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INVERSE PROBLEMS FOR ABSTRACT EVOLUTION EQUATIONS
WITH APPLICATIONS IN ELECTRODYNAMICS AND ELASTICITY.

ANDREAS KIRSCH AND ANDREAS RIEDER

ABSTRACT. It is common knowledge — mainly based on experience — that parameter
identification problems in partial differential equations are ill-posed. Yet, a mathemati-
cal sound argumentation is missing, except for some special cases. We present a general
theory for inverse problems related to abstract evolution equations which explains not
only their local ill-posedness but also provides the Fréchet derivative of the corresponding
parameter-to-solution map which is needed, e.g., in Newton-like solvers. Our abstract
results are applied to inverse problems related to the following first order hyperbolic sys-
tems: Maxwell’s equation (electromagnetic scattering in conducting media) and elastic
wave equation (seismic imaging).

1. INTRODUCTION

In this paper we consider parameter identification problems related to first order hyper-
bolic systems such as the electromagnetic or the elastic wave systems. Especially, we show
that these inverse problems are locally ill-posed anywhere no matter how many measure-
ments are available. Further, we characterize the Fréchet derivative of the parameter-to-
solution map which is an essential ingredient of iterative regularization schemes.

Our approach is based on abstract evolution equations in Hilbert spaces,

Bu'(t) + Au(t) = f(t), u(0)=ug,

with a maximal monotone operator A and a positive definite operator B. Existence,
uniqueness, and regularity of the solution follow from the famous Hille-Yosida theorem.
As we think that most of our intended readers are not familiar with operator semigroup
theory we collect basic facts with some proofs in the next section.

The operator B is the ”"parameter” to be identified from (partial) knowledge of w. Thus,
F': B — w is the parameter-to-solution map for which we validate Fréchet differentiability
(Section 3) and local ill-posedness (Section 4). Finally, we apply our abstract theory to
inverse electromagnetic scattering in time domain to identify spatial dependent electric
permittivities and magnetic permeabilities (Section 5). A second application concerns
seismic imaging where the governing equation is the elastic wave equation in hyperbolic
system formulation (Section 6). Here, the mass density and the two Lamé parameters
are sought.

Fréchet differentiability of parameter-to-solution maps of abstract first order hyperbolic
systems has been studied before by Blazek et al. [1] using the technique of weak solutions.
Indeed, our research was triggered by reading their article and with the present paper we
complement and extend their work. Please consult [1] also for an overview on prior and
related work in this direction.

Date: January 7, 2016
We gratefully acknowledge the financial support by Deutsche Forschungsgemeinschaft (DFG) through
CRC1173.
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2 ANDREAS KIRSCH AND ANDREAS RIEDER

In their recent work [15] Lechleiter and Schlasche identify Lamé parameters of the second
order elastic wave equation from boundary measurements. They set up an inexact Newton
iteration to this end validating the Fréchet differentiability of the parameter-to-solution
map in the spirit of [12]. Boehm and Ulbrich [2] attack the same problem with a semi-
smooth Newton iteration also providing an expression for the Fréchet derivative. By
eliminating the stress tensor from the first order elastic wave equation, the representation
of the Fréchet derivatives in [2] and [15] can be obtained within our setting, however,
under weaker assumptions, see Section 7.

2. EVOLUTION EQUATIONS

In the first part we recall the basic facts from the abstract theory of evolution equations.
Although this is very well known to the experts (see, e.g., [5, 16]) we recall the rather
elementary approach as in [4] for the convenience of the reader.

Definition 2.1. Let X be a Hilbert space and A : X D D(A) — X a linear operator with
domain of definition D(A) C X. The operator A is called monotone if

(Az,z)x >0 for allz € D(A).

A is called maximal monotone if it is monotone and I + A is surjective as an operator
from D(A) onto X. Here, I denotes the identity operator in X.

We note that the maximal monotonicity of the operator A implies already denseness of
the domain of definition D(A) in X and closedness of the operator (see [4]).

These assumptions on A are already sufficient for the well-posedness of the abstract
evolution equation.

Theorem 2.2. (Hille-Yosida) Let A : X D D(A) — X be a linear mazimal monotone
operator and ug € D(A). Then there exists a unique u € C*([0,00), X)NC([0,00), D(A))
with

(1) u(t) = —Au(t), t>0, u(0)=uq.

Here, D(A) is equipped with the graph norm; that is, ||v||pcay = [|v]% + [|Av[%] 2 for
v € D(A). Furthermore, the stability result holds in the form

(2) lu(®)lx < Jluollx forallt>0.

For a proof we refer to [4], Theorem 7.4. This theorem guarantees that the operator
S(t) which maps uy € D(A) to u(t) is bounded in X and thus has a bounded extension
into all of X with ||S(t)||zx) < 1. The following lemma is also part of the Theorem by
Hille-Yosida. (For this part see, e.g., [18], where A and A are changed into —A and into
1/, respectively.)

Lemma 2.3. Let S(t) : X — X be defined as above. Then A coincides with the operator
B, defined by

1 . L
Bv = hlir& 7 [S(hyv—v], veDB):={veX: hli)rglJr[S(h)v —v]/h ezists in X }
(which is called the infinitesimal generator of the semigroup S(t)). In particular, the
domains D(A) and D(B) coincide.

The inhomogeneous evolution equation is solved by the variation-of-constant formula:



Theorem 2.4. Let A: X D D(A) — X be a linear mazimal monotone operator.
(a) Let ug € X, and f € Ll((O,oo),X). The function u € C’([O,oo),X), defined by

t
(3) w(t) = S(tug + / S(t—s) f(s)ds, t>0,
0
15 called the mild solution of
(4) u(t) = —Au(t) + f(t), t>0, u(0)=u.
It satisfies the estimate
(5a) lu(®lx < luollx + Ifllzron,x) forallt=0.

(b) Let u be given by (3) and ug € D(A) and f € WH((0,00), X). Thenu € C*([0,00), X)N
C([O, 00), D(A)). Furthermore, u is the unique classical solution of (4), and the following
stability estimates hold:

(5b) [ @Ollx < NAu = fO)llx + 1/ 0.0.%) -

(5¢) [Au®)x < [lW'@)lx + [IFOlx

fort > 0. We note that f € W((0,00), X) is continuous and || f ()| x < 2| fllw11(0,00),%)
for allt > 0. We can combine these estimates in the form

(6) [ulleroee)x) + lulleeepay < cllluollpiy + [ Fllwrio.m.x)]

where ¢ depends only on A.

Proof: (a) u is well defined and continuous by the continuity of the semigroup S(t) :

X — X and the assumption on f. The estimate (5a) follows directly from the fact that
1S(t)||zxy < 1 for all ¢.

(b) First we show that the integral v (¢ fo f(s)dsisin D(A). For this we write
v(t) asv(t fo t s)ds and observe that v is dlfferentlable a.e. by the assumption
onfandv(): —l—fo s)f't—s)ds =9 —|—f0 (t —s) f'(s)ds. Since

the right hand 81de is contlnuous we conclude that v is dlfferentlable for every t > 0.
Therefore, for h # 0 the term

t+h
Lot +m) — o) = %/ S(t+h—s) f(s)ds

+%/0 [S(t+h—s5)=5(t—s)] f(s)ds

h h

converges to v'(t) as h tends to zero. Since the first term on the right hand side converges
to S(0)f(t) = f(t) also the second term converges which, by the previous lemma, yields
v(t) € D(A) for all t > 0 and v/'(t) = f(t) — Av(t). Therefore, if u(t) denotes the right
hand side of (3), then «'(t) = —AS(t)uo + f(t) — Av(t) = f(t) — Au(t). This shows that
the right hand side of (3) solves (4).

To show the estimate (5b) we note that

(7) u'(t) = S(t) [—Aug+ f(0)] + /0 S(t—s) f'(s)ds.

This proves the estimate (5b). Estimate (5¢) follows obviously. O

t+h
_ l/t S(t+h—s)f(s)ds + l[S(h)—ﬂ v(t)
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Remark 2.5. If [ € Cl([O,oo),X) then, in general, f ¢ Wl’l(((), oo),X), and this
theorem is not directly applicable. However, the right hand sides of (5a) — (5¢) depend
only on f on the interval (0,t). Therefore, if we multiply f by a smooth function ¢ of
compact support with ¢(t) = 1 on [0,T] then one can replace f by fo. On the bounded
interval [0,T] the estimates (5a) — (5¢) hold without modification. Using || f{|L1(04),x) <
t flleqo.g,.x) (and analogously for the derivative) yields an extra factor T' in the estimates
fort € [0,T] when using the mazimum norm.

Corollary 2.6. Let ug € X and f € L'((0,00), X). The mild solution u € C ([0, 00), X)
of (8) is the weak solution; that is,

d * *

(8) E(u(t),z/))x = —(u(t),A w)X + (f(t),@b)x for a.a. t >0 and ¢ € D(A")
where A* : X D D(A*) — X denotes the adjoint of A.

Proof: Let ¢ € D(A*) and ¢ € C§°[0,00). For ug € D(A) and f € W([0,00), X) we

multiply (4) by ¢(t)1, integrate from 0 to oo, use partial integration and the definition
of the adjoint. This yields

o0

- /0°°<u<t>,¢>x¢<t>dt - / " (u(t), A)) oty dt + / (F(1), ) o)

0

By the denseness of D(A) in X and W'!([0,00), X) in L'((0,00), X) and the stability
estimate (5a) we conclude that this formula holds also if u is only the mild solution. Now
(8) follows from a standard argument (see, e.g., [9], Theorem 2.18.). O

We will need the following regularity result (see [4], Theorem 7.5 for the case f = 0).

Theorem 2.7. Let A: X D D(A) — X be a linear maximal monotone operator and, for
some k € Nxq, let f € Wk’l((O,oo),X) and

-1
9w = (A + D (A FEID0) € DA) fort=0,... k—1.
j=0

(In the case € = 0 the sum is set to zero.) Let u € C*([0,00), X) N C([0,00), D(A)) be
the unique solution of (4).

Then u € C*([0,00), X) N C*71([0,00), D(A)). Furthermore, the stability estimates hold
in the forms

(10) [W9Olx < Nuoelx + 1fNropnx), t>0, £=0,... .k
where ugy, := —Aug 1 + fFV(0) € X. Note that f*=V is continuous.
Proof: First we note that the ug,’s satisfy the recursion formula: uo = uo and ug, =
—Augy1 + fEV(0), £ =1,..., k. Next we show
t
(11) u9(t) = S(t)ug, + / S(t—s)fO(s)ds, t>0, £=0,....k,
0

by induction with respect to k. The case k = 0 reduces to (3). Now we assume that
these formulas are true for £ = 0,...,k (under the assumption (9)) and we assume that

IThis argument is sometimes called the fundamental lemma of calculus of variations, see [10],
Lemma 1.2.1
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f € WH((0,00), X) and (9) holds for k + 1. Then ugy € D(A) and (11) holds for
¢ = k; that is,

t
u () = S(t)uey + / S(s) f¥(t—s)ds, t>0.
0
The additional differentiability of f yields that u*®) is differentiable and thus, as in (7),

ub V() = —AS(tuesr + S(t)f*(0) + / tS(s) FED(t — 5)ds

= S(t) [~ Augy + fP(0)] + /t S(t —s) fEHD(s) ds

which is formula (11) for ¢ = k + 1.
From this representation (11) the stability estimates follow immediately. U

3. DIFFERENTIABILITY WITH RESPECT TO PARAMETERS

In this section we consider a class of evolution equations, depending on a parameter, and
will show continuity and differentiability properties of the parameter-to-solution map.
The parameters are modeled by the set of self adjoint and uniformly bounded and coercive
operators in X. We define the set

B = By 74)
= {B € L(X): B self adjoint, y_||z||% < (Bz,z)x < v4llz[% for all z € X}

where 0 < v_ < v, and £(X) denotes the space of linear and bounded operators from X
into X. Let again A : X D D(A) — X be a maximal monotone operator. The following
result which we have found in [19] assures that also A 4+ B is surjective for every B € B
as operators from D(A) onto X. We include a direct proof for the convenience of the
reader.

Lemma 3.1. Let A : X D D(A) — X be a linear mazimal monotone operator and
B € B. Then A+ B is surjective.

Proof: In the first part we prove that the adjoint A* is monotone as well. We note
that this is not true in general; that is, without the assumption that A is maximal,
as the example A = —A with X = L?(D) and D(A) = HZ(D) = {u € H*D) :
u = J,u = 0 on 0D} shows. First we note (see [4], Proposition 7.1) that the maximal
monotonicity implies that (A + rI)~! exists and is bounded from X into itself with
range D(A) for all 7 € (0,1]. We define A = [(A+rD)7Y" : X — X as its adjoint;
that is, (Az,y)x = (2, (A+rI)"ty), for all z,y € X; that is, (Az,(A +rl)z), =
(z,x)x for all z € X and 2 € D(A). From this we conclude that Az € D(A*) and
(A*+rI)Az = z for all z € X. Furthermore, from ((A*+71)y, z) = (y,(A+rl)z) . and
the surjectivity of A+rI we observe that A*+r[ is injective for all r € (0, 1]. We observe
that (A*4r1) [A(A* +rl)y—y] = (A*+rl)y— (A*+rI)y = 0 and thus A(A +rD)y =y
for all y € D(A*); that is, we have shown that A = [(A+ 7"[)_1}* = (A*+rI)~

Now we use that ((A + rI)x,a:)X > 0 for all z € D(A) and r > 0 and thus (y, (A +
rI)7'y), > 0 for all y € X; that is, ((A* +rI)~'y,y), > 0 for all y € X; that is,
(2, (A* +rD)z) , > 0 for all z € D(A*) and all r € (0,1]. For r — 0 we arrive at
(2, A*2)x > 0 for all z € D(A*); that is, the monotonicity of A*.
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Let now B € B. Then A* + B is one-to-one by the monotonicity of A*. Therefore, the
range of A 4+ B is dense. Indeed, from (z, Az + Bx)x = 0 for all x € D(A) we conclude
that (2, Az)x = —(z,Bx)x = —(Bz,x) for all x € D(A). Therefore, z € D(A*) and
A*z = —Bz and thus z = 0 which shows the denseness of the range. Furthermore, the

range of A+ B is also closed. This follows from the estimate y_||z||% < ((A+B)x,z) , <

I(A+ B)z|x|lz|x for all z € D(A); that is, y_||z[|x < |[(A+ B)z||, for all z € D(A).
Indeed, let (A+ B)z; — =z for some sequence x; € D(A). The estimate implies that {z;}
is a Cauchy sequence and thus convergent x; — x for some € X. Therefore, Bx; — Bx

and thus Az; — z — Bx. The closedness of A yields x € D(A) and Az = z — Bz. This
shows that z is in the range of A + B and finishes the proof. U

We note the following equivalent interpretation of this result. If we define, for B € B,
the weighted inner product (+,-)p in X by

(z,y)p = (Bz,y)x, z,yeX,

then the operator B~ A is maximal monotone with respect to this weighted inner product.
The corresponding norm || - || g is equivalent to the ordinary norm because obviously

r-lelx < 2l < wllellyx, veX.

Therefore, for any B € B, ug € D(A) = D(B'A), and f € W' ((0,00), X) there exists
a unique solution u € C''([0,00), X) N C([0,00), D(A)) with

(12) BU(t) = —Au(t) + ft), t>0, u(0)=up.

In the estimates of Theorems 2.4 and 2.7 one has to replace f by B~'f and || - ||x by
| - || — or compensate the use of || - || x by introducing the constants ,/7_ or /7.

First we show that under certain regularity assumptions the mapping F' : B — u is
(locally) Lipschitz continuous on B.

Lemma 3.2. Let A : X D D(A) — X be mazimal monotone, uy € D(A), B € B and
B € L(X) such that B+ B € B. Furthermore, let f € W*'((0,00),X) and 0 =
B! (Aug — f(0)) € D(A). Let a,a € C'([0,00),X) N C([0,00),D(A)) be the solutions
of

Bi/'(t) + Au(t) = f(t) and (B+B)i'(t) + Au(t) = f(t), t>0,

and 1(0) = u(0) = ug, respectively. Then there exists c, depending only on A, v., vy—, Vo,
and f, such that for all T > 0:

la(t) —u(t)||x + ||o't) —d'(@®)]x < cA+T)||Bllex)y for0<t<T.
Proof: The difference @ — @ satisfies

(B+ B) (@'(t) —a'(t) () + A(t)(at) —a(t)) = Ba'(t), t >0,
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and 4(0) — @(0) = 0. We note that @ € C*([0,00), X) NC*([0,00), D(A)) by the assump-
tions on f and ug and Theorem 2.7 for £k = 2 and thus

@y < =Nl < Y2 [laolx + 187 lsan]

V- N
VI+ [ .,
< ol x + — 1 lerqo.0,x)| £ 1 and analogously
V7= L V- w
A VI+ [ A= . A
2" ®)llx < Vo 1B (1(0) + Ado)|lx + |1B 1f”||L1((07t)7X)}
VI+ [ 1 ) 1
< LR [LIro+ il + 1 o) <

for t > 0 where ¢q,cy depend only on A, v, v_, 09, and f. Therefore, Theorem 2.4
is applicable to & — @ (see Remark 2.5) and yields the stability estimates (note that
(0) —u(0) = 0)

X _ V7 A 1n Ve T
i) =il < 2ZE[IB+B)7 B loan] < @2t 1Bl
N - Y A 1 A N
i) = @@l < I+ B BEO)x + 1B+ B) B luxoa.0)
VAl
< —7: - 1Bl zcx) (e1 + Tez)
for0 <t <T. OJ

Remark 3.3. In general, the Lipschitz constant ¢(1+T) depends obviously on T but also

on B through vg; that is, the Lipschitz continuity holds only locally with respect to time
and B. However, under the stronger assumption Aug = f(0) the constant ¢ is universal

for all B, B + B € B because in this case vy = 0. For fized T > 0 the assumption on f
is obviously too strong. It is sufficient to assume that f € W2’1((0,T),X). Indeed, one

can extend f to f € Wz’l((O, 00), X), and the solutions corresponding to these extensions
coincide on [0, T] by (3), compare also with Remark 2.5.

Theorem 3.4. Let T > 0, f € WH((0,T),X), and uo € D(A). Then the mapping
B+ u is continuous from B into C*([0,T], X).

Proof: Let B, B, € B with B, — B in £(X). Define the sequence of linear operators
P, : D(A) x WH((0,T),X) — C'([0,T],X) by Pu(uo,f) = uy — u where u,,u €
CH([0,T], X)NC([0,T], D(A)) solve (12) for B, and B, respectively, and ug and f. By the
previous lemma (and Remark 3.3) we have that P, (uo, f) — 01in C*([0,T],X) as n — oo
for (uo, f) € D := {(uo, f) € D(A) x W2((0,T),X) : B~ (Aug — f(0)) € D(A)}. The
space D is dense in D(A) x WH((0,T), X). Indeed, let (ug, f) € D(A) x WHL((0,T), X).
Choose sequences u, € D((B™A)?), 27 € D(A), and f7 6 W2L((0,T), X) with wl) — g
in D(A) (possible because D((B~'A)?) is dense in D(B~'A) = D(A)), 27 — B~ f(0) in

X and f7 — fin WH'((0,7), X). Furthermore, choose ¢ € C™[0, 00) with ¢(0) = 1 and
¢(t) = 0 for t > t, for some to € (0,T). Define f9 € W21((0,7),X) by fi(t) = fI(t) +
¢(t)[Bz7 — f/(0)], t > 0. Then B~1f/(0) = 2/ € D(A) and f7 — f in WH((0,7T), X)
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as j — oo. Furthermore, B~'Au} € D(B~'A) = D(A) and thus (u), f) € D which
shows denseness of D in D(A) x W((0,T),X). Furthermore, for (uo, f) € D(A) x
I/Vl’l((O7 T), X) we have by Theorem 2.4 that

”Pn(u()’ f)Hcl([O,T],X) < ||u"||01([O,T],X) + ”uHCl([o,T},X) < C[HUOHD(A) + HfHWl’l((O’T)’X)}

where ¢ depends only on A, 7y_, and ~;. Therefore, ||P,|| is uniformly bounded, and a
density argument implies that P,(ug, f) — 0 in C*([0,7],X) for all (uo, f) € D(A) x
W((0,T), X). 0

Next we show differentiability of this mapping F' : B — u from B into C' ([O, T), X )

Theorem 3.5. Let T > 0, f € W' ((0,T),X), and uo € D(A). Then F : B —
C([0,T), X) is Fréchet differentiable at B € int(B) and F'(B)B = T where € C([0,7], X)
1s the mild solution of

(13) Bu'(t) + Au(t) = —Bw'(t), te[0,T], u(0)=0.

Here, @ € C'([0,T], X) N C([0,T],D(A)) is the (classical) solution of Bi/(t) + Au(t) =
f(t), t€]0,7T], a(0) = up.

Proof: First we note that the source term in (13) is in C'([0,77], X) which implies the
existence of a mild solution w € C([0,T],X) of (13) (we refer again to Remark 3.3).
Let B € £(X) such that B+ B € B and let 4 € C'([0,T],X) N C([0,T),D(A)) be
the solution of (B 4+ B)@(t) + Au(t) = f(t), t € [0,T], and @(0) = ug. Writing this as
@'(t) + B Aa(t) = B[ f(t) — Bi/'(t)] we have

a(t) = S(tuy + /0 tS”(t —s) B[ f(s) — Bi/(s)] ds,
a(t) = S(tuy + /Otg(t—s)l?lf(s) ds,
at) = — /0 tS‘(t — 5) B7'Bi/(s) ds,
for t € [0, T] where S(s) denotes the semigroup corresponding to B~'A. Therefore,

a(t) —a(t) —a(t) = /0 S(t—s)B'B(i/(s) —'(s))ds, te€[0,T],

and thus
1t .
la(t) — a(t) —a(t)||x < _/ 150 = 9l 1B B@(s) — ()l ds
VY- Jo _S,_/l
< 4Bl o, 1) ~ 75l
Vv o
= T r; Bl cx) 14 = @[l eom,x)  for t €[0,T].
Therefore,
1 0—1—1u T+ |- _
TBlece 1= = lleqorx < T —\/_VV 18— @lleqorx)
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which ends the proof because ||@' —@'||¢(jo,r,x) — 0 as || Bl|z(x) = 0 by Theorem 3.4. [

Remarks 3.6. (a) Again, the mild solution is also a weak solution in the sense of (8);
that s,
d d

Eﬂémwﬂmx+(mw¢wmx::—E#Bmwﬂnx for a.a. t € [0,T] and ¢ € D(A*).

(b) Under the stronger assumptions f € W*1((0,T), X) and B~'[Aug — f(0)] € D(A)
the mild solution W is a classical solution w € C*([0,T],X) NC([0,T],D(A)) because the
source term in (13) is in C*([0,T],X) by Theorem 2.7 for k = 2.

(c) If we consider the mapping F : B — u from B into the canonical space C* ([0, T], X) N
C([0,T),D(A)) rather that into C([0,T], X) we would need even stronger regularity as-
sumptions. Indeed, if we use the notations of the previous proof we note thatv = u—u—"1u
satisfies also

(B+B)W'(t) + Av(t) = —Bu'(t), t€0,T].
Therefore, in order to estimate ||v||c1om,x) and ||[v|lcor,pa)) the source term B has
to be in W“((O,T), X) which requires 1 € 03([0, T], X). By Theorem 2.7 for k = 3 this
requires the additional assumptions f € W3((0,T),X), 0o := B~ '[Aug — f(0)] € D(A),
and B~1[Aty — f'(0)] € D(A).
(d) We have shown differentiability of F' as a mapping from B into C’([O,T],X). This

implies that the mapping is also differentiable as a mapping into the more appropriate
(w.r.t. the applications) space L*((0,T), X).

(e) We note that in applications (see Sections 5 and 6 below) the operator B is just a

multiplication operator with some L*°—function. Therefore, the assumptions 0y € D(A)
and B~'(Aty — f'(0)) € D(A) include smoothness assumptions on B.

4. LocAL ILL-POSEDNESS

We recall from [7] that a (nonlinear) equation F'(z) = y is locally ill-posed at =™ € D(F)
satisfying F'(z") = y if in any neighborhood of x there exists a sequence {xy }xen C D(F)
such that

Jim |F(zx) — F(z")||y =0, however ||zx —z"||x /4 0 for k — oo.
—00

For fixed f € W''((0,T), X) we consider the mapping F : B D D(F) — L?((0,7), X)
from the previous section; that is, F(B) = u and u € C'([0,7],X) N C([0,T],D(A))
satisfies (12); that is,

(14) Bu'(t) = —Au(t) + f(t), te[0, 7], u(0)=up.

We note that ill-posedness of an equation depends on the space of parameters B. In
particular, the ill-posedness may disappear if the set is shrinked too much. Therefore, it
is important to prove ill-posedness of the equation F'(B) = u on a suitable subsets D(F)

of B.

Theorem 4.1. Let ug € D(A) and f € W™ ((0,T), X). Then the equation F(B) = u is
locally ill-posed at any BT € D(F) satisfying F(BT) = w if for any r € (0,1] there exists
7 € (0,7) and a sequence of bounded, symmetric and monotone operators Ej, : X — X
with Bt + Ey, € D(F) and # < ||Ex|| < r for allk € N and limy,_, Exv =0 for allv € X.
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Proof: Let BT € D(F) and 0 < r < 1 be arbitrary and Ej : X — X a sequence with
the above property. Then v_[[v[[% < |[v[%, 5, < (74 + 7)[lv[% Where we have used the
notation [|[v||%, 5 = (B + Ex)v,v) .
Let u = J(B%) and u, = J(B' + Ej); that is, ug,u € C*([0,00), X) N C([0,00), D(A))
solve

(BT + Epuy(t) = —Aug(t) + f(1),

BR(t) = —Ault) + f(1).

and u(0) = ux(0) = up. From the stability estimates and the above mentioned fact that
|-[|x and ||-|| B+, are equivalent norms we get the existence of ¢ > 0 with ||uy||c(jo,7,x) < ¢
for all k € N. Therefore, vy = u — uy, solves v (0) = 0 and

(BT + Ep)v(t) = —Avp(t) + Epd/(t).
Multiplication with vg(f) and the monotonicity of A yields

L Oen = 225+ Bou0.u)y < (B (o)

and thus

1 1 [*d !
S 1O as, = 5 [ lo)esds < [ (Bals)o) ,ds
o as 0

t
< Mowlegoms / | Bl (s)1x ds
0

t
< [e+ lulloqorx] / | By ()] x ds.
0

The integrand converges pointwise to zero for every s € [0,¢] and is uniformly bounded
by |[u'[|c(o,m,x)- Therefore, the integral converges to zero; that is, we have pointwise
convergence uy(t) — u(t) for every t. This implies also convergence in L?((0,7), X)
because uy and u are uniformly bounded. Therefore we have shown that F(B* + Ej) —
F(B*)in L*((0,T),X) and 7 < |[(B* + E}) — B™||zx) < r for all k. O

Remark: In our previous paper [13] (Proposition 2.1) we presented a criterion for local
ill-posedness which requires compactness and weak-*-weak continuity of the underlying
operator F. The above theorem does not need these strong assumptions if F' is the
parameter-to-solution map of the first order system (14).

5. APPLICATION TO THE MAXWELL SYSTEM

We want to apply the abstract results of the previous sections to the following Maxwell
system:

(15a) u(:z:)aa—l;l(t,x) + curlE(t,z) = J,(t,2),
(15Db) s(m)aa—]f(t,x) — cuwrlH(t,z) = —J.(t,z) — o(x)E(t,z),

for (¢,x) € (0,00) x D with boundary conditions
(15¢) v(z) x E(t,z) =0 for (t,x) € (0,00) X 0D,
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and initial conditions
(15d) E(0,z) =eo(x) and H(0,z) =he(x) forze D.

Here, D C R3 is some Lipschitz domain which is either bounded or the complement
of a bounded domain. We note that (in the case 0 = 0) the conservation equations
2 div(p(z)H(t, z)) — div,,(t,z) = 0 and 2 div(e(z)E(t,z)) + divJ.(t,z) = 0 follow
directly from (15a) and (15b), respectively. If divJ. = 0 then div(e(z)E(t,z)) = 0
follows provided one assumes div(eeg) = 0 for the initial field. Analogously, the same
arguments hold for the magnetic field. The additional boundary condition v - H = 0 on
0D (in the physically relevant case J,,, = 0) follows from

%(MV~H) = —v-curlE = —Div(v x E) on dD

and the boundary condition (15c). Here, Div denotes the surface divergence (see, e.g.,

[11]).

We make the following assumptions on the data:

Assumption 5.1.
o &, € L®(D) such that c. < e(x) < ' and ¢, < p(zx) < ¢, on D for some
Cey ¢y >0 (then also c. < e(x)™ <t and ¢, < p(x)™' < ¢t on D),
e g€ L®(D) and o(z) >0 on D,
e J.,J, e Wh((0,00), L*(D,R?)),
e ey € Hy(curl, D) and hy € H(curl, D).

To treat this system by the abstract theory we set X = L?*(D,R?) x L*(D,R?), D(A) =
Hy(curl, D) x H(curl, D), and

o a- (25 o(E)- (B)- (1 2)(E)

As already done in Assumption 5.1 we identify functions v : Ry x D — R? of two
variables with Hilbert-space valued functions v : Rsg — L%(D,RR3) of one variable and
set u = (E,H)" and ug = (eg,hg)" and f = (=J.,J,,)". Then the system (15a)—(15d)
can be written as Bu/(t) = —Au(t) + f(t), t > 0, and u(0) = wo.

1

Lemma 5.2. The operator A is maximal monotone in the sense of Definition 2.1.

Proof: For (E,H)" € D(A) we have

(A(EI),(EI))X:/D[(UE—curlH)-E+cur1E-H}dm:/Da|E|2dx >0

by Green’s theorem. Note that no boundary term appears because E € Hy(curl, D).
It remains to show surjectivity of A + I. For any J.,J,, € L?(D,R?) we have to find
E € Hy(curl, D) and H € H(curl, D) with

(17) cE—curlH+E=J, and cwlE+H=1J,,.

For any v € Hy(curl, D) we multiply the first equation by 1 and the second by curl ¥,
add the equations and integrate over D. Noting that [ plt - curlH — H - curlvp]dz = 0
we arrive at

/[CurlE-curh/J—i—(a—i—l)E-w]dx = /[Jm-curlw,b—l—.]e-vﬂdm
D D



12 ANDREAS KIRSCH AND ANDREAS RIEDER

The theorem of Lax-Milgram in Hy(curl, D) implies existence of a solution E € Hy(curl, D).
Finally we define H = J,;, — curl E. Then the second equation of (17) is satisfied and the
variational equation takes the form

/[(o—l—l)E'd)—H-curl@b]dx = /Je~¢dx
D D
which is the weak form of the first equation of (17). O

Application of Theorems 2.4 and 2.7 for k£ = 2 and 3 yields:

Theorem 5.3.

(a) Under Assumption 5.1 there exists a unique solution E € C([0,00), Ho(curl, D)) N
C'([0,00), L*(D,R?)) and H € C([0,00), H(curl, D)) N C*([0,00), L*(D,R?)) of (15a)-
(15d).

(b) Let Jo, I, € W2((0,00), L*(D,R?)) and & := X [curlhg—oeq—J.(0)] € Hy(curl, D)
and hg := i[Jm(O) — curleg] € H(curl, D).

Then E € C*([0,00), Ho(curl, D))NC? ([0, 00), L*(D,R?)) and H € C*([0, 00), H(curl, D))N
C2([0,00), L*(D,R?)).

(¢) Let in addition to the assumptions of part (b) Je, I, € W3((0,00), L*(D,R?)) and

1 [curl ho — 089 — J.(0)] € Ho(curl, D) and i[J;n(O) — curl ] € H(curl, D).

Then E € C?([0,00), Ho(curl, D))NC3([0, 00), L*(D,R?)) and H € C?*([0, 00), H(curl, D))N
C3([0,00), L*(D,R?)).

Proof: For parts (b) and (c) we have to translate the assumptions of Theorem 3.5
into the special case of the Maxwell system. Here, f € W“((O, oo),X) corresponds to
Je,Jm € WH((0,00), L2(D,R?)). The assumption B~'(Aug — f(0)) € D(A) translates
into [oeq — curlhg + J.(0)] € Hy(curl, D) and chrl eo — J,u(0)] € H(curl, D). The
assumption B~!(Ad— f'(0)) € D(A) translates into 1 [curl hg—oeo—J.(0)] € Hy(curl, D)
and HJ;n(O) — curl&)] € H(curl, D). These are exactly the assumptions made for this
theorem. U

We note again that it is sufficient to make the assumptions on J. and J,, on the finite
interval (0,7) only if one is interested in the finite time case.

For fixed T" > 0 and ¢ > 0 we will now consider the mapping properties of the parameter-
to-solution operator F : P —» C([0,T], L*(D,R?)) x C([0,T], L*(D,R?)) defined by
F(e,p) = (E,H)T where P = {(e,0)" € L®(D) x L®(D) : ' < g(z) < ¢, ;' <
w(z) < ¢, on D} for some c.,c, > 1 denotes the set of parameters and (E,H)" is the
solution of (15a)—(15d). We note that this operator is slightly different from the operator
F' of the previous section which maps any symmetric and coercive operator B from
L*(D,R?) x L*(D,R?) into itself to the solution. Since we consider special multiplication
operators B we introduce the linear and bounded operator V : P — £(L2(D,R3) X
L*(D,R%)), defined by V(e,p)(u,v) = (eu,pv)’ for (u,v)" € L*(D,R?) x L*(D,RR?)
and (e,4)T € P. Then F = F oV and thus F'(e, ) = F'(V(e, 1)) o V because V is
obviously linear as an operator from L>®(D) x L*(D) into £(L*(D,R?) x L*(D,R?)).
Application of Theorem 3.5 yields directly the following result.
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Theorem 5.4. Let the Assumptions 5.1 hold and denote by (E,ﬂ) the solution of the
system (15a)—(15d) corresponding to (¢£,[1) € int P, &, e, hg, J., and J,,. Then the
mapping F = (e, )T — (B, H)T from P into C ([0, 1], L*(D,R?*)) x C([0, T], L*(D,R?))
is Fréchet-differentiable at (¢,[1) and F'(é,71)(e,n) = (B, H) where (E,H) is the mild
solution of the system

(18a) AH () + cwrlE() = —pH(t), tel0,T],
(18b) ¢E(t) — curlH(t) + 6E(t) = —eE(t), tel0,T],
(18¢) E(0) = H(0) = 0.
Remarks 5.5. (a) The mild solution of (18a) — (18c) is also the weak solution; that is,
d,  — — d, -
%(MH(t% w)LQ(D) + (E(t)7 Curl w)L2(D) = _E( H(t)7 w)LQ(D)
for all € H(curl, D)) and almost all t € [0,T] and
d, .= — = d, -
E(‘EE(t)?Qs)Lz(D) - (H(t),CUI‘lgf))LZ(D) + (O-E<t>7¢)L2(D) - _E(GE(t)vgb)LQ(D)

for all ¢ € Hy(curl, D)) and almost all t € [0,T].

(b) Under the additional regularity assumptions of part (b) of Theorem 5.3 the mild
solution (K, H) is a classical solution.

(c) Under the additional regularity assumptions of part (c) of Theorem 5.8 the map-
ping F is also Fréchet differentiable as a mapping from P into [C*([0,T], L*(D,R?)) N
C([0,T), Ho(curl, D))] x [C*([0,T], L*(D,R*)) n C([0,T7], H(curl, D))].

(d) The differentiability with respect to o can not be treated analogously by the abstract
theory. Instead, one has to consider abstract evolution equations of the form u'(t) =
—Au(t) + Bu(t) + f(t), t > 0, and u(0) = ug with B € L(X). Therefore, u satisfies
the fixed point equation u(t) = S(t)uy + fg S(t — s)Bu(s)ds + fg S(t—s)f(s)ds, t > 0.
Properties of the mapping B — wu as, e.g. differentiability, can then be treated quite
analogously.

Finally, we show that the inverse problem, to determine the coefficients € and p from E
and H is locally ill-posed by applying Theorem 4.1.

Theorem 5.6. Let the Assumptions 5.1 hold and let F : P — LQ((O,T) X D,R3) X
LQ((O,T) X D,]R3) by the parameter-to-solution map of the previous theorem. Then the
equation F(e, 1) = (B, H) is locally ill-posed at any (e*, u™)T € int P.

Proof: Fix a point 2 € D and define balls K, = {y € R® : |y — &| < d/n} where
0 > 0 is small enough such that K,, C D for all n € N. Let x, be the character-
istic function of K,; that is, x,(x) = 1if |x — 2| < §/n and O else. Let r > 0
be so small such that (¥ + rx,, u™ + rxm)" € P for all n,m € N. Then we write
F(et + rxn, it +7xm) = F(V(e*,5™) + En,n) with the operator V' defined above as
Ve, n)(u,v) = (eu, pv) for (u,v) € L*(D,R3*) x L*(D,R3) and &, u € L>(D) and E,,,, €
L(L*(D) x L*(D)) defined by E,n(u,v) = 7V (Xn, Xm)(w,v) = r(xnW, Xmnv). Then
| Enmll2(z2(pyx22(py) = 7 (that is, # = 7 in Theorem 4.1) and || E,, ., (0, V) || L2(pyx 22(p) — 0
as n,m — oco. Indeed, ||xnul2py < |Jull2(py is obvious and ||x2|lr2p) = |Xnllz2(p)
which yields ||E,, || z(z2(p)xr2(py) = 7. Furthermore, ||Xnu||%2(D) = fKn lu|?dz — 0 as n
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tends to infinity. Therefore, the operators E,, ,, satisfy the assumptions of Theorem 4.1.
This ends the proof. O

6. APPLICATION TO THE ELASTIC WAVE EQUATION

We apply the abstract results to the elastic wave equation in the reference domain D C R3
which we assume to be Lipschitz and either be bounded or the exterior of a bounded
domain.

Let o: [0,00) x D — R2%3 be the stress tensor and v: [0,00) x D — R? be the velocity
field. Then,

(19a) o(t,z) = C(u(x),Mx))e(v(t,z)) in[0,00) X D,

(19Db) o(x)ov(t,x) = dive(t,z)+f(t,z) in[0,00) X D,

where ¢: D — R is the mass density, f: [0,00) x D — R3 is a volume force and
C(m,0)e = 2me + Ltrace(e), e € R} mleR,

sym
is Hooke’s law with Lamé parameters m = p(xz) and ¢ = A(x). Finally, e(v) =
+[(Vov) " + V,v] is the (linearized) strain. Initial and boundary conditions will be spec-
ified below. We consider C' as a mapping from D(C) = {(m, ()" € R? : ¢t < 2m+3( <
¢, ¢t < m < c} into Aut(R33). Here, ¢ > 1 is some constant, and Aut(RZ%?) is the

Sym sym
space of automorphisms in R3X3; that is, isomorphisms from R3X3 onto itself. Indeed, the

sym? sym
inverse [C’(m,é)srl of C(m,{)e is given by
. 1 1 14
C(m,€)€ = [C(m,ﬁ)s} = %5 — mtf&C@(&f)I

1 l
(20) = C <R7_m> €
for e € R3:3, provided (m, ()" € D(C). Then (19a) is equivalent to
é’(u(m),)\(x))ato'(t,x) = e(v(t,z)) in[0,00) x D.
We make the assumption that (u, A, 0)" € P where
21) P = {(mro) €L*D)P:c ' <o pu<c T <2u+3X<cae inD}.

Introducing the standard inner product

3 3
oY = ZZUwpm for matrices o, 9 € R3*3

i=1 j=1
we have
3 3 3 2
Cp,Ne:e = 2,uzgfj + ch?i + (Q;L—c)Zs?i + A( 52-2->
itj i=1 i=1 i=1
3 1 3 2
> Q,qu?j + cZz—:?i + 5(2,u—c—|—3/\) (Zsm>
i#£j i=1 T i=1
3
(22) > e = clel

1,7=1
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3 2 3 . .
because (Y7 ei) < 3., e%. Here |- |p denotes the Frobenius norm for matrices;

that is, |e|p = /e e = N/Z?,jﬂ e, Furthermore,

C(u,Ne e = 2/126” + A(Z%) < (2u+3\)efi < cleff.

i,7=1
Therefore,
(23) c Helz < C(u, Ne : € < cle|r and thus ¢ o3 < C(u,\) o : o < clo|
for all e, € R3%3 and (u, \)" € D(C). Also, this implies

sym
¢ elr < |C(wNelr < clelp and ¢ Yolp < [C(p,Neolr < clo|r
for all e,0 € R23 and (u, \)" € D(C).

Sym
Next we want to formulate (19a) and (19b) as an abstract evolution equation. Let
X = L*(D,R3%3) x L*(D,R?) with inner product

sym

((o,v) ", ('l,b,w)T)X = /D(O' tp +vow)de, (o,v),(p,w) €X.

For fixed (u, A, 0)" € P we define B € L(X) by

(0 - (50 )

(pointwise for almost all € D) which is self adjoint and uniformly positive definite by
(22). With

(25) A= <d(i)v g)

the system (19a) and (19b) with initial conditions reads as

(26) B&t<$) = -4 <$) + (?) (‘558 ;) = (2)

To define the domain of definition D(A) of A we split D = dDpUIDy into disjoint
parts where 0D p has positive 2-dimensional volume. Let n be the outer normal vector
on 0Dp. Then

Sym

(27)  D(A) = {( v)T € H(div, D,R®?) x H5(D,R®) : omn = 0 on aDN}

where H},(D,R?) = {v € H'(D,R?®) : v = 0on dDp} and H(div,D,R¥}) = {o €

sym

L*(D,R%3) : dive.; € L*(D), j = 1,2,3}. We note that the traces o, ; - n exist in

sym

H~'*(Div, dD) because o, ; € H(div, D) (see, e.g., [17]).
Lemma 6.1. The operator A is maximal monotone in the sense of Definition 2.1.

Proof: The operator A is skew-symmetric, see, e.g., [20], and, as such, is monotone:
(A(e,v)",(o,v)T), = 0. Indeed, using the identities

div(ev) =dive-v+o:Vv and g(v):0=Vv:o,
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as well as the divergence theorem we find for (o, v)", (1, w)" € D(A) that
(A(a, V), (¢,W)T)X = —/D (s(v) cp +div(o) - W)dx
= —/D (e(v) : ¢+ diviow) — o : Vw)dz
= —/D(e(v) cp —e(w) :J)dx+f3D(aw)-nds

J/

-~

=0

—e(v ):1/))dx+/ (¢pv) -nds

oD

J/

-

=0

J e
= / o +div(ypv) — 1 : Vv)da
/ co+div(y) - v)dz = ((o,v)", —A(y, W)T)X :

Next we show that I + A is surjective. To this end let (1p,g)" € X. We have to solve
the equations

(28) oc—¢e(v)=1 and v—dive =g
for (o,v)" € D(A). We multiply the second equation by some test function w €
HL(D,R3), 1ntegrate over D and use the divergence theorem. This yields

D D
— /(v-w+U:VW)dx + / (ow) -nds .
D

Jop

J/

-~

=0

Now we use the first equation and arrive at

/Dg-wdx _ /D[v-w+(s<v>+¢):w}dx;

that is,
/ [v-w+e(v):e(w)]de = / [g-w—1:Vw|dz forallwe H,(D,R?).
D D

This variational equation is known as the pure displacement ansatz in elasticity which
has a unique solution v € H}(D,R3) see, e.g., [3]. Finally, set o := 1 + &(v). Thus
o =o' and, as above,

/g-wdx:/(v-w+U:VW)dx+/ (ow) -nds

D D dDN

for all w € H},(D,R?). This is the variational form of on = 0 on 9Dy and dive =
v—g € L?(D,R?) which yields that o € H(div, D,R3x%). Altogether we have constructed

(o,v)" € D(A) satisfying (28). O



17

Therefore, the operators B and A defined in (24) and (25), respectively, fulfill the re-
quirements of our abstract theory of the previous sections, and the following theorem

holds.

Theorem 6.2. (a) Let (u, A, 0)7 € P, £ € WH((0,00), L*(D,R?)), and (o, vo)" €
D(A) where P and D(A) have been defined in (21) and (27), respectively. Then there
exists a unique solution (o,v)" € C([0,00), D(A)) N C*([0,00), X) of (19a), (19b) with
o(0) = ¢ and v(0) = vo. Here, again, X = L*(D,R2x3) x L*(D,R?).

(b) Let in addition f € W*'((0,00), L*(D,R?)), vo := ¢~ [divey + £(0)] € Hp(D,R?),
G0 = C(u, Ne(vo) € H(div, D,R2%%), and C(u, N)e(vo)n = 0 on dDy.

Then (o,v)" € C*([0,00), D(A)) N C?([0,0), X).

(c) Let in addition to the assumptions of part (b) £ € W31((0,00), L*(D,R?)), o~ [div oo+
f'(0)] € HLH(D,R?), C(u, Ne(vo) € H(div, D,R3) and C(p, N)e(¥o)n = 0 on dDy.
Then (o,v)" € C2(|0, oo),D(A)) NC3([0,00), X).

Proof: We have again to check the conditions of Theorem 2.7 for k£ = 2 and k = 3. We
have: f € W5((0,00), X) translates into f € W% ((0,00), L*(D,R?)), B~ (Aug— f(0)) €
D(A) reads as C(u, \)e(vo) € H(div, D Rg;n?;) “divey + £(0)] € HL(D,R?), and

C(p, Ne(vo)n = 0 on dDy. Furthermore, B~'(Aty — f'(0)) € D(A) translates into
C(p, Ne(vo) € H(div, D,R3x3), o= [divao+£'(0)] € Hp(D,R?), and C(u, A)e(Vo)n =0

Sym

on 0Dy. O

We note again that it is sufficient to make the assumptions on f on the finite interval
(0,T") only if one is interested in the finite time case.

In particular, the mapping F : (, A\, 0)7 = (o,v)T is well defined from the set P of
parameters into C'([0, 7], X) for any fixed 7' > 0.

We will now express this operator F' in terms of the operator F': B — u of the abstract

theory. To this end we introduce, analogously to the previous section, V': L>*(D)3 D
P — L(X) as the mapping (i, \,0)" — (C(’é”\) ;1> where we interpret the application

of C(1, \) pointwise a.e. Then F = FoV on P. To compute the derivative of F' we have
to use the chain rule.

Lemma 6.3. Let C' : D(C) — Aut(R3%3) be the mapping defined in (20). Its Fréchet
derivative at (1, \)" € int D(C') is given by
C'(u, N (m, 0) = —C(u,\) o C(m, ) oC(p,\), (m,0)" € R%.
Proof: First, we note that C' is a linear operator and Clu, N) o C(j, N) = C(p, \) o
C(p, A) = I. Then we have for sufficiently small m, ¢
Clp+m,A+10) = C(p, ) + Cp, A) 0 C(m, £) o C(p, \)
= C(u+mA+10)o[C,\) —Clu+m,A+0)] oCu, )
+ C(j,N\) o C(m, 0) o C(p, N)
= [C(u,N) = Clu+m,A+0)] o C(m, L) o Cu, \)

and thus ) . 3 )
[C(p+m, A+ €) — C(p, ) + Cp, A) o C(m, £) o Cpa, A) || aus
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< IOl MllawellClp 2) = Clutm, A+ Ollawe (Im] + €)= o(jm] + |4])
as |m| + |[¢| — 0. This proves the assertion. O
Theorem 6.4. Let T > 0, (u,\,0)" € P, £ € WH([0,T], L*(D,R?)), and (o, vo)' €
D(A). Then the mapping F: L>®°(D)* > P — C([0,T],X), (u, X 0)" — (o,v)", where

(o,v) solves (19a), (19b) w.r.t. the parameters (p,/\ 0) and initial values (o, Vo), is
Fréchet differentiable at (,u,)\ 0)". In fact, we have that F’(u,)\ 0)(u, A\, 0) = (,v) 7

where (&,v)" € C((0,T],X) is the mild solution of

(9)  Ao(te) = Cle) Mn)e(ta) + Clu(e) Na)e@(t,2))

(29b)  o(x)0v(t,x) = dive(t,x) — p(x)ov(t, )

n [0,T] x D and &(0) = 0, v(0) = 0. Here, & and V correspond to the parameters
(.4, 0)"

Proof: We have that F(u, )\, 0) = F(V(,u, A, Q)) where F': L(X) D B — C’([O,T],X),

B (o,v)" and (o, v) solves (26) w.r.t. B. Thus, F'(;1, A, 0) = F' (V{2 0) V! (1, A, 0).
We determine the derivative of F' with Theorem 3.5.

F'(ji. X 0) (A o) = F'(V(i X 0) (C'( A (1. N) o) = (@,9)"

where &(0) = 0, ¥(0) = 0, and
(8 2)a(D) - (5 96) - (“

that is, using Lemma 6.3,

o(x)ov(t,x) = dive(t,z) — o(x)0v(t, x)

which proves the theorem. Il

Remarks 6.5. (a) As before, the mild solution is also the weak solution for the elastic
equation; that is (compare with the proof of Lemma 6.1)

d WP, ~
7 (CNat).¢) . = —(F0).dive) . + (C(NC( Ve (D). 9) .
for almost all t € [0,T] and all 4 € H(div, D,R3*%) with ymn =0 on dDy and

d d
L 0.0),0 = (@0 @) 2 — o (09(0).6)
for almost all t € [0,T] and all ¢ € H},(D,R3?).

(b) We note that the reqularity assumptions in Theorem 6.4 are much weaker than in,
e.g., [15] or [2], see Section 7. This is due to the fact that we show differentiability of F
only as a mapping from P into C([O, T], X) and use the concept of mild solutions. Under
the additional reqularity assumptions of part (b) of Theorem 6.2 the mild solution is also

a classical solution. Under the assumptions of part (c) of this theorem the mapping F s
differentiable from P into C*([0,T],X) NC([0,T],D(A)).

Finally, we prove the local ill-posedness of F(u, A, 0) = (o, v) .
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Theorem 6.6. The equation F(u,\, 0) = (o,v) 7 is locally ill-posed at any interior point
(1, A 0)" of P.

Proof: Let r € (0,1] and y,, € L>(D) as in the proof of Theorem 5.6. Choose rq,rs,r3 €
[0, 7] with r; + 79 + 73 > 0 and ¢ 427 + 3r9)? + r2 < r? and such that (ji,, Ay, 0,)" € P
for all n where p, = p+ r1Xn, An = A+ 72Xn, and 9, = 0+ 7r3x,. We show that the
operators B, = V (n, An, 0n) =V (i, A, 0) € L(X) satisfy the assumptions of Theorem 4.1
for some 7 € (0,7). Here again, V: L®(D)* > P — L(X) is defined as the mapping
(N, 0)7 (C(’é’k) QOI>. This mapping V' is matrix-valued, and we consider first the

component C. For o € R¥3 and fixed z € D (where we write u instead of u(z), etc.)

Sym
we compute as in Lemma 6.3

é’(un,)\n)a — é’(,u, Ao
= Clns M) [C(11, A) = Clpan, M)] C(p, Mo

~ ~ A=A
= 2(p = ) C(fin, An)C(pt, Ao + Br 1200 T2 trace(o) 1
because trace(é’(,u, No)) = 3)\+2 —L_trace(o) and C(fin, \)I = mI

Using [trace(o) I|r < 3|o|F we conclude that
‘C’ (ttn, An)o — C(1, \) ol < [2ln—pal +3N=N|] SPlolr = E2r 4 3] xa o] p -

Let now o € L? (D R3X3) Then we conclude from the last estimate that

Sym

1€t A = Cl N [ sy < L2+ 31 /D V(@) o (a) 3

s Rsym

which converges to zero as n tends to infinity as in the proof of Theorem 5.6. Furthermore,
in the same way one shows that ||,V — ov||72pgsy = 73 [ Xa(@) [V(2)]?dz — 0 as n

tends to infinity and thus H [V(,un, Ans 0n) — V (1, A, Q) (v) HX — 0 as n tends to infinity.
Furthermore, we note that

1V (s Ams 00) = V(i A )|y < €Hl2m +3ma]2 498 < o2
On the other hand we set o, = x,I and have, omitting again the argument =,

|é’(un, An)on — Cp, )\)an‘F]an|p > | [C’(,un, ) — Cp, Ao, an‘

A ~ T2Xn 2
= 2r1Xn (Cp N)on) : (Clpn, M)on) + B 2#)2(3>\n o) (trace(o,))
671 + 9y 211 + 31

T BN+ 20) (3 + 2un) Xnl®) =

by using again C'(y1, \)I =

(3N +21) (3\, + 241,,) ol

3)\+2 —~———T and |o,(7)|% = 3xn(x). Therefore,

Hé(/lm n) - C M’/\)HL(L2(D R3X3 > [27"1 + 37’2] C_2

’ Sym))
for all n. Using this in the definition of the mapping V' yields
2 _ .
HV(/'Lna )\na Qn) - V(N? >\7 Q)HL(X) 2 C 4 [2T1 + 37’2]2 + 7’:)% = 7,,2

for all n. Therefore, the operators E,, = V (i, An, 0n) —V (i, A, 0) satisfy the assumptions
of Theorem 4.1. O
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7. FINAL REMARKS

In [2, 15] the following second order initial-boundary value problem has been considered
as the model in seismology.
(30) p(z) Ouv(t,z) = div[C(u(z), Mz))e(v(t, z))] g(t,z) for (t,z) € [0,7] x D,

_|_
v(0,) = vo in D, 0v(0,-) = vy in D, v.= 0 on [0,7] x dDp, C(u,\)e(v)n = 0 on
[0,7] x ODy. It is easy to see that if v satisfies (30) with the initial and boundary
conditions then (v, o) solves

(31a) do(t,z) = Cu(x),ANz))e(v(t,z)),
(31b) p(z)ov(t,z) = diveo(t,z) / g(s,x)ds + p(z)vi(x)
for (t,x) € [0,7] x D with v(0,) = vgin D, (0,-) =0 in D, v=0 on [0,7] x 0Dp,

S

on=0on [0,7] x 0Dy. Here, o is given by

Ble)  o(tr) = C(,u(x),)\(:c))/o e(v(s,2))ds, (t,z)€[0,T] x D.

On the other hand, if (v, o) solves (31a), (31b) with the initial and boundary conditions
then v solves (30).

We translate the requirements for the Fréchet derivatives of (31a), (31b) for the case
considered in this paper; that is, for the parameter-to-solution operator F from P into
L*((0,T); L*(D)). Comparing (31b) to (19b) we observe that f = Jog(s,)ds +
p(x)vi(x). Therefore, in order to satisfy the assumptions of Theorem 6.4 we have to as-
sume that g € L' ((0,7); L*(D,R%)), vo € Hp(D,R?), vy € L*(D,R?), and C'(f, Ne(vy) €
H(div, D,R%%3) with C (i ,\)e(vo)n = 0. These conditions are substantially weaker than

sym
the assumptions made in, e.g., [2, 15]. We recall, however, that we consider the parameter-

2
to-solution map (u, A, p) — v from P into C([0,T], L*(D,R?)) rather than into the
smaller space C* ([0, T], L*(D,R?*)) N C ([0, T], H,(D,R?)) with the stronger topology.
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