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6!' 0.(+ "05.,+$%+ ,')$9$+".% 5$,$0'+', ω@  "+! ,'8$,- +. +!' ,$+' ./ #.%A',8'%#'@ "( '(+"0$+'-
&* $ %10&', ./ +'(+ #$)#1)$+".%( 0'$(1,"%8 +!' ,$+' ./ #.%A',8'%#' /.)). '- &* 0$%1$) B%'

+1%"%82 C+")) +!' C<D 0'+!.- 5,.A'- +. &' "%(1E#"'%+ "% +',0( ./ $ +.. )$,8' %10&', ./ %'#'(($,*

"+',$+".%( +!$+ "05$",( +!' (#$)$&")"+* ./ +!"( 0'+!.-2 F1,+!',0.,' +!' C<D 0'+!.- 5,.A"-'(

%. "05)"#"+  $* +. #!'#7 /., +!' G1$)"+* ./ +!' #1,,'%+ "+',$+".%@ 0'$%"%8 +!$+ $--"+".%$))* +!'

#$)#1)$+".% ./ $ ,'("-1$)  .1)- &' %''-'- +. $((1,' +!' G1$)"+* ./ +!' (.)1+".%2 ;% +!' #1,,'%+ C<D

"05)'0'%+$+".% +!"( "( .0"++'-@ 0'$%"%8 +!$+ .%' %''-( +. 5,'('+ $ B9'- %10&', ./ "+',$+".%(2

H 0$I., +$(7 "% +!' C#$)JC 5,.I'#+  $( +. ,'(.)A' +!'(' )"0"+$+".%( &* ,'5)$#"%8 C<D  "+! +!'

#.%I18$+' 8,$-"'%+ 0'+!.-2

>2K2  !"#$!%&$' ()* +,#-$,$)%(%&") ". %/$ 0")123(%$ 4!(*&$)% 5$%/"*6 F., (.)A"%8

$ (5$,(' (*00'+,"# 5.("+"A' -'B%"+' )"%'$, (*(+'0@ +!' #.%I18$+' 8,$-"'%+ LMNO 0'+!.- "( .%'

./ +!' &'(+ 7%. % "+',$+"A' +'#!%"G1'( =KK?2 ;+ &').%8( +. +!' #)$(( ./ 5,.I'#+".% 0'+!.-( .%+.

P,*).A (1&(5$#'( $%-  $( B,(+ 5,.5.('- "% KQRS =T?2 6!' MN 0'+!.- #.%("(+( &$("#$))* .%)*

./ + . &1")-"%8 &).#7(U 0$+,"9VA'#+., 01)+"5)"#$+".% $%- -.+ 5,.-1#+@  !.(' 'E#"'%+ "05)'0'%V

+$+".% -'+',0"%'( 01#! ./ +!' ,'(1)+"%8 (#$)$&")"+* ./ +!' $)8.,"+!02 W'("-'( +!' .5',$+".%( "%

'$#! "+',$+".%@ +!' .A',$)) %10&', ./ "+',$+".%( %''-'- +. ($+"(/* $ 8"A'% +.)',$%#' "( ./ 1+0.(+

"05.,+$%#'2 H##.,-"%8 +. +!' #.%A',8'%#' +!'.,* ./ MN@ +!"( %10&', -'5'%-( .% +!' #.%-"+".%

%10&', κ(A) +!,.18! +!' ,')$+".%

‖ek‖A
‖e0‖A

≤ 2
(

√

κ(A)− 1
√

κ(A) + 1

)k
,

 !',' ek = xk − x "( +!' ',,., "% +!' k56 "+',$+".% $%- ‖ · ‖A +!' '%',8* %.,02 6!"( "%'G1$)"+*

I1(+"B'( +!' $55)"#$+".% ./ $ 5,'#.%-"+".%', M  !',' κ(M−1A) ≪ κ(A) $%- #.%#)1("A')* /' ',
"+',$+".%( $,' %'#'(($,* +. (.)A' +!' 'G1"A$)'%+ (*(+'0 M−1Ax = M−1b2 6!' 5,'#.%-"+".%',
M %''-( +. &' (*00'+,"# $%- 5.("+"A' -'B%"+' +. (1(+$"% +!.(' 5,.5',+"'( /., +!' MN 0'+!.-2

X"+!.1+ $ 5,'#.%-"+".%', +!' %10&', ./ %'#'(($,* "+',$+".%( "( +.. !"8! $%- +!' ,'(1)+"%8 %10&',

./ %'+ .,7 #.001%"#$+".%( "05$",( +!' (#$)$&")"+* $%- .A',$)) ,1%+"0'2

;% H)8.,"+!0 K +!' 5('1-. #.-' ./ +!' 5,'#.%-"+".%'- #.%I18$+' 8,$-"'%+ L3MNO 0'+!.- "(

"))1(+,$+'-2 6!' "05)'0'%+$+".% "% :3;<:  $( -.%' "% $ 8'%',"#  $*@ 0'$%"%8 +!$+ +!' BA'V

5."%+ (+'%#") ./ +!' &$,.+,.5"# (1&(*(+'0 "( 5,.A"-'- $( $ /1%#+".% 5$,$0'+', +. +!' 3MN /1%#+".%

(. +!$+ "+ "( "%-'5'%-'%+ ./ +!' $#+1$) (+'%#") "05)'0'%+$+".%2 J$#! 5,.#'(( 5',/.,0( +!' (+'%#")

.5',$+".% .% "+( ).#$) 5$,+"+".% /.)). '- &* $ &.1%-$,* '9#!$%8' +. 15-$+' +!' &.1%-$,* !$).(2 ;%

+!' ($0'  $*  $( +!' 5,'#.%-"+".%', M−1
"05)'0'%+'- +. $)). /., -"Y','%+ 7"%-(2 6. #$)#1)$+'

+!' -.+ 5,.-1#+ ).#$) -.+ 5,.-1#+( $,' (100'- 15 1("%8 +!' (10 ,'-1#+".% L:3;ZH)),'-1#'@

:3;ZC[:O ./ +!' :3; )"&,$,*2 ;+ "( 5.(("&)' +. ( "+#! +. ,.1+"%'( /,.0 +!' W$("# \"%'$, H)8'&,$

C1&5,.8,$0( LW\HCO )"&,$,* /., ($95* .5',$+".%( $%- -.+ 5,.-1#+(  "+! $ 5,'5,.#'((., ]$82

X' '05!$("4'- $ 0.-1)$, "05)'0'%+$+".% +. /$#")"+$+' ,'1(' ./ +!' #.-' "% .+!', 5,.I'#+(2

^2  !" #$%&'()"*" +!&)",-. /0"%&$12*2&$"0

H( $ 5,'#.%-"+".%', /., +!' 3MN +!' "%#.05)'+' M!.)'(7* -'#.05.("+".% L;MMO "( .%' ./ +!'

0.(+ $55'$)"%82 _'5'%-"%8 .% +!' )'A') ./ B))V"%@ "+ "( 5.(("&)' +. $#!"'A' $ 8,'$+ ,'-1#+".%

"% +!' %10&', ./ %'#'(($,* 3MN "+',$+".%(2 6!' (*00'+,"# -'#.05.("+".%@ $( -'B%'- "% +!'

/.)). "%8 (1&('#+".%@ ,'-1#'( 0'0.,* ,'G1",'0'%+( "% #.%+,$(+ +. .+!', -'#.05.("+".% 0'+!.-(

)"7' "%#.05)'+' \[2 3$,$))')"4$+".%  $( $#!"'A'- &* 5',/.,0"%8 ;MM 5$,+"+".%V "('@ (. +!$+ %.



 !"#!$%&&"'"%() *' + ,+% *-+.%/ &-/ )!% #+-, + -'% (0*% $"'% 1-2%+ 13"-1 4

 !"#$%&'( )  !"#$%&'('$%"& #$%)*+,(" +!,&'"%( -./0

 ! r0 = b−Ax0

"! z0 = M−1r0
#! p0 = z0
$! *#$ k = 0, 1, . . . , kmax +#

%! αk =
rT
k
zk

pT

k
Apk

&! xk+1 = xk + αkpk
'! rk+1 = rk − αkApk
(! zk+1 = M−1rk+1

)! %* rTk+1zk+1 < TOL &',-
 *! "1'( 2$$3

  ! ,-+ %*

 "! βk =
rT
k+1zk+1

rT
k
zk

 #! pk+1 = zk+1 + βkpk
 $! ,-+ *#$

#$44*%'#,('$% '5 %""&"& 67"% ,3328'%+ (7" 3!"#$%&'('$%"!0 97" :;; 3!"#$%&'('$%"! #$%5'5(5

$< (6$ 5("35= , 5"(*3 5("3 67"!" (7" '%#$432"(" &"#$43$5'('$% '5 #,2#*2,("& ,%& '(5 ,#(*,2

,332'#,('$% '% (7"  ;> ,2+$!'(740 97$5" 5("35 ,!" &"(,'2"& '% (7" <$22$6'%+ (6$ 5*?5"#('$%50

@0.0 .-/#(0!,&, 1'#!,234 56/&#$%76&%#- #* A8 >'A"% (7,( A '5 , 5844"(!'# ,%& 3$5'('A"

&"B%'(" 4,(!'1C (7"!" "1'5(5 , *%'D*" <,#($!'E,('$% A = LLT
C 67"!" L '5 , 2$6"! &',+$%,2 4,(!'1

6'(7 3$5'('A" &',+$%,2 "%(!'"5 -F/0 G8 ,3328'%+ (7" #$2*4%H6'5" 3!$#""&'%+ ;7$2"5I8H;!$*(

,2+$!'(74C <$! i = 1, . . . , N 6" 7,A"

JKL

lii =

√

√

√

√aii −

i−1
∑

k=1

l2ik

lji =
1

lii

(

aji −

i−1
∑

k=1

ljklik

)

, <$! j > i.

97" #7$'#" $< , #$2*4%H6'5" '%5(",& $< , !$6H6'5" (!,A"!5,2 '5 4$('A,("& ?8 (7" <,#( (7,( MNOH

9OPQ 5($!"5 ,!!,85 #$2*4%H6'5"C !"5*2('%+ '% , 7'+7"! #,#7"H7'( !,(" 67"% ,##"55"& '% (7" 5,4"

4,%%"!C ,5 6" 6'22 5"" 2,("!0 P #$432"(" <,#($!'E,('$% 6$*2& 2",& ($ , &"%5" 4,(!'1 LC (7,( 4*5(
?" ,A$'&"& ?"#,*5" $< 4"4$!8 2'4'(,('$%5 ,%& 7'+7 #$43*(,('$%,2 #$5(5C 67"% &$'%+ <$!6,!&

,%& ?,#I6,!& 5*?5('(*('$%0 97"!"<$!" 6" '%(!$&*#" <$! lij (7" #$44$% &"B%'('$% -../ $< (7"
'%'(',2 2"A"2 $< B22H'%

2"Aij =

{

0 if aij 6= 0 or i = j

∞ otherwise
,

,%& *3&,(" (7" #*!!"%( 2"A"2 2"Aij 67"% lij '5 *3&,("& ,##$!&'%+ ($

2"Aij = min

(

2"Aij , min
l=1,...,i−1

(2"Ajl + 2"Ail + 1)

)

.

R7"% 2"Aij "1#""&5 , 3!"&"B%"& 4,1'4*4 2"A"2 $< B22H'% p 6" 5"( lij = 00 S"( Lp
?" (7" <,#($!

L &*" ($ (7" '%#$432"(" ;7$2"5I8 &"#$43$5'('$% 6'(7 2"A"2 $< B22H'% p0 P%,285'%+ (7" !"5*2('%+
53,!5'(8 3,(("!% $< Lp

J5"" M'+*!" TL 6'(7 (7" 7"23 $< , %,UA" '432"4"%(,('$% '% V,(2,?C 6" #,%

",5'28 &"!'A" , !*2" ($ 3!"&'#( (7" 53,!5'(8 3,(("!%0 S"( &',+k(L) = (li+k i)i=1,...n−k ?" (7" k56

2$6"! &',+$%,20 L0
7,5 (7" 5,4" 53,!5'(8 3,(("!% ,5 (7" 2$6"! &',+$%,2 4,(!'1 $< A 4",%'%+
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 !"#$% &'  !""#!$ %&''()$ *+) ,--.p/ 0!'1 p = 0, . . . , 52

'1( $+$#3()+ ("(4($'5 &)( !$ 6!&7k(L) 0!'1 k = 0, 1,m8 01()(&5 L1
7&!$5 &66!'!+$&" ("(4($'5 !$

6!&7m−1(L)2 ,$ 9&5( +* L
p
0!'1 p ≥ 2 0( 1&:( $+$#3()+ ("(4($'5 !$ 6!&7k(L) 0!'1 k = 0, . . . , p−1

&$6 k = m − p, . . . ,m2 ;( 9&$ (<'($6 '1!5 )="( '+ !$9"=6( '1( 5+4(01&' (<9(%'!+$&" 9&5(5 L0

&$6 L1
'+ +>'&!$ !$ &""

.?/ lpij = 0 !* lpij /∈ 6!&7k(L) 0!'1 k = 0, . . . ,max(1, p− 1),m− p, . . . ,m.

@1( 6!&7+$&"5 6!&7k(L) 0!'1 k = 0, . . . ,max(1, p − 1) 0!"" >( 6($+'(6 0!'1  !"#$%&'( %)&*#$&+ 

&$6 6!&7k(L) 0!'1 k = m− p, . . . ,m 0!'1 #,-!' %)&*#$&+ 2

@&A!$7 !$'+ &99+=$' '1( 6!&7+$&" 7)+0'1 +* '1!5 %&''()$ *+) !$9)(&5!$7 B""#!$8 '1( C,DE *+)4&'

FGGH !5 & 5=!'&>"( 5'+)&7( *+)4&'2 @1( C,DE *+)4&' 5'+)(5 ("(4($'5 &"+$7 & 6!&7+$&" !$ & '0+#

6!4($5!+$&" &))&I  !"#$%&'(%&)*+8 01()( )* !5 '1( $=4>() +* 6!&7+$&"5 0!'1 $+$#3()+ ($')!(52

@1( +J5(' +* (&91 6!&7+$&" *)+4 '1( 4&!$ 6!&7+$&" !5 5&:(6 !$ '1( &))&I !,--$%&)*+2 D5 !$ '1(

 KL@LDM NO "&$7=&7( '1( 9+"+$ $+'&'!+$ "$.&/+ !5 =5(6 '+ &99+=$' *+) '1( 6!4($5!+$ +* &$

&))&I D +) & 5"!9( 9+$5!5'!$7 +* '1( +)6()(6 ("(4($'5 "$.+( "$.0%+(. . .( "$/+2 PI &66!$7 &$

!$9)(4($' +* 1% &5 !$ "$.&/&1%+ '1( +)6() +* '1( ("(4($'5 !5 )(:()5(62

-+$5!6()!$7 '1( *&9' '1&' 0( &)( 6(&"!$7 0!'1 & 5'($9!"8 0( 4+6!B(6 '1( C,DE 5'+)&7( 591(4(

!$'+ & 4+)( 5'($9!" 9+4%"!&$' *+)42 @)&$5*+)4!$7 '1( 4&')!< Lp
'+ & 5'($9!" )(%)(5($'&'!+$

)(5="'5 !$ &$ ,-- 5'($9!" &5 %!9'=)(6 !$  !7=)( G>2 @1( 0(5'()$ &)4 li i−1, . . . , li i−(p−1) +* '1!5

5'($9!" !5 5'+)(6 !$ '1( '1)((#6!4($5!+$&" &))&I !2234$%&5"6$%(71%+(%&8(%&'+8 '1( !$:()5( +*

'1( 9($')&" ("(4($' lii !$ '1( &))&I !2232$%&8(%&'+ &$6 '1( 5+='1()$ &)4 li+mi, . . . , li+mi+p

!$ !2239$%&70%(%&8(%&'+2 D7&!$8 '1( !$6(<!$7 +* '1(5( &))&I5 0&5 91+5($ 5+ '1&' '1( ("(4($'

&99(55 !$ '1( *+)0&)6 &$6 >&9A0&)6 5=>5'!'='!+$ 5'(% !5 4+5' 9&91( (Q9!($'2 PI :!)'=( +* 5'+)!$7

1
lii

!$ !2232 0( 9&$ "&'()8 01($ &%%"I!$7 '1( %)(9+$6!'!+$()8 =5( & 4="'!%"!9&'!+$ !$5'(&6 +* &

6!:!5!+$ 01!91 9&$ >( 9+4%='(6 !$ G 9I9"( 9+4%&)(6 '+ RS 9I9"(5 +$ '1( ,PT UK;VLW2



 !"#!$%&&"'"%() *' + ,+% *-+.%/ &-/ )!% #+-, + -'% (0*% $"'% 1-2%+ 13"-1 4

 !"#$%&'( )  !"# $%%& %' ()* +,,-p. /*0%1&%2"("%#3 A !#/ L !2 /*4#*/ "# -5. !#/ -6.3

  ! " # $%&

!  !"#$! %$&' (&$)*'$+

" '() # *+',-./0+,12,34"%"5

#  ! 6 # 7384$%"9(5%"9(:)

$ '() # '() 9 *+',-./0+,12,;4"%65<<=

% >&  !

&  ! 6 # 7384$%"97384$%)9$55%"9$

' '() # '() 9 *+',-./0+,12,;4"%65<<=

( >&  !

 ) '() # ?@AB4'()5

  C3;; D+',-./0+,12,;4"%"%'()5

 !

 "  !"#$! ,#-*'($". (&$)*'$+,

 #  ! E # ":$%":7384$%)9$5

 $ FG 4 E H I 5 >8FB

 % '() # *+',-./0+,12,34E% "5

 &  ! 6 # 7384$%"9(5%"9(:)  */!#" (&$)*'$+,

 ' '() # '() 9 *+',-./0+,12,;4E%65 < *+',-./0+,12,;4"%65

 ( >&  !

!)  ! 6 # 7384$%"97384$%)9$55%"9$  ,#-*'($". (&$)*'$+,

! '() # '() 9 *+',-./0+,12,;4E%65 < *+',-./0+,12,;4"%65

!! >&  !

!" '() # '() J *+',-./0+,12,;4"%"5

!# C3;; D+',-./0+,12,;4E% "% '()5

!$ >&  !

!%

!&  !"#$! */!#" (&$)*'$+,

!'  ! (,E # (,":(,( 9)%(,":(,(

!(  ,$%# +**0 1*(. $, 1#2*"#

") >&  !

" >&  !

,!$07$!("#8 ()* +,,-p. /*0%1&%2"("%# 9"() :*8!:/ (% ()* !::!;2 %' ()* +,, 2(*#0"$ "2 ()*#
!00%1&$"2)*/ <; ()* "1&$*1*#(!("%# %' -6. !#/ ! 2"1&$* (:!#2'%:1!("%# ()!( 1!&2 !# *$*1*#(

ei j %' ! 1!(:"= (% ()* !00%:/"#8 2(*#0"$ !( (x, y) !#/ >"0* >*:2!3 ?% :*2(:"0( ()* /*0%1&%2"("%#
(% ! 4$$@"# %' $*>*$ p !#/ (% !>%"/ 7##*0*22!:; 0!$07$!("%#2A %#$; ()* #%#@B*:% *$*1*#(2 !00%:/"#8
(% -C. !:* 0%#2"/*:*/ !2 /"2&$!;*/ "# D$8%:"()1 E3

F3E3  **!+%," &'- .//0p1 2$-3#,4%&%#,-$5 G%: ! 8">*# :*2"/7!$ r ∈ R
N
A 9)*:* r(i, j) 9"()

i = 1, . . . ,m !#/ j = 1, . . . , n &:*2*#(2 ()* 0%1&%#*#( !( ()* 8:"/ &%"#( (i, j)A 9* 0!# #%9 /*4#*
()* '%:9!:/ !#/ <!0H9!:/ 27<2("(7("%# 2(*& "# (*:12 %' ()* +,, 2(*#0"$3 +# ()* '%$$%9"#8A ()*

!:12  !!"#$  !!"% !#/ ()* "#>*:2* %' ()* 0*#(:!$ *$*1*#(  !!"! %' ()* +,, 2(*#0"$ 9"$$ <*

!<<:*>"!(*/ 9"() W A S !#/ C :*2&*0(">*$;3
?)* '%:9!:/ 27<2("(7("%# '%: Ly = rA 1%:* &:*0"2*$;

yi =
1

li i

(

ri −
i−1
∑

k=1

li kyk

)

,
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 !"#$%&'( )  !!"#$%& '() *++,p- !.)/0%1$'$0%).

  !" # $ % &  !"#$%& '( )'*%&"+# ,+- '( .// )%"#01!

! '!" # ()*+&,$-&.  !"#$%& '( 2")%"+# ,+- '( .// )%"#01!

"

#  345 6'+2,+7 )*8)%1%*%1'#

$  (1+)% 0'!*-#

% /+&,&. # /+& ,&.0 122!2 +&,&.

& 34 5#6,7

' /+5,&. # +/+5,&. - 122!8+&,5,&.0/+5-& ,&..0 122!2+5,&.

( 9:334

 )  ,!! '%&"+ 0'!*-#)

  34 ; # 6,<

 ! 34 5 # &,7

 " /+5,;. # + /+5,;. - 122!= +&> !" ,5,;.0/+5>5% !" -&,;-&. ?

 # - 122!8 +&>'!" ,5,;.0/+5-&>5-'!">-&,;. .0122!2+5,;.  7'%9+'7

 $ 9:334

 % 9:334

 &

 '  :45 ;,0<2,+7 )*8)%1%*%1'#

 (  ,!! 8*% (1+)% 0'!*-#

!) 34 ; # <,6,-&

! 34 5 # 7,&,-&

!! /+5,;. # /+5,;.0 122!2+5,;.

!" /+5-&>5-'!">-&,;. # /+5-&>5-'!">-&,;. - /+5,;.0 122!8 +&>'!" ,5,;.  ),=9>

!# /+5>5%$,;-&. # /+5>5%$,;-&. - /+5,;.0122!= +&> !" ,5,;.  ),=9>

!$ 9:334

!% 9:334

!&

!'  (1+)% 0'!*-#

!( 34 5 # 7,6,-&

") /+5,&. # /+5,&.0 122!2+5,&.

" /+5-&,&. # /+5-&,&. - /+5,&.0 122!8+&,5,&.

"! 9:334

"" /+&,&. # /+& ,&.0 122!2 +&,&.

20. i = 1, . . . , N 3 /4% '()% 5) '.4%620.7)1 $%'0 4 6')%/$" 20.78"4'$0%3 '(4' $6

,9- y(i, j) = C(i, j) ·

(

r(i, j)−

p+1
∑

k=1

S(k, i, j) · r(i− 1 + k, j − 1)−

β
∑

k=1

W (k, i, j) · r(i− k, j)

)

,

20. i = 1, . . . ,m 4%1 j = 1, . . . , n3 :().) β = max(1, p−1); <) '.4=).6) y(i, j) $% 4 /4/()>2.$)%1"#
:4#3 60 '(4' '() $%%). "00! $').4')6 0=). i3 '0 )%68.) 0!'$74" /4/() 8'$"$?4'$0%; @.)4'$%& '() /46)
j = 1 6)!4.4')"# :$'(08' '() 6)/0%1 ').7 0% '() .$&('>(4%1>6$1) 02 ,9- )"$7$%4')6 8%%)/)664.#

/4"/8"4'$0%6 20. '() A.6' /0"87% :().) %0 S ,.)6!; %0 08'). 1$4&0%4"6- )B$6'; @() 4/'84" /01)
$6 6(0:% $% '() A.6' !4.' 02  "&0.$'(7 C; *' 6(08"1 5) %0')1 '(4' '() .)68"' y(i, j) $6 64=)1 $%
r(i, j) 4&4$% '0 4=0$1 6'0.$%& 4% 411$'$0%4" 4..4#;
D4/E:4.1 6856'$'8'$0%3 LTx = y3 $6 70.) /(4"")%&$%& '0 4//07!"$6( $% 4 /4/() )F/$)%' :4#3
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