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Abstract

The Boolean model is the basic random set model for the description of porous
structures like the pore space in sandstone or bread or for the solid phase of sin-
tered ceramic composites. It is obtained by decorating the points of a homogeneous
Poisson point process (the germs) with independent identically distributed ran-
dom compact, convex particles (the grains) and forming the union set. If a Boolean
model is fitted to a real structure the first task is to estimate the intensity from ob-
servable quantities.

In the isotropic case the Miles formulas can be used to express the intensity in terms
of the densities of the intrinsic volumes (in two dimensions these are the volume,
the half of the surface area and the Euler characteristic). This approach is known as
the method of densities.

In the more difficult non-isotropic situation Weil showed in two and three dimen-
sions that the intensity is uniquely determined by the densities of the mixed vol-
umes.

Combining Weil's ideas of translative integral geometry with ideas from harmonic
analysis and approximation theory we obtain formulas for the intensity, which are
directly comparable to the Miles formulas.

For this purpose we introduce a new collection of geometric functionals on the
space of convex bodies, the harmonic intrinsic volumes.

Under a regularity assumption on the grain distribution we obtain a series repre-
sentation of the intensity in terms of the densities of the harmonic intrinsic vol-
umes.

Moreover, we introduce a modulus of isotropy of the grain distribution to quantify
the degree of anisotropy of the Boolean model. If the intensity is approximated
by the truncated series depending on the densities of only finitely many harmonic
intrinsic volumes, we can bound the error term from above using the modulus of
isotropy.
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1 Introduction

Introduced in 1975 by Matheron [Mat75] the Boolean model is now the basic ran-
dom closed set model for the description of porous structures. It is obtained by
forming the union set of a Poisson particle process on the space of compact convex
sets. Depending on the specific application, either the pore space or the solid phase
of a material may be described as a Boolean model. For example, the pore space
of bread [BS91]] was modeled by the Boolean model, whereas for sintered ceramic
composites it is the solid phase which is described as a Boolean model; see [RG00].
In particular physical phenomena like percolation [MW91, MS02] and elasticity
[AKMOQ9] can be studied using Boolean models. A treatment of the Boolean model,
which contains a collection of its various applications, can be found in [CSKM13,
Chapter 3]. For an introduction of the Boolean model, which is accessible to prac-
titioners and presents available statistical methods, we refer to the monograph
[Mol97].

Let {¢; : i € N} be a random collection of points in R? forming a stationary Poisson
point process with intensity v > 0. Let Zy, Z;, Z,, ... be independent, identically
distributed random convex bodies (nonempty, compact, convex sets) with distri-
bution Q, which are independent of the point process {¢; : ¢ € N}. The random
points &1, &, . .. are the germs and the random sets Z;, Z,, . .. are the grains of the
Boolean model. The random set Z is called the typical grain. We can assume
without loss of generality that the centre of the circumball of the typical grain is
almost surely at the origin. Then, under a mild integrability condition on the grain
distribution, the union of the translated grains

7 = L_J(Z1 + fz)

i=1

is a random closed set, which is called the stationary Boolean model with intensity
~ and grain distribution Q. The random collection X := {&; + Z1,& + Zo, ...} of the
shifted grains is the particle process underlying the Boolean model. Alternatively
the Boolean model can be introduced directly as the union set of a particle process
X on the space of compact, convex sets, see Section for this approach.

Assume we observe Z in a compact, convex observation window W with positive
volume. Our aim is to extract distributional information from the geometric prop-
erties of the sample ZNW. Thus, we assume we can measure geometric functionals
like the volume or the surface area of the sample. The sample ZNW is a finite union
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of convex bodies (a polyconvex set). By a geometric functional ¢ we mean a real-
valued functional defined on the space of polyconvex sets with special additional
properties, see the precise definition in Section Important examples of geo-
metric functionals are the intrinsic volumes V, . .., V;, which are the coefficients in
the polynomial expansion for the volume of the parallel set of a convex body. For
polyconvex sets which are the closure of their interior 2V,_; is the surface area. The
intrinsic volume V} is the Euler characteristic, which is constantly equal to 1 on the
space of convex bodies. In two dimensions V} is for polyconvex sets equal to the
number of connected components minus the number of holes. The boundary of
the observation window W has a disturbing effect. It is therefore of advantage to
assume a sufficiently large observation window and to consider only limits as the
window tends to infinity. This motivates the introduction of the density (or specific
value) of the Boolean model for a geometric functional ¢. The density of ¢ is the
combined spatial and probabilistic mean value

The crucial problem when studying a Boolean model is, that the particles overlap
and can therefore not be observed individually. Thus, neither the intensity nor
the mean geometric properties of the typical grain can be estimated directly from
observations. On the other hand it can be shown that the mean value Ep(Z N W)
of a geometric functional of a sample has a representation as an alternating series
of mean values of so-called translative integrals

E / eWn(Zi+z)N... .0 (Zg+x))d(zy,...,2r), keN.
(RA)*

Thus, to extract distributional properties from the above mean value or from the
density @(Z), it is necessary to study translative integrals of geometric functionals.
This is the topic of translative integral geometry, see [SW08), Sections 5.2 and 6.4]. In
the ideal case translative geometric results can be used to replace the application of
¢ to the intersection of translates of Z;, .. ., Z; with the observation window by an
expression involving only geometric functionals of the individual grains 71, . .., Zj.
The most basic results of this form can be obtained if ¢ is the volume V;; or V,;_4,
which is half of the surface area. Then, one can obtain the density formulas

Vi(Z)=1—e ™) and V1 (2) = e = PyEV, 1 (Z)). (1.1)

Here, mean values of the volume respectively the surface area of the typical grain
multiplied by the intensity v occur on the right-hand side. It is therefore convenient
to introduce for a geometric functional ¢ the notation

P(X) = 1Ep(Z)).
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The value 3(X) is called the density of the particle process X since it has a represen-
tation similar to the definition of %(Z) where the geometric functional ¢ is applied
to the grains individually instead of to the union set Z and the contributions of the
grains are summed up, compare .5). Thus relation (I.I) reads now

Va2)=1—¢e"V X and V,_1(Z) = e VOV, (X). (1.2)
The density formulas from can be inverted, which yields the formulas

— — — 1 —

Va(X)=—-In(1-V(Z)and V4 1(X) = TVa2) Va-1(2). (1.3)
In the densities of the particle process X are expressed by the observable den-
sities of the Boolean model Z. However, the actual aim is to extract from observa-
tions of the Boolean model information about its parameters v and Q separately.
That is, we would like either to extract the intensity  or mean values of geometric
functionals of the typical grain.

The first task when fitting a Boolean model to a real structure is therefore the es-
timation of the intensity v — on the one hand as a fundamental parameter on its
own, on the other hand because it is needed if one wants to extract mean values of
geometric functionals of the typical grain from the densities of the underlying par-
ticle process. For an overview of the different existing methods for the estimation
of the intensity we refer to [Mol97, Chapter 5], [SW08, Chapter 9.5] and [CSKM13,
Chapter 3.4.3].

One of the most popular methods seems to be the method of densities. Its idea is to
proceed similarly as for the method of moments in statistics where model parame-
ters are chosen in such a way that the moments of a parametric distribution on the
real line coincide with empirical moments. The role of the empirical moments is
now played by estimators of the densities of the Boolean model whereas the model
parameters we are interested in are the intensity and the mean values of geometric
functionals of the typical grain.

However, the state of the art is that the idea of the method of moments can be
directly applied only for the isotropic Boolean model, that is for Boolean models
Z with a distribution which is invariant under rotations of Z. The reason is that
only for an isotropic Boolean model density formulas as in can be obtained for
all intrinsic volumes. These formulas are known as the Miles formulas, see Miles
[Mil76] and Davy [Dav76]. They express the observable densities V4(2),...,Vo(Z)
in terms of the densities V4(X), ..., Vo(X) and can be inverted. For example in two
dimensions a complete set of density formulas for the intrinsic volumes is given

by
VQ(Z) = 1 — 67V2(X)7
Vi(Z) = 2V (X), (1.4)
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_ 1
Vo(Z) = e V2 V(X)) - ;Vl(X)Z .

Their practical relevance relies on the relation V((X) = ~, which implies that the
Miles formulas can be used to determine from the densities V4(Z),...,Vo(Z) of
the Boolean model the intensity v and all mean values EV,(Z), ... ,EVy(Z,). For
example we have in two dimensions

_ 1_
7= Vol 2) + * —Vi(2)" (15)

where we use the abbreviation p := (1 — V(Z))~!. This is not only a surprising
fact, it is also very useful for applications and the basis for the application of the
method of densities for an isotropic Boolean model.

For a non-isotropic Boolean model the situation is much more difficult because
the density formulas for the intrinsic volumes V,_s, ..., V; involve so-called mixed
functionals depending on several convex bodies. For example in two dimensions a
functional V; ; depending on two convex bodies occurs. Then, the density formula
for the Euler characteristic is

Vo(Z) = e 20 [Vo(X) = Vi (X, X)]
with the mixed density
V11(X, X) = y"EVi1(Zo, Z0).

In higher dimensions the formulas become more and more difficult. In three di-
mensions the density formulas for V; involve the mixed functional V55, which de-
pends on two convex bodies, and the density formula for V; involves the mixed
functionals V5, which depends on two, and V332, which depends even on three
convex bodies. A simple inversion formula for the intensity as is therefore out
of reach.

The investigation of the mixed functionals and the search for new geometric func-
tionals which complement the set of intrinsic volumes in an elegant way was
mainly promoted by Wolfgang Weil, see for example his lecture notes [Wei07] and
the references therein. In the non-isotropic case the method of densities is there-
fore also called Weil’s method. However, this line of research cannot be considered
as completed because so far only uniqueness results are available. In [Wei99] it
is shown that the intensity in two and three dimensions is uniquely determined
by the densities of the intrinsic volumes and the densities of more complicated
geometric objects like the centred support function and the surface area mea-
sure, which can be associated to a polyconvex set. A later uniqueness result in
[Wei0la] involves only real-valued geometric functionals. Namely, the densities of
the mixed volumes V, which depend in d dimensions on d polyconvex sets, are
needed. More precisely, it is shown that in two dimensions the densities of the
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intrinsic volumes together with the collection of densities of the geometric func-
tionals K +— V (K, M) where M is a fixed arbitrary convex body determine the in-
tensity, whereas in three dimensions the densities of the intrinsic volumes together
with the collection of densities of the geometric functionals K +— V(K, M, M) and
K — V(K,K, M) where M is a fixed arbitrary convex body determine the inten-
sity.

With the aim to contribute to the method of densities and in particular to the im-
portant problem of intensity estimation for non-isotropic Boolean models we intro-
duce in this thesis a new collection of geometric functionals, which complements
the intrinsic volumes in a natural way, the harmonic intrinsic volumes. They are ob-
tained as integrals of the area measures ¥,_4, ..., Uy, which are measures on the
unit sphere and can be considered as local versions of the intrinsic volumes. The
integrands are orthonormal homogeneous polynomials on the unit sphere. More
precisely, the harmonic intrinsic volume V}l’p is a geometric functional obtained as
the integral with respect to the area measure ¥; of a homogeneous polynomial of
polynomial degree [ on the unit sphere. The second exponent p is used to enumer-
ate an orthonormal basis of the homogeneous polynomials of polynomial degree [.
An appealing property of the harmonic intrinsic volumes is the rotation formula

L _
/ VIPOK)(d9) =0, 1> 0,

S0y

for polyconvex sets K, where SO, is the group of proper rotations and v the Haar
probability measure on this group. As a main result we obtain in the final section of
this thesis inversion formulas for the intensity in two and three dimensions under
a mild regularity condition on the grain distribution.

Theorem 1. In two dimensions the intensity y has the series representation

- 1 m,q

1— , —m,
= pVi2) 4 [T2P + s T V)

with constants ¢} for | +m > 0and p := (1 — Vo(Z))™.

“I,m

For an isotropic Boolean model the sum over the densities of the harmonic intrinsic
volumes vanishes, which yields the well-known result (T.5), which can be obtained
by using the Miles formulas. In this thesis we introduce also a modulus of isotropy
of the underlying particle process as a measure of the degree of anisotropy of the
Boolean model. In the final section we obtain upper bounds for the error if the
intensity is approximated by the truncated sum involving only finitely many den-
sities of harmonic intrinsic volumes.

As a corresponding result in three dimensions we obtain the following theorem.
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Theorem 2. In three dimensions the intensity -y has the series representation

v=pVo(Z) + [dVl )+ Z A mq(Z)}
o e Va2 Zeﬁ’ﬁzo 2)V; ’q<Z>V§’S<Z>}

with constants d, d;y, for [ +m > 0 and constants e, ey, for | +m +o0 > 0and p :=
(1-V3(2))

Again all sums over densities of harmonic intrinsic volumes vanish for an isotropic
Boolean model.

An open question remains the derivation of corresponding formulas for the inten-
sity in dimensions higher than three.

In this thesis we restricted to stationary Boolean models with convex grains. Under
an additional integrability assumption on the grain distribution it should be possi-
ble to transfer our results to Boolean models with polyconvex grains whose Euler
characteristic is equal to one, compare [Wei0lal] for the principle approach.

The structure of the thesis is the following. Chapter 2] contains the necessary back-
ground material from probability theory, convex geometry and stochastic geome-
try, some information on spherical harmonics and some auxiliary results.

The starting point of this thesis has been the idea to apply the translative inte-
gral geometric results for support measures which were obtained by Daniel Hug
in his habilitation thesis [Hug99]. These results are recalled in Chapter [3|and com-
plemented by new representations for mixed support and area measures in the
concluding two sections of Chapter

In Chapter [] Daniel Hug's results are applied to obtain density formulas for the
translation invariant marginal measures of the support measures, the area mea-
sures. In the final section of Chapter [l we apply the new representations for mixed
measures from the previous chapter to obtain inversion results for the densities of
the area measures. In particular we obtain in the final section integral represen-
tations of the intensity of a non-isotropic Boolean model in two and three dimen-
sions.

Chapter | is indebted to the original aim of this thesis, namely the application of
Daniel Hug’s translative integral geometric results for the derivation of density
formulas of the Minkowski tensors. These tensor valued geometric functionals
have various physical applications and are also interesting from a purely convex
geometric viewpoint. In this chapter we consider also a parametric example of a
Boolean model and obtain uniqueness results for the Minkowski tensors, which are
in the spirit of Weil’s results for mixed volumes mentioned above.



1 Introduction

In Chapter [l we introduce the new harmonic intrinsic volumes and derive density
formulas and uniqueness results similar to the results for the Minkowski tensors in
the previous chapter.

The final Chapter [7] contains the main contributions to the method of densities for
non-isotropic Boolean models.

It is a collection of various different results, which are combined in the final section.
In the first section, Section[/.I} we obtain a disintegration result for the grain distri-
bution, which is used in Section [7.2] for the introduction of the property of rotation
regularity. This regularity assumption has the pleasant effect that the densities of
the area measures are absolutely continuous with respect to the spherical Lebesgue
measure as we show in Section [/.3] Motivated by the concept of a modulus of
continuity we introduce in Section [/.4] the notion of a modulus of isotropy for a ro-
tation regular particle process. In Section [/.5 we derive upper bounds for the best
polynomial approximation of the Radon-Nikodym derivatives of the densities of
the area measures with respect to the L?>-norm. These bounds depend on the mod-
ulus of isotropy. In Section [7.6) we relate the modulus of isotropy to the Euclidean
norm of the vector of densities of the harmonic intrinsic volumes of fixed polyno-
mial degree. The main results are contained in the concluding Section Here
also Theorem [I]and Theorem 2, which have been presented in the introduction, are
achieved in Theorem respectively the second part of Theorem In two
dimensions we obtain in Theorem a series representation of the intensity in
terms of densities of the harmonic intrinsic volumes. In Theorem we obtain
error bounds in terms of the modulus of isotropy of the underlying particle process
if the intensity is approximated by the truncated series. Theorem contains in
three dimensions a series representation for the intensity in terms of the densities
of the harmonic intrinsic volumes and also a corresponding representation for the
densities of the particle process of the harmonic intrinsic volumes V;'”. In Theorem
and Theorem we obtain bounds for the approximation error in terms of
the modulus of isotropy of the underlying particle process if only truncated series
are used for the approximation of the intensity and the density of the harmonic
intrinsic volume le’p , respectively.






2 Foundations

2.1 Foundations from probability theory

We denote the underlying probability space by (€2, A, P). The distribution of a ran-
dom variable £ is denoted by P;. If £ is a real random variable, we denote by E¢
its expected value. A measure or signed measure on a topological space £ will be
defined on the o-algebra B(E) of Borel sets if not stated otherwise. A finite signed
measure y on £ can be represented as the difference of its positive part

pt(A) :=sup{u(B): B€ B(E)and B C A}, A€ B(E),
and its negative part
pw (A) :==sup{—pu(B): Be B(E)and B C A}, Aec B(E).

The representation o = u* — = of pu as difference of the two positive measures p*
and p~ is called Jordan decomposition, see [Cohl3, p. 117]. We denote by C(E)
the space of all real-valued continuous functions on E and by C},(E) the space of
functions in C'(E) which are bounded. Let (i, 11;,7 € N, be finite positive measures
on E. The sequence (fi,)nen converges weakly to y if

lim f €)fin(de) /f (de), [ € Cy(E).

n—oo

For two topological spaces E and F, a mapping p : E x B(F) — [0,00] is called
a probability kernel from £ to F if u(-, B) is Borel measurable for fixed B € B(F)
and if (e, ) is a probability measure for fixed e € E. For e € E the Dirac measure
J. is defined by 6.(A) := 1{e € A} for A € B(E). The Lebesgue measure on R? is
denoted by A. The k-dimensional Hausdorff measure is denoted by #*. By H*_A
we denote the restriction of H* to a subset A.

For p € [1, o] and a measure space (E, B(E), 1) we use the notation L?(E, i) for the
LP-space and || - ||, for the LP-norm. We extend the definition of || - ||,, to an arbitrary
real-valued measurable function f on E, which means that || f||, may be equal to
infinity.
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For f,g € L*(E, u) we denote the scalar product by
(.9) = [ FO(eIn(de)
B

If we identify functions which coincide p-almost everywhere, the space L?(F, u) is
a Hilbert space with scalar product (-, -).

2.2 Foundations from convex geometry

For notions from convex geometry we refer to [SW08, Chapter 14] and [Sch13al.
Let (-, ) be the scalar product and || - || the norm in R%. Let ey, ..., e, denote the
standard orthonormal basis of R%. The system of nonempty, compact subsets of R¢
is denoted by C. On C we use the Hausdorff metric §, which is defined by

d(K, L) := max {maxmin |z — y||, max min ||z — Z/||} , K,LeC.
z€K yeL rel yeK

By K we denote the family of nonempty, compact, convex subsets (convex bodies)
of RY.

The convex ring R consists of all finite unions of convex bodies and its elements
are called polyconvex sets. We also use the Hausdorff metric on the subclasses K
and R of C.

The extended convex ring S is the system of sets whose intersection with any com-
pact convex set belongs to the convex ring and its elements are called locally poly-
convex sets. Let M be a family of sets which is closed under intersections. A func-
tional ¢ on M with values in an abelian group G is called additive (or a valuation)
if

P(KUL)=p(K)+p(L)—¢(KNL), K LeMwithKULeM.

If § ¢ M we extend the definition of ¢ by ¢(f) = 0. The most important cases in
this thesis are M = K and M = R.

Let A be a subset of R% Then int A, 9A and relint A are, respectively, the interior,
the boundary and the relative interior of A. For A, B C R? we use the notation

A+B:={a+b:ac Abe B}

for the Minkowski addition of the sets A and B. We denote the unit ball by B¢,
the unit sphere by S?~! and the unit cube by C¢ := [0, 1]¢. The volume of the unit

10



2.2 Foundations from convex geometry

ball B is given by g := A\(B?) = 7%2/T(1 + d/2) and the surface area of the unit
sphere S~ by wy := dkgy. For K € K the Steiner formula

Ni(K +€eB%) = Zed Tka_;V;( €> 0, (2.1)

defines the intrinsic volumes Vj, ..., V;. On K the intrinsic volumes are nonnega-
tive, monotone under set inclusion, additive, continuous and invariant under rota-
tions and translations. They have a unique additive extension to R. On R the func-
tional V is the Lebesgue measure. If K € R is the closure of its interior, V;_1(K) is
the half of the surface area of K. The functional V; is the Euler characteristic, that is
the additive functional with V4(K) = 1 for K € K. Form € Nand K;,...,K,, € K
the polynomial expansion

Vi Ky + . 4 A Ky Z iy A V(K 0Ky A A >0, (2.2)
Tl genny 1g=1

defines the mixed volume V : (K)? — R. The mixed volume V is additive with
respect to each argument. For A C R? we denote by

k
pos A := {ZAixi:)\i>O,:pieA,1 <i<k,kz€N}
i=1

the positive hull of A. For uy, ..., u; € ST let Vi(uy, ..., u;) be the volume of the
parallelepiped spanned by uy, ..., u; and

sconv(uy, . . ., uy) := pos{uy, ..., u} N S?

the spherical convex hull of us, . .., ux. The spherical Lebesgue measure on S¢ is
denoted by o and scaled in such a way that o (57!) = ws.

A convex body K € K is uniquely determined by its support function
h(K,u) :=max{{z,u) : v € K}, uec S
The Steiner point of K € K is given by

s(K) = k" / h(K, u) uo(du).

Sd—1

The centred support function of K € K is
h*(K,u) = h(K — s(K),u), ue&S™,

and is an additive functional on K.

11



2 Foundations

For 0 < k < d the set of all k-faces of a polytope P C R? is denoted by F(P).
The orthogonal group is denoted by O4. The group of proper rotations is denoted
by SO, and is equipped with its standard topology. We denote the identity in SOq4
by id. The unique normalized Haar measure on SO, is denoted by v. For the unit
sphere, the k-fold product of the unit sphere and the rotation group the LP-spaces
will be equipped with the corresponding Haar probability measure:

LP(ST ) = » (Sd_l,wd_lo) , L? ((Sd_l)k) = L7 ((Sd_l)k,wd_kok)

and
LP(SO0,) := LP(SOgy,v).

We define by ¢ : C — R? the mapping that associates with each C' € C the center of
the (uniquely determined) smallest ball containing C'. The mapping cis continuous
with respect to the Hausdorff metric; see [SW08, Lemma 4.1.1]. Furthermore, we
define the grain space Cy := {C € C : ¢(C) = 0} and correspondingly Ky := Co N K
and RO = CO NR.

For R € R, we define N(R) := min{m € N: R = |J, K;with K; € K} and
N(0) := 0. The function N : R U {(} :— Nj is measurable, compare [SW08, Lemma
43.1].

Let Ly,..., Ly C R?be linear subspaces with dim L; + ... + dim L;, =: m < d. Then
we choose an orthonormal basis in each subspace L; and define det(Ly, ..., L) as
the m-dimensional volume of the parallelepiped which is spanned by the union of
these orthonormal bases. On the other hand, if dim L; 4 ... +dim Ly > (k —1)d, we
define

[Ly,..., L] :=det(Li, ..., Li).

Moreover, if Ay,..., A are non-empty convex sets with dim A; + ... + dim A4;, >
(k—1)d and L(A;) denotes the linear subspace which is parallel to the affine hull of
A;, then we define

[Ah ey Ak] = [L(Al), ey L(Ak)]

2.3 Foundations from stochastic geometry

In this section we introduce random closed sets, point processes and particle pro-
cesses. For more information on these fundamental notions of stochastic geometry
we refer to the survey article [SW10] and to the monographs [SW08] and [CSKM13].
In the subsequent section the notions are combined and used to introduce the main
object of research in this thesis: the Boolean model. It is the important random
closed set which is obtained as the union set of a Poisson particle process.

12



2.3 Foundations from stochastic geometry

We denote by F the class of closed subsets of R? and for A C R? by F4 the class of
closed sets which hit A and by F# the class of closed sets which miss A. We equip
F with the hit-or-miss topology, which is generated by the system

{FC:CeC}U{Fs:GC R open}.

An F-valued random variable is called a random closed set. On the subclass C of
compact sets the Borel o-algebra induced by the Hausdorff metric coincides with
the one induced from the hit-or-miss topology. A random closed set Z with a dis-
tribution P, which is invariant under translations of Z is called stationary. If P is
invariant under rotations of Z, the random closed set Z is called isotropic.

Let E be a locally compact space with countable base. A counting measure 7 on £
is a sum of Dirac measures

k
TI:IZ(SJ%’ kEN()U{OO},TTEE,lglgk

i=1

If the points z;, ¢ € N, are distinct we call  simple. A simple counting measure 7 can
be identified with its support {z1, z,, .. .}. For z € E it makes sense to write = € 7 if
n({z}) = 1. We call n locally finite if n(C') < co for compact sets C' C E. We denote
by N,(E) the collection of locally finite simple counting measures. For A € B(E)
let N, 4 be the collection of locally finite simple counting measures without points
in A. Then, we equip N,(E) with the o-algebra N,(E) which is generated by the
system
{N,¢ : G C E open and relatively compact}.

A point process X on E is a random variable with values in the space N;(E) of
simple counting measures on E. A point process on R? can be identified with
its support and can thus be interpreted as a locally finite random closed set. For
E = R?or E = F\ {0} we define rotations and translations of a point process
X by pointwise application. X is called isotropic if its distribution Py is invariant
under rotations of X and stationary if Px is invariant under translations of X. The
intensity measure of a point process X is defined by

O(4) =EX(4), AeB(E).

It maps a Borel set A to the mean number of points of X which lie in A. For a
stationary point process X in R? with locally finite intensity measure © it holds
© = v\ with a constant v > 0, which is called the intensity. The intensity ~ is the
mean number of points of X per unit volume.

A point process in F \ {#} whose intensity measure is concentrated on C is called
a particle process. In this thesis we make the general assumption that the intensity
measure O of a particle process is locally finite, which is equivalent to the condi-
tion

O(Fc) <00, CeC.

13



2 Foundations

Then, for a stationary particle process X with intensity measure © # 0 there exist a
unique number v > 0 and a unique probability measure Q on C, such that

EX(A) = 7//1{0 +2 € AYdz Q(dC), A€ B(C). (2.3)
Co R4
We call v the intensity and Q the grain distribution of X. The right-hand side of
defines a locally finite measure if and only if the grain distribution fulfils the
integrability condition
/)\(C’ + BHQ(dC) < oo. (2.4)
Co
Therefore, we assume that the condition (2.4) is fulfilled for all grain distributions
occurring in the following. The random compact set Z; with distribution Q is called
the typical grain of X. If X is a particle process with convex particles, 2.4) is by
the Steiner formula (2.1) equivalent to the Q-integrability of the intrinsic volumes
Vo, ..., Vy. For a measurable, translation invariant functional ¢ on C which is non-
negative or Q-integrable we define the ¢-density of X as

P(X) = Ep(Zo)-
The scaling of the expectation by the intensity is motivated by the relations

A =t X e =lm e S u0), @)

( ) CeX,c(C)eB ceX,ccrwv

where B C R? is a Borel set with 0 < A\(B) < oo and W € K is a convex body with
A(W) > 0.
For a particle process X satisfying (2.4) the union set

Z X = U C

cex

is a random closed set by [SW10, Theorem 1.22].
A Poisson process in E is a point process X with the property that X (A) is Pois-
son distributed with parameter ©(A) = EX(A) for all Borel sets A C E with
O(A) < oo. If © is a locally finite measure on E without atoms there exists a in
distribution unique Poisson process with intensity measure © (see [SW08|, Theo-
rem 3.2.1]). A Poisson process X has independent increments, that is for pairwise

disjoint Borel sets Ay, ..., A, C E with O(A4;) < 00,1 < i < k the random variables
X (A1), ..., X (Ay) are stochastically independent.

Let X be a Poisson particle process with intensity v and grain distribution Q satis-
fying the integrability condition (2.4). Then, the union set

Z=|JK

KeX

14



2.4 Spherical harmonics and two auxiliary lemmas

is called a Boolean model. In this thesis we assume that X is a stationary Poisson
process of convex particles. A functional ¢ on R which is translation invariant,
additive, measurable and bounded on {K € K : K C C% is called geometric.
Assume we observe the stationary Boolean model Z in an observation window
W e K with V(W) > 0. Then, the mean value of ¢ applied to the intersection of
the Boolean model with the observation window is given by

E(,:J(ZQW):Z(_Z!/? /gs(Wm(Klerl)m...
k=1 (Ko)k (Reyr

see [SWO08|, Theorem 9.1.2]. It can be shown that the series in converges abso-
lutely. Furthermore, the limit

?(Z) := lim Ep(Znriv)

T = 2.7)

is independent of W and defines the (-density of the Boolean model Z.

Formula (2.6) and a calculation using essentially Fubini’s theorem imply the den-
sity formulas for V; and V;_; stated in (1.2).

We put our focus on non-isotropic Boolean models where densities of so-called
mixed geometric functionals depending on several convex bodies play an impor-
tant role. For a measurable, translation invariant functional ¢ : K* — R which is
QF-integrable or nonnegative the p-density of X is defined by

BX,..., X) = wk/cp(Kl,...,Kk)Q’“(d(Kl,...,Kk))

k times Ko

For example, in the density formulas for the intrinsic volumes V;_,, ..., 1}, the den-
sities of X for special mixed functionals occur. In this thesis we consider densities
(or specific values) for various geometric functionals and even for measures which
are, if evaluated at a fixed Borel set, geometric functionals.

2.4 Spherical harmonics and two auxiliary lemmas

In this section we briefly recall some results on spherical harmonics. More detailed
information on this topic can be found for example in [DX13, Chapter 1].

Denoteby 9;,1 < i < d the ith partial derivative and by A := 9?+...4-03 the Laplace
operator on R?. A spherical polynomial is the restriction of a polynomial on R? to
the unit sphere. For n € Ny define by I1,,(S?"!) the space of spherical polynomials

15



2 Foundations

of degree at most n. A spherical harmonic is a homogeneous spherical polynomial
g with Aq = 0. Denote by S, the space of spherical harmonics of polynomial degree
n. By [DX13} Corollary 1.14] the space S, has the dimension

w1111,

where the binomial coefficient is defined as 0 if the lower entry is negative. The
spaces S; and Sy, for j # k are orthogonal subspaces of L*(S%"!). Furthermore, we
have
,(S4 ) = So @ ... H Sn. (2.8)
For every | € Ny we can choose an orthonormal basis B, := {Y,1,...,Y] p@y} of
S;. Furthermore, B := J B, is an orthonormal basis of L*(S%"!). This implies the
1=0
identity
(f.9) = _(L.Y)(Y.g9), f.g€ LS. (2.9)

YeB
In two and three dimensions an orthonormal basis of the L2-integrable functions
on the unit sphere can be stated explicitly. For d = 2 we have

ven-{r |7
and By = {Yp1} and B, = {Y}1, Y2} with
Yo,1 =1,
Y (u(8)) = cos(10),
Vi u(6)) = sin(10),
where ! € N, u(f) := (cosf,sind)" and 6 € [0, 27).

For d = 3and [ € Ny we have D(3,[) = 2l 4+ 1. An orthonormal basis can be stated
explicitly using the Gegenbauer polynomials

CY, A>—1/2,1 € Ny,
see [DX13, Appendix B.2] for their properties. Namely, an orthonormal basis is
givenby B; = {Yi o, : 1 <k <1} U{Yi 941 : 0 < k <[} with
Yio(u(, 6)) = (sin@)*C 7 (cos ) sin(kg), 1<k <1,

Yionor (u(8, 8)) = (sin ) CE (cos 0) cos(kg), 0< k<1,
where | € Ny, u(0,¢) := (sinfsing,sinfcosp,cosf)T and 0 < 0 < 7, 0 < ¢ <
2m. The tensor product of fi,...,fy : S9! — R is the function f; ® ... @ f :
(S41k — R which maps (21, ..., 7%) € (S Nk to fi(21) - fr(xx). On the product
space (S41)¥ the tensor product is a useful tool to obtain an orthonormal basis and
a representation of the scalar product.
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Lemma 2.4.1. For every k € N the set
Me...eY:Y,..., Y, € B} (2.10)

is an orthonormal basis of L*((S?~1)*) and

(fg)= Y. (Ne.e)Me.. ey, fgel’((S™H. (11

Proof. 1t is a well-known Hilbert space property that equation @.17) is fulfilled if
forms an orthonormal basis of L2((S471)).

By [Mac09, Theorem 1.33] this is the case if for all f € L*((S91)¥) the property
(fV®..0Y) =0, forallyy,...,Y,eB
implies
f(x1,...,21) = 0 for o*-almost all (z1,...,2;) € (ST H)F. (2.12)

We proceed by induction. For k = 1 the assertion holds obviously since B
is an orthonormal basis of L?(S%"!). Now we assume for some k € N that 2.12) is
fulfilled for all f € L?((S91)*). Let f € L*((S41)k+1). We define

@y, .. mp) = f(wy, . 2k, 2), 1y, 2,2 € STTL

Then, /. € L* ((5%1)") for o-almost all = € 5%1. Assume

(fV®.. @Y%) =w" / (£ V1®...0 Y)Y (2)o(dz) =0

gi-1
forallYy,..., Yy € B.
Then, it follows for all Y7, ..., Y, € B that

(f.,Y1®...®Y}) = 0 for o-almost all z € 5971

This yields f(x1,...,zr11) = 0 for ¥ -almost all (z1,...,2541) € (ST and
thus the assertion.

O

For f € L*(S*') denote by m, f the orthogonal projection on I, (S*!). For k € N
and f € L*((S% 1)) we denote by m, f the orthogonal projection on the space

(h®® fe fiooosfe € TL(S™).

The following lemma provides an upper bound for the L?-error which arises if ten-
sor products of functions on the unit sphere are approximated by spherical poly-
nomials.
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Lemma 2.4.2. Let k € Nand gy,...,gx € L*(S?1). Then

k k
lgr @ .. ® g = mu(r @ - @ gi)lly < D lgs — mugillz [ llgsle-
i=1 j=1
J#i

Proof. We have
Ta(g1 @ ... @ gr) = Ta(g1) @ ... @ Tn(g)-

Thus, we get

lgr ®...0g — (1 ®...® gi)ll2

=g @...@g—m(9) @ ... @m(gr)ll2

< |[[(g1 = Tn(91)) ® G2 ® ... @ gkla + [0 (91) ® (g2 — Tn(g2)) ® g3 @ ... @ gi)[[2 + ...
st Imag) @ - @ Talgr-1) @ (g — Talgr)) |2

k k
<> g = malga)ll2 [T llgslle.
i=1

=1
G

which yields the assertion. O

By [DX13, Lemma 1.2.4] the projection operator , has an integral representation
using a reproducing kernel given by

Zn(x.y)= D Y(@Y(y), zyes

YeB,

Namely, for f € L?(S47!) it holds

[mmm:%*/f@%@wdwmweW* (2.13)
gd—1

An easy calculation shows that
(Zn(w,7), Za(y, ")) = Zu(w,y), x,y€ 5" (2.14)
By [DX13] Lemma 1.2.7] the reproducing kernel has for d > 3 the properties
|Zo(x,y)| < D(d,n) and Z,(x,z) = D(d,n), x,yec S (2.15)
Lemma 2.4.3. Letn € Ngand Y € S,,. Then

Y]l < Yll2 v/ D(d, 7).

18



2.5 A decomposition of the Haar measure on the rotation group

Proof. Forall z € S9! we obtain by and from the Cauchy-Schwarz inequality
that

Y ()| = |[mY](2)] = (Y, Zn(z, )| < Y 2| Za(z, <) l2-
By (€.14) and (2.1I5) we obtain
||Zn(x7 )H? = \/(Zn(x7 ’)7 Zn(I, )) = \/Zn(x‘r) = \/D(dv n),

which implies the assertion. O

2.5 A decomposition of the Haar measure
on the rotation group

For linearly independent vectors vy, ...,vqs € S9! we denote by GS(vy,...,v4) a
proper rotation obtained by applying the Gram-Schmidt orthonormalization. More
precisely, let GS(v1,...,v4) be the unique matrix in SO, with columns z, ..., z4

fulfilling the recursion

k—1
Yk = Vg — Z<Uk7yz> ||?j7l_l||27 1 S k S d
i=1 t

2= e/ llyell, 1<k <d—Tlandz € {i”de}
Yd

where the sign of z, is chosen such that the determinant of GS(vy,...,v4) is equal
to 1. Note that

GS(Wvy, ..., 0vg) =9 GS(vy,...,v5), € SOguvy,...v4€ ST (2.16)

Fix some 9, € SO,. We define a mapping ¥ : (S 1)¢ — SO, by

\11(1}17 cen

v) = GS(vq,...,v4), forlinearly independent vy, ..., vy,
e Yo, otherwise.

Forv € S% 1 and k := min {i : {v,e;) # 0} let

1<i<d
Gy = U(v,€1,. .., €11, €ki1s---,€Ed) (2.17)

Note that J,e; = v for all v € S¢~1. Define by SOy(v) := {9 € SO, : Yv = v} the set
of all rotations leaving v fixed. Since SO,(v) is a compact topological group with
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countable basis, there exists a unique Haar probability measure v, on SO,(v). For
a proof of this general result compare e.g. [SW0S8, Theorem 13.1.3].

By we get for ¥ € SO,(e1) and o~ !-almost all (v, .. ., vz) € (S 1)* " that
YU (e1, va,...,vq) = W(der, Pva, ..., 0vg) = ¥(er, Pva, ..., Jvg).

This and the rotation invariance of o imply the explicit representation of the Haar
probability measure on SOy(e;) as

Ve, (B) = 1{U(er,vy,...,v4) € Bra™ (d(vy, ..., vq)), (2.18)

wg_l
(Sd—l)d—l

for Borel sets B C SO,(e1). Now, we obtain a representation of the Haar measure
on the rotation group as an image measure with respect to the product of the Haar
measures on the unit sphere and the group of rotations leaving e, fixed.

Lemma 2.5.1. We have

v(4) = - / / 10,0 € Av,, (d9)o(dv), A € B(SOy).
Sd-1.504(e1)

Proof. From the proof of [SW08|, Theorem 13.2.9], by [2.16), the rotation invariance
of o and (2.18)) we obtain that

v(A) = wi / U (v, 09, ...,04) € Ao (d(v, vy, ..., v4))

(Sd—l)
1
= w—g / {9,V ey, 0, g, ..., 0, vg) € Aya(d(v, v, . .. v4))
(Sd—l)
1
= — / / 1{9,0 € A}, (dV)o(dv),
w
defl SO(e1)
which completes the proof. O

Remark 2.5.2. In Lemma we obtain a disintegration of the Haar measure on
the group SO, with respect to the Haar measure on the unit sphere S*! by an
explicit construction. This disintegration can be considered as a special case of a
much more general result. Let G be a locally compact second countable Hausdorff
topological group which acts properly on a topological space S. Then, Gentner and
Last showed in [GL11], (11)] that the Haar measure on G has an invariant disinte-
gration along each orbit in S. The special case where G acts transitively on S, which
is dealt with in [GL11}, Example 1], applies to the situation of Lemma m
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3 Translative integral geometric
results for support and
area measures

3.1 Support and area measures

For a convex body K € K and z € R?, let p(K, z) denote the metric projection of
zto K. For z € K we define the normal cone of K at x by N(K,z) := {u € R?:
p(K,z + u) = x}, and for nonempty, convex F' C K let N(K, F) := N(K, z), where
z € relint . For z ¢ K put u(K,z) = (z — p(K,z))/||z — p(K,z)||. For K € K
denote by
Nor(K) := {(v,u) € 0K x S ' u e N(K,z)}

the normal bundle of K. Then, the support measures (generalized curvature mea-
sures) Zo(K,-),...,Zq4-1(K, ) of a convex body K € K are defined by a local Steiner
formula. Namely, for any € > 0 and Borel set ) C ¥ := R? x $%7!, the d-dimensional
Hausdorff measure (volume) of the local parallel set

M(K,n) :={z € (K +eBY\ K : (p(K,z),u(K,z)) €n}

is a polynomial in ¢, that is,

d—1
HYUM(K,n) = e rayZ,(K,n);
=0

see [Sch13al,[SWO08] for further information. The support measures are related to the
intrinsic volumes by V;(K) = Z;(K,X), for j = 0,...,d — 1. The marginal measures
of the jth support measure are the measure

U;(K,B) :=Z;(K,R"x B), BeB(S""),
which is called the jth area measure of K and
Q;(K,A):=Z,(K,AxS"™), AeBRY,

which is called the jth curvature measure of K. Furthermore, it is convenient to
extend the definition of the support measures to K = () by

Ej(@, ) =0.
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This convention is used for all convex body-valued functionals derived from the
support measures which will be introduced in this thesis. Thus, we have

U;(0,)=0, ®;(0,-)=0 and V;(®) =0.

The support measures and the additive functionals derived from them have a
unique additive extension to the convex ring R. The following theorem collects
some important properties of the support measures.

Theorem 3.1.1. Let j € {0,...,d — 1}, K € Rand let A C R and C C S~ be Borel
sets.

(i) Positive Homogineity: For A > 0 we have

Z,(AK,AA x C) = N E(K, A).

(i) Additivity: The map K — Z;(K, -) is additive on R.
(iii) Weak continuity: The map K — =;(K, -) is weakly continuous on K.
(v) Translation covariance:

Ei(K +a,(A+2)xC)=5Z(K,Ax (), 2R KecKk.

(vi) Rotation covariance:

Z,(9K, (0A) x (00)) = Z;(K, A x C), 1€ S04 K € K.

For special convex bodies the support measures have an explicit representation.
Namely, for a polytope P the jth support measure can be represented as a sum
over the j-faces of P by [Sch13al, (4.21)]. On the other hand, by [Sch13a), (4.25)] for a
smooth convex body K € C?% the jth curvature measure has a representation as an
integral over the elementary symmetric function H,_;_; of the principal curvatures
of 0K and by [Sch13al, (4.26)] the jth area measure has a representation as integral
of the jth normalized elementary symmetric function s; of the principal radii of
curvature of 0K.

Lemma 3.1.2. Let j € {0,...,d — 1} and A C R¢and C C S9! be Borel sets.

(i) If P is a polytope, then

Ei(P,AXC) = ST HEIN(PF)NO)H(F 0 A).

o
=7 peF;(p)
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(ii) If K € C? is a smooth convex body, then

()]

WK, C) = 1 / 1u € Chs;(w)o(du)
Wd_] S(l*l
and
e G g
B (K, 4) = / Vo € AVHy () H" (do).
ok

3.2 Translative integral formulas

In the following, a crucial role will be played by an iterated translative integral
formula for support measures which is shown in [Hug99, Theorem 3.14].

3.2.1 The translative integral formula

For j € {0,...,d} and k € N, we define a collection of multi-indices by
mix(j, k) = {(m,...,mg) € {j,...,dYF :mi+ .. +myp = (k—1)d+j}.

For m € mix(j, k), we write type(m) := jand |m| := k. Forj < j < d, K €N,
m = (my,...,my) € mix(d — 7' + j,k) and m’ := (m},...,m},) € mix(j’, k'), we
write

(m,m’) :== (mq,...,my,my,...,m})

for the concatenation of m and m/'. If the concatenation (m, m’) occurs as index we
usually omit the brackets.

For convex bodies Ki,..., K, € K, j € {0,...,d — 1}, and k € N the following
iterated translative integral formula holds.

Theorem 3.2.1. (Hug 1999)
There exists a unique collection of Borel measures

ES,{)(KI, o Ky ), o me=(ma, .. my) € mix(7, k)

44444

geneous of degree m; with respect to (K;, A;) and

E](Klm(Kg—F.Z‘Z)ﬁm(Kk+l’k),(Alﬂ(A2+l’2)ﬂ

(s
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Q(Ak+l‘k)) XC)d(.IQ,...,ZZ‘k)
= Z E%>(K1,...,Kk;A1><...><Ak.><C)

meEmix(j,k)

for all Borel sets Ay, ..., A, C RYand C C ST

Proof. For the proof we refer to [Hug99) Theorem 3.14], which states a correspond-
ing formula in the more general framework of relative support measures. The idea
is to prove the statement for polytopes by making use of their facial structure and
to deduce the result for arbitrary convex bodies by approximation. O

We remark that a corresponding formula in the setting of sets with positive reach
is shown in [Rat97]. The measures Eﬁﬂ)(Kl. oo, Ky;+), m € mix(j, k), are called

mixed support measures. Since it holds that E;j ) = E;, the exponent () is redundant

in the notation 2% if it is clear that m € mix(j, k). To keep the notation as simple as

possible, we omit it in the following.

The special case of Theoremwith Ay = ... = A, = R?leads to a translative in-
tegral formula for the area measure ¥; with the mixed area measures of translative
integral geometry

U, (K, K C) = Z (K, K (R X C), O € B(SY™Y), m € mix(j, k)

on the right-hand side. The mixed area measures of translative integral geometry
should be distinguished from the measures on the unit sphere which are intro-
duced as coefficients in the polynomial expansion of the (d — 1)th area measure of
a linear combination of convex bodies and which are also called mixed area mea-
sures, see [Sch13a|, Chapter 5]. If we choose A; = ... = 4;, = R’and C = S% ! in
Theorem we obtain a translative integral formula for the intrinsic volume V;
with the mixed functionals of translative integral geometry

Vi Ky, .o Ky) = Z (K, . Ky (RYP x S97Y m € mix(4, k)

on the right-hand side.

3.2.2 Properties of mixed support measures

We collect the important properties of the mixed support measures in a theorem.

Theorem 3.2.2. Let m € mix(j, k) and A1,..., A, C RY, C C S, D' C (RY)F1 x
S41and D C (R%)*F x S9=1 be Borel sets.
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(i) Symmetry:

Engm (K1, oo Ky Ay XX Ay x C) ds symmetric with respect to permutations

(ii) Decomposability:
Ed,'mz AAAAA mk(Kla“-aKk;Al X Dl) :Hd(KlmAl)Emz ,,,,, 7nk(K2a"'7Kk;D,)'

(iii) Nonnegativity and support: =Z,,, . m. (K1, ..., Ky;-) is a finite nonnegative Borel
measure on (R x S4=1 which is supported by Sy x ... x S, x S, where S; = K;
if m; = d, and S; = OK; otherwise.

(iv) Positive homogeneity: For Ay, ..., Ay, > 0 we have

= ,M,mk()\lKlw . -7/\kKk§/\1A1 X ... X )\kAk X C)
= AN B e (B K A X X A x O

,,,,,

(V) Representation in the case of polytopes:
If Ky, ..., K are polytopes, then
= e (K1 Ky Ay X oo x A x Q)

(R

Wd—j

- ¥

FLEFm, (K1) Fi€Fmy, (Kk)
X [Fh cay Fk](Hml\_FI)(Al) cet (HkaFk)(Ak)

(vi) Additivity and weak continuity:

The map (K, ..., Ky) — E,(Ky, ..., Ky; ) is additive and weakly continuous on
Ik,

(vii) Measurability:
The map (K, ..., Ki) = Zp(Ky, . .., Ky; D) defined on K* is measurable.

(ix) Local determination:

If (Ki,...,K}) € KK, B1,..., B C R are open sets and K; N 3; = K. N B, for
i=1,...,k, then

Em(Kh .. ~7Kk; ) = Em(Kia .. 7Kllc7 )

on Borel subsets of B X ... x [ x ST71.
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3 Translative integral geometric results for support and area measures

(x) Translation covariance:
En(Ki+z, . K+ ap; (A +21) X oo X (A +2) X O)
=En(Ky, ..., K Ay X ... x A x O) for zy, ..., o € R
(xi) Rotation covariance:
En(0Ky, ..., 0K; (0A1) X ... x ($Ag) x (9C))
=E,(K1,..., K A x ... x A x C) for 9 € SO,.

Proof. The property (v) of the classic support measures can be found in [Hug99,
Corollary 4.10]. Property (x) follows for polytopes Py, ..., P, from property (v).
Using algebraic induction, the weak continuity and an approximation argument
it is obtained for arbitrary convex bodies. The rotation covariance follows from
the representation for polytopes and the weak continuity. All other properties are
stated in [Hug99, Theorem 3.14]. O

The mixed support measures =,, have a unique additive extension to the convex
ring R. This follows from their weak continuity and Groemer’s extension theorem
(ISW08, Theorem 14.4.2]). Some of their other properties (as the translative inte-
gral formula, the symmetry, the splitting property, the positive homogeneity and
the translation covariance) extend immediately to their additive extensions by the
inclusion-exclusion principle. But there are some differences. Instead of being pos-
itive measures the additive extensions are signed. Also the weak continuity is lost
and only the following measurability property remains.

Lemma 3.2.3. Let j € {0,...,d — 1}, m € mix(j, k) and f : (R)F x S41 — [0, 00) be
measurable. Then
(K1,...,Kg) — / floe, o ap,w) 2 (K, oo K d(, . op, w))
(Rd)k x §d—1

is measurable on RE.

Proof. The additivity of the support measures implies the additivity of the consid-
ered map on R*. For every real-valued continuous function f on (R%)* x $%-! with
compact support the above map is continuous on K* by the weak continuity of

Zn. [SWO08, Theorem 14.4.4] implies that the map is measurable on R¥. Thus, the
assertion follows from the general topological result [SW08, Lemma 12.1.1]. O

We extend the definition of the mixed support measures to locally polyconvex sets
Ki,...,K; C R" Let B C R?be a closed cube. Then, it makes sense to define by

En(Kiy.. Ky ) =Z,(K1NB,...,K,NB;")
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3.2 Translative integral formulas

the mixed support measure of K, ..., K}, as a measure on B ((int B)*¥ x S¢°1). We
allow in the following the evaluation of =,,(K1, ..., Kj;-) in arbitrary bounded
Borel sets and assume implicitly that B is chosen large enough.

A special collection of mixed measures

In the following we need special mixed measures on the space (R%)" x %1 k € N,
which are derived from mixed support measures where some of the convex bodies
are replaced by halfspaces. They will play a role in integral representations of the
mixed support measures with some of the indices equal to d — 1. The marginal mea-

sures on (R?) * of these new mixed measures are special mixed curvature measures
with some of the arguments replaced by half-spaces, which have been introduced
and investigated by Goodey and Weil [GW02].

For u € 57! we define by
u = {z e R (x,u) <0}
the closed halfspace bounded by u* with outer normal u. Let
F@) = (1= Jall1{llall < L}drz',, =€ R

Using polar coordinates we can show that

/f(x)')—[dil(dx) =1, we STt (3.1)

Then, we define special mixed measures in the following way.

Definition 3.2.4. Letk, k' e N, 1 <k <d—jand m = (mq,...,my) € mix(k+j, k'),
U, ..., up € S%land Ki,..., Ky € R. Then,

Em(uh...,U}C,K17...7Kkr;-)

=2k / fl@) - flon) H{(@pt1s - o Thawr) € F2do1,d—1m (Ul_, e

(RA)EHH x 51
oo Ko Ky d(a, . .,xk+k/,u))
defines a measure on (R?) ¥ x S4-1, Furthermore, we define by
U (ury ey ug, Ky oo K O) = Em(ul7 ook K, K (Rd)k/ X C’)
special mixed measures on S?~! and by
Vin (U, oy up, Kqy oo, Kir) ::\I/m(ul7 oo Ky, K Sd_l)

the corresponding total measures.
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3 Translative integral geometric results for support and area measures

In Definition [3.2.4] we have defined mixed support measures where the first
arguments are unit vectors and the following arguments are convex bodies. If
this order is not given we define mixed measures in the following way. For
Ly,..., L, € St UK we define

Em(Lh s >Lk; ) = Em(Ld(1)7 sy Lo(k)/ ')7

where o is the permutation which sorts Ly, ..., L; in such a way that the unit vec-
tors occur first and the convex bodies afterwards but the order within the unit
vectors respectively convex bodies remains.

In the following lemma we give the explicit representation of the just defined mixed
measures in the case of polytopes. In particular we observe that the definition of
the measures does not depend on the explicit choice of the function f as long as the
integral property (3.7)) is fulfilled with respect to the unit vectors which appear as
arguments.

Lemma 3.2.5. (a) Letuy,...,u; € S Vand Ky, ..., Ky be polytopes. Then

Em(uh...7uk7K1,...,Kk/;A1 X...XAk/ XC)

k'

w10 (3 postu) + 3 N(K, F) ) nC
>

i=1 i=1

— 9ok Z

F1€Fm, (K1) Fyy€Fm,, (Ky)

X [uf, Ce . ,U?,Fl, .. .,Fkl](Hml\_Fl)(Al) e (Hmkl\_Fk/)(Ak/).

Wd—j

(b) The map
(ula"'7uk7Kl7"'7Kk’)'_>Em(uh--~7ul€7K17"'>Kk’;')

is weakly continuous on (S%1)" x k¥

Proof. The representation in (a) follows from Theorem 3.2.2} (v) and the integral
property (B.). Let B C R¢ be some cube with supp f C B. The mapping u — u~NB
is continuous on S¢7!. Thus, Theorem (vi) implies that the mapping

(ul, e, Ug, Kl, ey Kk/) — Ed,lywd,lﬂn(uf N B7 A ,u; n B,I(l7 A ,Kk/; )

is weakly continuous on (S?~1)* x K¥'. Together with the continuity of the function
f this implies the assertion. O

The other properties of the mixed support measures collected in Theorem
have obvious extensions to the mixed measures of Definition 3.2.4
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3.2 Translative integral formulas

Translative integral formula for mixed support measures

The mixed support measures fulfil on their part a translative integral formula,
which follows from the homogeneity properties and a comparison of coefficients.

Lemma 3.2.6. Let Ky,..., Ky € K, 5 €{0,...,d=1},j < j <d, k,k € Nand
m = (mq,...,my) € mix(d — j' + j, k), which implies (m,j') € mix(j,k + 1). Let
Ap, .. A C Rand C C S9! be Borel sets. Then

. K
/ Em,j’(K1,~~7Kk7 (Kk+1mﬂ(Kk+v+xz)) ;Al X

(Ré)k' 1 =2

k/
. X Ak X (Ak+1 n ﬂ(Ak+t + .Zl)) X C)d(lg. .. .,J,‘k./)

=2

= Z Em,m’(Kh- .. ,Kk+k/;A1 X ... X Ak+k’ X C)

m’ €mix(j k)
Proof. Observe that
mix(7, k+1) = {(m,j) : m € mix(d — j' + 5, k),j < j <d}
and
mix(j, k+ &) = {(m,m') : m € mix(d — j' + j, k), m’ € mix(j',¥),j < j' < d}.
Applying the translative integral formula for support measures, Theorem 3.2.7] to
the convex bodies K7,..., Ky and Kj1 N ﬂ (Kpyi + Trti — Try1) and using the

i=2

translation invariance of the Lebesgue measure we get

k+k k+k

(R 1 i=2 i=2
d W
-y ¥ / Z (Koo K K O (R + s Ay %
§'=j memix(d—j'+5K) gajw -1 =2
N
X A X At O [\ (Apss + Trs) X C’)d(wk+2, e Thaw). (3.2)

=2

On the other hand an application of Theorem B.2]] to all convex bodies
KI, ey Kk+k’ leads to

k+k k+E
Ej (Kl N n (Kz + CCL)AI n ﬂ (Az + l‘z) X C) d(l’g7 N 7xk+k’)

(Re)k+K 1 =2 =2
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3 Translative integral geometric results for support and area measures

d
Z Z Z Em,m’(KIa EEEE) Kk:+k”; Al XX Ak’+k’ X C) (33)

j'=j memix(d—j’+j,k) m’ Emix(j’,k’)

Scaling (K;, 4;) in and by \; >0forl <i<kandby\ > 0fori >k
and using then the homogeneity properties of the mixed support measures and
substituting z; by Az; for i > k 4 1 implies

zd: Z )\71”1 e )\Zlk)\(kl_l)d'ﬁ/

j'=j memix(d—j’+j,k)
k/

/ Emg (K, Ky, (Kk+1 N m(KIH—i + Ik+i));A1 X ...

(RA)K 1 =2

k,/
oX A X (Ak—H N ﬂ(Ak+l + .Tk_H)) X C)d(fl’k+2, c. 7Ik+k’)

=2

= i Z )\71711 . )\Zlk)\(k’*l)d#i/

j'=j memix(d—j’+j,k)

Z Em,m’(Klw-ka‘Jrk';Al X XAk‘+k’ XC)7

m/€mix(j/ k")
which is a multivariate polynomial in Ay, ..., A;, A. Comparing the coefficients of
the left- and right-hand side yields the assertion. O

3.3 Partial inversion of the translative
integral formula

In this section we express sums of mixed support measures as linear combinations
of translative integrals.

For j € {0,...,d — 1} we need repeatedly the collection of multi-indices
mix(j) := {(my,...,my) € {j,...,d=1} : my+...4+m = (I-1)d+j,1<1<d—j}.
For example it holds

mix(d— 1) = {(d—1)} and mix(d—2) = {(d—2),(d—1,d — 1)}.

For Borelsets A;,..., A, CR%and C ¢ S4 !,k € Nand K1, ..., K, € K we define

T?(K1>7Kk>A177Ak‘7C)
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3.3 Partial inversion of the translative integral formula

(Rd)k~1

...ﬂ(Kk—l—xk);Alﬂ(Ag—O—xg)ﬂ...ﬁ(Ak—i-xk) XC)d(.’L’Q,‘..,(I}k).

We write
T‘J‘(Klw .- ,Kk,C) = Tj (K17~ ..,Kk; (]Rd)k X C)

and
Ty(Ky,..., Kp) =T, (Kl, Ky (RY) x Sd—l) .

Then, we obtain the following partial inversion formula.

Theorem 3.3.1. Let [k] := {1,...,k}. Then

memix(j)
|m|=k
k
:Z(_l)kil Z E(K717,K117A717/All>c)
=1 1<ir<...<iy <k
X 11 Va(K,NA,).

pe{l,...,k}\{i1,....51}

Proof. Forl e {1,...,k} let
By = {(m,...,mp) € mix(j,k) : my = d}.
We define an additive function on the collection of subsets of mix(j, k) by

¢ : P(mix(j, k)) = R, B~ Z En(Kip, . . K Ay x oo x A x O).

meB

By the translative integral formula Theorem and by splitting mix(j, k) in the
set of tuples (my, ..., m;) with no entry equal to d and the set of those tuples with
at least one entry equal to d, we obtain

E(KluuKk7A177Ak7C)

= Z En(K, .o K Ay X oo x A x O)

memix(j,k)
k
= > Em(Kl,...,Kk;Al><...><Ak><C)+<p<UBp>. (3.4)
m‘en‘lixu‘) p=1
m|=k
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3 Translative integral geometric results for support and area measures

Since ¢ is additive, we can apply the inclusion-exclusion principle (see [KR97], p.

7), which yields
1

Ma—

—)" Y e(B,N...NB,)

-1 {p1,--p1}CIK]
k-1
_ k I+1 Z ﬂ B,
P
1:0

fc[k pelk]\I

For each! € {1,...,k} the definition of ¢, the symmetry and the decomposability
property of the mixed support measures stated in Theorem (i) and (ii) imply

el N B=>" DY ZmmEr o KiiArx.ox A x C)

IClk] pe[k\I IC[k] memix(j,k)
|1]=t [I|=l mp=d,pe[k]\I

- Y I vknay
I={i1,....i; } C[k] p[E]\]
x Z ‘:‘WL(Kil?"‘iKil;Ail X"'XA“ XC)

memix(j,l)

Applying again the translative integral formula we get

k—1
(UB> Z 1)kil+l Z ]}(K717>KL17A117A21C)

=1 I={i1,...,i;}C[k]
< [ Va(k,nA,).
pE[R\I

Inserting this in (3.4) we obtain the assertion. O

Remark 3.3.2. We call the inversion formula partial because we have only a repre-
sentation of a sum of mixed support measures. Still for the special case k = d—j we
obtain a complete inversion formula since on the left-hand side there occurs only
the summand

Ed—l (Kl,...,Kd,j;AlX...XAd,jXO).

3.4 Representation of special mixed
support measures

In this subsection we show that some of the mixed support measures, namely those
with some of the indices equal to d — 1 can be represented as integrals with respect
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3.4 Representation of special mixed support measures

to products of the ordinary support measures =,_;. This representation is a main
tool for the investigation of the mixed densities of geometric functionals derived
from the support measures.

In [WeiO1b| Theorem 9.1] Weil obtained a representation of special marginal mea-
sures of mixed curvature measures ®4_1,. 4_1, With some of the indices equal to
d — 1 as an integral with respect to a product of (d — 1)th area measures. Later,
Goodey and Weil showed in [GW(2, Theorem 1] that mixed curvature measures
,,,,, i—1,m have a representation as integrals with respect to a product of sup-
port measures Z,_; where the integrand is a special mixed curvature measure with
some of the convex body valued arguments replaced by halfspaces. This prop-
erty complements the splitting property in the case where some of the indices are
equal to d. The main ingredient of the proof is the explicit representation of the
mixed curvature measures in the case of polytopes. Since an explicit representa-
tion of the mixed support measures for polytopes is also available (Theorem
(v)), Weil and Goodey’s result can be extended to the setting of the mixed support
measures.

For the formulation of the result we need the special mixed measures of Defini-
tion 3.2.4 where some of the convex body valued arguments are replaced by unit
vectors. We obtain the following decomposition result.

Lemma3.4.1. Let j € {0,...,d—1}, k, k' € Nwith1l < k < d—jandm € mix(k+j, k'),

Ki,...,Kjw € Kandlet D := A} x ... x Appp x C C (RDFH x S%1 be a Borel set.
Then

Edfl,“.,dfl,m(Kh cee 7Kk+k"; D)
k
= / . /H 1Al({L'i)Em(u1, ey U, Kk'+17 PN Kk+k’; Ak+1 X ..
b y =l

oo X Ak+k’ X C)Ed_l(Kl,d(xl,ul)) e Ed_l(Kk,d(a:k7uk)).

Proof. If K1, ..., Ky are polytopes it follows from Theorem (v) that

Edtpd—1m(K1, o Ky Ay XX A x O)

-----

-y Y DY

FI€Fa1(K1)  Fi€Fa—1(Kp) Fin1€Fmy (Kis1)  Fyppr€Fmy, Ky pr)
) k+E
7qd—1-j << S N(K;, E)) N C)
" Zlei _ [Fiy o Frp | (HOWF) (A)) - - (HOTIUF) (Ag)
a—j
X (H™ 1) (Ape) -+ (K™ L) (Apesr)- (3-3)
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3 Translative integral geometric results for support and area measures

We denote for a polytope K and F' € F;_;(K) the outer unit normal of F by up.
Then, we have N(K, F') = pos(ur). By Lemma[B.1.2} (i) we have the identity

- 1 _
Zd—-1 (K7 ') = 5 Z (sup Hd 1LF7

FEF4_1(K)
where we use the Dirac measure 4,(-) := 1{u € -},u € S9°!. Furthermore, the
linear subspace g is parallel to the affine hull of F;, which yields [F},. .., Fiip] =
[UJF'vl., ce ,U,#k, Fk-Jrl’ PN Fk+k’]'
Using this in (3.5) yields

Zat,d—1m (K1, oo Ky Ay X X Ay x C)

H ((;kjl pos(u;) + kff N(Ki,Fi)> mC)

i=k+1

[y Y

Wd—j
sk Frt1€Fmy (K1) Frrt €Fmyy (Kyqpr)
k
X [Ui‘, N ,ué‘, Fkr+1, ey Fk+k’] H 1A1, (xj)(HTnlLFk+1)(Ak+1) e (Hmk/\_Fk+k/)(Ak+k/)
i=1
X Edfl(Kly d(.%'h ul)) e Ed,l([ﬂr67 d(.%'k, Ll,k))

The assertion in the case of polytopes follows now since Lemma (a) implies

E’rrn AAAAA mk/(ub-“7uk'7Kk+la"'>Kk+k’;Ak+1 X... X Ak‘+k’ X C)
) k k+k'
Hd_l_j ((Z pOS(”U,i) + Z N(K“Fz)) ﬂC)
_ ok o i=1 i=k+1
Y Y

Fk+1€]:m1 (Kk+1) Fk+k'€]:mk/ (Kk+k')

X ur, ..y, Frats o Feow (™ CFig) (Apg) - - - (™ L) (A

For polytopes K1, ..., K. and every continuous function f : (R?)** x §=1 — R
approximation by elementary functions implies that

/ f(x1,...7xk+kf,u)zd,1 ..... d*l,m(Klw"7Kk+k';d(x17"'7xk7u))

(Rd>k+k’ xgd—1

:/-H/f(xlw-~7Ik+k’au)3m(u17--4auk7Kk+l7-~7Kk+k’§d(xk+17-~-,~Tk+k’7u)
b b

a1 (Ky,d(zy,w)) .. Eam1 (K, d(@g, ug)).
The weak continuity of the involved mixed measures implies the relation for ar-
bitrary convex bodies K7, ..., Kj;, and continuous functions f. This proves the
assertion. !
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3.4 Representation of special mixed support measures

Fork € {1,...,n} and uy,...,u; € S¢! define a measure y,(u1,. .., u;-) on St
by
2k
pe(u, .o g O) = = Vi(uy, . .., u) HH (O Nsconvi{ug, . . ., ug}), (3.6)

Wk

where C' € B(S971). The mapping (u1, ..., ux) — ur(u, ..., uy; ) is weakly contin-
uous on (S471)k. Thus, the same arguments as in the proof of Lemma lead to
a representation of the mixed support measure with all indices equal to d — 1.

Lemma 3.4.2. Letk € {1,...,d}, K1,..., K, € Kandlet D := A; x ... X Ay x C C
(R%)* x S be a Borel set, then

Za-1,..da-1(K1, ..., Ky; D)

k
:/.../uk(ul,...,uk;C)HlA,I.(:L'i) Ed,l(Kl,d(xl,ul))...Ed,l(Kk,d(zL'k,uk)).
5 5 =1

The above relation can be interpreted as a special case of the representation of the
mixed support measure obtained in Lemma .41 where &’ = 0 if we define

mix(k+7,0)={0}, (d—-1,....,d=1,0):=(d—1,...,d—1)

and
E@(ula sy Uk C) = :u’k(ula sy Uk 0)7 Upy -5 U € Sd_1~

As a consequence of Lemma [3.4.T]and Corollary 3.4.2 we obtain then the following
representation for the mixed area measures with some of the indices equal to d —
1.

Corollary 3.4.3. Let j € {0,...,d =1}, b,k e Nwithl < k < d—jand m €
mix(k + j, k'), K1, ..., Ky € K and C C S ! be a Borel set. Then

yerny

\I/d,1 d*l,m(Kla"ka‘#»k';O) = / / \I}m(uh'~'auk‘>Kk+1>"'7Kk+k‘/:/C)
Sd—1 gd—1
Wy (K, duy) .. Wy (K, dug)

and in particular
Uot, a1(Ky,..., Ky O)

= / .../uk(ul,...,uk;C’)\IJd,l(Kl,dul)...\Ifd,l(Kk,duk).
Sd—1 Sd—1

For special full mixed measures there exists a representation as integral with re-
spect to the first area measure.
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3 Translative integral geometric results for support and area measures

Lemma 3.4.4. Let K € K and u € S*. Then

Vl(u,K):% / £(u, 0) U4 (K, dv),
gd—1

where £(u, v) = ga(—{u,v)) with

g2(t) == %(77 —arccos(t))V1 —t2 — %t, te[-1,1],
gs(t) =1+tln(1 —¢t)+ (g —In(2))t, te(-1,1),

k1, k+1 k4 1wk
Gria(t) == = 1)thk(t) o)+ s

€(=1,1),k > 2.

Proof. In [SW08|, Lemma 6.4.1] the relation
Vi(u, K) = 2h" (K, —u)

to the centred support function h* is shown. Berg [Ber69, (4)] derived the integral
representation

W (K u) — ﬁ g, )T (K, dv) (37)

gd—1

of the centred support function. The recursion formula for the functions g, is de-
rived in [Ber69| Theorem 3.3]. It is also shown that g,((u, -)) is integrable on (—1, 1)
for fixed u € S4~1. Observe that for d > 3 it is sufficient to define g, on (—1,1) since
then ¥, (K, -) is an atom free measure for all K € K. This follows since by a result
of Alexandrov [Ale96, Chapter V, §IV, Lemma I] the area measure, which is called
curvature function in [Ale96], with j smaller than d — 1 is atom free.

O
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4 Density formulas for area
measures of Boolean models

4.1 Mean value and density formulas

4.1.1 The isotropic situation

For an isotropic Boolean model the densities of the area measures evaluated at a
fixed Borel set are proportional to the spherical Lebesgue measure by the following
result.

Proposition 4.1.1. Let Z be a stationary and isotropic Boolean model and j € {0,...,.d —
1}. Then, we have

U,(2.0) = wi' V,(2)o(C), CeB(s™).

Proof. For r > 0 we define a measure 4, on gd-1 by
1 (C) ==KV, (ZN 7'Bd,C)
for C € B(S41).

The rotation covariance of ¥; and the isotropy of Z imply that the measure p, is
rotation invariant. By their definition in Section [2.1] the positive part " and the
negative part p of p, inherit the rotation invariance from y,. Since p and p;
are finite positive measures, they are both multiples of the Haar measure on S¢-1.
Furthermore, the total measure is given by

e (ST1) = EV;(Z nrBY).

Thus, we obtain
1 (C) =wy ' o(C)EV; (ZNrBY), CeB[S*™H.

For fixed C' € B(S%!) the functional ¥,(-,C) is geometric and by the definition
([2.7) of the density of a Boolean model we have

_ 1
T,(Z,C) = lim —

r—o0 1Ky

EV,;(ZNrB? 0)
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4 Density formulas for area measures of Boolean models

. 1
= lim —
r—oo 1Ky

=w; ' Vi(2)a(C)

EV;(Z nrBY) w;'o(C)

and thus the assertion. O

4.1.2 The non-isotropic situation

For a non-isotropic Boolean model the following density formulas for the scalar
valued intrinsic volumes have been proven by Weil [Wei90, Corollary 7.5] and are
also stated in [SW08, Theorem 9.1.5].

Theorem 4.1.2 (Weil 1990). Let Z be a stationary Boolean model. Then

% v — _ 1\Iml-1
VaZ)=1- e VaX)  and V](z) — o VaX) Z L

memix(j)

VolX,....X)

forj=0,...,d—1

The translative integral formula for support measures can be used to derive the
following mean value formulas for support measures evaluated at a fixed Borel
set.

Theorem 4.1.3. Let Z be a stationary Boolean model, W € IC, j € {0,...,d — 1} and let
A C R¥and C C 8% be Borel sets.

If j =0, then
E[E(ZNW, A x C)]

— 1 |m|—1 o
=5(W,Ax C)—e Ve Y~ ( |7)n\' [m| E, (W, X, ..., X; A x (RY™=1 < 0)
memix(j) ’
- @MI(WQA)VrrL(Xa 7X) J(C)

and if j > 0, then
E[Z;(ZNW,Ax C)]

v (it
—zwax ) e 3 EUT

~ |m]!
memix(j)

VAW N A) Ty (X, .,X;C)]

[|m|§m(W X, ., X;Ax (Rd)\m\—l x C)
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4.1 Mean value and density formulas

Proof. By (2.6), we have E[|Z;(ZN W, A x C)|] < oo and

E[5(ZNW,AxC)| = (_Zkilyk/m/T(W,Kl,...,Kk)Q(dKl)...Q(de),

Ko

where

T(WKl,qukr): / E](Wﬂ(Kl +11)mm(Kk‘i‘.”Lk),AXC)d(ILh,ZL'k)

Since the series in [2.6) converges absolutely, the function
TW,- ..., ): KF =R

is Q*-integrable. On K the mixed support measures evaluated at A x C' are nonneg-
ative, real-valued functionals and therefore they are also Q*-integrable by Theorem
B-2.1] This shows the existence of densities for the mixed support measures, though
only in the case A = R¢ the density can be formed with respect to the first argu-
ment. Since

mix(j,k + 1) = {(mo, m) : m € mix(d — mo + 7, k),j < mg < d},

an application of the iterated translative integral formula, Theorem B2 with A, =
.. = Ap = R, yields

> (—1)k1
E[Ej(ZﬂWAxC’)]:Z ) ’“Z Z
k=1 mo=j memix(d—mo+j,k)
/Emmm(w, Ky, .. K Ax (RN x C)QH(d(Ky, . .. Ky)).
K
Introducing for m = (my,...,my) € mix(d — mg + j, k) the index [ as the number
of indices among my, ..., my, that are smaller than d we obtain by the symmetry of

the mixed support measures that

E[Ej(ZﬂWA x C)]

00 _ d (mo—j)Nk k’

SErY s (B

k=1 mo=j lI=1{mo>j}

X /E WK, K A (RDF X O)QF(d(K, . .., Ky)).
mEmnx(d mo+j) g m

|m|=l
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4 Density formulas for area measures of Boolean models

Then, we rearrange the summation using the index p = k£ — [ and use the decom-
posability of the mixed support measures, which yields

E[Z;(ZNW,Ax C)]

-y S s Q)

1=1{mo>j} p=1{mo=5} b

d—1
X Y Enam(W X, XA X (R x C) V(X
memix(d—mo+j)
[m[=l
d mo—j ( _1
Z Z Z Emo,m(VVvXa‘-wX;A X (Rd) X C) ValX)
mo=j+1 I=1 rTLGmiT(d‘*’lNL[Hrj)

+Z;(W,Ax C) { _Vd(X)}

Z S M WX XA (BY x OV

mo=j+1 memix(d—mo+j)

+Z,(W, A% C) [1 - e—WX)}

If we use the decomposability of the support measures in the case my = d and the
relation

mix(j) = {(mo,m) : j+1<mg <d—1,m € mix(d —mo + )} U {(4)}
we obtain

E[Z;(ZNW,Ax C)]

_yml -
=5(WAxC)+ Y 1) [m|Zm(W, X, ..., X; A x (RYIM=1 5 0™Vl

~ |m|!
meEmix(j)

—1)Iml-1_ -
—Vawnd) > L\Pm(}(, L X O)eT V)]
memix(j)

|m|!

which yields the assertion for 1 < j < d — 1. A special situation occurs in the
case j = 0. Then, the area measure ¥ is proportional to the spherical Lebesgue
measure.

As a consequence we can apply the translative integral formula Theorem B.2.1] to
the total measure ¥y (-, S* 1) = V;(+) and to the measure ¥,(-, C') evaluated at some
Borel set C' C S9! and compare the right-hand sides. Since the mixed measures
are homogeneous with respect to each of the arguments K, ..., K; we can scale

40



4.1 Mean value and density formulas

each convex body and compare the coefficients of the multivariate polynomial with
respect to the scaling factors. This yields

1
U, (Ky,...,K; C) = o Vi (K1, ..., Ky)o(C), m € mix(0,k).
d

O

As a corollary of the above theorem we obtain a density formula for area measures
evaluated at a fixed Borel set.

Corollary 4.1.4. Let Z be a stationary Boolean model, j € {0,...,d — 1} and C C S9!
be a Borel set.

Ifj =0, then
Uy(Z,C) = 1 e~ Va(X) Z ﬂ* X)o(C)
0\%» Wy " |m“ m ) )
memix(j)
and if j > 0, then
T,(2,C) = e Ve () pete
j( ) )76 Z |m‘| m( ] )

memix(j)

Proof. If we choose A = R? in Theorem [4.1.3 we obtain
v,(Z,C)

1
= lim ————FEV¥;(Z :
A vy a2 e

. 1
= Im e [2077.0)

_ —1)lml-1 o o
T 3 %[|m|\I/,,l(rW,X7...,X;C’)—Vd(rW)\IJm(X,...,X;C)H.

The homogeneity properties of the (mixed) area measures imply

\I’j (TW C) = ’f’j \I/j (VV7 C)

memix(j)

and B B
T, (rW, X,....X;C) =™ 0, (W, X, ..., X;C)

for m = (myq,...,my) € mix(j). Observe that m; < d by the definition of mix(j).
Thus several summands converge to zero and it remains

_ = —1)lmi-1_
\I/j(Za C) :e_Vd(X) Z L\I/"L(X7"‘7X;C)'
memix(j)

ml!
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4 Density formulas for area measures of Boolean models

4.1.3 Density formulas for mixed area measures

The translative integral formula for mixed support measures Lemma implies
a translative integral formula for mixed area measures. By the same arguments
as in the proof of Theorem we can obtain the following density formulas for
mixed area measures where some of the arguments are fixed convex bodies or half-
spaces.

Theorem 4.1.5. Let Z be a stationary Boolean model, Ly,..., Ly € R, j € {0,...,d—1},
j<ji<d—-1,1<k<d—jméemix(d—j +jk)and C C S* ' a Borel set. Then,

(=)=

Uym(Z, La,... Ly C) = e Ve 3" (X, .., X, Ly, ..., Ly C)

m/€emix(j’)

]!

and for uy, ..., uy, € ST we get

T Va(X) (==

\I/H]-(Z.,ul,...,uk;C):e d Z W\I/,,L/(X,....,X,ul,...,uk,;C’).
m’ emix(k+j) ’
Remark 4.1.6. 1f we define densities 7;(X, ..., X; C) of translative integrals of area
measures evaluated at a Borel set C' C S?7! in the usual way, the partial inver-
sion formula Theorem applied to the right-hand side of Corollary yields
a representation of V;(Z, C) as linear combination of densities T;(X, ..., X;C) of
translative integrals with at most d — j entries X.

In the following it will be useful to define also densities of measures. Let W € K
with Vy(W) > 0, € {0,...,d — 1}, ¥ € Nand m € mix(j, k). Then, densities of
(mixed) area measures are defined by

6m(‘Xv77‘X'714) = fyk/\pm(Kh,KkvA)@k(d(Klv7Kk))7 A€ B(Sdil)

K
and EV,(Z N oW; A)
_ . i(Z N oW, _
Ui(Z,A) = lim —2——-"2 A B(SH).
The monotone convergence theorem implies that U, (X,...,X;) defines a mea-
sure. By Corollary U,(Z,-) is a finite signed measure.

4.2 Inversion of density formulas for area measures

So far, an inversion of the density formulas for area measures V¥, is possible for

j = d — 1 since Theorem and Theorem imply
_ — _ 1 _
Va(X)=—-In(1 -V4(Z d VUV, 1(X,)=——<Yy1(Z,). 41
a(X) n( i(Z)) an a-1(X, ) 1—V.(2) i-1(Z,") (4.1)
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4.2 Inversion of density formulas for area measures

The inversion of the density formulas for j < d—1 is more difficult because densities
of mixed area measures are involved. In this section we show that in the most
relevant dimensions d = 2 and d = 3 all densities of the area measures of the
particle process X can be expressed by the densities of the area measures of the
Boolean model. This is a direct consequence of Lemma and Lemma In
particular we obtain in Corollary and Corollary formulas expressing the
intensity v in two respectively three dimensions in terms of the densities of the
area measures of the Boolean model Z. These formulas imply that the intensity -y

is in two dimensions uniquely determined by V»(Z), ¥,(Z,-) and V((Z). In three

dimensions 7 is uniquely determined by V3(2), ¥5(Z,-), V;(Z,-) and V(2).

These uniqueness results are in the spirit of results derived by Weil involving the
surface area measure and support functions [Wei99] or mixed volumes [WeiOTall.

In practise it is a complicated problem to estimate a measure-valued quantity. Thus
we consider in the next chapter applications of the formulas for area measures to
real- and tensor-valued quantities derived from area measures.

At first we express the densities of the area measure of the particle process of order
d — 2 by densities of the area measures of the Boolean model of order d — 2 and
d—1.

For the statement of the result we need the measure py(us,...,ux; ) on the unit
sphere which was defined in foruy,...,u, € S“tand k € N.

Lemma 4.2.1. Let Z be a stationary Boolean model,A € B(S4™1). Then
1

Wy o(X,A) = Td(z)@d_Z(Z, A)
1 1 : _ _
+ 3 (lVd(Z)> / / po(u,v; AYWy (Z, du)Wy_1(Z, dv).

gd—1 gd—1

Proof. We have
mix(d —2) = {(d —2),(d—1,d — 1)}.

Thus, it follows by Corollary that
Uyo(Z, A) = e7Vel¥) {\p“(x, A) - %Ed,lﬂd,l(x, X; 4. (42)

It is well-known (compare Theorem that
e ViX) =1 -V y(2). (4.3)
From Corollary we obtain

Ed,Ld,l(X,X;A):/ //Lg(u,v;A)@d,l(X,du)@d,l(){,dv). (4.4)

gd—1 gd—1
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4 Density formulas for area measures of Boolean models

By Corollary .14 we have
Uy1(Z,A) = e VO, (X, A). (4.5)
Solving #2) for ¥, »(X, A) and combining @3), #4) and (&5) we obtain the as-

sertion. O]

The densities of the area measure of the particle process of order d — 3 have also a
representation by densities of the measures of the Boolean model. Though, we are
not able to obtain an expression involving only densities of the area measures of
the Boolean model instead also the density of the measure ¥ _»(Z, u; -) depending
on a unit vector v € $%! is involved.

Lemma 4.2.2. Let d > 3 and Z be a stationary Boolean model and A € B(S*~!). Then
Wy 3(X, A)
1

= Td(z)@dﬂ%(z’ A)

N (112(2))25 / T o(Z, s ATy (2, du)

1 1 3 _ _ _
N o Ay (Z,du) Ty 1 (Z,dv) U, 1 (Z, dw).
S—lS«—lS(—l

Proof. Since
mix(d —3) ={(d—3),(d—1,d—2),(d—2,d—1),(d—1,d— 1,d — 1)},
Corollary yields
Wy 3(Z, A)

_ - - 1
— ein<X) |:\Ild—3(X7 A) — \Ild_g_’d_l(X., X; A) =+ B\I]d—l,d—l,d—l(Xv X, X; A):| . (46)

By Corollary B.4.3] by the relation

— 1—
\de72(27 Us A) = e_Vd(X) |:\de2(X7 Uu; A) - §\de717d71 (X7 X7 Us A):| ) u € Sd_17

which is a special case of the second formula of Theorem 1.5, and by @3) we
obtain

Wyoa-1(X, X; A)

= / Voo X, u; A)Wa (X, du)
gd—1
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4.2 Inversion of density formulas for area measures

1 — 1— _
= — Uy o (Zu A+ =V g1 (X, X, us A) | Uy (X, du).
/[I—Vd(Z) d2( u ) B d—1,d 1( K )] dl( u)
Sd—l

Then, @35) and Corollary B.4.3imply

_ 1 2 _ _
Ty pg (X, X:A) = [ ——— U, o(Zou: AV, (2. d
-2 (X, X3 A) (1_vd<2)) [ Tial . A (2,0
Sd—1
1—
+ g‘l’d—l,d—l,d—l(X, X, X; A) 4.7)

and

‘Pd—1,d—1,d—1(X7X-,X;A)_(1_‘2(2))3/ / /Mz(uvv-,w;A)@d—l(Zvdu)

Sd—1 gd—1 gd—1

Uy (2, dv) Ty (2, dw). (4.8)

Solving for U, 3(X, A) in @) and combining and (£.8) yields the assertion.
O

Remark 4.2.3. We do not obtain an inversion formula for ¥,;_,(X,-). The reason is
that we would have to express the densities of the area measures

U(X, .., X50), memix(d—4)\ {(d—4)}
using densities of the area measures of the Boolean model Z. We have
mix(d — 4) = {(d—4),(d—3,d— 1),(d—1,d—3),(d—2,d—2),(d—2,d—1,d— 1),
(d—1,d—2,d—1),(d—1,d—1,d—2),(d—1,d—1,d—1,d — 1)},

The densities of the area measures with multi-indices where only one of the indices
is not equal to d — 1 can be treated using Lemma [3.4.1 and the density formulas
for area measures. But the densities of the area measures with the multi-index
(d — 2,d — 2) cannot be expressed in this way.

In two and three dimensions we obtain formulas for the intensity v. Namely, if we
choose A = R? in Lemma we obtain the following result.

Corollary 4.2.4. Let Z be a stationary Boolean model in R?. Then

+;(1_;2(2))2 //,J2 (u,0; 8") Uy (Z, du) T, (Z, dv).

St st
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4 Density formulas for area measures of Boolean models

For d = 3 we can apply Lemma 3.4.4]in Lemma which yields the following
formula.

Corollary 4.2.5. Let Z be a stationary Boolean model in R3. Then

’VZVO(X):ﬁ

N <1_ég(z))2 / / £(u,0) T4 (2, du) Ty (Z, do)

3
+ é (H;S(Z)> ///Mg(u,v,u);SZ)EQ(Z, du)Vy(Z,dv)Vs(Z, dw),
S2 82 52

where ¢ is defined in Lemma[3.4.4

Vo(Z)

Remark 4.2.6. We have derived the formulas for the intensity -y, which are stated in

Corollary and Corollar as special cases of the formulas for ¥, »(X, )

and ¥, 3(X,-) from Lemma respectively Lemma Alternatively, the for-
mulas for the intensity can be obtained by combining the results in [Wei99] (or

[SWO08, p. 433 and p. 441]) with Berg’s representation (3.7) of the centred support
function.
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5 Application to Minkowski tensors

In Chapter [3.1) we have derived mean value formulas for the support measures of
a Boolean model observed in a window (Theorem[£.1.3) and we obtained formulas
for the densities of the area measures of a Boolean model (Proposition and
Corollary . However, for the classification of Boolean models or the compari-
son of two Boolean models it is important to capture the significant properties with
as little redundancy as possible. For this purposes it is desirable to study mean
values of less-complicated functionals derived from the support measures.

For isotropic Boolean models the intrinsic volume densities have already shown to
be a useful choice [AKMO03, [AKMQ9]. On the foundational side, the importance
of the intrinsic volumes V4, ..., V, is expressed by Hadwiger’s [Had57] famous
characterization theorem, which states that the intrinsic volumes are a basis of the
space of real-valued continuous, additive and motion invariant functionals on the
space of convex bodies K. As a consequence of the motion invariance, the intrinsic
volumes reach their limits when it comes to the proper characterization of non-
isotropic structures. Therefore one is interested in finding functionals which are
sensitive to anisotropy and have as little redundancy as possible.

The results of Section [5.1| to 5.5 are published in the joint article [HHKM14] of the
author with Daniel Hug, Michael Klatt and Klaus Mecke.

5.1 Minkowski tensors

In this section we introduce the Minkowski tensors, a collection of tensor-valued
functionals derived from the support measures. Many important physical prop-
erties like elasticity, conductance and permeability are tensorial. Especially in
physics the Minkowski tensors have recently become popular shape descriptors for
anisotropic structures, see [STMK"11, STMK™13|] and the literature cited therein.

We denote by T? the vector space of symmetric tensors of rank p over R?. We use
the scalar product to identify R? with its dual space; then T” can be viewed as the
vector space of symmetric p-linear functionals on R%. A tensor 7' € T? is uniquely
determined by the (f”gfl) values T; = T(es,....6,), 1 <ip <...<i, <d
Therefore, we can identify T? with a (d+£’1)—dimensional Euclidean space, a fact

15lp
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5 Application to Minkowski tensors

which will be often useful. The symmetric tensor product ab € T™** of symmetric
tensors a € T" and b € T* for r, s € N is defined by

(@b, iy = 77 1 9) E : Uiy """ Qi Vi) Vi 1 <yl <,
7r€Sr+s

where S, denotes the symmetric group of order r + s. We write 2" for the r-
fold symmetric tensor product of z € R?% The metric tensor ) € T? is defined by
Q(z,y) = (,y), for z,y € R% The application of a rotation g € O, to a tensor
T € T? is defined by

::T(gfleil,...,gfleip), 1< <. <, <d.

Originally the Minkowski tensors have been introduced in the context of convex

geometric analysis where the characterization of additive functionals (valuations)

on the space of convex bodies K enjoying specific properties is a highly active field

of research. A valuation ¢ on K with values in the tensor space T := € T? is called
p=0

isometry covariant if

p(9K) = go(K), g€ Oq
and if ¢ has a polynomial behaviour with respect to translation of X. This means

that there is some s € N and there are valuations ¢; : K — @ T? such that
p=0

o(K +1) = Z% I, teRLK e K.

Generalizations of Hadwiger’s result, which concerns scalar-valued functionals, to
vector-valued valuations which are isometry covariant have already been found in
the early '70s by Hadwiger and Schneider [HS71},[Sch72a, [Sch72b].

More recently, tensor-valued valuations of higher rank have come into focus and
it immediately turned out that in this case a basis cannot be determined that eas-
ily. The current mathematical study of tensor valuations has been initiated by Mc-
Mullen [McM97]]. For K € K, integers ,s > 0 and 0 < j < d — 1, the Minkowski
tensors are defined by

¥ (K) = / T E (K, dx, ) 5.1)
P
and .
K = ] / z"dz, (5.2)
K
where ¢* = L« o for 1 < k < d. From the properties of the support measures

the following properties of the Minkowski tensors can be derived.
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5.1 Minkowski tensors

Lemma 5.1.1. The Minkowski tensor ®° is positive homogeneous of degree r + j, contin-
uous, additive and isometry covariant on KC. The isometry covariance is of the form

r,s . 1 r— S
o7 (gK—l—t):th Fgoli(K), teR! ge 04K €K

k=0

In [McM97] McMullen conjectured that the basic tensor valuations Q’"CI);’S, r,s,m €
No with 7+ s+2m = p, span the space of continuous, additive and isometry covari-
ant T?-valued functionals, for every p € Ny. Furthermore, it was already observed
by McMullen that the basic tensor valuations satisfy the linear dependencies

zwzéqf o = Zcbg’ St =0, jpeN, (5.3)

where ®7° := 0if j < Oorr,s ¢ Nyorr = dand s > 0. By the basic tensor
valuations do not form a basis of the vector space they span. McMullen’s conjec-
ture was almost immediately confirmed by Alesker [Ale99a), [Ale99b]. In [HSSO08Db]]
it is shown that the linear dependencies are up to linear combinations and
multiplications by () the only ones. In addition, it is shown how a basis can be con-
structed and the dimensions of the corresponding vector spaces are determined.
In applications to Boolean models often only translation invariant functionals are
considered. The space of continuous, additive, translation invariant and rotation
covariant T?-valued functionals on K is spanned by the basic tensor valuations
de)?‘s, s,m € Ng with s 4 2m = p. The only linear dependencies (up to multiplica-
tion by ) and linear combinations) between the translation invariant basic tensor
valuations are

2ms®)* — QP * =0, se€N and =0, (5.4)

which is equivalent to

Py =1{s € 2N0} QWV s € Ny. (5.5)

More information on the mathematical and physical background of the Minkowski
tensors can be found in [Sch00, [HSS08al, [HSS08b), STMK ™11, STMK™13]. Of the
many characterization theorems for valuations with values in some abelian group
G and related to the present work, we only mention [Sch78, [Lud02, [Lud03, [Lud13}
Sch13bl, [HS14]] which are concerned with characterizations of curvature measures,
moment vectors, moment matrices, covariance matrices and local tensor valua-
tions.
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5 Application to Minkowski tensors

5.2 Mixed Minkowski tensors

We use Theorem for the study of the translative integral of a Minkowski ten-
sor. In the following we shall apply integrals and limits to tensors meaning the
application to the real-valued coordinates. An important role is played by the fol-
lowing mixed tensorial functionals.

Let Ky,..., Ky € R, j€{0,...,d—1}, k € N, m € mix(j, k) and r, s € Ny. Then, we
define mixed Minkowski tensors by

(K, ..., Ky) == cg"jj / T E (K, K d(1, .o T, ).
(Rd)k x §d—1

A special case of the mixed Minkowski tensors are the mixed functionals of transla-
tive integral geometry
Vin = @0

The translative integral formula for support measures Theorem leads to the
following translative integral formula for Minkowski tensors.

Corollary 5.2.1.

/ O (KL A (ot ) O O (Kt ) (s, zi) = 3 (K, K.

(Rd)k71 memix(j,k)

The (mixed) Minkowski tensors inherit various properties from the support mea-
sures, which we collect in a corollary.

Corollary 5.2.2. (i) @2 ., (Ki,..., K}) is symmetric with respect to permutations
of {2,...,k}. Forr = 0 it is even symmetric with respect to permutations of
{1,...,k};

(11) Qgﬂ,inzpu,mk(Klv SRR Kk) = (I)Z{O(Kl) q)(r)ﬁi,“.,mk (K2> EERR Kk)
and
(b:jl,d,m;;““,mk (Kl? R Kk) = Vd(KQ) q>;nsl,m3,mk (K17 Ks, ... ) Kk)/

(iii) @35 . (K, ..., Ky) is positively homogeneous of degree m, +r with respect to K,

,,,,,

and of degree m; with respect to K; for i > 2;
(iv) if K,. .., K} are polytopes, then
@0 Ky, ..., Ky)

_ 1 1 s q/d-1-j
o oY / u'H (du)

F1€Fmy (K1) Fr€Fmy, (Kik) (

N(K.F))nse—!

[oN

i=1
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5.3 Mean value and density formulas for Minkowski tensor

x [F,.... F] / 2TH™ (day) H™2 (Fy) - - H™ (F):

Py

(v) the map (Ky,...,Ky) — ®5(Ky, ..., Ky) is additive and continuous on K* and
measurable on R*.

5.3 Mean value and density formulas
for Minkowski tensors

In this section we first establish connections between mean values of the Minkow-
ski tensors of the intersection of Z with a compact, convex window W and the
densities of the particle process X . For the translation invariant Minkowski tensors,
we obtain thus in a second step corresponding relations between the densities of
the Minkowski tensors of the Boolean model and the densities of the Minkowski
tensors of the underlying particle process. As the special case r = s = 0 one obtains
Weil’s well-known formulas for the densities of the intrinsic volumes of a non-
isotropic Boolean model.

5.3.1 The isotropic situation

Under the assumption of isotropy the densities of the Minkowski tensors of a
Boolean model are proportional to the densities of the intrinsic volumes.

Proposition 5.3.1. Let Z be a stationary and isotropic Boolean model, j € {0,...,d — 1}
and s € Ny. Then .
®,°(Z) = 1{s € 2No}ay;,,Q?V;(Z),
where
2 Wi—jWsid

Oédyj,s = — .
sl wy Wd—j+s Ws+1

Proof. By Proposition we have
Ui(Z,) = wg' Vi(Z)a ().
Thus, we get

Wd—j

S \Iy 1 I/ s
Sd—1 gd—1
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5 Application to Minkowski tensors

In [SS02, (24)] it is shown that

/ w'o(du) = 1{s € 2Ny )22 Q5
ya Wst1
o

which yields the assertion. O

5.3.2 The non-isotropic situation

For a non-isotropic Boolean model we obtain the following mean value formulas
for Minkowski tensors as a corollary of Theorem

Corollary 5.3.2. Let Z be a stationary Boolean model, W € K and r,s € Ny. If j = 0,
then

E[0§*(Z NW)] = f* (W) —e V) H

and if 1 < j <d—1, then

o _ 1 |m|—1
E[®°(ZNW)] = &7 (W) —e Ve Y~ (= ‘) i [|m|<I> W, X,...,X)
meEmix(j) m
O (W)B, (X, .. X))

and _
E [07°(ZNW)] = &°(W) (1 - o*Vd@‘)) .

We obtain the following Minkowski tensor density formulas in general dimen-
sion.

Corollary 5.3.3. Let Z be a stationary Boolean model in R? and s € Ny. If j = 0, then

(7)o T e gy, ST

mEmix(0)

=1{s € 2Np} a0, Q%VO(Z)'

and if 1 < j <d—1, then

Vou(X,...,X)

_ _1\Im|]-1
3OS _ o —Va(X) Z (-1 F0s
memix(j)
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5.3 Mean value and density formulas for Minkowski tensor

Remark 5.3.4. For an isotropic and stationary Boolean model the same arguments
as in the proof of Proposition can be used to show that

—0,s

D, (X,...,X)=1{s € 2No}avg; s Vi (X, ..., X),

m
for m € mix(j),s € Ny, j € {0,...,d — 1}.

Thus, a comparison with the density formulas for intrinsic volumes from Theorem
shows that Corollary coincides for an isotropic and stationary Boolean
model with Proposition[5.3.1]

Remark 5.3.5. A comparison of the previous Corollary with Theorem
shows that in the case j = 0 the Minkowski tensor densities do not contain more
information than the scalar valued densities V(Z). Though we would like to point
out that this is indeed not the case for the corresponding mean value formulas for
finite section window W, compare Corollary 5.3.2]in the case j = 0. Namely, if for
pairwise distinct go, . . ., 0 > 0 the mean values E [®(°(Z N g, W)], for k = 0,...,d,
are known, we can separate the summands of different homogeneity degree in the
right-hand side of the corresponding equations by merely solving a system of lin-
ear equations. In particular, if additionally the density V,4(X) is known, we obtain
the density @’} (W, X) in the case d = 2 and the density ®, (W, X) in the case d = 3.

5.3.3 Density formulas for mixed Minkowski tensors

We define mixed Minkowski tensors depending on unit vectors, which are derived
from the special mixed area measures of Definition

LetkeN,je{0,....d—1},1 <K <d—j,u,...,uy € ST, Ky,....,Kx € K,
m € mix(k’ + j, k) and s € Ny. Then we define

0,s .__ ok’ O,s s .
B (K, K, ) = 28 / v \Ifm(Kl,...,Kk,ul,...,uk,.,dv).
Sd—l

As before we use the abbreviation V;, := ®%°. Then the following density formu-

las for the mixed Minkowski tensors are an immediate consequence of Theorem
415

Corollary 5.3.6. Let Z be a stationary Boolean model in RY, Ly,...,L, € R, j €
{0,...,d—=1},j<j<d-1,1<k<d—jméemix(d—j +j,k)and s € Ny. Then,

——0,s vV _1 ‘m/‘ilfo,s
;0 (2, Ly, Ly) = eV N EV" g (X,..., X, Ly,..., L)

m’;m )

~ |/ |!
m’€mix(j’)
and for uy, ..., ux € S we get
_ _1\Im'|-1
FHs “Va(X (-1 =08
Ol Zown, ) =e 0N D (X X, ).

L= |m|!
m’emix(k+j)
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5 Application to Minkowski tensors

5.4 Application to a parametric Boolean model
in the plane

In this subsection we apply the formulas from Corollary to a parametric class
of planar Boolean models with ellipse particles studied in [STMK*11) Section 2.2].
We shall see that for this simple parametric model the obtained density formulas
allow to extract useful information from observations of the Boolean model.

For a € [0,00],7 > O and E € Ky, let Z,, ¢ be a stationary Boolean model with
intensity v and the grains obtained by rotating £ by a random angle 6 € [0, 27).
For oo < oo we assume that the random angle ¢ has the probability density

fa(0) = c(a) |cos8]*, for 6 € [0, 2n),
with
(o) = r+g
EEEC)
that is, the grain distribution of Z,, ,, g is

27

Q) = / L) € -}£,(0) db,

0

where 9(0) € SO(2) is the rotation by the angle §. The grain distribution of
Zooq,e 18 Q = 0p. In the following, we call E the base grain and « the orienta-
tion parameter of the Boolean model. We specify in this particular case the for-
mulas for the densities obtained in Corollary 5.3.3} For this we have to determine
3,°(X),s € No,Vo(X) and V1, (X, X). Starting with the density of the surface

tensor we obtain for s € Ny that

3, (X) =+ / O (K)QAK) =1 / O (I(0)E) fol0)d0.

In the following we identify a p-tensor with an element of R” in the usual way. We
obtain by [STMK*13), (8)], for s € Ny and 4y, ..., 4, € {1, 2}, that

(@I WO)E)), .= Do OO 0O (27"(E)),

Lseees Js

and therefore, for 0 <[ < s, that

—0,s
(‘bl (X))l 1,2 2

1 times s—1 times
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5.4 Application to a parametric Boolean model in the plane

=7 Z,l /(19(9))1,3'1 - (000))1,5,9(0)) 2,5 - (9(0))25, fo (0)dO

< (804(5)),

J1yeensds

s JAL

=1{seven}y > Y (—1)”“(2) (j:é) H (2m —1)

J=0  k=0V(j—s+l) m=1
j+leven
57172]+2k 52
X (@+2m—1) [J(a+2m)™" (@?’S(E>)1...4,1,2, 2 (5.6)
m=1 m=1 /Hl/—’ e
j times s—j times

since we obtain for the integral prefactor in the second line of the above equation
for sy,...,s4,5 € Ngwith sy + ... + s4 = s that

/(19(9))?1(19(9))??2(19(9))3‘?1(19(9))3‘,’2fa (6)do

21

= c(a) /(cos 0)%14] cos 0]“(— sin 0)*2(sin §)**d0
0

0, if 51 + s4 01 s9 + 53 is odd,
(sg+s3)/2 (s1+s4)/2
— T @m-1) I (at+2m-1)
(—1)%2—==t PR , otherwise,
I1 (a+2m)

m=1

by the symmetry properties of sine and cosine and since

r(HrE)

Ca 1 )T
(in )" (cos ' de = 5 iz

o\
(NIE

for a,b > —1; see [Art64, (5.6)] or [WW96), (12.42)]. In the case s = 2 equation (5.6)
simplifies to

_ (a+1) (9Y*(E)), , + (81°(E)),, a (V(E)), .
(DIO,Q(X) _ Yy 1,1 2,2 1,2 A (57)
a+2 o (44(B)), (@82(B)),, + (a+1) (242(B)),

On the other hand, we obtain for the mixed density

2 27

Vit (X, X) / / Vis(9(0))E, 9(02)E) fa (01) £ (02)d01 0
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5 Application to Minkowski tensors

2w 27
— "/2 / / ‘/1,1(19(91 - 92)E7 E)fa(gl)fu(%)deld@
0 0
2w 27
- 72C(O[)Q/ / Vi1 (9(01) E, E) [ cos(01 + 02)]%| cos(62)|” dbrdbz,  (5.8)
0 0

where we have used that V; ; is invariant with respect to simultaneous rotations of
its arguments and that the integrand is 27-periodic with respect to 6;.

Furthermore it follows from [WeiO1b, Corollary 9.2] and the rotation covariance of
the support measures for 6 € [0, 27| that

\/171(19(9)E,E):% / / a (V(0)uy, ug) sin (a (V(0)uy, uz))
R2 xSt RZx St

El(E,d(ml,ul))El(E,d(mg,u2))7 (59)

where a(uq, up) € [0, 7] denotes the smaller angle between uy, us € S*.

Remark 5.4.1. Assume that the above parametric Boolean model is observed and
the densities 0o

(I)l, (Za,'y,E) and VQ(Z%%E)
are therefore known. Is it possible to obtain the parameters o and +y from the above
densities of the Boolean model? To see that this is indeed the case, we use Corollary

B33/ to obtain

B, (Zap) = B, (X) e V20 (5.10)

and (by Theorem f.1.2)
Vo Zang) =1 —e V20 =1 — e 712(B), (5.11)

Thus, (5.17) yields
In(1=Va(Zanr))

=— D 5.12
! Va(E) o1

and, by (.7) and (5.10),

7 ((@82(8) 4 + (#02(8),,) = 268 ()" (Zo)) |

a= 3 (5.13)

—0,2 >
enVa() (q)l (Zaﬂ’Y’E)> 1 v ((I)? 2(E»l,l

In [HHKM14, Section 7.2] equations (5.12) and (5.13) are used to define estimators
for the intensity y and the orientation parameter o and the performance of the latter
is tested in a simulation study.
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5.4 Application to a parametric Boolean model in the plane

Remark 5.4.2. In [STMK™11} Section 2.2] the Boolean model Z, . p with the base
grain E being an ellipse is considered. Pixelized realizations of [0,1]* N Z, , g are
used as input for testing the performance of real-valued characteristics derived
from Minkowski tensors. More precisely, a so-called anisotropy index ;" is in-
troduced, which is defined by

@ (01,
(@ Zu 0,17,

* 0,2
1

)

where
<I>(1)"2 (ZOW,E7 [0, 1] ) = 0(1]2 / 10.12(x) u? E1(ZonE, d(z, ).
R2x St
In [STMK*11, Section 2.2], (3;°*) denotes the mean value obtained by averaging
*0 2 over several realizations of Zo .k and it is observed that for o = 0, that is, in

the isotropic case, we have (3;"?) = 1. Furthermore, (3;"?) seems to be constant

as function of the volume fractlon Vo(Zanp) Unfortunately, we are right now not

able to explain these observations. But if instead of taking the mean value of 3;°?,

the mean value is taken separately for the denominator and nominator, that is, if
(8 (Zarr,[0.112),,)
<((I)(1)72 (Zoz,'y,Ea [O/ 1P)>272>

is considered, our previous results can be used to obtain some insight. The quantity
(5:14) can be considered as an estimator of

E[(007 (Zor 0.1)),
E {(‘1)(1)’2 (Zay: [0, 1]2))2,2} .

Since the support measures are locally determined and by Theorem [£.1.3we obtain
that

(5.14)

(5.15)

B (007 (Zur 0,11)] = B[00 (Zu 128 0,13)] = BL2() o0
(X

E[o
10 ) e~ Va(B)
Therefore, by (5.7), we get
—02
B[00 (Zanr, 0.19), )] (3°00) @1 (@02m),, + (007(B),,

E[(002 (Zans0,12),,]  (8°(%)) (@F(B), + (04 1) (817(B)),

Hence, in the isotropic case (o = 0) the ratio in (5.I5) is equal to 1. Moreover, the
quantity is always independent of the volume fraction V(Z,, ), since the
volume fraction depends by (5.11) only on the intensity  and not on the parameter
a. It is interesting and should be investigated further why these properties are also
observed for the quantity (4;*?) in [STMK*¥11}, Sect. 2.2].
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5 Application to Minkowski tensors

Remark 5.4.3. For a smooth base grain E € C? we obtain special formulas since the
support measure =; can be represented as an integral over the unit sphere weighted
with the curvature radius of E (see (5.16)) or as an integral over the boundary of £
(see (5.17)). We use the abbreviation u(«a) := (cosa, sina) ', a € R and the notation
r(E,u) for the radius of curvature of E at a point z € OF with outer normal u € S*.
The representations of the area respectively curvature measure for smooth convex
bodies from Lemma (ii) lead to

=\(B,-) = % / (), u) € (B, uyH (du), (5.16)
S]
respectively
=(B,-) = %/1{(95,11(96)) € M\ (dx), (5.17)
oF

where for u € S* we denote by z(u) the unique boundary point in F with outer
normal u and, for x € JF, we denote by u(z) the outer normal of E at z. If a
parametrization of 9F is known, (5.17) can be used to determine ®*(E) for s € Ny,
and via equation then also ®,°(X). On the other hand, (5.16) can be used
to determine V;1(9(0)E, E), and then via (5.8) also V1 1(X, X); see (6.18). In fact,
observe that it follows from (5.9) that

o
o

T 2T

1

Via(W(O)E, E) = o— a(u(By = P2 +0),u(0) [sin(By — B2 + 0)]|

3
S—
S—

E

X

r

S

?

—~

(B))r(E,u(B))dB1df,

us

N
B
N

1

5 (1{51 € [0, 7]} By sin(Br) — 1{p1 € (m,27]} (27 — By) sin(ﬁl))

5
S—
S

X

r

—

E u(fy 4 B2 — 0))r(E, u(f2))df1df;

Busin(By) [r(E,u(By + B2 — 0)) + r(E, u(—B1 + B2 — 0))]

I
|-
o\;:)
St~

x (B, u(B2))dB1dps,
and hence
2m 27
Vl,l(X, X) = ’YQC(OZ)Q / / ‘/171(19(91)E, E) | cos(91 + 92)|a‘ COS(92)|a d91d92
0 0

27 2w 2

1
2 2
=7"c(a) 271'/
0

0

/ B sin(B)r (B, u(B2)) [r(E. u(By + B2 — 1))

m
0

o

58



5.5 Planar Boolean model with smooth grains

+ T(E7 U(*ﬁl + ﬁz - 61))} dﬂldﬁg | COS(491 + 92)|o¢‘ COS(92)|a d91d92

27 2w 27 W

)T’(E, u(ﬁg)) [T(E,U([jl + BQ — 61 —+ 62))

(5.18)
+7(E,u(—p1 + B2 — 01 + 65)) ]| cos(6:)|*| cos(62)|*dB1d By dbdbs.

5.5 Planar Boolean model with smooth grains

In this subsection we consider a Boolean model Z with a grain distribution Q which
is concentrated on Ko N C%. We write again u(p) := (cos p,sinp) ', ¢ € R. Then, we
obtain from [Sch13a, (4.26)] and Fubini’s theorem that

T(X) = & 17// (K, u(0)) () d Q(dE)

=’ ﬂ// (K, u(9)Q(dK)u(p)*de,
0

where (K, u) is the radius of curvature of K at u, for K € Ky N C?% and u € S,
compare [Sch13al, (2.49)].

The surface tensor mean values are now related to the Fourier coefficients of the
function ¢ : [0, 271] — [0, 00), where

ole) =7 / H(K, u(p))Q(AE).
Ko

We denote the sth Fourier coefficient of g by g(s). Then, we obtain for s € Ny that

2

i(5) = 5- / gl vdp = o [ g(e)(cos(ie) ~ isin(i))dy

i () () o 79(90)(006 o) (sim 0)dp

J

EETR

Il
/\
Sow
N———

w
<
%
+
3
VS
Ll
I3
—
>
N———
—

S
J= N N——

J times s—7 times
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5 Application to Minkowski tensors

and in the same way that

: slorgs (=0
i=s) =) (j)lJ o (e (X))1,...,1.2,....2'

s ) )

j times s—j times

By the theorem of Carleson [Car66], it holds

s=N

; p isp _
dim ;NQ(S)G =9(¢)

for almost all ¢ € [0, 27]. Hence, it follows that the tensors

3,°(X), seN,

determine
v E[r(Zo,u(p)] foralmostall ¢ € [0, 27],

where Z, denotes the typical grain, i.e., a random convex body with distribution
Q.

Remark 5.5.1. The situation in higher dimensions is similar. Instead of just one
radius of curvature one can use the product of all principal radii of curvature and
the Fourier expansion can be replaced by an expansion into spherical harmonics.

5.6 Uniqueness results for Minkowski tensors

The coordinates of the translation invariant Minkowski tensors <I>?’s are integrals of
the area measure V¥; over spherical monomials of polynomial degree s. By the the-
orem of Stone-Weierstraf the spherical polynomials are a dense subset of C'(S™"!)
with respect to the supremum norm. Thus, the measure ¥, (7, -) is uniquely deter-

mined by the sequence of densities of Minkowski tensors 5]9’5(Z ), s € Nyg. Hence,
the inversion formulas for the densities of the area measures lead to uniqueness
results for the densities of the Minkowski tensors.

In two dimensions we obtain the following uniqueness result.

Theorem 5.6.1. Let Z be a stationary Boolean model in R2. Then, the densities
Vo(Z), 3)°(Z),s € Ny and Vo(Z)

determine uniquely
EVs(Zp), B®Y*(Zy), s € Ny and .
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5.6 Uniqueness results for Minkowski tensors

Proof. By Corollary 4.2.4we have

T = #Q()VO(Z)

+ = 1 <1 — V2 ) ///1,2 U, U2, Sd 1)\I’ (Z dul) (Z dUZ) (519)

The measure V,(Z,-) is uniquely determined by the sequence of densities of

Minkowski tensors 5? *(Z),s € Ny. The assertion follows together with the well-
known relations

Va(X)=—In(1=V,(2Z)) and ;" (X)= 3)°(2).  (5.20)

O

In three dimensions we obtain a uniqueness result of the same nature.

Theorem 5.6.2. Let Z be a stationary Boolean model in R3. Then, the densities
Vi(2), 85°(2), 0,°(Z), s € Ny and Vo(Z)
determine uniquely

EVy(Zp), E®y*(Z), BB (Z), s € No and .

Proof. For j € {1,2} the measure ¥,(Z, -) is uniquely determined by the densities of
Minkowski tensors 5;-] *(Z),s € Ny. Hence, Corollary Lemma and (5.20)
yield the assertion.

O

In dimensions higher than three it is an open problem wether the intensity can be
determined from densities of Minkowski tensors of the Boolean model. Even if we
include densities of mixed Minkowski tensors depending additionally on a unit
vector u, the answer is not known. For example in the case d = 4 we have

mix(0) = {(0), (1,3),(3,1),(2,2),(2,3,3),(3,2,3),(3,3,2), (3,3,3)}.

Thus, the density formula for V(Z) involves the mixed density V(X, X). This
mixed density cannot be simplified using the decomposition results Corollary [3.4.3]
or Lemma[3.4.4

Though, if we include mixed Minkowski tensors depending on a unit vector we
obtain the following result.
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5 Application to Minkowski tensors

Theorem 5.6.3. Let d > 4 and Z be a stationary Boolean model in R<. Then, the densities

——0,s —=0,s

Va(Z), 8, (2),8,75(2), 8"5(Z) and By (Z,u),u € S5 € Ny

determine uniquely

54 —0,s =0,s =0,s
Va(X), 2,71(X), ©475(X), @4 3(X), s € No.

Proof. Since the measure U,_;(Z; -) is uniquely determined by @,",(Z), s € N, the
assertion follows from (5.20), Lemma and Lemma[£.2.2 O

In comparison to the results in two and three dimensions Theorem is unsatis-
factory because densities of mixed Minkowski tensors depending on an arbitrarily
chosen unit vector v are involved. Thus, uncountably many real-valued quantities
have to be known. Furthermore, since the intensity cannot be determined, only a
uniqueness result for densities of the particle process is obtained and not for mean
values of the typical grain Z; as in two and three dimensions.
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6 Application to harmonic intrinsic
volumes

6.1 Harmonic intrinsic volumes

In this section we introduce a completely new collection of geometric functionals
on KC, which we call harmonic intrinsic volumes. Each intrinsic volume is embed-
ded into a sequence, where the first element is the ordinary intrinsic volume and
the other elements are moments of the area measures with respect to orthonormal
functions on the unit sphere. This definition is simple but leads in combination
with the concept of rotation regularity to a surprising new perspective on the den-
sity formulas for the non-isotropic Boolean model.

It is a well-known result that in the isotropic situation the densities of the intrinsic
volumes of the Boolean model can be expressed by the mean values of the intrinsic
volumes of the typical grain and vice versa. These results are the Miles formulas,
see ([-4) in two dimensions. So far in the non-isotropic situation extensions of the
intrinsic volumes (like the mixed volumes) lead only to uniqueness results but not
to explicit inversion results. In two and three dimensions the consideration of the
harmonic intrinsic volumes will enable us to obtain expressions directly compa-
rable to the results for intrinsic volumes in the isotropic situation. That is, we can
express the densities of the harmonic intrinsic volumes of the Boolean model by the
mean values of the harmonic intrinsic volumes of the typical grain and the other
way round.

Moreover, if only a truncated sequence of the densities of harmonic intrinsic vol-
umes of the Boolean model is used to approximate say the intensity, we will obtain
error bounds in terms of the modulus of isotropy. The geometric functionals for
which density formulas were derived previously are motivated by ideas from con-
vex geometry. For instance the consideration of the volume of linear combinations
of convex bodies leads to the mixed volumes[2.2 considered in [Weillal], the investi-
gation of characterization results for valuations on K with prescribed properties in-
spired the definition of the Minkowski tensors, which were considered in Chapter
and [HHKM14]. Also the consideration of densities of the centred support function
in [Wei99] is inspired by geometric ideas. Our harmonic intrinsic volumes, on the
other hand, are, apart from convex geometry, also inspired by harmonic analysis
and approximation theory.
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6 Application to harmonic intrinsic volumes

Recall from Section that the functions Y ,, 1 < p < D(d, 1), form an orthonormal
basis of the space of spherical harmonics of polynomial degree [ € N.

Definition 6.1.1. We define the sequence of harmonic intrinsic volumes of a polyconvex
set K € R by

VIR = [ Vigla)wy(K. du),

Sd—l
where0 < j<d-—1,leNgand 1 < p < D(d,l).

Observe that the harmonic intrinsic volumes depend on the choice of the basis B
in Section 2.4

For each | € Ny we define the vector

VZ(K) — <le’1(K)7 o V.I’D(d’l)(K)) )

J J

The first element of the sequence of harmonic intrinsic volumes in lexographical
order is

Vi (K) = Vi(K), (61)
ie. for (I,p) = (0,1) the jth harmonic intrinsic volume is equal to the ordinary jth
intrinsic volume. For all choices of (I, p) the harmonic intrinsic volume le’p inherits

various properties from the jth area measure, which we collect in the following
lemma.

Lemma 6.1.2. The harmonic intrinsic volume V" is positive homogeneous of degree j,
additive, translation invariant and measurable on R and continuous on K.

In contrast to the intrinsic volumes the harmonic intrinsic volumes are not rotation
invariant. However the following rotation formula holds.

Proposition 6.1.3. Let j € {0,...,d —1},1 € No,1 < p < D(d,l) and K € R. Then

/ V].l’p(ﬁK)l/(dﬁ) _ {VJ(K) (l,p) = (0,1),

0, otherwise.
S04

Proof. The relation for (I,p) = (0,1) follows from and the rotation invariance
of the intrinsic volumes. For (I,p) # (0,1) the rotation covariance of ¥;, which
follows from Theorem (vi) with A = R%, and Fubini’s theorem imply

/ VIPWOK )v(dd) = / / Y, (w) @5 (0K, du)v(di)
SOy S04 §d—1
= / /Yl,p(ﬁu)y(dﬁ)\lfj(K,du).

gd—1 SOd
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6.2 Mixed harmonic intrinsic volumes

Since ¢ is up to a constant the only rotation invariant measure on 5?1, we get

/ VIP(WOK )v(dd) = wy'! / / Yip(v)o(dv) (K, du)
SOd Sd*l S(l—l

= / (YE,IN YE)J)\I’]'(K, du) =0.
Sgd—1

O

For special convex bodies the harmonic intrinsic volumes have more explicit rep-
resentations, which can be deduced from the corresponding representations of the
area measures from Lemma @} The harmonic intrinsic volume le"p (P) of a poly-
tope P is a weighted sum over the j-dimensional volumes of the j-faces of P. On
the other hand, for a smooth convex body K € C? the harmonic intrinsic volumes
have an explicit representation as integrals of the jth normalized elementary sym-
metric function s; of the principal radii of curvature of 0K.

Lemma 6.1.4. Let j € {0,...,d—1}, 1 € Ngand 1 < p < D(d, ).

(i) If P is a polytope, then

1 . L

VP = o 3 e [ v ),
Fer;(P) N(P,F)nSd-1

(ii) If K € C? is smooth, then

V() = o
—J

J

[ Vistwsiwotao.

gd—1

Furthermore, the situation for j = 0 is special. Since the Oth area measure is pro-
portional to the spherical Lebesgue measure, the orthonormality of the spherical
harmonics yields

1, (l,p) = (07 1)>

. (6.2)
0, otherwise.

o - |

6.2 Mixed harmonic intrinsic volumes

We define mixed harmonic intrinsic volumes for & € N,m € mix(j,k) and
Ki,...,Ky; € Rby

V(K. K = / Y, (W)U, (K, ..., Ky;du).

gd—1
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6 Application to harmonic intrinsic volumes

The translative integral formula for support measures Theorem [3.2.T] leads to the
following translative integral formula for harmonic intrinsic volumes.

Corollary 6.2.1.

/ ‘/Jl’p(Klﬂ(.KE‘FIg)ﬁQ(Kk‘f‘{l'k))d(l’g,71'k): Z le Klv"'vK)'

(Rd)k_l memix(j,k)

By Lemma [3.2.3] the mixed harmonic intrinsic volumes are measurable on R. The
mixed harmonic intrinsic volumes inherit various properties from the support mea-
sures, which we collect in a corollary.

Corollary 6.2.2. Let K7, ..., K}, € R be polyconvex sets. Then

Ki,..., Ky) is symmetric with respect to permutations of {1,...,k};

(i) Vi2, o (K. Ki) = Va(KO)VEE (K, ... Ky);

.....

(iv) if K,..., K} are polytopes, then

V;fLZl) ..... mk(Klﬂ ceey Kk)

- Ly Ly / Vi (1) H11 ()

I e Fomy (K1) erfmk(Kk)( k )
Z ﬂSd 1

X [Fr, . B H™ (Fy) HT2(Fy) - - - H™ (F);

(v) the map VP is additive and continuous on K and measurable on R*;

(vi)
‘/m (K1+x17---7Kk+Ik) Vl (K17---7Kk)7 xlw--vxkERd;

m

(vii)
Vrfl’p(O'Kl,...,O'Kk):an,zp(Kl,...,Kk), o € S0,.
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6.3 Mean value and density formulas for harmonic intrinsic volumes

6.3 Mean value and density formulas
for harmonic intrinsic volumes

In this section we first establish connections between mean values of the harmonic
intrinsic volumes of the intersection of Z with a compact, convex window W and
the densities of the particle process X. In a second step we obtain correspond-
ing relations between the densities of harmonic intrinsic volumes of the Boolean
model and the densities of harmonic intrinsic volumes of the underlying particle
process. As the special case (I, p) = (0, 1) one obtains the well-known formulas for
the densities of intrinsic volumes of a non-isotropic Boolean model.

6.3.1 The isotropic situation

Under the assumption of isotropy the mean harmonic intrinsic volume of a Boolean
model intersected with a ball is equal to zero in all cases except for (I,p) = (0, 1).

Proposition 6.3.1. Let Z be an isotropic Boolean model, j € {0,...,d — 1}, 1 € Ny and
1<p< D(d1)andr > 0. Then

EV/?(ZnrB%) =0, (I,p)+#(0,1)

and

0, otherwise.

7z) - {vjw)? (t.p) = (0,1)

Proof. For (I,p) # (0,1) the isotropy of Z, Fubini’s theorem and Proposition
imply

EV'"(Z N rBY) = / E [Vi7 (02 nrBY)] v(ds)
SOq4

=K / VP (9(Z N rBY)) v(dv) = 0.

S0y

The relation for V;’p(Z ) is an immediate consequence. O
6.3.2 The non-isotropic situation

For a non-isotropic Boolean model we obtain the following mean value formulas
for harmonic intrinsic volumes as a corollary of Theorem
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6 Application to harmonic intrinsic volumes

Theorem 6.3.2. Let Z be a stationary Boolean model, W € K,0 < j <d—1,1 € Nyand
1 <p< D(d,1). Then

v —nmte
E {le‘p(ZﬂW)} :le‘p(W) — o ValX) Z %Dm‘vmp(W,X?...,X)
méemix(j)

V(W) VX, .,X)].

m

As a consequence of the previous result we obtain density formulas for the har-
monic intrinsic volumes in general dimension.

Corollary 6.3.3. Let Z be a stationary Boolean model, 0 < j < d — 1,1 € Ny and
1 <p< D(d,1). Then

—1)Iml-1
TP T a(X) (=)™ —ip
V'(2)=e VY Vo (),

méemix(j)

6.3.3 Density formulas for mixed harmonic intrinsic volumes

We define mixed harmonic intrinsic volumes depending on unit vectors, which are
derived from the special mixed area measures of Definition

Let k € N,] S {O,,d—l},l < K < d—j,ul,...,uk/ € Sd_l, Kl,.‘../Kk S IC,
m € mix(k' + j, k), l € Npand 1 < p < D(d, ). Then we define

m

Vl.’p(K17'"7Kk7u17"'7u’€/) = Qk/ / %,P(U)\IIW(K17'"7Kk7u17"'7uk/;dv)'
Sd*l

Then, the following density formulas for the mixed harmonic intrinsic volumes

follow directly from Theorem{.1.5

Corollary 6.3.4. Let Z be a stationary Boolean model, L+, ..., L, € R, j € {0,...,d—1},
J<ji<d-1,1<k<d—jmemix(d—j+jk),l €Noyand1 <p < D(d,l). Then,

. = -1 \m’|71717)
Vj,f’m(z7 Ly, ..., L) = e Va0 Z %Vm’,,m(x, o X, Ly, Ly) (6.3)
m’€mix(j’) ’

and for uy, ..., u, € S9! we get
—ip Vaux) (_1)\m'|7171’p
Viiim(Zoug, .o ug) = e e Z Vo (X X ).

']
m’ emix(k+j)

(6.4)
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6.4 Uniqueness results for harmonic intrinsic volumes

6.4 Uniqueness results
for harmonic intrinsic volumes

The harmonic intrinsic volume le’p is the integral over the spherical harmonic Y,
with respect to the area measure V;. The spherical harmonics are a dense subset
of L?(5971). Thus, the measure U;(Z, -) is uniquely determined by the sequence of
densities of harmonic intrinsic volumes

wlp L, T

Vi (Z) = / YiP(u)W;(Z,du), 1€ Ny, 1<p<D(dI).

gd—1

Hence, we can obtain uniqueness results based on the inversion formulas for the
densities of area measures. The proofs are exactly as for the Minkowski tensors,
which is why we omit them. In two dimensions we obtain the following state-
ment.

Theorem 6.4.1. Let Z be a stationary Boolean model in R2. Then, the densities
Va(2), Vi(2), Vi*(Z),1 e N1 < p < 2and V()
determine uniquely

EVa(Zo), EVi(Zo), BV{*(Zp),1 € N,1 < p < 2and .

Also in three dimensions the mean values of the harmonic intrinsic volumes of
the typical grain are determined by the corresponding densities of the Boolean
model.

Theorem 6.4.2. Let Z be a stationary Boolean model in R3. Then, the densities
Vs(2), V'(Z), ViP(2),1 € No,1 < p < 20 + Land Vo(2)
determine uniquely

EVs(Zo), EVy*(Zy), EVIP(Zy),l € Ng,1 < p < 20+ 1 and 5.

In dimensions higher than three we meet the same problem as for the Minkowski
tensors. That is, we cannot determine the mean values of the harmonic intrinsic
volumes of Z, from densities of harmonic intrinsic volumes of the Boolean model.
Even if we include densities of mixed harmonic intrinsic volumes depending ad-
ditionally on unit vectors, the answer is not known. For example in the case n = 4
we have

mix(0) = {(0), (1,3), (3,1), (2,2), (2,3.3), (3,2,3), (3.3,2), (3,3,3)}.

Thus, the density formula for V(Z) involves the mixed density V,,(X, X), for
which a representation separating the two arguments in a way comparable to
Corollary or Lemma is missing. However, we can at least formulate
the following uniqueness result for the densities of harmonic intrinsic volumes.
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6 Application to harmonic intrinsic volumes

Theorem 6.4.3. Let d > 4 and Z be a stationary Boolean model. Then, the densities

Vd2),ViE2), Vo 2),VEa(2) and Viy(Z,w),
withu € S, 1 € Ny, 1 < p < D(d, 1) determine uniquely

Va(X), Vi (X), V"5 (X), V"5(X),1 € No, 1 < p < D(d, 1).
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7 The method of densities via
harmonic intrinsic volumes

For an isotropic, stationary Boolean model the density formulas for intrinsic vol-
umes can be inverted using the classical method of moments (see e.g. [Mol97]).

In the isotropic and stationary case the densities of the Minkowski tensors are by
Proposition [5.3.1) proportional to the densities of the intrinsic volumes and thus
they do not contain additional information. On the other hand, the densities of the
harmonic intrinsic volumes are all equal to zero in the isotropic situation except for
those which are exactly the densities of the intrinsic volumes. For a non-isotropic
stationary Boolean model an inversion of the density formulas for Minkowski ten-
sors, which were obtained in Corollary is in general not possible because
mixed terms occur. However, in two and three dimensions uniqueness results in
Theorem and Theorem hold, which show that the sequence of all densi-
ties of the Minkowski tensors determines the mean Minkowski tensors of the typ-
ical grain. Results of the same type have been obtained for the harmonic intrinsic
volumes. At first sight these uniqueness results seem quite appealing but actually
they are purely theoretical. In fact, it is not clear how they can be used to directly
determine the intensity, the mean Minkowski tensors, or the mean harmonic intrin-
sic volumes of the typical grain. For this purpose it is necessary to obtain explicit
inversion formulas, i.e. formulas expressing say the intensity in terms of count-
ably many densities of geometric functionals. Results of this kind can be obtained
if we make a minor regularity assumption on the intensity measure. Namely, we
consider a stationary setting which is located between isotropy and anisotropy. We
introduce a rotation-regular particle process (see Definition [/.2.2), that is a particle
process for which the grain distribution fulfils a disintegration property with re-
spect to the Haar measure on SOq4. A density n : Ky x SO; — [0, c0) occurs on which
smoothness assumptions can be made. It is then possible to introduce a modulus
of isotropy expressing how large the deviation from isotropy is. For a Boolean
model obtained from a rotation regular particle process the density formulas for
the harmonic intrinsic volumes can be completely inverted. That is the densities
of the harmonic intrinsic volumes of the particle process can be expressed in terms
of the densities of the harmonic intrinsic volumes of the Boolean model (see Theo-
rem [Z.Z ]l for the result in two dimensions and Theorem for the result in three
dimensions). Still, in practise these inversion results cannot be applied directly,
since infinite sums of densities of the harmonic intrinsic volumes are involved. We
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7 The method of densities via harmonic intrinsic volumes

derive error bounds if only finitely many densities of harmonic intrinsic volumes
are known. The error bounds depend on the previously introduced modulus of
isotropy.

7.1 A disintegration result

The following theorem provides a unique disintegration of every probability mea-
sure on the space of centered convex bodies with respect to a suitable rotation in-
variant measure. The disintegration is made unique by imposing a shift property
on the occurring probability kernel.

Theorem 7.1.1. Let Q be a probability measure on Ko. Then, there is a rotation invariant
probability measure Q on Ko and a probability kernel p : Ky x B(SO4) — [0, 00) which
has for all K € Ko and © € SO, the property

(9K, B) = p(K, BY), B € B(SOy) 7.1)
and fulfils
Q(A) = / / LIK € AVp(K, d0)D(K), A€ B(Ky). (7.2)
Ko SO4

The probability measure Q is unique and the probability kernel p is unique Q—almost ev-
erywhere provided that and are satisfied.

Proof. The main idea of the proof is to find a measure ; on Ky x SO, such that Q
is the image measure of ; under the mapping (K,9) > 9K and Q is the marginal
measure of p on Ko. A disintegration of x implies then the relation (7.2) with a
probability kernel p.

We define a measure Q on K, by
Q:= / / 1{VK € Jv(d9)Q(dK). (7.3)
Ko SOq

The rotation invariance of Q follows from the rotation invariance of v. Now, define
a measure p on Ky x SOy by

. / / HOK, 97 € Ju(do)Q(dK). (7.4)
Ko SOq

Obviously, 1 and Q are related by

Q = u(- x SOy). (7.5)
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7.1 A disintegration result

Furthermore, we have

o= [ [ 1 or) e i)

Ko SOq

_ / 10K € Ju(d(K,9)). (7.6)

KoxSOq

Now, the theorem about the existence of the conditional distribution ([Kal97, Theo-
rem 5.3]) implies the existence of a Q-almost everywhere unique probability kernel
P from Ky to SO, with

WA x B) = / P (K, B)Q(dK), A€ B(K),B € B(S0,). (7.7)
A

The probability kernel p’ fulfils but not necessarily (7.I). To obtain a probabil-
ity kernel which fulfils also (7.I) we construct a smoothed version of p’. Namely,
we define a probability kernel p from Ky to SO, by

p(K,B) = /p’(gK7BQ71)V(dg), B € B(50,), K € K.
S04
The definition (7-4) of  and the rotation invariance of v imply
A x Bo') = u(Ax B), forall g € SO,.
This, the rotation invariance of Q and Fubini’s theorem imply

uax B) = [ uteax Botwtde) = [ [ ek, Be )@k (o

S()d Sod

- / p(K, B)Q(dE).

A

Moreover, the kernel p fulfils the property since the rotation invariance of v
yields for every v € SOy, B € B(SO,;) and K € K, that

p(VK, B) = /p’ (0K, Bo™") v(do) = /p’ (oK, Bio™") v(do) = p(K, BY).

SOd Sod

In order to show the uniqueness we assume for i € {1,2} that Q; is a rotation
invariant probability measure on Ky and p; a probability kernel from Ky to SOq
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7 The method of densities via harmonic intrinsic volumes

such that (Z.I) and are fulfilled. For i € {1,2} we define a measure ; on
K() x S Od by

js(A x B) = / (K, BYDu(AK), A € B(Ky), B € B(SO,).

The mapping 7' : (K, 1) — (K, K") on Ky x SO, is measurable and bijective. For
i € {1,2} the rotation invariance of Q;, the property (7.1)), Fubini’s theorem and the
relation imply for A € B(Ky), B € B(50,) that

ju(T(A x B)) = / / L{(0K.97) € A x Bypi(K, d9)Q,(dK)

Ko SOq

= ///1{(190[(, 071 € A x B}pi(o K, d0)Q;(dK)v(do)

= / / / 1{(WK,097") € A x B}pi(K,d9)Qi(dK)v(do)
S04 Ko SO4

. / / / LK € A} / 1o0~! € BYu(do)pi(K, d9)0y(dK)
S04 Ko SO4 SOq

:/ / 1{0K € A}pi(K,d9)Q;(dK)v(B)

=Q(A)v(B).

Thus, 11 o T' = py o T, which yields iy = po. This implies Q1 = @2 and @1—almost
everywhere p; = p,. O

Remark 7.1.2. In the statement of Theorem [7.1.T) the measure Q lives on the space
of convex bodies. This assumption can be relaxed considerably. The proof carries
over to the more general setting of a compact group G with countable basis operat-
ing continuously on a Hausdorff-space E with countable basis. Thus, a probability
measure Q on £ has a unique disintegration into a G-invariant probability measure
Q on E and a kernel p fulfilling an invariance property of the form (7-I). For exam-
ple a measure Q on the space of centered compact sets Cy fulfils a corresponding
disintegration result.

Remark 7.1.3. For a probability measure Q on Ky we call the unique measure Q from
Theorem [.1.T] the rotation invariant part of Q. By (7.3) the rotation invariant part
of Q has the explicit representation

Q(A) = / / 1{IK € Ay (d)Q(dK), A€ B(Ke). (7.8)

Ko SOq
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7.1 A disintegration result

Remark 7.1.4. The disintegration of measures which are invariant under the action
of a group acting on the measure space is an active field of research, see [Kalll)
GLI1] and the references therein. If we replace the probability kernel p by the
probability kernel

H(K,B) = p(K,B™Y), K € Ko,B e B(SO0y),
we obtain the following equivalent formulation of Theorem [/.1.1]

Let Q be a probability measure on Ky and Q its rotation invariant part. Then, there
is a Q-almost everywhere unique probability kernel p from K, to SO, which is
jointly rotation invariant, i.e.

pOK,9B) = p(K,B), B € B(SO,),K € Ky,9 € SO,

and satisfies

Q://1{ﬂ*1Ke-}ﬁ(K,d19)@(dK)~

Ko SOq

The above statement can be embedded in the general theory of invariant measures.
Namely, we define by

fi = / / 1{(VK,¥) € }u(d9)Q(dK)

Ko SO4

a rotation invariant measure on Ky x SO, which satisfies

0= [ 10K € Y )
KoxS0q
An application of the general disintegration result [Kal07, Theorem 3.5] to the rota-

tion invariant measure /i implies now the existence of the rotation invariant proba-
bility kernel p.

Remark 7.1.5. Combining results from the general theory of invariant measures one
obtains even an explicit representation of the probability kernel p.

Firstly, Kallenberg showed in [Kalll, Theorem 2.4] that we can select representators
of the orbits
SOK ={9K :9 € SOs}, K€Ky

in a u-measurable way, i.e. there is a measurable mapping o : Ky — Ky which has
for Q-almost all K € K, the properties

a(K) € SO,K and a(K) = a(L) for Q-almost all L € SO, K.
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7 The method of densities via harmonic intrinsic volumes

Let
Q= / 1a(K) € JOQ(dK).

Ko

Then, [Kal97, Theorem 5.3] implies the existence of a probability kernel ¢ from Ky
to SO, such that

p= / / 1{(K.9) € -}q(, dD)QdE).

Ko SO4

Secondly, we need the so-called inversion kernel introduced for example in Kallen-
berg [Kalll, Theorem 3.1] or Gentner and Last [GL11, Theorem 2.1]. For K, L € K,
let

Then, the inversion kernel is the unique probability kernel i from K, to SO4 which
has for K € K, the properties

i(0K,9B) =i(K,B), Be€B(SO,),d e S0,
and
(K, SO4(a(K), K)) = 1.

Now, we can show by the uniqueness of the kernel p from Theorem [7.1.1] that p
coincides Q-almost everywhere with

P(K,) = / /1{190*16.}9,(@( ), d9)i(K,do), K € K.

S04 SO,

Namely, p’ fulfils since the rotation invariance of i and « implies for ¢} € SO,
and B € B(K,) that

P WK, B = / g(a(WK), BO~ ' 0)i(VK, do)

= /q(a(K),Bﬁflﬁa)i(K,do) = p'(K, B).
504

Furthermore, o' fulfils (7.2) since (K, -) is concentrated on SO4(a(K ), K) and since
the definition of Q, the rotation invariance of « and the definition of Q and ¢ imply
for A € B(Ky) that

/ / 1{VK € A}y (K,d9)Q(dK)

Ko SOq4

// /1{19“ 'K € AYq(a(K),dD)i(K, do)Q(dK)

Ko SOq SOq
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7.1 A disintegration result

= [ [ 1) € Aya(a (), dn)@(ax)

Ko SO4

= [ [ [ 1tvater) € Aatator). anaarvie)

S04 Ko SOq

_ / / 1H{oa(K) € Abg(a(K), dI)Q(dK)

Ko SOq

_ / / 1{0K € A}q(K,d9)O(dK)

Ko SOq4

=Q(4).

Now, it follows from the uniqueness of the kernel p from Theorem for Q-
almost all K € Ky that

o) = [ [ 100 € Yata (), )ik, do). (7.9)
S04 SOy

Alternatively, (7.9) can be derived via the technique of skew factorization described
in [Kal11]. For this purpose, one has to apply [Kalll, Theorem 4.4] to the invariant
measure /i introduced in Remark [/.1.4

Example 7.1.6. If already the measure Q is rotation invariant, the uniqueness in the
statement of Theorem implies Q = Q and

p(K7'):V7 K € K.

Example 7.1.7. Let m € N, Ei,..., E, € Ky with SOqF; # SO.E; for i # j,

m
ar,...,am >0with >~ a;, =1, ¢, ..., ¢y probability measures on SO4 and
i=1

m

Q= Zm/l{ﬁE € qi(d).

i=1 S04
Then, it holds
=1 504

and the kernel p fulfilling the properties of Theorem 7.1.1 is by Remark [7.1.5 for
@ almost all K € Ky and Borel sets B C SO, given by

p(K,B) = / ¢;(Bo)i(K,do), K € SO4E;,1<i<m.

SOq4
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7 The method of densities via harmonic intrinsic volumes

7.2 Rotation regularity

A probability measure Q on K, is called rotation regular if it has a decomposition
of the form

Q(A) = / / 19K € Adn(K,9)v(d0)QK), A€ B(K,), (7.10)

Ko SOq

with a rotation invariant probability measure Q on K, and a measurable function
n > 0on Ky x SO, satisfying

/ (K, Nr(dd) =1, K eKy (7.11)
S04
and
(oK, 0) = n(K,90), K € Ko, 9,0 € SO,. (7.12)

The following theorem collects several statements which are equivalent to rotation
regularity. Especially Theorem (a) shows that rotation regularity is fulfilled
for a large class of probability measures on K.

Theorem 7.2.1. Let Q be a probability measure on Ko. Then, Q has a disintegration as in
Theorem with a rotation invariant measure Q and a kernel p from ICy to SOy satisfy-
ing (7.1). The rotation regularity of Q is equivalent to each of the following statements.

(a) The probability measure Q is absolutely continuous with respect to a rotation invari-
ant measure Q on K.

(b) For Q—almost every K € K, the measure p(K,-) is absolutely continuous with
respect to v.

(c) The measure pon Ky x SOy defined by

pim [ [ 10 € Yol 0 Qi)

Ko SOq

is absolutely continuous with respect to Q @ v.
Proof. At first we show that the rotation regularity of Q implies (a). For A € B(K,)
the decomposition (7.10), Fubini’s theorem, the rotation invariance of Q and (7.I1)
imply
o) = [ [ 19K € A, 0)Q(K (o)

S04 Ko
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7.2 Rotation regularity

— / / 1{K € A} K,9)Q(dK v (d)

S04 Ko

_ / / 1{K € Ayn(K, id)Q(dK)v(dv)
S04 Ko

_ / 1K € AYy(K,id)Q(dK),
Ko

which shows that Q is absolutely continuous with respect to the rotation invariant
measure Q with Radon-Nikodym derivative K — n(K, id).

Now we show that (a) implies (b). Let f : Ky — [0, 00) be the Radon-Nikodym
derivative of Q with respect to the measure Q. Then, we obtain for A € B(K,) by
the definition of Q, by the absolute continuity of Q with respect to @, by the rotation
invariance of Q and by Fubini’s theorem that

o) = [ ewaptan = [ [ 14 e vaps)@aK p(a0)

SOy S04 Ko
- [ux e ay [ rormanaiar),
Ko SOy4

which implies

Q- / 1{K € -} F(K)Q(dK)
with 0

f(K):=1 /f(ﬂK)u(dﬂ)yéO} (/f(ﬁ[()u(dﬁ)) f(K), K€K

S04
The rotation invariance of Q and Fubini’s theorem imply for A € B(K,) that

Q(A) = / 1{K € A}F(K)Q(K)

Ko

_ / /1{791( € AYFWK)Q(K )v(do)

S04 Ko
_ / / 10K € A} 0K )(d9)Q(dEK).

Therefore, the kernel p from Theorem is by its uniqueness for Q-almost all
K € K, absolutely continuous with respect to v with Radon-Nikodym derivative
¥ — f(IK).
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7 The method of densities via harmonic intrinsic volumes

Now we show that (b) implies (c). For a Borel set E C Ky x SOq and K € K, let
By = {19 € SO, : (KQ?) S E}

Let E be a null set with respect to (@@ v, then v(Eg) = 0 for Q-almost every K € K.
Since we assume that (b) holds, the measure p(k, -) is absolutely continuous with
respect to v. This implies p(K, Ex) = 0 for Q-almost every K € Ky and thus

H(E) = / p(K. Ex)QdK) = 0,

Ko
which yields (c).

Now we show that assertion (c) implies the rotation regularity of Q. We denote by
7" the density of 1 with respect to Q ® v. For every Borel set A C K, the definition
of 1 implies

Q) =4 x 500 = [ [ 4 (K.ow(@QaK), 7.13)
A SOy
Thus, there is a null set N; C Ky such that

/n%Kﬁpum:1,1(em\NL

SOy

Let
n'(K,0), KekKo\N

(K, 09) =
n( ) L, K e Ny.

Then, 5’ fulfils in addition to (713) also the property (7-11). Now, let

n(K,v) == /n/(QK,ﬁg’l)V(dQ)
SOy

Then, the rotation invariance of v and Fubini’s theorem imply tha’c~ n fulfils ([7.11)
and (7.12). The representation (7.2) and the fact that 7' (K, -) is for Q-almost every
K € Ky a v-density of p(K, ) imply for A € B(K,) that

) = [ [ 19K € A (€00 Q).
Ko S04
Thus, the rotation invariance of Q and v and Fubini’s theorem yield

o) = [ [1oxeay [ i(er. o0 tdomana)

Ko SOq SO4
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7.2 Rotation regularity

://1{’[9[(EA}T](K,19)V(d79)Q(dK)7

Ko SO4
which implies that 7 fulfils (7.10) and shows thus the rotation regularity of Q. [J
We call a random convex body Z; rotation regular if its probability distribution is

rotation regular. Of particular relevance is the notion of rotation regularity in the
context of particle processes.

Definition 7.2.2. A stationary process X of convex particles in R? is called rotation
regular if the grain distribution Q has a decomposition of the form
Q) = [ [ 19K € Ay @0 QUK). A€ By, (714)

Ko SOq

with a rotation invariant probability measure Q on Ky and a measurable function
n > 0on Ky x SOy satisfying

/ (K, 9)w(dd) =1, K e K (7.15)
SOq4
and

If X has the intensity v > 0, we say that X is represented by the triple (v,7, Q).
This representation is unique in the sense that v and Q are uniquely determined by
X and 7 is uniquely determined Q ® v-almost everywhere.

The decomposition Lemma [2.5.1] of the Haar measure v on the rotation group can
be used to derive a useful representation of the grain distribution Q. Recall from
Section 2.5] that we can map a unit vector v € S%°! in a measurable way to a ro-
tation 9, € SO, which rotates the first standard basis vector e; to v. This allows
us to replace 1 by a special function on the unit sphere, which is crucial for later
applications of results on the polynomial approximation of functions on the unit
sphere. Namely, we define for K € K, the function 7 : S* ! — [0, 00) by

nK(U) - 7)(K, 1911)7 OES Sd_l.

Now, we obtain the following decomposition result for Q.

Lemma 7.2.3. Let Q be a rotation regular probability measure on KCo. Then

e = [ [ 100K € Apnco)oldn)QK), A€ Bk,

Ko gd-1
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7 The method of densities via harmonic intrinsic volumes

Proof. By Lemma [2.5.T|we obtain

A) = / / LK € Ayn(K, 9)v(dd)Q(dK)

Ko SOq
/ x / / L{0,0K € An(K, 0y0)ve, (d9)o (d)Q(dE).
Ko de 1.SO4(e1)
Then, (7-16), Fubini’s theorem and the rotation invariance of Q yield
A) = / wi / / L0,0K € AWK, 0 ), (d9)o (d)Q(dK)

d
Ko Sd-1 50,4(e1)

= / / wi / 1{0, 9K € AIn(IK,9,)o(dv)Q(dK v, (dV)

SO4(e1) Ko 8

/ / O K € Abp(K,0,)o(d)QdK)
Ko S

and thus the assertion.

7.3 Absolute continuity of densities
of area measures

Let X be a rotation-regular particle process with convex particles represented
by the triple (v,7,Q). The following lemma shows that the densities of the
(mixed) area measures of X are absolutely continuous with respect to the spher-
ical Lebesgue measure. To indicate Radon-Nikodym derivatives of the densities
of the (mixed) area measures we replace the upper case psi in the notation for the

measures by a minuscule psi.

Lemma 7.3.1. Let j € {0,...,d — 1}, m € mix(j,k), k € Nand g : S — R be

measurable, then

/ gV (X, ..., X dv) = wy’ / g(0) (X, ..., X;0) o(dv),

i1 i1
where
Du(Xe Xiv) =t [ / ) QS T S )
(Ko)k 53-1 SOd(el)
Q*(d(K, ..., Ky)),
forv e St
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7.3 Absolute continuity of densities of area measures

Proof. By (7.14) and the rotation covariance of ¥,, we get

[ s (X, Xsdu)
gd—1
k

=~k / / / g(u)‘l/m(ﬁlKl,....,19kKk;du)H7](Ki719i)
(SOQ)F (Ko)k S4-1 =1
Q" (d(Ky, ..., K))W*(d(dy, ..., 0%))
k

= / / / 19111, K1719 192K2 19;119kKk,du)Hn(K“191)

(SO4)k (Ko)k Si-1 =1

Q (K, ..., KW (d(h, ..., 0h)). (7.17)

By ([7.16) we have n(K;, ;) = n(K;, 0197'0;) = n(¥7'9;K;,1). Applying this in
(717) and using the rotation invariance of Q and Fubini’s theorem we obtain

[ st Xidu
Ggd—1

k
:«,k/ //g(vlu)wm(Kl,ﬂ;IﬁQKQ,...,ﬁ;lﬁkKk;du)Hn(ﬁ;%m,ﬁl)
(SOa)* (Ko)k §i-1 =

QMd(Ky, ..., K )V (d(Vy, ..., 9%))

k
:’\/k / / / / g(ﬁlu)\llm(Kl,Kg,.‘.,Kk;du)Hn(Ki,ﬁl)
(804)k=1 504 (Ko)k 541 i=1
Q*(d(Ky, ..., Ki))v (dﬁl) LAy, ..., 1))

:'\/k / / / 191” HT] d’l91) m(Kl,...7Kk;du)@k(d(K174..,Kk)).
(Ko)k Sd=1 SOq

For fixed u € S%~! we obtain by the rotation invariance of v and by Lemma
for the inner integral that

/ g [ (s, 92)w(doy) = / g(er) [ 0l 007 )w(din)

50, i=1 50, i=1

:WJI/ / g(v)Hn(K,-,ﬁvﬂﬁgl)uel(dﬁ)a(du).

S§d=1 504(e1) =t
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7 The method of densities via harmonic intrinsic volumes

This yields together with Fubini’s theorem that

k

/ o) T(X,.. ., X dv) = ! / o)y / / / [0, 9,097 4w, (d0)
gd—1 gda-1 (Ko)k S4=1 SOq4(e1) =t

U (K, .. Ky du)QF(d(Ky, . . ., K)o (dv)
=wj;! / g() Y, (X, ..., X;v) o(dv).

Sd—1

O

If X is additionally a Poisson particle process, the absolute continuity of the densi-
ties of the mixed area measures of X carries over to the densities of the area mea-
sures of the Boolean model Z associated to X.

Lemma 7.3.2. Let j € {0,...,d — 1} and g : S*! — R be measurable. Then

/g(v)@j(Z,dv):w;l/g(v)@j(Z,v)o(dv),
gd—1 gd—1

where
(71)\m|71 o

m g ..

@j(Z7 v) = e ValX) Z LX), ve st

memix(j)

with ¥,,(X, ..., X;) for m € mix(j) defined as in Lemmam

m]!

Proof. By Corollary f.T.4and Lemma [7.3.T| we have

_ = —1)lml-1 —
/g(v)\llj(Z,dv):e_Vd(X> Z L/g(v)\llm()(,“.,)(;dv)

|m]!

gd—1 méemix(j) gd—1
) (=)™ DX, Xiv)o(d
—c > TR g(W) P, (X, ..., X;v)o(dv),
memix(j) ’ gd—1
which implies the assertion. O

Our idea is to make use of the Hilbert space structure on L*(S%"!) to obtain se-
ries representations of the densities of the harmonic intrinsic volumes. Thus, an
important integrability condition will be the finiteness of

a(X) =v / n(K,id)*Vy(K + BY)Q(dK) (7.18)

Ko

since it implies ¢, (X, ..., X;-) € L*(S?!) by the following lemma.
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7.3 Absolute continuity of densities of area measures

Lemma 7.3.3. Let j € {0,...,d — 1}, k € Nand m € mix(j, k). Then

(X, X33 < ca (X

I\E?r

with some cq > 0 which depends only on d.

Proof. For K1, ..., K; € K the decomposability property Theorem 3.2.2}(ii) and the
translative integral formula Theorem B.2.T| can be applied to the mixed functional
V(K1 . .., Ki), which arises as the full support measure. This yields together with
the monotonicity of V; the bound

Vil I, K

= /ﬂj;lvd,m(Bd’Kh e ,Kk)

<k, / V(BN (Ky+ 1) N 0 (K + ay))d (@, . a)
(Rd)k

< kg 'V;(BY) / BN (K +x) 0.0 (K + o) # 0¥d(ay, . ..., doy)

(Rd)k:
k
< kg 'Vi(BY) [ [ Va(K: + BY). (7.19)

i=1

Furthermore, the rotational formula [SW08) (6.20)] implies

Vin K1, 02K, o 9K (d(0, ., 00)) < e [[ Vi (K), (7.20)
(504)+-1 '
for some ¢ > 0 depending only on d. By Lemma [7.3.T|and Hélder’s inequality we
get

/ T (X, X0 (dv)

k

_ / (Vk/ / / T (K 0007100, (d0) (K, ., K du)
Sa-1 (Kg)k §4-1 SO(er) 1

X QK. K3)) o(dv)

k
< /7’“/ / / Hn(Kh19U1919;1)2u61(d19)\11m([(1,4..,Kk;du)
1

Sd-1 (Ko)k S9-1 SOy(er) =
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7 The method of densities via harmonic intrinsic volumes

x Q“(d(Ky, ..., Ky))o(dv)y / Vi Ky, .. Kp)QF(d(Ky, ..., Ky)).  (7.21)

(Ko)*

Then, Fubini’s theorem, Lemma[2.5.1) the rotation invariance of v, the upper bound
(719) for the mixed functional V,,, the shift property (7.16) and the rotation in-
variance of the volume of the parallel set and of the measure () yield for the first
multiple integral in (7:21) that

k
7'“/ // /Hn(m,ﬁvﬁﬁgl)Quel(dﬁ)xpm(Kl,...,Kk;du)
41 (Ko)k $4-1 S0,(er) "=

QMd(Ky, ..., Ky))o(dv)

:wd’yk/ / Hn(Ki,ﬁﬁ;I)Qy(dﬁ)\Ifm(Kl,...,Kk;du)Q’“(d(Kl,..‘,Kk))

(Ko)k §4-1 SO4 i=1

:wﬂk/ /Hn(K,;,19)2u(dq9)Vm(K1,...7Kk)@k(d(K1,...,Kk))

(Koyk S04 "=
k
<er [T [ atdeopvac, + BYQarv(as)
504 =K
k
=cAt / ( / nWK, id)QV'd(ﬁKJrBd)Q(dK)) v(dv) (7.22)
S04 Ko
k
=cqF ( / n(K,id)*Vy(K + Bd)@(dK)) (7.23)
Ko
= ca(X)F, (7.24)

with some ¢ > 0 depending only on d. For the remaining factor in (7.21)) the rotation
invariance of Q and (7.20) imply

k
A* / ViK1, K QK Ky)) < e [ Vil (X0, (7.25)
(Ko)* i=1

with some ¢ > 0 depending only on d. Inserting (7.24) and (7:25) in (7-21)) we obtain
the assertion. O

The integrability condition (7.18) ensures also the L*-integrability of the densities
of the area measures of the Boolean model associated to X.
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7.4 A modulus of isotropy for rotation regular particle processes

Lemma 7.3.4. Let j € {0,...,d — 1}. Then

Im|

19,(Z: )5 < ca e 03 @(X)™ [V, (X)
i=1

memix(j)

with some cq > 0 which depends only on d.

Proof. The representation of ¢,(Z, -) derived in Lemma implies

o -2V - —1)lml=1_
;(Z, )5 =e WalX) )1 Z #qpm()ﬂ LX) | a(dw).
Sd—1 méemix(j) |m‘

For each v € 59! Holder’s inequality implies

~  |m]!
memix(j)
< D (mIh? D X, X
memix(j) memix(j)

This and the upper bounds for the L?>-norm of the densities of the mixed area mea-
sures of X obtained in Lemma([7.3.3]yields the assertion. O

7.4 A modulus of isotropy
for rotation regular particle processes

In this subsection we give first a motivation for the introduction of a modulus of
isotropy and describe its construction in the planar case. Then, we give a short
overview of different moduli of smoothness on the unit sphere, in particular we
present the recently introduced modulus of smoothness on the unit sphere by Dai
and Xu [DX10] and its relation to approximation of functions on the unit sphere
by spherical polynomials. We define a modulus of smoothness on the rotation
group and investigate its relation to the modulus of smoothness on the unit sphere.
Then, we introduce a modulus of isotropy for a rotation regular particle process.
This quantity measures the global variation of the grain distribution with respect to
rotations by angles smaller than a prescribed parameter and will play an important
role for the speed of convergence of series of densities of geometric functionals
related to a particle process.
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7 The method of densities via harmonic intrinsic volumes

7.4.1 Motivation

In applications isotropy is almost never given. Since statistical methods are of-
ten developed under this assumption, small deviations from isotropy have to be
neglected. It is therefore desirable to define a global quantity for the degree of
anisotropy and to relate it to the error made when applying methods which are
designed for the isotropic situation. In stochastic geometry the method of densities
for the estimation of the intensity from the densities of the intrinsic volumes of a
stationary Boolean model is developed under the assumption of isotropy. Our aim
is to show that the method of densities is also applicable in the non-isotropic situa-
tion if the modulus of isotropy is small. To provide the reader with some intuition,
we describe now the basic construction of this modulus of isotropy in the planar
case.

At first we assume that the typical grain Z; in the plane is obtained by rotating a
fixed base grain E € K, by a random angle 6 € [0, 27) with probability density
f. We extend f to a 2r-periodic function on the real line. Then, the traditional
definition of the modulus of continuity going back to Laplace is

w(f,t) = sup |f(x)— f(y)|, t >0. (7.26)

lz—y|<t

We can interpret the value w(f,t) as a measure of the degree of anisotropy with
respect to rotations by angles smaller than ¢.

Now, assume that E is randomly chosen from K, according to a rotation invariant
probability measure Q and then rotated by a random angle with probability density
fr depending on the realization E. In view of the disintegration result from the last
section this is equivalent to a minor assumption of regularity on the distribution of
the typical grain. Now we may consider the value

/ w(fs, )QE), ¢>0

Ko
as a global measure of the deviation from isotropy. Since the method of densities
relies on the densities of the intrinsic volumes it will be of advantage to weight not

only probabilistically but also with respect to the volume of the parallel set of E,
which leads us to the integral

/w(fE,t)v2 (E+ B*)QE), t>0
Ko

as a measure of anisotropy. Another important motivation of the above construc-
tion is that the modulus of smoothness is related to the error made when approxi-
mating a L*-integrable 27-periodic function by trigonometric polynomials.
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7.4 A modulus of isotropy for rotation regular particle processes

7.4.2 A modulus of smoothness on the unit sphere

There exist different attempts to define convenient moduli of continuity on the unit
sphere in dimensions higher than two. Calderén, Weiss and Zygmund [CWZ67]
replace the distance |z — y|, z,y € Rin by the geodesic distance d(u,v) :=
arccos(u, v), u,v € S%°1. Based on rotations one can define also moduli of smooth-
ness of higher order. For ¥ € SO, we define the rotation operator T} applied to a
function f : S — R as

[Tof] (u) := f(Du), ueST!
and the difference operator Ay by
Ay:=Ty— 1

For r € N the r-fold iterated difference operator is

T

ay=(y -1y =% (1) vy v27)

We define a metric d on SO, by
d(91,%2) := max d(thu,Pu), h,% € SOy,

uesd-1
where d denotes on the unit sphere the geodesic distance and we need the set of

rotations
SO4(t) :={0 € SO, : d(9,id) < t}, t>0,

which have distance at most ¢ from the identity rotation. A modulus of smooth-
ness of order r € N (or modulus of continuity for r = 1) based on rotations was
introduced by Ditzian [Dit99] for measurable functions f : S9! — R as

@ (f, t)p ‘= Sup HA:;fHP? t>0,pe [17 OO] (7.28)
9€S04(t)

Observe that for r = 1 and p = oo the definition coincides with the one in
[CWZ67], which is based on geodesic distances. In the following we use also the
recently introduced modulus of smoothness by Dai and Xu [DX10], which is ob-
tained if we replace the set SOy(?) in by the subset of SO4(t) which contains
only rotations in planes which are spanned by two coordinate axes. It has the ad-
vantage that it can be computed more easily because only angles in finitely many
planes are considered.

For a more complete overview of the different moduli of smoothness on the unit
sphere we refer the reader to the introduction of [DXT0] and to the relevant chapters
in two recent monographs on approximation theory on the unit sphere, [AH12,
Chapter 4], which presents the three-dimensional case, and [DX13, Chapter 4].
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7 The method of densities via harmonic intrinsic volumes

Now, we introduce the modulus of smoothness by Dai and Xu in more detail. Let
0 € Rand 1 <i < j < d. We denote by 9; ;9 € SO, the rotation in the (7, j)—plane
by the angle 6. For x = (zy,...,24)" € R? this means for example

Yppx = (scos(p +0),ssin(p +0),z3,...,24),
if (z1, 22) = s(cos @, sing) for s > 0, € [0, 27). We use the abbreviation

Ai.j,@ = Alg

43,6

For measurable f : S! — R Dai and Xu’s modulus of smoothness of order r € N
with respect to the LP-norm with p € [1, 00] is

wr(fit)p == max sup [|A7, 4 fll,, t>0. (7.29)

1<i<j<d o)<t

For the modulus of smoothness of first order we omit the index r. In most cases we
choose p = 2, in this case we omit the index p. Hence, we use the abbreviations

w(f’ t) = wl(f7 t)27 W(f7 t)P = wl(f’ t)p and wT(f'/ t) = wT(f? t)Q'

We use the same notational conventions with respect to r and p for the modulus of
continuity defined in (7.28).

In [DX10] the modulus of smoothness w,(f,t), is defined only for functions f €
LP(S5971), 1 < p < oo, or f € C(S%") for p = co. For our purposes it is more
convenient to drop these assumptions and to allow the modulus of smoothness to
assume the value co. The moduli of smoothness w,(f,t), and &, (f,t), are closely
related to each other. In two dimensions the definitions of both moduli of smooth-
ness coincide. Thus, we obtain for all measurable f : S' — R that

wr(f, t)p =&, (f, t)p- (7.30)
In arbitrary dimension d > 2 one obtains the following relation.

Proposition 7.4.1. Let r € N, p € [l,00], t > Oand f : S9! — R be a measurable
function. Then

wr(fo)y < @ (fi), (7.31)

and
L:)(f, t) S C W(f7 t) (732)

with some constant ¢ > 0 depending only on d.

Proof. A small calculation (carried out in [DX10, p.1241]) shows ¥, ;o € SOq(t) for
0 < <tandeachl < i < j < d. This implies the first inequality. The latter
inequality is shown in [DX10), Corollary 3.11]. O
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7.4 A modulus of isotropy for rotation regular particle processes

Remark 7.4.2. Under additional regularity assumptions on the function f : S¢°* —
R we obtain bounds for the moduli of smoothness.

The difference operator A, ; 4 is related to the angular derivatives D; j, which are de-
fined as derivatives with respect to the angles in the (i, j)-plane. For f € C'(S%),
x € S with (21, 2,) = s(cos @, sin ) for s > 0 and 6 € [0, 27) we have

Do f(x)

0 .
= %0 (scos(f), ssin(8), z3, ..., z,).
For f € C"(S97!) the iterated difference operator satisfies the bound
1AT 501y < clO]"[1D5; f 1l (7.33)
with some constant ¢ > 0, see [DX10, Lemma 2.6, (ii)]. This yields

wr(f,t)p < ct” Jax 107, £l

for f € C"(S%1) and some constant ¢ > 0.
If f is Lipschitz continuous with constant L > 0, i.e.
[f(u) = f(v)] < Ld(u,v), wu,veS
we obtain
If(9u) — f(u)| < Ld(Wu,u) < Lt, we S 9 e S04t

and thus
w(f,t) <o(f,t) < Lt, t>0.

If f is uniformly continuous, there exists for every e > 0 a §(¢) > 0 such that
[f(u) = f(0)] < e if d(u,0) <d(e), w,ve ST
For the modulus of continuity we obtain

Wifit) SO(f,t) <e ift < 8(e).

An important aspect of the modulus of smoothness is its relation to approximation
on the unit sphere by spherical polynomials. Suppose we need for f € L*(S%!) an
upper bound for the error

If = 7fl = inf 1/ ~ala

which we make if we approximate f in an optimal way by spherical polynomials
of degree at most n. Finding such bounds is a problem of approximation theory
on the unit sphere [AHI12,[DX13]. The error of best approximation can be bounded
in terms of the modulus of smoothness of the function f by the following result,
which was obtaind in [DX10, Theorem 3.4].
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7 The method of densities via harmonic intrinsic volumes

Theorem 7.4.3. (Dai and Xu 2010) Let n € Ny and r € N. If f € LP(S*1) and
1<p<ooorfeC(S¥ 1) and p= oo, then

R 1
17 =l < cu (f, ) ,
V4

g€l (59-1 n+1

with a constant ¢ > 0 depending only on d and r.

7.4.3 A modulus of smoothness on the rotation group

Now we define a modulus of smoothness for functions on the rotation group in a
similar way as in the last section for functions on the unit sphere.

For ¢ € SOq we define the operators 1 respectively 7, operating on a function
f:504 = Rby

[Tof1(0) == f(ev) and [T°f] (¥) := f(V0), o€ SO

As beforelet § € Rand 1 < i < j < d. We define the difference operators A, and
Aw',g by
Ay =T,—1

and
A’hjﬂ = Alg

4,7,0 "
For the r-fold iterated operators it holds a binomial relation

T

AT = ; (2) (—1)™%(T},)". (7.34)

Letr € N,p € [1,00],¢ > 0and f : SO; — R be a measurable function. Then, we
define moduli of smoothness of order r by

@ (f,t)p = sup HA:)pr (7.35)
0€S0,(t)
and
wr(ft)p == max sup [|A7; o f[,- (7.36)

1<i<j<d |o|<t

We use the same notational conventions with respect to r and p as for the moduli
of smoothness for functions on the unit sphere.
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7.4 A modulus of isotropy for rotation regular particle processes

Remark 7.4.4. As mentioned in the proof of Proposition [.4.1]it is shown in [DXT0),
p-1241]) that ¥, j o € SO4(t) for 0 < 0 < tand each 1 < i < j < d. Thus, we have

w(f,t) <w(fit), t>0

for all measurable functions f : SO, — R. Similarly as in Remark we obtain
under additional regularity assumptions on the function f : SO; — R bounds for
the moduli of smoothness of first order on the rotation group. If f is Lipschitz
continuous with constant L > 0, i.e.

|f(01) = f(02)] < Ld(D1,02), 1,05 € SO,
we obtain
w(f,t) <w(f,t) < Lt, t>0.
If f is uniformly continuous, there exists for every ¢ > 0 a §(¢) > 0 such that
|f(01) — f(02)] <€, if d(V1,02) < 6(€), V1,09 € SO,
Therefore, we obtain for the modulus of continuity that

w(f,t) <o(f,t) <e ift < i(e).

The moduli of smoothness are invariant under the operator 7 by the following
lemma.

Lemma 7.4.5. For measurable f : SO — R, 0 € SOq,7 € N;p € [1,00] and t > 0, we
have

@r(f,t)p = 0r(T2f, 1)y
and

wr(fit)p = wr(Tf, 1),

Proof. Atfirstletp € [1,00). Then, we obtain by the binomial relation (7.34) and the
rotation invariance of v for ¢ € SO, that

r P

iazresly = | 2(2)(—1)‘7«%) v (d9)
- O/ Z (D) s @) = 1AL

which implies the assertion. For p = oo, the assertion follows since we obtain for
¢ € SOy that

r

> (7) v

q=0

= [[Af oo

r

> (7) v

q=0

AL f oo = sup

€50,

= sup
eSOy,
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7 The method of densities via harmonic intrinsic volumes

The moduli of smoothness of order 1 of products of functions can be bounded
from above in terms of the moduli of smoothness of each function by the following
lemma.

Lemma 7.4.6. Let f,g € L>(S%1), p € [1,00] and t > 0. Then

&(fg:)p <@(f,1) lglloo + Il flloo @(g, 1)

and
w(fg,t)p < w(f, 1) lglleo + I flloo w(g,t)-

Proof. By definition we have
&(fg,t)p = sup T, (fg) = fall
0€504(1)

and
w(fg.t)y = max sup [Ty, (fg) — fol -

1<i<j<d |6|<t

This implies the assertion since we get for each ¢ € SO, that

1T, (f9) = fallo = ITo (f) To (9) = Folly
= 1T, (N)To (9) = FTo (9) Nl + 11F T (9) = Fallp
< NTof = FllolTeglloo + 1 £ llcclTog = gl
= [18¢f1lp lglloc + [1flloo [|Acg]lp-

O

Related to a measurable function f : SO; — R and ¥ € SO, we define two real-
valued functions fy and f* on the unit sphere by

fﬁ(v) = f(ﬁUﬂ)a v E Sd_l

and
) = / fo(v)ve, (d9), ve St (7.37)
SO04(er)
The map f* has a probabilistic interpretation. Namely, f*(v) is the mean value of
f on the set of rotations SO,(e;, v), which rotate e; to v, with respect to the unique

SO,(v)-invariant probability measure on SOy(e;, v), which we denote by v, ,,v €
S4-1 That is, we have

) = / £ o(dD), v € ST

SOg4(e1,v)
The moduli of smoothness for functions on the rotation group are related to the

moduli of smoothness for functions on the unit sphere which are defined via rota-
tions in the following way.
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7.4 A modulus of isotropy for rotation regular particle processes

Lemma 7.4.7. Let t > 0,7 € N,p € [1,00] and f : SO4 — R be measurable, then

([0 < w0l w0y (.1, (7.38)
where one should read 1/oo = 0. The bound remains true if w,(f,t), is replaced by
a)’r(fv t)P
Proof. For all p € [1, oo] the definition of the moduli of smoothness in ([7.35) is

O(f5 )y = sup  ALFl,

CeS04(t)
respectively in ([7.36) it is

w,(f ,t)pzlglgjxdlslllp 1A%, ;0 Il

Thus, it is sufficient to show for ( € SO, that
1ALy < @i IS, p € [1,00)

respectively
1AZf oo < NIAGf oo
For v € S it follows by the binomial relation (7.34) that

r

(AL (w) =) (2) (1)), ve ST (7.39)

q=0

Let
vy = C, q€{0,...,r},ve s

Then, (7:39) and the definition of f* imply

[ALF7] (v)—i()(l)“q / F( @y, 0)e, (d9). (7.40)

— \¢
7=0 SOa(er)

Let g € {0,...,7} and v € S?! be such that the vectors v, e, ..., e, are linearly
independent. It is sufficient to consider this situation, because the linear indepen-
dence holds for o-almost every v € S%~. With the abbreviations

9, = (19, and 0., := GS(er, 0 ea, ..., 0 eq) € SOuler)
we obtain by 2.17), since v, = ¥.e; and by (2.16) that

Uy, = GS(vg, €2,...,eq) = (19,GS ey, 9, s, .., 0 ey)
= (19,0, (7.41)
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7 The method of densities via harmonic intrinsic volumes

Using this relation in (7.40), we can apply the invariance property of v., since ¥.. €
SOq4(e1) to obtain

* - r r— T
[Mfﬂw—EjQy—nq [ s omatan = [ 185 iy (@0
7=0 SOy(er) SOy(er)
For p € [1,00) Jensen’s inequality and Lemma imply
HMFWSL/ /iuagummv%mw>wm—wMAﬂv
541 50,(e1)

This yields the assertion for p € [1, 00). For p = oo the inequality follows from

1Al = sup l/[MﬂMM%M®<sw|MW(H—MfM

YeS

L
As a corollary of Theorem [7.4.3and Lemma [/.4.7] we obtain a bound for the error

of best approximation of f

Corollary 7.4.8. Let n € Noandr e N. If f € LP(SOy) and 1 < p < ocoor f € C(SOy)
and p = oo, then

1
inf [[f"—qll, <c wl/p Wy (f )
p

q€Il, (S4-1) "n +1

where ¢ > 0 depends only on r and d and with the convention 1/oco = 0.

7.4.4 A modulus of isotropy
for a rotation regular particle process

Let X be a rotation regular particle process represented by the triple (v,7,Q) as
introduced in Section Recall that Q is a rotation invariant probability measure
on Ky and 7 is a measurable function on Ky x SO, which is for each K € K a
probability density function with respect to the Haar measure on SO, and satisfies
a special shift property. Furthermore, the grain distribution Q of X has by (7.14)
and by Lemma the two representations

//1A (WE)n(K, 9)v(d9)Q //1A (0, K )k (v)o (dv)Q(dK),

Ko SOq IC[) Sd-1
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7.4 A modulus of isotropy for rotation regular particle processes

for A € B(Ky). Animportant role will be played by the application of the x-operator
from to the second component of the kernel . Thus, it is convenient to intro-
duce the abbreviation

e = n(K,)]", K e Ko. (7.42)

We obtain an alternative representation for nj.

Lemma 7.4.9. Let K € Ky. Then

nie(v) = / nore (V). (d9), v € SO,
SOu(e1)

Proof. By the definition (7.37) of the *-operator it holds

Tie(w) = / [0S, ), (0)ven (dD).

S0q(e1)
The shift property (7.16) yields
(K )]y (v) = (K, 000) = (0K, 00) = nox (v)- (7:43)
This implies the assertion. O

As a consequence of Corollary [7.4.8 we obtain the following upper bound for the
error of best approximation of 7} by spherical polynomials.

Corollary 7.4.10. Let n € Ny, r € Nand K € Ko. If n(K,-) € LP(S0y) and 1 < p < o0
orn(K,-) € C(SOy) and p = oo, then

1

. f * <c 1/p . K. ,———
et i =l < e o (0080, 55)

with the convention 1/o0 = 0 and a constant ¢ > 0 depending only on d and r.

Now, we introduce a modulus of isotropy for particle processes, which will play
an important role for the speed of convergence of certain series of densities of geo-
metric functionals.

Definition 7.4.11. Lett > 0,1 < p < oo,r € N and X be a rotation regular particle
process represented by the triple (v,7, Q). Then, we define the modulus of isotropy
of X by

1/2
D, (X, 1), = (7 / wr (K, ), 02 Val K + Bﬂ@(dm) , (7.4)

Ko
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7 The method of densities via harmonic intrinsic volumes

Remark 7.4.12. If the particle process X is isotropic, we have Q ® v-almost every-
where = 1 by the uniqueness of 7 in the Definition of a rotation-regular
particle process. Thus, @, (X, t), = 0 for all values of 7, ¢ or p.

Remark 7.4.13. The bounds from Remark which hold for the moduli of
smoothness on the rotation group under additional regularity assumptions, im-
ply the following bounds for the modulus of isotropy of first order with p = 2. If
n(K,-) is Lipschitz continuous with constant L > 0 for every K € Ky, i.e.,

‘n(K,ﬁl) - n(K 192)| S Ld(ﬁhﬂQ): 1917192 € SOde € ’C07

then "
DX, ) <L (YEVy(Zo + BY) 2.

If n(K,-), K € Ky is uniformly equicontinuous, i.e. there exists for every ¢ > 0 a
0(e) > 0 such that

|7](K, l91) — ’I](K, 192)| <, if d(ﬂbﬂg) < 6(6), 191,192 S SO(], K e ’CU,

then
DX, 1) < e (VEVa(Zo + BH)Y?, if t < 5(e).

7.5 Polynomial approximation of Radon-Nikodym
derivatives of densities of area measures

Let X be a rotation regular particle process with convex particles. In this section
we derive upper bounds for the error in the L?-norm which arises if the Radon-
Nikodym derivatives of the densities of the area measures of X are approximated
by spherical polynomials in an optimal way.

Recall from Section 2.4 that , is the orthogonal projection on the space I, (5% 1)
of spherical polynomials of polynomial degree at most n.

Imposing only an integrability condition we can bound the approximation error of
the Radon-Nikodym derivative of they density of an ordinary (i.e. not mixed) area
measure in terms of the modulus of isotropy from the previous section.

Lemma 7.5.1. Let j € {0,...,d — 1}, n € No, r € Nand 1;(X,-) as in Lemma If
a(X) < oo, then

_ _ — 1\’
[;(X, ) = 1 3 (X, )5 < ¢ V(X)) @y (Xv n+1) )

where ¢ > 0 depends only on d and r.
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7.5 Polynomial approximation of Radon-Nikodym derivatives

Proof. Lemma [7.3.]implies
:7/ / / Noo-1x (V) Vel(dﬁ)\llj(K,du)@(dK)7 ve St
Ko S4-1 S5O04(e1)

By the representation Lemma [7.4.9 of the x-operator on the kernel 7 we obtain for
each v € 5S4 !and K € K, that

[ k@ vadn) = o), ve st
S04(e1)
Thus, we get
=0 [ [ o, vess
Ko §d—1

Since we can exchange m, with the double integral in the above equation for ¢, (X, -)
by Fubini’s theorem we obtain

0,0 = m, (X (0) = [ / My = Tl (0K, duw) Q).

(7.45)
For each K € Ky and u € S%! the bound from Corollary[7.4.10| yields

1
* * _ 3 * , —1
Wi = mtslle =t v = alle < oo (000K )

with some ¢ > 0 depending only on r and d. The shift property (7.15) of n yields
n (ﬁ;1K7 ) =10 (K7 191:1) = Tﬁ;l [77 (K7 )} .
Thus, Lemma [7.4.5implies

1 1 1
* * Vo —
H%;K — WnnﬁglKHZ < cuw, (T (K, )], -y 1) = cw, (n(K, ), - 1) (7.46)

with some ¢ > 0 depending only on r and d. Equation (7.45), an application of
Holder’s inequality, Fubini’s theorem and (7.46) yield

/ ([8;(X, ) = iy (X, )] () (o)

gd—1

- / (7/ / (515 = Ty ()W (K, du)@(dK))Qa(dv)
Ko sd—1

gd—1
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7 The method of densities via harmonic intrinsic volumes

<o [ ] (oo = momind] ) otaow (. an@uarv,x)
Ko §d—1 gd—1
1

) V),

<) [ (atic)

Ko

Together with Steiner’s formula (2.1) this implies the assertion. O

For the Radon-Nikodym-derivatives of the densities of mixed area measures it is
more difficult to obtain upper bounds for the approximation error. The reason
is that products of special functions derived from the function n have to be ap-
proximated. Thus, we need now the additional assumption that 7 is bounded on
ICO x S Od.

Lemma 7.5.2. Let d > 3, m = (m1,mz) € mix(j,2), j € {0,...,d — 2}, n € Ny and
¥, (X, X;-)as in Lemma If |nlle < o0, then

|Em(X7X; ) - 7T7Lam(XaX; )”%

<@ (X ) Il (P (0700 + Vo ()7 ().

with some ¢ > 0 depending only on d.

Proof. Lemma [7.3.1]implies

wT}’L(X7 X; ')

:72/ / / (ot oot res] (0) s (@0) U (K, Koy du) Q2 (d(C 1, K)).
()Co)z Sd—1 SOd(el)

For K, K> € Ky and v € S?! the shift property and the definition (7.37) of
the x-operator imply

/ ok o] (0) v (d6) = / (s, (K, ]y (0) vy (d0)

SOq(er) SOq(e1)
= [n(EKq, (K, )] (v).

Thus, we have

am(X7X;') :’72 / / [n(ﬁ;lKl)n(ﬁ;1K27)]* (’U) \Ijm(KlvKZ;du)@Q(d(KviZ))'

(Ko)2 s3-1
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7.5 Polynomial approximation of Radon-Nikodym derivatives

By Fubini’s theorem the application of 7,, can be exchanged with the two-fold inte-
gral in the above equation. This yields

/ ([Bon (X, X:7) = 1 (X, X: )] (1)) o (dv)

N / (”2/ /([n(ﬂglKl,-)n(v;%-)]*—wn [0, K, - n(0, Ka, )] (v)
Si-U (Kp)? si

. 2
X \Ilm(Kl,Kg;du)QZ(d(Kl,KQ))) o(dv).
Thus, Holder’s inequality and Fubini’s theorem imply

H%m(X7X7 ) - 7rnam(XaX7 )Hg

/ ||[ 1K1> 7) 19 1K2a')j|* — Tn [77(197:1[(17)7)(191;1[(2’)]*”2

<]CU)2 Sd 1
U, (K1, Koy du)Q?(d(Ky, Ky))y? / Vi (K1, K)Q?(d(Ky, Ky)). (7.47)
(Ko)?

For each K71, K> € Ky and u € S%7! the bound from Corollary for the polyno-
mial approximation of the x-operator implies that

2

| [0, Ky, (9, Ko, )] =m0 [0(0, Ky, n(9, Ko, )]

1

2
<cw (n(ﬁulKlv ')77(191:1[(2’ ')7 n+1>

for some constant ¢ > 0 depending only on d. Since Lemma [/4.5 shows that the
map f — w(f,1/(n + 1)) is invariant with respect to the operator 79,0 € SOy,
using the bound from Lemma [7.4.6] for the modulus of smoothness of products of
functions and applying Holder’s inequality we obtain

w (’r/(ﬁ‘;lKu (0, Ko, ), nh) —w (TW (K2, (s, )], nL)
= (a0 e ) ) < ) + ()] il

< 2[w(n(Ky, ) + w (B2, )] 1]l

Using the above bounds in (7.47), the rotation invariance of Q, the rotational bound

and Steiner’s formula 2.1) we obtain
[ (X, X5) = Tty (X, X5) 13
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7 The method of densities via harmonic intrinsic volumes

1 \? 1\’
SCHTIHio’Y2 / |f’u <TI(K17')7”+1> +w <77(K27')7n+1>

(Ko)?

X Vi (K1, K2)Qd(K7, Ky))y? / ViK1, K2)Q*(d(Ky, K>))

(Ko)?

< clllfer [ (40,0 o )V + BYQR) (Vo (X) + V()

X Vo, (X)V i (X)

_ 1
—clle (X

2
) T KV a(X) 4 Vo ()T (X)
with some constant ¢ > 0 depending only on d. ]

In the previous lemmas of this section we were interested in the densities of area
measures of the particle process X. Now, we assume that X is in addition a Pois-
son particle process and Z is the Boolean model, which is the union set of the
particles of X. Then, we obtain upper bounds for the L*-error which arises if
the Radon-Nikodym derivatives Ej(Z ,-) of the densities of area measures of the
Boolean model with j € {d — 1,d — 2} are approximated by spherical polynomi-
als.

Lemma 7.5.3. Let n € Ny, r € Nand let X be a rotation regular particle process and Z
the associated Boolean model. If a(X') < oo, then

_ — - — 1
[0 a(20) = 0B (2l < 040 T (), (X, )

with some constant ¢ > 0 depending only on d and r.
Proof. Lemma implies

Ed71(27 ) = eivd(X) %dfl(Xv )
and Lemma yields

_ _ — 1
0406 = maa (6l < e/ Tara (00, (X, )

with some constant ¢ > 0 depending only on d and r. Combining both results we
obtain the assertion. O

If we approximate the Radon-Nikodym derivative ¢, ,(Z, -) by spherical polyno-
mials we obtain the following result.
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7.6 A lower bound for the modulus of isotropy

Lemma 7.5.4. Let d > 3, n € Nand let X be a rotation regular particle process with
associated Boolean model Z. If |n||o. < oo, then

||Ed—2(Za ) — Tn Ed—2(Z7 )H2

1 — _
<ce VMg <X7 n+1) (Va2 (X)Y2 + [[1lloe Va-1(X)*?)
with some constant ¢ > 0 depending only on d.

Proof. From Lemma we get

_ = _ 1—
wd72(Zv ) = 67Vd(X) [%2()(7 ) - izpdfl,dfl(Xv X ):| .

Lemma|7.5.1|yields

_ — — 1
[Paa(X, ) = Tadaa(X, )2 < Vara(X)2 (Xv nt 1> ’

with some ¢ > 0 which depends only on d. On the other hand Lemma implies
”Ed—l,d—l(Xa X)) = Ty %d—l,d—l()g X502

<cw (X ) Il Viaoa (X)72

‘n+1

with some ¢ > 0 depending only on d. The assertion follows by combining both
inequalities. U

7.6 A lower bound for the modulus of isotropy

Let X be a rotation regular particle process represented by the triple (v, 7, Q) with
a(X) < oo.
For j € {0,...,d — 1} we denote by

n,1 —n,D(d,n)

VIX) = (Vj’ (X),.... V] (X))

the vector of all densities of harmonic intrinsic volumes of degree n € N;. Then,
the modulus of isotropy

1/2
w(X,t) = (’y/w(n(K, N, )2 V(K + Bd)Q(dK)> , t>0

Ko

from Definition [/.4.1T|with » = 1 and p = 2 has a lower bound proportional to the
Euclidean norm of V; (X).
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7 The method of densities via harmonic intrinsic volumes

Theorem 7.6.1. Let n € Nand j € {0,...,d — 1}, then

770l < e V00w (x,1).

where ¢ > 0 is a constant depending only on d and on the isotropic part 4Q of the distribu-
tion of X.

Proof. Observe that by Definition [6.1.1) the densities of the harmonic intrinsic vol-
umes are related to the densities of the area measures by

ViP(X) = /1HWWﬁE@Kdm.
gd—1

By Lemma the rotation regularity of X implies that the measure ¥;(X,-) is
absolutely continuous with respect to the spherical Lebesgue measure. Since we
have assumed a(X) < oo the bound from Lemma implies that the Radon-
Nikodym derivative ¢;(X,-) is L*-integrable. Thus, we have

71, J—

V(X)) = (Yip, 05(X, ).

Therefore, the upper bound for the approximation of 1;(X -) by spherical polyno-
mials from Lemma leads to

s D(dl)
= 2 !
IViCOIF <3 > v ()"
l=n p=1
=2 D (VX))
l=n YeB;
= H%(X, ) Tn—1 1/)](X7 )Hg
2
SCVAXVM(K1>,
n
which implies the assertion. O

Remark 7.6.2. Recall that by the definition of the modulus of isotropy a small value
of w (X, 1) for large n means that X is almost isotropic. The above result could

1
n

motivate the development of a statistical hypothesis test. For some ¢ > 0 define the

hypothesis H, by
HO : w (X, 1) S t.
n

Theorem [7.6.T| suggests that as a test statistic one could use a suitable estimator of
the value V1 (X) 7 ||[V_1(X)]-
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7.7 Inversion of density formulas for harmonic intrinsic volumes

Remark 7.6.3. 1f X is a Poisson process, we obtain for j = d — 1 a lower bound for
the modulus of isotropy in terms of the densities of the Boolean model Z related to
X. Namely,

Var(Z2) Vi (2)| € cw (X, Tll) ,

where ¢ > 0 is a constant depending only on d.

Remark 7.6.4. Theorem [/.6.1 holds also for the modulus of smoothness of order r
with a constant ¢ which depends additionally on r.

7.7 Inversion of density formulas
for harmonic intrinsic volumes

As main achievements we obtain in this final section in two and three dimensions
a series representation for the intensity of a non-isotropic Boolean model in terms
of the densities of the harmonic intrinsic volumes, that is in terms of real-valued
observable quantities (see Theorem in two and Theorem [7.7.6in three dimen-
sions). For this we combine results from the previous sections of the current chap-
ter. Furthermore, we build on the inversion formulas for the densities of the area
measures, which were obtained in the concluding section of Chapter @l The idea
of the proofs is to use the Hilbert space structure on products of the unit sphere.
This is possible under the assumption of rotation regularity on the grain distribu-
tion, which was introduced in Subsection and a suitable integrability condi-
tion, which ensures by Subsection [7.3] the absolute continuity of the densities of the
area measures with respect to the spherical Lebesgue measure. The disintegration
result for the grain distribution from Section [7.1| shows that the assumption of rota-
tion regularity is rather weak. The constants occurring in the series representations
are known explicitly as scalar products of spherical harmonic functions on the unit
sphere with prescribed functions. As a second step we investigate the error which
arises if the intensity is approximated by the truncated series depending on only
finitely many densities of harmonic intrinsic volumes. We can bound this error
in terms of the modulus of isotropy of the underlying particle process, which was
introduced in Section [7.4] (see Theorem in two and Theorem in three di-
mensions). An essential input of the proofs of these approximation results are the
results on the polynomial approximation of the Radon-Nikodym derivatives of the
densities of the area measures from Section 2.3l
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7 The method of densities via harmonic intrinsic volumes

7.7.1 The two dimensional case

Let Z be a rotation regular Boolean model in R? represented by the triple (v, 7, Q)
with
a(X) = v/n(K., id)?V; (K + B*) Q(dK) < oo
Ko

For u,v € S* let a(u,v) € [0, 7] be the smaller angle between v and v. Then, we
define
o(u,v) == | sin(a(u,v))|a(u,v), u,ve S

Furthermore we use the abbreviation
pi=1/(1-Vy(2)) = 2.

In this subsection we write D(l) := D(2,1),l € N, for the dimension of the space of
spherical harmonics on S* of polynomial degree I. We need the constants

A =1, Yy @ Yi,), forlmeNy,1<p<D(),1<q<D(m). (7.48)

Ilm

Then, we can express the intensity by densities of harmonic intrinsic volumes in
the following way.

Theorem 7.7.1. In two dimensions the intensity -y has the series representation

1) D(m)

v=pVo(Z) + p? ZZZ )Vi(Z).

I,m=0 p=1 q=1

Proof. The inversion result Corollary 4.2.4] yields the representation
y y P

7 =Vo(X) = )+ = //ﬂz u,v; S) Uy (Z, du) ¥, (Z, dv), (7.49)
st
where ) )
pia (u,v; S1) = - Va(u, v)H (sconv{u,v}) = - o(u,v). (7.50)

By Lemma the rotation regularity of X implies that the measure ¥, (Z, ) is
absolutely continuous with respect to the normalized s herical Lebesgue measure
with Radon-Nikodym derivative ¢,(Z, ). By Lemma [7.3.4 the integrability condi-
tion a(X) < oo is sufficient to ensure that z/J (Z ) e LQ(S D). Thus, we can use the
Hilbert space structure on L*((5")?) and (Z.50) in (7-49) to obtain that

7= pVo(2) + E (0 0(2,) @ 0i(2.0)). (751)
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7.7 Inversion of density formulas for harmonic intrinsic volumes

An orthonormal basis on L? ((S5')?) can be defined by tensor products of orthonor-
mal spherical harmonic functions as in Lemma 4.1} Then, the series representa-
tion 217)) of the scalar product implies

oo D(l) D(m)

(@7&1(27') Z Z Z ¥, Ylp®qu)(Ylp®quv¢1( ) 1/) ( ))

I,m=0 p=1 g¢=1

Using the Definition [6.1.T] of the harmonic intrinsic volumes it can be shown for
each choice of [, m, p and ¢ that

(YE-,P ® Ym,qval(zv ) ®$1(Z7 )) = (Yi,pval(z» '))(Ym,qv 1/)1(27 ))

m,q

=V () V(2) (7.52)
and thus the assertion. |
In applications only finitely many densities of harmonic intrinsic volumes of the
Boolean model can be measured. Thus, we are interested in the truncated series

1) D(m)

W= pVo(Z)+ p? Z ZZ aav 2)V"(Z), neN,. (7.53)

l,m=0 p=1 ¢g=1

Obviously v, converges to v as n goes to infinity. Moreover, it turns out that the
speed of convergence is controlled by the modulus of isotropy of the particle pro-
cess X.

Theorem 7.7.2. Let n € Ny. Then

=l £ VAR Vi) @ (X, )

with some constant ¢ > 0.

Proof. For 0 < l,m <n,1 <p < D(l)and 1 < ¢ < D(m) we get by the definition
(7:48) of the constants 7, and by the scalar product representation of the
harmonic intrinsic volumes that

l —m, 1 _ _
CfgLVQp(Z)Vl q(Z) = ;(‘Pv Yl,p ® Ym,q)(Yl,p ® Ymm wl(Z, ) ® wl(Zv ))
1 _ _
= ;(90, Ylﬁp ® Ym,q)(yl,p ® Ym,rp T (”(bl(Z, ) ® 1/}1(27 )))

Thus, the series representation (2.11) of the scalar product and the definition (7:53)
of ~,, imply
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7 The method of densities via harmonic intrinsic volumes

Together with the scalar product representation (7.5])) of v and the Cauchy-Schwarz
inequality we get

|7_77z| - |(99 ¢1( )®17]1(Z7')_7Tn [@1(Za')®1711(z7')])|

:]‘b :]‘b

||S‘9||2 ||¢1( ) ®$1(Z7 ) — T [Jl(z ) ®J1(Z7 )] HQ

Then, we use the upper bound from Lemma for the L*-error which arises if
tensor products of functions are approximated by spherical polynomials to obtain

by =l < & H¢H22II¢1( ) = i (Z, )2 1[0 (Z, )2

Now, the upper bound from Lemma [7.5.3] for the approximation error which oc-
curs if the Radon-Nikodym derivatives of the densities of the area measures are
approximated by spherical polynomials implies

[91(Z,) = 71 (Z, )2 < ep™ '\ Vi(X) @ (X7 (n+1)7)
with some constant ¢ > 0. On the other hand Lemma [7.3.4) yields the bound

[1(Z,)ll2 < ep™ \/A(X)V1(X)
with some constant ¢ > 0. Thus, we obtain the asserted inequality.
O

Remark 7.7.3. If X is isotropic, the modulus of isotropy is equal to zero and v = 7.

Remark 7.7.4. It n(K,-), K € K, is Lipschitz continuous with constant L > 0, then
Remark [/.4.13)implies that

1
IV =l <c—, neN
n

with some constant ¢ > 0 which is independent of n.

Remark 7.7.5. In Theorem|7.7.2we can replace the modulus of isotropy of first order
by the modulus of isotropy w, (X of order r € N. Then, the constant ¢ will
depend on r.

’ n+1)

7.7.2 The three dimensional case

Let Z be a rotation-regular Boolean model in R? represented by the triple (v, 7, Q)
with

a(X) = v/n(K, id)?Vs (K + B®) Q(dK) < oo

Ko
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7.7 Inversion of density formulas for harmonic intrinsic volumes

Recall from Section2.4that D(3, 1) = 2I+1 is the dimension of the space of spherical
harmonics of polynomial degree [ € N on S?. We need the functions

o1p(u, v) := Va(u, ) / Yip(w)H (dw), u,ve S* 1€ Ny, 1<p<2+1,
sconv{u,v}
o3(u, v, w) 1= Vi(u,v, w)H?*(sconv{u,v,w}), u,v,we S?

and
&(u,v) == g((u,v)), for linearly independent u,v € S,

where
4
git)=1—tIn(1+1¢t)— <3 - ln(2)> t, te(—1,1).
Observe that it holds £ € L?((5?)?). This follows since we can bound the L*-norm

of the critical summand in the definition of £. Namely, it follows from the rotation
invariance of o and by using polar coordinates that

({u, 0)* In(L + (u, 0))*0*(d(u, v)

52 §2
= ws / ((e1, v))*In(1 + (eq,v))?0(d(v))
S?
= W3wy / (cos 0)* In(1 + cos #)? sin Odf = 87° (§ In(2)? + % — % 1n(2)> .
0

Then, we define for [,m,0 € Ny, 1 < p <20+ 1,1 <g<2m+land1<s<20+1
the constants

g =7 (PLps Ying ® Yo.5), df,gz =(§,Yip ®Yng)

l,m,o

and
D,q,s

2
el,m,o = % ((}037 Yi,p ® meq & }/:7,5).

We use the abbreviation

p=1/1=V3(2)) =",

Now, the densities of the harmonic intrinsic volumes Vf"p(X ),l € No,1 < p <
20 + 1 of the particle process and the intensity v can be represented in terms of the
densities of the harmonic intrinsic volumes of the Boolean model by the following
result.
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7 The method of densities via harmonic intrinsic volumes

Theorem 7.7.6. Let | € Nyand 1 < p < 2]+ 1, then

2m+1 20+1

V) = oV @)+ Y Y Y e VM2V (2)

m,0ENg g=1 s=1
and
20+1 2m+1

—pVo(Z + p? Z ZZ dpqvlp 2 ( )

I,meNy p=1 ¢g=1
2041 2m+1 20+1

w00 S SN S e v,V (2) V) (2).

I,m,0€Ng p=1 ¢=1 s=1

Proof. By the Definition of the harmonic intrinsic volumes we have

Vi) = [ Viglw) T (X, du).

S2

Thus, the inversion formula for ¥, (X, -) from Lemma yields

70 = V@) + G [ [ [Vt vz, a0 2.v)

52 52 52

with the measure
po(u,v;C) = %VZ(U,U)HI(C Nsconv{u,v}), C € B(5?).

This means

2
—1, —1, — —
V(X)) = oV, (2) + % //w,,p(u,«u)%(z, du)s(Z, dv).
52 52
By Lemma [7.3.2 the rotation regularity of X implies that the measure ¥,(Z,) is
absolutely contmuous with respect to the normalized spherical Lebesgue measure
ﬁ

with Radon-Nikodym derivative ,(Z, -). By Lemma [7.3.4{ the integrability condi-
tion a(X) < oo yields ¥,(Z,-) € L*(5?). Thus, we can write

VI(X) = p V(2 + £ (0 0a(2,) @ 0(2.0)). (7.54)

By Lemma [2.4.1| the tensor products of orthonormal spherical harmonic functions
on the unit sphere form an orthonormal basis of L? ((52)2). Hence, the series rep-
resentation (2.17)) of the scalar product implies

(9917177@2(Z7 ) ® E2(Zv ))
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7.7 Inversion of density formulas for harmonic intrinsic volumes

2m+1 2o0+1

= D0 D (1 Yong @ Yoro) (Yog ® Yo, (2, 1) @ Us(Z, ) .

m,0€ENg ¢g=1 s=1
For each choice of m, 0, ¢ and s the Definition of the harmonic intrinsic vol-
umes can be used to show that
(Ym,q ® K},sa@Q(Za ) ®%2(Z7 )) = (Ym,m@?(zv '))(Yo,wgz(Z? ))
=V, (2) VY (2).

Using this together with the definition of the constants ¢/** as

l,m,0

1
(‘fgl,py }/m,q & Y;),s)v

s

P

l,m,o0

in (7:54) yields the first equation of the assertion.

The relation for the intensity can be obtained by similar arguments. Namely, the
inversion formula for V(X) from Corollary yields

1= ValX) = pVal2) 46 [ [ 6l u(Z,d)Ta(2. o)
52 SZ
+%,03///,ug(u,v.,w;SQ)EQ(Z,du)@Q(Z,dv)TZ(Z.,dw),
SZ SQ SQ

where
2 2 2 2
w3 (u,v,w; §%) = ;Vg(u,v,w)’)'—l (sconv{u,v,w}) = ;(pg(u,v,w).

Thus, we obtain by the absolute continuity of the densities of the area measures
W,(Z,-) and Wy(Z,-) with respect to the spherical Lebesgue measure and the L2-
integrability of their Radon-Nikodym derivatives a representation of y in terms of
scalar products as

Y= pVO(Z)—l—pQ (5:@1(27 ')®E2(Zv '))+%p3(@37E2(27 ')®@2(Zv ')®E2(Zv )) (755)

Now, using the orthonormal basis of L? ((52)2) consisting of tensor products of

spherical harmonic functions from Lemma2.4.T|and the series representation (2.11)
of the scalar product we get

2041 2m+1

(63@1(27 ) ®$2(Z7 )) = Z Z Z (é-:Yl,p ® Ym,fJ) (Yl,p & Ym,m@l(Z> ) ®E2(Zv )) :

lmeNo p=1 ¢=1

Foreachi,m e Ny, 1 <p<2+1land1 < q<2m+ 1wehave

(Yi,p ® Ym,qv@l (Zv ) ® EQ(Zv )) = (Yl,Pval(Zv )) (Ym,mEZ(Z" ))
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7 The method of densities via harmonic intrinsic volumes

= V"2V (2).
This leads by the definition of the constants

i, = (57 Yl,p ® Ym,q)

Im

to
20+1 2m+1

(& (Z,)® =S N @ v 2V 2). (7.56)

I,meNy p=1 g¢g=1
On the other hand we get
(@3,%2(2, ) & EZ(Z ) ® EQ(Za ))

2141 2m+1 20+1

Z Z Z Z (9037 Y},p & Y;n,q ® Y;),s)

l,m,0€Ng p=1 ¢=1 s=1

X (Vip @ Vg ® You, hy(Z, ) @ y(Z,-) @ Uy(Z, )
2+1 2m+1 2041

Z Z Z Z (gp& Y;,p ® Y;n,q &® Y;)“S)Vép VQ"L q V;L,s-

l,m,0€Ng p=1 ¢=1 s=1

Inserting this and (7.56) in (7.55) and by the definition of the constants

s 2
ef??’t o= 37,“_ (9037 Yi,p ® Ym,q ® Y;:,s)

we get the assertion. O

Remark 7.7.7. In dimensions d > 3 an inversion formula can be obtained by the
same arguments for the density Vfi’_mZ (X). For an index smaller than d — 2 the situ-

ation becomes more difficult. For example we cannot express the density V;’W;(X )
by the densities of the harmonic intrinsic volumes of the Boolean model because of
the density of the mixed area measure ¥, _5(Z,u;-) which occurs in Lemma 4.2.2) -

For an application of the inversion formulas it is necessary that the involved series
converge fast enough. Thus, we consider the truncated expressions involving only
densities of harmonic intrinsic volumes up to the order n € Ny. Namely, for | € Ny
and1 <p <2l +1let

n  2m+12o0+1

V' X)u=pV" 2+ 02 Y 30N s v (2) VN (2) (7.57)

m,0=0 ¢g=1 s=1

and

n  20+12m-+1

W= Vol 2) 402 S SN @ v (2) vy (2)

I,m=0 p=1 q=1
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7.7 Inversion of density formulas for harmonic intrinsic volumes

n 2141 2m+1 20+1

00 3 SN e V)V 2V (2). (7.58)

l,m,0=0 p=1 ¢=1 s=1

Itis clear that ;" (X), converges to W (X) and , to 7y as n goes to infinity. In the
first case the speed of convergence can be bounded similarly as for the intensity in
two dimensions by the modulus of isotropy of the particle process.

Theorem 7.7.8. Let n € Ng,l € Nyand 1 < p < 2l + 1, then

[VP(X) = ViP(X)| < e VIT 1 VaX) VolX) & <X, 1)

n+1

with some constant ¢ > 0.

Proof. For 0 <m,0<mn,1<q<2m+1land1<s <20+ 1 the constants ¢;7" are
defined as
ey = Tril(wl,pa Ym,q X Yo,s)

“l,m,0

and we have

VINDVEZ) = (Vg @ You TalZ, ) 07
)

(Z,
= (Ying ® You T [U5(Z,) @ ¥y(Z,-)]).

Thus, the definition (757) of ¥,”(X), and the series representation @.I1) of the
scalar product imply

n  2m+1 20+1

1, —1, _
VI X =V (2) 40" D D0 7 (1 Ving ® Vo)

m,0=0 ¢g=1 s=1

X (qu ® Y;,svﬂ'n [$2(27 ) ®$2(Z )])
= pVi"(2) + P 1 (s T [92(Z, ) © (2, )]).-

Together with and the Cauchy-Schwarz inequality this yields

Vy"(2) = V,"(2).]
- /)2 L ’(‘pl,paEQ(Zv ) ®J2(Zv ) — Tn [EZ(Zv ) ®J2(Zv )])‘
< P17 oiplle 192(2,) © 6o(Z, ) = 1 [05(2,) @ 6o(Z, )] ||2-

Now the upper bound from Lemma for the L*-error which arises if tensor
products of functions are approximated by spherical polynomials implies

71’ 7l7 _ f— J— J—
Vi (2) = Vi (2)al < p? 20 Hlppllz 192(Z, ) = mutby(Z, )2 [[2( 2, ) |2
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7 The method of densities via harmonic intrinsic volumes

For u,v € S? we have

loup(t, 0)] = |Va(us,0) / Yi () (dw)| < 27][Yi .

sconv{u,v}

This implies together with Lemma [2.4.3] and 3,1) = 2l + 1 that [Jgpll <
2mv/2] + 1. Furthermore, we obtain by Lemma 3 that

5.2, = w2 < e T @ (X, 1)

with some constant ¢ > 0. On the other hand Lemma implies

[2(Z,)ll2 < ep™ Va(X) /Va(X)

with some constant ¢ > 0. These bounds imply together the assertion. O

If the intensity v is approximated by the truncated series +, depending only on
densities of harmonic intrinsic volumes of order at most n for some n € N, then
the approximation error can be bounded from above in terms of the modulus of
isotropy of X. The treatment of the intensity in three dimensions is more difficult
than in two dimensions. Therefore, we need the additional assumption that the
function 7 is bounded from above on Ky x SO,,.

Theorem 7.7.9. Let n € Ny and ||n]|o. < oo, then

1\ -
*n< w in b(X o8]
=l < 0@ (X, ) 500

with some constant ¢ > 0 and

BX) 1= A Va(X)¥2 + V/a(X) Va(X)2 4+ \/a(X)V1 (X)Va(X).

Proof. By equation (7.55) we have

Y= /OVO(Z) + /O2 (67&1(27 ) ®%2(Zv )) + 3/)3(@037¥2(Z7 ) ®J2(Z ) ®@2(Zv ))

3
On the other hand we have

n  2l+12m-+1

Ya=oVo(2)+02 Y. 3N @t ViT(2)V, M (2)

I,m=0 p=1 ¢=1
n 20+1 2m+1 20+1

D IDIDID LA

l,m,0=0 p=1 ¢=1 s=1
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7.7 Inversion of density formulas for harmonic intrinsic volumes

= VolZ) + (6 [31(2,) @ 0a(2,)])
0o (onma [Ba(2,) 02, © Tl 2,)])

This follows since we have for 0 < I,m <n,1 <p<2l+1,1<q < 2m+ 1 the
identities

dlp.,gz = (& Yip,® Ym,q)
and

Vi (23 (Z) = (Yip @ Vg, 01(Z,) @ (2, ))

= (Yl,p & Ym,rp Tn [Jl(za ) ® 1/J2(Z7 )]) )
which implies

n 2l+12m+1

2005 TV = (6 m [32(2) 0l ).

On the other hand we obtain for 0 < I,m,0<n,1 <p<2l+1,1<¢g<2m-+1and
1 < 5 <20+ 1 the relations

.2
o = 3 (P, Yip © Yo g ©Yo,)

and

VM2V U2V (Z) = (Yip ® Ying @ Yo (7, ) @ $o(Z,-) @ y(Z, )
) )

= (}/l,p ® }/m,q & Y;)m Tn [%Z(Za :
which yield

n 2141 2m+1 20+1

NS S N @ vV (2) Vs (2)

l,m,0=0 p=1 q=1 s=1
2 — _ _
= 3771_ (903771-" |:¢2(Z7 ) ®’¢)2(Z/ ) ®w2(Z7 )]) .

Thus, we obtain together with the Cauchy-Schwarz inequality that
|7 - 7n|

= p2|(€7¥1(z, ) ®J2(Zv ) — T [@1(Z7 ) ®J2(Zv )})'
+ p3%|(§037$2(z7 ) ®E2(Z, ) ®%(Z: ) = T [@2(

Zv ) ®E2(Z7 ) ®$2(Zv )])l
< PNE2l$1(Z,) @ $y(Z, ) =m0 [4(

27 ) ®E2(Z7 )] ||2

+p3%u¢3|\2u@2<z,->@%(Z,-)@%(z) n [¥2(Z,) ©62(2,) @ 0s(Z, )] Il
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7 The method of densities via harmonic intrinsic volumes

Then, the upper bound from Lemma for the L?-error occurring when tensor
products of functions are approximated by spherical polynomials yields

h/ - 7n|
< PlEllz (112, ) = 7t (Z, ) 2lloa(Z, 2 + 191 (Z, )alla(Z, ) = 7o (Z,)]2)

22 _ _ _
+03;|\<P3H2||1/)2(27 ) = Tatho(Z, )l2lla(Z, )l3-
From Lemma [7.3.4 we obtain the bounds
[02(Z,)ll2 < cp™ " JaA(X)Vo(X)

and

11(Z, )2 < C/)‘l\/ﬁ(X)V1(X) + %E(X)QVQ(X)2

with some constant ¢ > 0. On the other hand Lemma [/.5.3]yields

_ _ — 1
|wxz»—mwxzazgcwwuxfﬂw@ﬂn+ﬂ'

Lemma @ implies

— — L 1
B2 = m 2 < 0w (X )
X (Va(OM 4 V(X))
with some ¢ > 0.

Combining all these bounds we get

h/*’}/n|

SM(xlwmz

n+1
x [\ Va0 (V1) + [l o))

L oo 53 2 —(V\TF 3/2
AV ) T+ 2l V)

<cw (X. 1) [ {CL(X)VQ(X)W2 +/a(X) Va(X)? + \/E(X)Vl(X)Va(X) ;

‘n+1

+( a(X)Vi(X)+

with some constant ¢ > 0.
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7.7 Inversion of density formulas for harmonic intrinsic volumes

Remark 7.7.10. If X is isotropic, the modulus of isotropy is equal to zero and
V(X)) =V (X)o, leNp1<p<a+l

and

7= "-
In other words, in the infinite series in the formulas (7.57) and only one sum-
mand is not equal to zero.

Remark 7.7.11. If n(K,-), K € Ky is Lipschitz continuous with constant L > 0, then
Remark implies that

iva ivd 1
hml<er and  [7{700) - 717(0)| <evitTs

forl € Ng,1 < p < 20+1and n € N with some constant ¢ > 0 which is independent
of n.

Remark 7.7.12. In Theorem the modulus of isotropy of first order can be re-
placed by the modulus of istropy of order r. Then, the constant ¢ will depend on
T
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THIS WORH DEALS WITH THE BOOLEAN MODEL,

A BASIC MODEL OF STOCHASTIC GEOMETRY FOR THE

DESCRIPTION OF POROUS STRUCTURES LIHE THE PORE

SPACE IN SAND STONE. THE MAIN RESULT I§

A FORMULA WHICH GIVES IN TWO AND THREE DIMENSIONS

A SERIES REPRESENTATION OF THE MOST IMPORTANT

& MODEL PARAMETER, THE INTENSITY, USING DENSITIES

OF SO-CALLED HARMONIC INTRINSIC VOLUMES, WHICH

ARE NEW OBSERVABLE GEOMETRIC QUANTITIES.
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