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Introduction

This thesis deals with the systematic uncertainties related to the high-precision energy
filtering of electrons at the Karlsruhe Tritium Neutrino (KATRIN) experiment. A high
degree of understanding of corresponding effects is essential to reach the targeted 𝜈-mass
sensitivity of 200 meV (90% C.L.). From the hardware side of the complex HV system at
KATRIN, major contributions have been made to develop the necessary equipment to
generate ultra-stable electric potentials and to measure their long-term stability with at
highest precision. In particular, a detailed model of the influence caused by ripples of the
applied voltages on the transmission properties of the large-scale main spectrometer has
been implemented and verified trough dedicated measurements.

The experimental observation of neutrino oscillations has established non-vanishing
neutrino masses, resulting in the 2015 Nobel prize for physics. Since more than a decade,
the research field of neutrino physics is characterized by a rapid development. Even though
neutrinos are highly elusive particles with weak interaction only, they affect the universe
at the microscopic as well as the macroscopic scale. Neutrino masses in particular hint
to physics beyond the Standard model of elementary particles (SM). As oscillation exper-
iments only carry information on the differences between (squared) mass eigenstates, a
variety of experimental approaches to estimate the absolute mass scale have been developed.
Cosmological methods suffer from a large degree of model dependency, while experiments
following the Magnetic-adiabetic collimation combined with an electrostatic filter (MAC-E)
filter principle allow to model-independently measure the neutrino mass, relying only on
decay kinematics.

Based on the MAC-E filter principle, the KATRIN experiment combines a windowless
gaseous tritium source (WGTS) of ultra-high luminosity with a low background and a
high-resolution spectrometer. By utilizing the well established MAC-E filter principle,
this experiment pushes the frontier of technical feasibility to the ultimate limit for each
sub-component to obtain a 𝜈-mass sensitivity of 200 meV (90 % C.L.). This value surpasses
the limit given by predecessor experiments by one order of magnitude.

A crucial role to accomplish this challenging experimental goal is played by the electrical
potentials applied to the large main spectrometer, as they define the analyzing potential.
The central objectives of the thesis in hand are the implementation of a high voltage system
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which meets the high-stability requirements of the KATRIN experiment, the validation
of its design parameters and the determination of the influence of HV distortions on the
neutrino mass result.

Outline
The first chapter of this thesis gives a brief overview on neutrino physics and key experimen-
tal results of the past. Starting with a short introduction to the phenomenon of neutrino
oscillations, a summary of key results is presented, which have established neutrinos as
particles with non-vanishing mass. This is followed by a survey to incorporate neutrino
masses into the framework of particle physics. In a last step, the most recent neutrino mass
limits are given and the precise measurement of the tritium beta-spectrum is discussed as
a high-precision, model-independent method to determine the electron anti-neutrino mass
purely based on kinematics.

The second chapter gives an overview of the experimental setup of KATRIN and its
MAC-E filter principle. At first, the energy scale systematics caused by imperfections
of the high voltage are discussed thoroughly. Then a brief summary of all main com-
ponents is given with the focus clearly put onto the spectrometer and detector section (SDS).

In the scope of this thesis specific measurements with the SDS part of the experiment
were performed. Therefore a more detailed description of the setup and its working con-
ditions is given in chapter three. A key component here was played by the electron gun
(e-gun) as source of electrons with well-defined energy and high angular resolution. This is
of great importance, as it is essential to investigate the transmission properties of the main
spectrometer.

A detailed description of the high voltage system and of the contributions to it made
in the scope of this thesis is given in chapter four. Apart from the non-trivial task of
generating and measuring potentials with the required stability, the high voltage system
has been upgraded to allow a fully automated operation.

Focusing on measurements that were performed with the monitor spectrometer, chapter
five gives an overview of its unique capabilities in determining the analyzing potential.
These investigations have revealed the excellent DC stability of the KATRIN voltage
dividers and of the utilized implanted Kr/Rb sources. In addition, the possibility to
discover AC fluctuations of the retardation potential through measurements of the krypton
line shape is explored.

Chapter five deals in particular with the central theme of energy scale systematics and
the high voltage stability of the main spectrometer. An in-depth is given of the relation-
ship between HV ripples and the fields inside the vessel. Moreover, a proper statistical
description of the spectrometer acting as a binomial experiment with Poisson distributed
population is derived.



In a final step of analysis, the response function is extended to implement the knowledge
gained from the previous results in chapter seven. This step embeds this thesis in the global
scope of the KATRIN analysis framework. Chapter eight summarizes and all presented
affords and concludes with an outlook.
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CHAPTER 1
Neutrino Physics

The Nobel Prize 2015 in physics was awarded to T. Kajita and A. B. McDonald for the
experimental observation of neutrino oscillations. This shows the major importance and
the growing interest in neutrinos that, due to their evasive behavior, were initially regarded
as theoretical constructs only. Due to their weak interacting, neutrinos still have many
unknown properties and hint to new physics beyond the SM, resulting in a rapidly growing
field of research. The main objective of the KATRIN experiment is the determination of
the electron anti neutrino mass m𝜈𝑒 . Rather than giving a complete historical overview or a
detailed description of neutrino physics in general this chapter focuses on the introduction
of the necessary theoretical foundation to motivate the need for research at the frontier in
the field of neutrino physics.

1.1 Neutrinos in the Standard Model
The SM describes quarks and leptons to interact via intermediating gauge bosons as
representatives of the weak, strong and electromagnetic force. Gravitational forces are not
further discussed here, as quantum field theories of this interaction yield non-renormalizable
terms and a fully closed quantum description of gravity still remains to be found. Further-
more, the mechanism of spontaneous symmetry breaking used to generate particle masses
manifests as an additional particle, the Higgs boson that only recently was discovered at
the Large Hadron Collider (LHC) ([ATL12], [CMS12]), thereby providing the SM with its
last and previously unobserved particle. All quarks and leptons are fermions.

In the following the focus lies on neutrinos and the weak force. Within this framework,
three generations of neutrinos are known as eigenstates of the weak force, which are
grouped with their leptonic counterparts into doublets. Furthermore the weak interaction
is described as a theory of pure V-A couplings that violates parity maximally. Therefore
the leptonic doublets consist of left-handed particles, whereas right-handed antiparticles
remain singlets of the underlying SU(2) gauge-symmetry. Neutrinos thus are massless
particles within the original SM.

1.2 Beyond the Standard Model
As is mentioned, neutrinos are massless fermions in the framework of the SM. However, the
experimental observation of neutrino oscillations requires at least two neutrinos to have
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2 1 Neutrino Physics

non-vanishing masses. Consequently, massive neutrinos directly hint at physics beyond the
SM. The empirical description of neutrino oscillations can be carried out by treating the
mass-eigenstates of these particles to be different from their flavor-eigenstates. Neutrinos
thus may have properties beyond the framework of the SM, implying the existence of
so called sterile neutrinos, that interact gravitationally but not weakly. The KATRIN
experiment is able to measure such mass-eigenstates as an additional scientific goal. In the
following paragraphs, the experimental evidence for oscillations is shortly cited and the
theory of neutrino masses amongst together with aspects of sterile neutrinos are outlined
and the current state of neutrino mass determination is surveyed.

Neutrino oscillations

The Nobel prize in physics 2015 has been awarded to T. Kajita and A. B. McDonald, for
their leader ships in the Super-Kamiokande ([Kaj98]) and Sudbury Neutrino Observatory
(SNO) ([Hel02]) collaborations. These experiments found significant evidence for neutrino
oscillations. The neutrino rest mass has to be non-zero for at least two of the three known
neutrinos. To fully describe this phenomenon requires a quantum field theory approach,
for illustrative purposes it is however sufficient to use a simpler model, following [Zub11].

Inside the quark-sector, the Cabibbo-Kobayashi-Maskawa (CKM) matrix is an established
method of connecting the flavor-eigenstates with the mass-eigenstates of quarks. For
neutrino oscillations, an equivalent model can be used where the n flavor-eigenstates
|𝜈𝛼⟩ and the 𝑛 mass-eigenstates |𝜈𝑘⟩ can be connected by a unitary 𝑛× 𝑛 matrix U.For
antineutrinos |𝜈⟩ and neutrinos |𝜈⟩ this becomes

|𝜈𝛼⟩ =
∑︁

𝑘

U𝛼𝑘 |𝜈𝑘⟩ and |𝜈𝛼⟩ =
∑︁

𝑘

U*
𝛼𝑘 |𝜈𝑘⟩ . (1.1)

In general, the matrix U can be parameterized by 𝑛 (𝑛−1)/2 mixing angles, (𝑛−2)(𝑛−1)/2
Dirac phases and (𝑛− 1) Majorana phases ([Oli14]). Together with the time-evolution of a
neutrino with a given momentum p𝑘 and spatial coordinate vector x

|𝜈(x,𝑡)⟩ = e−𝑖(𝐸𝑘𝑡−p𝑘x) |𝜈𝑘⟩ , (1.2)

a short calculation yields

P(𝜈𝛼 → 𝜈𝛽)(𝐿,𝐸) =
∑︁

𝑘

|U𝛼𝑘U*
𝛽𝑘|2 + 2𝑅𝑒

∑︁
𝑘<𝑙

U𝛼𝑘U*
𝛼𝑙U*

𝛽𝑘U𝛽𝑙e−𝑖 𝐿
𝐸

𝛥𝑚2
𝑘𝑙

2 . (1.3)

Here, the so called baseline-length 𝐿 = |x| and the difference of the squared masses
𝛥𝑚2

𝑘𝑙 = 𝑚2
𝑘 −𝑚2

𝑙 are introduced. The first term reflects an average transition probability,
while the second one depends on the formerly introduced parameters and the energy 𝐸.
Evidently, oscillations are only observable in the case of a non-diagonal matrix U and at
least one non-vanishing neutrino mass. For a better understanding, we consider the case of
only two generations of neutrinos, so that a unitary 2 × 2 matrix can be used, which is
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parameterized by one angle 𝜃,

𝑈 =
(︂

cos(𝜃) sin(𝜃)
−sin(𝜃) cos(𝜃)

)︂
. (1.4)

For two generations of neutrinos the transition probability directly follows to be

P(𝜈𝛼 → 𝜈𝛽)(𝐿,𝐸) = sin2(2𝜃) sin2
(︂
𝐿

𝐸

𝛥𝑚2
12

4

)︂
. (1.5)

The model can be expanded to include three neutrinos, which will not be shown here. As
seen in eq. (1.3), the observation of neutrino oscillations allows to determine the squared
mass differences and mixing angles, but not the absolute mass scale. For this reason,
experiments based on different techniques have to be utilized, see section 1.3.

Experiments searching for neutrino oscillations either investigate the appearance or
disappearance channel of a specified neutrino flavor. For such measurements to be successful,
a detailed knowledge of the neutrino flux, id est the number and energy of neutrinos emitted
by a specific source has to be known with high accuracy. Typically solar, atmospheric,
accelerator or reactor neutrinos act as source. Each source yields results sensitive in
different regions, because of the natural processes that cause neutrinos to be emitted at
certain energies and the non-fixed baseline lengths such as the distance of the earth to the
sun. A summary of the current status of the measured oscillation parameters is given in
table 1.1.

Neutrino mass generation
The observation of neutrino oscillations described in the previous paragraph requires
non-vanishing neutrino masses. One possible way of implementing massive neutrinos into
the framework of an extended SM is outlined in the following, based on [Kle14]. Here the

Table 1.1: Summary of neutrino oscillation parameters based on a global fit of current
neutrino-oscillation data. Values in brackets indicate the invertered mass hierarchy scenario,
the others the normal hierarchie scenario. The sqared mass difference is defined as 𝛥𝑚2 =
𝑚2

3 − (𝑚2
2 +𝑚2

1)/2. All results taken from [Oli14].

Paramater best-fit (1-𝜎)
𝛥𝑚2

21(10−5 eV2) 7.54+0.26
−0.22

|𝛥𝑚|2(10−3 eV2) 2.43+0.06
−0.06 (2.38+0.06

−0.06)
sin2𝜃12 0.303+0.017

−0.017

sin2𝜃23, 𝛥𝑚2 > 0 0.0437+0.033
−0.023

sin2𝜃23, 𝛥𝑚2 < 0 0.0455+0.039
−0.031

sin2𝜃13, 𝛥𝑚2 > 0 0.0234+0.0020
−0.0019

sin2𝜃13, 𝛥𝑚2 < 0 0.0240+0.0019
−0.0022

𝛿/2𝜋 1.39+0.038
−0.027, (1.31+0.029

−0.033)
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basic information is again taken from [Zub11].
Charged fermions can only acquire mass through Dirac-mass terms in the Lagrangian,

L = 𝑚𝐷(𝜓𝐿𝜓𝑅 + 𝜓𝑅𝜓𝐿), (1.6)

where 𝜓𝐿 and 𝜓𝑅 are the chiral representations of the fermionic field. Neutral particles such
as the neutrino can however obtain their mass through another mechanism, as they can be
represented as Majorana particles. With 𝜓𝐿 = 𝜈𝐿, 𝜓𝑐

𝑅 = 𝜈𝑐
𝑅, 𝜓𝑅 = 𝑁𝑅 and 𝜓𝑐

𝐿 = 𝑁 𝑐
𝐿 the

corresponding Lagrangian can be expressed as

L = 1
2(𝜈𝐿, �̄�

𝑐
𝐿)
(︂
𝑚𝐿 𝑚𝐷

𝑚𝐷 𝑚𝑅

)︂(︂
𝜈𝑐

𝑅

𝑁𝑅

)︂
+ ℎ.𝑐. (1.7)

As usual an upper index c denotes the charge conjugate of a field and ℎ.𝑐. the hermitian
conjugate. Note the 𝑁𝐿 and 𝑁𝑅 fields to be sterile neutrinos which do not participate in
the weak interaction. In case of 𝑚𝐷 = 0, this case yields purely Majorana-type masses,
retrospectively Dirac-type masses for 𝑚𝐿 = 𝑚𝑅 = 0. For 𝑚𝐿 = 0 and 𝑚𝑅 ≫ 𝑚𝐷 the
eigenvalues of the mass matrix become

𝑚𝜈 = 𝑚2
𝐷

𝑚𝑅
and 𝑚𝑁 ≈ 𝑚𝑅. (1.8)

Then small neutrino masses can be introduced by assuming their Dirac-masses to be in
the order of MeV to GeV, i.e. in the mass region of the charged fermions, and the mass of
the sterile neutrino 𝑚𝑁 at the Grand Unified Theory (GUT) scale, i.e. around 1016GeV.
This is well known as the type-I see-saw mechanism, that leads to a hierarchical mass
scenario. The type-II mechanism leads to the degenerate mass scenario if the mass 𝑚𝐿 is
not vanishing. Especially the nature of neutrinos as Majorana particles would lead to a
violation of lepton number conservation. Inside the SM this number is conserved, however
without underlying symmetry. Therefore the observation of Majorana neutrinos is an
additional field of interest.

1.3 Neutrino mass determination
A variety of theories to generate massive neutrinos has been established and the experimental
validation of neutrino oscillations necessarily renders at least two neutrinos to be massive.
As neutrino oscillation experiments are not sensitive to the absolute mass scale, different
approaches have to be taken to estimate them. Many approaches, such as cosmological
surveys, strongly depend on the input models. Contrary to these experiments, the KATRIN
experiment is free of model-dependency, only relying on kinematics of the nuclear beta
decay. The spectroscopy here is peformed by the glsMAC-E principle.

Cosmology
A rather successful model to describe the evolution of the universe and its content from
the Big Bang until the present day is the 𝛬CDM standard model of cosmology. It predicts
a large number of neutrinos forming the cosmic neutrino background (C𝜈B) with a number
density of 336 cm−3 ([Zub11]). Even as most abundant fermionic matter in the universe,
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these particles have not yet been detected, owing to their very small cross sections. In fact,
in cosmology only the sum of masses is accessible which contributes to the neutrino energy
density of the universe by∑︁

𝑘

𝑚𝑘 = 93𝛺𝜈ℎ
2 eV, (1.9)

with the Hubble parameter h and the contribution 𝛺𝜈 of relic neutrinos to the total
energy density 𝛺tot of the universe. The newest results of the Planck collaboration in 2015
([Ade15]) give an upper limit of∑︁

𝑘

𝑚𝑘 ≤ 0.23 eV (95%C.L.). (1.10)

This rather small value is only obtained by a series theoretical assumptions.Also, this
limit has been retained by combining several data sets and an analysis of several strongly
correlated parameters. In fact, the standard model of cosmology would benefit greatly from
an independent measurement of the neutrino masses that eliminates one free parameters
and eases the determination of the others.

Neutrino-less Double Beta Decay
Majorana neutrinos are identical to their own antiparticles, so the observation of the 0𝜈𝛽𝛽
decay

2𝑛 → 2𝑝+ 2𝑒−, (1.11)

would allow to estimate the absolute mass of neutrinos and establish the neutrino as
Majorana particle. The right-handed anti-neutrino 𝜈𝑒 emitted at one vertex has to be
absorbed as left-handed neutrino 𝜈𝑒 at the other vertex, see fig. 1.1. By exchanging a

W-

W-

u
d
u

u
d
d

u
d
d

d
u

u

e-

e-

p

p

n

n

νm

Figure 1.1: Feynman diagram of the 0𝜈𝛽𝛽 decay. The virtual neutrino emitted at one vertex
gets absorbed at the second vertex. The process requires neutrinos to be identical to their
antiparticles and is only allowed for massive neutrinos. Taken from [Har15].
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virtual neutrino, this process is therefore only allowed for massive neutrinos, as it requires
a ’helicity flip’ between the two vertices. If the small recoil carried by the daughter nucleus
is neglected, the two emitted electrons carry the entire decay energy. By measuring this
energy, a peak is to be expected at the endpoint energy 𝑄 of the decay. Furthermore, the
Majorana-phases 𝛿𝑖 can lead to cancellations, as the effective neutrino mass

⟨𝑚𝛽𝛽⟩ =
⃒⃒⃒⃒
⃒∑︁

𝑘

|𝑈𝑘|2𝑚𝑘e𝑖𝛿𝑘

⃒⃒⃒⃒
⃒ , (1.12)

is an incoherent sum of the mass-eigenstates. The observation of the half-life T0𝜈𝛽𝛽
1/2 of the

0𝜈𝛽𝛽 decay

𝑇 0𝜈𝛽𝛽
1/2 = 𝐺(𝑄,𝑍)|𝑀 |

⟨𝑚𝛽𝛽⟩2

𝑚2
𝑒

, (1.13)

with 𝐺(𝑄,𝑍) being a phase space factor, allows to estimate ⟨𝑚𝛽𝛽⟩. Additionally, the matrix
element 𝑀 of the nuclear transition has to be precisely known. Up to now, the GERDA
collaboration has published ([Ago13]) one of the best limits for T0𝜈𝛽𝛽

1/2 by measuring the
half-life of the 76Ge,

𝑇 0𝜈𝛽𝛽
1/2 = 2.1 · 1025 y (90% C.L.). (1.14)

This yields a neutrino mass limit of

⟨𝑚𝛽𝛽⟩ = 250 − 520 meV, (1.15)

where the large uncertainty arises from the non-trivial computations of the matrix element.

Single Beta Decay
Precise measurements of the end-point of the single beta decay energy spectrum

𝑛 → 𝑝+ 𝑒− + 𝜈𝑒 (1.16)

yield a method to determine the electron anti-neutrino mass in an entirely model-independent
way, only relying on kinematics. Energy conservation thus leads to a continuous 𝛽-spectrum
with its end-point at the maximally available energy 𝑄. Consequently it is the end-point
that is of special interest to these experiments. From Fermi’s golden rule the spectral shape
can be calculated to be ([Dre13])

d𝑁2

d𝐸d𝑡 =𝐺2
Fcos2(𝜃C)

2𝜋3 |𝑀 |2 𝐹 (𝑍 + 1, 𝐸) 𝑝 (𝐸 +𝑚e)

(𝐸0 − 𝐸)
√︁

(𝐸0 − 𝐸)2 −𝑚2
𝜈e 𝛩(𝐸0 − 𝐸 −𝑚𝜈e).

(1.17)

Here, the relativistic energy-momentum relation has been used for the special case of a
super-allowed nuclear transition, 𝐺𝐹 is the Fermi constant and 𝐹 (𝑍 + 1,𝐸) the Fermi
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function. Also note that the observable mass 𝑚𝜈𝑒

𝑚2
𝜈𝑒

=
∑︁

𝑘

|𝑈𝑘|2𝑚2
𝑘, (1.18)

is an incoherent weighted sum over the mass-eigenstates, in contrast to the effective
Majorana-mass.

In general, single beta-decay experiments have to optimize the luminosity of the source,
the energy resolution of the detector and the signal-to-background ratio at the end-point
in order to achieve high sensitivity. Over the last decades a series of experiments has used
tritium as beta emitter, owing to its many advantages. First, the low end-point energy
𝑄 ≈ 18.6 keV allows to employ a MAC-E filter system for high-precision spectroscopy.
The short half-life yields a high luminosity and therefore guarantees high statistics. As
mentioned, the 3He-decay of tritium is furthermore super-allowed and the very small nuclear
charge results in a simple structure of the atomic shell of the daughter nuclei. Additionally,
its gaseous phase at low temperatures provides the advantage of small systematics superior
to solid sources.

The best model-independent measurements have been performed by making use of
MAC-E filters by experiments in Troitzk ([Lob85]) and Mainz ([Ott94]). Their combined
data yield an upper limit for the electron anti-neutrino mass of ([Oli14])

𝑚𝜈𝑒 = 2.0 eV, (1.19)

that is an order of magnitude larger than the sensitivity targeted in the next-generation
experiment KATRIN.





CHAPTER 2
The KATRIN Experiment

As the next generation 𝛽-decay experiment KATRIN is targeted to determine the absolute
mass scale of electron antineutrinos with unmatched sensitivity of 𝑚𝜈𝑒 = 200 meV (90 % C.L.).
To exceed the sensitivity of the predecessor experiments by one order of magnitude, KA-
TRIN employs three distinct spectrometers of the MAC-E filter type in combination with a
windowless gaseous tritium source of high luminosity. This is complemented by a two-stage
tritium pump consisting of cryogenic and differential pumping elements along a multi
pixel silicon detector for read out. Each element is specially developed and composed of
state-of-the-art parts. The basic experimental setup is given by the MAC-E filter principle
that has been used in several successful predecessor experiments. Having its advantage in
well known and transmission properties, the MAC-E filter approach allows high-precision
𝛽-spectroscopy relying solely on decay kinematics. However, to reach the sensitivity goals
the KATRIN experiment has to improve the knowledge of systematic effects by a factor of
100 and thereby push the frontier of technological innovation for most of its sub-components.
The extended dimension of the KATRIN setup can lead to complex, previously unknown
effects which can lead to deviations of previously established features from their assigned
model values. Even with the knowledge obtained by the predecessor experiments, this makes
studies, dedicated to the validation and adaption of established models indispensable. In the
process of doing so, these studies have to simultaneously identify and describe new processes.

Keeping in mind the fundamental concepts of kinematic 𝛽-decay experiments, as intro-

9
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duced in section 1.3, the working principle of MAC-E filter type spectrometers will be
outlined in more detail in the following section 2.1. This especially implies mechanisms
known to cause background and the basic processes governing the transport of electrons
through the MAC-E filter. After addressing these foundations, more advanced topics are
discussed. A key issue are electric potential distortions which are reviewed in the most
general way possible (section 2.2). These investigations will then be used to motivate the
entire scope of this thesis. Finally, all sub-components of the KATRIN beam-line and their
corresponding boundary conditions are described schematically in the last section of this
chapter. (section 2.3).

2.1 The MAC-E filter
Single beta-decay experiments as KATRIN allow to conduct high-precision electron spec-
troscopy near the endpoint of the 𝛽-spectrum. Combining a high luminosity with a high
resolution, the MAC-E filter provides a well established way to do so. Being based on the
knowledge of electrical and magnetic fields, retarding spectrometers of this type have well
known transport mechanisms for signal electrons. The following sections give a description
of the experimental principle.

2.1.1 Functional principle
Originally proposed in [Bea80] and further advanced in [Kru83], spectrometers of the
MAC-E filter type act as a high-pass filter for electrons which are collimated by magnetic
fields. By measuring the total count-rate of transmitted electrons from tritium 𝛽-decay for
different retarding potentials near the endpoint an integral spectrum is gained. Figure 2.1
shows an overview of the working principle described in detail throughout the next sections.

Magnetic guidance and collimation
Electrons emerging from beta-decay in the source are emitted isotropically, thus MAC-E
filter type spectrometers utilize a magnetic field as a guiding system for these particles. As
a result of the Lorentz force, charged particles such as electrons move around magnetic
field lines on a cyclotron orbit (fig. 2.2(a)). Magnetic guiding, thus ensures a high angular
acceptance of almost 2𝜋 and therefore a high luminosity of signal electrons reaching
the detector. Momentum and hence energy of the particles can be parameterized by
a component orthogonal to the magnetic field lines and one parallel to the field lines,
visualized in fig. 2.2(b)

p = p⊥ + p‖ and 𝐸𝑘𝑖𝑛 = 𝐸⊥ + 𝐸‖. (2.1)

As only the longitudinal part of the energy is being analyzed by a MAC-E filter, it is
necessary to maximize this component which is equivalent to minimize the polar angle 𝜃.
With the Lorentz factor 𝛾 and the magnetic moment 𝜇 this is achieved by keeping their
product

𝛾𝜇 = 𝛾 + 1
2 · 𝐸⊥

𝐵
(2.2)
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Figure 2.1: MAC-E filter principle. Electrons emitted from the source are guided by a
magnetic field generated by superconducting solenoids at the ends of the spectrometer and so
called air coils used for fine adjustment. During the propagation through the apparatus the
transverse momentum gets adiabatically transformed into longitudinal momentum. The energy
selection is accomplished with a electric field acting only on the longitudinal component of the
momentum. Adapted from [Zac09]

constant along the electrons path. As the Q value of tritium is only 𝐸0 = 18.6 keV,
the emitted electrons can be treated non-relativistically to first order, so that the above
equation, together with 𝛾𝜇 necessarily being a constant of motion, reduces to

𝜇 = 𝐸⊥
𝐵

= const. , (2.3)

for adiabatic transport. Reducing the magnetic field strength along the electron’s trajectory
and together with energy conservation lead to the transverse energy component being
transformed into the longitudinal component adiabatically. To ensure the adiabaticity
during the transport the field gradients have to be kept small over one cyclotron motion,
or in more mathematical terms

𝛥𝑈

𝑈
≪ 1 and 𝛥𝐵

𝐵
≪ 1. (2.4)

While the magnetic field strength decreases, the electric potential increases from either
side of the spectrometer up to the analyzing plane (see next paragraph). It is obvious that
both effects have to be precisely attuned to each other, as otherwise an electron could be
reflected (’early retardation’).

Electrostatic retardation
After the initially isotropic electrons have been collimated and their momentum has
been largely aligned to the magnetic field, with only a very small fraction of transversal
momentum remaining, the energy selection takes place. Here it has to be recalled that only
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cyclotron path
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field lineelectron

(a) Cyclotron motion (b) Definition of the polar angle

Figure 2.2: Schematic visualization of an electron’s cyclotron orbit along a constant magnetic
field line (a) and the illustration of the polar angle definition (b). Adapted from [Gro15b].

signal electrons with energies within a few eV below the endpoint region carry information
about the neutrinos mass. For this reason an electrostatic retarding potential is applied to
the whole spectrometer, leading to an electric field parallel to the magnetic field lines (for
a detailed description see section section 4.2). The generated electric field is symmetrical
with respect to the analyzing plane at the center of the spectrometer. According to

𝐸‖ ≥ 𝑞𝑈ret, (2.5)

only electrons with a longitudinal kinetic energy greater than the retarding potential are
able to pass through the potential barrier and reach the detector.

Energy resolution

Equation 2.3 already implies that it is not possible to transform the transversal energy
completely into longitudinal energy. To clarify the process qualitatively, one can imagine
an electron propagating with a given kinetic energy 𝐸kin = 𝑞𝑈ret being perfectly aligned
along a magnetic field line, where 𝑈ret denotes the electric potential in the analyzing
plane. Following eq. (2.5) such an electron will be transmitted because 𝐸kin = 𝐸‖ = 𝑞𝑈ret.
On the other hand an electron with the exactly the same energy but whose trajectory
is not parallel to the magnetic field, will not be transmitted, as for non-zero magnetic
field transverse energy remains 𝐸⊥ ̸= 0, so that the transmission condition is broken,
𝐸kin = 𝐸⊥ +𝐸‖ < 𝑞𝑈ret. If one defines the missing energy for a non-aligned electron to be
transmitted as 𝛥𝐸, it is straightforward to calculate the relation

𝛥𝐸 = 𝐸kin, max
𝐵max

𝐵min, (2.6)

with 𝐵max denoting the highest magnetic field, 𝐸kin, max the maximal kinetic affiliated
to this field, and 𝐵min being the smallest magnetic field of the filter. In this context it is
common to speak of 𝛥𝐸 as ’energy resolution’, although the term ’energy width’ would be
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more appropriate. In the case of KATRIN it is given by

𝛥𝐸 = 3 · 10−4 T
6 T · 18.6 keV = 0.93 eV. (2.7)

In section 2.2 discussing the transmission function it will be shown that this result is not
in conflict with the design 𝜈-mass sensitivity of 200 meV, as long as one is aware of the
exact transmission properties.

Magnetic mirror effect
For electrons traveling from regions of low magnetic fields to the high field region, the
reverse process of the previously described collimation will take place. This can cause an
electron to be reflected magnetically. The condition for an electron to be mirrored is given
by the maximal polar angle

𝛩max = arcsin
√︂
𝐵source
𝐵max

. (2.8)

All electrons with starting angles 𝛩 > 𝛩max will be reflected. Note that this condition
is entirely independent of the kinetic energy. At first glance this relation looks like a
disadvantage of MAC-E filters, as it decreases the angular acceptance and therefore the
source luminosity. However, electrons emitted with large polar angles suffer from potential
systematic effects like increased scattering probabilities off tritium molecules in the source
and enhanced energy losses due to synchrotron radiation. In fact the process of magnetic
reflection is beneficial by minimizing systematic uncertainties that otherwise would influence
the experimental sensitivity.

The magnetic field strength values adapted for the KATRIN experiment of 𝐵source = 3.6 T
for the source and 𝐵max for the pinch (PCH) magnet, yield a maximal acceptance angle of
𝛩max = 50.77∘.

2.1.2 Background sources
Although a detailed understanding of the mechanisms leading to background in a MAC-E
filter is not the main focus of this thesis (this lies in the investigation of transmission
properties), a profound knowledge of background-generating mechanisms is crucial to
perform a successful 𝜈-mass analysis in a MAC-E filter type experiment. The challenge of
clarifying background sources has been central part of many investigations. Accordingly
only a schematic enumeration of the known background sources can be given here.

Secondary emission caused by cosmic muons or other particles. If an external
particle interacts with the stainless steel of the spectrometer near its inner surface,
the emerging electrons can enter the flux tube via an E × B drift. Several counter-
measures to reduce background caused by such particles have been taken. The first
is also an intrinsic feature of MAC-E filters. Low-energy electrons emitted from the
surface are reflected back to the surface via the Lorentz force, an effect known as
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(a) The left side illustrates the principle of Pen-
ning traps. Electrons get confined axially by the
magnetic field and radially by electric potential
barriers. On the right side a magnetic bottle
is shown, consisting of two connected magnetic
mirrors it stores charged particles. Taken from
[Gro15b].
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(b) Electric shielding as active background re-
duction method. A cosmic particle (more gen-
erally just a particle independent of its origin),
produces an electron via interaction with the
stainless steel of the spectrometer. This effect
gets counteracted by a double layered wire elec-
trode on iteratively more negative potential.
Taken from [Lei14]

Figure 2.3: Several mechanisms contributing to the background observable in MAC-E Filters.

magnetic shielding. As an additional active counter measure the KATRIN main-
spectrometer features a double-layered inner wire electrode system (see fig. 2.3(b)).
By setting the wire layers on a more negative potential than the vessel, negatively
charged particles from the vessel are electrostatically reflected.
Another characteristic source of background is given by the decay of radioactive
isotopes in the spectrometer itself. One source of this could be tritium molecules
that made their way from the source section into the spectrometer volume.This
however is suppressed to negligible levels by the pumping section (section 2.3.3). A
more serious effect is the 𝛼-decay of the radon isotopes 119,220Rn, emanated from all
large surfaces like the spectrometer vessel itself and the non-evaporable getter (NEG)
pumps. If an 𝛼-decay takes place, electrons with energies up to the keV-regime can
be emitted. Those primary electrons will be stored in the volume and thus produce
secondary electrons by ionization of residual gas molecules. During the first two
KATRIN SDS measurement phases it was shown that this background-contribution
can be reduced significantly by a liquid nitrogen (LN2)-cooled Cu-baffle system
([Sch14], [Har15]). Located between the NEG pumps and the sensitive spectrometer
volume, the baffles prohibit radon atoms from entering the spectrometer via cryogenic
adsorption ([Goe14]).
Magnetically stored particles are trapped by two magnetic mirrors of the two
superconducting magnets at both ends which form a so called magnetic bottle ([Hig07],
[Hig08]). As stated above an electron, independently of its kinetic energy, can be
reflected when traveling from a low to a high field region (right side of fig. 2.3(a)).
Interacting with residual gas, the stored electrons produce secondary electrons, while
being slowly cooled down until being eventually released and leaving the trap via
either source or detector-side of the spectrometer. Secondary electrons from stored
high-energy particles are indistinguishable from signal electrons and contribute to
the background.
Penning traps (see [Pen36], [Hae53a], [Hae53b], [Har89]) are created by the combi-
nation of magnetic and electric fields as shown in the left side of fig. 2.3(a). Given the
geometry of MAC-E filters such traps easily can be created and have been observed
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in KATRIN’s predecessor experiments ([Pic92], [Bel95]). Even small regions of space
forming a Penning trap are sufficient to produce background rates of the order
of 103 cps. Axially confined by the electric potential and radially confined by the
magnetic field, electrons in such traps interact with residual gas to produce ions and
photons as messenger particles. Not being bound by the Penning trap conditions,
these particles can propagate over long distances to interact themselves with residual
molecules - leading to tertiary electrons, which then contribute to the background.
If a Penning trap is accumulates enough charged particles, an unstable plasma can
be generated with macroscopic space charge distributions. In such cases, discharges
and vacuum breakdowns can occur, which are able to harm the system. For this
reasons Penning traps are not only to be prevented for background reasons but also
to protect sensitive equipment. A thorough electromagnetic design of the system has
allowed to fine adjust its individual parts so that small penning traps have been.
A large Penning trap is expected to form between the Pre-, and Main-Spectrometer if
their applied potentials are both of the same order of magnitude. Attempts to remove
this trap have been investigated ([Bec10]). It has been shown however that signal
electrons are not affected if the Pre-Spectrometer is simply grounded ([Pra11]) and
the increase in background for this case is negligible compared to the one expected
to be induced by the trap.
More detailed descriptions and measurements on Penning traps at MAC-E filters
and their discharge mechanisms can be found in works like [Mer12], [Hil11], [Byr05]
and [Fra14].

2.2 Transmission Properties
As already mentioned the ’energy resolution’ of the KATRIN MAC-E filter for 18.6 keV
electrons is larger than the 𝜈-mass sensitivity. At first sight this would seem to make
it impossible to reach the designed sensitivity. However, this only holds as long as the
transmission properties are not known precisely. Simply put, the transmission function
reflects the probability of an electron of a certain energy emitted in the source with specified
angular emission to be transmitted through the filter. The following paragraph gives a
short overview of this important function. After a basic description is given, more advanced
features of the transmission are investigated. The quintessence of these investigations will
be that unknown distortions of any kind will yield a negative influence on the neutrino
mass measurement and therefore has to be understood in great detail. With a working
model of such effects at hand, the resulting systematic uncertainties can be controlled to
an adequate level.

2.2.1 The Transmission Function
When discussing of the transmission function it is instructive to neglect in a first step the
angular distribution of source-electrons and to define their momenta to be aligned parallel
to the magnetic field lines of the MAC-E filter. Then the transmission function simply
is the one of an ideal high-pass filter, i.e. a Heavyside step function. If one now allows
electrons to have a non-vanishing polar angle, then it will take an ever larger amount of



16 2 The KATRIN Experiment

surplus energy (ev)
0.1− 0.175 0.45 0.725 1

tr
an

sm
is

si
on

 p
ro

ba
bi

lit
y

0

0.2

0.4

0.6

0.8

1

(a) Transmission function

surplus energy (ev)
0.1− 0.2 0.5 0.8 1.1

)/
dE

0
dT

(E
, q

U

0

0.2

0.4

0.6

0.8

1

1.2

1.4

(b) Derivative of the transmission function

Figure 2.4: (a) Transmission function of a MAC-E filter type spectrometer with the KATRIN
design parameters 𝐵min = 3 · 10−4 T, 𝐵source = 3.6 T, 𝐵max = 6T and 𝑈0 = 18.6kV, given an
isotropic source. Starting at 0 surplus energies for electrons with zero pitch angle, the part of
electrons transmitted to the detector rises until full transmission is reached for surplus energies
identical to the ’energy resolution’. (b) Differentiated transmission function, to clarify the
complex structure of the transmission function.

surplus energy to be transmitted if the polar angle 𝛩 increases up to the maximal polar
angle 𝛩max. Electrons with a longitudinal energy smaller than the retarding potential will
then be reflected, implying their transmission probability to be zero. Furthermore electrons
with a surplus energy larger than the MAC-E filter energy resolution will always pass the
filter, rendering their transmission probability to be equal to one. This leaves an interval of
the size of the energy resolution to be modeled. As the shape of the transmission function
strongly depends on the angular characteristics of the source, it is not possible to give a
general answer to this problem. For an isotropic source, the transmission function can be
calculated to be

T(𝐸 − 𝑞𝑈ret) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 ,𝐸 − 𝑞𝑈ret < 0
1−

√︁
1− 𝐸−𝑞𝑈ret

𝐸
· 𝐵source

𝐵min

1−
√︁

1− 𝐵source
𝐵min

, 0 ≤ 𝐸 − 𝑞𝑈ret < 𝛥𝐸

1 ,𝛥𝐸 ≤ 𝐸 − 𝑞𝑈ret,

(2.9)

as shown in fig. 2.4 for the KATRIN design parameters. Even though the shape of the
transmission function approximates a linear function, a neglection of the non-linear shape
would induce systematic uncertainties of the order of of ten percent and more. While the
differentiated transmission function (fig. 2.4(b)) does not provide meaningful physics, it
facilitates understanding the non-trivial structure of the transmission function.

In this generic form the transmission function provides a basic picture of the transmission
mechanisms in MAC-E filters but this simple representation certainly has its limits. Indeed
each field parameter entering eq. (2.9) is prone to undergo perturbations and as a result will
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change not only the width but the transmission characteristics as a whole. Several effects
are known to influence the field parameters; the most prominent ones will be mentioned
in the following. A more detailed description can be found in [Gro15b]. First of all,
calculations and measurements of the electrostatic field inside the spectrometer show a
small but non-negligible radial dependency. In principle this requires to assign distinct
transmission functions to all of the 148 pixels of the KATRIN detector. As the polar
angle of electrons is not fixed, the exact analyzing point differs even for electrons traveling
along the same magnetic field line. This effect that can be countered by optimizing the
magnetic fields. Due to synchrotron losses of electrons propagating in strong magnetic fields
the shape of the transmission function also has to be adapted. Finally, time-dependent
fluctuations of magnetic and electrostatic fields will occur due to thermal and electrical
couplings with stray fields and due to instabilities of the mains voltage. While the influence
of the magnetic component is treated in [Erh16b], a basic introduction to the influence
of non-constant values of the electric potential is given in the following section 2.2, more
advanced modeling for in-depth transmission studies of the KATRIN spectrometer are
being described in chapters 5 and 6.

Note that, with the approximations above, it is necessary to describe the transmission
properties of the entire KATRIN system with a more complex function, the so called
’response function’. After implementing effects such as radiation losses, source inhomo-
geneities as well as a variety of other effects, this function obtains a much richer structure.
A full model of the response function is given in chapter 7.

2.2.2 Electric field disturbances
In the following we start with a rather technical deduction to provide the tools to quanti-
tatively describe distortions of the electric potential and to access their influence on the
transmission properties of the MAC-E filter. Two specific examples are introduced first,
namely Gaussian distributed and sinusoidal distortions, which is followed by the general
result for arbitrary distortions with a given probability density function. After deriving a
formula that establishes to first order an analytical connection between the characteristic
properties of fluctuations and the estimated neutrino mass, the section concludes with an
important result, so that each distortion can, in principle, can thus be corrected. Thereby
the KATRIN sensitivity can be improved significantly. The experimental implications are
non-trivial and are treated in chapter 6.

Distortions of the transmission function
In order to obtain non-approximate analytical results, it is necessary first to simplify the
transmission function introduced in eq. (2.9)

𝛩(𝐸 − 𝑞𝑈ret) =
{︃

0 ,𝐸 − 𝑞𝑈ret < 0
1 ,𝐸 − 𝑞𝑈ret ≥ 0,

(2.10)

which is the well-known Heaviside function, reflecting the properties of a perfect high-pass
filter. In this context it is important to note that a MAC-E filter exhibits a zero or perfect
energy resolution only if the source emits only electrons with polar angle 𝛩start = 0 and the
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spectrometer’s electric field is known a priori with absolute accuracy and precision. Indeed,
a retarding potential in the keV-scale shows fluctuations around a central value �̃�ret,

𝑈ret → �̃�ret = 𝑈ret − 𝜉, (2.11)

with the variable part given by 𝜉. The probability density function is usually given by the
normal distribution around 0 and standard deviation 𝜎,

𝑓(𝜉) = 1√
2𝜎2

𝑒− 1
2 ( 𝜉

𝜎
)2 . (2.12)

From this it is straightforward to calculate the ’distorted’ transmission function T̃ to be

T̃(𝐸 − 𝑞𝑈𝑟𝑒𝑡) =
∞̂

−∞

𝑇 (𝐸 − 𝑞�̃�ret(𝜉))𝑓(𝜉)𝑑𝜉

= 1
2

(︂
1 + erfc

(︂
𝐸 − 𝑞𝑈ret√

2𝜎2

)︂)︂
.

(2.13)

Therefore a Gaussian distortion results in the cumulative distribution of the normal distri-
bution if applied on a step-shaped transmission function. Speaking of voltage fluctuations
one is usually interested in sinusoidal waveforms. This specific type of distortion occurs on
a large variety of applications, starting with the frequency of the mains voltage coupling
into the output of voltage supplies, and ending with the spectrometer acting as antenna,
which picks up propagating electromagnetic waves emitted by mobile phones and other
devices. The usual approach for this generic time-dependent distortion, can be expressed

𝑈ret → �̃�ret = 𝑈ret +𝐴 · sin(𝜉), (2.14)

so that T̃ is given by the integral

T̃(𝐸 − 𝑞𝑈𝑟𝑒𝑡) = 1
2𝜋

�̂�

−𝜋

𝑇 (𝐸 − 𝑞�̃�ret(𝜉))𝑑𝜉

=

⎧⎪⎪⎨⎪⎪⎩
0 ,𝐸 − 𝑞𝑈ret < −𝐴
arcsin

(︁
𝐸−𝑞𝑈ret

𝐴

)︁
+ 1

2 , −𝐴 ≤ 𝐸 − 𝑞𝑈ret < 𝐴

1 ,𝐸 − 𝑞𝑈ret ≥ 𝐴,

(2.15)

as described in [Grö10], [Wie12] and [Kra12]. The perfect high-pass filter together with
Gaussian and sinusoidal distortions is illustrated in fig. 2.5. The axis labels have to be
treated with caution. For electrons of a given energy, the transmission probability is
well-defined. The effect of distortions is only manifest, because the fluctuations are treated
as unknown parameters. Both types of perturbation cause the function to broaden, however
the exact shape differs. Note that electrons not only need a higher surplus energy for
their transmission probability to be unity, but also electrons with negative surplus energies
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Figure 2.5: (a) The perfect high-pass filter is described by a Heaviside function. This shape
can be distorted by fluctuations of the electric potential. Shown here are a Gaussian fluctuation
with 𝜎 = 0.5 V (yellow) and a sinusoidal wave with the amplitude 𝐴 = 0.5 V (green). Most
importantly the sinusoidal distortion causes the transmission function to broaden by the size of
the amplitude, with distinct edges at the transmission borders. On the other hand a Gaussian
fluctuation leads to a smearing of the function. Both distortion types lead to significantly
different line shapes. (b) Differentiated functions in the same color scheme. The ideal high
pass filter with its potential being distorted gives the normal distribution as one would expect.
The sinusoidal distortion leads to thea U-shaped distribution indicating the distinct edges seen
in the integral case.

now can pass the filter. Most importantly, the Gaussian causes a broad tail at both ends,
in distinct contrast to the sine-ripple that leads to very sharp ends. As expected, the
differentiated form of the Gaussian perturbed transmission function, is normal distributed.
In analogy to the spatial probability density function of a mathematical pendulum the
density function of a sinusoidal-rippled electric potential is given by a U-shaped distribution
(fig. 2.5(b)) . As mentioned above, this function has the distinct feature diverging at its
boundaries.

Before a more realistic approach to determine the transmission properties under per-
turbations is taken in the next paragraph, the investigation will now be expanded to
implement disturbances with arbitrary probability density functions. For this, the trans-
mission probability is no longer treated as a fixed number but instead as a function of
a statistical variable. In this case, the transmission probability T as function of surplus
energy now becomes

T(𝐸 − 𝑞𝑈ret) =
∞̂

−∞

𝑇 (𝐸 − 𝑞�̃�ret(𝜉))𝑓(𝜉) 𝑑𝜉, (2.16)

with a characteristic variate 𝜉 and its PDF 𝑓(𝜉). Comparing this definition with eq. (2.15)
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the two results seem to be in conflict. This is actually not the case, as

T(𝐸 − 𝑞𝑈ret) =
∞̂

−∞

𝑇 (𝐸 − 𝑞�̃�ret(𝛯)𝑓(𝛯) 𝑑𝛯

=
∞̂

−∞

𝑇 (𝐸 − 𝑞𝑈ret +𝛯) 1
𝜋

√
𝐴2 −𝛯2

𝑑𝛯

=
𝜋/2ˆ

−𝜋/2

𝑇 (𝐸 − 𝑞𝑈ret + sin(𝜉)) · 1
2𝜋 𝑑𝜉,

(2.17)

where

𝑓(𝛯) = 1
𝜋

√
𝐴2 −𝛯2

, (2.18)

and using the transformation

𝛯 → 𝐴 sin(𝜉) (2.19)

with the Jacobian determinant

d𝛯
d𝜉 = 𝐴 cos(𝜉). (2.20)

The new variable 𝜉 is uniformly distributed on the closed interval [−𝜋/2, 𝑝𝑖/2],

𝑓(𝜉) =
{︃

1
𝜋 , 𝜉 ∈ [−𝜋/2, 𝜋/2]
0 , otherwise.

(2.21)

The power of this identity lies in its numerical behavior. Because of the divergent nature at
its boundaries, the U-shaped distribution can be numerically implemented but consumes
more computing time than the method using the above integral. It has to be mentioned
that the obtained result shows no frequency dependency at all.

This simple model can now be expanded by a more appropriate transmission function.
With the transmission function defined as in eq. (2.9), it is no longer possible to obtain
analytically closed identities. One thus has to rely on numerical methods, as mentioned
above. The results are shown in fig. 2.6. Here the effects of Gaussian and sinusoidal
perturbations are less pronounced as in the previous case, but their essential features are still
manifest. Again, it is highly instructive to consider the derivatives of the distorted functions,
see fig. 2.6(b). While remaining mostly symmetrical, the derivative of the transmission
function distorted by a Gaussian-distributed perturbation, differs evidently from a normal
distribution. For better comparability, a Gaussian-distribution with 𝜎 = 0.5 (V), shown in
deep blue, has been implemented. The green colored function represents the derivative of a
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(b) Differential distortions of the transmission
function

Figure 2.6: (a) Representation of a more realistic transmission function, again with 𝐴 =
𝜎 = 0.5 V. The clear distinction of Gaussian and sinusoidal distortion is not as present as
in the case of the ideal high-pass filter but still visible. Most importantly the discrete edges
of the function distorted by the sine-wave remain manifest. (b) Differentiated transmission
functions. Note that the Gaussian fluctuation does not lead to a normal distribution anymore,
for better comparison the Gaussian has been implemented (deep blue). The function rippled
by the sine-wave is evidently asymmetrical and displays two local maxima.

transmission function rippled with a sine-wave. The perturbation causes the function to be
highly asymmetric with two local maxima. The extremal points arise from the distortion
with its sharp boundaries reaching the end of the spectrum on both sides. As the position
of these two peaks depends directly on the energy resolution of the spectrometer and the
ripple-amplitude, it provides the opportunity to simplify the precise characterization of the
perturbation. Chapter 6, will investigate this effect in more detail.

It is evident that the broadening and reshaping of the transmission function will harm
the determination of the neutrino mass. This motivates the in-depth investigations outlined
in chapters 5-7, where methods to determine distortions and strategies to counteract their
determined effects are given verified for KATRIN spectrometers.

Influence on the estimated neutrino mass
One task left is to simultaneously is a central result, quantify the influence of an arbitrary
distortion of T on the neutrino mass-estimate. Given the differential 𝛽-decay spectrum
d𝑁
d𝐸 (𝐸0,𝑚𝜈𝑒

2) and the transmission function 𝑇 (𝐸 − 𝑞𝑈ret), with 𝐸0 denoting the kinematic
endpoint of the tritium decay, 𝑚2

𝜈𝑒
, the elementary charge of the electron 𝑞 and the

retardation potential 𝑈ret, the rate of electrons reaching the detector is given by

d𝑁
d𝑡 =

∞̂

𝑞𝑈ret

d2𝑁

d𝑡 d𝐸 d𝐸. (2.22)

To take the transmission properties of the spectrometer into account, one has to consider
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the convolution(︂
d2𝑁

d𝑡 d𝐸

)︂
conv

= d2𝑁

d𝑡 d𝐸 ⊗ T(𝐸 − 𝑞𝑈ret) =
∞̂

−∞

d2𝑁

d𝑡 d𝐸 (𝜏) T(𝐸 − (𝑞𝑈ret + 𝜏)) d𝜏 . (2.23)

This equation demonstrates the need to precisely determine the transmission function, as T
directly enters the measured electron rate and skews the spectrum. In case of a perturbed
form of the transmission function, one obtains(︂

d2𝑁

d𝑡 d𝐸

)︂
conv

= d2𝑁

d𝑡 d𝐸 ⊗ T̃(𝐸 − 𝑞�̃�ret)

=
∞̂

−∞

∞̂

−∞

d2𝑁

d𝑡 d𝐸 (𝜏) T(𝐸 − (𝑞𝑈ret + 𝜏 + 𝜉)) 𝑓(𝜉) d𝜉 d𝜏 .
(2.24)

Making use of the substitution

𝐸 → �̃� := 𝐸 − 𝜉, (2.25)

the distortion of the retarding potential and the transmission function gives(︂
d2𝑁

d𝑡 d𝐸

)︂
conv

= d2𝑁

d𝑡 d𝐸 ⊗ T̃(𝐸 − 𝑞�̃�ret)

= d2𝑁

d𝑡 d𝐸 ⊗
∞̂

−∞

T(𝐸 − 𝑞𝑈ret + 𝜉) 𝑓(𝜉) d𝜉 =
∞̂

−∞

d2𝑁

d𝑡(𝐸) d𝐸 ⊗ T(𝐸 − 𝑞𝑈ret + 𝜉) 𝑓(𝜉) d𝜉

=
∞̂

−∞

d2𝑁

d𝑡 d�̃�
(�̃� + 𝜉) ⊗ T(�̃� − 𝑞𝑈ret) 𝑓(𝜉) d𝜉 = T(�̃� − 𝑞𝑈ret + 𝜉) ⊗

∞̂

−∞

d2𝑁

d𝑡 d�̃�
𝑓(𝜉) d𝜉

= T(𝐸 − 𝑞𝑈ret) ⊗ d2𝑁

d𝑡 d�̃�
,

(2.26)

where the commutativity of integral and convolution, as well as the commutativity of the
convolution have been used. Two important physics statements can be drawn identity. On
the one hand, it is equivalent for a distortion to either enter the energy of the electrons or
the retarding potential. Therefore the systematic uncertainties in both cases are treatable
in the same way. On the other hand, the effect of voltage fluctuations can be counteracted if
their variance is known. The retarding potential is the superposition of vessel and all inner
electrode potentials. Due to the strong capacitive coupling between the components and
field inhomogeneities vessel voltage and retarding potential can a priori not be expected
to undergo the same fluctuations. The connection between voltage ripples and analyzing
potential will be discussed in chapter 6.



2.2 Transmission Properties 23

In the following the effect of distortions, either in the transmission function or on the
source side, is calculated. Due to the fact that the exact spectral shape of 𝛽-decay electrons
is not trivial, analytical results are not accessible in exact form. A common solution for
this problem is to use the Taylor-Expansion up to the second-order(︂

d2𝑁

d𝑡 d𝐸

)︂
T.-E.

(𝑚𝜈𝑒 ; 0) = 𝛾 𝛩(𝐸0 − 𝐸 −𝑚𝜈𝑒) (𝐸0 − 𝐸) − 𝛾

2𝑚
2
𝜈𝑒

+ O(𝑚4
𝜈𝑒

), (2.27)

where 𝛾 is a constant, instead. With respect to eq. (2.26) it is well motivated to consider
the transmission function as normalized step-function for all following calculations. It is
possible to derive formulas for Gaussian and sinusoidal-ripples. However, there is way to
obtain a most general formula in case of a distortion with any given PDF [Kra12]. Let 𝜉
be a variate distributed according to 𝑓(𝜉) with

∞̂

−∞

𝑓(𝜉) d𝜉 = 1, (2.28)

then

(︂
d2𝑁

d𝑡 d𝐸

)︂
conv

= 𝛾 𝛩(𝐸0 − 𝐸 −𝑚𝜈𝑒)
∞̂

−∞

𝑓(𝜉)
[︂
(𝐸0 − 𝐸 + 𝜉)2 − 1

2𝑚
2
𝜈𝑒

]︂
d𝜉

= 𝛾 𝛩(𝐸0 − 𝐸 −𝑚𝜈𝑒)

⎧⎨⎩
∞̂

−∞

𝑓(𝜉)
[︂
(𝐸0 − 𝐸)2 − 1

2𝑚
2
𝜈𝑒

]︂
d𝜉 +

∞̂

−∞

𝑓(𝜉)
[︀
𝜉2 + 2𝜉(𝐸0 − 𝐸)

]︀
d𝜉

⎫⎬⎭

= 𝛾 𝛩(𝐸0 − 𝐸 −𝑚𝜈𝑒)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
[︀
(𝐸0 − 𝐸)2 −𝑚2

𝜈𝑒

]︀
+

∞̂

−∞

𝑓(𝜉)𝜉2 d𝜉

⏟  ⏞  
=E[𝜉2]

+2(𝐸0 − 𝐸)
∞̂

−∞

𝑓(𝜉) d𝜉

⏟  ⏞  
=E[𝜉]

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
= 𝛾 𝛩(𝐸0 − 𝐸 −𝑚𝜈𝑒)

{︂
(𝐸0 − 𝐸)2 − 1

2
[︀
𝑚2

𝜈𝑒
− 2E[𝜉2] − 4E[𝜉](𝐸0 − 𝐸)

]︀}︂
,

(2.29)

which reduces for E[𝜉] = 0 to

(︂
d2𝑁

d𝑡 d𝐸

)︂
conv

= 𝛾 𝛩(𝐸0 − 𝐸 −𝑚𝜈𝑒)

⎡⎢⎣(𝐸0 − 𝐸)2 − 1
2

⎛⎜⎝𝑚2
𝜈𝑒

− 2 E
[︀
𝜉2]︀⏟  ⏞  

=𝜎2

⎞⎟⎠
⎤⎥⎦

= 𝛾 𝛩(𝐸0 − 𝐸 −𝑚𝜈𝑒)
[︂
(𝐸0 − 𝐸)2 − 1

2
(︀
𝑚2

𝜈𝑒
− 2𝜎2)︀]︂ .

(2.30)
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Finally the calculation of the integral spectrum can be carried out, yielding

d𝑁
d𝑡 = 𝛾

3
[︀
(𝐸0 − 𝑞𝑈ret)2 −𝑚2

𝜈𝑒

]︀ 3
2 . (2.31)

By comparing eq. (2.31) with the undistorted spectrum eq. (2.27), the shift in the neutrino
mass squared follows to be

𝛥𝑚2
𝜈𝑒

= −2𝜎2. (2.32)

A similar result has been obtained in [Rob88], by another approach. With eq. (2.32)
imperfections of the electric potential are fully taken into account.For the key area of high
voltage fluctuations, the most prominent distortionsare expected to be of periodic nature.
Depending on the actual wave-form it is not an easy task to construct the probability
density function of an arbitrary perturbation. It is often useful to perform a Fourier
transformation and to take into account only those frequencies that are dominant. Taking
a closer look at the derivation in eq. (2.30), the assumption for the expectation value of
the distortion to vanish needs further explanation. To measure the neutrino mass, the Q
value has to be determined by a combined fit to the four relevant parameters ([Kle14]). To
first order 𝐸0-related systematic shifts could cancel out naturally. This is a strong feature
of MAC-E filters, as absolute values only play a sub-dominant role, whereas the systems
stability is highly important. Nevertheless, when calculating the transmission function it
is of utmost importance to create a complete field-map. Inhomogeneities of the electric
field, i.e. distortions with zero variance but non-vanishing expectation value, will cause a
shift of 𝛥𝑚2

𝜈𝑒
= −2E[𝜉](𝐸0 − 𝐸), even in the differential spectrum. This effect gets more

prominent in the integral spectrum, as it is not only proportional to the offset in energy
itself, but also to the electron energy. For this reason dedicated studies in order to gain
full understanding of the fields inside the KATRIN spectrometer have been performed
([Beh16], [Erh16b], [Gro15b]). Furthermore both source and spectrometer potentials can
be distorted at the same time causing the systematic uncertainties to add quadratically.
Therefore it has to be emphasized, that the actual measured voltage has to correspond
to the potential difference between source and spectrometer. Finally, at this point it is
not yet been clarified how the measured fluctuations of the high voltage are related to the
actual potential inside the vessel. These relations are the central theme of chapter 6.

2.3 KATRIN Apparatus
With the need for a thorough understanding of systematic effects highlighted in the previous
section, the technical challenges to each component of a MAC-filter type experiment lies
at hand. The small number of electrons carrying information about the neutrino mass
calls for a source of high luminosity. The utilized detector has to act with an efficiency
near to unity. All fields have to be precisely adapted and fluctuations of them have to be
measurable within ppm-range or even suppressed entirely. A schematic overview of the
beam-line, having an approximate length of 70 m is shown in fig. 2.7. The basic setup of
all segments gets outlined in the following.
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Figure 2.7: Schematic overview of the 70 m long beam-line of the KATRIN experiment
and its sub-components. (a) Rear section, responsible for calibrations and monitoring of the
windowless gaseous tritium source (b). Indicated in blue, the pumping section (c) consists of
differential and cryogenic pumps to reduce the tritium flow and magnetically guide electrons
into the pre-spectrometer (d), where a the majority of electrons gets reflected. Only electrons
close to the kinematic endpoint are guided into the main-spectrometer (e) for the final energy
selection. Electrons passing the filter are detected in the FPD (f) at the end of the beam-line.
Figure adapted from [Kle14]

2.3.1 The tritium source

In order minimize energy losses of electrons due to scattering processes in the source,
the KATRIN experiments utilizes a WGTS , where these effects are limited to scattering
processes off gas molecules only. Apart from offering a high luminosity the source has to
produce electrons at the highest stability. Determining and controlling these conditions
has led to non-trivial technological challenges. A short summary of the basic functional
parts that are employed in the WGTS is given in fig. 2.8.

Gaseous tritium pre-cooled to about 30 K is injected through a series of capillaries
(providing a pressure of approximately 10−3 mbar), into a cylindrical tube of stainless steel
measuring 10 m in length and 90 mm in diameter. A magnetic field of 𝐵source = 3.6 T to
guide signal-electrons out of the source is generated by three superconducting solenoids.
The total extent of the cryostat is increased to 16 m by two differential pumping sections,
the DPS1-R and DPS1-F. Each of these contains six turbo molecular pump (TMP) units
to reduce the flow of gas molecules into the affiliated systems by two orders of magnitude.
Tritium is pumped out and is processes in the closed inner loop system ([Stu10]). The
purity of the tritium is expected to be greater than 95%, which is why a small fraction of
the pumped-out gas is reprocessed at this stage before being re-injected into the central
tube. A dedicated monitoring system allows to sample the precise isotopic gas-composition.
To do so, Laser-Raman spectroscopy is used ([Sch13a], [Sch13b] and [Fis15]). The molecular
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5.6 T 5.6 T3.6 T3.6 T
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Figure 2.8: Side-view of a CAD model of the WGTS. The 10 m long beam tube of the tritium
source is surrounded by three superconducting magnets generating a magnetic field of 3.6 T.
Gaseous tritium is injected at a temperature of only 30 K. While electrons are guided out of
the source, the flow of gas molecules out of the source gets reduced by a factor of 100 in two
differential pumping sections that are attached at both ends of the source. Figure taken from
[Har15].

flow at 30 K causes a Doppler broadening of the spectral shape. This necessitates low
gas temperatures at 30 K with fluctuations smaller than 30 mK. For this reason the
WGTS is embedded in a dedicated beam tube cooling system that is based on two-phase
liquid-gaseous neon to provide the required stability at low temperatures ([Bod11], [Gro11],
[Gro13]). Under the given preconditions an ultra-stable column density of 𝜌𝑑 = 5 · 1017 cm2

is achieved.

2.3.2 Rear section
Located at the downstream end, the rear section provides a series of calibration and
monitoring devices for the experiment.

Correspondingly, half of the emitted electrons traveling out of the source to reach the rear
section, in addition to the large number of electrons that are reflected by the electromagnetic
fields present in the spectrometers. This facilitates the long-term monitoring of the source
activity by spectroscopy of X-ray radiation induced by electrons hitting the rear wall
([Röl13], [Röl11], [Röl15]). As mentioned in section 2.2.2 the potential of the source is
of the same significance as the spectrometer potential itself. Therefore, a specific rear
wall with optimized surface potential will allow to control the WGTS potential ([Bab11],
[Bab14]).Finally an angular-resolved electron gun allows to measure the source column
density via inelastic scattering ([Hug10], [Val11], [Bab14]). Additionally the cross section
for inelastic scattering in the WGTS will be measured to determine the energy loss function
([Gro15b]).

2.3.3 The transport section
The transport section connects WGTS with the spectrometers. Superconducting magnets
guide the electrons, whereas two pumping schemes are used to reduce the flow of gas at the
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same time. For the background to be sufficiently low, ultra high vacuum (UHV) conditions
are needed in the spectrometer section. In particular the partial pressure of tritium has
to be lower than 10−20 mbar, see [Mer12]. In view of the huge source luminosity with its
large number of tritium molecules, Thereby the transport section has to reduce the tritium
flow by at least fourteen orders of magnitude. Two distinct units are employed, based on
different functional principles (CAD models of both are shown in fig. 2.9).

Differential pumping section (DPS)
The beam tube of the DPS2-F consists of five inter-connected beam tubes, which are
tilted by 20∘ against each other and surrounded by five coaxial superconductors. The
corresponding magnetic fields of about 5.5 T guides signal electrons adiabatically. Neutral
molecules are not guided and therefore collide with the beam tube walls. By this the
probability of being pumped out increases, so that four TMPs intersecting the beam
tubes, and operating with a pumping speed of 2400 l/s each ([Luo06], [Luk12], [Jan15])
drastically reduce the gas flow. After the differential pumping of the DPS-1F, the gas
flow is already reduced by a factor of 100, the large pumps in the DPS-2F further reduce
it by roughly five orders of magnitude. Ions emerging from the WGTS are not being
pumped out and can be trapped in the transport section. Therefore a Fourier transform-ion
cyclotron resonance (FT-ICR) device estimates the amount of ions from the source inside
the DPS2-F ([Ubi09], [Ubi11]). To prevent a build-up of ions, counter-methods are applied
to reduce their number-density. This is realized by a combination of dipole and ring-shaped
blocking electrodes inside the apparatus ([Rei09], [Win11], [Hac15]). For further reference
see [Kos12].

Cryogenic pumping section
The adjacent CPS cryostat has a beam-line composed of seven individual segments, again
tilted against each other by 15∘, and seven superconducting magnets that are aligned
accordingly. As already suggested by its name, the cryogenic pumping section uses the
concept of cryo-sorption instead of classical pumps. A 3 K cold layer argon frost coats the
inner surface of the beam tube and adsorbs molecules. Successful validation of the working
principle of such a pump was given by the TRAP experiment, where a reduction factor of
3 · 107 was measured ([Eic08]). This technique reduces the gas flow into the spectrometer
section by additional seven orders of magnitude. As the carrying capacity of the adsorption
process of tritium molecules has to be limited for safety reasons, a regeneration cycle will
be carried out after three months of continuous measurement operation. By then the
accumulated activity of adsorbed tritium will be approximately 37 GBq. In addition, the
CPS features several devices fulfilling monitoring and calibration purposes. A real-time
estimation of the electron rate emitted by the source is accomplished with the forward
beam monitor. Non-trivial technological challenges have to be considered here, as of the
rates this detector has to handle are rather high. ([Bes10], [Bab11]). For energy calibration
a condensed krypton source will be deployed, see [Bot12], [Bau13b], [Dyb16] and [Res17].

2.3.4 The spectrometer section
The spectrometer section of the KATRIN experiment consists of three spectrometers, all
of them following to the MAC-E filter principle. Two of them are connected adjacent to
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from WGTS

to CPS

(a) Differential pumping section. Adapted from
[Jan15].

(b) Cryogenic pumping section. Adapted from
[Wan13].

Figure 2.9: (a) The DPS2-F, composed of five tilted beam tubes and magnets. Four turbo
molecular pumps reduce the gas flow by five orders of magnitude. (b) The cryogenic pumping
section (CPS) is composed of seven tilted segments. Tritium molecules are adsorbed by a layer
of argon frost on the inner surface.

each other in the main beam line, while the third one stands alone, the former being the
pre-, and main-spectrometer meter, the latter is the so called monitor-spectrometer.

The pre-spectrometer
The pre-spectrometer has a length of 3.4 m and measures 1.7 m in diameter. As only
a small fraction of the electrons propagating from the source will carry information on
the neutrino mass the option of a pre-filter was implemented into the setup. Without
pre-filter, the large flux of electrons could induce background in the main-spectrometer due
to scattering off residual gas molecules. For this reason, the pre-spectrometer is installed
and can be operated at −18.6.. − 8.6 keV to achieve a pre-filtering of the electrons. If
kept at a potential 300 V below the endpoint, the flux of electrons can be reduced by
seven orders of magnitude from the pre-spectrometer. However, this field configuration is
known to cause a large Penning trap between the two spectrometers. If operated at zero
potential, this trap can be avoided completely ([Pra12]). However, until the actual tandem
measurements will take place, the exact electrostatic field configuration during tritium
mode is not known, as active countermeasures against the Penning trap might be possible.

The pre-spectrometer has been main topic for many extensive investigations. In particular,
it has been an ideal test facility in deepening the knowledge of transmission and background
processes in MAC-E filters and therefore has significantly influenced the development of
the main-spectrometer ([Fra06], [Hab09], [Fra10], [Mer12], [Wan13], [Goe14]).

The Main Spectrometer
The most prominent functional part of the KATRIN experiment, is formed by the main-
spectrometer. There, the highly precise energy selection of incoming signal electrons is
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conducted. With a length of 23.3 m, a diameter of 10 m, and a mass of 200 metric tons
of stainless steel, the main spectrometer is by far the largest spectrometer in the setup.
Its huge dimensions are caused by the MAC-E principle, see section 2.1.1. With a volume
of 1240 m3 and a surface area of 690 m2 it is the dominant source of background in the
experiment. As the background design value only allows 10 mcps, the electromagnetic
design of the spectrometer has been performed with great care.As a result, the first
background rates obtained during the first SDS measurement phase were several orders
of magnitude smaller than in previous MAC-E filter type experiments([Wan13], [Sch14],
[Goe14]). Detailed studies of the remaining background sources have been conducted and
sophisticated devices have been developed to decrease the remaining background further
([Har15],[Hil16], [Beh16]). A detailed model of the complete background present in the
spectrometer is currently being developed ([Tro16]). Superconducting solenoids at both
ends, the PS2 magnet with 4.5 T located at the pre-spectrometer side, and the pinch
magnet at the detector side with 6.0 T, generate the flux-tube inside of the spectrometer.
In order to compensate the earth magnetic field and to center and adjust the magnetic field,
a set of large air coils surrounds the spectrometer. For a detailed description of this system
and its performance during the second measurement phase, see section 3.2. The electric
retarding field necessary for the energy selection process is generated by applying voltages
up to 35 kV directly on the whole vessel. A double layered wire electrode consisting of
eleven segments, each of them assignable with individual voltages, is mounted inside the
spectrometer in a ring-like arrangement. This structure also allows the electric blocking of
secondary electrons from the wall and a so called dipole mode to remove stored electrons
with less than 1 keV of surplus energies. A more detailed description is given in section 3.3.

The Monitor Spectrometer
The purpose of the monitor spectrometer’s lies in the verification and long-term monitoring
of the voltage applied to the main spectrometer. This apparatus is of rather small size,
with only 4 m in length and 1 m in diameter. Nevertheless, it features the same energy
resolution as its bigger counter part and is essential to the experiment. While the main
high voltage (HV) of the experiment is measured with the KATRIN HV dividers (see
section 4.4), the monitor spectrometer allows a completely independent way to verify the
stability of the voltage. By using radioactive isotopes of krypton implanted in a solid source
of highly ordered pyrolytic graphic (HOPG), this spectrometer measures spectral lines
from the radioactive decay of the Krypton and hence compares the voltage to a constant
of nature ([Zbo11], [Sle11]). As the decoupling of different drifting-effects of the MoS
setup along solid state effects together with proving the desired stability is a non-trivial
task, considerable efforts were needed during development and characterization of this
source type. However, the result is a highly reliable system, exceeding the requirements
by one order of magnitude ([Erh12], [Erh14]). The spectrometer itself was installed and
commissioned at the KIT from 2010 to 2012 ([Sch11], [Gou10]).

As it will be shown in chapter 5 of this thesis, this instrument can be used to search,
evaluate and counteract high voltage systematics. It will be shown that the method is in fact
sensitive not only to slow drifts of the voltage but also voltage fluctuations. Furthermore it
can be utilized to calibrate the KATRIN voltage dividers against a constant of nature and
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Figure 2.10: CAD model of the monitor spectrometer. As the MoS is standing outside
the main beam-line, it has its own krypton source (a). Two superconducting solenoids (b,
d) generate the magnetic field guiding signal electrons into the spectrometer (c). For fine
adjustments of the magnetic field a system of magnet coils is mounted around the vessel. The
utilized detector (e) consists of only five pixel, where only one of them is thought to take
actual measurements of the krypton spectrum, while the other four are installed for alignment
reasons. Adapted from [Kle14].

therefore verify their stability in a manner independent of classically employed electrically
methods.

2.3.5 The detector section
Located at the most upstream side of the KATRIN beam-line, the focal plane detector
(FPD) counts all electrons that have passed the filter. A model of the whole system is
shown in fig. 2.11. Two superconducting solenoids, the pinch magnet in the front at 6.0 T
and the detector magnet at 3.6 T guide electrons adiabatically onto the detector wafer. The
electrons are counted by a silicon PIN-diode array consisting of 148 individual pixels with
high efficiency. With a thickness of 500𝜇m, the 90 mm diameter sensitive area of the wafer
is divided in equally sized pixels. Thereby both azimuthal- and radial-dependent mapping
of the sensitive spectrometer-volume is achieved. This is important to normalize volume-
dependent background effects and to obtain a proper weighting of field inhomogeneities
entering the transmission function. To minimize background at the wafer, the detector is
housed in lead and copper shielding and features an active veto against cosmic induced
particles. Furthermore signal electrons can be post-accelerated to a region with ultra
low background and small noise level by a copper electrode. The flapper valve allows
the separation of the detector section from the rest of the system. The intrinsic detector
background is rather small and regular energy calibrations with the two integrated sources
are possible [Ams15]. Detailed descriptions can be found in [Har12], [Wal13] and [Sch14].
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Figure 2.11: Schematic drawing of the detector section and the silicon detector wafer. Two
superconducting solenoids guide signal electrons adiabatically to the wafer where they are
counted. Background particles are passively shielded by lead and copper housing, while an
active veto-system counters events induced by incoming cosmic particles. Adapted from
[Ams15].





CHAPTER 3
Spectrometer and detector section

A detailed knowledge of the complicated mechanisms which produce background as well
as the exact characterization of the transmission properties of the main spectrometer are
substantial to understand and limit systematic effects and to reach the targeted sensitivity
in determining the electron anti neutrino mass in KATRIN. In a first commissioning
phase of the spectrometer and detector section (SDS-I), the spectrometer and detector
section has proven its functionality in 2013. After these first investigations the SDS
setup was upgraded to accomplish a more precise description of the fields and to optimize
the electromagnetic and cryogenic configuration. Subsequently, a second commissioning
phase (second commissioning phase of the spectrometer and detector section (SDS-II)) was
conducted in two parts (SDS-II part A (SDS-IIA), SDS-II part B (SDS-IIB)). The first half
of SDS-II was performed from October 2014 to March 2015, while SDS-IIB was conducted
from June 2015 to September 2015. Following to a bake-out of the main-spectrometer,
SDS-IIB mainly aimed to investigate the background. All measurements performed and
analyzed in this thesis have resulted from SDS-IIA. The focus of this chapter is on giving
a summary of the conditions under which the measurements were taken. An in-depth
description of the spectrometer and detector section will thus be given here. Especially
the e-gun is of importance here, as it was developed for the commissioning measurements
and is not a part of the later KATRIN beam-line. Figure 3.1 gives a schematic overview
of the whole system. On the most upstream side of the main-spectrometer, the e-gun is
mounted (section 3.4), while the FPD is located at the downstream side of the spectrometer.
The latter will not be discussed any further as it was already described in section 2.3.5.
Electrons are guided between these two components by a magnetic field that is generated
by superconducting solenoids and the so called air-coil system (section 3.2). As the whole
spectrometer needs to provide ultra-high vacuum conditions, pumps that are based on
different techniques are installed (section 3.1). The electric potential is fine-tuned with the
inner electrode (IE) system, described in section 3.3. Note that the high voltage system
used for generating the potentials is a main topic of this thesis and therefore described in
great detail in the next chapter 4. The setup for monitoring and controlling the apparatus
is described in the last section (section 3.5).

33
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(fine-shaped by air coil system)

Focal-plane detector system

Main spectrometer

Pump ports 1-3

DAQ system

Electron trajectory DownstreamUpstream

Focal-plane detector system

DAQ system

Figure 3.1: Overview of the SDS-II setup.The e-gun is located at the upstream side of the
spectrometer and the FPD on the downstream side. During tritium mode measurements the
e-gun is replaced by the beam line which is continued in this direction by the pre-spectrometer.
The air-coil system and the pre-spectrometer magnet 1 (PS1) are not shown. Electrons are
guided by the magnetic field from e-gun to the FPD. The IE is located inside the main-
spectrometer vessel and allows to fine tune the electric fields by segmentation. Figure from
[Har15].

3.1 Vacuum system
The large spectrometer volume has to fulfill rather stringent vacuum conditions of only
≈ 10−11 mbar ([Wol15]). With the additional large surfaces of the IE the setup has been
shown to to feature an outgassing rate of approximately (1.4 − 2.5)10−12 mbar l/s ([Wol16])
during SDS-I, which is close to nominal values. Note that this number requires an extended
baking-out phase at 200 C. The UHV-pumping system is mounted at three large pump
ports of the downstream side of the apparatus. There, a total of six TMP devices plus a
NEG pump system and a LN2 cooled baffle system are installed. In addition, systems for
controlled gas inlet and pressure measurements are mounted. For the initial pump-down of
the vessel, a screw pump with a pumping speed of 630 m3/h is used. The actual system is
described in more detail in [Wol16] and [Har15].

Differential Pumps
Two of the pump ports are equipped with a total of six large TMPs. The net pumping
speed for hydrogen inside the vessel of these devices together is 104 l/s [Wol16]. They are
supported by additional smaller TMPs with a capacity of 300 l/s and a screw pump for
prevacuum. The main purpose of the TMPs is the removal of noble gases, while the NEG
pumps very effectively pump hydrogen.

Getter Pumps
All pump ports are foreseen to be equipped with 1000 NEG strips of 1 m. Activation of
this material requires a bakeout procedure. During SDS-I these were partially activated at
temperatures of 300 C, resulting in a total pumping speed of 106 l/s for remaining hydrogen
inside the vessel. Owing to technical issues, the spectrometer has been limited to maximum
bake-out values of 200 C since then. The reason for this lies in the allowed thermal range
of the CuBe rods that are mounted inside the spectrometer for potential distribution of
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the inner electrode. These rods did deform at temperatures beyond 200 C, thereby causing
short-circuits during SDS-I. An electrical heating system has thus been developed and
installed inside pump port three. This local heating has allowed to activate the NEG pump
at 400 C.

Baffle System
The NEG pumping system comes with the drawback of emanating unstable 219Rn atoms
into the volume. This isotope can decay by emitting an 𝛼 particle inside the vessel and
cause background by electron emission. To counter this effect, a baffle system is mounted
between the NEG strips and the main volume, as shown in fig. 3.2. Radon atoms now are
trapped via cryosorption on its cold surface, thus decaying outside the sensitive volume.
The main component of the baffle system are 22 V-shaped copper blades that are cooled by
liquid nitrogen. Cooling of the blades is achieved through pipes of stainless-steel attached
to them, that are flooded with liquid nitrogen. From a technical point of view the baffle
system is elevated on high voltage, while the liquid nitrogen supply vessel is grounded. The
combination of high voltages, vacuum and cryogenic temperatures have posed a non-trivial
challenge in constructing proper decouplings. To ensure that radon atoms hit the cold
surface at least once, the baffle blocks the direct line of sight between the NEG strips
and the fiducial volume. Accordingly, the effective pumping speed of the getter pump is
reduced to 3.75 · 105 l/s, [Wol16]. For automated control of the nitrogen flow and the baffle
temperatures, three temperature sensors are mounted on each baffle. Measurements have
shown the temperature of the baffles to adjust to around 86 K, which is higher than the
boiling temperature of nitrogen of 77 K. This offset is due to limited thermal coupling and
the pressure of 1.5 bar of the nitrogen supply.

(a) Baffle

NEG 
pump

Baffle

Pump port 1

Pump port 2

Pump port 3

TMPs

(b) NEG pumps

Figure 3.2: (a) A photograph of the baffle mounted inside pump port three, taken from the
inside of the spectrometer. The 22 V-shaped copper blades are clearly visible. Figure from
[Goe14] (b). CAD drawing of the pump ports. A cross section of pump port three shows the
location of baffle and NEG pump. Taken from [Har15].
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3.2 Magnet System
Magnetic fields guide electrons from the source to the detector, and thus play an important
role not only with respect to background processes but also the central topic of this thesis,
the transmission properties and their systematic uncertainties. As discussed in section 2.1.1,
the energy resolution of a MAC-E filter is directly connected to the ratio of minimum and
maximum magnetic fields. In addition, when propagating along different magnetic field
lines, transmitted electrons will pass the analyzing plane at different radial and azimuthal
positions. Inhomogeneities of the electric potential thus require to create a complete map
of the electric field at the analyzing plane and elsewhere. First, the magnetic fields are
discussed, where four different magnetic field configurations were used during SDS-II,
see fig. 3.3. Only one of these was used during the measurements conducted in the
scope of this thesis. According to the design specifications, the standard configuration
for tritium measurements is given by the 3.8 G setting [Ang05], shown in orange. This
configuration exhibits two minima of the magnetic field. This setting fulfills the transmission
conditions and therefore is best suited for measurements that involving the e-gun. Table
3.1 summarizes all magnet currents for generating this field.

Superconducting solenoids
A total of four superconducting solenoids is mounted in the SDS setup to generate the
guiding magnetic fields at both ends of the spectrometers. At the upstream side, the so
called pre spectrometer magnets 1 and 2 are located. Measuring 400-mm in diameter, these
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Figure 3.3: Visualization of the flux tube boundaries for different magnetic field configurations.
The 3.8 G setting is the only one that has been used during measurements connected to this
thesis, as it is the nominal field for tritium measurements.. Adapted from [Har15]
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warm-bore magnets are able to produce maximal fields of 4.5 T each at a corresponding
current of 157 A. The PS2 magnet is located at a distance of 12.1 m from the analyzing
plane. The PS1 had to be moved between SDS-IIA and SDS-IIB. Initially it was located
at the distance 3.4 m with respect to the position of PS1 and with a field of 3.0 T. During
the second part of SDS-II the magnet was moved further downstream to its final position
in the KATRIN beam-line and operated at its nominal field of 4.5 T. The reason top
operate this magnet at non-nominal fields and a different position in SDS-IIA was the
e-gun. This device, or more precisely an optimized transmission condition for its emitted
electrons, made it necessary to adapt the experimental setup. The other two warm-bore
superconducting solenoids are located on the downstream side of the spectrometer and

Table 3.1: Configuration of the magnet currents for transmission measurements during SDS-II.
Explained in the next section, the PS1, PS2, Pinch and Detector magnet are superconducting
solenoids, while the LFCS1-LFCS14, the vertical EMCS and the horizontal EMCS are parts of
the air coil system. The currents are given in Ampere and correspond to the 3.8 G, two minima
setting. The PS1 magnet is included here. For some some measurements during SDS-II, a
different configuratin was used, optimized for a non-active PS1 configuration.

Magnet Ampere
PS1 104.0
PS2 156.0
LFCS1 21.14
LFCS2 25.66
LFCS3 20.30
LFCS4 28.36
LFCS5 38.82
LFCS6 27.52
LFCS7 34.37
LFCS8 50.68
LFCS9 10.37
LFCS10 44.44
LFCS11 37.19
LFCS12 20.96
LFCS13 43.32
LFCS14 -50.35
vert. EMCS 50.0
horic. EMCS 9.0
Pinch 72.63
Detector 46.80
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are part of the detector system. Closest to the main spectrometer is the PCH magnet.
This magnet provides the highest magnetic field of the experiment and plays an important
role in defining the energy resolution of the MAC-E filter. The field of this device was
set to 5.0 T. The last superconducting magnet in the KATRIN beam-line is the detector
(DET) magnet, where electrons that are transmitted through the filter are projected onto
the detector wafer. During SDS-IIA this magnet was operated at 3.0 T.

Air Coil System
In order to fine-shape the magnetic field and to compensate the earths’ magnetic field,
the so called air-coil system is used ([Glu13]). Figure 3.4 illustrates the arrangement and
dimension of this system. Large rings act as holding structure for the actual coils. The
system consists of two sub-systems, the low-field correction system (LFCS) and the earth
magnetic field compensation system (EMCS). The latter compensates the earth’s magnetic
field, which can be considered to be constant in direction and absolute value. A total
of 16 current loops in horizontal planes and 10 loops in vertical planes compensate the
vertical (Bvert = 43.6𝜇T) and horizontal components (Bhor = 5𝜇T) of the earth field
[Glu13]. Without the compensation the flux tube inside the main spectrometer would not
be axially symmetric and would not be oriented along the direction of the beam-line. In
terms of transmission properties this would shift the analyzing plane from the region of
the highest retarding potential and lead to non-negligible systematic uncertainties. With
respect to the spectrometer axis, the LFCS consists of fourteen coaxial coils, measuring
12.6 m in diameter. Apart from allowing fine-adjustments of the whole flux tube, these
magnetic systems also provide a means to change the minimal field in the analyzing plane
Bmin. By varying the currents of the power supplies that are connected to the individual
coils, the magnetic field in the analyzing plane can be adjusted to values in the interval
[0.33 mT, 1.00 mT]. The upper boundary is given by the maximal current of the power
supplies, while the finite size of the vessel defines the lower value. In addition, the ring 14 is
flipped in polarity compared to all other magnets. As the pre-spectrometer magnet 2 (PS2)
and PCH magnets are driven at different field strengths, this coil is used to compensate

Figure 3.4: Photography from the upstream to the downstream side of the spectrometer
without e-gun. The rings surrounding the vessel serve as holding structure for the air-coil
system. Photo: Karlsruhe Institute of Technology (KIT), 2009.
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for the asymmetric stray fields.
This thesis, dealing with the influence of high voltage fluctuations to the transmission

function, only requires the transmission condition to be fulfilled. Thus, the magnetic
guiding details are less relevant to measurements with and without active artificial ripple.
It has to be emphasized however that the design sensitivity can only be reached by a very
precise knowledge of the magnetic fields and the means to measure them with high accuracy.
A detailed description of the magnetic fields, the corresponding measuring devices and
their influence on the transmission properties can be found in [Erh16b] and [Erh16a].

3.3 Inner Electrode
The functional principle and the structure of the inner electrode were discussed in sec-
tion 2.1.2. Figure 3.5 compares a picture of it from the inside of the main spectrometer to
its implementation in the simulation code KASSIOPEIA. The electrode consists of 15 rings,
each of them consisting of an inner and an outer wire layer with an additional separation
between west and east side. Rings seven to eleven are electrically shorted, because no
fine-shaping of the electric field in the central region of the vessel is necessary. A total of
11 rings ⊗ 2 wire layers ⊗ 2 half rings = 44 potentials have to be generated and distributed to
the individual segments. From the side of the high voltage system, the technical realization
is discussed in chapter 4. The distribution of voltages inside of the vessel from the high
voltage feedthroughs to the associated wire electrode segment is realized by rods made
of CuBe. During the bake-out before SDS-I, the system started to deform slightly under
high temperatures, resulting in short-circuits between different rings and wire layers. An
overview of the short-circuits is given in fig. 3.6. The rings of the inner electrode have
been numbered from two to sixteen, while the anti Penning electrodes are labeled as ring
one and seventeen, even though they are strictly speaking not part of the inner electrode.
All existing short-circuits only affect outer and inner wire layers as well as rings that do
not have to be on different potentials for measurements of the transmission function. One
additional short-circuit was observed during SDS-IIB between the layers of ring twelve.

During the commissioning measurements, a generic potential configuration for the IE was

Figure 3.5: Photograph (left) and simulation of the implemented geometry (right) of the inner
electrode system in the main-spectrometer. The perspective is from upstream to downstream
side, as indicated by the three visible pump ports. Adapted from [Cor14]
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Figure 3.6: Overview of the inner electrode system and status of short-circuits. The
nomenclature of the IE rings ranges from rings 2 to ring 16, the anti Penning electrodes are
designated ring 1 and ring 17. The short-circuits occurring during the bake-out of the main
spectrometer due to high temperatures only affect the outer and inner layers of the dual-layer
rings as well as two rings in the upstream flat cone that play no role for transmission studies.
An additional short-circuit between the layers of ring twelve was only observed during SDS-IIB.
Adapted from [Har15]



3.4 Electron Source 41

chosen, see table 3.2. In doing so, the potential of the vessel is typically set to 18.4 kV and
the inner electrode potential to 18.6 kV. This is one of the standard configurations common
to many measurements during both commissioning phases and will likely be implemented
during the tritium scanning mode. To fulfill the transmission conditions, only the steep
cones have to be elevated onto a potential which is 100 V more positive than all other
segments.

In conclusion, the short-circuits of the wire electrode system, only affect the background
reduction due to the non-available double layer principle but do not affect the transmission
properties and therefore play no role for the investigations of high voltage ripples. The
configuration is simple but respects the transmission conditions and results in no further
complications due to more complex electric field setups.

Table 3.2: Configuration of inner electrode potentials used for the measurements discussed
in this thesis.The chosen setup fulfills the transmission conditions and introduces no other
systematic effects. The inner electrode potential is set to 18.6 kV, close to the endpoint of
tritium 𝛽-decay. Only the steep cones are elevated onto a potential which is 100 V more positive
to fulfill transmission conditions.

Location Ring Voltage (kV)
Steep cone 02-03 18.500
Flat cone 04-06 18.600
Central part 07-11 18.600
Flat cone 12-14 18.600
Steep cone 15-16 18.500

3.4 Electron Source
The investigation of the transmission properties and implementation of a detailed field
map of the static fields inside of the main spectrometer requires an electron source, which
emits mono-energetic particles at ultra-stable rates with a fixed, but adjustable, starting
position and angle. The e-gun shown in figure fig. 3.7, was of major importance for the
measurements of SDS-II. The basic functional principle consists of two parallel plates
elevated onto different potentials, and housed in a rotatable vacuum chamber. Electrons
that are created by the photoelectric effect at the first plate, the back plate, are accelerated
by high electric fields between this plate and the second one, the so called front plate.
Between these two plates the acceleration is non-adiabatic, which allows to adjust the
polar angle of an electron by rotating this sub-system inside the vacuum chamber, see
fig. 3.8. In a second step, the electrons are accelerated adiabatically and conservation of
the magnetic moment 𝜇, in a region between the grounded housing and the front plate.
In total, the energy of an electron is defined by the potential of the back plate and its
pitch angle, i.e. by the relative position of the rotable box that houses the plates inside
the vacuum chamber. The angular resolution has been determined in ([Beh16], [Erh16b]).
A major advantage of the measurement and analysis strategy is the fact that only relative
deviations between undistorted and rippled transmission function measurements are of
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(a) CAD drawing of the e-gun chamber (b) Optical fiber

Figure 3.7: (a) CAD drawing of the e-gun with the vacuum chamber and the rotatable box
containing the front and back plate. High electric field, non-adiabatically accelerate electrons,
which are emitted by the photoelectric effect at the front plate. Thereby the starting angle
is defined. Between the grounded housing and the front plate, electrons then get accelerated
adiabatically to their final energies defined by the back-plate potential. (b) Photograph of the
optical fiber for transporting UV light to the silver surface. The light that propagates through
the 200𝜇m thick fiber shines onto the silver surface, which subsequently emits electrons via the
photoelectric effect. During SDS-II, a gold layer rather than silver was used. Figures adapted
from [Han13].
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Figure 3.8: Schematic of the e-gun working principle. Electrons are produced on the backplate
and accelerated by the high field caused by the front plate. The system effectively is a plate
capacitor. Electrons pass through a hole in the front plate with an angle that is defined by the
relative position between magnetic field lines and the rotatable system. The angular resolution
of electrons can be neglected in the context of this thesis. Taken from [Wan13]
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interest. Therefore, the angular resolution is of no importance to validate the developed
theoretical model. The corresponding effect is implemented by an additional parameter that
enters the fit functions. On the other hand, when investigating the radial and azimuthal
dependency of the retarding potential, the starting position of electrons has to be known.
This can be adjusted by changing the position of the unit the large manipulator is mounted
on. The mapping between starting position, the direction of the magnetic field at the
corresponding location and the associated position in the analyzing plane can be found in
the cited works. To reduce systematic effects and to optimize the effective rate, the e-gun
was aligned in parallel to the lines of the magnetic field during all measurements carried
out for this work. From a practical point of view, two additional remarks have to be made.
First, the used sources for UV light (LASER and LED), are monitored to verify the quality
of the electron rate. After reasonable heating-up cycles of the order of minutes, the rate
of emitted electrons is stable for both light sources. Due to aging effects of the electron
emitting surface, the rates visibly decreased over time. Nevertheless, this effect is in the
order of a few counts per hour and can be neglected in comparison with the typical rates
used in measurements of 5 kcps. Secondly, the back-plate potential was generated by a two
quadrant offset supply of negative polarity in series with a battery pack of positive polarity.
Both components were elevated onto the spectrometer potential. Hence, no systematic
effects of the high voltage enter the system. As it is a main objective of this work to
investigate these effects, a different configuration was used during the transmission function
measurements related to HV systematics. A second high voltage supply of high precision
was used to generate the back plate potential, which thus decoupled the e-gun electrically
from the main spectrometer. This allowed to ripple the analyzing potential independently.

In summary, the e-gun is an indispensable tool to investigate the spectrometer charac-
teristics and its MAC-E filter characteristics. Ultra-stable rates and high energy resolution
as well as adjustable angular selectivity are major features of this system. The analyzing
techniques and the corresponding measurements carried out for this thesis, however, do not
rely neither on energy nor angular resolution and thereby feature minimized systematical
effects. The development of the e-gun is described in more detail in [Zac15] and [Han13].
Further, measurements taken during SDS-I are described in [Gro15a] as well as [Gro15b],
while the newest results from SDS-II can be found in [Beh16] and [Erh16b].

3.5 Slow Control and data management
The data acquisition (DAQ) system of the detector samples experiment-specific information
at small time scales. All sub-systems of KATRIN comprise a total of several thousand sensor
and controlling channels that need to be handled ([Kle14]). Safety-relevant components
are monitored and controlled by Simatic PCS-7 system ([Sie14]), while systems with no
safety relevance are read out and set with a series of compact field point (cFP) units that
are based on the LabView environment. Both systems together define the Slow Control
system of KATRIN. Exemplary for the PCS-7 controlled systems, the vacuum system is
mentioned here. Exemplary for the cFP controlled ones the air coil system is mentioned.
Safety-relevant systems only allow an operation by a defined group of experts.

The high voltage system for obvious reasons is of major safety relevance. During routine
measurements, it needs to be controlled by experimentalists. A basic feature of the HV
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system is the fact that it is connected to both, cFP units and PCS-7, while the former
has only access to channels that are needed for measurements and are strictly limited to
well-defined and safe configurations. An operator is thus able to control and monitor the
DAQ and Slow Control channels through a C++ based software package, object-oriented
real-time control and acquisition (ORCA) system. Sensor data that can be displayed in
real-time by interfaces of both systems are additionally stored in a chain of SQL-databases.
The advanced data-extraction infrastructure (ADEI) system provides world-wide access to
all recorded data ([Chi10]). A PHP-based back-end system preprocesses data and organizes
the database-access. A web-based front-end allows users easy access to sensor and detector
data and to their visualization, as well as simple pre-analysis functions. For automation of
measurements, ADEI also provides a module for the reverse direction of communication,
which allows to control the experimental parameters via ORCA. A more high level analysis,
which is beyond the simple ADEI packages, is enabled by the KDBServer package on the
server side and the KATRIN library (KaLi) package on the client computer side. A major
feature here lies in calibrations that are automatically applied by system in agreement with
the corresponding timestamps or run numbers. A schematic overview of the complicated
layered system is given in fig. 3.9.
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Figure 3.9: Schematic overview of the Slow Control and database systems. The PCS-7
system is implemented in an independent chain and not displayed here. An operator is able to
read out and set Slow Control channels through ORCA scripts. The database servers store
information and pass control values onto the associated cFP units and automatically apply
calibrations. For worldwide near-time monitoring and basic analysis works, ADEI provides
a web-based front-end. Detailed analysis and data-extraction is managed by KaLi. Adapted
from [Har15]





CHAPTER 4
High voltage system

Figure 4.1: Part of the safety fence, as seen from the outside of the high voltage area. Kindly
provided by Klaus Mehret.

Systematics associated with the retarding potential have a major impact on the neutrino
mass sensitivity. For these reasons, an ultra-stable generated voltage that is monitored
with highest precision is needed for the KATRIN experiment. These requirements have
resulted in the development of a sophisticated, decentralized high voltage system with
each of its sub-components pushing the limits of technical feasibilities and expanding the
frontier of electrical measurement techniques. This involves not only the tasks of generating
and measuring voltages but also of building a smart safety system that prevents man and
machine from any harm in a fully automated way. As one of the installed safety features,
the safety fence is shown in fig. 4.1.

This section gives a detailed overview of the components involved and their working
principle. A key issue in the design and implementation was to meet the design goal of high
voltage instabilities to fulfill 𝜎 ≤ 60 mV or even exceeding it. A schematic drawing of the
overall system is given in fig. 4.2. The whole setup can be categorized in four distinct parts.
The first one of these includes all components responsible for generating high voltage and
distributing it, being indicated in blue. For the purpose of fine adjusting the electric fields
and reducing background, the inner electrode system is built of many different segments,
with each one having a unique potential (section 4.2.1). The resulting rather complicated

47



48 4 High voltage system
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Figure 4.2: Schematic overview of the KATRIN high voltage system. All components can
be distinguished by their functional principle into four different categories. The generation
and distribution units are shown in blue. Here, two supplies provide the main-spectrometer
vessel and the monitor-spectrometer with the necessary high voltages, while a series of offset
supplies allow fine adjustment of the fields. These potentials are smoothed by active and
passive ripple-suppression devices in yellow. The voltage-measurement is performed by two
high-precision HV dividers and precision voltmeters (green). For purposes of energy calibration
and monitoring, different krypton sources provide ultra-stable electron lines (orange) that are
counted by the detectors (purple). Inspired by [Bau13b], spectrometer models taken from
[Kle14].

voltage distribution topology has been reduced to only two parts. The first part is given
by the power supply for generating the global voltage that is applied to vessel and monitor
spectrometer. The second part is given by the offset power supplies that electrically are
based on the main potential and allow to apply individual settings for a specific component.
As two high-precision HV dividers are utilized, and as the spectrometers have to be able
to run in connected and in single mode, dedicated distribution units allow a large variety
of configurations. This is also the reason for the second high voltage supply connected to
these units. When both spectrometers are performing separate measurements while being
disconnected, individual potentials are needed.

Even the most stable means of generating high voltage offsets will result in rippled
potentials because several distortions inevitable couple into them, see section 6.2. Therefore
an active system for smoothening the main retarding potential is deployed (yellow), namely
the post regulation setup described in section 4.2.2. Additional smoothening capacitors
between all components suppress high-frequent distortions. Especially important is the fact
that the source side is grounded but still has to be AC-connected to the main spectrometer.
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Even with the filter being highly stable, the distortions would also apply to the source side
significantly influence the retarding potential without active smoothening and therefore
yield the same negative influences on the neutrino mass sensitivity. A precise measurement
of the voltages is thus of the same importance as generating it. This comes from the fact
that uncertainties of the measurement will lead to the same loss of neutrino mass sensitivity.
For this reason two high voltage dividers have been developed, built and characterized
for the KATRIN experiment (section 4.4). Together with two precision digital voltmeters
these dividers form the complete measurement chain, as illustrated in green. For further
details, see section 4.5. Finally, several electron sources allow for energy calibration via
comparison to a constant of nature, as shown in orange. For the latter, the scope of this
thesis only contains the monitor-spectrometer and its implanted Krypton source, where the
condensed and gaseous calibration sources are subject to other works in progress ([Res17]).

4.1 Safety Systems
With a capacitance of several hundred nanofarads and voltages up to −35 kV, the main-
spectrometer stores an amount of electrical power comparable to a defibrillator. Contrary
to the monitor spectrometer the outer surface of the main spectrometer is not isolated
and therefore poses danger to persons that get in contact with it. Additionally, the aimed
neutrino-mass sensitivity requires delicate electronics throughout the whole system, that
is not easily interchanged and has to be protected against any harm. With complicated
preconditions like the large vessel volume being under ultra-high vacuum, cold surfaces
and points where these meet with the applied voltage, it is of major importance to prevent
the system from discharges. The central goal however, is the safety of the personal. An
operator has to be sure to work in a safe environment, which protects against unintentional
contact with the high voltage. For these reasons a layered safety system was employed in
the spectrometer and detector section of the KATRIN experiment.

The first step in taking a safe working environment for operators is to define a high
voltage envelope that encloses all electrically live components. Thereby unintentional
contact with dangerous voltage levels is avoided. Consequently, the whole spectrometer is
surrounded by a fence, which is grounded redundantly at two points per segment. A key
feature here is the mesh size and the expansion of gaps as functions of voltage and distance.
The closed protection surface of this fence is only broken by four doors allowing entrance
to the high voltage area and the spectrometer. All of them are monitored for their opening
status. These status signals are hard-wired to a programmable logic controller (PLC), see
fig. 4.3(a). At this unit, all safety-relevant data from all devices of the high-voltage system
is gathered. If any of this status-bits gives an alarm, the control unit immediately shuts
down the high voltage by triggering the interlocks of all supplies and additionally causes a
large grounding switch to close, see fig. 4.3(b). In order to prevent discharges due to fast
transfers of electric currents, first only one of the red clamps close and discharge the system
slowly through power resistors with 𝛺 = 100 MOhm. After a 10 ms interval, the second
clamp closes and couples the spectrometer directly to ground potential. At this point
practically all charge carriers will already be drained. The reason for the second clamp
lies in redundancy, as in principle mechanical blocking has to be considered, and in terms
of safety grounding contact always has to be established directly without intermediate
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(a) Programmable logic controller (b) Grounding switch

Figure 4.3: Exemplary safety measures. (a) The PLC of the high voltage system. Every
sub-component of the system provides status signals through hard-wired paths to a central
intelligence unit. In case of failure the whole system is automatically discharged by a large
grounding switch (b). Originally used in railroad applications this switch is capable of
conducting large currents. To guarantee operability even in case of breakdown of the mains-
voltage this device is driven pneumatically by pre-pressured containers, as seen in blue in the
front and the back of the picture. If triggered, the grounding switch will firstly discharge the
system over large resistors, to prevent the spectrometer and adjoint components from harm
and will connect directly to ground potential only 10 ms after that. Figures kindly provided by
Klaus Mehret.

resistors. Additionally the grounding switch acts entirely independently from the mains
voltage by using pneumatics. Pressurized containers are used in closing the grounding
connections, which are located in the front and the back of fig. 4.3(b) (blue). Apart from
the HV systems’ own status information the PLC also receives data on a global scale,
from each of KATRIN’s sub-components. For instance in the worst case scenario of a
complete vacuum breakdown, discharges are expected and the system has to be shut-down.
Accordingly, the PLC has a defined vacuum limit at which this takes place. Generally,
many parameters have to be monitored constantly, resulting in sophisticated lock lists.

Standard operation requires the system to be shut down only in urgent cases. The
corresponding clearance procedure can be restricted to a group of experts only. Nevertheless,
the commissioning measurements have made it necessary to access the high-voltage area
rather frequently to adjust components, where other parts remain unchanged. For this
reason different clearance procedures have been developed, each of them dedicated to
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another level of clearance with an according group of people that are allowed to perform
the procedure. The first category of these procedures consists of tasks that only members
of the high voltage task can perform. Especially the initial-start up after maintenance
phases with detailed isolation-test, checking of all interlocks functioning properly and
clearance after upgrades fall in this category. The second category are clearance procedures
which can be handled by standard operators. If the high voltage has been ramped down
and turned off intentionally but no safety lock has been broken, it is not necessary to go
through detailed investigations of the whole system again, which would only slow down
measurements.

An essential part of both checklists is a check of the integrity of the high voltage envelope.
Naturally, this implies the safety-fence and its proper grounding. However, in addition to
the access doors, the envelope is broken at many locations by an array of cables, pipes and
alike that necessarily pass through the barrier. Evidently, these also have to be considered.
For this reason, signs to clearly mark such materials have been employed, see fig. 4.4.
Each item that passes through the high voltage envelope is assigned such a sign at the
breakthrough point. Conducting materials like copper clearly pose a possible threat if
passing near charged surfaces. However, this is also true for insulators, as they can get
capacitively charged if they are in regions where electric fields are present. As a consequence,
also insulators are marked with a sign and the exact media type is specified. Note, also that
all items that pass the envelope are electrically connected to ground potential at least at the
breakthrough point. For archiving purposes the date of review, the name of the inspector
and an unique identification number are also given on the sign. With this information
a central list summarizes all mounted items. A registered item is checked for sufficient
distance to the high voltage, conductivity and at least one point where it is electrically
connected to the ground potential. These signs then ensure safety for every person that
either gives high voltage clearance or is conducting hardware-work during measurements.
Furthermore the application of this method accelerates the procedures after larger hardware-
upgrades. Without keeping record of every single connection after maintenance or upgrades
the whole system may have to be checked. By detailed book-keeping this can be restricted
to newly built-in components only.

Additionally to the clearance procedure, some features of the HV control are also
restricted to operation by experts. On the top-expert level each set value can be changed.
On the other hand, for a normal operator the access is strictly limited. For one, the
inner electrode only allows certain maximum potential differences between its individual
segments. The voltage power supplies however, can provide larger voltages than allowed so
that a two-layer safety is employed to prevent the components from damage. Firstly, the
supplies are limited by their own hardware limits, that are adjustable by potentiometers.
Furthermore, the protection circuits that are built-in into the HV cabinet, only allow only
secure voltages. Secondly, the central controlling unit of the voltage system limits potentials
only to specified and safe values. Likewise, the control of ramping speeds, maximal currents
et cetera is only given for experts.

In conclusion one can state that an operator can be sure to work in a safe working
environment with the safety-system being fully automated and highly reliable. In addition
to the most important safety of the personal, the system also protects the apparatus from
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through
high voltage envelope

Sign_HV_Envelope_Xing003.fig S.Wue KIT-IPE 2013-03-04

Media Type(s):

Review Date:
Signature:

Item No.:

Authorized media

Figure 4.4: Sign for authorized media that passes through the high voltage envelope. Every
cable, pipe or alike that passes through the otherwise sealed safety-surface is visibly marked at
the breakthrough point with one of these signs. The exact media type, i.e. copper connection,
compressed air hose, etc., is specified. For archiving purposes each item is designated a unique
identifier, the review date and the signature of the inspector. Additionally all items are
summarized in one central document. Clearly, any conducting material coming close to the
high voltage of the main spectrometer poses the threat of carrying an electric charge. This
also holds for insulators. Due to capacitive charging, these can slowly charge-up over long time
periods. Therefore these signs give a fast overview after updates of the system.. Taken from
[Wüs13].

harm. The adapted safety system has been proven to be fully functional and reliable during
two commissioning phases of the spectrometer-detector section. At present, the source and
transport sections are currently being integrated into the beam line (December 2015) and
the corresponding extensions for the system are in preparation.

4.2 Main spectrometer HV system
The energy selection of signal electrons takes place at the analyzing plane which has to
be to be well-defined in space. Also, the electromagnetic fields there have to be known
with highest precision. Furthermore the sources of background such as Penning traps (as
discussed in section 2.1.1), require the fields to be fine-adjusted. Therefore the high-voltage
provision for the main spectrometer is a complex sub-system with several hundreds of
channels that are simultaneously monitored. In this section, the principal generation and
distribution of voltages is described in detail. In addition, an apparatus of the size as
the main-spectrometer will act as a large receiver for electromagnetic waves. These can
cause disturbances of the analyzing potential and thus have to be suppressed in order to
fulfill the design requirement 𝜎 ≤ 60 mV. Even the most stable high voltage power supplies
provide their full stability only directly at their output and are not able to smoothen
ripples. Therefore the implemented post-regulation setup actively reduces such distortions,
see section 4.2.2.
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4.2.1 Voltage generation and distribution
The general philosophy of the HV system is to generate a large variety of potentials
through a layered topology. As the large number of inner electrode segments, each
composed of an inner and an outer layer, has to be elevated onto an individual potential,
an equally large number of different HV feeds has to be provided. In view of the stringent
design requirements due to the allowed the total systematic uncertainty budget,the use
of independent devices that can supply voltages up to the needed −35 kV is financially
impossible and unpractical in terms of control technology. It is much more advantageous to
apply a global high voltage and use additional power supplies, that are electrically footed
on this potential. In this way small individual offsets can be generated for the different
segments of the inner electrode, see fig. 4.5. The figure gives a schematic overview and a
picture of the actual system as built in the basement of the KATRIN experimental hall
and of the high voltage topology.

A high voltage supply capable of generating voltages up to −35 kV thus provides the
whole system with a common potential. This supply does not necessarily have to be
particularly stable, as the post-regulation described in the next section, will take over the
stabilization regardless of the initial ripple. To enable the electric shielding feature of
the inner electrode, it has to be elevated onto a more negative potential than the vessel.
Therefore the so called inner electrode common potential is generated by an offset power
supply, which is electrically footed on the global potential. This device is able of an output
of up to −2 kV. Such small potentials by comparison, allow much larger relative instabilities
and consequently, are purchasable at low prices.Moreover, high voltage power supplies
with such small relative instabilities are beyond technical ordinariness, are not available on
small time scales and subject of R&D works.

To allow fine-adjusting the electric field, the inner electrode is segmented into seventeen
rings, each with an outer and an inner wire layer. In principle all of them have to be
provided with individual potentials so that another layer is needed inside the topology.
A total of 46 offset power supplies form this last layer. Their polarity is always positive,
as the inner electrode common potential is already sufficiently large negative voltages.
Furthermore, only small potential differences between parts of the inner electrode in the
order of 100 V are needed. Therefore these power supplies are only able to generate voltages
of up to 500 V. Aside from the key task of generating the voltages, the cabinet also iq
equipped with built-in digital voltmeters. One of them is located at each dipole-half. Two
multiplexers allow the sequential monitoring of all inner electrode potentials.

In this configuration it is obvious that ripples present in the different layers will add
quadratically. From this, the question arises of whether the design values of KATRIN can
be met. However,the applied positive offset potentials only have extremely small ripples,
that are smaller than five millivolts [Ren14]. In addition the global potential is smoothened
by the post-regulation setup. The strong capacitive coupling between inner electrode and
vessel (see section 6.3.3)the post-regulation setup will not only able to reduce ripples of
the vessel potential but of the inner electrode potential as well.

The implementation of an ideal scanning strategy for the tritium spectrum requires
prior knowledge of the time scale to reach a certain stability level after setting of a new
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(a) Voltage generation and
distribution at the main-
spectrometer
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(b) Schematic of the voltage generation and distribution at the
main spectrometer

Figure 4.5: High voltage distribution and generation at the main-spectrometer. (a) Photog-
raphy of the high voltage cabinet, being located in the basement of the KATRIN building.
Kindly provided by Klaus Mehret. (b) Schematic overview of the complex HV system. A
high voltage supply provides a global potential. Electrically based on this, negative offsets
of up to −2 kV can be generated for the whole inner electrode structure. Fine adjustments
are performed through 46 offset power supplies that can provide 500 V each. The connection
between these power supplies and the segments of the inner electrode is performed through
the so-called patch panel. Consisting of a matrix with rows corresponding to different voltage
supplies and columns to the rings of the electrode, arbitrary configurations are possible. This
allows to apply exactly the same potential to a series of rings. Additionally the system is
composed of two electrically isolated parts. As the inner electrode is made of half-rings, the
west and east halves can be elevated onto different potentials, to allow a dipole mode for
background investigations.

voltage. Corresponding investigations have shown that the offset power supplies are highly
stable. Due to the functional principle of their controlling circuits this state os however
only reached after more than 40 s, [Ren14]. As standard scanning strategies foresee a
change of the individual voltage points in the order of minutes. Such a long waiting time
would significantly prolong the overall measuring time schedule. Therefore it is not feasible
to perform neutrino mass measurements by means of shifting these potentials. However,
the post-regulation proves to be most useful again as it provides the needed stabilities on
very fast times scales of milliseconds only, see section 6.2. Further, a large total number of
channels has to be monitored, but only a fraction of them is of direct interest to an operator
during regular neutrino mass measurements. Of specific interest are the currents of all
power supplies, as they give hint to leakage currents or discharges. The most important
values of the spectrometer and detector system have been bundled into a status display
that has proven to be most useful during the SDS-commissioning phases (fig. 4.7). The
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overview consists of the voltage values, as well as readings of temperature, magnetic fields,
run status and other features. As can be seen in fig. 4.7, each segment of the inner electrode
has an assigned voltage value.

In general, green numbers indicate sensor values that agree with preset reference values,
while red numbers indicate that a sub-component differs from its measurement-conditions.
The protocol to generate the figure can easily be adapted. A closer look at the voltage
values only shows one number for each segment, despite the fact that the IE system is built
with two layers. As the IE system is typically operated only with a single offset in both
layers, the second value is only shown if the electrode is operated in two-layer mode. In
close analogy to this, the dipole mode, the anti-Penning power supplies and inner electrode
common potential only are drawn if active. Additionally, the system is capable of sending
automated warning messages to operators in the case of a voltage not reacting according to
the measurement schedule. All voltages generated have to be physically wired to the inner
electrode segments. It can be necessary to apply exactly the same potential on two or more
of the individual parts at the same time. Hence, instead of hard-wiring these connection
a so-called patch panel is used. It consists of a matrix with rows corresponding to a
single offset channel, while columns are associated with the layers of the half-rings. Jack
plugs are then used to establish the actual connection. This allows to implement arbitrary
configurations, as needed. The utilized plugs are of high quality to avoid contact voltages.
After such a configuration has been chosen, the control and monitoring softwares is still
unaware of the physical connection between inner electrode and power supply channels.
Hence, fig. 4.6 shows a web page that gives the means to do so. Based on the patch panel
physical layout, this figure rows are again the different voltage power supplies and columns
the individual segments of the inner electrode. If a new patch panel configuration has been
chosen, the software can easily be adapted to recent changes by entering them on a visual
basis. The configurations is saved with a validity start timestamp and a name. Note that
the lowermost column is not connected to an offset power supply but to the inner electrode
common potential directly. The reason for this is that some measurements simply do not
need positive offset voltages. In this case they are taken out of the chain, because the
utilized devices are two quadrant power supplies that work reliably only above voltages
of 𝑈 > 5 V. Smaller set points would lead to floating and ill-defined outputs of the offset
power supplies. Again, as this is on the expert level, a script has been implemented to
automatically measure and save the current configuration ([Wac15]). The algorithm is easy
to understand, all channels are set to different voltages. By measuring the potential of
every inner electrode segment and comparing it to the applied voltages an unambiguous
channel-map can be created. With this tool, the system is easy to understand and handle.
In addition, the high-voltage libraries for operation include predefined standard potential
settings. In other words, preparing the whole system for tritium, krypton, transmission or
background measurements is simply a manner of adding one line of code to the controlling
scripts.
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Figure 4.6: Web page for updating the connection status. On the basis of the patch panel,
rows represent channels of the voltage supplies and columns the segments of the inner electrode.
Measurements have shown that it is necessary to bridge the offset potentials for some rings.
Therefore the lowermost row is directly connected to the inner electrode common potential
without further power supplies in between. Configurations are saved with their period of
validity. Available online [KAT14a].
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Figure 4.7: SDS-status display. The most important sensors of the main spectrometer are shown. The voltages are displayed at
their corresponding electrode segments. In general, green values indicate the sensor value to be in the allowed range of parameters,
whereas red values are associated with a warning. The program is adaptive and able to distinguish between several different modes of
high voltage operation. Available online [KAT14b].
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4.2.2 Voltage stabilization
With its large dimensions which consist mainly of conducting materials, the main spectrom-
eter acts as antenna for propagating electromagnetic waves. These can couple into the high
voltage and therefore also influence the retarding potential. Thereby such electromagnetic
waves can lead to systematic effects. In addition, laboratory equipment can also cause
ripples. Exemplary we mention the mains-voltage and turbo molecular pumps. The latter
are necessary to achieve an UHV inside the large spectrometer volume. The electric distor-
tions caused by them have been the subject of detailed investigations ([Chi13]). Together
with all other devices that are connected to the main spectrometer these pumps lead to
a ripple that gets actively countered by the so called post-regulation system, that is the
central object of this section.

Before discussing this key system, two other cases which reduce voltage-fluctuations are
mentioned. Because the KATRIN experiment is located close to other large users at the
KIT Campus North site, the mains-voltage undergoes instabilities caused by these devices.
Apart from this effect, the mains-voltage is only guaranteed to be stable up to ±10 %. As
the KATRIN experiment is working with high voltages, that yet have to be stable in the
order of 60 mV, even the best voltage power supplies show the power frequency 𝑓 = 50 Hz
at their output.

In a first step, the smoothing of fluctuations is performed by galvanically separating the
entire high voltage system from the mains-voltage through a transformer. This component
provides power for all units that are on the high potential side of the setup. This measure
thereby reduces and, from a practical point completely avoids the coupling of fluctuations
from the mains-voltage into the spectrometer retarding potential. This countermeasure for
the most part suppresses low frequency AC-noise, while high frequencies above 𝑓 ≈ 1 MHz
are reduced by the means of smoothing capacitors. These still have to be installed.

At this stage, only fluctuations of the supply voltage and at high frequencies have been
discussed. Lower frequencies have to be smoothened out by use of the post-regulation system.
Figure 4.8 provides an schematic overview of the basic idea on which the sophisticated
component is based on.

In principle, the working method is similar to techniques that were used to stabilize the
cathode ray tube acceleration voltage in early tube televisions. In a first step the ripple
has to be read out with adequate precision. As the applied voltage is 𝑈0 ≈ 18.6 kV and the
expected ripples are only of the order of 𝑈ripple ≈ 100 mV, a two-path readout is employed.
DC-voltages are measured by an auxiliary voltage divider, whereas the AC-component is
decoupled through a capacitor with 𝐶 = 10 nF. Hence, the AC-noise can be read out and
measured without attenuation with good signal-to-noise ratio. Adjoint to the ripple probe
is a an amplifier. During normal operation this device has a very high input impedance,
resulting in an overall small cut-off frequency. Note that for electrical reasons the ripple
probe has an internal resistance of 50𝛺, resulting in a rather high cut-off 𝑓cut ≈ 32 kHz.
The amplified AC-signal is then used by the regulator to control the triode shunt in order
to counter high voltage fluctuations. The connection between regulator and shunt is
galvanically separated through optocouplers, so that the triode poses touchable voltages
that are not allowed to propagate into the low-voltage electronics of the regulation. As a
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Figure 4.8: Schematic overview of the post-regulation setup. Components dedicated to read
out and control are indicated in green, the triode-shunt is indicated in blue and the HV power
supply in orange. A two-path voltage readout is used to gain a good signal to noise ratio for
the AC-component. An auxiliary divider measures the DC-voltage, while the so called ripple
probe decouples the AC-part, that is magnified afterwards with a high impedance amplifier.
Fed with this information the regulator controls the triode shunt. Especially note that the
series resistor of the shunt regulator leads to a voltage drop and the DC-component has to be
re-stabilized. This requires the auxiliary divider, as well as the internal voltage reference to be
of ultra-high precision. Furthermore this causes the initial stability of utilized high voltage
supplies to be neglected. Therefore the originally applied potential only has to be medium
accuracy. An additional advantage of this regulation tactic is given by its small response time.
As electrical strokes 𝛥𝑈 = 20 V are possible, the post-regulation setup is able to accelerate the
scanning during neutrino mass measurements greatly. At this point the only restricting factor
is the auxiliary divider that has to be thermally stabilized to suppress drifts due to changing
loads. Inspired by [Wüs16].

consequence, all electronics are placed outside the high voltage area, allowing easy access,
while the auxiliary voltage divider and triode-shunt are placed inside the safety-envelope.

It is evident that the ripple has to be read out decoupled from the DC-component of
the high voltage. On the other hand, the reason for the DC voltage being read out and
fed into the regulation is not as obvious. The reason for doing so is given by a voltage
drop across the series resistor of the shunt-regulator. In order to compensate for this effect,
the post-regulation system in fact also provides DC-stability, in addition to suppressing
noise. This in turn results in two extra conditions. The output of the auxiliary divider
has to be compared to a reference to counteract drifts. If either of these units would be
unstable, the resulting output would be as well. Consequently, the divider as well as the
reference voltage have to be ultra-stable. However, the current configuration works with
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dividing ratios of 1 : 7000, yielding an output of roughly 3 V. Voltages of this size can
easily be stabilized to fulfill the requirements. As shown in more detail insection 6.1, the
measurements conducted in the scope of this thesis revealed that the auxiliary divider
features systematics. The reason for this can be traced back to the fact that the setup
is a temporary prototype, and that the divider is being neither housed nor-temperature
stabilized. Changes of load or even regulating cycles of the air conditioning inside the
experimental hall have proven to cause drifts until a new thermal equilibrium is reached.

Hence, a new auxiliary divider is currently being built in cooperation with the University
of Münster following the well-proven principle of the KATRIN HV dividers. This method
has been shown to be highly reliable and robust against external thermal influences as
well as changing loads. Therefore, one can expect excellent results in the next SDS
commissioning period which will improve the high voltage stability. It should be mentioned
that the post-regulation in this way renders the stability of the high voltage source more
or less obsolete. Only a medium accuracy of the order of 10−4 is therefore needed for
those supplies. Aside from being an important experimental success, this method also
this also has considerable impact on financial and availableness issues. Suitable triodes
can be obtained very cost-efficiently as compared voltage power supplies with adequate
characteristics. In addition, triode-shunts are available on short time scales, as they are
off-the-shelf products. Equally stable supplies have long delivery times, which can easily
reach several months or up to a year.

An additional advantageous feature of the post-regulation setup, is that it enables an
extremely fast scanning. When changing the reference point of the regulator, the system
will react and stabilize on time scales much faster than one second (section 6.2). The
same technique allows to apply an arbitrary but a priori well-known distortion on the
vessel. This possibility is exploited in section 6.2 to obtain detailed knowledge on the
response of a MAC-E filters reaction to a rippled voltage. The present setup allows to
distribute electrical strokes of up to 20 V. This value however is limited to a range of ≈ 1 V,
because the triode-shunt is only able to remove negative electric charges (electrons) from
the spectrometer, implying that it always has to be adjusted to a slightly more negative
value than the output of the voltage power supply. This opens up a new scanning strategy:
instead of shifting the potential by setting a new reference value at the supply, neighboring
potentials can be accessed. To do so, setpoints can be grouped into intervals, where large
steps between intervals still have to be achieved by defining a new set value of the supply
voltage. Note also that the minimal step size of the post-regulation can be arbitrary small,
which is a further advantage over conventional voltage supplies.

A photograph of the key components is shown in fig. 4.9. On the left side of the picture,
the auxiliary divider is visible. It consists of only two isolated plates with the divider chain
in between. Even in a configuration without any housing or temperature stabilization this
divider was suitable for the 2014/2015 experimental investigations. However, as outlined
above, the configuration will be refined for the later neutrino mass measurements. The
right side of the picture shows the triode-shunt which is actively smoothening the high
voltage. Both devices are located inside the high voltage envelope for two reasons. Firstly,
both are not safe to touch, as they carry dangerous potentials. Secondly, when establishing
a low impedance regulation between two voltage nodes, the connecting cables have to be
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Figure 4.9: Picture of the post-regulation main parts, located at the source side of the
spectrometer inside the high voltage area. On the left side of the picture the auxiliary voltage
divider is seen, while the actual regulation happens with the triode-shunt on the right side. Both
components are prototypes and will be upgraded for the next measurement phases, as their
necessity has been proven during the second spectrometer and detector section measurement
phase. Note that they are located inside the high voltage area for two reasons. For one, both
are posing openly accessible high voltages and are not safe from touch. Secondly, fast regulating
voltages between nodes implies their connection to be low-impedant, i.e. their connecting
cables to be short.

as short as possible. Otherwise, distortions that are not present in the voltage but couple
into the wiring on the way to the system could lead to a loss of efficiency. In the worst
case, large impedances could even lead to a magnification of the distortion, once the phase
shift between original ripple on the vessel and regulator is sufficiently large.

The analysis detailed in section 6.3 proves the system to be most useful to understand
HV systematics as well as spectrometer characteristics. The component in particular
allows to reduce systematics, as well as fast scanning methods (section 6.2). For further
information, see [Wüs16].

4.3 Monitor-spectrometer
The high voltage system of the monitor-spectrometer is less extended than its large
counterpart, but still requires a well-reasoned concept, which is described in the following.
A key requirement here is that the setup has to be able to run in different scanning modes
with easy ways of switching between them, while full safety for persons and equipment is
guaranteed at all times.

Contrary to the main spectrometer, this MAC-E filter does not have any touchable
surfaces, which would be dangerous. In this context, the only component mounted at
the monitor spectrometer that would pose danger due to open voltage contacts is the
auxiliary voltage divider, that is placed inside an enclosed cabinet. In this sense personal
safety is already given. However, the safety system implemented has to cover the case of
unforeseen accidents, like vacuum breakdowns or fire hazards. In such a case, the system
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can be decoupled from all voltages and immediately grounded with one central button,
that triggers the whole system to automatically pass into a safe state. This button does
however not affect the voltage at the main spectrometer, thus providing a safe working
environment during local upgrade and rebuilding phases of the monitor spectrometer.
During these phases the measurements at the main spectrometer can continue entirely
unaffected. Additionally, microswitchs are mounted in all removable parts, again leading to
an immediate shut-down and fall-back to a safe state in case of unauthorized disconnection.
As in the case of the main spectrometer a programmable logic controller extended lock
lists takes over handling of and protection from all other potential malfunctions.

An overview of the main spectrometer high voltage setup is given in fig. 4.10. A central
difference between monitor and main spectrometer is the following: The integrated beta
spectrum as measured by a MAC-E filter-type spectrometer depends on the surplus energy,
i.e. the difference 𝐸kin − 𝐸ret = 𝐸kin − 𝑞𝑈ret, implying that the retarding potential has to
be shifted. Throughout this thesis the analyzing potential is directly regarded as the sole
parameter defining the surplus energy. By defining 𝑈ret = 𝛷filter − 𝛷source, the difference
between the potentials of the spectrometer 𝛷filter and the potential of the source 𝛷source,
the retarding voltage can be varied by shifting either one of these potentials. As the
windowless gaseous tritium source is formed by an extended plasma in the pressure range
from 10−5 − 10−3 mbar, the application of strong voltage at this component could lead to a
discharge or other systematic effects. It is therefore excluded from possible tritium-scanning
methods. A further complication of varying the source potential arises from the fact that
the plasma potential is defined by the rear wall [Sch16]. Subsequently the terms ’potential’
and ’voltage’ are used synonymously and set to 𝛷source = 0. As the retarding potential of
the monitor spectrometer is defined by the voltage applied to the main spectrometer, it
is therefore necessary to shift the source voltage when a Kr-spectrum is scanned by the
monitor spectrometer. Because of the relative positions of the tritium end point (18.6 keV)
and the K-32 line of the krypton decay (17.8 keV), the utilized voltage supply only has
to provide voltages in the order of 1 kV. Supplies providing potentials in this range with
adequate precision and stability are commercially available.

In general, two distinct measurement modes are of interest. During regular tritium
runs in the main beam line, the monitor spectrometer has to record the the analyzing
potential of the main spectrometer. For the purpose of systematic investigations, the
monitor spectrometer (MoS) system however is also able to run independently. Therefore
the MoS is equipped with a full set of devices to generate and measure all needed potentials.
Switching between parallel and stand-alone mode is provided by dedicated distribution
units (section 4.6). For the discussion at this point these units simply can be thought of
being relays. While in stand-alone mode, the filter is fed by its own high voltage supply
and the potential is read out with an auxiliary voltage divider connected with a digital
voltmeter. These two devices are not nearly as stable as KATRIN’s high-precision dividers
and voltmeters, so they are only used for redundancy. It is thus favorable to connect
the MoS to the external high-precision measurement chain, even if in stand-alone mode.
Furthermore, the source potential is measured by a high-precision voltmeter in all cases,
which can be grounded if needed. This is especially useful when determining the additional
broadening of the measured spectra caused by ripples of the additional power supply in
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Figure 4.10: Overview of the high voltage system at the monitor-spectrometer. All devices
marked in green represent voltage generating parts, the ones in blue components for measuring
the potential. Central is of course the filter itself, keep in mind that the source, marked in
orange, is a implanted solid source. Relays allow arbitrary combination of measuring modes.
Generally all components are available externally, i.e. everything that originates at or leads
to the main-spectrometer building, and internally, i.e. everything that is located inside the
monitor spectrometer building. The most important modes are of course, the stand-alone
operation and the parallel operation. Note that the source can be placed on voltage, to enable
scanning with constant filter potential.

comparison to measurements where voltage only is applied to the filter itself.
In conclusion one can state that the MoS provides all necessary safety aspects and

can alternately be operated for active monitoring of the analyzing potential at the main
spectrometer (MS) and as stand-alone mode, for characterization of the Kr-sources. The
latter modus is important, as the Rb/Kr-sources are depleted after a few months so that
newly mounted ones have to be calibrated before continuing the long-term monitoring. By
these measurements, uninterrupted tritium runs can be guaranteed.

4.4 Voltage dividers
As there is no direct way of measuring voltages in the regime of 18.6 kV with the required
ultra-high accuracy and precision, two voltage dividers are used to solve this issue. The
K35 divider features voltages of up to 35 kV, while the K65 divider features voltages
of up to 65 kV, respectively. These units scale down the interesting potentials to about
10 V. Potentials of this magnitude can easily be measured by commercially available,
state-of-the-art digital voltmeters. Because the voltage divider characteristics needed for
reaching the aimed-for neutrino-mass sensitivity are beyond industrial standards, two such
instruments have been specially developed for the KATRIN experiment. These combine
ultra-high precision with likewise excellent stability, both units are leading in a worldwide
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comparison. The essential information in this section is taken from [Thü09], [Thü07],
[Ros11] and [Bau13b].

The principal method of these voltage dividers does not differ from any other voltage
divider. Instead it is their sophisticated construction, shown in fig. 4.11, which yields
the ultra-high stabilities needed for the KATRIN experiment. The actual measurement
chain is given by the gray-colored resistors that are mounted on a Polytetrafluoroethylene
(PTFE) girder grid in a helix-like structure. The purpose of this arrangement is to keep
the inductance at a minimum. Only preaged resistors are used to increase the stability of
the divider.Each resistor has a resistance of about 1.84 M𝛺. A total resistance of 184 M𝛺
leads to a small measuring current of only 100𝜇A. The low voltage chain is housed inside a
Polymethylmethacrylate (PMMA) box and has a resistance of 93 k𝛺. Both chains together
yield a divider ratio of 1 : 1972. Mainly serving for calibration purposes, a second scale
factor of 1 : 95 is additionally implemented, by using only the last resistor of the high voltage
chain. In order to reduce the temperature dependency of the divider-chain, the installed
resistors have been chosen in pairs with equally sized temperature dependencies but with
opposite signs. Additionally the whole system is housed inside a vessel of stainless steel that
is filled with temperature stabilized gaseous nitrogen. The stabilization is performed by
tempered water circulation system. By using dry nitrogen with an over-pressure of about
70 mbar relative to atmospheric pressure, leakage currents due to humidity are suppressed.
The surrounding vessel additionally acts as a Faraday cup and reduces radio frequency
distortions that could otherwise couple into the system.

In parallel to the main measurement chain, a second, resistive-capacitive, divider chain
is installed. The resistive part of this chain is used for control of the driven guard, it can
be used additionally for low precision measurements. The latter is an important diagnostic
tool and a fast way for consistency checks of data. As transients of the applied high voltage
could harm the sensitive resistors, the capacitive part of the secondary chain is used as a
protection against these.

Five copper electrode that are separated by insulators made of Polyoxymethylene (POM)
form a driven guard. Corona discharges and leakages over surfaces decrease the precision
of voltage dividers and therefore have to be avoided. All components are designed in a way
to prevent the system from such defects. For instance, the insulators thus are designed
with the maximum possible dimensions. Local field enhancements are avoided by only
using parts that are geometrically shaped without edges and lead to a homogeneous field,
whereas the field gradient over the spatial extension of a resistor is equal to the voltage
drop over it.

Repeated calibrations of the dividers have been performed in cooperation with the
University of Münster and the National Metrology Institute of Germany (PTB) ([Bau13b]).
The principal idea is to use a third divider as defined reference and to calibrate the
high-precision KATRIN dividers against this device. To gain a reliable calibration history
and verify the stability this procedure was repeatedly conducted over years. For a detailed
analysis of the results, see [Bau13a]. For the scope of this thesis the most important
outcome is that the stability is as good as 0.04ppm/month, in the case of the K35 divider.
The long-term stability of the K65 is currently under investigations, as a resistor recently
has been replaced. Previous measurement of the long-term stability of this device however
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Figure 4.11: K35 high-precision KATRIN divider without vessel. The chain is separated in
four different layers that are separated by POM insulators. At the end of each layer, a copper
electrode is mounted, these electrodes form a driven guard. The gray resistors are arranged
in a helix like structure and fixed on a PTFE girder grid. On the right side of the pictures,
the resistors of the control divider are seen as connections between the copper electrodes in
blue. At the bottom the low voltage resistors are housed inside a PMMA box. Adapted from
[Bau13b].

are of the same order of magnitude as in case of the K35 divider. In comparison, the total
budget for high voltage systematics only requires unknown instabilities to be smaller than
60 mV, showing the great success that has been achieved in constructing and characterizing
these dividers. Nevertheless, calibrations at the PTB come at the price of having to
transport the sensitive devices over long distances. A new method that has been developed
at the University of Münster is very promising as an independent way of calibrating the
dividers locally without the need of transporting them, and with even better absolute value
calibrations ([Wei16]).

4.5 Low voltage calibration
The high-precision digital voltmeters for reading out the output of the dividers of course will
undergo systematic uncertainties, like aging of integrated electronics. The prime reason for
the divider ratio being around 1 : 2000 is that the voltages used at the KATRIN experiment
then correspond to a divider output around 10 V. Voltages in this regime are measurable
with ultra-high precision and, equally important, suitable calibration sources are available.
Long-term investigations have shown that the calibration of the voltmeters is needed on
a more frequent basis than is required in the case of the highly-stable dividers ([Kra12]).
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Dedicated for this purpose is a system for automated calibrations of all voltmeters, which
has been developed and installed into the framework [Wac15]. The entire calibration setup
is shown in fig. 4.12 and explained in the following.

At the top of the photograph, one of the high-precision digital voltmeters is shown. It
was produced by the company Fluke, here the model of the series 8508A is used. With a
resolution of 8 1/2 digits and a measurement range up to 20 V these devices are able of
reading DC voltages lower than 1𝜇V. Another characteristic of these instruments is their
high input impedance, as reading voltages with this precision only allows small measuring
currents. The four 10 V reference sources for calibrating the voltmeters are located at
the second-lowest row. The manufacturer specifies the stability of these sources as being
0.3 ppm/month. By comparing different combinations of them, experience has shown this
value to be much smaller in reality, so that these devices themselves only are calibrated in
yearly cycles. Again conducted at the PTB, these calibrations of the references sources
are exceedingly accurate, as the Josephson effect can be used for calibrating such small
voltages. Calibrating the voltmeters is then performed in two steps ([Thü07]). First, the
offset voltage 𝑈0 of the voltmeter is measured by shorting its input. In the second step the
gain 𝑘 of the device is estimated by applying the 𝑈 ref

10 = −10 V generated by the reference
source to its input. It has been shown, that the gain factor remains the same for both signs
of the potential ([Kra12]). Nevertheless, as the retarding voltage is negative, the same sign
is used during calibrations. It is assumed that there is a linear relation between measured
voltages and their corresponding real values

𝑈10 = 1
𝑘
𝑈 ref

10 + 𝑈0 , (4.1)

where 𝑈10 is the voltage as measured with the voltmeter. Note that the definition of the
scaling factor entering this equation is 1/𝑘 rather than 𝑘. Solving for 𝑘, the gain is then
given by

𝑘 = 𝑈 ref
10

𝑈10 − 𝑈0
. (4.2)

Propagating the errors the variance of the gain 𝜎2
𝑘 becomes
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With the offset and the gain, the measured voltage can be corrected,

𝑈 = 𝑘 · (𝑈meas − 𝑈0), (4.4)

yielding the true voltage 𝑈 as a linear function of the measured voltage 𝑈meas. Typically
the offset is in the order of a few 𝜇V and the gain close to unity only deviates at the level
of 10−6, while the statistical uncertainty is well below 1 ppm ([Kra12]). An important
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Figure 4.12: High precision measurement and calibration cabinet, described from top to
bottom. High-precision digital voltmeter with 8 1/2 digits resolution. Matrix multiplexer
connecting the high precision voltage dividers, voltmeters and reference sources to enable the
automated calibration. Four reference sources that generate highly stable 10 V. Reference
divider for calibrating the KATRIN dividers. The final arrangement contains two additional
voltmeters, that can be integrated easily by plug and play.

practical point is that the calibration is only reliable during times of constant operation. If
the voltmeters are turned off and on again, especially the offset factor will change so that
a new calibration has to be conducted.

Strictly speaking, the obtained calibration values strongly depend on the temperature
and have to be stated as a function of it. However, as the experimental hall of the KATRIN
experiment is temperature and humidity stabilized, the dependency of surrounding thermal
conditions are largely suppressed. To further reduce the environmental influence, the setup
is installed inside a cabinet of stainless steel. A constant flow of air then guarantees a stable
temperature. Even with a stabilized environment, the calibration will not be constant in
time. This is due to the same processes that contribute to a change of the scaling factors
of the dividers, i.e. the aging of resistors and alike. The corresponding drift has been
found to be in the order of 0.3 ppm/week [Kra12]. This value may be beyond the design
specifications and principally it is sufficient to calibrate the voltmeters only once before
each tritium measurement cycle.

However, a calibration typically only takes 10 minutes and systematic uncertainties
caused by drifting voltmeters can be suppressed to be negligible. Like the rest of the
high voltage system, the routine calibrations are to be performed automatically in the
background, without the need for operators with specific knowledge about the system.
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For this reason, a fully automated way of calibrating the devices has been implemented.
For detailed information about the system see [Wac15], the following provides a short
summary of the results described there. The basic functional principle utilizes a matrix
multiplexer that is able to connect the voltmeters to the references and also able to shortcut
their inputs for measurements of the offset. Choosing the proper components is not an
easy task, a setup that would use semiconductors for instance will increase the risk of
systematics due to their dark current. Like for all other parts of the high voltage system
safety standards have to be respected. Improper connections could destroy not only the
stability and calibrations but also the sensitive equipment itself. To ensure the needed
safety and accuracy, the implemented setup has been object of detailed investigations and
the automation allows only strictly specified switching states on the hardware as well as
the software side. In addition, the developed software calculates the calibration from the
measured data automatically and outputs a warning if the data hint at a disorder, like
drifts that are larger than to be expected.

Finally the last component that is installed inside the measurement and calibration
cabinet is given by a reference voltage divider, seen at the bottom of the photograph.
A self-calibration procedure allows the low-voltage calibration of the KATRIN voltage
dividers to act as useful tool for checking their stability. For a detailed description of the
process and its results, see [Res17].

By these means a fully automated system has been built, that provides high-precision
calibrations in an easy to operate, yet reliable way. It implements the philosophy that
operators only have to be aware of the existence of the calibrations, while only in the case
of failure the system will return the corresponding warnings or errors.

4.6 Large scale distribution
For the final setup all the above described components have to be connected on a global
scale in a way that fulfills highest safety standards, while still being easy to operate and
allowing to switch between different measurement modes. A dedicated system has been
developed and installed for this purpose in [Kra12]. A scheme of all parts is given in
fig. 4.13. The two large boxes represent the experimental halls of both spectrometers,
that are separated by about 20 meters. All main components that are discussed in the
previous sections are located in the corresponding building. The components are connected
to the two employed distribution units. These allow arbitrary configurations between the
components, i.e. which divider is connected to the spectrometers and which voltage is
used for the energy selection at the monitor-spectrometer. On the expert level, systematic
investigations can be conducted by different configurations. Obviously, the most prominent
mode will consist of one precision divider directly measuring the retarding voltage and
the other one connected to the monitor-spectrometer. Especially during calibration cycles,
both systems have to be able to run in standalone mode. Therefore, the second standard
mode is defined with the K65 divider connected to the main-spectrometer and the K35
divider connected to the monitor-spectrometer, which is elevated by its own retarding
potential.

The switching between different configurations could lead to transients that propagate
to the sensitive dividers and break their calibrations or harm the systems themselves. To
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Figure 4.13: Schematic overview of the global high voltage distribution. The upper box
represents the KATRIN experimental hall, the lower box the monitor-spectrometer hall
respectively. Both high precision dividers (blue) are located inside the main-spectrometer
building. The system to generate the needed voltages is indicated in green. The MoS is
equipped with a voltage supply to generate its own retarding potential and an auxiliary divider
for measuring it during stand-alone measurements. Two dedicated units allow to implement
arbitrary configurations between all components. Of course, the control units limit the user to
those setting, that are not harmful to the system. Such a configuration would be for instance,
a connection of two different high voltage supplies to the same spectrometer.

prevent such events, the distribution units constantly monitor the voltage on all connections
and allow changes only if all wires are free of potential. Additionally the status signals are
indicated by green LEDs at the outside of the box. These are especially beneficial during
maintenance or upgrade phases, when persons have to work on energized parts of the
system and are able to instantly see if it is safe to continue. Furthermore, the connections
to voltage sources are realized not via hardwired but as removable connectors. In the case
of removal, the high voltage undergoes an immediate shut-down. A photograph together
with a illustrative schematic drawing of the monitor-spectrometer distribution unit is given
in fig. 4.14. Further information about the construction of these units can be found in
[Kra12]. During the second spectrometer and detector measurement phase, the connections
have ultimately proven their functionality, and freed of systematics (section 6.1.1).

The synopsis of this section is that the analyzing potential is being distributed by two
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dedicated units. Apart from allowing easy switching between measurement modes and
enabling investigations of systematic effects, the setup supports the underlying safety
concept developed for KATRIN.
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(a) Voltage generation and distribution at the
main-spectrometer

(b) Schematic of the voltage generation and
distribution at the main spectrometer

Figure 4.14: Photograph of the monitor-spectrometer distribution unit (a) and scheme (b)
for illustrative purposes. The actual distribution is performed by three relays (black, at the
bottom). Comparators (top) monitor the applied voltages, switching between configurations is
only possible if all voltages are turned off. Due to safety reasons, the connections leading to
the other distribution unit and the MoS voltage power supply are not hardwired, but realized
with removable high voltage connectors. Both connectors are monitored by microswitches. If a
connector is removed, an immediate shut-down of the voltage is initiated to that ensure no
touchable voltages remain. Furthermore the voltage can only be switched on if all connectors
are plugged in. Figures adapted from [Kra12].





CHAPTER 5
High voltage stability at the monitor spectrometer

Precise and accurate knowledge of the retarding potential is an essential prerequisite for all
MAC-E filters, as has been shown in section 2.2.2. As detailed there, each ripple and for
that manner each unknown shift, can potentially harm the neutrino mass measurement. For
this reason, the KATRIN experiment utilizes not only ultra-stable high voltage dividers but
also the separate monitor spectrometer. It allows the analyzing potential to be compared
to a constant of nature, that is the line position of conversion electrons emitted by the
decay of 83𝑚Kr. In doing so, a solid source of highly oriented pyrolytic graphite implanted
with the is used, where the actual source nuclei are implanted. With a half-life of only
1.86 h, a source composed solely of krypton would decay on a much too small time scale
compared to a standard measurement cycle in tritium mode (60 d). Therefore 83Rb rather
than krypton nuclei are implanted. As it decays with a half-life of 𝜏 = 86.2 d into krypton,
so that a stable source over rather long time periods can be implemented. The sources
are characterized with high precision by estimating the position of the K-32 conversion
electron line, allowing to monitor the applied high voltage. It is this line that is most useful
for KATRIN because of its energy of about 17.8 keV, being rather close to the tritium
endpoint. The actual monitoring can be achieved by applying the voltage of interest to
the filter, while scanning the spectral shape by changing the potential of the source. The
equivalence of shifting source and filter potential has been shown in section 2.2.2. The
long-term stability of the line position will then be the parameter to investigate the high
voltage stability. Additionally, the monitor spectrometer is sensitive to fluctuations of
the voltage as these will change its transmission probabilities and therefore the measured
spectrum.

Working in the regime of stabilities at the parts-per-million (ppm) level, it is of utter
importance to have suitable models to describe the K-32 line shape and its potential
deviations with great accuracy, which could be caused by energy scale systematics. Therefore
the first section of this chapter (section 5.1) will give an introduction to this within the
framework of the common model used for estimation of the line position. Subsequently
the model gets expanded by incorporating the influence of distortions. Once the necessary
theoretical tools are at hand, the data analysis is first discussed with respect to the
DC-stability (section 5.2), before focusing on the AC-component (section 5.3).

73
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5.1 Physical Model
Ideally, an experimental electron spectrum measured with a MAC-E filter takes the universal
form

d𝑁
d𝑡 = 𝛽(𝐸) ⊗ T(𝐸 − 𝑞𝑈ret), (5.1)

as described in section 2.2.2. However, as has already been outlined, the transmission
function T(𝐸 − 𝑞𝑈ret) has to be modified according to the unique characteristics that the
spectrometer may have. In particular, a specific source will introduce distinct features,
that have to be taken into account by adapting a proper version of the electron spectrum
𝛽(𝐸) . In recent years both the transmission function of the monitor spectrometer as
well as the properties of implanted krypton sources have been investigated in great detail.
In the following we adapt the discussion and strategy outlined in [Sle13], where a full
deviation of the model is performed. Further information about the sources can be found
in [Zbo11] and [Sle11], while a complete description of the system can be found in [Erh14]
and [Sle16]. A variety of models and analyzing methods is investigated in these works.
As this work concentrates on the total monitoring stability of the high voltage through
the monitor spectrometer, only the relevant parts will be extracted. Previously,electron
spectra were modeled without voltage imperfection, this will be extended to accommodate
for the resulting systematics uncertainties in a last step.

5.1.1 Common line shape
In agreement with the nomenclature of [Sle13], the spectra of relevance here depend on
a series of fitting parameters that can be summarized by a parameter vector p. Before
taking care of the actual parameters, the spectrum then takes the form

d𝑁
d𝑡 = 𝛽 (𝐸; p) ⊗ T(𝐸 − 𝑞𝑈ret) + N0, (5.2)

where N0 is an additional parameter, representing the background rate. For the important
K-32 line of 83𝑚𝐾𝑟 decays, this background parameter can be fitted to be simply a constant.
The transmission function, as introduced in eq. (2.9) for an isotropically emitting source
depends on the magnetic field at the point of emission and the corresponding field strength
in the analyzing plane. Because of the finite size of the source and inhomogeneities of the
electric and magnetic fields, this equation has to be corrected for electrons traveling along
different field lines. To solve this is, one can construct a transmission function as weighted
average

T(𝐸 − 𝑞𝑈ret) =
∑︀

𝑖 r𝑖T𝑖(𝐸 − 𝑞𝑈ret)∑︀
𝑖 r𝑖

. (5.3)

Here the weights r𝑖, entering the discrete sum denote the radii at which the radial dependent
transmission functions T𝑖 and the corresponding electromagnetic fields have to be calculated.
Naturally, the result will be more precise when the number of steps is increased. In order
to keep computation times at a reasonable level, it is sufficient to carry out the sum
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with twenty or less summands. The net effect is a broadening and smearing out of the
transmission function very similar to Gaussian distortions.

The previous modification was straightforward to obtain, whereas expanding the spectrum
correctly needs more effort. It is possible to separate the extended version of the line shape
into three parts,

𝛽 = 𝛽elastic + 𝛽loss + 𝛽shake. (5.4)

By doing so the complicated spectrum gets decomposed to more accessible individual parts,
that are be described in the following.

Elastic part

The elastic part of the line shape has been derived to be of the form

𝐷(𝐸; 𝑎,𝐸0,𝛾,𝛼) = 𝑎

𝜋 [𝛾2/4 + (𝐸 − 𝐸0)]
1−𝛼

2
cos
[︂
(1 − 𝛼) arctan(2𝐸 − 𝐸0

𝛾
) + 𝛼

𝜋

2

]︂
(5.5)

which is widely used in describing solid sources ([Don70]). Here the line position is denoted
by the parameter 𝐸0, the full width at half maximum of the spectrum by 𝛾. Furthermore
the function is not symmetrical which is represented by the shaping parameter 𝛼. In
the case of 𝛼 = 0, the function degenerates to be Lorentzian, which is normalized to the
amplitude 𝑎

∞̂

−∞

𝐷(𝐸; 𝑎,𝐸0,𝛾,𝛼)d𝐸 = 𝑎. (5.6)

For 𝛼 ≠ 0, the above integral will diverge, which is a drawback introduced at the cost of
the shaping parameter. As a consequence the integration boundaries have to be adjusted
in agreement with the limits of the measured electron spectrum. Contrary to a naive
expectation, the line position is not the mode of the distribution but rather the expectation
value. Although the influence of voltage distortions is treated only in the next section,
a Gaussian distributed statistical is implemented at this point with the PDF 𝑓(�̃�;𝜎).
Such fluctuations can originate from the Doppler-effect or systematics of the implanted
sources. Equivalent to the arguments in section 2.2.2, the elastic part of the line-shape
then ultimately becomes

𝛽𝑒𝑙𝑎𝑠𝑡𝑖𝑐 =
ˆ
𝐷(𝐸 + �̃�; 𝑎,𝐸0,𝛾,𝛼)𝑓(�̃�;𝜎)d�̃�, (5.7)

where the boundaries can be restricted if prior knowledge on the statistical variance is
already preset. Otherwise it can be chosen to be arbitrarily large within the limits of
available computation time.
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Energy-loss part
Experience has shown that the probability for electrons to scatter within the source
material is non-negligible resulting in corresponding non-zero energy-losses. In addition,
the scattered electrons will obtain a different angular distribution than electrons that leave
the source without scattering. This leads to an additional decrease in rate. Knowledge of
the implantation energy allows to estimate the distribution in space throughout the source
of the deposited rubidium atoms. Subsequently the differential cross section for emitted
electrons to scatter off electrons in the substrate allows calculating the resulting energy
loss of those electrons by means of Monte-Carlo simulations. As the K-32 line already has
been modeled, the energy-loss part becomes

𝛽𝑙𝑜𝑠𝑠 =
ˆ
𝛽𝑒𝑙𝑎𝑠𝑡𝑖𝑐(𝐸 + �̃�; 𝑎,𝐸0,𝛾,𝛼)𝑀(�̃�)d�̃�, (5.8)

with the effective Gaussian energy distortion 𝑀(�̃�), obtained by MC simulations. This
effect becomes dominant only well below the line position. However, the effect will make
precision fitting impossible if not taken into account.

Shake part
Electrons that are excited to a higher state or emitted entirely from the atom by the
primary electron cause due to a scattering event lose energy. Consequently, the line position
will be recorded below the purely elastic spectrum. It has empirically been found that
this is best described by a Voigtian, being the convolution of a Gaussian and a Lorentzian
distribution. Naturally, these electrons also can scatter inelastically. However, because of
the smallness of the effect this gets neglected at this point. Taking into account all possible
shake-off and shake-up processes, the last term of the spectrum then becomes

𝛽shake =
∑︁

𝑖

𝑉 (𝐸; 𝑎𝑖,𝐸0,𝑖,𝜎,𝛾𝑖). (5.9)

Note that all profiles have been modeled to have distinct Lorentzian-widths 𝛾𝑖, amplitudes
𝑎𝑖 and line positions 𝐸0,𝑖 but share their common Gaussian-width 𝜎 with the elastic part
of the spectrum.

Complete line-shape
Composing all above terms, the complete line-shape is

𝛽 = T ⊗

[︃ˆ
𝐷 · 𝑓d �̃� +

ˆ
𝛽𝑒𝑙𝑎𝑠𝑡𝑖𝑐 ·𝑀d �̃� +

∑︁
𝑖

𝑉𝑖

]︃
, (5.10)

where all parameters and variables have been suppressed. For purposes of reasonable
computation times, it is advantageous to make use of the equivalence between distortions
entering either the source or the transmission function

T ⊗
ˆ
𝛽elastic ·𝑀d �̃� =

ˆ
T ·𝑀d �̃� ⊗ 𝛽elastic. (5.11)
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In doing so the terms independent of fitting parameters get separated from the rest of
the spectrum and have to be calculated only once. This procedure reduces the required
computation time significantly. To highlight the quality of the model, fig. 5.1 presents
a K-32 line measurement performed with the K35-divider and the corresponding fitted
function. The results of the fit are the position 𝐸0 = 17828.15 eV, the Gaussian
standard deviation 𝜎 = 0.26 eV, the constant background rate N0 = 73.02 cps, the shaping
parameter 𝛼 = 117.02 and the amplitude 𝑎 = 467.50 cps, whereas the Lorentzian width
𝛾 = 2.7 eV remains constant during the fit. Furthermore, the resulting chi-square value
is 𝜒2/𝑁𝐷𝐹 = 41.4/37 = 1.1 and shows good agreement between the actual physical line-
shape and the constructed model. It has to be mentioned that the systematic uncertainties
here are calculated by Poisson statistics. Because the setup of a MAC-E filter for a given
source can be regarded as composition of Binomial and Poisson experiments, this approach
in general will not hold. In the case of zero counts in one bin it yields the unphysical
result of the uncertainty vanishing. A more realistic model is derived in section 6.3.1. This
statistical model does not only provide a correct treatment of errors but also differs greatly
from Poisson statistics for samples of small statistical population, resulting in a useful tool
to describe a broad class of experiments. However, it also will be shown that the statistic
model is close to the Poisson case for sufficiently large numbers. Due to the presence of
conversion lines at higher energies, the background present in measurements of the K-32
line can be regarded to provide large enough numbers for the measured rates to follow a
Poisson-statistic.

5.1.2 Influence of distortions
In order to understand the influence of ripples in the high voltage the transmission function
has to be modified. As it has been mentioned above, ripples of the source side are also
described by this feature. As arbitrary waveforms can be decomposed into sine and
cosine functions by Fourier analysis, only those will be introduced here. As outlined in
section 2.2.2, the analytical solution of this problem is only possible in case of an ideal
transmission function. Taking the modified version from above, a solution can only be
obtained numerically. Then, the formal definition of the distorted function Tdist is

Tdist = 1
2𝜋

ˆ 𝜋

−𝜋
T(𝐸 − 𝑞𝑈𝑟𝑒𝑡 + sin(𝜀)) d𝜉

=
∑︀

𝑖 𝑟𝑖

´ 𝜋
−𝜋 T𝑖(𝐸 − 𝑞𝑈𝑟𝑒𝑡 + 𝜉) d𝜉

2𝜋
∑︀

𝑖 𝑟𝑖
.

(5.12)

Summation and integration are interchangeable and the effective transmission function
can be regarded as weighted average of distorted transmission functions. This also holds
in a general case and therefore can be used for corresponding calculations at the main
spectrometer.

The influence of such a distorted transmission function to the conversion line is illustrated
in fig. 5.2. Beginning with the undistorted spectrum, the amplitude of the involved sine-
wave is increased incrementally in one-volt steps from 0 − 10 V. It is not to be expected
that the ripples will be of this magnitude, however it is useful for illustrative purposes at
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Figure 5.1: Measurement of the K-32 conversion line, recorded in the data-taking period
in 2014. The data in blue are very well described by a fit with the above model, where
𝜒2/𝑁𝐷𝐹 = 41.4/37 = 1.1, 𝐸0 = 17828.15 eV, 𝜎 = 0.26 eV, N0 = 73.02 cps, 𝛼 = 117.02 and
𝑎 = 467.50 cps. Underlined by the chi-square value the model is in very good agreement with
the data. Simple Poisson-statistics have been used in order to calculate the error bars.

this point. As the transmission function gets broadened, consequently this also is true in
case of the measured spectrum. Interestingly, a ripple present in the analyzing potential
leads to a suppression of all other characteristic features of the line. Especially, the elastic
region almost is degenerate with linear function, while distorted and undistorted spectra
converge again in the background and energy-loss regions. Additionally, all lines meet
at one point given by the line position. Therefore the DC-monitoring principle, apart
from bad 𝜒2 values, is unaffected by ripples so that an interesting opportunity arises. By
fitting the line-shape with implemented sinusoidal distortions, the monitor spectrometer
is not only able to measure the DC-stability of the main retarding potential but also the
AC-stability of the latter.

An additional source of imperfections of the voltage is Gaussian-noise, as this contribution
is always present. With the established common model, as in use for analysis of monitor
spectrometer data, the terms necessary to describe such a noise are already included.
Gaussian-distributed imperfections are coupled in the source side of the above model, to
take into account the Doppler-effects and similar influences. It is equivalent to implement
fluctuations either on the side of the energy scale (i.e. the retarding potential) or the
side of the energy distribution. This single term also allows to calculate the effect of
Gaussian-distributed voltage fluctuations, see section 5.1.2. As above a total, of eleven
spectra is shown, with the blue one again representing a line that has the Gaussian standard
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Figure 5.2: Influence of high voltage fluctuations on the K-32 conversion line. A total of
eleven different functions are shown, with the undistorted spectrum displayed in blue. All
other lines are obtained by incrementally increasing the sine-amplitude in one-volt steps. The
resulting line-shapes are independent of the ripple frequency.

deviation 𝜎 = 0.25 eV. Measurements have shown this value to be adequate during data
taking with the monitor spectrometer and in case of negligible additional broadening due
to voltage distortions. As the sum of two Gaussian-distributed variates again follows
Gaussian statistics with 𝜎2 = 𝜎2

1 + 𝜎2
2, the effect of additional fluctuations can easily

be described by a larger standard deviation. All other spectra are therefore gained by
incrementally increasing the standard deviation in steps of one volt in size. Again the
total variance increases according to the expectations from calculations concerning the
transmission function. Also, the line-position remains trivial at the same point, while the
other characteristics get smoothed out. This effect is even stronger than in the sine-wave
case, where on the one hand the sharp edges of the arcsine distribution also cause the line
shape to have sharper edges and on the other hand a more complex sub-structure remains
visible. Comparison of both ripple-types suggest the normal-distribution to have a larger
influence. Note that this in fact is not true, because of 𝜎 = 𝐴/

√
2 for sinusoidal distortions.

Like before, the most important outcome is that the line position is fixed and therefore
the DC-monitoring remains unaffected, whereas the line shape gives the opportunity to
estimate AC-imperfections.

The monitoring principle can thus be expanded to also measure ripples and not only
the long-term stability of the main retarding voltage. As the hardware-based connection
between the two spectrometers is done via the distributions units and rather long cables,
this system possibly contributes ohmic resistance, capacitance and inductance. For this
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Figure 5.3: Impact of Gaussian-distortions on the K-32 conversion line. Like in the case
of sinusoidal ripples, the blue spectrum indicates the distortion free line-shape. Note that
distortion free at this points refers to 𝜎 = 0.25 eV, a value known to be intrinsic to monitor
spectrometer measurements. All other lines are constructed by incrementally increasing the
voltage from one to ten Volts.

reason the involved systematics have to be studied carefully. In terms of long-term stability,
offsets, thermal voltages and alike can be an origin of failures. Therefore, these effects are
investigated in section 6.1.1. Ad hoc AC-noise can not be expected to have exactly the same
size at both spectrometers. The influence that a known ripple at the main spectrometer
has on the line-shape measured by the monitor spectrometers is investigated in section 5.3.
These investigations ensure a meaningful way to estimate the ripple of the main retarding
voltage by means of the monitor spectrometer with the highest possible sensitivity.

5.2 DC Component
A leading purpose of the monitor spectrometer is to detect instabilities in the DC-component
of the main-retarding voltage. To do so, the K-32 conversion line from the radioactive
decay of 83𝑚Kr is measured. Here, the most interesting parameter is the position of the
spectrum, i.e. its the expectation value. The retarding potential can thus be compared
to a constant of nature, as the line position is fixed due to energy conservation during
the decay. However, the utilized implanted sources yield systematics that result in an
effective drift of the estimate. With more and more krypton and rubidium atoms decaying,
the solid state potential changes as a function of time. Depending on the implantation
energy used during the production of the sources, this also will turn into a function in
space and cannot be regarded as being globally constant. To find an empirical model is a
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non-trivial task. The complicated interconnection of different processes that lead to a shift
of the line position is a topic of on-going investigations, see [Sle16]. In a first step the time
dependency of the sources gets investigated in section 5.2.1. After a functional description
of this drift is found, the sensitivity for finding and evaluating drifts and offsets present in
the retarding voltage is analyzed in section 5.2.2.

5.2.1 Longterm Stability
Beginning on September 10th, 2014, the line position stability of krypton sources with
HOPG as a substrate has been investigated over a measurement period consisting of 50
days of data. To investigate systematic effects, both high-precision KATRIN-dividers have
been used during these measurements. As this thesis aims at systematic uncertainties
solely connected to the retarding voltage and the analyzing potential, only the K-32 line is
considered during all following calculations. As will become evident during the analysis,
this line suffices for monitoring purposes. All other lines can be used to characterize the
sources in more detail. All measurements have been performed in standalone-mode, as
described in section 4.6, with the source potential being set to zero, to neglect possible
systematic uncertainties that are evaluated in section 6.1.2. Additionally, the distribution
of measurement points has been chosen with respect to optimize the measurement time.
This is advantageous, as the sources had already lost large parts of their activity, due to
aging. Essentially, this implies that the density of points is proportional to the gradient
of the spectrum. This will also be used for measurements with sources of high activity.
When fitting all measured spectra with the above model, one obtains the stability of the
line-position as shown in fig. 5.4. The left and right sides of this illustration correspond
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Figure 5.4: Long-term stability measurements of the K-32 conversion line with both KATRIN
high-precision voltage dividers. Beginning on the tenth of September 2015, a 50 day long
measurement period was conducted. Each point corresponds to the line-position of one
measured spectrum. In both figures, the yellow line represents a linear fit. (a) K35 divider
with a drift of (7.3 ± 1.9) meV/cycle. (b) K65 divider with a drift of (−14.9 ± 2.3) meV/cycle.
Note that these drifts are the net effect of divider systematics, source properties and external
influences.
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to measurements with the K35 and the K65 divider, respectively relative shifts in the
line-position are of greater importance than the absolute value. Therefore not the actual
line-positions but their difference to the global mean-value are shown. Visually, both figures
seem to agree with no large-scale drifts. Empirically, the net effect has been proven to be
well described by a linear function, as it is pictured in yellow. More quantitatively, the
result is

𝛥𝐸0 =
{︃

(0.12 ± 0.03) meV/day , for K35,
(−0.25 ± 0.04) meV/day , for K65,,

(5.13)

or in a tritium measuring cycle of 60 days,

𝛥𝐸0 =
{︃

(7.3 ± 1.9) meV/cycle , K35
(−14.9 ± 2.3) meV/cycle , K65.

(5.14)

Compared to the maximum systematic HV error budget of 60 meV, that the high voltage
system has to fulfill over one tritium measurement period, these numbers represent a
significant breakthrough. Consequently, the monitor spectrometer, in principle, has already
demonstrated its functionality. Even more, the setup exceeds the given design parameters
by more than a factor of three. In an actual measurement cycle, the monitoring principle
then will be used to estimate the line-position constantly. However, as this depends on
the reproducibility in manufacturing the sources, the drift behavior can be expected to
be small, but not identical for each source, so further analysis is necessary. A shift of the
line-position can be thought of as being caused by a combination of a part that is due to
source properties and one due to systematics of the utilized divider

𝛥𝐸0 = 𝛥𝐸source +𝛥𝐸divider. (5.15)

The shift caused by the source in both dividers remains the same, so that

𝛥𝐸0,𝐾35 = 𝛥𝐸𝑠𝑜𝑢𝑟𝑐𝑒 +𝛥𝐸𝐾35

𝛥𝐸0,𝐾65 = 𝛥𝐸𝑠𝑜𝑢𝑟𝑐𝑒 +𝛥𝐸𝐾65.
(5.16)

Combining these equations by taking their difference,

𝛥𝐸𝐾35 −𝛥𝐸𝐾65 = 𝛥𝐸0,𝐾35 −𝛥𝐸0,𝐾65, (5.17)

an important relation between shifts of the line-position and the shift caused by the dividers
can be gained. Further, the shifts due to the dividers hold up to the equations,

𝛥𝐸𝐾35 = 𝜀 ·𝛥𝑀𝐾35

𝛥𝐸𝐾65 = 𝜀 ·𝛥𝑀𝐾65,
(5.18)
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where 𝜀 is an energy constant, representing the actual kinematic line position of the decay,
and the scaling factors 𝑀𝐾35, 𝑀𝐾65 of the two voltage-dividers. Ultimately this yields

𝛥𝑀𝐾35 −𝛥𝑀𝐾65 = 𝛥𝐸0,𝐾35 −𝛥𝐸0,𝐾65
𝜀

. (5.19)

By means of measuring the krypton spectrum this identity connects the drifts of the
measured spectra with those of the scaling factors. Commonly the dividers are calibrated
at the PTB, where a third device is used as a reference. The above relation allows
the relative drift between the instruments to be calculated and thereby to validate the
consistency of calibrations gained through electrical means. Even more important, this
allows the calibration of both dividers against each other, if the drift of at least one is
already known. Additionally, the drift of the source can be estimated with knowledge of
the divider systematics, as shown in eq. (5.16). Together with a new calibration method
[Wei16], that is being developed at the University of Münster, and the monitor spectrometer
the calibration chain can be closed and regarded to be highly reliable, due to redundant
techniques. Currently only the drift of the K65 divider is known precisely, as one of the
resistors in the divider chain of the K35 had to be replaced, so that sufficient stability data
of this divider is lacking at this point. The recent developments in calibrating the dividers
will be described in [Res17]. However, as the drift of K65 is known, this can be used to
estimate the behavior of K35

𝛥𝑀𝐾35 = 𝛥𝑀𝐾65 + 𝛥𝐸0,𝐾35 −𝛥𝐸0,𝐾65
𝜀

= (−0.506 ± 0.002) ppm/cycle,
(5.20)

where 𝜀 = 17824.3 eV ([Zbo11]). Note that this value will differ in the range of a few
electron-volts from the real value, due to source effects like the work-function, that lead to
an offset. The relative uncertainties induced by this however will be small and therefore
will play no role in this calculation. The interpretation of this result is in agreement with
the expectations. Both dividers are built with carefully selected and pre-aged resistors.
All calibration measurements that have been performed in the past show drifts well below
1 ppm/cycle. It has been observed for the drifts to slowly converge against a limit, because
the mounted resistors remain in an aging state due to diffusion processes until equilibrium
is reached.

To understand the coupling between source and divider systematics, the calibration of
the high-voltage dividers has to be measured in the future with the recently developed
technique. This allows to establish a reliable calibration history. Moreover, the ultra-stable
HOPG-sources have to be further characterized. Nevertheless, the system already has
shown to exceed the KATRIN design specifications in terms of monitoring the DC-stability
on long time scales. In addition, these techniques allow the closure of calibration methods
by not only calibrating the dividers by electrical means but also by the comparison against
a constant of nature. As shown above, especially the source systematic uncertainties can
be neglected entirely during this procedure, yielding a powerful tool for consistency checks.
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5.2.2 Single measurement sensitivity

In terms of monitoring the main retarding voltage, the last section provides only the mean
values necessary to decide whether the potential has been stable over a measurement cycle
on average. As the common tritium data-taking invokes the retarding potential to be
shifted on much smaller timescales of only minutes, the monitoring also has to happen on
this timescale and single estimates of the line position have to provide criteria for accepting
or rejecting a point of the tritium spectrum during run-time. Naturally, the determination
of the line-position will undergo statistical fluctuations and therefore will yield a finite
resolution. The time spectra given in the previous section are not suitable to calculate the
size of this resolution, as they still incorporate the systematic drift in energy. In order
to resolve this situation, fig. 5.5 shows two histograms that result from considering the
difference of each energy-estimate from the value predicted by the linear fit. Agreeing with
expectations, the resulting histograms are described by a Gaussian (yellow) distribution
and the remaining variance of the line-position arises purely from statistics. The standard
deviations are respectively

𝜎 =
{

27.7 meV , K35
32.7 meV , K65.

(5.21)

A rule to reject a measurement remains to be defined, which is correlated with the sensitivity
of the monitoring principle for single points. Here, the confidence level is chosen to be at
90 %, i.e. ≈ 1.65𝜎. The sensitivity for monitoring deviations of single voltage points 𝛴
then becomes

𝛴 =
{

45.7 meV , K35
54.0 meV , K65.

(5.22)
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Figure 5.5: Both figures show the difference between the estimated line positions and their
corresponding value, as predicted by a linear fit-function. This is performed for both dividers
separately, with the K35 divider (a) on the left side and the K65 divider (b) in green.
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Again, both values meet the desired specifications. During spectroscopy in tritium mode,
a measured point is proposed to be rejected if the line position, as estimated with the
monitor spectrometer, will show a deviation, greater than the ones given above. As in case
of monitoring of the long-term stability, this rejection can only happen at the end of an
entire cycle, because the mentioned average value cannot be calculated beforehand.

One more addition to this result has to be made. All measurements that are reported here
were performed in parallel to the commissioning of the spectrometer and detector section.
Not surprisingly, the conditions at the monitor spectrometer were influenced by these
investigations. To investigate the complicated background processes different magnetic
field configurations were used, see [Har15]. The corresponding changes of the stray fields at
the monitor spectrometer are sufficient to cause shifts in the line position. These influences
are clarified in fig. 5.6. Again, the time dependency of the line-position is shown for both
high-voltage dividers. By overlaying both data sets, systematic shifts of the line position are
visible. The data-sets are uncorrelated on a global scale with cov(𝐸0,K35,𝐸0,K65) = 7 · 10−5.
However, data points that differ greatly from the average value show a correlation that is
visible by eye, for example at day 40. There the estimated line-positions take on nearly
the same values for measurements with both dividers. Statistically, the occurrence of
coincidences of overlaying line-positions has to be expected. Previous measurements with
the monitor spectrometer however, have proven such effects to be caused by varying stray
fields at the main spectrometer. Establishing the a direct connection between variations of
the stray fields an the line position will not be performed at this point, because retracing
all field-adjustments of the magnets at the main-spectrometer takes tremendous affords.
Furthermore this task would yield no deeper insight or additional information, as the
system already is proven to exceed the design values. It is evident that these systematics
will vanish during stable tritium mode measurements or would be rejected by the cut on 𝜎.

In conclusion, the monitoring principle via the means of comparing fluctuations against a
constant of nature, given by the line position of the K-32 conversion line from krypton-decay,
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Figure 5.6: Time distribution of the estimated conversion line positions with data from
both high-precision dividers. The global covariance is in the order of 10−5, indicating no
correlation. Changes of the stray-field at the MoS cause shifts of the line-position measured by
both dividers.
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provides a powerful tool to measure the long-term stability during a tritium run. Both
the high voltage dividers and the implanted sources are ultra stable, resulting in a highly
precise but also highly reliable monitoring of the retarding potentials’ DC-component.

5.3 AC Component
As discussed in section 5.1.2, the measured krypton spectrum is influenced by fluctuations
of the filter potential. As the exact line shape differs for Gaussian and sinusoidal distortions,
the monitor spectrometer can not only be utilized to ensure the DC stability but in also
allows to scan for AC instabilities. The following section explores this option. A priori, a
fluctuation originating at the main spectrometer can not be expected to reach the monitor
spectrometer unmodified with its initial amplitude. The equipment between the two
spectrometers such as the distribution units with their rather long wiring has a small but
non-vanishing ohmic resistance, capacitance and inductance. Therefore the first step to
investigate a possible AC monitoring was performed by applying fluctuations with precisely
known characteristics with measurements of the K-32 line. In this case, the line shape and
total width are influenced by the distortions. The analysis of this data is carried out in
section 5.3.1 and yields the influence of distortions originating from the retarding potential
of the main spectrometer to their effective size at the monitor spectrometer. With this
result at hand the section concludes with an exemplary estimation of the experimental
sensitivity to detect fluctuations of the analyzing potential, see section 5.3.2.

5.3.1 Voltage Fluctuations
In order to investigate the influence of distortions which originate in the main spectrometer
and to study propagation through the distribution system to the monitor spectrometer,
sinusoidal distortions of known amplitude and frequency are applied. Specifically the
post-regulation is fed with such a waveform. Due to the overall capacitance, resistance and
inductance of the distribution system, the parameter of interest is the resulting amplitude
that enters the monitor spectrometer potential. The measurement table is shown in
table 5.1. Here, a run refers to the measurement of the K-32 spectrum. It consists of
a total of 30 minutes measurement time and 42 non-equally spaced points to scan the
spectrum. Note that the parameters are chosen such as to use the maximal amplitudes
and frequencies that the post-regulation can reliably generate, having in mind the large
capacitance of the main spectrometer. Rather large amplitudes are preferred due to the
natural Kr-source line width of 𝛤 = 2.7 eV, which could hide small-scale distortions and
hinder fitting. In addition, two line scans with active post-regulation but no artificial
ripple have been taken. Compared to the stand-alone mode, one expects that the Gaussian
width is larger during measurements in parallel mode. Therefore the first two runs serve
as reference for the following investigations.

The actual analysis is rather challenging. Referring to section 5.1.2, the line shape
is expected to differ for Gaussian and sinusoidal distortions only at small scales and
consequently these parameters are highly correlated. Their most prominent feature is to
broaden the line. To clarify the situation, fig. 5.7 shows the data and the corresponding fit
of data-taking run 173157. An amplitude of three volts has been used during the run.Due
to the large correlation, the fitting algorithm finds a local minimum of the 𝜒2 distribution
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Figure 5.7: Measurement of the K-32 line with a sinusoidal distortion, A = 3 V, f = 50 Hz.
The data (blue) has been fitted with the distorted spectrum (green). Although the ripple is
known to be much larger, highly correlated parameters cause the fit to converge in an only local
minimum. Within reasonable computation times the thereby gained results are not meaningful,
as a large portion of the amplitude is swallowed by the Gaussian variance.

for the unreasonable parameter configuration shown in table 5.2. A large portion of the
amplitude is ’swallowed’ by the standard deviation, while the reduced 𝜒2/NDF = 35.7/36
value indicates no significant discrepancy between data and model. Accordingly, this could
be real effect. However, the reference measurements and analysis of other data has shown it
to be a problem of the fit algorithm. The same situation applies to the measurements at the
main spectrometer section 6.3.3. There, using a Markov Chain Monte Carlo (MCMC) based
fitting method with large sampling sizes solves the problem. Although the same fitting
algorithm has been utilized during the analysis of monitor-spectrometer data, large chains
are not possible due to the long computing times of the complex spectrum. An obvious
way to bypass this circumstance is given by choosing a good set of initial parameters, i.e.
by starting the fit with the applied amplitude as input. As the purpose of this section
is to propose a way to identify unknown fluctuations, this approach is not performed.
Instead, the sinusoidal amplitude is chosen to be initially equal to zero, which is the best
a-priori assumption in this situation. A possible solution is given by using a model without
distortions for the fit and to treat the ripple as variate adding quadratically to the Gaussian
standard deviation

𝜎2 = 𝜎2
ref + 𝜎2

sin, (5.23)

where 𝜎2 is the effective variance, 𝜎2
ref the variance of the reference measurement without
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active distortion and 𝜎2
𝑠𝑖𝑛 the variance causes by the ripple. The U-distribution then

connects variance and amplitude A

𝜎2
𝑠𝑖𝑛 = 𝐴2

2 . (5.24)

The effective amplitude that enters the filter potential is then given by

𝐴 =
√︁

2(𝜎2 − 𝜎2
ref). (5.25)

This method strongly reduces the computation times, and the fit converges after a much
smaller number of sampling steps. During the standard monitoring mode, the common
line shape model can be utilized for fits, whereas the fitted Gaussian width has to be
compared to a reference measurement, without the need for time-consuming fit algorithms.
One draw-back however has to be accepted. Strictly speaking, the model is known to

be physically incorrect, as it incorporates the influence of the sine-wave into the size of
the Gaussian standard deviation 𝜎. Nevertheless, for the measurement with 𝐴 = 3 V the
resulting is 𝜒2/NDF = 49.8/37. Together with the statistical significance of 0.05, and
𝑃 = 1 − 𝐹 (49.8|37) ≈ 0.078 the fit is still acceptable.

All runs have been analyzed with this technique, and fig. 5.8 shows the corresponding
results. To compare different amplitudes, the efficiency 𝜂 = Ameas/Ain is used with the
estimated amplitude Ameas and the applied one Ain, rather than using the amplitudes
themselves. Due to the large frequency interval the abscissa is logarithmically scaled for
better visibility. Four different amplitudes have been used as artificial ripple on the main
spectrometer retarding potential. The modeling to estimate the efficiency is is difficult
over the large range of amplitudes and frequencies. Especially the error bars are probably
underestimated by the fit algorithm due to local minima of the parameter space. Further,
several measurements yield efficiencies above unity. This unphysical behavior hints to

frequency (Hz)

1−10 1 10 210 310

ef
fic

ie
nc

y

0

0.5

1

1.5

pp0.3 V

pp1 V

pp2 V

pp3 V

Figure 5.8: Analysis of rippled krypton spectra. For better comparison, the efficiency
𝐴meas/𝐴in rather than the amplitude is used as axis. Different colors represent the applied
amplitudes.



5.3 AC Component 89

systematic effects and underlines the need for further investigations. For instance, the
post-regulation setup has shown to produce highly asymmetric signals in the low-frequency
regime, an effect that has not been taken into account at this point. This newly developed
feature, thus needs to be understood with higher precision. For the scope of this work the
efficiency is equalled with unity, independent of amplitude and frequency.

5.3.2 Sensitivity
In order to estimate the sensitivity of this technique, the reduced 𝜒2/NDF value for the
ideal model without distortions and the rippled functions is computed. In doing so, several
assumptions are made. An optimized measurement distribution has been used, and the
high voltage measurement is assumed to be accurate to 10 mV. Furthermore the statistical
uncertainty is assumed to be at one percent of the count rate at each measurement point.
For source activities of 5 kcps, such systematical uncertainties are achievable with short
measurement times. The results for Gaussian and sinusoidal noise is shown in fig. 5.9.
The yellow line indicates the 90 % confidence level. Consequently, distortions above this
line will be detected and the measurement point of the tritium scan has to be rejected.
In this manner, purely Gaussian distortions are detected if they are larger than 336 mV,
sinusoidal ones if they are larger than 462 mV. This is equivalent for distortions above
a 5 ppm and 8 ppm level, which is well above the specifications. This newly developed
technique therefore cannot replace the direct monitoring of the ripple by measurements
with an oscilloscope but only support them. However, the method signals potency for
redundant noise monitoring. For this reason it will be subject to further investigations.
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Figure 5.9: Sensitivity for detecting AC noise. The reduced 𝜒2/NDF value has been
computed for different sizes of Gaussian and sinusoidal distortions. The yellow line indicates
the sensitivity. Purely Gaussian distortions are measured above 336 mV, sinusoidal fluctuations
above 462 mV. These values are well above the necessary precision of only one ppm. Without
further investigations and improvement this method can only support direct measurements of
the ripple but not replace them.
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Table 5.1: Measurement table of the conducted investigations with the corresponding ampli-
tudes and frequencies of the artificial ripple. Each data-taking run consists of a total of 30
mintes measurement time, whereas the measurement points are distributed non-equally spaced
to scan the spectrum.

Run number Amplitude
(Vpp)

Frequency
(Hz)

173135 0 0
173136 0 0
173137 1 1
173138 1 1
173139 1 50
173140 1 50
173141 1 1000
173142 1 1000
173143 0.3 0.5
173144 0.3 0.5
173145 0.3 500
173146 0.3 500
173147 0.3 3000
173148 0.3 3000
173149 2 10
173150 2 10
173151 2 50
173152 2 50
173153 2 2000
173154 2 2000
173155 3 1
173156 3 1
173157 3 50
173158 3 50

Table 5.2: Best-fit output of run 173157

𝜒2/NDF Normalization
(cps)

Position
(eV)

𝜎 (eV) Amplitude
(Vpp)

Shape Background
(cps)

35.7/36 4674 ± 32 17828 ± 0.1 0.92 ± 0.017 0.21 ± 0.05 86.2 ± 3.7 383.4 ± 0.8



CHAPTER 6
High voltage stability at the main-spectrometer

The goal of this chapter is the in-depth characterization of the influence HV ripples have
on the electric fields, i.e. the transmission properties. Moreover, the influence such ripples
have on the background is investigated.

As the calculations performed in section 2.2.2 have shown, an approximative formula
for the effect of disturbances in the electric fields is known. However, for this result
to be applicable to the tritium analysis, the connection between ripples of the applied
voltage and the potential in the analyzing plane has to be made. For this reason dedicated
measurements have been performed during the second SDS commissioning phase. Data
acquired in these measurements can be refined in a sophisticated analysis to gain full
understanding of the radial, frequency and amplitude dependencies of potential distortions
coupled into the inner fields. Fourier’s theorem states that knowledge of sinusoidal-waves
influence is sufficient for all signal-forms to be understood. It is self-evident that even
equipped with these powerful analytical tools, preventing any imperfections of the voltage
to happen in the first place is of major importance. Although the focus of this thesis is
oriented towards transmission properties high voltage fluctuations are also of interest for
background models, as such fluctuations might contribute to the generation of background
or also might be able to lower the overall background level. The first section of this chapter
illustrates the performance of the high voltage system that has been achieved during the
measurement phase in respect to stability (section 6.1.1) and monitoring (section 6.1.2).
Throughout all subsequent sections the AC component of the high voltage is investigated.
First, the experimental ripple reduction that was achieved with active post regulation
(PR) is investigated (section 6.2). As the post regulation allows to artificially apply
arbitrary wave forms, the models can be experimentally verified. Before the construction
of the actual physics model takes place (section 6.3.2), the proper statistical methods
needed for the analysis of transmission data taken with the electron gun as source are
derived section 6.3.1. After all needed methods are present, the data is analyzed and in
conclusion the response of the electric fields inside the spectrometer to voltage fluctuations
is established as central part of the chapter (section 6.3.3). At last, the measurements
conducted for the investigation of AC voltage dependent background effects are presented.

91
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6.1 DC component
As the developments in section 2.2.2 have shown the influence of any given distortion can be
calculated to shift the estimated neutrino mass to smaller values with 𝛥𝑚2

𝜈𝑒
= −2𝜎2. Given

the total budget for systematic uncertainties for KATRIN to reach its aimed sensitivity,
the maximal size of unknown distortions can then calculated to be of the order of

𝛥𝑚2
𝜈𝑒

≤ 0.0075 eV2 (6.1)

and therefore

𝜎 ≤ 0.061 V, (6.2)

see [Ang05] for further details. It is common to translate this into relative quantities, with
a analyzing potential of 18.6 kV and the above value is then equivalent to 3 ppm. It is self-
evident that this constrains the boundaries for ripples of the voltage. For this reason the two
KATRIN voltage dividers measure the voltage in real-time, while the monitor-spectrometer
allows comparison to a constant of nature. For practical reasons both spectrometers are
located in different buildings and are separated by approximately 20 m, see section 4.6.
After successfully proving the functionality and stability of the monitoring principle via a
nuclear standard, these distribution units have to be investigated for possible systematic
effects. With the KATRIN voltage dividers and the monitor-spectrometer exceeding the
designed expectations, it is still reasonable to suppress slow drifts of the voltage, even if
they are measurable with high precision. In this regard the limiting factor for measurements
at the same vessel potential is given by the time scale for which the voltage is stable within
the specifications. Measurements of both characteristics are described in this following.

6.1.1 Stability
Even if primary conceived to smoothen out ripples in the high voltage, the post-regulation
setup is also able to compensate slow drifts of the voltage. Described in section 4.2.2
the post-regulation decouples AC and DC components of the high voltage. The latter is
conducted over an additional voltage divider. During the second measurement phase, the
built-in divider was just an auxiliary device. This unit does not provide high stabilities.
Because the post-regulation was newly connected to the beam-line, joining higher valued
dividers directly would possibly been harmful would not have posed significant additional
value. For the main task of estimating the AC noise, the utilized voltage divider does not
play any roll, whereas it has only be stable enough to prove the post-regulations capabilities
to remain at the same DC voltage over a sufficient amount of time. A representative
set of data is shown in fig. 6.1. Here the post-regulation was actively smoothening the
vessel voltage, while the DC-component was measured with the K35 divider. Because the
KATRIN divider has to be regarded as absolutely stable over even a day, every feature of the
data has to be seen as purely systematic to the post-regulation, as the total measurement
time is 300 s. The time-scale here has been chosen in order to accommodate for the most
likely time-distributions in measurement time, where single retardation potentials are
expected to be in the order of minutes or less. To illustrate possible systematic drifts more
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Figure 6.1: Stability measurement of the voltage with active post-regulation. The ordinate
is given by the absolute deviation from the mean value of all data-points during the 300 s
measurement period. Additionally the 1 − 𝜎 and 1 − ppm bands are drawn. The standard
deviation of all points still lies within 1 − ppm and is therefore agreeable with the hypothesis
of no drift at all over the entire measurement time.

easily the ordinate is given as absolute deviation of the measured voltage from the mean
value of all points. Additionally the bands corresponding to 1 ppm and 1𝜎 have been drawn.
First of all it should be noted that the scale is at the mV-level and the standard deviation
of the data-points is only 16 mV. Comparing this to 1 ppm ≈ 20 mV, the already achieved
stability is exceeding the desired value by a factor of three. By eye a drift to smaller
values might not entirely be excluded. However, the null hypothesis of a stable voltage
without drift is accepted for standard deviations smaller than 3 ppm, which is the case.
Furthermore the result is only dependent on the voltage divider used for controlling the DC
compensation of the post-regulation. As this divider is not temperature stabilized, it has to
be expected to react extremely sensitive to temperature fluctuations or changing electrical
loads. Even with the experimental-hall being air conditioned, convection air currents or
direct ventilation are likely to cause temperature gradients of the order of one degree, as
the divider does not posses any housing. As experience shows such temperature-differences
are sufficient to cause drifts in the ppm-regime. Therefore, it is safe to assume that this
stability is significantly increased by using one of the KATRIN dividers that have stabilities
of 0.2 ppm/month. With this result, the needed DC stability for tritium measurements is
already verified.

6.1.2 Parallel measurements with the monitor-spectrometer
Functionality and stability of the monitor spectrometer have already been verified in
chapter 5 along with the influence of AC distortions originating in the main high voltage
and propagating throughout the monitor spectrometer. Nevertheless the verification of the
monitoring principle with both spectrometers coupled still has to be given, as it will in
this section. The conducted measurements have been performed only over a time interval
nine days instead of a full tritium cycle of two months. Systematic uncertainties like
contact voltages or thermal effects inside the distribution units could lead to a relative
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Figure 6.2: (a) Line positions of the K-32 line. Stand-alone (green) and parallel mode (blue)
do not show signs of time dependence and seem to be in agreement. Here all positions are
given relative to the stand-alone measurements mean value. (b) Gaussian sigmas gained from
the same data. An offset between is present. This effect is expected and due to the ripple of
the main retarding potential.

shift of the line position and it is therefore of interest to compare parameters gained
from stand-alone measurements to those taken with active coupling. In order to enable
this, the spectrometers have been electrically decoupled periodically and measurements
in both modes have been performed. Furthermore the synchronization between main
spectrometer measurements and krypton measurements is not trivial. Scanning through
the krypton spectrum with the monitor spectrometer requires its source voltage to be
adjusted accordingly to the main spectrometers retarding potential whereas the time
distribution has to be optimized in terms of statistics and efficiency. Fast tritium scanning
strategies therefore demand the monitor spectrometer parameters set to the corresponding
values while the analyzing potential gets ramped. Hence, algorithms for remote controlling
the monitor spectrometer by the main spectrometer have been developed and optimized.

A time series of line position and standard deviation for the K-32 krypton line is shown
in fig. 6.2. Like it was previously mentioned, line scans alternate between the stand-alone
mode and the parallel mode. All line positions are given relative to the global mean value
estimated from the data in parallel mode to illuminate differences between the methods.
Both methods provide line positions only fluctuating within a small band and seem to be
yielding the same results. However, the situation is different for the estimated Gaussian 𝜎
that is entering the line-shape. With the results from chapter 5 and the ripple present in the
retarding potential (see section 6.2) of the main spectrometer an increase in this parameter
is to be expected. Nevertheless, neither of the time series points into the direction of any
time dependent drift. To quantify these statements, histograms for both parameters are
given in fig. 6.3.
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Figure 6.3: (a) The relative line positions only differ statistically insignificant. Their numerical
values have been obtained by means of a Gaussian fit to be (9 ± 2) meV and (7 ± 2) meV. In
contrast to this the estimated sigmas, 440(30) meV for stand-alone and 536(27)meV for parallel
mode differ by more than 3𝜎. As expected the sigma for measurements with connected main
spectrometer is larger by nearly 100 meV.

6.2 Ripple suppression
It has been shown the DC-component of the high voltage is stabilized and measurable
with ultra-high precision. Of course the initial main task of the post regulation is given by
smoothing ripples. Explained in chapter 4 the high voltage system utilizes highly stabilized
power supplies for the generation of the potential. Previous MAC-E filter experiments have
shown that the vessels themselves are antennas and therefore the stability at the output of a
power supply cannot be expected to be the same as at the vessels surface. Additionally it is
common for the mains voltage to couple into the applied voltages among other components
that might produce AC signals, like the turbo molecular pumps. The reason to stabilize
the vessel rather than the inner electrode is easily understandable. If the post regulation
was to stabilize the inner electrode its reference point would be the vessel voltage. For one,
it would then be not possible to compensate drifts of the vessel voltage and one would have
to rely solely on the stability of the connected supply. Secondly any distortion coupled
into the vessel voltage would have the same impact on the electrodes voltage without the
means to counter the effect. This explained by the strong capacitive coupling between
vessel and electrode and of course the topology of the voltage system, where all voltage
supplies of the inner electrode have their base point at the vessel potential. Hence, the
remaining ripple on the spectrometer vessel without active smoothing has been measured,
as shown in fig. 6.4. The left side of the figure shows a measurement taken over a time
interval of two seconds. The present periodic waveform has a periodicity of 𝑓 = 1 Hz and
is more complicated than the one of simply a sinusoidal. It is caused by control oscillations
of the high voltage supply. This effect was anticipated, for the attached supply is not
the highly stabilized that will be used during tritium mode, but rather one that is more
suited for test measurements. The global variance of this waveform is 𝜎 = 308 mV with a
peak to peak value of Vpp = 1376 mV. Even if the ripple caused by the control oscillation
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Figure 6.4: Measurements of the ripple without active smoothing. (a) Measurement at the
time scale of seconds. A periodic signal with frequency 𝑓 ≈ 1 Hz is present, originating from
the voltage supply. Together with the higher-frequent part visible this leads to 𝜎 = 308 mV
and Vpp = 1376 mV. (b) Measurement in the millisecond regime. The measured wave has a
frequency of 50 Hz and is caused by the mains voltage. The standard deviation 𝜎 = 237 mV
and Vpp = 816 mV are smaller than the before but still exceed the specifications by one order
of magnitude.

would be entirely absent with the high-quality supply, the higher frequent part can be
expected to remain manifest. This component is shown on the right side of the figure with
the more fitting time interval of 50 ms. Having a frequency of 50 Hz this is most likely
caused by the mains voltage coupling into the system. Still the above argument holds
and this is not caused by the supply but is rather coupled into the system capacitively at
some unknown location, for the reason that the high voltage supply is not highly stable
but poses good galvanic decoupling. With 𝜎 = 237 mV and Vpp = 816 mV this remaining
distortion contributes the largest part to the global variance.

Consequently active smoothing has been shown to be indispensable. With the post
regulation as such a system actively smoothening the high voltage, the remaining ripple
is shown in the left side of fig. 6.5. Only a total variance of 𝜎 = 16 mV and a sinusoidal
amplitude of Vpp = 816 mV are left. With this and the results of section 6.1.1 the post
regulation setup already has shown to exceed the sought properties by more than a factor
of three. Nevertheless it is possible to further reduce the noise that is left, because
of frequencies the post regulation is not able to compensate for. These distortions are
beginning at frequencies of approximately 100 kHz and only contribute in the millivolt
range but can be counteracted with smoothing capacitors dimensioned accordingly. On the
right hand side of fig. 6.5 direct comparison between active and non active post regulation
is shown for further illustration. Apart from the significant reduction of noise this also
validates the systems AC-stability on larger time scales.

In terms of measurement time it is interesting how quickly the data taking is allowed
to start after a new voltage set value has been entered. Investigating this it is suitable to
take advantage of a features that will also be exploited for the connection between vessel
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Figure 6.5: Measurements with the post regulation actively smoothening the high voltage
of the spectrometer vessel. (a) The active PR reduces the ripple to 𝜎 = 16 mV. Frequencies
greater than 100 kHz remain as noise. What appears as slight drift is actually the impact of
the lower frequent part. (b) Comparison between measurements with active and inactive PR.
The timescale is of the order of seconds.

potential and fields inside the spectrometer, see section 6.3. As the reference point of the
post regulation can be manipulated by application of an external voltage one can shift
its output and therefore the vessel potential correspondingly. Square wave signals are
most fitting for this, because they provide sharply defined flanks as reference in time. An
illustration showing these measurements is shown in fig. 6.6. The utilized square wave,
shown in green, incorporates a comparatively large electrical stroke of 2 V, in order to
amplify the effect. After a negligible reaction time the vessel potential begins to increase
with an equally steep slope. With the transition to zero gradient not manageable for the
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Figure 6.6: Measurement for investigating the time scale of the voltage to settle after a new
voltage set value has been entered. Because of its sharply defined flanks a square wave is
utilized as input for the post regulations base point. Even without exact numbers the process
is evident to take place on small timescales.
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setup to handle the output of the post regulation overshots and settles in a characteristic
behavior. For reasons of better visibility the actual data have been re-binned to neglect
noise but to keep the distinct wave-forms. Note that the whole process takes place on
an interval of only 400𝜇s, even for such a high amplitude. In the next step, consider
the residuals between the two signals, as shown on the left side of fig. 6.7. Directly after
the input has started to increase, the residuals become negative because the electronics
have a reaction time that can be estimated to be smaller than 20 ms. The subsequent
steep increase in the output corresponds to the post regulation reacting to the the applied
square wave, where the overshoot manifests in residuals larger than 1 V. A reliable way to
quantify the time scale needed for the voltage to settle again is given by examining the time
series for the residuals standard deviation, fig. 6.7(b). For this purpose the measurement
points have been merged into bunches of ten points each, whereas every bunch was used to
calculate one standard deviation. In this representation the settling can then be assumed to
be finished as soon as the standard deviation drops below 20 mV. By means of this method,
with an electric stroke larger than it is to expect for common scanning strategies, one gains
a conservative estimate for the settling time. As presented in the figure, the estimated
time scale is only 320𝜇s, a result showing another of the post regulations advantages. The
time consumed solely by shifting the potential can by reduced to a negligible minimum by
using the post regulation during scanning of the tritium spectrum. In comparison, other
voltage supplies have shown to need times up to 40 seconds for this ([Ren14]). Assuming
the fastest scanning strategy that was proposed for KATRIN, only 20 s will be spent at
one voltage and therefore the time lost with waiting for the retarding potential to stabilize
would even exceed the measurement time itself.
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Figure 6.7: (a) The residuals between the input square wave and the post regulation output.
Directly after the beginning of the steep slope the output is smaller than the input because of
the post regulation’s small reaction time. After the initial square wave has already settled,
the output overshoots because of the post regulations cut-off frequency being too small. (b)
Quantification of the process via investigation of the time series for the standard deviation. It
only takes 320𝜇s for the standard deviation to get below 20 mV again.
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6.3 Connecting voltage and inner potential

Within this section the connection between any given voltage distortion and the affiliated
response of the electric fields inside the vessel gets explored. Before this central relation can
be obtained, some groundwork has to be made. First of all a proper statistical model has
to be established. While this model is constructed against the background of measurements
with the electron gun, all relations gained within this model hold for tritium measurements
and therefore yield a valuable contribution to the KATRIN experiment. Afterwards the
actual physics model is designed. Here the angular resolution of the given electron source
gives strong arguments for simplification of the model, that in interaction with the distorted
potential would otherwise provide complicated and hard-to-handle formulas. The proper
cuts and correction factors among the utilized fitting algorithm are explained. In the last
section the final result is presented.

6.3.1 Statistical model

As electrons are either transmitted or rejected by the filter, it is reasonable to acknowledge
the spectrometer at a fixed potential as a binomial experiment with the probability mass
function (PMF)

B(𝑋 = 𝑘) =
(︂
𝑛

𝑘

)︂
𝜀𝑘(1 − 𝜀)𝑛−𝑘, (6.3)

where 𝑛 is the total number of incoming electrons, 𝑘 is the number of those that are
transmitted and 𝜀 is the transmission probability for a given potential. In the case of
transmission measurements with the electron gun, the statistical population 𝑛 is not exactly
known, but rather a variate for itself. It is reasonable assumption to describe the latter by
the well-known Poisson statistics with the PMF

P(𝑁 = 𝑛) = 𝜈𝑛

𝑛! e−𝜈 . (6.4)

To implement this into the binomial statistics that describe the spectrometer, one has to
consult the law of total probability, which for a partition 𝐴𝑖 of the event space 𝛺 takes the
form

P(𝐵) =
∑︁

𝐴𝑖∈𝛺

P(𝐵 | 𝐴𝑖)𝑃 (𝐴𝑖), (6.5)

with the conditional probabilities P(𝐵 | 𝐴𝑖) and the total probability P(𝐵) for 𝐵. If the
binomial distribution is regarded as the conditional probability 𝑃 (𝑋 = 𝑘 | 𝑁 = 𝑛), the
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theorem is applicable and gives

P𝜈(𝑋 = 𝑘) =
∞∑︁

𝑛=0,
𝑛≥𝑘

(︂
𝑛

𝑘

)︂
𝜀𝑘(1 − 𝜀)𝑛−𝑘 𝜈

𝑛

𝑛! e−𝜈

= (𝜈𝜀)𝑘

𝑘! e−𝜈
∞∑︁

𝑛=0,
𝑛≥𝑘

(𝜈 − 𝜈𝜀)𝑛−𝑘

(𝑛− 𝑘)!

= (𝜈𝜀)𝑘

𝑘! e−𝜈e𝜈−𝜈𝜀

= (𝜈𝜀)𝑘

𝑘! e−𝜈𝜀,

(6.6)

where the summation can always be carried out for the reason that 𝑘 can be assumed at
a fixed value, so that 𝑛 − 𝑘 ≥ 0. The outcome of this calculation might not entirely be
unexpected as it is a Poisson-distribution around the new expectation value 𝜈𝜀. Still this
allows to use the average count of incoming electrons as a parameter of the model instead
of using the variate 𝑛 and is therefore exactly the needed result.

However one problem still remains, as the interesting part is not given by the counted
electrons but rather the transmission probability 𝜀. Usually this is treated by the approach

𝜀 = 𝑘

𝜈
and 𝑉 [𝜀] = (1

𝑘
+ 1
𝜈

)𝜀2. (6.7)

In the limiting cases for 𝑘 = 0 and 𝑘 = 𝑛 this yields the unphysical result 𝑉 [𝜀] = 0. A
correct treatment of uncertainties can be achieved by using Bayes’ theorem. The principle
idea of this calculation goes back to [Ull12], where the method was originally applied
to efficiency calculations but is transferable to the situation at hand with some changes.
Bayes’ theorem

P(𝐵 | 𝐴) = P(𝐴 | 𝐵)P(𝐵)
P(𝐴) , (6.8)

can be used if one regards the transmission probability 𝜀 in the previously constructed
PMF eq. (6.6) as a statistical variable instead a parameter,

P𝜈(𝑋 = 𝑘 | 𝑇 = 𝜀) = (𝜈𝜀)𝑘

𝑘! e−𝜈𝜀. (6.9)

Taking a normalization constant 𝐶 into account this gives

P𝜈(𝑇 = 𝜀 | 𝑋 = 𝑘) = 1
𝐶

P𝜈(𝑋 = 𝑘 | 𝑇 = 𝜀)P(𝑇 = 𝜀). (6.10)
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Here P(𝜀) is the a-priori probability connected to 𝜀:

P(𝑇 = 𝜀) =
{︃

0 , 0 ≤ 𝜀 ≤ 1
1 , otherwise.

(6.11)

Because of the normalization condition
∞̂

−∞

P𝜈(𝑇 = 𝜀 | 𝑋 = 𝑘) d𝜀 = 1
𝐶

1ˆ

0

(𝜈𝜀)𝑘

𝑘! e−𝜈𝜀 d𝜀 = 1, (6.12)

one has to solve the integral on the right hand side of the equation. The result contains
the incomplete gamma function

𝛾(𝑚,𝑥) =
𝑥ˆ

0

𝑡𝑚−1e−𝑡d𝑡 (6.13)

and its useful representation as series

𝛾(𝑚+ 1, 𝑥) = 𝑚!(1 − e−𝑥e𝑚(𝑥)), (6.14)

where

e𝑚(𝑥) =
𝑚∑︁

𝑖=0

𝑥𝑖

𝑖! . (6.15)

With this the following calculation is self explanatory and

1ˆ

0

(𝜈𝜀)𝑘

𝑘! e−𝜈𝜀 d𝜀 = 1
𝑘!𝜈

𝜈ˆ

0

𝑡𝑖−1e−𝑡 d𝑡 = 1
𝑘!𝜈 𝛾(𝑖, 1)

= 1
𝑘!𝜈 𝛾(𝑘 + 1, 1) = 1

𝑘!𝜈 𝑘!(1 − e−𝜈e𝑘(𝜈))

= 1
𝜈

(1 − e−𝜈e𝑘(𝜈)),

(6.16)

so that the normalization is given by

𝐶 = 𝜈

1 − e−𝜈e𝑘(𝜈) . (6.17)

Conclusively the final probability distribution is

P𝜈(𝑇 = 𝜀 | 𝑋 = 𝑘) = 𝜈

1 − e−𝜈e𝑘(𝜈)
(𝜈𝜀)𝑘

𝑘! e−𝜈𝜀. (6.18)

As promised, even if originally developed for transmission function measurements this



102 6 High voltage stability at the main-spectrometer

result holds for all experiments that count particles from a radioactive decay, including
KATRIN. Figure 6.8 shows this probability density function (PDF) and the associated
cumulative probability density function (CDF) for 𝑛 = 10 and 𝑘 = 0,1,2,...,10. The
distribution is distinct from the one the usual Poisson statistics would return. First of
all the distributions are only symmetric for 𝑘 ≈ 𝑛/2, while they develop to be highly
asymmetrical at the boundaries. This reflects the information introduced by the a-priori
probability for P𝜈(𝑇 = 𝜀 | 𝑋 = 𝑘). An important feature is that the function has a
non vanishing width and even with exact calculation still pending, the unphysical result
from Poisson statistics is adjusted. Furthermore the CDF reassures the result, as the
functions are clearly normalized. In the next step the statistical estimators are computed.
With a completely analytical formula it is intriguing to implement asymmetrical errors by
calculating suitable percentiles. Nevertheless, this consumes computation time and in the
case of high statistics proves to be not possible, as examined below. Therefore the common
estimators, average and variance, are used. Structurally all occurring integrals are of the
same form as in the deviation of the statistical model itself, the only difference being the
power of 𝜀 rising. In principle it is possible to give a closed formula for any given power of
the transmission probability. However, as this is not instructive the results are directly
given:

𝜀 := 𝐸[𝜀] = 1 − e−𝜈e𝑘+1(𝜈)
1 − e−𝜈e𝑘(𝜈) · 𝑘 + 1

𝜈
(6.19)

and

𝑉 [𝜀] =
(︂

1 − e−𝜈e𝑘+2(𝜈)
1 − e−𝜈e𝑘(𝜈) · (𝑘 + 1)(𝑘 + 2)

𝜈2

)︂
−
(︂

1 − e−𝜈e𝑘+1(𝜈)
1 − e−𝜈e𝑘(𝜈) · 𝑘 + 1

𝜈

)︂2
. (6.20)

It is evident from eq. (6.18), eq. (6.19) and eq. (6.20) that several factors, which are hard
to handle numerically, enter the formulas. Two factorials have to be computed, one in the
incomplete exponential series and the other one in the denominator of the second factor.
Furthermore the expression in the denominator of the first factor rapidly converges to
zero, as 𝑛 and 𝑘 get bigger. In applications like transmission function measurements, the
asymptotic behavior of the estimators is therefore of interest. They are actually quite easy
to compute, because e𝑘(𝜈) is a finite sum for powers of 𝜈 and the growth of the exponential
function outweighs the one of any given power their composition will vanish in the limiting
case. In further consequence this yields the manageable identities

𝜀𝜈→∞ = 𝑘 + 1
𝜈

(6.21)

and

𝑉 [𝜀]𝜈→∞ = 𝑘 + 1
𝜈2 . (6.22)

Taking the limit for large statistical populations the gained estimators have two interesting
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properties. For one, now the variance has non vanishing values in the limiting case and
therefore more physical meaning. Secondly, for all numbers the estimated transmission
probability is nonidentical to zero and also the naive estimator 𝜀 = 𝑘/𝜈. By computing the
𝑚𝑜𝑑𝑒(𝜀) through setting the first derivative equally to zero,

dP
d𝜀 = 𝜈2e−𝜈

1 − e𝜈e𝑘(𝜈)

(︂
(𝜈𝜀)𝑘−1

(𝑘 − 1)! − (𝜈𝜀)𝑘

𝑘!

)︂
= 0 (6.23)

from which follows,

𝑚𝑜𝑑𝑒(𝜀) = 𝑘

𝑛
. (6.24)

Astonishingly in the constructed case of binomial experiment that is statistically pop-
ulated by a variate with Poisson distribution it is the mode instead of the expectation
value that yields the correct result. It is worth emphasizing the rapid convergence of those
estimators for high statistics. Naturally this effect originates from the PDF that has been
constructed above. Figure 6.9 highlights this characteristic, that is manifest even in the
presented case of 𝑛 = 100. In comparison to fig. 6.8 the distribution significantly sharpens
out. Still the skewness of the function remains and only breaks into symmetric form for
𝑘 = 𝑛/2. This feature evolves quickly as the statistical population increases and in the
case of measurements with 50 kilo counts and more leads to very sharply defined estimators.

The model up to now has made one assumption that will not hold during measurements.
Further investigated, the transmission function has a non-trivial energy dependence that
has been suppressed during the above calculations. It is safe to assume the applied voltages
to be Gaussian distributed. Equivalently to the calculation of the total probability above,
the energy distribution then can be incorporated. However, the functional dependence
of the transmission function together with the Gaussian probability density function of
the voltage estimate are not manageable in any analytical enclosed form. A much more
practical way is given by assuming the electron gun statistics to be statistically independent
of voltage uncertainties of the main spectrometer and quadratically add the effects,

𝜎2 = 𝑉 [𝜀] +
(︂

d𝜀(𝐸)
d𝐸

)︂2
𝜎2

𝐸 . (6.25)

Now only the derivative of the transmission function remains to be calculated, methods for
this will be given in one of the subsequent sections.

Even if this section and the involved math appear to be rather technical, the obtained
results hold simple but strong relations. The power of the constructed statistic lies in
its widely diversified applicability for all experiments using detectors with Poisson-like
statistical populations, implying the tritium measurements of KATRIN. However, the
developed insight that has been given on the technical level by the corresponding equations
and is deepened by the shown graphics is necessary for the following sections, where the
physical model gets build and the actual fitting of theory to data is conducted.
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Figure 6.8: (a) The constructed PDF for 𝜈 = 10 and different values for k. The behavior
is evidently different to the one expected by simple Poisson statistics. Note the asymmetric
behavior at the outer most edges. (b) Corresponding CDF. More easily to see by eye, the
distribution is asymmetric and normalized.
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Figure 6.9: The probability density function and cumulative probability density function
for a higher total statistical population 𝜈 = 100. Here a distinct characteristic of the model
manifests. For high statistics the functions become sharply defined. Note that the axis of
ordinates has been truncated for better visibility, therefore the function with k = 0 reaches out
of scope.
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6.3.2 Physical model

The actual physical model of the transmission function and its line-shape are the result of
complex interplay by the precise properties of source and spectrometer. During the next
section a general and well known approach will be given ([Gro15b]). As the transmission
function measurements performed as part of this thesis are based on the electron gun
as source the given universal identities can be reduced to a more comprehensible and
numerically benign form. As a result the developed physical model will depend on electric
fields and distortions within them only, which is exactly what is necessary to investigate
the influence of fluctuations. In addition the statistical models constructed in the previous
section are extended by the correlation between abscissa and ordinate.

Basic properties

As described in section 2.2 the transmission function of an ideal MAC-E filter can be
characterized as the one of an ideal high pass filter, i.e. a Heaviside function

𝛩(𝐸, 𝑞𝑈ret) =
{︃

0 ,𝐸 − 𝑞𝑈ret < 0
1 ,𝐸 − 𝑞𝑈ret ≥ 0,

(6.26)

where 𝑈ret has to be regarded as the potential at the point of analysis and therefore already
depends on the position inside of the spectrometer. This result only holds for electrons
emitted with a starting polar angle 𝛩 = 0. If this angle is non identical to zero the
analyzing energy 𝐸ana = 𝑞𝑈ret has to be regarded as a function of the electric and magnetic
fields as well as the starting polar angle,

𝐸𝑎𝑛𝑎 = 𝑞(𝑈ret − 𝑈src)
1 − sin2𝛩𝑠𝑟𝑐

𝛾𝑠𝑟𝑐+1
𝛾ana+1

𝐵𝑎𝑛𝑎
𝐵𝑠𝑟𝑐

(6.27)

Here the indices correspond to the fields and relativistic gamma-factors in the source and
the analyzing plane. By solving the above equation for the angle 𝛩, one is able to find the
maximal angle for which electrons with a given energy and for a fixed retardation field
pass the filter,

𝛩𝑚𝑎𝑥(𝐸) = arcsin
(︃√︃

𝛾𝑎𝑛𝑎 + 1
𝛾src + 1

𝐵𝑠𝑟𝑐

𝐵𝑎𝑛𝑎

𝐸 − 𝑞(𝑈𝑎𝑛𝑎 − 𝑈𝑠𝑟𝑐)
𝐸

)︃
. (6.28)

A realistic model requires the starting angles and starting energies of the electrons to be
distributed with non vanishing variances. Formally this can be expressed by the angular
probability density 𝛺(𝛩) and the energy distribution 𝛴(𝐸𝑠𝑟𝑐). With these definitions
and in accordance with the above equations, the transmission function for a source with
arbitrary angular distribution 𝛺(𝛩) and energy distribution 𝛴(𝐸𝑠𝑟𝑐) can be calculated by
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solving

𝑇 (𝐸 − 𝐸𝑎𝑛𝑎) =
∞̂

𝐸𝑎𝑛𝑎

𝛩𝑚𝑎𝑥(𝐸)ˆ

0

𝜔(𝛩)𝛴(𝐸𝑠𝑟𝑐) d𝛩d𝐸𝑠𝑟𝑐. (6.29)

Generally this integral will not be solvable by analytical means, for its functional dependence
of the angular and energy distributions, that can be arbitrarily complex. However, the
given expression secures the formal existence of a transmission function that at least can
be calculated by numerical means.

Adapted transmission function

Under certain conditions the universal formula for the transmission function can be
simplified to have no angular dependence at all. As it was constructed to be a source of
mono-energetic electrons with sharp angular resolution the e-gun can be adjusted to release
electrons only in a narrow band around the direction of a magnetic field line. As shown in
[Beh16], if set to such a setting, the angular distribution can be regarded independent of
the energy, which is why the integrals decouple and the angular integral can be carried out
to be unity always, yielding

𝑇 (𝐸 − 𝐸𝑎𝑛𝑎) =
∞̂

𝐸𝑎𝑛𝑎

𝛴(𝐸𝑠𝑟𝑐) d𝐸𝑠𝑟𝑐, (6.30)

which leaves only one integral to be performed. By means of the central limit theorem it is
save to assume the emitted electrons energy distribution to be Gaussian, with some standard
deviation 𝜎, experimentally proven by [Beh16] and [Erh16b]. Thus the transmission function
for measurements for which the electron gun is aligned to the magnetic field can be simply
expressed as the CDF of a normal distribution,

𝑇 (𝐸 − 𝐸𝑎𝑛𝑎)𝜎;𝜇 = 1
2

(︂
1 + erf

(︂
𝐸 − 𝐸𝑎𝑛𝑎 − 𝜇√

2𝜎

)︂)︂
(6.31)

Here the indices denote a dependency on a parameter. Note that the somewhat arbitrary
decision to take the expectation value of the distribution to be 𝜇, rather than zero will be
explained in section 6.3.3. The analysis of the data has shown to be better described by
means of a generalized Gaussian with the PDF

𝜓𝜁;𝜂;𝜌(𝐸 − 𝐸𝑎𝑛𝑎) = N0;1(𝜆)
𝜁 − 𝜂(𝐸 − 𝐸𝑎𝑛𝑎 − 𝜌) (6.32)

and the CDF

𝛹𝜁;𝜂;𝜇(𝐸 − 𝐸𝑎𝑛𝑎) = N0;1(𝜆), (6.33)
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where

𝜆 =
{︃

− 1
𝜂 log

(︁
1 − 𝜂(𝐸−𝐸𝑎𝑛𝑎−𝜌)

𝜁

)︁
, 𝜂 ̸= 0

𝐸−𝐸𝑎𝑛𝑎−𝜌
𝜁 , 𝜂 = 0,

(6.34)

with the standardized Normal distribution N0;1(𝜆) and its cumulative distribution N0;1(𝜆).
The support of these function is

𝜆 ∈

⎧⎪⎨⎪⎩
(−∞, 𝜌+ 𝜁/𝜂) , 𝜂 > 0
(−∞,∞) , 𝜂 = 0,
(𝜌+ 𝜁/𝜂,∞) , 𝜂 < 0.

(6.35)

A graphical representation of these functions is given in fig. 6.10. Most prominently this
function is skewed and not symmetrical any longer. For positive values of the skewness
parameter 𝜂 the CDF develops a feature as it is seen in the data, the lower energetic
part is smeared out with a comparatively slow rate of growth, while the higher energetic
part becomes to be sharply defined with a steep slope. Apart from the measured data
being better described with this model two heuristic arguments for using it shall be given.
Determining the exact shape of the energy spectrum, the e-gun has been shown to provide
electrons with an asymmetrical shaped energy distribution ([Erh16b]). Furthermore the
ripples applied in the measurements with active post-regulation become asymmetric for
low frequencies. A drawback of this model is its bad comparability with the non skewed
version. In particular expectation value and variance now are given by

𝐸[𝐸 − 𝐸𝑎𝑛𝑎] = 𝜌− 𝜁

𝜂

(︁
e𝜂2/2 − 1

)︁
(6.36)

and

𝑉 [𝐸 − 𝐸𝑎𝑛𝑎] = 𝜁2
𝜂2 e𝜂2 (︀e𝜂2 − 1

)︀
. (6.37)

Therefore they are not identical to the common mean value and standard deviation of a
Gaussian. The expectation value of the skewed version is named 𝜌, while the so called
scaling parameter gets denoted as 𝜁 and the shaping parameter is called 𝜂. The scaling
factor is in a way connected to the usual standard deviation 𝜎, but as one easily sees from
eq. (6.37) this is also true for the shape 𝜂. Nevertheless for comprehensibility it is advisable
to recall the scale as the parameter giving the function its width and the shape as the
factor skewing the distribution.

With the generalized Gaussian distribution being the appropriate one for describing
the data, the implementation of voltage fluctuations is conducted with the methods of
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Figure 6.10: Illustration of the generalized normal distribution with its PDF in (a) and its
CDF in (b). Both were computed for constant 𝜌 = 0 and 𝜁 = 1, while the shape parameter 𝜂
takes on value from −1 to 1. Depending on the sign of 𝜂 the distribution gets skewed to the
left (negative values) or to the right (positive values), leading to one side with a steep slope,
while the other slope flattens out and has a slowly decreasing tail. For 𝜂 = 0 the function
degenerates into the one of a normal distribution.
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section 2.2.2,

𝑇𝜁;𝜂;𝐴;𝜌(𝐸 − 𝐸𝑎𝑛𝑎) =
∞̂

−∞

𝑓(𝜉)𝛹𝜁;𝜂;𝐴;𝜌(𝐸 − �̃�𝑎𝑛𝑎(𝜉)) d𝜉, (6.38)

or in the case of sinusoidal fluctuations,

𝑇𝜁;𝜂;𝐴;𝜌(𝐸 − 𝐸𝑎𝑛𝑎) = 1
2𝜋

�̂�

−𝜋

𝛹𝜁;𝜂;𝐴;𝜌(𝐸 − 𝐸𝑎𝑛𝑎 +𝐴sin(𝜉)) d𝜉. (6.39)

The generalized error function is known to be non-analytic and so will be integrals of it
with complicated integration measures. Fortunately an algorithm for numerical evaluation
of the integral can be adapted easily. In fig. 6.11 the final physical model is visualized, by
its PDF and CDF. Both figures contain an array of curves, each one of them representing
the function for different sinusoidal amplitudes but with the constants 𝜌 = 0, 𝜁 = 0.2 and
𝜂 = 0.3. The constants have been chosen to be close to the measured values. The distorted
and skewed model is shown in fig. 6.11 with the PDF 𝜋 and the CDF 𝛱. Here, the PDF has
two local maxima, which have their origin in the applied amplitude. It has to be pointed
out, that in contrast to the sharply defined U-shaped distribution, these extrema are not
located at ±𝐴, because of the asymmetric shape of the underlying Gaussian. Nevertheless,
the global width of the function is increasing with the amplitude values. As a consequence
the function does not only broaden with larger numerical values of 𝐴 but also flattens out,
for simple normalization reasons. The most important feature is a significant deformation
of the line-shape.

To further clarify this picture, see fig. 6.12. Here, the parameter values are adapted to
the output of the analysis that will be performed later in this chapter. The ordinate is
given as relative deviation of the different parameters from their original value. Note that
for each graphic only one of them gets varried and the others are fixed. The color gamut
indicates the deviation from the function generated by the shifted parameter to the original
function in percent of total transmission. This definition is not easy to comprehend but
gives an elegant picture of the way the parameters influence the line-shape. In principle
this even allows to estimate correlations between them in the beginning, but it shall
be sufficient to give a qualitative explanation. Regions where two varying parameters
produce the same absolute deviation will lead to correlations and a non reliable functional
fit. Fortunately the amplitude, as the most important part of the constructed model, is
mainly decoupled from the other variables and even in the worst case will yield trustworthy
results. This condition is also for the location 𝜌, but not for shape and scale.The shape,
previously introduced by empirical means based on the data, will actually cause the most
correlations. Especially combinations of scaling parameter and shaping factor can mimic
the effect of variations in the amplitude on the transmission function. Thereby they
often yield unphysical results. It is quiet common for shaping parameters to be problem-
atic, which is the reason why Markov chain Monte Carlo fitting methods will be applied
in section 6.3.3, rather than classical ones that can not handle the complex parameter-space.
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Figure 6.11: (a) PDF of the distorted and skewed model. The distribution has two local
maxima and is asymmetric. (b) CDF of the distorted and skewed model. The incrementally
increasing amplitudes 𝐴 cause the function to broaden.
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Figure 6.12: The impact of the parameters onto the model. The relative deviation between
the line shapes of different parameter values is obtained by varying a parameter on an interval of
[−10%,10%] of the original value. A color map reaching from blue ro red indicates the difference
in percent of total transmission. Not too far from the actual deviation this representation
allows the qualitative evaluation of parameter correlations. In terms of the amplitude being
the most interesting parameter the mean value 𝜌 is well behaved as its influence is entirely
symmetric whereas the amplitude is asymmetrical. Shaping and scaling parameter provide a
more complex structure. Combinations of these two parameters can mimic the the effect of
variations in the amplitude and will lead to correlations during the function fit. Also note the
different scales, the relative influence of the mean value is three orders of magnitude larger
than that of the shaping factor.
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This concludes the construction of the physics model for the transmission function. It
has been modeled as functional of the analyzing energy and the maximal azimuthal angle.
The magnetic angle has been shown to be neglectable, whereas the energy-distribution has
been assumed to be Gaussian. In the next step the symmetrical line shape was replaced
in favor of a skewed one, to accommodate a more realistic energy model and the known
asymmetrical form of low frequency distortions. In the last step the conclusive model
has been given and the influence of each parameter entering it has been illustrated in
a qualitative way. Even if no quantitative knowledge has been gained this assures the
occurring correlations to be manageable but most importantly gives the deep insight
required to evaluate the actual data.

Correct data treatment
With the statistical and physical models being fully described a proper treatment of
the measured data is the last open task before the analysis can be conducted. Several
effects have to be taken into account, which would otherwise blur the results. First, all
measurements have been conducted with the electron gun as source. Due to aging processes
of the gold surface that is constantly being stressed by radiation by the UV light of the laser,
the rate decreases slowly over time. Detailed investigations have shown that this effect
is of the order of cps per hour ([Beh16]). As the total rate is approximately 10 kcps this
can be neglected with measurements that only take a short period of time. The conducted
measurements took only minutes, thus the loss of rate can be neglected. Furthermore, the
flux of the laser is monitored by splitting the beam, with one bundle reaching to the fiber
and the other on hitting a photo-diode. Voltage fluctuations of the diode then correspond
to instable rates, that can be accounted for. The measurements have shown that these
fluctuations are small after the LASER has gone through a reasonable heating time. All
other systematic uncertainties are related to statistics and counting of the electrons. A look
at the energy spectrum of a typical transmission function measurement (fig. 6.13) clarifies
this picture. At least four distinctive peaks are visible. With the detection efficiency being
a function of the rate, the ratio of counted to the total number reaching the detector will
decrease and the transmission function artificially altered in its shape. Applying an exactly
known periodic signal to the aimed detector pixel, this ratio can be measured and the
effect compensated. Hence, the first peak is produced by the so called, lifetime pulser. By
comparing the number of events inside this peak for measurements with electrons from the
electron gun to measurements where only the pulser signal is present allows to calculate
the correct rate by

𝑘true =
𝑙w/ e-gun

𝑙w/o e-gun
𝑘meas, (6.40)

where 𝑘true is the corrected number of signal counts, 𝑘meas is the measured number of
electrons, 𝑙w/ e-gun is the number of events inside the pulser peak with additional events
from the electron source and 𝑙w/o e-gun are the counts with the pulser only.

All other peaks are due to actual signal electrons. Two or more of them might reach the
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Figure 6.13: (a) Four peaks are visible in the energy spectrum of a typical transmission
function measurement. Starting from the left, the lifetime pulser accounts for the first peak.
The second, third and fourth are the signal electron peaks. The colored areas highlight the
regions of interest for each peak. For higher energy the distributions get broader, but for the
logarithmic scale in a negligible way, as illustrated in (b). Here the scale is not logarithmic
anymore and the sub-percent influence of these peaks is evident.

detector within its time resolution and therefore cause pile-up. Of course the probability
for such effects decreases rapidly with the multiplicity of the peak. At total electron rates
from the given source of ≈ 10 kcps, the two electron peak can be expected to contribute in
the percent range, whereas the peak with multiplicity three can be neglected. As concrete
example consider fig. 6.14. The first electron peak contains 5 · 106 counts, the second 4 · 104

and the third only 3 · 103. Weighting the events within the second peak with a factor of
two, the final formula becomes

𝑘true =
𝑙w/ e-gun

𝑙w/o e-gun
(𝑘peak 1 + 𝑘peak 2) . (6.41)

The location of the peaks is above the energy corresponding to the retarding potential of
18.6 keV. This is due to the acceleration of electrons by the post acceleration electrode in
the detector section. The electrode is elevanted onto 10 keV. Furthermore a cut off has been
applied, removing the first 7 keV from the spectrum, where noise is prominent. Usually the
region of interest is defined to be [𝐸 − 3 keV, 𝐸 + 2 keV] around a peak with the energy
𝐸. However, the bottleneck for counting signals at high rates is not the wafer but rather
the electronics reading it out. Therefore, the pulser is coupled directly into the readout
electronics and the usual region of interest does not apply. According to the specified
output of the pulser and the shape of the first electron peak, located above it, the interval
of the lifetime pulser has been chosen to be slightly larger with [(10 − 3) keV, (10 + 3) keV].
All events outside only pose a small proportion and can be disregarded. Constructing the
proper windows for the electron peaks is more difficult. The one electron peak contains
almost all signal electrons. For higher multiplicity peaks the asymmetry in shape increases
drastically and it is not as easy to find arguments for the proper energy intervals. Because
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the probability for false counting increases with larger regions of interest, the peak with
multiplicity two is assigned the same window. In total only a few hundred events lie within
the three-electron peak and it is disregarded entirely. Well motivated by the high statistics
of the main peak, the constructed method for data treating renders the estimated quantities
with uncertainties well below the percent level, which is more than sufficient. For a more
detailed description see [Beh16].

6.3.3 Data analysis
The main goal of this chapter is the connection between spectrometer properties and the
potential, especially ripples coupled into the latter. After the characterization of the post
regulation and its capabilities and all necessary theoretical preparations the connection
between the inner potential and voltage fluctuations on the vessel will be established in
this section. All measurements have been conducted with the post regulation, as described
in section 4.2.2. By applying a known wave form to its base point this systems ripples the
vessels potential in the desired way. Three different possible parameters come to mind, the
amplitude, the radius inside the spectrometer and the frequency. Known from KATRIN’s
predecessor experiment and simulations, the inhomogeneity of the electric potential is
small and therefore the radial dependency can be expected to be small. A hysteresis of
the system would not be easy to explain but cannot be ruled out a priori. Most likely
the coupling into the potential could depend on the frequency. Between vessel and inner
electrode a total capacitance around 200 nF exists and the system could work as a high
pass filter. With such a large capacitance the cut off frequency could be expected to be
rather large. Nevertheless, the effective ohmic resistance of the apparatus is designed to be
tremendously large in order to prevent leakage currents. In favor of the DC stability this
large resistance can shift the cut-off frequency to values, where mid-frequency ripples can
couple lossless into the fields. To cover all these possibilities the parameter-space has been
chosen to be [3 radii] ⊗ [3 amplitudes] ⊗ [4 frequencies] = [36]. Selecting the proper radii is
straight-forward, measurements on-center, at the outer most pixel that could be reached
with the electron gun and in the middle between them. The right choice of amplitude must
be so that it is well above the variance in energy of the source. Therefore the amplitudes
1, 2 and 3 𝑉pp have been used. As the triode mounted in the post regulation setup can
only provide limited currents this choice of amplitudes gives boundaries for the possible
frequencies. Measurements have shown that stable conditions up to 3 kHz at 3 Vpp are
provided. Consequently the utilized frequencies are 50, 100, 1000 and 1500 Hz.

Now to the actual analysis. Fig 6.14 presents a transmission function measurement with
an active ripple of 3 Vpp and 1500 Hz. The best fit, drawn in yellow, describes the data
very well with 𝜒2/𝑁𝐷𝐹 = 67/64. This value strongly supports the sophisticated physical
model that has been developed. To ensure the meaningfulness of the squared residuals,
only data points where

𝑇 (𝛥𝐸) > 3𝜎𝑇 , (6.42)

have been taken into account for the fit. By this the residuals are ensured to be Gaussian
distributed and the squared residuals follow the 𝜒2 distribution. Additionally the one sigma
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Figure 6.14: (a) Measurement with fit of a transmission function with ative distortion
𝐴 = 1.5 V, 𝑓 = 1500 Hz. The one and three sigma bands of the fit are drawn in blue and
green, while the yellow line represents the best fit. Only points where it is safe to assume
that they are Gaussian distributed around the function have been taken into account during
the fit. Resulting in 𝜒2 = 67/64𝑁𝐷𝐹 the data are in good agreement with the model. (b)
By means of functional differentiation the derivative of the data points has been calculated.
In this picture, the yellow curve represents the analytic form of the function, only with the
parameters gained from the previous fit of the integral spectrum. This representation strongly
supports the model.
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(blue) and three sigma (green) neighborhoods. The surplus energy takes on negative values.
It has already been outlined that on the one hand, the correct title for this axis would be
the difference between measured DC-voltages in electron source and spectrometer, which
is suppressed for simplicity in fig. 6.15 and keeping in mind that the transmission function
is defined to be over the space of surplus energy. On the other hand, the usual way of
displaying transmission functions shall be kept, to show those systematic uncertainties
from unknown fluctuations of the retarding potential. With the functional differentiating
methods from above, the differential transmission function has been calculated, shown
on the right side of the figure. Note that only the data points have been differentiated
numerically, while the parameters gained from the fit of the integral form have been plugged
into the analytic form of the differential spectrum. Following the same color scheme, this
validates not only the differentiator but also strengthens the trust in the fitted function
and the model. Here the error bars are given by the uncertainties of the fit. However,
the data points are described with great accuracy by the function, any systematics would
amplify greatly in the differential spectrum and together with the gained 𝜒2 value the
model is ensured to describing the data properly.

With the physical, statistical and fitting methods shown to be working with a high
level of precision and reliability, it is worth to take a closer look at the output of the
utilized MCMC-chains, see fig. 6.15. By doing this, systematic effects of the methods can
further be investigated, as the fitting method returns not only the parameters but also a
posterior PDF for them. All four parameters have their best fit position at the mode of
the distribution. As discussed in the theoretical section, mean value and sine-amplitude
are well-behaved, while scaling and shaping parameter are not entirely symmetric. To
further illustrate this, fig. 6.16 presents the correlation between the amplitude, being of
most interest, and all other parameters. As the theory suggests, practically no correlation
between mean value and amplitude exists. In the case of shape and scale this is not true.
It is easy to understand that the amplitude and scale-parameter are anti-correlated. Both
broaden the transmission function. However, especially for large amplitudes the effect is
not significant. The shaping parameter introduces much stronger correlations. In fact, the
distribution is not simply described by an ellipsoid but a complex functional dependency.
Even for the largest amplitude utilized during the measurements, the contour suggests
a very strong correlation for small values of the amplitude. Together with a systematic
of the post regulation itself, that causes the applied ripples to be no longer symmetric,
this leads to large error bars for measurement with small amplitudes and low frequencies.
Nevertheless, the developed statistical and physical model among the fit and differentiation
algorithms have been proven to be valid and trustworthy.

After the connection between the inner retarding potential and vessel voltage has been
obtained with the above methods its dependency of radius, amplitude and frequency can
be performed. In order to do so, the coupling-efficiency, i.e. the ratio 𝜂 = 𝑈out/𝑈in, will
be considered. Because the data show no dependence regarding amplitude and radius
further investigations about those parameters are skipped. Large capacitance and also
large resistance between vessel and inner electrode allow it to treat the influence of a ripple
on the retarding potential as AC-voltage propagating through a high-pass filter. The large
radius of the main spectrometer make it reasonable to assume that has a small inductance
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Figure 6.15: The parameter distributions resulting from the MCMC-fit. For purposes of
illustration the chain size is relatively large with a burn-in of 1 · 106 and an actual sample-size
of 100 · 106. Reasonable burn-in sizes are 105, where the sample size then only limits the
resolution due to binning. The yellow line marks the position of the best-fit value where
the blue and green areas correspond to the one and three sigma neighborhoods of this value.
All distributions have their best-fit near the maximum, i.e. the mode, as one would expect.
Amplitude and mean value behave Gaussian-like, while shape and scale are skewed because of
correlations.

and therefore to regard the system as first order high-pass filter. The efficiency of such
filter is described by

𝜂 = 2𝜋𝑓𝑅𝐶√
1 + (2𝜋𝑓𝑅𝐶)2

, (6.43)

with the resistance 𝑅 and the capacitance 𝐶. An essential characteristic of a high-pass
filter is its cutoff frequency

𝑓cut = 1
2𝜋𝑅𝐶 , (6.44)

defined as the frequency for which the efficiency takes the value 𝜂 = 1/
√

2. For simplicity
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(c) Impact of 𝜂

Figure 6.16: Correlation between the amplitude and all other fit-parameters. Here, the mean
value (a) shows not correlation with the amplitude, that is worth mentioning. Contrary to
that, shape (b) and scale (c) are coupled significantly to the amplitude. As the shape of the
distributions is not only an ellipsoid, but possesses a rather complex structure, it is evident
that these parameters are subject of a non trivial parameter-space.
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this can be regarded as the lower limit for ripples to propagate freely through the filter.
Describing the influence that ripples pose for the electric fields then essentially means
looking for the frequencies that have a significant impact on the transmission function and
consequently the neutrino mass. A graphic illustration of this analysis is given by fig. 6.17.
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Figure 6.17: Frequency dependence of the coupling efficiency 𝜂. As there is no dependence
of the radius this parameter is suppressed. Different colors correspond to the three applied
amplitudes. Low amplitudes yield large error bars because of correlations with shaping and
scaling parameters of the model. It is safe to assume the cutoff frequency below 50 Hz and
therefore extremely low. Efficiency values larger than one can either be caused by the fitting
algorithm, wrong estimation of the input voltage or complicated interactions between the
control loop and the inner electrode potential that is capacitively coupled to the rippled vessel
voltage.

The illustration gives the data corresponding to different amplitudes in different colors.
Although there is no significant discrepancy between data with different amplitudes,
measurements with only 𝐴 = 500 V lead to large error bars. This is explained by the
fact that the amplitude is of the same order of magnitude as the energy resolution of the
source and therefore causing large correlations between these two parameters. Furthermore
measurements at large frequencies lead to values of 𝜂 larger than one. In principle this can
have several reasons. For one this could be an artifact from the fit. To exclude this, the
starting values, stepping sizes and limits of all parameters have been varied all leading to
the same optimum. Secondly the ripple probe that is used to measure the AC component
of the high voltage consists of a 400 nF capacitance and a 50𝛺 resistor. The probe gets
read out with a high impedance amplifier so that it will have a small cutoff but neither its
frequency response nor the amplifier’s characteristics have been experimentally validated,
so that they in fact can yield systematics. The third and most improbable option is
given by the interaction between control loop of the inner electrode supplies and the post
regulation setup. An applied ripple has two ways of propagating to the inner electrode.
It can couple capacitively or can reach the inner electrode through the utilized voltage
supplies that have their electrical reference point at the vessel potential (see section 4.2.1).
If both options apply and a phase variance between the two waves exists the control
loop of the supply will try to compensate. Depending on the exact phase variance this
can actually amplify the distortion slightly. Nevertheless, the effect is small and for the
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moment not of major importance because it is the gradient in the efficiency rather than
the absolute value, which by statistical means can be regarded to be at unity, that is of
major interest. Additionally the post regulation setup itself introduces a systematic effect
at low frequencies, see fig. 6.18. Being a prototype, the setup distorts the sinusoidal
wave at low frequencies. The total amplitude is much smaller than the externally applied
𝑉pp = 3 V. More importantly, the wave is no longer sinusoidal, as an asymmetry between
positive and negative flanks is introduced. The figure also shows the best fit of a sine-wave
to the function. In the course of this an offset has been introduced. This offset reflects the
asymmetric behavior of the function around zero, because all points have been weighted
with the same factors in calculating the 𝜒2 value. Apart from this the peak-to-peak value
of real wave and idealized sinusoidal are in agreement. Both functions differ greatly on
the falling side, where the measured waveform is descending faster above zero and has a
less steep gradient on the negative side. As already mentioned this is one of the reasons
justifying the usage of a skewed Gaussian function to describe the distorted transmission
function. With the wave being less symmetric in form for smaller frequencies the shaping
parameter increases, leading to correlations and large errors during the fit. The important
outcome is that all frequencies to couple unattenuated into the fields. To quantify this,
eq. (6.43) together with an additional offset-parameter to compensate for the systematic
shift to coupling efficiencies, has been fitted to the data. Respecting different systematic
uncertainties that different amplitudes yield, this has been done for all three amplitudes
separately. The final result then is

𝑓cut =

⎧⎪⎨⎪⎩
20.2 Hz ,𝑉pp=1 V

49.6 Hz ,𝑉pp=2 V

32.5 Hz ,𝑉pp=3 V.
(6.45)

As described above the deviation at low frequencies only leads to an underestimation of
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Figure 6.18: With an external wave of 𝑉pp = 3 V the post regulation produces a much smaller
output. The waveform differs greatly from a sinusoidal one and can no longer be regarded as
such. Especially the shape is not symmetric anymore and prefers the positive flank. The fitted
sine-wave (green) approximates the curve only but yields correct peak-to-peak values.
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the amplitudes. Therefore these values are rather upper boundaries than exact parameters.
Now that the connection between ripples of the vessel potential and their influence on the
electric field is fully understood, one is able to compensate for any arbitrary noise of the
potential during neutrino mass analysis. Thereby this result contributes greatly to the
experiment’s sensitivity. Furthermore the necessity of the post regulation setup has been
proven. Without an active way of smoothening the vessel potential, the inner electric fields
will unavoidably undergo disturbances by external electrical distortions that couple into
the retarding potential, especially even the best high voltage supply can not avoid this
effect.

To consolidate this result, consider the measured ripple without active post regulation,
fig. 6.4. Stated already, with the full understanding of sinusoidal distortions, arbitrary
waveforms can be implemented by switching to Fourier space. Transforming the measured
ripple yields fig. 6.19. Above 100 Hz no major contributions are given, therefore the
spectrum is truncated at this value. One peak is located at 50 Hz with an amplitude of
𝐴50 = 0.61Vpp. At the low frequency side at least two peaks are visible. For reasons
of simplicity they get regarded as only one peak and the amplitudes belonging to them
are summed. On the right hand side of the figure the measured transmission function
that corresponds to this ripple is shown. The green line represents a model with two
sinusoidal distortions, fixed at the previously mentioned values, whereas mean, scale and
shaping parameters have been fitted. The corresponding chi square is 𝜒2/𝑁𝐷𝐹 = 29/23,
indicating a good agreement between model and data. Hereby the fitted function is visibly
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Figure 6.19: (a) Fourier transformation of the ripple without active post regulation. One
peak is located at 50 Hz with the peak to peak amplitude 𝐴50 = 0.61 Vpp. At least two more
peaks are visible at low frequencies, for reasons of simplicity they get summed up and regarded
as only one peak with 𝐴1 = 0.83 Vpp. Frequencies above 100 Hz have practically no impact and
have been truncated. (b) Transmission function measurement with no active smoothening. The
green line represents a model with two sinusoidal distortions, given by the previously gained
amplitudes, whereas mean value, scale and shape have been fitted. With 𝜒2/𝑁𝐷𝐹 = 29/23
the model is in good agreement with the data. The deviations at the boundaries are a result
of overestimating the low frequency amplitudes by adding them.
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broader than the measurement, a circumstance originating from the simple summation of
amplitudes for low frequencies. This assumes the different waves to be in phase, which of
course can not be fulfilled for sine-waves of different frequencies. Adding those then has to
be regarded as upper limit for their influence. The whole reason to simplify the spectrum
with summing different peaks is due to the computing time that is rapidly increasing with
more sine-waves, as each of them adds one dimension to the integral to be solved. While
this worsens the gained 𝜒2 value it underlines the power of the proposed way of treating
high voltage systematics. Instead of having to know the exact shape of the transmission
function, where for arbitrary waveforms high dimensional integrals have to be solved, the
presented results allow to simply subtract an easy to calculate number during neutrino
mass analysis. Combining the results from section 2.2.2 and the current section, the global
shift of neutrino mass is easily computed with

𝛥𝑚2
𝜈𝑒

= −
𝑛∑

𝑖=1

𝐴2
𝑖

2 . (6.46)

Recall that the shift in neutrino mass for systematic effects associated with voltage
fluctuations for any given distortion is 𝛥𝑚2

𝜈𝑒
= −2𝜎2. Because for a single sine-wave the

variance of the corresponding probability density function is given as 𝐴2/2 and further
sine-type distortions add quadratically to the variance the above result is straightforward.
Here the number of summands 𝑛 is given by the quantity of frequencies that contribute
significantly in the Fourier spectrum. All presented equations have been independent of
the frequency. Sufficient information about arbitrarily shaped distortions can be gained
by utilization of the ripple probe. Nevertheless it is useful to have a way of verifying the
measured ripples. The inter-arrival time spectrum offers a way in doing so, see fig. 6.20.
The histogram is filled with data from a distorted transmission function, where 𝐴 = 1.5 V
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Figure 6.20: The inter-arrival times of electrons during a measurement with 𝐴 = 1.5 V and
𝑓 = 1500 Hz. With local maxima located at multiples of the period length 𝜏 = 0.67 ms (yellow)
the shape differs greatly from the one expected in the case of a rate that is solely Poisson
distributed in time. The peaks arise from the filter oscillating between the two boundaries,
letting larger or smaller numbers of electrons pass during the process.
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and 𝑓 = 1500 Hz. To understand the periodically distributed local maxima consider a
Poisson distributed statistical population in energy space and the transmission function to
be perfectly sharp with its step located at the expectation value of the energy. If the filter
barrier then oscillates between two extremal values the proportion of electrons emitted
will likewise fluctuate. Therefore the inter-arrival spectrum has peaks at the times that
are associated with the period length of the wave. Without any fitting the yellow lines
in the figure have been inserted as multiples of the period length 𝜏 = 0.67 ms. They are
in agreement and prove the above argumentation to be correct. Especially this is not
limited by the Nyquist theorem as it is a statistical process, even if the ripple is periodic in
time. Here an easy diagnostic tool is given. In estimating the background the time-interval
spectrum will be investigated for all runs and hence, distortions can be searched for during
standard analysis. This concludes the measurement and characterization of systematics
induced by fluctuations of the voltage. Conclusively the post regulation has been shown to
be necessary, and to smoothen distortions below the desired design value. Furthermore any
remaining systematic effect caused by ripples can be corrected for, by the above means.

6.4 Ripple dependent background
As discussed during the chapter introducing the principles of MAC-E filter, several mecha-
nisms that cause background are known from previous experiments. With this knowledge
the KATRIN experiment has been designed to suppress these known sources. By means of
a sophisticated electromagnetic design, Penning traps have been avoided entirely inside
of the main-spectrometer. Especially the radioactive decay of certain radon isotopes has
shown to be suppressed greatly with the installed baffles ([Goe14], [Har15]). Nevertheless,
the KATRIN experiment cannot be regarded as a simple up-scaling of its predecessors.
This has shown itself within the second measurement phase, where two new mechanisms in
producing background have been discovered. One of these is due to the decay of 210Pb.
During the mounting period to install the inner electrode daughter nuclei of the ,naturally
always present, 222Rn have been adsorbed onto the inner surfaces of the spectrometer.
Their decay chain ultimately leads to the implantation of the active lead isotope ([Har15]).
The second background-source is due to neutral particles, entering the fiducial volume in
excited states ([Dre15a]). Easily to apprehend, these particles will be most harmful, as
there is no obvious measure to counter the induced background. Rydberg molecules have
been proposed as such particles in [Dre15b]. These molecules provide a model that is in
agreement with the remaining background, that is otherwise cannot be explained otherwise.
Many production mechanisms for these molecules are possible, for further reading see
[Har15]. For the scope of the investigations following only a few of the characteristics may
be mentioned. Electrons with energies greater than 20 eV can interact with H2 molecules,
leading to the emission of a Rydberg state H*,

H2 + 𝑒− → H + H* + 𝑒−, (6.47)

see [Jan03], [Sch75] and [Sch79]. As the number of electrons expected with these energies
is very small this mechanism seems to be not very likely. According to the newest findings
it is much more likely for the production mechanisms to be connected to the radioactive
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decay of lead. After the emission of an 𝛼-particle the daughter-nucleus will be in an excited
state and can cause the emission of Rydberg states. However the Rydberg atom might be
produced, an external field is needed in order to ionize it. With the electric fields that are
present inside the spectrometer Rydberg atoms can be ionized. As a certain field strength
is necessary for this process to take place, this can happen at both ends of the spectrometer
and between vessel and inner electrode. The background has been known to depend on the
potential difference between hull and electrode. In agreement with the Rydberg-model the
background decreases with higher field strengths. Rydberg atoms emanated from surfaces
are expected to get ionized by these higher fields between spectrometer and inner electrode,
before they can enter the flux-tube. The Rydberg atoms that are already in the fiducial
volume will then only decay due to interaction with black body radiation inside the vessel.
As important parameters of the model, mean free path and velocity of the particles can
be estimated by investigating the time dependent radial distribution of the background.
Because the total rate of decays can only by as large as the measured background rate
the process of hindering Rydberg particles to enter the flux tube has to be conducted
many times in order to gain adequate statistics. This has been realized experimentally
by an arbitrary waveform generator with an amplifier that were connected to the inner
electrode. As the amplifier has a rather small cutoff frequency, the time period has been
chosen to be 5 ms. Better comparability with non-pulsed measurements was achieved by
setting the global inner electrode potential to −75 V in relation to the vessel potential,
while the time periodic electrical stroke has been chosen to be −25 V. Resulting in two
plateaus with effectively −50 V and -100 V inner electrode offset, values that are common
during all background investigations. A first check of consistency of these measurements
is given in fig. 6.21(a). Presented is a scatter plot of the energy incoming events have
and their relative time in respect to the last trigger signal, that defined as rising edge
of the pulse. During this and all following analyses the time window of one wave-period
has been segmented into 0.1 ms bins. Right now this seems like a somewhat arbitrary
definition but actually grounds on the statistics needed for reasonable radial-dependent
analysis. The only visible energy contributing significantly is the band between 25.6 keV
and 30.6 keV. With the post acceleration at a potential of 10 kV that is the expected
region of interest. In consistency with the expectations for the energy, the data show a
maximum between 3 and 4 ms. The right-hand side of the figure quantifies this feature.
Here the rates are drawn in addition to the pulsed voltage signal for better comparability.
Originally fed with a square wave signal the amplifier’s output differs from this ideal form.
It has linear flanks that overshoot at the maximal values to settle only slowly. This is
caused by a small cuttoff frequency. Nevertheless, this only restricts the intervals whereas
the signal can be regarded as stable. The boundaries of these plateaus are marked by
black vertical lines. From previous measurements the rate is known to be smaller for
higher offsets of the inner electrode potential. However, the blue lines indicate fits with
𝑅−50 = 523 (8) mcps and 𝑅−100 = 519 (9) mcps, that are statistically not distinguishable.
In contrast to measurements with static potentials, this behavior is unsuspected. An
interpretation shall be postponed until the end of the section, first consider the dynamic
features of the data. Negative field gradients produce an increase in rate on all rings, while
positive voltage-flanks do not provide this characteristic. Evidently the effect increases
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Figure 6.21: (a) The energy-time distribution of the summed events. This figure mainly is a
check of consistency and search for unexpected effects. With the spectrometer at 18.6 kV and
with the post-acceleration at 10 kV, the region of interest is the interval [25.6,30.6] kV. For all
times this is actually the only energy interval with a significant amount of events. A maximum
is observable between 3 and 4 ms. To further illustrate the time dependency the rates of all
rings and their summed rate between to pulses are drawn in (b). Because of the used amplifier
has a rather low frequency, the voltage waveform differs from the ideal step-function. The
two intervals, where the voltage has stable plateaus at −50 V and −100 V, the rates have
been fitted to be 𝑅−50 = 523 (8) mcps and 𝑅−100 = 519 (9) mcps. Therefore no significant
discrepancy between them can be found. The maximum from the energy spectrum is clearly
visible, its size being different for the rings. Note that this is not normalized to volume.
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Figure 6.22: (a) Further clarification of the radial dependency. As different radii correspond
to different volumes the rates have to be normalized. In this picture the difference between
the rate on each ring at the time of the trigger pulse and the rate at later times has been
normalized to the original rate. The signals start at low values and increase with time until
they reach their maximum between 3 and 4 ms after the trigger. After reaching the maximum
the rates drop to the initial value. The effect caused by the negative field gradient increases
with the ring number and therefore the radius. (b) Here the covariance between the most inner
rings and the more outer ones has been calculated for different shifts in time. This enables the
search for a Rydberg states average ionization time and velocity. However, the covariance is
maximal for the time shift to be zero, so that within the time-resolution the effect has to be
regarded as simultaneously on all rings.

with larger radii, however the presented rates are not yet normalized to the volume and
therefore not representative. A scaled depiction is given in fig. 6.22. As the investigations
for dependencies in time and radius are of interest, a different representation has been
chosen here. The abscissa is given by the ring number, where the ordinate is not the
rate normalized by the volume, but rather the difference between the rate of each ring
for 𝑡 ∈ [0,1]𝑚𝑠 and the rate at later times after the trigger pulse divided by its initial
value again in the first time-bin. This representation has been chosen, because it elegantly
avoids numerical and systematic failures due to the computation of the volume, while it
still provides the necessary comparability between rings. In agreement with fig. 6.21, the
incoming rate takes its minimal value directly after and directly before the trigger pulse.
It is maximal in the time window between 3 and 4 ms. Furthermore there is a radial
dependency, as the relative change increases with the ring number, i.e. the radius. In the
next step the originally goal of searching for a time shift between the rates on individual
rings, which would correspond to the statistical decay of Rydberg state particles that move
from the surface to the inner part of the spectrometer. A suitable way in doing so, is to
calculate the covariances of the inner ring as reference and the rings with larger radii, see
fig. 6.22(b). Here the rings have been bunched for better statistics and the covariances for
time shifts up to the period of the pulser signal have been calculated. Reaching the values
closest to unity, all rings have to be regarded as reacting simultaneously. That is of course
within the timing resolution of 1 ms.
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Summarized one new feature has been found and one expected behavior is not prominent.
Actually this is not in contrast to the Rydberg model, but underlines the theory and the
need for more investigations concerning this sophisticated background source. Firstly,
the dynamic response of the background to negative field gradients can have its origin in
complicated electric charging processes. Different segments of the inner electrode have non
identical capacitances and therefore also individual time constants. Shown in [Hil16] this
can cause electrons to reach from the vessel surface into the flux-tube. Further, Rydberg
particles in alternating electromagnetic fields near metallic surfaces are known to change
their number of enclosed orbits with active oscillating field in dependence of their distance
to the surface ([Wan08b], [Wan08a]). This hints into the right direction but the exact
situation at the KATRIN experiment is slightly different. As this an own research field,
a detailed elaboration is well beyond the scope of this thesis, but elucidates the need
of further data taking and modeling. Secondly, the fact that the rates are the same for
both potentials, whereas they actually differ for static measurements, can be explained
by several mechanisms. Of course the above argument also applies to this situation. For
certain field and geometrical configurations many orbits of the Rydberg particles will be
caused to be not closed anymore and consequently to decay before they reach the fiducial
volume. However this argument needs many preconditions. With the results of the previous
section a much easier and direct answer is given. Every distortion in the vessels potential
couples electrical undamped into the inner electrode potential. Even if the present case
reverses this process it is still likely to hold. The coupling will only be damped because
in the case of the previous section it does not only happen capacitively but also through
shifting the base potential of the inner electrode supplies. The latter effect will be reduced
for the reversed direction but will still be manifest. From this it directly follows that
AC-fluctuations, i.e. electrical pulses, can maximally lead to a phase shift between the
voltages of vessel and electrode and therefore no large potential differences can be realized
between them with AC-applications. In conclusion the measurements at hand do not reject
the Rydberg hypothesis but rather strengthen the picture of a background source that is
new to MAC-E filters and needs careful modeling and detailed investigations.



CHAPTER 7
Response function

To achieve a 𝜈-mass sensitivity of 200 meV at 90 % C.L. the KATRIN experiment requires
systematic uncertainties to be known to an extraordinary high degree. Until now, the
effects studied include the variation of the energy of electrons emitted by the source
or fluctuations of the analyzing potential of the filter. The former gives a quantitative
insight to the systematic shift that estimates of the neutrino mass will undergo due to
distortions. Detailed investigations of a theoretical model to describe the influence of
fluctuations and their experimental verification have been conducted throughout this thesis.
To ultimately complete the course of energy scale systematics, i.e. of voltage fluctuations
and their measurement, the impact of the developed models on the neutrino mass analysis
is discussed in this chapter. The transmission function is an idealized representation of
more complex experimental conditions. For example, the transmission function neglects
source effects and a series of other systematics, for neutrino mass analysis it has to be
expanded. The resulting function is called response function and has been described in
great detail in [Gro15b]. For the scope of this work it is sufficient to only heuristically
motivate its shape shortly. For further reading the reader may be referred to the cited
thesis from which the basic information is summarized.

7.1 The response function
Formally, the response function R(𝐸 − 𝑞𝑈ret) is introduced in exactly the same way as the
transmission function(︂

d2𝑁

d𝑡 d𝐸

)︂
conv

= d2𝑁

d𝑡 d𝐸 ⊗ R(𝐸 − 𝑞𝑈ret), (7.1)

to implement all characteristics of the experimental apparatus. As in the case of the
monitor spectrometer, the response function has to be extended to incorporate the finite
size of the source and spectrometer. Put in a simpler way, the transmission function is only
valid for electrons starting at one specific field line in the source and propagating on the
same path through the filter. Due to inhomogeneities of electric and magnetic fields, the
response function has to be calculated as the weighted average of transmission functions at
different radeii. Additionally, the main spectrometer is not exactly symmetric in azimuthal
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direction. Therefore the summation is has to be performed not only for different radii,
but also for different angles. In case of the monitor spectrometer, the finite summation is
chosen with a somewhat arbitrary number of terms, in the case of the main spectrometer
the segmentation of the detector gives a more natural discretization. Electrons that are
emitted inside the tritium source can scatter off tritium molecules, thereby losing a certain
amount of energy 𝜀 in the process. According to

R(𝐸 − 𝑞𝑈ret) =
𝐸−𝑞𝑈retˆ

0

𝑁∑︁
𝑖=0

T(𝐸 − 𝜀− 𝑞𝑈ret)𝑃𝑖 𝑓𝑖(𝜀) d𝜀, (7.2)

each scattering process will change the shape of the response function. Here the parameters
𝑃𝑖 are the scattering probabilities and 𝑓𝑖(𝜀) the corresponding energy loss functions. The
summation is taken up to N subsequent scatterings. Both, source density and cross sections
are needed to determine the response function and also a meaningful number of implemented
scatterings. These can be calculated by analytical or Monte Carlo (MC) methods, see
[Gro15b]. As the response function is already implemented into the global analysis and
simulation framework KASPER of the KATRIN experiment, these calculations are not
discussed here. It is well known that charged particles lose energy due to synchrotron
radiation due to their propagation on cyclotron paths along magnetic field lines.

All effects result in a response function that is shown in fig. 7.1, where nominal field
settings with Bsource = 3.6 T and Bana = 3 G have been used. The first part of the function
on the interval [0, 0.93] eV is dominated by the radially and angular weighted transmission
function. A characteristic plateau for surplus energies of a few eV is a consequence of
electrons that leave the source without any scattering, because the process takes at least
10 eV. The following increase of transmission probability is caused by single, twofold and
eventually n-fold scattering. The probability for these processes significantly decreases
with increasing number of interactions. Therefore, the effect on the response function also
decreases with this number. From a mathematical point of view this function is no longer
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Figure 7.1: Response function as outputted by the KASPER framework for nominal magnetic
fields, Bsource = 3.6 T, Bana = 3 G. The transmission function
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a CDF, as it is not normalized to unity. This scaling constant has no deeper physical
meaning.

7.2 Energy scale distortions of the response function
The influence of high voltage distortions on the response function is investigated by the same
method that is used to implement the feature into the transmission function. Therefore it
is sufficient to calculate

R(𝐸 − 𝑞𝑈𝑟𝑒𝑡) =
∞̂

−∞

R(𝐸 − 𝑞�̃�ret(𝜉))𝑓(𝜉)𝑑𝜉, (7.3)

or for numerical reasons in the case of sinusoidal ripples

R(𝐸 − 𝑞𝑈𝑟𝑒𝑡) = 1
2𝜋

�̂�

−𝜋

R(𝐸 − 𝑞𝑈ret +𝐴 sin(𝜉))𝑑𝜉. (7.4)

Combining the response function and ripples then yields fig. 7.2. For better visibility, the
amplitudes of ten rippled functions are incrementally increased starting from 0.1 V to 1.0 V.
As expected, the largest effect is caused in the region of small surplus energies, where the
transmission function dominates the response function. Here the effect is practically the
same as in the ideal transmission function. For the region of single and twofold scattering
the influence is suppressed. However, the effect is the same as in the case of the distorted
transmission function. Interestingly, electrons with negative surplus energies now have
non-vanishing transmission probabilities. Equivalently, the end point of the measured
tritium spectrum is shifted to larger energies, causing the estimated neutrino mass to
systematically shift to smaller values. Detailed investigations with MCMC methods have
shown that the effect scales in fact with 𝛥𝑚𝜈𝑒 = −2𝜎2 in case that the fitting algorithm
does not detect active ripples, i.e. the 𝜒2 value remains unchanged [Kle14].

In conclusion, one can state that the hardware reduces the size of ripples to a very small
minimum enabling a high-precision 𝜈-mass measurement. It can thus be expected that
the HV-ripple-induced systematic uncertainties will be of no concern for the final 𝜈-mass
analysis.
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Figure 7.2: (a) Distorted response functions. Sinusoidal fluctuations with different amplitudes
𝐴 have been implemented. A total of eleven functions are drawn, out of them ten are distorted
with amplitudes incrementally reaching from 0.1 V to 1.0 V. (b) Residuals between the
undistorted and rippled functions, to amplify the effect. The functions behave as expected, the
ripple yields the greatest influence for low surplus energies, where the transmission function
plays the most important role.



CHAPTER 8
Conclusion and outlook

The thesis in hand describes work carried out to generate, stabilize and monitor retarding
potentials for the KATRIN main and monitor spectrometers at ultra-high precision. In
particular, the influence of remaining ripples at the analyzing potential was character-
ized in detail. The results obtained play a crucial role in determining the absolute mass
scale of electron antineutrinos with the targeted 𝜈-mass sensitivity of 200 meV 90% (C.L.).

The observation of neutrino oscillations has yielded irrefutable evidence for non-vanishing
neutrino masses, however the absolute mass scale of neutrinos cannot be accessed by these
studies. Hence, a variety of experimental techniques is being developed and refined to deter-
mine the absolute mass of neutrinos. The leading experimental approach and most mature
technology is based on high-resolution spectroscopy of tritium 𝛽-decay spectrum close to
the 𝛽-decay endpoint of molecular tritium (18.6 keV). The next-generation experiment
KATRIN combines a large electrostatic retarding spectrometer with an ultra-luminous
windowless gaseous tritium source. In doing so, the KATRIN experiment will improve
the current neutrino mass sensitivity by one order of magnitude to 200 meV (90%C.L.)
after five years of measurement time. To reach this goal, the retarding potential has to be
maintained and monitored at an ultra-stable level over this extended period of time.

During 2013, a 4-months-long data taking period was successfully concluded during which
the KATRIN main spectrometer was elevated for the first time onto high voltage. The
measurements revealed the basic functionality of the complex high voltage system. This
includes the implementation of a robust safety and control system. The results obtained
were then used to further improve the high voltage setup. The upgraded system features
automated calibrations of the voltmeters and, most importantly, a post-regulation setup
for active smoothening of the high voltage at 18.6 kV.

In the second commissioning phase in 2014/2015, the refined HV system was subject
to detailed investigations. Of particular interest was the elevation of the short and long
term stability of the retarding potential with active smoothening by the post-regulation
setup. This included DC as well as AC stability and an in-depth study of the influence of
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remaining ripples on the analyzing potential. The observed fluctuations on the 10 mV level
highlight that the high voltage system operates at stability levels which are better than
the design values. In addition, the commissioning measurements of the second data-taking
phase SDS-II allowed to fine tune the high voltage system to requirements, in particular
with respect to transmission properties and background characteristics.

Generation and stabilization of the retarding potential
As the main spectrometer vessel acts as antenna for electromagnetic distortions, it is not
sufficient to utilize voltage power supplies with a stable output. Therefore, the employed
post-regulation setup allows to actively smoothen the high voltage. Measurements with
inactive post-regulation have revealed a ripple with a standard deviation of 𝜎 = 308 mV. The
active post-regulation setup suppresses this ripple to the size of 𝜎 = 16 mV only. Compared
to the design value of 𝜎 = 60 meV, the systematic uncertainties of HV fluctuations are
reduced by more than a factor of three. The DC stability that is reached with the post-
regulation system corresponds to an uncertainty of 16 mV. This yields a total uncertainty
budget of 𝜎total = 23 mV, so that the global uncertainty caused by the high voltage system
is better than the design value by a factor of ≈ 3. In addition, the settling time of the
post-regulation setup after a new set value was entered has been reduced to only 320𝜇s.
As voltage power supplies usually have settling times of ≈ 10 − 40 s, the tritium scanning
possibilities with the large main spectrometer are significantly improved by utilizing the
post-regulation.

Monitoring of the retarding potential
The monitoring chain of the HV system consists of the two high-precision custom-made
voltage dividers (K35, K65) and the separate monitor spectrometer (MoS) beam line. The
KATRIN voltage dividers allow precise measurement of the retarding potential (18.6 kV)
with state-of-the-art digital voltmeters that are calibrated in fully automated mode. By
measuring conversion electron lines of the 83𝑚Kr decay, the MoS allows long-term monitoring
and calibration of the analyzing potential, in particular via the K-32 line position of the
krypton decay which acts as a ’constant of nature’. The combined devices have a stability of
(7.3±1.9) mV/60days in the case of the K35 voltage divider, and of −(14.9±2.3) mV/60days
in the case of the K65 voltage divider. Here, 60 days of data taking correspond to a standard
KATRIN measuring cycle. The monitoring system of the KATRIN experiment allows
voltage measurement with highest (world-leading) precision.

Influence of distortions on the transmission properties
During the SDS-II measurement phase, an angular selective electron gun allowed the
detailed study of transmission characteristics of the main spectrometer. A new technique
was developed by applying distortions of known amplitude and frequency to study their
influence on transmission properties. Due to rather strong capacitive coupling of the
inner electrode and the main spectrometer vessel, each external distortion will couple
into the analyzing potential with efficiency 𝜂 = 1. To counteract the resulting systematic
uncertainties, the of influence distortions on the neutrino mass analysis was modeled and
implemented into the KATRIN analysis framework. As the effect of remaining ripples now
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can reliably be predicted and precisely be modeled, their associated systematic uncertainties
can be accounted for during the top level 𝜈-mass analysis.

Summary and outlook
In the scope of this thesis, major contributions were made to the commissioning and
refinement of the high voltage system of KATRIN to characterize its systematic uncer-
tainties. The high voltage system performs at stabilities that result in overall systematic
uncertainties of only 𝜎 = 23 mV. This small value improves the design requirements by
a factor of three. The monitoring of the retarding potential by combining high-precision
voltage dividers with an 83𝑚Kr-source as nuclear standard yields long-term stabilities that
are better than 1 ppm/60days. Remaining fluctuations of the high voltage can be measured
and counteracted, as their influence has been fully characterized. In conclusion, it can
be stated that the current HV setup exceeds the already very stringent KATRIN design
specifications. The remaining systematic uncertainties can be evaluated and taken into
account of by the implemented HV systematics as part of the final 𝜈-mass analysis.

Future steps will focus on integrating the source section into the existing HV system, an
upgrade of the post-regulation setup based on a new auxiliary voltage divider and finally the
installation of smoothing capacitors. Once these refinements are implemented, long-term
data taking with the unique KATRIN setup can proceed with minimized systematics from
high-precision tritium scanning at the 𝛽-decay endpoint to unravel the remaining mysteries
of neutrinos and their rest mass.





APPENDIX A

Differential transmission function and numerical differentiation

Given that energy resolution is proportional to retarding potential, the differential trans-
mission function can almost directly be translated into an energy distribution for a given
source, like the electron gun. Apart from this, the differential transmission function lacks
physical meaning. However, the adapted model shown above has features that become
more evident in the differential form and it is worth investigating them solely for reasons
of data analysis. Sharp edges and peaks usually provide faster convergence during fitting
as their line shape reacts sensitively on parameter variations. The same method used to
highlight the behavior of the integral spectrum in respect to variable parameter settings
can be applied to the differential case (fig. A.1).

In direct comparison much sharper features are provided. Characteristics that are promi-
nent globally in the integral form become clearly distinct in the differential transmission
function. Not only manifested as sharpness, but also by a much richer structure and espe-
cially asymmetrical overlaps, the expected correlation between the four different parameters
is much smaller. Most importantly the functions scaling is improved by a factor of three for
the ripple amplitude. As suggested by the spectrum itself, all changes concentrate around
the two local maxima but are easily separable for their clearly distinguishable influence
on the line shape. For these reasons the differential form is of interest and numerical
differentiation methods become necessary.

One such method is given by the common three-point differentiation rule. For a data
set {T(𝛥𝐸)}𝑖 distributed on a non uniform grid {𝛥𝐸}𝑖 together with the associated
Lagrangian polynomial becomes

T′(𝛥𝐸𝑖) = 𝛾𝑖−1T(𝛥𝐸𝑖−1) + 𝛾𝑖T(𝛥𝐸𝑖) + 𝛾𝑖+1T(𝛥𝐸𝑖+1), (A.1)
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Figure A.1: With the same method like in the integral case the figure illustrates the impact
of the parameters on the differential transmission function. All parameters now lead to much
sharper defined deviations. Previously symmetric, the mean value now causes asymmetric
changes. Shape and scale are richer in structure and decouple because of small intervals of
𝜆 where their deviations are now associated with opposite signs. Especially the amplitudes
influence ist amplified by a factor of three, whereas the mimicking effect by interactions of
shape and scale is now less pronounced. Fitting functions to the differential model has to be
favored in this manner.

where the coefficients 𝛾𝑖 are given by

𝛾𝑖−1 = 𝛥𝐸𝑖 −𝛥𝐸𝑖+1
(𝛥𝐸𝑖−1 −𝛥𝐸𝑖)(𝛥𝐸𝑖−1 −𝛥𝐸𝑖+1)

𝛾𝑖 = 2𝛥𝐸𝑖 −𝛥𝐸𝑖−1 +𝛥𝐸𝑖+1
(𝛥𝐸𝑖 −𝛥𝐸𝑖− 1)(𝛥𝐸𝑖 −𝛥𝐸𝑖+1)

𝛾𝑖+1 = 𝛥𝐸𝑖 −𝛥𝐸𝑖−1
(𝛥𝐸𝑖+1 −𝛥𝐸𝑖− 1)(𝛥𝐸𝑖+1 −𝛥𝐸𝑖)

.

(A.2)

An advantage of this technique is its simplicity, calculating the derivative of a dataset
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consumes practically no computing time. Being an approximate to the second order the
formula will yield well defined results in many cases. Analytically the absolute value
function is continuous and therefore differentiable in every point. Datasets consisting only
of a finite size limit the accuracy, regions where the function has a large gradient will
worsen the results. In the case of the absolute value function this is given at the coordinate
systems origin, here the deviation even is discontinuous. If large gradients are expected
within a measurement, this can be counteracted by decreasing the interval size between
points. Naturally this has its limits, as every measurement device has a certain resolution.
Noisy data can wash out important features of a function entirely. Considering the
absolute value again, added with a Gaussian variate with 𝜎 = 0.1, the above three-point
rule is not sensitive to the sign change in the gradient at all, see fig. A.2. Shown are the
noisy function on the left and the estimated derivative on the right (yellow). Well known
from numerics the differential ratio is not good conditioned and greatly amplifies noise in
the data. Even the small standard derivative applied to the considered points leads to a
derivative that neglects every feature of the original function. Not drawn in this figure are
the error bars one would usually assign trough propagating errors. Likewise, these would
be amplified, leaving a derivative whose points are compatible with values that are more
than one order of magnitude away from the real value. Without previous knowledge this
differentiation procedure hides literally every feature of the true function, because neither
the sign nor the absolute value of the derivative is correct and the entire function even
agreeable with constantly being equal to zero. In this picture statistical uncertainties of the
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Figure A.2: Illustrated in this figure is the effect of noisy data numerically differentiated
with the central three point formula. (a) shows the original function, that is the absolute value
function with an additional Gaussian distributed noise, where 𝜎 = 0.1. Still, even the noisy
data is perceived as the absolute value, even by eye. Numerically differentiating with classical
methods yields an unsatisfactorily result (yellow). All important features, i.e. sign, numerical
value and the discontinuity at 𝜆 = 0, are washed out entirely and the function is compatible
with constantly being equal to zero. This absurd result is in contrast to the one gained from
functional methods (green). The fluctuation of this curve is almost zero, whereas the correct
numerical values and a sharply defined edge at the right position are provided.
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abscissa have not been accounted for, naturally they would also contribute in a negative
way. With the transmission function being normalized to take values between zero and one
and uncertainties in the energy, for instance caused by the finite energy resolution of the
electron gun, in the order of 𝜎 = 100 meV and the intentionally introduced distortions of
the filter potential it is not an option to use these conventional methods. However, the
figure also provides the derivative that has been gained through a different method, that
solves this problem.

The subsequent developments have originally been developed for signal processing, where
functions with sharp edges play a crucial role. Adapting them to the task at hand is
however possible, the mathematical foundation is published in [Cha11] while the necessary
optimization algorithms have been implemented differently into the KATRIN analysis
framework. As numerical differentiation is a badly conditioned problem, it is common
to solve the inverse problem instead. A way of doing this, established for many years, is
minimizing the functional

𝑆 [𝑢] = 𝛾𝑃 [𝑢] + 𝛿𝐹 [𝐾𝑢− 𝑓 ] , (A.3)

known as the Tikhonov regularization. Here 𝑢 denotes the derivative, 𝑃 is a penalty term
that disfavors irregularities, 𝐾 the operator of anti-differentiation and F a data fidelity
term. Balancing these terms is achieved with the two parameters 𝛾 and 𝛿. For the most
common Gaussian noise, the fidelity term can be assumed to be just the 𝐿2 norm and it is
reasonable to take the same norm for regularization. By this, the total curvature of the
derivative will be minimized, so it is clear how this term suppresses noise. Furthermore
the data fidelity term is easily understood to minimize the area between the original curve
and the inverse problem. On an interval [𝑥0, 𝑥], this leads to

𝑆 [𝑢(𝑥)] = 𝛾

𝑥ˆ

𝑥0

|𝑢′(𝑥)| d𝑥+ 𝛿

𝑥ˆ

𝑥0

|𝐾𝑢(𝑥) − 𝑓(𝑥)|2d(𝑥). (A.4)

Deciding how 𝛼 and 𝛾 should be treated is somewhat arbitrary and naturally the point
where a weakness of the method becomes obvious. If the regularization term is overweighted
actual gradients could be suppressed, if chosen to be too small noise could still be present.
A reasonable assumption is to let the regularization parameter itself become a function and
taking it to be the reduced 𝜒2 of the data and the inverse problem. Ideally this parameter
then takes a value near unity and it has been empirically found to be a good choice for the
other weight to be 𝛿 = 1/2.

As this functional needs to be optimized with respect to data and the corresponding
derivative every data point will add one degree of freedom. Usual transmission function
measurements consist of eighty points, for which the necessary computing time becomes
problematic. Even worse, the parameters will be strongly correlated resulting in an arbitrary
number of local minima in the parameter-space. A mighty tool for applications is given
by Markov chain Monte Carlo algorithms. In the framework of the KATRIN experiments
global analysis and simulation package Kasper such a fitting class using MCMC is provided
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([Kle14]). Even with this the needed sample sizes are large and consume time. One solution
for this is the knowledge of the derivative in the beginning, as good initial start values
will significantly decrease the needed efforts. In the most cases this of course will not be
possible, with the easy to calculate three-point differentiation shown to be not reliable.
However, the transmission function itself provides a strong argument to accelerate the
process. It is known to be necessarily zero at small energies and a monotonic function of
the energy. Therefore the utilized algorithm begins at the low energy side neglecting all but
two points to estimate the derivative of the third. After this the process loops, successively
adding one point at a time while fixing all points that have already been treated in previous
steps until the last point is reached. Every cycle can be done with a small chain size and
only consumes a minimum of computing time. This results in an good approximation of
all parameter’s initial values. The actual fit can then be performed in reasonable amounts
of time. In advance to the conducted transmission function measurements one data set is
shown in fig. A.3. On the left-hand side the actual measurement is shown, for reasons of
simplicity this is drawn without proper errorbars for the time being. Again, the right-hand
side directly compares both differentiation methods, with the result of the three-point
formula in yellow and the output of the functional method in green. As expected, the
classical approach yields a highly fluctuating outcome and takes on values that have
to be regarded as unphysical with significantly negative values on the high energy side.
Additionally this algorithm is not able to keep the skewness as a characteristic of the
function, or even causes the function to be skewed into the wrong direction. Contrary to
this, the functional method shows its immense capabilities. The function is much smoother
and keeps important features manifest. Even without artificially introduced boundaries at
the low and high energy sides the result provides physically sound values.
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Figure A.3: (a) The transmission function data from an actual measurement. The noisy
function gets differentiated (b) by use of the three-point rule (yellow) and the functional
method (green). As before, the conventional method amplifies noise greatly and yields bad if
not even unphysical results. Especially the skewness parameter will be changed, as the right
peaks high increases. Applying the functional method, the gained result is much smoother and
describes the data well, as will be shown in the analysis section.
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