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Introduction

Identifying the mechanism of the electroweak symmetry breaking is one of the main goal of the Large

Hadron Collider. In the Standard Model the electroweak symmetry is broken due to the existence of

an elementary scalar particle: the Higgs boson.

The Higgs boson was for a long time the missing piece of the Standard Model puzzle. Furthermore

in the absence of direct signal of new physics, the Higgs boson couplings might indirectly indicate

a portal to Beyond Standard Model theories. In this context, the discovery made at LHC of a new

particle with a mass of 125.66 ± 0.34 GeV and the characteristics of the Higgs boson is of great

importance: it could be the conclusive achievement of the Standard Model, or it could give a renewed

impulse to the search for new physics. The discovery of this new particle was announced by the ATLAS

and CMS collaborations during 2012. After that, all LHC and TeVatron collaborations presented at

the Moriond 2013 conference the results based on the full collected data.

First of all, one must make sure that the new resonance is, indeed, the Higgs boson that induces

the electroweak symmetry breaking and gives masses to both the SM vector bosons and to fermions.

The SM has definite predictions for the gauge boson and fermion couplings with the Higgs boson.

Those affect both the Higgs boson production mechanism at the LHC as well as its dominant decay

modes. Fortunately for a Higgs boson mass of 125.5 GeV the LHC experiments do have sensitivity

to test these couplings in all interesting final states γγ, ZZ∗, WW ∗, bb̄ and τ τ̄ , taking into account

different Higgs boson productions mechanisms.

Therefore, it is possible to thoroughly examine the couplings of this particle to the other SM

particles. If those were incompatible with the ones the SM predicts, the amount of the deviation could

give us hints of what kind of new physics we should expect and its scale of energy and it could outline

a convenient line of research. This possibility is motivated by numerous multi-Higgs, supersymmetric,

composite Higgs, dark matter, exotic scalar, etc. models. Otherwise, if the new particle is indeed the

Standard Model Higgs, although that would not exclude the possibilities for new physics, we should

try explaining fundamental topics (like naturalness or vacuum stability) only in terms of the SM.

Higgs couplings

Motivated by this, we have performed a state-of-the-art global fit to Higgs boson data, including all

sub-categories studied by the experimental collaborations.

As pointed out in chapter 1 mh ≈ 125 GeV is a particularly fortunate value for the LHC since

various Higgs boson search channels are measurable. This gave us the opportunity to study several

new physics scenarios beyond the SM: new scalars, 2HDM, supersymmetry, dilaton, composite Higgs,

invisible Higgs decays, possibly into Dark Matter particles, anomalous couplings of the top, etc.

We determined from data the production cross sections (assuming standard Higgs decays) and the

Higgs decays widths (assuming standard productions), finding that they lie along the SM predictions.

In a more general context, we allowed the Higgs boson gauge and Yukawa couplings to be free param-

iii
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eters and accordingly modify the Higgs tree level couplings hWW, hZZ, hff̄ as well as the loop level

processes such as the Higgs production in gluon-gluon fusion gg → h and Higgs decays to h→ γγ, gg.

We also allow for an invisible branching fraction.

While our fits are in general model independent, we demonstrate usefulness of our results for

constraining new physics beyond the SM using some well known models as examples. These examples

show that in the present stage of accuracy the LHC data constrains models severely. Qualitatively all

the studies reach the same conclusion, that the best fit regions lie along SM predictions, supporting

the SM Higgs boson hypothesis.

Electro-weak potential stability

Thus, although the discovery of the Higgs boson was expected to be the herald of new physics soon

to be found at the TeV scale, so far no signal of new physics nor any clear deviation from the

SM Higgs properties have been detected at the LHC. Moreover, the Higgs mass has not provided

unambiguous indications for new physics. The measured value Mh = 125.66 ± 0.34 GeV is a bit

high for supersymmetry and a bit low for composite models, making theoretical interpretations rather

uncomfortable. Neither option is unequivocally preferred, although neither option is excluded.

In any case, the measurement of the Higgs mass Mh has determined the last unknown parameter

of the SM, fixing the Higgs quartic coupling λ. Thus we can try is to extrapolate λ to high energy in

search for clues. Indeed, Mh = 125.66± 0.34 GeV lies well within the parameter window in which the

SM can be extrapolated all the way up to the Planck mass MPl, with no problem of consistency other

than remaining in the dark about naturalness. Just as high-energy extrapolations of the gauge coupling

constants gave us hints about a possible grand unification of fundamental forces, so the extrapolation

of λ has revealed an unexpected feature of the SM that opens new avenues for theoretical speculation.

The intriguing result is that, assuming the validity of the SM up to very high energy scales, the

measured value of Mh is near-critical, in the sense that it places the EW vacuum right at the border

between absolute stability and metastability.

The critical condition for stability is defined as the vanishing of the effective coupling λeff , see

equation 2.11, at some energy scale ΛI . We find ΛI = 1010–1012 GeV, see equation 2.15, suggesting

that the instability is reached well below the Planck mass. The presence of an instability at an

intermediate scale could be interpreted as a sign of a new-physics threshold around ΛI . It is suggestive

that neutrino masses, axion, and inflation give independent indications for new dynamics at roughly

similar energy scales. The hypothetical new physics could be responsible for a matching condition

λ ≈ 0 at a scale near ΛI . The vanishing of λ could be the result of special dynamics occurring above

ΛI .

Another peculiarity found in the extrapolation of λ is its slow running at high energy. This is due

to a combination of two factors: the reduction of all SM couplings at high energy and an accidental

zero of βλ at a scale of about 1017–1018 GeV. It is the slow running of λ at high energy that saves the

EW vacuum from premature collapse, in a situation where ΛI � MPl. Were βλ large and negative

above ΛI , we could not live with an instability scale much smaller than the cutoff scale, without being

confronted with early vacuum decay. Unfortunately, for the moment we have no way to tell whether

this special condition allowing for a prolonged vacuum lifetime is just a numerical coincidence or an

important feature of the SM.

At any rate, the smallness of βλ at high energy makes it possible to assume that there is no new-

physics threshold around ΛI and that the SM continues to be valid up to the quantum-gravity scale,

since the tunnelling probability remains small. In this context, the value of λ(MPl) may be regarded
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as ‘normal’ for a SM coupling. Indeed, as discussed in section 2.2.1, the ratios
√

4|λ|/yt and
√

8|λ|/g2

(which, at low energy, correspond to Mh/Mt and Mh/MW , respectively) are of order unity both at the

Fermi and Planck scales. The vanishing of λ at an intermediate scale could then be purely accidental.

After all, the Higgs quartic is the only SM coupling that can cross zero during its RG evolution, since

λ = 0 is not a point of enhanced symmetry.

So, in the context of the SM, the measured value of Mh is special because it corresponds to a near-

critical situation in which the Higgs vacuum does not reside in the configuration of minimal energy,

but in a metastable state close to a phase transition.

It is possible that this condition of near-criticality of the SM vacuum is the most important message

we have learnt so far from experimental data on the Higgs boson. Near-criticality gives us a unique

opportunity to obtain information about physics taking place at energy scales well beyond the reach

of any collider experiment. Its consequences are so intriguing and potentially so revolutionary that

they deserve accurate calculations and dedicated studies.

Chapters 2 ad 3 are dedicated to continue the programme of investigating the status and impli-

cations of near-criticality. In particular in chapter 2 we explore the significance of near-criticality in

terms of high-energy SM parameters, while in chapter 3 we improve the calculation of the large-field

extrapolation of the Higgs potential and of the critical value of Mh for absolute stability.

SM parameters at NNLO

The main new calculations presented here are the results for the ms quartic Higgs coupling λ(µ̄) and

the top Yukawa coupling yt(µ̄) at NNLO precision (two loops) in terms of physical observables: the

pole masses of the Higgs (Mh), of the top (Mt), of the Z (MZ), of the W (MW ), the ms strong cou-

pling α3(MZ), and the Fermi constant Gµ. We improve the previous studies where 2-loop threshold

corrections to λ(µ̄) had been computed in the limit of vanishing weak gauge couplings, and 2-loop elec-

troweak threshold corrections to yt(µ̄) had been neglected. As a byproduct of our two-loop calculation

of λ(µ̄) we also obtain the ms quadratic Higgs coupling m2(µ̄) at the NNLO level.

Recently, many authors have contributed towards the completion of the calculation of the renormalisation-

group (RG) evolution (β-functions and thresholds) of the sizeable SM couplings at NNLO precision.

Our new calculation of threshold corrections, together with these results, allows us to refine the de-

termination of the critical value of Mh that ensures absolute vacuum stability within the Standard

Model (SM) up to the Planck scale. Furthermore, our precision extrapolation of the SM to high energy

scales is relevant for testing any new physics scenario able of making predictions, such as unification

of gauge couplings constants, or high-scale supersymmetric models that restrict or predict the quartic

Higgs coupling.

Large Extra Dimensions

In any case, although the data seem point to a standard Higgs and we did not find any proof of new

physics, we can not exclude the existence of some not standard physics at energies reachable at LHC.

An intriguing possibilities is that of Larger Extra Dimensions.

Since the start of the LHC program, experiments have tested directly some of the theoretical ideas

about new physics at the electroweak scale. In one popular scenario, which will be considered here,

Standard Model fields are confined on a 3-dimensional brane, while gravity propagates in the full

D-dimensional space, with δ flat and compactified extra spatial dimensions (D = 4+δ). This scenario
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allows for quantum gravity at the weak scale and could therefore be a solution to the Higgs mass

hierarchy problem.

Chapter 4 is dedicated to the study of theories of this kind. In particular we will see how we can

use the LHC data in order to test Large Extra Dimensions.



Chapter 1

Higgs boson at LHC

As stated in the introduction the discovery of a new particle at LHC could have enormous consequences.

We are interested in knowing if this particle is the long-waited Standard Model (SM) Higgs boson [1–4].

On one side, the experimental collaborations are measuring its discrete quantum numbers to check if it

is a scalar. On the other side, various theoretical groups [5–7] started to approximatively reconstruct

from data its production cross section and its decay modes and consequently its couplings to check

if they agree with the SM predictions or with other models beyond the SM. Clearly, this is a more

significant test that can be precisely done only by the experimental collaborations, which indeed

started to present analyses along these lines.

Accidentally, mh ≈ 126 GeV is a particularly fortunate value for the LHC, because, according to

the SM predictions, various Higgs boson search channels are measurable.

There are four main production modes for Higgs boson from pp collisions at
√
s ∼ 8 TeV. The

gluon-gluon fusion production mode has the largest cross section, followed in turn by vector boson

fusion (VBF), associated Wh and Zh production, and production in association with top quarks, tt̄h.

The cross sections for the Higgs boson production modes and the decay branching fractions, together

with their uncertainties, are taken from [8].

Because different search categories are sensitive to different Higgs boson couplings, the LHC can

study the properties of a Higgs boson with mh ≈ 126 GeV and test if it follows the SM predictions or

is affected by new physics.

Here we present the “universal fit” analysis introduced in [9]. The main feature of this “universal

fitting” procedure is the assumtion that new physics can be approximated as a first-order perturbation

with respect to the SM predictions. This assumption is increasingly supported by data, that agree

with the SM with precisions around the 20% level.

Such results, obtained after two years of LHC operation and with only 25/fb data per experiment,

implies severe constraints on models where the Higgs boson is a portal to new physics. We analyse

several models and rule out alternative scenarios to the Higgs boson.

In section (1.1) we present the data and the fitting procedure. In section (1.2) we present the

characteristics of the “universal fit”. In section (1.4) we derive the first measurement of the Higgs

mass from the rates, rather than from the position of the peaks in the γγ and ZZ invariant mass

distributions. Next, in section (1.5) we present fits in various specific models, updating our previous

results and comparing the full fit to the simplified ‘universal’ fit to verify that it is a good approxima-

tion. We fit Higgs cross sections in section (1.5.1), Higgs couplings in (1.5.2), composite Higgs models

in (1.5.3), new physics in loops in (1.5.4), two Higgs doublet models in (1.5.5), the MSSM in (1.5.6),

the dilaton in (1.5.7), the Higgs invisible width in (1.5.8) and models where DM couples to the Higgs

in (1.5.9).

1



2 CHAPTER 1. HIGGS BOSON AT LHC

1.1 The data

Searches for the SM Higgs boson have been carried out in proton-proton collisions at
√
s = 7 (2011

data) and 8 TeV (2012 data) with about 25/fb of total integrated luminosity.

Our updated analysis uses the new data presented at the Moriond 2013 conference by the CMS,

ATLAS and TeVatron collaborations [10–13] in the following five decay modes: γγ [14], ZZ∗ (followed

by ZZ∗ decays to 4`, 2`2ν, 2`2q, 2`2τ) [15], WW ∗ (followed by WW ∗ decays to `ν`ν, `νqq) [11, 16],

τ+τ− (followed by leptonic and hadronic decays of the τ -leptons) [17] and bb̄ [18] (the ATLAS bb̄

result was updated at the EPS HEP 2013 [19]), and the first tentative measurements in the µ+µ− [20],

Zγ [21] and WWW [22] channels, as well as their combination [23]. Here and throughout, ` stands

for electrons or muons and q for quarks.

For a given Higgs boson mass, the search sensitivity depends on the production cross section of

the Higgs boson, its decay branching fraction into the chosen final state, the signal selection efficiency,

the mass resolution, and the level of standard model backgrounds in the same or a similar final state.

For low values of the Higgs boson mass, the h → γγ and h → ZZ∗ → 4` channels play a special

role due to the excellent mass resolution for the reconstructed diphoton and four-lepton final states,

respectively. The h → WW ∗ → `ν`ν channel provides high sensitivity but has relatively poor mass

resolution due to the presence of neutrinos in the final state. The sensitivity in the bb̄ and τ+τ− decay

modes is reduced due to the large backgrounds and poor mass resolutions.

We include in our data-set all exclusive γγ and ττ sub-categories described by the experimental

collaborations by telling how much each Higgs production channel in the SM contributes to the various

rates. Such information is fully included in our analysis. We adopt the MultiVariate Analysis (MVA)

γγ analysis from CMS and we combine all experiments, such that we find an average γγ rate very

close to the SM prediction. Consequently our results differ from previous analyses performed without

including the latest CMS γγ data [5].

This is an important issue because, while most of the presented LHC results are well consistent with

the SM predictions within experimental errors, there are few unexpected new developments that need

commenting. The most important of them is the discrepancy between the ATLAS and CMS results

in the h→ γγ channels. With full luminosity, ATLAS finds an overall rate of 1.65± 0.34, higher than

the SM prediction of 1, and higher than the CMS result of 0.80 ± 0.30. The two measurements are

compatible within 2σ. In addition, the two CMS γγ analyses (MVA and cut based) show different

signal rates. Finally, the two Higgs boson mass determinations in ATLAS, from the peaks in the

γγ and ZZ channels, differ by 2σ. Both experiments have cross checked their analyses and reached

conclusions that those deviations are due to statistical fluctuations of both signal and background.

This conclusion implies that: (i) combining all data in a global fit is meaningful and increases the

precision; (ii) selecting instead any single measurement, for example the ATLAS excess in γγ, is not

justified and introduces a bias in the data.

The experimental collaborations report Higgs boson rates R in units of the central value of the

SM prediction. Their results could be fully encoded in a likelihood L(R,Mh), but only a limited

amount of information is reported by the experiments. Often the experimental collaborations report

the measured rates as Rexp ± Rerr: we use the results in this form whenever available. Sometimes

collaborations only report the upper bounds on rates at 95% C.L., Rlimit
observed, and the expected upper

bound at 95% C.L. in absence of a Higgs boson signal, Rlimit
expected, as function of the Higgs boson mass

mh. Assuming that the χ2 = −2 lnL has a Gaussian form in R, these two experimental informations

allow one to extract the mean Rexp and the standard deviation Rerr as Rexp = Rlimit
observed−Rlimit

expected and

Rerr = Rlimit
expected/1.96, where 1.96 arises because 95% confidence level corresponds to about 2 standard
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Figure 1.1: Measured Higgs boson rates at ATLAS, CMS, CDF, D0 and their average (horizontal gray
band at ±1σ). Here 0 (red line) corresponds to no Higgs boson, 1 (green line) to the SM Higgs boson
(including the latest data point, which describes the invisible Higgs rate).

deviations [6].1 The χ2 is approximated as

χ2 =
∑
I

(Rexp
I − 1)2

(Rerr
I )2

, (1.1)

where the sum runs over all measured Higgs boson rates I.

The theoretical uncertainties on the Higgs production cross sections σj start to be non-negligible

and affect the observed rates in a correlated way. We take into account such correlations in the

following way. We subtract from the total uncertainty Rerr
I the theoretical component due to the

uncertainty in the production cross sections, obtaining the purely experimental uncertainty, Rerr−exp
I .

The theoretical error is reinserted by defining a χ2 which depends on the production cross sections σj ,

χ2 =
∑
I

(Rexp
I −Rth

I (σj))
2

(Rerr−exp
I )2

+
∑
j

(σj − σth
j )2

(σerr
j )2

, (1.2)

and marginalising it with respect to the free parameters σj , constrained to have a central value σth
j

and an uncertainty σerr
j given by

σ(pp→ h)th = (19.4± 2.8) pb, σ(pp→ jjh)th = (1.55± 0.04) pb,

σ(pp→Wh)th = (0.68± 0.03) pb, σ(pp→ Zh)th = (0.39± 0.02) pb,

σ(pp→ tt̄h)th = (0.128± 0.018) pb at
√
s = 8 TeV.

(1.3)

See also [24]. We neglect the relatively small uncertainties on the SM theoretical predictions for Higgs

branching ratios, dominated by a 4% uncertainty on the h→ bb̄ width.

1A similar procedure was described by Azatov et al. in [5].
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We summarise all data in fig. 1.1 together with their 1σ error-bars. The grey band shows the ±1σ

range for the naive weighted average of all rates: 0.98 ± 0.10. It lies along the SM prediction of 1

(horizontal green line) and is almost 10 σ away from 0 (the horizontal red line is the background-only

rate expected in the absence of a Higgs boson).

1.2 The universal Higgs fit

We perform the most generic fit in terms of a particle h with couplings to pairs of t, b, τ,W,Z, g, γ

equal to rt, rb, rτ , rW , rZ , rg, rγ in units of the SM Higgs coupling. This means, for example, that the

coupling to the top is given by rt(mt/V )ht̄t, where rt = 1 in the SM and V = 246 GeV is the Higgs

vacuum expectation value. Similarly, the hγγ coupling is assumed to be rγ times its SM prediction.

In the SM this couplings first arises at one loop level. Experiments are starting to probe also the hµ̄µ

and the hZγ effective couplings, so that also the corresponding rµ and rZγ parameters will start to

be measured. This discussion can be summarized by the following effective Lagrangian:

Lh = rt
mt

V
ht̄t+ rb

mb

V
hb̄b+ rτ

mτ

V
hτ̄τ + rµ

mτ

V
hµ̄µ+ rZ

M2
Z

V
hZ2

µ + rW
2M2

W

V
hW+

µ W
−
µ +

+rγc
γγ
SM

α

πV
hFµνFµν + rgc

gg
SM

αs
12πV

hGaµνG
a
µν + rZγc

Zγ
SM

α

πV
hFµνZµν . (1.4)

The various SM loop coefficients cSM are summarised in appendix 1.A.1. This Lagrangian is often

written in a less intuitive but practically equivalent form by either using SU(2)L ⊗ U(1)Y -invariant

effective operators, or assuming that the Higgs is the pseudo-Goldstone boson of a spontaneously

broken global symmetry and writing its chiral effective theory [5]. We do not consider a modified Higgs

coupling to charm quarks, given that h → cc̄ decays at LHC are hidden by the QCD background.

While we cannot exclude that new physics affects h→ cc̄ much more than all other Higgs properties,

for simplicity we proceed by discarding this possibility.

Furthermore, we take into account the possibility of Higgs decays into invisible particles X (such

as Dark Matter or neutrinos [27]) with branching ratio BRinv. In almost all measured rates BRinv is

equivalent to a common reduction r of all the other Higgs couplings, BRinv ' 1− r2, such that BRinv

is indirectly probed by data [6]. The only observable that directly probes an invisible Higgs width is

the pp→ Zh→ `+`− X̄X rate measured by ATLAS [28], which implies

BRinv = −0.19± 0.43. (1.5)

Any possible new-physics model can be described as specific values of the ri parameters. Several

examples are provided in section 1.5.

Following the procedure described in the previous section, we approximatively extract from data

the function

χ2(rt, rb, rτ , rW , rZ , rg, rγ , rZγ , rµ,BRinv), (1.6)

which describes all the information contained in Higgs data. We find χ2 = 58.8 at the best fit (56

data points, 10 free parameters), marginally better than the SM fit, χ2
SM = 61.7 (no free parameters).

1.3 Universal fit to small new physics effects

The universal χ2 of equation (1.6) has a too complicated form to be reported analytically, and depends

on too many variables to be reported in numerical form, like plots or tables. For these reasons, previous
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Figure 1.2: χ2 as function of the model-independent Higgs couplings ri to the various SM particles,
varying them one-by-one.

analyses [5–7] focused on particular BSM models with a reduced number of parameters. For example,

fig. 1.2 shows the fit as function of each ri, setting all others to their SM values of unity: we see that

the χ2 are approximately parabolic.

We here observe that Higgs data are converging towards the SM predictions with small errors,

thereby it is time to start making the approximation

ri = 1 + εi with εi � 1 (1.7)

and BRinv = εinv. The observable rates RI are computed at first order in εi, and consequently the

χ2 is expanded up to second order in εi. As well known, this Gaussian approximation is a great

simplification; for example marginalisations over nuisance parameters just becomes minimisation,

which preserves the Gaussian form. Fig. 1.2 suggests that this approximation already seems reasonably

good.

For LHC at 8 TeV the main observables are approximated as

Rh→WW = 1− 1.14εb + 1.58εg − εinv − 0.04εt + 1.72εW + 0.02εZ − 0.13ετ
Rh→ZZ = 1− 1.14εb + 1.58εg − εinv − 0.04εt − 0.28εW + 2.02εZ − 0.13ετ
Rh→ττ = 1− 1.14εb + 1.58εg − εinv − 0.04εt − 0.28εW + 0.02εZ + 1.87ετ
Rh→γγ = 1− 1.14εb + 1.58εg − εinv − 0.04εt − 0.45εW − 0.06εZ − 0.13ετ + 2εγ
Rh→bb = 1 + 0.86εb + 1.58εg − εinv − 0.04εt − 0.28εW + 0.02εZ − 0.13ετ

RV (h→bb) = 1 + 0.86εb − 0.17εg − εinv − 0.05εt + 0.83εW + 0.67εZ − 0.13ετ ,

(1.8)

where these expressions have been obtained by performing a first-order Taylor expansion in all the ε

parameters of the full non-linear expressions. For all observables but the last one, we have assumed

the total Higgs production cross section. When fitting the many real observables, we take into account

the relative contribution of each production cross section, as determined by experimental cuts. The

full χ2 can now be reported in a simple form. Indeed the χ2 is a quadratic function of the εi, and it

is usually written as

χ2 =
∑
i,j

(εi − µi)(σ2)−1
ij (εj − µj), where (σ2)ij = σiρijσj (1.9)
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Process X h→WW h→ ZZ h→ γγ V h→ V bb h→ ττ

Sensitivity cX 6.4%/GeV 7.8%/GeV −1.5%/GeV −5.4%/GeV −4.1%/GeV
Measured rate/SM 0.82± 0.16 1.08± 0.20 1.07± 0.19 0.93± 0.36 1.13± 0.28
Higgs mass in GeV 122.8± 2.5 126.5± 2.5 121± 12 127± 7 123± 7

Table 1.1: Determinations of the Higgs mass from the measured Higgs rates, assuming the SM predic-
tions for such rates. We do not use here the independent determination of the Higgs mass from the
peak positions in the γγ and ZZ energy spectra.

in terms of the mean values µi of each parameter εi, of its error σi and in terms of the correlation

matrix ρij . We believe that this is the most useful form in which experimental collaborations could

report their results. From our approximated analysis of LHC and TeVatron [13] data we obtain:

εb = −0.23± 0.31

εg = −0.25± 0.25

εinv = −0.20± 0.26

εW = −0.14± 0.14

εZ = +0.00± 0.13

εγ = −0.02± 0.16

ετ = +0.00± 0.19

ρ =



1 0.75 0.17 0.45 0.39 0.53 0.45

0.75 1 0.52 0.32 0.19 0.39 0.32

0.17 0.52 1 0.55 0.41 0.51 0.40

0.45 0.32 0.55 1 0.67 0.69 0.60

0.39 0.19 0.41 0.67 1 0.60 0.54

0.53 0.39 0.51 0.69 0.60 1 0.58

0.45 0.32 0.40 0.60 0.54 0.58 1


(1.10)

We have not reported the central value of rt = 1 + εt, of εZγ and of εµ because they presently are

known only up to uncertainties much larger than 1. Future searches for tt̄h production, for h → Zγ

and for h→ µ+µ− will improve the situation.

In many models the Higgs couplings to vectors satisfy εW = εZ , because of SU(2)L invariance.

Furthermore, in many models LEP precision data force εW and εZ to be very close to 0. This

restriction can of course be implemented by just setting these parameters to be equal or vanishing in

the quadratic χ2.

Since the uncertainties on the εi parameters are now smaller then 1, the universal approximation

starts to be accurate. In the next sections, where we analyze several specific models, we will system-

atically compare our full numerical fit (plotting best fit regions in yellow with continuous contours at

the 90 and 99% C.L.) with the universal approximation (best fit ellipsoidal regions in gray with dotted

contours, at the same confidence levels).

1.4 Reconstructing the Higgs mass

The CMS and ATLAS collaborations reported measurements of the pole Higgs mass Mh obtained as

the position of the peaks observed in the invariant mass of the h→ γγ and h→ ZZ → 4` distributions:

Mh = 125.7± 0.4 GeV =


125.4± 0.5stat ± 0.6syst GeV CMS γγ

125.8± 0.5stat ± 0.2syst GeV CMS ZZ

126.8± 0.2stat ± 0.7syst GeV ATLAS γγ

124.3± 0.6stat ± 0.4syst GeV ATLAS ZZ

. (1.11)

These measurements are mutually compatible, and the uncertainty is so small that in the subsequent

fits to rates we can fix Mh to its combined best-fit value. We combined all uncertainties in quadra-

ture, using the standard Gaussian error propagation and neglecting correlations among systematic

uncertainties. The averages within each experiment agree with those reported by the experiments.
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The ATLAS collaboration reports the combined value for the Higgs mass, based on the γγ and ZZ

channels, as Mh = 125.5 ± 0.2stat
+0.5
−0.6syst (best fit signal strength R = 1.43 ± 0.16stat ± 0.14syst) [25],

whereas CMS gives Mh = 125.7 ± 0.3stat ± 0.3syst based on γγ, ZZ, WW , ττ and bb (best fit signal

strength R = 0.80± 0.14) [26].

We here discuss how the Higgs mass can be independently measured, with a bigger uncertainty, by

requiring that the measured rates agree with their SM predictions. Such predictions have a dependence

on the Higgs mass that, around 125 GeV, can be approximated as

σ(pp→ X) ≈ σ(pp→ X)Mh=125 GeV × [1 + cX × (Mh − 125 GeV)]. (1.12)

In table 1.1 we list the values of the coefficients cX and of the measured rates for the various processes

averaging all experiments, as well as the Higgs mass indirectly derived from such rates. We see that

the single best indirect determination of Mh comes from the h → WW rates, that presently have no

sensitivity to Mh if one wants to measure it from a mass peak. On the other hand, the h→ γγ signal

that offers the best peak measurement of Mh has very little indirect sensitivity to Mh, because the γγ

rate happens to have a weak dependence on Mh. Averaging over all channels we find

Mh = 124.5± 1.7 GeV (Higgs mass extracted from the rates, assuming the SM) (1.13)

which is compatible with the determination of the pole Higgs mass obtained in a model-independent

way from the positions of the peaks.

1.5 Model-dependent Higgs fits

1.5.1 Higgs production cross sections

Assuming the SM predictions for the Higgs decays, we extract from the data the Higgs production

cross sections. Given that measured rates of various exclusive and inclusive Higgs channels agree with

their SM preditctions, we find that production cross sections too agree with SM predictions, as shown

in fig. 1.3a. As expected, the most precisely probed cross section is the dominant one, σ(pp→ h). At

the opposite extremum σ(pp→ jjh) is still largely unknown. The uncertainties on the reconstructed

cross sections are correlated, altought we do not report the correlation matrix.

1.5.2 Higgs couplings

We here extract from data the Higgs boson couplings to vectors and fermions, assuming that only

the SM particles contribute to the h→ gg, γγ, γZ loops. This amounts to restrict the universal fit in

terms of the ri parameters by setting the parameters for loop couplings to

rg = rt, rγ ≈ 1.282rW − 0.282rt rZγ ≈ 1.057rW − 0.057rt (1.14)

These numerical expressions are obtained by rescaling the expressions for the SM loops summarised

in appendix 1.A.1. In particular, the W loop (rescaled by rW ) and the top loop (rescaled by rt)

contribute to h→ γγ with a negative interference.

Under this assumption the top coupling of the Higgs, rt, becomes indirectly probed via the loop

effects. The fit to the couplings is shown in fig. 1.3b and agrees with the SM predictions (diagonal

line), signalling that the new boson really is the Higgs. The correlation matrix can be immediately

obtained by inserting equation (1.14) into the universal χ2 of equation (1.9).
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Figure 1.3: Left: reconstruction of the Higgs production cross sections in units of the SM prediction.
Right: reconstruction of the Higgs couplings to the t, Z,W, b, τ , assuming that no new particles exist.
The SM predicts that Higgs couplings are proportional to particle masses (diagonal line).

We allow the SM prediction to vary in position and slope by assuming that the Higgs couplings to

particles with mass m are given by (m/v′)p. Taking into account all correlations, we find that data

imply parameters p and v′ close to the SM prediction of m/v (diagonal line in fig. 1.3b):

p = 0.99± 0.03, v′ = v(1.00± 0.07) (1.15)

with a 27% correlation.

1.5.3 Composite Higgs models

Models where the Higgs is composite often assume the further restriction, in addition to equa-

tion (1.14), of a common rescaling with respect to their SM values of the Higgs boson couplings

to the W,Z bosons and a common rescaling of the Higgs boson couplings to all fermions. These

rescalings are usually denoted as a and c, respectively:

rt = rb = rτ = rµ = c, rW = rZ = a. (1.16)

The resulting fit is shown in fig. 1.4a. We see that our approximated universal fit (dotted contours)

reproduces very well our full fit (continuous contours). The best fit converged towards the SM; in

particular data now disfavour the solution with c < 0 which appeared in previous fits. Similar fits

by the ATLAS and CMS collaborations are given in [29]. The CMS result is similar to ours, while

ATLAS has c/a = 0.85+0.23
−0.13, due to their larger h→ V V rates, which is compatible with our result at

1σ level.

The reason is visualised in fig. 1.4b, where we show the bands favoured by the overall rates

for Higgs decay into heavy vectors (WW and ZZ, that get affected in the same way within the

model assumptions), into fermions (bb and ττ , that get affected in the same way within the model
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Figure 1.4: Left: fit of the Higgs boson couplings assuming common rescaling factors a and c with
respect to the SM prediction for couplings to vector bosons and fermions, respectively. The two sets
of contour lines are our full fit (continuous) and our approximated ‘universal’ fit (dotted). Middle:
1σ bands preferred by the three independent overall rates within the model. Right: values of the χ2

along the trajectories in the (a, c) plane shown in the left panel, and given by a =
√

1− ξ and c = a
(magenta) c = (1 − 2ξ)/a (blue) c = (1 − 3ξ)/a (red), as motivated by composite Higgs models [30].
The black dashed curve corresponds to a = 1 and c = 1− ξ.

assumptions) and into γγ. We see that these bands only cross around the SM point, a = c = 1. The

full fit to all exclusive rates contains more information than this simplified fit.

In fig. 1.4c we show the full χ2 restricted along the trajectories in the (a, c) plane (plotted in the

left panel) predicted by simple composite pseudo-Goldstone Higgs models in terms of the parameter

ξ = (V/Fπ)2, where Fπ is the scale of global symmetry breaking.

1.5.4 New physics only in the loop processes

We here assume that only the loop processes are modified with respect to the SM predictions, sum-

marized in appendix 1.A.1. This amounts to restrict our universal fit setting

rt = rb = rτ = rµ = rW = rZ = 1,
Γ(h↔ gg)

Γ(h↔ gg)SM
= r2

g ,
Γ(h→ γγ)

Γ(h→ γγ)SM
= r2

γ (1.17)

with BRinv = 0 and rZγ = 1. The latter assumption is at present justified because of the large

experimental error in the h → Zγ rate, even though in general new physics in the loop processes

would induce deviation from unity in both rZγ and rγ . The result is shown in the left panel of fig. 1.5,

under the form of a fit to the ratios of BR(h → gg) and BR(h → γγ) with respect to the SM. One

can see that the SM is well within the 1σ contour. The analogous ATLAS result [29] is instead barely

compatible with the SM at 2σ level because they only fit ATLAS data, where h → V V rates have a

central value above the SM. The universal fit approximates well the full fit. The dashed trajectories

show the loop effect due to extra scalar particles with the same quantum numbers of the top (red),

of the bottom (blue), of the tau (vertical black line). The explicit expressions for the contribution of

scalar, fermion and vector particles running in the loop can be found in appendix 1.A.1. Note that

any additional color-less but electrically charged particle would lead to the same trajectory obtained

for the scalar partner of the τ .

To better investigate the constraints on a possible new scalar S, in the right panel of fig. 1.5 we
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show the upper bound, as function of the scalar mass mS , on the scalar coupling rS to the Higgs

boson, defined by the coupling

rS
2m2

S

V
hSS. (1.18)

The resulting loop effects are summarised in appendix 1.A.1. The solid and dashed curves in fig. 1.5b

are respectively the upper bounds at 90% (solid) and 99% (dashed) C.L. More stringent limits are

obtained on the top and bottom partners than on the τ partner.

One can also use the universal fit with the assumption of eq. (1.17) to derive indirect constraints on

the top quark magnetic and chromomagnetic dipole moments [31, 32], which in the SM are expected

to be respectively gt ≈ 2 and kt ≈ 2. Allowing gt and kt to vary freely, the h → γγ and h → gg

amplitudes are modified with respect to the SM as:

rγ =
c

(W )
γ + c

(t)
γ

(
3
8g

2
t − 1

2

)
c

(W )
γ + c

(t)
γ

, rg =
3

8
k2
t −

1

2
, (1.19)

where the quantities c
(W )
γ and c

(t)
γ are defined in eq. (1.35) of the Appendix. Numerically we have

c
(W )
γ = −1.043 and c

(t)
γ = 0.223. Fig. 1.6 shows the 90% and 99% C.L. allowed regions for gt and kt.

The uncertainty on kt is comparable to the one from its direct measurement, while the one for gt is

even smaller [33].

Eq. (1.19) was computed by [31, 32] at the weak scale, in the phase with broken electroweak

symmetry. An analogous computation was performed in [34], promoting the dipoles to full SU(2)L ⊗
U(1)Y -invariant effective operators with a non-renormalizable dimension d > 4, suppressed by a factor

1/Λd−4, Λ being the cutoff of the theory. The result [34] is that the dipole operators before electroweak
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Figure 1.6: Best fit regions for the (chromo)magnetic dipole moments of the top quark. Left: as
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symmetry breaking contribute, via RGE mixing, to other one-loop suppressed operators affecting the

h → γγ and h → gg decay rates [35]. Finite parts are not computed. Because of the RGE running

from Λ down to mh, the effect is proportional to ln Λ/mh, differently from equation (1.19). Using

the operator mixing result of [34] and parametrizing the d = 6 dipole operators at Λ via quantities

analogous to gt and kt but defined at Λ, the decay rates [35] can be written as

rγ = 1− 4/3

c
(W )
γ + c

(t)
γ

(
gt(Λ)

2
− 1

)
log

Λ

mh
, rg = 1− 6

c
(t)
g

(
kt(Λ)

2
− 1

)
log

Λ

mh
, (1.20)

where the quantity c
(t)
g is defined in eq. (1.35) of the Appendix. Numerically c

(t)
g = 1.03. Repeating

our fit, we obtain similar constraints as illustrated in the right panel of fig. 1.6, for representative

values of the cutoff.

1.5.5 Models with two Higgs doublets

There are four types of two Higgs doublets models (2HDM) where tree level flavour-changing neutral

currents (FCNCs) are forbidden by a Z2 symmetry [36] and both doublets H1 and H2 get a vacuum

expectation value:

• type I [37,38] where only one doublet couples to all quarks and leptons;

• type II [38, 39], where up-type quarks couple to H2 and H1 couples to down-type quarks and

leptons. The Higgs sector of the MSSM is a type II 2HDM;

• type X (lepton-specific or leptophilic) where H2 couples only to quarks and H1 couples only to

leptons;
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Figure 1.7: Fit to the t-quark and to b-quark and τ -lepton Yukawa couplings assuming the structure
predicted by the various types of two Higgs doublet models. The point marked as ‘SM’ is the Standard
Model; the point marked as ‘FP’ is the fermiophobic case.
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• type Y (flipped) [40], where H2 couples to up-type quarks and H2 to down-type quarks, and

(contrary to the type II HDM) leptons couple to H2.

For an extensive review see [41] and for some previous fits see [42]. The modification to Yukawa

couplings to up-type and down-type quarks and leptons in the four 2HDMs are:

Type I Type II Type X (lepton-specific) Type Y (flipped)

rt cosα/ sinβ cosα/ sinβ cosα/ sinβ cosα/ sinβ

rb cosα/ sinβ − sinα/ cosβ cosα/ sinβ − sinα/ cosβ

rτ cosα/ sinβ − sinα/ cosβ − sinα/ cosβ cosα/ sinβ

As usual, tanβ = v2/v1 is the ratio of the VEVs of the two doublets and α is the mixing angle of the

CP-even mass eigenstates. The SM limit corresponds to β − α = π/2. In all of the models the vector

couplings are also modified as

rW = rZ = sin(β − α). (1.21)

The results of our fits are presented in fig. 1.7 in terms of the fermion couplings rt, rb, rτ , restricted by

the 2HDM models to lie within the green regions. We find that in each case, it is rt that dominates

the fit and the bottom contributions to gluon fusion and h→ γγ are negligible.

The type II 2HDM (upper panel) allows for independent modification of the t coupling rt, and for

a common modification of the b and τ couplings, rb = rτ . The former is predicted be reduced and

the latter enhanced by the model. The modification of equation (1.21) of the vector couplings can be

equivalently written as rW = rZ = (1 + rtrb)/(rt + rb) ' 1 + εtεb/2, showing that it is a small second

order effect. In this model a negative t Yukawa coupling is still allowed at slightly more than 99% CL.

The red line in the same panel shows the parameter space allowed by type I 2HDM, where all the

couplings scale uniformly.

In the flipped 2HDM (middle panel) the τ Yukawa coupling changes in the same way as the t

coupling and the region with negative coupling is disfavoured by data. Finally, in the leptophilic

2HDM (lower panel) the t and b couplings vary in the same way, while the τ coupling is independent.

The universal fit provides a good approximation to the full fit in all 2HD models.

1.5.6 Supersymmetry

Supersymmetry can affect Higgs physics in many different ways, such that it is difficult to make general

statements. We here focus on the two most plausible effects:

• The stop squark loop affect the h ↔ gg, γγ, Zγ rates. Given that the stop has the same gauge

quantum numbers of the top, such effects are correlated and equivalent to a modification of the

Higgs coupling to the top (as long as it is not directly measured via the tt̄h production cross

section) by an amount given by

Rt̃ = 1 +
m2
t

4

[
1

m2
t̃1

+
1

m2
t̃2

− (At − µ/ tanβ)2

m2
t̃1
m2
t̃2

]
(1.22)

in the limit of heavy stop masses, mt̃1,2
� mt. Notice that Rt̃ can be enhanced or reduced with

respect to one, depending on the latter mixing term.

• The type II 2HDM structure of supersymmetric models modifies at tree level the Higgs couplings,

as already discussed in section 1.5.5.
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Figure 1.8: Left: Fit to the two main effects present in supersymmetry: stop loop correction to the
htt̄ coupling and tree-level modification of the Higgs couplings due to the two-Higgs doublet structure.
Right: fit as function of the β-function coefficients b3 = bγ that parameterise dilaton models. The SM
Higgs is reproduced at the experimentally favored point b3 = bγ = 0, while the pure dilaton is excluded
at more than 5σ.

All of this amounts to specialise the universal χ2 inserting the following values of its parameters

rt = Rt̃
cosα

sinβ
, rb = rτ = rµ = − sinα

cosβ
, rW = rZ = sin(β − α). (1.23)

Furthermore, the parameters rg, rγ , rZγ relative to loop processes are fixed as in equation (1.14). We

trade the α parameter (mass mixing between Higgses) for the pseudo-scalar Higgs mass mA using

tan 2α =
m2
A +M2

Z

m2
A −M2

Z

tan 2β. (1.24)

Finally, we assume a large tanβ, as motivated by the observed value of the Higgs mass. Fig. 1.8a shows

the resulting fit. Once again, the universal fit approximates well the full fit. Of course, supersymmetry

can manifest in extra ways not considered here, e.g. very light staus or charginos could enhance

h→ γγ [43].

1.5.7 Data prefer the Higgs to the dilaton

As another example of a model where both the tree level and the loop level Higgs couplings are

modified, we consider the dilaton. The dilaton is an hypothetical particle ϕ, that, like the Higgs,

couples to SM particles with strength proportional to their masses [44]. More precisely the dilaton

has a coupling to the trace of the energy-momentum tensor Tµν , suppressed by some unknown scale

Λ:

ϕ

Λ
Tµµ =

ϕ

Λ

∑
f

mf f̄f −M2
ZZ

2
µ − 2M2

WW
2
µ + b3

α3

8π
GaµνG

a
µν + bγ

αem

8π
FµνFµν

 . (1.25)
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The dilaton couplings to gg and γγ differ from the corresponding Higgs boson couplings, because

equation (1.25) contains the latter two quantum terms, that are present in Tµµ because scale invariance

is anomalous and broken at quantum level by the running of the couplings. Indeed b3 and bγ are the

β-function coefficients of the strong and electromagnetic gauge couplings. In the SM they have the

explicit values b3 = −7 and bγ = 11/3: we call ‘pure dilaton’ this special model, which gives a

significant enhancement of h↔ gg.

Models where a dilaton arises usually often contain also new light particles, such that b3 and bγ
can differ from their SM values. Thereby we perform a generic fit where b3 and bγ are free parameters

in addition to Λ. Then, our universal fit is adapted to the case of the generic dilaton by setting

r ≡ rW = rZ = rt = rb = rτ =
V

Λ
, rg ≈ r(1− 1.45b3), rγ ≈ r(1 + 0.15bγ) (1.26)

where V = 246 GeV.

In our previous analyses [6,7], the dilaton gave fits of comparable quality to the SM Higgs, despite

the significantly different predictions of the dilaton: enhanced γγ rates and reduced vector boson fusion

rates. The first feature is no longer favoured by data, and the second feature is now disfavoured: so we

find that present data prefer the Higgs to the ‘pure dilaton’ at about 5σ level. We then consider the

generic dilaton, showing in fig. 1.8b that the allowed part of its parameters space is the one where it

mimics the Higgs, possibly up to a sign difference in rg and/or rγ . The linear couplings of the dilaton

in equation (1.25) become identical to those of the SM Higgs in the limit b3 = bγ = 0 and Λ = V .

This situation is not easily realisable in models, given that adding extra charged particles increases

bγ rather than reducing it; one needs to subtract particles by e.g. assuming that that 3rd generation

particles are composite [45].
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1.5.8 Higgs boson invisible width

New physics can easily give a large effect providing an extra invisible [47] Higgs boson decay channel,

for example into dark matter particles [48,49]. Alternatively, the effective operator |∂µH†H|2 similarly

has the effect of rescaling all rates by a common factor [50].

In the SM total Higgs boson width is predicted to be Γ(h)SM ≈ 4.0 MeV at mh = 125 GeV. It is well

known that measuring the Higgs boson total width at the LHC requires additional assumptions [51].

Let us explain how present data can probe the Higgs boson width, without directly measuring it.

In view of CP invariance we can assume the equality of gg → h and h → gg amplitudes, that we

collectively denote as h↔ gg. The gluon fusion production rate is then proportional to Γ(gg → h) as

given by the well known Breit-Wigner formula

σ(gg → h) =
π

8

Γ(h→ gg)Γ(h)

(s−m2
h)2 +m2

hΓ(h)2

Γ(h)�mh' π2

8mh
Γ(h→ gg)δ(s−m2

h). (1.27)

Then, one partial decay width can be reconstructed by data. By performing a global fit to the

Higgs boson branching ratios in the context of theories where the decay widths are related we can

reconstruct the total Higgs boson width. Of course this is based on theoretical assumptions, but the

result gets significantly different only in highly deviant models, e.g. in models where the Higgs boson

predominantly decays into light quarks (a decay mode not probed by present data).

We perform two fits.

1. In the first fit, the invisible Higgs width is the only new physics. We find (blue curves in fig. 1.9a)

that present data imply BRinv = −0.07±0.15. The one-sided upper bound, computed restricting

to 0 ≤ BRinv ≤ 1, is

BRinv < 0.24 at 95% C.L. (1.28)

2. In addition to the invisible width we also allow for non-standard values of h→ γγ and h↔ gg,

finding a weaker constraint on BRinv (red curves in fig. 1.9a)

BRinv < 0.34 at 95% C.L. (1.29)

The reason is that an enhanced gg → h production rate can partially compensate for an invisible

Higgs width, but a full compensation would be possible only by enhancing all production rates

by the same amount. The Higgs coupling to vectors is independently measured to agree with

SM predictions from electroweak precision data.

Notice that the main constraint con BRinv does not come from the direct search for pp→ Zh→ `` /ET
(included in our data-set) but from the global fit [6, 52].

1.5.9 Dark Matter models

The invisible Higgs boson decay width [52] constrains Dark Matter (DM) candidates with mass below

Mh/2. The Higgs sector of the SM allows for a direct coupling to particles of a hidden sector. If the

latter are stable and interact weakly with the SM sector, they could represent viable Dark Matter

(DM) candidates. If DM particles have mass below Mh/2, the Higgs boson can thus decay into a

couple of DM particles, which would escape detection. Invisible Higgs decays are constrained by the

fact that the ATLAS and CMS Higgs rates are compatible with the predictions of the SM Higgs boson.

The experimental bound on BRinv can be used to constrain the DM mass and its elastic cross section
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on nucleons probed in direct detection experiments, as illustrated for instance in [53], where DM is

assumed to be either a scalar S, or a Majorana fermion f or a vector V coupled to the Higgs as

rS
2m2

S

V
hSS + rf

mf

V
hf̄f + rV

2m2
V

V
hVµVµ . (1.30)

The partial Higgs decay width into dark matter Γ(h→ DM DM) and the spin-independent DM-proton

elastic cross section σSI can be calculated in terms of the parameters of the above Lagrangian. Both

are proportional to the square of the DM-Higgs coupling, so that the ratio µ ≡ σSI/Γ(h → DM DM)

depends only on the the unknown DM mass and on the known masses and couplings of the relevant

SM particles (see for instance the expressions provided in [53]).

This allows us to relate the invisible Higgs branching fraction to the DM direct detection cross

section:

BRinv ≡
Γ(h→ DM DM)

ΓSM
h + Γ(h→ DM DM)

=
σSI

µΓSM
h + σSI

(1.31)

where ΓSM
h = 4.1 MeV is the total Higgs decay width into all SM particles, that we fix to its SM

prediction. For a given DM mass, an upper bound on the Higgs invisible branching fraction implies

an upper bound on the DM scattering cross section on nucleons. The relation between the invisible

branching fraction and the direct detection cross section strongly depends on the spinorial nature of

the DM particle, in particular, the strongest (weakest) bound is derived in the vectorial (scalar) case.

Imposing the upper bounds on BRinv derived in section 1.5.8, fig. 1.9 shows the corresponding

upper limits on the spin-independent DM cross section on nucleons as a function of the DM mass, in

the case of scalar (green), Majorana fermion (red) and vector (blue) DM candidates.

In all cases, the derived bounds are stronger than the direct one from XENON100 as long as the

mass of DM is lighter than Mh/2. This conclusion does not rely on the assumption that DM is a

thermal relic that reproduces the observed cosmological DM abundance. The limit on σSI crucially

depends on the assumption that DM directly couples to the Higgs. Larger values of σSI remain possible

in different models, where DM couples to the Z or directly to nucleons via loops of supersymmetric

or other particles.
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1.A Appendix

1.A.1 New physics contributions to loop processes

The coefficients in the second line of equation (1.4) arise at one-loop. They are obtained by summing

the contributions of all scalars (S) fermions (f) and vectors (V ) that couple to the Higgs as in equation

(1.30). The explicit expressions for the loop effects are [54]:

c(S)
g =

CS2
2
rSAS(τS) c(f)

g = 2Cf2 rfAf (τf ) (1.32)

c(S)
γ =

NSQ
2
S

24
rSAS(τS) c(f)

γ =
NfQ

2
f

6
rfAf (τf ) c(V )

γ = −
7Q2

V

8
rVAV (τV )

where for each particle p = S, f, V , τp = m2
h/4m

2
p, Np is the number of colors, Cp2 is the Casimir of

the color representation (Tr(T aT b) = C2δ
ab), and the loop functions are

AS(τ) =
3

τ2
[f(τ)− τ ] , Af (τ) =

3

2τ2
[(τ − 1)f(τ) + τ ] (1.33)

AV (τ) =
1

7τ2

[
3(2τ − 1)f(τ) + 3τ + 2τ2

]
(1.34)

with f(τ) = arcsin2(
√
τ) for τ ≤ 1 such that Ap(τp)→ 1 in the limit τp → 0 (heavy p-particle).

In particular, in the SM, the hgg coupling is dominated by the top loop, and the hγγ coupling

arise from the sum of the top and W boson loops:

cggSM = c(t)
g = Af (τt) cγγSM = c(t)

γ + c(W )
γ =

2

9
Af (τt)−

7

8
AV (τW ) . (1.35)

Beyond the SM (BSM) physics affects the parameters rg and rγ as

rg = 1 +
cggBSM

cggSM

, rγ = 1 +
cγγBSM

cγγSM

. (1.36)

For example, additional scalar particles with the same quantum numbers of a stop, sbottom and stau

respectively contribute to cggBSM and to cγγBSM as:

c(t̃)
g =

1

4
rt̃AS(τt̃) c(b̃)

g =
1

4
rb̃AS(τb̃) c(τ̃)

g = 0

c
(t̃)
γ = 1

18rt̃AS(τt̃) c(b̃)
γ =

1

72
rb̃AS(τb̃) c(τ̃)

γ =
1

24
rτ̃AS(ττ̃ ).

(1.37)
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Chapter 2

(Meta-)Stability of the Electro-Weak

Potential

As stated in the introduction the measured values of the top and Higgs masses suggest a near-critical

electro-weak vacuum. Near-criticality gives us a unique opportunity to obtain information about

physics taking place at energy scales well beyond the reach of any collider experiment. Its consequences

are so intriguing and potentially so revolutionary that they deserve accurate calculations and dedicated

studies.

Recently, many authors have contributed towards the completion of the calculation of the renor-

malisation - group (RG) evolution (β-functions and thresholds) of the sizeable SM couplings at NNLO

precision. We summarise the present status of these calculations in table 2.1. Furthermore, our preci-

sion extrapolation of the SM to high energy scales is relevant for testing any new physics scenario able

of making predictions, such as unification of gauge couplings constants, or high-scale supersymmetric

models that restrict or predict the quartic Higgs coupling.

In section 2.1 we present numerical results for the ms couplings at the weak scale. The implications

of these results for Planck scale physics are discussed in sections 2.2–2.3. The results are summarised

in the the last section.

2.1 SM couplings at the electroweak scale

In this section we give practical results for the SM parameters θ = {λ,m2, yt, g2, gY }, computed

in terms of the observables Mh,Mt,MW ,MZ , Gµ and α3(MZ), whose measured values are listed in

table 2.2. In the next chapter we will give the complete calculation of the NNLO threshold correction

of the Higgs quartic coupling and of the yukawa coupling of the top as done in [1]. We notice that the

weak-scale values for the ms gauge couplings at the scale µ̄ are given in terms of Gµ, MW and MZ

and not in terms of the fine structure constant and the weak mixing angle at the MZ scale as usually

done. Each ms parameter θ is expanded in loops as

θ = θ(0) + θ(1) + θ(2) + · · · (2.1)

where the tree-level values θ(0) are listed in table 2.1, the one-loop corrections θ(1) are analytically

given in appendix 2.A.1 and the two-loop corrections θ(2) are computed in the next chapter. After

combining these corrections, we give in the following the numerical values for the SM parameters

renormalised at the top pole mass Mt in the ms scheme.

21
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Renormalisation Group Equations

LO NLO NNLO NNNLO
1 loop 2 loop 3 loop 4 loop

g3 full [2, 3] O(α2
3) [4, 5] O(α3

3) [7, 8] O(α4
3) [10,11]

O(α3α1,2) [6] O(α2
3αt) [9]

full [12] full [13, 14]

g1,2 full [2, 3] full [12] full [13, 14] —

yt full [15] O(α2
t , α3αt) [16] full [18, 19] —
full [17]

λ,m2 full [15] full [20, 21] full [22, 23] —

Threshold corrections at the weak scale

LO NLO NNLO NNNLO
0 loop 1 loop 2 loop 3 loop

g2 2MW /V full [24,25] full [1] —

gY 2
√
M2
Z −M2

W /V full [24,25] full [1] —

yt
√

2Mt/V O(α3) [26] O(α2
3, α3α1,2) [28] O(α3

3) [29–31]
O(α) [27] full [1]

λ M2
h/2V

2 full [32] for g1,2 = 0 [33] —
full [1]

m2 M2
h full [32] full [1] —

Table 2.1: Present status of higher-order computations included in our code. Here we have defined
V ≡ (

√
2Gµ)−1/2 and g1 =

√
5/3gY .

MW = 80.384± 0.014 GeV Pole mass of the W boson [35]
MZ = 91.1876± 0.0021 GeV Pole mass of the Z boson [36]
Mh = 125.66± 0.34 GeV Pole mass of the higgs [37]
Mt = 173.36± 0.65± 0.3 GeV Pole mass of the top quark [38]

V ≡ (
√

2Gµ)−1/2 = 246.21971± 0.00006 GeV Fermi constant for µ decay [39]
α3(MZ) = 0.1184± 0.0007 ms gauge SU(3)c coupling (5 flavours) [40]

Table 2.2: Input values of the SM observables used to fix the SM fundamental parameters
λ,m, yt, g2, gY . The pole top mass, Mt, is a naive average of TeVatron, CMS, ATLAS measurements,
all extracted from difficult MonteCarlo modellings of top decay and production in hadronic collisions.
Furthermore, Mt is also affected by a non-perturbative theoretical uncertainty of order ΛQCD, that we
quantify as ±0.3 GeV.

µ̄ = Mt λ yt g2 gY m/GeV

LO 0.13023 0.99571 0.65294 0.34972 125.66
NLO 0.12879 0.95096 0.64754 0.35940 132.85

NNLO 0.12710 0.93989 0.6483 0.3587 132.03

Table 2.3: Values of the fundamental SM parameters computed at tree level, one loop, two loops in the
ms scheme and renormalised at µ̄ = Mt for the central values of the measurements listed in table 2.2.
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2.1.1 The Higgs quartic coupling

For the Higgs quartic coupling, defined by writing the SM potential as V = −1
2m

2|H|2 + λ|H|4, we

find

λ(µ̄ = Mt) = 0.12710 + 0.00206

(
Mh

GeV
− 125.66

)
− 0.00004

(
Mt

GeV
− 173.35

)
± 0.00030th . (2.2)

The dependence on Mt is small because λ is renormalised at Mt itself. Here and below the theoretical

uncertainty is estimated from the dependence on µ̄ (varied around Mt by one order of magnitude) of

the higher-order unknown 3 loop corrections. Such dependence is extracted from the known SM RGE

at 3 loops (as summarized in appendix 2.A.2).

2.1.2 The Higgs mass term

For the mass term of the Higgs doublet in the SM Lagrangian (normalised such that m = Mh at tree

level) we find

m(µ̄ = Mt)

GeV
= 132.03 + 0.94

(
Mh

GeV
− 125.66

)
+ 0.17

(
Mt

GeV
− 173.35

)
± 0.15th. (2.3)

2.1.3 The top Yukawa coupling

For the top Yukawa coupling we get

yt(µ̄ = Mt) = 0.93697 + 0.00550

(
Mt

GeV
− 173.35

)
− 0.00042

α3(MZ)− 0.1184

0.0007
± 0.00050th . (2.4)

The central value differs from the NNLO value in table 2.3 because we include here also the NNNLO

(3 loop) pure QCD effect [29–31]. The theoretical uncertainty is estimated accordingly, and does not

take into account the non-perturbative theoretical uncertainty of order ΛQCD in the definition of Mt.

2.1.4 The weak gauge couplings

The best-fit values from [34] is

α−1
Y (MZ) = 98.35± 0.013, α−1

2 (MZ) = 29.587± 0.008. (2.5)

Table 2.3 reports their central values extrapolated at the renormalisation scale µ̄ = Mt using the SM

two-loop RGE equations.

2.1.5 The strong gauge coupling

Table 2.2 contains the value of α3(MZ), as extracted from the global fit of [40] in the effective SM with

5 flavours. Including RG running from MZ to Mt at 4 loops in QCD and at 2 loops in the electroweak

gauge interactions, and 3 loop QCD matching at Mt to the full SM with 6 flavours, we get

g3(µ̄ = Mt) = 1.1666 + 0.00314
α3(MZ)− 0.1184

0.0007
− 0.00046

(
Mt

GeV
− 173.35

)
. (2.6)

The SM parameters can be renormalised to any other desired energy by solving the SM renormal-

isation group equations summarised in appendix 2.A.2. For completeness, we include in the one- and

two-loop RG equations the contributions of the small bottom and tau Yukawa couplings, as computed
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Figure 2.1: Renormalisation of the SM gauge couplings g1 =
√

5/3gY , g2, g3, of the top, bottom
and τ couplings (yt, yb, yτ ), of the Higgs quartic coupling λ and of the Higgs mass parameter m.
All parameters are defined in the ms scheme. We include two-loop thresholds at the weak scale and
three-loop RG equations. The thickness indicates the ±1σ uncertainties in Mt,Mh, α3.

from the ms b-quark mass, mb(mb) = 4.2 GeV, and from Mτ = 1.777 GeV. Within the ms scheme β

functions are gauge-independent [41]; similarly the ms parameters are gauge independent too.

2.2 Extrapolation of the SM up to the Planck scale

The most puzzling and intriguing outcome of the Higgs discovery has been the finding that Mh lies very

close to the boundary between stability and metastability regions. This result is the main motivation

for our refined NNLO calculation of the SM Higgs potential at large field values. Indeed, the special

Higgs mass found by ATLAS and CMS is so close to criticality that any statement about stability

or metastability of the EW vacuum requires a careful analysis of theoretical and experimental errors.

The discovered proximity to criticality also naturally stimulates many theoretical speculations on its

possible hidden significance or on special matching conditions at very high energy scales. Here, we

will explore the implications of our improved computation of the Higgs quartic coupling extrapolated

to very high scales.

2.2.1 SM couplings at the Planck scale

The first issue we want to address concerns the size of the SM coupling constants. When we try to

extract information from the values of the coupling constants, it is reasonable to analyse their values

not at the weak scale, but at some high-energy scale where we believe the SM matches onto some

extended theory. So, using our NNLO results, we extrapolate the SM couplings from their weak-scale

values (as determined in section 2.1) to higher energies.

The evolution of the SM couplings up to a large cut-off scale is shown in fig. 2.1. At the Planck
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Figure 2.2: Upper: RG evolution of λ (left) and of βλ (right) varying Mt, α3(MZ), Mh by ±3σ.
Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling is compared
with the top Yukawa and weak gauge coupling through the ratios sign(λ)

√
4|λ|/yt and sign(λ)

√
8|λ|/g2,

which correspond to the ratios of running masses mh/mt and mh/mW , respectively (left). The Higgs
quartic β-function is shown in units of its top contribution, βλ(top contribution) = −3y4

t /8π
2 (right).

The grey shadings cover values of the RG scale above the Planck mass MPl ≈ 1.2 × 1019 GeV, and
above the reduced Planck mass M̄Pl = MPl/

√
8π.
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mass, we find the following values of the SM parameters:

g1(MPl) = 0.6168 (2.7a)

g2(MPl) = 0.5057 (2.7b)

g3(MPl) = 0.4873 + 0.0002
α3(MZ)− 0.1184

0.0007
(2.7c)

yt(MPl) = 0.3823 + 0.0051

(
Mt

GeV
− 173.35

)
− 0.0021

α3(MZ)− 0.1184

0.0007
(2.7d)

λ(MPl) = −0.0128− 0.0065

(
Mt

GeV
− 173.35

)
+ (2.7e)

+0.0018
α3(MZ)− 0.1184

0.0007
+ 0.0029

(
Mh

GeV
− 125.66

)
m(MPl) = 140.2 GeV + 1.6 GeV

(
Mh

GeV
− 125.66

)
+ (2.7 f )

−0.25 GeV

(
Mt

GeV
− 173.35

)
+ 0.05 GeV

α3(MZ)− 0.1184

0.0007

All Yukawa couplings, other than the one of the top quark, are very small. This is the well-known

flavour problem of the SM, that we will not investigate here.

The three gauge couplings and the top Yukawa coupling remain perturbative and are fairly weak at

high energy, becoming roughly equal in the vicinity of the Planck mass. The near equality of the gauge

couplings may be viewed as an indicator of an underlying grand unification even within the simple

SM, once we allow for threshold corrections of the order of 10% around a scale of about 1016 GeV (of

course, in the spirit of this paper, we are disregarding the acute naturalness problem). The (properly

normalised) hypercharge coupling g1 becomes the largest coupling in the SM already at scales of

about 1014 GeV, and the weak coupling g2 overcomes the strong coupling at about 1016 GeV. The top

Yukawa becomes smaller than any of the gauge couplings at scales larger than about 1010 GeV.

The Higgs quartic coupling remains weak in the entire energy domain below MPl. It decreases

with energy crossing λ = 0 at a scale of about 1010 GeV, see fig. 2.2 (upper left). Indeed, λ is the only

SM coupling that is allowed to change sign during the RG evolution because it is not multiplicatively

renormalised. For all other SM couplings, the β functions are proportional to their respective couplings

and crossing zero is not possible. This corresponds to the fact that λ = 0 is not a point of enhanced

symmetry.

In fig. 2.2 (lower left) we compare the size of λ with the top Yukawa coupling yt and the gauge

coupling g2, choosing a normalisation such that each coupling is equal to the corresponding particle

mass, up to the same proportionality constant. In other words, we are plotting the ratios

sign(λ)×
√

4|λ|/yt and sign(λ)×
√

8|λ|/g2 , (2.8)

equal to the ratios of running masses mh/mt and mh/mW , respectively. Except for the region in

which λ vanishes, the Higgs quartic coupling looks fairly “normal” with respect to the other SM

couplings. Nonetheless, the RG effect reduces significantly the overall size of λ in its evolution from

low to high energy. Although the central values of Higgs and top masses do not favour a scenario

with vanishing Higgs self coupling at the Planck scale (MPl) — a possibility originally proposed in

ref. [42, 43] and discussed more recently in ref. [33, 44–47] — the smallness of λ around MPl offers

reasons for speculation, as we will discuss later.

Another important feature of the RG evolution of λ is the slowing down of the running at high
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Figure 2.3: Left: SM phase diagram in terms of Higgs and top pole masses. The plane is divided into
regions of absolute stability, meta-stability, instability of the SM vacuum, and non-perturbativity of the
Higgs quartic coupling. The top Yukawa coupling becomes non-perturbative for Mt > 230 GeV. The
dotted contour-lines show the instability scale ΛI in GeV assuming α3(MZ) = 0.1184. Right: Zoom in
the region of the preferred experimental range of Mh and Mt (the grey areas denote the allowed region
at 1, 2, and 3σ). The three boundary lines correspond to 1-σ variations of α3(MZ) = 0.1184± 0.0007,
and the grading of the colours indicates the size of the theoretical error.

energy. As shown in fig. 2.2 (upper right), the corresponding Higgs quartic β-function vanishes at a

scale of about 1017–1018 GeV. In order to quantify the degree of cancellation in the β-function, we plot

in fig. 2.2 (lower right) βλ in units of its pure top contribution. The vanishing of βλ looks more like

an accidental cancellation between various large contributions, rather than an asymptotic approach to

zero. Given that the β-functions of the other SM couplings are all different than zero, it is not evident

to find valid symmetry or dynamical reasons for the vanishing of βλ alone near MPl. However, the

smallness of βλ (and λ) at high energy implies that tiny variations of the input values of the couplings

at MPl lead to wide fluctuations of the instability scale, thus justifying our refined calculation.

2.2.2 Derivation of the stability bound

In order to compute the stability bound on the Higgs mass one has to study the full effective potential

and identify the critical Higgs field above which the potential becomes smaller than the value at the

EW vacuum. We will refer to such critical energy as the instability scale ΛI .

A first estimate of the instability scale can be obtained by approximating the effective potential

with its RG-improved tree level expression.

The SM effective potential is known up to two-loops [12] and for large field values (h� v), it can

be approximated as,

V tree
eff (h) =

λ(µ)

4
h4 , (2.9)

with µ = O(h). In this way the condition of absolute stability of the potential is

λ(Λ) ≥ 0
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for any value Λ up to the Planck scale (as for instance done in [49]). Also, as discussed in [28], the

minimum Higgs mass ensuring vacuum stability corresponds to the initial value of λ such that at some

scale Λ0

λ(Λ0) = βλ(Λ0) = 0 , βλ =
d

d lnµ
λ(µ) . (2.10)

Actually a more accurate determination of the minimal Mh is obtained taking into account the full

structure of the Higgs potential at the two-loop level. In practice, as pointed out in [33], the determi-

nation of Mh obtained by the condition (2.10) differs by about 0.1 GeV from the one determined by

the absolute stability of the RG-improved two-loop potential.

One the other hand, if we are also interested in analyzing the shape of the Higgs potential close

to the Planck scale and in the scale where the instability occurs (as a function of Mh and Mt), the

study of the RG evolution of λ is not sufficient and we need the complete structure of the effective

potential at the two-loop level. We can always define an effective coupling λeff(h) such that for h� v

the two-loop effective potential assumes the form

Veff(h) = λeff(h)
h4

4
. (2.11)

The quantity λeff can be extracted from the effective potential at two loops [12] and is explicitly

given in appendix 2.A.3.

2.2.3 The SM phase diagram in terms of Higgs and top masses

The two most important parameters that determine the various EW phases of the SM are the Higgs

and top-quark masses. In fig. 2.3 we update the phase diagram given in ref. [33] with our improved

calculation of the evolution of the Higgs quartic coupling. The regions of stability, metastability, and

instability of the EW vacuum are shown both for a broad range of Mh and Mt, and after zooming

into the region corresponding to the measured values. The uncertainty from α3 and from theoretical

errors are indicated by the dashed lines and the colour shading along the borders. Also shown are

contour lines of the instability scale ΛI .

As previously noticed in ref. [33], the measured values of Mh and Mt appear to be rather special, in

the sense that they place the SM vacuum in a near-critical condition, at the border between stability

and metastability. In the neighbourhood of the measured values of Mh and Mt, the stability condition

is well approximated by

Mh > 129.6 GeV + 2.0(Mt − 173.35 GeV)− 0.5 GeV
α3(MZ)− 0.1184

0.0007
± 0.3 GeV . (2.12)

The quoted uncertainty comes only from higher order perturbative corrections. Other non-perturbative

uncertainties associated with the relation between the measured value of the top mass and the actual

definition of the top pole mass used here (presumably of the order of ΛQCD) are buried inside the

parameter Mt in equation (2.12). For this reason we include a theoretical error in the top pole mass

and take Mt = (173.35±0.65exp±0.3th) GeV. Combining in quadrature theoretical uncertainties with

experimental errors, we find

Mh > (129.6± 1.5) GeV (stability condition). (2.13)

From this result we conclude that vacuum stability of the SM up to the Planck scale is excluded at

2.5σ (99.3% C.L. one-sided). Since the main source of uncertainty in equation (2.12) comes from Mt,
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Figure 2.4: Left: SM phase diagram in terms of quartic Higgs coupling λ and top Yukawa coupling
yt renormalised at the Planck scale. The region where the instability scale ΛI is larger than 1018 GeV
is indicated as ‘Planck-scale dominated’. Right: Zoom around the experimentally measured values of
the couplings, which correspond to the thin ellipse roughly at the centre of the panel. The dotted lines
show contours of ΛI in GeV.

any refinement in the measurement of the top mass is of great importance for the question of EW

vacuum stability.

Since the experimental error on the Higgs mass is already fairly small and will be further reduced

by future LHC analyses, it is becoming more appropriate to express the stability condition in terms

of the pole top mass. We can express the stability condition of equation (2.12) as

Mt < (171.36± 0.15± 0.25α3 ± 0.17Mh
) GeV = (171.36± 0.46) GeV (2.14)

In the latter equation we combined in quadrature the theoretical uncertainty with the experimental

uncertainties on Mh and α3.

Notice that the stability bound is scheme and gauge independent. While intermediate steps of

the computation (threshold corrections, higher-order RG equations, and the effective potential) are

scheme-dependent, the values of the effective potential at its local minima are scheme-independent

physical observables, and thus the stability condition has the same property.

We find that the instability scale (defined as the scale at which λeff vanishes) is

log10

ΛI
GeV

= 11.0 + 0.8

(
Mh

GeV
− 125.66

)
− 1.4

(
Mt

GeV
− 173.35

)
+ 0.3

α3(MZ)− 0.1184

0.0007
(2.15)

The scale Λ0 at which the ms running coupling λ vanishes is a scheme-dependent quantity and is

slightly smaller than the scale ΛI . We find Λ0 ≈ 0.15ΛI , with the same dependence on the SM

parameters as in equation (2.15).
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2.2.4 The SM phase diagram in terms Planck-scale couplings

The discovery of the SM near-criticality has led to many theoretical speculations [28,33,46,47,50–71].

In order to address such speculations and to investigate if the measured value of Mh is really special

in the SM, it is more appropriate to study the phase diagram in terms of the Higgs quartic and the

top Yukawa coupling evaluated at some high-energy scale, rather than at the weak scale. This is

because of our theoretical bias that the SM is eventually embedded into a new framework at short

distances, possibly as short as the Planck length. Therefore, it is more likely that information about

the underlying theory is directly encoded in the high-energy coupling constants. For this reason in

fig. 2.4 we recast the phase diagram of fig. 2.3 in terms of λ(MPl) and yt(MPl). The diagram is shown

in a broad range of couplings allowed by perturbativity, and also after zooming into the interesting

region. The new area denoted as ‘no EW vacuum’ corresponds to a situation in which λ is negative

at the weak scale, and therefore the usual Higgs vacuum does not exist. In the region denoted as

‘Planck-scale dominated’ the instability scale ΛI is larger than 1018 GeV. In this situation we expect

that both the Higgs potential and the tunnelling rate receive large gravitational corrections and any

assessment about vacuum stability becomes unreliable.

From the left panel of fig. 2.4 it is evident that, even when we consider the situation in terms of high-

energy couplings, our universe appears to live under very special conditions. The interesting theoretical

question is to understand if the apparent peculiarity of λ(MPl) and yt(MPl) carry any important

information about phenomena well beyond the reach of any collider experiment. Of course this result

could be just an accidental coincidence, because in reality the SM potential is significantly modified

by new physics at low or intermediate scales. Indeed, the Higgs naturalness problem corroborates this

possibility. However, both the reputed violation of naturalness in the cosmological constant and the

present lack of new physics at the LHC cast doubts on the validity of the naturalness criterion for the

Higgs boson. Of course, even without a natural EW sector, there are good reasons to believe in the

existence of new degrees of freedom at intermediate energies. Neutrino masses, dark matter, axion,

inflation, baryon asymmetry provide good motivations for the existence of new dynamics below the

Planck mass. However, for each of these problems we can imagine solutions that either involve physics

well above the instability scale or do not significantly modify the shape of the Higgs potential. As a

typical example, take the see-saw mechanism. As shown in ref. [51], for neutrino masses smaller than

0.1 eV (as suggested by neutrino-oscillation data without mass degeneracies), either neutrino Yukawa

couplings are too small to modify the running of λ or the right-handed neutrino masses are larger

than the instability scale. In other words, a see-saw neutrino does not modify our conclusions about

stability of the EW vacuum. Couplings of weak-scale dark matter to the Higgs boson are constrained

to be small by WIMP direct searches (although dark-matter particles with weak interactions would

modify the running of the weak gauge couplings, making the Higgs potential more stable).

Thus, it is not inconceivable that the special values of λ(MPl) and yt(MPl) carry a significance and

it is worth to investigate their consequences. In the next section we discuss several possible classes of

solutions that explain the apparent peculiarity of the SM parameters.

2.3 More on SM phase diagrams

2.3.1 The SM phase diagram in terms of gauge couplings

So far we have been studying the phase diagram in terms of Higgs and top masses or couplings, keeping

the other SM parameters fixed. This is reasonable, since the EW vacuum is mostly influenced by the

Higgs and top quark. However it is interesting to study how the scan of other parameters can affect
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Figure 2.5: SM phase diagram in terms of the Higgs quartic coupling λ(MPl) and of the gauge coupling
g2(MPl). Left: A common rescaling factor is applied to the electro-weak gauge couplings g1 and g2,
while g3 is kept constant. Right: A common rescaling factor is applied to all SM gauge couplings
g1, g2, g3, such that a 10% increase in the strong gauge coupling at the Planck scale makes ΛQCD larger
than the weak scale. The measured values of the couplings correspond to the small ellipse marked as
‘SM’.

our results.

We start by considering the scanning of weak couplings defined at some high-energy scale, which

we identify with MPl. The impact of the gauge couplings g1 and g2 can be understood from the leading

terms of the RG equation for the Higgs quartic coupling

(4π)2 dλ

d ln µ̄2
= −3y4

t + 6y2
t λ+ 12λ2 +

9

16

(
g4

2 +
2

5
g2

2g
2
1 +

3

25
g4

1

)
− 9

2
λ

(
g2

2 +
g2

1

5

)
+ · · · . (2.16)

For small λ(MPl), the weak gauge couplings have the effect of reducing even further the Higgs quartic

coupling in its evolution towards lower energies, thus contributing to destabilise the potential. For

large λ(MPl), they tend to make λ grow at lower energy.

We quantify the situation by plotting in fig. 2.5 (left) the SM phase diagram in terms of λ(MPl)

and g2(MPl). For simplicity, we scan over the hypercharge coupling g1(MPl) by keeping fixed the

ratio g1(MPl)/g2(MPl) = 1.22 as in the SM, while yt(MPl) and g3(MPl) are held to their SM values.

As in previous cases, also the phase diagram in terms of weak gauge couplings shows the peculiar

characteristic of the SM parameters to live close to the phase boundary. (Note that the figure is zoomed

around the region of the physical values, so that the proximity to the boundary is not emphasised.)

Figure 2.5 (left) shows that the weak gauge couplings in the SM lie near the maximum possible

values that do not lead to a premature decay of the EW vacuum. Were g2 and g1 50% larger than

their actual values, we wouldn’t be here speculating on the peculiarity of the Higgs mass.

Next, we discuss the impact of scanning the strong gauge coupling constant. In fig. 2.5 (right) we

show the phase diagram in the plane λ(MPl), g2(MPl), obtained by varying all three gauge couplings

by a common rescaling factor. The top Yukawa coupling yt(MPl) is held fixed at its SM value and so,

as the other couplings scan, the top mass does not correspond to the measured value.
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quadratic term.

The coupling g3 affects βλ only at two loops, but it has a more important role in the RG evolution

of the top Yukawa coupling, whose leading terms are given by

(4π)2 dy2
t

d ln µ̄2
= y2

t

(
9

2
y2
t − 8g2

3 −
9

4
g2

2 −
17

20
g2

1

)
+ · · · . (2.17)

When the value of g3 is reduced at fixed yt(MPl), the low-energy top Yukawa coupling becomes smaller.

This reduces the stabilising effect of the top for a given λ(MPl) and explains the appearance in fig. 2.5

(right) at small gauge couplings of a ‘No EW vacuum’ region (where λ is negative at the weak scale).

On the other hand, when g3 is increased, the value of ΛQCD grows rapidly. Whenever

α3(MPl) >
6π

21 ln(MPl/Mt)
, (2.18)

which corresponds to g3(MPl) > 0.54, the value of ΛQCD becomes larger than Mt, preventing a

perturbative extrapolation from the Planck to the weak scale. As shown in fig. 2.5 (right), this region

is reached as soon as the SM gauge couplings are increased by only 11%. Once again, the SM gauge

couplings live near the top of the range allowed by simple extrapolations of the minimal theory.

2.3.2 The SM phase diagram in terms of Higgs potential parameters

The Higgs mass parameterm in the Higgs potential is the origin of the well-known naturalness problem.

Here we show that the simple requirement of the existence of a non-trivial EW vacuum sets an upper

bound on m, which is completely independent of any naturalness argument.

Let us start by considering the tree-level Higgs potential

V0 = −m
2
0

2
|H0|2 + λ0|H0|4 . (2.19)
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For m2 > 0 and λ > 0, the potential has the usual non-trivial vacuum at 〈h〉 = v = m/
√

2λ. However,

since v is proportional to m and λ is negative above the instability scale ΛI , the Higgs vacuum at

finite field value no longer exists when m2 is too large. The upper bound on m2 can be estimated by

considering the minimisation condition of the potential, including only the logarithmic running of λ,

but neglecting the evolution of m (which is a good approximation, as shown in fig. 2.1):[
2λ(v) +

βλ(v)

2

]
v2 = m2. (2.20)

For values of v in the neighbourhood of ΛI , we can approximate1 λ(v) ≈ βλ(ΛI) ln v/ΛI and βλ(v) ≈
βλ(ΛI). Then we see that equation (2.20) has a solution only if

m2 < −βλ(ΛI) e
−3/2Λ2

I . (2.21)

Note that βλ(ΛI) is negative in the SM.

Figure 2.6 shows the SM phase diagram in terms of the parameters λ(MPl) and m(MPl). The sign

of each one of these parameters corresponds to different phases of the theory, such that λ(MPl) =

m(MPl) = 0 is a tri-critical point.

The region denoted by ‘〈h〉 ≈MPl’ corresponds to the case in which equation (2.21) is not satisfied

and there is no SM-like vacuum, while the Higgs field slides to large values. In the region of practical

interest, the upper limit on m is rather far from its actual physical value m = Mh, although it is much

stronger than MPl, the ultimate ultraviolet cutoff of the SM. A much more stringent bound on m can

be derived from anthropic considerations [72] and the corresponding band in parameter space is shown

in fig. 2.6. We find it remarkable that the simple request of the existence of a non-trivial Higgs vacuum,

without any reference to naturalness considerations, gives a bound on the Higgs bilinear parameter

m. Unfortunately, for the physical value of λ, the actual numerical value of the upper bound is not of

great practical importance.

2.3.3 Lifetime of the SM vacuum

The measured values of Mh and Mt indicate that the SM Higgs vacuum is not the true vacuum of the

theory and that our universe is potentially unstable. The rate of quantum tunnelling out of the EW

vacuum is given by the probability d℘/dV dt of nucleating a bubble of true vacuum within a space

volume dV and time interval dt [73–75]

d℘ = dt dV Λ4
B e
−S(ΛB) . (2.22)

In equation (2.22), S(ΛB) is the action of the bounce of size R = Λ−1
B , given by

S(ΛB) =
8π2

3|λ(ΛB)|
. (2.23)

At the classical level, the Higgs theory with only quartic coupling is scale-invariant and the size

of the bounce Λ−1
B is arbitrary. The RG flow breaks scale invariance and the tree level action gets

replaced by the one-loop action, as calculated in ref. [49]. Then, ΛB is determined as the scale at which

Λ4
Be
−S(ΛB) is maximised. In practice this roughly amounts to minimising λ(ΛB), which corresponds to

the condition βλ(ΛB) = 0. As long as ΛB �MPl, gravitational effects are irrelevant, since corrections

1In this analysis, we can safely neglect the non-logarithmic corrections to the effective potential and so we do not
distinguish between λ and λeff .
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Figure 2.7: Left: The probability that electroweak vacuum decay happened in our past light-cone,
taking into account the expansion of the universe. Right: The life-time of the electroweak vacuum,
with two different assumptions for future cosmology: universes dominated by the cosmological constant
(ΛCDM) or by dark matter (CDM).

to the action in minimal Einstein gravity are given by δSG = 256π3Λ2
B/45|λ|M2

Pl [45]. The effect

of gravitational corrections is to slow down the tunnelling rate [76]. Whenever ΛB > MPl, one can

only obtain a lower bound on the tunnelling probability by setting λ(ΛB) = λ(MPl). For the physical

values of Mh and Mt, our results are fairly insensitive to Planckian dynamics.

The total probability ℘ for vacuum decay to have occurred during the history of the universe can

be computed by integrating equation (2.22) over the space-time volume of our past light-cone,∫
dt dV =

∫ t0

0
dt

∫
|x|<a(η0−η)

d3x =
4π

3

∫ η0

0
dη a4(η0 − η)3 ≈ 0.15

H4
0

. (2.24)

Here a is the scale factor, η is conformal time (dη/dt = 1/a), η0 ≈ 3.4/H0 is the present conformal

time and H0 ≈ 67.4 km/sec Mpc is the present Hubble rate. Equation (2.24) roughly amounts to

saying that the ‘radius’ of the universe is given by cTU , where TU ≈ 0.96/H0 is the present age. The

present value of the vacuum-decay probability ℘ is

℘0 = 0.15
Λ4
B

H4
0

e−S(ΛB) , (2.25)

and is dominated by late times and this makes our result more robust, since it is independent of the

early cosmological history. In fig. 2.7a we plot, as a function of the top mass, the probability ℘0 that

the EW vacuum had decayed during the past history of the universe. We find that the probability is

spectacularly small, as a consequence of the proximity of the SM parameters to the boundary with

the region of absolute stability.

The lifetime of the present EW vacuum τEW depends on the future cosmological history. If dark

energy shuts off and the future universe is matter dominated, the space-time volume of the past
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light-cone at time t0 is given by∫
dt dV =

4π

3

∫ η0

0
dη a4(η0 − η)3 =

16π

1485H4
0

. (2.26)

Here H0 is the Hubble parameter at time t0, and we have performed the integral using the relations

a1/2 = H0η/2 = (3H0t/2)1/3 and t0 = 2/(3H0), valid in a matter-dominated flat universe. The lifetime

τEW is given by the time at which ℘ = 1:

τEW =

(
55

3π

)1/4 eS(ΛB)/4

ΛB
≈ TU

℘
1/4
0

(Matter Domination), (2.27)

where ℘0 is given in equation (2.25) and shown in fig. 2.7a.

If instead the universe keeps being accelerated by the cosmological constant, entering into a de

Sitter phase with Hubble constant H = H0

√
ΩΛ, at a time t0 in the far future the volume of the past

light-cone will be∫
dt dV =

4π

3

∫ η0

0
dη a4(η0 − η)3 =

4π

3H4

[
Ht0 −

11

6
+O(e−Ht0)

]
. (2.28)

Here we have used the relations a = (1−Hη)−1 = eHt, valid in a vacuum-energy dominated universe.

The lifetime τEW is now equal to

τEW =
3H3eS(ΛB)

4πΛ4
B

≈ 0.02 TU
℘0

(Vacuum Energy Domination). (2.29)

The lifetime of the present EW vacuum is plotted in fig. 2.7b in both cases of matter or vacuum-

energy domination. As shown, the SM vacuum is likely to survive for times that are enormously longer

than any significant astrophysical age (e.g. the sun will exhaust its fuel in about five billion years).

2.4 Interpretations of the high-energy SM couplings

We conclude this chapter with some possible interpretations of the measured values of the SM param-

eters. As we said before, if the SM remains valid at high energies, the SM parameters, in particular λ

and yt, put the EW vacuum in a near-critical meta-stable condition. It is natural to ask if this is the

result of some kind of unknown dynamics. In particular one can speculate that the special value of the

Higgs quartic coupling is due to a matching condition with some high-energy theory in the vicinity of

MPl. On the other hand more “exotic” explanations can not be excluded, such as that of “multiverse”

dynamics. Here we will report a couple of possible interpretations, presented in [1] (we refer to that

paper for further details).

2.4.1 Matching conditions

It is not difficult to imagine theories able to drive λ(MPl) to zero: high-scale supersymmetry with

tanβ = 1 [77–82]; partial N = 2 supersymmetry insuring D-flatness [83,84]; an approximate Goldstone

or shift symmetry [85, 86]; an infrared fixed-point of some transplanckian physics [47]; a power-law

running in a quasi-conformal theory.

Present data suggest that an exact zero of λ is reached at scales of about 1010–1012 GeV, see

eq (2.15), well below the Planck mass. It is not difficult to imagine theories that give λ(MPl) in
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agreement with equation (2.7e) as a result of a vanishing matching condition modified by threshold

corrections.

Supersymmetry is probably one of the best candidates able to explain the vanishing of λ as a high-

energy boundary condition, because of the natural appearance of radiatively-stable flat directions.

Such flat directions give a well-grounded justification for scalar particles with vanishing potentials,

and yet interacting at zero momentum (contrary to the case of Goldstone bosons).

Note also that the smallness of the Higgs quartic β-function at high energy is the key ingredient

that allows for the possibility of extending the SM up to a matching scale much larger than ΛI . If λ

ran fast above ΛI , it would rapidly trigger vacuum instability and the region of metastability would be

limited to SM cut-off scales only slightly larger than ΛI . This is another peculiarity of the measured

values of Mh and Mt.

2.4.2 Criticality as an attractor

Statistical properties of the multiverse offer alternatives to dynamical determinations of λ(MPl) from

matching conditions with new theories. This possibility is motivated by the observation that the

measured value of Mh looks special, in the sense that it corresponds to a near-critical parameter

separating two phases. As remarked in ref. [87], also Higgs naturalness can be viewed as a problem of

near-criticality between two phases (i.e. why is the Higgs bilinear carefully selected just to place our

universe at the edge between the broken and unbroken EW phases?). This leads to the speculation that,

within the multiverse, critical points are attractors. If this vision is correct, the probability density

in the multiverse is peaked around the boundaries between different phases, and generic universes are

likely to live near critical lines. Then, near-criticality would be the result of probability distributions

in the multiverse, and would not necessarily follow from anthropic considerations. In this picture, the

Higgs parameters found in our universe are not at all special. On the contrary, they correspond to

the most likely occurrence in the multiverse.

Suppose that the probability distribution of the Higgs quartic coupling in the multiverse is not

uniform, but is a monotonically decreasing function of λ. In other words, there is a pressure in the

multiverse towards the smallest (possibly negative) λ. However, in universes where λ is sufficiently

negative, the Higgs field is destabilised, forming a bubble of AdS space with a negative cosmological

constant of order −M4
Pl in its interior. Such regions of space would rapidly contract and finally

disappear. Therefore, the cosmological evolution removes regions that correspond to unstable EW

vacua, leaving the vast majority of universes crowded around the critical boundary.

We can also imagine alternative scenarios. Suppose that the Higgs quartic coupling is a function

of some new fields Φ participating in Planckian dynamics and that their vacuum structure prefers low

values of λ, as before. Once λ becomes smaller than the critical value, the Higgs potential develops

an instability at large field values. If tunnelling is sufficiently fast, the Higgs field slides towards

Planckian scales. Such large Higgs configurations will in general affect the scalar potential of the

fields Φ, which will readjust into a different vacuum structure. The new vacua will give a different

probability distribution for the Higgs quartic coupling λ and it is imaginable that now larger values

of λ are preferred. In summary: universes in the stable or metastable phases will experience pressure

towards small λ; universes in the unstable phase will experience pressure towards large λ. As a result,

the most probable universes lie around the critical line separating the two phases.

We stress that these examples do not use anthropic arguments: near-criticality is achieved by

cosmological selection and/or by probability distributions in the multiverse.
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2.A Appendix

2.A.1 Weak scale thresholds at one loop

We summarise here the one-loop corrections θ(1) to the various SM parameters

θ = {λ,m, yt, g2, gY } = θ(0) + θ(1) + θ(2) + · · · . (2.30)

We perform one-loop computations in a generic ξ gauge, confirming that θ(1) is gauge-independent,

as it should. Our expressions for θ(1) are equivalent to the well known expressions in the literature.

We write θ(1) in terms of finite parts of the the Passarino-Veltman functions

A0(M) = M2(1− ln
M2

µ̄2
), B0(p;M1,M2) = −

∫ 1

0
ln
xM2

1 + (1− x)M2
2 − x(1− x)p2

µ̄2
dx. (2.31)

The dependence of θ(1) on the renormalisation scale µ̄ reproduces the well known one-loop RGE

equations for θ. Below we report the expressions valid in the limit Mb = Mτ = 0; the negligible effect

of light fermions masses is included in our full code.

The Higgs mass term

The correction is obtained from equation (3.69):

δ(1)m2(µ̄) =
1

(4π)2V 2
Re

[
6M2

t (M2
h − 4M2

t )B0(Mh;Mt,Mt) + 24M2
t A0(Mt) +

+(M4
h − 4M2

hM
2
W + 12M4

W )B0(Mh;MW ,MW )− 2(M2
h + 6M2

W )A0(MW ) +

+
1

2

(
M4
h − 4M2

hM
2
Z + 12M4

Z

)
B0(Mh;MZ ,MZ)− (M2

h + 6M2
Z)A0(MZ) +

+
9

2
M4
hB0(Mh;Mh,Mh)− 3M2

hA0(Mh)

]
. (2.32)

The quartic Higgs coupling

The one-loop result is obtained from equation (3.67):

λ(1)(µ̄) =
1

(4π)2V 4
Re

[
3M2

t (M2
h − 4M2

t )B0(Mh;Mt,Mt) + 3M2
hA0(Mt) +

+
1

4

(
M4
h − 4M2

hM
2
Z + 12M4

Z

)
B0(Mh;MZ ,MZ) +

M2
h(7M2

W − 4M2
Z)

2(M2
Z −M2

W )
A0(MZ) +

+
1

2
(M4

h − 4M2
hM

2
W + 12M4

W )B0(Mh;MW ,MW )−
3M2

hM
2
W

2(M2
h −M2

W )
A0(Mh) + (2.33)

+
M2
h

2

(
−11 +

3M2
h

M2
h −M2

W

−
3M2

W

M2
Z −M2

W

)
A0(MW ) +

+
9

4
M4
hB0(Mh;Mh,Mh) +

1

4
(M4

h +M2
h(M2

Z + 2M2
W − 6M2

t )− 8(M4
Z + 2M4

W ))

]
.
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Each one of the terms in equation (3.67) is gauge dependent, e.g. the one-loop correction to muon

decay is

∆r
(1)
0

∣∣∣
fin

=
1

(4πV )2

[
3M2

t −M2
W −

M2
Z

2
−
M2
h

2
+

3M2
WA0(Mh)

M2
h −M2

W

+
6M2

W − 3M2
Z

M2
W −M2

Z

A0(MZ) + (2.34)

−6A0(Mt) +

(
9−

3M2
h

M2
h −M2

W

−
3M2

W

M2
W −M2

Z

)
A0(MW ) + 2A0(

√
ξMW ) +A0(

√
ξMZ)

]
.

and the gauge dependence cancels out in the sum λ(1)(µ̄).

The top Yukawa coupling

The gauge-invariant one-loop correction to the top Yukawa coupling is obtained from equation (3.73)

y
(1)
t (µ̄) =

Mt√
2V 3(4π)2

Re

[
−
(
M2
h − 4M2

t

)
B0 (Mt;Mh,Mt) +

+
M2
t

(
80M2

WM
2
Z − 64M4

W − 7M4
Z

)
+ 40M2

WM
4
Z − 32M4

WM
2
Z − 17M6

Z

9M2
tM

2
Z

B0 (Mt;Mt,MZ) +

+

(
M2
tM

2
W +M4

t − 2M4
W

)
M2
t

B0 (Mt; 0,MW ) + (2.35)

+

(
3M2

h

M2
h −M2

W

+
2M2

W

M2
t

+
3M2

W

M2
W −M2

Z

− 10

)
A0 (MW ) +

(
3M2

W

M2
W −M2

h

+ 1

)
A0 (Mh) +

+

(
36M2

tM
2
Z − 56M2

WM
2
Z + 64M4

W − 17M4
Z

)
9M2

tM
2
Z

A0 (Mt) +

+

(
3M2

W

M2
Z −M2

W

+
32M4

W − 40M2
WM

2
Z + 17M4

Z

9M2
tM

2
Z

− 3

)
A0 (MZ) +

+
M2
h

2
− 3M2

t − 9M2
W +

7M2
Z

18
+

64M2
W

9M2
Z

]
+

Mt√
2V (4π)2

g2
3

(
−8A0 (Mt)

M2
t

− 8

3

)
.

The weak gauge couplings

The one-loop correction to the SU(2)L gauge coupling is obtained from equation (3.75):

g
(1)
2 (µ̄) =

2MW

(4π)2V 3
Re

[(
M4
h

6M2
W

−
2M2

h

3
+ 2M2

W

)
B0 (MW ,Mh,MW ) +

+

(
−M

4
t

M2
W

−M2
t + 2M2

W

)
B0 (MW , 0,Mt) +

+
1

6

(
−

48M4
W

M2
Z

+
M4
Z

M2
W

− 68M2
W + 16M2

Z

)
B0 (MW ,MW ,MZ) + (2.36)

+
1

6

(
M2
h

(
9

M2
h −M2

W

+
1

M2
W

)
+
M2
Z

M2
W

+M2
W

(
9

M2
W −M2

Z

+
48

M2
Z

)
− 27

)
A0 (MW ) +

+

(
2−

M2
h

(
M2
h + 8M2

W

)
6M2

W

(
M2
h −M2

W

))A0 (Mh) +

(
M2
t

M2
W

+ 1

)
A0 (Mt) +

+
1

6

(
24M2

W

M2
Z

−
M2
Z

M2
W

+
9M2

W

M2
Z −M2

W

− 17

)
A0 (MZ) +

+
1

36

(
−3M2

h + 18M2
t +

288M4
W

M2
Z

− 374M2
W − 3M2

Z

)]
.
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The one-loop correction to the U(1)Y gauge coupling is obtained from equation (3.77):

g
(1)
Y (µ̄) =

2
√
M2
Z −M2

W

(4π)2V 3
Re

[(
88

9
−

124M2
W

9M2
Z

+
M2
h + 34M2

W

6(M2
Z −M2

W )

)
A0 (MZ) +

+
M2
h − 4M2

W

2(M2
h −M2

W )
A0 (Mh) +

(
−7

9
− M2

t

M2
Z −M2

W

+
64M2

W

9M2
Z

)
A0 (Mt) +

+
M4
h + 2M2

W (M2
W − 15M2

Z) + 3M2
H(2M2

W + 7M2
Z)

6
(
M2
h −M2

W

) (
M2
W −M2

Z

) A0 (MW ) +

−
M4
t +M2

WM
2
t − 2M4

W

M2
W −M2

Z

B0 (MW , 0,Mt)−
M4
h − 4M2

ZM
2
h + 12M4

Z

6(M2
W −M2

Z)
B0 (MZ ,Mh,MZ) +

+
M4
h − 4M2

WM
2
h + 12M4

W

6(M2
W −M2

Z)
B0 (MW ,Mh,MW ) + (2.37)

+
M6
Z − 48M6

W − 68M2
ZM

4
W + 16M4

ZM
2
W

6M2
Z

(
M2
W −M2

Z

) B0 (MW ,MW ,MZ) +

+
1

9

(
−23M2

W + 7M2
t + 17M2

Z −
64M2

tM
2
W

M2
Z

−
9M2

W (M2
t −M2

W )

M2
Z −M2

W

)
B0 (MZ ,Mt,Mt) +

+
M6
Z − 48M6

W − 68M2
ZM

4
W + 16M4

ZM
2
W

6M2
Z

(
M2
Z −M2

W

) B0 (MZ ,MW ,MW ) +

+
1

36

(
576M4

W

M2
Z

− 242M2
W − 3M2

h + 257M2
Z +

36M2
W

M2
Z −M2

W

+M2
t

(
82−

256M2
W

M2
Z

))]
.

2.A.2 SM RGE equations up to three loops

We list here the known results for the renormalisation group equations up to 3 loop order for the size-

able SM couplings, g1, g2, g3, yt and λ in the ms scheme. We write numerically those 3-loop coefficients

that involve the ζ3 constant. Stopping for simplicity at two loops, we also write RGE equations for the

smaller bottom and tau Yukawa coupling and their contributions to the RGE of the large couplings.

Our numerical code includes full RGE at 3 loops.

Gauge couplings

RGE for the hypercharge gauge coupling in GUT normalisation (g2
1 = 5g2

Y /3):

dg2
1

d ln µ̄2
=

g4
1

(4π)2

[
41

10

]
+

g4
1

(4π)4

[
44g2

3

5
+

27g2
2

10
+

199g2
1

50
− 17y2

t

10
−
y2
b

2
− 3y2

τ

2

]
+

+
g4

1

(4π)6

[
y2
t

(
189y2

t

16
− 29g2

3

5
− 471g2

2

32
− 2827g2

1

800

)
+ λ

(
−36λ

5
+

9g2
2

5
+

27g2
1

25

)
+

+
297g4

3

5
+

789g4
2

64
− 388613g4

1

24000
− 3g2

3g
2
2

5
− 137g2

3g
2
1

75
+

123g2
2g

2
1

160

]
.
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RGE for the SU(2)L gauge coupling:

dg2
2

d ln µ̄2
=

g4
2

(4π)2

[
− 19

6

]
+

g4
2

(4π)4

[
12g2

3 +
35g2

2

6
+

9g2
1

10
− 3y2

t

2
−

3y2
b

2
− y2

τ

2

]
+

+
g4

2

(4π)6

[
y2
t

(
147y2

t

16
− 7g2

3 −
729g2

2

32
− 593g2

1

160

)
+ λ

(
−3λ+

3g2
2

2
+

3g2
1

10

)
+

+81g4
3 +

324953g4
2

1728
− 5597g4

1

1600
+ 39g2

3g
2
2 −

g2
3g

2
1

5
+

873g2
2g

2
1

160

]
.

RGE for the strong gauge coupling, including also pure QCD terms at 4 loops:

dg2
3

d ln µ̄2
=

g4
3

(4π)2

[
− 7

]
+

g4
3

(4π)4

[
− 26g2

3 +
9g2

2

2
+

11g2
1

10
− 2y2

t − 2y2
b

]
+

+
g4

3

(4π)6

[
y2
t

(
15y2

t − 40g2
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93g2
2
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− 101g2

1
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+

+
65g4

3

2
+

109g4
2

8
− 523g4

1

120
+ 21g2
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2
2 +

77g2
3g

2
1
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− 3g2

2g
2
1

40

]
+

g10
3

(4π)8

[
− 2472.28

]
.

Higgs quartic coupling

RGE for the Higgs quartic coupling:

dλ

d ln µ̄2
=

1

(4π)2

[
λ

(
12λ+ 6y2

t + 6y2
b + 2y2

τ −
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2
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1
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+
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+
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+

+
1

(4π)4

[
λ2

(
−156λ− 72y2

t − 72y2
b − 24y2

τ + 54g2
2 +
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+
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+

+y4
b

(
−3y2

t + 15y2
b − 16g2

3 +
2g2

1

5

)
+ y2

b

(
−9g2

2

8
+

9g4
1

40
+
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τ
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+
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+
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+
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3
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1
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(
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2
1

)
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t

(
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Higgs mass term

RGE for the Higgs mass term:

dm2

d ln µ̄2
=

m2

(4π)2

[
6λ+ 3y2

t + 3y2
b + y2

τ −
9g2

2

4
− 9g2

1

20

]
+

+
m2

(4π)4

[
λ

(
−30λ− 36y2

t − 36y2
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1

5

)
+
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t

(
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t
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−
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b

2
+ 20g2

3 +
45g2

2

8
+
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1

8

)
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b

(
−

27y2
b

4
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3 +
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2

8
+

5g2
1

8

)
+
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(
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τ
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+
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2

8
+
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1
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2
1
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]
+

+
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t

2
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1

)
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t

(
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2
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2

(
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)
+

+g4
1

(
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1

) ]
.

Yukawa couplings

RGE for the top Yukawa coupling:

dy2
t

d ln µ̄2
=
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t

(4π)2
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t
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+
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+
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b
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RGE for the bottom Yukawa coupling (up to two loops):

dy2
b

d ln µ̄2
=

y2
b

(4π)2

[
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t
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+
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b
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+

+
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b
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t
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b
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τ
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]
.

RGE for the tau Yukawa coupling (up to two loops):

dy2
τ

d ln µ̄2
=
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τ

(4π)2
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b +
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.

2.A.3 Effective potential at two loops

The effective potential including one-loop and two-loop corrections in Landau gauge for h� v is given

by equation (2.11), where [33,95]

λeff(h) = e4Γ(h)

[
λ(µ̄ = h) + λ

(1)
eff (µ̄ = h) + λ

(2)
eff (µ̄ = h)

]
. (2.38)

All running couplings are evaluated at µ̄ = h. Here, Γ(h) ≡
∫ h
Mt
γ(µ̄)d ln µ̄, with γ the Higgs field

anomalous dimension,

γ =
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The one-loop correction is

λ
(1)
eff =

1

(4π)2

[
3g4

2

8
(ln
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6
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.

The two-loop correction is
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.

Here we have given λ
(2)
eff in the approximation λ = 0, which is well justified around the instability

region. The full expression of λ
(2)
eff can be found in ref. [33]. Moreover, we have defined

ξ(z) ≡
√
z2 − 4z

[
2 ln2

(
z −
√
z2 − 4z

2z

)
− ln2 z − 4Li2

(
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√
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)
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]
, (2.43)

where Li2 is the dilogarithm function, and

rW = ln
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2

4
+ 2Γ, rZ = ln
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Y
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+ 2Γ, rt = ln
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and
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[
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2
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+ 2Γ

]
. (2.45)



44 BIBLIOGRAPHY

Bibliography

[1] D. Buttazzo, G. Degrassi, P. P. Giardino,

G. F. Giudice, F. Sala, A. Salvio and A. Stru-

mia, arXiv:1307.3536 [hep-ph].

[2] D. J. Gross and F. Wilczek, Phys. Rev. Lett. 30

(1973) 1343.

[3] H. D. Politzer, Phys. Rev. Lett. 30 (1973) 1346.

[4] W. E. Caswell, Phys. Rev. Lett. 33 (1974) 244.

[5] D. R. T. Jones, Nucl. Phys. B 75 (1974) 531.

[6] D. R. T. Jones, Phys. Rev. D 25 (1982) 581.

[7] O. V. Tarasov, A. A. Vladimirov and A. Y. Zharkov,

Phys. Lett. B 93 (1980) 429.

[8] S. A. Larin and J. A. M. Vermaseren, Phys. Lett. B

303 (1993) 334 [arXiv:hep-ph/9302208].

[9] M. Steinhauser, Phys. Rev. D 59 (1999) 054005

[arXiv:hep-ph/9809507].

[10] T. van Ritbergen, J. A. M. Vermaseren and

S. A. Larin, Phys. Lett. B 400 (1997) 379 [arXiv:hep-

ph/9701390].

[11] M. Czakon, Nucl. Phys. B 710 (2005) 485 [arXiv:hep-

ph/0411261].

[12] M. E. Machacek and M. T. Vaughn, Nucl. Phys. B

222 (1983) 83.

[13] L. N. Mihaila, J. Salomon and M. Steinhauser, Phys.

Rev. Lett. 108 (2012) 151602 [arXiv:1201.5868].

[14] L. N. Mihaila, J. Salomon and M. Steinhauser, Phys.

Rev. D 86 (2012) 096008 [arXiv:1208.3357].

[15] T. P. Cheng, E. Eichten and L. -F. Li, Phys. Rev. D

9 (1974) 2259.

[16] M. Fischler and J. Oliensis, Phys. Lett. B 119 (1982)

385.

[17] M. E. Machacek and M. T. Vaughn, Nucl. Phys. B

236 (1984) 221.

[18] K. G. Chetyrkin and M. F. Zoller, JHEP 1206 (2012)

033 [arXiv:1205.2892].

[19] A. V. Bednyakov, A. F. Pikelner and

V. N. Velizhanin, Phys. Lett. B 722 (2013) 336

[arXiv:1212.6829].

[20] M. E. Machacek and M. T. Vaughn, Nucl. Phys. B

249 (1985) 70.

[21] M. -X. Luo and Y. Xiao, Phys. Rev. Lett. 90 (2003)

011601 [arXiv:hep-ph/0207271].

[22] K. G. Chetyrkin and M. F. Zoller, JHEP 1304 (2013)

091 [arXiv:1303.2890].

[23] A. V. Bednyakov, A. F. Pikelner and

V. N. Velizhanin, [arXiv:1303.4364].

[24] A. Sirlin, Phys. Rev. D 22 (1980) 971.

[25] W. J. Marciano and A. Sirlin, Phys. Rev. D 22 (1980)

2695 [Erratum-ibid. D 31 (1985) 213.

[26] R. Tarrach, Nucl. Phys. B 183 (1981) 384.

[27] R. Hempfling and B. A. Kniehl, Phys. Rev. D 51

(1995) 1386 [arXiv:hep-ph/9408313].

[28] F. Bezrukov, M. Y. Kalmykov, B. A. Kniehl

and M. Shaposhnikov, JHEP 1210 (2012) 140

[arXiv:1205.2893].

[29] K. G. Chetyrkin and M. Steinhauser, Phys. Rev. Lett.

83 (1999) 4001 [arXiv:hep-ph/9907509].

[30] K. G. Chetyrkin and M. Steinhauser, Nucl. Phys. B

573 (2000) 617 [arXiv:hep-ph/9911434].

[31] K. Melnikov and T. v. Ritbergen, Phys. Lett. B 482

(2000) 99 [arXiv:hep-ph/9912391].

[32] A. Sirlin and R. Zucchini, Nucl. Phys. B 266 (1986)

389.

[33] G. Degrassi, S. Di Vita, J. Elias-Miro, J. R. Espinosa,

G. F. Giudice, G. Isidori and A. Strumia, JHEP 1208

(2012) 098 [arXiv:1205.6497].

[34] Particle Data Group, J. Phys. G 37 (2010) 075021.

The LEP Electroweak Working Group, http://

lepewwg.web.cern.ch. We thank Jens Erler and Paul

Langacker for the latest fit we quote, and Martin
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Chapter 3

Calculation of λ and yt at NNLO

In the previous chapter we saw that a precise calculation of the quartic coupling of the Higgs is needed

in order to study the stability of the E.W. vacuum and that we computed the missing NNLO threshold

corrections for λ and yt. In this chapter we will review the methods we used in the calculation of the

relevant two-loops integrals.

The number of diagrams involved in a two-loops calculation easily exceeds the thousands. It is

rather difficult to calculate so many diagrams by hand with standard techniques, therefore we used

a method to reduce the diagrams in terms of a combination of some basis integrals. Specifically

we used the algorithm developed by O.V. Tarasov [1, 2]. This algorithm has been implemented in

the Mathematica code Tarcer [3] that is part of the Feyncalc [4] package. We also used the

Mathematica package Feynart [5] in order to write all the amplitudes. Once we reduced every

relevant two-loop integral in terms of some basis integrals, we evaluated them using the C Program

TSIL [6] based on the paper [7].

In section (3.1) we will review the main techniques on which our calculations are based. In

particular we will see with more details Tarasov’s algorithm and how we applied it to our problem. At

the end of the section we will briefly examine the master integrals analyzing some possible methods

to evaluate them. Section (3.2) will be dedicated to the renormalization of λ and yt. We will also give

some more details on the calculations of these quantities.

3.1 Master Integrals

Here we address the problem of calculating a generic two-loops two-points integral with arbitrary

masses using the methods described in Tarasov’s papers [1, 2]. Throughout the computation we will

consider only dimensional regularized integrals with d = 4 − 2ε, thus in general we will deal with

integrals of the form

Id(p2,m2
j ) =

∫ ∫
ddq1d

dq2
N(q2

1, q
2
2, q1p, q2p, q1q2)

P ν1
1 P ν2

2 P ν3
3 P ν4

4 P ν5
5

, (3.1)

where the numerator N(q2
1, q

2
2, q1p, q2p, q1q2) is polynomial and

P1 = q2
1 −m2

1 + iη, P3 = (q1 − p)2 −m2
3 + iη, P5 = (q1 − q2)2 −m2

5 + iη,

P2 = q2
2 −m2

2 + iη, P4 = (q2 − p)2 −m2
4 + iη.

We have considered numerators in scalar form, while in general a Feynman integral permits also a

tensorial structure. However it is always possible to contract the diagram with a suitable projector

operator and obtain a scalar numerator. Indeed this is a simple procedure and we used it in our

47
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computations. In any case the techniques described here can be applied also to the general case. For

brevity, from here on, we will call “scalar integral” an integral obtained by a Feynman diagram with

only scalar fields, i. e. with N(q2
1, q

2
2, q1p, q2p, q1q2) = 1. We will call “non-scalar integral” an integral

with N(q2
1, q

2
2, q1p, q2p, q1q2) 6= 1 and “tensor integral” an integral with a tensorial numerator.

The algorithm we used decomposes the computation of equation (3.1) in three parts: the simpli-

fication of the numerator N(q2
1, q

2
2, q1p, q2p, q1q2) such that the integral is expressed only in terms of

scalar integrals, the reduction of these scalar integrals in terms of a set of “Master Integrals”, i .e.

irreducible integrals, and the evaluation of the basis integrals. The interesting question at this point

is if it is possible to find a complete set of Master Integrals, that is if it is possible to reduce any given

integrals, with generic numerators and integer powers of the propagators. The answer in general for a

n-loops m-points integral is unknown, however the solution for one-loop m-points integrals was found

by G. Passarino and M. J. G. Veltman [8], while Tarasov found the complete basis for two-points

two-loops integrals. Obviously what we are going to see is valid also for integrals with n = 1 and m

≤ 2 and n = 2 and m ≤ 1 as special cases. In particular any two-loops m-points integrals with zero

external momentum can be studied as a vacuum (that is zero-point) diagram. In any case we want to

underline the fact that the techniques described here are valid for any Feynman integrals, although

we do not know the complete basis for n ≥ 2 and m > 2.

We will start addressing the problem of the reduction of scalar integrals and the ways to eliminate

the numerators. At the end of the section we will see some techniques used in the evaluation of the

basis integrals.

3.1.1 Integration by Parts

We are interested in rewriting a generic scalar integral in terms of simpler integrals. One of the

possible ways is to use a set of recurrence relations. A standard method to find such relations is the

well-known integration by parts (IBP) technique (see for example [9]), in which we impose that the

relation ∫ ∏
i

ddqi
∂f

∂qµj
= 0 (3.2)

is true. Here f stand for an integrand of a Feynman integral and it will depend in general by internal as

well as external momenta and masses. Note that in order to relation (3.2) to be true we are assuming

that the integral vanishes on the surface. To illustrate how this method works we will give an example.

Let us consider a massless one-loop two-points integral I(a1, a2) in which we raise the propagators

respectively to a1 and a2 powers. That is we consider

I(a1, a2) =

∫
ddq

1

(q2)a1((q − p)2)a2
(3.3)

where q is the loop momentum and p is the external momentum. In order to find a valid recursion

relation for this integral we impose the IBP relation (3.2):∫
ddq

∂

∂qµ
qµ

(q2)a1((q − p)2)a2
= 0, (3.4)

that gives us the recurrence relation(
d− 2a1 − a2 − a22

+(1− − q2)
)
I(a1, a2) = 0. (3.5)

Here we used the standard notation for “raising” or “lowering” the aj indices: 1−2+I(a1, a2) =
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I(a1 − 1, a2 + 1). After sending a2 → a2 − 1, from equation (3.5) we find,

I(a1, a2) = −(d− 2a1 − a2 + 1)I(a1, a2 − 1)− (a2 − 1)I(a1 − 1, a2)

(a2 − 1)q2
. (3.6)

Taking in account the symmetry properties of the integral I(a1, a2) = I(a2, a1), it is simple to use

equation (3.6) to find a complete solution for the reduction problem of I(a1, a2). Indeed we are now

able to write any integral of the form I(a1, a2) as g(a1, a2, d)I(1, 1) where g(a1, a2, d) is a rational

function. The demonstration is quite simple in this case and is based on the fact that for a2 = 1 one

can use the symmetry property of I(a1, a2) to get rid of the divergence. Furthermore it should be

noted that the integral I(1, 1) cannot be further reduced: if either a1 or a2 are non-positive I(a1, a2)

is zero since it becomes a massless tadpole, hence I(1, 1) is a master integral.

For a purely scalar theory the recurrence relations found via the IBP technique are enough, however

if other kind of fields are present in our theory we have to deal also with numerators. If the numerator

is “reducible” the technique described is still valid. For example the integral∫
ddq

2pq

(q2)a1((q − p)2)a2
(3.7)

can be easily solved using the relation I(a1, a2) = g(a1, a2)I(1, 1) since∫
ddq

2pq

(q2)a1((q − p)2)a2
= (3.8)∫

ddq
1

(q2)a1((q − p)2)a2−1
− 1

(q2)a1−1((q − p)2)a2
− p2

(q2)a1((q − p)2)a2
.

On the other hand for an integral of the form

I(d)
rs (p2,m2

j ) =

∫ ∫
ddq1d

dq2

P ν1
1 P ν2

2 P ν3
3 P ν4

4 P ν5
5

(q1p)
r(q2p)

s, (3.9)

we can not use the same method and we need to rely on other kind of relations.

3.1.2 Dealing with Numerators I: recurrence relation between different number

of space-time dimensions

Here we introduce the recurrence relations between Feynman integrals computed in different numbers

of space-time dimensions. These relations are complementary to the IBP ones and are necessary to

reduce generic non-scalar integrals. They are quite simple to deduce once we have written the Feynman

integrals in terms of the α-parametrization.

The so-called α-parametrization is based on the possibility of rewriting a given propagator in terms

of a parameter:

1

(q2 −m2 + iη)ν
=

i−ν

Γ(ν)

∫ ∞
0

dα αν−1 exp[iα(q2 −m2 + iη)]. (3.10)

The equation (3.10) allows us to use the Gaussian integration in d dimension∫
ddq exp[i(Aq2 + 2(pq))] = i(

π

iA
)
d
2 exp[− ip

2

A
] (3.11)
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to get rid of the integration over the internal momentum and obtain∫
ddq

(q2 −m2 + iη)ν
=
i1−ν−

d
2π

d
2

Γ(ν)

∫ ∞
0

dα αν−1− d
2 e−iα(m2−iη). (3.12)

If we carry out the integration over α in the right hand side of equation (3.12), we obtain an analytical

solution for the Feynman integral.

We can generalize the equality (3.12) to an arbitrary dimensionally regularized L-loop scalar Feyn-

man integral

I(d)(si,m
2
s) =

L∏
i=1

∫
ddqi

N∏
j=1

P
νj
j (qj ,mj), (3.13)

where

P νj (qj ,mj) =
1

(q2
j −m2

j + iη)ν
, qµj =

L∑
n=1

ωjnq
µ
n +

E∑
m=1

σjmp
µ
m, (3.14)

pm are the external momenta, si is a set of scalar invariants formed from pm, N is the number of

internal propagator, E is the number of external legs, ω and σ are matrices of incidences of the

diagram with the matrix elements being ±1 or 0. Using the same procedure explained above we find:

I(d)(si,m
2
s) = iL

(π
i

) dL
2

N∏
j=1

i−νj

Γ(νj)

∫ ∞
0
. . .

∫ ∞
0

dαjα
νj−1
j

[D(α)]
d
2

e
i[
Q(si,α)

D(α)
−
∑N
l=1 αl(m

2
l−iη)]

, (3.15)

where D(α) and Q(si, α) are homogeneous polynomials in α of degree L and L+1, respectively. These

polynomials are characteristic functions of the topology of the diagram and of its subgraphs and they

can be represented as sums over trees and two-trees of the graph:

D =
∑
T∈T 1

(
∏
l /∈T

αl) (3.16)

Q =
∑
T∈T 2

(
∏
l /∈T

αl(
∑

comp. T 2

p)2), (3.17)

where T 1 are the trees, T 2 the two-trees and l the chords of the diagram1, and in the second line

the last sum is done over the external momenta that flow in one of the connected components of the

two-tree. As an example, in the case of the generic two-loops two-points integral in equation (3.1) the

trees and two-trees are reported in figures (3.2) and (3.3).

The calculation of the two relevant polynomials in equations (3.16) and (3.17) at this point is

trivial:

D(α) = α5(α1 + α2 + α3 + α4) + (α1 + α3)(α2 + α4), (3.18)

Q(p2, α) = p2[(α1 + α2)(α3 + α4)α5 + α1α2(α3 + α4) + α3α4(α1 + α2)]. (3.19)

Note that the third and fourth diagrams of figure (3.3) do not contribute to Q(p2, α) since the total

momentum that flows in those diagrams is zero.

Equation (3.15) tells us that the only dependence of the integral on the dimension d enters in

the integral only as an exponent of (πi )L 1
D(α) . In order to proceed we assume that in equation (3.13)

1In graph theory a tree of a diagram G is any sub-diagram of G that contains all the vertices of G but is free of cycles
(loops). A two-tree is a sub-diagram of G that contains all the vertices of G, is free of cycles and consist of 2 connected
components. A chord of a tree (two-tree) is any line that does not belong to this tree (two-tree).
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�3

2

4

5

1

Figure 3.1: Topology for a generic two-loops two-points integrals with five internal lines. Specific
topology can be obtained “shrinking” the internal lines.

�������	
Figure 3.2: The trees of diagram 3.1


��
������
Figure 3.3: All the two-trees of diagram 3.1

�����
Figure 3.4: The pseudo-trees of diagram 3.1
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mj 6= mi for j 6= i. Next, we make the substitution αj → ∂j ≡ ∂/∂m2
j in D(α) so as to obtain the

polynomial differential operator

D

(
∂

∂m2
j

)
. (3.20)

The application of the operator D(∂) to the integral (3.15) gives D(α) in the numerator of the inte-

grand:

D(∂)e−i
∑
αlm

2
l → D(α)(−i)Le−i

∑
αlm

2
l . (3.21)

The resulting integral is proportional to the same integral with d changed to d− 2:

I(d−2)(sj ,m
2
s) =

(
− 1

π

)L
D(∂)I(d)(sj ,m

2
s). (3.22)

Once performed the differentiation, we identify the masses with those of the original integral. The

differential operator in the right side of equation (3.22) increases the powers of the propagators in the

denominator of Id. The integrals obtained in this way can be reduced using IBP recurrence relations.

3.1.3 Dealing with Numerators II: scalar numerators

A tensorial numerator can be rewritten as

n1∏
r=1

q1µr . . .

nL∏
s=1

qLλs =

n1∏
r=1

∂

∂a1µr

. . .

nL∏
s=1

∂

∂aLλs
ei

∑L
j ajqj . (3.23)

That permits us to write the Feynman integral with a tensorial structure as

L∏
i=1

∫
ddqi

N∏
j=1

P
νj
qj ,mj

n1∏
r=1

q1µr . . .

nL∏
s=1

qLλs = iL
(π
i

) dL
2

N∏
j=1

i−νj−nj

Γ(νj)

×
n1∏
r=1

∂

∂a1µr

. . .

nL∏
s=1

∂

∂aLλs

∫ ∞
0
. . .

∫ ∞
0

dαjα
νj−1
j

[D(α)]
d
2

e
i[
Q+B− 1

4K

D(α)
−
∑N
l=1 αl(m

2
l−iη)] ∣∣

aj=0 . (3.24)

For convenience we have introduced other two polynomials:

B =
∑
l

al
∑
T∈T 1

l

pT
∏
l′ /∈T

αl′ (3.25)

K =
∑
T∈T 0

∏
l /∈T

αl(
∑

l′∈T loop
±al′)2, (3.26)

where in the first line the sum is done over trees that include a given line l and pT is the total external

momentum that flows in that line. In the second line the sum is done over all the pseudo-trees, that

is trees with an added line. For a generic tensorial two-points two-loops integrals we have only two ai
parameters. The pseudo-trees are represented in figure (3.4). Applying the definition, it is simple to

find the polynomials:

B = pa1(α3α5 + α4α5 + α2α3 + α3α4) (3.27)

+ pa2(α3α5 + α4α5 + α1α4 + α3α4)

K = a2
1(α2 + α4) + a2

2(α1 + α3) + (a1 + a2)2α5. (3.28)
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Differentiating with respect to aj in equation (4.12) will produce external momenta and metric tensors

multiplied by a polynomial R(α) and D(α) to some powers in the integrand. We can make the changes

αj → ∂j ≡ ∂/∂m2
j , as we did before, in R(α) → R(∂) and D(α) → D(∂). In this way we obtain a

methods for expressing a tensorial integral in terms of scalar integrals with a shifted dimension, since,

as we saw, the operator D(∂) is connected with a change of the space-time dimension. This procedure

corresponds to apply the equality

L∏
i=1

∫
ddqi

N∏
j=1

P
νj
qj ,mj

n1∏
r=1

q1µr . . .

nL∏
s=1

qLλs = T (p, ∂,d+)
L∏
i=1

∫
ddqi

N∏
j=1

P
νj
qj ,mj

, (3.29)

where the T is a proper tensor, function of the external momentum ed of the “shifting dimensions”

operator d+. Anyway it could be cumbersome to utilize this method for tensorial integrals, while it

simplifies enough for a scalar integral.

We said at the very beginning of this chapter that we can always contract a tensorial numerator

with a proper projector in order to produce a scalar numerator. We also saw that it is often possible

to simplify an integral provided with a scalar numerator in terms of a sum of scalar integrals. The

techniques used to reduce these numerators are quite well known and we will not give them here.

We will address the case in which a numerator can not be reduced. The form of the most general

irreducible numerator depends on the number of loops and external legs. For this reason here we

specialize ourselves in the case of two-loops two-points integrals. At two-loops order, irreducible

numerators have the scalar products (q1p)
α and/or (q2p)

β. So we restrict our discussion to the integral

I(d)
rs (p2,mj) =

∫ ∫
ddq1d

dq2

P ν1
1 P ν2

2 P ν3
3 P ν4

4 P ν5
5

(q1p)
r(q2p)

s. (3.30)

Equation (3.23) in this case takes the form

(q1p)
r(q2p)

s =
∂r

(i∂a1)r
∂s

(i∂a2)s
exp {i[a1(q1p) + a2(q2p)]} |ai=0 , (3.31)

and it allows us to rewrite (3.30) in α-parametrization:

I(d)
r,s (p2,mj)= i2

(π
i

)d 5∏
j=1

i−νj

Γ(νj)

∫ ∞
0
. . .

∫ ∞
0

dαjα
νj−1
j

[D(α)]
d
2

exp

[
i

(
Q(α) +B(α, a1, a2)− 1

4K(α, a1, a2)

D(α)
−

5∑
l=1

αl(m
2
l −iη)

)]
, (3.32)

where Q and D are given in equations (3.18) and (3.19), while B and K are obtained by equations

(3.27) and (3.28) with the replacements a1 → pa1 and a2 → pa2:

B = p2a1(α3α5 + α4α5 + α2α3 + α3α4) (3.33)

+ p2a2(α3α5 + α4α5 + α1α4 + α3α4)

K = p2(a2
1(α2 + α4) + a2

2(α1 + α3) + (a1 + a2)2α5). (3.34)

The relation between the non-scalar and the scalar integral is given by

I(d)
rs (p2,mj) = Trs(p

2, ∂,d+)I
(d)
00 (p2,mj), (3.35)
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Figure 3.5: Topology of the London Transport diagram (3.37).

where

Trs(p
2, ∂,d+) =

1

ir+s
∂r

∂ar1

∂s

∂as2

× exp

{
i[B(α, a1, a2)− 1

4
K(α, a1, a2)]ρ

} ∣∣∣∣∣∣∣ ai=0
αj=i∂j

ρ=− 1
π2 d+

, (3.36)

As an example of the techniques described here we consider the integral:

I11 =

∫ ∫
ddq1d

dq2

P2P3P5
(q1p)(q2p), (3.37)

that is given by the topology in figure (3.5) (London Transport), and is obtained from figure (3.1) by

shrinking the first and fourth lines. The tensor T can be calculated from the general formula (3.36)

taking in account that since we have eliminated P1 and P4 we have to put to zero α1 and α2:

T11 =
p2

2π2
d+∂5 +

p4

π4
(d+)2∂2

3∂5(∂2 + ∂5). (3.38)

With this operator (3.35) leads to the desired relation:∫ ∫
ddq1d

dq2
(q1p)(q2p)

P2P3P5
=

p2

2π2

∫ ∫
dd+2q1d

d+2q2

P2P3P 2
5

+
p4

π4

∫ ∫
dd+4q1d

d+4q2

[
2

P 2
2P

3
3P

2
5

+
4

P2P 3
3P

3
5

]
. (3.39)

Integrals on the right-hand side of (3.39) can be reduced to basic ones in the generic dimension d by

using the recurrence relations given above.

3.1.4 Two-loops Two-points Master Integrals

We saw that it is possible to reduce any given integral with a generic numerator in terms of scalar

integrals (in general with a different number of space-time dimensions), and that these scalar integrals

can be reduced again. In the case of two-points two-loops integrals, the first problem of the reduction
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of the integrals of the third and fourth lines represent a derivative with respect to the mass of the
dotted propagator.
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has been solved and any Feynman diagrams can be represented as a combination of Master Integrals.

That is we know a compete basis of irreducible integrals. Tarasov found that a possible basis is

composed by the 30 integrals listed in figure (3.6). Before proceeding we should notice that the

integrals that we have to compute are actually only six: two one-loop integrals and four two-loops

integrals. The one-loops integrals are the well-known Passarino-Veltman integrals [8]:

A0(m2) = C
∫
ddq

1

(q2 −m2 + iη)
, (3.40)

B0(p2,m2
1,m

2
2) = C

∫
ddq

1

(q2 −m2
1 + iη)((q − p)2 −m2

2 + iη)

where C = (2πµ)2ε

ıπ2 and ε = 2− d
2 . The Laurent expansion of these functions around d = 4 is

A0(m2)

m2
=

1

ε
+
A0f (m2)

m2

=
1

ε
+ (1− ln(

m2

µ̄2
)) + ε(1 +

π2

12
− ln(

m2

µ̄2
) +

1

2
ln(

m2

µ̄2
)2) +O(ε2),

B0(p2,m2
1,m

2
2) =

1

ε
+B0f (p2,m2

1,m
2
2) (3.41)

=
1

ε
−
∫ 1

0
dt ln(

tm2
1 + (1− t)m2

2 + (1− t)tp2

µ̄2
)

+ε(
π2

12
+

1

2

∫ 1

0
dt ln2(

tm2
1 + (1− t)m2

2 + (1− t)tp2

µ̄2
)) +O(ε2),

where we defined µ̄2 = 4πe−γEµ2. With this definition the ms renormalization scheme is obtained

by subtracting only the poles, since the ln(4π) − γE is absorbed in the definition of the scale. The

integrals in the definition of B0 can be computed analytically [10]. The expansion (3.41) does not

include only the divergent and the finite parts, but comprehends also the first evanescent term: since

we are dealing with two-loops calculations, products of two one-loop integrals are present (as shown

in figure (3.6)) and so we could have products of evanescent and divergent parts that contribute to

the finite part. However, these products do not contribute to the renormalized object if we are in the

ms and ms schemes. This is due to the fact that for these schemes the logarithms of a squared mass2

can not be present in the subtracted poles (for a demonstration see for example [11]). This implies

that all the terms 1
εA0f and 1

εB0f must cancel out. The other four integrals that we need to calculate

are

M0(p2,m2
j ) = C2

∫
ddq1d

dq2
1

P1P2P3P4P5
,

U0(p2,m2
j ) = C2

∫
ddq1d

dq2
1

P2P3P4P5
,

S0(p2,m2
j ) = C2

∫
ddq1d

dq2
1

P2P3P5
, (3.42)

T0(p2,m2
j ) =

∂

∂m2
2

S0(p2,m2
j ) = C2

∫
ddq1d

dq2
1

P 2
2P3P5

.

(3.43)

2Locality prevents the logarithms of the external momenta from appearing in the poles of normalized quantity for
any renormalization scheme, but it does not impose conditions on the logarithms of the masses.
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M0 is the first integral represented in figure (3.6), U0 is the first of the second line, while S0 and T0 are

respectively the first and second of the third line. The other integrals can be obtained from these by

opportunely changing the masses or as a product of two one-loop integrals. Notice that the integrals

on the fifth line are actually S0 with zero external momentum.

For generic external momentum and masses, we know analytically only the divergent part of the

master integrals:

M0,div(p2,m2
j ) = 0,

U0,div(p2,m2
j ) =

B0(p2,m2
1,m

2
2)

ε
− 1

2ε2
+

1

2ε
, (3.44)

S0,div(p2,m2
j ) =

A0(m2
1) +A0(m2

2) +A0(m2
3)

ε
− m2

1 +m2
2 +m2

3

2ε2
−

p2

2 −m
2
1 −m2

2 −m2
3

2ε

T0,div(p2,m2
j ) =

∂m2
1
A0(m2

1)

ε
− 1

2ε2
+

1

2ε
.

(3.45)

As we said before, since A0 and B0 have an evanescent part for ε→ 0 the terms A0
ε or B0

ε have also a

finite part, thus the subscript “div” in equation (3.44) is an abuse of notation. However this definition

of “divergent” part made more evident the cancellation of the products 1
εA0f and 1

εB0f in the poles.

The finite parts of equation (3.42) are analytical only for particular values of the parameters, in

particular for a vanishing momentum the basis integrals can be rewritten in terms of only two basis

integrals:

I0(m2
j ) = C2

∫
ddq1d

dq2
1

(q2
1 −m2

1 + iη)(q2
2 −m2

2 + iη)((q1 − q2)2 −m2
3 + iη)

,

A0(m2) = C
∫
ddq

1

(q2 −m2 + iη)
, (3.46)

that are well known in literature (see for example [12,13]).

In any case it is quite simple to approach the finite parts of these integrals with standard methods,

and we can write them in terms of numerical integrals over the Feynman parameters. Another possible

technique to evaluate numerically these integrals is the utilization of IBP methods in order to find

a system of differential equations [7]. In Appendix (3.A.1) we give more details on the integral

representation of the master integrals.

Unfortunately, the knowledge of a valid numerical representation for the integrals is not sufficient.

It can happen that for some particular choice of the parameters the integrals cancel out and a very

high precision in the numerical evaluation is required. Thus we used the TSIL program [6] that was

created with the sole purpose of calculating these integrals at high precisions.

The problem of the cancellations has actually a theoretical explanation. It is true that the basis

found by Tarasov is complete, but this is a good basis only when all the masses are different: for

particular values of the masses and momenta some of the basis integrals become linear-dependent. In

the case of zero-external momentum we already know that the basis reduce to only the two integrals

in equation (3.46), and in this case it is simple to find the relations between the old and the new basis:

U0(0,m2
1,m

2
2,m

2
3,m

2
4) =

1

m2
1 −m2

2

(I0(m2
1,m

2
3,m

2
4)− I0(m2

2,m
2
3,m

2
4)). (3.47)
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There are however other relations, more difficult to spot:

(m2
1 −m2

2)T0(p2 = m2
1,m

2
2,m

2
1,m

2
2) =

−13m2
1

8
+ 2m2

2 −
A0(m2

1)

2
+ 2A0(m2

2) +
m2

1A0(m2
2)

m2
2

+ (3.48)

A0(m2
1)A0(m2

2)

m2
2

+
A0(m2

2)2

2m2
2

− S0(p2 = m2
1,m

2
2,m

2
1,m

2
2).

3.2 Two-loop correction to the Higgs pole mass

In this section we discuss the two-loop renormalization of the Higgs sector of the SM and then derive

the two-loop relation between λ(µ) and the physical parameters Gµ,Mt, MW , MZ and Mh, following

references [14–16]. To determine the ms parameters in terms of physical observables two strategies

can be envisaged.

i) Perform an ms renormalisation to obtain directly the ms quantity of interest in terms of ms

parameters. Then express the ms parameters in terms of the physical ones via appropriately

derived two-loop relations.

ii) Use a renormalisation scheme in which the renormalised parameters are directly expressed in

terms of physical observables (we call this scheme generically on-shell (OS) and label quantities

in this scheme with an OS). Then relate the parameters as expressed in the OS scheme to their

ms counterparts we are looking for.

This last step can be easily done using the relation

θ0 = θOS − δθOS = θ(µ̄)− δθms (3.49)

or

θ(µ̄) = θOS − δθOS + δθms , (3.50)

where θ0 is the bare parameter, θ(µ̄) (θOS) is the renormalised ms (OS) version and δθms (δθOS) the

corresponding counterterm. By definition δθms subtracts only the terms proportional to powers of

1/ε and γ − ln(4π) in dimensional regularisation, with d = 4 − 2 ε being the space-time dimension.

Concerning the structure of the 1/ε poles in the OS and ms counterterms, one notices that it should

be identical once the poles in the OS counterterms are expressed in terms of ms quantities. Then,

after this operation is performed, the desired θ(µ̄) is obtained from

θ(µ̄) = θOS − δθOS|fin + ∆θ (3.51)

where the subscript ‘fin’ denotes the finite part of the quantity involved and ∆ is the two-loop finite

contribution that is obtained when the OS parameters entering the 1/ε pole in the OS counterterm

are expressed in terms of ms quantities, the finite contribution coming from the O(ε) part of the shifts.

Here we will adopt the second strategy.

The quantities of interests are θ = (m2, λ, v, yt, g2, g1), i.e. the quadratic and quartic couplings in

the Higgs potential, the vacuum expectation value (vev), the top Yukawa coupling, the SU(2)L and

U(1)Y gauge couplings g2 and gY (with g1 =
√

5/3gY being the hypercharge coupling rewritten in

SU(5) normalisation), are directly determined in terms of the pole masses of the Higgs (Mh), of the

top (Mt), of the Z (MZ), of the W (MW ), the Fermi constant Gµ and the ms strong coupling α3(MZ).
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Their input values are listed in Table 2.2 in chapter 2. Then, using equation (3.51), the ms quantities

are obtained.

3.2.1 Renormalization of the Higgs potential

We start from the classical Higgs potential

V0 = −m2
0|H|2 + λ0|H|4 , (3.52)

where the classical Higgs doublet H is defined by

H =

(
χ

(v0 + h+ i σ)/
√

2

)
(3.53)

in terms of the physical higgs field h, and of the neutral and charged Goldstones σ and χ, and m2
0, λ0

and v0 are bare quantities. We then introduce the renormalized quantities mOS, λOS and vOS through

the conditions

m2
OS = λOSv

2
OS , M2

h = 2λOSv
2
OS , v2

OS =
1√
2Gµ

, (3.54)

where Mh is the Higgs pole mass and Gµ is the muon decay constant. Equations (3.54) tell us

λOS =
Gµ√

2
M2
h . (3.55)

The quantum correction to the potential is

δV = VOS − V0 , (3.56)

where VOS is the classical Higgs potential in which we simply substitute m2
0, λ0 and v0 with mOS, λOS

and vOS respectively; it is explicitly given by

VOS = λOS

[
χ∗χ

(
χ∗χ+ h2 + σ2

)
+

1

4

(
h2 + σ2

)2]
+

+λOSvOSh
(
2χ∗χ+ h2 + σ2

)
+

1

2
M2
hh

2. (3.57)

Up to second order in the variations,

δm2 = m2
OS −m2

0 , δλ = λOS − λ0 , δv = vOS − v0 (3.58)

we have

δV = δλ

[
χ∗χ

(
χ∗χ+ h2 + σ2

)
+

1

4

(
h2 + σ2

)2]
+

+

[
λOS

(
δv2

2 vOS
+

(δv2)2

8 v3
OS

)
+ vOSδλ

(
1− δv2

2 v2
OS

)]
h
(
2χ∗χ+ h2 + σ2

)
+ (3.59)

+δτ

(
1

2
σ2 + χ∗χ

)
+
δM2

h

2
h2 + vOSδτ

(
1− δv2

2 v2
OS

)
h .
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Here δv2 is defined implicitly by
√
v2

OS − δv2 = vOS − δv, and we introduced

δM2
h ≡ 3

[
λOSδv

2 + v2
OSδλ

(
1− δv2

v2
OS

)]
− δm2 , (3.60)

δτ ≡ λOSδv
2 + v2

OSδλ

(
1− δv2

v2
OS

)
− δm2 . (3.61)

Subtracting equations (3.60) and (3.61),

δM2
h − δτ = 2v2

OSδλ

(
1− δv2

v2
OS

)
+ 2λOSδv

2 , (3.62)

one can see that δλ can be determined once we know δM2
h , δτ and δv2.

• The first of these variations is fixed by the condition that Mh is the pole Higgs mass, which

implies

δM2
h = Re Πhh(M2

h) , (3.63)

where Πhh(p2) is the Higgs self-energy function.

• To determine δτ we impose that the Higgs tadpole diagrams cancel, which leads to (see the last

term of eq. (3.59))

δτ = − T

vOS(1− δv2/2v2
OS)

, (3.64)

where i T is the sum of the Higgs tadpole diagrams.

• Finally, δv2 is fixed by computing Gµ in terms of the SM parameters. This computation will be

discussed in the next sections; here we parametrise the result as

Gµ√
2

=
1

2v2
0

(1 + ∆r0) , (3.65)

which simply states that Gµ is given by its tree-level value plus radiative corrections, ∆r0/(2v
2
0).

By inserting the last definitions of (3.54) and (3.58) into equation (3.65) we have

δv2 = − ∆r0√
2Gµ

= −v2
OS∆r0 . (3.66)

Equations (3.54), (3.62), (3.63), (3.64) and (3.66) allow us to compute δλ: at one-loop we have

δλ(1) =
Gµ√

2
M2
h

{
∆r

(1)
0 +

1

M2
h

[
T (1)

vOS
+ Re Π

(1)
hh (M2

h)

]}
, (3.67)

and the two-loop correction is

δλ(2) =
Gµ√

2
M2
h

{
∆r

(2)
0 +

1

M2
h

[
T (2)

vOS
+ Re Π

(2)
hh (M2

h)

]

−∆r
(1)
0

M2
h

[
M2
h∆r

(1)
0 +

3T (1)

2 vOS
+ Re Π

(1)
hh (M2

h)

]}
, (3.68)
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where the labels (1) and (2) denote the one-loop and two-loop terms respectively. Similarly, one finds

for the counterterm of the quadratic Higgs coupling in the potential

δ(1)m2
OS = 3

T (1)

vOS
+ δ(1)M2

h , (3.69)

δ(2)m2
OS = 3

T (2)

vOS
+ δ(2)M2

h −
3T (1)

2 vOS
∆r

(1)
0 . (3.70)

The top Yukawa and gauge couplings are fixed using Mt, MW and MZ via

Mt =
ytOS√

2
vOS, M2

W =
g2

2OS

4
v2

OS, M2
Z =

g2
2OS

+ g2
YOS

4
v2

OS (3.71)

or

ytOS = 2

(
Gµ√

2
M2
t

)1/2

, g2OS = 2
(√

2Gµ

)1/2
MW , gYOS

= 2
(√

2Gµ

)1/2√
M2
Z −M2

W . (3.72)

The corresponding counterterms are found to be

δ(1)ytOS = 2

(
Gµ√

2
M2
t

)1/2
(
δ(1)Mt

Mt
+

∆r
(1)
0

2

)
, (3.73)

δ(2)ytOS = 2

(
Gµ√

2
M2
t

)1/2
(
δ(2)Mt

Mt
+

∆r
(2)
0

2
− ∆r

(1)
0

2

[
δ(1)Mt

Mt
+

3 ∆r
(1)
0

4

])
, (3.74)

for the top Yukawa coupling,

δ(1)g2OS =
(√

2Gµ

)1/2
MW

(
δ(1)M2

W

M2
W

+ ∆r
(1)
0

)
, (3.75)

δ(2)g2OS =
(√

2Gµ

)1/2
MW

(
δ(2)M2

W

M2
W

+ ∆r
(2)
0 +

− ∆r
(1)
0

2

[
δ(1)M2

W

M2
W

+
3∆r

(1)
0

2

]
+

1

4

(
δ(1)M2

W

M2
W

)2
 , (3.76)

for the SU(2)L gauge coupling and for the hypercharge gauge coupling

δ(1)gYOS
=

(√
2Gµ

)1/2√
M2
Z −M2

W

(
δ(1)M2

Z − δ(1)M2
W

M2
Z −M2

W

+ ∆r
(1)
0

)
(3.77)

δ(2)gYOS
=

(√
2Gµ

)1/2√
M2
Z −M2

W

(
δ(2)M2

Z − δ(2)M2
W

M2
Z −M2

W

+ ∆r
(2)
0 +

−∆r
(1)
0

2

[
δ(1)M2

Z − δ(1)M2
W

M2
Z −M2

W

+
3∆r

(1)
0

2

]
+

1

4

(
δ(1)M2

Z − δ(1)M2
W

M2
Z −M2

W

)2
 . (3.78)

The ms Higgs quartic coupling is given by

λ(µ̄) =
Gµ√

2
M2
h + λ(1)(µ̄) + λ(2)(µ̄) (3.79)
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with

λ(1)(µ̄) = − δ(1)λOS

∣∣∣
fin

λ(2)(µ̄) = − δ(2)λOS

∣∣∣
fin

+ ∆λ . (3.80)

The one-loop contribution in eq. (3.79), λ(1), is given by the finite part of eq. (3.67). Concerning

the two-loop part, λ(2)(µ̄), the QCD corrections were presented in refs. [15, 19], and the two-loop

electroweak (EW) part, λ
(2)
EW(µ̄), was computed in ref. [15] in the so-called gauge-less limit of the SM,

in which the electroweak gauge interactions are switched off. The main advantage of this limit results

in a simplified evaluation of ∆r
(2)
0 . The computation of the two-loop EW part in the full SM requires

instead the complete evaluation of this quantity and was presented in [16]. In the next section we

outline the computation of the Fermi constant.

3.2.2 Two-loop correction to the Fermi constant

The experimental measurement of Gµ is presented within the Fermi theory of muon decay, supple-

mented by QED

LFermi = LQED +
Gµ√

2
[eγα(1− γ5)νe] [νµγ

α(1− γ5)µ] , (3.81)

which is the correct low-energy theory at leading order in (E/MW )2. As usual, LQED contains the

kinetic terms of all the light SM fermions, their interactions with the photon, and the photon kinetic

term. Working at first order in Gµ (as we will do and as appropriate for this approximation), LFermi

defines a renormalizable theory.

The Fermi constant Gµ is defined in terms of the muon lifetime τµ as

1

τµ
=
G2
µm

5
µ

192π3
F (

m2
e

m2
µ

)(1 + ∆q)(1 +
3m2

µ

5M2
W

) , (3.82)

where F (ρ) = 1 − 8ρ + 8ρ3 − ρ4 − 12ρ2 ln ρ = 0.9981295 is the phase space factor and ∆q = ∆q(1) +

∆q(2) = (−4.234 + 0.036) 10−3 are the QED corrections computed at one and two loops [18]. From

the measurement τµ = (2196980.3 ± 2.2) ps [17] we extract Gµ = 1.1663781(6) 10−5/GeV2. This

is 1σ lower than the value quoted in [17] because we do not follow the convention of including in

the definition of Gµ itself the latter term of(3.82), which is the contribution from dimension-8 SM

operators.

The computation of ∆r0 requires the subtraction of the QED corrections by matching the result in

the SM with that in the Fermi theory. However, it is well known that the Fermi theory is renormalisable

to all order in the electromagnetic interaction but to lowest order in Gµ due to a Ward identity that

becomes manifest if the 4-fermion interaction is rewritten via a Fierz transformation in the “charge

retention order”. As a consequence, in the limit of neglecting the fermion masses, ∆r0 as computed

in the Fermi theory vanishes and we are just left with the calculation in the SM3.

Starting from equation (3.65) we write ∆r0 as a sum of different terms:

∆r0 = VW −
AWW

M2
W0

+ 2 v2
0BW + E +M , (3.83)

where MW0 is the bare W mass; AWW is the W self-energy at zero momentum, AWW = AWW (0); VW

3 We explicitly verified that ∆r0 vanishes when computed in the Fermi theory.
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is the vertex contribution; BW is the box contribution; E is the term due to the renormalisation of

the external legs; M is the mixed contribution due to product of different objects among VW , AWW ,

BW and E (see below for an explicit expression at two-loops). All quantities in equation (3.83) are

computed at zero external momenta. We point out that in the right-hand side of equation (3.83) no

tadpole contribution is included because of our choice of identifying the renormalised vacuum with the

minimum of the radiatively corrected potential. As a consequence ∆r0 is a gauge-dependent quantity.

From equation (3.83) the one-loop term is given by:

∆r
(1)
0 = V

(1)
W − A

(1)
WW

M2
W

+

√
2

Gµ
B(1)
W + E(1) , (3.84)

where we have used that M(1) = 0, while at two-loops

∆r
(2)
0 = V

(2)
W − A

(2)
WW

M2
W

+
√

2
B(2)
W

Gµ
+ E(2) +M(2) +

−δ(1)M2
W

A
(1)
WW

M4
W

+

√
2

Gµ
B(1)
W

(
V

(1)
W − A

(1)
WW

M2
W

+
√

2
B(1)
W

Gµ
+ E(1)

)
. (3.85)

Here

δ(1)M2
W = Re ΠWW (M2

W ) (3.86)

with ΠWW (M2
W ) the W boson self-energy evaluated at external momentum equal to MW , and

M(2) =

√
2

Gµ
E(1) B(1)

W +
∑
i<j

E(1)
i E

(1)
j + E(1)V (1) −

(
E(1) + V (1)

) A(1)
WW

M2
W

. (3.87)

The indices i, j in equation (3.87) label the different species in the muon decay: µ, e, νµ and νe with

the sum that runs over i < j because the terms with i = j are included in E(2).

We recall that ∆r0 is an infrared (IR) safe quantity but not ultraviolet (UV) finite. However, the

E and BW terms in eq. (3.84) and (3.85) contain IR-divergent contributions from photon diagrams.

To separate the UV-divergent terms from the IR ones we regulated the latter giving a small mass to

the photon. We then explicitly verified the cancellation of all IR divergent contributions.

The calculation of this quantity followed the methods outlined in section (3.1). We want to note

the fact that, although we have contributions from three- and four-points integrals, we calculated them

at zero external momentum and so we could use as basis the integrals in equation (3.46). Also, in

order to reduce the VW and BW terms in terms of scalar numerators we used the projector presented

in ref. [20].

3.2.3 Two-loop correction to the Higgs quartic coupling

The other proper two-loop contributions to λ(2)(µ̄) are the two-loop tadpole diagrams and the two-

loop Higgs boson mass counterterm. The Higgs mass counterterm, not taking into account negligible

width effects, is given by

δM2
h = Re Πhh(M2

h) (3.88)

with Πhh(M2
h) the Higgs self-energy evaluated at external momentum equal to Mh. It should be

noted that the Higgs mass counterterm as defined in eq. (3.88) and ∆r
(2)
0 in equation (3.85) are

gauge-dependent quantities. Yet λ(µ̄) is a gauge-invariant object, as shown in appendix (3.A.2).



64 CHAPTER 3. CALCULATION OF λ AND YT AT NNLO

The two loop correction to λ is the sum of a QCD term and of an electroweak (EW) term. The

QCD correction λ
(2)
QCD(µ̄) is reported as an approximated formula in eq. (47) of [15]. For simplicity

here we present it also in a numerical form:

λ
(2)
QCD(µ̄ = Mt) =

g2
3

(4π)4

[
− 23.89 + 0.12

(
Mh

GeV
− 125

)
− 0.64

(
Mt

GeV
− 173

)]
. (3.89)

The result for λ
(2)
EW(µ̄) is too long to be displayed explicitly. Here we present it in a numerical form

valid around the measured values of Mh and Mt. Using the inputs in Table 2.2 we find

λ
(2)
EW(µ̄ = Mt) =

1

(4π)4

[
− 9.45− 0.11

(
Mh

GeV
− 125

)
− 0.21

(
Mt

GeV
− 173

)]
. (3.90)

The numerical expression in eq. (3.90) is accidentally very close to the gaugeless limit of the SM

presented in eq. (2.45) of [15]. Furthermore, as a check of our result, we verified that in the (physically

irrelevant) limit Mh = 0, it agrees with an independent computation of λ(2) performed using the

known results for the two-loop effective potential in the Landau gauge.

3.2.4 Two-loop correction to the Higgs mass term

The result for the mass term in the Higgs potential can be easily obtained from that on λ(µ̄). We

write

m2(µ̄) = M2
h + δ(1)m2(µ̄) + δ(2)m2(µ̄) (3.91)

with

δ(1)m2(µ̄) = − δ(1)m2
OS

∣∣∣
fin

δ(2)m2(µ̄) = − δ(2)m2
OS

∣∣∣
fin

+ ∆m2 . (3.92)

The one-loop contribution in equation (3.91), δ(1)m2(µ̄), is given by the finite part of equation (3.69).

The two-loop corrections in equation (3.91), δ(2)m2(µ̄), can be divided into a QCD contribution plus

an EW contribution.

The QCD contribution, δ
(2)
QCDm

2(µ̄), can be obtained evaluating the relevant diagrams via a Taylor

series in xht ≡M2
h/M

2
t up to fourth order

δ
(2)
QCDm

2(µ̄) =
GµM

4
t√

2(4π)4
NcCF g

2
3

[
− 96 + (41− 12 ln2 M

2
t

µ̄2
+ 12 ln2 M

2
t

µ̄2
)xht +

+
122

135
x2
ht +

1223

3150
x3
ht +

43123

661500
x4
ht

]
(3.93)

where Nc and CF are colour factors (Nc = 3, CF = 4/3), such that it is numerically approximated as

δ
(2)
QCDm

2(µ̄ = Mt) =
g2

3M
2
h

(4π)4

[
− 140.50 + 2.89

(
Mh

GeV
− 125

)
− 3.71

(
Mt

GeV
− 173

)]
. (3.94)

The two-loop EW part, δ
(2)
EWm

2(µ̄), can be obtained as a byproduct of the calculation of λ
(2)
EW(µ̄). Also

in this case the result is too long to be displayed and we present an interpolating formula. Using the
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inputs in table 2.2 we find

δ
(2)
EWm

2(µ̄ = Mt) =
M2
h

(4π)4

[
− 149.47 + 2.53

(
Mh

GeV
− 125

)
− 4.69

(
Mt

GeV
− 173

)]
. (3.95)

3.2.5 Two loop correction to the top Yukawa coupling

The ms top Yukawa coupling is given by

yt(µ̄) = 2

(
Gµ√

2
M2
t

)1/2

+ y
(1)
t (µ̄) + y

(2)
t (µ̄) (3.96)

with

y
(1)
t (µ̄) = − δ(1)ytOS

∣∣∣
fin

y
(2)
t (µ̄) = − δ(2)ytOS

∣∣∣
fin

+ ∆yt . (3.97)

According to equations (3.73)–(3.74) the corrections to the tree-level value of yt are given in terms of

∆r0 and the top mass counterterm. Regarding the latter, a general discussion on the mass counterterm

for unstable fermions in parity-nonconserving theories is presented in ref. [21]. Writing the fermion

self-energy as

Σ(p) = Σ1(p) + Σ2(p)γ5 ,

Σ1,2(p) = p/B1,2(p2) +m0A1,2(p2) (3.98)

the fermion propagator is given by

iS(p) =
i

p/−m0 − Σ(p)
=

i

p/−m0 − Σeff(p)

[
1− Σ2(p)

p/− Σ1(p) +m0[1 + 2A1(p2)]
γ5

]
, (3.99)

where m0 is the bare fermion mass and

Σeff(p) = Σ1(p) +
Σ2(p)

[
Σ2(p)− 2m0A2(p2)

]
p/− Σ1(p) +m0[1 + 2A1(p2)]

. (3.100)

Identifying the position p/ = M̃ of the complex pole in eq. (3.99) by

M̃ = m0 + Σeff(M̃) (3.101)

and parametrizing M̃ = M − iΓ/2 with M the pole mass of the unstable fermion and Γ its width, the

mass counterterm for the unstable fermion is found to be

δM = Re Σeff(M̃) . (3.102)

Specialising the above discussion to the top, we find, including up to two-loop contributions,

δMt = Re

[
Σ1(M̃t) +

Σ2(Mt)
[
Σ2(Mt)− 2MtA2(M2

t )
]

2Mt

]
(3.103)
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with M̃t = Mt− iΓt/2. The mass counterterm defined in equation (3.103) is expressed in terms of the

self-energy diagrams only, without including the tadpole contribution. While this definition follows

from our choice of identifying the renormalised vacuum with the minimum of the radiatively corrected

potential, it gives rise to a δMt that is gauge-dependent and, as a consequence, in this framework, the

ms top mass, Mt(µ̄), is a gauge-dependent quantity. However, a ms mass is not a physical quantity

nor a Lagrangian parameter and therefore the requirement of gauge-invariance is not mandatory. A

gauge-invariant definition of Mt(µ̄) can be obtained by including the tadpole contribution in the mass

counterterm [22]. However, with this choice the relation between the pole and ms masses of top quark

acquires a very large electroweak correction [23]. The top Yukawa coupling computed in this paper is

a parameter of the Lagrangian, and thereby does not suffer of these problems.

Concerning the two-loop contributions in equation (3.96), we have computed the QCD corrections

to the one-loop term and the two-loop EW contribution.

These contributions are too long to be displayed explicitly, and we report them as interpolating

formulæ. Using the inputs in table 2.2 we find

y
(2)
t (µ̄ = Mt) =

1

(4π)4

[
5.22− 0.01

(
Mh

GeV
− 125

)
+ 0.15

(
Mt

GeV
− 173

)]
+

+
g2

3

(4π)4

[
− 7.53 + 0.09

(
Mh

GeV
− 125

)
− 0.23

(
Mt

GeV
− 173

)]
+

+
g4

3

(4π)4

[
− 145.08− 0.84

(
Mt

GeV
− 173

)]
. (3.104)

where the latter term is the well known pure QCD contribution; the second term is the mixed QCD/EW

contribution that agrees with [19]; the first term is the pure EW contribution computed for the first

time in [16].
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3.A Appendix

3.A.1 Integral form

The master integrals can be written in terms of Feynman parameters in a quite easy way. There are

no particular point that we should address, the only difficulty arises from a naive calculation of S0,

since part of the UV divergence of the integral can be “transferred” to the Feynman parameter. The

complete calculation of S0 and T0 is reported in [24]. The one-loop master integrals and the divergent

parts of the two-loops master integrals are reported in section (3.1.4), here we report their finite parts.

M0,fin(p2,m2
j ) =

∫∫∫ 1

0
dt dr dl ∂ζg(ξ(p2,m2

1,m
2
3; r), ζ,m2

5, (l + r)p2; t)|ζ→ξ(p2,m2
2,m

2
4;r),

U0,fin(p2,m2
j ) = −1

2
+

∫∫ 1

0
dt dl (− ln(

ξ(p2,m2
1,m

2
2; t)

µ2
) +

1

2
ln2(

ξ(p2,m2
1,m

2
2; t)

µ2
)

+g(ξ(p2,m2
1,m

2
2; l),m2

3,m
2
4, (1− l)p2)),

S0,fin(p2,m2
j ) = −13

8
p2 +

1

2
p2 ln(

m2
1

µ2
) +

3∑
j=1

(
3

2
m2
j − 2m2

j ln(
m2
j

µ2
) +

1

2
m2
j ln2(

m2
j

µ2
) =

+

∫ 1

0
dt (−p2f(p2,m2

1,m
2
2,m

2
3; t) +m2

1 g(p2,m2
1,m

2
2,m

2
3; t) (3.105)

+m2
2 g(p2,m2

2,m
2
1,m

2
3; t) +m2

3 g(p2,m2
3,m

2
1,m

2
2; t)),

T0,fin(p2,m2
j ) = −1

2
− ln(

m2
1

µ2
) +

1

2
ln2(

m2
1

µ2
) +

∫ 1

0
dt g(p2,m2

1,m
2
2,m

2
3; t),

(3.106)

where t, l, r are Feynman parameters (t, l, r ∈ [0, 1]), and we defined the following functions:

g(s, x, y, z; t) = Li2(
1

1− y1(s, x, y, z; t)
) + y1(s, x, y, z; t) ln(

y1(s, x, y, z; t)

y1(s, x, y, z; t)− 1
)

+Li2(
1

1− y2(s, x, y, z; t)
) + y2(s, x, y, z; t) ln(

y2(s, x, y, z; t)

y2(s, x, y, z; t)− 1
),

f(s, x, y, z; t) = x
1− δ(x, y, z; t)

−2s
− 1

2
y2

1(s, x, y, z; t) ln(
y1(s, x, y, z; t)

y1(s, x, y, z; t)− 1
) (3.107)

−1

2
y2

2(s, x, y, z; t) ln(
y2(s, x, y, z; t)

y2(s, x, y, z; t)− 1
),

ξ(s, x, y; t) = xt+ y(1− t)− s(1− t)t,

δ(x, y, z; t) =
yt+ z(1− t)
xt(1− t)

,

y1,2(s, x, y, z; t) =
x− s− xδ(x, y, z; t)

−2s
± x

√
(1− s

x − δ(x, y, z; t))2 − 4 sxδ(x, y, z; t) + i4 sxη

−2s
.

3.A.2 Gauge Invariance

All ms parameters have gauge-invariant renormalisation group equations [28] and are gauge invariant,

as we now prove.4 Let us consider a generic ms coupling θ measuring the strength of a gauge invariant

term in the Lagrangian and a generic gauge fixing parametrized by ξ (for example the Rξ gauges).

4Gauge invariance of fermion pole masses has been proved in [25–27], here we generalise their proof.
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Let us first recall the definition of θ in terms of the bare coupling θ0,

µ̄d−4θ0 =

∞∑
k=0

ck(θ, ξ)

(d− 4)k
, (3.108)

where the ck are defined to be the residues at the divergence d = 4. The important point is that

c0 = θ, with no dependence on ξ. Since θ0 is gauge independent, we have

0 = µ̄d−4dθ0

dξ
=
dθ

dξ
+

∞∑
k=1

1

(d− 4)k
dck(θ, ξ)

dξ
. (3.109)

Since this equation is valid for any d, and θ has no poles at d = 4 by definition, we obtain dθ/dξ = 0,

that is θ is gauge invariant (as well as all the residues ck).
5

5Notice that this proof does not apply to the Higgs vev v, because it is not the coefficient of a gauge-invariant term
in the Lagrangian.
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Chapter 4

Large Extra Dimensions

Another interesting search that can be done at LHC is that of large extra dimensions, since large

extra dimensions with quantum gravity at the electroweak scale can naturally explain the hierarchy

problem. Although we do not know exactly the theory of quantum gravity, it is still possible to obtain

predictions from collider experiments, using either effective theories or semi-classical approximations.

Hereafter we will see how to build a feasible theory of gravity in extra dimensions and how the validity

of the theory can be tested at LHC.

The first section is dedicated to the most important theoretical aspects of the problem. In the

second section we will illustrate how we can use the LHC data for testing the Large Extra Dimensions.

As example, we use early LHC data at
√
s = 7 TeV and 36 pb−1, showing that even with a very-low

statistics we are able to investigate the LED scenario.

4.1 Theory

4.1.1 Overview

Since the pioneering work of Kaluza and Klein, the possible existence of more than four space-time

dimensions in our universe has attracted physicists. An important feature of this kind of models is

the possibility to explain the hierarchy problem [1], that is the existence of two scale of energy, the

electroweak and the Planck scale, that are widely separate, being mew
MPl
∼ 10−15. If the gravity is free

to propagate in all the D = 4 + δ dimensions we can explain this separation simply compactifying

the extra dimensions, setting their length conveniently and allowing for quantum gravity at the weak

scale. Indeed from the Gauss theorem the potential between two masses m1 and m2 at distance r in

a D dimensional space is

V (r) ∼ m1 m2

M δ+2
D

1

rδ+1
(4.1)

for r << R, where R is the compactification radius of the extra-dimensions, while for r >> R is

V (r) ∼ m1m2

M δ+2
D Rδ

1

r
. (4.2)

So our effective 4 dimensional Planck mass MPl is

M2
Pl = RδM δ+2

D (4.3)
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and requiring MD ∼ mew, we find the compactification radius has to be

R ∼ 1

mew
(
MPl

mew
)

2
δ ∼ 10

30
δ
−17

(
TeV

mew

)
cm. (4.4)

If both gravity and SM fields propagate in the extra dimensions, R must be at least less than

10−16 - 10−17 cm corresponding to the energy the electroweak theory has been probed, so in ordered

to obtain the desired mew
MPl
∼ 1 we need to add a “warping”, that is we have to construct our theory in

a curved background, as done, for δ = 1, in the well-known Randall-Sundrum model [2].

On the other hand if only gravity can propagate in the extra dimensions, the conditions on the

radius are looser1, but we can still probe these large extra dimensions identifying processes involving

gravitons in collider experiments, even without knowledge of the exact model for quantum gravity at

the weak scale.

Here we will study the last kind of theory, where the Standard Model fields are bound to live on

a four dimensional brane, while gravity is free to propagate in all the extra dimensions.

4.1.2 Kaluza-Klein expansion of the graviton

In this section we will study the equations for a graviton in extra dimensions. For more details see,

for example, reference [4]. In a D dimensional space-time a point is described by a set of coordinates

z = (x, y), x = (x0, ~x), y = (y1, . . . , yδ), δ = D − 4. (4.5)

where for convenience we made a distinction between the usual four dimensional space-time coordinates

x and the coordinates of the extra dimensions y. We can compactify the extra dimensions through

the identification2

yj → yj + 2πR j = 1, . . . , δ, (4.6)

where R is the compactification radius and demanding for a generic field to be periodic under the

(4.6):

φ(x, yi) = φ(x, yi + 2πR). (4.7)

Now we want to study the Kaluza-Klein excitations of the Graviton. At low energy and small curvature

the equations of motion of the effective theory reduce to the Einstein equation in D = 4+δ dimensions:

GAB ≡ RAB −
1

2
gABR = − TAB

M̄2+δ
D

A,B = 1, . . . , D, (4.8)

where M̄D is the reduced D-dimensional Planck mass defined as M̄D = (2π)−δ/(2+δ)MD.

Expanding the metric gAB around its Minkowski value ηAB
3

gAB = ηAB + 2M̄
−1−δ/2
D hAB. (4.9)

1Although from astrophysical bounds also in the case of δ = 1, 2, 3 we need a bit of warping [3]
2For simplicity the compactified space is assumed to be a torus
3In general the existence of the brane on which Standard Model fields are localized create a non trivial metric

background, however is reasonable that if we are probing distances much bigger than 1/MD we can consider the metric
essentially flat.
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Replacing in equation (4.8) the definition (4.9) and keeping only the first power of h, we found

M̄
1+δ/2
D GAB = �hAB − ∂A∂ChCB − ∂B∂ChCA + ∂A∂Bh

C
C

− ηAB�h
C
C + ηAB∂

C∂DhCD = −M̄−1−δ/2
D TAB, (4.10)

where indices are raised or lowered using the flat-space metric and summation over repeated indices

is understood.

If we demand periodicity for the graviton, as in equation (4.7), we found that the field h could be

expressed as

hAB(z) =
+∞∑

n1=−∞
· · ·

+∞∑
nδ=−∞

h(n)
AB(x)√

(2πR)δ
ei
njyj
R . (4.11)

In this way, from a field that lives in a D dimensional world we obtain an infinite sum of Kaluza-Klein

modes h(n)(x) that live in the four dimensional world.

Before continuing we have to clarify what happens to the Standard Model fields. As we said in

the introduction, we assume the ordinary matter to be confined on the brane, and therefore, in the

limit of weak gravitational field, their energy-momentum tensor is

TAB(z) = ηµAη
ν
BTµν(x)δ(y) µ, ν = 0, . . . , 3. (4.12)

Equation (4.12) means that the Kaluza-Klein modes of the energy-momentum tensor are independent

of n, at least in the low-energy region. This is crucial for the analysis we are going to do, since it

implies that all the h(n)(x) fields are coupled to ordinary matter by means of a universal coupling,

allowing us to make definite predictions on their cross-sections.

We replace the expressions (4.11) and (4.12) into the equations of motion. After multiplying both

sides of eq. (4.10) by e−i
n′
R
·y and integrating over the extra-dimensional coordinates, we obtain the

following set of equations:

G(n)
µν(x) ≡ (� + n̂2)h(n)

µν −
[
∂µ∂λh

(n)λ

ν + in̂j∂µh
(n)j

ν + (µ↔ ν)
]

+[
∂µ∂ν − ηµν(� + n̂2)

] [
h(n)λ

λ + h(n)j

j

]
+

ηµν

[
∂λ∂σh(n)

λσ + 2in̂j∂
λh(n)j

λ − n̂jn̂kh(n)
jk

]
= −Tµν

M̄P
, (4.13)

G(n)
µj(x) ≡ (� + n̂2)h(n)

µj − ∂µ∂νh(n)ν

j − in̂k∂µh(n)k

j − in̂j∂νh(n)ν

µ

+n̂jn̂kh
(n)k

µ + in̂j∂µ

[
h(n)ν

ν + h(n)k

k

]
= 0, (4.14)

G(n)
jk(x) ≡ (� + n̂2)h(n)

jk −
[
in̂j∂µh

(n)µ

k − n̂jn̂`h(n)`

k + (j ↔ k)
]

−
[
n̂jn̂k + ηjk(� + n̂2)

] [
h(n)µ

µ + h(n)`

`

]
+

ηjk

[
∂µ∂νh(n)

µν + 2in̂`∂
µh(n)`

µ − n̂`n̂mh(n)
`m

]
= 0. (4.15)

Where the D’Alambertian operator acts on the four-dimensional space � = ∂µ∂µ, n̂ ≡ n/R, n̂2 ≡
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−n̂jn̂j =
∑δ

j=1 |n̂j |2 and we have defined

M̄P ≡
√
VδM̄

1+δ/2
D = (2πR)δ/2M̄

1+δ/2
D (4.16)

as the ordinary reduced Planck mass, M̄P = ∓/
√

8π = 2.4× 1018 GeV.

If we define new dynamical variables, we can rewrite the equations of motion as

(
� + n̂2

)
G(n)

µν =
1

M̄P

[
−Tµν +

(
∂µ∂ν
n̂2

+ ηµν

)
T λλ
3

]
(4.17)(

� + n̂2
)

V (n)
µj = 0 (4.18)(

� + n̂2
)

S(n)
jk = 0 (4.19)(

� + n̂2
)

H(~n) =
κ

3M̄P
Tµµ , (4.20)

where κ is defined as

κ =

√
3(δ − 1)

δ + 2
. (4.21)

We also find the constraints

∂µG(n)
µν =

∂νT
µ
µ

3n̂2M̄P
(4.22)

G(n)µ

µ =
Tµµ

3n̂2M̄P
(4.23)

∂µV (n)
µj = 0. (4.24)

The free propagation of G(n)
µν is given by eqs. (4.22) and (4.17) in the limit Tµν = 0,(

� + n̂2
)
G(n)

µν = 0 (4.25)

∂µG(n)
µν = 0 (4.26)

G(n)µ

µ = 0. (4.27)

These equations describes the propagation of a massive spin-two particle, the n-th Kaluza-Klein exci-

tation of the graviton. Indeed counting the degrees of freedom, we see that out of the 10 contained in

the symmetric tensor G(n)
µν , 5 are eliminated by the equations (4.26) and (4.27), thus leaving only

5 propagating modes.

The fields V (n)
µj and S(n)

jk describe δ − 1 spin-one massive particles and (δ2 − δ − 2)/2 massive

real scalars respectively . Neither of them is coupled to the energy-momentum tensor, so they will not

play any role in our collider experiments.

Finally, there is the scalar H(~n) which is coupled only to the trace of the energy-momentum tensor,

see eq. (4.20). The scalar H(~n) can only couple to ordinary particles at tree level proportionally to

their masses. These couplings give effective interactions at best of order M2
Z/M

2
D.

We conclude this section writing down the graviton Lagrangian. We start from the D-dimensional

graviton Lagrangian corresponding to the Einstein equation (4.10),

L = −1

2
hAB�hAB +

1

2
hAA�h

B
B − hAB∂A∂BhCC + hAB∂A∂Ch

C
B −

1

M̄
1+δ/2
D

hABTAB, (4.28)
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that is, it in terms of the fields G(n), V (n), S(n) and H(~n),

L =
∑
all ~n

−1

2
G(−~n)µν(� +m2)G(~n)

µν +
1

2
G(−~n)µ

µ(� +m2)G(~n)ν

ν −G(−~n)µν∂µ∂νG
(~n)λ

λ

+G(−~n)µν∂µ∂λG
(~n)λ

ν −
1

4

∣∣∣∂µV (~n)
νj − ∂νV (~n)

µj

∣∣∣2 +
m2

2
V (−~n)µjV (~n)

µj (4.29)

−1

2
S(−~n)jk(� +m2)S(~n)

jk −
1

2
H(−~n)(� +m2)H(~n)

− 1

M̄P

[
G(~n)µν − κ

3
ηµνH(~n)

]
Tµν .

Here m2 ≡ n̂2 is the Kaluza-Klein graviton squared mass and κ is that defined in equation (4.21).

Feynman rules involving gravitons, and changes in the cross sections significant for collider physics,

can be obtained from (4.29) and can be found for example in reference [5].

4.2 Analysis

In this section we will give some details on possible studies that can be done at LHC in order to test

Large Extra Dimensions.

4.2.1 Experimental signatures

Let us see now what kind of LHC signal can be interpreted in terms of D-dimensional gravity.

1. Missing pT from emission of massive gravitons constituting the Kaluza-Klein tower. This signal

is within control of the low-energy effective theory as long as the graviton energy is less than an

ultraviolet cutoff Λeff , which characterizes the onset of the new quantum-gravity theory. Validity

of the perturbative expansion sets an upper bound on the cutoff

Λeff < [Γ(2 + δ/2)]
1

2+δ (4π)
4+δ
4+2δMD. (4.30)

This upper bound is saturated only when gravitons become fully strongly-interacting before

entering the new regime of the underlying theory, and thus Λeff could actually turn out to be

much smaller. This does not mean that missing pT signals above Λeff vanish, but simply that

they are not calculable without knowledge of the full theory.

2. Tree-level exchange of gravitons (fig. 4.1a) generating the effective dimension-8 operator T [4–6]

Lint = cT × T =
8

M4
T

× 1

2

(
TµνT

µν − Tµµ T νν
δ + 2

)
, (4.31)

where Tµν is the SM energy-momentum tensor. In most cases the dominant contribution to this

operator comes from the ultraviolet end of the graviton spectrum. Therefore the parameter MT

cannot be computed without knowledge of the underlying quantum-gravity theory.

3. Virtual graviton exchanges at one-loop level (fig. 4.1b) can become more important than tree-

level effects because they induce dimension-6 effective operators, as opposed to the dimension-8

T operator [7]. For pure graviton virtual intermediate states, a unique dimension-6 operator is

generated

L = cΥ ×Υ, Υ =
1

2

(∑
f

f̄γµγ5f

)(∑
f

f̄γµγ5f

)
, (4.32)
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Figure 4.1: Fig. 4.1a: Tree-level graviton exchange generating the dimension-8 operator T . Fig. 4.1b:
One-loop graviton exchange generating the dimension-6 operator Υ.

where f is any SM quark or lepton. As in the case of tree-level graviton exchange, the coeffi-

cient cΥ is fully sensitive to the ultraviolet completion of the theory and can be related to the

fundamental parameters MD and δ only by specifying a cutoff procedure.

4. Dijet events at large invariant mass and large rapidity separation. In this kinematic regime,

gravitational scattering can be reliably computed in the eikonal approximation [8]. This is be-

cause scattering processes at center-of-mass energy larger than MD (the so-called transplanckian

region) are governed by classical dynamics and any quantum-gravity effect is subdominant.

5. Black holes. Black-hole formation and decay is expected to occur in the transplanckian region

when the impact parameter becomes smaller than the corresponding Schwarzschild radius [9].

Therefore it supplants gravitational scattering, in the limit of small rapidity separation. While

transplanckian gravitational scattering can be perturbatively calculated, black-hole formation

occurs in the regime in which gravitational interactions are strong.

Furthermore brane fluctuations (massless ‘branons’) give rise to the same effect 1 (as in δ = 6) and

2 (as in δ = 4) [10]. Our main goal is to show how the operator in equation (4.31) can put stringent

bounds on the extra dimensions. So we concentrate our studies on these signals.

In order to do that we study the effect of a single virtual-graviton exchange at tree-level in scattering

processes4. The scattering amplitude in momentum space of the graviton-mediated process cam be

found from the Feynman rules, derived from (4.29),

A = S(s) T (4.33)

S(s) ≡ 1

M̄2
P

∑
n

1

s−m2
(4.34)

T ≡ TµνTµν −
1

δ + 2
Tµµ T

ν
ν . (4.35)

Here Tµν is the energy-momentum tensor. The two terms in eq. (4.35) correspond to the exchange of

the graviton G(n)
µν and the scalar H(~n).

In eq. (4.34)
∑

n represents the sum over all Kaluza-Klein modes, which has to be performed at

the amplitude level. Since the operator T does not depend on the Kaluza-Klein index, we can perform

the sum
∑

n without specifying the particular physical scattering process under consideration.

As will be discussed below, if the typical energy resolution of the experiment is broader than the

mass separation between two KK states, the sum can be approximated as an integral over the extra-

dimensional momentum q of the graviton. Such integral is UV divergent for δ > 1 extra dimensions.

4For simplicity we consider the case of pure s-channel exchange, but the discussion of the t- and u-channel exchange
is completely analogous.
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So we regularize the integral by including only KK excitations with mass m = |q| below an arbitrary

cut-off Λ, which parametrizes the onset of the unknown quantum-gravity physics. A small (large)

ratio Λ/MD effectively means that quantum gravity is weakly (strongly) coupled [7]. The use of the

cutoff allows for a comparison of the experimental limits on the operator(4.31) with the searches for

real graviton emission in missing pT events. Cutting off the integral, we find

S(s) =
1

M2+δ
D

∫
|q|<Λ

dδq

s− q2 + iε
=

πδ/2 Λδ−2

Γ(δ/2)M2+δ
D

Fδ(
s

Λ2
) (4.36)

where Γ is the Euler function and Fδ is recursively defined as

Fδ+2(x) = xFδ(x)− 2

δ
(4.37)

and

F1(x) =
2√
x

arctanh
1√
x
, F2(x) = − log

(
1− 1

x

)
. (4.38)

For δ > 2 the integral is dominated by the heaviest graviton with mass m ≈ Λ and thus, for

s� Λ2, the function S can be treated as a constant with no momentum dependence and the scattering

amplitude can be approximated by the effective operator T of eq.(4.31) with a coefficient which is

usually defined as [6]

S(s� Λ2) =



πδ/2

(1− δ/2)Γ(δ/2)

Λδ−2

M δ+2
D

≡ 8

M4
T

for δ > 2

π

M4
D

ln
s

Λ2
for δ = 2

−iπ
M3
D

√
s

for δ = 1

(4.39)

However, in view of the high dimensionality of the operator, the dominant LHC bound comes from

the highest energy events, and it is appropriate to retain the full amplitude, including the dependence

on the cut-off Λ.

We would like now to comment on the validity of approximating the sum over virtual gravitons

with an integral.

δ = 1

As we said the gravity at macroscopic scales and astrophysical considerations constrain the cases δ =

1, 2, and 3. The corresponding fundamental mass MD can lie around the weak scale only if the theory

is modified in the infrared. This can be achieved by introducing a warping factor [2] with a small mass

parameter µ (of a few MeV) which lifts the lightest KK mode of the graviton (and characterizes the

KK graviton mass splitting, since mn ' πnµ for n � 1), without modifying the UV behavior of the

theory and its collider predictions [3].

Let us first consider the case δ = 1, in which the KK summation can be explicitly performed with

the result [11]

S(s) =
1

Λ2
π

∑
n

1

s−m2
n + imnΓG(mn)

= − π

M3
5

√
s
K (4.40)

K =
sin 2A+ i sinh 2ε

2(cos2A+ sinh2 ε)
A = π

( √
s

∆m
+

1

4

)
ε =

πΓG
2∆m

∣∣∣∣
m=
√
s

. (4.41)



78 CHAPTER 4. LARGE EXTRA DIMENSIONS

Here Λπ is the interaction scale of individual gravitons, related to the fundamental mass of the 5-

dimensional theory M5 by [3]

Λ2
π =

M5
3

2πµ
. (4.42)

The mass splitting between KK gravitons ∆m and the decay width of the n-th KK graviton ΓG(mn)

are given by

∆m = πµ ΓG(mn) =
cm3

n

πΛ2
π

, (4.43)

where c = 1/80, 1/320, and 1/960 for graviton decays into a massless vector, Weyl fermion, and

conformally-coupled real scalar, respectively [5]. Consequently, we find c = 283/960 after summing

over all SM particles. The parameter ε in eq.(4.41), which measures the relative separation of the

individual graviton resonances (ε � 1 means well separated resonances, ε>∼ 1 means overlapping

resonances), is given by

ε = c

(√
s

M5

)3

. (4.44)

Therefore ε remains finite in the limit µ → 0, which corresponds to sending the compactification

volume to infinity (MPl →∞).

The expression of S in eq.(4.40) is a rapidly oscillating function. However, we are interested in the

case in which the energy spread of the initial and final states is broader than the mass separation µ. It

is then convenient to average eq.(4.40) within one oscillation period, obtaining the smoothly varying

function [3]

〈S〉 = − iπ

M3
5

√
s
. (4.45)

We can now take an alternative approach and work directly in the continuum, by replacing the

discrete KK summation with an integral

S(s) =
1

Λ2
π

∫
dm

πµ

1

s−m2 + imΓG(m)

ΓG→0
' − iπ

M3
5

√
s
. (4.46)

Therefore, the procedure of integrating in the continuum, eq.(4.46), gives exactly the same result as

the averaged summation in eq.(4.45). This shows that, as long as the energy resolution is broader

than the mass separation, it is perfectly adequate to treat virtual gravitons as a continuum.

Let us now consider the modulus square of the expression in eq.(4.40), averaged over an oscillation

period

〈|S|2〉 =
π2

M6
5 s

(
1 +

4

e4ε − 1

)
ε→0' 1

ε

(
π

M3
5

√
s

)2

. (4.47)

While for ε > 1 we find 〈|S|2〉 ' |〈S〉|2, in the relevant case of small ε we obtain that eq.(4.47) leads to

an enhancement of a factor 1/ε. Note that the enhanced term in eq.(4.47) has a lower order in powers

of graviton coupling constants than expected for a scattering process, because it corresponds to the

production of real gravitons.

The same result can be obtained also by calculating |S|2 in the continuum. If we are interested in

the real production of well-separated narrow resonances, we can neglect interference effects. Then the

calculation in the continuum, for ε < 1, gives

|S|2 =
1

Λ4
π

∫
dm

πµ

1

(s−m2)2 +m2Γ2
G

ΓG→0
' 1

ε

(
π

M3
5

√
s

)2

. (4.48)
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The result of the calculation in the continuum agrees with the discrete summation in eq.(4.47), when

initial and final particle states are spread in energy more than the KK mass separation.

As mentioned above, the Feynman diagram in fig. 4.1a includes two effects: a) 2 → 2 scattering

processes mediated by virtual gravitons, and b) 2→ 1→ 2 production of one graviton KK resonance

with mass equal to
√
s that eventually decays into SM particles. The enhancement in eq.(4.47) is the

contribution from process b). In the δ = 1 scenario we are considering, the graviton decays well inside

the detector, such that process b) must be included and there are no missing-energy signals (a point

missed in previous works on the topic).

On the contrary, in the δ > 1 scenarios considered in the next section, KK gravitons typically

decay far away from the detectors, such that process b) does not contribute to 2 → 2 scatterings

observed at LHC.

δ > 1

The previous result can be generalized to δ > 1. The amplitude smoothed over scattering wave packets

broader than the mass splitting between KK gravitons is obtained by replacing the discrete summation

with an integral

S(s) =
1

M2
Pl

∑
i

1

s−m2
i + imiΓG(mi)

→ 2πδ/2

Γ(δ/2)M2+δ
D

∫ Λ

0
dm

mδ−1

s−m2 + imΓG(m)
, (4.49)

where MPl is the reduced Planck mass. Writing the graviton propagator in the narrow-width approx-

imation, we obtain an expression for 〈S〉 that is identical to eq.(4.36).

For generic δ, the graviton width is ΓG(m) = cm3/πM2
Pl and the mass difference is

∆m =
Γ(δ/2)M2+δ

D

2πδ/2M2
Plm

δ−1
. (4.50)

Here we are considering the case in which the KK graviton spectrum is not distorted in the infrared

(µ = 0). Analogously to the δ = 1 case, we can define

ε ≡ πΓG
2∆m

∣∣∣∣
m=
√
s

=
πδ/2c

Γ(δ/2)

( √
s

MD

)2+δ

. (4.51)

Note that ε < 1 as long as the low-energy effective theory can be trusted (
√
s < MD), showing that

the graviton resonances are narrow and well separated. Using the narrow-width approximation we

find that the leading contribution is

〈|S(s)|2〉 =
(ImS)2

ε
. (4.52)

As before, this term has to be interpreted as the production of a graviton with mass
√
s. Since the

graviton decays well beyond the detector, this term contributes to “missing energy” and not to the

signal we are considering and should be subtracted from the final result. Effectively, the rate of interest

is obtained by taking the modulus square of eq.(4.36). The situation can be different in intermediate

scenarios with µ > 0 and shorter graviton life-time; a life-time comparable to the detector size would

lead to 2→ 2 signals with displaced-vertex.
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Experiment Process + −
LEP [12] e+e− → γγ 0.93 TeV 1.01 TeV
LEP [13] e+e− → e+e− 1.18 TeV 1.17 TeV
H1 [14] e+p and e−p 0.74 TeV 0.71 TeV

ZEUS [15] e+p and e−p 0.72 TeV 0.73 TeV
CDF [16] pp̄→ e+e−, γγ 0.99 TeV 0.96 TeV
DØ [16] pp̄→ e+e−, γγ 1.28 TeV 1.14 TeV
DØ [17] pp̄→ jj 1.48 TeV 1.48 TeV

CMS at 7 TeV with 40/pb [18] pp→ µ−µ+ 1.6 TeV 1.6 TeV
CMS at 7 TeV with 36/pb [27] pp→ γγ 1.74 TeV 1.71 TeV
ATLAS at 7 TeV with 3.1/pb pp→ jj 2.2 TeV 2.1 TeV
ATLAS at 7 TeV with 36/pb pp→ jj 4.2 TeV 3.2 TeV

CMS at 7 TeV with 36/pb pp→ jj 4.2 TeV 3.4 TeV
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Bounds on graviton exchange at tree level

Table 4.1: Tree-level graviton exchange: 95% CL limits on the coefficient MT (known as Hewett
normalization [6]) of the dimension-8 operator T of eq.(4.31) for positive and negative interference.
The last three limits are derived in [23]

Experiment Process + −
LEP combined [20] e+e− → e+e− 11.3 11.5
LEP combined [20] e+e− → µ+µ− 16.4 12.7
LEP combined [20] e+e− → `+`− 17.2 15.1
LEP combined [20] e+e− → bb̄ 15.3 11.5

H1 [14] e+p and e−p 2.5 3.9
ZEUS [15] e+p and e−p 4.6 5.3
DØ [21] pp̄→ e+e− 4.7 5.5

CDF [21] pp̄→ `+`− 4.5 5.6
CCFR [22] νN scattering 3.7 5.9

DØ [21] pp̄→ jj 3.2 3.1
ATLAS at 7 TeV with 3.1/pb pp→ jj 5.3 4.2

CMS at 7 TeV with 36/pb pp→ jj 11 8.1

combined 22.4 15.7

Table 4.2: Loop-level graviton exchange: 95% CL limits on the coefficient |cΥ/4π|−1/2 (in TeV)
of the dimension-6 operator Υ of eq.(4.32) for positive and negative values of cΥ.
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Figure 4.2: Left: pp → jj angular distribution for fixed δ = 6, MT = 2 TeV, Mjj > 1.2 TeV and
different values of Λ (as indicated) and consequently of MD. The effective-operator T is formally
reproduced in the limit Λ → ∞. Right: dependence on the number δ of extra dimensions at fixed
MD = Λ = 1.5 TeV. The data are from ATLAS [24].

4.2.2 Fit to the graviton-exchange effective operator

As an example of application of our studies, we compare the first LHC data at
√
s = 7 TeV and

36 pb−1 to the new physics described by eq.s(4.31) and(4.32). Since the δ-dependent double trace

term in T is irrelevant for collisions of particles with masses much smaller than the LHC energy, our

subsequent analysis applies to any number of extra dimensions (larger than 2).

The tree-level exchange of virtual gravitons described by the Lagrangian of eq. (4.31) mediates the

processes

pp→ `+`−, pp→ γγ, pp→ jj . (4.53)

The experimental collaborations concentrated their sensitivity studies on the di-lepton and di-photon

final states. However the corresponding cross sections are significantly lower than the pp → jj cross

section, and this is the main factor that determines the observability of these signals even at the initial

LHC stage. Indeed requiring final states with invariant mass greater than 1 TeV, jets, leptons and

photons with η < 2.5, and additionally requiring |η1 − η2| < 1.2 for the jets, we find for the data we

are considering in our example

σ =

(
2 TeV

MT

)8

×


12.5 pb for pp→ jj

10.4 fb for pp→ µ+µ−

21.3 fb for pp→ γγ

. (4.54)

This large difference in cross sections is due partly to trivial flavor and color factors, and partly

to the fact that the processes are mediated by the operator of dimension 8 in eq. (4.31), which gives

larger rates for the channels with more energetic initial states. In particular pp → jj benefits from

the high energy of the initial partons uu in the t-channel process.
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Figure 4.3: The shaded area is the bound from virtual graviton exchange at CMS (continuous line
denoted as ‘C’, data after 36/pb), ATLAS (long-dashed line denoted as ‘A’, data after 36/pb). Vertical
blue line: bound from graviton emission (as summarized in table 1 of [7]). Red line: Naive Dimensional
Analysis estimate of LEP bound from loop graviton exchange. Upper shading: NDA estimate of the
non-perturbative region.
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In the following we shall show that, from the angular distribution of the jets, even with only 3.1

pb−1 of integrated luminosity it was possible to obtain the dominant limit on the operator T .

We study the effect of graviton-mediated amplitudes in the differential and in the total cross

section, including interference effects between the SM and the new contributions. Both the total and

the differential cross section are affected by NLO effects. However this sensitivity to higher order

effects can be reduced by choosing a suitable kinematical quantity and restricting the analysis to

certain kinematical regions.

In the data we took in considerations the ATLAS [24] and CMS [19,25] collaborations have searched

for the effect of contact interactions in the angular distribution of dijet events. Both collaborations

have studied the centrality ratio distribution, and ATLAS also released the normalized distribution in

several ranges of invariant mass of the jets on the variable

χ ≡ exp |y1 − y2| ,

where y1,2 are the two jet rapidities. Due to the dominance of Coulomb-like scattering in the SM,

these distributions are expected to be almost flat in the case of QCD, which helps to reduce the impact

of smearing effects. Contact interactions, especially those in eq. (4.31) being mediated by a spin-2

particle, have a different angular distribution with respect to QCD and result in a deviation from a

flat distribution.

Data for the χ distribution from ATLAS are reported in fig. 4.4a together with the SM expectation

at next-to-leading order [24]. Fig. 4.4a shows also the effect of the graviton operator T for MT = 2

and 2.5 TeV for both positive or negative interference with the SM.

The prediction of the effect of the operator T has been obtained simulating the effect of this
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operator at the partonic level with MadGraph [26] and CTEQ6L parton distribution functions. We

checked that showering and detector effects do not alter significantly the prediction. In particular

we checked that with the uncertainties on the data the limit on the contact interaction studied by

ATLAS [24] is reproduced at the partonic level within 20%.

We compare data with the theoretical expectation and we compute the 95% CL bound on the

coefficient of the T operator by imposing

χ2 =
bins∑
i

(ti(cT )− µi)2

σ2
i stat + σ2

syst

< χ2
min + 3.84 , (4.55)

where µi are the experimental central values, σi stat the statistical errors, σsyst ≈ 0.003 estimates the

systematic uncertainties (we ignore possible correlations between different bins) which are presently

subdominant and ti(cT ) are the theoretical predictions, computed for some values of cT and fitted

in each bin as a quadratic function of cT = 8/M4
T . We find the bound MT > 2.1 TeV reported in

table 4.1. This significantly exceeds all previous bounds.

CMS pp → jj data after 36 pb−1 [19] are here plotted in fig. 4.4b. We can reliably estimate

the resulting bound, MT > 3.4 TeV, as reported in table 4.1. This is comparable to the sensitivity,

3.2 TeV, despite the apparent mild statistical fluctuation in the first bin. From ATLAS pp→ jj data

after 36 pb−1 [29] we estimate MT > 3.2 TeV.

We can compare the sensitivity of the dijet channel to those of the pp → `+`− and pp → γγ

channels considered by the experimental collaborations. CMS [27] found MT > 1.8 TeV from pp→ γγ

after 36/pb of integrated luminosity. Ref. [27] reported a 95% C.L. sensitivity in the γγ channel to

MT ' 3 TeV for more than 150 pb−1 at 10 TeV center of mass energy and [28] claims a sensitivity

of the leptonic channel to MT ' 3 TeV with 100 pb−1 of 14 TeV data. The proposed measurements

essentially consist in counting events with large invariant mass, as in eq.(4.54). The pp → jj signal

already reached the same sensitivity with a center of mass energy of 7 TeV and 36 pb−1 of integrated

luminosity.

Finally, we computed the bound on the dimension-6 operator Υ of eq.(4.32) generated by graviton

exchange at loop level. The result is shown in table 4.2 together the other existing bounds. With the

published data we find a bound from dijets at LHC that is comparable to the bound from Tevatron

and strongly subdominant with respect to the bound from LEP. With 36 pb−1 of integrated luminosity

we get a bound subdominant with respect to LEP, although significantly larger that existing limits

from Tevatron.

4.2.3 Fit to the full graviton-exchange amplitude

Formulæ for the cross sections from tree-level graviton effects in any number of extra dimensions can be

found in the appendix of ref. [3]. We implement them in Pythia8 [30] and verify that in the effective-

operator approximation (S = 8/M4
T ) the various distributions reproduce the ones previously obtained

with MadGraph and that hadronization and jet reconstruction negligibly affect the observables we

consider.

We can now compare the data with the full graviton-exchange amplitude, computed in terms of

the cut-off Λ, defined to be the maximal KK graviton mass. Even for δ = 1 the correct treatment of

|S|2 in the s-channel is numerically irrelevant here. Indeed we consider the pp → jj signal which is

dominated by the uu initial state which has no s-channel.

Fig. 4.2a shows how the theoretical prediction changes with the cut-off Λ keeping fixed the coef-

ficient of the effective operator T to be MT = 2 TeV, around the present bound: the full amplitude
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must be used unless Λ�MD. Fig. 4.2b shows how the theoretical prediction changes with δ keeping

fixed MD and Λ.

The results of our fit are shown in fig. 4.3, as functions of MD and of the ratio Λ/MD. The 95% CL

bound is defined as χ2 < χ2
SM+3.84. As previously discussed, the ratio Λ/MD effectively parameterizes

the unknown strength of the full quantum-gravity theory. The gray area at larger Λ/MD covers the

region estimated to be non-perturbative according to naive dimensional analysis [7].

The shaded area covers the region excluded by the angular distribution at Mjj > 1.2 TeV.

For comparison, the other two lines show:

• the combined Tevatron-LEP bound from graviton emission (vertical blue lines; computed ignor-

ing the dependence on Λ).

• the LEP bound on loop graviton exchange (red line), estimated according to naive dimensional

analysis.

For δ = 1 the LHC bound MD >∼ 1.5 TeV remains subdominant with respect to the bound from

e−e+ → ff̄ scatterings at LEP2, that we estimate to be MD >∼ 3.4 TeV. For δ > 1 already the first

ATLAS data at 3.1 pb−1 explore new regions of the parameters space of gravity in extra dimensions.

Those at 36 pb−1 provide stronger bounds.
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Conclusions

The LHC physics program has been successful: with ≈ 25/fb of data per experiment the Higgs boson

has been discovered and several of its properties determined within ≈ ±20% precision.

We are now entering into the era of precision Higgs physics: deviations from the SM due to new

physics no longer can dominate the data. This observation allowed us to propose a ‘universal’ form

in which we assume that the new physics is approximated as a first-order perturbation around the

Standard Model predictions. We think that this form could be an useful way for the experiments

to report their results, allowing theorists to easily test any desired model. While we present our

own global combination in ‘universal’ form in equation (1.10), we stress that only the experimental

collaborations can perform a fully precise analysis.

Using this assumption, we investigated many Beyond Standard Model scenarios, such as super-

symmetry or composite Higgs. From our analysis we can not exclude any new physics at TeV scale,

but we find that the data currently support a standard Higgs.

For this reason, we supposed that the Standard Model was valid up to the Planck scale. Indeed,

in spite of the absence of any signal of new physics, the LHC has provided valuable information

for theoretical speculations about physics at very short distances. In that respect, one of the most

interesting aspect of the measured value of Mh is its near-criticality: it corresponds to the fact that the

electro-weak vacuum is in a meta-stable configuration, on the border between stability and instability.

The special coincidence found in the value of Mh warrants a refined calculation of the high-energy

extrapolation of λ.

For this purpose, we performed a NNLO calculation of the Standard Model parameters by means

of computer algebra; in particular we used the recurrence relations between two-loops integrals imple-

mented in the Mathematica code Tarcer, part of the FeynCalc package. These relations permit to

reduce a dimensional regularized two-loops two-points integral in terms of a complete basis of scalar

integrals. In this way we were able to compute the necessary one thousand two-points two-loops and

two thousands zero-point two-loops diagrams. The renormalization of the constants was done in the

OS scheme, then we shifted the poles in order to obtain ms quantities as functions of the measured

constants.

We extracted the fundamental SM parameters λ (quartic Higgs coupling), m (Higgs mass term),

yt (top quark Yukawa coupling) from the precisely measured values of the Higgs, top, W and Z masses

and from the Fermi constant at full NNLO. However, because of the present experimental uncertainties

on the SM parameters (mostly the top quark mass), we cannot conclusively establish the fate of the

EW vacuum, although metastability is now preferred at 99.3% CL.

Then we extrapolated all the couplings to large energies using the RGE equations, now known at

NNLO order (3 loop). Thus we investigated the significance of the measured value of Mh, in view

of its high-energy extrapolation. A first observation is that λ, together with all other SM coupling

constants, remains perturbative in the entire energy domain between the Fermi and the Planck scales.

This gives an indirect indication that EW-breaking dynamics is probably weakly interacting. Of
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course, strongly-interacting dynamics is not excluded, but there is simply no need for introducing it

at any intermediate energy scale.

We have also thoroughly studied the condition of near-criticality in terms of the SM parameters

at a high scale, which we identified with the Planck mass. This procedure is more appropriate than

a study in terms of physical particle masses, since it is more likely that special features are exhibited

by high-energy parameters, just like in the case of gauge coupling unification.

We have found that near-criticality is manifest also when we explore the phase diagram as a func-

tion of high-energy SM couplings. Moreover, we found evidence for multiple near-critical conditions.

Indeed, the measured SM parameters roughly correspond to the minimum values of Higgs quartic

coupling λ(MPl) and of the top Yukawa coupling yt(MPl) (at fixed gauge couplings) that allow for the

existence of a sufficiently long-lived EW vacuum. Moreover, at fixed top Yukawa coupling, the maxi-

mum possible values of the gauge couplings g(MPl) are preferred. Incidentally, we have also obtained

an upper bound on the Higgs mass parameter m from the requirement of vacuum stability, although

this bound is too weak to be useful in practice.

These peculiar values of the couplings at very-high energies led us to questioning whether this

situation is a coincidence or the results of a high energy dynamics. An intriguing possibility is that

the point in which lambda cross zero and becomes negative is due to a matching condition with some

kind of new physics, for example high-energy supersymmetry. Another possibility is that the current

value of the couplings is the result of a multiverse dynamics that “prefer” a near-critical solution.

We conclude with a possible scenario, in which there exist other extra dimensions in which only

the gravity can propagate. We propose a way to study these large extra dimensions at LHC. Indeed

the amplitude pp→ jj is modified due to the exchange of gravitons. As example, we show that even

with a very low statistics our techniques can thoroughly investigate the existence of extra dimensions.
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