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Abstract:  The multipolar decomposition of current distributions is used
in many branches of physics. Here, we obtain new exact expressions for
the dipolar moments of alocalized electric current distribution. The typica
integrals for the dipole moments of electromagnetically small sources are
recovered as the lowest order terms of the new expressions in a series
expansion with respect to the size of the source. All the higher order
terms can be easily obtained. We also provide exact and approximated
expressions for dipoles that radiate a definite polarization handedness
(helicity). Formally, the new exact expressions are only marginaly more
complex than their lowest order approximations.
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The multipolar decomposition of a spatially confined electromagnetic source distributionisa
basic tool in both classical and quantum electrodynamics[1-5]. On the one hand, the multipolar
coefficients determine the coupling of the source to external electromagnetic fields. This is
used in the study of molecular, atomic, and nuclear electromagnetic interactions. On the other
hand, there is a one-to-one correspondence between the multipolar components of the source
and the multipolar fields radiated by it. This is exploited in the understanding and design of
radiating systems. For example, in nanophotonics, the multipole moments of induced current
distributions are used to study optical nano-antennas and meta-atoms [6-9]. The multipolar
decomposition can be done in different ways, e.g. [2, Chap. 9] and [10, App. B, &4], resulting
in integral expressions for the multipolar coefficients. The exact expressions are considerably
simplified in the limit of electromagnetically small sources, but artificial scatterers at optical
frequencies are typically large enough to compromise the accuracy of the approximation.

1. Outline

Inthisarticle, we obtain new exact expressionsfor the source dipolar moments[Egs. (20)-(22)].
In particular, they are valid for any source size. We start our derivation in momentum space ex-
ploiting the fact that the fields radiated by the source at a given frequency w are determined
solely by its momentum components in a spherical shell of radius w/c, where c is the speed
of light in the medium. We first obtain hybrid integrals in momentum and coordinate space for
all multipolar orders. In the dipolar case, we bring them to aform that is only marginally more
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complex than the typical integrals that give the dipolar moments of electromagnetically small
sources. The additional complexity is the appearance of spherical Bessel functions. We iden-
tify the spherical Bessel functions as the elements that perform the necessary selection of the
appropriate momentum shell. When the spherical Bessel functions are expanded around zero,
the typical approximations for the magnetic and electric moments of electromagnetically small
sources are recovered as the lowest order terms in the expansion. The toroidal dipole is recov-
ered as the second term in the electric case. All higher order corrections are easily obtained as
successive terms of the expansions. We include integral expressions for the magnetic correc-
tions of order k3 and the electric/toroidal corrections of order k*. We also provide exact and
approximated expressions for dipoles that radiate a definite polarization handedness (helicity)
[Eq. (40) and Eq. (41)].

2. Problem setting

We start by considering an electric current density distribution J(r,t) embedded in an infinite,
isotropic, and homogeneous medium characterized by real valued permittivity € and perme-
ability u. We assume J(r,t) to be confined in space so that J(r,t) = O for |r| > R. We consider
its energy-momentum Fourier representation

[/ o |wt)Jw(r)]
(1)

= dw . d3p _
:%[ o Eexp(—lwt)/ NI Jw(p)exp('p'f)] :

and treat each @ term separately. The frequency w and the three components of the momentum
vector p are real numbers. The lower limit of the integral in dw excludes the static case w = 0,
which we do not treat in this paper. At each frequency w, the transverse electromagnetic fields
outside the source are solely determined by the part of J,,(p) in the domain that setisfies |p| =
/c. This result was obtained by Devaney and Wolf [11]. We provide an aternative proof in
App. A.

We denote by Jm(p) the components of J,(p) in the spherical shell of radius |p| = w/c.
The symbol p represents the angular part of the momentum vector p, i.e., the solid angle in the
spherical shell. As usual, we definek = w/c.

We will expand Jw(p) in an orthonormal basis for functions defined in a spherical shell: The
three families of multipolar functions in momentum space [3, B;.3]

1
Xjm(P) = ——=——==LYim(p),
T ViGey T
Zim(p) =1p x Xjm(P),
Wim(p) = BYjm(P)-
TheYjm(p) arethe spherical harmonics and the three components of the vector L arethe angular
momentum operators for scalar functions.
Each of the vector multipolar functions in the three families is an eigenstate of the total
angular momentum squared J? and the angular momentum along one axis @, for which we
choose § = z. With Qjm(p) standing for any of the {Xm(p),Zjm(P), Wim(P)}:

PQim(P) = i(j +1)Qjm(P), LQjm(P) = MQjm(p), ®)

where j and mareintegers, and m= —j...j. For Xjm(p) and Zjm(p),  takesinteger valuesin
j >0, whilefor Wjm(p), j = 0isaso possible.

@
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The functionsin Eq. (2) are also eigenstates of the parity operator [12]:

MXjrn(P) = ~Xjm(—P) = (~2) ™ Xjm(P).
NZjn(P) = ~Zjm(~P) = (~1)'Z;m(p), @)
MW jin(P) = =Wjm(—P) = (=1)'Wjm(P)-

— =

The polarization of Xjm(p) and Zjm(p) is transverse (orthogonal) to p, and the polarization
of Wim(p) is longitudinal (parallel) to p, as depicted in Fig. 1. In coordinate (r) space, this
distinction corresponds to the distinction between divergence free (transverse) and curl free
(longitudinal) fields.

With the scalar product

(AB) = [ dp AT(R)B(). ©

where T denotes hermitian transpose, and p runsover the entire spherical shell, thethreefamilies
together form an orthonormal basis for functions defined on any spherical shell in momentum
space. i

We expand J, (P) in this basis:

30(B) = X, aZ jm(P) + beX jm(P) + ChrW jm(D) (©)
jm

where, with g}, standing for any of the {afy,, bif,,, i},

G = Qo) = [ dPQ)(P)I(p): @)

The {af},, b}, c{i,} coefficients contain all the information about 3w(|ﬁ) so they must also

contain all the information about the fields produced by it. As shown in [11], the {af b{}.}
determine the transverse electromagnetic field radiated by the sources at frequency w outside a
spherical volume enclosing them: They are the coefficients of the expansion of the transverse
fields in outgoing electric and magnetic multipoles, respectively [2, Eq. 9.122]. Therefore, the
transverse components of J,, (p) determine the transverse components of the electromagnetic
field at frequency « outside the source region. The longitudinal electric field with Ip| = w/c
is zero outside the source region. While the longitudinal degrees of freedom of J,(p), i.e. the
¢, are not necessarily equal to zero, the field that they generate outside the source region is
canceled by the field generated by the charge density. This can be seen in [13, §13.3 p1875-
1877], andin[14, App. C] wherethe cancellation is shown to be a consequence of the continuity
equation. We will keep the cﬁ"m in the discussion both for completeness and because they play
an important role in understanding the split of the a?m into electrical and toroidal parts[15-17],
which we discussin [14].

The {aj"m, bj-"m} coefficients are aval uable source of information in many branches of physics.
In molecular, atomic and nuclear physics, the {af},, bf},} coefficients are used to describe the
interaction of systems of charges with external electromagnetic fields, e.g. [4, Chap. 10], [3,
IV.C.2c)] and [5, Chap. 7]. In classical electrodynamics they are used to describe radiation by
source distributions, e.g. [1, Chap. 9] and [2, Chap. 9]. In nanophotonics, they are used to study
and design the response of individua artificial nanostructures.

Given J,(r), there exist exact expressions for the {af};, b{},} as coordinate space integrals,
e.g.[5, Eq. (7.20)]
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Fig. 1. The electromagnetic field radiated by a confined monochromatic current den-
sity Jo(r) with Fourier transform J,(p) only depends on the components of J,(p)
in a spherical shell of radius |p| = w/c. The relevant part of J,(p) can hence be ex-
pressed as a linear combination of the momentum space vector multipolar functions
{Xijm(P),Zjm(P),W m(p)}, which form an orthonormal basis for functions defined on the
shell. The polarization vectors of Xjm(p) and Zjm(p) are tangential to the surface of the
shell, i.e., orthogonal (transverse) to the momentum vector p. The polarization vector of
W m(P) is normal to the surface of the shell, i.e., parallel (longitudinal) to p.

5, = %/d3r (V5 § (k)X () T 3 (1),

be — [d3r i t oo ®)
Bt = [ € 1, (kN)X(F)30(r),

#249387 Received 1 Oct 2015; revised 13 Nov 2015; accepted 13 Nov 2015; published 15 Dec 2015
(C) 2015 OSA 28 Dec 2015 | Vol. 23, No. 26 | DOI:10.1364/0E.23.033044 | OPTICS EXPRESS 33048



or, [2, Eq. (9.165) without the magnetization current therein],
A ik 3 . . a
= s [ TGOV (V30 (1), .
(0]

_ K2
bo, = —— /d3rj-(kr
"Gy,

where the tildes and carets in the left hand sides indicate different normalizations, r = |r|,
f =r/|r|istheangular part of r, and k = /c throughout the article.

The expressionsin Eq. (8) and Eq. (9) are valid for any source radius R. For electromagneti-
cally small sources where kR < 1, they can be reduced to the simpler well known expressions
that are obtained in [2, Chap. 9] and [1, Chap. 9] by starting with the equation for the vector

potential as a function of J,(r) in the Lorentz gauge [Eq. (43)], and expanding % in

powers of k|r —r’|. For example, when kR < 1 the source dependent terms of the electric and
magnetic dipole moments are

all
alO

ay g

Y m(FIL - Je(r),

by
/d3r Jo(r btc)oi"o - /dsr r xJo(r), (10)
11

where we have chosen the spherical vector basis. We will work in this basis throughout the
article. Appendix C contains auxiliary expressions.

3. Exact dipolar moments

We will now obtain exact expressions for the dipolar vectors [af},a%,a% 4|7, [bf), 0%, b ,]T
and [c$}, ¢y, ¢ 4] ascoordinate spaceintegrals of functionsof J,, (1 ). Whilethese expressions
are, as Eq. (8) and Eq. (9), valid for any source size, they are only marginally more complex
than their kR < 1 limits: Namely, they contain spherical Bessel functions. As far as we know,
these expressions have not been reported before.

We start from Eq. (7), where we substitute

. 1 O
%(p)zmi/d?*raw(r)exp( 12p-r). (12)

to get
o 1 [a50f ) [ _i%.
Gjm = (277:)3/dp Q,m(p)/d er(r)exp( P r)- (12)

The condition |p| = w/c isenforced in the argument of the exponential. We now substitute the
exponential for its expansion in spherical harmonics

exp (=21 ) = (4m) 3 (1) Vi (F) ¥ (P) I, (13)

I,m

where j{-) isthe I-th order spherical Bessel function of the first kind. The result is:

(2m)3 ., _
4r M
" (14)
S [ dp QUulBIYi(B) [ e o) P ftkr).
Im ‘
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Equation (14) is an exact expression for the {af,,b% cﬁ"m} coefficientsin terms of integrals

jmo S jms
in both momentum (shaded area) and coordinate space. As shown in App. B, only terms with
| = j contribute to the bfj,, while the af},, and cf}, get contributions from both | = j —1 and

| = j+ 1. Additionally, it is possible to further simplify Eq. (14) in the dipolar (j = 1) case
without making any approximation. We now present the derivations for the magnetic dipole
b, Appendix D contains the derivations for af),, and cf},,. It also contains the cop case.

For the magnetic dipole, we particularize Eq. (14) for Qjm(p) — X;jm(p) and j = 1, which
implies| = 1:

(2n)3 ,
A M

m=1
> [ dBXLB)¥am() [ A o (r)¥im(F)in ().

(15)

Explicit expressions of X1n(p) can be obtained using Eq. (66) and then used to write the
momentum integrals in the shaded area of Eq. (15) as

Yio(p)7 T

m=1— /d.a ) | Yim(p),

m=0- [dp | O | Vin(p), (16)

0

m=-1— /dﬁ _Yl_\}z(p) Ylm(ﬁ),
Y10(P)

V2
which can be easily solved for each me {—1,0,1} using the orthonormality properties of the

spherical harmonics: [ dp Yim(P)Y;:,(P) = dmmdjj. They result in three vectors for each m case,
which we list here as row vectors. From top to bottom, the three row vectors correspond to

m=1,0—1:

L (0 10)
m=1—- —( -1 0 0 ),
V2. (0 00 )
L (0 01
m=0— — ( 0 0 0 ), 17)
V2 (100 )
L (00 0)
m=-1- —( 0 0 1 ).
V2 (0 -1 0)

Having solved the momentum space integrals in the shaded area of Eqg. (15), the summation in
m can now be done. With J,,(r) = [Jf’,Jg’,JE’l]T, and, asin Eq. (65),

PN
LT 7 | Yl
Y4 (F)
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the result of the sum reads
o — g/dar (J9F1 — 32F0) ja (Kr),
b2 — Ziij / & (39F; — IOF_1) ja(kr), (19
b | — fi/d% (32, F0 — J€F_1) a(kr).

Considering the expression for the cross product in spherical coordinates [Eq. (64)], we can
finally write Eq. (19) as:

:_§/d3r?wa(r)jl(kr). (20)

Theexpressionsfor [a},a%,af ;] and [c§, cfy, c$ ;]T can beobtained by similar, although
more involved, procedures. We provide the derivationsin App. D. The results read:

ay
1=0 (21)
1 3 t .
Zn\/ﬁ/d r S[r Jw(r)}rwa(r)}Jz(kr),
=2
and
Cgl L 30 jolk
P | = r Jo(r r
oty | = [ & Jo(0)olk)
Ci1 ~
1=0 (22)
1 3 ot . .
5 {3[Me)] 7 3000} iathe),
=2
where the contributions coming from | = j—1=0and | = j + 1 = 2 are indicated. The dot

product £ 73, (r) issimply equal to #TJ,(r) in Cartesian coordinates[18].

Equation (20), Eq. (21), and Eq. (22) are exact. In particular they apply to a source distribu-
tion of any size. They are also simpler than the corresponding exact expressions obtained from
Eq. (8) or Eq. (9). We note that Egs. (20) to Eq. (22) should also be reachable from the coordi-
nate spaceintegrals of Eq. (8) or Eg. (9). Our route through momentum space explicitly exploits
that the contributions to the qj"m only come from the Fourier components of the source in the
domain |p| = w/c. Thisrestriction isimposed in the exponential of Eq. (11) and determines the
argument of the spherical Bessel functions ji(kr) in Eq. (14), which then appear in Egs. (20),
Eq. (21), and Eq. (22). We can deduce that the spherical Bessel functions must be responsible
for regjecting the |p| # w/c components present in J, (r). We now provide amore formal proof
of their role.

In the expression of qj"m in Eq. (14), the dependence on the current density is contained in
the integrals

/ B 3o (1)Yiin(P) i (k). (23)
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We then write J,(r) as an inverse Fourier transform and expand its exponential exp(ip-r) as
in Eq. (13), except that now |p| is not restricted to w/c. After rearranging the integrals we get:

ZW/ &I (PI¥in(®) | &Y Yin() I ) (29

The shaded d3r integral can be solved by splitting it into its radial and angular parts
(fd3 = [5°dr r? [dF). First, the angular part is solved through the orthonormality of the
spherical harmonics, which forces (I,m) = (I, m). The remaining radial integral has a formal
solution as aradial Dirac deltadistribution [19, EQ. (4.1)]

[erZipinin) = 5558(pI K, (25)

which enforces the |p| = k= w/c restriction in Eq. (24), namely:

L
[ €30 ()¥in(B) 55510l K =

Vv (2m)3.
| oo
s | D) [} Ao B30 (p) 58l 0 = (29

kz\ﬁi' [ dB3u(@intd)

The ji (kr) functionsfrom Eq. (14) find their way into Eq. (25), and become one of the pieces
needed to obtain the Dirac delta 6 (|p| — k) which filters out the |p| # ©,/c components of Jg,(r).

4. Electromagnetically small source approximation with increasing accuracy

We now make the small argument approximation to the spherical Bessel functionsin Egs. (20)-
(22) and keep terms up to second order: jo(kr) ~ 1 — (kr)?/6, ji(kr) ~ kr/3 and jo(kr) ~
(kr)?/15. After grouping terms with the same power of k we obtain:

by
b%) zfﬁl\/@kfd% rxJo(r), (27)
by 4
®
| —i/d?’r Jo(r) (28)
A Ak
_
I=0
—ikz/d3r El [rTIo(n)]r—2r23,(r)} (29)
V3 10 ’
1=0,=2
ggl ~i/'d3r3 () (30)
O e
_ —_——
I=0
1 /2, (3 1 T 2
_n\/;k ./d r E{Z[r Jo(M)]r+19u(r)}. (31)
1=0,=2
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Equation (27), Eq. (28) and Eq. (29) are, respectively, the well known approximated mag-
netic, electric, and toroidal dipole moments of electromagnetically small current distributions.
We note that the electric dipole contains contributions only from | = 0 while the toroidal dipole
has contributionsfrom| =0and | = 2.

The small argument approximation causes two kinds of inaccuracies. On the one hand, entire
integral terms are neglected. For example, the toroidal term in Eq. (29) disappears in a lowest
order approximation. On the other hand, some components with |p| # w/c will leak into the
dipole moments. This happens because the approximated expressions of the spherical Bessel
functions do not correspond to momentum space Dirac deltas 6 (|p| — k).

Approximations with increasing accuracy are obtained in a straightforward way from the
exact Egs. (20) to Eq. (22). It isamatter of taking more termsin the expansions of the spherical
Bessel functions. For example, the (kr)3 correction to Eq. (27) reads

3
o /d Ir x 3o (1)1, (32)
the (kr)* correction to the total ap, in Egs. (28)-(29) reads
k* 3
—— [ T3, ()]r = 23, (r rz}rz, 33
rioe7 ] € { M= 33,0 @
and the (kr)* correction to the total ¢, in Egs. (30)-(31) reads
k* ‘ 1
d3r {rTau(0)]r +=J6(r rz}rz. 34
o [ { M)+ 330 3

The above corrections to &}, and b}, coincide up to normalization factors with the mean
squareradii in [16, App. C], where they are derived in a different way.

We now use our resultsto compute the magnetic dipole moment of a current distribution with
apreviously known analytical solution, verify that the result coincides, and compareit with two
approximated solutions for electromagnetically small sources obtained from taking the first and
the two first terms in the expansion of the spherical Bessel functions.

5. Example

Let us consider an infinitesimally thin circular loop of current with implicit time dependence
exp(—imt). Theloop hasradius a and lies on the plane perpendicular to the Z axis (see the inset
in Fig. 2). The expression for its current in spherical coordinatesis

Jo(r) :$I06(r—a)%6(9—g), (35)
where ¢ = [—sing,cos¢,0]T, ¢ = arctan(¥) and 6 = arccos(2).

The exact value of its magnetic dipole moment is obtained after calculating the integral in
Eq. (20):
m = 2v/3lpaj1(ka). (36)
We obtain afirst small source approximation by using Eq. (27) and a more accurate second
one using the incremental correction in Eq. (32)

R al
m|(<2)<<1 = Z\@'O?
(37)

mka<<l \f 3lg— [ — (ka)?/10] .
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The same results are obtained by taking terms up to ka and (ka)2, respectively, in the Taylor
seriesof j1(ka) in Eq. (36). Thislatter approach relies on the existence of an exact closed form
solution and is hence not general.

The exact value of Eq. (36) coincides with the one calculated in [13, §13.3 p1881] up to a
numerical factor that can be traced back to a different normalization. In this simple example,
the relative error incurred due to the small source approximations is equal to the relative error
incurred when approximating the first order spherical Bessel function. Figure 2 showstherela-
tive errors incurred when taking only the first term in the expansion [j1(ka) = ka/3] and when
taking thefirst two terms { j1(ka) ~ (ka/3) x [1— (ka)?/10] }. We seethat, if we take only one
term, a 10% relative error is incurred when the diameter of the loop is approximately 30% of
the wavelength. When taking two terms, the 10% relative error is reached when the diameter
is approximately 70% of the wavelength. We note that in this example the current is concen-
trated in the most exterior region of the object. When thisis not the case, e.g. in ahomogeneous
current distribution within a sphere of diameter 2a, the relative errors should be smaller.

70 T T T T T T
ka

. 60 L 100 x 1—3j1<ka) —_
= ka[1-(ka)?/10]
=
Tof j
o 30 | §
g
§ 20 - Current loop h
Bl ]

0 1 e e == 1

0 01 02 03 04 05 06 07
%‘ (diameter over wavelength)

Fig. 2. Relative error in the magnetic dipole moment of an infinitessmally thin circular
current loop of radius a (shown in the inset) due to the small 2ra/Aq approximation. Solid
red line: Error due to taking only the first term in the small argument expansion of the
spherical Bessel function in Eq. (20). Such first order gives the typical integra for the
magnetic dipole moment of electromagnetically small sources [see EqQ. (27)]. Dashed black
line: Error due to taking the first two terms in the expansion, i.e. Eq. (27) plus Eq. (32).

6. Resultsfor helicity multipoles

There is some recent interest in the use of helicity for the study of interactions between matter
and electromagnetic fields [20-24]. Due to its fundamental relationship with electromagnetic
duality, the helicity formalism is also very useful when discussing dual symmetric systems
[25,26], e.g. Huygens surfaces [27,28]. We now extend our resultsto the dipoles of well defined
helicity.

Multipoles of well defined helicity are an alternative to the multipoles of well defined parity.
The two sets are related by a change of basis, which we write for both the qJ@’m coefficients and
the Qjm(p) functions:
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b?om"_a?’m _ ij(p)+zjm(f’) N 14ipx LYjm

@ = (B -
o D= o Xim(®) - Zim(P) _ 1-ipx  LYjm (38)
gjm—_ \/é G]m(p)— \/2 - \/é j(]+1)7

o = Cfn == Gjm(P) = Wm(D) = PYjm,

where 1 isthe 3x 3 unit matrix.
The G]-lm(f)) in Eq. (38) and the Qjm(p) have the same properties under rotations. They

differ in their parity and polarization properties. Instead of eigenstates of parity, the Gfm(f))
are eigenstates of the helicity operator with eigenvalue A. This is obvious from the rightmost

expressions in Eqg. (38) since the helicity operator A in the momentum representation isipx:

A:%—Hf»@ (39)

where J and P are the angular and linear momentum vector operators, respectively.

The two transverse families of this alternative basis, Gjim( p), correspond to multipolar com-
ponents gy, that radiate fields of definite polarization handedness (helicity) A = +1[29, App.
Al.

The extension of our dipolar results to the helicity basisis straightforward. According to the
third line of Eq. (38), theresult for A = 0 is Eq. (22). The exact expressions for the transverse
dipoles with helicity A = 41 can be obtained using Eqg. (20), Eq. (21) and Eq. (38):

90
-2nv6 | gy | = (40)
%1
/ o {3ja(ke)f x +2 [2jo(ke) 1+ (377" — 1) jak)] } Ja(r).
The approximated expressions up to order k? are:
o1
— 271'\/6 [g& ] =
9°1

/d3r {kr X +A [21+l;2 (rr*2r21)} }Jw(r).

7. Conclusion and futurework

(41)

In conclusion, we have obtained new exact expressions for the dipolar moments of a local-
ized source distribution. These expressions are simpler than the ones reported to date. They
are only marginally more complex than the typical integrals for the dipole moments of electro-
magnetically small sources and allow to easily obtain approximate expressions with increasing
accuracy. Our results can be applied in the many areas where the dipole moments of electrical
current sources are used.

In future work, we aim to obtain new exact expressions for general j-polar order and use
them in applications like for instance in the study of the scattering properties of nanostructures.
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Appendices

A. Fields produced by time varying sources: Only Fourier components with |p| = @/c
contribute

We consider a electric charge and current density distributions p(r,t) and J(r,t) embedded in
an isotropic and homogeneous medium with constant and real permittivity € and permeability
1. We assume them to be confined in space so that p(r,t) = 0 and J(r,t) = O for |[r| > R. We
consider the following Fourier decomposition:

p(rt)=% Uojj%eXp(—iwt)pw(r)]

= do
=%\ th/ %pw p)exp(ip-r)|,

0 \/t’ do ) (42)
J(r,t)%’[/mﬁexp(iwt)\]w(r)}

oo

Y4 o \/% —iot) /\/7 exp(ip~r)— .

The lower limit of the integral in do excludes the static case w = 0.

Devaney and Wolf [11] proved that, outside the source region, the transverse parts of the elec-
tromagnetic field produced by the source at frequency w are determined by the transverse com-
ponents of J,,(p) that meet |p| = w/c, wherec =1/, /eu isthe speed of light in the medium.

We now provide a different proof which uses the potentials instead of the fields and shows
the selection of the |p| = w/c components through the appearance of aradial deltadistribution.
We prove that the only parts of the sources that contribute to the scalar and vector potentialsin
the Lorenz gauge are those in the domain |p| = w/c. The electric and magnetic fields obtained
from the potentials are hence also determined by the components in the momentum space shell
with radius |p| = w/c, which means that the result is independent of the choice of gauge.

In the Lorenz gauge, and with implicit monochromatic exp (—iwt) dependence, the sources
in Eq. (42) generate the following scalar and vector potentials:

_ 1y 3,/ / exp(ik\r —I'/|)
¢w(r)—g/d rpw(r)m .
~exp(iklr —r']) (43)

)

wherek = w/c.
Following Jackson's steps, we use the expansion of exp(ik|r —r’|) /(4x|r —r’|) in [2, Eq.
9.98]

exp(ikjr —r’|) Ve (7
Tanlr v - |k2h (kr)j (kr") m;|Ylmr e (F (44)

togetto[2, Eq. 9.11]:

Ap(r) =
. 1 ~r
kS0 Wi F) [ W I (1)1 (ki) (45)
I,m
1-‘Im
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where | and m are integers, hl(l)(-) and j(-) are the I-th order spherical Hankel and Bessel
functions, respectively, f =r/|r|, F" =r'/|r'|,r =|r|, r’ = |r’|, and Yq are the scalar spherical
harmonics.

Let us now consider the integral labeled as Iy, in Eq. (45) for a given term (I, m). We use
the inverse Fourier transform of Jg,(r’)

/ (P)exp(ip-r'), (46)

and the expansion of the exponential exp(ip-r’) in spherical harmonics,

exp(ip-r’) :(4ﬂ)_§, i (F) i (B) it IpI ). (47)

to get
Lim
A

>/ d3’/ ﬁ PI(IPIr") i (ke )iz (B)Yien (P Yim(F)-
Im ~

(48)

We stress that J,(p) in Eq. (46), and hence J,(r’) in Eq. (45) and Iy in Eq. (48), may
contain contributions from momenta p such that |p| # @/c. The following steps show that
these contributions are filtered out and that A (r) depends only on the components of J,(p)
with |p| = @/c.

We take Eq. (48), split the integra in d3’ into radial and angular parts
(fd3r’ = [5dr'r? [di’), and solve the angular part through the orthonormality of the
spherical harmonics [ df"Y,(F)Y, () = &7 6mm. After this, the only term in the sum on | and
mthat does not vanish isthe one meeting| =1 and m=m:

o / (B) [ ()23 (plr i () (49)

The crucial step is that the mtegral in the shaded box of Eq. (49) has aformal solution as a
radial Dirac delta distribution [19, Eq. 4.1]:

[ dr @ Zipiry ik’ = 55 8(pl k). (50

This §(k — |p|) term discards al momenta contributions from outside the spherical shell
Ip| = k= w/cin Eq. (49). To show it explicitly, we split the integral in d3p into radial (p = |p|)
and angular parts ([ d®p = [5"dp p? [ dp):

I PO 2 _
= / dp |m(p)/dp P Jw(p)2k26(p—k) =
| (51)
— [dpJ =Kk (D).
= | 4P Io(p.Ip] = KYi(P)
Since this conclusion holds for al values of (I,m) in Eq. (45), it follows that the vector

potential is completely determined by J,(p,|p| = k), i.e., the components of J,(p) on the
momentum shell of radius |p| = o/c.
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The same conclusion is valid for the scalar potential ¢, (r) in Eq. (43). This can be seen
noting that none of the stepsin the previous derivation needs the fact that J, (r) isavector. The
same steps can be taken for the scalar charge density p,, (1) which generates the scalar potential
in Eq. (43). Regarding its inverse Fourier transform

0= [ 22 e ewip 1) e
) V™ |
the conclusion in this case is that ¢, (r) only depends on the momentum components of the
charge density p, (p) in the momentum shell of radius |p| = w/c.
Since both scalar and vector potentials (pe(r),A(r)) depend only on the source Fourier
components in the domain |p| = w/c, the same will be true for the electric and magnetic fields
computed from them:

Eo(r) =10Au(r) —Voe(r), Be(r) =V x Ag(r). (53

It is hence clear that the conclusion is gauge independent. It is also clear that the derivation
applies to both transverse and longitudinal components of the electromagnetic field, but the
longitudinal electric field with |p| = w/c is zero outside the source region. This can be seen
in [13, 813.3 p1875-1877], and in [14, App. C], where the cancellation is shown to be due to
the continuity equation.

i () i () )
B. Onetermin bji, twoin ajj, and cfy,

We show that, for aff, and cfy,, only terms with | = j—1 or | = j + 1 can be different from
zero in Eq. (14), and that for bj"m, only | = j contributes. For this, we will write the momentum
spaceintegralsin the shaded area of Eq. (14) asintegrals of triple products of spherical harmon-
ics. These integrals have an exact expression involving a product of two 3j-Wigner symbals.
The requirement that one of the 3j-Wigner symbols be non-null results in the aforementioned
relationships between j and |.

Particularizing the shaded integralsin Eq. (14) to Wjm(p) and Z jm(p)

[ 4B W () i) = [ B [BYm(P)] Yin(P).
[ B Z]n(®)Nim(B) = [ B 1B Xjm(P)] Vi(P).

we find that each of their three components contains either one [in the W jm(p) case] or asum
of two [in the Zjm(p) case] triple products of spherical harmonics like YipYjqYir, Which can
be also written [30] as (—1)P"9Y1_pYj_qY;. The result of the integral of the product of three
spherical harmonicsis[31, p. 700]

2 ¥, () Vi, (0¥ () =

[ @at D+ D+ D (65 )(m m m)

where (Jl 12 ]3) is the 3j-Wigner symbol.
i 02 O
In our case, we see from the right hand sides of Eq. (54) that j; = 1 from p [see Eq. (65)],

jo=jfromZm(p) or Wm(p), and js =1 from Y, (p). We now consider some of the conditions
for the first 3j-symbol in Eq. (55) _
1 1

(66 o) =)
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(55)




to be different than zero. Namely [32, p. 1056]:
1ol <js<jaitie = [1-j|<I<j+1 (57)

which, if j > Orestricts| tobe j —1, j or j+ 1 and, when j = 0in the longitudinal case, forces
| = 1. Furthermore, because of the zerosin Eq. (56), 1+ j +1 must be an integer multiple of 2,
which then forbids | = j when j > 0. All together we obtain for the W jm(p) and Z jm(p) cases
the restrictions:

l=j—1lorj+1 ifj>0,

58
=1 ifj=0. (8)

Inthe X;m(p) case, the integralsin the three components of
/98 X]n(®)¥in®) (59)

contain a product of two spherical harmonics, but the third one can always be assumed to be
the constant 1 = /4rYoo. In this case the restriction of Eq. (57) forces| = .

0—j|<I<j+0 = I=]. (60)

C. Auxiliary expressionsin the spherical vector basis

We write a vector a in the spherical vector basis as:

a=a18 +agfp+a 18 1, (61)
with
A Xy
N
& =2 (62)
. K—iy
e_1= .
V2

This choice of basis induces the following relationships between the Cartesian and spherical
coordinates of a in the spherical and Cartesian basis:

-1 i q -1 o L
a V2 V2 a| | V2 V2| | &
a|=|0 0 1l la|, |a|=|7 0 | |a (63)
a1 % 5 0 la] [ 0 1 0] laz
In the spherical basis, the components of the cross product of two vectors are [33]:
a1bo — aghy
axb=il|ab_1—a 1b (64)
agh_1 —a_1bp

L et us now write some explicit expressions for p and X jm(p) that we use in the text.

P1 |1 = | Y
p= % =|Po|= 2\/; Yo | = 2\/; Yio | (65)
P-1 —Yu Yig
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_ J(i+1)—2m(m—1)yj(m71) P)
" 1 "
Xim(P) = m mYjm(P) . (66)

J(]+1)_2m(m+l)Yj(m+l)(|5)

Equation (65) follows Eq. (63), the expressions of Y1, in Cartesian coordinates and the prop-
erty Y = (—1)%_q. Equation (66) follows from the definition of X;m in Eq. (2) and the ex-
pression of the angular momentum vector operator L in spherical coordinates

—Ly+i Ly o Ldown
V2 V2
L = LZ - LO ) (67)
Letily Lup
V2 V2

where Lyp = Ly +iLy and Lgown = Lx — iLy are the angular momentum ladder operators

LupYim= { Vil+D) -mm+1)Yjmy  ifjm+1 <

0 else ’
— . . (68)
Lo Vo — ViG+1)-—mm=1Y 1  if[m=1<]j
down Yjm 0 dse
D. Expression of selected qj"m tensorsas spatial integrals
D.1. Caseain
Asshown in App. B only | =0and| = 2 can have non zero contributions to a;m. That is
a(11)m = a%,mI:O + ag)mlzz' (69)
We start with | = 0. From Eq. (14), and since Yoo = 1/v4n:
=0 1 a7t (o 3 i
ayy = = /dp Z1(P) /d r Jo(r)jo(kr). (70)
Vv (27)
The explicit expressionsfor Zim = ip x X1 are
3 i o Y2 —Y11Y1-1
m=1— ipxXuP)=—/—=| Yo |,
3 y2
L 11
3 i o [ YioYr-1
m=0— ipx X1o(p) = — 3 —-2Y11Y1 1], (71)
Y10Y11
a N 2 Y12—1
M= —1— ipx Xy 1(p) =— 3 —Y10Y1-1
Y2 —Yi1Yi-1
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The relationship Yfa = (—1)%Y_q, and the orthonormality of the spherical harmonics allow us
to solve the momentum space integrals in the shaded area of Eq. (70), and immediately reach

a0 11=0
alt —_i/d% (r)jo(kr) (72)
aﬁ}i G v
Inthel = 2 case
2r)3
= 3 [dpZLn()¥an [ Ju(r)¥amiakr),
m=-2

the shaded momentum space integrals contain triple products of spherical harmonics and can
be solved using

| By (B) ¥, (B) Y () =

\/(2|1+1)<2IZ;1)(2I3+1) (lé '5 'g) (rlnll rlﬁz rlr?3>

where (1112 13) isthe 3j-wigner symbol.
qg G2 03
They result in five vectors for each m case, which we list here as row vectors. From top to

bottom, the row vectors correspondtom=2,1,0,—1, —2:

(74)

(0 0 V6 )

1 (0 —v3 0 )

m=1—- — 1 0 0

@Eo 0 og

(0 0 0 )

(0 0 0 )

4, (0 0 V3
m=0—- —( 0 -2 0 ) (79)

VO (3 0 0 )

(0 0 0 )

(0 0 0)

L, (0 0 o)

m=-1-——=( 0 0 1)

TV (o _yzo)

(V6 0 0)

The summation in min Eq. (73) can now be done. With J,(r) = [3%,3¢,3%,]", and Y5, =
(—=1)™5_m, it reads
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a)|2

a ! /d3r
1 \/T f

a‘l"o' =2= / \/§J‘_"1Y2_1 —238Ya0— V3 Y21) ja(kr),  (76)

v (2m)3 W
o =2 __ 3
e mr/ o

We now use the following relationships:

107
Yoo =1/ Tlel’ Yo1 =

Yoo = V51 (Y2 — ) (77

107
:\/ Y21, Yaq :\/ Y0Y1 1,

which we substitute in Eq. (76) and get

(VBIZYo 2+ V3IY 14320 ) falkr),

J“’1Y20+\[J Yo1 + V639 Yzz) ja(kr).

Y10Y11

00

Jo 1
a-gl_)]_l =2 _ \[/d:; Y171 (Jﬁ)lYl,l—‘rJéoY]_o) —‘r% (Ylo an >:| Jz(kr)
1 .
aﬁ’ol = \f/d3 YlO (I Y11 +3PY11) +39 <Y120 M)} ja(kr), (78)
=2 3 o] 0] ‘Jw 1
a =2 /d Y11 (B¥a0+3V0) + 5! (Y- 2= ) | Jalke).

The expressionsin the shaded areas of Eq. (78) can be completed to Y11J5° 4 Y1039 + Y1-1J%;

using terms to their right. In the case of the ai"o' =2 the completion is straightforward. For the

other two cases one uses that

1 1
= = Yol + [Ya1]? + V14 ]? Y3 - — = — +2Y11Y1 1. 7
y [Yio|” + |Y11|“ + [Yi-1]” = Yio e 27r+ 11Y1-1 (79)
Finally, noting that
1 /3¢
Yo +Yiod§ + Yo 10% = 3 \/; [rTJw(r)] , (80)
we reach the final result
a =2
11 1
B /d3r (73, (0] =3, () Y ia(kr). 81
L(fmj 5nva & {3[F60]F =300} iz(k) (8)

The sum of the two contributions can be manipulated with the aid of the recursion relations
between spherical Bessel functions:

2141, . .
1) = Ji-a(®¥) + jia(x),
] (82)
(2 +1) 3109 =1i-1(¢) = (1 + 1) Ji+2(%),
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to get, with the definitions Ji, (r) = [fTJw(r)} fand 3, (r) =Jp(r)—J%,(r),

— 2\f/d3rJr 6J(kr)

1 1 d .
- Zwé/ol?’r 334 (1) (kr+d(kr)> 1 (kr).

(83)

D.2. Casecy

In the j = 0 case the contribution corresponding to | = j —1= —1doesnot exist (see App. B),
so the only contribution comes from | = 1.

i\/gc(,o - m_z_ 1 [ o WE(B) [ & 3o (r) Vi (k)

- [ db ®Man(®) [ o) ¥imia (ko)

m=-1

(84)

Theintegralsin the shaded area are conveniently solved using Eq. (65) and the orthonormal -
ity of the spherical harmonics. After the sum in mwe get:

. T [ * * * ;
1\ 500 = /d3r 20/ % (301 + 38 Yip — 3Y5a) (k)
| (85)
_ /d3r [f*Jw(r)} i1 (kr).

Thefirst termin asmall kr expansion of cgg will be of order k:
o iy 25 [ a0, (86

Asin Sec. D.1, we split the two contributions:

D.3. Casecim

I=0 =2
Clm - Cg)m + C?m . (87)

For | =0, and recalling that Yoo = 1/+v/4m:
i 4
=0 a 3
Cim = dpw /d rJ kr
im (277,')3/ P Wim a) JO( )

_ (;ﬂﬁ /df) [BYam( /d3r Jo (1) jo(kr).

The result of the integralsin the shaded area above is:

J2lo g J2lo
m=1:2,/% o], m=0:2/% 1| , m=—-1:2,/% |o]. (89)
3o 3o 311

With which we reach:

(88)
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o 71=0
[C%i] = ml/é/d?’r Jor (1) jo(kr). (90)

)
Ci1

Forl =2:

_ m=2 91
S b ) Yo [ 6 3o (r)imiz(ke), o
2

Vv (2m)3 =

the shaded momentum space integrals contain triple products of spherical harmonics and can
be solved using Eq. (74). They result in five vectors for each m case, which we list here as row
vectors. From top to bottom, the row vectors correspondstom=2,1,0,—1, —2:

(0 0 V&)

(0 -3 0 )

m=1—- —( 1 0 0 )

VIS (o o0 0 )

(0 0 0 )

(0 0 0 )

L (0 0 V)
m=0- —( 0 -2 0 ) (92)

VIS (3 0 0 )

(0 0 0 )

(0 0 0)

L0 0 0)

m=-1—- — ( O 0o 1)

H\/TS(O—\/§O)

(v6 0 0)

The following result is reached after taking steps parallel to those takenin Sec. D.1 for d=2:

im

=0 (93)
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