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DISCRETE DIFFRACTION MANAGED SOLITONS: THRESHOLD
PHENOMENA AND RAPID DECAY FOR GENERAL
NONLINEARITIES

MI-RAN CHOI, DIRK HUNDERTMARK, YOUNG-RAN LEE

ABSTRACT. We prove a threshold phenomenon for the existence/non-existence of energy
minimizing solitary solutions of the diffraction management equation for strictly positive
and zero average diffraction. Our methods allow for a large class of nonlinearities, they are,
for example, allowed to change sign, and the weakest possible condition, it only has to be
locally integrable, on the local diffraction profile. The solutions are found as minimizers of
a nonlinear and nonlocal variational problem which is translation invariant. There exists a
critical threshold Ac; such that minimizers for this variational problem exist if their power
is bigger than A¢; and no minimizers exist with power less than the critical threshold. We
also give simple criteria for the finiteness and strict positivity of the critical threshold. Our
proof of existence of minimizers is rather direct and avoids the use of Lions’ concentration
compactness argument.

Furthermore, we give precise quantitative lower bounds on the exponential decay rate
of the diffraction management solitons, which confirm the physical heuristic prediction
for the asymptotic decay rate. Moreover, for ground state solutions, these bounds give a
quantitative lower bound for the divergence of the exponential decay rate in the limit of
vanishing average diffraction. For zero average diffraction, we prove quantitative bounds
which show that the solitons decay much faster than exponentially. Our results consider-

ably extend and strengthen the results of [15] and [16].
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1. INTRODUCTION

We study the existence and properties of solutions of the diffraction managed non-linear
discrete Schrodinger equation

wpla) = ~dun (8p)(a) = [ T [P tar), (11)
on [2(Z), where p is a finite measure with compact support and w a constant. Here, Af(z) =
f(z+1)=2f(x)+ f(x—1) is the discrete Laplacian on Z, T, = €™ is the solution operator of
the free discrete Schrodinger equation in one dimension, the average diffraction d,y is either
positive or zero, and P is the nonlinear term. Previously, either only very simple pure power
nonlinearities P together with simple measures p, which correspond to piecewise constant
local diffraction profiles dy, or the specific third order nonlinearity P(z) = |2|?z, 2z € C and
general probability measures p have been studied, see the discussion in Appendix D. We
will extend this to a large class of nonlinearities.

Discrete nonlinear dispersive equations such as the discrete nonlinear Schrédinger equa-
tion (1.1) arise in the context of nonlinear optics [1, 5, 11, 21, 28], the study of dynamics
of biological molecules [9, 10], localized modes in anharmonic crystal in condensed matter
physics, [0, 26]. Here the discrete models arise as phenomenological models or as tight
binding approximations, see, for example, [19, 22].

In the application to nonlinear optics, which is our main motivation for studying solu-
tions of (1.1), day is the average diffraction along an array of waveguides and p will be a
probability measure with compact support related to the local periodic diffraction dy along
the waveguide. Since we can treat arbitrary probability measures p with compact support,
our results hold for any local diffraction profile dy which is locally integrable. In particular,
1 = &g, the Dirac mass at zero, is allowed, so our results include the well-known discrete
NLS. We will discuss this more thoroughly in Appendix D.

To get the weak formulation of (1.1), let (f,g) = > s f(z)g(x) be the usual scalar
product in [?(Z) and take the scalar product of (1.1) with h € I2(Z) to see that since
— (A, h) = (D4, Dy h), where the forward difference operator D is defined by

(D1 f)(x) = flx+1) - f(z)

for any x € Z and using the unicity of 7, one has

( /R 7 [P () ) = [ (P(Te), 1) ()

R

and therefore the weak formulation of (1.1) is given by
() = du(Dysp. Dih) = [ (P(T0), T)u(ar) (1.2)

for all h € I*(Z).
The diffraction management equation (1.1), or better, its weak form (1.2), has a varia-
tional structure. We assume that P is an odd nonlinearity of the form

P(z) = p(|z])= (1.3)

for z € C. To use this, let V be a differentiable function with V’(a) = P(a) for a > 0, for
example,

V(a) = /Ua P(s)ds for a>0. (1.4)



Then the constrained minimization problem associated with (1.1) is given by
B = inf{H(p) : ¢ € 1*(2), |l@lfaz) = A} (1.5)

where A > 0 and the Hamiltonian, or the energy, takes the form

dav
H(p) = = 1D+ ¢llizz) — N (%), (1.6)

with the nonlocal nonlinear ‘potential’

N(g) = /R SV (T (@) uldr). (L.7)

TEZL
It turns out that any minimizer of (1.5), that is, any ¢ € [?(Z) with HcleQQ(Z) = )\ such that

Eﬁ"” = H(y), will be a solution of corresponding Euler-Lagrange equation (1.1). Thus
we are led to study the minimization problem (1.5) and to investigate the properties of its
solution. An obstacle for the existence proof is the invariance of the Hamiltonian under
shifts so the variational problem is invariant under a non-compact group. Hence there is
a potential loss of compactness, since minimizing sequences can easily converge weakly to
Zero.

While it is possible to formulate conditions directly on the nonlinearity P in (1.1), we
find it more convenient to use conditions on the nonlinear potential V' related to it by (1.4).
Our main assumptions on the nonlinear potential V' : Ry — R are
A1) V is continuous on Ry = [0,00) and differentiable on (0,00) with V(0) = 0. There

exist 2 < 1 < 2 < oo such that

V'(a)] Sa ' +a27 1 foralla>0. (1.8)

A2) V is continuous on R and differentiable on (0, 00) with V(0) = 0. There exists v > 2
such that

V'(a)a > vV (a) for all a > 0.

A3) There exists ag > 0 such that V(ag) > 0.

The three assumptions above are our main requirements on the nonlinear potential. They
are enough to prove a threshold phenomenon: solutions exist at least for large enough power
A = [|p||3. In order to guarantee the existence of solutions for arbitrarily small A, we need
to strengthen assumption A3 to

A4) If d,, > 0 we assume that there exist € > 0 and 2 < k < 6 such that
Via) 2 a® forall0<a<e.
If daw = 0 we assume that V(a) > 0 for all 0 < a < e.
Remarks 1.1. (i) An integration shows that A1 implies
[V(a)| S a’ + a2 (1.9)

Much more important for us is the fact that A1 allows us to control the nonlocal nonlinearity
N under splitting, see Lemma 2.7 and the discussion in section 2.2.
(ii) Examples of nonlinearities obeying assumptions A1 through A3 are given by

J
V(a) = Z c;a®
j=1
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with ¢; > 0, 2 < s5; < 00, and J € N, but our assumptions also allow nonlinear potentials
which can become negative, for example,

V(a) = —a*+a® fora>0
is allowed. It certainly fulfillls A1. Since
V'(a)a = —4a* + 6a°® = 4(—a* + a®) + 2a° > 4V (a),

it also obeys A2. Moreover, V (ag) > 0 for all large enough ag, so A3 holds.
If we did not assume A3, then the nonlinearities could also be strictly negative for all
a > 0, for example, V(a) = —a* — a® obeys A1 and because of

4
V'(a)a = —4a* — 6a° = 6(—6a4 —a%) >6V(a)

also A2, but then the critical threshold A.. given in Theorem 4.1 would be infinite. The
threshold is finite if and only if, for some f € I2(Z) we have N(f) > 0, see part (iv) of
Theorem 4.1 below.

Concerning the existence and nonexistence of solutions, we have

Theorem 1.2 (Threshold phenomenon for existence/non-existence). Assume that V' obeys
assumptions A1 through A3 and that da, > 0.

(i) There exists a threshold 0 < Ao, < oo such that Efa" =0 for 0 < X < Ay and
—00 < Efa" <0 for A > Aq-

(ii) If day > 0 and 0 < A < Aer, then no minimizer for the constrained minimization
problem (1.5) exists. If v1 > 6, then Ay > 0.

(iii) If day > 0 and X\ > Ay, then any minimizing sequence for (1.5) is up to translations
relatively compact in 12(Z), in particular, there exists a minimizer for (1.5). This minimizer
is also a solution of the diffraction management equation (1.1) for some Lagrange multiplier
w < 2B /X < 0.

(iv) If V obeys, in addition, A4, then A = 0.

Remarks 1.3. (i) The proof of Theorem 1.2 is given at the end of Section 4. The precise
definition of the threshold A, is given in Definition 4.8. As we will see in Theorem 3.1,
minimizing sequences for (1.5) are relatively compact in 1?(Z) modulo translations if and
only if Ef"“’ < 0. So when A\ = A\ minimizers might exist, but minimizing sequences do
not have be be precompact modulo translations.

(ii) Using h = ¢ in (1.2), it is clear that the Lagrange multipliers are

day (D10, Dy o) — [o(P(Trp), Trip) pu(dr)
(@, )

w =w(p) =

and using assumption A2 this will yield a rather direct proof of w(p) < 2E§a" /A < 0 for
all minimizers ¢, see (3.15).

If ¢ is a solution of (1.1), or rather of its weak version (1.2), one can ask how well it will
be localized. As it turns out, the answer to this depends on whether d,, = 0 or d,y > 0. In
an earlier paper [16], super-exponential decay of solutions for d,y = 0 was shown in the case
that the nonlinearity is cubic, P(a) = |a|?a or V(a) = %|a|®. The case of positive average
diffraction was not studied.

There is a simple physical heuristic guess for decay rate of solutions of (1.2): Assume
that ¢ decays exponentially and make the ansatz ¢(x) = e™"* for = > 1. Plugging this
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into (1.1) and hoping that, even despite possible nonlocal effects, the nonlinearity in (1.1)
is of higher order than e %, then

we " = —dyy Ale™ ) (z) + o(eV)
_ _dav(e—y(z—i-l) —2eVT 4 e—y(a:—l)) + O(e—ya:)
= —2dyy(cosh(v) — 1)e " 4+ o(e™ 7).

Letting x — oo, one sees that this implies w < 0 and 2d,y(cosh(v) — 1) = |w]|, or, with
cosh™! the inverse function of cosh : [0, 00) — [1, 00),

vl

=cosh ™' | = +1 1.1
v = cos <2dav+> (1.10)

which is a rather precise prediction for the exponential decay rate. A remarkable feature
of it is that it predicts v — oo if day — 0 as long as w stays away from zero.

Of course, this all depends on in which sense the nonlocal nonlinear terms in (1.1) are
really of lower exponential order. Nevertheless, this simple physical heuristic is not far from
the truth, because of

Theorem 1.4 (Decay for positive average diffraction). Assume dny > 0 and V' obeys
assumption A1. Then any solution ¢ of (1.1) with w < 0 decays exponentially and the
decay rate is given by the above heuristic in the sense that

vi(p) == sup {1/ > 0| (@ — e’®lp(x)) € l2(Z)} > cosh™! <2|;j + 1) : (1.11)

av
Remark 1.5. As we will see in Theorem 4.1 below, the ground state solutions, that is, the
ones with minimal energy, are solutions with w < 2E§"W/ A < 0 for all dyy > 0. At the mo-

ment, we cannot rule out that there are solutions of (1.1) for which v, > cosh™! (% + 1).

Given the lower bound on the exponential decay rate given in (1.11), one expects that
Vi(pd,,) — 00 as day — 0, as long as the corresponding Lagrange multipliers w = w(pgq,, )
stay away from zero. In general, this might not be the case, but it is true for ground state
solutions.

Corollary 1.6. Let A > 0, dyy > 0, and Mﬁ\l“ the set of minimizers of the constrained
minimization problem (1.5). Then for fized A\ > 0 and any choice pq,, € Mf\lav the expo-
nential decay rates diverge in the limit of small average dispersion. More precisely, we have
the lower bound

lim inf —— (éﬁjv_)d > 1
dav =0 ogh 1 (7)\2&‘, + 1)

for any 0 < § < |EY|, so the exponential decay rate vi(ipq,,) diverges at least logarithmically
as day — 0.

Proof. This is, in fact, a simple consequence of the lower bound (1.11), the negativity
of Ef\l“, guaranteed by Theorem 3.1, its monotonicity' in day > 0, and the bound on the
Lagrange multipliers from Theorem 3.1, which imply that for all 6 > 0 one has |w(pq,, )|\ >
2|E§‘“| > 2(|EY| — 6) for all small enough day > 0. ]

lwhich follows immediately from definition (1.5).
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Given that the exponential decay rate of the ground states for average diffraction d,, > 0
diverges as d,y — 0, one can ask how fast solutions of (1.2) decay when d,, = 0. This was
done in [16] for the special fourth order nonlinearity V'(a) ~ a*, but it holds in much greater
generality.

Theorem 1.7 (Super-exponential decay for zero average diffraction). Assume da, = 0
and V' obeys assumption A1. Then any solution ¢ of (1.1) with w # 0 decays super-
exponentially, more precisely,
2v1 — 3
Veulip) = sup {v > 0] (2 = (] + 1) V(@) € 2(2) } > 22
2(n—1)
Remark 1.8. For 7, = 4, this yields the lower bound v..(¢) > 5/6 which is much better
than the lower bound v,.(¢) > 1/4 proven in [10].

(1.12)

Our paper is organized as follows: In Section 2 we develop the main tools needed for
the existence proof. This includes new fractional linear bounds on the building blocks from
Definition 2.4, which are needed to control the nonlocal nonlinearity N(f) under splitting.
That minimizing sequences for (1.5) are precompact modulo translations, that is, there
exist suitable translations such that the translated minimizing sequence has a strongly
convergent subsequence, if and only if Egav < 0 is the content of Theorem 3.1. Our proof in
Section 3 is based on non-splitting bounds for minimizing sequences given in Propositions
3.2 and 3.4, which together with a simple characterization of strong convergence in ?(7Z)
given in Lemma 3.8 imply precompactness of minimizing sequences modulo translations
once E;\ia" < 0. This is similar, at least in spirit, to our companion paper [7] for the
continuous case.

The threshold phenomenon is then studied in Section 4 and the proof of Theorem 1.2 is
given at the end of this section. It turns out that Assumptions A1 and A2 are enough to
yield a threshold phenomenon, see Theorem 4.1, but it could happen that A, is infinite,
in which case no minimizers of 1.5 exist for any A > 0. Assumption A3 is used only to
guarantee the finiteness of the threshold and A4 guarantees that the threshold is zero.

Unlike the continuous case we are able to prove strong lower bounds on the exponential
decay rate for positive average diffraction, which confirm the physical heuristic, and strong
lower bounds on the super-exponential decay rate for vanishing average diffraction, which
improve earlier bounds given in [16]. These bounds are established in a two-step process:
First we prove some (super-) exponential decay, see Proposition 5.1 in Section 5.1, respec-
tively Proposition 6.2 in Section 6.1, and then give arguments which allow us to boost
the decay rate, see Proposition 5.11 in Section 5.2, respectively Proposition 6.5 in Section
6.2. These results are based on several intermediate results, in particular, we need suitable
a-priori bounds on exponentially twisted versions of the building blocks from Definition 5.3
for the derivative of the nonlinearity N.

In Appendix A, we gather some useful bounds for the space time norms of solutions of
the free discrete Schrodinger equation on [2(Z). These estimates have analogous results on
12(Z4), similar to the discussion in [16], for example, but we give them only for 12(Z) for
brevity. Lemma A.1 looks somewhat technical, at first, but is at the heart of most of our
results in this work.

In Appendix B, we give the somewhat technical proof of negativity and subadditvity
of the ground state energy Ef‘“ from (1.5). The proof of subadditivity is similar to the
continuous case and given for the convenience of the reader, it also immediately yields strict
subadditivity once Eﬁ\la" < 0. That Assumption A4 implies Eﬁ\la" < 0 for any A > 0 and
all day > 0 turns out to be very much different from the continuous case where Gaussians
form a convenient set of initial conditions, since on [2(Z) there is no simple family of initial
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conditions for which one can explicitly compute the time evolution under the free discrete
Schrédinger evolution.

Appendix C discusses a discrete version of the well-known? IMS localization formula,
which is needed for strictly positive average diffraction. Finally, in Appendix D, we give
for the convenience of the reader a short discussion on how the highly nonlocal diffraction
management equation (1.1) arises in the study of solitary solutions of diffraction managed
waveguides arrays.

2. NONLINEAR ESTIMATES

2.1. Fractional linear estimates. First, we gather some bounds which will be used in
the proofs of Proposition 3.2 and Proposition 5.1, which are the basis for the proofs of
Theorems 3.1 and 1.4 . We use || - ||, for || - [[;p(z). For two functions g and h, we write
g < h if there exists a constant C' > 0 such that g < Ch.

The space LP(Z x R, dxu(dr)) consists of all space-time functions with finite norm

1/p .
Pu(d f1<p< o0,
||f||Lp(Z><R,dxu(dr)) = {(fR 2ewen | (@ TP T)) Hisps

esssuprésuppu”f( ) )HOO if p=o0

where the essential supremum is with respect to the measure u, that is, modulo sets of
[-measure zero.
A simple but useful bound is given in

Lemma 2.1. Let 1 < ¢ <p<oo and f € 19Z). Then

T f | ez xR, depary) S 11 fllq

where the implicit constant depends only on q,p, u(R) and, if ¢ # 2, also on supp p.

Proof. Since ||g|l, < ||gllq for all 1 < g < p < 0o, we get for p < oo

/ S°IT £ Pu(dr) / | 2 pu(dr) / I F I (dr) < u(R)BA=2/al| £

T€EZ
where we used (A.2) and chose B > 0 such that supp u C [-B, B]. If p = oo,

T fll oo (zxrdwp(ary) < sup | Trfllo < sup ] I, fllq < e*P1=2/9) £l

re[—B,B] re[-B,B
[ |

Lemma 2.2 (Bilinear estimate). Let 1 < p < oo, f1, f2 € I12(Z), set s = dist(supp f1,supp f2),
the distance of their supports, and B > 0 such that supp u C [—B, B]. Then

8el6B(4B) 3]
[5]!
where we used [s] == min{n € Z|s < n} and the implicit constant depends only on u(R)

and p.

| T F1 T foll e (2 xR dap(ary) S Min (1, ) [ f1ll2]] f2l2; (2.1)

Proof. The proof of (2.1) is based on the strong bilinear estimate from Lemma A.1 in
the appendix, which strengthens and simplifies the strong bilinear bound from [15, 16].
Choosing B large enough so that supp u C [—B, B] and using (A.5) we get

1/p
VT AT ol o o)) = ( /R Hﬂhﬂle!ﬁﬂ(dr)) <HEYVP s (T AT Ay
re|—bB,

QSee, for example, Section 3.1 of [8] and references therein.
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s

: 55(4B)'=
< min <1 Bl

which proves (2.1). ]

) [f1ll2ll f2ll2

Remark 2.3. Since n! > """ and (4B)/3] < e2™“P) | Lemma 2.2 implies the bounds

T [1T5 foll Le (2 xR dep(ary) S min(1, ™) || fill2]l f2ll2 (2.2)
forall 0 < a < % and all 1 < p < co. Here, if s = 0, we set 070 := limgoy s7 = 1.

The following will be the building blocks for our bounds on the nonlocal nonlinearity,
their definition is motivated by the splitting of the nonlinear potential in Lemma 2.7.

Definition 2.4. For any 2 < v < o0, let
(frofa) /Z\T A @) IT o) (T f1(2) | + [T fa) )72 ().
x€EZ

Proposition 2.5. Let s = dist(supp f1,supp f2), 2 <y <00, and 0 < a < %, then
M)(f1, f2) S min(L, s~ )| fa ol fella L1 ll2 + 1 fall2) (2.3)

where the implicit constant depends only on supp p, u(R), v, and a.

Proof. Taking a supremum out of the integral we get

1 f) = [ ST AT @I 3(0)| + T fola) )72 el

TEZ

< |7 [T foll L1 (zxR dapu(ar)) (SUP T f1lloo + sup |5 falloo) ™
reR

Applying | T; flleo < |1 fll2 = || f]l2 and (2.2) for the first factor yields (2.3). [ ]

2.2. Splitting the nonlocal nonlinearity. Recall
D= [ S VTS )
TEZ
The inequality (1.9) and Lemma 2.1 immediatley yield
Proposition 2.6 (Boundedness). Let 2 < 1 < vo < 0o. Then for all f € 12(Z)
N(f) S IR+ 1117
where the implicit constant depends only on u(R).

Since N(f) is highly nonlocal in f, it is difficult to control N(f), when f splits into f =
f1+ fo where f1 and f> have widely separated supports. The following simple observation
helps at this stage and is at the heart of all our estimates.

Lemma 2.7. Assume that V obyes A1. Then
V(12 +w]) = V(I2)) = V(Iw)] S (2] + [w)™ 72 4 (2] + |[w])272) |2]|w] (2.4)

for all z,w € C.
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Proof. Since V(0) = 0, we have V(|z +w|) — V(|z]) — V(Jw|) = 0 if at least one of z and w
equals zero. So assume z,w # 0 in the following. Then

V(= +wl) — V(I2l) - Vul) = [ V(= +wl) 1v<|z|>] 2]

2] + [w]

B
(2.5)
1
+ |V 4 b = v ub) .
Moreover,

Yl - LV = (Ve 4 l) = V(D) — ()

2T+ Jul B o[+ Jul EESTE
(2.6)

Let ¢ = min(|z|, |z4+w|) and d = max(|z|, |z+w]|) < |z|+|w|. Then d—c = ||z4+w|—|z|| < |w|
and using A1, we have

d
V(2 4+ wl) = V(]2])| S/\V’(a)!daﬁ(d“1+d”1)(d—0)

< (2l + [w) ™= + (J2] + Jw])> =) fw]
Since V(0) = 0, A1 also implies
V(DI S (1270 + 2272
Using the two inequalities above in (2.6) shows

V(e 4wl = V(D] S (el + [l 4 (J2] + > )l

2] + [w] 2|

and a similar inequality holds when we interchange z and w. Hence (2.5) implies (2.4). ®
The following is our main tool to control the nonlocal nonlinearity.

Proposition 2.8 (Splitting). Let f1, fo € [*(Z) and s = dist(supp f1,supp f2). Then for
all2 <y <72 < o0

N+ f2) = N(f2) = N2 S min(l s~ )| fullall foll2 (14 172037 + 120372) @7)

1
Jor all0 < a < 3.

Proof. Because of Lemma 2.7 we have

N(fi+ f2) = N(f1) — N(f2)‘
< /RZ V(T f1(z) + T, fo(x)|) = VT f1(z)]) = V(T3 fa(2)])| p(dr)

TEZL
S M (fs f2) + MP(fr fo)-

So (2.7) follows from (2.3), noting also that
(@+b)" 2+ (a+b)”2 2 <14+a? 2407272
for all a,b > 0. [ |
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3. THE EXISTENCE PROOF
In this section we will give the proof of

Theorem 3.1. Let A > 0 and assume that V obeys A1 and A2. Then every minimizing
sequence for the constrained variational problem (1.5) is precompact modulo translations if
and only if Ef\l‘“’ < 0. In particular, if Egav < 0, then minimizers of (1.5) exist and these
miniminzers are solutions of the diffraction management equation (1.1) for some Lagrange
multiplier w < 2E§\lav/>\ <0.

Key for our proof of Theorem 3.1 is the following proposition, which will help to eliminate
a possible splitting of minimizing sequences when Efav is strictly negative. In the following
we will assume that the nonlinear potential fulfills assumptions A1 and A2. For s € R, we
let s, = max(s,0).

Proposition 3.2. Assume thatV obeys A1 and A2. Then there exists a universal constant
C > 0 such that for any A >0, f € I*(Z) with |[f|3 =X and 0 < 6 < %, and a,b € Z with

Y If@P =6 and D [f(@)*>0 (3.1)
z<a r>b

we have
70

H(f) > [1—(2”2“—2) <i>

Remark 3.3. Note that Ef\lav < 0 for all A > 0 (see Proposition B.2 in the appendix). As
soon as Egav < 0 we have

—1/2
Egav —C(A+ )\72/2) ((b —a+ 1)1/2 — 1) . (3.2)
+

-er-a(3)’

Therefore if Efav < 0, taking a mininimizing sequence f, with | f,[|2 = A > 0 and
H(f,) — E;\i‘"“’, and taking any a, and b, according to (3.1), the bound (3.2) shows

dav dav
B > B,

lim sup(b, — a,) < 00
n—oo

—-1/2
since limg_, oo ((s + 1)1/ 2 1) = 0. Thus Proposition 3.2 implies that the regions where
Jr

a minimizing sequence f, has d-fat tails do not separate too much as soon as the energy
E;\lav is strictly negative. This is the key to our proof of compactness modulo translations
for minimizing sequences.

Proof. First, let us consider d,, > 0, that is, strictly positive average diffraction. If b < a,
(3.2) trivially holds since the right hand side of (3.2) equals minus infinity. So assume
b—a > 1. Let @’ and V' be arbitrary integers satisfying a < a’ < b <bandl:=00 —a’. We
will choose suitable a’ and b’ at the end of the proof.

The lower bound on (f,—Af) is based on a discrete version of the well-known IMS
localization formula, see Lemma C.1 in the appendix. Take any smooth cutoff functions
X, i = —1,0,1, with

1) X; >0 for j = —1,0,1.

2) suppX-1 C (—o0, —1] with X_; > 0 on (—o0, —

[2,00), and supp Xo C [—3, 3] with Xo > 0 on [—

], suppx1 C [i,oo) with x1 > 0 on
3
7§]

0olwoo|wo
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and set B
i
Xi = em—
\/ Zz:—1 X1
Then, since the denominator is always strictly positive and, by construction, Zj X? =1,
this gives a smooth partition of unity where x; has the same support as x;, and xo = 1 on

[—1, %], x-1 =1 on (—o00,—3], and x1 = 1 on [$,00). Finally, define &; : Z — R by

1 / /
—5(a +0b
&i(x) = x4 (aj 3(@ )> for j = —1,0,1.

for j = —1,0,1.

b —d

Then 2}271 £ =1land {1 =1on[-o00,d'], &, =1 on [I/,00) and the supports of £ and

& have distance at least /2, where | = V' — d'.

differences Dy f(z) = £(f(z £ 1) — f(x)) satisfy
= 71Xl

1.1 ! 1,/ /
x—5(d +V) 1 x—5(d 4+
Xj( b%—a’ ib’—a’>_Xj< b?—a’
b —d

for some ¢ € R. Therefore, since X;' is bounded, we see that
C C

Di&iZ < —— = — 3.3

H :tg]HOO — 3(b/ _ a/)z 3l27 ( )

where C' = 3 max; ||X9H%oo(R)- Using (3.3) in (C.3), we get

Furthermore, the forward and backward

|Di&j(@)] = [§(x £1) — (@) =

1

1 9 1
IDFB= (-0 > 3 1D-EPIE - L2 S (1psg iz + 1D 12)
j=-1 Jj=-1
C 2
> (e f)IB + 14 ()3~ 2. (3.4

We set f; :==&;f, j = —1,1 and define fo == f — f-1 — fi = (1 —&-1 — &) f. Obviously,
I fill2 < || fl]2 for j = —1,0,1. Moreover, because of (3.1) and a’ > a, b’ < b, we also have

I3>8 for j=-11.
Set h:= f_1+ fi. Then f = h + fy and Proposition 2.8 shows
-2 -2
N(f) = N(h) = N(fo) < I foll2llRll2(X + [ foll3* ™ + [[R[I5* 7).
Using Proposition 2.6, we have

N(fo) S 1foll3" + 1foll3> S NLfoll3 (1 + 11 foll3* )

and combining the above two bounds we arrive at

N(f) = N(h) < Ml follzll Fl20 + [1£1372) (3.5)

where we used || foll2, [|h]l2 < [[f]2-
Since the supports of f_; and f; have distance at least [/2 = () — a’)/2, we can again
use Proposition 2.8 with o = % to split N(h) as

N(h) = N(f-1) = N(£1) S @273 foallal fallo U+ £ 3272 + 1413272
S @27 FIZA+ £33, (3.6)
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Combining (3.5) and (3.6), we get

N(f) = N(f-1) = N S (Iollallflla + @727 1008) (1+ 171327)
which together with (3.4) yields

f .
() = 100~ 150 2 = | LB+ (Ll + @/ 0518) (1+ 11 )
(3.7)
Once we have such a bound on the splitting of the energy, we use a reasoning similar to
the one in [15]: By definition of fy, we have || fol|3 < Zz w41 f(@)]?. To choose a’ and ¥/,

set Ip:={n+1,n+2,...,n+1—1} when ! > 2, I, := () when [ = 1, and note that, since
the number of integers in [a,b— ] isb—a—1+1,

(b—a—-1+41) <mm Z|f |2<ZZ\f Z Z

zely n=a xzely, r=a+1n=z— l+1
<(@=DIFIS -
Hence there exists 7’ with a <7’ <b—1[ and
n'+l—-1
> @ < I3
“b—a-1+1
r=n'+1

With @’ = n' and v/ = 7' + [ we therefore have

l—

1foll3 < 1113 -

l +1
Plugging this into (3.7) yields

H(f)— H(f-1) — H(f1)
9 B 1/2
- [||J;2||2 . ((b_i_h 1) T (l/2)l/8Hf\§> (1+ |rf|132‘2)]

o |1 11 1/2 -
> M (L0 ) |+ (o) 2 (33
Since [|fI3 =\, || £il|3 >0, 5 =—1,1and ||f-1]|3 + || f1ll3 < A, Proposition B.2 shows
5\ 2
0
H(f )+ Hf) > [1 -~e¥-y(5) | B
and inequality (3.8) yields
5\ 2
H(f)- [1 —e?oy(f) | B
(3.9)
1

= (A a2

forany 1 <1 <b—a.
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Finally, we choose [ € N with | < (b—a + 1)!/2 < 14 1. Note that this is allowed, since
when b —a =1, we have = 1, and when b —a > 2, then 1 <1 < (b—a+1)/2 < b—a.
With this choice of | we have

ﬁﬁmﬁ((b—a—i—l) —1) ,

1/2
-1 1/2 (b—a+1)Y2-1 ~1/2
- < < b_ 11/2_1
<b—a—l+1> _<b—a—(b—a—|—1)1/2+1 _(( at1) )

and

(1/2)—1/8 5 l_1/2 < ((b— a+ 1)1/2 N 1)—1/2'
Therefore, (3.9) yields (3.2).
If d,, = 0, we do not have the term %2 in (3.9) and get the same estimate (3.2). [}

An immediate consequence of Proposition 3.2 is

Proposition 3.4 (Tightness). Assume that E{™ < 0. Let (fn)nen C 12(Z) be a minimizing
sequence for the variational problem (1.1) with A\ = ||fu||3 > 0. Then there exist shifts &,
such that

lim sup Z | fulz)]? = 0.

R—00 peN o—En >R

Proof. Since the function s — (v/s + 1 — 1)~/2 is decreasing on (0, 00) and goes to zero at
infinity, Proposition 3.2 has the same consequences as [15, Proposition 2.4] replacing [15,
inequality (2.29)] by (3.2). [ ]

To prove Theorem 3.1, we need two more results on the continuity and differentiablity
of the non-linear functional N(f). The proof mimics the one in [7] for the continuous case
and is therefore omitted.

Lemma 3.5. The functional N : 1>(Z) — R given by

fos N(f) = /R SOV(Tf(@))uldr)

TE€EZ

is locally Lipshitz continuous on 1*(Z).

Lemma 3.6. For any f € I>(Z), the functional N as above is continuously differentiable
with derivative

P(Z) 5 h s DN(f)[h] = Re / (V1T f)sen(T, )]  Toh) u(dr),

where sgn(z) = é if z # 0 and sgn(0) := 0. In particular, the nonlinear Hamiltonian given
in (1.6) is continuously differentiable with derivative

1(Z) > h+ DH(f)[h] = dayRe(D f, Dh) — Re/]R ([V'(IT, f)sen(T )] , Tr-h) p(dr),

Remark 3.7. Recall that we assume that the nonlinearity P is odd, so it is of the form
P(a) = p(|al)a for a € R. If V'(a) = P(a) for all a > 0, then V'(|z|)sgn(z) = p(|z])z = P(z)
for all z € C, and therefore

DN(f)[H] = Re /R (P(T, ), Tyh) pu(dr)
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= e { [ 11 PT )l )
R
is, modulo the real part, the weak form of the nonlinearity in the diffraction management
equation (1.2).

It remains to prove Theorem 3.1. A last step in our existence proof of minimizers of the
variational problems (1.5) is the following characterization of strong convergence in ?(Z).

Lemma 3.8 (Lemma A.1 in [15]). A sequence (fn)nen C I2(Z) is strongly converging to f
in 12(Z) if and only if it is weakly convergent to f and the sequence is tight, i.e.,

lim limsup Z | fulz)]? = 0. (3.10)

L—oo pn—
O 13> L

Sketch of the proof: Let P f = 1|_;; f and note that the range of P is finite dimensional, in
fact, 2141 dimensional. Thus, if f,, converges weakly to f, then lim, o ||P(f — fn)||2 = 0.
Since

1f = Fullz < NP = fo)ll2 +[[(1 = B)(f = fa)ll2

we see that for all [ € N

limjup If = fall2 < limjup 1(1=P)(f = fa)llz < 1A= P) flla + lirr;sup (1 = Py) full2-

As [ — oo, the first term goes to zero since f € [2(Z) and the second goes to zero because
of (3.10). So f, converges to f in norm.

Conversely, if f, converges to f in norm, then it is easy to see that it converges to f
weakly and (3.10) holds. ]

Now we can come to the

Proof of Theorem 3.1. We know from Lemma B.1 and B.5 that —oo < Ef\i“ < 0. Assume
that Egav = 0 for some A > 0. Define the sequence (f,), by

fn(x) = cnli—pn) (z)

1/2
with ¢, = (ﬁ) . Then |f.|3 = A\. Note that f,, converges weakly to zero and that

any shift of f,, also converges weakly to zero. So the sequence (f,), is not precompact in
12(Z) modulo translations. Moreover, we have

Dy full2=2c2 -0 asn— oo

and, because of (1.9),

IN(f)l S /(||Trfn| T fall33) pldr) S N1l + 111153
where we also used the bound (A.2) from Lemma A.1. Since for any v > 2

A v/2
1520 = (7)ot D=0

as n — oo, we have N(f,) — 0 as n — oo. Thus f, is a minimizing sequence for (1.5)
which is not precompact modulo translations. By contrapositive, this shows that if every
minimizing sequence is precompact modulo translations, then E;\i‘"“’ < 0.
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Conversely, assume that E5* < 0 and let (f,)nen C [%(Z) be a minimizing sequence of
the variational problem (1.1). First, applying Proposition 3.4, we see that there exist shifts
{&,} such that for any € > 0 there exists an R, > 0 for which

Z |fu(z)]? <€ for any n € N, (3.11)
|z—E&n|>Re

Define the shifted sequence ( fn)n by fn (z) = fo(z — &) for x € Z. 1t is also a minimizing
sequence, due to the invariance of the Hamiltonian H given in (1.6) under shifts.

Noting that (|| fn|l2) is bounded as it is a minimizing sequence, we can see there exists
a subsequence, also denoted by ( fn)neN, which converges weakly to some ¢ in [2(Z). Due
to (3.11) the shifted sequence (f,)nen is tight in the sense of Lemma 3.8, hence by Lemma
3.8 it converges strongly in 1*(Z) and ||¢||3 = lim, e |full? = A. Thus the minimizing
sequence (fy,)n is precompact modulo tranlations.

Moreover, it follows from Lemma 3.5 that H(p) = lim, o H(g,) = E) which finishes
the proof of existence of a minimizer for the constraint variational problem (1.5).

Now we prove that any minimizer is a solution of the associated Euler-Lagrange equation
(1.2) for some Lagrange multiplier w € R. This is standard in the calculus of variations, for
the convenience of the reader, we will give the argument. Let ¢ be a minimizer for (1.5)
and h € [?(Z) arbitrary. Furthermore define

G(t,s) == (p +th+ sp, o+ th+ sp)
F(t,s) = H(p+th+syp),
then a short calculation gives
~( 0G(t,s) \ Re(p + th + sp, )
VGt s) = < 0:G(t,s) | 2 Re(p + th + sp, h)

and

[ OF(t,s) \ _ [ DH(e+th+ sp)g]
VE(ts) = ( O F(t, s) ) - ( DH(Z+th+sz)[(ii] >

where DH is the derivative of the nonlinear Hamiltonian,
DH (p)[h] = davRe(=Ap, h) — DN (¢)[h]

= davRe(Dyp, Dy h) — Re4<V'(\Trw\)8gn(Trw),Trh> pu(dr)

= dawRe(Dyp, D1 h) — Re /IR<P(TT¢), T.h) p(dr)

where we used Remark 3.7 for the last equality.

We have 0;G(0,0) = (¢, ) = A > 0, hence by the implicit function theorem, there exists
d > 0 and a differentiable function ¢ : (—d,d) — R with g(0) = 0 such that G(g(s),s) =
G(0,0) = X for all |s| < . Thus, since ¢ is a minimizer of the constrained minimization
problem (1.5), the function

(=6,8) > s F(s) == F(g(s), s)
has a local minimum at s = 0 and together with the chain rule this implies
0= 85F(s)|s=0 = 0:F(0,0)g'(0) + 9, F(0,0) = DH()[¢lg'(0) + DH(p)[h]  (3.12)
Moreover, since G(g(s), s) is constant, we also have
0 = 8;G(0,0)g'(0) + 85G(0,0) = 27’ (0) + 2Re(p, h)
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solving for ¢’(0) and plugging it back into (3.12) yields

wRe(p, h) = dayRe(Dyp, Dy h) — Re/<V’(\Trcp\)sgn(TT<p),Trh) w(dr) (3.13)
R
with the Lagrange multiplier
DH
w=w(p) = (;O)M eR. (3.14)

Replacing h by —ih in (3.13) yields

wIm(p, h) = duIm(D-p, D1 h) — Tm / (V/(|Trol)sen(Tre0), Ty ) u(dr)
R

and together with (3.13) this proves (1.2).
It remains to prove that w < 2E§‘“. Recall that assumption A2 states that

V'(a)a > vV (a) for all a > 0.
Thus

DN(¢)lg] = /R SOV Top(@) ) T () dr) > 7o /R SO V(Top(@)) uldr) = 10N ()

TEZ TEZL

and since Ef\lav < 0, we must have N(¢) > 0 for any minimizer ¢, so (3.14) gives

w(p)A = DH(p)[p] = dav(D+p, D1p) — DN (9)[¢] < day(D1p, D) — 0N (p) (3.15)
=2H(p) — (o — 2)N(p) < 2H(p) = 2E5> <0 (3.16)

: dav
for all ¢ in the ground state set M\™.

4. THRESHOLD PHENOMENA

As we showed in the previous section, assumptions A1 and A2 guarantee the existence
of minimizers for arbitrary A > 0 and d,, > 0 as soon as the ground state energy Eg‘w
is strictly negative. In this section we will prove a threshold phenomenon: There exists
0 < Aer < oo such that solutions exist if the power A = ||f||3 > Ae;. Furthermore Ao, < 0o
under assumption A3.

For pure power law nonlinearities and the model case dy = 19 1) — 11 9 for the diffraction
profile, this had been partly investigated earlier in [20] for the diffraction management
equation and for pure power nonlinearities in [29] for the discrete nonlinear Schrodinger
equation. We are not aware of any work which investigates threshold phenomena for general
nonlinearities obeying only A1 and A2.

In the following we will always assume, without explicitly mentioning it every time, that
1 is a finite measure on R with compact support, that is, there exists 0 < B < oo such that
supp ¢ C [—B, B]. Our main result in this section is

Theorem 4.1 (Threshold phenomenon). Assume that V' obeys A1 and A2. Then

(i) For any average diffraction day > 0 and any A > 0 we have Ef‘"“’ <0, the map A — Ef\l‘"”
is decreasing on (0,00), and there exists a critical threshold 0 < A;r(day) < 00 such that for
0 < A < Aer(day) we have Efav =0 and for A > Aer(day) we have —oo < E;\lav < 0.

(ii) If X > Acr, then minimizers of (1.5) exist and any minimizing sequence is, up to
translations, precompact in 12(Z) and thus has a subsequence which converges, up to trans-
lations, to a minimizer.

(iii) If 0 < A < Aer(day) and day > 0, then no minimizers of the variational problem (1.5)
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exist.
(iv) Aer(day) < 00 for all day > 0 if and only if there exists f € I(Z) such that N(f) > 0.

(v) If in assumption A1 we have y1 > 6, then Aep(day) > 0 for all dyy > 0.

Remark 4.2. The precise definition of A¢;(day) is given below in Definition 4.8. When
A > Aer(day) we have Egav < 0 and Theorem 3.1 shows that any minimizing sequence
is precompact modulo translations, that minimizers exist and that these minimizers yield
solutions of (1.1) for some Lagrange multiplier w < QEE\Z*“ /A <0.

Since Ef\lav = 0 when 0 < A < Aq, Theorem 3.1 also shows that there are minimizing
sequences which are not precompact modulo translations in this case. Nevertheless, it could
be that minimizers still exist. At least when d,, > 0, Theorem 4.1 shows that this cannot
be the case. At the moment, we need d,, > 0 to conclude nonexistence of minimizers when
0 <A< Aer.

We give the proof of Theorem 4.1 at the end of this section after some preparations.
Recall
day
H(f) = "D I - N(/)

and
B =t{H(f): [ €P(@),]f]3= A}
Given f € I2(Z) with A = || f||3 > 0, write it as f = v/Ah then h € [*(Z) with |||z = 1 and

_ day 9 B o [day  N(VAR)
H(f)*THDJrf’b_N(f)*HD+fH2 (2_/\HD+hH§ . (4.1)
In the case of vanishing average diffraction, we can still write
N(VAh
H(P) = ~N(f) = ~|D+f13 (M) ,
2
so defining®
N(VAh
Ry o YO
AlDhl3
and
N
R(X\):== sup R(A\h)= sup D(f)2 (4.2)
Ihfl2=1 Ir1z=x 1D+ f1l3

we see that the following holds

Lemma 4.3. For any day > 0 and A > 0 one has Ef‘"” < 0 if and only if R(\,h) > % for
some h € I?(Z) with ||h|l2 = 1 and this is the case if and only if R(\) > d%

The function R defined above has very interesting properties, which make R ideal for the
study of the threshold phenomenon. First we give a simple Lemma, which is at the heart
of our study of R.

Lemma 4.4. Assume that V' obeys assumption A2. Then for any Ay > A1 > 0 one has

70—2
A2

R(ho) > <A ) " RO (4.3)

3Note that the kernel of D on 1?(Z) is trivial, so R(), k) is well defined for any h # 0.

1
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Remark 4.5. For a pure power law nonlinearity, given by V' (a) = ca” for some v > 2 and
¢ > 0, one can explicitly calculate

N(VAh - N(h
R(\) = sup L :A%QRO with Rg = sup (h)

W) 0, 00].
Ihla=1 MDAl Ihla=1 D113

Thus inequality (4.3) is very natural. Using the bound (4.17) below one sees that
Ro< swp e [ ITHI3 2 p(dr) = cn(®) < o
[pll2=1 JR

for all v > 6 since | D, T-h||3 = (T,h, —AT,h) = (h,—Ah) = ||[D,h||3, using that A and
T, commute. To see that Ry = oo if 2 < v < 6 is a little bit trickier. If 2 < v < 6, then
Lemma B.5 shows Ef\l“ < 0 for all dyy > 0 and all A > 0. So with Lemma 4.3 for A = 1
this gives Ry = R(1) > day/2 for all dyy, > 0. Thus Ry = oo in this case.

Proof of Lemma /.4. Fix h € >(Z) \ {0} and define
A(s) == s 2N(sh)
for s > 0. Because of Lemma 3.6, A is differentiable with derivative
Al(s) = 573 (DN(sh) [sh] — 2N(sh))
where

DN (sh)[sh] — 2N (sh) = /RZ [V (1T (sh) (@) )| T (sh) ()] — 2V (| Ty (sh) (@)])] p(dr)
TEZ

> (0 — 2)N(sh)
where the lower bound follows from assumption A2. Thus we arrive at the first order

differential inequality

Al(s) > %T_QA(S) (4.4)
for all s > 0. Using the integrating factor s>~7°, one sees that this implies d%(sQ_”/OA(s)) >0
and thus

s2T0A(s) > sgf'yoA(so)

for all 0 < sg < s. Since R(\,h) = A(V\)/||D+h|)3, this proves

)\2 702—2
R(Ag,h) > | — R(A1, h).
A1
for all 0 < Ay < )2 and taking the supremum over all h € 12(Z) with ||h|lz = 1 gives
(4.3). [ |

Corollary 4.6 (Properties of R). Assume that V' obeys Assumption A2.
(i) For any 0 < a < oo

there exist \g > 0 with R(Ao) > a = R(X) >a for all A > )Xo

there exist \g > 0 with R(Ag) <a = R(\) <a forall0 <X <\ (4.5)
Moreover, for any 0 < a < 0o
there exist \g > 0 with R(A\g) > a = R(\) > a for all A > Xg (4.6)

there exist \g > 0 with R(Ag) <a = R(\) <a forall0 <X <X’
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Furthermore, we have the equivalences

there exists A > 0 with R(A\) >0 & limy,o R(A) =00

there exists A > 0 with R(\) < oo & limsupy_,o4 R(A) <0. (4.7)

(ii) Define the set Ag == {\ > 0 : R(X) > 0}, then it is either empty or an unbounded
interval. Moreover, the map R is increasing on Ay and it is strictly increasing where it is
finite.

Remarks 4.7. (i) Even though Lemma B.1 shows that under Assumption A1 the energy
is negative, this is not enough to conclude that R(A) > 0 for all A > 0, in general.

(ii) All the conclusions of Corollary 4.6 are trivially true if V(a) = ca? is a pure power law
for some v > 2 and ¢ > 0, since in this case R(A\) = RoA(’=2/2 as in Remark 4.5.

(iii) The first equivalence in (4.7) shows that we have the dichotomy that either R(\) <0
for all A > 0, or lim)_, o, R(A) = oo.

Similarly, the second equivalence in (4.7) shows the dichotomy that either R(\) = oo for

all A > 0 or limsupy_,o, R(A) <0.

Proof of Corollary /.6. (i) The implications of (4.5) and (4.6) follow directly from Lemma
4.4. If A > Ao, then choosing A\; = A\g and A2 = A in (4.3) shows

Y0—2

RO 2 (AAO) " RO (4.8)

Let 0 < a < oo. If R(A\g) = oo we also have R(\) = oo for all A > A\g. If R(\g) = oo,
then (4.8) shows R(A) = oo > a. If a < R(\g) < oo, then necessarily R()\g) > 0, hence

70—2
(%) * R(X\o) > R(\) and (4.8) again gives R()\) > a. So the first implication of (4.6) is
true. Hence also the first implication of (4.5) is true when a is strictly positive and finite,
but when a = oo or a = 0, the first implication of (4.5) immediately follows from (4.8).

This finishes the proof of the first implications in (4.5) and (4.6).
Now let 0 < A < Ag. Choosing A\; = A and A\ = )¢ in (4.3) gives the upper bound

70—2

RO < (ﬁo) " R(M). (49)

If 0 < a < oo and R(\g) = 0, then (4.9) shows R(A\) < 0 < a. If 0 < R(X\g) < a, then

Y0—2

</\—);) * R(\o) < R(\o), s0 (4.9) again yields R(\) < a. This proves the second implication
in (4.6). The second implication of (4.5) when a = oo or a = 0 immediately follows from

(4.9). This finishes the proof of (4.5) and (4.6).
For the proof of (4.7) assume first that limy_,o, R(A) = co. Then, of course, there exists
A > 0 with R(A) > 0. On the other hand, if there exists A9 > 0 such that R()\g) > 0, then
the lower bound (4.8) gives liminfy_,, R(\) = 00, so the first equivalence in (4.7) is true.
We can argue similarly for the second equivalence. Certainly limsup, .o, R(A) < 0
implies that there exists A > 0 such that R(\) < oo. Conversely, if R(\g) < oo for some
Ao, then (4.9) yields limsupy o, R(A) < 0. This finishes (4.7).

(ii) Note that if A\g € Ag, then (4.6) yields A € Ag for all A > Ag, so
Ag = L_J LX,OO)

R(A\)>0
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is either empty or an unbounded interval. Moreover, the first implication of (4.5) shows that
R is increasing on Ag and the first implication of (4.6) shows that it is strictly increasing
where it is finite. [ |

Now we come to our definition of the threshold.

Definition 4.8 (Threshold). For du, > 0 we let
dav
Aer = Aer(day) = 1nf{\A > 0: R(\) > -

For the properties of the threshold, we note

Proposition 4.9 (Properties of the threshold). Assume that V' obeys A2.

(i) The map day — Aer(day) is increasing on [0,00) and 0 < Ae(day) < o0 for every
day 2 0.

(il) If day > 0 then R(N) > % for all A > Aer(day) and R(A) < % for all 0 < A < Aoy (day).
Furthermore, if day > 0 then R(\) < d% for all 0 < X < Aep(day)-

(iii) We have the equivalences

Aer(day) < 00 for all dyy >0 < Aep(day) < 00 for some dyy > 0
& R(A) >0 for some A >0 , (4.10)
& limy 00 R(A) = 00

and

Aer(day) >0 for all dpy >0 < Aep(day) > 0 for some dyy > 0

< limsupy_,0, R(X) <0 (4.11)

For zero average diffraction we have

Aer(0) =0 & R(A) >0 for all A> 0

)\cr(o) >0 & R()\) S 0 for some \ > 0 - (412)

Remark 4.10. A moments reflection shows that R(A\) > 0 for some A > 0 if and only if
there exists f € 12(Z) with ||f]|3 = X and N(f) > 0. So by (4.10) one sees that the critical
threshold Ae;(day) is finite for all day > 0 if and only if N(f) > 0 for some f € [2(Z).

Before we prove the proposition we state and prove a corollary, which gives quantitive
bounds on the threshold. We do not need these bounds in the following, but the proof is
easy and the bounds are very natural, as the example of a pure power nonlinearity shows.

Corollary 4.11 (Quantitative bounds on A¢;). Assume that V' obeys A2. If there exist g
and 0 < Ry < 0o such that Ry > R(\g) then we have the lower bound

2
dav —2
o <min (2R0 , 1)) T < halday)  for all duy > 0 (4.13)

and if there exist Ao and 0 < Ry < oo such that Ry < R(\g) then we have the upper bound

er(dav) < Ao [ max (ﬁ, 1) for all duy > 0. (4.14)
0

Remark 4.12. If V(a) = ca” is a pure power law for some v > 2 and ¢ > 0, then by
Remark 4.5 we have R(\) = RoA(7=2)/2 for some 0 < Ry < co. In this case one can easily

calculates
2
dav ﬁ
)\cr dav =
(@) = (5
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and with this example in mind one sees that the bounds of Corollary 4.11 and the claims
of Proposition 4.9 are very natural.

Proof. Since the proofs of (4.13) and (4.14) are very analogous, we give only the proof of
(4.13). Assume that there exist A\g and 0 < Ry < oo with R(\g) < Rp. By (4.5) with
a = Ry we see that R(\) < Ry for all 0 < XA < Ag, so (Ag,00) D {A>0: R(\) > Rp}. This
shows At (2Rg) > Ao for day = 2R and using the monotonicity in dy, from Proposition (i)
we also have Ae;(day) > Aer(2R0) > Ag for all day > 2Ry.

Now let 0 < day < 2R and write Ay for Ap(day). Either we have Ao, > Ao, then (4.13)
trivially holds, or 0 < A, < Ag. In the last case set Ao = Ag and 0 < A1 = Ay + 8 < Ag for
all small enough 6 > 0, then Proposition (ii) shows R(Ae +0) > d% which together with
(4.3) gives

Y0—2 J0—2

Ao 2 Ao 2 dyy
> R(X\g) > Aer + 6 —
Ry > R( 0)_<)\0r+6> R(Aer + )><>\CT+5> 5

for all small enough 6 > 0. This proves the lower bound (4.13) and similarly one proves
the upper bound (4.14). ]

Proof of Proposition 4.9. First some preparations. For d,, > 0, define the set
Agy, ={A>0: R()\) > dar

so that Aer(day) = inf Ag,. Arguing as in the proof of Corollary 4.6(ii) we see that if
Ao € Ag,,, then A € Ay for all A > Ag. Hence

A= U Po,oo) (4.15)

R(\o)>%av
and so the set A, is either empty, or an interval that is bounded from below by 0 but
unbounded from above, and they are nested, in the sense that if 0 < day 1 < day 2 then
Adyy , C Aq,, - In addition, Ay, is empty if and only if the threshold Ae;(day) = 00, Aq,,
is not empty if and only if 0 < \;(day) < 00, and Ay, = (0,00) if and only if Ae;(day) = 0.

(i) Since, by the above Ag,,, C Aqg,,, for 0 < dayy < day2, we immediately see
)\cr(dav,l) < )\cr(daV,Q)'

(ii) First let day > 0. Certainly, if R(\) > d% then A > A\ (day), so, by contrapositive, if
0 < A < Aer(dav) then R(N) < %av. Moreover, if A > Aer(day), then (4.15) shows X € Ay, ,
so R(A) > d%. This proves the first claim.

Now let dyy > 0 and 0 < A < Ai(day). Then, by the first claim, we already know
R(\) < d%. Moreover, if we suppose that R(\) = d% then (4.6) yields a contradiction
to the fact that Aer(day) is a lower bound for Ag,,. Thus R(A) < d% and this proves the
second claim.

(iii) We certainly have that Ae;(day) < oo for all day > 0 implies A (day) < oo for some
day > 0. Next, if there exists day > 0 such that Ae;(day) < 00 then Ag,, is not empty, hence
R()\) > % > 0 for some A > 0. Thirdly, if there exists A > 0 such that R(\) > 0 then, (4.7)
gives limy_, oo R(A\) = oo. Lastly, if limy_o R(A) = oo, then, for every d,, > 0, we have
R(\) > d% for all large enough A which shows that Ay, is not empty, hence Aer(day) < 00
for all day > 0. This finishes the proof of (4.10).

For the proof of (4.11) we note that certainly Ac(day) > 0 for all dyy > 0 implies
Acr(day) > 0 for some dpy > 0. Next, if there exists day > 0 such that A (day) > 0 then
R(\) < d% < oo for some A > 0 and so, by (4.7), limsup,_,o; R(A) < 0. Lastly, if
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limsupy_,o4 R(A) < 0 then, for every day > 0, we have R()\) < d% for all small enough
A > 0, and hence A¢;(day) > 0 for every d,, > 0. This finishes the proof of (4.11).

For the proof of (4.12) recall that Ae;(0) = 0 if and only if Ay = (0, 00), which is the case
if and only if R(\) > 0 for any A > 0. Moreover, A(0) > 0 if and only if Ay # (0, 00), that
is, if and only if there exists A > 0 with R(\) < 0. [ |

Now we can give the

Proof of Theorem /.1. (1)+(ii) Fix day > 0. It follows from Lemma B.1 and Proposition
B.2 that —oo < Egav <0, for every d,y > 0 and A > 0, and the map A — Egav is decreasing
on (0, 00). Proposition 4.9 gives the existence of a critical threshold 0 < Aoy = Aep(day) < 00
such that if A\ > A, we have R(\) > d‘%. In this case, Lemma 4.3 shows that Efa" < 0.
Moreover, if 0 < A < A;(day), then Proposition 4.9 and Lemma 4.3 also show that Ef\l“ >0
and so Egav =0 for all 0 < A\ < Aep(day). This proves the first part of Theorem 4.1 and
Theorem 3.1 yields the claims of its second part.

(iii) Let day > 0 and 0 < A < Aep. If f € 12(Z) with ||f||3 = A > 0 is a minimizer, then
using (4.1) gives

0= B =1 2 DA (%5 - RO ). (4.16)

By Proposition 4.9(ii), we have R(\) < d%, so the inequality (4.16) implies ||D4 f]|3 < 0,
that is, || D4 f]|3 = 0. Since the kernel of D, is trivial this shows f = 0, which contradicts
|13 = A > 0, so no minimizers can exist in this case.

(iv) By Remark 4.10 we have A\, < oo if and only if there exist f € [?(Z) with N(f) > 0.

(v) We have to show that if 3 > 6, then A;(day) > 0 for all du, > 0. For this we use the
inequality

113 < IF1372ID+£13 (4.17)

which holds for all f € [?(Z) and all v > 6. Assuming (4.17) for the moment, one can argue
as follows: From (4.17) we have, under assumptions A1 with v, > 6,

IN(f)| < /R VAT £ () S /R (T £13 2 4 T £33 ) 1D+ T £ ()

-2 -2
< (171372 + 11772) 104 18

So

[R(A\)| = sup 7|N(f)’2 AT A <o
171z=x 1D+ I3

which directly shows limy_,o4+ R(A) = 0 and then (4.11) gives Ae;(day) > 0 for all dy, > 0.
It remains to prove (4.17). For this we recall

1113 < £ 112l D+ £l2 (4.18)
for any f € [?(Z). Indeed, to see this let z € Z, then

[F@)P =Y (fOF = 1fC =12 =Y (O + £ = DDAFDOI =10 = 1))

<z <z
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and similarly,
F@))? = =D (fOP = 1F0=DP) = =D _(fOI+ 1= DDALDOI = [FE= 1)) -
> I>x
Adding this two inequalities and using Cauchy-Schwarz gives

|f(@)]? < %Z(\f(l)l +FE=DDIFO = 1f =D

leZ

< %Z(\f(l)l +[fU=DPIFA@) = fU = 1)

leZ

IA

1/2 1/2
(Z If(l)|2> (Z IF(1) = f(l— 1>|2> = || £ll2l1 D+ 12

leZ leZ

which, since it holds for all = € Z, gives (4.18). From (4.18), we see that for v > 4,

—4 —4
1A < IFIRZaN Al < IFIRZLNFIBI D f1I5

from which we immediately get (4.17) as soon as 7y > 6, since in this case || f||y—a < || f]l2,
by the monotonicity properties of [P(Z) norms. [ |

Finally, we come to the

Proof of Theorem 1.2. Assume that V obeys A1l through A3. Except for the finiteness
of the threshold A, all claims of Theorem 1.2 follow immediately from Theorem 4.1. In
addition, Theorem 4.1 shows that the threshold is finite if and only if there exists f € 1?(Z)
with

N(f) = /R SOV(Tf @)) pldr) > 0.

T€Z

Lemma B.4 shows that under assumptions A2 and A3 we have lim,_,o, V(a) = oo and thus
N(f) should be large, in particular positive, if f is ‘large’. Since V' can be negative and due
to the nonlocal nature of IV, this is not obvious, however. Moreover, in the discrete setting
there are no nice initial conditions for which one can calculate the time evolution 7). f and
then also N(f) explicitly, so the proof turns out to be a bit technical. It is deferred to
Lemma B.6, where we show that under conditions A1, A2, and A3, there exists a simple
family f; € 1?(Z) with lim;_,o, N(f;) = co.

If, in addition, we assume A4, then Lemma B.5 shows Ef‘” < 0 for all A > 0 and all
dav > 0. So in this case we have A\ (day) = 0 for all day > 0. [}

5. EXPONENTIAL DECAY FOR POSITIVE AVERAGE DIFFRACTION

In this section, we will give the proof of Theorem 1.4. Our strategy for its proof is to
first prove some exponential decay and then to boost this to get it up to what the physical
heuristic argument in the introduction predicts.

5.1. Some exponential decay. The main goal in this section is to prove

Proposition 5.1. Assume that V obeys the assumption A1. Then any solution ¢ of (1.1)
with w < 0 decays exponentially, i.e., there exists v > 0 such that

z— e'lo(x) e (7). (5.1)
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To prepare for its proof, define the cutoff function x(s) := min(1, (|s|—1)+), i.e., x(s) =0
if |s| <1, x(s) =1 for |s| > 2, and linearly interpolating in between Furthermore, define
the functions of s on R

X+ (8) = x(s/7), Foe(s) = and &, = eF”’EXT, (5.2)

for any 7 > 0, v, € > 0.
It is clearly enough to prove that &,0,¢ € I2(Z) for some v > 0 and 7 > 1 for any
solution of (1.1) with w < 0. Choosing g = £¢2¢ in (1.2) and using Lemma 3.6 on has

wl[épl3 = Re(w(&p,¢)) = DH(9)[€%¢] = dayRe((£%0, —Ap)) — Re(DN(9)[€%¢])
d

>~ 20, (D€ + |D_¢P)g) — ReDN(¢) %] (5.3)

where we used the lower bound (C.2) from Lemma C.1 and (£p, —A(&p)) > 0. Thus for
w < 0 we have

= (o, (ID1€]° + [D-€]*)0) + |UJ1|R6DN(90) [€%¢) (5:4)

which is our starting point for the proof of Proposition 5.1. To use it, the following two
Lemmata are helpful.

Lemma 5.2. For allv, € >0 and 7 > 0 we have

2 2 4€2W 242
|D+€V:577'| + ’D*5V75,7'| + 4( 1) ‘51/,5,7' (55)
In particular, for the choice v =171 one has
4e?
{0 ( o) < ﬁllwllz +A(eT = 1?(l€verell3 (5.6)

Proof. Clearly, (5.6) follows from (5.5), so it is enough to prove the first claim. Denoting
§=¢& .- and F = F, ., we have

Di&(x) = e"TID xo (2) + Dy’ (@) x- ()
Thus for z > 0

|D1&()]? < 262D Dy xr ()P + 20" — 0Py (2)?

<2 2F(z+1)*1[7 2r_1)(@) + 2eFTHDTFE _112¢(g)? (5.7)
9¢2F(27)
< QT +2(e” — 1)%(x)?

where we used D4 x-(z) < %1[7727_1] (x) for > 0 in the second inequality, the monotonicity
of F and the fact that F' obeys the triangle inequality, that is, F'(s1 + s2) < F(s1) + F(s2)
for all s1,s2 € R and hence, by the reverse triangle inequality, also F(x + 1) — F(z) <
|F(z+1)— F(x)] < F(1) < v, in the third inequality.

Now let z > 1. Then

D_&(x) = D_¢" ()xr(2) + VD _xr (a),
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so arguing similarly as above,
ID_&(@)]* < 2[D_e" (@) x7(2)* + 2"V Dy (2)
_ P n 1
<1 — PO TFEDIREE)? 4 22 D 1) (5

2€2F(27)

< 2(e” = 1)%¢(2)* + =

T

for all > 1. Using that £ is symmetric, and hence D {(—z) = —D_&(z) holds, the bound
(5.7) shows

L, 262FC) ) o
|D_&(z)]” < 3 +2(e” — 1)%¢(x)
for < 0 and the bound (5.8) shows
9e2F'(27)
Dig(@)P < =—— +2(e" = 1% (@)’
for < —1. This proves (5.5). [ ]

From (5.4) it is clear that we also have to control DN ()[¢2¢]. From Lemma 3.6, we get
a simple bound

IDN(f)[f1]] < /R T fo V(1T fal) 1 a(dlr) (5.9)

since |(h1, ha)| < ||h1he|l1. From our assumptions on V one sees
V(@] @
for all a € R4 and therefore

IDN(f2)IAAll S L)} f1, f2) + L2 (fr, fo) (5.10)

where we used

Definition 5.3. For v > 2 and p a finite measure on R with compact support, let

LI(fu fo) = /R \ T o T fo s ) (5.11)

A simple bound for the derivative of the nonlocal nonlinearity is given by

Lemma 5.4. Assume that p is a finite measure with compact support and V' obeys assump-

tion A1. Then for any fi, fo € 1*(7Z)

IDN(f2)[A]l S 1Al (203" + 1201327
where the implicit constant depends only on u(R) and supp v (and the constants in (5.10)).
Proof. This follows simply from (5.10)

|7 T fo ' < T AT folln | T foll35

the bound |7} folle < [|T7f2ll2 = [|f2ll2, by unitarity of T, the bound (A.5) and the
assumption that y is a finite measure with compact support. [}

We will need a version of Lemma 5.4 which is ‘ezponentially twisted’,
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Lemma 5.5. For x € R. Then for all v > 2, all finite measures p with compact support,
and all 0 < o < %
LY (e"ehy, e Pehy) < min(1, s7°%) || |2]|he]l2lle =< hol|3 2 (5.12)

where s = dist(supp h1, supp he) > 0 and the implicit constant is independent of € > 0 and
depends increasingly on v > 0, u(R), and the support of u and «.

as

Remark 5.6. In the equation above, we set 07 := lim,_,0 s~ = 1, when s = 0.

Proof. Let B > 0 such that supp u C [-B, B]. Then

LY (e"*hy, e Fehy) < p(R) |S|up 1T ("= ha) | T (e ha) Iy
r|<B

Fix r € R, then
|75 (e"2 h) | T (e < ho) P < (T3 (e b)) T (e P2 o) 1| T (™ T o) | 372
The first factor is bounded by (A.6) and for the second factor we simply note
1T (e ha)lloo < ITr(e™ < ha)ll2 = [le™ " ha]2
since T, is unitary on [2(Z). Since 2(4[?%7??@ < 7% for any fixed B,v > 0,0 < a < %, and
all bounded v, this finishes the proof. [}

~

A useful consequence of this is

Corollary 5.7. Assume that V obeys assumption A1. Then for the choice v =771

IDN(9)[E 701l S 0(1) ([€veir@ll3 + Evie.rell2)

where the implicit constant depends only on 1,72, u(R), the support of u, ||¢|l2 and o(1)
denotes a term which, for fizred ¢ € 1*(7Z), goes to zero uniformly in € > 0 as T — oo.

Proof. Set £ = &, and F = F, .. Because of (5.10), we need to control LZ(&QQD, p) for
v = v, and v = 72. Let ¢, = x,p and h, = ef'¢,; and split h = efp into h, and
h<; = (1= x;)h. Then h = h; + h<, and since |a + b]7~1 < |a|7~1 + b7, we have

L)(§%¢,¢) = L} (" xzhr,e”"h)
S LZ(GFXTth e_Fh’T) + LZ(GFXThT, 6_Fh§~,-)
Lemma 5.5 yields
L xrhr, e hr) S e 3 lp- 1132

since |[x-hrll2 < ||hr|l2. Splitting h<r = her + hor, Where her == 1|_/3 7 /9)(7)hr and

her = hy — hgr we also have
Li(e"xrhr e " her) S L) (" Xrhr e T hear) + L] (" Xrhr e P hisr)
< (7/2) B2l b lalloerl3T + I hrllallhnrll2llo~r 32
< (7/2) 7B 2 hela |03 + € llhr flallonr 3

because of Lemma 5.5, since he, and h,; have supports separated by at least 7/2 and
lherllz < eTocrllz < €2lp]l2 and [[herllz < €7 [lpnrll2 < €[lorll2. Together, the
above bounds show

LY(E,0) S (e "2+ (/2721013 + lonrll3 ™) hell3 + 1 l2)-

Since, for fixed ¢ € I2(Z), the term |l@, ]3>+ (7/2)"/3l0ll3 " + [ p~r |3~ goes to zero as
T — 00, this finishes the proof of the corollary. [}
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Now we can give the

Proof of Proposition 5.1. Let ¢ be a solution of (1.1) with w < 0 and day, > 0. Then with
Xr; Fue, and &, .+ as before together with the choice v = =1, the inequality (5.4) and
Lemma 5.2 and Corollary 5.7 show

1607003 < 01 (D) ([[€ne,rll3 + [1€v,e.rll2) + 02(1) (5.13)

where 01(1) and 03(1) denote terms which, for fixed € [?(Z) and v = 77!, go to zero as
T — o0 uniformly in € > 0. Choosing 7 so large that o1(1) < %, the bound (5.13) gives

H&A&T(p”% - |’§V,6,TSOH2 S (5.14)

as long as v = 77! and 7 is large enough. Clearly, (5.14) shows that [|&, - -¢[l2 stays
bounded as € — 0, so

HeFu,O FL/,E

@rll2 = lim [[e"= @7 |2 < o0
e—0

as long as v = 7! and 7 is large enough. [}

5.2. Boosting the decay rate. Given Proposition 5.1 we know that a solution ¢ of (1.1)
with w < 0 and d,, > 0 has some exponential decay, that is, for some v > 0 we have
e“Ilp(-) € 13(Z). The goal in this section is to boost this to prove the lower bound (1.11)
on the exponential decay rate from Theorem 1.4. For this we need a refinement of (5.4)
and of Lemma 5.2. Looking at the proof of (5.4), we need to refine the error in the IMS
localization formula. This is the context of

Lemma 5.8. Let F : Z — R be bounded. Then for all ¢ € 1*(Z)
Re((e*'p, —Ayp)) > —(el' g, (cosh(D4F) + cosh(D_F) — 2)ng0>

Proof. Using the formula (C.1) for £ = e one sees

Re((e*" o, —Ap)) = ("o, — ) = > IDye" ()P Re(p(x)e(x + 1))
TEZL
> = " |Dye" (z)PRe(p(x)p(x + 1)).
TEZL

since (ef'p, —A(ef'p)) > 0. A simple calculation shows

|D4 e (2)]? = 2 (cosh(F(z + 1) — F(z)) — 1) ef @l @+1),

Thus
> D+ (@) *Re(p@)p(a + 1))
TEL
=3~ (cosh(D1 F(2)) — 1) 2Re(e" (@)e ip(a + 1))
TEL
<3 (cosh(D1 F(w)) = 1) (e @ (@) + [ Doz +1)2)
TEL

= (el"p, (cosh(D, F) + cosh(D_F) — 2) efp)
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Since cosh is even and increasing on R, and
[DiFye(z)| = [Foe(z 1) = Fo(z)] < F.(1) < v,

Lemma 5.8 gives for F' = F, . and any solution ¢ of (1.1) with w < 0 and dyy > 0 the
bound

wlleelf = Re(w(e* ¢, ¢)) = davRe((e* ¢, ~Ap)) — Re(DN(¢)[e*" ¢])

> —day (e @, 2(cosh(v) — 1)e"p) — [DN(p)[e*" | (5.15)
In other words, since w < 0, we have the bound
(|w] = 2day(cosh(v) — 1)) [[e" |3 < [DN(p)[e* ]| (5.16)

Fu.e

which will help to control ||e"*=¢p|| as long as |w| > 2d,y(cosh(v) — 1). To control the right

hand side of (5.16), we note

Lemma 5.9. Assume that V obeys the assumption A1 and p is a finite measure with
compact support. Then, if e*ollp(.) € 12(Z) for some vy > 0 we have

limsup | DN (p)[e2F= ]| < 0o (5.17)
e—0

for all 0 <v < L.

Remark 5.10. One might hope that even despite the nonlocal nature of DN one could
have

IDN(p)[e"¥]| S [DN(e"p)¢]].
Setting v = ef*0cp and using 2F, . = Fyv—up),e + 2Fy ¢, one could conclude from this
IDN (¢)[e*"<¢]| = |DN () [e" 0= e 20—2h ]| S [DN (e )[e™> 002y

but since y; > 2, we have v — vy > 0 for 1y < v < 7—211/0 and this leaves an excess exponential
weight Fo(,_,) . The point of the Lemma is that this excess weight is absorbed by the
nonlinearity even though it is nonlocal.

Proof. Set 1. = efocp. Then limsup,_, [|[¢<]|2 < oo and with (5.10) and Definition 5.3
we have

IDN () [e*¢]| = [DN () [e"™~0ene]| S L (™ 024)e, ) + LY (™2~ 024he, )
Using (A.7), we see

LZ(eFm/fvo,Ewsa SD) < M(R) |S|up ||TT(6F2u7yo,sw€)|TTSO|V—1Hl
r|<B

< p(R) (2 PUF)|fyiefo e v—ror/0mn e | 37
for v = 71,72. By assumption, limsup,_,q ||1c||2 < oo and in order to have

lim sup ||l @ —0)/G-12 ||y < o0
e—0

we need 2v — vy < (y1 — 1)1, which is equivalent to v < Lrvp, so (5.17) follows. [ ]
Before we come our key result for boosting the exponential decay rate, we need some

more notation. Note that 0 < v — 2d,y(cosh(r) — 1) is strictly increasing from zero to
infinity. Thus for any w < 0 there exist a unique 7 > 0 such that

2day(cosh(7) — 1) = |w]. (5.18)
In other words, 7 is given by the right hand side of (1.11).
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Proposition 5.11 (Boosting the exponential decay rate). Assume that V' obeys the as-
sumption A1 and that ¢ is a solution of (1.1) for some w < 0 and day > 0, and ¥ is given
by (5.18). Furthermore, assume that for some 0 < v < U we have e’I'lp € 12(Z). If 6 > 0
is such that

v+406<v and 6§71_2V

then e+l € 12(7Z).
Proof. Let v1 =v+ 9§ <7 . Then |w| — 2day(cosh(r;) — 1) > 0 and (5.16) shows
le"1=0]13 < DN (@)[e*1]]. (5.19)

Since the condition § < VlTJV is equivalent to v; < Lv, (5.19), Lemma 5.9, and the
monotone convergence theorem yield

Ful,O

le100]3 = lim [[e™1=]|3 < limsup [DN (0)[e*1<¢]| < o0
e—0 e—0

which proves the claim. [}
Now we come to the
Proof of Theorem 1.4. From Proposition 5.1 we know that
Vs = SUp {1/ > 0| (x — e’lPlp(x)) e ZQ(Z)} > 0. (5.20)

In order to prove the lower bound (1.11), let us assume that, in the contrary, 0 < v, < 7,
where 7 is given by (5.18). Take any 0 < vy < v, and choose

7 —9
0 = 0y, = min <V 21/0,712 l/g).

Then Proposition 5.11 shows e”"'go € 1?(Z) for v = vy + 6,,, that is,
vo+ 0y, < v for any 0 < 1y < vy

lzy the definition of v,. However, since we assumed 0 < v, < 7 and ;1 > 2 we have
”T”* > v, and B v, > v,. Thus

vy + 6y, = min <1/—;y0771V0> — min (yj;V* 7114) >, as iy N vk

2 T2
which is a contradiction. So v, > 7. ]
6. SUPER-EXPONENTIAL DECAY FOR ZERO AVERAGE DIFFRACTION

In this section, we show that any solution ¢ € [?(Z) of (1.1) for zero average diffraction
decays super-exponentially, with an explicit lower bound on the decay rate. We are guided

by the approach of [16] and follow in part their argument, however, we also need to make
substantial modifications. Similar to [16], we focus on the tail distribution g of ¢, where
1/2
Bn) = { > lo(@) (6.1)
|lz|>n

for n € Ng. Our main tool for showing this very fast decay is the following self-consistency
bound on the tail distribution 8, which generalizes the one in [16]. This bound will be
important for establishing some super-expoential decay in Section 6.1, as well as boosting
it to the lower bound in Section 6.2, which together will yield the proof of Theorem 1.7.
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Proposition 6.1 (Self-consistency bound). Assume that V' obeys the conditions of assump-
tion A1 and w # 0. If ¢ is a solution of (1.1) for day = 0 then with 0 ==~ —1 > 1 and
for any m,n € Ng and 0 < a < % the bound

B(n+m) < B(n)’ + (m+1)~m+l) (6.2)
holds where the implicit constant depends only on a, w, and ||¢||2.
Proof. 1If ¢ is a solution of (1.1) with w # 0 and d,, = 0, then

(p,9) = —w 'DN(¢)]g]

with DN(¢)[g] from Remark 3.7. Now define the hard cutoff x;(z) := 1 if |z| > [ and
xi(x) = 0if |x] <1 —1 and choose g = ¢ = x;¢ with [ = n+m. Then (5.10) again shows

Bn+m)? = (ps,0) S LI (s, 9) + L2 (e, 0)

and splitting ¢ = s + p< with s = xn¢ and ¢« = ¢ — ¢~, which has support in
[—(n —1),n — 1] shows

Bn+m)* S LI (s, 9) + L (es, ¢)
S L e, 05) + L (0s,05) + L (es, 0<) + L (s, 0<).

Lemma 5.5 for F' = F), . = 0 shows

Li(ps,95) S lleslole=137" = B(n +m)B(n) "
and
Li(ps, <) S (m+ 1) D los [o]le<]37 < (m+ 170+ m)5(0)
for v = 41, 7v2. Since B(n)2~! < B(0)27713(n)" 1, this finishes the proof. ]

The self-consistency bound from Proposition 6.1 is our main tool to prove Theorem 1.7.
Again, we split the argument, first we show some super-exponential decay and then we
boost this. The first part is, with considerable changes, similar to the approach in [16], but
since the decay rate of Theorem 1.7 for V(a) ~ |a|?a is quite a bit better than in [16], we
have to do much better in the second step.

6.1. Some super—exponential decay.

Proposition 6.2 (Some super-exponential decay). Let § be a decreasing non-negative func-
tion, vanishing at infinity, which obeys the self-consistency bound (6.2) of Proposition 6.1
for some 8 =~ — 1 > 1. Then there exists v > 0 such that

B(n) < (n+1)7""+D for alin € Ny.

Corollary 6.3 (= first step in the proof of Theorem 1.7). Assume day = 0 and V' obeys
assumption A1. Then for any solution ¢ of (1.1) with w # 0, there exists v > 0 such that

()| S (| + 1)+
for all x € Z.

Proof. Given Proposition 6.2, this follows immediately from |p(z)| < B(|z|), where 8 is
defined in (6.1). [ ]
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In order to prove Proposition 6.2, for any v > 0, define the weight H, by

H,(s) == (s + 1)*&HD (6.3)
for s > 0 and its regularized version of H, . given by
H, 1
Hy,o(s) : () _ (6.4)

T 1+ eH,(s) H,(s)"1+¢
for s, > 0. We need some basic properties of H, . given in
Lemma 6.4. (i) For any € > 0, the function (v,s) € RT x R — H, .(s) is bounded above
by 1. Moreover, the function H,(s) is increasing in s,v > 0, decreasing in € > 0, and
depends continuously on v,e,s > 0.
(i) Let 0 <o <1 and 0 < v < Z. Furthermore’, let m := [o(l+1)| for | € Ng. Then

1
)+ 1) 6.5
D+ (65)
(iii) Let v > 0,0 >1,0< 0 < %, then there exist a constant C = C(0,0,v) which is

decreasing in 0, increasing in o and v, such that withn:=1— [o(l+1)]|

H, () < CH,(n)’ (6.6)

mﬂxm+1r%Pgem(—<%mu+n+

foralll € Ng and 0 <e < 1.
(iv) Let B :Ng — R be a bounded function and 7 € Ng. Then the map

[0,00) % (0,00) 3 () = [|Bllvc,r := sup Hue (DB)

18 conlinuous.
(v) For 0 <wv, T € Ny, and an arbitrary bounded function 5 : Ny — R

1Bllv.0r = lim [|Bllver = sup [|Bllver - (6.7)
e—0 0<e<1

We will give the proof of this Lemma at the end of this section and come to the

Proof of Proposition 6.2. We need to show that for some v > 0 and some 7 € N
sup H, (1)B(1) < oo. (6.8)
>

Let o = ¥ and 6§ = v, — 1 > 1. The self-consistency bound (6.2) shows

Bl) < Bn)? + (m+ 1)~ (mD/A (6.9)

for all [,m,n € Ny with [ =n + m.
We fix 0 = 92;91 then 0 < o < 1/2 and we consider 0 < v < ¢/8, which we choose more
precisely below, and let

m=[o(l+1)].
Multiplying (6.9) by H, () and using Lemma (iii) shows
Hu,e(l),@(l) < (Hyje(n)ﬁ(n))e + H,(I)(m + 1)7(m+1)/4

uniformly in 0 < € < 1, hence, for any 7 € Ny, sincen =1—m > [(1 —o)(t+ 1) — 1] if
[ > 7, also

18ller = sp Hoo(DB(D) S 18] + sup Hy () om + 1)~/

4Recall |s| == max{k € Z| k < s}.
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where we introduced 7 := [(1 — o)(7 + 1) — 1]. Note

181, 7 < ot max (Hye(n)B(n ) < BI0er + Ho(r = 1)°B(7)°
+ 7_91/7'/8( )
by the monotonicity of H,. and 3. So setting Ri(7) = sup;>, e_[%ln(lﬂ)_fle}(l“), using
Lemma (ii) and 0 < v < &, we arrive at
1Bl < C (IBIS e + 77 B + Ba(7)) (6.10)
for some universal constant C' independent of T E N. Now let 71 be so large that Tlm < %
for all 7 > 7. Choosing v = Tﬁw gives 797 = €Y and with
Gu) =u—Cu’ foru>0
we see that (6.10) can be rewritten as
G(||Blv,e,r) < Ra(7) (6.11)
for all 7 > 71, where v = —— and Ro(7) := C (e’ 8(7) + R1(7)) with 7 == [(1—0)(r+1)—1].
Now the argument continues exactly as in [16], we will give it for the convenience of the
reader: Certainly G is continuous on [0,00) with G(0) = 0 and lim, . G(u) = —oo. Also

G has a single strictly positive maximum on [0,00), that is there exists a single umax > 0
such that

Gmax = G(umax) = Sup G(u) >0

u>0
and the inverse image of the set [0, Gmax/2] under G is given by
G0, Grmax/2) = [0,u1] U [ug, o)

for some 0 < u1 < Upmax < Uz < 0O.
Note that lim,_,o Ro(7) = 0 since 8 and R; are going to zero at infinity and lim, o 7 =
oo. Choose 19 > 711 so large that Ra(7) < Gax/2 for all 7 > 7. Then (6.11) shows that

1Bllve,r € [0, u1] U [ug, 00) (6.12)
1

forall 7 >m and all 0 <e <1, as long as v = .

Step 1: Because of Lemma (iv), for fixed v, 7 > 0, the map 0 < € + |||, is continuous.
So since uj < ug, the intermediate value theorem for continuous functions and (6.12) show
that we have, for all 7 > 79 and v = the dichotomy

ln’

either 0 < ||Blyer <wup forall0 <e <1, or ug < ||Blyer foral 0 <e <1.

Step 2: Since H,; < 1 by Lemma (i), we have =pB(r) > 0as 7 — oco. So we
< uy. For this 7 we have from Step 1 that

1Bllver <up forall 0 <e<1,

where v = 71}17
1Bllv.0r = 1 [[B]lyer < ur < oo
e—0
by Lemma (v). This finishes the proof of Proposition 6.2. ]

Now we come to the
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Proof of Lemma 6.4. Part (i) is clear from the definition of H, .. For part (ii) we note that
for fixed 0 < o <1 and m = [o(l+1)], one has m < o(l + 1) < m + 1, hence

Hu(l)(m + 1)_(m+1)/4 < (l + I)V(H—l) (O'(l + 1))—0’(l+1)/4

— exp (((Z — V) In(l+1) + "120)(z+ 1))

< exp (—(g In(l+1) — i)(l + 1))

since 0 < —olno < e ! for all 0 < 0 < 1 and v < ¢/8. This proves (6.5).
Of course, (6.6) holds with constant
C :=sup sup g(n,l,¢)
leNp 0<e<1
where n =1 — |o(l+1)] and

g(n,l,e) = Hy (1) _ (HV(n)il +5)9
T Hye(n)? H,(l) "t 4e¢

where we droped, for simplicity of notation, the dependence of g on 6 and v. Since H, . > 1,
g is certainly decreasing in € > 1, and so is C. A simple computation shows

o H -1 0—1

—-9(n,l,e) = (H ) - *e)

de (H,(1)"t 4 ¢)?
Since n <[ and § > 1, the map 0 < e~ 0H,(I)"! — H,(n)~! + (# — 1) is either positive
for all € > 0, or it is negative for small and positive for large ¢, with a single zero for some
e > 0. Thus the map 0 < e — g(n,l, &) is either increasing in € > 0, or it decreasing for

small and increasing for large € > 0, with a single minimum at some € > 0 and no maximum
n (0,00). Thus the supremum of g(n,l,e) over 0 < e <1 is attained at the boundary,

(0H, ()™ — H,(n) ™ + (6 — 1)e) .

sup g(n, l,€) = max(g(n,1,0), g(n,l,1))
for all 0 < n <I[. We have

(Hy(n) ' +1)° _
1) = <2
g(n7l7 ) Hy(l -1 —
for all n,l € Ny and, because n =1 — |oc(l+1)] >l —0c(l+1)=(1—-0)(l+1)—1,
(l )V(l+1)

g(n,1,0) <

(L= o)+ )»T=TD
— exp @[(1—9(1 o)) (1 + 1) In(l + 1) — 9(1—0)1n(1—a)<z+1>})

< exp (—V[(G(l —0o)—1)In(l+1) — 6_19] I+ 1))
A short calculation reveals that for a,b > 0 the maximum of B(s) = —(alns — b)s over
s > 0 is attained at Bpax = aee=! so with a = 9(1 — o) — 1 and b = e~ ' this shows

g(n,1,0) < exp <1/(9(1 — o) —1)exp ((0{16—_;)—1) - 1))

for all I G NO and withn =1—|o(l+1)] as long as §(1 — o) > 1, which in turn is equivalent

to o < 1. This proves (6.6) and alos shows that the constant C'is increasing in v.
To prove part (iv) note that because for the triangle inequality

et = Bller| < sup [Hy o (1) = Hy e (1) sup [B(1)]
1eNg €N
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for all v,/ > 0 and ,¢’ > 0. Note that

sSup ‘HV’,E’(Z) - HV,E(Z)‘ < sup ‘h(l/?g/? S) - h(V,E, S)‘

leNg s€[0,1]
with h(v,e,s) = (sV* +¢)~!. The function h is continuous on [0,00) x (0,00) x [0, 1] and
thus uniformly continuous on [0, x~!] x [~!, k] x [0,1] for any & > 0. Thus, for any r > 0
there exist § > 0 with |h(V/, €', s') — h(v,e,8)| <raslongas 0 < v,/ <k, k1 <e,e/ <k
and 0 < s,s <1 are such that [/ —v|,|e’ —¢|,|s' — s| <. Thus for these v, and ¢,&’
also

sup |h(V,€',s) — h(v,e,s)| <.
0<s<1

Hence also

sup ‘Hyz (1) — H,,@(l)’ < sup ’h(y/,s/,s) - h(y,s,s)’ <r
1eNg 86[0,1}
forall 0 <v,v/ <k, k! <eg,e <k with |V —vl|, ¢/ —¢e| < 4. Since x > 1 is arbitrary, this
shows the continuity of ||5]|,¢, in v > 0 and € > 0.
To prove the last claim, we simply note that H, . is decreasing in € > 0, so the map

interchange suprema, we get

Ko [l = sup HﬁHuaT— sup sup H,(1)5(1)

0<e<l I>71

=sup sup H,.(1)B(l) = igpﬂu,o(l)ﬂ(l) = [1Bllv0,

I>7 0<e<1

which proves (6.7) and finishes the proof of Lemma 6.4. [ ]
6.2. Boosting the (super—exponential) decay rate.

Proposition 6.5 (Boosting the super-exponential decay rate). Let 8 be a non-negative
function which obeys the self-consistency bound (6.2) of Proposition 6.1 for some 6 > 1 and
some 0 < a < % Furthermore, assume that for some v > 0 we have

B < (1 + 1)U for all 1 > 0.

201
a1 +0v

B < (14 1)) forall 1> 0.

Then for all 0 < ay < «, setling vy =

v, we have

Remark 6.6. v; > v is equaivalent to v < 299 Loy, So Proposition 6.5 allows us to boost

261 291

the decay rate as long as v < =5—=q, since v < 27—« whenever «a; close enough to a.

Proof. The self-consistency bound (6.2) and our assumptions on 3 imply
B(1) S (n+ 1) o (m 4 1) 70D
for all [,m,n € Ny with [ =n + m.
Set m = |o(l +1)] for some 0 < o < 1, which we choose later. Then m < o(l+1) <
o(l+1)+1and forn=101—m we have (1 —0)(l+1)—1<n < (1—-0)(+1), that is,
=|(1—=o0)(l+1)—1]. Then the self-consistency bound implies
B S (1= o)+ 1)~ =D 4 (01 4 1)) 0o+
=exp (—(v(1 —o)In(1— o)+ aclno)(l+1) — (fv(l — o) + ac)(l+ 1)In(l + 1))
<exp ((0v + oz)e_l(l +1) = (v(1 — o)+ ao)(l+1)In(l + 1))
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Sexp (—(0v(l —0) + aqo)(l+ 1) In(l + 1))

for any 0 < o < o and all | € Ny, where we also used cIno > —e ! and (1—0)In(1—0) >
—e~! for all 0 < ¢ < 1 in the third line.
We choose o such that v (1 — o) = a0, equivalently

4
o1 +0v’
This yields 0 < 0 < 1 and 6v(1 — o) + ayo = 2a10 = O?ﬁﬁelyl/ =v1. So
B(l) Sexp(—vi(l+1)In(l+1))
for all [ € Ny, which finished the proof. ]

Corollary 6.7. Let 5 : Ng — R be a decreasing non-negative function, vanishing at infinity,
which obeys the self-consistency bound (6.2) of Proposition 6.1 for some 6 > 1 and all

0 < a < 1. Furthermore, recall H, (1) = (1 4+ 1)**D forl € Ny and v € R. Then
1

V**:sup{y>0|/8§H_V}21—%

Proof. From Proposition 6.2 we know that v, > 0. Let 0 < v < vy and 0 < a1 < %, then
Proposition 6.5 shows

B H-
for vy == 2(3119‘; . Thus, by the definition of v4, we have
2001v
S Vs
aq + Ov

forall 0 < v < v and all 0 < a1 < % Taking first the limit v 7 v, and then a; % in
the above inequality shows

Ov
17** < Vs
2 + 91/**

Since vy > 0 this implies vy, > 1 — %. ]
Now we can give the

Proof of Theorem 1.7. Let 6 = 71 — 1 and ¢ be a solution of (1.2). Then Propsition 6.1
shows that the tail distribution 8 of ¢ obeys the self-conistency bound (6.2). Then the
claim follows from |p(z)| < B(]z|) for all z € Z and Corollary 6.7. [ ]

APPENDIX A. SOME USEFUL BOUNDS
We start with
Lemma A.1. (i) Let 1 < p < oo and f1, fo € IP(Z), then

115 = 1 f2ll5] < poax(|| Al A0~ = Fallp (A.1)
(ii) The free time evolution group T, = " is bounded on IP(Z) for all 1 < p < co with
-2
1711l < 1 £ (A2)
A

18 norm continuous on P for any 1 < p < oo with

1 = Toflly < (471 = 1) 1 £l (A3)

(iii) The group T, = €'
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(iv) For the kernel’ of T,, one has the bound
lz—yl
(@ Ty [)] < min (1, 4““")) . (A1)

(v) (Strong bilinear bound) For any 1 < p < oo

) 8e!6B (4B)I2]
’ [31!

sup || T, 1T} fo|lp, < min
r|<B

) [ f1ll2ll f2ll2 (A.5)

with s := dist(supp f1,supp fa2).
(vi) (Twisted strong bilinear bound) For any 1 < p < oo and B > 0

v 2(4ReV) 3]
sup Ty (e ) To(e™ o)y < 4eB0e ) min (1, 28802 1 i, (a6)
re[—B,B]| (§~|

uniformly in € > 0. Here s := dist(supp h1,supp hg) > 0 and F, .(x) = 1_'7_‘;'36'.
(vii) (Ezchange of an exponential weight) For any a > 1,1 <p < oo, and B> 0
sup [T, (e™ha)[Trha ||, < (2" Py o[/ ho 5. (A.7)
Ir|<B
(viii) For any v >0 and A > 0, let f,(z) = Ae 1%, Then
cosh(5v)
Il = A 2,
2

(A.8)
_ B sinh?(1/2)
<fu> _Afu> - HD—&-fu”% - 4A2 W

Remark A.2. The strong bilinear bound above strengthens the strong bilinear bound from
[15, 16], which was proven there only for p = 2. Moreover, we will give a proof which is
considerably simpler than the one in [15, 16]. The twisted strong bilinear bound (A.6) is
new and needed in the proof that solutions of (1.1) with w < 0 have some exponential
decay for positive average dispersion. It is important that the right hand side of (A.6) is
independent of € > 0. The exchange of exponential weights bound (A.7) is crucial for our
strategy of boosting the exponential decay rate to the one given by the physical heuristic.
The main feature of (A.7) is that for e > 1 its right hand side has an exponential growth
of order v/a which is strictly smaller than v when v > 0. Thus (A.7) allows us to absorb
some excess exponential factor in the boosting argument of Section 5.2.

Proof. For the first claim, let fi, fo € [P(Z), 1 < p < oo and note that for a,b > 0 one has
laP — bP| < pmax(aP~t, 0P 1)|a — b| (A.9)

since, if a < b, then
b
\ap—bp|:bp—ap:p/ P hds < pbP71(b—a)

and the case a > b follows by symmetry. Using a = || fi||, and b = || f2|, in (A.9) shows

11115 = 1 £215] < pooax(LAIET 12057 Alle = 1 f2ll
which gives (A.1).

SWe use the physicists’ notation (z|T}|y) for the kernel, for mathematicians, (z|T}|y) = (6, T:.8,), where
d, is the Kronecker delta at = € Z.
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As a preparation for the proof of the other claims, note that 7, has the norm continuous
series expansion

One easily sees that
[Afllr <4l £l and [[Af]loo < 4[| loo- (A.10)

Thus the norm of A on [°°(Z) and ['(Z) is bounded by 4 and from the power series for 7T}
one sees

HTf||p§ _64‘ ‘Hf“pa p=1or oco.

By self-adjointness of A on lz(Z) one has that T; is unitary on I2(Z), so || T, f|l2 = || f||2 and
interpolating this with the bound on ['(Z) and [°°(Z) with the help of the Riesz-Thorin
interpolation theorem proves (A.2).

Moreover, applying Riesz-Thorin interpolation theorem on (A.10) yields ||Af|l, < 4| fll,
for all 1 < p < oco. The series expansion for T, then yields

)"

oo
If =T flls < 1£1lp = (T = DI £l
n=1
which is (A.3). In particular, 7, is norm continuous on [P(Z) at r = 0, which together with
the group property of 7, and (A.2) shows its continuity for all r.
Because of the norm convergent series expansion for T, its ‘kernel’ (z|T}|y), for which
one has T, f(x) = >, 7 (z|Tr|y) f(y), is given by

oo

it =3 T ary = Y I Ay (A1)

n=0 n=[z—y|

/\

since (z|A"y) = 0if n < |x —y|. Moreover, |(z|A"|y)| < ||A]|™ = 4", so we have the bound

(| T )l < > ()" (A.12)

n!
n=|z—y|

By unicity of T} and the Cauchy-Schwartz inequality one always has |(x|T;|y)| < 1. More-
over, by (A.12), we have

(x| T |y)| < Z (4|TD = (4]r|)l=~ yIZ (4r))"

n=lz—y| —vl+n)!
<@WW%m§me”_&Mmmwﬂ' A3
S eyl &l o=yl |

since (|z —y| +n)! > |z — y|In!. So (A.4) follows.

To prove the fifth claim, we first note that on the sequence spaces [P(Z), the bound
|kl < [|R]]1 holds. Hence ||T: fi Ty fa|l, < |17 f1T7 f2]l1, so we only have to prove (A.5) for
p = 1. Because of the Cauchy Schwarz inequality,

| T 1T folli < T fall2l| T f2ll2 = 1 fall2ll f2ll2
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Now let s := dist(supp f1,supp f2) > 0. Then with
(4 |fB vl (4]p])lz—y2l
A (y1, 1) _€8|T|Z (4]r|) (4]r|)

lz =l [z — gl
the bound (A.4), the Cauchy-Schwarz inequality and the symmetry of A, in y; and y, gives
T AT folls <D0 1) Ay, y2) 1 £ (32)]

Y1,Y2
1/2 1/2
(T veratm) (X Aawlier)
Y1EZL Yo EZ
Y2 ESUpp fo y1 Esupp f1
< (Ar12Ar2) 2 | fill2]l fol2 (A.14)

where A;.jm = SUPy, csupp f; 2ysesupp fn Ar (Y15 Y2)-
Fix y1 € supp f1, then for all + € Z and all yo € supp f> we have |z —yi1| > § or
|z — y2| > 5 and since the distance is always an integer, setting [s] := min{n € Z|s < n}

and denoting G, (y) := (4‘,,”\;,\7 we get

lyl!
Yo Ay = YT N G —y)Gr(w — )
y2Esupp f2 y2€supp f2 ¢€Z
<Y GG+ Y Gle )Gl — )
Y2,T s
o=y 1251 =y 5]
=Y Grlm) ZGT@Q) 3G Y Grlw))
2l >3] @ lwal=T 3]
=28 Y @ ZG (A.15)
FER

A simple calculation gives

_ _ — (4]r]) alr|
Y Gr(y) =Gr(0)+2) Grly)=1+2) )i < 2 (A.16)
Y y>1 y=1
and
o x P n 4|r| [5]
S G =2 Y “‘49’6”"):2(4|r|)mz(((541’71)n)' <% ﬁf) (A7)
o> =151 n=0 |12 : 2!
Thus
16| H
App < S UMD (A.18)

(31!
The same argument yields the same bound for A;; and since
T 1T, foll < min(1, (Ap124r22)) )| Aull2ll f2]l2

this proves (A.5).
In order to prove (A.6), we can again, without loss of generality, consider the case p = 1.
Fix v > 0 and € > 0 and let F' = F), .. Noting

I (" h) T (e ho) 1 = lle™ Ty (e" ha)e" Tr (e ha) |1
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<303 F@F@I (@] T; 1) || (1) |l O F @ (2] T ) o ()|
TEZ y1,Yy2€ZL

and, because of the reverse triangle inequality for F', we have |F(z) — F(y)| < F(x —y) <
v|x —y|. Thus setting G, ,(y) = e 416 bound (A.4) yields

[y[!
1T () Te(e™ T ho) s < € Y [yl (D Gru(@ — 1) Grow( — y2)) [h2(y2)]
Y1,Y2€7Z TEZL

so denoting A, (y1,42) = > ez Gro(® — y1)Grp(x — y2), we can argue as for the bound
(A.5), except now we cannot simply use unitarity of T} to get the bound when the supports
of hi; and hy are not separated. Instead, as in (A.14), we use and Cauchy—Schwartz and
the symmetry of A, ,(y1,y2) in y1 and ya to see

ST ha () Ar (y1, 92) [ ha ()] < (sup > Ar,u<y1,y2>)uhluznhQHz
Y1,Y2€ZL V€l ez
By translation invariance,

Z Ar,l/(yla ?/2) = Z Z GT‘,V(:E - yl)Gr,V(x - ?/2) = (Z GT,I/(y)>2
T Y2

Y2 EZ Y
_ (4|T|€V)n 2 8|r|e”

neN
Thus
1T (™ ) Ty (e ho) 1 < 40+ [ |2 a2 (A.19)
and proceeding similarly as in (A.14)—(A.18), one sees
o (4 [51
1T (e )T (e P By < 8eShICi+e >('H (A.20)
§ .

when s := dist(supp h1,supp he) > 1. Together, (A.19) and (A.20) prove (A.6).
To prove (A.7), let @ > 1. Again, it is enough to consider the case p = 1. Then with

hy = efv/achy
T (P h) | T ()], = He—Fy,ETT(eFV,Ehl)‘eFu/a,gTT(e—Fy/a,afg)‘aHl
< HefFu,sTr(er,Ehl)er/a,aTr(efFu/a,E};;)Hl HGF”/O"ETT(GiF”/O“EiL\;)Hgoil.
Now arguing similarly as in the proof of (A.19),
e Fre Ty (e by Yelviae T (e Frrec hy) |

<> ) e (| T fyr) || (1) [/ @172 (2| T o) | | (32) |
T Y1,Y2
r v v/a T r v —
< 4e M by ||| hal2 < 4€®MOTED 1Ry [[2]|ha]l2
and

[P/ T (e~ Frroehy) oo < [|eFv/ee T (e Frrae hg)|lp = [|€2Fv/ene Ty (e~ Forene hg) 2|/

1/2
= (Z > eW“”ylr<a:|Tr\y1>Hh2<y1>|e<y/“>'xyzr<m\Tr\y2>Hh2<yz>\>

r Y1,Y2
< 26410+ By o[ aal2 < 264710+ g
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for all @ > 1. This proves (A.7).
Lastly, let f,(z) = Ae "I*l with v > 0 and A > 0, then

o
14 e rve cosh(5v)
— —kvlz| _ —KVTY - Y= 27
Ifull = A ol = a2 Yy = A ) = A
TEZ =1
Moreover,
HD_:,_fyH% — A2 Z ‘e—u\x+1| - e—u|x\’2 — A2 Z(e—u - 1)26—21/90 + Z (eu N 1)262ux
T x>0 r<-1
1 e~ sinh?(v/2)
:A2 —V_12 V_12 :41427
<(e ) 1—e 2 e ) 1—e2 sinh(v)

APPENDIX B. BOUNDEDNESS, NEGATIVITY, AND STRICT SUBADDITIVITY OF THE
ENERGY

Recall that for d,, > 0

Hf) = A f) - N(P)

and
Efe =inf {H(f): [|f|* = A}

In this section we will give an a-priori bound on the ground-state energy which is an
essential ingredient in the construction of strongly convergent minimizing sequences.

Lemma B.1. Assume that assumption A1 holds. Then for every A >0
/2 /2 < Egav <0,

where the implicit constant in the lower bound depends only on p(R) and the support of p.
In particular, the variational problem s well-posed.

Proof. The lower bound follows immediately from H(f) > —N(f) and Proposition 2.6. For
the upper bound we argue similarly as in the beginning of the proof of Theorem 3.1. Note
that

dav dav
By < H(f) = =D+ flI3 = N(f) < D+ fI + N ()]

To bound the nonlinearity, we use (1.9) to see that with B so that supp u C [-B, B,
INUNI'S |S|1i%(HTer3} +ITA135) S WA+ 11115
RS
where we also used the bound (A.2) from Lemma A.1. Now define f,(x) as in the proof of
Theorem 3.1 by
fn(x) = Cnl[fn,n} (JU)

1/2
with ¢, = (ﬁ) . Then ||f,||3 = X\. Note that

Dy full2=2c2 -0 asn — oo
and for any v > 2

by v/2
Il = (7)ot D=0
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as n — 00. So B = inf) g2y H(f) < limpsoo H(fn) = 0. (]

Similar to [7], we get the following strict concavity and strict subadditivity of Ef\i“v.

Proposition B.2 (Strict subadditivity). Under assumptions A1 and A2 and for any
A>0,0<6<)A/2, and A, Ay > 0 with Ay + Ao < A, we have

J0
duv | grda 0 02
E/\l + E)\z > [1 - (2 2 = 2) ()\)

where v9 > 2 as in A2.

dav
EY (B.1)

Remark B.3. In particular, Proposition B.2 shows that for any A, Ao > 0 one has

dav dav dav
E‘/\iL +E}\; > E)\1+)\2

as soon as Egﬁ \, < 0. That is, the map A — Eg"w is strictly subadditive where it is strictly
: 1+A2
negative.

In order to prove this, we need a little preparation.
Lemma B.4. V obeys A2 if and only if for all t > 1 we have
V(ta) > t°V(a) for all a > 0. (B.2)
Proof. Assume that V obeys A2. Then

d
ZV(ta) = V'(ta)a > 22V (ta)
for all @ > 0 and ¢ > 1. Thus
d

—(t7°V(ta)) >0
! (ta)) =
and integrating this yields (B.2).

Conversely, since (B.2) is an equality for ¢ = 1, we can differentiate it at ¢ = 1 to get
A2. |

Proof of Proposition B.2. Let t > 1, then A2 and Lemma B.4 imply N(tf) > t"N(f) for
any f € [%(Z). Thus also

H(tf) < t*dav(D1f, Dy f) =N (f) < °H(f) (B.3)
since t > 1 and 9 > 2. Hence
sTOH(f) < H(sf)
for all f € 1?(Z) and all 0 < s < 1 and

SOEd — g0 inf H(f)< inf H(f)=E%. (B.4)
A 1F13=x 113=s521 A

For A1, A2 > 0 and A1 + A2 < A choose 0 < p; < 1 with A; = p;A for j = 1,2, Then

dav dav _ podav dav Y0/2 70/2\ rnday
EX+Ey =E N +EN 2> (11" + 3" ") EX

because of (B.4). Without loss of generality we can assume p > pa, otherwise we simply
exchange A1 and Ag. Then, since 0 < u; + p2 < 1, we have

2 2 2 2
P <1 ()0 = i — i)

Y0/2 Yo/2
:1—/@0/2<<1+“1> —(”1) —1)
2] H2
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2
< 1— M'2YO/ (2’70/2 _ 2)

where the last inequality follows from the fact that for 79 > 2 the map 0 < s — (1 + 3)70/ 2
§7/2 — 1 is increasing on [1,00). Thus, since E;\lav < 0 by Lemma B.1 and pg > d/A, the
inequality (B.1) follows. ]

Lemma B.5. Assume that assumption AJ holds and X > 0. Then Egav < 0.

Proof. Unlike the continuous case, where Gaussians provide a nice class of initial conditions
f for which one can explicitly calculate the time evolution 7. f, no such class of functions
exists in the discrete case. Hence, the proof that Ef‘"“’ is strictly negative is quite different
from the continuous case.

Recall that Ef\l“ is defined in (1.5). We consider the case dyy = 0 first. Let hyp(r) =

2
=31, Assumption A4 says that if day = 0, then there exists ¢ > 0 such that V(a) > 0

for all 0 < a < e. Let B > 0 such that supppu C [-B,B] and for any v > 0 take

fu(z) = Ae "I*l with
inh(1) 1/2
A, = 22 (2R B.5
v cosh(v) (B.5)
Then (A.8) from Lemma A.1 shows || f,||3 = A, i.e., f, is a valid test function. Moreover,
A, is increasing in v with A, — 0 as v — 0+ 50 ||fu]lcc = Ay < €/h1 00(B) for all small
enough v > 0, hence, because of (A.2), there exists 1 > 0 such that ||} f,|lecc < € for all
|r| < B and 0 < v < v;. In this case, by assumption A4,

V(T fu(z)]) >0 forallzeZ, |r|<B, 0<v<uy, (B.6)
hence N(f,) > 0. If Eg\) =0, we would have 0 = Eg\) < —=N(fy) <0,s0

N = [ S VAT @)D utdr) =0,

T€Z
Because of (B.6), this implies for all 0 < v < vy,

V(|T, fu(z)]) =0 for p-almost all r and all x € Z.
and since 0 < |7} f,(z)| < ¢, the only way this can be is if
T.f, =0 for py-almost all r
and since T} is unitary on [2(Z), this implies f, = 0 for all small enough v, which is a

contradiction. Thus Eg <0if N> 0.

In the case day > 0, A4 shows that there exist € > 0 and 2 < k < 6 such that V(a) 2 a”
for all 0 < a < e. Again let B > 0 such that supp . C [~B, B] and choose f, (z) == A,e "Il
with A, given by (B.5) and vs > 0 such that || f,||cc = Ay < €/h1,00(2B) for all 0 < v < vs.
Then the second part of Lemma A.1 guarantees ||1,_r, fu||coc < € for all ro,r € supp p and
0<v <.

Set g =T_,, f,, then 0 < |T}.g| < ¢ for all r € supp p, hence

N(g) = /R SOV(Tag(@)]) pldr) 2 /R STy ular) = [

T€Z T€Z 0~

7"0+6
S I Trglli p(dr)

— e4|r

for all ry € supp p and any § > 0. Define ho(7) : | — 1. Then the bounds from Lemma

Al give
1Teglls = [1fullk = AR = 1T £ lIE]
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>\ follr = smax([| fullf N To—ro full i D fo = Trmro fill

> (1= w(hrs(r = 0))"  ha(r = 10)) [ £
Thus

N(9) Z (1 = #(h1,x(2B))" " h2(9)) pu((ro — 6,70 + )| fu
Since the (complement of the) support of the measure u is given by
(supp )¢ = {ro € R|36 > 0 such that u((ro — d,r9+ ¢)) = 0}
one has, for any rg € supp u,
p((ro — 6,70 +0)) >0 for all § > 0.

So choosing any ro € suppu and § > 0 small enough that 1 — k(hy .(2B))* tha(8) > 0
yields

kw2 (Sinh(v) %12 cosh(Lv)
N(g) Z I flli = X2 <Cosh(l/)> Sinh(gV)

where the implicit constant depends only on § > 0 and the constant in the lower bound on
V from assumption A3, in particular, it does not depend on 0 < v < vs.
Since A and 7, commute, by (A.8),

3 B B . sinh?(v/2)
<gv Ag> - <fl/a Afl/> =4\ COSh(I/)

and choosing g .= T_,, f, as a test function in the energy H shows

%(% —Ag) — N(g)

inh? ; K/2 K
< 2dav)\M — O\ sinh(v) C‘Osh(zy)
cosh(v) cosh(v) sinh(4v)

Ey < H(g) =

h(& s K/2
= sinh(r/2)? dav X CA\F/? cosh(5v) : i : (7/2)
cosh(v) cosh™/?(v) sinh(4v) sinh?(v/2)
As v — 0 sinh(sv) = O(v) and cosh(sv) = O(1) for any fixed s # 0. So
By < 0(?) (1 - O(V%—?’)) <0
for small enough v > 0, since k < 6. This shows that £y < 0 for all A > 0.
[ |
Lemma B.6. Assume that assumptions A1 through A3 hold. Then there exists f € 1*(7)
such that
N = [ S VAT s@) atar) > 0.
R TEZL
Proof. Let | € N and set w(r,-) = T;1[_g; 2. Since u is a finite measure with compact
support there exits 0 < B < oo with suppu C [—B, B]. We claim that for some constant
¢ > 0 and all large enough [ € N the bounds
luy(r,z)| — 1> —e~ forall |z| <I,|r| < B (B.7)
luy(r, )| < le= U720 for all |z > 31, |r| < B (B.8)

hold. We will prove them later. Assumptions A2 and A3, together with Lemma B.4 show
that there exists ag > 0 such that V(a) 2 a” for all a > ap and using assumption Al,

~
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we have V(a) 2 —a™ for 0 < a < ag. Thus, with v := min(yg,71), we see that the lower
bound

V(a) 2 —a"1[g a0 (a) + a"1j4 o) (a) (B.9)

holds and V' is bounded from below.
By (B.7) we can choose | and « large enough such that a|u(r,z)] > § > ao for all

2
|z| <I,|r| < B. Then (B.9) yields
I:= Z V(alu(r,z)|) 2 la”.

|z|<1

Since V is bounded from below, we also have
II= Y V(au(ra)) 2 -1,

I<|z|<3l

and (B.9) together with (B.8) gives
I1I = Z V(a|u(r, x) Z e~V (#1220 > _(q1)remer(+D)
|z|>31 |z|>31

for all |r| < B. Thus, since p is a finite measure with support in [—B, B], this gives the
lower bound

N(alpgon) 2T+ IT+III21a" —1— (al)le D

for all large enough o and [I. Setting o = [ shows lim;_, N(ll[_2l72l]) = 00, in particular,
N(f) > 0 for some f € 1%(Z).
It remains to prove (B.7) and (B.8). From Lemma A.1, more precisely, (A.4), we have

the bound |(z|T}|y)| < min (1, e4|”m‘||le|y‘) for any r € R. Thus, for all |r| < B

|z—y|
o) < Y Nelnlpl < 3 U

_ |1’
lyl<2i iz (12— 9D)!

The map n — (ﬁlni!)” is decreasing for all n > 4B — 1. For |z| > 3] and all |y| < 2] we will
have n = |z — y| > |z| — 2l > 4B — 1 for all large enough [, hence we can replace |x — y|
above by |z| — 2] and use n! > e?!""~" to arrive at to see

(43)\w| 21|
S el oy =

for some constant ¢ > 0 and all || > 3 with [ large enough. This proves (B.8).
For any initial condition fy, the time evolution u(r,-) = T} fy is given by the convergent
series

‘ul(r,x) l€(1+ln(4B)—ln(|x|—2l))(|x\—2l) 5 le—c(|x\—2l)

u(r,z) = (64, Ty fo) = 0+Z 5I,A”>

If fo =199, then Afy = —0141 + 02 — 5_(25_,_1) + d_9;, where ¢, is the Kronecker delta
at y € Z. Moreover, since A increases the support by at most one, that is, min(supp Af) >
min(supp f) — 1 and max(supp Af) < max(supp f) + 1, and ||Af||cc < 4| f||co, We see that
for any 1 < n < 2[ there exists g,; : Z — R with ||gp]lcc < 1, SUupp gn; C [20—n+1,20+n]
and

(0, A" 1oy ) = (A" Loy 0p)) (%) = 4" (gn () + gni(—2))
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for all x € Z. In particular, (9, A"1|_g; o) = 0 for all |z| <l and all 1 <n <. So the
series for u;(r, x) gives

wy(r,z) = g9 ( (—ar2q) forall [z <1,

n>l+1

hence by the same calculation as for (A.13)

n!
n>l+1

e4\r\|4r|l+1
I+ 1)

for all |z| <1.

Bounding (I 4 1)! > e(HD)m+D=0+1) shows that (B.7) is true for some ¢ > 0 and all large
enough [ € N. ]

APPENDIX C. THE DISCRETE IMS LOCALIZATION FORMULA
Here we give a simple bound which is useful for localizing the discrete kinetic energy.

Lemma C.1. Let f € 12(Z) and & : Z — R be a bounded function. Then,
Re((€2f, —Af) = (€f,—AEN) = Y ID+£(@)"Re(f () f(x + 1) (C.1)

TEZ

In particular, the lower bound

Re((€2f, ~Af)) > (&f, ~AE) - 50f, (D4 + 1D_gP)) (€2)

holds and if £ : Z — R, j = 1,...,n are finitely many bounded functions with Z?:l 5]2- =1,
then

n 1 n
> S0 - — 5 3L UDG + D)), (C.3)
]:]_ ]Zl

Here D &(x) = &(x+ 1) — &(x) and D_&(x) = &(x) — &(x — 1) the forward and backward
differences.

Proof. A simple commutator calculation shows
[A, €] = (D4£)S4+ — (D-§)S-

where (S4f)(z) == f(z + 1) is the left shift and (S_f)(z) = f(z — 1) is the right shift.
Another calculation shows

[1A,€],6) = [D1g]*Sy + [D-g]*S-
and expanding the commutator gives
Thus

2Re((E2], ~ Af)) = (f, ~(€A + ALY f) = 2(6f, ~AES) — (£, 8,6, 1)
= 26f,~AEN) = Y (ID+£@) F@) (o +1) + D)2 (@ — DF(@)

T€EZ

= 2(6f,—AES)) = Y ID () P2Re(f(2) f(z + 1)),

TE€EZ
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since D_¢(x + 1) = D4y&(x), which proves (C.1). The bound (C.2) follows from (C.1) since

Y 1Di(@)PRe(f(@)f(z +1)) < % Y IDE@)P(f @) + |z + 1))

TEZ TEZL

_ %qug(wm +|D_&()?)|f (x)]*

TEL
Moreover, if > ; 5]2- =1, then

(f,=Af) =Re((f,=Af)) = _Re((&f, —A[f))

j=1
so (C.3) follows from (C.2). ]

APPENDIX D. THE CONNECTION WITH NONLINEAR OPTICS

Our main motivation for studying (1.1) and the related minimization problems (1.5)
comes from the fact that the solutions are related to breather-type solutions of the diffrac-
tion managed discrete nonlinear Schrodinger equation

i0pu = —d(t)Au — P(u), (D.1)

where A is the nearest neighbour discrete Laplacian, ¢ the distance along the waveguide,
x € Z the location of the waveguide, d(t) the local diffraction along the waveguide, and P(u)
is an on site nonlinear interaction. This equation describes, for example, an array of coupled
nonlinear waveguides [1, 5, 11, 21, 28], but it also models a wide range of effects ranging
from molecular crystals [6, 26] to biophysical systems [9, 10]. By symmetry, one assumes
that P is odd and P(0) = 0 can always be enforced by adding a constant term. Most often
one makes a Taylor series expansion, keeping just the lowest order nontrivial term leads to
P(u) ~ |u|?u, the Kerr nonlinearity, but we will not make this approximation. The study
of bound states of the discrete nonlinear Schrédinger equation (D.1) has attraction a lot of
attention, see, for example, [17] and the references therein.

The idea to periodically alter the diffraction along the waveguide by creating a zigzag
geometry of the waveguides, similar to what has been done in dispersion management cables,
see, for example, [13, 27, 30] and the references therein, was probably first conceived in [12]
in order to create low power stable discrete pulses. In this case, the total diffraction d(t)
along the waveguide is given by

d(t) = e tdo(t/e) + day. (D.2)

Here d,, is the average component of the diffraction and dy its periodic mean zero part
with period L.

A technical complication is the fact that (D.1) is a non-autonomous equation. We seek
to rewrite (D.1) into a more convenient form in order to find breather type solutions. In the
region of strong diffraction management ¢ is a small positive parameter. In this parameter
region an average equation which describes the evolution of the slow part of solutions of
(D.1) was derived in Fourier space in [!, 2, 3], using the same general method as in the
continuum case, see, e.g., [30]. The numerical studies of [, 2, 3] showed that this average
equation possesses stable solutions which evolve nearly periodically when used as initial
data in the diffraction managed non-linear discrete Schrodinger equation. To derive this
equation in our notation, let T, := e~ be the free discrete Schrodinger evolution, set

D(s) = /0 " do(C) de,
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and make the ansatz

u(t, ) = Tpeyv

[GEESSECNEN

for some function v. Then, since BtTD( ty = %do(

JAT 1y, we get from (D.1) and (D.2)

t
that v solves :

' —1

Zatv(ta .I) = —daVAU(t, CC) - TD(?) P(TD(é)v(ta )) (.’L’) (DS)
for t > 0 and = € Z, which is equivalent to (D.1) and still a non-autonomous equation.
Since dg has average zero and period L, D is periodic with the same period L and thus for
small € > 0 the function ¢ — D(é) is highly oscillatory with period L. Similar to Kapitza’s
treatment of the stabilization of the unstable pendulum by high frequency oscillations of
the pivot, see [18], the evolution of v should evolve on two different scales, a slow one plus a
high frequency one with a small amplitude. The evolution of the slow part vy is described
by an averaged equation, where one averages over the fast oscillating terms,

. 1ok
104 Uglow (t, ) = —day Avglow (t, ) — €L/0 TD(lg) {P(TD(g)Uslow(t; ))] (x)ds

1

L
= _daVA/USIOW(t7x) — L/O TD_(ls) [P(TD(S)Uslow(t7 ))] (x) ds.

Making the substitution 7 = D(s) and introducing the probability measure p on R defined
by

= l " S S
[ Fentan =1 [ FDE)a

for any nonnegative (Borel) measurable functions F', one has

1000 (1, ) = — e Ao (1 ) — /R T [P(Tovgow(t, )] (2) pldr)  (DA)

which is the time dependent version of (1.1). To derive (1.1) from it, one simply makes the
ansatz vgow (t, 7) = e“tp(x), to see that this solves (D.4) if and only if ¢ solves (1.1).

Physically it makes sense to assume that the diffraction profile dy is bounded, or even
piecewise constant along the waveguide, but one might envision much more complicated
scenarios. The simplest case of dispersion management, L = 2, dy = 1 on [0,1) and
do = —1 on [1,2), i.e., do = 1jg1) — 11 2), which is the case most studied in the literature,
correspond to a very simple zigzag geometry of the waveguides, [1, 2, 3]. In this case,
the measure y is very simple, having density 1jo ], the uniform distribution on [0, 1], with
respect to Lebesgue measure. This assumption was made in [20, 23, 25], where equation
(1.1) was studied for the Kerr type nonlinearity P(a) = |a|?a and also some pure power
type modifications thereof in [20].

For our results, which also hold for a much larger class of nonlinearities P, we need only
to assume the much weaker condition that the probability measure p has bounded support,
i.e., there exists B > 0 such that

u([=B, BI°) = p((—00, =B)) + pu((B,00)) = 0. (D.5)
The support condition (D.5) is guaranteed if dy is locally integrable, in which case one take
L
B:= sup |D(r)| < / |do ()] d§ < 0. (D.6)
rel0,L] 0

Clearly, this is a very weak assumption on the diffraction profile dg and it has to be assumed
in order to even make sense out of equation (D.1). Thus our results cover the most general
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physically allowed local diffraction profiles dy, the singular case dg = 0 leading to the usual
discrete NLS which is even local, and cover a large class of nonlinearities P.
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