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THE LIMITING ABSORPTION PRINCIPLE AND A RADIATION
CONDITION FOR THE SCATTERING BY A PERIODIC LAYER

ANDREAS KIRSCH AND ARMIN LECHLEITER

ABSTRACT. Scattering of time-harmonic waves from periodic structures at some fixed
real-valued wave number becomes analytically difficult whenever there arise surface
waves: These non-zero solutions to the homogeneous scattering problem physically
correspond to modes propagating along the periodic structure and clearly imply non-
uniqueness of any solution to the scattering problem. In this paper, we consider a
medium that is defined in the upper two-dimensional half-space by a penetrable and
periodic contrast. We prove that there is a so-called limiting absorption solution to the
associated scattering problem. By definition, such a solution is the limit of a sequence
of unique solutions for artificial complex-valued wave numbers tending to the above-
mentioned real-valued wave number. Our method of proof seems to be new: By the
Floquet-Bloch transform we first reduce the scattering problem to a finite-dimensional
one that is set in the linear space spanned by all surface waves. In this space, we then
compute explicitly which modes propagate along the periodic structure to the left or to
the right. This finally yields a representation for our limiting absorption solution which
leads to a proper extension of the well known upward propagating radiation condition.
Finally, we prove uniqueness of a solution under this radiation condition.

1. INTRODUCTION

Periodic non-absorbing surface structures feature surface waves that propagate along the
structure without decaying. These waves do physically arise at certain exceptional val-
ues of the Bloch parameter, and mathematically they are eigenfunctions of a certain
(quasi-)periodic eigenvalue problem involving the surface structure. The corresponding
eigenvalue determines the surface wave’s frequency, and the surface wave itself is the
quasi-periodically extended eigenfunction.

Since the eigenfunction is a non-zero solution to a corresponding quasi-periodic scattering
problem from the periodic structure, the latter scattering problem cannot be uniquely
solvable at any of these eigenfrequencies. For this reason, such frequencies are usually
excluded from the analysis of surface scattering. Consequently, scattering theory from
periodic structures is a field that artificially always excludes surface waves, despite in
applications both phenomena of course can hardly be separated.

In this paper we show for a model scattering problem involving a periodic contrast function
that there always exists a unique solution that satisfies a so-called limiting absorption
principle, independent of whether surface waves do exist or not. By construction, this
solution is, in a certain topology, limit of the unique solutions to a family of coercive
problems with artificial complex-valued wave numbers.
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This limiting absorption solution consists of two parts that we determine via the Floquet-
Bloch transform: The first part belongs to H' on any strip of finite height and the second
part is made up of surface waves. This second part vanishes if no surface waves exist and
arises via a finite-dimensional eigenvalue problem by holomorphic perturbation theory in a
neighborhood of any quasi-periodicity that features non-uniqueness. This paper seems to
be a first instance of such a limiting absorption principle for a surface scattering problem
(apart from flat surfaces and everywhere constant coefficients, where things are much
simpler).

Precisely, we consider a problem in the upper half plane R? := R x (0, 0o) that is formu-
lated variationally in the waveguide W := R x (0,h) C R%. We assume that the index of
refraction ¢ € L*(RR?) is 2r—periodic with respect to z; and equals to one for x5 > h to

construct a (weak) limiting absorption solution u € HZ, (R3) solving

(1) Au+kqu = 0 in Ri,

subject to Dirichlet boundary conditions v = 0 on I'y = R x {0} and a suitable radiating
condition stated below.

The limiting absorption principle has been established for frequency scattering problems
in free space, in closed waveguides, and in stratified media several times in the literature.
We refer to [15, 10, 16, 1, 18, 17]. Further, [4] (see also [8]) recently showed a limiting
absorption principle for scattering in a closed waveguide that relies fundamentally on the
Floquet-Bloch transform and has substantially motivated our present paper. In [4], the
authors decompose fields via the eigenfunctions of the generalized quasi-periodic Laplacian
in the unit cell. This technique cannot be applied in our case, as such decompositions
cannot be directly transferred to surface structures that form open instead of closed
waveguides. Our analysis is indeed rather different compared to the one in [4], and also
compared to the independent study in [7].

The limiting absorption principle leads to a special decomposition of the solution into
a field vV which decays and a finite combination of surface waves. This allows us to
formulate a radiation condition which includes the standard upward propagating radiation
condition and provides uniqueness of the solution. Also radiation conditions for scattering
problems by stratified media have a long history, see, e.g. [19, 14, 13] but, again, our work
seems to be the first for scattering problems by periodic layers.

Our analysis carries over without difficulty to the case of a completely open wave guide;
that is, formulated in all of R? without the Dirichlet boundary, and to the case of closed
waveguides as considered in [4]. For this case, our approach provides an independent
proof of the limiting absorption principle and uniqueness.

The methods we apply are all well-known and in principle simple enough to extend our
analysis to more involved scattering problems in linear elasticity or electromagnetics. To
reduce technical difficulties, we are however merely considering the simple Helmholtz
equation in (1).

To briefly comment on this paper’s structure, the following Section 2 discusses the scat-
tering problem in more detail and Section 3 introduces the Floquet-Bloch transform as
well as the variational formulation of the scattering problem at complex-valued frequency.

Section 4 shows properties of this formulation at wave numbers and quasi-periodicities
2



where non-uniqueness holds; Section 5 then reduces the mathematical problem to a finite-
dimensional one. Finally, Section 6 shows existence of a limiting absorption solution und
uniqueness of the solution.

2. SURFACE SCATTERING AND NON-UNIQUENESS

Let £k € C with Rek > 0 and Im & > 0 be the wave number. We consider in the
following the case that a point source at some point y € R? with ¢, > 0 is scattered
by an inhomogeneous layer on top of a perfect conductor. The layer is assumed to be
2m—periodic with respect to the variable x;. Therefore, the incident field is given by
the Dirichlet Green’s function of the half plane R2 = R x (0,00); that is, u"“(z) =
Op(w,y) — Pp(z,y*) for z9 > 0 and = # y. Here, y* = (y1, —y2) ' denotes the reflected
point at R x {0}, and

{
u(a,y) = JH (Klz =), =4y,

is the radiating fundamental solution of the Helmholtz equation in R?.

We note that for real values k = k we have the asymptotics |u°(z)| < ¢[1 + |2z[>/2]~! for
xy € [0, h] (for any h > 0 and ¢ = c¢(h)) while in the case that Im k > 0 the function u™*
decays exponentially as |z| tends to infinity. Thus, in both cases v € L? (]R x (0, h)) for
every h > 0. By enlarging h we can assume that the source point y is inside the layer;
that is, 0 < yo < h.

The scattering problem is to determine the total field u* € H. (R2 \ {y}) with
(2) Au' +Kqu' = 0in R\ {y}, u'=0on Iy,

and such that the scattered field ©* = u® — 4" is more regular than the incident field, in
particular u® € H. (R%). So far, the solution is not uniquely determined, because some
kind of radiation condition for the scattered field is required. We will comment on this in
a moment. We transform this problem into an inhomogeneous equation in H;, (R%) with
a source term of bounded support. Indeed, choose € < min{ys,h — y2} and a function
x € C*(R?) with x(z) = 0 for |z —y| < €/2 and x(z) = 1 for |z — y| > € and set

u = u® + y u™. Then u vanishes for x5 = 0 and solves
(3) Au+k’qu = f inR%,

where f := [k*(1 — ¢)(x — 1) + Ax]u™ + 2Vx - Vu™. We note that f € L*(R2) has
support in the disc B(y,e) C W and depends analytically on k. From now on we treat
f = fr € L*(R%) as an arbitrary function with compact support in the disc B(y,e) C W
such that & — f, € Lz(B(y,s)) is holomorphic in some (complex) neighborhood of
some k € R.o. In the case of the scattering problem the scattered field is then given
by u® = u — xu™ and the total field by u' = u + (1 — x)u'. The solution of (3) is
understood in the variational sense:

Definition 2.1. A function u € H}.,
solution of (3) if

(4) /

for allyp € HY(RY) with compact support.

(R3) with w = 0 on R x {0} is called variational

[Vu-V¢ — kquy)de = —/ fpdx
w

2
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By choosing ¢ € H'(R?) in (4) with compact support in R x (h,c0) we note that  is a
classical solution of the Helmholtz equation Au + k?u = 0 for x5 > h and thus analytic.

As mentioned above, a further condition is needed to assure uniqueness. For wave numbers
with positive imaginary part we require that u € H'(R%).

Theorem 2.2. For k € C with Re k > 0 and Im k > 0 and ¢ > qo in R3 for some gy > 0
there exists a unique variational solution uw € H'(RY) of problem (4).

Proof: We define the closed subspace Hj(R2) of H'(R%) by H}(R%) = {u € H'(R?) :
u=0onR x {0}} and the bounded sesquilinear form a : H}(R%) x Hj(R%) — C by

a(u,v) = /R2 [Vu-VE—k‘QquE]dx, u,@DGHé(Ri),

and the bounded anti-linear form ¢ : Hj(R3) — C by

() = —/WfEd:c, b € H(RE).

The form a is coercive. Indeed, write k% in the form k? = |k|? exp(it) with 0 < ¢ < 7 and
choose s € (—m/2,7/2) with t — s € (7/2, 7). Then

Re [e “a(u,u)] = cos(s)||Vul|7. — cos(t — s) |k|2/

W
with ¢ = min{cos(s), —|k|*qo cos(t — s)} > 0. The theorem of Lax-Milgram yields unique-
ness and existence of a solution u of (4). O

qlul*de > ¢ ||U||§{1(R1)

For real values of k£ a natural radiation condition would be the “upward propagating
radiation condition” (UPRC) that is well known from scattering by rough surfaces (see,
e.g., [3]). That is, u(-,h) € L>(R) and

0Py (z,
5) @) = 2 [ o) P2 dsy), >,
Y2
T'n
where I', = R x {h}. However, even with this radiation condition one can not expect
uniqueness as the following example shows.
Example 2.3. Let ¢ = o > 1 be constant in W = R x (0, h). Consider the homogeneous

boundary value problem to determine u € C*(R%) N C*(R2 \ (R x {1}) with
Au(z) + kK*qu(r) = 0 forz e W,
Au(z) + kK*u(r) = 0 forz € R x (1,00),

subject to u(z1,0) = 0 for x; € R, and the upward propagating radiation condition
(UPRC) for w in o > 1.
For a real parameter w € R, we search for a solution in the form

Wr]

u(z) = e“"o(xy) for xze >0,
such that v has to satisfy
©) V' (13) + (K%qo —w?)v(zy) = 0 for0<my <1,

V' (29) + (K* —w?)v(ag) = 0 for zp > 1,
4



subject to transmission conditions on I'y,, homogeneous boundary condition v(0) = 0, and
the upwards radiation condition for v. The latter conditions require v to be of the form

(@) { o exp[ivVk® —w?xs], @ >1,
v(zg) =
’ ﬁsin[\/quo—wag}, O<zy<1,

where the square root is chosen such that the real and imaginary parts are non-negative.
We hence seek for constants o and 8 that solve the 2 x 2-system

aexp[i\/kz—aﬂ] — Bsinyk%q—w? = 0,
Ozi\/kQ—aJQeXp[i\/kz—wQ] — BvVk2q — w?cos /K2 —w? = 0,

which are equivalent to the transmission conditions on I',. This system possesses non
trivial solutions (a, 3)" if and only if the determinant of the associated matrix vanishes;
that is, if

dw?) = iVk2 —w? sin\/k2qo — w? — /k2qy — w? cos Vk2qy —w? = 0.

For |w| < k or |w| > /qk the only solution is the trivial one. Indeed, if |w| < k
then, taking real and imaginary part of this equation, yields cos+/k?qy —w? = 0 and
sin y/k%qy — w? = 0 which is impossible. If |w| > |/qo k then the equation takes the form

—Vw? — k? sinh v/w? — k?qy — Jw? — k?qp cosh /w? — k2qy = 0

which is also not solvable because all four factors are positive. A separate argument
shows that the case |w| = \/q, k does not yield a vanishing determinant either. Therefore,
nontrivial solutions can only exist for zeros of d in the interval [k?, k*qo) — and, indeed,
such zeros exist in general. Since the function d is analytic in the interior (k?, k%*qo) and
k2qo is not a zero of d we conclude that ¢t = k? is the only possible accumulation point of
an infinite sequence t; € (k?, k*qo) of zeros of d. The facts that d(t;)/(t; — k*) = 0; that
is,

1 . cos \/k2qy — t;
—m sinv/k2qo —t; = — \/k?qo — t; P— 2,

and the analyticity of ¢ ~ sin+/k2go —t and t — cos\/k2qy —t at t = k? yields a
contradiction because the right hand side is bounded as j tends to infinity while the

left hand side is unbounded. (Note that in this case cos+/k?qyp — k? has to vanish and
| sin \/k2qo — k2| = 1.) This shows that there exist only finitely many zeros of d. There-
fore, if &* € [k?, k*qo) is such that d(&?) = 0, then there exist nontrivial a and S such
that

u(ry, xa) =

aexp[z'dz:z:l—\/dzz—k?xg], x9 > 1,
B expliw x] sin[\/quo — w2 xﬂ , O0<aa <1,
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is a solution of (6). We note that this u satisfies also the upward propagating radiation
condition (UPRC) because for x € R? with 25 > 1 and w > k it holds that

2/ g(iﬂ,y) Wyl dy1 — _% / Hfl)(km o y|) Y2 ) ewyL dy1
e y2 yo=1 % |'ZC - y| ya=1
Zk’(l‘g — 1) Hfl) (k\/<x1 - y1)2 + ($2 - 1)2) iwy1
— eIt dy,
2 Vgt - 1P
_ ien 9 [ g (ky/y? + 2%) Y dy,
2 0z 0 !
—00 z=x9—1
. iwT a i
= —jen g /H(()l) (k\/y% + 22) cos(wyi) diyy
0 z=w2—1

eiwxl e—(wg—l)\/wz—k2

by standard formulas on Bessel functions (see [6], formulas 6.677, 3. and 4.). This formula
holds also for w = k by continuity.

In the remaining sections we prove the limiting absorption principle; that is, we prove
convergence of the (unique) solution u = u; € H'(R2) of the problem (4) for Im k > 0
to some function u as Im k tends to zero. Convergence will be shown in some topology
to be specified later.

3. THE FLOQUET-BLOCH TRANSFORM AND OPERATOR EQUATIONS FOR THE
SCATTERING PROBLEM

We go back to the problem of Definition 2.1 and use the Floquet-Bloch transform to re-
formulate the problem as a family of (quasi-)periodic problems. Recall that the (periodic)
Floquet-Bloch transform T, : L*(R) — L*((0,2m) x (—1/2,1/2)) is defined by

Ge)tr0) = F(t,0) = 3 f(t+ 2mm) eiatts2mm).
meZ
The latter formula directly shows that for smooth functions f and fixed o the trans-
formed function t — T, f(t, @) = f(t,a) is 2m—periodic while for fixed ¢ the function
a = T f(t,a) = f(t,a) is t—quasi-periodic; that is, f(t,a + 1) = e *f(t,a). It is
hence sufficient to consider L*((0,2m) x (—1/2,1/2)) as image space of Tj.,. The inverse
transform is given by

1/2

—1 i

Ti0®) = [ gta)eda, teR,
~1/2

where we extended ¢(-, ) to a 2r—periodic function in R. In view of our scattering

problem, we apply the Floquet-Bloch transform to the variable z; and consider z5 as a

parameter. Setting W; := R x I as a horizontal strip and Q; := (0,27) x [ for any
6



open interval I C Ry, one can then show that T}, is an isometry from L?(W;) onto
L(Qr x (—1/2,1/2)) ,
1/2
F s = | [P deda = / F@)Pd = |1,
—-1/2 Qr
Further, the restriction of 7)., to H*(W;) is an isomorphism from H'(W}) onto functions
feL*((-1/2,1/2), HY(Qy)) such that f(-,«) is 2r—periodic in x1, see [11, Section 6].

For £k € C with Re k > 0 and Im £ > 0, the Floquet-Bloch transformations of the
compactly supported right-hand side and the variational solution to (3) in Hg(R3),

f<x7 O[) - Z f(,]] -+ 27rme(1)) e*ia($1+2ﬂ'm) and
meZ
meZ

are hence well-defined in L?((—1/2,1/2), L*(Q;)) and L*((—1/2,1/2), H(Q;)), respec-
tively. As one straightforwardly computes that

0 0
(a—x] + za) Wz, ) = Tper (8_::) (z,0) forx € R, a €R,
the transformed 27 —periodic field (-, ) hence is for fixed « a variational solution to

81’1(',04)
81’1
t(-,a) =0 forazy=0.

AU, ) + 2ia + (K*q—a®)a(,a) = f(-,a) inRx(0,00),

(7)

To tackle the last problem variationally in a bounded domain, we set Q> = (0, 27) x (0, 00)
to be the periodicity cell and define per(Qm) as subspace of H'(Q>) consisting of all
functions v such that v(0, z9) = v(27r Tg); that is, their 27-periodic extension with respect
to z1 is in H. (R?%). Further, H! , (Q>) is the corresponding function space gained

per,loc
from H}, (Q*), and Hj,..(Q>) is the subspace of functions in H,,(Q>) that vanish on
(0,27) x {0}.

per
For k € C with Re £ > 0 and Im & > 0, the theorem of Lax-Milgram shows just as in
Theorem 2.2 that for every a € R there exists a unique variational solution (-, «) €

Oper(Q“’) that solves (7). It is also well known that @(-,a) has a so-called Rayleigh
expansion of the form

(8) w(r,a) = Zun(a) eineitiy/kE=(nta)® (@a=h)  for g0 > h,
nez
where u, («) fo (1, h, ) exp(—inxy) dxy, n € Z, are the Fourier coefficients

of a(-, h, a) The branch of the square root /z for z € C with Im z > 0 is taken as the
one with positive imaginary part, that is, via a branch cut along the negative imaginary
axis. The series in (8) converges uniformly with all of its derivatives in any region x5 > H

for H > h. Taking the same branch of the square root also in case that k& = k> 0, we
7



note that the Rayleigh expansion is still well defined for real and positive values of k and
provides a solution of the Dirichlet problem

0 -
Au + Qiaa—u + (kz—az)ﬂ = 0forxo > h, u(zy,h Zun e e R,

X
1 neEL

in the half plane ]Rl, ~n- Here we dropped the dependence on o that will be a fixed
parameter, by quasiperiodicity of @ in « in (—1/2,1/2], in the rest of this section.

We reformulate the periodic scattering problem (7) for k € C with Re £ > 0 and Im k£ > 0
variationally in the truncated periodicity cell

Q = (0,2m) x (0,h)
which is a bounded Lipschitz domain. To this end, we introduce first the periodic function
space Hj,..(Q) = {u € H(Q) : u = Ulq for some U € Hy,,,.(Q)} that is equipped
with the H'(Q)-norm. Second we define for parameters k and « the Dirichlet-Neumann
operator Ay, : H;e/f(fh) — Hlfe}a/g(fh). For simplicity, we identify T, = (0,27) x {h}
with (0, 27), such that

Apod(z1) = zZan VE2 — (n+a)2e™ for x; € (0,27),

neL

where, again, ¢,, = fo ) exp(—inxy) dzy are the Fourier coefficients of ¢. Then
we seek Uy o € HQW,(Q) as a solutlon to the variational formulation

(9) a0 Tk, V) / f(,)dr for all o € HépeT(Q)

where
(v, ) = / lVU -V +ia (v W _ ﬁ) + (a® — k%) U@] dr — / Y A qvds
0 8x1 8%1 Iy,

_ o — 0 _
= /q){Vv-V@/J—I—ia(va—Z— 8—;1)+(a2—k2q)vw}dx

— QWZZvnwn\/ — (n+ a)?.

nel

Again, v,, and 1), are the Fourier coefficients of v and v, respectively. The last problem (9)
is actually well defined for arbitrary k£ € C with Re & > 0 and Im k£ > 0. The proof of
the following theorem is simple and left to the reader.

Theorem 3.1. (a) If u(-, ) € HL, (Q™) is a solution to the scattering problem (7) for

per

wave number k € C with Re k > 0 and Im k > 0, then the restriction o := u(-, a)|g €

Hj§ e (Q) solves (9).
(b) If ko € Hpp, (Q) is a solution of (9) for wave number k € C with Re k > 0 and
Im k > 0 then we extend Uy by

~ . Uk, o in Q )
u(-, CY) - { Ek,a (ak,a|fh) in Qoo \ Q7

8



where the extension operator Ej , : HY (D)) — H .\ 10.((0,27) % (h,00)) is defined by

(10) Ek: a(b Z(b elnz1+l\/k2 (n+a)2(z2—h) fOT Ty > h

nez

with Fourier coefficients ¢,, = fo t) exp(—int) dt of ¢. Then u(-,«) belongs to
H},\100(Q) and solves the problem (7- 8) in the weak sense. If Im k > 0 then u(-,a) €

per(Qoo)

For any a € (—1/2,1/2] and k € C we decompose ffh (Ag.ov) ¢ ds into three sums,

/ (Akﬂv)ads = 27‘(‘@27}”% k;2_ (n_’_a/)g
I'n

nez
= —27?2\/712 + 1o,
nez
+ 27 Z Ul [VE2 — (n+ a)? —ivn? + 1]
In+a|<k
+ 27 Z vnm[\/nQ%—l— \/(n—i—a)2—k‘2] ,
[n+a|>k

and equip Hé,per(@) with the inner product

U,0)y = Vu Vodr + 27 n2 + 1 u,o, .
(u,v) Vv

nez

Then we can rewrite the variational equation (9) as
(11) (U, V) — b a(Uka, Y) / f ) dr  for all i € Héper(Q)
where
(1204 o (v, ) = —/Q {ia (US—Z — aa—;l) + (02— K2q)v | da

+ 27 Z U Un [V K2 — (n+ a)? —ivn? + 1]

In+al<k
+ 27 Z Uy [VR2 + 1 — V(n+a)?— k2] for v,¢ € Hy,..(Q).
In+a|>k

We note that the source term f(-, ) depends also on k. Let again k € C with Re k > 0
and Im k& > 0. By the theorem of Riesz, the compact embedding of Hj,..(Q) in L*(Q),

and the boundedness of the sequence n +— vn2+1 — \/ (n + «)? — k? there exists a
compact operator Ky o from Hg,,(Q) into itself with by q(u,v) = (K, ol zp) for all
u, ¢ € Hj,..(Q). Furthermore, there exists fro € Hp,, (Q) with — [, f(: aQ)Ydr =
(fr.as 1)s for all ¢ € Hj ..(Q). Then we can rewrite the variational equatlon (11) as an

operator equation,

(13> {Lk,a - Kk,o/&k,a = fk,a in HOper(Q)'
9




So far, we have assumed that Im & > 0. For these values of £ we have uniqueness and
existence:

Theorem 3.2. For Im k > 0 equation (13) is uniquely solvable in Hg,..(Q) for all
fra € Hp e (Q) and all o € (—1/2,1/2].

Proof: This follows from the fact that ay 4 is coercive for Im k& > 0, compare Theorem 2.2.
O

The operator equation (13) is also well defined for positive £ > 0. However, due to
Example 2.3, we expect non-uniqueness for some real k = k > 0 at certain values of
that we call exceptional values. In other words, we expect that for some o € (—1/2,1/2]
there is an eigenvalue A = 1 of the non-selfadjoint operator Kj .

4. THE OPERATOR EQUATION AT EXCEPTIONAL VALUES

In this section we fix an arbitrary wave number k € Roo and investigate the operator
equation (13) in a neighborhood of an arbitrary exceptional value v = a(k). (Of course,
such exceptional values do not need to exist for every k > 0.) As it is well known from
periodic scattering theory, the values of a where (n + a)? = k2 for some n € Z are
difficult to treat analytically (see, e.g., the proof of Theorem 5.2 below). For this reason

we introduce the corresponding set
A(k) = {ae(-1/2,1/2]: In+a| = k for some n € Z}.

If we write k in the form k = m + p with m € N and p € [0,1) then A(k) = {p, —p} or
Ak ={1—p,p—1}if p #1/2 and A(k) = {1/2} if p = 1/2. Thus, (—1/2,1/2]\ A(k)
consists of at most three intervals.

The following assumption ensures from now on that the operator I — Kj . is always

~

invertible for & € A(k); this assumption is quite common for periodic scattering problems.

Assumption 4.1.  The operator I — Ky, , is one-to-one for the elements & of A(l%); that

is, A =1 is not an eigenvalue of K ; for & € A(k).
Remark: According to Theorem 3.1 the equation (I — Kj ;)¢ = 0 is equivalent to the
homogeneous problem

Ad+k*qp=0in (0,27) x (0,00), ¢=0"forxy=0,
and ¢(x) == ¢(x)e™ is G—quasi periodic and has a Rayleigh expansion (8). Therefore,
Assumption 4.1 transforms into the requirement that for & 4+ & € Ny this homogeneous
boundary values admits only the trivial solution ¢ = 0. We will see below in Lemma 4.2
that this implies an exponential decay of the solutions to this homogeneous problem.*

We next study the dependence of K}, and f;, on k and o.

Lemma 4.2. Let again A(k) = {a € (=1/2,1/2] : |n + a| = k for somen € Z} and
assume that Assumption 4.1 holds.

10therwise, the component ekt appears in the Rayleigh expansion which does not decay.
10



(a) If & € (=1/2,1/2] is an exceptional value; that is, I — Kj, , fails to be one-to-one,
and (I — Kj, 4)v = 0 then v is an evanescent solution of (7); that is, there exists
c >0 and § > 0 such that the extension satisfies ’Ekav(a:)| < ce @) for all
xy > h where Ey , is the extension operator from (10).

(b) If & € (—1/2,1/2] is an exceptional value and (I — Kj, 4)v = 0 then also —d €
[—1/2,1/2) is an exceptional value with eigenfunction .

(¢) There exists an open set D C C x C with {k} x ([-1/2,1/2] \A(l%)) C D such
that D is the union of at most three connected sets, and the operator Ky o and the
right-hand side fi o of (13) depend holomorphicly on (k,«) € D.

(d) There exist at most finitely many exceptional values {&; : j € J} C (=1/2,1/2]
for some finite index set J C Z. By part (b) we can assume that J is symmetric
with respect to the origin and &_; = —¢&; for all j € J.

Remark 4.3. It may happen that the boundary point o« = 1/2 of (—1/2,1/2] is an excep-
tional value. As the proof of Lemma 4.2 below uses open sets around exceptional values,
we implicitly exploit that all operators and functions introduced so far depend x1-quasi-
periodically on o € R (such that, e.g., fu1/2 = exp(—iz1) fr,—1/2) and can be extended
quasi-periodically in o via their original definition into a neighborhood of the real axis.
The choice of an open ball in C around o = 1/2 is then no problem anymore. Note that
we omit to note this in most of the subsequent proofs.

Proof: (a) If (/- K}, ;)v = 0 then we substitute ¢ = v in the homogeneous form of (9) (for

v instead of vy o) and take the imaginary part. Thus, >0, i lun|24/k2 — (n+a)2 =0

and thus v, = 0 for all [n + a| < k. Therefore,

E,;’&v(x) — Z v, pine1—\/ (nte)2 =k (e2=h) .. 2y > I,
In+al>k

which yields the assertion.
(b) If (I — K} 4)v = 0 then aj 4(v,¢) = 0 for all ¥ € H},,(Q). Taking the complex
conjugate of this equation yields a,;ﬁd(ﬂ, ) =0 for all ¢ € H&peT(Q).
(c) Let & € (=1/2,1/2] \ A(k); that is, |n 4+ &| # k for all n € Z. We show that the
operator K}, depends holomorphicly on both variables (k,«) € C? in a neighborhood
of (k,&). Set N := {n € Z : |n+ &| < k}. Then there exists p > 0 and open discs
B(é, dy) € C and B(k, &) € C such that

o [n+a| < |k|y/T=p for all (k,o) € D(&) := B(k,8) x B(&,8) and n € N and
o [n+al>lkly/1+pfor (k,a)€ D(&) and n ¢ N.

Note that 0y depends on &. For k = ki + ik € B(/%, do), @ = oy + i € B(&,dp) and
n € N we have that (n + a1)? 4+ a3 < (1 — p)(k} + k3) and thus

Re[k* — (n+a)’] = ki—ki—(n+a)’+o3
> k= ks — [(1—=p)(k + k3) — a3] + o}
> pki—(2—p)ki > 0 for k;<%k%
11



Then Re [k* — (n+a)?] > 0

We choose dy so small such that k3 < 52-k? for k € B (k, ).
a) € D(&) and n ¢ N; that is,

for (k,a) € D(&) and n € N. Analogously, for (k,
|n + &| > k we have

Re[(n+a)’—Fk] = (n+a1)”—a3 —k + k3
> (14 p)(k +k3) — 205 — ki + k3
> pki—2a5 > 0 for a%<§kf

which holds for ¢y sufficiently small. Therefore, also in this case we have Re [k2 —(n+

@)?] > 0. Summarizing, we can choose dy so small such that (k, a) — \/k? — (n + @)? and
(k,a) = /(n+ «)? — k2 are holomorphic in D(&) and n € N and n ¢ N, respectively.
Since the set D := U{D(a) : & € (—1/2,1/2] \ A(k)} is open and the union of finitely
many (at most three) domains and covers {k} x ((—1/2,1/2]\ A(k)) we have shown that
(k,a) — K} 4 is holomorphic in D. The proof for the right-hand side f, follows from
the fact that f depends holomorphically on k& and has compact support which implies
that the infinite series in the definition of the Floquet-Bloch transform is merely a finite
one.

(d) Assume on the contrary that there exists an (infinite) sequence (&;) in (—1/2,1/2)
and a sequence (w;) in Hg,,,(Q) of corresponding normalized functions such that (I —
K, aj)wj = 0 for all . We can assume that the sequence belongs to one of the at most
three open intervals of (—1/2,1/2) \ A(k), say to Z. Since the mapping o —> f(fc,a is

analytic from a neighborhood of Z into L(Hj,,.,.(Q)) it follows from [5, Th. 5.1] that the
equation (I — K )w = 0 has the same number of linearly independent solutions at every
parameter o € T except for finitely many. Since for the infinite sequence &; this number
is at least one, it has to be at least one for all & € Z except for finitely many. From the
continuity of o — K i ONE shows easily that also I — Kj , cannot be one-to-one at the

boundary points of Z. One of these boundary points must belong to A(l%) This actually
contradicts Assumption 4.1, which supposes the latter operator to be one-to-one for all
exceptional values, and hence ends the proof. 0

The last result introduced a finite index set J C Z that depends on k. Since I — K o 18
an isomorphism for a ¢ {a; : j € J} we have convergence of @iy, as k tends to k. Before
stating this, recall that B(&,d) C C is the disc with center & and radius 0.

Lemma 4.4. For any fized 6 > 0 the functions Uy, converge to iy, in Hjpor(Q) as
k — k uniformly with respect to o € [—1/2,1/2] \ Ujes B(a;,0).

It remains to study the convergence of uy, o in neighborhoods of the exceptional values &;.

To this end, we recall the following results from abstract functional analysis. For any
eigenvalue A # 0 of a compact operator K : H — H in a Hilbert space there exists
r =r(\) € N (sometimes called Riesz number) with

{0} = N(M-K)) ¢ N((M—-K)") c---c N((M—K)) = N((M - K)")

12



and

H = M-K)H) > (M-K)(H) >---> M—-K)"(H) = (M —-K)""(H).
The dimension of N (()\I - K )’”) is called the algebraic multiplicity of A and elements of
N ((M — K)") the generalized eigenvectors (called root vectors in [5]) of \.

Lemma 4.5. Let Assumption 4.1 hold and & = &; € (—1/2,1/2] be an exceptional value
for some j € J. Then the Riesz number of the eigenvalue X =1 of Kj , is one such that

= 1 15 a semi-simple eigenvalue; that is, its geometric and the alge?)mic multiplicities
coincide.

Proof: Let v be such that (I — Kj ,)*v = 0. Then u := (I — K} ;)v is an eigenfunction
of Kj 5 and therefore an evanescent wave by part (a) of Lemma 4.2. Therefore,

(u,u), = ((]—K,;vd)v,u)* = a;4(v,u)

ou 0
= / [VU Vu +ia <v—u —u—v> + (&* — K*q)vu| dz
Q 81‘1 8901
—27 Z UnTim\/ (N + &) — k2
[n+a)>k
= a,;7d(u, v) =0
because u is an eigenfunction. Therefore, u = 0; that is (I — Kj ;)v = 0. U

Recall that we have fixed the wave number & > 0 in the beginning of this section. Now we
further fix j € J, write & for ¢;, and study certain projections of the operator equation
(13) for (k,a) € Bs, := B(k,0;) x B(d,8;) where d; is chosen such that Ky, and fj,
of (13) depend holomorphicly on (k,a) € Bs,. We define a projection onto the algebraic
cigenspace of K, as follows: Choose a small circle C' with center one such that no other
eigenvalue of K=K 7. lies inside of €' and define

(14) Ppou = _ (2 — Kio) 'udz forue H&peT(Q)

271
c

and (k, ) € B, C C x C where 6o < ¢; is chosen that z — K}, is invertible for all z € C.
(This follows from a Neumann series argument.) Then it is well known that Py, is the
projection operator onto the sum @, N (()\g - Kk,a)”) of algebraic eigenspaces, where
A = M(k, @) are the eigenvalues of K, inside the curve C, with Riesz numbers ry, see,

e.g., [9, Section II1.1.4]. The sum of the algebraic multiplicities is constant; that is, for all
(k,«) € Bg, there holds that

> dimN((A = Kpo)™) = dimN(1—K) = meN,
L

which is the dimension of the (geometric and algebraic) eigenspace of K=K . COTTE-
sponding to the eigenvalue one. From the explicit representation of the projection opera-
tor and the analytic dependence of Kj, on (k,a) € B, we note that also the projection
operator Py, depends holomorphicly on (k,a) € Bs,.

13



5. A FINITE-DIMENSIONAL PERTURBATION PROBLEM

We are next going to project the operator equation (13) onto the ranges of the spectral
projection Py, and of I — Py ,, respectively, that we introduced in (14) for (k, «) sufficiently
close to (l%, &) for some exceptional value &. We call the solutions to the resulting two
projected equations f}lilgl and f),(ji, which naturally belong to k- and a-dependent spaces
N(I = Ky o) and R(I — Kj,), respectively. Using a so-called similarity transform we
then map the projected equations into N'(I — Kj ) and R(I — K}, ), which are spaces
independent of £ and «. By an additional linearization argument, we will then be able to
derive the behavior of a solution to the scattering problem for complex-valued £ in the
neighborhood of a critical value.

Now we carry out these steps in detail. Since K}, commutes with Py, the projection of
equation (13) onto N (I = Ky.o) = P (Hj e (Q)) and R(I—Kj o) = (I—Pro) (H} per (Q))
yields

(15) 0 — PuaKpaty) = Poafra N - Ky
where vli ) = = Proliga € N(I — Ky ), and
(16) 00 — (I = Poo)Eyaty) = (I Poo)fra in RUI — Kjo)

where v,(C ) = = (I — Pyo)lga € R(I — K o). Since the spaces N (I — Ky ) and R(I — K. )
depend on k and « we use a similarity transformation to transform the equations into the
spaces V(I — K ,) = N(I — K) and R(I — K o) =R - K) that are independent of
k and . (Recall that K = K i.q for brevity.)

Lemma 5.1. For all (k,a) € Bs, := B(k,d5) x B(&,08) there exists a linear bounded
mapping Uy from H&per(Q) onto itself with the properties
(1) the inverse Uy : Hj per(Q) = H pey
for (k,a) € Bs,,
(2) UrabPraUss =P = P, for all (k,a) € Bs,.

(Q) exists and Uy o and Uy, are holomorphic

Proof: The theorem is proven in [9], Section 11.4.2; for the case when P depends only
on one variable. Keeping « fixed and applying this result to the parameter k yields the
existence of Vio : Hj e (Q) = Hj o (Q) With VioProViy = P, A careful study of
the proof shows that Vj . depends also holomorphically on the parameter a. Now we
keep k fixed and apply Kato’s result to the parameter a. This yields the existence of
Wo + Hypor(Q) — Hp ., (Q) with WP, W' = P .. Substituting P;, , from the first

equation into the second yields the assertion for Uy o = WV a. O
Therefore, we can transform (15) and (16) onto the equations

(17) wy) — PUpoKpoUptwl) = PUgofra in N(I - K)

with w,(:gé = Ukﬁa@,(;i

= Uk,aPk,aak,a and
(18) w? — (I - P oK Uil = (I— P)Upafia inR(I—K)

Wlthw,m Ukav,w Uko(I = Py o)l o
14



For (k,«) = (k, &) equation (18) reduces to
w? — (I- P)f(wg; = (I-P)fs nRUI-K)

ko

because Uy , = I. It is easily seen that [ — (I — P)K)] |R(I Q)

R(I — K) onto itself. By a perturbation argument also [I—(I- PYUr.o K1.0U; o)

is an isomorphism from

|R I-K)
is an 1somorph1sm from R(I — K) onto itself for all (k, a) € By, for some d3 < &, and the

solution wk ) of (18) tends to w( ) as k tends to &, uniformly with respect to o € B(a, d3).

This implies that (I — Py )l o tends to (I— P, )i, in H

0.per (@), uniformly with respect
toa € B(a,ég),

(19> (I B a) - Uk; k:20¢ 4 U ‘w ko (I_P/Ac,a)ﬂ’fc,a = {}]Ej()x n H&per(Q)

Now we consider equation (17) and recall that [ — K = I — K, . has Riesz number
one, such that we have reduced the equation to a problem in the ﬁmte dimensional space
X = N(I — K). We abbreviate M(k,a) = PUk,aKk,aUk; I € L(X) and g0 =
—pUk@fk@ € X; that is,

(20) Mk, a)w) = gro in X =N -K).

Theorem 5.2. The partial derivatives %M(/;', &) and %M(l%, &) are self-adjoint opera-

(k, &)w, w) > 0

tors on X and %M(l%,d) s a positive definite operator; that is, <%

for all w € X different from zero.

Proof: First we note that Uia = U ~1 — ] Therefore, by the product rule 0 =
0 ~1 _ 0
ok [U’w Uk,a] ’(k,a)z(k,a) - %U + akUk and

ﬁM(k,O&) =P (iUka) Kk:aUka + PUka (aakKka> U;;; + pUk,aKk,a <3Uké> :

Ok Ok Ok
For (k,«) = (k,&) this reduces to
0 ~ (0 . o) Ao (0
—M = P|=U;. | K P—K; . PK | =U!
g M (k>e) i) (c%U’“"") TR ke T (akUk«i>
. .0 ~ 0
= P([_K)%Ul%,a + %Kk,d
-~ 0
- p—
ok k,&

because P(I — K) =0 and K = I on X. The partial derivative with respect to o has the
same form. For w,y € X we compute from (12)

0 1
K qw, 1/1) = /qudx + 2km Z Wnthy,
(8k: . ol (n+ «a)? — k2
— 1
+ 2kmi Z Wy Yy
ntal<H k2 = (n +a)?

15



and thus for (k, a) = (k, &) there holds

0 ~ ~ 0 0
(grats) = (Ppkiew) = (gpme)

= /quwda: + 2km Z Wt

|n+a|>k (TL + 65>2 - ]%2

1

= 2]%/ quipdx

because w, = 0 for |n + &| < |k] and w € X = N(I — K). Here, we have identified
w,v € X with their extensions into Q> = (0,27) x (0,00) as evanescent solutions of
the Helmholtz equation. This proves that %M (12:, &) = Pa@K is self-adjoint on X and
positive. Analogously we have

o . 0
(%M(kz,a)w,w>* = (a—K,;’dw,w)

B o R — n+a
= /Q[ (¢a—x1—wa—m>—2aw¢]dx — 27 Z Wy Py,

In—+a|>k (n+a)?— k2
, ow —
(21) = 21/ <8_x1 —l—zozw) dx

which shows that also %M(l%, &) = pa%Kie,a is self-adjoint on X. O

*

For the rest of the paper we make the following assumption:

Assumption 5.3. The operator 5~ O M(k, @) is one-to-one on X.

Since M(k,&) = 0 we next compare the solution w,(:i to (20) with the solution Wy, to
the linearized equation

g . - 0

(22)  |(k—k) S Mk a) + (a—@>a—aM(/;,a) Wha = gha X =N(-K).

To this end, we set k = k + 4e with € > 0 und write w&l instead of waZ - etc. To

study this equation we introduce an eigensystem (dy, ¢y)j~, of the generalized self-adjoint
eigenvalue problem

0 0 N
that is, dy € R and {¢y, ... ,gbm} C X forms a basis and
0 ~ B 0 B
(24) —a—aM(k?,Oé)@ = 8k Mk, &)pe, C=1,....m.

The functions ¢, are orthonormalized such that
O
(25) (00, 00) = (%M(k,a)cbe,@/) = Ope, LU €{1,...,m}.

As we assumed that 2 M (k, &) is injective, none of the eigenvalues d; € R can vanish.
16



Remark 5.4. The eigenpairs (dy, ¢p) do later on explicitly determine the propagating
modes of the open wavequide, which is obvious by noting that ¢, € X 1is already a peri-
odic solution to the transformed, homogeneous Helmholtz equation (7). By the periodic
Lippmann-Schwinger equation this implies that ¢, belongs to C*(Q). The sign of dy # 0
moreover determines whether that mode propagates to the left or to the right, as we see
in the next section.

Lemma 5.5. Let wﬁ%,ﬁ;aya € X be the solutions of (20) and (22), respectively, for e €

(0,03) and o € (&— 33, &+63). Then there exists ¢ > 0 and d4 < 03 such that fore € (0,d4)
and o € (& — dg, & + 04):

(a) ng& - wE,CMHX <cand
(b) 1582 — eullx < ¢ where 3L is the solution of (15) for k = k + ic.

Proof: First we show that there exists v > 1 such that

1
— <
yvVe+a?

for all € > 0, a € R. Indeed, this is equivalent to

(26) ['EM@®+a£M@®yl

“ ok da

D —
VA

1 N R
(27) ;\/824-@2”10”)( < ||z'5Mkw+aMaw||X < yvet+a?|w|x

for all w € X, e > 0, and @ € R, where we have set M, = B%M(/%,&) and M, =

a%M (k,&) for abbreviation. Expanding w in the form w = > i, Wege we estimate for
any ¢’ € {1,...,m}

Hz’s Myw + onawHX > ‘(ie Myw + a Myw, gzﬁg/)X’

= Z Wy [26 (MkQSg, d)z/)X + o (Ma¢éa d)ﬁ’)X]

(=1

= ’wg/‘|i€—04dg/ = ’wg/| €2+062d§/

> c \/é?2 + o? ’U}zl|
where ¢ € (0,1] is chosen such that ¢ < |d,| for all £ = 1,...,m. This yields the lower
estimate of (27) since ¢’ was arbitrary. The upper estimate is obvious.
Now we start with the actual proof of the lemma.
(a) By (26) we have

v
2 ( — &
(

(28) [@eallx < = l|9e.allx -

™
+
Q

1)

Now we consider the difference w := w, , — we & which solves

[ing + (@ —a) Ma]w = R(z,a)wl) + 90,6 — Ye,a

£,x

where

R(e,a) = M(k+ie, o) — [ie M, + (a—a) Ma}
17



satisfies an estimate of the form [|R(e,a)|| < c[e? + (o — @)?]. Now we use (26) again
which yields

Y
e2 + (a0 — &)?

lllx < cle® + (o = @) widllx + llgoa = geallx

< oyver+(a—a) [ilx + [deallx + ]
for some ¢ > 0. Combining the terms involving ||w||x and using (28) yields the assertion.

(b) By (a) it is sufficient to estimate Hf}él& — ulglo)éH X

1552 —@fdllx = ||(U_1—1) @il < Uz = @l x
< eyt (a—a)2|alx
< eVt (a—a) [Hw||x+||wwllx} <é
by (28) and part (a). n

We are now ready to study the behavior of the the solution to the linearized equation (22)
with complex-values wave number k+ie as £ tends to zero. Expanding the right-hand side
side and the solution of (22) for k = k + ie in the forms (%M(l%, 07))_190@ = > Ye b
and W, o = Y _,-, a¢ ¢y, respectively, we observe that the solution of (22) is given by

(29> ws,a = Z : vt ~ (bé .

— ie — dy(a - Q)

Before we turn to the limiting absorption principle we formulate the eigenvalue problem
(23) as a variational equation for the &—quasi-periodic eigenfunction in Q> = (0, 27) x
(0, 00), relying on the expressions for 0M/0k and 0M /O« from the proof of Theorem 5.2.

Lemma 5.6. We define the space

) A(;;—%/%Qqqg—()z'n]Ri, é =0 for xzy =0,
X ={ge€ HL.(RY): ¢ is &—quasi-periodic and
satisfies the Rayleigh expansion (8)

Then ¢ € X if, and only if, the &—quasi-periodic extension of

. B o() el | rEQ,
o(x) = { E&&(gbei‘i‘“)(x), reR*\Q,

is in X. Furthermore, if {pe€ X : 0 =1,...,m} is a complete system of eigenfunctions
of (23) corresponding to the eigenvalues dy, £ = 1, ..., m, then the corresponding functions
or € X satisfy

(30) —i ﬂwd = dg/%/ qoebdr  forall € X .
Qoo 81’1 )
The normalization (25) transforms into z;fQoo quzgadx = 0pp forall 0,0/ =1,...,m

18



6. A LIMITING ABSORPTION SOLUTION

The semi-explicit expression of the Floquet-Bloch transform of a solution to the lineariza-
tion of the scattering problem’s operator equation in (29) allows to study convergence of
this quantity as the artificial absorption tends to zero. To this end, recall that for wave
number k and quasi-periodicity « in a ball B, around (k,&), the solution ko to (22)
can be represented as

(31) ko =50 + 02 = Ul + U@ (k,a) € By,

e el

with 17,21; = U,;;w,(cl) in V(I — Kj,) and 17,220)4 = Uk_;w,f()l in R(I — K 4). Thus, we need

o4
to investigate convergence of the back transformations

G+04 1 ) G+04 9 )
(32) / 27,(“1(96) e"““tdo and / f},(u)y (x) "™ da
&—64 &—64

for (k,o) € B, and z € W = R x (0, ) in suitable function spaces as k — k.
(2)

ko
respect to a, we conclude that the inverse Floquet-Bloch transform converges, too,

uniformly with

As we already showed in (19) that 27,93{ converges in Hj,,,(Q) to @

oo (2) i k—k a+04 (2) .
/ Upol?) e*da — / oY (x) e da in HY(W).

k
b4 A4 Qo

It is hence sufficient to consider the first integral in (32); further, we merely consider
complex wave numbers of the form k + ie and, as in the last section, abbreviate the
dependence of all fields on the wave number by an index . Let us split the first integral
as

G464 '
(%) / 7 (x) e da
a—8;
G404 a8,
—_= / wE,Oé (l') 6iax1da + / [ﬁé}o)( (gj) — w&,oc (l.)] eiaxl dO{
G—04 G—04
G+04 4

. m 1 ,
— ~(1 a7 1T [(Te %3]
/ |:U€,Q<'I> wsﬁa(x)} e lda + ;1 Yo Po(x) / i d(o—a) " “"do
= G54

~ o Ze% 41 1 ioxy
— / [véla(:v) — wa7a(aj)} e“da — Zyg oo(x) / e dya—a) e “"da

&—04 =1 a<|a—&|<1/2
. a+1/2
1 )
za:cld
+ Zy€¢€(x) / iﬁ—dg(a—&)e Q
=1 a-1/2

= oW(z) + v () forx e W =R x (0,h),
19



where

. a+1/2
1 )
(2) — za:v1d
) = Swite) [ e
= a—1/2

and obvious meaning of vél)(:)s).

Lemma 6.1. (a) Ase — 0, the functions o converge in HY (W) to

(34) o) = [ [#h(2) = doa(@)] e*ida — N L)
dy

1 .
— "l .

&—04 §<]a—a|<1/2

(b) The functions v® are defined in all of R%. As e — 0, they converge for all R > 0 in
Cl([—R, R] x Rzo) to

- A 2 [*/2gint
(35) (@) = —in Z % ¢o(z) e |1 4 sign(dy) - / % dt] :
=1 17 0

Proof: (a) First we note that it is sufficient to consider the first term because convergence
of Y% yo de() f54<|a_&‘<1/2 exp(iaxy)/[ie — de(ov — &)] dav is obvious. For simplicity, we

denote the integrand of the first term of oY as z(,a) == 1755-134 — W, o for a € [a—04, G+04].

As T — K .o 18 an isomorphism for all o that are no exceptional values, we deduce that
| ze(+, ) — z0(+, @) ||« — 0 as € — 0 holds for all « # &. Furthermore, ||2z.(-, @) — zo(+, @)]|«
is uniformly bounded with respect to € and «a. Indeed, for the terms of the sum this
is obvious by the holomorphy of 3, in both arguments and for the term in brackets
this follows from Lemma 5.5(b). In case that & € (—1/2,1/2) we reduce d, such that
(& — 04, + 04) is a subset of (—1/2,1/2). Then, Lebesgue’s theorem on dominated

convergence yields f;jsi“ |2:(-, ) — zo(, @)||P*dae — 0 as e — 0, that is, 2. — 2z in
L2((& = b4, 60+ 64), Hg e, (Q)). If & = 1/2, Remark 4.3 shows how to treat this boundary

case. In each case, the boundedness of the inverse Floquet-Bloch transform finally yields
oM v(gl) in HY(W).

(b) The asymptotics of the integral f;fll/; exp(iaay)/[ie —dy(a—&)] da can be determined
explicitly,
a+1/2 . 1/2 12
/ ‘ exp(zawl) _ do = eiézw1 / : 1 eia:cl do = eidml / —1e — 2ngé eioﬂuda
ie — do(a — @) ie — dyx e2 4+ dja?
a—1/2 —-1/2 —1/2
1/2 : /2 :
L iam cos(awy) J L iam / asin(owy )
= — —-—— — ddge ——— da
e / e+ d2a2 " ‘ 2 + d2a?
—1/2 -1/2
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In the first integral we substitute o = t(g/|d,|) and in the second integral ¢ = ;. This
yields

6+1/2 ( ) del/(2¢) ( m z1/2
exp(tazy s —1 cos(texy/|dy . tsint
doa = ¢ér | 2 dt — id - dt
/ ie — d(a — @) “=c || / 1+ 2 e / z3e? + d3t?
a—1/2 —|del/(2¢) —21/2

For ¢ — 0 the expression on the right converges to

0o x1/2 x1/2
iaa i 1 J 2 / sint AT e , 2 / sint
—— | —dt—— [ —dt| = —— 1 de) — [ ——dt
¢ A / +2% "4 ] ] € sien(de) = [
—00 0 0

uniformly with respect to |z1| < R, for arbitrary R > 0. The derivative of the investigated
parameter integral with respect to x; converges uniformly for |z;| < R for every R > 0
as well. ]

Remark 6.2. As limp_, fOT sin(t)/tdt = 7/2 we observe that = € C*°(R), defined by

1 2 ["1/2gint
0

tends to 1 as x1 — Fo0o while it converges to 0 for x1 — Foo. Thus, as € tends to zero,
(2)
ve " from Lemma 6.1(b) converges to

(37) w(@) = ut (@)Yt () + u (@)Y (21)
where
(38) ut(z) = —27rzdz>0 ) ) efar

This separates U(()Q) into groups of modes propagating to the left and the right.

The following lemma shows that the modes qu satisfy a kind of radiation condition.
Lemma 6.3. Let L* = {( : d; = 0} and v, = {r} x (0,00) for r € R and u* =

Y rert a}t b¢ for some af € C. Then, for every r € R,

ou*
or 1 i—d =1 ut—dr = 0 ifut #0.
Wm/ru e s m Qoou A 2 if u™ #
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Proof: We only consider u™. Setting v(z) = (21 — r)u™(x) yields 6?_;1 =ut+(xr1—r) 88;‘;
and Av + k2qu = 28“ Therefore, with r + Q> = (r,r 4+ 2m) x (0,00) C R%,

— Ou™ - ~o
2 ut —dr = ut (Av—i—k qv) dx
8:&1
T+Q°° T._;’_Qoo
o . T
= / U(Au++k2qu+)d:€+/ u*ﬁ—vai ds
r+Q>
_ + ut
= —/|u+]2ds+/ ut (ut +27T8L —27ru+6i ds
81‘1 8271
Yr Yr+2m
— out du+ u™
7r/<u o 61:1)8 i m/u 89518
Yr Yr

which proves the first equality because z; — ut %79‘: is 2mr—periodic. Furthermore,
1

— Ou” 5@/
+ —
/Oou o, dx Z a, az,/ ¢g 8:161

eoeLt
— ik S e [ qdidnds = 0 Y dijaf
el Q@ teL-
by the orthonormalization of ¢,. Taking the imaginary part yields the assertion. ([l

So far, we have considered the behavior of the periodic solutions to the Floquet-Bloch-
transformed Helmholtz equation with absorption in the neighborhood of one exceptional
value & = @; at wave number k > 0. Now we consider all exceptional values &; simultane-
ously. The quantities m, d;, X, ég, L* and so on depend on j. Before stating the related
limiting absorption result, let us recall that we work at wave number k> 0, and that
that for all elements in the the (possibly empty) set {&; : j € J} of the corresponding
exceptional values there exist m; linearly independent &;-quasi-periodic and evanescent
solutions to the Helmholtz equation AQBZJ‘ + ];32(%5@,]‘ = 0in R%, j € J, that vanish for
x9 = 0. These functions are chosen as the normalized eigenfunctions of (23) for every
j € J. Of course, we still suppose Assumptions 4.1 and 5.3 to hold. In particular, dy; # 0
forall £=1,...,m; and j € J. Then we can extend Lemma 6.3 to different &;.

Lemma 6.4. Let again L;E = {0 :dy; =2 0} and v, = {r} x (0,00) for r € R and
ut = Zjej ZZGL;t ajfj @,j for some az'fj € C. Then, for every r € R,

Im/Uiﬁ_xld >0 if ut#£0



Proof: Set uj = ZZGL? aZj ¢qj for j € J. Then, for j,j' € J,

ou our —Ou? ou=
- _ + d R Ay B W
/% (u] 0x1 U] (93(:1) s /7‘T+27r <uj 8x1 U] 8:61 N

+ e
_ (ei(dj/—d]')27r B 1) / = dus; ot ou; s
Y J 81:1 J E)xl

27 Im : u* 8_x1 ds
_ OuT out — dut ouT
_ 7" =T ds = + J . =E J d
7T/ {u O, 8551} § WZ/ 7 0xq Y 0xy s
R jeJ
ouT ouT

_ T Y% _ T Y%
— QWZIm/u]a—xlds = Zlm/Qoou] 8—$1dx > 0

JjeJ I jeJ

where we have used Lemma 6.3. |

Theorem 6.5. The restriction of the solution u;,,. to (4) for k = k 4 ie to W has a
decomposition in the form u;_ ;. = uM +uf? where ut? € HY(W) converges in H' (W) to
some u® € HY(W). Further, u®) € CL(W) converges for every R > 0 in C'([-R, R] x

[0,4]) to u® € CL(W) which has the form

(39) uP(2) = (@) Y Y ai;dese) + vT(@) YD ag; deyla)

JjeJ éeLj+ JjeJ teLy

for some ajfj € C. Here, the functions ¥* are defined in (36).

Proof: We have to evaluate the inverse Bloch-Floquet transform uy (z f 12 e, ( e doy

for k = k4 ie. Defining Z = (—1/2,1/2) \ Ujes B(&;j,04) we decompose this 1ntegral into
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the form

1/2
up(x) = /&k,a(x)ei‘“lda
-1/2
a]+54 Ozj-‘r54
= /a o(2) e da + E /vk e da + g /vk ) e doy
(6% 0%
T JEJa —04 JEJa —04
&j+6a
~ 1, 27'
— J@eda + Y [ i @emdat 3 ol@) + 3 o)
T 1€ 4,75, jeJ jeJ

(10) = w(z) + Dol (@)

jeJ
where v,(:; ), 17,225), o and 07 denote the functions from (31) and (33), respectively,
for & = &;. As we have seen before, the first three terms (which form the function

ug)) converge in H'(W) as ¢ tends to zero to the corresponding function u(*) for e = 0.

Furthermore, by Lemma 6.1 the forth term converges in C*([~R, R] x [0, h]) to

ZU(()QJ) (@) = o (x1) Z Z ag, boj(x) + ¥ (1) Z Z ay; Pr5(x)

]EJ ]GJ ZeL?’ jEJ ZEL;

for some coefficients az'fj which are explicitly given through y,; and d;;. This yields the
form (39). O

As *(xy) — 1 for z; — 4oo and ¢*(z) —> O for x; — Foo, we further note that we
can also decompose the solution v = u® + u(® from Theorem 6.5 in the forms

w=u—u]+u" =u-—u]+u

with u®™ = 3., 37 L+ a}'fj ¢rj. In these decompositions all terms are solutions of the

Helmholtz equation; in the first form the term in the bracket decays to zero as x; tends
to +oo while in the second form the term in the bracket decays to zero as x; tends to
—00.

So far, we have studied the behavior of the solution inside the waveguide W. Now we
will extend the solution into the half space R3. Since the functions ¢; are already
(evanescent) solutions of the Helmholtz equation in R it is sufficient to extend u(Y

Theorem 6.6. Let {&; : j € J} be the (possibly empty) set of exceptional values for
wave number k > 0 and let Assumptions 4.1 and 5.3 hold (the latter for all &;, j € J).
Then the solutions u;_,. of (3) for k = k + ie converge as ¢ — 0 in H} (R%) to some
u € H. (R2) which satisfies the Helmholtz equation Au + k*qu = f in R2. The solution

u has a decomposition in the form u = u™ + u® where v € H! (]R x (0, H)) for every
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H > h and v is a linear combination of surface waves; that is, it has the form

(41) uP (@) = (@)Y > af b)) + V(@)D Y ag; de(x)

JjeJ EELj JjeJ teL;

for x € R% where aZj € Cfort =1,...,m; and j € J. Furthermore, u satisfies the
upward propagating radiation condition (5).

Proof: Let again k = k +ic. For ¢ > 0 the solution u;, € H'(R?) satisfies the Helmholtz
equation Auy, + k*quy = f for x5 > 0 and wu(z1,0) = 0 for x; € R. From (40) we recall
that in W it has the decomposition u; = u,(:) + ul(f) in W where ul(:) € H'(W) converges
to u® € H (W) and u{” has the form

&j+1/2

m;
o - | | 1 0w
W) = XY wione) [ Fdga—a) C
jeJ =1 &j—1/2 7
1/2
= SXw [ it
JEJ £=1 -1/2
=1/Je,‘;s(x1)
mj ~
=3 NINSENE)
jeJ £=1

Note that ¢y (z) = ¢, (x)e®® . Therefore, u\” is defined in all of RZ. We have seen in
part (b) of Lemma 6.1 that it converges to

u@(@) = (@)Y Y af de(@) + (@)Y Y ag; dey(@)

€J teLy €J teLy

for some coefficients a}tj e C.

Now we consider u,(:). Since wy satisfies the Helmholtz equation we observe that ug)

satisfies the following inhomogeneous boundary value problem

Ay (2) + Kq(x)u (x) = f(2) — [Au? (@) + Kq(a)u (2)]
= f(x) - 22[2%%5(3:1)8@7]-(9:)/63:1 + 4y (1) du ()]
jeJ =1
(42) = o.(z), zeW,
u(@) = wlr) — u(x)
(43) = &(x), xzely,
where

oe(z) == fl@) =Y [20);.(21) 06u;(x) /0n1 + 1 (11) de(x)] . @2 >0,
jeJ =1
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and where we again used the index k on the left hand side and ¢ on the right hand side.?
We compute ¢ ;. as

1/2 .
/ o (X8 tox
¢z7j75<$1) = Yej / me Tdo
~1/2
which converges to
1/2
iy&j iox Z‘y&j Sin(xl/Q)
Yy o) = — /elda:—
ZJ’O( ) d&j } dgyj $1/2

—1/2

in C'[—R, R] for every R > 0 as ¢ tends to zero. Analogously, 1y,  converges to

Uy jo(T1) = ’CZ“ = sz(f/lz/z) in C'[—R, R] for every R > 0. Therefore, o. converges
to o9 = —[Au? + k?qu®] in C*([~R, R] x [0, H]) for every H,R > 0. As the above

representations of ¢y ;, and vy, show that both functions belong to L*(R), the limit
oo belongs to L?(R3) and decays exponentially as x5 tends to infinity. Furthermore,
Theorem 6.5 implies convergence of &, to & in H'/2(T',) where & is given by & = u—u(?.

We still assume ¢ = Im k£ > 0 and extend ug) into the upper half plane by solving the
Dirichlet Problem

Au,(:) + l{:Qu,(fl) = o, for x9 > h, uk =& foraxs =h.

The H'—solution has the form

) ') = - [ awGuena 2 [ oG

(x,y)ds(y), x3>h,
Y2

where G}, j, denotes the Dirichlet Green’s function of the half space R _,; that is, Gpn(z,y) =

i, y) — Pi(w, y;) where y; = (y1,2h — yo)". Then uy coincides with uk ) + D jey Ve @4)

also in R _, because both satisfy the same coercive Dirichlet boundary value problem in
{z2 > h}. (Note that 0G (2, y)/0y2 equals 20®/Jy, for y € T'y,.)

(1)

As ¢ — 0 the function u,; ’ converges to

@) W@ - - [ Lo Geamndy + 2 [ 6l >a‘§ (. y) ds(y)

in H'(K) for every bounded domain K C R2, _,. Therefore, we have shown convergence

of u, = u,g) + u,(g) to u in H'(K) for every bounded domain K C R where u has the
form u = u® 4+ u® with « € H'(R x [0, H)) for every H > h and

uP(@) = (@)D )@ des@) + (@) > ag; dey()

JjeJ ZGLJ+ JjeJ teLy

2We hope that this does not lead to any confusion. Note that always k = k + ie.
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Finally, we have to show the radiation condition (5). From (45) and the form of oy and
& we note that

) W) = [ A0 Gy + 2 [ W) ) ds)

for x5 > h. We set Q%% = (=R, R) x (h, H) and Q" = R x (h, H) for the moment and
use Green’s representation theorem for v(? and x in Q™

WP(z) = — / (A + () Gy, (2 ) dy
QR,H ’

2y 9Gin ou®
_ /BQR,H {u( )(y) W(QJ, y) — G,;,h(:c, ) W(y)l ds(y) .

When R tends to infinity the integrals over the vertical components of dQ® tend to
zero because u® and its derivatives are bounded and Gj, and 9G; , /9z; tend to zero
uniformly in every layer of finite height. Thus,

. 9G-
() = - /Q wa(A+k2)u(2)(y)Gg,h(x,y)dy - / ul? (y) " (2, y) ds(y)

'y 0y

oG}, u?
- [0 S )~ G G s,

Now we let H tend to infinity. The last integral tends to zero because of the estimate

ou® cxy
G, i _ o2
k,h(x7y> ay2 (y>‘ - 14+ |ZE|3/2 €

—dzo

for some ¢, 0 > 0 and the same for G; ;, and 1 interchanged. In consequence,

. oG
(47) uP(z) = — / (A + EHu?(y) Gy, (z,y) dy + / u? (y) =2 (2, y) ds(y) .
To>h ’ 'y ay?
Substituting this into (46) yields
G )
W) = —u®() + / W () SE 0y ds(y) + 2 / () 225 (2 ) ds(y)
Th Oy Th Yo

= @)+ 2 [ )+ )] G Ew ) dst). > b,

where we again exploited that 9Gj ,/0ys(-,y) equals 209;/0ys(-,y) for y € I'y. This
proves the form (5). Note that this implies also that u(-, h) € L>(R). O

We have just seen that the limiting absorption solution satisfies the following radiation
condition.

Definition 6.7. (Radiation Condition)

Let {&; : j € J} be the (possibly empty) set of exceptional values for wave number k>0

and let Assumptions 4.1 and 5.3 hold (the latter for all &;, j € J). For every j € J let
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{ég,j =1,... ,mj} be the eigenfunctions of Lemma 5.6 for & = &; and define the sets
LE by

J

Ly = {te{l,...,m;}:dp; 20} = {56{1,...,mj};1m %Q:j’jéjjdxzo}.
1

Then the field u has a decomposition in the formu = u™ +u® where u™ € H' (Rx (0, H))
for all H > h and u'® has the form

W) = v e) S Y i dle) + @)Y S adue), s e R,
J€J verf J€J verL;

for some azj € C where Y* are given by (36). Furthermore, u satisfies the upward

propagating radiation condition (5).

This radiation condition in turn also provides uniqueness of a limiting absorption solution.

Theorem 6.8. For every f € Lz(R%r) with compact support in W there exists a unique
solution u of (3) which vanishes on R x {0} and satisfies the radiation condition of Defi-
nition 6.7.

Proof: Existence has been shown in Theorem 6.6. To show uniqueness let f = 0 and set

uf = dech a}'fj Q;[yj. Substituting the representation u = u™ 4+ u® from the radiation

condition into the differential equation Au + k2qu = 0 yields

A () + B q(x) D (z) = — [Au@)(:p) + kq(z) u® ()]
2Pt (1 H(xy) Oul(z
(2 ~(x1) Ou; (
-y lum% \ otoy D5 >].

We set ¢ = dy* /dz; and note that the right-hand side is in L*(R x (0, H)) for every
H > h. We take the quasi-periodic Bloch transform

(qul)>(3’}, Oé) — @(l’, Od) = Z U(LE + 27Tne(1)) 6—27rina

nez

to both sides and note that, for any ¢ € L?(R),

Top(ut @)@, a) = u(e) S ol +2mn) @@ = u (@) g, — ).
ne”L
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For z € (0,27) x

AV (x, a)+k2 ()aV(x,a) =

-2

jeJ L

-2

jedJ L

uy (x)

(930 (1'1, o — dj)
85131

—4)

(0,00) and « € (—1/2,1/2], this yields

—+ 2<ﬁ+(:1:1,04 — (SCJ)

A

+ 2¢ (x1,a —

a;)

u; (x

~—

aIl

ouy (z)]

8:61

From the inversion formula for the quasi-periodic Floquet-Bloch transform we directly
compute the Floquet-Bloch transform of ¢,

1 ru2

1 sin(xy/2)
2m

ia:cld —
‘ “ 2w a1 /2

—-1/2

= i(pi(:)h%

such that ¢*(r1,a) =
AV (z, a) + k2 q(z)aM(z, )

+ exp(iax)/m. Therefore,

1 . A 8U+(ZU> i(a—a&j)x
- uj(x)z(oz—ozj)—i—Qaj—ml ela=aj)m
jed L
1| our (@) ] o
— - (o — & Z 3| pila=dg)a
(49) + 5w 2 | (x)i(a—a;) + 2 . e
jed L |
= —[Aw(z,0) + lz:Qq(x)wl(x,oz)} , €Q® a¢{ajeJ},
where
1 + - 1 i(a—d&j )z 00 A :
wy(z, ) = Py [UJ@)_u](x)}i(a—d-)e e e adg{aje J}.
j

jed
Now we set w = 4" +w; in Q™ for a € (—1/2,1/2],
that w(-, a) is a—quasi-periodic and Aw(-, )+k2q w(-,
o ¢ {&;: j € J} and vanishes for z, = 0.

Next we show that w has a Rayleigh expansion for x5 > h. First we rewrite (5) via (47)
in the form

a ¢ {a;:j € J}. Then we observe
a) =0in Q> for a € (—1/2,1/2],

0G; .
W) = =)+ [ u) Ty as) + 2 [ ) e ds
Ty 0y Ty, 0y
0P,
= [ @) Gy dy + 2 [ ) G ) dsty)
To>h ’ Ty ay?
<I>
60 = - awGulend + 2 [ &) ) dst)
xo>h 92
with & = u(l)’Fh € HY2(T'}) and 0y = —(A + kQ)u(Q) € L*(R x (h, H)) for any H > h.

(The latter fact follows as in the first part of the proof of Theorem 6.6.) To compute the

Bloch transform of this equation we first compute the Bloch transform of a convolution:
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Let F e LY(R) and ¢ € C"O( ):

To(Fx)(t,a) = e~ 2mina / F(t+2mn —s)p(s)ds
nEZ o0
= 2’”"“/ F(t—s)p(s+2mn)ds
ne”L o0
2m(n+1)
= [ re-9esads = 3 [T FE-9)gs.a)ds
—00 nez 2mn
= Z/ F(t—s—2mn)¢(s +2mn,«a)ds
nez
— Z 627”"0‘/ F(t—s—2mn)@(s,a)ds
neL

2w
= Z e%i"a/ F(t+2mn — s) ¢(s,a)ds
0

nez

2m
= / F(t—s,0)@(s,a)ds.
0

This formula extends to ¢ € L*(R) by density. Now we take the Bloch transform of the

representation (50). Since the integrals in (50) are convolutions, we get that

51) @D (z,a) = —/
Q

. . . oD,
60(y. @) Gpp(,y,a)dy + 2 | &y, ) =—(x,y,a)ds(y)
IV

0ya

R
where G,;’h and @,; are a—quasi-periodic Green’s functions (i.e., quasi-periodic with re-
spect to z1 and 1), Q5° := (0,27) X (h, 00), and again I';, = (0,27) x {h}. As (51) shows
that 6o(-,a) = (A + E2)aW (-, a) = —(A + E)w, (-, a) for a ¢ {a4; : j € J} and thus by
Green’s representation theorem
) . 0D, ) X
i (z,0) = 2| &(y,a) a—y;“(fv,yﬂ) ds(y) +/ (A + E)wi(y, @) G (2,9, ) dy
Iy, Q

[eS)
h

. b. G,
— _wl(l‘7a) +/ 2§O(y7a)%(x7y7a)_wl(y7a) ay]zh(l’,y70é) dS(y)
'y
= o) + 2 o)~y Ok 0,1, 0) ds(y)
I

The quasi-periodic Green’s function Cﬁk can be written via its a Rayleigh expansion
(i)fc(x7 Y, Oé) = iA ! ei(n+a 21-91) ol k2 —(nta)2[wz2—y2|
Ak = 2 — (n + )2

for # —y ¢ {2nneV) : n € Z} provided k # |n + a| for any n € Z, see, e.g. [12] or [2]. For
the derivative with respect to x, this latter assumption can be removed by a continuity
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argument. This shows that w(-,a) = 4 (-, a) + w(-,a) is a—quasi-periodic, satisfies
(A 4 k2q)w(-, o) = 0 for 25 > h, the homogeneous boundary condition w(z,a) = 0 for
xe = 0, and a Rayleigh expansion for xo > h for every a ¢ {ézj D J € J}. The trivial
uniqueness result for the a—quasi-periodic scattering problem at these non-exceptional
wave numbers implies that w(-, a) vanishes in @ for all these a. Thus,

1
Dl @) =y (2)] ———
= J J ila — @)
for all @ € (—1/2,1/2] with o ¢ {&; : j € J}. The right-hand side is in L?((0,27) x
(0,H) x (—1/2,1/2)) but the left-hand side is not unless u; = uf in Q for all j € J.

Since u; and wu; are disjoint combinations of the basis functions ¢y ; we conclude that

elemdier — o aW(z,a), =€ (0,2m) x (0, H),

uf vanishes for all j € J. Therefore, also u'!) vanishes which proves uniqueness since the
coefficients for u® can be computed from u™) using (48). O

Remarks 6.9. (a) The form of the radiation condition is justified by the limiting ab-
sorption principle of Theorem 6.6. Accepting this radiation, existence of a solution can
be shown more directly as through the limiting absorption principle. We sketch this ap-
proach but refer to a subsequent paper where we will carry out this in detail. One makes
an ansatz of the solution in the form u = u™) + u® as in the radiation condition of
Definition 6.7 and arrives at the inhomogeneous form of (48) (including the source f)
and, analogously, the inhomogeneous form of (49). In order that the latter equation has a

solution for & = &; for some fized j € J the right hand side of (49) has to be orthogonal

to ¢ for all L. This leads to a linear system for the coefficients a}'fj which is uniquely

solvable. Then one has to show that the mapping a +— uM (-, &) is continuous.

(b) Our method of proving the limiting absorption principle carries over without difficulty
to the case of a closed waveguide; that is the problem to find u such that

Au+Equ=finW, uw=0 ondW,

where f € L*(W) is a given function of compact support in W. Also the case of a
completely open layer can be treated analogously, one just has to treat the lower half-space
R2,_o in the same way as the half-space R _, .

REFERENCES

[1] S. AGMON, Spectral properties of Schrédinger operators and scattering theory, Annali della Scuola
Normale Superiore di Pisa - Classe di Scienze, 2 (1975), pp. 151-218.

[2] T. ARENS, K. SANDFORT, S. SCHMITT, AND A. LECHLEITER, Analysing Fwald’s method for the
evaluation of Green’s functions for periodic media, IMA Journal of Applied Mathematics, 78 (2013),
pp. 405-431.

[3] S. N. CHANDLER-WILDE AND B. ZHANG, Electromagnetic scattering by an inhomogeneous conduct-
ing or dielectric layer on a perfectly conducting plate, Proc. R. Soc. Lond. A, 454 (1998), pp. 519-542.

[4] S. Friss AND P. Jovry, Solutions of the time-harmonic wave equation in periodic waveguides :
asymptotic behaviour and radiation condition, Archive for Rational Mechanics and Analysis, (2015),
pp. 10.1007/s00205-015-0897-3.

[5] I. C. GOHBERG AND M. G. KREIN, Introduction to the theory of linear nonselfadjoint operators,
vol. 18 of Transl. Math. Monographs, American Mathematical Society, 1969.

[6] I. GRADSHTEYN AND 1. RyzHIK, Table of Integrals, Series, and Products, Academic Press, 1980.

31



[7]

V. Hoana, The Limiting Absorption Principle in a semi-infinite periodic wavequide, SIAM J. Appl.
Math., (2011), pp. 791-810.

P. Jovy, J.-R. L1, AND S. FLiSS, Ezact boundary conditions for periodic waveguides containing a
local perturbation, Commun. Comput. Phys., 1 (2006), pp. 945-973.

T. KATO, Perturbation Theory for Linear Operators, Springer, repr. of the 1980 ed., 1995.

S. T. KURODA, On the existence and the unitary property of the scattering operator, Nuovo Cimento,
(1959), pp. 431-454.

A. LECHLEITER, The Floquet-Bloch transform and scattering from locally perturbed periodic surfaces,
Journal of Mathematical Analysis and Applications, 446 (2017), pp. 605-627.

C. M. LINTON, The Green’s function for the two-dimensional Helmholtz equation in periodic do-
mains, J. Eng. Math., 33 (1998), pp. 377-402.

A. NosiCH, Radiation conditions, limiting absorption principle, and general relations in open waveg-
uide scattering, Journal of Electromagnetic Waves and Applications, (1994), pp. 329-353.

A. NOSICH AND V. SHESTOPALOV, Radiation conditions and uniqueness theorems for open waveg-
uides, Soviet Journal of Communications Technology and Electronics, (1989), pp. 107-115.

A. J. POVzNER, The expansion of arbitrary functions in terms of eigenfunctions of the operator
—Au + cu, Math. Sbornik; A.M.S. Translations, Series 2, 60 (1967), pp. 1-49, (1953), pp. 109-156.
J. R. SCHULENBERGER AND C. H. WILCOX, FEigenfunction expansions and scattering theory for
wave propagation problems of classical physics, Arch. Rational Mech. Anal., (1972), pp. 280-320.
R. WEDER, Spectral and Scattering Theory for Wave Propagation in Perturbed Stratified Media,
Springer, 1991.

C. WiILcoX, Sound Propagation in Stratified Fields, Springer, 1984.

Y. Xu, Radiation condition and scattering problem for time-harmonic acoustic waves in a stratisfied
medium with a nonstratified inhomogeneity, IMA J. Appl. Math, (1995), pp. 9-29.

ANDREAS KIRSCH: DEPARTMENT OF MATHEMATICS, KARLSRUHE INSTITUTE OF TECHNOLOGY (KIT),
76131 KARLSRUHE, GERMANY

ARMIN LECHLEITER: CENTER FOR INDUSTRIAL MATHEMATICS, UNIVERSITY OF BREMEN, 28359
BREMEN, GERMANY

32



