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Introduction

Identifying the mechanism of the electroweak symmetry breaking is one of the main goal of the Large
Hadron Collider. In the Standard Model the electroweak symmetry is broken due to the existence of
an elementary scalar particle: the Higgs boson.

The Higgs boson was for a long time the missing piece of the Standard Model puzzle. Furthermore
in the absence of direct signal of new physics, the Higgs boson couplings might indirectly indicate
a portal to Beyond Standard Model theories. In this context, the discovery made at LHC of a new
particle with a mass of 125.66 + 0.34 GeV and the characteristics of the Higgs boson is of great
importance: it could be the conclusive achievement of the Standard Model, or it could give a renewed
impulse to the search for new physics. The discovery of this new particle was announced by the ATLAS
and CMS collaborations during 2012. After that, all LHC and TeVatron collaborations presented at
the Moriond 2013 conference the results based on the full collected data.

First of all, one must make sure that the new resonance is, indeed, the Higgs boson that induces
the electroweak symmetry breaking and gives masses to both the SM vector bosons and to fermions.
The SM has definite predictions for the gauge boson and fermion couplings with the Higgs boson.
Those affect both the Higgs boson production mechanism at the LHC as well as its dominant decay
modes. Fortunately for a Higgs boson mass of 125.5 GeV the LHC experiments do have sensitivity
to test these couplings in all interesting final states vy, ZZ*, WW*, bb and 77, taking into account
different Higgs boson productions mechanisms.

Therefore, it is possible to thoroughly examine the couplings of this particle to the other SM
particles. If those were incompatible with the ones the SM predicts, the amount of the deviation could
give us hints of what kind of new physics we should expect and its scale of energy and it could outline
a convenient line of research. This possibility is motivated by numerous multi-Higgs, supersymmetric,
composite Higgs, dark matter, exotic scalar, etc. models. Otherwise, if the new particle is indeed the
Standard Model Higgs, although that would not exclude the possibilities for new physics, we should
try explaining fundamental topics (like naturalness or vacuum stability) only in terms of the SM.

Higgs couplings

Motivated by this, we have performed a state-of-the-art global fit to Higgs boson data, including all
sub-categories studied by the experimental collaborations.

As pointed out in chapter 1 my = 125 GeV is a particularly fortunate value for the LHC since
various Higgs boson search channels are measurable. This gave us the opportunity to study several
new physics scenarios beyond the SM: new scalars, 2HDM, supersymmetry, dilaton, composite Higgs,
invisible Higgs decays, possibly into Dark Matter particles, anomalous couplings of the top, etc.

We determined from data the production cross sections (assuming standard Higgs decays) and the
Higgs decays widths (assuming standard productions), finding that they lie along the SM predictions.
In a more general context, we allowed the Higgs boson gauge and Yukawa couplings to be free param-

iii



iv INTRODUCTION

eters and accordingly modify the Higgs tree level couplings KWW, hZZ, hff as well as the loop level
processes such as the Higgs production in gluon-gluon fusion gg — h and Higgs decays to h — ¥, gg.
We also allow for an invisible branching fraction.

While our fits are in general model independent, we demonstrate usefulness of our results for
constraining new physics beyond the SM using some well known models as examples. These examples
show that in the present stage of accuracy the LHC data constrains models severely. Qualitatively all
the studies reach the same conclusion, that the best fit regions lie along SM predictions, supporting
the SM Higgs boson hypothesis.

Electro-weak potential stability

Thus, although the discovery of the Higgs boson was expected to be the herald of new physics soon
to be found at the TeV scale, so far no signal of new physics nor any clear deviation from the
SM Higgs properties have been detected at the LHC. Moreover, the Higgs mass has not provided
unambiguous indications for new physics. The measured value My = 125.66 + 0.34 GeV is a bit
high for supersymmetry and a bit low for composite models, making theoretical interpretations rather
uncomfortable. Neither option is unequivocally preferred, although neither option is excluded.

In any case, the measurement of the Higgs mass M}, has determined the last unknown parameter
of the SM, fixing the Higgs quartic coupling A. Thus we can try is to extrapolate A to high energy in
search for clues. Indeed, M} = 125.66 £0.34 GeV lies well within the parameter window in which the
SM can be extrapolated all the way up to the Planck mass Mp, with no problem of consistency other
than remaining in the dark about naturalness. Just as high-energy extrapolations of the gauge coupling
constants gave us hints about a possible grand unification of fundamental forces, so the extrapolation
of X\ has revealed an unexpected feature of the SM that opens new avenues for theoretical speculation.
The intriguing result is that, assuming the validity of the SM up to very high energy scales, the
measured value of Mj, is near-critical, in the sense that it places the EW vacuum right at the border
between absolute stability and metastability.

The critical condition for stability is defined as the vanishing of the effective coupling Ag, see
equation 2.11, at some energy scale A;. We find A; = 10'°-10'? GeV, see equation 2.15, suggesting
that the instability is reached well below the Planck mass. The presence of an instability at an
intermediate scale could be interpreted as a sign of a new-physics threshold around Aj. It is suggestive
that neutrino masses, axion, and inflation give independent indications for new dynamics at roughly
similar energy scales. The hypothetical new physics could be responsible for a matching condition
A = 0 at a scale near A;. The vanishing of A could be the result of special dynamics occurring above
A

Another peculiarity found in the extrapolation of X is its slow running at high energy. This is due
to a combination of two factors: the reduction of all SM couplings at high energy and an accidental
zero of 3y at a scale of about 10'7-10'® GeV. It is the slow running of A at high energy that saves the
EW vacuum from premature collapse, in a situation where A; < Mp;. Were () large and negative
above Ay, we could not live with an instability scale much smaller than the cutoff scale, without being
confronted with early vacuum decay. Unfortunately, for the moment we have no way to tell whether
this special condition allowing for a prolonged vacuum lifetime is just a numerical coincidence or an
important feature of the SM.

At any rate, the smallness of ) at high energy makes it possible to assume that there is no new-
physics threshold around A; and that the SM continues to be valid up to the quantum-gravity scale,
since the tunnelling probability remains small. In this context, the value of A(Mp)) may be regarded



as ‘normal’ for a SM coupling. Indeed, as discussed in section 2.2.1, the ratios \/m /vy and \/m /g2
(which, at low energy, correspond to My /M; and M}, /My, respectively) are of order unity both at the
Fermi and Planck scales. The vanishing of A at an intermediate scale could then be purely accidental.
After all, the Higgs quartic is the only SM coupling that can cross zero during its RG evolution, since
A =0 is not a point of enhanced symmetry.

So, in the context of the SM, the measured value of M, is special because it corresponds to a near-
critical situation in which the Higgs vacuum does not reside in the configuration of minimal energy,
but in a metastable state close to a phase transition.

It is possible that this condition of near-criticality of the SM vacuum is the most important message
we have learnt so far from experimental data on the Higgs boson. Near-criticality gives us a unique
opportunity to obtain information about physics taking place at energy scales well beyond the reach
of any collider experiment. Its consequences are so intriguing and potentially so revolutionary that
they deserve accurate calculations and dedicated studies.

Chapters 2 ad 3 are dedicated to continue the programme of investigating the status and impli-
cations of near-criticality. In particular in chapter 2 we explore the significance of near-criticality in
terms of high-energy SM parameters, while in chapter 3 we improve the calculation of the large-field
extrapolation of the Higgs potential and of the critical value of M} for absolute stability.

SM parameters at NNLO

The main new calculations presented here are the results for the MS quartic Higgs coupling A(jz) and
the top Yukawa coupling y;(jz) at NNLO precision (two loops) in terms of physical observables: the
pole masses of the Higgs (Mjy), of the top (My), of the Z (Mz), of the W (Myy), the MS strong cou-
pling a3(Mz), and the Fermi constant G,,. We improve the previous studies where 2-loop threshold
corrections to A(z) had been computed in the limit of vanishing weak gauge couplings, and 2-loop elec-
troweak threshold corrections to y.(fz) had been neglected. As a byproduct of our two-loop calculation
of A\(fi) we also obtain the MS quadratic Higgs coupling m?(f1) at the NNLO level.

Recently, many authors have contributed towards the completion of the calculation of the renormalisation-
group (RG) evolution (S-functions and thresholds) of the sizeable SM couplings at NNLO precision.
Our new calculation of threshold corrections, together with these results, allows us to refine the de-
termination of the critical value of M} that ensures absolute vacuum stability within the Standard
Model (SM) up to the Planck scale. Furthermore, our precision extrapolation of the SM to high energy
scales is relevant for testing any new physics scenario able of making predictions, such as unification
of gauge couplings constants, or high-scale supersymmetric models that restrict or predict the quartic
Higgs coupling.

Large Extra Dimensions

In any case, although the data seem point to a standard Higgs and we did not find any proof of new
physics, we can not exclude the existence of some not standard physics at energies reachable at LHC.
An intriguing possibilities is that of Larger Extra Dimensions.

Since the start of the LHC program, experiments have tested directly some of the theoretical ideas
about new physics at the electroweak scale. In one popular scenario, which will be considered here,
Standard Model fields are confined on a 3-dimensional brane, while gravity propagates in the full
D-dimensional space, with ¢ flat and compactified extra spatial dimensions (D = 4+ ). This scenario
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allows for quantum gravity at the weak scale and could therefore be a solution to the Higgs mass
hierarchy problem.

Chapter 4 is dedicated to the study of theories of this kind. In particular we will see how we can
use the LHC data in order to test Large Extra Dimensions.



Chapter 1

Higgs boson at LHC

As stated in the introduction the discovery of a new particle at LHC could have enormous consequences.
We are interested in knowing if this particle is the long-waited Standard Model (SM) Higgs boson [1-4].
On one side, the experimental collaborations are measuring its discrete quantum numbers to check if it
is a scalar. On the other side, various theoretical groups [5-7] started to approximatively reconstruct
from data its production cross section and its decay modes and consequently its couplings to check
if they agree with the SM predictions or with other models beyond the SM. Clearly, this is a more
significant test that can be precisely done only by the experimental collaborations, which indeed
started to present analyses along these lines.

Accidentally, my, = 126 GeV is a particularly fortunate value for the LHC, because, according to
the SM predictions, various Higgs boson search channels are measurable.

There are four main production modes for Higgs boson from pp collisions at /s ~ 8 TeV. The
gluon-gluon fusion production mode has the largest cross section, followed in turn by vector boson
fusion (VBF), associated Wh and Zh production, and production in association with top quarks, tth.
The cross sections for the Higgs boson production modes and the decay branching fractions, together
with their uncertainties, are taken from [8].

Because different search categories are sensitive to different Higgs boson couplings, the LHC can
study the properties of a Higgs boson with mj, =~ 126 GeV and test if it follows the SM predictions or
is affected by new physics.

Here we present the “universal fit” analysis introduced in [9]. The main feature of this “universal
fitting” procedure is the assumtion that new physics can be approximated as a first-order perturbation
with respect to the SM predictions. This assumption is increasingly supported by data, that agree
with the SM with precisions around the 20% level.

Such results, obtained after two years of LHC operation and with only 25/fb data per experiment,
implies severe constraints on models where the Higgs boson is a portal to new physics. We analyse
several models and rule out alternative scenarios to the Higgs boson.

In section (1.1) we present the data and the fitting procedure. In section (1.2) we present the
characteristics of the “universal fit”. In section (1.4) we derive the first measurement of the Higgs
mass from the rates, rather than from the position of the peaks in the vy and ZZ invariant mass
distributions. Next, in section (1.5) we present fits in various specific models, updating our previous
results and comparing the full fit to the simplified ‘universal’ fit to verify that it is a good approxima-
tion. We fit Higgs cross sections in section (1.5.1), Higgs couplings in (1.5.2), composite Higgs models
in (1.5.3), new physics in loops in (1.5.4), two Higgs doublet models in (1.5.5), the MSSM in (1.5.6),
the dilaton in (1.5.7), the Higgs invisible width in (1.5.8) and models where DM couples to the Higgs
in (1.5.9).
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1.1 The data

Searches for the SM Higgs boson have been carried out in proton-proton collisions at /s = 7 (2011
data) and 8 TeV (2012 data) with about 25/fb of total integrated luminosity.

Our updated analysis uses the new data presented at the Moriond 2013 conference by the CMS,
ATLAS and TeVatron collaborations [10-13] in the following five decay modes: v [14], ZZ* (followed
by ZZ* decays to 44,202v,202q,2027) [15], WW™* (followed by WW™* decays to {vlv,lvqq) [11,16],
7777 (followed by leptonic and hadronic decays of the 7-leptons) [17] and bb [18] (the ATLAS bb
result was updated at the EPS HEP 2013 [19]), and the first tentative measurements in the p*p~ [20],
Z~ [21] and WWW [22] channels, as well as their combination [23]. Here and throughout, ¢ stands
for electrons or muons and ¢ for quarks.

For a given Higgs boson mass, the search sensitivity depends on the production cross section of
the Higgs boson, its decay branching fraction into the chosen final state, the signal selection efficiency,
the mass resolution, and the level of standard model backgrounds in the same or a similar final state.
For low values of the Higgs boson mass, the h — v and h — ZZ* — 4/ channels play a special
role due to the excellent mass resolution for the reconstructed diphoton and four-lepton final states,
respectively. The h — WW™* — fvly channel provides high sensitivity but has relatively poor mass
resolution due to the presence of neutrinos in the final state. The sensitivity in the bb and 777~ decay
modes is reduced due to the large backgrounds and poor mass resolutions.

We include in our data-set all exclusive v+ and 77 sub-categories described by the experimental
collaborations by telling how much each Higgs production channel in the SM contributes to the various
rates. Such information is fully included in our analysis. We adopt the MultiVariate Analysis (MVA)
~7v analysis from CMS and we combine all experiments, such that we find an average vy rate very
close to the SM prediction. Consequently our results differ from previous analyses performed without
including the latest CMS ~+ data [5].

This is an important issue because, while most of the presented LHC results are well consistent with
the SM predictions within experimental errors, there are few unexpected new developments that need
commenting. The most important of them is the discrepancy between the ATLAS and CMS results
in the h — v channels. With full luminosity, ATLAS finds an overall rate of 1.65 + 0.34, higher than
the SM prediction of 1, and higher than the CMS result of 0.80 + 0.30. The two measurements are
compatible within 2. In addition, the two CMS ~+ analyses (MVA and cut based) show different
signal rates. Finally, the two Higgs boson mass determinations in ATLAS, from the peaks in the
vy and ZZ channels, differ by 20. Both experiments have cross checked their analyses and reached
conclusions that those deviations are due to statistical fluctuations of both signal and background.
This conclusion implies that: (i) combining all data in a global fit is meaningful and increases the
precision; (i) selecting instead any single measurement, for example the ATLAS excess in ~7, is not
justified and introduces a bias in the data.

The experimental collaborations report Higgs boson rates R in units of the central value of the
SM prediction. Their results could be fully encoded in a likelihood L£(R, M), but only a limited
amount of information is reported by the experiments. Often the experimental collaborations report

the measured rates as R®*P 4+ R™: we use the results in this form whenever available. Sometimes
limit
observed?

collaborations only report the upper bounds on rates at 95% C.L., R and the expected upper

bound at 95% C.L. in absence of a Higgs boson signal, R1™it as function of the Higgs boson mass

expected’
my,. Assuming that the x> = —21n £ has a Gaussian form in R, these two experimental informations
allow one to extract the mean R**P and the standard deviation R®T as R™*P = Rgg;iefrved — Rgﬁ’;gcted and

R = Rg?;)i;cted /1.96, where 1.96 arises because 95% confidence level corresponds to about 2 standard
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Figure 1.1: Measured Higgs boson rates at ATLAS, CMS, CDF, D0 and their average (horizontal gray
band at £10). Here 0 (red line) corresponds to no Higgs boson, 1 (green line) to the SM Higgs boson
(including the latest data point, which describes the invisible Higgs rate).

deviations [6].! The 2 is approximated as

s (-7
=2 .

where the sum runs over all measured Higgs boson rates I.

The theoretical uncertainties on the Higgs production cross sections o; start to be non-negligible
and affect the observed rates in a correlated way. We take into account such correlations in the
following way. We subtract from the total uncertainty R$™ the theoretical component due to the
uncertainty in the production cross sections, obtaining the purely experimental uncertainty, R?r_eXp.
The theoretical error is reinserted by defining a x? which depends on the production cross sections oj,

<

2=y (B = Bi(07)* Z (05— o) (1.2)

n (Rirr—exp>2 - (U;?rr)Q )

and marginalising it with respect to the free parameters o;, constrained to have a central value U;Dh

and an uncertainty a‘;rr given by

o(pp = h)gn = (19.4 £ 2.8) pb, o(pp — jjh)tn = (1.55 £ 0.04) pb,
o(pp — Wh)y, = (0.68 £ 0.03) pb, o(pp — Zh)y = (0.39 £ 0.02) pb, (1.3)
o(pp — tth)y, = (0.128 + 0.018) pb at /s = 8TeV.

See also [24]. We neglect the relatively small uncertainties on the SM theoretical predictions for Higgs
branching ratios, dominated by a 4% uncertainty on the h — bb width.

' A similar procedure was described by Azatov et al. in [5].
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We summarise all data in fig. 1.1 together with their 1o error-bars. The grey band shows the +1o
range for the naive weighted average of all rates: 0.98 £+ 0.10. It lies along the SM prediction of 1
(horizontal green line) and is almost 10 o away from 0 (the horizontal red line is the background-only
rate expected in the absence of a Higgs boson).

1.2 The universal Higgs fit

We perform the most generic fit in terms of a particle A with couplings to pairs of t, b, 7, W, Z, g,y
equal to r¢, 7,77, 7w, 72,74, 7 in units of the SM Higgs coupling. This means, for example, that the
coupling to the top is given by r¢(m¢/V)hit, where r, = 1 in the SM and V = 246 GeV is the Higgs
vacuum expectation value. Similarly, the hyvy coupling is assumed to be 7, times its SM prediction.
In the SM this couplings first arises at one loop level. Experiments are starting to probe also the hjiu
and the hZ~ effective couplings, so that also the corresponding r,, and rz, parameters will start to
be measured. This discussion can be summarized by the following effective Lagrangian:

— - T T M2 2M2
S = rt@htt+rb@hbb+r7m7hfr+rum7hﬂu+rz—zh23+rw Yhwiw, +

v v v V
+T’YC'SWM%}LFMVFMV + rgcgi/[ﬁthszy + TZVCSZ&%hFWZW. (1.4)
The various SM loop coefficients cgy are summarised in appendix 1.A.1. This Lagrangian is often
written in a less intuitive but practically equivalent form by either using SU(2); ® U(1)y-invariant
effective operators, or assuming that the Higgs is the pseudo-Goldstone boson of a spontaneously
broken global symmetry and writing its chiral effective theory [5]. We do not consider a modified Higgs
coupling to charm quarks, given that h — c¢ decays at LHC are hidden by the QCD background.
While we cannot exclude that new physics affects h — ¢¢ much more than all other Higgs properties,
for simplicity we proceed by discarding this possibility.

Furthermore, we take into account the possibility of Higgs decays into invisible particles X (such
as Dark Matter or neutrinos [27]) with branching ratio BRi,y. In almost all measured rates BRjy,y is
equivalent to a common reduction r of all the other Higgs couplings, BRiny, ~ 1 — 72, such that BRyyy
is indirectly probed by data [6]. The only observable that directly probes an invisible Higgs width is
the pp — Zh — (70~ X X rate measured by ATLAS [28], which implies

Any possible new-physics model can be described as specific values of the r; parameters. Several
examples are provided in section 1.5.
Following the procedure described in the previous section, we approximatively extract from data
the function
Xz(rt,rb,rT,rW,TZ,rg,rv,rzv,r#,BRmv), (1.6)

which describes all the information contained in Higgs data. We find x? = 58.8 at the best fit (56
data points, 10 free parameters), marginally better than the SM fit, x3,; = 61.7 (no free parameters).
1.3 Universal fit to small new physics effects

The universal x? of equation (1.6) has a too complicated form to be reported analytically, and depends
on too many variables to be reported in numerical form, like plots or tables. For these reasons, previous
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Figure 1.2: x? as function of the model-independent Higgs couplings r; to the various SM particles,
varying them one-by-one.

analyses [5—7] focused on particular BSM models with a reduced number of parameters. For example,
fig. 1.2 shows the fit as function of each r;, setting all others to their SM values of unity: we see that
the x? are approximately parabolic.

We here observe that Higgs data are converging towards the SM predictions with small errors,
thereby it is time to start making the approximation

rm=1+¢ with € <1 (1.7)

and BRiyw = €iny. The observable rates R; are computed at first order in ¢;, and consequently the
x? is expanded up to second order in €;. As well known, this Gaussian approximation is a great
simplification; for example marginalisations over nuisance parameters just becomes minimisation,
which preserves the Gaussian form. Fig. 1.2 suggests that this approximation already seems reasonably

good.

For LHC at 8 TeV the main observables are approximated as

Ry—ww = 1—1.14¢, + 1.586g — €iny — 0.04¢; + 1.72e¢p + 0.02¢ 7 — 0.13¢,
1—1.14€¢, + 1.58¢4 — €jny — 0.04¢; — 0.28ey + 2.02¢z — 0.13¢,
Ry_rr 1 —1.14€, + 1.58¢5 — €iny — 0.04¢; — 0.28ew + 0.02¢ 7 + 1.87¢,
Ry sy 1 —1.14€, + 1.58¢4 — €iny — 0.04¢; — 0.45ey — 0.06ez — 0.13¢€, + 2¢,
Ry = 14 0.86€, + 1.58¢5 — €iny — 0.04¢; — 0.28ey + 0.02¢z — 0.13¢,
RV(h_}bb) = 14 0.86¢, — 0.17€g — €ijny — 0.05¢; + 0.83ey + 0.67ez — 0.13€,,

Ry 7z

(1.8)

where these expressions have been obtained by performing a first-order Taylor expansion in all the €
parameters of the full non-linear expressions. For all observables but the last one, we have assumed
the total Higgs production cross section. When fitting the many real observables, we take into account
the relative contribution of each production cross section, as determined by experimental cuts. The
full x2 can now be reported in a simple form. Indeed the x? is a quadratic function of the ¢;, and it

is usually written as

X2 = (e —m) (@) (e — nj),  where  (0%)i; = oipijo; (1.9)
i’j
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Process X | h>WW  h—ZZ h — vy Vh — Vbb h — 7171
Sensitivity cx 6.4%/ GeV  7.8%/GeV —1.5%/GeV —54%/GeV —4.1%/ GeV
Measured rate/SM | 0.82 £0.16 1.08+£0.20 1.07 £0.19 0.93 £0.36 1.13+0.28
Higgs mass in GeV | 122.8 £2.5 126.5 £2.5 121 £ 12 127+ 7 123+ 7

Table 1.1: Determinations of the Higgs mass from the measured Higgs rates, assuming the SM predic-
tions for such rates. We do not use here the independent determination of the Higgs mass from the
peak positions in the vy and ZZ energy spectra.

in terms of the mean values p; of each parameter ¢;, of its error o; and in terms of the correlation
matrix p;;. We believe that this is the most useful form in which experimental collaborations could
report their results. From our approximated analysis of LHC and TeVatron [13] data we obtain:

e = —0.23+031 1 075 0.17 0.45 0.39 0.53 045
g = —0.2540.25 075 1 052 032 0.19 0.39 0.32
€ény = —0.20£0.26 0.17 052 1 0.55 0.41 0.51 0.40
ew = —0.144+0.14 p=1 045 032 055 1 0.67 0.69 0.60 (1.10)
ez = +0.00£0.13 0.39 0.19 041 067 1 0.60 0.54
ey = —0.02£0.16 0.53 039 051 0.69 060 1 0.58
e = +0.00£0.19 045 032 040 0.60 0.54 058 1

We have not reported the central value of 7; = 1 + ¢, of €7y and of ¢, because they presently are
known only up to uncertainties much larger than 1. Future searches for tth production, for h — Z~
and for h — p*p~ will improve the situation.

In many models the Higgs couplings to vectors satisfy ey = €z, because of SU(2)r invariance.
Furthermore, in many models LEP precision data force ey and ez to be very close to 0. This
restriction can of course be implemented by just setting these parameters to be equal or vanishing in
the quadratic x2.

Since the uncertainties on the ¢; parameters are now smaller then 1, the universal approximation
starts to be accurate. In the next sections, where we analyze several specific models, we will system-
atically compare our full numerical fit (plotting best fit regions in yellow with continuous contours at
the 90 and 99% C.L.) with the universal approximation (best fit ellipsoidal regions in gray with dotted
contours, at the same confidence levels).

1.4 Reconstructing the Higgs mass

The CMS and ATLAS collaborations reported measurements of the pole Higgs mass M), obtained as
the position of the peaks observed in the invariant mass of the h — vy and h — ZZ — 4/ distributions:

125.4 £ 0.5gtat £ 0.65yst GeV CMS ~yy
125.8 + 0.54a1 + 0.24s GeV  CMS ZZ
126.8 £ 0.24at £ 0.7yst GeV  ATLAS vy
124.3 £ 0.65at + 0.45yst GeV  ATLAS ZZ

My =125.7+£0.4 GeV = (1.11)

These measurements are mutually compatible, and the uncertainty is so small that in the subsequent
fits to rates we can fix M} to its combined best-fit value. We combined all uncertainties in quadra-
ture, using the standard Gaussian error propagation and neglecting correlations among systematic
uncertainties. The averages within each experiment agree with those reported by the experiments.
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The ATLAS collaboration reports the combined value for the Higgs mass, based on the vy and ZZ
channels, as Mj, = 125.5 £+ 0.2t 70 2oyst (best fit signal strength R = 1.43 £ 0.16¢a¢ & 0.14gyst) [25],
whereas CMS gives M}, = 125.7 £ 0.34¢at £ 0.35ys¢ based on vy, ZZ, WW, 77 and bb (best fit signal
strength R = 0.80 £ 0.14) [26].

We here discuss how the Higgs mass can be independently measured, with a bigger uncertainty, by
requiring that the measured rates agree with their SM predictions. Such predictions have a dependence
on the Higgs mass that, around 125 GeV, can be approximated as

olpp = X) = o(pp = X)m,=125Gev X [1 4+ cx x (M — 125GeV)]. (1.12)

In table 1.1 we list the values of the coefficients cx and of the measured rates for the various processes
averaging all experiments, as well as the Higgs mass indirectly derived from such rates. We see that
the single best indirect determination of M} comes from the h — WW rates, that presently have no
sensitivity to Mj, if one wants to measure it from a mass peak. On the other hand, the h — 7 signal
that offers the best peak measurement of M}, has very little indirect sensitivity to My, because the v
rate happens to have a weak dependence on M. Averaging over all channels we find

My, =124.5+1.7 GeV (Higgs mass extracted from the rates, assuming the SM) (1.13)

which is compatible with the determination of the pole Higgs mass obtained in a model-independent
way from the positions of the peaks.

1.5 Model-dependent Higgs fits

1.5.1 Higgs production cross sections

Assuming the SM predictions for the Higgs decays, we extract from the data the Higgs production
cross sections. Given that measured rates of various exclusive and inclusive Higgs channels agree with
their SM preditctions, we find that production cross sections too agree with SM predictions, as shown
in fig. 1.3a. As expected, the most precisely probed cross section is the dominant one, o(pp — h). At
the opposite extremum o(pp — jjh) is still largely unknown. The uncertainties on the reconstructed
cross sections are correlated, altought we do not report the correlation matrix.

1.5.2 Higgs couplings

We here extract from data the Higgs boson couplings to vectors and fermions, assuming that only
the SM particles contribute to the h — gg,~7,vZ loops. This amounts to restrict the universal fit in
terms of the r; parameters by setting the parameters for loop couplings to

Tg =Tt Ty = 1.2827’[}[/ — 0.2827} TZy = 10577’[/[/ — 0057Tt (114)

These numerical expressions are obtained by rescaling the expressions for the SM loops summarised
in appendix 1.A.1. In particular, the W loop (rescaled by ry) and the top loop (rescaled by ry)
contribute to A — vy with a negative interference.

Under this assumption the top coupling of the Higgs, r;, becomes indirectly probed via the loop
effects. The fit to the couplings is shown in fig. 1.3b and agrees with the SM predictions (diagonal
line), signalling that the new boson really is the Higgs. The correlation matrix can be immediately
obtained by inserting equation (1.14) into the universal x? of equation (1.9).
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Fit to Higgs cross sections Fit to Higgs couplings
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Figure 1.3: Left: reconstruction of the Higgs production cross sections in units of the SM prediction.
Right: reconstruction of the Higgs couplings to the t, Z, W, b, T, assuming that no new particles exist.
The SM predicts that Higgs couplings are proportional to particle masses (diagonal line).

We allow the SM prediction to vary in position and slope by assuming that the Higgs couplings to
particles with mass m are given by (m/v')P. Taking into account all correlations, we find that data
imply parameters p and v’ close to the SM prediction of m/v (diagonal line in fig. 1.3b):

p=099+003, v =uv(1.00+0.07) (1.15)

with a 27% correlation.

1.5.3 Composite Higgs models

Models where the Higgs is composite often assume the further restriction, in addition to equa-
tion (1.14), of a common rescaling with respect to their SM values of the Higgs boson couplings
to the W, Z bosons and a common rescaling of the Higgs boson couplings to all fermions. These
rescalings are usually denoted as a and c, respectively:

Tg=Th="Tr =17, =C Tw =Tz = Q. (1.16)

The resulting fit is shown in fig. 1.4a. We see that our approximated universal fit (dotted contours)
reproduces very well our full fit (continuous contours). The best fit converged towards the SM; in
particular data now disfavour the solution with ¢ < 0 which appeared in previous fits. Similar fits
by the ATLAS and CMS collaborations are given in [29]. The CMS result is similar to ours, while
ATLAS has ¢/a = 0.85f8:%§, due to their larger h — V'V rates, which is compatible with our result at
1o level.

The reason is visualised in fig. 1.4b, where we show the bands favoured by the overall rates
for Higgs decay into heavy vectors (WW and ZZ, that get affected in the same way within the

model assumptions), into fermions (bb and 77, that get affected in the same way within the model
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Figure 1.4: Left: fit of the Higgs boson couplings assuming common rescaling factors a and c with
respect to the SM prediction for couplings to vector bosons and fermions, respectively. The two sets
of contour lines are our full fit (continuous) and our approrimated ‘universal’ fit (dotted). Middle:
1o bands preferred by the three independent overall rates within the model. Right: values of the x>
along the trajectories in the (a,c) plane shown in the left panel, and given by a = /1 —¢ and ¢ = a
(magenta) ¢ = (1 —2¢)/a (blue) c = (1 — 3§)/a (red), as motivated by composite Higgs models [30].
The black dashed curve corresponds toa =1 andc=1—&.

assumptions) and into yy. We see that these bands only cross around the SM point, a = ¢ = 1. The
full fit to all exclusive rates contains more information than this simplified fit.

In fig. 1.4c we show the full x? restricted along the trajectories in the (a,c) plane (plotted in the
left panel) predicted by simple composite pseudo-Goldstone Higgs models in terms of the parameter
¢ = (V/Fy)?, where F is the scale of global symmetry breaking.

1.5.4 New physics only in the loop processes

We here assume that only the loop processes are modified with respect to the SM predictions, sum-
marized in appendix 1.A.1. This amounts to restrict our universal fit setting

L(h < g9) _ 2 L(h— ) _ 2

=2, 1.17
L(h<gg)sm 9 L'(h — v7)sm (1.17)

TE=Tp =Ty =1y =Tw =717 =1,

<
=2

with BRiyy = 0 and rz, = 1. The latter assumption is at present justified because of the large
experimental error in the h — Z+ rate, even though in general new physics in the loop processes
would induce deviation from unity in both 7z, and r,. The result is shown in the left panel of fig. 1.5,
under the form of a fit to the ratios of BR(h — gg) and BR(h — 77) with respect to the SM. One
can see that the SM is well within the 1o contour. The analogous ATLAS result [29] is instead barely
compatible with the SM at 20 level because they only fit ATLAS data, where h — V'V rates have a
central value above the SM. The universal fit approximates well the full fit. The dashed trajectories
show the loop effect due to extra scalar particles with the same quantum numbers of the top (red),
of the bottom (blue), of the tau (vertical black line). The explicit expressions for the contribution of
scalar, fermion and vector particles running in the loop can be found in appendix 1.A.1. Note that
any additional color-less but electrically charged particle would lead to the same trajectory obtained
for the scalar partner of the 7.

To better investigate the constraints on a possible new scalar S, in the right panel of fig. 1.5 we
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Figure 1.5: Left: fit for the Higgs boson branching fraction to photons and gluons, with 1 and 20
contours. The dashed curves shows the possible effect of extra scalar partners of the top (red), of the
bottom (blue), of the tau (black). Dotted lines show the Gaussian approzrimation. Right: Upper bound
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show the upper bound, as function of the scalar mass mg, on the scalar coupling rg to the Higgs

boson, defined by the coupling

92 2
re 8 g8, (1.18)

v
The resulting loop effects are summarised in appendix 1.A.1. The solid and dashed curves in fig. 1.5b
are respectively the upper bounds at 90% (solid) and 99% (dashed) C.L. More stringent limits are
obtained on the top and bottom partners than on the 7 partner.

One can also use the universal fit with the assumption of eq. (1.17) to derive indirect constraints on
the top quark magnetic and chromomagnetic dipole moments [31,32], which in the SM are expected
to be respectively g: ~ 2 and k; ~ 2. Allowing ¢; and k; to vary freely, the h — ~v and h — gg
amplitudes are modified with respect to the SM as:

&+ (397 - 3) 1

3
= rg:§k§_77

P = , (1.19)
! cEYW) + cgt) 2

where the quantities CE/W) and cﬁ,t ) are defined in eq. (1.35) of the Appendix. Numerically we have

c(yw) = —1.043 and cgt) = 0.223. Fig. 1.6 shows the 90% and 99% C.L. allowed regions for g; and k;.
The uncertainty on k; is comparable to the one from its direct measurement, while the one for g; is
even smaller [33].

Eq. (1.19) was computed by [31,32] at the weak scale, in the phase with broken electroweak
symmetry. An analogous computation was performed in [34], promoting the dipoles to full SU(2); ®
U(1)y-invariant effective operators with a non-renormalizable dimension d > 4, suppressed by a factor

1/A%*, A being the cutoff of the theory. The result [34] is that the dipole operators before electroweak
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Figure 1.6: Best fit regions for the (chromo)magnetic dipole moments of the top quark. Left: as
defined at my, according to the computation of [31,52]. Right: as defined at a cutoff scale A according
to the computation of [3/].

symmetry breaking contribute, via RGE mixing, to other one-loop suppressed operators affecting the
h — ~v and h — gg decay rates [35]. Finite parts are not computed. Because of the RGE running
from A down to my, the effect is proportional to In A/my, differently from equation (1.19). Using
the operator mixing result of [34] and parametrizing the d = 6 dipole operators at A via quantities
analogous to g; and k; but defined at A, the decay rates [35] can be written as

A (B Y o1 S (B
SO 9 mp, e 2 mp

ry=1— (1.20)

(t)

where the quantity cg

is defined in eq. (1.35) of the Appendix. Numerically cgt)

= 1.03. Repeating
our fit, we obtain similar constraints as illustrated in the right panel of fig. 1.6, for representative

values of the cutoff.

1.5.5 Models with two Higgs doublets

There are four types of two Higgs doublets models (2HDM) where tree level flavour-changing neutral
currents (FCNCs) are forbidden by a Z; symmetry [36] and both doublets H; and Hs get a vacuum
expectation value:

e type I [37,38] where only one doublet couples to all quarks and leptons;

e type II [38,39], where up-type quarks couple to Hs and H; couples to down-type quarks and
leptons. The Higgs sector of the MSSM is a type II 2HDM;

e type X (lepton-specific or leptophilic) where Hy couples only to quarks and Hj couples only to
leptons;
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predicted by the various types of two Higgs doublet models. The point marked as ‘SM’ is the Standard
Model; the point marked as ‘FP’ is the fermiophobic case.
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e type Y (flipped) [40], where Hy couples to up-type quarks and Hs to down-type quarks, and
(contrary to the type II HDM) leptons couple to Hs.

For an extensive review see [41] and for some previous fits see [42]. The modification to Yukawa
couplings to up-type and down-type quarks and leptons in the four 2HDMs are:

Type I Type 11 Type X (lepton-specific) Type Y (flipped)
Tt cos o/ sin 3 cos a/ sin 3 cos o/ sin 3 cos o/ sin 3
Tp cosa/sinf  —sina/cosf cos o/ sin 3 —sina/ cos 8
rr cosa/sinf  —sina/cosf —sina/ cos 8 cosa/ sin 3

As usual, tan 8 = v9 /vy is the ratio of the VEVs of the two doublets and « is the mixing angle of the
CP-even mass eigenstates. The SM limit corresponds to 3 — a = 7/2. In all of the models the vector
couplings are also modified as

rw =rz =sin(f — a). (1.21)

The results of our fits are presented in fig. 1.7 in terms of the fermion couplings r¢, 1y, 7, restricted by
the 2HDM models to lie within the green regions. We find that in each case, it is r; that dominates
the fit and the bottom contributions to gluon fusion and A — v are negligible.

The type II 2HDM (upper panel) allows for independent modification of the ¢ coupling r;, and for
a common modification of the b and 7 couplings, r, = r,. The former is predicted be reduced and
the latter enhanced by the model. The modification of equation (1.21) of the vector couplings can be
equivalently written as ryy = rz = (1 + 1) /(re + 1) =~ 1 + €16,/2, showing that it is a small second
order effect. In this model a negative ¢ Yukawa coupling is still allowed at slightly more than 99% CL.
The red line in the same panel shows the parameter space allowed by type I 2HDM, where all the
couplings scale uniformly.

In the flipped 2HDM (middle panel) the 7 Yukawa coupling changes in the same way as the ¢
coupling and the region with negative coupling is disfavoured by data. Finally, in the leptophilic
2HDM (lower panel) the ¢ and b couplings vary in the same way, while the 7 coupling is independent.

The universal fit provides a good approximation to the full fit in all 2HD models.

1.5.6 Supersymmetry

Supersymmetry can affect Higgs physics in many different ways, such that it is difficult to make general
statements. We here focus on the two most plausible effects:

e The stop squark loop affect the h <> gg, vy, Zy rates. Given that the stop has the same gauge
quantum numbers of the top, such effects are correlated and equivalent to a modification of the
Higgs coupling to the top (as long as it is not directly measured via the tth production cross
section) by an amount given by

2 2
m 1 1 A; — 1/ tan
myo Mg mg mg

in the limit of heavy stop masses, m; , > m;. Notice that R; can be enhanced or reduced with
respect to one, depending on the latter mixing term.

e The type II 2HDM structure of supersymmetric models modifies at tree level the Higgs couplings,
as already discussed in section 1.5.5.
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Figure 1.8: Left: Fit to the two main effects present in supersymmetry: stop loop correction to the
htt coupling and tree-level modification of the Higgs couplings due to the two-Higgs doublet structure.
Right: fit as function of the B-function coefficients b3 = b., that parameterise dilaton models. The SM
Higgs is reproduced at the experimentally favored point by = b, = 0, while the pure dilaton is excluded
at more than 5o.

All of this amounts to specialise the universal y? inserting the following values of its parameters

Ccos & sin av
~— vy =r-=7r, = —— T =T :Sin — ). 123
s B’ b=Tr ="y cos ' W ="z (B —a) (1.23)

Ty =
Furthermore, the parameters r4, 7,7z relative to loop processes are fixed as in equation (1.14). We
trade the a parameter (mass mixing between Higgses) for the pseudo-scalar Higgs mass m4 using

m% + M2

————5 tan 2(5. 1.24
g w28 (1:24)

tan2a =

Finally, we assume a large tan 3, as motivated by the observed value of the Higgs mass. Fig. 1.8a shows
the resulting fit. Once again, the universal fit approximates well the full fit. Of course, supersymmetry
can manifest in extra ways not considered here, e.g. very light staus or charginos could enhance
h — vy [43].

1.5.7 Data prefer the Higgs to the dilaton

As another example of a model where both the tree level and the loop level Higgs couplings are
modified, we consider the dilaton. The dilaton is an hypothetical particle ¢, that, like the Higgs,
couples to SM particles with strength proportional to their masses [44]. More precisely the dilaton
has a coupling to the trace of the energy-momentum tensor 7),,, suppressed by some unknown scale
A:

o

4 P 7 2 72 2 1172 3 Crem
ST = | Do f = MEZE = 2My Wi+ by~ Gl Gy + by Fu F | (1.25)
f
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Figure 1.9: Left: fits to the invisible Higgs boson branching fraction under the two different assump-
tions described in section 1.5.8. The full fit (continuos curves) is well approzimated by the universal fit
(dotted curves). Right: upper limit on the spin-independent DM cross section on nucleons as a func-
tion of the DM mass for scalar (green), Majorana fermion (red) and vector (blue) DM. We adopted
the 95% C.L. bounds BRiny < 0.24 (solid, equation (1.28)) and < 0.34 (dot-dashed, equation (1.29)).
The shaded region is excluded at 90% C.L. by XENON100 [}6].

The dilaton couplings to gg and ~~ differ from the corresponding Higgs boson couplings, because
equation (1.25) contains the latter two quantum terms, that are present in 7}, because scale invariance
is anomalous and broken at quantum level by the running of the couplings. Indeed b3 and b, are the
B-function coefficients of the strong and electromagnetic gauge couplings. In the SM they have the
explicit values b3 = —7 and b, = 11/3: we call ‘pure dilaton’ this special model, which gives a
significant enhancement of h <> gg.

Models where a dilaton arises usually often contain also new light particles, such that b3 and b,
can differ from their SM values. Thereby we perform a generic fit where b3 and b, are free parameters
in addition to A. Then, our universal fit is adapted to the case of the generic dilaton by setting

Vv

TETW =Tz =T =T =Tr = 1 rg ~ (1 — 1.45b3), ry = 7(1+0.15b,) (1.26)

where V = 246 GeV.

In our previous analyses [6,7], the dilaton gave fits of comparable quality to the SM Higgs, despite
the significantly different predictions of the dilaton: enhanced «+y rates and reduced vector boson fusion
rates. The first feature is no longer favoured by data, and the second feature is now disfavoured: so we
find that present data prefer the Higgs to the ‘pure dilaton’ at about 50 level. We then consider the
generic dilaton, showing in fig. 1.8b that the allowed part of its parameters space is the one where it
mimics the Higgs, possibly up to a sign difference in 4 and/or 7. The linear couplings of the dilaton
in equation (1.25) become identical to those of the SM Higgs in the limit b3 = b, = 0 and A = V.
This situation is not easily realisable in models, given that adding extra charged particles increases
b, rather than reducing it; one needs to subtract particles by e.g. assuming that that 3rd generation
particles are composite [45].
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1.5.8 Higgs boson invisible width

New physics can easily give a large effect providing an extra invisible [47] Higgs boson decay channel,
for example into dark matter particles [48,49]. Alternatively, the effective operator |0, HTH|? similarly
has the effect of rescaling all rates by a common factor [50].

In the SM total Higgs boson width is predicted to be I'(h)sym = 4.0 MeV at my, = 125 GeV. It is well
known that measuring the Higgs boson total width at the LHC requires additional assumptions [51].
Let us explain how present data can probe the Higgs boson width, without directly measuring it.
In view of CP invariance we can assume the equality of gg — h and h — gg amplitudes, that we
collectively denote as h <> gg. The gluon fusion production rate is then proportional to I'(gg — h) as
given by the well known Breit-Wigner formula
I'(h — gg)'(h) L(h)<my, 2

~ " —T(h— gg)é(s —m3). (1.27)

(99 h) = ¢
o =—
99 8 (s —m3)? + miI'(h)? 8my,

Then, one partial decay width can be reconstructed by data. By performing a global fit to the
Higgs boson branching ratios in the context of theories where the decay widths are related we can
reconstruct the total Higgs boson width. Of course this is based on theoretical assumptions, but the
result gets significantly different only in highly deviant models, e.g. in models where the Higgs boson
predominantly decays into light quarks (a decay mode not probed by present data).

We perform two fits.

1. In the first fit, the invisible Higgs width is the only new physics. We find (blue curves in fig. 1.9a)
that present data imply BRj,, = —0.0740.15. The one-sided upper bound, computed restricting
to 0 < BRjww <1, is

BRiny < 0.24 at 95% C.L. (1.28)

2. In addition to the invisible width we also allow for non-standard values of h — v and h < gg,
finding a weaker constraint on BRjyy, (red curves in fig. 1.9a)

BRiny < 0.34 at 95% C.L. (1.29)

The reason is that an enhanced gg — h production rate can partially compensate for an invisible
Higgs width, but a full compensation would be possible only by enhancing all production rates
by the same amount. The Higgs coupling to vectors is independently measured to agree with
SM predictions from electroweak precision data.

Notice that the main constraint con BRjy, does not come from the direct search for pp — Zh — UUF 1
(included in our data-set) but from the global fit [6,52].

1.5.9 Dark Matter models

The invisible Higgs boson decay width [52] constrains Dark Matter (DM) candidates with mass below
M}, /2. The Higgs sector of the SM allows for a direct coupling to particles of a hidden sector. If the
latter are stable and interact weakly with the SM sector, they could represent viable Dark Matter
(DM) candidates. If DM particles have mass below M} /2, the Higgs boson can thus decay into a
couple of DM particles, which would escape detection. Invisible Higgs decays are constrained by the
fact that the ATLAS and CMS Higgs rates are compatible with the predictions of the SM Higgs boson.
The experimental bound on BRy,, can be used to constrain the DM mass and its elastic cross section
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on nucleons probed in direct detection experiments, as illustrated for instance in [53], where DM is
assumed to be either a scalar S, or a Majorana fermion f or a vector V' coupled to the Higgs as

2
2my;,
%

2
2mg
%

rs hss+rf%hff+rv hV,V, . (1.30)
The partial Higgs decay width into dark matter I'(h — DM DM) and the spin-independent DM-proton
elastic cross section ogr can be calculated in terms of the parameters of the above Lagrangian. Both
are proportional to the square of the DM-Higgs coupling, so that the ratio u = og;/T'(h — DM DM)
depends only on the the unknown DM mass and on the known masses and couplings of the relevant
SM particles (see for instance the expressions provided in [53]).

This allows us to relate the invisible Higgs branching fraction to the DM direct detection cross

section: ok DM DM
th > ) os (1.31)

BRin
VT IM 4+ T(h — DMDM) M + o

where F,SLM = 4.1 MeV is the total Higgs decay width into all SM particles, that we fix to its SM
prediction. For a given DM mass, an upper bound on the Higgs invisible branching fraction implies
an upper bound on the DM scattering cross section on nucleons. The relation between the invisible
branching fraction and the direct detection cross section strongly depends on the spinorial nature of
the DM particle, in particular, the strongest (weakest) bound is derived in the vectorial (scalar) case.

Imposing the upper bounds on BRj,, derived in section 1.5.8, fig. 1.9 shows the corresponding
upper limits on the spin-independent DM cross section on nucleons as a function of the DM mass, in
the case of scalar (green), Majorana fermion (red) and vector (blue) DM candidates.

In all cases, the derived bounds are stronger than the direct one from XENON100 as long as the
mass of DM is lighter than Mj/2. This conclusion does not rely on the assumption that DM is a
thermal relic that reproduces the observed cosmological DM abundance. The limit on og; crucially
depends on the assumption that DM directly couples to the Higgs. Larger values of ogr remain possible
in different models, where DM couples to the Z or directly to nucleons via loops of supersymmetric
or other particles.
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1.A Appendix

1.A.1 New physics contributions to loop processes

The coefficients in the second line of equation (1.4) arise at one-loop. They are obtained by summing
the contributions of all scalars (S) fermions (f) and vectors (V') that couple to the Higgs as in equation
(1.30). The explicit expressions for the loop effects are [54]:

cs
NgQ? NQ? 7Q?
cgs) = ‘;4 STsAs(TS) C,(Yf) = 6 foAf(Tf) C,(YV) = — 8V7“VAV(TV)

where for each particle p = S, f,V, 7, = m,% / 4m12), N, is the number of colors, C% is the Casimir of
the color representation (Tr(T%T%) = C6%), and the loop functions are

As(r) = S =] Ar) = 55 [ = D) +7] (13
Ay(r) = % [3(27 — 1) f(7) + 37 + 277%] (1.34)

with f(7) = arcsin?(y/7) for 7 <1 such that A,(7,) — 1 in the limit 7, — 0 (heavy p-particle).
In particular, in the SM, the hgg coupling is dominated by the top loop, and the hvyy coupling
arise from the sum of the top and W boson loops:

2 7
cgi/{ = Cgt) = Af(Tt) C’Syi\y/[ = C,(Yt) + C,(YW) = §Af(7't) - §AV(TW) . (135)

Beyond the SM (BSM) physics affects the parameters r, and 7, as

99 7Y

C C
rg=1+S2M " p =14 BM (1.36)
“Sm ‘sm

For example, additional scalar particles with the same quantum numbers of a stop, sbottom and stau
respectively contribute to ch%M and to C%%M as:

7 1
o) = ZrpAs(m) ) = 1754s(7) =0
] ] (1.37)
Cgft) = %T{AS(TE) C(b)

7 = 7g"5As(T) A7) = e As(7).
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Chapter 2

(Meta-)Stability of the Electro-Weak
Potential

As stated in the introduction the measured values of the top and Higgs masses suggest a near-critical
electro-weak vacuum. Near-criticality gives us a unique opportunity to obtain information about
physics taking place at energy scales well beyond the reach of any collider experiment. Its consequences
are so intriguing and potentially so revolutionary that they deserve accurate calculations and dedicated
studies.

Recently, many authors have contributed towards the completion of the calculation of the renor-
malisation - group (RG) evolution (S-functions and thresholds) of the sizeable SM couplings at NNLO
precision. We summarise the present status of these calculations in table 2.1. Furthermore, our preci-
sion extrapolation of the SM to high energy scales is relevant for testing any new physics scenario able
of making predictions, such as unification of gauge couplings constants, or high-scale supersymmetric
models that restrict or predict the quartic Higgs coupling.

In section 2.1 we present numerical results for the MS couplings at the weak scale. The implications
of these results for Planck scale physics are discussed in sections 2.2-2.3. The results are summarised
in the the last section.

2.1 SM couplings at the electroweak scale

In this section we give practical results for the SM parameters § = {\, m?, y;, g2,gy}, computed
in terms of the observables Mj,, My, My, Mz, G,, and as(My), whose measured values are listed in
table 2.2. In the next chapter we will give the complete calculation of the NNLO threshold correction
of the Higgs quartic coupling and of the yukawa coupling of the top as done in [1]. We notice that the
weak-scale values for the MS gauge couplings at the scale zi are given in terms of G, My and My
and not in terms of the fine structure constant and the weak mixing angle at the My scale as usually

done. Each MS parameter 6 is expanded in loops as
0 =00 400 492 4 ... (2.1)

where the tree-level values 0(9) are listed in table 2.1, the one-loop corrections 8(1) are analytically
given in appendix 2.A.1 and the two-loop corrections 2 are computed in the next chapter. After
combining these corrections, we give in the following the numerical values for the SM parameters
renormalised at the top pole mass M; in the MS scheme.

21
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Renormalisation Group Equations
LO NLO NNLO NNNLO
1 loop 2 loop 3 loop 4 loop
93 full [2,3] O(a3) [4,5] O(a3) [7,8} O(a3) [10,11]
O(agaq2) 6] O(ajoy) [9
full [12] full [13, 14]
912 full [2,3] full [12] full [13,14] —
Yt full [15] O(a?, azay) [16] full [18,19] —
full [17]
A, m? full [15] full [20,21] full [22,23] —
Threshold corrections at the weak scale
LO NLO NNLO NNNLO
0 loop 1 loop 2 loop 3 loop
92 2My |V full [24,25] full [1] —
gy | 24/ MZ — M2,V full [24,25] full [1] —
Yt V2M, )V O(as) [26] O(a2,asa19) [28] O(ad) [29-31]
O(a) [27] full [1
A M?/2v? full [32] for g12 =0 [33] —
full [1]
m? M? full [32] full [1] —
Table 2.1:  Present status of higher-order computations included in our code. Here we have defined

V = (\/iGﬂ)*l/2 and g1 = /5/3gy .

My = 80.384 £0.014 GeV Pole mass of the W boson [35]
Mz = 91.1876 + 0.0021 GeV Pole mass of the Z boson [36]
M;, = 125.66+0.34 GeV Pole mass of the higgs [37]
M; = 173.36 £0.65+£0.3 GeV  Pole mass of the top quark [38]
V= (V2G,)"Y? = 246.21971 4 0.00006 GeV Fermi constant for u decay [39]
az(Mz) 0.1184 £ 0.0007 MS gauge SU(3). coupling (5 flavours)  [40]
Table 2.2: Input values of the SM observables used to fix the SM fundamental parameters

A, m, Y, g2, gy . The pole top mass, My, is a naive average of TeVatron, CMS, ATLAS measurements,
all extracted from difficult MonteCarlo modellings of top decay and production in hadronic collisions.
Furthermore, My is also affected by a non-perturbative theoretical uncertainty of order Aqcp, that we
quantify as +£0.3 GeV.

i = M, ‘ A Ut go gy m/ GeV
LO 0.13023 0.99571 0.65294 0.34972 125.66
NLO | 0.12879 0.95096 0.64754 0.35940 132.85

NNLO | 0.12710 0.93989 0.6483  0.3587 132.03

Table 2.3: Values of the fundamental SM parameters computed at tree level, one loop, two loops in the
MS scheme and renormalised at i = My for the central values of the measurements listed in table 2.2.
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2.1.1 The Higgs quartic coupling

For the Higgs quartic coupling, defined by writing the SM potential as V = —%mQIHIQ + AH*, we
find

- _ Mh M;
AMp = M) = 0.12710 + 0.00206 < GoV 125.66> 0.00004 < Gev 173.35> +0.00030¢, . (2.2)

The dependence on M; is small because A is renormalised at M; itself. Here and below the theoretical
uncertainty is estimated from the dependence on fi (varied around M; by one order of magnitude) of
the higher-order unknown 3 loop corrections. Such dependence is extracted from the known SM RGE
at 3 loops (as summarized in appendix 2.A.2).

2.1.2 The Higgs mass term

For the mass term of the Higgs doublet in the SM Lagrangian (normalised such that m = M}, at tree
level) we find

m(p = My)
GeV

M,
GeV

My,
—132.03+0.94 [ =" _ 12566 ) +0.17
" <Gev ) " (

- 173.35> +0.15¢. (2.3)

2.1.3 The top Yukawa coupling

For the top Yukawa coupling we get

as(My) —0.1184
0.0007

_ M,
= M;) = 0.93697 + 0.00550
v ) + < GeV

- 173.35) — 0.00042 £0.00050q, . (2.4)

The central value differs from the NNLO value in table 2.3 because we include here also the NNNLO
(3 loop) pure QCD effect [29-31]. The theoretical uncertainty is estimated accordingly, and does not
take into account the non-perturbative theoretical uncertainty of order Aqcp in the definition of M;.

2.1.4 The weak gauge couplings

The best-fit values from [34] is
ay'(Mz) =98.35+£0.013,  ay'(Mz) = 29.587 + 0.008. (2.5)

Table 2.3 reports their central values extrapolated at the renormalisation scale i = M; using the SM
two-loop RGE equations.

2.1.5 The strong gauge coupling

Table 2.2 contains the value of ag(Mz), as extracted from the global fit of [40] in the effective SM with
5 flavours. Including RG running from My to M; at 4 loops in QCD and at 2 loops in the electroweak
gauge interactions, and 3 loop QCD matching at M; to the full SM with 6 flavours, we get

as(Myz) —0.1184
0.0007

M,

GeV

g3(p = M) = 1.1666 + 0.00314 — 0.00046 ( — 173.35> . (2.6)
The SM parameters can be renormalised to any other desired energy by solving the SM renormal-
isation group equations summarised in appendix 2.A.2. For completeness, we include in the one- and

two-loop RG equations the contributions of the small bottom and tau Yukawa couplings, as computed
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Figure 2.1: Renormalisation of the SM gauge couplings g1 = \/%gy,gz, gs, of the top, bottom
and T couplings (yt, Yv, Y-), of the Higgs quartic coupling N\ and of the Higgs mass parameter m.
All parameters are defined in the MS scheme. We include two-loop thresholds at the weak scale and
three-loop RG equations. The thickness indicates the 1o uncertainties in My, My, ag.

from the MS b-quark mass, my(myp) = 4.2GeV, and from M, = 1.777 GeV. Within the MS scheme
functions are gauge-independent [41]; similarly the MS parameters are gauge independent too.

2.2 Extrapolation of the SM up to the Planck scale

The most puzzling and intriguing outcome of the Higgs discovery has been the finding that M}, lies very
close to the boundary between stability and metastability regions. This result is the main motivation
for our refined NNLO calculation of the SM Higgs potential at large field values. Indeed, the special
Higgs mass found by ATLAS and CMS is so close to criticality that any statement about stability
or metastability of the EW vacuum requires a careful analysis of theoretical and experimental errors.
The discovered proximity to criticality also naturally stimulates many theoretical speculations on its
possible hidden significance or on special matching conditions at very high energy scales. Here, we
will explore the implications of our improved computation of the Higgs quartic coupling extrapolated
to very high scales.

2.2.1 SM couplings at the Planck scale

The first issue we want to address concerns the size of the SM coupling constants. When we try to
extract information from the values of the coupling constants, it is reasonable to analyse their values
not at the weak scale, but at some high-energy scale where we believe the SM matches onto some
extended theory. So, using our NNLO results, we extrapolate the SM couplings from their weak-scale
values (as determined in section 2.1) to higher energies.

The evolution of the SM couplings up to a large cut-off scale is shown in fig. 2.1. At the Planck
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Figure 2.2: Upper: RG evolution of A (left) and of By (right) varying M, as(Myz), My by +30.
Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling is compared
with the top Yukawa and weak gauge coupling through the ratios sign(A)\/4|A|/y: and sign(X)+\/8|A|/ g2,
which correspond to the ratios of running masses my/my and my/myy, respectively (left). The Higgs
quartic B-function is shown in units of its top contribution, By (top contribution) = —3y} /872 (right ).
The grey shadings cover values of the RG scale above the Planck mass Mp) ~ 1.2 x 1019 GeV, and
above the reduced Planck mass Mp; = Mpl/\/87r.
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mass, we find the following values of the SM parameters:

g1(Mp;) = 0.6168 (2.7a)
92(Mp1) = 0.5057 (2.7b)
as(Mz) — 0.1184

M = 04 . 2 2.

g3(Mp) = 0.4873 + 0.000 T (2.7¢)
Mt Oég(Mz) —0.1184

M, = 382 . 1 —173. —0.0021 2.
yt(Mp1) 0.3823 4+ 0.005 < GoV 73 35> 0.00 0.0007 ( 7d)
AMMp) = —0.0128 —0.0065( =2 _173.35) + (2.7¢)
pl) = . . GeV . Te

as(Mz) — 0.1184 M,
.001 .002 — 125.
+0.0018 0.0007 + 0.0029 GoV 5.66
M

m(Mp)) = 140.2GeV + 1.6 GeV( Gef\L/ — 125.66) + (2.71)

Ozg(Mz) —0.1184
0.0007

M;
GeV

—-0.25 GeV< - 173.35) +0.05 GeV

All Yukawa couplings, other than the one of the top quark, are very small. This is the well-known
flavour problem of the SM, that we will not investigate here.

The three gauge couplings and the top Yukawa coupling remain perturbative and are fairly weak at
high energy, becoming roughly equal in the vicinity of the Planck mass. The near equality of the gauge
couplings may be viewed as an indicator of an underlying grand unification even within the simple
SM, once we allow for threshold corrections of the order of 10% around a scale of about 10'6 GeV (of
course, in the spirit of this paper, we are disregarding the acute naturalness problem). The (properly
normalised) hypercharge coupling g1 becomes the largest coupling in the SM already at scales of
about 1014 GeV, and the weak coupling g» overcomes the strong coupling at about 10'6 GeV. The top
Yukawa becomes smaller than any of the gauge couplings at scales larger than about 10'° GeV.

The Higgs quartic coupling remains weak in the entire energy domain below Mp;. It decreases
with energy crossing A = 0 at a scale of about 10'° GeV, see fig. 2.2 (upper left). Indeed, A is the only
SM coupling that is allowed to change sign during the RG evolution because it is not multiplicatively
renormalised. For all other SM couplings, the 8 functions are proportional to their respective couplings
and crossing zero is not possible. This corresponds to the fact that A = 0 is not a point of enhanced
symimetry.

In fig. 2.2 (lower left) we compare the size of A\ with the top Yukawa coupling y; and the gauge
coupling go, choosing a normalisation such that each coupling is equal to the corresponding particle
mass, up to the same proportionality constant. In other words, we are plotting the ratios

sign(X\) X v/4|Al/y: and sign(A) x v/8A|/g2 , (2.8)

equal to the ratios of running masses my/m; and my/my, respectively. Except for the region in
which A vanishes, the Higgs quartic coupling looks fairly “normal” with respect to the other SM
couplings. Nonetheless, the RG effect reduces significantly the overall size of A in its evolution from
low to high energy. Although the central values of Higgs and top masses do not favour a scenario
with vanishing Higgs self coupling at the Planck scale (Mp)) — a possibility originally proposed in
ref. [42,43] and discussed more recently in ref. [33,44-47] — the smallness of A around Mp; offers
reasons for speculation, as we will discuss later.

Another important feature of the RG evolution of A is the slowing down of the running at high
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Figure 2.3: Left: SM phase diagram in terms of Higgs and top pole masses. The plane is divided into
regions of absolute stability, meta-stability, instability of the SM vacuum, and non-perturbativity of the
Higgs quartic coupling. The top Yukawa coupling becomes non-perturbative for My > 230 GeV. The
dotted contour-lines show the instability scale A1 in GeV assuming as(Myz) = 0.1184. Right: Zoom in
the region of the preferred experimental range of My, and My (the grey areas denote the allowed region
at 1, 2, and 30). The three boundary lines correspond to 1-o variations of as(Mz) = 0.1184 £0.0007,
and the grading of the colours indicates the size of the theoretical error.

energy. As shown in fig. 2.2 (upper right), the corresponding Higgs quartic S-function vanishes at a
scale of about 1017108 GeV. In order to quantify the degree of cancellation in the S-function, we plot
in fig. 2.2 (lower right) S8, in units of its pure top contribution. The vanishing of ) looks more like
an accidental cancellation between various large contributions, rather than an asymptotic approach to
zero. Given that the S-functions of the other SM couplings are all different than zero, it is not evident
to find valid symmetry or dynamical reasons for the vanishing of 3 alone near Mp;. However, the
smallness of 5 (and A) at high energy implies that tiny variations of the input values of the couplings
at Mp) lead to wide fluctuations of the instability scale, thus justifying our refined calculation.

2.2.2 Derivation of the stability bound

In order to compute the stability bound on the Higgs mass one has to study the full effective potential
and identify the critical Higgs field above which the potential becomes smaller than the value at the
EW vacuum. We will refer to such critical energy as the instability scale Aj.

A first estimate of the instability scale can be obtained by approximating the effective potential
with its RG-improved tree level expression.

The SM effective potential is known up to two-loops [12] and for large field values (h > v), it can
be approximated as,

i = A0

with = O(h). In this way the condition of absolute stability of the potential is

(2.9)

AA) >0
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for any value A up to the Planck scale (as for instance done in [49]). Also, as discussed in [28], the
minimum Higgs mass ensuring vacuum stability corresponds to the initial value of A\ such that at some

scale Ag
d

A(Ag) = Ba(Ao) =0, By = I

Ap) (2.10)

Actually a more accurate determination of the minimal M}, is obtained taking into account the full
structure of the Higgs potential at the two-loop level. In practice, as pointed out in [33], the determi-
nation of M) obtained by the condition (2.10) differs by about 0.1 GeV from the one determined by
the absolute stability of the RG-improved two-loop potential.

One the other hand, if we are also interested in analyzing the shape of the Higgs potential close
to the Planck scale and in the scale where the instability occurs (as a function of M}, and M), the
study of the RG evolution of A is not sufficient and we need the complete structure of the effective
potential at the two-loop level. We can always define an effective coupling Mg (h) such that for h > v
the two-loop effective potential assumes the form

h4
Vet (h) = Aeff(h)z. (2.11)

The quantity Aeg can be extracted from the effective potential at two loops [12] and is explicitly

given in appendix 2.A.3.

2.2.3 The SM phase diagram in terms of Higgs and top masses

The two most important parameters that determine the various EW phases of the SM are the Higgs
and top-quark masses. In fig. 2.3 we update the phase diagram given in ref. [33] with our improved
calculation of the evolution of the Higgs quartic coupling. The regions of stability, metastability, and
instability of the EW vacuum are shown both for a broad range of M} and M, and after zooming
into the region corresponding to the measured values. The uncertainty from a3 and from theoretical
errors are indicated by the dashed lines and the colour shading along the borders. Also shown are
contour lines of the instability scale Aj.

As previously noticed in ref. [33], the measured values of M}, and M, appear to be rather special, in
the sense that they place the SM vacuum in a near-critical condition, at the border between stability
and metastability. In the neighbourhood of the measured values of M}, and M;, the stability condition
is well approximated by

3(Mz) — 0.1184

a
My, > 129.6 GeV + 2.0(M; — 173.35 GeV) — 0.5 GeV 0.0007

+0.3GeV . (2.12)

The quoted uncertainty comes only from higher order perturbative corrections. Other non-perturbative
uncertainties associated with the relation between the measured value of the top mass and the actual
definition of the top pole mass used here (presumably of the order of Aqgcp) are buried inside the
parameter M; in equation (2.12). For this reason we include a theoretical error in the top pole mass
and take M; = (173.354+0.65cxp £0.3¢n) GeV. Combining in quadrature theoretical uncertainties with
experimental errors, we find

M, > (129.6 £ 1.5) GeV (stability condition). (2.13)

From this result we conclude that vacuum stability of the SM up to the Planck scale is excluded at
2.50 (99.3% C.L. one-sided). Since the main source of uncertainty in equation (2.12) comes from M,
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Figure 2.4: Left: SM phase diagram in terms of quartic Higgs coupling X\ and top Yukawa coupling
y; renormalised at the Planck scale. The region where the instability scale At is larger than 10'® GeV
is indicated as ‘Planck-scale dominated’. Right: Zoom around the experimentally measured values of
the couplings, which correspond to the thin ellipse roughly at the centre of the panel. The dotted lines
show contours of A; in GeV.

any refinement in the measurement of the top mass is of great importance for the question of EW

vacuum stability.

Since the experimental error on the Higgs mass is already fairly small and will be further reduced
by future LHC analyses, it is becoming more appropriate to express the stability condition in terms
of the pole top mass. We can express the stability condition of equation (2.12) as

M; < (171.36 £ 0.15 + 0.25,, + 0.177,) GeV = (171.36 + 0.46) GeV (2.14)

In the latter equation we combined in quadrature the theoretical uncertainty with the experimental
uncertainties on M}, and ag.

Notice that the stability bound is scheme and gauge independent. While intermediate steps of
the computation (threshold corrections, higher-order RG equations, and the effective potential) are
scheme-dependent, the values of the effective potential at its local minima are scheme-independent
physical observables, and thus the stability condition has the same property.

We find that the instability scale (defined as the scale at which A.g vanishes) is

A M, M, as(Myz) — 0.1184
1 —11.0+ 0.8 =2 —125.66) — 1.4 ~173.35 ) +0.3 2.15
%810 Gev + ( GeV ) ( GeV * 0.0007 (2.15)

The scale Ay at which the MS running coupling A\ vanishes is a scheme-dependent quantity and is
slightly smaller than the scale A;. We find Ay =~ 0.15A;, with the same dependence on the SM
parameters as in equation (2.15).



30 CHAPTER 2. (META-)STABILITY OF THE ELECTRO-WEAK POTENTIAL

2.2.4 The SM phase diagram in terms Planck-scale couplings

The discovery of the SM near-criticality has led to many theoretical speculations [28,33,46,47,50-71].
In order to address such speculations and to investigate if the measured value of M}, is really special
in the SM, it is more appropriate to study the phase diagram in terms of the Higgs quartic and the
top Yukawa coupling evaluated at some high-energy scale, rather than at the weak scale. This is
because of our theoretical bias that the SM is eventually embedded into a new framework at short
distances, possibly as short as the Planck length. Therefore, it is more likely that information about
the underlying theory is directly encoded in the high-energy coupling constants. For this reason in
fig. 2.4 we recast the phase diagram of fig. 2.3 in terms of A\(Mp;) and y,(Mp;). The diagram is shown
in a broad range of couplings allowed by perturbativity, and also after zooming into the interesting
region. The new area denoted as ‘no EW vacuum’ corresponds to a situation in which A is negative
at the weak scale, and therefore the usual Higgs vacuum does not exist. In the region denoted as
‘Planck-scale dominated’ the instability scale A; is larger than 10'® GeV. In this situation we expect
that both the Higgs potential and the tunnelling rate receive large gravitational corrections and any
assessment about vacuum stability becomes unreliable.

From the left panel of fig. 2.4 it is evident that, even when we consider the situation in terms of high-
energy couplings, our universe appears to live under very special conditions. The interesting theoretical
question is to understand if the apparent peculiarity of A\(Mp;) and y,(Mp)) carry any important
information about phenomena well beyond the reach of any collider experiment. Of course this result
could be just an accidental coincidence, because in reality the SM potential is significantly modified
by new physics at low or intermediate scales. Indeed, the Higgs naturalness problem corroborates this
possibility. However, both the reputed violation of naturalness in the cosmological constant and the
present lack of new physics at the LHC cast doubts on the validity of the naturalness criterion for the
Higgs boson. Of course, even without a natural EW sector, there are good reasons to believe in the
existence of new degrees of freedom at intermediate energies. Neutrino masses, dark matter, axion,
inflation, baryon asymmetry provide good motivations for the existence of new dynamics below the
Planck mass. However, for each of these problems we can imagine solutions that either involve physics
well above the instability scale or do not significantly modify the shape of the Higgs potential. As a
typical example, take the see-saw mechanism. As shown in ref. [51], for neutrino masses smaller than
0.1 eV (as suggested by neutrino-oscillation data without mass degeneracies), either neutrino Yukawa
couplings are too small to modify the running of A or the right-handed neutrino masses are larger
than the instability scale. In other words, a see-saw neutrino does not modify our conclusions about
stability of the EW vacuum. Couplings of weak-scale dark matter to the Higgs boson are constrained
to be small by WIMP direct searches (although dark-matter particles with weak interactions would
modify the running of the weak gauge couplings, making the Higgs potential more stable).

Thus, it is not inconceivable that the special values of A(Mp)) and y;(Mp)) carry a significance and
it is worth to investigate their consequences. In the next section we discuss several possible classes of
solutions that explain the apparent peculiarity of the SM parameters.

2.3 More on SM phase diagrams

2.3.1 The SM phase diagram in terms of gauge couplings

So far we have been studying the phase diagram in terms of Higgs and top masses or couplings, keeping
the other SM parameters fixed. This is reasonable, since the EW vacuum is mostly influenced by the
Higgs and top quark. However it is interesting to study how the scan of other parameters can affect
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Figure 2.5: SM phase diagram in terms of the Higgs quartic coupling \(Mpy) and of the gauge coupling
g2(Mpy). Left: A common rescaling factor is applied to the electro-weak gauge couplings g1 and ga,
while g3 is kept constant. Right: A common rescaling factor is applied to all SM gauge couplings
g1, 92, 93, such that a 10% increase in the strong gauge coupling at the Planck scale makes Aqcp larger
than the weak scale. The measured values of the couplings correspond to the small ellipse marked as

‘SM.

our results.

We start by considering the scanning of weak couplings defined at some high-energy scale, which
we identify with Mp;. The impact of the gauge couplings g; and go can be understood from the leading
terms of the RG equation for the Higgs quartic coupling

9 2 3 9 2
(4m)” = =3y} + 6y A + 1227 + — <g§ + 29591 + gi‘) — A <g§ + gl) +oe o (216)

dln 2 16 ) 25 2 )

For small A(Mpy), the weak gauge couplings have the effect of reducing even further the Higgs quartic
coupling in its evolution towards lower energies, thus contributing to destabilise the potential. For
large A\(Mpy), they tend to make A grow at lower energy.

We quantify the situation by plotting in fig. 2.5 (left) the SM phase diagram in terms of A(Mp))
and go(Mpy). For simplicity, we scan over the hypercharge coupling g;(Mp;) by keeping fixed the
ratio g1 (Mp1)/g2(Mp)) = 1.22 as in the SM, while y;(Mp)) and g3(Mp)) are held to their SM values.
As in previous cases, also the phase diagram in terms of weak gauge couplings shows the peculiar
characteristic of the SM parameters to live close to the phase boundary. (Note that the figure is zoomed
around the region of the physical values, so that the proximity to the boundary is not emphasised.)

Figure 2.5 (left) shows that the weak gauge couplings in the SM lie near the maximum possible
values that do not lead to a premature decay of the EW vacuum. Were go and g1 50% larger than
their actual values, we wouldn’t be here speculating on the peculiarity of the Higgs mass.

Next, we discuss the impact of scanning the strong gauge coupling constant. In fig. 2.5 (right) we
show the phase diagram in the plane A\(Mpi), g2(Mp;), obtained by varying all three gauge couplings
by a common rescaling factor. The top Yukawa coupling y;(Mpi) is held fixed at its SM value and so,
as the other couplings scan, the top mass does not correspond to the measured value.
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Figure 2.6: Phase diagram of the SM in terms of the parameters of the Higgs potential evaluated at
the Planck scale. In the metastability region, there is an upper bound on m from the requirement of
a Higgs vacuum at a finite field value. The green region is simple thanks to the fact that S(A\) =0 at
Mpy. On the vertical axis we plot |m(Mpy)|, in the case of negative (above) and positive (below) Higgs
quadratic term.

The coupling gs affects By only at two loops, but it has a more important role in the RG evolution
of the top Yukawa coupling, whose leading terms are given by

dy? 9 9 17
(4m)? dlntﬂg =y; <2y? — 85— 193 — 209?) o (2.17)

When the value of g3 is reduced at fixed y;(Mpy), the low-energy top Yukawa coupling becomes smaller.

This reduces the stabilising effect of the top for a given A\(Mp)) and explains the appearance in fig. 2.5

(right) at small gauge couplings of a ‘No EW vacuum’ region (where X is negative at the weak scale).
On the other hand, when g3 is increased, the value of Aqcp grows rapidly. Whenever

6

M - -
as(Mp) > S )

(2.18)
which corresponds to gs(Mpy) > 0.54, the value of Aqcp becomes larger than M, preventing a
perturbative extrapolation from the Planck to the weak scale. As shown in fig. 2.5 (right), this region
is reached as soon as the SM gauge couplings are increased by only 11%. Once again, the SM gauge
couplings live near the top of the range allowed by simple extrapolations of the minimal theory.

2.3.2 The SM phase diagram in terms of Higgs potential parameters

The Higgs mass parameter m in the Higgs potential is the origin of the well-known naturalness problem.
Here we show that the simple requirement of the existence of a non-trivial EW vacuum sets an upper
bound on m, which is completely independent of any naturalness argument.

Let us start by considering the tree-level Higgs potential

mg 2 4
Vo = —7|H0| + Xo|Hol" . (2.19)
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For m? > 0 and A > 0, the potential has the usual non-trivial vacuum at (h) = v = m/v/2\. However,
since v is proportional to m and A is negative above the instability scale Ay, the Higgs vacuum at

2 can be estimated by

finite field value no longer exists when m? is too large. The upper bound on m
considering the minimisation condition of the potential, including only the logarithmic running of A,
but neglecting the evolution of m (which is a good approximation, as shown in fig. 2.1):

[QA(U) + sz(v)} v? = m?. (2.20)
For values of v in the neighbourhood of Ay, we can approximate! \(v) ~ Bx(A;) Inv/A; and By (v) =~

Br(Ar). Then we see that equation (2.20) has a solution only if
m? < —Bx(A) e 322, (2.21)

Note that 8)(Aj) is negative in the SM.

Figure 2.6 shows the SM phase diagram in terms of the parameters A\(Mp;) and m(Mp;). The sign
of each one of these parameters corresponds to different phases of the theory, such that \(Mp)) =
m(Mpy) = 0 is a tri-critical point.

The region denoted by ‘(h) &~ Mp)’ corresponds to the case in which equation (2.21) is not satisfied
and there is no SM-like vacuum, while the Higgs field slides to large values. In the region of practical
interest, the upper limit on m is rather far from its actual physical value m = Mj,, although it is much
stronger than Mpi, the ultimate ultraviolet cutoff of the SM. A much more stringent bound on m can
be derived from anthropic considerations [72] and the corresponding band in parameter space is shown
in fig. 2.6. We find it remarkable that the simple request of the existence of a non-trivial Higgs vacuum,
without any reference to naturalness considerations, gives a bound on the Higgs bilinear parameter
m. Unfortunately, for the physical value of A, the actual numerical value of the upper bound is not of
great practical importance.

2.3.3 Lifetime of the SM vacuum

The measured values of M}, and M; indicate that the SM Higgs vacuum is not the true vacuum of the
theory and that our universe is potentially unstable. The rate of quantum tunnelling out of the EW
vacuum is given by the probability dg/dV dt of nucleating a bubble of true vacuum within a space
volume dV and time interval dt [73-75]

dp = dt dV A% e 518) (2.22)
In equation (2.22), S(Ap) is the action of the bounce of size R = AE;I, given by

872
S(Ap) = SAAp)| (2.23)
At the classical level, the Higgs theory with only quartic coupling is scale-invariant and the size
of the bounce Agl is arbitrary. The RG flow breaks scale invariance and the tree level action gets
replaced by the one-loop action, as calculated in ref. [49]. Then, Ap is determined as the scale at which
A%e™9(8) is maximised. In practice this roughly amounts to minimising A(Ag), which corresponds to
the condition 8\(Ap) = 0. As long as Ap < Mp), gravitational effects are irrelevant, since corrections

In this analysis, we can safely neglect the non-logarithmic corrections to the effective potential and so we do not
distinguish between A and Aegr.
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Figure 2.7: Left: The probability that electroweak vacuum decay happened in our past light-cone,
taking into account the expansion of the universe. Right: The life-time of the electroweak vacuum,
with two different assumptions for future cosmology: universes dominated by the cosmological constant
(ACDM) or by dark matter (CDM).

to the action in minimal Einstein gravity are given by 0S¢ = 256m3A% /45|\| M2, [45]. The effect
of gravitational corrections is to slow down the tunnelling rate [76]. Whenever Ap > Mpj, one can
only obtain a lower bound on the tunnelling probability by setting A(Ag) = A(Mp). For the physical
values of My and M;, our results are fairly insensitive to Planckian dynamics.

The total probability @ for vacuum decay to have occurred during the history of the universe can
be computed by integrating equation (2.22) over the space-time volume of our past light-cone,

to 4 70 1
/dt av = / dt / By =" dna*(ng —n)? ~ 0—45. (2.24)
0 j|<a(no—n) 3 Jo H

Here a is the scale factor, n is conformal time (dn/dt = 1/a), no ~ 3.4/Hy is the present conformal
time and Hy ~ 67.4km/sec Mpc is the present Hubble rate. Equation (2.24) roughly amounts to
saying that the ‘radius’ of the universe is given by Ty, where Ty =~ 0.96/Hj is the present age. The
present value of the vacuum-decay probability e is

AL s
po = 0.15 i e , (2.25)
0

and is dominated by late times and this makes our result more robust, since it is independent of the
early cosmological history. In fig. 2.7a we plot, as a function of the top mass, the probability gg that
the EW vacuum had decayed during the past history of the universe. We find that the probability is
spectacularly small, as a consequence of the proximity of the SM parameters to the boundary with
the region of absolute stability.

The lifetime of the present EW vacuum mgw depends on the future cosmological history. If dark
energy shuts off and the future universe is matter dominated, the space-time volume of the past
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light-cone at time tg is given by

4ir [0 167
dtdV = — dna*(ng —n)? = ———. 2.26
/ 3 /O na(mo —n) 1485 ] (2.26)

Here Hj is the Hubble parameter at time tg, and we have performed the integral using the relations
a'’? = Hyn/2 = (3Hot/2)"/? and to = 2/(3Hy), valid in a matter-dominated flat universe. The lifetime
TEw is given by the time at which p = 1:

55 1/4 S(Ap)/4 T
TEW = (377) € v 174 (MATTER DOMINATION), (2.27)
o

where gy is given in equation (2.25) and shown in fig. 2.7a.

If instead the universe keeps being accelerated by the cosmological constant, entering into a de
Sitter phase with Hubble constant H = Hy+/Q,, at a time ¢y in the far future the volume of the past
light-cone will be

47

4 [0 11
dt dV = — dna*(ng —n)® = —— |Htyg — — —Htoy || 2.2
/ V= /0 na(no —n)” = g | Hlo = =+ 0(e) (2.28)

H

Here we have used the relations a = (1 — Hn)~! = eff*| valid in a vacuum-energy dominated universe.

The lifetime 7w is now equal to

3H3eSM8)0.02 Ty
47TA% £0

TEW = (VAcuuM ENERGY DOMINATION). (2.29)
The lifetime of the present EW vacuum is plotted in fig. 2.7b in both cases of matter or vacuum-

energy domination. As shown, the SM vacuum is likely to survive for times that are enormously longer

than any significant astrophysical age (e.g. the sun will exhaust its fuel in about five billion years).

2.4 Interpretations of the high-energy SM couplings

We conclude this chapter with some possible interpretations of the measured values of the SM param-
eters. As we said before, if the SM remains valid at high energies, the SM parameters, in particular A
and ¥, put the EW vacuum in a near-critical meta-stable condition. It is natural to ask if this is the
result of some kind of unknown dynamics. In particular one can speculate that the special value of the
Higgs quartic coupling is due to a matching condition with some high-energy theory in the vicinity of
Mp;. On the other hand more “exotic” explanations can not be excluded, such as that of “multiverse”
dynamics. Here we will report a couple of possible interpretations, presented in [1] (we refer to that
paper for further details).

2.4.1 Matching conditions

It is not difficult to imagine theories able to drive A(Mp) to zero: high-scale supersymmetry with
tan 8 = 1 [77-82]; partial N = 2 supersymmetry insuring D-flatness [83,84]; an approximate Goldstone
or shift symmetry [85,86]; an infrared fixed-point of some transplanckian physics [47]; a power-law
running in a quasi-conformal theory.

Present data suggest that an exact zero of A is reached at scales of about 1019-10'? GeV, see
eq (2.15), well below the Planck mass. It is not difficult to imagine theories that give A(Mpi) in
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agreement with equation (2.7e) as a result of a vanishing matching condition modified by threshold
corrections.

Supersymmetry is probably one of the best candidates able to explain the vanishing of \ as a high-
energy boundary condition, because of the natural appearance of radiatively-stable flat directions.
Such flat directions give a well-grounded justification for scalar particles with vanishing potentials,
and yet interacting at zero momentum (contrary to the case of Goldstone bosons).

Note also that the smallness of the Higgs quartic S-function at high energy is the key ingredient
that allows for the possibility of extending the SM up to a matching scale much larger than A;. If A
ran fast above Ay, it would rapidly trigger vacuum instability and the region of metastability would be
limited to SM cut-off scales only slightly larger than A;. This is another peculiarity of the measured
values of M}, and M;.

2.4.2 Criticality as an attractor

Statistical properties of the multiverse offer alternatives to dynamical determinations of A(Mp;) from
matching conditions with new theories. This possibility is motivated by the observation that the
measured value of M} looks special, in the sense that it corresponds to a near-critical parameter
separating two phases. As remarked in ref. [87], also Higgs naturalness can be viewed as a problem of
near-criticality between two phases (i.e. why is the Higgs bilinear carefully selected just to place our
universe at the edge between the broken and unbroken EW phases?). This leads to the speculation that,
within the multiverse, critical points are attractors. If this vision is correct, the probability density
in the multiverse is peaked around the boundaries between different phases, and generic universes are
likely to live near critical lines. Then, near-criticality would be the result of probability distributions
in the multiverse, and would not necessarily follow from anthropic considerations. In this picture, the
Higgs parameters found in our universe are not at all special. On the contrary, they correspond to
the most likely occurrence in the multiverse.

Suppose that the probability distribution of the Higgs quartic coupling in the multiverse is not
uniform, but is a monotonically decreasing function of A. In other words, there is a pressure in the
multiverse towards the smallest (possibly negative) X\. However, in universes where A is sufficiently
negative, the Higgs field is destabilised, forming a bubble of AdS space with a negative cosmological
constant of order —M3, in its interior. Such regions of space would rapidly contract and finally
disappear. Therefore, the cosmological evolution removes regions that correspond to unstable EW
vacua, leaving the vast majority of universes crowded around the critical boundary.

We can also imagine alternative scenarios. Suppose that the Higgs quartic coupling is a function
of some new fields ® participating in Planckian dynamics and that their vacuum structure prefers low
values of A, as before. Once A becomes smaller than the critical value, the Higgs potential develops
an instability at large field values. If tunnelling is sufficiently fast, the Higgs field slides towards
Planckian scales. Such large Higgs configurations will in general affect the scalar potential of the
fields ®, which will readjust into a different vacuum structure. The new vacua will give a different
probability distribution for the Higgs quartic coupling A and it is imaginable that now larger values
of A are preferred. In summary: universes in the stable or metastable phases will experience pressure
towards small A; universes in the unstable phase will experience pressure towards large A. As a result,
the most probable universes lie around the critical line separating the two phases.

We stress that these examples do not use anthropic arguments: near-criticality is achieved by
cosmological selection and/or by probability distributions in the multiverse.
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2.A Appendix

2.A.1 Weak scale thresholds at one loop

We summarise here the one-loop corrections 81 to the various SM parameters
0 ={\m,y.g2,9v} =00 +00 +02 ... (2.30)

We perform one-loop computations in a generic £ gauge, confirming that (1) is gauge-independent,
as it should. Our expressions for #(1) are equivalent to the well known expressions in the literature.
We write 01 in terms of finite parts of the the Passarino-Veltman functions

2

M Ve M? 4 (1 — z)M3 — z(1 — 2)p?
Ag(M) = M*(1 —1In —5), By(p; My, My) = _/ it W ( x)_ s —z(l—2)p
K 0

[i2

dz. (2.31)

The dependence of 1) on the renormalisation scale fi reproduces the well known one-loop RGE
equations for 6. Below we report the expressions valid in the limit My = M, = 0; the negligible effect
of light fermions masses is included in our full code.

The Higgs mass term
The correction is obtained from equation (3.69):

1
sOm?(p) = WRe 6 M2 (M2 — 4AM?)Bo(My; My, M) + 24M?2 Ag(M;) +

+(Mj, — 4AMG My + 12Myy ) Bo(My; My, M) — 2(Mj; + 6Mi) Ao(My) +
1
t3 (Mj; =AM M7 +12M7) Bo(Mpy; Mz, Mz) — (Mj; + 6M3) Ag(Mz) +

9
+5 M Bo(Mh; My, My) = 3Mjz Ag(My,) | (2:32)

The quartic Higgs coupling
The one-loop result is obtained from equation (3.67):

1
AO() = WRE} [BME(ME—4ME)BO(Mh;Mt,Mt)+3M§A0(Mt)+

1 MZ(TME, — AM?
+= (M)} — AMEMZ + 12M7) Bo(Mpy; Mz, Mz) + il Y Z)AO(MZ) +
4 2(M2 — M)
1, 4 9 o 4 3MZMZ,
+- (M, — AM}E M, + 12Myy ) Bo(My; My, Myy) — =" Ag(My) +  (2.33)
2 2(M? — MZ)
M} 3M} 3ME,
—h(_11 — Ag(M
3 < M V7 I VR Ve VR o(Myw) +

9 1
5 Miy Bo(My; My, M) + (M + MG (M7 + 2Miy — 6M7) — 8(M + 2Myy)) |
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Each one of the terms in equation (3.67) is gauge dependent, e.g. the one-loop correction to muon

decay is
1 M2Z M}  3MZ,Ao(My)  6M2Z, — 3M2
e ] kA i N Bt wp -, o —arg oM T 3
3M; 3Mg,

—6A0(M;) + (9— >AO(MW) +240(VEMw) + Ao(V/EMz)

MZ_DMZ, MZ, - M2
and the gauge dependence cancels out in the sum )\(1)(,&).

The top Yukawa coupling

The gauge-invariant one-loop correction to the top Yukawa coupling is obtained from equation (3.73)

1), M,
(@) = WRG [— (M — 4M?) By (My; My, My) +
M} (80M3, M2 — 64Myi, — TM3) + 40ME, M} — 32Mj, M2 — 17M$
2 2 BO (Mt7 Mt)MZ)
IMPEM?2
MZME, + M} — 2M,
( ) )Bo (M¢;0, M) + (2.35)
Mt
3M} 2M3, 3ME, 3M}
—10 | A (M —W 1 1) Ay (M,
<M§—M5V+Mt2 RV T o (Mw) + a2 0 (Mp) +
36 MZM2Z — 56 MZ, M2 + 64 M, — 17M 3
_|_( t 4 w 2Z > )AO (Mt)
IMZM?2
3M? 32M, — A0ME, M2 + 17M
+< s v e Z—3)A0(MZ)+
M2 — M2, IMZM?2
M} 9 o TMZ  64MP, M, o[ 8Ag(M;) 8
b _3M} - 9M - -—= -
3 A T 7V IV 7o s L R VR

The weak gauge couplings

The one-loop correction to the SU(2);, gauge coupling is obtained from equation (3.75):

L, 2 My Mé 2M£
95 (1) = (4w)2V3Re[<6M§V 3

M4
+ <_W — Mt + 2Mw) BO (MW)O’ Mt) +

2 > By (M, My, M) +

1/ 48My, My
+6 < M2W + MQZ 68M7, + 16M§) By (Myw, My, Mz) + (2.36)

9 1 M 9 48
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The one-loop correction to the U(1)y gauge coupling is obtained from equation (3.77):

2y/ M7 — My 88 124M2, M2+ 34M32,
- AT gy

9y (B) = (47)2V3 9 9M2 + 6(M2 M2 2

M} — 4AM3, 7 M7 64 M7,
sz Ao (M — - Ao (M,
ooz a2 0 (M) + (=3 MZ_MZ, 9M2 0 (Me) +

Mt +2M32, (M3, — 15MZ) + SMH(2MW + 7MZ)A0 (M) +
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2.A.2 SM RGE equations up to three loops

We list here the known results for the renormalisation group equations up to 3 loop order for the size-
able SM couplings, g1, g2, g3, ¥ and X in the MS scheme. We write numerically those 3-loop coefficients
that involve the (3 constant. Stopping for simplicity at two loops, we also write RGE equations for the
smaller bottom and tau Yukawa coupling and their contributions to the RGE of the large couplings.
Our numerical code includes full RGE at 3 loops.

Gauge couplings

RGE for the hypercharge gauge coupling in GUT normalisation (g7 = 592 /3):

gt gi [41 g1 [4493 2795  199¢F 1Ty yp  3yz]
dlnjpz — (4m)2[10]  (4m)4| 5 10 50 10 2 2
N g1 [ o (189y7 2995 4Tlgy  2827g7 \ 36 N 995 | 2797
(47)6 |7\ 16 5 32 800 5 5 25

5 64 24000 b} 75 160

+297g§ n 789951 388613911 3g§g% B 137g§g% n 1239%9%]
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RGE for the SU(2);, gauge coupling:

dgi 95 [_19], ¢ [}, 3565 9% 308 3up u7)
dln 2 (47)2 6 (AmA 7737 6 10 2 2 2
4 2 2 2 2 2
95 o [ 147y; 9 72995  593¢;] 395 . 397
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) {yt< 6 B3 160 )T T )"
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+Elgs T g 1600 079392 Ty 160

RGE for the strong gauge coupling, including also pure QCD terms at 4 loops:

dg? 94 g4 2, 993  11g2 5 o

495 0 B | gl B | _gp2 4 22 I 92 9
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6594 10995  523g} 20 1719393 3g3g} 93"
_ 21 — —9472.98| .
2 8 120 21392 s 10 | T anp

Higgs quartic coupling

RGE for the Higgs quartic coupling:

dA
d1n j12

995 991 995 2791 99393 N
2 10 16 400 40

1
= (47T)2[A(12A+6y§+6y§+2y2——)—3y§—3y§—yﬁ+++

54g? 3y?
+ [)\2 <—156)\ — 7292 — T2y — 2442 + 5462 + 91> W (—yt — 21y2 + 4063+

(4m) 5 2

4595 | 17g7 2 [ 3v; o, 4595 | 5gi 2 (1595 | 15g7 739
— 4 — Ay | ——=%+40g5 + —=+ == | + gz | —=+ —— | + A | —=+
Ty Ty ) T B 93 1 | yr\ 4 | 16

| 1887} | 1176303 LA 2 995 1Tlgl 639397
400 40 5

) +yt <15yt2 — 3y; — 1695 — 5~ 200 5

2g% 993 991  27¢39% 697
+y§<3yf+15y§1695+gl)+y5(g2+gl+ 9291)+y3 <5y391)+

) 8 40 20 )

(e 3¢5 9g1 N 339397 N 30595 3411¢Y  289g3g7  1677g3g}
T\ 8 8 20 32 4000 160 800
1
- (@ [A3 (6011.35)\ + 873y7 — 387.452¢3 — 77.490g7 ) + A\?y7 (1768.26y7 + 160.77¢3
7

—359.539g5 — 63.869g7) + A% (—790.28¢5 — 185.532¢] — 316.64g597) + \y; (—223.382y; +
—662.86693 — 5.470g5 — 21.015¢%) + Ay7 (356.968¢3 — 319.664g5 — 74.8599¢1 + 15.1443g3 953+
+17.454g397 + 5.615g597) + Ags (—57.14495 + 865.483g5 + 79.638¢7) + Mgy (—8.381g5+
+61.75395 + 28.168¢7) + vy (—243.149y; + 250.49493 + 74.138¢3 + 33.930g7) +

+y; (—50.201g5 + 15.88445 + 15.948¢] + 13.349g3 93 + 17.570g3 g7 — 70.3569347) +

+yi 95 (16.464g5 + 1.016g7 + 11.3869597) + 7 g3 (62.500g5 + 13.041g7) +

+yigt (10.627¢3 + 11.117¢7) + g3 (7.53645 + 0.663g5 + 1.507g597 + 1.105g347) +

—114.091¢5 — 1.508¢% — 37.889¢5¢% + 6.500g3g7 — 1.543g5 9%
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Higgs mass term
RGE for the Higgs mass term:
dm? m? 992  9g%
——— = ———[6A 3y + 3y FyE - =2 - 2L
d1n fi2 (47r)2 [ OO Y T T T g | T
36
( 7 [ ( 30\ — 3632 — 362 — 122 + 3692 + 591> +
27 21 45 17 27 45 )
yt— yb+QOg§+ﬂ+i pgp (T gz 4 B0 DO
8 8 4 8 8
y2 L5 1597 145 1671 99397
Y7 92 91 + gzll 9291 n
8 32 800 16
m? 2 297%2 2 2 2 2 2
-I—(4 g [/\ (1026>\ + 5~ 192.822¢5 — 38.564gl> + Ay; (347.394y; + 80.385g5+

41

—318.591g3 — 59.699g7) + A (—64.5145g5 — 65.8056g1 — 37.8231g397) + y;' (154.405y7+

—209.24¢3 — 3.82928¢5 — 7.50769g7) + y; (178.484g5 — 102.627g3 — 27.721g1+
+7.5729395 + 8.727g3g7 + 11.470g397) + g3 (—28.572¢3 + 301.724g5 + 9.931g7) +

+g1 (—4.191¢3 + 9.778g3 + 8.37847) } .

Yukawa couplings

RGE for the top Yukawa coupling:

dy; ?/3[9yt2+3@/5+ 2 g 2_993_179%] .
dln fi2 (4m)2 | 2 2 Ty 20
+(§)4 2 <12yt2 = 11495 - %ﬁg — 12X + 3643 + 225692 + 39;’0“(’%> +
+yp (—y2’3+543+49§+£?g§+;%%> +y? (—%Zer?g%Jr?gf) +
+6)1% — 108g5 — 23% + 116807091 + 99395 + 129391 2909291} +

2

1593g3  2437g3 15\
+(4y7:)6 [y;* <58.6028yt2 + 198\ — 157¢2 — 1692 — 8091> + \y? <4 + 1692+

_135g5  127g7

2 10

) + 4?2 (363.764g3 + 16.990g3 — 24.4229} + 48.370g3 93 + 18.074g3 g7+

171g%  1089¢%  117¢2¢>
+34.829g397) + X* (=36 + 4595 + 9g7) + A < 16g2 - 400g1 + 490291)

—619.35¢5 + 169.829¢5 + 16.099¢% + 73.654g393 — 15.096g597 — 21.072¢2 g5 +

21
—22.319¢391 — ~—939597 — 4.743g397 — 44429291]-

20
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RGE for the bottom Yukawa coupling (up to two loops):

wo [?w%gyzﬂz_ggg_w%_gq R
dIn 12 (4m)2 | 2 2 T 4 4
o <_12y2 B 94yg 1234 3643 4 225692 N 2?;7091> Y (‘% + %g% + 185g%> +
+6A% — 10895 — 2?% - 12531 + 99395 + ?;9391 ;ggzgl] :
RGE for the tau Yukawa coupling (up to two loops):
diﬁc? - (4yj)2 [311? + 3y} + 533 B 9495 B 949%] i (4y7f)4 [+ 6" - 2??4951 " 13270109il 5ot +
3(—274%2 332/5 274y3 +20 §+4589%+1789%> +
+yp <—2Zy§ - 27492 +20g3 + 45% - 5;) + (—32/3 — 121+ %93 + 58307 > ] :

2.A.3 Effective potential at two loops

The effective potential including one-loop and two-loop corrections in Landau gauge for A > v is given
by equation (2.11), where [33,95]

At (h) = €T [)\(u n)+ 2 Y@ =n+22m=n)|. (2.38)
All running couplings are evaluated at i = h. Here, I'(h f M, ~v(i)dIn i, with v the Higgs field
anomalous dimension,
1 [9, 9 )
_ _ 2.
v (47)2 [4 93 + 5591 — 39 — 34 }“L (2.39)
1 [, 3y§ 1797 4595 > 27.% 1591 1592 9y2
26 2 J1 . TP 9 =2 ZIT
Tl |V ( 2 8 8 95+ 1 )7
5g7  45¢2 2712 1293g7 27 , 27lg
2 1 2 2 b 1 2 2 2
_2 9 — - — 6 2.40
T ( s 8 95+ 4 00 0% T 3 (240)
st
+W — 99202 — 4520\ + 1.07gi\ + 3.57g2 g2\ + 8.92g5 )\ +
7

+14.99¢7y2 +14.13¢%y} — 13.2192g%y? — 8.73¢29%y? + 40.11¢2y} + 79.05¢2y +
+23.40g5y? — 178.48g5y? — 7.57g3g3y% — 5.26¢% + 1.93g247 + 4.19¢247 +

135
+1.81g597 — 158.51g5 + 28.57g595 + 36A3 + 5 —E%y2 — 45.000yf — 60.13yt6} .
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The one-loop correction is

1 [3¢5,. g5 5 3 g +g 5
PN m?2 _ 2 Lor 2422 (In 22— _~19r 2.41
off e 8(n4 6 T20) + 15092 +9v)"(In =, g T2+ (2.41)
3
—3ytn L — 5 +20) +3X3(4ln A — 6 +3In3 + 8T |.
The two-loop correction is
(2) 1 2 4 2 L6 2 2
A = W 893Y; (3Tt — 8r¢ + 9) + S (767}7‘W —3ry +48ry — b6rgy — 69 — 7 ) =+
3yigs 2 2
+=6 (8rw +4rz — 3rf — 6rirz — 121 + 121y + 15+ 27°) +
Yt gy Y9395
+1—8Y (2777 — 5drery — 68ry — 28ry + 189) + %(97}2 — 18ryrz + 41y + 4drz — 57) +
6
1 0 2 (36741 7+ 54r? —Al4ryr 7 6913, + 12641y 415615 +-632r 7 — 14410y — 20674-9072) +
93912/ a2 2 _ 2
+ 192 (12ryrz — 6r; — 6rw (53rz + 50) + 2131y, + 4rz(57rz — 91) + 817 + 467°) +
2 4
+9576 (1327417 — 6617 4 306117 — 15318, — 3671w + 92475 — 408017 + 4359 + 2187°%) +
59;”6 (677 (347 + 3y — 470) — 10212 — 9rZ, 4+ 708r% + 2883 + 20672) + (2.42)
3 2
Et (493 (317 — 81 +9) = 93 (re — rw + 1)) + (98 — 30307 + 4yf) Li 2% +
t
i . 95+ 9% 4 2 2 4 2 (2 2 6495
158 207 ) (992 — 6939y + 179y + 2y (793 — 7395 + M)) +

2 2 2 6
93 92 T 9y 4 4895 )}
+-= 18 + 5lgs — .
645( 9% ) < gQQY gY 9o g}Q/ +g%

Here we have given /\gf) in the approximation A = 0, which is well justified around the instability

region. The full expression of )\gf) can be found in ref. [33]. Moreover, we have defined

E(z) =V22—4z [2 In? (Z_22_42> —In? 2 — 4Liy <z—225—4z> + 7;2] , (2.43)

2z

where Lig is the dilogarithm function, and

2

95 + g5
rw = In %2 n 2 49T, rZ:ln%+2F, =n 5 L tor (2.44)

and

rav = (re — rw) [m (yj — 95) + 2F] : (2.45)
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Chapter 3

Calculation of A and y; at NNLO

In the previous chapter we saw that a precise calculation of the quartic coupling of the Higgs is needed
in order to study the stability of the E.W. vacuum and that we computed the missing NNLO threshold
corrections for A and ;. In this chapter we will review the methods we used in the calculation of the
relevant two-loops integrals.

The number of diagrams involved in a two-loops calculation easily exceeds the thousands. It is
rather difficult to calculate so many diagrams by hand with standard techniques, therefore we used
a method to reduce the diagrams in terms of a combination of some basis integrals. Specifically
we used the algorithm developed by O.V. Tarasov [1,2]. This algorithm has been implemented in
the Mathematica code TARCER [3] that is part of the FEYNCALC [4] package. We also used the
Mathematica package FEYNART [5] in order to write all the amplitudes. Once we reduced every
relevant two-loop integral in terms of some basis integrals, we evaluated them using the C Program
TSIL [6] based on the paper [7].

In section (3.1) we will review the main techniques on which our calculations are based. In
particular we will see with more details Tarasov’s algorithm and how we applied it to our problem. At
the end of the section we will briefly examine the master integrals analyzing some possible methods
to evaluate them. Section (3.2) will be dedicated to the renormalization of A and y;. We will also give
some more details on the calculations of these quantities.

3.1 DMaster Integrals

Here we address the problem of calculating a generic two-loops two-points integral with arbitrary
masses using the methods described in Tarasov’s papers [1,2]. Throughout the computation we will
consider only dimensional regularized integrals with d = 4 — 2¢, thus in general we will deal with
integrals of the form

N(q%. 43, q1p: @2p: 0142)
d/. 2 2\ d d 142> ) 5
I (p 7mj) - // d Q1d q2 Plyl P21/2P31/3PZ4P51/5 ) (31)

where the numerator IV (q%, q% , 41D, 42D, q142) is polynomial and

Pi=q —mi+in, P3=(q—p)Q’—-m3+in, Ps=(q —q)°—m3+in,
Py =q5 —m3+in, Py=(q—p)*>—mj+in.
We have considered numerators in scalar form, while in general a Feynman integral permits also a

tensorial structure. However it is always possible to contract the diagram with a suitable projector
operator and obtain a scalar numerator. Indeed this is a simple procedure and we used it in our
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computations. In any case the techniques described here can be applied also to the general case. For
brevity, from here on, we will call “scalar integral” an integral obtained by a Feynman diagram with
only scalar fields, i. e. with IV (q%, q%, Q1P @20, q1q2) = 1. We will call “non-scalar integral” an integral
with N(q?, 3, q1p, gop, q1q2) # 1 and “tensor integral” an integral with a tensorial numerator.

The algorithm we used decomposes the computation of equation (3.1) in three parts: the simpli-
fication of the numerator N(q?, ¢, q1p, ¢2p, q1q2) such that the integral is expressed only in terms of
scalar integrals, the reduction of these scalar integrals in terms of a set of “Master Integrals”, i.e.
irreducible integrals, and the evaluation of the basis integrals. The interesting question at this point
is if it is possible to find a complete set of Master Integrals, that is if it is possible to reduce any given
integrals, with generic numerators and integer powers of the propagators. The answer in general for a
n-loops m-points integral is unknown, however the solution for one-loop m-points integrals was found
by G. Passarino and M. J. G. Veltman [8], while Tarasov found the complete basis for two-points
two-loops integrals. Obviously what we are going to see is valid also for integrals with n = 1 and m
< 2and n =2 and m < 1 as special cases. In particular any two-loops m-points integrals with zero
external momentum can be studied as a vacuum (that is zero-point) diagram. In any case we want to
underline the fact that the techniques described here are valid for any Feynman integrals, although
we do not know the complete basis for n > 2 and m > 2.

We will start addressing the problem of the reduction of scalar integrals and the ways to eliminate
the numerators. At the end of the section we will see some techniques used in the evaluation of the
basis integrals.

3.1.1 Integration by Parts

We are interested in rewriting a generic scalar integral in terms of simpler integrals. One of the
possible ways is to use a set of recurrence relations. A standard method to find such relations is the
well-known integration by parts (IBP) technique (see for example [9]), in which we impose that the

d
/Hddqiaq]; =0 (3.2)

is true. Here f stand for an integrand of a Feynman integral and it will depend in general by internal as

relation

well as external momenta and masses. Note that in order to relation (3.2) to be true we are assuming
that the integral vanishes on the surface. To illustrate how this method works we will give an example.

Let us consider a massless one-loop two-points integral I(a1, az) in which we raise the propagators
respectively to a1 and ag powers. That is we consider

1
(g®)¥ ((q — p)?)*

where q is the loop momentum and p is the external momentum. In order to find a valid recursion

I(ay, az) = / il (3.3)

relation for this integral we impose the IBP relation (3.2):

d i q* _
/d g (@ (g —p)D)= b (3.4

that gives us the recurrence relation
(d —2a; —as — a2 (17 — q2)) I(ay,az) = 0. (3.5)

Here we used the standard notation for “raising” or “lowering” the a; indices: 172%I(aj,a2) =



3.1. MASTER INTEGRALS 49

I(ay — 1,a2 + 1). After sending as — a2 — 1, from equation (3.5) we find,

(d—2a; —az+1)I(a1,a2 — 1) — (a2 — 1)I(a1 — 1, a2)

(a1, a2) = — (a2 — D

. (3.6)

Taking in account the symmetry properties of the integral I(ai,as) = I(ag,a1), it is simple to use
equation (3.6) to find a complete solution for the reduction problem of I(ai,az). Indeed we are now
able to write any integral of the form I(ai,a2) as g(ai,as,d)I(1,1) where g(ai,a2,d) is a rational
function. The demonstration is quite simple in this case and is based on the fact that for ao = 1 one
can use the symmetry property of I(aj,as) to get rid of the divergence. Furthermore it should be
noted that the integral I(1,1) cannot be further reduced: if either ay or ag are non-positive I(aj, as)
is zero since it becomes a massless tadpole, hence I(1,1) is a master integral.

For a purely scalar theory the recurrence relations found via the IBP technique are enough, however
if other kind of fields are present in our theory we have to deal also with numerators. If the numerator
is “reducible” the technique described is still valid. For example the integral

d 2pq
/d M@ ((a—p2)= (3.7)

can be easily solved using the relation (a1, a2) = g(ai,a2)I(1,1) since

d 2pq _
/d T ((g—p2)= (3.8
1 1 P2

/ddq - - .
(@»)n((g—p)2)e=t () H(g—p)2)2  (¢*)((¢—p)?)*=

On the other hand for an integral of the form

(d)(,,2 2 ddqlddq2 r s
Irs (p 7mj) = P11/1P2112P§/3PZ4P51/5 (QIp) (QZp) 5 (39)

we can not use the same method and we need to rely on other kind of relations.

3.1.2 Dealing with Numerators I: recurrence relation between different number
of space-time dimensions

Here we introduce the recurrence relations between Feynman integrals computed in different numbers
of space-time dimensions. These relations are complementary to the IBP ones and are necessary to
reduce generic non-scalar integrals. They are quite simple to deduce once we have written the Feynman
integrals in terms of the a-parametrization.

The so-called a-parametrization is based on the possibility of rewriting a given propagator in terms
of a parameter:
1 1Y

@ w2ty T /ooo da o~ explia(g” —m” + i) (3.10)

The equation (3.10) allows us to use the Gaussian integration in d dimension

[ dtaexplicad? + 2(0a) = it 74 expl- 1) (3.11)
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to get rid of the integration over the internal momentum and obtain

ddq Z»lfuf T 9] d ) 5 .
_ d v—1-% —ia(m 7“7)' 12
e o AL 12

If we carry out the integration over « in the right hand side of equation (3.12), we obtain an analytical

solution for the Feynman integral.
We can generalize the equality (3.12) to an arbitrary dimensionally regularized L-loop scalar Feyn-
man integral

L N
1ss.m?) = [ a'as ] 2} (@my) (313)
i=1 j=1

where

L E
1% 1 —
PY(gj,m;) = @ 7= winghi + Y Timph, (3.14)
n=1 m=1

SRTENWE
qi —m; +in)”

P are the external momenta, s; is a set of scalar invariants formed from p,,, N is the number of
internal propagator, E is the number of external legs, w and ¢ are matrices of incidences of the
diagram with the matrix elements being 41 or 0. Using the same procedure explained above we find:

L N s — o0 o0 . Vjil S, .
1D (si,m2) =i () * T] 5 / / 90505 A% S eatmiin] (3 45
v jzlr(’/j) 0 0 [D(a)]2

where D(«) and Q(s;, ) are homogeneous polynomials in « of degree L and L+ 1, respectively. These
polynomials are characteristic functions of the topology of the diagram and of its subgraphs and they
can be represented as sums over trees and two-trees of the graph:

D = > ([ (3.16)

TeT! 1¢T

Q = Y ([l D »?, (3.17)

TeT? I¢T  comp. T2

where T are the trees, T2 the two-trees and 1 the chords of the diagram!®, and in the second line
the last sum is done over the external momenta that flow in one of the connected components of the
two-tree. As an example, in the case of the generic two-loops two-points integral in equation (3.1) the
trees and two-trees are reported in figures (3.2) and (3.3).

The calculation of the two relevant polynomials in equations (3.16) and (3.17) at this point is
trivial:

D(a) = as(on+ag+az +ag) + (a1 + az) (a2 + ay), (3.18)
Q(pQ, o) = p2[(a1 + o) (s + ag)as + ajas(as + aq) + agay(ag + az)]. (3.19)

Note that the third and fourth diagrams of figure (3.3) do not contribute to Q(p?, a) since the total
momentum that flows in those diagrams is zero.

Equation (3.15) tells us that the only dependence of the integral on the dimension d enters in

1
D(a)*

the integral only as an exponent of (%)L In order to proceed we assume that in equation (3.13)

In graph theory a tree of a diagram G is any sub-diagram of G that contains all the vertices of G but is free of cycles
(loops). A two-tree is a sub-diagram of G that contains all the vertices of G, is free of cycles and consist of 2 connected
components. A chord of a tree (two-tree) is any line that does not belong to this tree (two-tree).
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Figure 3.1: Topology for a generic two-loops two-points integrals with five internal lines. Specific
topology can be obtained “shrinking” the internal lines.

L
LA

Figure 3.2: The trees of diagram 3.1

= T

Ced e L

Figure 3.3: All the two-trees of diagram 3.1

DT

Figure 3.4: The pseudo-trees of diagram 3.1
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m; # my; for j # i. Next, we make the substitution a; — 0; = a/amf. in D(a) so as to obtain the

0
D (am?> : (3.20)

The application of the operator D(9) to the integral (3.15) gives D(«) in the numerator of the inte-

polynomial differential operator

grand:
D(9)e "X mi _y D(q)(—i)le i Zomi, (3.21)

The resulting integral is proportional to the same integral with d changed to d — 2:

1972 (s;,m?) = <— i)L D()I W (s;,m3). (3.22)

Once performed the differentiation, we identify the masses with those of the original integral. The
differential operator in the right side of equation (3.22) increases the powers of the propagators in the
denominator of I¢. The integrals obtained in this way can be reduced using IBP recurrence relations.

3.1.3 Dealing with Numerators II: scalar numerators

A tensorial numerator can be rewritten as

ni ny, ni 8 nr, a -ZL

= ——e' &g W, 3.23
o Mo =520 T 329
r=1 s=1 r=1 T s=1 s

That permits us to write the Feynman integral with a tensorial structure as

L 4 N oo L L (T\% N i—vj—n;
1 [ @ T 25m, X Lo = (5) " T 5 5
=1 j=1 r=1 s=1 j=1
n v;j—1 _1
. 1”-[ Ay /00”'/00 d0gay it S almt—nl | (5.9
r=1 aal'ur s=1 aaL/\s 0 0 [D(Oé)]% ’

For convenience we have introduced other two polynomials:

B = ZCL[ Z pr H ay (3.25)
l

TeT} VT
K=Y Jlal > +a)? (3.26)
TeTO1¢T l'€Tloop

where in the first line the sum is done over trees that include a given line [ and pr is the total external
momentum that flows in that line. In the second line the sum is done over all the pseudo-trees, that
is trees with an added line. For a generic tensorial two-points two-loops integrals we have only two a;
parameters. The pseudo-trees are represented in figure (3.4). Applying the definition, it is simple to
find the polynomials:

B = pai(agas + agos + asas + azay) (3.27)
+ paz(asas + agas + ajoy + azay)

a%(az +oy) + ag(al +ag) + (a1 + a2)2a5. (3.28)

=
I
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Differentiating with respect to a; in equation (4.12) will produce external momenta and metric tensors
multiplied by a polynomial R(«) and D(«) to some powers in the integrand. We can make the changes
a; = 05 = 0/0m?, as we did before, in R(a) — R(9) and D(a) — D(0). In this way we obtain a
methods for expressing a tensorial integral in terms of scalar integrals with a shifted dimension, since,
as we saw, the operator D(0) is connected with a change of the space-time dimension. This procedure
corresponds to apply the equality

L

L N
VRV | I OSSR ) R ) C
i=1 j=1

=1 =

where the T is a proper tensor, function of the external momentum ed of the “shifting dimensions”
operator d*. Anyway it could be cumbersome to utilize this method for tensorial integrals, while it
simplifies enough for a scalar integral.

We said at the very beginning of this chapter that we can always contract a tensorial numerator
with a proper projector in order to produce a scalar numerator. We also saw that it is often possible
to simplify an integral provided with a scalar numerator in terms of a sum of scalar integrals. The
techniques used to reduce these numerators are quite well known and we will not give them here.
We will address the case in which a numerator can not be reduced. The form of the most general
irreducible numerator depends on the number of loops and external legs. For this reason here we
specialize ourselves in the case of two-loops two-points integrals. At two-loops order, irreducible
numerators have the scalar products (q1p)® and/or (ga2p)?. So we restrict our discussion to the integral

dqid?qy
7@ (2 ) — / / r 5 '
Equation (3.23) in this case takes the form

(@) (@20)* = e s exp il (anp) + aa(@an)} oo (3.31)

and it allows us to rewrite (3.30) in a-parametrization:

5 . d —1
I()(p m] ( H V]/ / a] g

« a,d1,a 1 Oé ai,a
exp [z <Q( )+ B( 1})(20)4) 1,02) Zal m?—in )] (3.32)

where Q and D are given in equations (3.18) and (3.19), while B and K are obtained by equations
(3.27) and (3.28) with the replacements a; — pa; and ay — pas:

B = p2a1 (053065 + aqos + o3 + 043044) (3.33)
+ plag(azas + agas + arag + azay)

K pz(a%(ag +ay) + a%(al + a3) + (a1 + a2)2a5). (3.34)

The relation between the non-scalar and the scalar integral is given by

1D (%, my) = Tps(p?, 0, dT) I (02, m;), (3.35)
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Figure 3.5: Topology of the London Transport diagram (3.37).

where

1 o 0

2 +y
TTS(p 7a’d )_ Zr+saa'/1‘ aag

1
X €xXp {i[B(a»al, az) — ZK(OQ at, az)]ﬂ} =0 (3.36)

As an example of the techniques described here we consider the integral:

= [ [ Sl Pard'ar o) (3.3
P2PP Q1p q2p), .

that is given by the topology in figure (3.5) (London Transport), and is obtained from figure (3.1) by
shrinking the first and fourth lines. The tensor T" can be calculated from the general formula (3.36)
taking in account that since we have eliminated P; and P, we have to put to zero a1 and aso:

Ty = p S —5d " s + (d+) 0205(2 + s). (3.38)

With this operator (3.35) leads to the desired relation:

4 a. (@p)(g2p)
/dqd PP P

d2qd gy | pt d+d  d+d 2 4
P [ [at+4g,d . 3.39
2 / / P,P;P? = / e [nggpg * B,P3F3 (3:39)

Integrals on the right-hand side of (3.39) can be reduced to basic ones in the generic dimension d by

using the recurrence relations given above.

3.1.4 Two-loops Two-points Master Integrals

We saw that it is possible to reduce any given integral with a generic numerator in terms of scalar
integrals (in general with a different number of space-time dimensions), and that these scalar integrals
can be reduced again. In the case of two-points two-loops integrals, the first problem of the reduction
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Figure 3.6: A set of Master Integrals for two-loops two-points integrals. The dots in the internal lines
of the integrals of the third and fourth lines represent a derivative with respect to the mass of the

dotted propagator.
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has been solved and any Feynman diagrams can be represented as a combination of Master Integrals.
That is we know a compete basis of irreducible integrals. Tarasov found that a possible basis is
composed by the 30 integrals listed in figure (3.6). Before proceeding we should notice that the
integrals that we have to compute are actually only six: two one-loop integrals and four two-loops
integrals. The one-loops integrals are the well-known Passarino-Veltman integrals [8]:

1
Ay(m? :C/dd —_— 3.40
o(?) s (340
1
BO p27m2,m2 :C/ddq A .
W m ) (@ —m3 +in)(a—pP —m3+ )
where C = (2;#26 and e = 2 — %. The Laurent expansion of these functions around d = 4 is
Ao(m2) 1 Aof(m2)
2 = -+ 2
m € m
1 m? 2 m? 1. m?, 9
1
Bo(pZ,m%,m%) - z + Bof(pZ,m%,m%) (3'41>
1 2 _ 2 _ 2
_ 1 _/ gt (1 t)?j? + (1 —t)tp )
€ 0 K
72 1 ! tm2 + (1 —t)m3 + (1 — t)tp?
o4z 1 2 1 2 2
+6(12—|—2/0dtn( 2 )+ O(e”),

where we defined fi? = 4me~7#p2. With this definition the MS renormalization scheme is obtained
by subtracting only the poles, since the In(47) — g is absorbed in the definition of the scale. The
integrals in the definition of By can be computed analytically [10]. The expansion (3.41) does not
include only the divergent and the finite parts, but comprehends also the first evanescent term: since
we are dealing with two-loops calculations, products of two one-loop integrals are present (as shown
in figure (3.6)) and so we could have products of evanescent and divergent parts that contribute to
the finite part. However, these products do not contribute to the renormalized object if we are in the
MS and MS schemes. This is due to the fact that for these schemes the logarithms of a squared mass?
can not be present in the subtracted poles (for a demonstration see for example [11]). This implies
that all the terms %Ao 7 and %BO ¢ must cancel out. The other four integrals that we need to calculate

are
Mo(p?, m3) ZCQ/ddchdchzl
0 > P1P2P3P4P5’
2 2 2 d d
") = d*g1d*q9 ————
UO(p 7m]) C / q1 q2P2P3P4P57
1
2 2 2 d d
A 42
So(p*,mj)=C /d qd © P PP (3.42)
0
To(p®,m3) = =5 S0(p° 2:cz/dd dgy—5——-.
0(p 7m]> am% 0(p 7mj) q1 q2P22P3P5
(3.43)

Locality prevents the logarithms of the external momenta from appearing in the poles of normalized quantity for
any renormalization scheme, but it does not impose conditions on the logarithms of the masses.
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My is the first integral represented in figure (3.6), Uy is the first of the second line, while Sy and Tj are
respectively the first and second of the third line. The other integrals can be obtained from these by
opportunely changing the masses or as a product of two one-loop integrals. Notice that the integrals
on the fifth line are actually Sy with zero external momentum.

For generic external momentum and masses, we know analytically only the divergent part of the
master integrals:

Mo aiv(p®,m5) =0,
BO(p27m%am%) 1 1

UO,div(an mJQ) = . Byl + 2’ (3.44)
2
o 2 2y = Aolm) + Ao(md) + Ao(m3)  mP+mi+mi G —mi-mi—m]
O,dlv(p 7m]) - E 262 %
2 Ao(mi) 1 1
To,div(p27m?> = mlf T 92 + %
(3.45)

As we said before, since Ag and By have an evanescent part for ¢ — 0 the terms % or % have also a
finite part, thus the subscript “div” in equation (3.44) is an abuse of notation. However this definition
of “divergent” part made more evident the cancellation of the products %AO ¢ and %BO ¢ in the poles.

The finite parts of equation (3.42) are analytical only for particular values of the parameters, in
particular for a vanishing momentum the basis integrals can be rewritten in terms of only two basis

integrals:

1
(Qf —m? +in)(qg3 —mj+in)((q1 — q2)* — m3 +in)’

d
., / i m2 g (3.46)

that are well known in literature (see for example [12,13]).

Io(m3) —szddtnddqz

In any case it is quite simple to approach the finite parts of these integrals with standard methods,
and we can write them in terms of numerical integrals over the Feynman parameters. Another possible
technique to evaluate numerically these integrals is the utilization of IBP methods in order to find
a system of differential equations [7]. In Appendix (3.A.1) we give more details on the integral
representation of the master integrals.

Unfortunately, the knowledge of a valid numerical representation for the integrals is not sufficient.
It can happen that for some particular choice of the parameters the integrals cancel out and a very
high precision in the numerical evaluation is required. Thus we used the TSIL program [6] that was
created with the sole purpose of calculating these integrals at high precisions.

The problem of the cancellations has actually a theoretical explanation. It is true that the basis
found by Tarasov is complete, but this is a good basis only when all the masses are different: for
particular values of the masses and momenta some of the basis integrals become linear-dependent. In
the case of zero-external momentum we already know that the basis reduce to only the two integrals
in equation (3.46), and in this case it is simple to find the relations between the old and the new basis:

Un(0,m2, m, mi, m3) = —5—— (To(m3, m3,m3) — To(m3, m3, m2)). (3.47)

2
my —my
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There are however other relations, more difficult to spot:

(m% - mg)TO(pQ = m%am%mimz) =

1 2 A 2 2A 2
_13my | 2m3 — Ao(mi) +240(m2) + T1L0T2) Ong) + (3.48)
8 mj
AO m2 Ao(m2) A() m2 2
( 1)2 2+ 2( 22) —So(pzzm%,m%,m%,m%).
my mj

3.2 Two-loop correction to the Higgs pole mass

In this section we discuss the two-loop renormalization of the Higgs sector of the SM and then derive
the two-loop relation between A(x) and the physical parameters G, M;, My, Mz and My, following
references [14-16]. To determine the MS parameters in terms of physical observables two strategies
can be envisaged.

i) Perform an MS renormalisation to obtain directly the MS quantity of interest in terms of MS
parameters. Then express the MS parameters in terms of the physical ones via appropriately
derived two-loop relations.

ii) Use a renormalisation scheme in which the renormalised parameters are directly expressed in
terms of physical observables (we call this scheme generically on-shell (OS) and label quantities
in this scheme with an OS). Then relate the parameters as expressed in the OS scheme to their
MS counterparts we are looking for.

This last step can be easily done using the relation
0y = Opos — 00ps = 9([_1) - 69WS (3.49)

or

(1) = Oos — 000s + 00ys » (3.50)

where 6 is the bare parameter, 0(f1) (fos) is the renormalised MS (OS) version and §6yg (600s) the
corresponding counterterm. By definition df5g subtracts only the terms proportional to powers of
1/e and 7 — In(47) in dimensional regularisation, with d = 4 — 2 ¢ being the space-time dimension.
Concerning the structure of the 1/e poles in the OS and MS counterterms, one notices that it should
be identical once the poles in the OS counterterms are expressed in terms of MS quantities. Then,
after this operation is performed, the desired 6(f) is obtained from

(i) = Bos — 00s]g, + Ao (3.51)

where the subscript ‘fin’ denotes the finite part of the quantity involved and A is the two-loop finite
contribution that is obtained when the OS parameters entering the 1/e pole in the OS counterterm
are expressed in terms of MS quantities, the finite contribution coming from the O(¢) part of the shifts.
Here we will adopt the second strategy.

The quantities of interests are § = (m?, \,v, yt, g2, g1), i.e. the quadratic and quartic couplings in
the Higgs potential, the vacuum expectation value (vev), the top Yukawa coupling, the SU(2);, and
U(1)y gauge couplings g2 and gy (with g1 = \/%gy being the hypercharge coupling rewritten in
SU(5) normalisation), are directly determined in terms of the pole masses of the Higgs (Mj},), of the
top (M), of the Z (M), of the W (Myy), the Fermi constant G/, and the MS strong coupling a3(Mz).
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Their input values are listed in Table 2.2 in chapter 2. Then, using equation (3.51), the MS quantities
are obtained.

3.2.1 Renormalization of the Higgs potential

We start from the classical Higgs potential
Vo = —mg|H|* + Xo|H[* (3.52)

where the classical Higgs doublet H is defined by

_ X
H_<(vo+h+ia)/ﬂ) (3.53)

in terms of the physical higgs field h, and of the neutral and charged Goldstones o and y, and m%, Ao
and vg are bare quantities. We then introduce the renormalized quantities mog, Aog and vog through

the conditions )

2 2 2 2 2
mog = )\OSUOS ; Mh = 2AOS’UOS s Vo = s (354)
V2G,
where M, is the Higgs pole mass and G/, is the muon decay constant. Equations (3.54) tell us
G
Aos = —=M} . 3.55
OSs \/5 h ( )
The quantum correction to the potential is

0V =Vos—Vy, (3.56)

where Vog is the classical Higgs potential in which we simply substitute m%, Ao and vg with mog, Aog
and vpg respectively; it is explicitly given by

1
Vos = Jos [X'x (X'x+h*+0%) + 1 (h?+0%)°| +
1
+Xosvosh (2x*x + h* + 0?) + 5Mﬁh? (3.57)
Up to second order in the variations,
om? = mdg —md | ON = Xos — Ao , dv = vos — Vg (3.58)
we have
1
4

v? (6v?)? Sv? 9 o
A — A 1— h(2x*x+h 3.59
+Pros (s + gy ) +ooso (1- g ) [ @t et 1 oo

V. = oA [X*X(X*X+h2+02)+ (h2+02)2]+

1 SM? Sv?
+6T (202 + X*X) + Tth + voso0T (1 3 1)2 ) h.
Yos
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Here §v? is defined implicitly by \/vdg — 6v% = vog — v, and we introduced

2
SMZ = 3 [AOS&;? + 0360 (1 - 5;’)] —m?2, (3.60)
Yos
_ 2 2 v° 2
or = )\OS(S’U + ’Uos(S)\ 1-— -5 | — om*. (361)
Yos
Subtracting equations (3.60) and (3.61),
2 2 v° 2
Yos

one can see that dA can be determined once we know d M ,f, o7 and dv2.

e The first of these variations is fixed by the condition that M} is the pole Higgs mass, which
implies
M7 = Relly,(M7), (3.63)

where I, (p?) is the Higgs self-energy function.

e To determine 7 we impose that the Higgs tadpole diagrams cancel, which leads to (see the last

term of eq. (3.59))
T

71}05(1 — 51}2/22}%5) ’

where 7T is the sum of the Higgs tadpole diagrams.

or = (3.64)

e Finally, 6v? is fixed by computing G, in terms of the SM parameters. This computation will be
discussed in the next sections; here we parametrise the result as

G 1
0

which simply states that G, is given by its tree-level value plus radiative corrections, Ar,/ (203).

By inserting the last definitions of (3.54) and (3.58) into equation (3.65) we have

Ar,

6v® = — = —vdAr,. (3.66)
V2G,
Equations (3.54), (3.62), (3.63), (3.64) and (3.66) allow us to compute d\: at one-loop we have
0 _ Guyp L0 1 (T (W) 12
AL = \ﬁMh Ary’ 4+ 2 | vos + Rell,, (Mi)| ¢ » (3.67)
h
and the two-loop correction is
SA2) — @MQ AT@) + L ﬂ + ReH(Q)(MQ)
\/§ h 0 Ml% VOSs hh h

371
MEARY 4 Yo +ReH§},3(M,%)]} : (3.68)
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where the labels (1) and (2) denote the one-loop and two-loop terms respectively. Similarly, one finds
for the counterterm of the quadratic Higgs coupling in the potential

02, = 3T | s (3.60)

oS — ) .
YOS
(2) (1)

5Pmds = 31— 1 5@pz - ST A (3.70)
VOs VOs

The top Yukawa and gauge couplings are fixed using My, My and My via

v 9 Faos + 9%,
M, = \/%Svos, My = . vhss Mz =08 YR s (3.71)
or
Gu i 1/2 1/2 2 2
Yios = 2 (\fMt) C o =2 (VIGL) T M, gves =2 (V2G,) T \/ME-ME . (372)
2
The corresponding counterterms are found to be
G Y2 (s0n, o A
5 = 2 Z£M? ! 0 .
Ytos (ﬁ t M, + 5 ) (3.73)
2 fs@Oar Ar® AW [sMar ArtD)
Oye = 2(CGeap) (M ArT An T OMy A1) g0y
V2 M, 2 2 M, 4
for the top Yukawa coupling,
1/2 S pr2
6Wgops = (\@ G#) My (MQW +arV ), (3.75)
W
1/2 52 pr2
0P gags = <\/§Gu) Mw <M2 Wt ar+
W
2
s st 3] (800 -
2 M3, 2 4\ M, ’ '
for the SU(2)7, gauge coupling and for the hypercharge gauge coupling
1/2 SMWar2 — s a2
sWey . = (vV2G M2 — M2 Z W Ap() (3.77)
os ( N) Z w M% _ MI%V 0

1/2 SO a2 — 52 pp2
Wovos = (V2Gu) "y - 015 ( it A
Z w

2
1 (6WM2 — 502
+ - i . (3.78)
4 MZ — M,

A [sOM2 - sOME,  3ArY
2 M% — M, 2

The MS Higgs quartic coupling is given by

A@) = ZEME + 20 ) + A2 (3.79)
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with

AD () = —6Wos

fin

A2 () = — 6@ xog AL (3.80)

The one-loop contribution in eq. (3.79), A1), is given by the finite part of eq. (3.67). Concerning
the two-loop part, A?(j), the QCD corrections were presented in refs. [15,19], and the two-loop
electroweak (EW) part, )\}(32\),\,(/1), was computed in ref. [15] in the so-called gauge-less limit of the SM,
in which the electroweak gauge interactions are switched off. The main advantage of this limit results
in a simplified evaluation of AT(()2). The computation of the two-loop EW part in the full SM requires
instead the complete evaluation of this quantity and was presented in [16]. In the next section we

outline the computation of the Fermi constant.

3.2.2 Two-loop correction to the Fermi constant

The experimental measurement of G, is presented within the Fermi theory of muon decay, supple-
mented by QED

G
L¥ermi = LQED + 7% [EYa(1 = y5)ve] [Tpy*(1 = v5)p] (3.81)

which is the correct low-energy theory at leading order in (E/My/)%. As usual, Lqep contains the
kinetic terms of all the light SM fermions, their interactions with the photon, and the photon kinetic
term. Working at first order in G, (as we will do and as appropriate for this approximation), Lrermi
defines a renormalizable theory.

The Fermi constant G, is defined in terms of the muon lifetime 7, as

1 Gimg,  m? 3m?
- = F(—5)(1 4+ Ag)(1 H 3.82

where F(p) =1 — 8p + 8p° — p* — 12p%In p = 0.9981295 is the phase space factor and Ag = Ag) +
Ag® = (—4.234 + 0.036) 103 are the QED corrections computed at one and two loops [18]. From
the measurement 7, = (2196980.3 & 2.2) ps [17] we extract G, = 1.1663781(6) 107°/GeV?. This
is 1o lower than the value quoted in [17] because we do not follow the convention of including in
the definition of G, itself the latter term of(3.82), which is the contribution from dimension-8 SM
operators.

The computation of Ar, requires the subtraction of the QED corrections by matching the result in
the SM with that in the Fermi theory. However, it is well known that the Fermi theory is renormalisable
to all order in the electromagnetic interaction but to lowest order in G, due to a Ward identity that
becomes manifest if the 4-fermion interaction is rewritten via a Fierz transformation in the “charge
retention order”. As a consequence, in the limit of neglecting the fermion masses, Ar, as computed
in the Fermi theory vanishes and we are just left with the calculation in the SM3.

Starting from equation (3.65) we write Ar, as a sum of different terms:

A
Arosz—ﬁ—l—ngBw—i-E—kM, (3.83)
Wwo

where My, is the bare W mass; Ay is the W self-energy at zero momentum, Ay w = Aww (0); Viy

3 We explicitly verified that Ar, vanishes when computed in the Fermi theory.
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is the vertex contribution; By, is the box contribution; £ is the term due to the renormalisation of
the external legs; M is the mixed contribution due to product of different objects among Vi, Aww,
By, and & (see below for an explicit expression at two-loops). All quantities in equation (3.83) are
computed at zero external momenta. We point out that in the right-hand side of equation (3.83) no
tadpole contribution is included because of our choice of identifying the renormalised vacuum with the
minimum of the radiatively corrected potential. As a consequence Ar, is a gauge-dependent quantity.

From equation (3.83) the one-loop term is given by:

(1)
W _m A V2 ),
Arg? =i — A;%;WGTBW +&M (3.84)

where we have used that M) = 0, while at two-loops

(2) (2)
AP = P - AWQW Y - R VIO
My, G,
AL 5 AW B
_sWpp2, Sww | V2 (1) (1) _ Aww 9 =W M )
WMI%,+G“BW Vi MVQVJF\[G;L +E (3.85)
Here
SWM2, = Re My (M2)) (3.86)

with HWW(M%/) the W boson self-energy evaluated at external momentum equal to My, and

(1)
@ _ V2.0) o) W) | ey () _ (o) 4 1)) Aww
MO = ey +;jgl el + MV — (eW 4 v )Mgv. (3.87)

The indices 4, j in equation (3.87) label the different species in the muon decay: pu, e, v, and v, with
the sum that runs over i < j because the terms with i = j are included in £®),

We recall that Ar, is an infrared (IR) safe quantity but not ultraviolet (UV) finite. However, the
& and By terms in eq. (3.84) and (3.85) contain IR-divergent contributions from photon diagrams.
To separate the UV-divergent terms from the IR ones we regulated the latter giving a small mass to
the photon. We then explicitly verified the cancellation of all IR divergent contributions.

The calculation of this quantity followed the methods outlined in section (3.1). We want to note
the fact that, although we have contributions from three- and four-points integrals, we calculated them
at zero external momentum and so we could use as basis the integrals in equation (3.46). Also, in
order to reduce the Vjy and By terms in terms of scalar numerators we used the projector presented
in ref. [20].

3.2.3 Two-loop correction to the Higgs quartic coupling

The other proper two-loop contributions to A(?) (i) are the two-loop tadpole diagrams and the two-
loop Higgs boson mass counterterm. The Higgs mass counterterm, not taking into account negligible
width effects, is given by

SM? = Relly, (M?) (3.88)

with Hhh(M,%) the Higgs self-energy evaluated at external momentum equal to M. It should be

noted that the Higgs mass counterterm as defined in eq. (3.88) and Ar(§2) in equation (3.85) are

gauge-dependent quantities. Yet \(f1) is a gauge-invariant object, as shown in appendix (3.A.2).
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The two loop correction to A is the sum of a QCD term and of an electroweak (EW) term. The
QCD correction )\8()3]3(,&) is reported as an approximated formula in eq. (47) of [15]. For simplicity
here we present it also in a numerical form:

2

M M
Agép(ﬂ = M,) = (423)4 [— 23.89 +0.12 <Ge@ - 125> —0.64 <Ge{[ - 173> ] (3.89)

The result for /\SEQ\)N(/]) is too long to be displayed explicitly. Here we present it in a numerical form
valid around the measured values of M}y and M;. Using the inputs in Table 2.2 we find

1 M M,
A (= M) = e [ —9.45 - 0.11 <(;£/ - 125) ~0.21 (Ge; = 173) ] (3.90)

The numerical expression in eq. (3.90) is accidentally very close to the gaugeless limit of the SM
presented in eq. (2.45) of [15]. Furthermore, as a check of our result, we verified that in the (physically
irrelevant) limit M), = 0, it agrees with an independent computation of A2 performed using the
known results for the two-loop effective potential in the Landau gauge.

3.2.4 Two-loop correction to the Higgs mass term

The result for the mass term in the Higgs potential can be easily obtained from that on A(f). We

write

m?(i) = Mj; + 6Wm? (i) + 6P m? () (3.91)
with

sWMm?(p) = —5(”m%sﬁ

§Dm?(n) = —6@mdg| + A,z (3.92)

2

The one-loop contribution in equation (3.91), §")m? (), is given by the finite part of equation (3.69).
Jm?(71)

The two-loop corrections in equation (3.91), 52 , can be divided into a QCD contribution plus

an EW contribution.

The QCD contribution, 58()3Dm2 (1), can be obtained evaluating the relevant diagrams via a Taylor
series in xp = M }% /Mt2 up to fourth order
G, M} 2

M2 M
6@ m2(n) = —+Tt N ¢ 2[—96—1— 41— 1212 =L 412102 b ) gy, +
QCD (1) V2(4m) cUFrg3 ( 2 ﬂQ) ht

+122 2 1223 4 n 43123 4
—z x x

1357 7 3150 " 661500 "
where N, and Cp are colour factors (N, = 3, Cr = 4/3), such that it is numerically approximated as

(3.93)

2M2
Soepm?(i=M;) = ?ZW)Z [— 140.50 + 2.89 (é‘g[ - 125) —3.71 (é\ﬁ/ - 173) } (3.94)

The two-loop EW part, 5&2\2\,7712(;1), can be obtained as a byproduct of the calculation of )\g\av (). Also
in this case the result is too long to be displayed and we present an interpolating formula. Using the
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inputs in table 2.2 we find

2
(2) M B My, B B M, _
s& m2 (= M,) = (T |~ 14947 +2.53 (GeV 125> 4.69 (GeV 173”. (3.95)
3.2.5 Two loop correction to the top Yukawa coupling
The MS top Yukawa coupling is given by
a 1/2
i) = 2 “M2> y () + 4 3.96
i) =2 (e )+ () (3.96)
with
(@) = =Wy |
() = 0P|+ A, (3.97)

According to equations (3.73)—(3.74) the corrections to the tree-level value of y; are given in terms of
Ar, and the top mass counterterm. Regarding the latter, a general discussion on the mass counterterm
for unstable fermions in parity-nonconserving theories is presented in ref. [21]. Writing the fermion
self-energy as

X(p) = ¥i(p) +X2p)5
S12(p) = PBia(p?) + moAi2(p?) (3.98)

the fermion propagator is given by

. i i Ya(p)
iS(p) = - 1— : 3.99
P = e =)~ F=mo—Sa) | F—Sa )+ moll + 2] (399
where myg is the bare fermion mass and
S2(p) [Za(p) — 2moA2(p®)]
Y (p) = 21 (p) + . 3.100
1) = B0 ¥ 550y ol o+ 241 (7) (3:100)
Identifying the position g = M of the complex pole in eq. (3.99) by
M =mg + Zeg(M) (3.101)

and parametrizing M = M — il’ /2 with M the pole mass of the unstable fermion and I' its width, the
mass counterterm for the unstable fermion is found to be

M = Re Xeg (M) . (3.102)
Specialising the above discussion to the top, we find, including up to two-loop contributions,

Yo (M) [Zg(Mt) — 2MtA2(Mt2)]

SM, = (M,
1 =Re [ X1(My) + 201,

(3.103)
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with M; = M, — il /2. The mass counterterm defined in equation (3.103) is expressed in terms of the
self-energy diagrams only, without including the tadpole contribution. While this definition follows
from our choice of identifying the renormalised vacuum with the minimum of the radiatively corrected
potential, it gives rise to a § My that is gauge-dependent and, as a consequence, in this framework, the
MS top mass, M;(f1), is a gauge-dependent quantity. However, a MS mass is not a physical quantity
nor a Lagrangian parameter and therefore the requirement of gauge-invariance is not mandatory. A
gauge-invariant definition of M;(f1) can be obtained by including the tadpole contribution in the mass
counterterm [22]. However, with this choice the relation between the pole and MS masses of top quark
acquires a very large electroweak correction [23]. The top Yukawa coupling computed in this paper is
a parameter of the Lagrangian, and thereby does not suffer of these problems.

Concerning the two-loop contributions in equation (3.96), we have computed the QCD corrections
to the one-loop term and the two-loop EW contribution.

These contributions are too long to be displayed explicitly, and we report them as interpolating
formulae. Using the inputs in table 2.2 we find

A=) = (522001 ( M 19 15 ( My
v (i t) (am)t [5. 0.0 GV 5] +0.15 GoV 3|+
2 Ve M
93 h t
- 7. . — —125) - 0.2 -1
+(47r)4[ 753+009<Gev 5> 0 3<GeV 73)]4—
4
93 M,
—=—| —145.08 — 0.84 -1 . .104
+(4W)4[ 5.08 — 0.8 (GeV 73” (3.104)

where the latter term is the well known pure QCD contribution; the second term is the mixed QCD/EW
contribution that agrees with [19]; the first term is the pure EW contribution computed for the first
time in [16].
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3.A Appendix

3.A.1 Integral form

The master integrals can be written in terms of Feynman parameters in a quite easy way. There are
no particular point that we should address, the only difficulty arises from a naive calculation of Sp,
since part of the UV divergence of the integral can be “transferred” to the Feynman parameter. The
complete calculation of Sy and Tj is reported in [24]. The one-loop master integrals and the divergent
parts of the two-loops master integrals are reported in section (3.1.4), here we report their finite parts.

1
Mo,ﬁn(pQ,m?) = ///0 dt dr dl 9cg(&(p?,m3,m3;r),¢,mé, (1 + r)p%; e m3,m2ir))
1 1 2 m2,m3;t 1 ,m?,ma:t
Uo,ﬁn(pQ,mgz) = -5 +// dt dl (—IH(W) + 21n2(§(plu122))
+g(€(p m%vaal) m37m4?(1_l) ))7
m2 2
13 1 1 ms
So,6n(p®,m3) = 27171 2 _9m2In(2) + —m2In?(L) =
0,fi (pam]) 8 +2 M2 +Z 5y m n(ﬂ )+2m]n(ﬂ2)
1
+/ dt( f(p m%vmgamfﬂa >+m1 g(p m%7m%7mi2’,at) (3105>
0
+m2 g(p m%7m%7m3a )+m3 g(p m%?”ﬁamgvt))a
1 2 1 2 1
TO,ﬁn(p27m32) = _5 - ln(721) + 5 1n2(721) +/ dt g(pzum%m%am%;wv
M H 0

(3.106)

where t, [, r are Feynman parameters (¢, [, r € [0,1]), and we defined the following functions:

1 yl(sawvyaz;t)
s Ly Yy 7t 1
1_y1(87x7y72;t))+y1(8 Y ) n(y1(87$7y72;t)_1)

1 y2(87x7y7z;t)
) ) b ’t 1 )
l—yz(s,w,y,Z‘t)HyQ(s 7Y, 26) n(yz(s,w,y,Z;t) - 1)

1=96(z,y,2;t) 1 4 y1(s,z,y, z;t) )
g\ D)

9(37557%3575) = LZQ(

+Lia(

f(s,z,y,2t) = o4 53/1(8 x,y,2;t) ln(yl(s,m,y,z;t) 1 (3.107)
—%yg(s,x, Y, % t) 1n(y2?g(izi ; tz ),
E(s,zyst) = wt+y(l—t)—s(1—th,
Mz, y, z;t) = W,
G R E e — f‘;(:’ yzt) V-5 -0y z t))_22; 420(w,y, ;1) +id3n

3.A.2 Gauge Invariance

All MS parameters have gauge-invariant renormalisation group equations [28] and are gauge invariant,
as we now prove.® Let us consider a generic MS coupling § measuring the strength of a gauge invariant
term in the Lagrangian and a generic gauge fixing parametrized by & (for example the R¢ gauges).

4Gauge invariance of fermion pole masses has been proved in [25—-27], here we generalise their proof.
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Let us first recall the definition of € in terms of the bare coupling 6,

e — cx(0,€)
449, = kzo (C;_W, (3.108)

where the ¢, are defined to be the residues at the divergence d = 4. The important point is that
co = 0, with no dependence on £. Since 6y is gauge independent, we have

dOy do &S 1 dep(0,€)
0=at=2 =2+ k . 3.109
Ml Tde T d-aF de e

Since this equation is valid for any d, and € has no poles at d = 4 by definition, we obtain df/d§ = 0,

that is 6 is gauge invariant (as well as all the residues c;).?

SNotice that this proof does not apply to the Higgs vev v, because it is not the coefficient of a gauge-invariant term
in the Lagrangian.
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Chapter 4

Large Extra Dimensions

Another interesting search that can be done at LHC is that of large extra dimensions, since large
extra dimensions with quantum gravity at the electroweak scale can naturally explain the hierarchy
problem. Although we do not know exactly the theory of quantum gravity, it is still possible to obtain
predictions from collider experiments, using either effective theories or semi-classical approximations.
Hereafter we will see how to build a feasible theory of gravity in extra dimensions and how the validity
of the theory can be tested at LHC.

The first section is dedicated to the most important theoretical aspects of the problem. In the
second section we will illustrate how we can use the LHC data for testing the Large Extra Dimensions.
As example, we use early LHC data at /s = 7TeV and 36 pb~!, showing that even with a very-low
statistics we are able to investigate the LED scenario.

4.1 Theory

4.1.1 Overview

Since the pioneering work of Kaluza and Klein, the possible existence of more than four space-time
dimensions in our universe has attracted physicists. An important feature of this kind of models is
the possibility to explain the hierarchy problem [1], that is the existence of two scale of energy, the
electroweak and the Planck scale, that are widely separate, being 5\”4—5;3 ~ 10715, If the gravity is free
to propagate in all the D = 4 4+ § dimensions we can explain this separation simply compactifying
the extra dimensions, setting their length conveniently and allowing for quantum gravity at the weak
scale. Indeed from the Gauss theorem the potential between two masses mq and mo at distance r in

a D dimensional space is

mi mo 1

for r << R, where R is the compactification radius of the extra-dimensions, while for » >> R is

mi1ms9 1
D
So our effective 4 dimensional Planck mass Mp; is
M3, = ROMO (4.3)
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and requiring Mp ~ Mgy, we find the compactification radius has to be

1 M T
R~ — (=95 ~ 10517 <ev> cm. (4.4)

Mew Mew Mew

If both gravity and SM fields propagate in the extra dimensions, R must be at least less than
10716 - 10~!7 cm corresponding to the energy the electroweak theory has been probed, so in ordered
to obtain the desired 5\”4—5; ~ 1 we need to add a “warping”, that is we have to construct our theory in
a curved background, as done, for § = 1, in the well-known Randall-Sundrum model [2].

On the other hand if only gravity can propagate in the extra dimensions, the conditions on the
radius are looser!, but we can still probe these large extra dimensions identifying processes involving
gravitons in collider experiments, even without knowledge of the exact model for quantum gravity at
the weak scale.

Here we will study the last kind of theory, where the Standard Model fields are bound to live on
a four dimensional brane, while gravity is free to propagate in all the extra dimensions.

4.1.2 Kaluza-Klein expansion of the graviton

In this section we will study the equations for a graviton in extra dimensions. For more details see,
for example, reference [4]. In a D dimensional space-time a point is described by a set of coordinates

z=(z,y), x=(z0,%), y=Wi,...,ys5), 0=D-—4. (4.5)

where for convenience we made a distinction between the usual four dimensional space-time coordinates
x and the coordinates of the extra dimensions y. We can compactify the extra dimensions through
the identification?

y; =y +2rR j=1,...,0, (4.6)

where R is the compactification radius and demanding for a generic field to be periodic under the
(4.6):
o(x,y;) = (@, yi + 27 R). (4.7)

Now we want to study the Kaluza-Klein excitations of the Graviton. At low energy and small curvature
the equations of motion of the effective theory reduce to the Einstein equation in D = 4+§ dimensions:

1 Ty
gABERAB_ngBR:_% A7B:17"‘7D7 (48)
2 Mj

where Mp is the reduced D-dimensional Planck mass defined as Mp = (277)*‘5/ @+ M.

Expanding the metric g4p around its Minkowski value n4p *

1-6/2

gaB = nap + 2Mp, hap. (4.9)

! Although from astrophysical bounds also in the case of § = 1,2,3 we need a bit of warping [3]

2For simplicity the compactified space is assumed to be a torus

3In general the existence of the brane on which Standard Model fields are localized create a non trivial metric
background, however is reasonable that if we are probing distances much bigger than 1/Mp we can consider the metric
essentially flat.
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Replacing in equation (4.8) the definition (4.9) and keeping only the first power of h, we found

M 117+6/ ’Gap = DOhap — 049%hcp — 0pd°hea + 9a0phG
— nagOhS + napdC0Phep = — M5 " Typ, (4.10)

where indices are raised or lowered using the flat-space metric and summation over repeated indices
is understood.

If we demand periodicity for the graviton, as in equation (4.7), we found that the field A could be
expressed as

(4.11)

nly
hap(z Z Z \/W 17].

n1=—00 ng=—00

In this way, from a field that lives in a D dimensional world we obtain an infinite sum of Kaluza-Klein
modes h("™ (x) that live in the four dimensional world.

Before continuing we have to clarify what happens to the Standard Model fields. As we said in
the introduction, we assume the ordinary matter to be confined on the brane, and therefore, in the
limit of weak gravitational field, their energy-momentum tensor is

Tap(z) = ninETuy(x)d(y) w,v=0,...,3. (4.12)

Equation (4.12) means that the Kaluza-Klein modes of the energy-momentum tensor are independent
of n, at least in the low-energy region. This is crucial for the analysis we are going to do, since it
implies that all the h(™) (z) fields are coupled to ordinary matter by means of a universal coupling,
allowing us to make definite predictions on their cross-sections.

We replace the expressions (4.11) and (4.12) into the equations of motion. After multiplying both

sides of eq. (4.10) by e "®Y and integrating over the extra-dimensional coordinates, we obtain the
following set of equations:

¢ (z) = (@O+n2)h™,, - [8M8Ah(”)3 + g™, + (o v)] +

~ n A n ]
(00, = 1O+ 22)] [R5 + RO +
s [0 07D g + 2000 B — R | = =, (4.13)
P

(O+ 72)hM 5 — 8,0,h™ — i, M — ifn;0,h™"
k v k
+igigh™ | 4 0, [h(’”y + ™ k} =0, (4.14)

Q.
2
&
—
8
~—
Il

N n i n ~ o~ 1 (n)¥ .
¢
— Ak + (0 + ﬁz)] [h(”)z + h(")g} +

Mk |00 h 20 "B, — AR, | =0. (4.15)

Where the D’Alambertian operator acts on the four-dimensional space O = 0"0,, 7 = n/R, n?
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—Aln; = Z§:1 |7;|? and we have defined
Mp = \/VsM 5% = (27 R)*/201 )/ (4.16)

as the ordinary reduced Planck mass, Mp = F/v/8m = 2.4 x 10'® GeV.

If we define new dynamical variables, we can rewrite the equations of motion as

1 0,0, T
) n)  _ Oy A
(O+a2) v, = (4.18)
(@O+a2) S™ ;=0 (4.19)
O+a2) g@® — 5 pu 4.2
( +n ) 3MP o ( 0)
where k is defined as
_ 3(6—1)
We also find the constraints
o, TH
el e 4.22
a G 124 3?¢L2MP ( )
TM
(m)* _ K 4.2
G # 3n2Mp (4.23)
VM = 0. (4.24)

The free propagation of G, is given by eqs. (4.22) and (4.17) in the limit 7}, = 0,

(O+42)G™,, =0 (4.25)
Hra™,, =0 (4.26)

n ILL
Gl = 0. (4.27)

These equations describes the propagation of a massive spin-two particle, the n-th Kaluza-Klein exci-
tation of the graviton. Indeed counting the degrees of freedom, we see that out of the 10 contained in
the symmetric tensor G(™ w»> O are eliminated by the equations (4.26) and (4.27), thus leaving only
5 propagating modes.

The fields V(™ ,; and S ;. describe § — 1 spin-one massive particles and (62 — § — 2)/2 massive
real scalars respectively . Neither of them is coupled to the energy-momentum tensor, so they will not
play any role in our collider experiments.

Finally, there is the scalar H(™ which is coupled only to the trace of the energy-momentum tensor,
see eq. (4.20). The scalar H () can only couple to ordinary particles at tree level proportionally to
their masses. These couplings give effective interactions at best of order M% /J\/[]Qj

We conclude this section writing down the graviton Lagrangian. We start from the D-dimensional
graviton Lagrangian corresponding to the Einstein equation (4.10),

1

—1+45/2
Mp,

1 1
L= —§hABDh AB + ihﬁDhg — hAB3 400 + WP OO, — BTy, (4.28)
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that is, it in terms of the fields G™, V(") S and H),

1 iy i 1 R Y _i DA

L= 3 3G O+mHE N+ GO+ m) G, - G 9,0,G00
all 7@

»

—igyhw i 1 i a2 M i
+G( ) 8u8,\G( Z ’é?”V( )z/j —61,V( )#j + TV( )NJV( )#j (4.29)

1 o . 1 _ _
—§s<—">]’“(m +m?)S , — 5H<—">(D +m2)H™
1 A K (7
—— |g®r _ gnﬂ H( )} Ty

Here m? = n? is the Kaluza-Klein graviton squared mass and « is that defined in equation (4.21).
Feynman rules involving gravitons, and changes in the cross sections significant for collider physics,

can be obtained from (4.29) and can be found for example in reference [5].

4.2 Analysis

In this section we will give some details on possible studies that can be done at LHC in order to test
Large Extra Dimensions.

4.2.1 Experimental signatures
Let us see now what kind of LHC signal can be interpreted in terms of D-dimensional gravity.

1. Missing pr from emission of massive gravitons constituting the Kaluza-Klein tower. This signal
is within control of the low-energy effective theory as long as the graviton energy is less than an
ultraviolet cutoff A.g, which characterizes the onset of the new quantum-gravity theory. Validity
of the perturbative expansion sets an upper bound on the cutoff

Aett < [D(2 + 6/2)] 25 () 5525 M. (4.30)

This upper bound is saturated only when gravitons become fully strongly-interacting before
entering the new regime of the underlying theory, and thus A.g could actually turn out to be
much smaller. This does not mean that missing pr signals above Aeg vanish, but simply that
they are not calculable without knowledge of the full theory.

2. Tree-level exchange of gravitons (fig. 4.1a) generating the effective dimension-8 operator 7 [4-0]

8 1 ThTY
Lnt=cr X T=—-—x—(T,TH - L") 4.31

int T T M74~ 9 < pv 5+ 2> ( )
where T}, is the SM energy-momentum tensor. In most cases the dominant contribution to this
operator comes from the ultraviolet end of the graviton spectrum. Therefore the parameter My
cannot be computed without knowledge of the underlying quantum-gravity theory.

3. Virtual graviton exchanges at one-loop level (fig. 4.1b) can become more important than tree-
level effects because they induce dimension-6 effective operators, as opposed to the dimension-8
T operator [7]. For pure graviton virtual intermediate states, a unique dimension-6 operator is

L=cyxT, T= ;(2} fm5f> <§fj fv“'ys)f), (4:32)

generated
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Figure 4.1: Fig. 4.1a: Tree-level graviton exchange generating the dimension-8 operator T . Fig. 4.1b:
One-loop graviton exchange generating the dimension-6 operator Y.

where f is any SM quark or lepton. As in the case of tree-level graviton exchange, the coeffi-
cient ¢y is fully sensitive to the ultraviolet completion of the theory and can be related to the
fundamental parameters Mp and § only by specifying a cutoff procedure.

4. Dijet events at large invariant mass and large rapidity separation. In this kinematic regime,
gravitational scattering can be reliably computed in the eikonal approximation [8]. This is be-
cause scattering processes at center-of-mass energy larger than Mp (the so-called transplanckian
region) are governed by classical dynamics and any quantum-gravity effect is subdominant.

5. Black holes. Black-hole formation and decay is expected to occur in the transplanckian region
when the impact parameter becomes smaller than the corresponding Schwarzschild radius [9].
Therefore it supplants gravitational scattering, in the limit of small rapidity separation. While
transplanckian gravitational scattering can be perturbatively calculated, black-hole formation
occurs in the regime in which gravitational interactions are strong.

Furthermore brane fluctuations (massless ‘branons’) give rise to the same effect 1 (as in § = 6) and
2 (asin § = 4) [10]. Our main goal is to show how the operator in equation (4.31) can put stringent
bounds on the extra dimensions. So we concentrate our studies on these signals.

In order to do that we study the effect of a single virtual-graviton exchange at tree-level in scattering
processes?. The scattering amplitude in momentum space of the graviton-mediated process cam be

found from the Feynman rules, derived from (4.29),

A=S8(s)T (4.33)
1 1
S(s) = i Zn: — (4.34)
1
= u prpv
T=1T,T 5 ST (4.35)

Here T),, is the energy-momentum tensor. The two terms in eq. (4.35) correspond to the exchange of
the graviton G(™ v and the scalar H (),

In eq. (4.34) >, represents the sum over all Kaluza-Klein modes, which has to be performed at
the amplitude level. Since the operator 7 does not depend on the Kaluza-Klein index, we can perform
the sum ) without specifying the particular physical scattering process under consideration.

As will be discussed below, if the typical energy resolution of the experiment is broader than the
mass separation between two KK states, the sum can be approximated as an integral over the extra-
dimensional momentum ¢ of the graviton. Such integral is UV divergent for § > 1 extra dimensions.

4For simplicity we consider the case of pure s-channel exchange, but the discussion of the ¢- and u-channel exchange
is completely analogous.
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So we regularize the integral by including only KK excitations with mass m = |¢| below an arbitrary
cut-off A, which parametrizes the onset of the unknown quantum-gravity physics. A small (large)
ratio A/Mp effectively means that quantum gravity is weakly (strongly) coupled [7]. The use of the
cutoff allows for a comparison of the experimental limits on the operator(4.31) with the searches for
real graviton emission in missing pr events. Cutting off the integral, we find

1 g 76/2 62 s
S(s) = / — = Fs(— 4.36
(5) MZEF Jigjen 8 — ¢* +ie  T(5/2) M3 el (4.36)
where I' is the Euler function and Fjy is recursively defined as
2
Fsio(x) = wFs(x) — 3 (4.37)
and
F()—lactahi Fy(z) =—1lo 1—l (4.38)
1\T) = \/E I n \/57 2T ) = g ) .

For 0 > 2 the integral is dominated by the heaviest graviton with mass m =~ A and thus, for
s < A2, the function S can be treated as a constant with no momentum dependence and the scattering
amplitude can be approximated by the effective operator T of eq.(4.31) with a coefficient which is
usually defined as [6]

( 70/2 A2 8
= for § > 2
(%f 5/25)1“(6/2) METE T My
S(s < A?) = e In e for 6 =2 (4.39)
D.
—im
Mi%\/g for 6 =1

However, in view of the high dimensionality of the operator, the dominant LHC bound comes from
the highest energy events, and it is appropriate to retain the full amplitude, including the dependence
on the cut-off A.

We would like now to comment on the validity of approximating the sum over virtual gravitons
with an integral.

0=1

As we said the gravity at macroscopic scales and astrophysical considerations constrain the cases § =
1, 2, and 3. The corresponding fundamental mass Mp can lie around the weak scale only if the theory
is modified in the infrared. This can be achieved by introducing a warping factor [2] with a small mass
parameter p (of a few MeV) which lifts the lightest KK mode of the graviton (and characterizes the
KK graviton mass splitting, since m,, ~ mnu for n > 1), without modifying the UV behavior of the
theory and its collider predictions [3].

Let us first consider the case § = 1, in which the KK summation can be explicitly performed with
the result [11]

1 1 T
_ 1 _ K 4.4
S(s) A2 Zn: s —m2 + im,Lg(my,) M3\/s A
_ sin 2A + lelnh22€ A= (\/g + 1) €= ml'q . (4.41)
2(cos? A + sinh” €) Am 4 2Am m=ys




78 CHAPTER 4. LARGE EXTRA DIMENSIONS

Here A is the interaction scale of individual gravitons, related to the fundamental mass of the 5-

dimensional theory Mj5 by [3]
s Ms?
Az = —.
2mp

™

(4.42)

The mass splitting between KK gravitons Am and the decay width of the n-th KK graviton I'¢(my,)

are given by
3

cms,
" (4.43)

™

Am = mp Lg(my) =

where ¢ = 1/80, 1/320, and 1/960 for graviton decays into a massless vector, Weyl fermion, and
conformally-coupled real scalar, respectively [5]. Consequently, we find ¢ = 283/960 after summing
over all SM particles. The parameter € in eq.(4.41), which measures the relative separation of the
individual graviton resonances (¢ < 1 means well separated resonances, € > 1 means overlapping

e:c(\/gf’. (4.44)

resonances), is given by

M
Therefore € remains finite in the limit ¢ — 0, which corresponds to sending the compactification
volume to infinity (Mp; — 00).

The expression of S in eq.(4.40) is a rapidly oscillating function. However, we are interested in the
case in which the energy spread of the initial and final states is broader than the mass separation u. It
is then convenient to average eq.(4.40) within one oscillation period, obtaining the smoothly varying
function [3] '

i

M35

We can now take an alternative approach and work directly in the continuum, by replacing the

(8) = (4.45)

discrete KK summation with an integral

1 dm 1 T'e—0 LI
S(s)=-— [ — ~ 4.46
(5) A2 / s —m? 4+ imlg(m) M3\/s (4.46)

Therefore, the procedure of integrating in the continuum, eq.(4.46), gives exactly the same result as
the averaged summation in eq.(4.45). This shows that, as long as the energy resolution is broader
than the mass separation, it is perfectly adequate to treat virtual gravitons as a continuum.

Let us now consider the modulus square of the expression in eq.(4.40), averaged over an oscillation

(IS%) = Gy COME S~ Y 2 (4.47)

- MSs etfe—1) = e\ M3s) ‘
While for € > 1 we find (|S|?) ~ |(S)|?, in the relevant case of small ¢ we obtain that eq.(4.47) leads to
an enhancement of a factor 1/e. Note that the enhanced term in eq.(4.47) has a lower order in powers

period

of graviton coupling constants than expected for a scattering process, because it corresponds to the
production of real gravitons.

The same result can be obtained also by calculating |S|? in the continuum. If we are interested in
the real production of well-separated narrow resonances, we can neglect interference effects. Then the
calculation in the continuum, for € < 1, gives

1 [dm 1 res0l( 7w \?
SPP=— [ — ~ == . 4.48
151 A / T (s —m2)2 +m?T% € (Mé3 s) (4.48)
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The result of the calculation in the continuum agrees with the discrete summation in eq.(4.47), when
initial and final particle states are spread in energy more than the KK mass separation.

As mentioned above, the Feynman diagram in fig. 4.1a includes two effects: a) 2 — 2 scattering
processes mediated by virtual gravitons, and b) 2 — 1 — 2 production of one graviton KK resonance
with mass equal to /s that eventually decays into SM particles. The enhancement in eq.(4.47) is the
contribution from process b). In the § = 1 scenario we are considering, the graviton decays well inside
the detector, such that process b) must be included and there are no missing-energy signals (a point
missed in previous works on the topic).

On the contrary, in the 6 > 1 scenarios considered in the next section, KK gravitons typically
decay far away from the detectors, such that process b) does not contribute to 2 — 2 scatterings
observed at LHC.

0>1

The previous result can be generalized to § > 1. The amplitude smoothed over scattering wave packets
broader than the mass splitting between KK gravitons is obtained by replacing the discrete summation
with an integral

1 1 279/2 A m—1

S(s) = - — / dm - , 4.49

(s) M3, ZZ: s —m7i +imLa(mi) — T(5/2)M3E™ Jo s —m?2+imlg(m) (4.49)

where Mp is the reduced Planck mass. Writing the graviton propagator in the narrow-width approx-

imation, we obtain an expression for (S) that is identical to eq.(4.36).

For generic 4, the graviton width is I'g(m) = ¢m3/m M2, and the mass difference is

r(5/2) M3
Am = (/#. (4.50)
2m0/2 M3 mo—1
Here we are considering the case in which the KK graviton spectrum is not distorted in the infrared
(1 =0). Analogously to the 6 = 1 case, we can define

79/2¢ Vs 2+9
e~ (31) 4

I Ve
€= 2Am

Note that € < 1 as long as the low-energy effective theory can be trusted (v/s < Mp), showing that
the graviton resonances are narrow and well separated. Using the narrow-width approximation we
find that the leading contribution is

2
(s(s)) = S (152)
As before, this term has to be interpreted as the production of a graviton with mass y/s. Since the
graviton decays well beyond the detector, this term contributes to “missing energy” and not to the
signal we are considering and should be subtracted from the final result. Effectively, the rate of interest
is obtained by taking the modulus square of eq.(4.36). The situation can be different in intermediate
scenarios with g > 0 and shorter graviton life-time; a life-time comparable to the detector size would

lead to 2 — 2 signals with displaced-vertex.
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Experiment Process + —
LEP [12] efe” =y | 0.93TeV  1.01TeV
LEP [13] ete™ —efe™ | 1.18TeV  1.17TeV
H1 [14] efpande"p | 0.74TeV  0.71TeV
ZEUS [15] etpand e p 0.72TeV  0.73TeV
CDF [16] pp—ete vy | 0.99TeV  0.96 TeV
DO [16] pp— eTe vy | 1.28TeV  1.14TeV
DO [17] PP — jj 1.48 TeV  1.48TeV
CMS at 7 TeV with 40/pb [18] | pp — p~pt 1.6TeV 1.6 TeV
CMS at 7 TeV with 36/pb [27] pp — VY 1.74TeV  1.71TeV
ATLAS at 7 TeV with 3.1/pb pp — 77J 2.2TeV ~ 2.1TeV
ATLAS at 7 TeV with 36/pb pp — jJ 4.2TeV ~ 3.2TeV
CMS at 7 TeV with 36/pb pp — JJ 4.2TeV  3.4TeV

Bounds on graviton exchange at tree level

=
o
T

+8/M1%in 1/Tev*
o
T

-
i
i
.
|

coefficent cr

H1,ZEUS LEP LEP DO, CDF DO CMS CMS
e eeoyy eeoee ppoeeyy  ppojj

with ATLAS  with CMS
pp—pp* pp-yy pp-jj pp-jj

Table 4.1: Tree-level graviton exchange: 95% CL limits on the coefficient My (known as Hewett

normalization [0]) of the dimension-8 operator T of eq.(4.31) for positive and negative interference.
The last three limits are derived in [23]

Experiment Process + —
LEP combined [20] ete” —ete” [ 11.3 115
LEP combined [20] ete” = putp™ | 164 12.7
LEP combined [20] ete” = ¢t~ | 172 15.1
LEP combined [20] efe” —bb | 153 11.5

H1 [14] efpande™p | 25 3.9

ZEUS [15] efpande™p | 46 5.3

DO [21] pp— ete” 4.7 55

CDF [21] pp— - | 45 5.6

CCFR [22] vN scattering | 3.7 5.9

DO [21] P — i 32 3.1

ATLAS at 7 TeV with 3.1/pb pp — 7 53 4.2
CMS at 7 TeV with 36/pb pp — jj 1 8.1
combined 22.4 15.7

Table 4.2: Loop-level graviton exchange: 95% CL limits on the coefficient |cy /4n|~Y/? (in TeV)
of the dimension-6 operator Y of eq.(4.32) for positive and negative values of cy.
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Figure 4.2: Left: pp — jj angular distribution for fived 6 = 6, My = 2TeV, M;; > 1.2TeV and
different values of A (as indicated) and consequently of Mp. The effective-operator T is formally

reproduced in the limit A — oo. Right: dependence on the number § of extra dimensions at fired
Mp =A=1.5TeV. The data are from ATLAS [2/].

4.2.2 Fit to the graviton-exchange effective operator

As an example of application of our studies, we compare the first LHC data at /s = 7TeV and
36 pb~! to the new physics described by eq.s(4.31) and(4.32). Since the -dependent double trace
term in 7T is irrelevant for collisions of particles with masses much smaller than the LHC energy, our
subsequent analysis applies to any number of extra dimensions (larger than 2).

The tree-level exchange of virtual gravitons described by the Lagrangian of eq. (4.31) mediates the
processes

pp— T, pp—yy,  pp—jj. (4.53)

The experimental collaborations concentrated their sensitivity studies on the di-lepton and di-photon
final states. However the corresponding cross sections are significantly lower than the pp — jj cross
section, and this is the main factor that determines the observability of these signals even at the initial
LHC stage. Indeed requiring final states with invariant mass greater than 1TeV, jets, leptons and
photons with 7 < 2.5, and additionally requiring |n; — 12| < 1.2 for the jets, we find for the data we
are considering in our example

10.4fb  forpp — ptp~ . (4.54)

12. f ¥

<2TeV>8 Spb  for pp — jj
o= X

21.3tb  for pp — v

This large difference in cross sections is due partly to trivial flavor and color factors, and partly
to the fact that the processes are mediated by the operator of dimension 8 in eq. (4.31), which gives
larger rates for the channels with more energetic initial states. In particular pp — jj benefits from
the high energy of the initial partons uu in the ¢-channel process.
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Figure 4.3: The shaded area is the bound from wvirtual graviton exchange at CMS (continuous line
denoted as ‘C”, data after 36/pb), ATLAS (long-dashed line denoted as ‘A’, data after 36/pb). Vertical
blue line: bound from graviton emission (as summarized in table 1 of [7]). Red line: Naive Dimensional
Analysis estimate of LEP bound from loop graviton exchange. Upper shading: NDA estimate of the
non-perturbative region.
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Figure 4.4: Left (right): pp — jj angular distribution at ATLAS with M;; > 1.2TeV (at CMS with
M;; > 2.2TeV) binned as a function of the angular distance x. The experimental data (crosses)
are compared to the SM prediction (black histogram) and to the expectation including virtual graviton
effects at tree level.

In the following we shall show that, from the angular distribution of the jets, even with only 3.1
pb~! of integrated luminosity it was possible to obtain the dominant limit on the operator 7.

We study the effect of graviton-mediated amplitudes in the differential and in the total cross
section, including interference effects between the SM and the new contributions. Both the total and
the differential cross section are affected by NLO effects. However this sensitivity to higher order
effects can be reduced by choosing a suitable kinematical quantity and restricting the analysis to
certain kinematical regions.

In the data we took in considerations the ATLAS [24] and CMS [19,25] collaborations have searched
for the effect of contact interactions in the angular distribution of dijet events. Both collaborations
have studied the centrality ratio distribution, and ATLAS also released the normalized distribution in
several ranges of invariant mass of the jets on the variable

X = exp |y1 — yol,

where y; 2 are the two jet rapidities. Due to the dominance of Coulomb-like scattering in the SM,
these distributions are expected to be almost flat in the case of QCD, which helps to reduce the impact
of smearing effects. Contact interactions, especially those in eq. (4.31) being mediated by a spin-2
particle, have a different angular distribution with respect to QCD and result in a deviation from a
flat distribution.

Data for the x distribution from ATLAS are reported in fig. 4.4a together with the SM expectation
at next-to-leading order [24]. Fig. 4.4a shows also the effect of the graviton operator T for My = 2
and 2.5 TeV for both positive or negative interference with the SM.

The prediction of the effect of the operator 7 has been obtained simulating the effect of this
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operator at the partonic level with MADGRAPH [26] and CTEQG6L parton distribution functions. We
checked that showering and detector effects do not alter significantly the prediction. In particular
we checked that with the uncertainties on the data the limit on the contact interaction studied by
ATLAS [24] is reproduced at the partonic level within 20%.

We compare data with the theoretical expectation and we compute the 95% CL bound on the
coefficient of the 7 operator by imposing

bins

t(er) — u:)?
=) Uiler) — i)” ;( 7) — ) Xouin + 3.84, (4.55)

2
03 stat + szst

where pi; are the experimental central values, o; sat the statistical errors, ogyst ~ 0.003 estimates the
systematic uncertainties (we ignore possible correlations between different bins) which are presently
subdominant and t;(cy) are the theoretical predictions, computed for some values of ¢ and fitted
in each bin as a quadratic function of ¢ = 8/Mf,£. We find the bound M7 > 2.1 TeV reported in
table 4.1. This significantly exceeds all previous bounds.

CMS pp — jj data after 36 pb~! [19] are here plotted in fig. 4.4b. We can reliably estimate
the resulting bound, M7 > 3.4TeV, as reported in table 4.1. This is comparable to the sensitivity,
3.2 TeV, despite the apparent mild statistical fluctuation in the first bin. From ATLAS pp — jj data
after 36 pb~! [29] we estimate My > 3.2 TeV.

We can compare the sensitivity of the dijet channel to those of the pp — £T¢~ and pp — v
channels considered by the experimental collaborations. CMS [27] found My > 1.8 TeV from pp — v
after 36/pb of integrated luminosity. Ref. [27] reported a 95% C.L. sensitivity in the v+ channel to
My ~ 3TeV for more than 150 pb~! at 10 TeV center of mass energy and [28] claims a sensitivity
of the leptonic channel to M7 ~ 3 TeV with 100 pb~! of 14 TeV data. The proposed measurements
essentially consist in counting events with large invariant mass, as in eq.(4.54). The pp — jj signal
already reached the same sensitivity with a center of mass energy of 7 TeV and 36 pb~! of integrated
luminosity.

Finally, we computed the bound on the dimension-6 operator T of eq.(4.32) generated by graviton
exchange at loop level. The result is shown in table 4.2 together the other existing bounds. With the
published data we find a bound from dijets at LHC that is comparable to the bound from Tevatron
and strongly subdominant with respect to the bound from LEP. With 36 pb~"! of integrated luminosity
we get a bound subdominant with respect to LEP, although significantly larger that existing limits
from Tevatron.

4.2.3 Fit to the full graviton-exchange amplitude

Formulee for the cross sections from tree-level graviton effects in any number of extra dimensions can be
found in the appendix of ref. [3]. We implement them in PYTHIA8 [30] and verify that in the effective-
operator approximation (S = 8 /M%) the various distributions reproduce the ones previously obtained
with MADGRAPH and that hadronization and jet reconstruction negligibly affect the observables we
consider.

We can now compare the data with the full graviton-exchange amplitude, computed in terms of
the cut-off A, defined to be the maximal KK graviton mass. Even for § = 1 the correct treatment of
|S|? in the s-channel is numerically irrelevant here. Indeed we consider the pp — jj signal which is
dominated by the wwu initial state which has no s-channel.

Fig. 4.2a shows how the theoretical prediction changes with the cut-off A keeping fixed the coef-
ficient of the effective operator T to be My = 2TeV, around the present bound: the full amplitude
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must be used unless A > Mp. Fig. 4.2b shows how the theoretical prediction changes with ¢ keeping
fixed Mp and A.

The results of our fit are shown in fig. 4.3, as functions of Mp and of the ratio A/Mp. The 95% CL
bound is defined as x* < xZ,;+3.84. As previously discussed, the ratio A/Mp effectively parameterizes
the unknown strength of the full quantum-gravity theory. The gray area at larger A/Mp covers the
region estimated to be non-perturbative according to naive dimensional analysis [7].

The shaded area covers the region excluded by the angular distribution at M;; > 1.2 TeV.

For comparison, the other two lines show:

e the combined Tevatron-LEP bound from graviton emission (vertical blue lines; computed ignor-
ing the dependence on A).

e the LEP bound on loop graviton exchange (red line), estimated according to naive dimensional
analysis.

For 6 = 1 the LHC bound Mp 2 1.5TeV remains subdominant with respect to the bound from
e~et — ff scatterings at LEP2, that we estimate to be Mp >3.4TeV. For § > 1 already the first
ATLAS data at 3.1 pb™1 explore new regions of the parameters space of gravity in extra dimensions.
Those at 36 pb~1 provide stronger bounds.
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Conclusions

The LHC physics program has been successful: with ~ 25/fb of data per experiment the Higgs boson
has been discovered and several of its properties determined within ~ +20% precision.

We are now entering into the era of precision Higgs physics: deviations from the SM due to new
physics no longer can dominate the data. This observation allowed us to propose a ‘universal’ form
in which we assume that the new physics is approximated as a first-order perturbation around the
Standard Model predictions. We think that this form could be an useful way for the experiments
to report their results, allowing theorists to easily test any desired model. While we present our
own global combination in ‘universal’ form in equation (1.10), we stress that only the experimental
collaborations can perform a fully precise analysis.

Using this assumption, we investigated many Beyond Standard Model scenarios, such as super-
symmetry or composite Higgs. From our analysis we can not exclude any new physics at TeV scale,
but we find that the data currently support a standard Higgs.

For this reason, we supposed that the Standard Model was valid up to the Planck scale. Indeed,
in spite of the absence of any signal of new physics, the LHC has provided valuable information
for theoretical speculations about physics at very short distances. In that respect, one of the most
interesting aspect of the measured value of Mj, is its near-criticality: it corresponds to the fact that the
electro-weak vacuum is in a meta-stable configuration, on the border between stability and instability.

The special coincidence found in the value of M} warrants a refined calculation of the high-energy
extrapolation of \.

For this purpose, we performed a NNLO calculation of the Standard Model parameters by means
of computer algebra; in particular we used the recurrence relations between two-loops integrals imple-
mented in the Mathematica code TARCER, part of the FEYNCALC package. These relations permit to
reduce a dimensional regularized two-loops two-points integral in terms of a complete basis of scalar
integrals. In this way we were able to compute the necessary one thousand two-points two-loops and
two thousands zero-point two-loops diagrams. The renormalization of the constants was done in the
OS scheme, then we shifted the poles in order to obtain MS quantities as functions of the measured
constants.

We extracted the fundamental SM parameters A (quartic Higgs coupling), m (Higgs mass term),
y¢ (top quark Yukawa coupling) from the precisely measured values of the Higgs, top, W and Z masses
and from the Fermi constant at full NNLO. However, because of the present experimental uncertainties
on the SM parameters (mostly the top quark mass), we cannot conclusively establish the fate of the
EW vacuum, although metastability is now preferred at 99.3% CL.

Then we extrapolated all the couplings to large energies using the RGE equations, now known at
NNLO order (3 loop). Thus we investigated the significance of the measured value of M}, in view
of its high-energy extrapolation. A first observation is that A, together with all other SM coupling
constants, remains perturbative in the entire energy domain between the Fermi and the Planck scales.
This gives an indirect indication that EW-breaking dynamics is probably weakly interacting. Of
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course, strongly-interacting dynamics is not excluded, but there is simply no need for introducing it
at any intermediate energy scale.

We have also thoroughly studied the condition of near-criticality in terms of the SM parameters
at a high scale, which we identified with the Planck mass. This procedure is more appropriate than
a study in terms of physical particle masses, since it is more likely that special features are exhibited
by high-energy parameters, just like in the case of gauge coupling unification.

We have found that near-criticality is manifest also when we explore the phase diagram as a func-
tion of high-energy SM couplings. Moreover, we found evidence for multiple near-critical conditions.
Indeed, the measured SM parameters roughly correspond to the minimum values of Higgs quartic
coupling A(Mp)) and of the top Yukawa coupling y;(Mp;) (at fixed gauge couplings) that allow for the
existence of a sufficiently long-lived EW vacuum. Moreover, at fixed top Yukawa coupling, the maxi-
mum possible values of the gauge couplings g(Mp)) are preferred. Incidentally, we have also obtained
an upper bound on the Higgs mass parameter m from the requirement of vacuum stability, although
this bound is too weak to be useful in practice.

These peculiar values of the couplings at very-high energies led us to questioning whether this
situation is a coincidence or the results of a high energy dynamics. An intriguing possibility is that
the point in which lambda cross zero and becomes negative is due to a matching condition with some
kind of new physics, for example high-energy supersymmetry. Another possibility is that the current
value of the couplings is the result of a multiverse dynamics that “prefer” a near-critical solution.

We conclude with a possible scenario, in which there exist other extra dimensions in which only
the gravity can propagate. We propose a way to study these large extra dimensions at LHC. Indeed
the amplitude pp — jj is modified due to the exchange of gravitons. As example, we show that even
with a very low statistics our techniques can thoroughly investigate the existence of extra dimensions.
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