(1 − 2fγ)

0 iπρ

]

where ρ is the electron density of states and

fγ(ǫ) ≡ f(ǫ− µγ), (γ = R,L)

describes the Fermi function in the left and right-hand
leads. The complete Green’s function describing the two
leads is then a four-dimensional, block-diagonal matrix

ĝlead =

(

ĝL 0

0 ĝR

)

(26)

To obtain the corresponding Green’s function in the
channel basis, we carry out a unitary transformation,
writing

ĝch =

[

ĝψψ ĝψϕ
ĝϕψ ĝϕϕ

]

= RĝleadR
−1

where

R =

(

α β

−β α

)

. (27)

transforms between the two bases. The block-diagonal
components of the matrix ĝch are now

ĝψψ =

[

−iπρ −2iπρ(1 − 2f
(0)
ψ )

0 iπρ

]

(28)

and

ĝϕϕ =

[

−iπρ −2iπρ(1 − 2f
(0)
ϕ )

0 iπρ

]

, (29)

where

f
(0)
ψ (ω) = α2fL(ω) + β2fR(ω)

and

f (0)
ϕ (ω) = β2fL(ω) + α2fR(ω)

define weighted-averages of the distribution functions in
the two leads. The subscripts (0) are included, to delin-
eate these functions from the renormalized local conduc-
tion electron distribution functions that can, in principle
develop when the leads are coupled.

There are no retarded or advanced components to the
off-diagonal block matrices ĝch, but the inter-channel
Keldysh Green’s function does become finite when there
is a voltage between the two leads,

ĝϕψ(ω) = ĝψϕ(ω) =

[

0 gKϕψ
0 0

]

where

gKψϕ(ω) = gKϕψ(ω) = (4iπρ)αβ(fR(ω) − fL(ω)), (30)

and in this way, a finite voltage mixes the two channels.
We shall return to these general expressions later.

However, for the one-channel problem, only the ψ elec-
trons couple to the quantum dot, and so our interest now
focuses on gψψ.

The Dyson equations for the propagators of conduction
ψ-electrons and slave χ-fermions (Fig.2) are

Ĝ−1 = ĝ−1
ψψ − Σ̂, (31)

Ĵ−1 = Ĵ−1
0 − Π̂, (32)

where

ĝ−1
ψψ =

[

1
−iπρ

2
−iπρ (1 − 2fψ)

0 1
iπρ

]

(33)

is the bare inverse conduction propagator and

Ĵ−1
0 =

(

(ω − Ed − λ+ iδ) 0

0 (ω − Ed − λ− iδ)

)

, (34)

is the inverse propagator of the χ fermion. Notice how the

Keldysh component of g−1
ψψ = 2

−iπρ(1−2f
(0)
ψ (ω)) is finite,

whereas the Keldysh component of J−1
0 is infinitesimal,

and has been dropped from the above equations.
The self-energies are generated in our large-N mean-

field theory within the non-crossing approximation
(NCA). The diagrammatic Dyson equations are shown
on Fig.1. The boson is our large-N approach is approxi-
mated as a sharp excitation, with an average occupancy
〈nbσµ〉 ≡ nB = (2SK)/(NK) (see Appendix I). In all our
calculations, we make use of the bare Green’s function for
the Schwinger bosons

B̂0 =

(

BR0 BK0
0 BA0

)

, (35)



7

= +

= +

ε ε ε

ε ε ε ε

ω

ω

εω−

−ω

ε

ε

FIG. 2: The non-crossing approximation for the self-energies
of conduction electrons and χ fermions. The solid line denotes
the Larkin Ovchinnikov matrix propagator for the conduction
electrons. The dashed line denotes the corresponding Green’s
function of the auxiliary (χ) fermions and the wavy line is the
bosonic propagator. Thin lines denote the bare propagator
and full lines the dressed propagator. Each vertex corresponds

to the factor i t̃√
N

.

where

BR,A0 =
1

ν − λ± iδ

BK0 = (BR0 −BA0 )hB, (36)

where hB = 1 + 2nB(λ).
¿From the Dyson equations we obtain sets of self-

consistent integral equations for the retarded, advanced
and Keldysh self-energies (Appendix I). The self-energies
for the slave (χ) fermion are

ΠR(ǫ) = −t2nB(λ)GA(λ− ǫ)

− t2
∫ ∞

−∞

dω

π
fψ(ω)

1

ω − λ+ ǫ+ iδ
ImGR(ω)

ΠK(ǫ) = −2it2ImGR(λ− ǫ) [nB(λ) − fψ(λ− ǫ)

− 2nB(λ)fψ(λ− ǫ)] . (37)

The advanced self-energy is determined from the complex
conjugate of the retarded self-energy ΠA(ω) = ΠR(ω)∗.
In obtaining these results, we have assumed that the con-
duction electron Keldysh Green’s function is determined
by the relation

GK(ω) = (GR(ω) −GA(ω))hψ(ω)

where à priori, hψ(ω) = 1−2fψ(ω) no longer equal to its
equilibrium distribution.

The ratio of the Keldysh to the retarded self-energies
self-consistently determines the χ fermion distribution
functions

hχ ≡ 1 − 2fχ =
ΠK

ΠR − ΠA
=
hψhB − 1

hB − hψ
. (38)

Rearranging this expression gives

hψ(ω) =
hχhB − 1

hB − hχ
. (39)

The self-energies for the conduction electrons are

ΣR(ǫ) = −t2K
N
nB(λ)JA(λ− ǫ)

− t2
K

N

∫ ∞

−∞

dω

π
fχ(ω)

1

ω − λ+ ǫ+ iδ
ImJR(ω)

ΣK(ǫ) = −2it2
K

N
ImJR(λ− ǫ) [nB(λ) − fχ(λ − ǫ)

− 2nB(λ)fχ(λ− ǫ)] . (40)

and again, ΣA(ω) = ΣR(ω)∗. The ratio of Keldysh to
the retarded/advanced Green’s function is given by

hψ(ω) =
ΣK

ΣRχ − ΣAχ
=
hχhB − 1

hB − hχ
. (41)

but this recovers exactly the result obtained in (39),
showing that detailed balance is satisfied. However, we
can’t choose any distribution function hψ. If we go back
to the original Dyson equation for the conduction elec-
tron Green’s function (31), the Keldysh component of
the Green’s function is given by

GK = GR[ΣK − (g−1
ψψ)K ]GA

But the distribution function associated with the self-
energy is determined by ΣK = hψ(ΣR − ΣA) whereas

the distribution function associated with [g−1
ψψ]K =

2/(−iπρ)(1 − 2f
(0)
ψ ) is the bare distribution function

h
(0)
ψ = 1 − 2f

(0)
ψ . In this way, we see that our original

assumption GK = (GR−GA)hψ requires that hψ = h
(0)
ψ .

In other words, in large N limit of the single-channel
quantum dot electron distribution function is unaffected
by the coupling to the dot.

We can summarize the results of our calculation of the
Keldysh self-energies by providing the distribution func-
tions that they generate. The distribution function of
the auxiliary fermion is simply determined by the rela-
tionship

fχ(ω) =
nb[1 − fψ(ω)]

nb + fψ(ω)
, (42)

where nb = 1/(eβλ + 1) determines λ. This relationship
can be simply understood as the result of detailed balance
between rate of the decay processes c → b + χ and b +
χ → c, and it reverts to the equilibrium Fermi Dirac
distribution in the limit V → 0.

We have solved the equations (37) and (40) numerically
to obtain the energy-dependent t-matrix, given by

t̂ψ(ω) = Σ̂(ω)(1 − ĝψψ(ω)Σ(ω))−1. (43)

Actually, the Keldysh part of this quantity is determined

simply from the relation tKψ = (tRψ − tAψ )h
(0)
ψ , and the ad-

vanced part of the electron t-matrix can be simply writ-
ten

tAψ (ω) =
ΣA(ω)

(1 − iπρΣA(ω))
(44)
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FIG. 3: Imaginary part of the t-matrix for a variety of voltages
for K/N = 0.4. As the voltage is increased, the singular
central peak splits into two components.
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FIG. 4: Temperature dependence of the differential conduc-

tance, normalized with respect to gU = N e2

h
sin2(πK/N) for

the representative case K/N = 0.4. Insert shows the 1/T
divergence of the derivative dg/dT .

The imaginary part of tA(ω) determines the electronic
density of states of the resonantly screened d-electrons.
The voltage dependence of this quantity (at T = 0) is
shown in Fig.3. At zero voltage, the t-matrix contains a
logarithmic divergence, which splits into two peaks at a
finite voltage. In this large N limit, the split Kondo res-
onance retains its singular structure. This is an artifact
of taking a large N limit in which the Schwinger bosons
are preserve their sharp spectral structure.

C. Conductance

The conductance G = ∂I/∂V is defined by the tem-
perature and voltage dependent current22

I(V, T ) =
e2

2~
Nρ

∫

dω

π
[fL(ω) − fR(ω)] ImtA(ω) (45)

where the advanced t-matrix is given by (44).
In Fig.4, we show the computed temperature de-

pendent conductance. The temperature-dependent
deviations from unitary conductance are determined

2 4 6 8 10 12 14
0.3
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0.6

0.7

0.8

0.9

1

G(V )

gU

eV/TK

0.25 0.5 0.75 1 1.25 1.5 1.75 2
TK�V

0.05

0.1
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0.2

0.25

dG�dV
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0.1

0.2

2.0TK

eV

1

gU

dG

dV

FIG. 5: Voltage-dependent conductance G(V ) = I(V )/V for
the case K/N = 0.4. Insert: derivative of G(V )showing 1/V
divergence.

by the logarithmic singularity in the phase shift,
and in our calculation, these are proportional to
1/ ln(TK/max(eV, T )). There is a technical point here
that needs some discussion. In the Schwinger boson ap-
proach, the number of bound bosons in the Kondo singlet
does not exceed N/2, which has the largest bound-state
energy, so the region K ≥ N/2, does not propertly de-
scribe an underscreened Kondo model. Consequently, we
are limited to static phase shifts δ = π(K/N) < π/2, so
the particle-hole symmetric case δ = π/2 lies beyond the
reach of this approach. This will leads to some important
differences between the results of the current calculation
and those expected in experiment. In general our solu-
tion does indeed capture the singular low energy behavior
of the phase shift

δc ∼ πk − cons

ln
[

TK1

T

] (46)

Now the conductance G depends on sin2 δ(V, T ), so that
for k 6= 1/2

G ∼ sin2 δ = sin2(πk) − cons

ln
[

TK1

T

] (47)

which is the form that our solutions follow. However, in
the special case k = 1/2, the coefficient of leading log in
conductance vanishes, so the conductance involves square
of the logarithm

G ∼ sin2(π/2) − cons

ln2
[

TK1

T

]

In both cases, the temperature derivative of the conduc-
tance has the singular divergence dG/dT ∼ 1/T , a fea-
ture which can be tested experimentally.

Finally, Fig.5 shows the voltage dependence of the con-
ductance, which has a similar logarithmic singularity at
low voltage. The insert shows d2I/dV 2 versus 1/eV .
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V. TWO-CHANNEL SPIN-1 QUANTUM DOT:

TWO-STAGE KONDO EFFECT

We start with a derivation of the general current ex-
pression for the case of a two-channel quantum dot. In

this section we consider the system, described by the
Hamiltonian (21) and finite voltage. We show that at
finite voltage the current has three contributions: contri-
bution from each channel and the interference term.

A. Derivation of the two-channel current expression

The current from the dot into the left, and right hand leads is defined from

IL,R = −e〈ṄL,R〉 = − ie
~
〈[H,NL,R]〉. (48)

The non-zero contribution to the current derives from the commutator with the hybridization HC in equation (5). In
equilibrium IR = −IL = I. The current into the right-hand lead is given by

IR = − ie
~

∑

kσ

[

βt1〈X†
1σckRσ〉 + αt2〈X†

2σckRσ〉 − H.c.
]

= − ie
~

∑

kσ

t1

[

αβ
(

〈X†
1σϕkσ〉 − H.c.

)

+ β2
(

〈X†
1σψkσ〉 − H.c.

)

]

− ie

~

∑

kσ

t2

[

αβ
(

〈X†
2σψkσ〉 − H.c.

)

+ α2
(

〈X†
2σϕkσ〉 − H.c.

)

]

. (49)

Now the expectation of the occupancy of the dot in each channel is a constant in the steady state, so that

d

dt
〈ndλ〉 =

i

~
〈[HC , ndλ]〉 = 0, (λ = 1, 2)

Carrying out the commutator, we obtain

0 =
i

~

∑

kσ

[

〈X†
1σψkσ〉 − H.c

]

= − i

~

∑

kσ

[

〈X†
2σϕkσ〉 − H.c

]

(50)

From this consideration, we see that the second terms in equation (49) identically vanish, so that the current

I = IR =
ie

~
αβ
∑

kσ

[

t1(〈X†
1σϕkσ〉 + H.c.) + t2(〈X†

2σψkσ〉 + H.c.]
]

(51)

A similar procedure for JL confirms that JL = −I. Note, that in contrast to the Hamiltonian, the current is determined
by the overlaps between the ψ-field with the d2-electron and the ϕ-field with the d1-electron on the dot.

The expectation values that enter into current are di-
rectly related to the equal-time Keldysh Green functions,

∑

kσ

〈ϕ†
kσ(t)X1σ(t)〉 =

N

2i

∫

dω

2π
GK1ϕ(ω) (52)

and

∑

kσ

〈ψ†
kσ(t)X2σ(t)〉 =

N

2i

∫

dω

2π
GK2ψ(ω), (53)

enabling us to write the current in the form

I =
Ne

2~
αβ

∫

dω

2π

[

t1(G
K
ϕ1(ω) −GK1ϕ(ω))

+t2(G
K
ψ2(ω) −GK2ψ(ω))

]

. (54)

Combining the Dyson equations for the Green’s func-
tions G1ϕ and G2ψ with the expressions for bare Green’s
functions from Section IVB (for details see Appendix II)
we obtain the general current expression in case of two
channels

I = N(Iϕ + Iψ + Iint), (55)

where

Iψ =
2e

~
(αβ)2t21ρ

∫

dω(fL(ω) − fR(ω))ImDA
11

Iϕ =
2e

~
(αβ)2t22ρ

∫

dω(fL(ω) − fR(ω))ImDA
22, (56)

where Dij(t − t′) = 〈TcKXiσ(t)X
†
jσ(t′)〉 is the Green’s

function of the electrons on the dot.



10

The interference between the channels is induced by
the terms

Iint = − e

2~
αβt1t2iρ

∫

dω{DK
21 +DK

12

+(1 − 2β2fL(ω) − 2α2fR(ω))(DA
21 −DR

12)

+(1 − 2α2fL(ω) − 2β2fR(ω))(DA
12 −DR

21)} (57)

Notice that in the one-channel limit, (t2 = 0), the total
current reduces to

I = NIψ =
Ne

~

∫

dω[fL(ω) − fR(ω)]
Γ

π
ImDA

11(ω), (58)

recovering the Meir-Wingreen22 expression for the cur-
rent in a one channel quantum dot, with Γ =
ΓLΓR/(ΓL + ΓR), where ΓL = 2πρα2t21 and ΓR =
2πρβ2t21.

B. Approximate expression for the conductance

In order to calculate the conductance, we need the
Dyson equations for the Green’s functions, defined by
Hamiltonian (22). The Green’s functions are defined in
the same way as for the one-channel case and the Dyson
equations (Fig 6) are

(

Ĝψψ Ĝψϕ
Ĝϕψ Ĝϕϕ

)−1

=

(

ĝψψ ĝψϕ
ĝϕψ ĝϕϕ

)−1

−
(

Σ̂ψψ Σ̂ψϕ
Σ̂ϕψ Σ̂ϕϕ

)

(59)

(

Ĵ11 Ĵ12

Ĵ21 Ĵ22

)−1

=

(

(Ĵ−1
0 )11 0

0 (̂Ĵ−1
0 )11

)

−
(

Π̂11 Π̂12

Π̂21 Π̂22

)

(60)
Here

(J−1
0 )R,Aii = ω − Ei − λ± iδ

(J−1
0 )Kii = 0. (61)

Unlike the single channel case, the solution of these equa-
tions at finite voltage is complicated by the need to self-
consistently compute the distribution functions. This is
because the hybridization no longer commutes with the
Keldysh Green’s functions of the conduction sea. In the
following we limit our calculation to the linear response
at zero voltage, which can be written in terms of the
equilibrium V = 0 Green’s functions.

In equilibrium at V = 0, the Green’s functions are
channel-diagonal

Ĝ−1
ψψ = ĝ−1

ψψ − Σ̂ψψ,

Ĝ−1
ϕϕ = ĝ−1

ϕϕ − Σ̂ϕϕ,

Ĵ−1
11 = (̂J0

11)
−1 − Π̂11,

Ĵ−1
22 = (̂J0

22)
−1 − Π̂22. (62)

(a)

ψ ψ

+=
11 1 1 2 11 1

+
1 1 11

ψ ϕ

+=
1 2 1 1 2 2 1 1 21ψ ψ ψϕ

1 1

1 1 1 2
ψ ψ ψ ϕ

1 2 2 1

2 2

= + +

= + +

ψ ψ ψ ψ ψ ψ ψ ψ ψϕ ϕψ

+ +ψ ψ ϕ ψ ψ ψ ψϕ

ψ ϕ ψ ϕ ψ ψ ϕ ϕ

2 2 2 1

+ +ψ ϕ ϕ ϕ ψ ψϕ ϕ

(b)

FIG. 6: Dyson equations for the conduction electron propa-
gators (a) and the slave fermion propagators (b) for the two-
channel quantum dot.

In this case the single-channel contributions to the cur-
rent (56) can be expressed via “channel” t-matrices

Iψ =
2eρ

~
(αβ)2

∫

dω(fL(ω) − fR(ω))ImTψ(ω) (63)

Iϕ =
2eρ

~
(αβ)2

∫

dω(fL(ω) − fR(ω))ImTϕ(ω), (64)

where Tψ = ΣAψψ(1 − iπρΣAψψ)−1, and Tϕ = ΣAϕϕ(1 −
iπρΣAϕϕ)−1 are the advanced t-matrices. In linear re-
sponse the single-channel t-matrices are proportional to
the diagonal Green’s function of the electrons on the dot
holds a simple relation between channel Green’s func-
tions and the Green’s functions of the physical electrons
on the dot

Tψ(ω) = (t1)
2DA

11(ω),

Tϕ(ω) = (t2)
2DA

22(ω). (65)

where

DA
λλ′(ω) = i

∫ 0

−∞
〈{Xλσ(t), X

†
λσ(0)}〉eiωtdt (66)

and X†
λσ = 1√

2S

∑

µ=1,K b
†
σµχµ. In the large N limit,

the t-matrices for each channel completely decouple in



11

equilibrium, and are given by the scaling form

Tλ(ω, T ) = T (
ω

TKλ
,
T

TKλ
) (67)

where TKλ (λ = 1, 2) are the Kondo temperatures in the
two channels.

The interference contributions to the current pose a
greater challenge and we have been unable to treat these
terms without making some additional degree of approx-
imation. Without loss of generality, the Keldysh compo-
nents of the dot Green’s functions can be written

DK = DR(−D−1)KDA

In linear response, the effect of the voltage on will appear
through the voltage dependence of (D−1)K , so we can
replace the retarded and advanced combinations in the
above by their channel diagonal components,

DK
12 = DR

11(−D−1)K12D
A
22

DK
21 = DR

22(−D−1)K21D
A
11, (68)

In general, the Keldysh components of D−1
12 and D−1

21

contain a hybridization component and a term derived
from interactions

(−D−1
12 )K = t1g

K
ψϕt2 − (t1t2)Σ

K
12

(−D−1
21 )K = t2g

K
ϕψt1 − (t1t2)Σ

K
21 (69)

The second terms are a kind of vertex correction to the
current operator (see Fig. 10 (a)). These terms describe
the inelastic corrections to the interference contribution
to the current. Our approximation entails neglecting
these vertex corrections, so that (see Appendix III)

DK
12 = t1t2D

R
11g

K
ψϕD

A
22

DK
21 = t1t2D

R
22g

K
ϕψD

A
11, (70)

When the same vertex corrections are ignored, the re-
tarded and advanced Green’s functions are channel-
diagonal, DR,A

12 = DR,A
21 = 0.

With these approximations, the contribution to the
current due to the interference between the two channels
becomes

Iint = −2e

~
(αβt1t2)

2πρ2

∫

dω(fL(ω) − fR(ω))

[

DR
11(ω)DA

22(ω) +DA
11(ω)DR

22(ω)
]

, (71)

or,

Iint = −2e

~
(αβ)2πρ2

∫

dω(fL(ω) − fR(ω))

[T ∗
1 (ω)T2(ω) + T1(ω)T ∗

2 (ω)] . (72)

This expression brings out the interference character of
the term, and combined with (63) describes the linear
response current flow, purely in terms of the channel di-
agonal, equilibrium t-matrics.

We can further simplify the full expression for the lin-
ear response current by taking advantage of the optical
theorem. In the case where the scattering off the im-
purity is purely elastic, the channel diagonal t-matrices
satisfy an optical theorem ImTλ(ω) = πρ|Tλ(ω)|2. The
deviation from the optical theorem describes a decoher-
ence scattering rate23 as follows

τ−1
λ = ImTλ(ω) − πρ|Tλ(ω)|2. (73)

In this form, the combined interference and channel di-
agonal currents can be written in the simple form

G = Gcoh +Ginc

where

Gcoh =
Ne2

h
(2αβ)2

∫

dω

(

−df(ω)

dω

)

|πρ(T1(ω)−T2(ω))|2

defines the coherent conductance through the two-
channel and

Ginc =
Ne2

h
(2αβ)2

∫

dω

(

−df(ω)

dω

)

× πρ[τ−1
1 (ω) + τ−1

2 (ω)] (74)

the additional contribution due to incoherent transport.
In the limits where the scattering t-matrix is purely elas-
tic,

Tλ(ω) =
eiδλ(ω) sin δλ(ω)

πρ

so that the inelastic scattering rate τ−1
λ = 0 so at low

temperatures

Gcoh =
Ne2

h
(2αβ)2(πρ)2|T1(0) − T2(0)|2

=
Ne2

h
(2αβ)2 sin2(δ1 − δ2) (75)

recovering the result expected from Landauer theory.
In the large N limit it is straightforward to compute

this approximate expression for the conductance. The
scaling form (67) can be used to rescale the t-matrix from
one channel to the other. Thus if TK1/TK2 = α, then
from (67),

T2(ω, T ) = T1(αω, αT ).

The behavior of the linear conductance in case of the
two-channel quantum dot for different ratios of the two
Kondo temperatures is shown on Fig. 7. When the two
Kondo temperatures are equal to each other, the conduc-
tance is completely suppressed due to destructive inter-
channel interference. When TK1 and TK2 are widely sep-
arated, at low temperatures conductance is suppressed as
expected, and at high temperatures it develops a char-
acteristic hump-structure due to the Kondo resonance in
one of the channels.
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FIG. 7: Linear conductance of the two-channel quantum dot

normalized with respect to gU = N e2

h
sin2(πK/N), calculated

for K/N = 0.4 and α = β = 1/
√

2, using equations (74) and
(74), for three ratios of the two Kondo temperatures: α =
TK1/TK2 = 10 (short-dashed curve), α = TK1/TK2 = 100
(long-dashed curve) and α = TK1/TK2 = 1000 (solid curve).

VI. CONCLUSION AND DISCUSSION.

This article has considered the physics of a quantum
dot in which Hund’s coupling between the electrons lo-
calized within the dot gives rise to a spin-1 configuration
on the quantum dot. Theoretically, such a quantum dot
is expected to map onto a two-channel, spin-1 Kondo
model in which a π/2 phase shift develops in both scat-
tering channels. According to a Landauer analysis of the
resulting Fermi liquid, the transmission through the dot
should vanish at low temperatures, giving rise to a con-
ductance

G = 2
e2

h
sin2(δ1 − δ2) (76)

that vanishes at low temperatures16,17. Paradoxically,
experiment suggests that spin-1 quantum dots do indeed
develop a zero-bias anomaly3,4,15. It is this issue that has
motivated the current body of work.

Motivated by these results, the current authors
proposed21 that triplet quantum dots with a large zero
bias correspond to anisotropic spin-1 Kondo models, in
which the Kondo temperatures of the two channels ex-
hibit a large ratio. In this paper, we have explored the
general problem of high-spin quantum dots, screened by
two conduction channels, attempting to develop a frame-
work to model the detailed conductance of such systems.
Our proposed model involves an infinite U description
of the electrons in the quantum dot, with an infinitely
strong Hund’s interaction that ensures the formation of
a high-spin electron configuration in the dot. In this
case the ground state of the dot is a spin-triplet and
the charge fluctuations to the excited singly occupied
states can be eliminated via Schrieffer-Wolff transforma-
tion. The Hamiltonian which describes the spin-1 quan-
tum dot at low temperatures is then that of a two-channel
Kondo Hamiltonian with two different Kondo coupling

constants,and two different Kondo temperatures for the
two electron states inside the triplet.

The emergence of two scattering channels in a spin-1
quantum dot has interesting consequences: in particu-
lar, the conductance develops a a non-monotonic depen-
dence on magnetic field, temperature and voltage16. At
zero temperature, destructive interference between the
two elastic scattering channels leads to a complete sup-
pression of conductance and the resulting ground state is
described within a Landau Fermi liquid picture. Con-
ductance starts gradually increasing with temperature
and between TK2 and TK1 reaches it’s maximum (the
height of the maximum which is less or equal to the uni-
tary conductance, depends on the difference between the
two Kondo temperatures). At still higher temperatures
T >> TK1, the conductance is ultimately suppressed to
zero. Note that when the two Kondo temperatures are
equal to each other, conductance remains suppressed for
all temperatures17.

Our analytic analysis of this non-monotonic depen-
dence of conductance on temperature employs a a
Schwinger boson formalism to describe the dot spin de-
grees of freedom, using a large-N expansion to pro-
vide an approximate treatment of the resulting many
body physics. Although the bosons in our approach re-
main unrenormalized, which means we neglect the spin-
decoherence effects we find that the that the initial in-
crease, and ultimate suppression of conductance are re-
produced in our analysis.

As part of this work, we considered the interesting
case when one of the scattering channels is completely
suppressed, which provides a realization of the under-
screened Kondo effect in the spin-1 quantum dot. In this
case at zero temperature conductance reaches its uni-
tary limit, but in a specific singular way. Although the
scattering shift at T = 0 is equal to δ = π/2, the energy
dependence of δ contains logarithmic contributions. This
situation is described in terms of singular Fermi liquid19.
It turns out that our Schwinger boson approximation is
suited for description of a singular behavior of conduc-
tance at low temperatures and low voltages.

There are several open questions, of both a theoreti-
cal, and experimental nature that arise from this work.
The current through the one-channel quantum dot is
compactly related to the density of states of the dot-
electrons via the Meir and Wingreen relation. In the
two-channel case, these simplifications continue to oper-
ate in the contributions to the current that are channel
diagonal, but the off-diagonal components to the current
require a knowledge of the Keldysh Green’s functions
and the voltage-induced components to interchannel t-
matrix. Is the physical reason for this added complexity?
One possibility, that we have not been able to eliminate,
is that a more general matrix ansatz for the Keldysh
Green’s functions, of the form, such as

GK(ω) = GR(ω)F (ω) − F (ω)GA(ω)

can be used to simplify our results.
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On the experimental front, we are still lacking hard evi-
dence that the zero-bias anomaly in triplet dots is driven
by an extreme ratio of Kondo temperatures. It would
be particularly interesting if lateral quantum dots of the
kind used in previous experiments could be adapted to
support a variable ratio between the Kondo tempera-
tures in the two channels. This might be done, for ex-
ample, through the introduction of additional gates that
change the symmetry of the quantum dot. This might
provide the means to observe the cross-over from the sin-
gular Fermi liquid associated with fully developed under-
screened behavior, to the interference dominated, non-
monotonic conductance of the fully screened quantum
dot.

The authors wish to thank H. Kroha, G. Schon and
G. Zarand for discussions and comments related to this
work. We are particularly indebted to M. Eschrig for
many useful discussions. This research was partly sup-
ported by DFG CFN (AP, BB) and DOE grant DE-
FG02-00ER45790 (PC).

Appendix I: Self-energies for the one channel Kondo

effect.

The self-energy contributions to the equations (31) and
(32) are shown in Fig.8. Each vertex is associated with

a factor it̃√
N

. Internal summations over the spin index,

or replica indices inside the loop provide a factor of N or
K respectively, so that the conduction and slave fermion
self energies are of order O(N/N) = O(1) and O(K/N)
respectively, and they remain finite in the large N limit.
By contrast, the bosonic self-energy contains no internal
summation over internal quantum numbers, so that this
quantity is of order O(1/N) and vanishes in the large N
limit.

The conduction electron self energy is directly related
to the Green’s function of the d-electron, written in com-
posite form as

Σ±±(t− t′) =
−it̃2
N

∑

µ

〈TcK

(

χ†bσµ
)

(t)
(

b†σµχ
†) (t′)〉

(77)
where TcK

refers to time-ordering along the Keldysh con-
tour and the notation A± ≡ A1 ± A2 denotes the sym-
metric and antisymmetric combination of fields from the
forwards time (1) and backwards time (2) parts of the
contour. (SometimesA+ ≡ Acl and A− ≡ Aq are referred
to as the classical and quantum fields, respectively.)

The retarded, advanced and Keldysh combinations of
the self energy are related to

ΣR ≡ Σ+−, ΣA ≡ Σ−+, ΣK ≡ Σ++. (78)

The “classical” (+) vertices have an off-diagonal struc-
ture in Kedlysh space, while the quantum (-) vertices are
diagonal

+ ≡ 1√
2
τ1, − ≡ 1√

2
1.

c)

σ

σ

µ

µ

σ

µ µ

σ

σ σ

σ

µ σ

µ

µ µ
∼

∼

∼ O(1/N)

O(N/N)       O(1)

O(K/N) O(1)∼

∼

a)

b)

FIG. 8: NCA contributions to the self energies of a) lead
electrons, b) auxiliary χ-holes, and c) Schwinger bosons. The
solid line denotes the Larkin Ovchinnikov matrix propagator
for the conduction electrons. The dashed line denotes the
corresponding Green’s function of the auxiliary (χ) fermions
and the wavy line is the bosonic propagator. Each vertex

corresponds to the factor i t̃√
N

.

With this information, the conduction electron self en-
ergy is given by

Σ(t) =

[

ΣR(t) ΣK(t)

ΣA(t)

]

≡
[

Σ+−(t) Σ++(t)

0 Σ−+(t)

]

which in expanded form gives

Σ(t) = i
K

2N

[

Tr
[

τ1B(t)J(−t)
]

Tr
[

τ1B(t)τ1J(−t)
]

0 Tr
[

B(t)τ1J(−t)
]

]

The Keldysh traces give the combinations

Tr
[

τ1BJ
]

≡ BRJK +BKJA
Tr
[

τ1Bτ1J
]

≡ BRJA +BAJR +BKJK
Tr
[

Bτ1J
]

≡ BKJA +BRJK (79)

Carrying out the Fourier transforms, the explicit form for
the conduction self-energy is then

ΣR(ǫ) = −it2K
N

∫

dω

4π

[

BR(ω)JK(ω − ǫ)

+ BK(ω)JA(ω − ǫ)
]

,

ΣA(ǫ) = −it2K
N

∫

dω

4π

[

BK(ω)JR(ω − ǫ)

+ BA(ω)JK(ω − ǫ)
]

,

ΣK(ǫ) = −it2K
N

∫

dω

4π

[

BK(ω)JK(ω − ǫ)

+ BA(ω)JR(ω − ǫ) +BR(ω)JA(ω − ǫ)
]

.(80)

Repeating the same procedure for the slave fermions, we
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obtain

ΠR(ǫ) = −it2
∫

dω

4π

[

BR(ω)GK(ω − ǫ)

+ BK(ω)GA(ω − ǫ)
]

,

ΠA(ǫ) = −it2
∫

dω

4π

[

BK(ω)GR(ω − ǫ)

+ BA(ω)GK(ω − ǫ)
]

,

ΠK(ǫ) = −it2
∫

dω

4π

[

BK(ω)GK(ω − ǫ)

+ BA(ω)GR(ω − ǫ) + BR(ω)GA(ω − ǫ)
]

.(81)

Since the Schwinger boson self-energy vanishes in the
large N limit, the Schwinger boson fields are unrenor-
malized and take their bare values

BR,A(ν) =
1

ν − λ± iδ

BK(ν) = −2πiδ(ν − λ)hB (82)

where hB = 1 + 2nB and nB ≡ nB(λ) = 2SK/(NK)
is the Bose distribution function. The Keldysh Green’s
function of the fermions can be related to their retarded
and advanced Green functions via the relations

JK(ω) = (JR(ω) − JA(ω))hχ(ω)
= 2iIm[JR(ω)](1 − 2fχ(ω)),

GK(ω) = (GR(ω) −GA(ω))hΨ(ω)
= 2iIm[GR(ω)](1 − 2fΨ(ω)). (83)

With these simplifications, we can expand the self-
energies in the following form

ΠA(ǫ) = −t2nB(λ)GR(λ− ǫ)

− t2
∫ ∞

−∞

dω

π
fΨ(ω)

1

ω − λ+ ǫ− iδ
ImGR(ω)

ΠR(ǫ) = −t2nB(λ)GA(λ − ǫ)

− t2
∫ ∞

−∞

dω

π
fΨ(ω)

1

ω − λ+ ǫ+ iδ
ImGR(ω)

ΠK(ǫ) = −2it2ImGR(λ− ǫ) [nB(λ) − fΨ(λ− ǫ)

− 2nB(λ)fΨ(λ − ǫ)] (84)

The slave fermion distribution function is given by

hχ =
ΠK
χ

ΠR
χ − ΠA

χ

=
hΨhB − 1

hB − hΨ
. (85)

Rearranging this expression gives

hψ(ω) =
hχhB − 1

hB − hχ
. (86)

Similarly,

ΣA(ǫ) = −t2K
N
nB(λ)JR(λ− ǫ)

− t2
K

N

∫ ∞

−∞

dω

π
fχ(ω)

1

ω − λ+ ǫ− iδ
ImJR(ω)

ΣR(ǫ) = −t2K
N
nB(λ)JA(λ− ǫ)

− t2
K

N

∫ ∞

−∞

dω

π
fχ(ω)

1

ω − λ+ ǫ+ iδ
ImJR(ω)

ΣK(ǫ) = −2it2
K

N
ImJR(λ− ǫ) [nB(λ) − fχ(λ − ǫ)

− 2nB(λ)fχ(λ− ǫ)] (87)

We can also compute the electron distribution function
from

hψ(ω) =
ΣK

ΣRχ − ΣAχ
=
hχhB − 1

hB − hχ
. (88)

but this recovers exactly the result obtained in (86),
showing that detailed balance is satisfied.

Appendix II: on the derivation of general current

formula in case of two channels

As an example we present the derivation of the Green’s
function G1ϕ

G1ϕ(t1, t2) = −i〈Tckd1(t1)ϕ
+(t2)〉, (89)

and the Dyson Eq is that depicted on Fig.4 To avoid dou-

G = +

t t
1

2

1 1 1 2ψ ϕ ϕ ϕ1ϕ

FIG. 9: The Dyson Eq. for Ĝ1ϕ Green’s function (Ĝ1ϕ is a
matrix in Keldysh space).

ble counting we renormalize only the d-electron Green’s
function, while the channel Green’s function is left un-
renormalized, so that the expression for G1a is

G1ϕ(t1, t2) =

∫

cK

dτ
(

D̂11(t1, τ)t1ĝψϕ(τ, t2)

+D̂12(t1, τ)t2ĝϕϕ(τ, t2)
)

(90)

where

Dij(t1, t2) = −i〈Tckdi(t1)d+
j (t2)〉. (91)

Expression (90) can be rewritten in Larkin-Ovchinnikov
space and the Keldysh part of the Green’s function can
be found. After Fourier transforming, we obtain the fol-
lowing Keldysh component

GK1ϕ = t1(D
R
11g

K
ψϕ+DK

11g
A
ψϕ)+t2(D

R
12g

K
ϕϕ+DK

12g
A
ϕϕ) (92)
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The Dyson Eq for G2ψ is derived in an analogous fash-
ion

GK2ψ = t2(D
R
22g

K
ϕψ+DK

22g
A
ϕψ)+t1(D

R
21g

K
ψψ+DK

21g
A
ψψ) (93)

These equations can now be expanded using the explicit
expressions for the bare channel Green’s functions given
in section IV,B to obtain the general expressions (56) and
(57).

Appendix III: estimation of the interference current

term

b)

ϕψ

1
1 2

2

ψ ϕ
1 2 21

a)

FIG. 10: Diagrammatic contributions to the off-diagonal
Green’s function D12(ω), describing inter-channel contribu-
tions to the conduction electron propagator.

Contributions to the current which are produced by
channel interference are defined by the interchannel
Green’s functions D12 and D21. These Green’s functions
are proportional to the self-energies of G-functions. On
Fig. 10 we show two types of contributions which arise
in the first order of the perturbation theory. Diagrams
of type a) contribute to the non-elastic scattering of d-
electrons, and therefore constitute the non-Fermi liquid
corrections to the conductance. Other diagrams can be
summed in a simple Dyson equation

D12 = D0
11t1Gψ2 = D0

11t1gψψt1D12 +D0
11t1gψϕt2D22,

D12 = t1t2(1 − t21D
0
11gψψ)−1D0

11gψϕD22(94)

where, as usual D0
11 are bare Green’s functions, gψψ, gψϕ-

bare conduction electron Green’s functions, and D12, D22

are the fully-renormalized d-electron Green’s functions.

Analogously we can write the Dyson Eq for D11

D11 = D0
11 + t21D

0
11gψψD11 + t1t2D

0
11gψϕD21

= D0
11 + t21D11gψψD

0
11 + t1t2D12gϕψD

0
11 (95)

We can write from here

D11(1 − t21gψψD
0
11) = D0

11(1 + t1t2D12gϕψ), (96)

so that

D11 = (1 + t1t2D12gϕψ)D0
11(1 − t21gψψD

0
11)

−1 (97)

and

(1 + t1t2D12gϕψ)−1D11 = D0
11(1 − t21gψψD

0
11)

−1

= (1 − t21D
0
11gψψ)−1D0

11 (98)

Now we can plug (98) into (94) and get

D12 = (1 + t1t2D12gϕψ)−1t1t2D11gψϕD22 (99)

which leads to the equation

D12 = t1t2D11gψϕD22 − t1t2D12gϕψD12. (100)

From (100) we now can derive that retarded and ad-
vanced off-diagonal terms vanish in this approximation.
Namely, for example

DR
12 = t1t2D

R
11g

R
ψϕD

R
22 − t1t2D

R
12g

R
ϕψD

R
12 (101)

is correct and therefore DR
12 = 0, because gRψϕ = gRϕψ = 0.

Keldysh components of D12 nevertheless do not vanish

DK
12 = t1t2(D

R
11g

R
ψϕD

K
22 +DR

11g
K
ψϕD

A
22 +DK

11g
A
ψϕD

A
22) +

+ t1t2(D
R
12g

R
ϕψD

K
12 +DR

12g
K
ϕψD

A
12 +DK

12g
A
ϕψD

A
12)(102)

Most of the terms in (102) vanish and we are left with

DK
12 = t1t2D

R
11g

K
ψϕD

A
22. (103)
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