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ABSTRACT

Maxwell-Klein—Gordon (MKG) and Maxwell-Dirac (MD) systems physically describe the mutual interac-
tion of moving relativistic particles with their self-generated electromagnetic field. Solving these systems
in the nonrelativistic limit regime, i.e. when the speed of light ¢ formally tends to infinity, is numerically
very delicate as the solution becomes highly oscillatory in time. In order to resolve the oscillations,
standard time integrations schemes require severe restrictions on the time step 7 ~ ¢~2 depending on the
small parameter ¢~2 which leads to high computational costs. Within this thesis we propose and analyse
two types of numerical integrators to efficiently integrate the MKG and MD systems in highly oscillatory

nonrelativistic limit regimes to slowly oscillatory relativistic regimes.

The idea for the first type relies on asymptotically expanding the exact solution in the small parameter
¢~ 1. This results in non-oscillatory Schrédinger—Poisson (SP) limit systems which can be solved efficiently
by using classical splitting schemes. We will see that standard Strang splitting schemes, applied to the
latter SP systems with step size 7, allow error bounds of order O (7'2 +c N ) for N € N without any time
step restriction. Thus, in the nonrelativistic limit regime ¢ — oo these methods are very efficient and

allow an accurate approximation to the exact solution.

The second type of numerical integrator is based on “twisted variables” which have been originally
introduced for the Klein—-Gordon equation in [18]. In the case of MKG and MD systems however, due
to the strong nonlinear coupling between the components of the solution, the construction and analysis
is much more involved. We thereby exploit the main advantage of the “twisted variables” that they
have bounded derivatives with respect to ¢ — co. Together with a splitting approach, this allows us to
construct an exponential-type splitting method which is first order accurate in time uniformly in c¢. Due
to error bounds of order O (7) independent of ¢ without any restriction on the time step 7, these schemes

are efficient in highly to slowly oscillatory regimes.

Keywords:
Klein—Gordon, Dirac, Maxwell, Wave Equations, Schrédinger, Highly Oscillatory, Nonrelativistic Limit, Numerical
Time Integration, Uniformly Accurate, Splitting
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CHAPTER

ONE

MOTIVATION AND INTRODUCTION

In the last decades, scientists paid a lot of attention to (highly oscillatory) Klein-Gordon and Dirac equa-
tions. The latter type of wave equations arose when physicists researched on a relativistic description of
high-energy particles. “High-energy” thereby means that the particles move at high velocity v, close to
the speed of light cg. This effort resulted in the Klein—-Gordon equation which was set up by Schréidinger
(1926), Gordon (1926) and Klein (1927) ([78, Chapter 5.1]). However, the observation of negative prob-
ability densities in the Klein—Gordon equation, led to its rejection at first. Later, a reinterpretation of
the Klein-Gordon equation by Pauli and Weisskopf in (1939) served as a basis for the description of
spin-0 particles such as m-mesons ([78, Chapter 5.1]). To also incorporate the spin-1/2 of electrons into

a relativistic equation, Paul Dirac invented his famous equation in 1929 ([87, Chapter 1.1]).

It is well known that moving charged particles create their own time dependent electromagnetic field ([74,
Chapter 4.5.5]). The Maxwell-Klein-Gordon (MKG) and Maxwell-Dirac (MD) systems incorporate the
interaction of the particle with this self-generated electromagnetic field by coupling the Klein—Gordon

and Dirac equation to Maxwell’s potentials ([42, 59]).

For the time evolution of solutions to Klein—-Gordon and Dirac type equations, the ratio of the constant
speed of light ¢y and the velocity v, of the moving particle, i.e. ¢ == cy/vp, plays an important role.

Scientists distinguish between

o the relativistic regime v, =~ ¢, where the ratio ¢ = ¢y /v, is small and

e the nonrelativistic limit regime v, — 0, where the ratio ¢ = ¢o/v, — o0 is large.

A large ratio ¢ = ¢g/v, > 1 thereby leads to high oscillations in the solution. In this highly oscillatory
regime, the numerical time integration of Klein-Gordon and Dirac type equation becomes very challenging
since the high oscillations in the solution impose severe time step restrictions to standard integration
schemes. On the one hand, applying classical explicit schemes such as adapted Stérmer-Verlet schemes

(Expt-FD,[9]) to a spatial discretization of the Klein-Gordon equation leads to strong CFL® conditions

®Courant-Friedrichs-Lewy, see for instance [32, 39]
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time ¢ x € [—m, 7]

(a) (Classical explit schemes, ¢ = 10, step size 7 ~ 3.1-1073):  (b) (Exponential Gautschi-type schemes, ¢ = 17.8, step

Classical explicit schemes (red solid line) suffer from severe size 7 = 1072): Exponential Gautschi-type schemes (blue

stability issues, even for small step sizes. The black dotted  solid line) suffer from severe time step restrictions due to

line represents the exact solution in the space point z = 0. numerical errors depending on the large parameter c. The
black dashed line represents the exact solution at time ¢ =
1.

Figure 1.1: Numerical solution to nonlinear Klein-Gordon equations. Classical explicit schemes (left) require strong CFL
conditions 7 < ¢~2 to ensure stability. Standard exponential integration schemes (right) suffer from large error bounds of
order O (7’204).

on the maximal time step size in order to guarantee numerical stability. In [9, Theorem 1], the authors
proved that for numerical stability issues the allowed time step size 7 must be smaller than 1/¢? (cf.
Fig. 1.1a). Additionally, due to numerical error bounds depending on 72¢5 (]9, Theorem 2]), we retain
numerical convergence only for very small time step sizes. On the other hand, choosing (semi-)implicit
integration schemes ((S)Impt(-EC)-FD, [9]) helps to overcome a CFL condition but still leaves large

numerical errors depending on 72¢® (9, Theorem 4,5]).

Another class of numerical integration schemes for wave-type problems are exponential Gautschi-type
methods ([9, 50-52, 54]). Despite being unconditionally stable ([9, 50, 51]) and thus not suffering from
a CFL condition, their application to nonlinear Klein—Gordon equations also leads to large numerical
errors depending on 72¢t (cf. [9, 50-52, 54]). In order to retain a good accuracy of the corresponding
numerical approximation for large values of ¢ > 1, we therefore need to choose very small time steps T,

which causes high computational costs (cf. Fig. 1.1b).

But not only the numerical time integration of Klein—Gordon equations is challenging. We encounter
similar difficulties for the (Maxwell-)Dirac equations in the highly oscillatory regime ¢ > 1. The analysis
of several explicit Leapfrog-type (LFFD,[16]) and (semi-)implicit (SIFD1,SIFD2,CNFD,[16]) time inte-
gration schemes for the Dirac equation led to strong CFL conditions for the explicit LFFD scheme and
to large numerical error bounds for all mentioned schemes. Again, due to these bounds, only very small
time step sizes smaller than 1/c® allow numerical convergence of these schemes. The authors proved that
also a symmetric exponential wave integrator (SEWI-FP,[16]) suffers from a c¢-dependent CFL condition.
Among the methods proposed and analysed in the latter paper the unconditionally stable time-splitting
Fourier pseudo-spectral method (TSFP,[16]) performed best, but still requires severe time step restric-
tions due to error bounds depending on 72¢* ([16, Lemma 4.1 and subsequent paragraph],[15, Theorem

4.3]). A similar numerical result is given in the paper [10], in which the authors construct a numerical



scheme for solving the Maxwell-Dirac system in Lorenz gauge® , combining the TSFP method with an

exponential Gautschi-type integration scheme.

An idea to overcome these severe time step restrictions relies on the asymptotic behaviour of (Maxwell-)
Klein—Gordon and (Maxwell-)Dirac systems in the nonrelativistic limit regime. Exploiting analytical
convergence results of the latter highly oscillatory systems towards non-oscillatory nonlinear Schrédinger
and Schrodinger—Poisson equations in the limiting case ¢ — oo ([19, 21, 22, 69, 70]), the authors Faou
and Schratz [45] and the authors Kramer and Schratz of [63] recently constructed and analysed efficient
numerical time integration schemes for highly oscillatory Klein—-Gordon and Maxwell-Klein—Gordon sys-
tem in the regime ¢ > 1. A similar scheme has been proposed in [57] for the Maxwell-Dirac system,
where a rigorous numerical convergence analysis of this scheme is missing. Given a time step size 7, the
latter schemes allow numerical error bounds of order O (7'2 + 0_2). This means they are efficient only in

the regime, where ¢ > 1 is very large and where ¢=2 < 72.

In the recent years, mathematicians also paid a lot of attention to the construction of uniformly accurate
time integration schemes for nonlinear Klein—-Gordon ([13, 18, 28]), Klein—Gordon—Zakharov ([11]), Klein—
Gordon—Schrodinger ([12]) and Dirac ([14]) equations. These schemes are based on a multiscale expansion
of the solution and are efficient also in the intermediate slowly oscillatory regimes where ¢ is too small
for the application of schemes which exploit the solution’s asymptotic limit behaviour. It turns out that
these multiscale time integrator Fourier/sine psudeo-spectral schemes (MTI-FP/MTI-SP,[12-14]) allow
two error bounds of order 72+c~2 and 72¢? which are independent of each other and imply a (non-optimal)
uniform in ¢ first order in time convergence. The non-optimality of these MTI-FP/SP schemes gave rise
to the construction of uniformly accurate time integration schemes for the Klein—Gordon equation in [18]
based on “twisted variables” which allow an arbitrary high convergence order in time uniformly in ¢. The
authors Baumstark et al. of [18] have been the first to use the “twisted variables” for the construction of

uniformly accurate schemes.

The literature mentioned above mainly uses Fourier techniques (cf. [44, 66]) or finite difference methods
([39]) for the discretization in space of the (Maxwell-)Klein-Gordon and (Maxwell-)Dirac systems. A
finite element discretization in space of the Maxwell-Klein—Gordon system in temporal gauge is discussed
in [29).

Aims and Results

In this thesis we construct efficient numerical time integration schemes for Maxwell-Klein—-Gordon and
Maxwell-Dirac systems in highly to slowly oscillatory regimes using Fourier techniques for the spatial
discretization ([44, 66]).

Thereby, in the highly oscillatory nonrelativistic limit regime ¢ > 1, we extend the ideas of the authors
Kréamer and Schratz in [63] to construct efficient limit time integration schemes of arbitrary high order in
¢! for Maxwell-Klein-Gordon and Maxwell-Dirac systems. The analysis of these schemes then provides
rigorous numerical convergence bounds of order O (7‘2 +c N ) In particular, it also provides a rigorous
proof of the heuristically investigated error bounds O (72 + ¢™!) given in [57], which correspond to the

numerical asymptotic limit approximation to the solution of the MD system.

®Named after Ludvig Lorenz (1829 — 1891).
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We furthermore construct and analyse numerical time integration schemes for the Maxwell-Klein—Gordon
and Maxwell-Dirac system which are uniformly accurate in ¢ > 1 and which allow an efficient integration
of the latter systems in the slowly oscillatory as well as in the highly oscillatory regimes. These schemes
are based on the “twisted variables” which recently have been successfully used in [18] to construct

uniformly accurate schemes for Klein-Gordon systems.

Our numerical experiments finally provide an overview of the efficiency in the different regimes of our
asymptotic and uniformly accurate schemes in comparison to standard exponential Gautschi-type and
time-splitting integrators from [9, 10, 15, 16, 51]. It turns out that already for small values of ¢ our

schemes outperform the standard schemes.

Outline of the Thesis

The following provides a rough overview of the outline of this thesis.

In the current Chapter 1, we motivate this thesis and collect our aims and results. We introduce some
notation and provide a short introduction to Klein—-Gordon and Dirac equations from the mathematical

point of view.

In Chapter 2, we introduce the Maxwell-Klein—Gordon and Maxwell-Dirac systems and shed a light on
the connection between the underlying Klein—Gordon/Dirac and Maxwell’s equations. A reformulation
of the latter systems as first order systems in time provides the basis for the construction of our time

integration schemes.

In Chapter 3, we shall derive and analyse the asymptotic Schréodinger—Poisson limit systems for both
model problems for ¢ > 1 using the technique of a modulated Fourier expansion in the solution. Based
on the asymptotic behaviour of the solution, we furthermore construct efficient Strang splitting time

integration schemes.

In Chapter 4, we exploit the technique of “twisted variables” to construct uniformly accurate time inte-
gration schemes for the Maxwell-Klein—Gordon and Maxwell-Dirac systems and give rigorous numerical
error bounds. Thereby, we rewrite the highly oscillatory first order systems from Chapter 2 as first order
systems in time which admit bounded derivatives in the solution with respect to ¢ — oco. In the appli-
cation of this scheme to the Maxwell-Dirac system, we discuss a special choice of initial data for this

system.

In Chapter 5, numerical experiments shall underline the theoretical convergence bounds of our schemes.
Besides the efficiency of our schemes in different regimes we also discuss numerical energy and norm

conservation properties.
Chapter 6 provides an overview of open questions which might be topic of interesting future research.

In Appendix A, we collect auxiliary tools which shall help the reader understanding selected topics of
this thesis.
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1.1 Notational Remarks

Based on [6, 45, 70, 85], the following notation shall be used throughout the thesis. For more details and
further references, see also Appendix A. The sets N, Z, R, C denote the usual set of natural numbers,
integers, real and complex numbers, respectively. Moreover, let Ng = NU {0}. Let i = /—1 denote the
imaginary unit. We denote the complex conjugate of z = a 4+ ib € C with a,b € R by Z := a — ¢b. The

real and imaginary parts of z are denoted by a = Re (2) and b = Im (z2) respectively.

For m € N and Z,W € C™ we define the dot product by

Wh
ZW=2Z"W=(Z1,....2x)- | | =ZiWi+ -+ ZyWn.

Wi,
In particular, | Z|? := Z-Z denotes the square of the Eucledian norm of Z € C™, where Z = (Z1, ..., Zm) .
Let d € N denote the spatial dimension and let T¢ := (R/27Z)¢ be the d-dimensional torus. We may
refer to T as the 2m-periodically continued set [—m, 7] and simply write T = [—m, 7]. Furthermore let
T > 0. Within this thesis, t € [0,7] denotes the time variable and z = (z!,...,2%) T € T? denotes the
spatial variable. Considering a function u : [0, 7] x T? — C™, with m € N, depending on time and space,
we may leave out the spatial argument for sake of simplicity. More precisely, we may sometimes write
u(t) : T — C™ for t € [0, T].
Let k = (k',...,k%) T € Z? and let @}, denote the k-th Fourier coefficient corresponding to the Fourier

series expansion of u

u(t,x) = Z U (t)et* e, where for k € Z% Uy, = %/ u(z)e T dz.
kezd (@m? Jpa

For a sufficiently smooth function f : [0,7] x T¢ — C and vector field G : [0,7] x T? — C?, we denote

by

O f(t,x) :%f(t, x) the derivative of f with respect to ¢, and by

0;f(t,x) =0, f(t,x) = %f(t, x) the derivative of f with respect to z7,
X

for j =1,...,d, where the spatial derivatives 9; have to be understood in the weak Sobolev sense.
We furthermore use the notation for m € Nand j =1,...,d
2 92 m am
O; f(t,x) = Ouf(t,x) = @f(ta ) and 83‘ flt,z) = &C—mf(t,x).

J

We may leave out the arguments (¢, x) and denote by

Vf=gradf:= (i f,...,0uf)" the spatial gradient of f,
d
V-G =divG = Z 0;G the spatial divergence of G,
j=1
d
Af=Vf=divgrad f =) 0} f the spatial Laplacian of f,

j=1
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where G(t, ) denote the components of G for j = 1,...,d. In particular, we define the spatial Laplacian

of a vector field G via
AG =(AGy,...,AGy)".
In the special case of d = 3, we furthermore denote the curl of G by
V x G =cwrl G = (8,G3 — 83Ga, 93G1 — DGy, 0,Gy — 0:,G1) " . (1.1)

By a simple calculation we can verify the following zero-identities for the differential operators above, i.e.

diveurlG=V-(VxG)=0 and curlgrad f =V x (Vf) =0. (1.2)

In particular, if G(t,z) = G(t,#) with 2 = (z',2%,2%)7 € T® only depends on the 2D spatial variable

7 = (z',2%)7 and if we have a smooth vector field H of type
H(tax) = H(tv'i) = (Hl(taj)a HQ(t7i‘)a H3(t7j))—r = (Gl(t7i‘)a GQ(t7j‘)v O)Ta
then (1.1) admits
V x H=curl H=(0,0,0,G2 — 9:,G1)". (1.3)

Thus, identifying the vector field H : T3 — T? as a vector field H : T? — T2 with H = (Hy, Hy) allows

us to define also a curl operator for d = 2, i.e.

curl H = 9, Hy — 8o H;  defines a curl on T2,

For r € Ny, we denote by H"(T¢) the usual Sobolev spaces on the torus T¢ with the norm
2= >" (k)7 [akl®,  where (k)y = \/|k[* + 1.
kezd

We may sometimes also write (k) instead of (k),. In particular, H%(T¢) coincides with the usual L?*(T¢)

space. We furthermore use the notation

H"(TY) = {u e H(TY| | u(z)dx = 0}

Td
for the homogeneous Sobolev spaces of vanishing mean, equipped with the norm
||uHT,0 = (V)oull,_, for1<reN

~ |12
||U’HO,[) = Zkezd\{o} [t forr=0

In the following, we may use the notation H” = H"(T%) and H" = H"(T¢) instead. Throughout this
thesis, the operator (V). = vV—A+¢? for ¢ € R plays a major role. We define it via its Fourier

(V) ult,z) = Z (k), age™®,  where (k), = \/m

kezd

representation

In the literature, the symbol (k) is often called Japanese bracket, see for instance [85, Preface].
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For fixed ¢ € R, the operator (V) maps the Sobolev space H™ ! into H" (see Lemma A.5). Within this
thesis, we in particular focus on the limit case ¢ — oo for which [|(V), ul|,. is unbounded for all 7 > 0.

However, Lemma A.11 shows that for all w € H"*2

|(c(V), — cQ)wHT < K|w|, , uniformly for all c € R

with a constant K independent of ¢ € R. For the interested reader, we collect additional details and

properties of Sobolev spaces in Appendix A.1.

In our analysis, we often use the Landau notation O () to express the dependence of an upper bound
on a specific parameter. Let X,Y be vector spaces equipped with norms [|-||y : X — [0,00) and
[-Ily : Y — [0,00). Furthermore, let f: R — X and g : R = Y. For w € R, we say that f(w) = O (g(w))
(is large O of g(w)) in the sense of the X norm if

1F@)lx < K llg(@)lly

with a constant K independent of w. Note that within this thesis the constants K are generic constants.

A dependence on specific properties will be given explicitly.

Next, we give a short introduction to basic aspects of Klein—-Gordon and Dirac equations.

1.2 Some Aspects of Klein—-Gordon Equations

Based on [69, 75, 78, 80, 87], we provide a brief introduction to Klein-Gordon equations in this section
and point out the ideas for the construction of efficient integration schemes given in [18, 45, 63] for

(Maxwell-)Klein—Gordon equations.

Brief Physical Background of Klein—-Gordon Equations

This section is based on [40, 75, 78, 87]. The interested reader finds further details in the latter books
and refrences therein. For physicists, the correspondence principle is an important concept in order to
set up relativistic wave equations for moving particles of velocity v, and rest mass mg. The idea behind
this concept relies on replacing classical physical quantities like the energy £ and the momentum p with

operators, i.e.

e the energy & is identified with ih0; and
e the momentum p is identified with —iAV,

where h is Planck’s constant.

The classical energy-momentum relation £& = p?/(2mg) in non-relativistic regimes of small velocity v,

results in the time-dependent Schrodinger equation
2
ihOh = — V2.
2myo

Since the principles of special relativity require that the order of time and space derivatives must be

equal in a relativistic equation ([75]), the latter Schrodinger equation is not suitable for a relativistic
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description of particles. Due to the asymmetry of time and space derivatives, it is not invariant under

® — and thus the principles of special relativity are violated — which means that it

Lorentz transforms
changes its structure in the transition from one inertial system into another one. This invariance gains
more and more importance the closer the velocity v, approaches the speed of light cg. In the relativistic
regime where v, = ¢, we thus need to consider a different relation in order to describe the motion of our
particle which reads
65252 —p? :mgcg. (1.4)
Replacing £ and p by their respective operators we thus obtain the Klein—Gordon equation for a scalar
field ¥
—R?07y = (—R*cgV? + mc)) ¥ (1.5)
which has been proposed by Schrodinger (1926), Gordon (1926) and Klein (1927) for the relativistic
description of charged particles, see for instance [78, Chapter 5.1]. Later in 1939, Pauli and Weisskopf
reinterpreted it as an equation for the relativistic description of spin-less particles such as for instance

m-mesons, after it had been rejected as an equation for the description of electrons which have spin-1/2.

Next, we transform (1.5) into a dimensionless equation by applying a simple variable transform. Based
on [77], we assign our particle moving at given velocity v, the following

h
movp

and follow the idea from [12] to plug the transform (t,x) — (t/ts,z/As) into (1.5) which determines the

de Broglie wave length As =

(1.6a)

reference time ¢,. A short calculation shows that the transform

;. t =z . _ mgoA? . Co _  Asmo
(t,z) — (t,2) = (g, /\—S) with ¢, = - and c:= o Co—— (1.6b)
provides the following Klein-Gordon equation in dimensionless units # and &
—e202(E,F) = (~V2 + AL, 3), (L.7)

where V3 denotes the gradient with respect to the variable Z. In the following, we omit the ~in the

dimensionless Klein—-Gordon equation and proceed in the next subsection.

The Dimensionless Nonlinear Klein—Gordon Equation

This section is based on [10, 45, 69, 80, 87]. Adding a nonlinear self-interaction of the particle to (1.7)

we obtain the following dimensionless nonlinear Klein—Gordon equation

O =—(-A+ )+ fW], v(0,2) =yr(z), 0(0,2) = (V) ¥j(x) (1.8)
for given initial data vy, ¢} with a sufficiently smooth nonlinearity f : C — C satisfying
fle™y] = e fy] for weR and FI0] = fl]. (1.9)

Within this thesis, we consider (1.8) equipped with periodic boundary conditions on the torus T and on

a finite time interval [0, 7.

Note that in the nonrelativistic limit regime v, — 0 we have ¢ = ¢y/v, — co. This means that the velocity
of the particle is very large compared to the constant speed of light. A transition from the relativistic to

the nonrelativistic regime can thus be seen as letting the speed of light formally tend to infinity.

®Named after Hendrik Antoon Lorentz (1853 — 1928).
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Diagonalisation of the Klein—Gordon Equation

Based on [10, 45, 56, 69, 80, 87], our aim is now to transform the latter Klein-Gordon equation into an
equivalent first order system in time which has a diagonal structure in its linear part. Later in this thesis,
we may apply a similar transformation to the Maxwell-Klein-Gordon system. Based on the resulting

first order system, we then construct efficient time integration schemes for the MKG system.

In the following, we replace ¢? <V>z = c*(—A+¢c?) in (1.8) and carry out a classical reformulation of the
latter second order in time differential equation as first order system in time first. We collect the solution

1 and its first time derivative dy1) in a vector (1), d41)) . The application of another time derivate then

R, -(V)2 0) \ow A fY]
—_——/—

=2

leads to

Note that in Fourier space, the operator 2l has the symbol
Ak) = ) forkezd
o\ = (k)2 0

where (k). =1/ |k|* + ¢2 is the Fourier symbol of (V). = Vv—A+c2. A short calculation shows that we

diagonalise 2((k) as (see for instance [80, Section 3.1] and [56, Section 7.2])

Sy — Sy Dy -1 11 1 +ic (k). 0 1 —ic™ ' (k)
A =50 D - 56 2<+i0<k>c —iC<k>c> ( 0 —iC<k>c) (1 +ie™! <k>1)'

c

Identifying (k), with (V),, this diagonalisation finally motivates the transformation (¢, )" — (u,v) ",
given by
u=1p—i(V);" 2y,
L (1.10)

which implies the identities
1 — . 1 —
wzi(u—i—v), atw:zc<v>05(u—v).
Differentiating u and v with respect to time immediately yields the relations

O == ¢ (V) ut e (V)7 ([ + D))

i =— (V) v+ (V)] (c2f[%(u +7))).
Applying the transform (1.10) to our initial data and gathering the nonlinear terms in the system above
in
1 1 T
Flul = (#3915 + 7))

we obtain the following first order system in time for variables w = (u,v)"

0w = —c (V) w+ (V). Flu], w(0) = (1‘” “ﬁf) .
Y1 — i

The reader may compare the latter with the Maxwell-Klein-Gordon first order system (2.33).
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Efficient Time Integration of Klein—Gordon Equations

Note that for ¢ — oo, the latter system is highly oscillatory in time. In [45] the authors exploit that in

this regime, the ansatz of writing
w(t) = e tug(t) + O (¢71) (1.11)
together with the observation (see Lemma A.11)
H(c(V)C — (- %A)WOHT < Klwol,,,  forwye H™

leads to a first order system for slowly varying variables wy = (ug,vo)" of type (cf. the limit system
(3.108) for MKG)

. 1 pr — iy

10ywy = =Awg + Folwg], we(0) =12 = .

o = Ly + Rofwol, - wo0) = (%27 1)

Thereby, the nonlinearity Fy satisfies Flw(t)] — et Fy[wo(t)] = O (c7') in the sense of the H" norm.
The latter non-oscillatory Schrédinger system is then solved by an exponential Strang splitting scheme
which yields error bounds of order O (7'2 + c’l). In Chapter 3 we follow the same strategy and construct
similar time integration schemes in the nonrelativistic limit regime for the Maxwell-Klein—-Gordon and

Maxwell-Dirac systems.

From the error bound O (72 + c_l), it becomes clear that this scheme is only efficient in the regime,
where ¢ > 1 is very large. In order to construct an efficient scheme also in the slowly oscillatory regimes
where ¢ is of moderate size, the authors of [18] follow the idea of “twisted variables” making the ansatz
(cf. (1.11))

w(t) = e tw, (¢).

Using that (¢ (V), —c*)wy = O (Awy) (see Lemma A.11), this again leads to a first order system in time

for slowly varying variables w, = (u«,v4) (cf. the corresponding system (4.15) for MKG)

10w, (t) = (¢ (V), — Aw,(t) + e e (V)L Bl w, ()], w.(0) = w(0).

The authors applied a special kind of exponential integrators ([55]) to the latter system which resulted
in unifromly accurate time integration schemes satisfying uniform error bounds of order O (7P) for p

arbitrary large independent of c.

Later, in Chapter 4 we adapt this idea of twisted variables in order to construct efficient uniformly

accurate schemes for our Maxwell-Klein—-Gordon and Maxwell-Dirac systems.
1.3 Some Aspects of Dirac Equations
In this section, we discuss some aspects of Dirac equations based on [70, 75, 77, 78, 80, 87] and on Dirac’s

paper [40] from 1928. We start off with a short introduction to the physical background of this famous

equation.
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Brief Physical Background of Dirac Equations

This section is based on [40, 40, 75, 77, 78, 87]. In particular, the author Thaller provides a well structured

derivation of Dirac’s equation in [87, Chapter 1.1].

By virtue of the emerging quantum theory and special relativity ([40]), an equation to correctly describe
the behaviour of electrons should satisfy the principles of special relativity, which requires symmetry of
time and space derivatives, as well as the principles of quantum mechanics, which requires that it is a
first order in time (linear) differential equation with a self-adjoint right hand side (see [75, 87]). Because
the Klein—-Gordon equation (1.5) is a second order differential equation, it had to be abandoned for this

purpose.

After its rejection, Paul Dirac worked on an equation which conforms with both principles. So he started

off with the square-root of the Klein—Gordon energy-momentum relation from (1.4)

£ = \/c2p? + m2ch (1.12)

and linearized it, such that for the momentum p = (py,p2,p3)’ and yet unknown m x m matrices

aq, o, a3 and B with yet unknown dimension m € N
3
£ = coax - p + Bmocy, with o-pi= Z op; (1.13)
j=1

is satisfied. But before he could apply the latter equation to the corresponding physical problem, he still
had to determine the matrices in it. Closely following his arguments, we derive the latter matrices in the

next section.

He demanded that the squares of the energy terms (1.4) and (1.13) are equal, which means that
2 >
E* = (coax - p+ PBmoch)” = cgp® + miey, where o -p:= Zajpj. (1.14)
j=1

From this relation, we will in particular see, that his calculations provided m = 4 and the matrices given

explicitly in (1.21)More details will be given later on.

Similar to the previous section, he replaced in the energy-momentum relation (1.13) the energy & with
the operator ¢70; and the components of the momentum with the operators —ifd; with f being Planck’s

constant. This led to his famous Dirac equation (1929)

3
1thoyp = —ihicy Z ;051 + moci B with solution v (t,z) € C* (1.15)

j=1
in its standard representation was born.

Because the presence of the matrices a;, 3 for j = 1,2,3 incorporates the spin-1/2 of electrons into the

Dirac equation (see [77, 78]), the four-component solution v is often called a four-spinor.

From (1.14), we see that Dirac’s approach followed the idea of basically taking the square-root of the
Klein—Gordon energy in order to set up his equation. Therefore, the Dirac equation is sometimes also

called the “square-root of the Klein-Gordon equation” (see for instance [75]).
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In the literature, one finds Dirac’s equation very often also in its covariant form (1.16) which implies
its invariance under Lorentz transforms (see [78] and [40]). To obtain this form, we multiply the latter

equation by B/cg and exploit the relations (1.18). This leads to ([22, 40, 70, 78, 87])

3
ih70%¢ = —ihzfyjajw + mocot) with solution v (t,z) € C*, (1.16)

j=1

where the new set of matrices is given by (see [78, Chapter 5.3.4])

Yo =0 and v; = Bay forj=1,...,3.

In commemoration of Paul Dirac’s important contributions to modern physics his equation has been

inscribed to a plate in Westminster Abbey in the famous elegant and compact form ([75])

where 7 - 8¢ = (yocy 05 + 101 + 202 +v303)1 in normalized units (£, #) = co/h (¢, ). Next, we derive

Dirac’s matrices a1, o, a3 and (.

A Derivation of Dirac’s Matrices

Based on [75, 78, 87], and on Dirac’s paper [40] from 1928, we now determine Dirac’s matrices a, ao,
a3 and B of dimension m x m, and follow the line of argumentation in [87, Chapter 1.1] which is very

close to the one of Dirac himself (see [40]).
In order to determine the latter matrices, Dirac demanded equality of the square of (1.12) and the square
of (1.13) in the sense that

3
& = (coo-p+ ﬁmocg)2 = cap?® +macy, where Q-pi= Zajpj (1.17)
j=1

It turns out that the latter holds for matrices satisfying the following anticommuting relations (see [87,
Chapter 1.1])

ajoy + apay = 26 1L, ;B + Ba; =0, and B2 =14 (1.18)

for j,k = 1,2,3 where Z,, and 0,, denote the m x m identity matrix and zero matrix, respectively, and
where ;1 denotes the Kronecker® symbol. Furthermore, because a quantum mechanical interpretation
of (1.13) requires that its right hand side leads to a self-adjoint expression (see [87, Chapter 1.1 and 1.2]),

we need o; and 3 to be Hermitian, i.e. we need that (cf. (1.21) below for o)
o =a5 (and also o; =55 ') and B= BT, for j =1,2,3. (1.19)

It remains to determine the dimension m € N of the latter matrices. Therefore, we proceed as follows.
Let tr A :=)_," ; Ay be the trace of an m x m matrix A (see for instance [6]). Combining the relations

(1.18) with Proposition A.28 on the trace of products of matrices, we find for j = 1,2,3

Prop. A.28

tra; = tr B(Ba;) = —tr B(a;B) —tra;B* = —tra; and thus tra; = 0. (1.20)

®6M:1f0rj:kand6j,k:0f0rj7ék
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Furthermore, the relations (1.18) and (1.19) imply Z,, = a? = a;&; ", which means that a; are unitary
matrices. By virtue of the latter identity, the matrices o; can only have the real eigenvalues &1, which
we denote by Aj1,...,\jm, for j =1,...,m. From (1.20) and Proposition A.28 we thus deduce that m
must be an even number.

In the case m = 2 we find at most three linearly independent anticommuting matrices satisfying the first

condition in (1.18). A possible choice are the Pauli matrices

0 1 0 —i 1 0
g1 = s g9 — s g3 — (1218,)
1 0 i 0 0 -1

which together with the identity matrix Zy form a basis of Hermitian 2 x 2 matrices. Thus, we cannot

find an additional linearly independent Hermitian 2 x 2 matrix 3 satisfying the second relation in (1.18).

However, in the case m = 4 choosing

o = (Sj g;) . B= (gz _0;2> . forj=1,...,3 (1.21b)
we obtain a set of matrices which satisfy the relation (1.18). Furthermore, we observe that
T, — B = (82 2“;) and Iu+8= (20? gz) (1.22a)
and similarly
T — o5 — <g g) and  Tp+ oy = <(2) 8) . (1.22D)

In the next subsection we discuss properties of a dimensionless version of Dirac’s equation (1.15).

The Dimensionless Dirac Equation

This section is based on [10, 15, 16, 70, 77, 87]. Applying the variable transform (1.6) of the previous
section to Dirac’s equation (1.15) allows us to rewrite it as the following dimensionless system, depending

on the dimensionless parameter ¢ = ¢y /v,, (see also [10, Section 2.1])

d
1% ==Y a0+ By, $(0,2) = () (1.23)

Jj=1

with given initial data ¢y and with the four-spinor solution (¢, ) € C*. Note that we consider the latter
system on the torus T? and on a finite time interval [0, T]. The Pauli matrices o; and the Dirac matrices

aj, B for j =1,2,3 are given explicitly in (1.21).

Recall, that in the previous subsection we have seen the following relations of the latter matrices ([78, 87])

o0 +0p0; = 26j,kI27 oo + oo = 25j7k1'4, ajﬁ + 5aj =0, ,32 =14 (124&)

For d = 1,2,3 and ¢ € C?, this immediately provides the following identities

d d d d
SN oot =5 0 > (0i0k + 006 = 20252 €2 T, (1.24b)
j=1k=1

j=1k=1
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and analogously
d d
D> g = 67 T (1.24c)
j=1k=1
In particular, applying the operator —id;/c to the Dirac equation (1.23) we see that the latter identities

allow a reformulation of (1.23) as a Klein—-Gordon equation (cf. (1.8))

OPhy = —*(—=A + )by, £=1,2,3,4,

d
P(0)=v; and  9p(0) = c(V) ¥ with o] = —iBc (V) — (V)1 a0
j=1
This means that each component of the four-spinor solution

¢(t7 LC) = (1[)1 (t7 (E)7 ¢2(t7 LC), l/Js(t» {L‘), ¢4(t7 x))T € (C4
satisfies a Klein-Gordon equation. Note that this procedure can be seen as taking the square of the Dirac

equation which correlates to the energy equality (1.17).

The main difference between the original KG equation and this reformulation of Dirac’s equation is the

incorporation of the coupling between the components v, ¢ = 1,2, 3,4 through the initial data ;.

Next, we discuss the ideas for the construction of efficient integration schemes.

Efficient Time Integration of Dirac Equations

We have seen that we can reformulate the Dirac equation (1.23) as a Klein—Gordon equation (1.25),
where the coupling between the components of the solution is incorporated via the corresponding initial

data.

By virtue of this reformulation, we now apply similar techniques as described in Section 1.2, in order to
efficiently compute numerical solutions to the Dirac equation in the different regimes. Note that later in
this thesis, we are interested in numerically solving a Maxwell-Dirac system (2.36), which involves also

nonlinear terms coupling the Dirac four-spinor solution to Maxwell’s potentials .

More precisely in the following we assume the presence of nonlinear terms f : C* — C* and ¢g® : C* — C*
in (1.25) such that (cf. the MKG reformulation (2.38) of the MD system)
b == -D+ e+ (o + 7101 ), = 1,234
(1.26)
P(0) =1, Op(0) = (V) Y,
where f and g* satisfy assumptions of type (1.9). The particular choice of g to involve terms o1 for

j =1,2,3 realizes an additional coupling of the components of the four-spinor ¥ to each other.

More precisely, a diagonalisation of the Klein—Gordon reformulation (1.26) as in the previous section

yields a diagonal first order system in time of type (cf. the corresponding system (2.41) for MD)
i0w = —c(V), w+c <V>c_1 (F[w} + G~ [w]),

124 ;0,01 (1.27)
)

\Y
\Y

(T — (V) By +i
(Zs+ (V) ' B)r +i

as

(V)
(V) :

c =
-1 —
e 2j=1 950591

’LU(O) =wy = (
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T

with solution w = (u,v)'. Note that later in Chapter 3, we see that in the Maxwell-Dirac first order

system in time (2.41) the influence of the respective nonlinearity of type G* vanishes as ¢ — co. Therefore
we assume in the following that G* = O (c‘l) in the sense of the H” norm. The particular structure of
the initial data is induced by the choice of ¢} in (1.25). Note that we recover the solution ¢ through the
identity

b= 3(u+3).

We now follow the ideas from [45, 63] as in Section 1.2 for an asymptotic limit approximation of type
w(t) = eic2tw0(t) +0(c)

in the nonrelativistic limit regime ¢ — co. Note that because of the assumption that G vanishes
as ¢ — oo, also the coupling between the components of 1 vanishes. Thus, we obtain the following
Schrédinger system for the non-oscillatory function wg = (ug,vo) " with the same arguments as before
(cf. the limit system (3.108) for the MD system)

0wy = 5 Awo + Fofwol,  wo(0) = wr0 = (uro,vr0) (1.28)
where wy is given in (1.29) below and where Fj satisfies
Flw] — ¢! F, [wo] = O (¢71) in the sense of the H" norm.
Due to Lemma A.11 we furthermore observe that (V)c_l Y =c '+ O (c!) and consequently find
(ZiF (V) B =TT B +0(c7).

Employing the latter into the initial data wy in (1.27) and combining it with the identities for (Z4 F 3)

in (1.22), we obtain initial data wy o of a very particular structure

-
wro = (uro,vr0) where ur = 0 _ and wvro = 201 (1.29)
, ) , 29} ’ 0

Note that here we decomposed the initial data
vr = (o, v7)" such that Vi (x) € C2
Furthermore, exploiting the ideas from [18] and using the “twisted variables”
. 2
w(t) = e tw,(t)

in highly to slowly oscillatory regimes, then yields the following system with slowly varying solution
W = (Us,vs) " (cf. (4.15))

iOyw. (t) =(c (V) (1.30)

w,(0) =w(0).

Based on the equations (1.28) and (1.30) with slowly varying solution, we proceed as described in Sec-

tion 1.2, in order to construct efficient approximation schemes in the different regimes.
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In Sections 3.5 and 3.6 we carry out the construction and analysis of limit approximation schemes in
the regime ¢ > 1 for Maxwell-Klein—Gordon and Maxwell-Dirac systems. Afterwards, in Sections 4.2
and 4.3 we propose and analyse uniformly accurate time integration schemes for the latter systems based

on the “twisted variables” from [18].

In the next chapter we proceed with the derivation of the Maxwell-Klein—Gordon and Maxwell-Dirac

systems in the Coulomb gauge.
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CHAPTER

TWO

MAXWELL-KLEIN-GORDON AND MAXWELL-DIRAC SYSTEMS

In this chapter we provide an insight into the model problems which shall be considered within this thesis
and highlight some of their properties. It is based on [20-22, 70, 71, 79, 80] and also on the paper [63]

by Kramer and Schratz. For details on physical topics, we refer to [42, 59, 78].

Firstly, in Section 2.1, we derive the Maxwell-Klein—-Gordon (MKG) system (2.20) and reformulate it
as a first order system in time (2.33). Afterwards, in Section 2.2, we transfer this reformulation to the
Maxwell-Dirac (MD) system (2.36) by bypassing an equivalent MKG reformulation (2.38) and applying
the same ansatz as before. This yields again a first order system in time (2.41) similar to the MKG case,

but with additional terms.

Both systems physically describe the interaction of charged particles with their self-generated electro-
magnetic fields via a coupling of the Klein—-Gordon equation in the MKG case, and of the Dirac equation
in the MD case, to Maxwell’s potentials ([70, 78, 87]).

2.1 The Maxwell-Klein—Gordon System

In this section, based on [21, 60, 62, 70, 71, 76, 79] and references therein, we derive the Maxwell-Klein—
Gordon (MKG) system in Coulomb gauge. For details on physical topics we refer to [42, 58, 59, 78].
The MKG system in Coulomb gauge is a system consisting of a Klein—-Gordon equation for a complex

function ¥ (t,x) € C coupled to an electromagnetic field expressed by real electromagnetic potentials
(6(t,x), A(t,x))T € R+ satisfying the

Coulomb gauge condition div.4 = 0.

From the physical point of view, the MKG system incorporates the influence of a self-generated elec-

tromagnetic field described by potentials (¢,.4)" corresponding to a moving charged particle into the
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Klein Gordon equation. In Coulomb gauge, it reads
SO+ (- A+ )Y =4 <¢2¢ — 2ig0yt — i(@tgb)i/)) N A
OnA—PAA= Py [T, All,  J[W, Al = Re (i)V) — i‘ Mk
6= plbdl ool = % (Re (0BD) + ol )

((0,2), 8 p(0,2)) = (vr(2), (V) ¥ (x))
(A(0),0,A(0)) = (Af(z),cAl(x)), divA; =0=divAj,

(2.1)

o(t,x)dr =0, div.A = 0.
Td

For practical implementation issues, we in particular focus on periodic boundary conditions on the torus
T? and consider a finite time interval ¢ € [0,7]. In the above system, we define the minimal coupling
operator 8,£¢] = ¢ 1(0; + ip) (see also Definition A.23) and the orthogonal projection operator onto
divergence-free vector fields Py, [J] = JU with div J9 = 0 (see Appendix A.4). Moreover, the assumption

o(t,x)dr =0
Td

is a consequence of Remark 2.3. Because we can assume the latter without loss of generality (see Re-

mark 2.3), we may omit this detail in the following for sake of simplicity.

Assuming that the initial data satisfy
Yrp € H'(TY)  and Ay € PoH'(TY), A} € PoH ™' (T?)

for r > d/2, we then look for solutions (see [21, 62, 70, 71, 79] and also the local well-posedness result in
Proposition 2.4)

() e H'(TY), ¢(t) e H™Y(TY) and A(t) € H'(T?)  for all times ¢ € [0, 7).

The spaces H"(T¢) and H"(T?) are given in Definitions A.1 and A.3. Moreover, due to the definition of
P, H" — H" in Definition A.13, we naturally define

PyuH"(TY) = {A € H"(TY) with divA =0}, see Definition A.13.

In Section 2.1.4, we apply to (2.1) a diagonalisation similar as in Section 1.2 and obtain the first order

system in time

0w = —c(V), w+ Flw, ¢, al, w(0) =wy = (ﬁ_;ﬁ) ;
—A¢ =p[w], /Td o(t,x)de =0
ida=—c(V)ya+ (V)" Jw,al, a(0) =a; = A; —i(V), A}

with solutions w = (u,v) T and a satisfying
1 _ 1 —
b =S(u+v), A= (atq)
The operator (V). = v —A + ¢? is defined via its Fourier representation in Definition A.2.

Due to the following Remark 2.1, the operator <V>0_1 is well-defined on the spaces H"(T¢).
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Remark 2.1. Because for all A € H"(T?) we have that Ay =0 (see Definition A.3), we retain that
the operator <V>81 : H" — H" is well-defined on the spaces H"(T¢) spaces. In particular, due to the
definition of P, in Appendix A.4, we have that P, [J] € H"(T?) for all J € H"(T%).

We start off with some introductory information on Maxwell’s potentials and gauge formalism. The

reader who is already familiar with this topic may continue reading in Section 2.1.2 below.

2.1.1 Short Excursion on Maxwell’s Potentials and Gauge Formalism

Before deriving the MKG system in details we discuss the electromagnetic potentials ¢ and A. We
thereby mainly follow [42, 58, 59]. We consider the electromagnetic field (E, B) T, where we denote by
E(t,x) € R? the electric and by B(t,z) € R3 the magnetic field. It is well-known that electromagnetic
fields obey Maxwell’s equations (here in dimensionless units, see [59, Appendix 2] for Maxwell’s equations

in different units)
divB=0, culE+19,B=0,
C
. 1 g (2.2)
div E = p, curl B — O, E = =
c C
where p : [0,7] x T* - R and J : [0,7] x T — R? denote the dimensionless charge and current density
depending on time ¢ € [0, 7] and space € T¢. They fulfil the continuity equation
Orp +divd = 0. (2.3)

Maxwell’s equations (2.2) now are the basis for the derivation of the electromagnetic potentials ¢ and A

corresponding to the electromagnetic field (E, B) .

Derivation of Maxwell’s Potentials

Based on [58, 59] we now derive Maxwell’s potentials from the equations (2.2). The first of Maxwell’s
equations, i.e. div B = 0, allows us to write B as the curl of a sufficiently smooth vector potential
A(t, ) € R3 such that (cf. (1.2))

B=Vx A (2.4)

Inserting B = V x A into the second equation, we find
curl B + 1<9tB = curl(E + l615.14) = 0.
C C

Because curl(Vf) = 0 for every sufficiently smooth function f(x) € R (see (1.2)), we thus make the

ansatz
E+:9A=-V¢ (2.5)
for a yet arbitrary scalar potential ¢(¢,2) € R. The third and fourth of Maxwell’s equations (2.2), i.e.
divE=p and curlB— 1atE -7 respectively,
c c

provide the following relation between A and ¢. Plugging (2.4) and (2.5) into the latter equations yields

—A¢ =p+ -9, (div A),

L 7 L (2.6)
CjattA* AA :Z - V(dIVA+ Eﬁtqf))
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Whenever the potentials ¢ and A satisfy this set of equations, we refer to them as Mazwell’s potentials.

The construction of ¢ and A via (2.4) and (2.5) leaves some gauge freedom, i.e. if ¢ and A satisfy (2.4)
and (2.5) or (2.6) respectively, then also do (see [42, Chapter 3.3], [59, Chapter 6.3])

A =A+cVy and ¢ :=¢—0x with a smooth gauge function x(t,z) € R.

In particular, note that this gauge transform leaves the electric and magnetic field invariant, since by

curl(Vf) = 0 for any smooth function f(z) € R we have (see Proposition A.25)

B=VYxA=VxA.
E:—V¢—%&A=—VW—%@Aﬂ

Usually the gauge function x is chosen such that the coupled system (2.6) for ¢ and A decouples. At this
point, we name two popular gauges based on [58, 59] amongst which is the Lorenz gauge® with gauge
condition %(ﬁ +div.A = 0. Plugging the transformed potentials ¢’ and A’ into this condition leads to a
gauge func(t:ion X satisfying O, x — c2Ax = 0 and to a system of two wave equations for ¢ and A which

read )
?att¢ - A¢ =p,
C
%8”./4 - AA :i .
C &
The second gauge is the Coulomb gauge® for which we have the condition div.A = 0. We give here only
a short summary on the properties of the potentials ¢ and A in this gauge. For the interested reader,
more details are given later on and can be found in [58, 59] and references therein. The Coulomb gauge

leads to a decoupled system of a Poisson equation for ¢ and a wave equation for A

—A¢ =p,
LouA-aa=lp, 1),
where Py [J] = JU with div J4 = 0 denotes the orthogonal projection of J onto its divergence-free part
J. The latter can be seen by incorporating the continuity equation (2.3) d;p + divJ = 0 for p and J.

In the following, we focus on the Coulomb gauge div.4 = 0 and give some more details in the subsequent

subsection.

Coulomb Gauge in more Detail

In the Coulomb gauge, i.e. for div.4 = 0, the coupled set of equations (2.6) for ¢ and A reduces to

_A(b =p,
) ; o (2.7)
E%A—AAZ;—V&ﬁ)

Note that the solution ¢ to Poisson’s equation —A¢ = p describes the Coulomb potential due to the
charge density p which gives this gauge the name “Coulomb gauge”, see also [59, Chapter 6.3].

Our aim is now to show that in the latter system (2.7) the right hand side of the second equation can

be identified with an orthogonal projection of J/c onto its divergence-free part and proceed as follows.

®Named after Ludvig Lorenz (1829 — 1891).
®Named after Charles Augustin de Coulomb (1736 — 1806).
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By Helmholtz’s theorem in [7, Chapter 1.16] and due to [37, Chapter 0], there exists an orthogonal

decomposition of a given vector field J into a divergence-free part J4 and a curl-free part J< such that
J=JY 4+ ¥ where divJ¥=0 and curlJ =0. (2.8)

From the continuity equation (2.3) we deduce

div(J — V8) = div(J) — A(0,0) = div(J) + dip = 0. (2.9)

On the other hand, the decomposition J = J 4 J°f allows us to write
div(J — Vo) 2 div(Ie — va,e) 2 0.

In particular, this means that (J — Vd;¢) is divergence-free. But due to the fact that for Vd;¢ being a
gradient field also curl(Vd,¢) = 0 holds (see (1.2)), we obtain

curl(J — Vo,¢) = 0.
Therefore the term (J — V;4) is also curl-free. By virtue of (2.8), we thus conclude that
Tt x) — VOb(t,x) = (J(t,x) — VO(t,2))" = —M(t) for some M(t) € R
can not depend on x and thus must be a constant function in space. This implies that
J = Voip=J¥ — M(t) = Py [J] (2.10a)

is the orthogonal projection of J onto its divergence-free part J4 up to a constant function M(t) in
space. Let us now give a rough definition of the projection Py [J]. For more details on the operator Py,

we refer to Appendix A.4 and references therein. Denoting the solution operator to Poisson’s equation

—Ap=p

formally by A~! such that ¢(t,x) = —A~1p(t,z) — a precise definition of A~1 on the torus z € T¢ is

given in Appendix A.3 — we have that from the continuity equation (2.3) above
PulJ]=J =V =J — VA~ divJ, (2.10b)

see also [41, Section 2.1] and [85, Exercise A.23].

In particular, if A does not satisfy the Coulomb gauge condition, i.e. if div . A(¢,z) # 0 for at least one
(t,z) € [0,T] x T4, we choose the gauge function y such that the gauge transform A" = A+ cVy of A
satisfies div.A’ = 0, i.e.

0 =divA =div.A+ cAy.

In this case, the function yx satisfies the Poisson equation

—Ay = % div A.

Then, similar to (2.10b), we formally denote by x = L A-1div A the solution to this equation and
C

obtain that the transformation

A =A+cVx=A-VAldivA="P,[A]
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can be identified with the projection onto the divergence-free part of A (cf. (2.10b)).

Finally collecting (2.7) together with (2.10b), in the Coulomb gauge, Maxwell’s equations (2.2) reduce to
the decoupled set of equations for the potentials ¢ and A

_A¢ =p,
. . (2.11)
—20ttA— AA = = 7’Pdf [J] .
C C
The electric field F and the magnetic field B are then given through (2.4) and (2.5)
E(t,x) = - Vo(t,x) - LA(t,2),
c (2.12)

B(t,x) =V x A(t, ).

In case of spatial dimension d = 2, within this thesis we consider vector potentials A = (A1, A3,0)T and

refer to electromagnetic fields of type

O p(t, ) Ai(t,x) Eq(t,x
Et,z)=—|oste) | — 2| Ast,e) | = [ Bet,e) |  and
0 ‘ 0
Ai(t, ) 0 0
Bt,z) =V x | Ast,2) | = 0 = 0
0 81A2(t,$) — 62A1(t,x) Bg(t,$)

for 2 € T2. For sake of simplicity, in the following we write A = (Ay,...,44)" ford =1,2,3.

2.1.2 Coupling the Klein—-Gordon Equation to an Electromagnetic Field

The content of this section is based on [78, Chapter 5.3.5.4 and Appendix F] and [69-71, 80]. Note that
we use the Japanese bracket notation (V) = +/—A +¢2 as in the given literature. Our goal in this

c

section is to couple the Klein—-Gordon (KG) equation

PO + (A + A = fIU], D(0) =vr, 9(0) = c(V), ¥, (2.13)

to the electromagnetic field (E, B)". This coupling shall preserve the gauge invariance of the corre-
sponding potentials (¢,.4)T in the Coulomb gauge, i.e. with div.A = 0, as well as of the Klein-Gordon
solution 1. We focus on KG equations with a sufficiently smooth nonlinearity f : C — C such that

fle™] = e f[y] for all w € R. (2.14)

Furthermore, we assume that the charge density p and the current density J in (2.11) satisfy the continuity
equation (2.3) 9yp + divJ = 0.

We carry out the coupling of the KG solution % to the influence of an electromagnetic field via a suitable
transform of the differentiation operators % and V which leaves the resulting system invariant under

C

gauge transformations. This motivates the Definition A.23 of the “minimal coupling operators” 6,@ and
v[Al

%1%y and VM= (V- i)y (2.15)

Cc C c

8t[¢] Y = (
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More details on these operators can be found in [78, Chapter 5.3.5.4] and [70, 71, 78, 80, 87]. In a next
step, we replace the differential operators d;/c and V in the Klein-Gordon equation (2.13) with atW and
VAl and obtain the coupled system

@726 = (V)4 + o =10,
—Aé =p, (2.16)
iattA — AA :llpdf [J] .
c2 c
We emphasize here, that the operators 8,£
they involve the potentials (¢,.4) : [0,T] x T¢ — R!*3. In particular, (8#])21[) and (V)29 are given
explicitly in Corollary A.24. With the aid of Proposition A.25, we see that the latter system is gauge

) and VI are now depending also on time and space, since

invariant under the gauge transform (see [70, 71])
A = A+ cVy, ¢ =¢— x and Y = e

In other words, if (¢, ¢,.A) " solves (2.16), then also (¢/,¢’, A’)T does.

The system (2.16) looks very similar to the desired MKG system (2.1). In fact, only a back coupling
of Maxwell’s potentials to the KG solution 1 is still missing. Note that so far, the charge and current
density p and J did not satisfy any particular condition besides the continuity equation (2.3). In order to
couple back the electromagnetic potentials ¢, A to the KG solution 1, we need suitably chosen densities
p and J. We proceed with the derivation of the full Maxwell-Klein-Gordon system in the subsequent
section. For the interested reader we provide the above-mentioned Definition A.23, Corollary A.24,

and Proposition A.25 in Appendix A.6.

2.1.3 The Maxwell-Klein—Gordon System

In this section we collect the findings of the previous sections and derive the full Maxwell-Klein—Gordon

system (2.1) as it is given in [20, 21, 70, 71] and also in the paper [63] by Krimer and Schratz.

So far we considered external electromagnetic fields represented by potentials ¢, A, which influence the
motion of a charged spinless particle ([78, 87]) described by the coupled Klein-Gordon equation (2.16). In
particular, because moving charges create their own time variant electromagnetic field (see [74, Chapter
4.5.5]), we are especially interested in the interaction of the particle with its self-generated field. Within
this work we shall only focus on this self-interaction. The results can be adapted in order to incorporate

the influence of external fields into the system.

In order to describe the mutual interaction between the charged particle and its electromagnetic field,
we modify (2.16) such that not only the KG solution ¢ depends on the potentials ¢ and A but also vice
versa. We carry out the back coupling via a suitable -dependent choice for the density p and current
density J satisfying the continuity equation (2.3). In the following we consider the system (2.16) for
vanishing nonlinearity f[¢] = 0.



24 Chapter 2. Maxwell-Klein—Gordon and Maxwell-Dirac Systems

Derivation of the Charge and Current Density

According to [78, Chapter 5.2.2] we derive p and J corresponding to the linear Klein-Gordon problem
(2.13) for f =0 as follows: Assume that 1 solves the KG equation. Then

0 =0 (¢720ut) — A + ) — - (¢ 200 — AU + ).

Using that
(GOt — VBu) = 0,(P0r) —vB0)  and  (PAG — $AD) = div ($V¢ — $V)
we thus obtain that the latter equation takes the form of a continuity equation, i.e.
0 = 20, Im (—c*¢9y¢)) + 2i div(Im (¥ V7)),

if we divide by —2¢ and set

5= Im (- 263:7) = — Re <ﬂ’(%)) and J = Im (—V9) = Re (V).

c cC

Replacing the operators i and V in g and J with the minimal coupling operators at[‘” and VAL
C

respectively, (see (2.15)), this ansatz transfers directly to the coupled system (2.16). More precisely,

according to [70, Section 1] and [71] we define

o |

p= olbdl == Re (i o) = L (Re (10BD) + o0l ).

(2.18)
J= JWw,A = Re (iw : V[Ahp) - Re (it V) — ? 2.

In the following we may also write p(t), J(t) instead of p[y(t), ¢(t)], J[(t), A(t)], if the context is clear.
Plugging this choice of p and J into (2.16) we obtain a system which describes the mutual interaction
of the moving charged particle with its self-generated electromagnetic field in the Coulomb gauge. We
call the resulting system (2.20) the Mazwell-Klein-Gordon (MKG) system. In Proposition 2.2 below,

we prove that p and J as in (2.18) satisfy indeed a continuity equation.

Proposition 2.2 ([70, 78], Continuity equation for MKG). Let (¢, ¢,.A)" satisfy the MKG system
(2.20) below. Then the charge density p and the current density J defined in (2.18) satisfy the continuity
equation

Bip +divJ = 0. (2.19)

Proof (see also [70, 78]): The proof of this lemma is a straight forward calculation, exploiting equation
(2.20a). We compute

—dip =Re (2( O

—¥

‘ 2

+ w%?) + 506 6 + 26 Re (40,9
=Re (z (wmz) — 2 + 5 (* [0 + 2i000 + i) 14 )

AP
c2

[ + 20y - 2 w))
+ 500 [0)° + S0 Re (v,)

—Re (iwm _ 2“:‘¢w> ) .
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On the other hand, we have
div.A

divJ =Re (i( Vyl? + wTw) - (=~
—Re (iAe - 220V))

= — Oip.

[¥[* + 22 Re (V79

This finishes the proof. O

The Maxwell-Klein—Gordon System

Plugging the choice for p and J from (2.18) into the system (2.16), we obtain the Maxwell-Klein-Gordon
system with solution (¢, ¢,.4) " under the Coulomb gauge constraint div.4 = 0

S0+ (- A+ )y =5 (M — iyt — z‘(atgb)w) MRy it vy, (2.20)

oA — FAA =Py [J[, A], divA=0 (2.20b)

—A¢ = pli, 4], |t e)dz =0, (2.20¢)

((0,2), 07" p(0,2)) = (v1(2), (V), ¥ () (2:20d)
pandJ asin (2.18),

where the projection Py, onto divergence-free fields is given explicitly in Appendix A.4. Note that due to

Proposition 2.2, the densities p and J indeed satisfy a continuity equation.
For simplicity, we assume that the total charge ([42, 59, 78]) in the above system

ot) = L/ p(t,z)dr =0 at time ¢t =0
(2m)d Td

is zero (see also [63, Remark 1]). Note that due to Remark 2.3, we can assume without loss of generality

~ Prop. A4

bo(t) o(t,x)dx =0 for all ¢
Td

and thus may omit this detail in the following. In particular, this means that we look for ¢(t) € H™(T%)
for all t € [0,T]. Poisson’s equation (2.20c) is well-posed in H”(T¢) for 7 > 0.

Remark 2.3 ([63, Remark 1 and 3]). The continuity equation (2.19) together with Q(0) = 0 implies
that

/ p(t,z)de = / p(0,z)dx =0 for all t. (2.21)
Td Td

Note that this implies that the Fourier mode corresponding to k = 0 (see [63, Remark 1] and also
Proposition A.4)
Po(t) =po(0) =0 is zero for all t

and thus the Poisson equation (2.20¢) is solvable. If initially p,(0) # 0, we consider instead

p=p—70o(0), such that (2.21) is satisfied for all t.
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Moreover, the gauge freedom in the MKG system (see Proposition A.25) allows us to add to ¢ a spatial
constant function depending on t. More precisely, if (see [63, Remark 3])

0 3o(t) = [ olt.)de = M() €.

we may choose
t
¢ = ¢ — X, with  x(t) = M(0) + / M(s)ds
0

instead. Proposition A.25 then implies that if (¢, ¢, A)" solves (2.20), then also does the triplet
(exp, ¢/, A)T.

The basis for our numerical methods, which shall be presented within this thesis relies on reformulating

the latter MKG system as a first order system in time. We proceed in the subsequent subsection.

2.1.4 Reformulation of MKG as a First Order System in Time

In this section, based on [45, 69-71, 80] and also on the paper [63] of Kramer and Schratz, we reformulate
the MKG system (2.20) with solution (3,.4, ¢) T as a first order system in time for variables (u, v, ¢, a)"
satisfying

v=su+m), A= (a+a) (2.22)

We thereby exploit the diagonalisation of wave-type equations as described in Section 1.2 and use, as
before, the Japanese bracket notation (V) _ = +v—A + ¢2.

We start off by reformulating the Klein—Gordon part (2.20a) for ¢» and the Poisson part (2.20c) for the
scalar potential ¢. Then, we also transform the wave equation (2.20b) for the vector potential A into a

first order system in time of similar type using the same techniques.

(i) Reformulation of the Klein—Gordon part:
Following the ideas from Section 1.2 we transform (1), 3£¢]1/1)T into variables w = (u,v)" by making

the ansatz

u=yp—i(V); ' oy,
B . (2.23)
v=p—i(V); oy,

where we replaced 9;/c in (1.10) by its minimal coupling operator BtM = ¢ (0 + i¢) given in
Definition A.23. Because ¢(t,z) € R is a real potential, we observe that ¢ = %(u +7) and that

Ol =i (V) (u—vp) = O =ic(V), (u—1p) —igw
(2.24)

Applying the first time derivative to u and v in (2.23), we obtain

Oyu =0 —ic™ ! (V>c_1 (Ot + 10 (¢1))),
By =0p —ic™ (V)1 (D) — 10, (¢0))).
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In a next step, replacing in the latter equation the terms dy1) and 9pyp with their equivalents from

(2.20a) and (2.24), this yields the following first order system in time for w = (u,v)"
0w = —¢ (V) w + Flw, dya], w(0) = w; = (1"" Wf) , (2.25)
Pr — “pl

where due to (2.23) the initial data w; are given by

wr — (PO =i (W 9 V(0) :<¢I—w;>
O - o)) o)

Thanks to the identity A = %(a + @) (cf. (2.29) below), the nonlinearity F reads

Flw, ¢, a] =

N | =

—v

1 _ 1 (la+a (u+7) .1 1 (—(a+a) -V(u+7)
G LV, ( )+22<V>C (( g U).

la+a)? (@ +v)

0+ @ 0w (1) +he- e (D)
(2.26)

(ii) Reformulation of Poisson’s equation:

If we insert ¢ = %(u + ) into the definition of the charge density p in (2.18), we have by (2.24) that

Pl 6] = = Re (it - (ic(V), (v = 1))) = =7 Re (u+0)c™(V), (@~ v)) = plw].  (2.27)

Thus, the Poisson equation (2.20¢) corresponding to the first order in time setting reads
~A¢ = plw]. (2.28)

(iii) Reformulation of the Maxwell Wave Equation:
Next, we also rewrite the wave equation (2.20b) for the vector potential A as a first order system in
time, applying the same ideas as in (2.23) and replacing (V), with (V),. Because A(t,z) € R? is real

vector valued, we obtain one single equation for the variable
. —1 8t
a=A—-1i(V), ?A, (2.29)
which implies A = %(a +a) and

DA =ic(V), (a— A). (2.30)

Note that later on, we look for solutions LA € H” (see Definition A.3) for which the operator <V>al is
well-defined. Taking the first time derivative of a in (2.29) and using the identities (2.20b) and (2.30)
for 0;;.A and 9;.A, respectively, gives

idha=—c(V)ya+ (V) T w,a], a(0)=a;=A4;—i(V)," A}, (2.31)
where for w = (u,v) " the nonlinearity J* is given by
JPw,a] =P [J[l(u+ﬁ) 3(a+a)]}
bl daf 2 I 2

=P [Re (z&(u + )V (T + v)) _ %é(“ +a) |u +ﬁ|2] ‘ (2.32)
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Altogether, the steps (i), (ii), (iii) yield the following first order system in time

for the variables (w, ¢, a)' for € T¢ and t € [0, 77,

composed of (2.25),(2.28) and (2.31), i.e.

iw =—c(V), w+ Flw, ¢, al, w(0) =wy = (il : zﬁ) ) (2.33a)

—A¢ =plw], / ¢(t,z)dx =0, (2.33b)
Td

idha=—c(V)ga+ (V)g IV w,al, a(0) =a; = A; — i (V)" AL (2.33¢)

equipped with periodic boundary conditions. By (2.26),(2.27) and (2.32) the nonlinear terms read

Plu.o.dl = o(_1) = 30— )0 (427) (2.33)
iyt (letal @) 1 gyt (—(a+ @) V(u+D)
8 (V) <|a+u|2(u+v)) + 2<v>°‘ ( (a+a).v(u+v))
plw] = — iRe ((u+70)c (V), (@ —0)) (2.33¢)
JP[w, a] =Py, {Re (zi(u +T)V(@+ v)) ~ 1 (at@)fu +@|2} . (2.33f)

Recall that for the system (2.33) the following identities hold
Y=(u+7), A= (a+d), FA=ic(V),(a—q). (2.34)

Concerning the usage of (V) 'in the above system, note Remark 2.1 above. Furthermore note that
Py H"(T4) € H"(T?) (see Definition A.13) for all » > 1. Thus, combining the local well-posedness result
in Proposition 2.4 for r > d/2 with Corollary A.15 on the zero mode of the solution a(t) of (2.33¢) for
all times ¢ € [0,T], we deduce that

if Ar€PyH"(TY) and A, € P,H Y (TY), then a; € P, H"(T?)
and then in particular the zero Fourier mode of the solution a(t) of (2.33c) satisfies by Corollary A.15
(;(t\))ozo for all t € [0,T).

We thus look for solutions of the MKG first order system (2.33) which satisfy (see [21, 62, 70, 79] and

also the local well-posedness result in Proposition 2.4 below)

(w(t), d(t),a(t))” € H"(T?) x A Y(T?) x H"(T?)  for all times ¢ € [0, T7.

2.1.5 Local Well-Posedness of the MKG First Order System

Based on [21, 60, 62, 70, 76, 79] and references therein, we now formulate the following local well-posedness
result on the MKG first order system in time (2.33). The interested reader may find more details in the

latter papers.
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Proposition 2.4 ([21, 60, 62, 70, 76, 79] and references therein). Let ¢ > 0 and let r > d/2. Let the initial
data of the MKG system (2.20) satisfy (¢r, ), Ar, AY) € H"(T?) x H"(T%) x Py, H"(T¢) x P, H"~(T%)
(see Definitions A.1 and A.13 for the Definition of Sobolev spaces). Then there exist constants T, B, > 0
independent of ¢ such that the solution (w, ¢, a)" of the MKG first order system in time (2.33) satisfies

[ @I, + @110 + lla@l,0 < Br

and thus
(w(t), o(t),a(t))" € H"(T?) x H™(T?) x H"(T)

for all t € [0,T,].

Proof (see also [21, 62, 70, 79] and references therein): For the proof of the bounds on w(t) = (u(t),v(t))"
and a(t) see the local well-posedness results in [21, 62, 70, 79] and references therein. Additionally, note
that by (2.33), we have

—A¢ = —% Re ((u+7)c " (V). (@—v)).
Applying the solution operator
A=Y HY(TY — H™2(T?) for 7> 1 given in (A.4)
to the latter Poisson equation we thus find

61,410 = A7 (5 Re ((w+ D)™ (V) (@ =) )

Lemma A.8 Lemma A.11
<

K[|, e (V)wl_, < K},

r+1,0

with a constant K independent of ¢ exploiting bilinear Sobolev product estimates from Lemma A.8 and

properties of the operator ¢! (V). from Lemma A.11. O

In the subsequent section we derive the Maxwell-Dirac system.

2.2 The Maxwell-Dirac System

In this section, based on [10, 14, 22, 34, 35, 78, 87], we derive the Maxwell-Dirac (MD) system in Coulomb
gauge. Recall, that in Section 2.1 we derived the MKG system (2.20) by coupling the Klein—Gordon (KG)
equation (2.13) with solution ¢ (t, z) € C to a Poisson and a wave equation (2.11) for Maxwell’s potentials
(¢(t, ), A(t,z))T € R4 We carried out this coupling by replacing the operators % and V in the KG

equation (2.13) with the corresponding minimal coupling operators (see Definition A.23)

aﬁlz%ﬂg and VW=V—@'§-

Furthermore, we have chosen the charge and current densities p, J suitably for the Maxwell-Klein—Gordon
setting (see (2.18) in Section 2.1.3).
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Following the same strategy as in Section 2.1 for the MKG case, we derive the Maxwell-Dirac system
(2.36) by replacing % and V with Bid)] and VI respectively, in the Dirac equation (1.23)
C

d
o
YY) et | —eB =0, ¥(0,2) =1r(2), (2.35)
j=1

with solution ¥(t, x) = (¥1(t,x),...,%s(t,z)) " € C*. In the literature, the solution of the Dirac equation
is often called four-spinor (see for instance [87]). The matrices o, 3,7 = 1,2,3 were given in (1.21).
Combining the latter Dirac equation with Maxwell’s potentials (¢(t, ), A(t, 7)) € R*9 satisfying the
Poisson and wave equations (2.11), we thus obtain the Maxwell-Dirac system ([70]) in the Coulomb gauge
divA =0

d d

2y a0 | =Bu+ [ o—3 a4 | v (2.36a)

=1 j=1
Ot A — EAA =cP [ T[], div.A =0 (2.36b)
—Ad =p[], o(t,x)de =0 (2.36¢)

’H‘d
¥(0,2) =t (x) (2.36d)
(A(0, ), 0, A0, z)) =(A;(z), cAl(x)). (2.36e)

In Section 2.2.4 below, we show that the choice of p and J as
p=pll =[vI*, T=JdWl=cp QP =(J),, Jj=cp a;i. (2.36f)
satisfies the continuity equation (see also [70])
Orp +divd =0.
Assuming initial data satisfying
Y€ H(TY  and Ay € H(T?Y), A}, e H™~Y(T?)

for r > d/2, we then look for solutions (see [22, 34, 35, 70, 71] and also the local well-posedness result in

Proposition 2.7)
Y(t) € H'(TY), ¢(t) € H™2(TY) and .A(t) € H"(T?)  for all times ¢ € [0, 7).

The spaces H”(T%) and H"(T¢) are given in Definitions A.1 and A.3. Exploiting Proposition A.25, we
observe that the MD system (2.36) is invariant under the gauge transform (see [70] and Section 2.1.1)

A = A+ cVy, ¢ =¢— x and Y = eXaq,

i.e. if (¢, ¢, A)" solves (2.16), then also (¢, ¢',.,A’) T does (cf. Section 2.1.2).
For simplicity, we assume that the total charge ([42, 59, 78]) in the above MD system (2.36) and in the

MD first order in time reformulation (2.41) satisfies

Q(t) = L/ p(t,x)dz =0 at time t = 0.
(2m)d Td
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As before, due to Remark 2.3, we can assume without loss of generality

~ Prop. A4

P (t) o(t,x)de =0  for all t.
Td

This allows us to omit the corresponding condition in (2.36) for further reading. Note that the Poisson

equation (2.20c) is well-posed in the spaces H™(T?) for 7 > 0.

Reduction of the MD System in Lower Dimensions

Note that based on [10, 14-16, 87], in lower spatial dimension d = d,,, € {1,2} the Dirac equation
(2.36a) with four-spinor solution (t,z) € C* reduces to a Dirac equation with two-spinor solution
U(t,z) = (1(t,z),%4(t,z)) " € C? via a simple variable transform, see Remark 2.5. In particular, in our
numerical experiments in Chapter 5, we exploit this peculiarity and consider the reduced MD system
(2.37) instead of the full Maxwell-Dirac system. However, the theoretical results of this thesis remain

valid for both the reduced and the full system.

Afterwards, the subsequent sections are dedicated to derive a first order system in time of type (2.33) by

bypassing a second order in time MKG reformulation of the MD system.

Remark 2.5 ([10, 14-16, 87], Reduced MD System in Lower Dimension). In lower spatial dimensions,
i,e. d = 1,2 we can reduce the Dirac system for the four-spinor i to two Dirac systems for two-spinors
([87]) W, W by setting ¥ = (1, 14)" and ¥ = (3, 1p3) . In particular the system for the two-spinor ¥ is
equivalent to the system for ¥ if we apply a transformation y — § = —y, As > Ay = —As.

Hence in dimensions d = 1,2 it is enough to consider the system for the two-spinor ¥:

d d
10,0 = ficz 00, ¥ + oW+ | ¢— Z oA | ¥
j=1

j=1

oA = EAA+Py[J], J=c¥. -c¥ (2.37)

—A¢ = p, / o(t,z)dx =0, p= v
Td

W (0) =¥ = (1(0),44(0)) ", A(0) =A;, 9,A(0) = cAl,

This means in particular that all the results on the solution (1, ¢, A)T of the MD system (2.36) within
this work remain valid for the solution (¥, $,.A)" of the reduced system (2.37) if we replace a; by o,
j=1,2 and B by o3 (see (1.21) and [87] for definition of the Dirac matrices).

Therefore, we exploit that according to [22, Lemma 2.1] and [70], we can reformulate the MD system
(2.36) as an equivalent MKG system of type (2.20), but with additional nonlinear terms. Then the ideas
of the previous Section 2.1.4 immediately provide the desired MD first order system in time (see (2.41)

below). We proceed in the subsequent subsections.

2.2.1 Maxwell-Dirac in Form of a MKG System

This section is based on [22, 70].
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Before we reformulate the MD system (2.36) as a diagonal first order system in time of type (2.33) in the
subsequent Section 2.2.2, we rewrite it as an equivalent Maxwell-Klein—Gordon type system at first. In
contrast to the standard MKG system (2.20), the latter involves additional terms due to the presence of

the Dirac matrices a;; and B for j =1,...,d.

Recall that the minimal coupling operators read (cf. Definition A.23)

O =2 4i? and VMI=v-_iZ

We apply the operator (fiﬁy]) to the Dirac equation (2.36a) and obtain (see [70, Section 5])

(—i0l?) (i0lp) =(~iof) (zZaJ [chw),

v(0) =7, —id" My —zza VIAOD) 4 — By = —i (V), 7.

Due to Proposition A.26, this yields the following Maxwell-Klein—Gordon type system for the four-spinor
Y(t,x) € C* and the potentials (¢(t, ), A(t,x))T € R+

20, + i) = (V - zé)Q b 2+ D%, Ay (2.38)
Ot A= EANA+ Py [T], J=cb-ai (2.38b)
~A¢ = p, p =10, (2.38¢)
¥(0) = vr, " hp(0) = Z a; i — icBr, (2.384)
A(0) = A, 9,A(0) = cA. (2.38¢)

The additional nonlinearity ®%[¢, A1 is given through (cf. [70, Section 5])

D), A] = D, [0 + DF[LA] + DAl with

d
curl Z ajak )) - (ak (AJ))]v gglv [¢] = Z 2%} (aj(z))?
jji;k1 j=1 (2.38f)

D¢ atA ZO‘J at

Note that in the MKG type system (2.38), the choice of the charge and current density p and J, re-
spectively, is the same as in the Maxwell-Dirac system (2.36). Furthermore, note that the additional
nonlinearity ®%[¢, A] in (2.38) above is due to the particular coupling between the components of the

solution v of the Dirac equation (2.36a) via the Dirac matrices a; for j =1,...,d given in (1.21).

For later use, we collect the operators D¢, ., Dg;, and D in the following Definition 2.6. We proceed
in the subsequent subsection with the reformulation of the MKG type system (2.38) as a diagonal first

order system in time using the techniques of the previous Section 2.1.4.
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Definition 2.6 ([70]). For a smooth vector field B(t,z) = (By(t,z),..., Ba(t,z)) € C* and a smooth
function W(t, z) € C we define the operators

d
an[B] = —% Y eal(9;(Br) = (0x(B)))], DE[WV] = ea(9;W),
Jik=1 j=1
itk

d
D5 [B] = Z%‘(Bj),

where the Dirac matrices «j,j =1,...,d are given in (1.21).

2.2.2 Reformulation of the MKG Representation as a First Order System in

Time

Based on [22, 70, 71] and also based on the paper [63] by Kramer and Schratz, we now reformulate the
MD system (2.36) as a first order system in time similar to (2.33) with solutions w = (u,v)", ¢ and a
satisfying the identities (cf. (2.34))

Y= 3wtm), A=_(a+d), dA=ic(V),(a-3a) (2.39)

Bypassing the MKG type system (2.38) corresponding to the MD system (2.36), allows us to use the same
techniques for this purpose as before in the previous Section 2.1.4. Note that according to [22, Lemma
2.1] the MD system (2.36), its MKG reformulation (2.38) and finally the corresponding first order system

(2.41) below are equivalent.

Therefore, we proceed as in Section 2.1.4 and make the ansatz

¥ —i(V), 0"y,

u

—i (V) oy, where 9 =2 42 (see Definition A.23). (2.40)
C (&

. -1 0,

A—i(V), ?tA,

v
a

We observe that the variables w = (u,v) " and a satisfy the identities in (2.39) for 1 and \A. Differentiating

w, a with respect to time ¢ analogously to Section 2.1.4, we obtain a diagonal first order system in time

system with a structure similar to (2.33). Plugging the relations (2.39) for A, % A into the additional
C

nonlinear term ©%[¢, A] = D, [¢] + @S‘[@A] + D8 ,[A] in (2.38), we find that (see Definition 2.6)
C

div curl

DF2A] =i;DEV), (o — W)

1 _
?url [A] :i gurl[u + u]'

The term 3'Do‘[(b, AJt) then manifests in an additional nonlinearity G|w, ¢, a] in the resulting first order
C

system in time

with solution (w,$,a)’ for z € T¢ and t € [0, T,
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which reads (cf. [70])

0w = —c (V). w+ Flw, ¢, a] + Glw, ¢, a], (2.41a)
—ao=plul. [ olta)da =0,

it =—c(V)ga+ (V) J-[w], (2.41b)
a(0) =a; = A; —i(V)g" A7,

equipped with periodic boundary conditions. The terms p and J¥ = P, [J] are obtained by plugging
Y= %(u +7) into (2.36f). We thus find

Flw, ¢, a]=¢<_:> —;(¢—<V>;1¢<V>c)(2_2) (2.41c)
iyt (let P w D)) 1 gy (—(a+ @) V(e D)

8¢ (V) <|a+a2(u+v)> +12<V>C ( (a+a)~V(u+v))’
! pe at+a & 1 &le a—a u+T

Gl v = i1y (2l DR R W) k)
~ (30%ula+ @ + DR8]+ ;DT (V) (a~ D)) @+)

plw] =2 (jul’ + [0l + 2Re (u - v), (2.41¢)

TP [w] = Puc[(u+ D)@ +v)] . (2.41f)

In particular, using (2.38) we can write the initial data as
_ -1 d (ylAnly.
w(0) = wy = <(I4 Pe (V). )w’) +i(v);! <a](v )”p’) :
c 1

=\ (Vi) 4

Recall that by Remark 2.1 above, the operator (V) ! is well-defined on the spaces H”(T%). Furthermore,
note that P, H"(T?) c H"(T%) (see Definition A.13) for all » > 1. Thus, combining the local well-
posedness result in Proposition 2.7 for r > d/2, with Corollary A.15 on the zero mode of the solution
a(t) of (2.41b) for all times ¢ € [0, 7], we deduce that

if Ay € Py H"(TY) and A} € P,H YT, then a;c P, H (T
and then in particular the zero Fourier mode of the solution a(t) of (2.41b) satisfies by Corollary A.15
(;(t\))o =0 for all t € [0,T).

We thus look for solutions of the MD first order system (2.41) which satisfy (see [22, 34, 35] and also the

local well-posedness result in Proposition 2.7 below)
(w(t), d(t),a(t))” € H(T?) x H*+2(T%) x H"(T?)  for all times ¢ € [0, T].

The system (2.41) is very similar to system (2.33). In fact, the nonlinearity F[w, ¢,a] has the same
structure as in Section 2.1.4. However, because (¢, z) € C* also the variables u,v € C* take values in C*
and thus F[w, ¢, a] takes values in C* x C*. Another difference to (2.33) is found in p[w], J¥'[w] which
we obtain simply by replacing ¢ in their definitions in (2.38) by ¢ = %(u + 7).
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Figure 2.1: (MD, Simulation of the H? norm of w(tn) = (ut(tn),u™ (tn), vt (tn),v ™ (tn))T). For the case of d = 2 we
observe that Hui (tn) H2 and Hvi(tn) HQ behave as in (2.42) for ¢, € [0,20]. Note that in the outer left and outer right semi-
logarithmic (in the y-axis) plot the lines corresponding to the norms of ut and vt for the values ¢ = 1.592¢ ¢ =0,1,...,6
are equidistant which underlines the O (c’l) behaviour of ut and vt (cf. (2.42)). The numerical approximation to the
solution w of the MD first order system (2.41) at time t, = n7r,n =1,...,20/7 for the time step 7 & 0.004 is obtained via
the “twisted” time integration scheme W] (with v = 1) given in (4.39) (see Chapter 4) with initial data corresponding to
Experiment 5.4 (see Section 5.4).

In view of the block structure of Z, F+ @ from (1.22), we decompose the solution w = (u,v)' into upper

and lower components ([19, 22, 87]), i.e. in the notation u™ (¢, z),u™ (¢, z),v"(t,2),v~(t,x) € C? we have

uw= (Zt) and v = (Zt) . (2.42a)

from Lemma A.11,

c r+2

Then, equation (1.22) together with the inequality H(l —c(V) 1)wH <c 2wl

yields that the initial data w; = (uf,u;,v],v;) " satisfy (see also (3.37))

[uf I, < K (191425 1411,
furll, <20l + e Kl AL,
[o7 [, <2[lw*l,+ < KWl 1AL,
o [, < R (9]0 AL,

(2.42D)

The local well-posedness result ([22, 34, 35, 70]) on MD from Proposition 2.7 in Section 2.2.3 below, then
shows that this structure is also transported in the solution w(t) of (2.41a) for all times ¢, i.e. we find
that for all ¢ € [0, 7] in the sense of the H" norm for r > d/2

ut(t) =0 (), vt(t) =0(1),

(2.42¢)
u (t) =0(1), v (1) =0 (c7).

The latter is underlined by Fig. 2.1. We obtain a proof of this structure as a subsidiary result of the

rigorous convergence analysis of the nonrelativistic limit approximation to the MD system in Section 3.4.3.

Next, we state a local well-posedness result on the MD first order system in time (2.41) in the subsequent
subsection. Afterwards in Section 2.2.4, we provide a derivation of the MD charge and current density p
and J (see (2.36f) above), respectively. In the subsequent chapter, we then continue with the construction

of efficient numerical time integration schemes in the nonrelativistic limit regime ¢ > 1.
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2.2.3 Local Well-Posedness of the MD First Order System

Based on [22, 34, 35, 70, 71] and references therein, we formulate the following local well-posedness result
on the MD first order system in time (2.41). The interested reader may find more details in the latter

papers.

Proposition 2.7 ([22, 34, 35, 70, 71]). Let ¢ > 0 and let r > d/2. Let the initial data of the MD system
(2.36) satisty (11, A1, Ay) € H™(T?) x PyH"(T?) x P, H"1(T%) (see Definitions A.1 and A.13 for the
Definition of Sobolev spaces). Then there exist constants T,., B, > 0 independent of ¢, such that the
solution (w, ¢,a)" of the MD first order system in time (2.41) satisfies

lw®, + 16120 + la@®ll,.0 < Br

and thus
(w(t), d(t),a(t))” € H"(TY) x H*2(T%) x H"(T?) for all t € [0,T;].

Proof (see [22, 34, 35] and references therein): For the proof of the bounds on w(t) = (u(t),v(t))" and
a(t) see the local well-posedness results in [22, 34, 35] and references therein. Additionally, note that by
(2.41), we have

~A¢ = L ([uf* + |of + 2Re (u-v)).

Applying the solution operator
A=Y HY(TY — H™3(T?) for 7> 0 given in (A.4)
to the latter Poisson equation we thus find for a constant K independent of ¢

160420 = [ A7 (5 (ul? + lof* + 2 Re (u- )

Lemma A.8

r4+2,0
2
K wll;:

exploiting bilinear Sobolev product estimates from Lemma A.8. O

2.2.4 Derivation of the MD Charge and Current Density

This section is dedicated to derive the MD charge and current density p and J (see (2.36f) above) and is
based on [70] and [78, Chapter 5.3.2]. In order to derive these quantities suitably for the (Maxwell-)Dirac
equation (2.36) we consider its Dirac part (2.36a)

d d
i| 2o+ Y g | =Bu+ L (0= a4, | v, (2.43)
j=1 j=1

We proceed as in [78, Chapter 5.3.2] and multiply equation (2.43) from left with the complex conjugate

transpose of its solution ¢ and subtract the complex conjugate of the resulting product.

More precisely, exploiting that by (1.19)

ajT =a;, j=1,...,d and that the potentials (¢(t, ), A(t,z))" € R'*4
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are real vector valued, we find that

d d
0=p | i%v+iY o -y | —o" | =%y iy @00 - o8
j=1

Jj=1

=- (7/1T8t1/1 + wTatw) += (C > w0 a0+ wT%aﬂ/’)

j=1
:é (@ (wT@) + div (c(z/JTajw);l_l)) )
If we define the charge and current density by

p=> and J=c(¥ ‘@)Y, respectively.

the latter takes the form of a continuity equation
Note that due to the relation ajT =aj,j =1,...,d from (1.19) the current J(t,xz) € R? is real vector

valued.

In the next chapter, we shall continue with the construction of efficient numerical time integration schemes
in the nonrelativistic limit regime ¢ > 1 by exploiting the asymptotic behaviour of the highly oscillatory
solution of the MKG/MD first order systems in time (2.33)/(2.41).
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CHAPTER

THREE

NUMERICAL INTEGRATORS FOR MKG AND MD IN THE
NONRELATIVISTIC LIMIT REGIME

Based on [19-22, 45, 68-71, 81] and on the paper [63] by Kramer and Schratz in this chapter, we construct

and analyse efficient numerical integrators for the Maxwell-Klein-Gordon and Maxwell-Dirac systems
in the nonrelativistic limit regime where ¢ > 1,
and where the solution becomes highly oscillatory in time, exploiting
the asymptotic behaviour of the highly oscillatory solution (¢, ¢, A4)7 as ¢ — oo

which was analytically investigated in [19-22, 63, 69, 70] in low regularity Sobolev spaces. More precisely,
in the latter papers, the authors proved the convergence of the highly oscillatory MKG/MD systems
(2.20)/(2.36) towards non-oscillatory Schrédinger—Poisson (SP) systems of type

10wy zéAwo + ¢>o< u0>

—v0

1 (\u |2 _ 2) . .
Z o vg| in case of MKG, 3.1
—Ado =po = ‘11 (31

: (\u0|2 + |U0\2) in case of MD,

iatao = —C <V>O ap

with solution (wo, ¢o, ag) ", where wy = (ug,vp) ", in the sense that

2t

w(t) e two ()
o) | — do(t) as ¢ — 00, (see Theorems 3.3 and 3.4 below). (3.2)
a(t) ao(t)

For the convergence of the MD system in Lorenz gauge in semiclassical and nonrelativistic limit regimes,

see [68, 81, 82].

Recall that (w, ¢,a)" denotes the solution to the MKG (2.33) and MD (2.41) first order system in time
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(here dyp = 0 in case of MKG and dyp = 1 in case of MD)

0w = —c(V), w+ Flw, ¢, a] + dunGlw, ¢, al, w(0) =w; = (f:ﬁ%)
~A¢ =plu] (3.3)

i0a =—c(V)ga+ (V' IV w, a], a(0) =a; = A; — i (V)y ' 4],
with solutions w = (u,v) ", ¢ and a satisfying the identities
Y= 3wtD), A=_(a+d), dA=ic(V),(a-3a)

Recall that Remark 2.1 provides well-posedness of the operator (V). ! on the spaces H” (T?) given in
Definition A.3. Despite small differences in the dimension m of w(t,z) = (u(t,z),v(t,z))T € C™ x C™
(i.,e. m = 1 for MKG, m = 4 for MD), in the initial data w(0) and in the charge and current densities
p and J¥ in case of MKG and MD, the first order systems (3.3) have a very similar structure in both
cases. Thus, within this chapter, many aspects in the construction and analysis of our schemes will be

very similar. We may point out important differences explicitly.

In this chapter we now follow [45, 69, 70] and the paper [63] by Kramer and Schratz in order to derive
the SP system (3.1) as the nonrelativistic of the MKG and MD system (2.20) and (2.36), respectively,
in a constructive way. We therefore exploit the technique of a Modulated Fourier Expansion (MFE) in
Sections 3.1, 3.2.2 and 3.3 below (see [52, Chapter XIIL.5] and [30, 31, 49]). This technique allows us
to (formally) derive analytic asymptotic approximations which are (at first formally) converging towards
the exact solution with a convergence rate of order O (¢™) for N € N (see (3.33),(3.61)). We carry out

a rigorous analysis of this convergence in Section 3.4.

In Section 3.4, based on [19-22, 70], we prove the asymptotic behaviour (3.2) rigorously and give rigorous
analytical convergence bounds depending on the small parameter ¢V, see Theorems 3.3 and 3.4 below.
More precisely, we show rigorous bounds for the approximations

Polt) = 5 (€ uo(t) + e TG(E), do(t) and Ay = S(ao(t) + (1))

to the solution (v, #,.A)" of the MKG and MD systems (2.20) and (2.36), respectively. Thereby, the
functions wy = (ug,vo) ", o and ag solve (3.1). Because of the identities ¢ = %(u +7) and A = %(a +a),
the convergence bounds can be played back to bounds of the form (see [19-22, 69, 70] and the paper [63]
by Krdamer and Schratz)

) = o @]+ 160) = 60(t), 12,0 + a(t) = a0(®)],.o =0 (), (3.4)

where w = (u,v) ", ¢ and a solve (3.3). For more details see Section 3.4 below.

Later in Section 3.5, we carry out the construction of efficient numerical time integration schemes for
solving the highly oscillatory first order system in time (3.3) in the nonrelativistic limit regime ¢ > 1. We
therefore exploit the analytic asymptotic convergence (3.4). The construction of efficient schemes thus
relies on numerically solving the non-oscillatory Schrodinger—Poisson system (3.1) with classical splitting

schemes of order p. The resulting scheme then admits

error bounds of order O (c_1 + Tp) .
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Figure 3.1: (Multiple Time Scales in a System). A highly oscillatory function of the form w(t) = eicztwo(t) (solid line)
involves the oscillatory phases ¢ic®t The amplitude of @ is governed by the non-oscillatory modulation function wg (dashed

line). The fast oscillations happen at the time scale c2t whereas the modulation happens at time scale t.

Note that for the case of MKG, these schemes have been already constructed and analysed in the paper
[63] by Kramer and Schratz. Furthermore, note that in [57] for the case of MD a similar scheme, based on
numerically solving the SP system (3.1) with an exponential Strang splitting method ([44, 65]) has been
proposed. The authors Huang et al. of [57] only numerically investigated numerical experiments that
their scheme is convergent of order O (c’1 + 7'2), but they did not rigorously prove these numerical error
bounds. Our analysis provides a rigorous proof for the latter and furthermore provides a constructive

way to improve the

numerical error bounds up to order O (c_N + 7P ) for N e N

for a given time step 7 by exploiting higher order analytical asymptotic approximations.
In Section 3.6 we finally prove rigorous numerical convergence results given in Theorem 3.15.

As a first step in the derivation of the SP limit system (3.1) we reformulate the first order system (3.3)
as a multiscale system depending on various time scales of the solution. We continue in the subsequent

section.

3.1 A Multiscale System in Time for MKG and MD

For the content of this section see also [45, 69, 70] and also the paper [63] by Krdmer and Schratz. In this
section, we rewrite the first order system (3.3), which is given in the time variable ¢ and space variable x,
as a multiscale system depending on multiple time scales ¢, § := ¢*t and ¢ = ¢ (V), ¢, which are present
in the time evolution of the solution, and on space x. Let us shortly discuss the meaning of these time
scales. This formal ansatz allows us to formally analyse the internal oscillatory structure of the solution
and to separate highly oscillatory from slowly varying parts of the solution. A rigorous analysis of this

oscillatory behaviour shall be subject of later sections.

We observe that for ¢ > 1 the dominant terms in (3.3) are of order ¢? and ¢(V), due to Lemma A.11.
These terms impose fast oscillations to the solutions w and a happening at the fast time scales 6 := ¢t
and ¢ = ¢ (V) t. According to results from perturbation theory ([52, 61, 72, 73]) the amplitude of these
fast oscillations, due to the corresponding highly oscillatory phases ¢!®’ and €% for a,b € Z, is governed

by slowly varying modulation functions w%) and al®) depending on the slow time ¢ ( see Fig. 3.1



42 Chapter 3. Numerical Integrators for MKG and MD in the Nonrelativistic Limit Regime

and cf. (3.6)). To incorporate these different time scales into the solution, we proceed as in [45, 63] and
make the formal ansatz of expanding the solution (¢, ¢,.A4) T of the MKG/MD equation and the solution
(w,¢,a)T of the corresponding first order system into a Modulated Fourier Ezpansion (MFE) (see [52,
Chapter XIIL5] and [30, 31, 49] for more details on MFE) in variables

t, @) =ct(V), and 0(t):=c’t. (3.5)

In the following, we omit the explicit dependence of ¢ and 6 on the slow time ¢. More precisely, similar

to [45, 63], we make the ansatz

w(t) lﬂl(t P 9) oo ‘{}/n (t7 P 9)
o) | = [oteo)| =D | amtw0) |,
A(t) A(t, »,0) =0 An(t, ¢,0)
(3.6a)
w(t) W(tv ©s 0) oo Wn (tv © 0)
o) | = | otp0) | =D | eatti00) |,
a(t) a(t, ¢, 0) n=0 an(t, @, 0)

where the coefficients (W,,, ®,,,0,)" are given by products of plane wave solutions, see [30, Section 4].
More precisely, we look for solutions of the form

(ab)

W (t, ¢, 0, ) Wi (¢, o, ) (t, )
bu(t,0.0,2) | =D 80t 00) | =D e > He“’]“" ¢(“b) t,x) (3.6b)
on(t, ¢, 0, ) acZ  \GW(t, ¢, ) a€L  pez i=1 i (¢, z)

MeNy

in the time variables ¢, ¢ and 6 and in the space variable z. Note that our ansatz involves ¢ and 6 only
in the phases ¢’ and €% for a,b € Z. This admits the additional assumption that § € T and 3, € T

for k € Z%, where the latter describes the Fourier representation of the operator time scale ¢ = ct (V)o-

Introducing variables U, V,U,,, V,, such that
W(tv 2 9) = (U(ta ®s 9)7 V(tv 2 0))T and Wn(tv 2 0) = (Un(t7 12 9)7 Vn(tv 2 9))T

and respecting the relations ¢ = (u +7) and A= (a +a) in (2.22), we remark that for all n € Ny we
have

By (2.33) and (2.41) the nonlinearity F[w, ¢, a] has the same structure in both the MKG as the MD first
order system. Plugging in the expansions W, ®, @ into F' we find F := F[W, ¢, a] with expansion
Fluw(t), ¢(t), a(t)] ~ F(t,¢,0 Zc n(t, 0,0 (3.8a)

In a similar way we expand G := G[W, ®,a], p := p[W] and J* := JP[W, a] such that

Gluw(). 6(0).a(t)] = Clt,p.0) = Y " Cult

n=0

plw(t)] ~p(t,p,0) =Y ¢ "palt,p,0), (3.8b)

n=0
[SS)

JPTw(t), a(t)] ~JP(t,¢,0) = Zcfnq]]ﬁ(t,cp,ﬁ)—|—CJ1_31(1€,<,0,9).
n=0
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Note the presence of a term J¥; corresponding to the order ¢! in the expansion J© which vanishes in case
of MKG but is necessary for the analysis in case of MD due to the definition of J¥ in (2.41).

Due to the explicit dependence of the multiscale ansatz functions W, ®, @ on the time scales ¢, ¢ = ct (V),
and 0 = c?t from (3.5), we introduce the multiscale time derivative motivated by the chain rule of

differentiation

.ot = (0 + ¢ (V) 0p + 0y)

such that dyw(t) ~ 9, g W(t, @, 0).

Plugging the MFE ansatz (3.6) into the first order system (3.3), yields for both the MKG first order
(MKGf{o) system (2.33) and the MD first order (MDfo) system (2.41) the following multiscale system.
For the expansion of ¢ (V),w we refer to Proposition A.12 and for the usage of (V);" see Remark 2.1.
Then

(10 + 1)Wo(t, p,0) + C((iag + 1)Wi(t, ¢,0) +i (V) 0,Wol(t, ¢, 9))

=50 e (= 00+ D Wsalt.0) — 1(9)0, Wit .0)

n=0

- Zatwn(ta @, 6) + %Awn(ta @, 6) + Fn(ta 2 9) + Gn(t7 ©s 9)

- X anCaregs),

m,lENg
2m4+-b=n-+2
m>2

CQi@GOO (t7 ©, 9) + c<i8901(ta ©, 9) + <V>0 (2890 + 1)00 (ta P, 9) - <v>(:1 Jljl(t7 ©, 0))

= Z c " < — i390n+2 (t, (V2 9) — i@ton(t, @, 9)
n=0
~ (D (10, + Doreatin) + (V)5 3L (0. 5.0))
= Z Cin(_Ad])n(ta ®, 9) - [pn(t’ 2 0)
n=0
—n Y1 — ] )
W(0,0,0) = ¢ "W, (0,0,0) ¢ "wr p, Wy p = ALl I
( Zo Z ' ' (w — i,
a(0,0,0) Zc—” (0,0,0) Zc—"a,,n, arn = Az, —i (V) Al
where we assume that we can asymptotically expand the initial data ¢y, 9}, Ar, A} such that
oo o0
wl - Z Cinwl,na wll = Z CinllﬁlI,na
o " (3.9b)
A= Z CinA]_’n, /I = Z c " ll,n'
n=0 n=0

Note once more, that the structure of the nonlinearity F' and thus the structure of its multiscale expansion
F is the same in both the MKG and the MD case. Then, by definition of F' in (2.33) and (2.41),
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respectively,

L ~ =
Flwga) = o ") = 2o- 97 0w (277)
—v u—v
1 1oyt (e 4@ (ut) 1 -1 [(—(a+7) - V(u+t70)
8¢ (V) <|u+a2 (+v) iz (Ve (a+a) V(a+v)
together with Proposition A.12 and Proposition A.29 we obtain the coefficients F,,,n > 0
n Y/ -
Un—j 1 3 k - Ueyj — Vo
Fn=) ®&; ! = ~AF (@ - @ (—A) [ 2 J
So(_0) 44 PO SLIES CRICNEESSD

2(m+k)+4=n
m~+k#0

B é Z ze: Z (=AY (((Dj + @) (@n +@m) - (Ue—j-m +Ve—j—m)) (3.10a)

(0 +85) - (@m +Tm) - (Ue—jom + Vej—m)

—Hé Z ZBk(-A)k((@j +®j)-V(Ug_j+VZ_j)> .

(0; + @) - V(Ue—j + Vey)

In particular, the first terms Fy and F; read
Uo Uy Uo 1 (—(00 + o) - V(Uo + Vo)
Fo=¢ , Fi1=¢ +¢ +i= — . 3.10b
o=no() o mme() rn() Hs(OIS Sww) e
Next, we collect the terms of same power of ¢ in (3.9) which yields a sequence of partial differential
equation for the coefficients W,,, ®,,,0,,7 > 0. Successively solving these equations, we illustrate the

formal derivation of the first terms in the MFE expansion (3.6) in the subsequent Sections 3.2 and 3.3.

3.2 First Terms for the Maxwell-Klein—Gordon System

This section is based on [20-22, 45, 70] and on the paper [63] by Kramer and Schratz. Our aim is now to
(formally) derive the first coefficients of the MFE expansion (3.6) for the Maxwell-Klein—-Gordon system.
Note that the calculations within this section are of a formal nature. A rigorous analysis for the formally
derived approximations to the solution will be given later in Section 3.4. The analytic convergence results
based on [20, 21, 70] are gathered in Theorem 3.3.

Recall that in case of the MKG first order system (2.33) the nonlinearity G[w, ¢, a] = 0 vanishes. Thus,
for all n € Ny also the terms G,,n > 0 vanish in the multiscale system (3.9). The MFE coefficients
corresponding to the nonlinear MKG charge and current density p and J¥ (see (2.33) and cf. (3.8)) shall

be given in the subsequent section.

3.2.1 MFE Coefficients of the Nonlinear Terms for MKG

In this section, we gather the coefficients p,, and JZ;,JE for n > 0 from the MFE expansion (3.8) for the

Maxwell-Klein—-Gordon charge and current densities
1 —\ = —
plw] = — L Re (u+2)e V), (@ —v))

JP[w, a] =P, [Re (z%(u +T)V(T+ o)) ~ e+ @)+,
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given in (2.33). We carry out the derivation of the corresponding coefficients by plugging the expansion
(3.6) into the latter. Propositions A.12 and A.29 then show that J; = 0 vanishes in the expansion (3.8),

since J¥ does not involve any term of order ¢'. For n > 0 we thus obtain

on == 33T (U 4 7))+ X an(-2)" (T - V)

Jj=0 m,£€Ng
2m—4-b=n—j
7= 3 1P [Re (iU + Vi) V(T + Vi) (3.11a)
m=0
n—1n—1—j 1 o -
-2 2 & Par (0 + ) - (Ur + Vo) - (Un—1-j)—¢ + Vin—1-5—2)] -
j=0 ¢=0

In particular, the first coefficients for n = 0,1 read

po = — 1 Re | [Uol® = [Vol* —Uo - Vo + Ty - Uy | = =2 (10l — [Vol*)
ciR
1 —_ J—
P1 = — 5 Re (UoUl — V()Vl)
. _ (3.11b)
IF = Par [Re (i(Uo + Vo)V (Uo + Vo))]

I = Puc [Re (i(Uo + Vo) V(T1 + V1) +i(Us + V1) V(T + Vo))

— Pu[(00 + ) - (Uo + Vo) - (Tp + Vo))

We make use of this expansion in the subsequent section.

3.2.2 First Terms for MKG

The next steps in the derivation of the nonrelativistic limit system (3.1) rely on the collection of the terms
in (3.9), which correspond to the same power of ¢ as in [45]. This procedure then leads to a sequence
of partial differential equations. Successively solving the latter, then provides the MFE coefficients
(Wn,4]>n,on)T for all n > 0. Note that we assume boundedness with respect to ¢ of the coefficients
W, @5, @y, for all n € Ng. We may repeatedly make use of Corollary A.27, which states a result from [45]
on the solvability of differential equations for solutions of the form (3.6). More precisely, a differential
equation with given inhomogeneity ¢(® for all a € Z
(i0g +m)W (t,0) = ™0 g™ (¢) + Z et g( @ (¢), W(0,0) given, m € Z,

a€Z\{m}
allows solutions W of the form W (t,0) = 3, ., e*®w(®(¢), if g™ = 0 vanishes, since g™ () is a
solution to the homogeneous equation and thus lies in the kernel of (i99 + m). See Corollary A.27 for

more details.
Let us conduct this procedure for the first terms. We start off at the highest order c2.
Order ¢?: The terms of order ¢? in (3.9) admit the relation

(189 + 1)W0(t7 2 9) :O7
i0p0 (t, p,0) =0
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which according to Corollary A.27 allows solutions of the form

Wo(t, »,0) :ew“ﬁél)(t’ ®),

wo(t, ¢, 8) =85 (t, ¢).

(3.12)
In particular, op must be independent of 8. Note that the upper index (*) for a € Z in the coefficients
\7«(()”) and ?ﬁéa) denotes the correspondence to the phase ¢’ in the fast variable § = c%t, see (3.6).

Due to the relation A, = %(on + @) from (3.7), we thus have 9pAy = 0. This implies that also

Ao(t,p,0) = Ao(t, ) is independent of 8. In the following we may omit the superscript in &781)

?6(()0) if the context is clear. The functions wg = @((Jl) and g = Eéo)

and
will be determined in the successive

steps.

Order c!': At order ¢! we plug in (3.12) and obtain due to J; = 0 that

(109 + 1)W1 (t, 0, 0) = — i (V) 0p (e™Wo(t, ),

(3.13)
i0p0r(t, p,0) = — <V>0 (0, + 1)00(t, @)

We observe that the terms (V) 9, (e”Wo(t, ¢)) and — (V) (i, + 1)@0(t, ) lie in the kernel of the
operator (i0p + 1) and of 0y, respectively. Thus, motivated by Corollary A.27, we demand that these
terms vanish, i.e.

~i (V) Bp¥io(t,0) =0, — (V) (i, + 1)8o(t, ) = 0.

This implies that wo (¢, p) = wi (t) is independent of ¢ and we obtain

Wo(t, 0,0) = el @),  aolt,p,0) = 8o(t, p) = eal’ () + C, . (3.14)

(1,0)

0,1
Here, wy and a(() )

are the coefficients of Wy, ag corresponding to expansion (3.6) and Cy, € C
is a constant independent of ¢, ¢, 6, x and in particular independent of c. We will see later that we
can arbitrarily choose Cy, € C. In the following we omit the superscript and write wy = w(()l’o) and

ag = al’V respectively.

The relation (3.13) for Wy, 0y then becomes

(289 + 1)W1 (ta @, 9) 207
10ga (¢, v, ) =0,
which allows solutions of the form

Wi (t,¢,0) =%V (t, ),

(3.15)
ar(t,0,6) =8 (t,9),
where w; = 6751),?61 = ago) are determined later on. Again, this implies that A; = %(01 +aT7) is
independent of 6.
Plugging the representation (3.14) of Wy = (Ug, Vo) into (3.11), we deduce that
Po(t, @, 0) = ¢o(t) independent of ¢, 0 (3.16a)

solves
~A00(t.0.60) = polt.2.0) = 2 (Juo (0] ~ o)) = pol). (3.16b)
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Due to (3.11), the ¢-independence of Wy furthermore yields the p-independence of J{'. In particular,

we have

IE(4,0) =2Pur [Re (i(uo() V(1) + 75() Vo (1)))]
3 Par [Re (i(euo (1) Voo(t) + e 2 5(t) Vg (1)) -
Respecting ansatz (3.6), we thus expand JJ as follows

IS (6.0) =30 ) + 20330 (1) + 20 ITHO(0),
1 VAR A
J*0 = Par [Re (i(uo Vg + T5Vro) ) |

3.17
I by o e v

— 1. e
Jé 20) - gdef [woVUg — ToVig) = JSQ’O).

Order ': In view of the identities for W;,a;,j = 0,1 in (3.14) and (3.15) and exploiting the represen-
tation of Fy, ®¢ and J& in (3.10),(3.16) and (3.17) respectively and because G,, = 0,n > 0 in case of
MKG, the terms of order ¢ in the multiscale system (3.9) admit the relation

(139 + 1)W2 (ta ' 9)

=c'f ( — i (V) 0¥in(t, ) — iDrwo(t) + & Awo(t) + do(t) <:00(<:)>> ) .
10903(t, 0, 0) = = (V) (10, + 1)81(t, ) — ic*Brao(t) + (V)5 ' J5" (1)

+ 20 (V) I+ e (V) IO ).

As before, we demand that in the latter system, the terms lying in the kernel of (i0p + 1) and 0y

respectively, must vanish. We obtain the relations

(V) Oy (t, ) é( — Do (t) + L Aw + b0 (1) (_“O(t)) )

vo(t) (3.19)

(V)o (i0, + Vit 0) = = ie**drao(t) + (V) ' I (1),
which involve terms that lie in the kernel of the left hand side operators i (V) d,, and (V), (i9, + 1),

respectively. Again due to Corollary A.27, we set these terms equal to zero such that for wg, ag

10;wo ; %A’wo + Qbo( U,o) , 10:ag ; 0,

—g

In particular, thus ao(t) = a¢(0) is constant for all ¢. Moreover, the identity (3.14) for Wy and g
implies the initial data (cf. (3.9))

’U)()(O) = WQ(0,0,0) = wy,0, ao(O) = 00(0,0,0) — C‘UO = Clj,o — Coo~

Gathering the latter results, we obtain the following Schréodinger—Poisson system

Z.8t7~U0 ZEA'UJO + ¢O< UO) ) wO(O) =W = <’¢)I’O B ZwII,O) )
2 ) Y10 — W g (3.20)
1
—Ado = — 2 (Juol* — [vol*) =t po,
with solution (wo, ¢) . Due to (3.14), the first coefficients in (3.6) then read with Cp, = 0

Wo(t,0) = ePwo(t), eo(t,p,0) = e¥aso=e(Arg—i (V)" Af,). (3.21)
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Note that by virtue of Remark 2.1, the operator (V) ! is well-defined on the spaces H"(T?) in which
we are especially interested, see Definition A.3. The latter will become more clear later on, in the
convergence analysis in Section 3.4 below. The identity Ay = %(00 + @) and the fact that the

coefficients Ay ,,, A7, are real vector valued for all n € Ny yields that

holt,p,6) = cos(@)Aro + T2 A (3.22)
0

Especially note that due to ¢ = ct (V),, the Fourier symbol of (V) ! sin(p) reads

(Szr;(;p)> = ct% = ctsinc(ct (k),) for all k € Z<.
0o/ k ¢ 0

This implies, that for fixed ¢ € R and for all ¢ € [0, 7] the operator Sznv(;o) : H" — H" is bounded.
0

Collecting (3.16), (3.20), (3.21) and (3.22) we have determined the first MFE coefficients of the expansion
(3.6). They read ao(t, p,0) = e aro, Po(t, p,0) = ¢o(t) and

WO(t7 2 9) = (UO(tv 2 9)7 VO(t7 ') 9))T = ew(uo(t)7 Uo(t))T'

Thus, we obtain from the identities in (3.7)

(¢Puo(t) + e 75(t)) and  Ao(t,p,0) = cos(@) Ay + SO a7

Yo(t, p,0) =
0( 7<)07 ) <V>0

N | =

Next, we continue with the derivation of higher order terms in the MFE expansion.

3.2.3 Higher Order Terms for MKG

The results of the previous section imply for the remaining terms in (3.19)

{ <v>0 atpg"/l(ta 90) i07
. ~ ! —1 7(0,0
(V)o (10, + Dar(t9) = (V)" I3 (),
which yields that wi(t, ) = wgl’o) (t) is independent of . Together with (3.15) we obtain solutions

of the form

Wi (t,0) =ew (1), 5.23)
G1(t, ) =eal®V (1) + (V)2 IOV () + Co, = (L 0, 6), '

where Cy, € C is a constant independent of ¢, ¢, 6, x and in particular independent of c. As before,

the constant Cy, € C can be chosen arbitrarily and we set Cy, = 0. In the following we may also

(1,0) (0,1)
1 1

write w; and a; instead of w and a , respectively.

Moreover, the relations for Wy, 0z in (3.18) thus reduce to
(109 + 1)Ws(t, ¢, 0) =0,
i0p0a(t, 0, 0) =¥ (V) IV (1) + e 20 (V) T IO ).
The latter allows bounded solutions of the form
Wa(t, .0) =55 (¢, )

~ . B , _ _ (3.24)
oa(t,0,0) =85 (t,¢) — 5 (Vg " IO (1) + 5720 (V)5 IO ().
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The coefficients V\/él) and ago) are determined later on. We plug the identities W; (¢, 0) = e"w;(t),j =

0,1 given in (3.21) and (3.23), respectively, into the densities p; and J¥ (see (3.11)) and obtain similar
to (3.16) that

P1(t,0,0) = ¢1(t) solves — Agy(t) =— %Re (uo(t)ur(t) — vo(t)v1(t)) = p1(t) (3.25)
independent of ¢ and 6. Moreover, we obtain

It 0,0) =70 (1) + I (1, )

+ e (J?”)(t) +I7, w))) +e (Jf‘“” ) +377¢ 90)> —
where the coefficients Jfa"b) are given by
T =2Puc [Re (i(uo VT + uy Vg + 75 Vor + 77Vwo)) ]
J1(2,0) =+ éiPdf [uo V1 + u1 Vg + voVug + v1Vug),
T = = Lip [0V + Vg + 55V + 51V = I,

i _ _ (3.26b)
B = = P [(¢%aro +e77arg) - (Juof” + fuol*)]
j§2) =— é?df [(ei‘”aLo + eii‘pm) -uovo] ,

B = = $Pu[(e'%aro + e~¥arg) - meg) = I,

Order c—!: We exploit the relations (3.21), (3.23) and (3.24) for Wy, ag, for a;, W; and for ap, Wo,
respectively, and substitute them into Fy in (3.10) and into J¥ in (3.26). The terms of order ¢~! in
(3.9) then read

(189 + 1)W3 (ta @, 0)
—eif ( — i (V) 0,5V (L, o)

it <<e”az,o> : Vuom) 1 <<e?“"az,o> ~ Vuom)

2\ (e"aro) - Vuo(t)
— 0wy (t) + %Awl(t) + ¢o(t)(_zl(t)> + ¢1(t)< ug(t)> )
—io (;1(~(eParo) - Van(t) 1 (—(e7**aro) - Vog(t)
+e (22 ( (equ’o) . VU«O(t)) + 7’5 ( (e—i%’ako) . V’u()(t)) > (327)
i0p03(t, ¢, 0)

= — (V) (10, + 1)@ (t, ) + (Vg " T (1) — i (V) 2 0,50 (1)
—ie*0,a\"V (1) — L (V)5 P [(e%,o +e7ar0) - (luo()” + [vo(t)]? )} ,

1
8
o1 (2,0 —1(7(2,0 i@
) (2']5 (1) + (V)5 (Jl( (1) + 3§ )(t,SO)))
L2t ( — L1700+ (W) (Y0 + I w)))
The same arguments as before together with equation (3.25)

o1(t) = ®1(t, ¢, 0), (3.28a)
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provide the following Schrodinger—Poisson system (see [69, Theorem 1.4] for the second terms in case
of nonlinear Klein—-Gordon ) for wy, ¢

10w, :%Awl + ¢o (le) + ¢1< u0> ;o wi(0)=wr; = <¢1,1 B i1/11,1> ;

~vo Yra =iy, (3.28b)
—A¢y = — %Re (uoTr — voT1) = p1-

The initial data wy(0) was chosen according to (3.9) and (3.23).

Furthermore, the remaining right hand side terms of (3.27) which lie in the kernel of (i0g + 1) provide

a relation which determines @gl) (see Corollary A.27). The integration of the latter relation for Vvél)

with respect to ¢, together with (3.24) then yields
Walt, ¢, 0) =515 (1, )
o[, (1,0) 1 ,on—1 [ (e%ar0— e aro) - Vuo(t)
= t - ) ) .
e (U)Q ( ) + 22 <v>0 <—(€upal,0 _ e—upm) . V’Uo(t)
Finally, the right hand side in the equation (3.27) for W3 reduces simplifies to terms with the phase
e~ . Solving for W5 then yields

. (e “%aro) - Vo
W:»,(t,%@)zewv?:(),l)(t,@)+iie‘w< (e aro +e™"ar0) WO(“)

(eParo + e "aro) - Vi (t)
Considering the equation for a3 in (3.27) we observe that the terms on the right hand side lying in

+2i6 (0)

the kernel of i0p — these are the terms not corresponding to e — admit a relation for @y very

similar to (3.19)
(V) (10, + 1)aV(t, )
= (W) IOV (1) — i (752 0,00 (8)

— 0,0V (1) = £ (V)" Pus [(Faro +e7a75) - (Juo®) + [wo()]) ]

Collecting the right hand side terms, corresponding to the kernel of (V) (ié)@ + 1) then provide an
equation which determines a(O’l)(t). We proceed in the subsequent paragraph with the relations for

the MFE coefficients arising from the terms of order ¢~",n > 2 in (3.9).

Order ¢™",n > 2: We have derived explicit formulas in this section for the first terms W;, ®;,0;, 7 = 0,1

of the MKG first order system (3.9). To find higher order terms in the expansion (3.6) corresponding

n

to ¢~ ™, we iteratively solve the following system for each n > 2

(’La@ + 1)W’n+2 (t7 ©, 0) +i <V>O atpwn+1(ta ©, 9)
= — i0,W,(t,¢,0) + %AWn(t, 0,0) + Fu(t,0,0) + Gult, 0, 0)
- Z dm(—A)ng(t, 2 0)
m,LENg

2m—+L=n+2
m>2

i090n12(t, 0,0) = — (V) (105 + oms1(t,0,0) + (V)g I (1, 2,6) (3:29)
— 10,0y, (t, 2 0)
*Aq])n (t, @, 0) =Pn (ta P, 0)
wl,n - ng,n)
w[,n - Zwl[,n ’

-1

(Dn(oaoa 0) =Qrn = Al,n -1 <v>0 In:

W, (0,0,0) =w;rn, = (
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Similar to the case of nonlinear Klein—-Gordon the structure of the MFE coefficients corresponding
to n > 2 will be similar to those which we already derived. However, in the higher order terms the
nonlinear coupling between the coefficients of W, ® and A in F,,, G,,, pn,JZ (cf. (3.10),(3.39),(3.11))

becomes stronger. This leads to more complicated equations for the coefficients.

3.2.4 Summary of the Asymptotic Approximation Results for MKG

In the end of this section, we collect the (formal) results on the first terms of the expansion (3.6) of the
exact solution (¢, ¢,.A4) T to the MKG system (2.20) and (w, ¢,a) " to the MKG first order system (3.3),
respectively. Moreover, we substitute the time scales ¢(t) = ct (V), and 6(t) = ¢*t by their definitions in

(3.5) and write

Po(t) = Wo(t,0(1),0()), Aolt) = AL, ¢(1),0()), ao(t) = ao(t, (1), 0(t)) = ao(t, (1))

and analogously for the other MFE coefficients. Combining (3.7) and (3.14), we find
1/ ic%t —ic%t—
Po(t) = 3 (e Pug(t) + e (1)), (3.30a)

where the non-oscillatory function wy = (ug,vo)' together with the limit potential &y = ¢¢ satisfy the

Schrodinger—Poisson system (3.20). The terms ag and Ag are given by (3.21) and (3.22) respectively.

On a formal level, due to our ansatz (3.6), we thus have the (at first formal) approximation property
Y =1 + O (c7!), and similar for the terms Ay, ¢o. Solving the following Schrédinger—Poisson (3.30b)

system in the nonrelativistic limit regime,
i
iwo =2 Awo + go[ "), wo(0) =wro = (P07 Wro)
2 —vg Y10 — Wi
_ 1 2 2\
~A¢o == 2 (fuol” = Jvol*) = po, (3.30b)
ao(t) =e“Vhtasg, arg=Aro—i(V), A,

Aolt) =cos(e (V) D Aro + STy
7 <V>o ’

where the initial data satisfies

br=brotO (), W= Wt

(3.31)
Ar ZA[’()-FO(C_l)a AII = II,O+O(C_1)’

we thus obtain an approximation to the exact solution. More precisely, assuming boundedness of
V,,W,,,®,,A, for all n € Ny and for ¢ € [0,7] in the sense of the H” norm, we finally (formally)

obtain the approximations

Y(t) o (t)
o(t) | =[eot) | +O(c7). (3.32)
A(t) Ao(t)

For a rigorous convergence analysis of these approximations, we refer to [21, 22, 70] and also Theorem 4.7
below. Furthermore, we can improve this convergence to a O (C_N ) bound for N € N in the sense of

the H" norm if we take into account additional higher order approximation terms in the expansion (3.6).
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The truncated expansions
YO =g+ ¢ A e M gy
¢C(>J<;72—1) :¢0+C_1¢1 +~'~+C_(N2_1)¢N2_1 for N1, Ny, N3 € N (333&)
AL = A+ VA A b T Ay

satisfy (formally, see [45, 69] for convergence bounds of higher order approximations in the case of

nonlinear Klein-Gordon equations)

() v V(1) ™
ot) | = <N2 Dy | 40| [ ) (3.33b)
A(t) A(NS V() cNs

Thus, in order to obtain a O (0_2) convergence bound for an approximation to the exact solution (1, ¢) "
of the MKG system (2.20) we proceed as follows. Additionally to solving (3.30), we also solve the system
(3.28) for wy = (ug,v1)" and ¢;. In order to keep notational consistency to Section 3.3 on the case of
MD below, we use the notation ¢; = ¢1. Afterwards, we compute

Di(t) == (¢ tur (8) + e tor() and () = ¢a(8).

2

More precisely, we solve (see [69, Theorem 1.4] for the second terms in case of nonlinear Klein-Gordon

equations)

10ywq :%Awl + ¢0< m) + ¢~51< uo) ;

—v1 —vo (3.34a)
It 1 _ . ~

—A¢p; = — 3 Re (up - U1 — vo - 01) = p1,w1(0) = wr 1,
where the initial data

wri =wrg = (1/)1 Lo, 1) is given through (3.9). (3.34b)

Vi1 — i,

Then the (formal) convergence bounds hold

¥(t) wo(t> Pu(t) O (c7?)
o(t) =1 ¢o(t) + o1(t) +|0O (c*z) . (3.35)
A(t) Ao (t) O (c?)

Despite that within this thesis, we only focus on the rigorous convergence analysis of the first order
asymptotic approximation terms ([21, 22, 70]) (o, ¢o,.Ao) " towards the exact solution (¢, ¢, A)" of
the MKG/MD system (2.20)/(2.36), we underline the latter convergence bounds (3.35) by numerical
experiments in Chapter 5. A rigorous convergence analysis for higher order asymptotic approximations

in case of nonlinear Klein-Gordon can be found in [45, 69].
Next, we derive the first MFE coefficients corresponding to the solution of the Maxwell-Dirac system.

3.3 First Terms for the Maxwell-Dirac System

This section is based on [20-22, 45, 70] and on the paper [63] by Kramer and Schratz. Our aim is now
to (formally) derive the first terms in the MFE expansion (3.6) for the Maxwell-Dirac system. Note that
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the calculations within this section are of a formal nature. A rigorous analysis for the formally derived
approximations to the exact solution will be given later in Section 3.4. The analytic convergence results
based on [19, 22, 70] are gathered in Theorem 3.3.

The derivation of the first terms for the Maxwell-Dirac system is very similar to the previous section.
Before we start off with their derivation we highlight the peculiarities of this system with respect to its

first order formulation (2.41). First of all, expanding its initial value

(T = Be (V) ) o1
w(0) = wy = ((I4 T Be (V) ) + (V).

2 <aj<v“*”>m)
=\ (Vi) ¢

with respect to ¢=! as w; = 3 00, ¢ "wy ,, and recalling that V41l = v — iﬂ, Lemma A.11 yields for
C
n>0

d
(L4 = B)Yrn Bre 3 Ayma [ 1051
Hn = <(I4+ﬂ wzn> =2 Ol <5¢”> +Z Y. Bu(-8) ( : >

ia; 0
m €Ny ’ J=1 my .6 eNo %5016
2m-+-L4=n 2myi+£41=n—1
mz21 (3.36a)

d
5 Ar)jor e
+Z Z 6777/2(_A)m2 (_EAlgjaij [2> )
Jj=1 ma,l2€Ng 1)i XL e
2mo+lo=n—2
where the first terms in this expansion are given by

_((Za=B)Yro _ ((Za=PB)1a ;05110
o= ((I4 + ﬁ)m) ’ . ((24 + B)¢r, 1) * Z (i%ajwl,o) '

Jj=1

) (3.36b)

d
_((Ta— B)wm) (aj (0011 + (Af)jwf,o)) SABY10
= DAL E Yo _

wr 2 ((I4 + ,3)1/}1,2 ~ABYro

o (10,011 — (A1);9r,0)

N | =N

In particular, this suggests the same structure for the initial data wr o = (uz,0, v[’o)—r as in (1.29). More

precisely, the decomposition
Y= (p*,97)"  into upper and lower component functions ¢t (t,z), ¥~ (¢, z) € C?,

together with the identity (1.22) for Z, &+ 3 yields

(0 _ (207,
uI,O = (21&1,()) s V10 = (0 > . (337)

In the subsequent subsection, we discuss in more detail the nonlinear terms G, p, J* which are present
in the MD multiscale system (3.9).

3.3.1 MFE Coefficients of the Nonlinear Terms for MD

In this section, we collect the MFE coefficients G,, of the nonlinearity G and p,,, J]P of the densities p
and J corresponding to the MD system (2.41). Exploiting the relation —A = - ( )o (@ — @) from
(2.39) allows us to write (cf. (2.41))

D¢, 5 (a+®)] = ;DAla+a] + DG, 0] + SDE[ (V) (a — ).
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Substituting the latter into G in (2.41), we find

arg, L a)) - (u+7v
Glw.o.0) = ik vyt | T Ope el
%o L@ @) @)

Moreover, the MD first order system (2.41) involves the nonlinear densities

plw] =5 (luf* + [v]* +2Re (u - v)),

TP [w] =¢Pu[(u+7) - @@+ )]

Plugging the multiscale variables W,,, ®,,, a,, from (3.6) into G, p and J¥, we thus find the corresponding

MF coefficients in the expansion (3.8) as

L a 1 _ —_—
N D), = (0; + 7)) - (Ue—j + Vi
n>0: anlé Z Bk(_A)kZ 7[ J %(J J)] ( J J) 7
k,£€No =0 \ =D&, 5(0; + 7)) - (Ue—j + Vey)
2k+4=n—1

<

n
n>0: Pr =1 2 U; T+ V; -V +2Re (U; Vo y), (3.39a)
=0
1 n+1 L .
n>-1: I =1 > Puc [(U; + V) - @(Uns1—j + Vigr-5)] -
j=0

In particular, the first terms read Gy = 0 and

1 _
1 [ D%[®o, (00 +0)] - (Uo + Vo)
Gl 225 2

)

—D[®0, - (00 + )] (To + Vo)

po =1 (IU0f" + [Val” + 2Re (U Vo) ),

p1 =3 Re (Up - Uy + Vo - Vi + Up - Vi +Us - V), (3.39b)
I :ipdf [Uo -alUp + Vo - aVy+Ug - aVy + Vg - alUp] ,

I§ =5 Pu [Re (Ug - @7 + Vg - @1

+ 3 Par [Uo - QVy + Uy - @V + V7 - @l + Vo - @7

Thereby, a short calculation provided that for £, € C* we have & - ;=1 CTJE exploiting the hermitian
property o; = oTjT for j = 1,2,3 from (1.19). We make use of the latter MFE coefficients in the

subsequent section.

3.3.2 First Terms for MD

In this section, we shall derive the first terms of the expansion (3.6) in case of the MD first order
system (2.41) exploiting the multiscale system (3.9). Due to the many similarities of the systems in both
cases, many steps in the derivation will be very similar in this section for the MD case as compared to
Section 3.2.2 for the MKG case. We thus may omit some lengthy details and refer to Section 3.2.2 if

necessary.
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We now proceed as in Section 3.2.2 and collect in the multiscale system (3.9) the terms of same power of
c. This provides a sequence of differential equations which shall be solved. we start off with the terms of

highest order c2.

Order c?: The order ¢? admits as before solutions of the form (see (3.12))

Wo(t, ¢, 0) =e"wi" (t, ),

(3.40)
oo(t, ¢, 0) =6, (t, ),
where in the following we write wg = Vv(()l) and @y = 580).
Order ¢!': At order ¢! we find
i + 1)W1 (t,0,0) = — i (V), 0, (e“%o(t, )),
(109 YW1 (t, 0,0) ( >0 w( of ‘P)) (3.41)

i9p01 (, 0, 0) = — (V) (i, + 1)ao(t, @) + (V)5 " IX1 (t, 0, 6).

Hence, we choose wy independent of ¢ such that Wq(t,0) = eww(l O)( t), where in the following we

abbreviate wg = wél‘o). In particular, this motivates the decomposition of pg and J¥; from (3.39) as

37t 0, 0) =T %0 (1) + 2 TGV () + e 207 2V 1),

T =Py [uo - Oitg + g - Qo)

1 _ (3.42a)

J£2£0) :Zpdf [UO . CX’UO]

1 __ .

J£12 0 Zpdf [ auo] y
and respectively
— (0,0 2i60 (2,0) —2i0 (—2,0)
Po(t, @, 0) =po (1) + e pg~ (1) + e py (1),

’ ’ ° (3.42b)

0,0 1 2,0 1 —2,0 1,
p6 " (1) = (luol” +wol*), o6 (1) = (o - vo),  py () = 1 (W5 - ).

The solution to the Poisson equations —Agb(()m’o)(t) = p(()m’o)(t), m = 0, £2 then define the correspond-
ing potentials q’)(()m"o) such that

Po(t, ,0) = 657 (1) + 20O (1) + 720650 1), (3.42¢)
where we write ¢g = éo 0 in the following. Moreover, we find that

Wo(t,0) =e“wo(t),
~ i (0,1) -2 7(0,0) (3.43)
GO(t7 P, 9) = ‘DO(ta <P) =c ¢a0 ' (t) =+ <v>0 J—i (t)

These findings then allow solutions to (3.41) of the form (cf. (3.24))

Wi (t, ,0) =e550 (¢, ),
o1(t,,0) =8\ (t,0) — 5™ (V)51 TGO () + Ze7 7 (V)5 T @),

The coefficients wg, ag = a(()0 2 , W1 = &7(11) and 0; = og ) are determined in the successive steps.
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Order c°: Because Gy = 0 by (3.39) and from the definition of Fy in (3.10) together with the results on

b in (3.42), we obtain the terms of order ¢”
(00 + 1Wt.0) = (1 (), ()

— idywo(t) + %Awo(t) n ¢O(t)< uo(t)> )

—Vo (t)

319¢(2 ,0) ( ) (_uO (t)) —19¢( 2, 0)( ) (_UO(t)>

vo(t) vo(t)
ia@o?(t, ®, 0) = <v>0 ('Latp + l)ol(tv ®, 0) - iatao(tv 90) + <v>81 Jé)(t7 2 9)

(3.44)

Because in the first equation for Wy the terms corresponding to €% lie in the kernel of (idp + 1), due

to Corollary A.27, we thus demand

—00 (t)

Since the right hand side of the latter equation does not depend on ¢, it lies in the kernel of (i (V) 0,).

i (V) 0¥ (1, ) = —iBuwo(t) + 5 Aw(t) + ¢o(t)( uo(t)> .

Therefore, again due to Corollary A.27 we demand

idpwo(t) = L Aw(t) + qbo(t)(_:(?((;)) . (3.45)

Thus, w1 (t, ) = (1 O)( t) = wq(t) is independent of ¢ and we obtain

Wi (t, p,0) = ew; (t). (3.46)

From Wy(t, ¢,0) = e®wy(t) given in (3.40) and due to (3.9), (3.36) and in particular due to (3.37),

we obtain the initial data

0 207,
wo(0) = wro = (uro,vr0) ", uro = ( - ) , Vo= (0%*0) . (3.47)

21/’1,0

Recall the decomposition of ¢¢ in (3.42¢), i.e

Bo(t,0,0) = po(t) + 20 oF 0 (1) + e 206520 (1), (3.48)

where in particular ¢ satisfies the Poisson equation
1
~Ado(t) = 1 (luo(®)” + oo (D)) = po(t). (3.48b)

In particular, by (3.51) below, the term qb(ﬁ 0) (t) = 0 vanishes. Therefore, similar to (3.16) for the
MKG system, we have
Po(t, p,0) = ¢o(t) is independent of ¢, 6. (3.48¢)

Combining the latter relations (3.48) for ¢y with Schrodinger’s equation (3.45) for wy and plugging

in the initial data wg(0) from (3.47), we arrive at the following Schrédinger—Poisson system

idywo(t) =2 Awo () +¢0(t)( “0“)) L uo(0) = (0 ) ) . u(0) = (WO) :

—vo(t) 21/’1,0 0

1
_A(bo :Z( ‘UO‘Q + |U0|2) = pPo-

(3.49)
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+ +
. Uu, v, . .
Decomposing ug = ( 0) and vy = < 0) , respectively, into upper and lower components (see also
Uu, ,
0 0

(2.42)), we observe that ug (t) = 0 = vy () are vanishing for all times ¢ since the potential ¢g(t,x) is

scalar and multiplicative. Therefore, the special structure of the initial data in (3.49) is preserved for

uo(t) = (O ) . wolt) = (83 (t)> for all . (3.50)

ug (1)

Furthermore, from this structure we conclude

all times t, i.e.

ug-vo =0, wupogug =0 and Toogvy =0 forj=1,...,d,

where we exploited the hermitian property of the matrices a; for j = 1,2,3 from (1.19). The Dirac

matrices a; for j = 1,2,3 are given in (1.21). In particular, due to (3.39), we thus obtain
Jﬁol’o) (t)=0 and gb(()iQ’O) t)=0 vanish (3.51)
which allows to simplify gg in (3.43) to (cf. (3.14))
ao(t, @, 0) = To(t, 0) = eag(t) + Cq,,

where as before in (3.14) we can choose Cg, = 0. Recall the identities W; (¢, p,6) = e®w;(t),j = 0,1
from (3.43) and (3.46), respectively, and recall the decomposition of J{’ from (3.39)

IE(t,0,0) =T (1) + 20 T30 (1) + e 20 J5 20 (1),

1 N

Jg’o(t) 2573df [Re (up - @uy + T - Qv )]
1 — —

Jg’o(t) :ZPdf [ug - Gvy + uy - Avg) s

—-2,0 1  — =

JO (t) —Z’Pdf [’Ul - OXug + vg - aul] .
Plugging the latter identities into equation (3.44) for Wy and oz, we find
(i0p + 1)Ws(t, ,0) =0

10502, ,0) = — (V) (0, + D)Er (1, 9) + (V) IO (1)

— z’e“"@tao (t)

42 (;J(Z{O) (£) + (V)" JéQ’O)(f)>

(3.52)

+ 62i9<_ %JS—IZ,O) (t) + <V>61 Jé—Q,O) (t))

As in the previous steps, we eliminate that terms on the right hand side which lie in the kernel of the

operator i9y and demand
(V) (10, + 1)E1(t, ) = (V) " IO (t) — i Dyan(t). (3.53)
Next, by the same argument, since e’¢d,ao(t) lies in the kernel of (V) (i, + 1), we require

(')tao(t) = 0,
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which implies that ao(t) = a(0) is constant for all times ¢. Then similar as in the case of MKG, we
have (cf. (3.21))

Wo(t,0) = e®wy(t),  aolt,p,0) =eParo=e?(Aro—i (V) Alg). (3.54)

Note that by virtue of Remark 2.1, the operator (V) ! is well-defined on the spaces H", in which we
are especially interested. The latter will become more clear in the convergence analysis in Section 3.4

below. Note that for all n € Ny we have Ay, A’Ln € R%. The identity Ay = %(00 + Tp) then implies

Ag(t, p,0) = cos(p)Aro + SEI;(;? 'I’O. (3.55)

Plugging (3.54) into (3.53), together with (3.46), this justifies the ansatz (cf. (3.43))

W1 (t, @, 0) =e“w (1),
IE - ) i 1(51)) -2 5(0,0) (3'56)
ar(t, 0, 0) = a1(t, ) =e%ay () + (V)" I (1)

Then (3.52) reduces to the system

(’La@ + 1)W2(t7 ©, 0) 207
Drealt. ¢.0) = (L5500 + (915" 2800
+ e—2z‘9(_ %JSZO) (t) + <V>81 Jé—z,o) (t))

which allows solutions of the form
Wa(t, ¢, 0) =e %50 (. ),

~| 1 9; 1 , — s
oa(t,0,0) =8y (t,0) — 5™ (2J£21°> (1) + (Vg J§’ ‘”(t))

+ ;6—21‘9(_ %J:Q,o)(t) + <V>51 Jéfz,o) (t)).

The coefficients w; = w§1’0)7 Wy = Wi, a; = ago’l) and Gy = Eéo) and higher order coefficients of
W, &, 0, A can be determined in successive steps by solving the equations arising at higher order of
¢~ ", see Section 3.3.3 below.

Gathering the results from (3.48), (3.49), (3.54) and (3.55) yields the following Schrédinger—Poisson
system (cf. (3.30) for the case of MKG)

ey =5 8w+ oo () o) = (5, ). w0 = (250
1,0

~Ado =7 (Juol® + [vol*) = po,

ao(t) =" Volarg, aro=Aro—i(V)y' Al

Ao(t) = cos(c (V) ) Arg + 22 t) g1 o
’ (Vo '

with solutions wg = (ug,v0) ", G0, ap)". The initial data 179 = (’L/J;F’O, ¢ZO)T» Aro and A/I,O are the

first terms in the MFE expansion of ¢, Ay, A7 (cf. (3.9)). Furthermore, similar to (3.32), the terms

Yolt) = 2 (€ Pug(t) + e T5(1)),  do(t), Ao(t)

2
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(at this point formally) O (¢™') approximation bounds to the exact solution (¢, ¢, A)" of the MD
system (2.36). A rigorous convergence analysis of these approximations in low regularity spaces can
be found in [70]. We collect rigorous convergence results in Theorem 4.8. Next, we briefly discuss the

derivation of higher order terms. in the subsequent section.

3.3.3 Higher Order Terms for MD

Similar to Section 3.2.2, we can extend the procedure of the previous section in order to derive explicit
formulas for the higher order MFE coefficients in (3.6)

Wi (t, 0, 0), On(t,0,0) and ay(t, ¢, 0) for n > 1.

Thereby, we successively solve the equations arising at order ¢~" for n > 1.

Order ¢™",n > 1: The terms of order ¢~™,n > 1 obey the system (3.29). However, note that in case of
MKG in Section 3.2.2 the terms G,, did vanish, whereas in our case we refer to the definition of G,,
in (3.39). Also the coefficients p,, and JZ are different to the MKG case, see Section 3.3.1.

In the following, we briefly discuss the MFE coefficients W; and ;. Due to the relations in (3.54)
and (3.56), respectively,

Wo(t,p,0) = eie(uo(t),vo(t))T and Wi(t,,0) = ewwl(t) = ew(ul(t), vy (1) 7,

we deduce the following Poisson equation for ¢; from the multiscale system (3.29) together with the
definition of p; in (3.39)

_Adbl(ta ©s 9) =P1 (tv ©s 9) = ) m(t) + UO(t) ' W(t))

200 (g (t) - v1(t) + up (t) - vo(t)) (3.57a)

Re (UO (t
0

e

+ +
N N

o210 (wo(t) - or(t) +ur(t) - vo(t)) .

This manifests in a decomposition of &, as

Bi(t,0.0) = "0 (1) + 270 (1) + 20O (1), (3.57b)
where the potentials qﬁgj 0 for 7 =—2,0,2 solve the Poisson equations
—ApPO (1) = p (1) for j=—2,0,2, (3.57¢)
with p( +0) for j = —2,0,2 given as
(0,0) rpy _1 — iy«
pi (1) =5 Re (uo(t) - ur(t) +vo(t) - vi(t)) = p(b),
1
P (8) =7 (uo(t) - v (t) + ua(t) - vo(t))  and (3.57d)

—2,0 2,0
P20 (1) =pP0 (1),

We use the notation ¢; = ¢§0’°> and p; = p§°’0> in the following. Furthermore, the terms of order

¢! admit that w; solves a Schrodinger—Poisson system (see [69, Theorem 1.4] for the second terms
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in case of nonlinear Klein-Gordon ) similar to the case of MKG (cf. (3.28))

d
i0ywy Z%AUH + ¢0< ul) + <l~51< uo) +is Z(aj%)( ajuo) ;
—v1 —p 2 — —Q; V0
o ! (3.58a)
—A¢r =3 Re (uo - 1 + vo - U1) = p1,
w1(0) =wr 1,
where the initial data
d
(Za — B)ra ;05910 . o an
= el th h (3.36). .
wra ((I4+ﬁ)¢1,1 +z; i Tr are given through (3.36) (3.58b)

3.3.4 Summary of the Asymptotic Approximation Results for MD

In the end of this section, we collect the (formal) results on the first terms of the expansion (3.6) of the
exact solution (1,¢,.A4)T to the MD system (2.36) and (w,$,a)” to the MD first order system (3.3),
respectively. Moreover, we substitute the time scales ¢(t) = ct (V), and 6(t) = ¢*t by their definitions in
(3.5) and write

Po(t) =Vo(t,¢(),0(t),  Ao(t) = Alt, (1), 0(t)),

ao(t) =eo(t, (1), 0()) = @o(t, ¢(t))
and similar for the remaining terms. Combining (3.7) and (3.14), we find

Wo(t) = 5 (¢ uo(t) + e 1T5(1)), (3.59)

where the non-oscillatory function wy = (ug,v)" together with the limit potential ®y = ¢¢ satisfy the
Schrodinger—Poisson system (3.49). The terms ag and Ay are given by (3.54) and (3.55) respectively.

On a formal level, due to our ansatz (3.6), we thus have the (at first formal) approximation property
Y =19+ O (c_l), and similar for the terms A, ¢g. Solving the following Schrédinger—Poisson (3.59b)

system in the nonrelativistic limit regime,

. _1 uo(t) (0 _ QE
Zat’LUQ —QAUJ()(t) + ¢0(t) <Uo(t)> 5 ’U,O(O) = <2¢LO> 5 Uo(O) = (0 5
1
—Ado = ( luol® + [vol*) = po, (3.59b)
ao(t) =" Violasg, a0 =Aro—i(V)y' ALy,

Ao(t) =cos(c (V) t)Ar + 22 N0 41 -
’ Mo ’

where the initial data satisfies

Yr = (f, ;)" with VF =¢io+0 (), Y = Yo +0(c),

(3.59¢)
Ar :AI’()-FO(C_l) ) A/I = II,OJ’_O(C_l) ’

we thus obtain an approximation to the exact solution. More precisely, assuming boundedness of
U, W,,,®,, A, for all n € Ny and for ¢t € [0,7] in the sense of the H" norm, we finally (formally)
obtain the approximations
¥(t) Yo(t)
6(t) | ={s0) | +O(cY). (3.60)
A(t) Ao(t)
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For a rigorous convergence analysis of these approximations, we refer to [19, 22, 70] and also Theorem 3.4.
Furthermore, we can improve this convergence for a O (C_N ) bound for N € N in the sense of the H"
norm if we take into account additional higher order approximation terms in the expansion (3.6). The

truncated expansions
D =g + Ty 4 e T DYy
oM =g + gy N2 Dy for Ny, No, N3 € N (3.61a)
AN A+ TA 4+ MDA,

satisfy (formally, see [45, 69] for convergence bounds of higher order approximations for the case of

nonlinear Klein-Gordon equations)

w(t) wééV1—1)(t) M
ot) | =82 | O M| |- (3.61b)
A(t) ALY () ¢ Ns

Thus, in order to obtain a O (¢~2) convergence bound for an approximation to the exact solution (4, ¢) "

of the MD system (2.36) we proceed as follows. Additionally to (3.59), we also solve the system (3.58)

0)

for wy = (u1,v1) " combined with the Poisson equations for qbgﬁ’ given in (3.57), and then compute

bi(t) =2 (@ (1) + e (1)) and
b1 (t) :J)l (t) + €2ic2t¢(12,0) + 672ic2t¢§270) (t)

More precisely, we solve (cf. (3.34a) and see [69, Theorem 1.4] for the second terms in case of nonlinear

(3.62a)

Klein—Gordon equations)

d
=t o )+ () +i S (),

Jj=1
—Ady :l Re (ug - a1 + vo - 01) = p1, (3.62b)

,Agﬁmo i(uo U1 +up - Uo)

w1 (0) =wr 1,

where the initial data

d
(I4 - 7/)1 1) (101]8]1%,0) .
wr1 = + are given through (3.36), 3.62
1 ((I4+ﬁ Yibr.1 ; w0910 giv gh (3.36) (3.62¢)

Then the (formal) convergence bounds hold

P(t) Yo(t) + e () 0 (c?)
¢(t) | =[ o) +ctou(t) | +[O(c?) |- (3.63)
Alt) Ao(t) o)

Note, that within this thesis, we only focus on the rigorous convergence analysis of the first order asymp-
totic approximation terms (g, ¢o, Ap) T towards the exact solution (v, ¢,.A) T of the MKG/MD system
(2.20)/(2.36) in the nonrelativistic limit. These results are mainly based on the papers [21, 22, 70] in
which the asymptotic behaviour of the above limit systems have been extensively studied in low-regularity

spaces. Additionally, we underline the latter convergence bounds by numerical experiments in Chapter 5
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A rigorous convergence analysis for higher order asymptotic approximations in case of nonlinear Klein—

Gordon can be found in [45, 69].

In the current section we carried out some formal (constructive) calculations in order to derive the first
MFE coefficients of the expansion (3.6). The subsequent section shows that the latter coefficients indeed

satisfy rigorous analytical convergence bounds of type (3.32) and (3.60), respectively.

3.4 Rigorous Convergence Analysis for the MKG /MD First Or-

der Limit Approximation

This section is dedicated to rigorously prove the formal convergence bounds on the first MFE coefficients
of (3.6), which we formally derived in the previous section. Big parts of the proof are based on [19-22, 70],
in which rigorous convergence results in low regularity spaces have been proven. Note that also in [57] the
authors investigated numerically the convergence of the MD limit approximation towards the solution of

the MD system in the nonrelativistic limit, however no rigorous convergence proof has been given.

We use the following convention for the notation. Let (w, ¢, a)” be the exact solution of the MKG/MD
first order system (3.3) and let (wo, ¢o,a0)’ be the exact solution of the nonrelativistic limit system

(3.30b) and (3.59b), respectively, i.e.

uo(t)

10w Z%AWO(t) + ¢o() (—vo(t)

) , wo(0) = wro = (uro,vro) "

A _i(|“0‘2 - \Uo|2), in case of MKG,
—_ ¢O =po = 1 ) , ’

Z( luo|” + |vol™),  in case of MD,
ao(t) =e"Vola; o, aro=Arg—i <V>61 >

Ao(t) = cos(c (V) 1) Aro + 22eVI0 1) 4

(Vo Lo
with initial data (see also (3.31))
uro =Yro0 — W, vro = o — i, in case of MKG
- 0 — 207, .
uro =vro—wWio= 1\, _ |, vro=v%r0— ;= ’ in case of MD.
' 2914 ' 0

Then for w = (u,v) " and wy = (ug,ve) " we have due to (2.22) and (3.30a)

(1) =5 (u(t) + (1)), A(t) = S (a(t) +a(t)) and

o(t) =5( “un(t) + ¢~ 175 (1),

Note that due to the local well-posedness results on the MKG and MD system from Propositions 2.4
and 2.7, respectively, the following Assumption 3.1 and Assumption 3.2 hold true. Local well-posedness
results for nonlinear Schrodinger and Schrodinger-Poisson systems can be found in [23, 24, 84, 86] and

[1, 2, 36, 67], respectively, and references therein.
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Assumption 3.1 (Regularity of the Oscillatory Solution). Let r > d/2 and ' > 0. Due to Proposi-
tion 2.4, we can assume that the MKG/MD first order systems (2.33) and (2.41) with solution

(w,¢,a)"
are locally well-posed in H™"" x H™ B+ Hr+" with
R =1 incaseof MKG and R =2 in case of MD,

i.e. for initial data wy € HT“‘T/7 a; € H™ " there exist constants Ty >0 and M S0 independent
of ¢ > 1 such that for all 0 <t <T,4,» and for all ¢ > 1

@),y + 1Oty mo + N8Oy g < MTFT
In particular, for all 0 <t < T,,,» and for all ¢ > 1 we can establish the separate bounds
fw(),pp < MG, lal®)l],y o < MG

with constants M7 M7+ > (0 independent of ¢ > 1.

Assumption 3.2 (Regularity of the Limit Solution). Let r > d/2 and r' > 0. We assume that the
limit systems (3.30b) and (3.59b) with solution (wo, ¢o, ag) ' corresponding to the MKG/MD first order
systems (2.33) and (2.41) are locally well-posed in H™ 7" x H™+2+7" s« Hr+7" ([1, 2, 23, 24, 36, 67, 84, 80]),
i.e. for initial data wy o € Hr+' aro € HT"" there exist constants Ty >0 and ./\/l’(;j’"/ > 0 such that
forall 0 <t <Tyip

||w0(t)||7‘+r’ + ||¢0(t)Hr+T’+2,O + ||a0(t)Hr+r/,0 S M;;:ﬂ .
In particular, for all 0 <t < T, ., and for all ¢ > 1 we can establish the separate bounds
lwo@®)ll, e < ML llao®)ll, 400 < Mal"-
with constants M;‘:T/, M,T;)”/ > 0 independent of ¢ > 1.
Respecting the above assumptions, we now state Theorems 3.3 and 3.4 for the convergence of the
MKG/MD system (2.20)/(2.36) to the corresponding limit system (3.30b) and (3.59b). These results
have been proven before by Bechouche et al. in [21, 22] and also by Masmoudi and Nakanishi in [70].

Furthermore for the proof of Theorem 3.3 in the MKG case, see also the paper [63] by Kriamer and
Schratz.

Also recall the definition of the spaces H”, H” and Py H" in Definitions A.1, A.3 and A.13.

Theorem 3.3 (see [21, 63, 70] and also [69], MKG Limit Convergence). Let r > d/2. Let the initial data
of the MKG system (2.20) satisfy

ZZJIa1/’1,071#1,1,1%,1[’/1,0,1/’/1,1 € HT+4 and AIaAI,O S PdeT+la I]a /I,O S PdeT (365)

such that

191 = ¥roll,q + 107 = ¥roll, g + 1A = Aroll,yy + A7 = A ||, < Kje™
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and additionally

[r = (Wro+ e orn)||, oy + [0 = Wi+ W), < Kfe 2,

where K}, K? > 0 do not depend on c.

Then for all t € [0,T] we obtain the convergence result”®.

.2 _
[ty — e=*tun(e)| SKﬁfﬁfG(?/)I¢1,olr+||¢'1¢'z,o|lr+c ).

16(t) = do()l, 120 < "’“(wz |+ v — w;,OHTJrc—Q),
la(t) —ao®)],, <K,

where the constants K¢, K;“¢, K} only depend on My, Mt Myt M+t and on d and T but

wo ap wo

not on c.

In particular this result shows that if additionally ¢ and 1/1}71 asymptotically vanish, i.e. if
l¥r —Yroll, + lej - ¢/I,0||T < Kye™?,
then we obtain an O (¢72) convergence bound for wy and ¢o (cf. [69]), ie.
o) = e tuwo@)]| + 16 = G0(E)], 00 < €72 K - (K + K,

with constants K, K%, K} 5o independent of c.

Theorem 3.4 (see [22, 70], MD Limit Convergence). Let > d/2. Let the initial data of the MD system
(2.36) satisty

" o
Y1, ¥r0.%rn € H' and  Ap,Apo e P,H™, AL A e P H"

such that
1 = roll,og + 1A = Aroll, oy + ||A7T — AL ol < Kie™h,

where K; > 0 is independent of c¢. Then for all t € [0,T] we obtain the convergence result

MD ,—1
< Ko

Hw(t) — et (1))

||¢(t) (t)Hr—‘,-Q 0= ”Dc_la
la(t) = ao®)l,, < Kire™,

where the constants K7, K", K} only depend on Myt Myt Myt M H and on d and T but not

wo? Trap? wo

on c.

Before we prove this theorem we collect some auxiliary results. We carry out the analysis by considering
Duhamel’s formula (see for instance [85, Proposition 1.35] and also (A.20)) for the solution (w,,a)”
of the MKG first order system (2.33) and the MD first order system (2.41), respectively. We obtain

®Note that we can measure the convergence of ¢g towards ¢ in H“LQ, since due to the assumption (3.65) vy, 1/1} c g+t
on the initial data of the MKG system (2.20), we have that ¢(t) € H"5 (see Proposition 2.4)
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rigorous error estimates for the corresponding asymptotic approximations by comparing the latter to the
iCQtwm $0,ag) " of the corresponding limit systems (3.30b) and (3.59b), respectively,

ic?t

Duhamel solution (e

respecting the corresponding oscillatory phases e

Because the basic ideas for deriving these error bounds are very similar in both the MKG and MD
case, we carry out the analysis for both systems simultaneously and point out the differences explicitly.
Furthermore similar to the previous section we collect the MKG /MD first order systems (2.33) and (2.41)

in the combined system (3.3), i.e.

i0w = —c (V) w+ Flw, ¢, a] + Glw, ¢, a], w(0) =w; = (wz— w})

Pr — i)
3.66
—Ad =p[w] (3.66)

idha=—c(V)ya+ (V)y" I [w,al, a(0) =a; = A; —i (V)" A
Analogously we collect the MKG/MD asymptotic systems (3.30b) and (3.59b) in the system
i(?two :lA’LUO =+ ¢0< U0> B 'LU()(O) - U)],O = <1/}I,0_ ZwlI’O) y
2 —v0 10 — iy

(3.67)

—A¢o =po,

aop(t) zei“‘(woal,o, aro=Aro—1 <V>51 A/I,O'

We point out that the main differences between the MKG case (see (2.33) and (3.30b)) and the MD case
(see (2.41) and (3.59b)) basically are due to different definitions of the nonlinear terms G, p, J¥, py and
also in the initial data w; and wy . However, the definition of F' in terms of w, ¢, a is the same in both

cases, which allows us to transfer the main ideas for the error analysis between the two systems.

In the following, we illustrate the ideas for establishing the bounds on Hw(t) - eic2tw0(t)“ . The bound
T

for [|a(t) — ao(t)|, is based on similar techniques.

First we establish bounds of type

ic?s ds

T

w(s) — e* Pwp(s) ,

t
[wt) = < two@)]| < hwr —wrol, + e 25 + KQ/
r 0

where the constants K, Ko > 0 are independent of ¢. Then Gronwall’s Lemma (see for instance [85,
Theorem 1.10] and also Lemma A.21) shows that

Hw(t) — eiCtho(t)“ < ( |lwr —wrpoll, + 0_2K1>etK2.
T

Due to the identities w = (u,v) ", wg = (ug,vg) " and

Bt = 5 () + () and o(t) = £ (e uo(t) + e 1T5(0))

1
2

N | =

(see (2.22),(3.30a),(3.59a)), we have that

le®) = vo(®)l, < 2 w(®) et

T

In particular, by the assumptions on the initial data we have in the MKG case for constants K, Ko > 0

independent of ¢ that

|wr —wrpoll, < K™ if 71,97, #0 (3.68)
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and

lwr —wrpl|, < Koc™2 ifpr1=0= wll,l vanish.

In the MD case we find the desired ¢~! by establishing a bound on the initial data as in (3.68). This

finally yields the assertion. The interested reader gets details of the proof in the following subsections.

3.4.1 Proof of the Limit Approximation Results Theorems 3.3 and 3.4

This section is based on the paper [63] by Kriamer and Schratz in which a proof for the approximation
results in case of MKG was already given. Additionally some ideas and parts of the proof are taken
from [19-22, 70], see also [45]. In the latter papers the authors analysed the convergence of the limit
systems (3.30b) and (3.59b), respectively, to the MKG/MD systems (2.20)/(2.36) in low regularity spaces,

ic%t

respecting the highly oscillatory phases e

We apply Duhamel’s perturbation formula (see for instance [85, Proposition 1.35] and also Proposi-
tion A.20) to the systems (3.66) and (3.67) which yields

w(t) :ﬁctW)C]wl — z’/o [ct(VSM (F [w(s), d(s), A(s)] + Glw(s), ¢(s), .A(s)})ds7

t
ic’t _ Tt . t—s ic’s uU(s)
o) T yyora =i [ T (o (L) s (3.69)
t
() Timy o =1 | T, (V05 T [w(s). alo)]ds,

ao(t) =Tiv) 810,

where we have used the notation from Lemma A.10, i.e.
T[j] = et for A being an operator of type ¢ (V), (3.70)

which allows us to write 7'['; 10 eicth[t L) The definition of F' in (2.33) and (2.41) admits to write
-3 -3

Pluga) = o( 1) +if @) (TeE DT Sry.

with a remainder term

Rp=—3(6 = (V). 6(V),) (“_”) - (“”'2 (“U)) ’

T—v la+al® (@ +v)

which we already can bound in H” by terms of order O (0*2) as explained in the following. The application

of the bilinear estimates from Lemma A.8 and the usage of Lemma A.11 shows that
-1 _ 2 2
|0= 6w <Kl o llwllses  |lalw| <K laljwl,.
Therefore by Assumption 3.1 the remainder R satisfies for s <t < T for some T > 0
IRE(s), < € KRy (M2, M), (3.72)

In the following, we may write F(s), G(s), J¥(s) instead of F[w(s), ¢(s), A(s)], G[w(s), ¢(s), A(s)] and

Jr [w(s), a(s)}, respectively. Furthermore, for easier notation we use the abbreviations

ey (1) = w(t) — e wo(t)  and  eq,(t) == a(t) — ao(t).
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Duhamel’s formula (3.69) for w and wy yields that

lews @], < [Ty jwor =Ty

t
—s s ic?s U’O(S)
+ /0 e F ) = T 1A1(¢°(s)e (vo(s)> )ds

t
+ /0 [Ct(VS)C}G(s)ds

T

An application of the bound

Ty 1@ — T[Ct for w € H" g € H™™ (3.73)

s agol| < 16 = doll, + ¢ ] o]

T

Wo r+4

to the first and second integral term implies that

lews )l < llwr = wroll, + ¢t Jwroll, 14

t— u(s) t—s ic?s [ wo(s)
+ / T V) ]( (—U(S)) > _7E627%A] <¢0(5)6 (—Uo(s)) )dS

1yt <—<a<s>+a<s>>-v<u<s>+v<s>>> .
M / Ve ™\ (as) +a(s)) - Vea(s) + o(s))) ©

+/Ttv>] (s)ds
+ /OTtV)] (s)ds

Recall that by Lemma A.10 the operators T ). and 7'[ SEON

the latter inequality with the bounds of (3.72) and (3.73), this implies the following intermediate result

w0 ()

ds (3.74a)

T

T

are isometries in H". Hence, combining

lew (D)1l < llwr —wroll,

ds

t
e fwrol, o, + KR, e / (t—s)
0 r+4

t
u(s) _ ic’s uO(S)
- qs(s)(_v(s)) do(s)e (_m(s))

t — _
—s —1 (—(a(s) +a(s)) - V(u(s) +(s))
+ H/O Tew).] <V>cl< o ( ) ds

il

Employing the definition of ¢¢ in the limit systems (3.30b) and (3.59b) and applying the bilinear estimates

(3.74b)

(3.74c¢)

Lemma A.8, we immediately obtain that

¢ uo(s)
-2
/0 s ||#o(s) (_UO(S)>
Similarly we have that

t
leaol0 < ot = arall o+ | [ 78, (905 97 wto) )]s

ds < K - (M3 (3.75)
r+4

(3.76)

7,0

We divide the further analysis into several parts. In the subsequent subsections the remaining integral
terms (3.74a), (3.74b) and (3.74c) in the above estimate shall be bounded seperately in the subsequent

subsections. We begin with an estimate for the term (3.74a).
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Estimate for Term (3.74a)

Due to the bilinear estimate [|uv||, < K |ul], |[v], (see Lemma A.8) we obtain for e,,(t) = w(t) —

eic’t wo(t)

|6(s)u(s) = o() “wo(s)]| < 8(s) = do(s) 0 (), + 0()]o lews (I, (3:77)

Recall that
—i Re ((u+v)c (V) (w—wv)), given in (2.33) in case of MKG,
i(\u|2 + [v]* + 2Re (u - v)), given in (2.41) in case of MD,

and that
_i( luo|> — |vol*), given in (3.30b) in case of MKG,
2 (luol* +Jvo[*), given in (3.59b) in case of MD.

First we give an estimate for the MKG case. From the definition of the solution operator A~! (see

Appendix A.4) to Poisson’s equations
—Ap=p and  —Ago = po
and by the estimate on [[p(s) — po(s)]],. o given in Proposition 3.5 for the MKG case we have
16(5) = G0(5) 42,0 = A7 (0(8) = po(s)], 1.0 < l(5) = po ()],

<K ||o(s) — po(s)ll, (3.78)
ST (M MG,) + K (M M) [lews (9)]], -

Similarly, we establish the following bound in the MD case, exploiting the estimate on [p(s) — po(s)]l,.o

from Proposition 3.7
16(5) = d0($)ll, 12,0 < Ko (Mo My ) llew, (5)]],. - (3.79)

Thus, combining the bound in (3.77) with the bounds (3.78) and (3.79), respectively, in the MKG case

as well as in the MD case, we obtain the bound
fberm (3.74a)] < 2Ky (M2, M2 ) + K220y (M0, M) / lews (5)]]. ds. (3.80)

Note that the constants K((3 74n
tion 3.1 and Assumption 3.2) and that K(13_74a) =0 in case of MD due to (3.79).

) and K, (2374&) only depend on the regularity of w and wq (see Assump-
Next, we establish a bound on the integral term (3.74b).

Estimate for Term (3.74b)

The idea for estimating the integral term (3.74b), i.e

t — _
H /O T (O (—(a(s> +3(s)) - V(u(s) +Z(S))) s
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relies on “inserting zeros” and then applying integration by parts. More precisely, we expand the terms

of type a - V(u + ) by adding and subtracting additional terms such that
@) (a9 9) =) (6 - a0)- T+ ) (381)

+ <V>C_1 (ao -V(u— ey + 7 — 6“251)0)> (3.81b)

C

+(V); ! (ao V(e g + 6_“25110))- (3.81c)

In the analysis of these terms, we repeatedly exploit that by Lemma A.10 the operator 7fct<v> ] is an
isometry in H”. Furthermore, for the first and second of the three terms, (3.81a) and (3.81b), we use
‘(V)flw‘ < ¢ 1wl for the first and H(V)f

the estimates . .

1wH < K ||w||,_; for the second term
,
(see Lemma A.5 and Lemma A.11 respectively). The application of the bilinear estimates ||uvl|,_ i <

K |ull, [lv]l,_;,5 = 0,1 from Lemma A.8 yields

ds
v (3.82)

(v);! ((u(s> ~ ao(s)) - Viu(s) +v<s>>)

t
< M / la(s) — ao(s)],.o ds

and
2

(! (ao<s> V(u(s) — e Fu(s) + B(s) — e %o(s») ds

v (3.83)

ds.

T

< KM, / t () = e*oun(s)

For the last term (3.81c), we prove that Hfot T[cz% ](term (3.81c))ds” < Kc™? via integration by parts,

—ic?s—

sy, (s) and e Ug(s) separately.

where we treat the terms involving e

Using the notation 7fct<v> | = e*Vle (see (3.70)) we have that

+ic’s —s _is(Ec—c(V _ s
e Ty = €T = T ) -

According to Lemma A.11, we furthermore have that |[|(c? —|—c<V>C)_1er < Kc¢?|jw|, and that
H(CQ _C<V>C)UJHT S K||er+2'

with respect to s provides a factor of ¢=2 without losing regularity, and we make use of the fact that the

Thus, we can exploit that the integration of the term T[jc?fdv)c]

operator as(ﬁjcz_c(w ]) is bounded from H™t2 to H" with respect to c.

ic?s—

More precisely, on the one hand, the term involving e ™" *75(s) then becomes
t
[ T 2 (als) - vt ) as
0 :

. [i(& +¢{V)) T e oy (V) (aO(S) ' WO(S)H |

s=0
_ i/o 7—[fcz,c<v>c](62 +e(V),) V)t (8Sao(s) - VTo(s) 4 ao(s) - Vasvo(s)>ds.

Using that by (3.30b) and (3.59b), respectively, the derivatives dsap and dswq satisfy

i0sao(s) = —c(V)gao(s) and idswo(s) = %Awo(s) + ¢o(s) <UO(S)>

vo(s)
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and because of Hc (V)

‘ r (3.84)
<K <MQOMZUO + t(M;ylM:;l + M, (M2 + (M;O)3)>).

! wH < ||wl], (see Lemma A.11), we thus find
T

/Ot T le2_eivy) (V). <ao(5) 'VUO(S)>ds

On the other hand, by integration of ag(s) (see (3.30b) and (3.59b) respectively) we get

t
/O Tie—ewy(Vie (ao(S) : VUO(5)> ds
t

=Tt ey, (V2 ( (i (V)g) " ao(s)) - Vuo(s)
| ( )

s=0

- Z/O T[i&—c<v>c](+62 — (V) ) (V) (((ic<v>0)1a0(5)) ~Vuo(s)>ds
—/O 7d[-‘icg—c(V)c] <v>c_1 ((ZC <V>0)_1a0(8)) . Vaéuo(s))ds

-1
c

Exploiting that Hc‘l (V) wH < ¢ ?|lw|l,, the latter can be bounded by

H/ot T2 —e(v).] (V). (00(8) : Vuo(s)) ds

r (3.85)
< e (MM (MM M A+ () ) )

Collecting the results in (3.82),(3.83), (3.84) and (3.85) and applying the triangle inequality, allows us to
establish the bound
[term (3.74Db)]

t
§072K(13474b) (t:MZjlaM:utg) + K(23.74b) (MZ;H) /0 ¢t ||eao(5)||r,o ds (3.86)

t
+ Ky (MG / lewo ()1, ds.

where the constants K (23'7 ib)» K ?3'74])) only depend on the regularity of w,ag and wg, and K (13'74])) addi-

tionally linearly on time ¢, see Assumption 3.1 and Assumption 3.2.

In a next step, we bound the last integral term (3.74c).

Estimate for Term (3.74c)

In case of MKG the term (3.74c) vanishes, since G = 0 (see (2.33)). Therefore, considering the MKG

system only, we may continue in the subsequent subsection.

In the MD case however, we observe that the nonlinear term G in (2.41) involves terms of type

(), (Deualal + DE[6] + ;DEL (Vg (@)]) (u+ 7).
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Recall that by Definition 2.6 we have that for a(z) = (a;(z),...,aq(z))" € C? and ¢(z) € C

curl Z ajak )) (ak(a]))}’

d d
D50 =D a;(0;0) and  Df[a] =) a;(a;).
j=1 j=1
The property H<V>:1 w” < ¢ Hwl], for w € H" from Lemma A.11 and the application of the bilinear

estimate [Juv||, < K |lul],. ||v], for u,v € H" from Lemma A.8, then immediately allows us to bound the
term (3.74c), i.e

%y Gls)ds| < ¢TI M (M (ML) = e Rt ML M), (3.87)

We now collect the bounds (3.80), (3.86) and (3.87), respectively on the corresponding integral terms in

(3.74) and arrive at an intermediate result in the subsequent paragraph.

Intermediate Result
Plugging the bounds (3.80), (3.86) and (3.87), respectively, into the error estimate (3.74) above, we obtain

H?wo(t)HTS||'w]—UJI,OHT—|—c_1KG(t Mr.:,_l MT)
+C*2K —2(t t2 MT+4 Mr+2 MT+1 M;)

wo ap

Ko (M, MI, ME,) / lews ()], ds (3.88)
0

t
K2 (M) / ¢ leay ()]0 ds

where the constant K_.-2 depends on the constants K (13'7 1a)> K (13_7 ib) and on additional constants in front
of ¢=2 given in (3.74) and (3.75). The constant Kj,; depends on Kéj%), K(33_74b). Recall that in case of
MKG Kg = 0 vanishes, since G = 0.

Observe that if we can bound the last integral in (3.88) such that

t t
/0 ¢ ag(3)ll o ds < K lar — aroll, o+ ¢ + / lews ()], ds), (3.89)

then Gronwall’s Lemma (see for instance [85, Theorem 1.10] and also Lemma A.21) yields the desired

results of Theorems 3.3 and 3.4, i.e.
[[ew, (D], < K - (le —wroll, + ¢ Kg + (¢t lar —aroll, o + 6_2))7 (3.90)

where K only depends on ¢ and on the regularity of wg, w, ag, a (see Assumption 3.1 and Assumption 3.2).

We determine the bound of type (3.89) separately in the following subsections for MKG and for MD. We
shall see in Section 3.4.2 below, that the final arguments in proving Theorem 3.3 underlie a straight for-
ward calculation. Applying Gronwall’s Lemma (see for instance [85, Theorem 1.10] and also Lemma A.21)
to the term ||eq, ||, immediately yields the desired bound (3.89) and thus also (3.90).
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However, in the MD case (see Section 3.4.3 below), we need a bootstrap argument® to reach the bound
of type (3.90). We proceed with the MKG case.

3.4.2 Final Arguments in Proving Theorem 3.3 (MKG Limit Approximation)

Let us first discuss the case of MKG. Recall that from (3.76)

feaa(®lo < | ot | [ T 905 9 o ool 391
with J¥ given in (2.33)
JP [w,a] =Py {Re( (u+v)V(ﬂ+v))—%%(a—i—ﬁ)\u%—@ﬂ.
Our aim is now to play back the error [[eq,(t)],. o for ag to an error [ley, (t)|, in wo, ie.

t
leas Ol < s = aroll o + & (4 [ leun(o)], ds) (392
In proving a bound of this type for (3.91) we proceed as follows (see Lemma 3.6). We plug the identity

TP w(s),a(s)] = (T [w(s), als)] = I7 [ *wo(s),0] ) + T [ *wi(s), 0]
=:(%) =: (%)

(3.93)

into (3.91). The integral term involving (*) can be played back to fot llew, (s)]|, ds. The remaining term
involving (+*) can be bounded in O (¢™!) via integration by parts. This gives the bound (3.92). For

details, see Lemma 3.6 below.

The bound (3.92) from Lemma 3.6 then allows us to derive the following estimate
t
e a6 s <7 tllar =l o+ e KL M MG M)

+c a(Mg,, M3, ) / llew, (s)]],- ds),

where the constants are given in Lemma 3.6. Here, we exploited that for a positive function a(t) we have

// do-ds<// dads—t/ot()da.

Therefore in case of MKG, the estimate in (3.88) reduces to

t
lews (Ol < K - (7% + wr —wrol, +/ llew, (s)ll,- ds), (3.94)
0

since by assumption of Theorem 3.3 |la; — a; ][, , < Kc¢™* and since by G = 0 also Kg = 0.

Recall that the initial data w; and wy o of the MKG first order system (3.66) and of the corresponding
limit system (3.67), respectively, are given by

b1 — iy Wro — i .
wy = and wrg= =], respectively.
! (wz—mm) e (wz,o—zw;,() Py

®See for instance [85, Chapter 1.3] for a comprehensive explanation of a bootstrap argument, and also [44, Proof of

Proposition IV.14] and Remark 3.13 below for particular applications of bootstrap arguments.
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Applying the triangle inequality, this implies

werm<K@w—wﬂﬁww—%ﬂJ,

where the constant K is independent of c. Now we are ready to collect all the results and state the final
arguments in the proof of Theorem 3.3. Let K3;¢, Kg*® and K} *“ be constants only depending on 7',
MIFL MEF2 MEFEL ML for t € [0, 7] but not on . According to Assumption 3.1 and Assumption 3.2,

wo ) ag

we thus require the initial data of the MKG system (2.20) and (2.33) to satisfy ¢r,¢y € H™™, A; €
P H™ AL € Py H, where

PyH" ={Aec H" with divA =0}, see Definitions A.3 and A.13.

The application of Gronwall’s Lemma (see for instance [85, Theorem 1.10] and also Lemma A.21) to
(3.94) finally yields

lewn (), < K - (s = roll, + [ — 0o, +2). (3.95a)

Therefore, if 7,1 and 97 ; asymptotically vanish (see assumptions in Theorem 3.3), i.e. if

lr = vroll, + ||vF — ¢ho, < Kac™?,

with K3 independent of ¢, we obtain a O (¢72) convergence bound for (3.95a). Otherwise, i.e. if we can

only establish a bound
lor = ¢roll, + ||vF — ¢iol|, < Kic™?
with K independent of ¢, we obtain a O (c_l) bound for (3.95a).
Moreover, Lemma 3.6 then immediately gives the error bound for eq,
leao ()]0 < Kap® - et (3.95b)

From (3.78) and from the estimate on ||e,,(t)|/, we deduce

16(t) = Go(t)ll, 10,0 < Koo - (o1 — vroll, + [0 = ioll, +¢72). (3.95¢)

The inequalities (3.95) then finally prove Theorem 3.3. O

Next, we state the final arguments in proving Theorem 3.4 on the convergence of the limit system (3.59b)

in case of MD.

3.4.3 Final Arguments in Proving Theorem 3.4 (MD Limit Approximation)

The final arguments in the convergence proof of Theorem 3.4 in the MD case are not as straight forward

as in the MKG case. Due to the additional factor of ¢ in the current density J* given in (2.41), i.e.
TP = P [(u+ D)@ + v)],

the analysis becomes more difficult since an expansion of J of type (3.93) does not allow us to follow
the line of argumentation from above. More precisely, naively applying the latter ideas provides only a

pessimistic bound given in Proposition 3.8, i.e.

t
o+ K (C—l + c/ ||ew0(s)|rds> . (3.96)
0

[eaq (2)] 0 <llar —arp
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Due to the additional factor of ¢ in front of the integral term, in contrast to (3.92), this bound will not
be sufficient to establish an O (¢™!) bound for ||eq, (t)[l,.o directly, but we establish a sufficient bound

later on, which exploits the following results.

However, we observe that the bound (3.96) is at least sufficient to establish the desired O (0*1) bound
for ||ew, (t)]|, due to the intermediate results (3.88)—(3.90). This bound can thus be exploited in order to
establish the corresponding bound for ||eq, (¢)

Hr'

More precisely, in view of (3.96) we find

t t
/0 ¢ leag(3)ll o ds <te™ lar — aroll, o+ K - (2 +¢ / lewo ()1, ds).

Plugging this bound into the intermediate result on |[e,,(¢)||, in (3.88) and exploiting the assumption
|lwr —wroll, + llar —aroll, , < K¢t of Theorem 3.4 yields that

lew, ()], < K - (7! +/O lew, ()], ds) (3.97)

with a constant K > 0 independent of ¢. The application of Gronwall’s Lemma (see for instance [85,
Theorem 1.10] and also Lemma A.21) to the latter inequality allows us now to prove the desired bounds
on [|ey, [l and [|p(t) — ¢o(t)]l,49,0- Let KiyP, K} and K> be constants only depending on T', M4,
MF2 MG Mt for ¢ € [0, 7] but not on ¢. Then (3.97) gives

[ew, (B)]], < Ko - e (3.98a)
From (3.79) we then obtain the desired O (¢™!) bound on the error
6(t) = do(t)l, 100 < Kiy -1 (3.98D)
We observe that the pessimistic bound (3.96) (see also Proposition 3.8) only allows that
. t
Jeas ()]0 < Kl e [ leun(s)l,ds) < K,

i.e. Proposition 3.8 does not provide the desired convergence result on ||eq, ()], o-

However, using that [[a; — ar ||, , < Kc™' and exploiting the O (¢™*) bound on [[ey, (¢)]|, in (3.98a), we

are able to show that (see Lemma 3.9)
[eao (D)l0 < llar —aroll, o+ Kel< K(IfoDc*l. (3.98¢)
+
In the proof of Lemma 3.9 we make use of the structure of ug = <O> and vg = (go ) in the MD case
Uo
(see (3.50)). Applying a similar decomposition to v and v, we deduce that

+

r

, (3.99)

T

lean®l, =t @), +[|u= @) = g @)

o) = g @)+ [lom @)

which in particular implies that the components u™, v~ are O (¢71) if [[ew, (t)], < Kc 1.

Moreover, we exploit the technique of “twisted variables” (see Chapter 4) which make use of the fact that

by the estimate [|(c? — ¢ (V)c)wHT < K ||w||, ;5 from Lemma A.11 the term 6S(e*ic2tw) = e*ic2t(7i02w+
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Jsw) is uniformly bounded with respect to ¢ > 1 in H"*2. The inequalities (3.98) then finally prove
Theorem 3.4. O

For the interested reader we give now some auxiliary results in more detail in the subsequent subsection
which have been used in the previous section to prove Theorems 3.3 and 3.4. In Section 3.5 below we
continue with the construction of numerical schemes based on the convergence results from Theorems 3.3
and 3.4.

3.4.4 Auxiliary Results on the Limit Approximations

In this section we provide auxiliary and more technical results which have been used in proving Theo-

rems 3.3 and 3.4 in the previous sections.

Because the charge density p and the current density J© are defined differently in the MKG first order
system (2.33) and in the MD first order system (2.41) we have different asymptotics in the nonrelativistic

limit. Therefore, we prove some auxiliary results for MKG seperately from those for MD.

Auxiliary Results for the MKG Limit

Because the error [|¢ — ¢ol|,.,5 o of the scalar potentials is played back to the error of the charge densities
lp — pol|, in (3.78), we provide the following Proposition 3.5 on the asymptotics of py to p, which depends
ic*t

on the convergence bound for ||e,, (t)|], = Hw(t) —e wo(t)H . Moreover, we show in Lemma 3.6 that
T

the error [|eq, (t)[],o = [|a(t) — ao(t)||,. o also depends on [[ey,(?)],, which allows us to reduce (3.88) to

t
lew, ()l < K (lwr — wrl|, + ¢ +/O [[ew, ()], ds)-

Next, we apply Gronwall’s Lemma (see for instance [85, Theorem 1.10] and also Lemma A.21) to the latter
and obtain the bound [ey, (t)||, < K(lwr —wrol|, + ¢ ). With the aid of this bound and Lemma 3.6,
we immediately find the desired O (¢™") bound for [[eq, (t)|l,.o-

Proposition 3.5 ([70], MKG pg Convergence). Let r > d/2. The charge densities

p= —i Re ((u +7) Ve (7 — v)) and py = —i(l’uol2 — lvol*)

C

given in the first order formulation (2.33) of the MKG system and in the corresponding limit system
(3.30b), respectively, satisfy for all s € [0,T)

lp(s) = po(s)ll, < 2K g (M2 MG, ) + KM M) lew, ()],

where the constants Mi;"2, M, are given in Assumption 3.1 and Assumption 3.2.

Proof: In the following we omit the s dependence of u,uq for sake of simplicity. Let s € [0,T]. Then we
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have
[p(s) = po(s)]l,.
<|Re ((w+)!

Vc>c (W—v) — (evc Sug + e iczsv—o)(e—ic2su—0_ eiczsvo)>

r

—iczs%) ¢ (=

. 2
SH(U—@ZC ‘up+v—e

ic%s —ic” S V), —c%,_
+ ||(€* Pug + e~ 2v0)c<>(2%(u—v)

T

4 H(eic25u0 + eficzs%)(ﬂ_ efiCQSu—O_ (U _ eic2svo))

T

<K (ML MG, [|wls) = e o (s)

ot PR (MM,

where the last inequality follows from the bilinear estimates in Lemma A.8 and from the properties of
the operator (V), in Lemma A.11. This finishes the proof. O

Lemma 3.6 ([70], MKG ay Convergence). Let r > d/2. The current density corresponding to the MKG
first order system (2.33) reads
TP lw,a] = Py [Re (i (u+D)V(@+v)) = L (a+@) [u+ 7).

Let a be the solution of (2.33) and ag the corresponding limit approximation given in (3.30b). The error
Cao () = a(t) — ao(s) satisfies

feao 9l 0 < ot | [ T (90t ot e
where
| T 7 o e <ot i ats v
KoM M) [ w9l

Proof: The first term follows from the triangle inequality and the isometry property of 7It<v>0] in H". Tt

remains to estimate the integral term. Therefore define Jy(t) := JF [ei¢ twy(t),0]. Then

|/ Tt nsh et

< [ 7wt a6)] - s

Jr [w, 0] — Jo
Y A —)

"0 (3.100)

ds + H/ Jo(s)ds

7,0

Because

+ Py [Re ( (e “tug + e iCQt%)V(H — it 4 — eiCQtvo)))} )

and because by Proposition A.14 the projection satisfies || Py [w]|[,, o < |[w]|,, o for ’ > 0, the first integral
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term can be bounded by

t
UK - ML (MTw)? + /0 (V)g (TP [w(s),0] - Jo(s)||, ds
t
UK - ME(MT)? 4+ K(M?, + MLO)/ l[ew, (51, ds,
0
<V>0_1w ; < |lwll, ;o < [lwll,_; and the bilinear estimate
|luvll,_; < K |lull,_ ||v], (see Lemma A.5 and Lemma A8).

Neglecting in the difference term J¥ [w, 0] — Jy the presence of the bounded projection operator Py, (see
Proposition A.14) and of the real part Re, then the second integral on the right hand side of (3.100) is

of the form

[ T 905 () V5(5) + 75(5) V(o)) s (3.101a)

—I—/ Tevya) (V)gl (eQiCQ‘g(uo(s)Vvo(s)) + e_ziCQS(u*o(s)Vvo(s))ds. (3.101b)
0 0

Applying integration by parts to these integrals, where in (3.101a) we integrate ’T[Cz% ] using that dswg
0

is bounded with respect to ¢, and in (3.101b) we integrate et2ic’s exploiting that

2 (OTy o (s) + Ty dstwn(s)) i O(c7),

|/ 7t o o

§c1K<<M;O> MO M <M;§1>3>)).

we thus obtain

7,0

Therefore, we establish the following bound for (3.100)
(AL + KA Ma, M) ) + KM ) [ e 0],

which yields the assertion. O

We now proceed with some auxiliary results for the convergence of the MD limit system.

Auxiliary Results for the MD Limit

Similar to Proposition 3.5, the following Proposition 3.7 allows us to play back the error of the potential

¢ = ¢oll, 2,0 to the error of the charge densities |[p — po||,. in (3.79).

Then we give an error estimate for |[eq, (¢)|],., in Proposition 3.8, which is rather pessimistic but sufficient
to at first show a O (¢™!) bound for |[ew, (t)]],. This is due to the fact that then (3.88) reduces to

t
lew, (W)l < K (|lwr —wroll, +¢7 +/O [[ew, (s)1],. ds),

such that again by Gronwall’s Lemma (see for instance [85, Theorem 1.10] and also Lemma A.21) we
obtain [|e,, ()], < Kc™'. Exploiting this O (¢7') convergence bound on ey, the particular structure of
ug,vo in (3.50) and the technique of “twisted variables” (see Chapter 4), we are able to show a better

bound on [[eq, ()], o in Lemma 3.9 which finally yields |[eq, ()], o < Kc™t
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Proposition 3.7 ([70], MD py Convergence). Let r > d/2. The charge densities
1 1
= L(uP + o) and po = L (fuof? + fuof?)

given in the first order formulation (2.41) of the MD system and in the corresponding limit system (3.59b),
respectively, satisfy for all s € [0,T]

lp(s) = po()l, < Ko (Mo, M3, ) llews ()],

where the constants My, My, ~are given in Assumption 3.1 and Assumption 3.2.

Proof: The difference between p and po can be played back to the differences |u|® — |uo|? and [v|* — |vo|°.
We have

|7.L|2 N |u0|2 _ (U _ eiCQSUO)ﬁ+ eic2su0)(ﬂ_ eficzsu—o)

and analogously for v and vg. Thus, the inequality

lp(s) = po()ll, < Ko (M3, My,)

‘w(s) - eiczswo(s) )

finishes the proof. O

Proposition 3.8 ([70], MD ag Pessimistic Convergence Bound). Let r > d/2. The current density
corresponding to the MD first order system (2.41) reads

TP [w] = ¢3 Pul(u+ D)@+ v)].

Let a be the solution of (2.41) and ag the corresponding limit approximation given in (3.59b). The error
ea, (1) = a(t) — ao(s) satisfies

leao ()1l

)

7,0

" H/ e, (Vo I [w(s), a(s)] ds

where
1K1 (t Mr+4)

wo

[ 7 90 7wt

T,O
t
KoM, M) / ¢ llew ()], ds.

Note that the integral in the last inequality differs from the inequality in Lemma 3.6 by a factor of c.

Proof: The first term follows from the triangle inequality and the isometry property of ’7'[ Ct(v) ] in H". Tt
0

remains to estimate the integral term.

Therefore define Jy(t) := JF[ei" twg(t)]. Then

H/ot Tyl (Vo I7 [w(s)]ds

< [ 7 fut] - ats

"0 (3.102)

o ds—i—”/ 7fc<v Y Jo(s)ds

7,0
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Because
JP[w] — Jo

:ciPdf [(u — ety + 7 — eiic2t%)a(ﬂ + v)}
1 ic%t —ic?t——\ o (— —ic%t— ic%t
+ cZPdf [(e ug + e o)O(u—e Uy +v—e vo)}

and because by Proposition A.14 the projection satisfies ||Pq [w]|[,, o < |lwl|,, o for ' > 0, the first integral
term is bounded by

t
K- (M M) [ e (9)], ds
0

where the second inequality follows from H(V)E Yw
7,0

< K ||lull,_; ||v], (see Lemma A.5 and Lemma A.8).

< |lwll,_ o < [lwll,_; and the bilinear estimate

luvll,y <

Neglecting in J* [w] — Jy the presence of the projection operator P, and of the real part Re, the second
integral on the right hand side of (3.102) is of the form

c /0 Troro, (V0o (wo(s)05(s) + (s)vo(s) ) ds (3.103a)

—l—c/ Tiocwy. ] (V) (e%cz‘g(uo(s)avo(s)) + %" (g (s)aum (s )))ds. (3.103b)
0 0

+
The particular structure of uy = (O_) and vy = <v8) (see (3.50)) admits that the first integral
U

woov = (° (% ) (o =0 =7vw
0T ug o 02 Ug R

Applying integration by parts to the second integral (3.103b), we exploit that integrating e

(3.103a) vanishes since

+ic®s yields

/ T v> 1 e2ic” *(uo(s)0tvo(s))ds

|5 T, >01<uo<s>avo<s>>L:0

2102

~ [ ST (05 0 s () ds
_/ oo p2ic? Tierw ( o(s)Qvy(s))ds.
0

Another integration by parts applied to the last integral, shows that by integrating once more the term
€%i<*s gives the desired ¢! bound for (3.103b) in H". More precisely, we have that

H/ @)l (V o Jo(s)ds

< MKt M.

7,0

Therefore, we establish the following bound for (3.102)
t
LA ME) + KoM M) [ ellenn(9)] ds.

which gives the assertion. O
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Lemma 3.9 ([70], MD a, Convergence under Condition of O (¢™!) Convergence of wg). Let r > d/2.
The current density corresponding to the MD first order system (2.41) reads

TP [w] = ¢3 Pul(u+ D)@ +v)].

Let a be the solution of (2.41) and ag the corresponding limit approximation given in (3.59b). The error
eao (t) == a(t) — ag(s) satisfies

leao (D)1],.0 < |

)

7,0

" H/ ey, (V) I [w(s), a(s)] ds

where

( M:U-io-27Mr+2 Mr K\m). —

H/ot Ty (Vo I [w(s), a(s)]ds

with a constant K depending on time t, on the regularity of wg,w, a (see Assumption 3.1 and Assump-

tion 3.2) and on the constant K,” given in (3.98).

T,O

Proof: Neglecting the projection P, which is uniformly bounded in H" (see Proposition A.14) and the

factor i, we can expand J¥ as
c(u +v)a(T + v) = c¢(udu + VO + ulw + V).

Considering the decomposition u = (u*,u~)T and v = (vT,v™)" into upper and lower components, the

structure of the matrices ¢ (see (1.21)) admits that

U + 70w =utou" +u out FotovT fv-ouvt (3.104a)
uv + 10 =uT oV +v-out (3.104b)
+uovt +otou. (3.104c)

In the proof we repeatedly make use of the bounds from (3.99)

Jut|, + o7, < Koy et (3.105a)
and
| —eruz @)+t 0 - i <mwee (3.105b)

where K" is the constant given in (3.98a).

Moreover, we use the technique of “twisted variables” (see Chapter 4) which shows that 0 (e*iCQSw(s))
is uniformly bounded in H" with respect to c¢ if w solves the MKG or MD first order system (2.33) or
(2.41).

In view of the decomposition w = (u™,u~,v*,v7)" and in view of the local well-posedness result on w

from Proposition 2.7, this implies that

if | z(s)]l, < Kc™' then also ‘ 33(67#32(8))

< Ke' for z € {ut v} (3.106)

Taking into account the first of the terms in (3.104a) we find with

uvtou =uteo(u- — e_iczsﬁ) +ute(e SE)
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that

t
H/o Tiroy (Vo cu® (s)Tu(s)ds

7,0

<tc sup |[ut(s HT Huf(s) - eiCQSug(s)
s€[0,T] r

/ Toey (Vo c<ei628u+(s))aug(s)ds

Applying integration by parts to the last integral term and integrating T[C?%O] we obtain a factor ¢~
Recall that by (3.105) we have |[u™||,, < Kc¢™! and that by (3.106) also ‘ GS(e_iczsu"‘(s))H < Kc™! holds.
Then the c-independence of dsug (s) yields the O (¢~1) bound for the first term u™@u~ in (3.104a). The

remaining terms of (3.104a) can be estimated analogously.

7,0

1

The bound |[u™]], + [[v7]|, < KM - ¢! from above immediately gives the desired O (¢™!) for the terms
(3.104b).

Consider now the first term in (3.104c). We have

t
H/ Ty (V0o eu” (5T (s)ds|

1 ch sc<e—i025u—(s)>a.(e—ic2sv+(8)>d8

From the same arguments as before on the twisted variables we observe that

By ((e_iCZSu_(s)>0'(e_iczsv+(s))>

is uniformly bounded with respect to ¢ in H". Integration by parts then yields, integrating 62”25, that

/ g2 sc<eic2su(s)>o.<ei628v+(s)>ds (3.107a)

t

= [21(:2 Ty ]u_(s)a'v"r(s)} (3.107b)
s=0

1 2ic?s C —ic%s — —( —ic%s +
/ [C<V e ﬁﬁs <(e u (5))0’(6 v (5))>ds (3.107¢)
/ [('<V QiCQS% <eiczsu(5)>O'<ei6250+(s)>ds. (3.1074d)

Note that since 7'[(:2@) | s an isometry in H" (and thus in particular in H7), the first two terms (3.107h)
0 .
and (3.107¢) satisfy a O (¢™') bound in the sense of the H" norm, i.e.

7,0

[term (3.107b)|l,. o + [[term (3.107¢)|],., < K™,

where the constant K only depends on ¢ and on the constants M7t M% (see Assumption 3.1) but not
on c. In order to find a O (c_l) bound also for the last term (3.107d), we apply integration by parts

another time to (3.107d). Note that we regain the term (3.107d) from the full integral term (3.107a) via
Mo
2i

the application of the operator . Thus, applying integration by parts once more and omitting the
C
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constant 1/(2¢), the term (3.107d) becomes

t
A ,T[czéh]emc ) (e_w SU_(S))0<6_ZC sv+(8)) -
1 t
= |:2Z62 (Vo Tiewy 4™ (S)UUJF(S)} s=0
t
B /O 7—[&@)0]62%28%65 ( (e_iCZSU_(S)>O'(e_iczsv+(8)> ) ds

K —s 2ics <V>0 —ic%s — — —ic?s —+ d
-/ T[c<v>0]e Sile u (s))ole v (s) |ds.

We observe that the latter can now also be bounded in O (c’l) in the sense of the H" norm, i.e.
[term (3.107b)][, o + [[term (3.107¢)][, o + [[term (3.107d)][, , < Kct,

where the constant K only depends on ¢ and on the constants M7 72 M" (see Assumption 3.1) but not
on c. This yields the desired O (¢™!) bound.

The second term vT@u~ in (3.104c) is treated similary. We simply replace in (3.107a) the term

62i625c<e—1'625u—(s)>a(e—iczszﬁ(s))
e s <eic2su+(s))a<eic2su(s)>

and follow the line of argumentation from above.

by the term

This finishes the proof. O

We now proceed with the construction of numerical schemes in the nonrelativistic limit regime in the

subsequent section.

3.5 Construction of Numerical Schemes in the Nonrelativistic

Limit Regime

This section is based on [44, 45, 65, 66] and on the paper [63] by Kramer and Schratz. The reader may

in particular pay attention to the paragraphs “Existing Work” and “Our Contribution” below.

In this section, our aim is to construct efficient and robust numerical schemes for the highly oscillatory
MKG/MD first order systems (3.3) in the nonrelativistic limit regime, i.e. for ¢ > 1. Thereby, we exploit
the convergence of the MKG/MD systems to the corresponding ¢ independent Schrodinger—Poisson (SP)
limit systems (3.30b) and (3.59b), respectively (see Theorems 3.3 and 3.4), i.e. the convergence of the
solution (w, ¢, a) " of the MKG /MD first order system in time (3.3) towards (eic2tw0, b0, a0) ", where the
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functions wg = (ug,vo) ", ¢o and ag solve the SP limit system

iatIUO :%A’wo + ¢0 <_u0) s ’U)Q(O) =wro = (1/)[70 - 7“1/}1,()) ’

Vo m— ZW,O
Ado =p —i (|u0|2 - |v0|2> in case of MKG (see (3.30b)), (3.108)
— 0 =pPo =
i <|u0|2 + |v0|2) in case of MD (see (3.59b)),

ao(t) :eic<v>0ta170.

Note that in particular by (3.59b) in case of Maxwell-Dirac we have that 97 ; = 0 and that

. 0 ot
wro = (uI,o,vl,o)T with wuro = ( g ) and vy o= ( ¢1,0>
2¥10 0

according to the decomposition ¢70 = (¢} ,¥7 )" (see (2.42)). Furthermore, recall that ([70], see also
Theorems 3.3 and 3.4)

Y=t +O (T with o) = (" uo(t) + e TH(L)).
The basis for constructing efficient numerical time integration methods in the nonrelativistic limit regime
then relies on numerically solving the SP limit system (3.108) above. We therefore apply a suitable
numerical time integration scheme of order p (see Definition A.17 and Lemma A.19) to the above system.

The resulting semi-discrete scheme then satisfies convergence bounds of order O (c’l + 7P ) We observe

1

that this method is convergent of order p in time for all ¢ > 1 with 77 2 ¢~'. In particular, we thus

obtain a good approximation to the exact solution if c is large.

In our case we choose an exponential Strang splitting scheme ([44, 65]) of classical order p = 2 for the
solution of the SP system (3.108). For the analysis of the corresponding semi-discrete scheme we refer
to [65]. In the latter paper, Lubich used the technique of Lie derivatives (see [52, Chapter IIL.5] or [44,
Chapter IV.1]) in order to show that the Strang splitting method applied to nonlinear Schrodinger and
Schrédinger—Poisson systems for z € R? satisfies error bounds of order O (7'2) in L? = H°(R3) if the
initial data and thus the solution for all times ¢ is in H*(R®). This result can be easily extended to error
bounds of order O (72) in H" if the initial data is in H"™ on the torus T¢ for r > d/2 (see [44]).

In the subsequent paragraph we gather results which already exist in the literature and point out our

contribution explicitly.

Existing Work

Note that in case of Maxwell-Klein—-Gordon we successfully published a paper [63], in which we proposed
and analysed a scheme for efficiently solving the MKG system in the nonrelativistic limit regime. The
latter scheme is based on an exponential Strang splitting method combined with Fourier space discretiza-
tion techniques (see [44, 45, 65, 66]) for the numerical solution of the Schrodinger Poisson (SP) limit
system (3.30b) corresponding to the MKG system (2.20). In constructing our method within [63] we
followed the ideas given in [45] for the case of nonlinear Klein—Gordon equations. We considered the
system on a finite time interval [0, 7] and on the torus T = [—n, 7]%. Moreover, we have shown that the

application of this method, with time step 7 and M grid points in space, yields numerical convergence
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bounds of order @ (c’2 +724+ M ’T/) ([63, Theorem 2], compare to Theorem 3.15 below), where r’ and
the constants in the bounds only depend on T and on the regularity of the exact solution, but not on c .

Within this section we elaborate the ideas for the construction of the latter method in more detail.

Also note that in [57] the authors already proposed a familiar method for the approximate solution of the
Maxwell-Dirac system in the nonrelativistic limit regime. However, the numerical convergence of this
method has only been proven heuristically in [57] by numerical experiments. The authors did not give a

rigorous error estimate.

Our Contribution

Thus our contribution within this section is to elaborate the ideas for the construction of the method
proposed and analysed in [63] in more detail. Furthermore, we give rigorous numerical error bounds
for the Strang splitting method applied to the SP limit system (3.59b) in case of MD. We collect the

numerical approximation results of the latter methods in Theorem 3.15 below.

First we begin with the description of the Strang splitting time integration scheme applied to the SP
system (3.108).

3.5.1 Time Discretization of the SP Limit System for w

This section is based on [44, 65]. Further convergence results for time-splitting methods applied to
nonlinear Schrédinger and Schrédinger—Poisson systems can be found in [8, 25-28, 38, 43, 46, 49] and
references therein. We carry out the numerical time integration of the Schrédinger-Poisson system (3.108)

with an exponential Strang splitting method as in [65]. Thus we naturally split the SP system

. 1
10 wo =5Aw0 + ¢ (_:}LS) ; wo(0) =wrp = (W,o,vl,o)T
Ao : | - %(\u0|2 — |vo|?), in case of MKG, see (3.30b), (3.109)
—AQ¢o = po|Uo, Vo
i(\uo|2 + |vol?), in case of MD, see (3.59b),
where the initial data
(Zl’o a lzifo> for MKG is given through (3.9),
—
o= (- gy (0 2070
((; +ﬂ)¢m> = ((21/)+’ 5’0)T> for MD is given through (3.36) and (3.37) ,
4 1,0 1.0
into the kinetic part
. 1 -
10pwo () = 5Awo(t)7 wp(0) = Wy (wp.J)
and the potential part
. uo(t) .
t) = t =
() = an(0)(_0) . wo0) = ot

—Ad¢o(t) = po(?)



3.5. Construction of Numerical Schemes in the Nonrelativistic Limit Regime 85

for given initial data @y = (@, 9r)". Observe that within the second subproblem (wg.II) the modulus of

ug, Vg is constant over time since ¢q is a real scalar potential, i.e.

D [uo (£)]* =(Beuo(t)) - (1) + uo(t) - (Dpuo (1))
=(—igo(t)uo(t)) - Wo(t) + uo(t) - (igo(t)uo(t)) =0

and similar for vg. This immediately implies that in the time evolution of (wq.II) also ¢o(t) = ¢o(0) is

constant over time.

In the following, we denote the exact solutions of the subproblems (wo.I) and (wo.II) by the flows ¢!, |

and ¢!, 1y, respectively (see Definition A.16). The notation 7'[_'5%A] _ mit3A (see (3.70)) thus allows us

to write

IA

—i7'2

P 1(Wr(z)) =€ wr(x) =T Ty 5 br(2) (3.110a)

and (see Appendix A.3 for the definition of A~1)

e—z’fo ¢o(s,w)dsa1(x)> B (e—i‘rdbo(o,x),aj(x)

T ~ _ _ _A-1 ~ ~
P 11(Dr1 (7)) _<e+ifof ¢°(s’x)dsf;1(:c) e+iﬂ'¢o(079~‘>1~}1(1‘)> , ¢0(0) = —A" polir, T7].  (3.110b)

We observe that the evaluation of ¢] 1;(w(x)) involves only pointwise multiplications in space and
thus can be carried out very efficiently. The application of Fourier pseudo-spectral techniques for the

spatial discretization of ’T[I allows to compute the flow ¢7, (W (x)) exactly in time. We discuss these

lA]
2
techniques in Section 3.5.3 below.

The Strang splitting approximation to the exact flow ¢t (wg(0)) = ‘PZZ).HM,.H(“’O(O)) of the SP system

Wo

(3.109) at time ¢, = nT,n =0,1,2,...,T/7 with time step size 7 is then given by
n

T/2 T T/2 T n n n
ol oo e | (@o(0) = (B, suung) " (w0(0)) = wf & @l (wo(0)). (3.110¢)

—HT
7'<I)w0 ,Strang

Note that &7

wo.strang PTOVides a semidiscrete time integration scheme, i.e. the approximations wg = wg ()
;

are still depending on the space variable z € T?. The discretization in space and the fully-discrete scheme

shall be discussed in the subsequent sections.

Based on [65, Theorem 2.1] we state the following Corollary 3.10 on the numerical approximation of the

Strang splitting scheme (3.110).

Corollary 3.10 ([44, Proposition IV.6 and Remark IV.7], see also [65, Theorem 2.1]). Let r > d/2.
Suppose that the exact solution wg(t) to the SP system (3.109) is in H™** for t € [0,7]. Then the

numerical solution w§ to (3.109) given by the scheme (3.110) with time step size T > 0 satisfies

lwo(tn) —wgl, < K(/\/lr+4)7'2, for T, =nt <T.

wo

Proof: For the proof, see [65, Theorem 2.1] and also [44, Proposition IV.6 and Remark IV.7]. O
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Similar results for the Lie splitting method

n

Pl 110901 | (wo(0) = (7, 1) (wo(0)) = @i, (wo(0))
—_——

T
wq,Lie

and the Strang splitting method (3.110) applied to the cubic nonlinear Schrédinger equation on the torus
T¢ — simply replace ¢o in (3.109) and (wq.II) by \w0|2 — have been shown in [44, Proposition IV.6
and Remark IV.7]. The Lie splitting then admits global error bounds of order O (7) whereas the Strang
splitting allows error bounds of order O (72), respectively. Note that later in Chapter 5 we underline the

second order error bound for the latter Strang splitting scheme by numerical experiments.

Later, in Theorem 3.15 we show that these schemes admit convergence bounds towards the exact solutions
w and ¢ of the MKG/MD first order systems in time (2.33)/(2.41) of order O (¢™! + 77), where p =1 in
case of the Lie splitting @7, and p = 2 in case of the Strang splitting scheme ®7, respectively.

wo,Lie wo,Strang?
Note that according to higher order limit approximations (see (3.35) and (3.63)), we can (formally)
improve the convergence in ¢ by additionally numerically solving a SP system for a function w; with a
suitable time integration scheme up to bounds of order O (0_2 + 7P ) Recall that by (3.34a) for the case
of MKG and by (3.62b) for the case of MD, we have that for

Onp =0 in case of MKG and dyp =1 in case of MD (3.111a)

the functions wy, ¢; and ¢§2’0) satisfy

d
. 1 U1 7 uo = to
Zatwl :EAwl + qﬁo (—U1) + ¢1 <—’U0> + (SMDZ§ Z(8J¢O) (_aj'UO) 5

j=1
- R 1 Re (—uo - Uy + vo - 1) in case of MKG,
—A¢1 = pl = %
3 Re( wug - Uy + vo - 07) in case of MD, (3.111b)
0 in case of MKG
2,0 2,0 ;
1 (up - v1 + ug - vg) in case of MD,

w1 (0) =wr 1 = (ur1,vr1) ",

where the initial data

(1/1[,1 le/]’l> f M G is gl throug (3 )7
i1 — “/)1,1 or MKG is given h 9
o I,—-B (3.111c¢)
( )wl,l Ed iajf)jwf 0 . .
1 /8 pr1 l : r MD is ven th h (3.36) .
<( 4 )'¢'171 J=1 ia]@qu,o 1s gl roug ( )

Recall that (formally, see [70] and also (3.35) and (3.63) in Sections 3.2.4 and 3.3.4, respectively),

b=y + ¢ My + O (¢72)

with L L,
Yo(t) :g(ew bug(t) + e " top(t)) and

i) =5 un () + 7T (D)).
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Furthermore, note that by (3.62)

o1 () =i (1) + 2P0 4 7220 (1), (3.112)
In the subsequent subsection we construct a Strang splitting scheme for numerically solving the latter
system (3.111).

3.5.2 Time Discretization of the SP System for the Second Term w;

Based on [44, 65], we construct a Strang splitting scheme for the numerical time integartion of (3.111) by

splitting the system, similar to before, into the following subproblems for given initial data w; = (iir, 97) "

i0ywy = %Awl, w1(0) = w; with solution ¢y, 1(wr) = eﬂ%TA?IJ[ (wq.I)
and
u 671’ f[; ¢0(s)dsﬁ
10wy = ¢0( 1) , wi(0) =w; with solution ], (W) = e ! (wq IT)
—u1 U1 - 6+1f0 ¢0(5)dS’D[
and
1 4 iU
1w = ibyw Z(ajqbo)( i ) = 1030 Gy [wo, Po], w1 (0) = @y (wy ITT)
=1 — QU0
with solution (recall that by (3.111a) dyp = 0 in case of MKG and dyp = 1 in case of MD )
Frun(@) = 01+ 8o [ G fun(s). 05, (3113)
0
and the last subproblem using the solution operator A= (see (A.4)) in order to write ¢; in terms of wy
and wi, i.e.
10wy = (%A‘l Re ((—1)5MDUO U1 — Vo W)) ( uo) , wi(0) =Wy (w1.IV)
v

with solution ¢, 1y (1), which is specified in (3.115) below. Note that we discuss the numerical approx-

imations to the integral terms in (w;.IT) and (3.113) later in this section.

Because the right hand side of (w;.IV) involves the complex conjugate wy of the solution, we consider
the latter subproblem (w;.IV) in its real and imaginary parts of wy and wi, respectively, similar to [45,

Example 2]. More precisely, if we define the mapping
T:C"™ —R*™ with T(Z)=(Re(Z),Im(2))"
and its inverse by
T71:R™ C™ with T '((a,8)") = a+ 1483, where a, f € R™,

and if we set
(ozj,ﬂj)—r =T(u;) and (nj,gj)T =T(vj) for j=0,1, (3.114)

we collect the variables (3.114) in the vectors

yO - (040750a7707§0)T and yl = (alaﬁlvnhfl)—rv reSpeCtiV@lY
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By comparison of real and imaginary parts in (w;.IV) we obtain the system

Bo
O :% (A_l (=)™ (ag - a1+ Bo - Br) — (no - m + &o - fl))) :?00
0
=H[YV1i;J0],  1(0) = (T(ar), T(or))"
with solution
So gl = (1)) =210 =210+ [ HD ) d0(lds (3.115)

where we set for u =a+ i, v=n+1i € C™ and o, 3,n,£ € R™

T:C¥ 5 R*™  with T((u,v)T) = GEZ;) N (EZ?))TT>
—1 ., 22m 2m . —1 T\ _ ((a’ﬂ)T) =
T-LR¥?M o €2 with T ((mﬁﬂ%é) ) = ( ((6,£)T)) - (“> |

We approximate the integral terms in the exact flows ] 11 and @], 1y given in (w;.II) and (3.113),
respectively, by the second order accurate trapezoidal rule (also called Crank-Nicolson method, see for

instance [33, Chapter 10.2 and 12.7]), i.e. we obtain the numerical flows

ST n+1
e 13 (95 +¢g )'ELI

o7, m(wy) = <e+i5(¢5L+¢3+1)17 ) ~ o, n(wy)
! (3.116a)

@7, r(wt) =wr + g5MD <Gw1 [wg, $5] + Gy [+, 8“]) ~ @, m(wy),
where we assume that the approximations wf, ¢2 to wo(ts), ¢o(ts) for i € {n,n+ 1} satisfy second order
error bounds in time and where by (3.111a) dyp, = 0 in case of MKG and dyp = 1 in case of MD ).

For the approximation of the flow To ] 1y, given in (3.115) we use the following modified second order
accurate method of Heun ([17, Chapter 8.1.3 and 8.1.8)])

Vi 2=+ TH Y
. il (3.116D)
VP =87, OF) =+ (H[w; ]+ HIY] %Wﬂ) ~ To gl 1y (w]).
This yields
T o 7, v O T(wy) = @:)liv(w?) (3.116¢)

Gathering the exact flow o7, | of subproblem (w:.I) and the numerical flows ®7 , ®7 ;; and T o
@7, 1o T given in (3.116) corresponding to subproblems (w;.II), (w;.I1I) and (w;.IV), respectively, we
are ready to formulate a second order Strang splitting method for the numerical solution of the problem
(3.111), i.e.

n+l _ {7 n
wl 7@wl,strang(w1 )

:290;:/.2.1 07/ (I)T/?III °oT o]

wq .11 © w1y wq.I

(3.117a)
T/2 T/2 T/2 n
v © To ‘I)w/| a1 © (I)’w/1 a gow/q .I(wl )

If we suppose that w?“ ~ w1 (tpt1), i-e. that the latter scheme provides an approximation to the exact

solution of (3.111) we obtain an approximation ¢7** to ¢1(t,,1) by numerically solving

_A(;;H-l — ﬁrlt—i-l ~ ﬁl(tn-i-l)a _A¢g2,0),n+1 _ p§2,0),n+1 ~ ng,O)(tn+1), (3117b)
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such that according to (3.112)

nt+l _ In+l 2ic?t (2,0),n+1 —2ic%t (2,0),n+1
? d)l +e ic n+1¢1 +e ic n+1¢1 ~ ¢1(t

nt1)- (3.117¢)

Note that for stepping from wf to w{”‘l this scheme uses second order accurate numerical approximations
wy, wpt 8, doTt to the solutions wo(o), ¢o(o) at time o = t,, and o = t,,, 1, respectively, of the SP
system (3.109) (see (3.116)).

Because the numerical flows ®!, |,

mations to the exact flows corresponding to subproblems (w;.II), (w;.III) and (w;.IV), respectively, one

t t . . - y ) .
@), 11, @5, v given in (3.116) are second order accurate approxi-

can show that the Strang splitting scheme (3.117) satisfies global error bounds of order O (72) (see [52,
Chapter I1.5] and [44, Proposition IV.6 and Remark IV.7] and also Corollary 3.10 above), i.e.

wi(t,) = wi + O (77) . (3.118)

The interested reader may exploit similar techniques as in the proof of [44, Proposition IV.6 and Remark
IV.7] and also Corollary 3.10 in order to prove the O (72) bound (3.118). Our numerical experiments in

Chapter 5 underline this error bound.

In the subsequent section we discuss the discretization in space of the SP system (3.109).

3.5.3 Space Discretization of the SP Limit System

This section is based on [44] and on [30, 48, 49, 66, 88]. For the discretization in space of the spatial
differential operators 9y, £ =1,...,d, A and (V)_ on the torus T? = [—, 7], we choose Fourier pseudo-
spectral methods. We explain the idea behind this method at the example of d = 1 and follow [44,
Chapter IIT and Chapter IV.4]. Even though the proofs in this section will be given only for d = 1, all

the results remain valid also for higher dimensions d > 1.

Spatial Discretization with Fourier techniques

Let d = 1 and let u € H"(T') be a periodic function on the torus T! = [—m, 7]'. Then its Fourier series
expansion reads

u(x) = Z Upe™®  with 4y = 1 u(z)e”*dx. 3.119

et @n) (3.119)

Now define the set Z); C Z by

{-R,...,R—1}, if M =2R € Niseven,
{~R,...,R}, if M =2R+1¢Nis odd,

ZM =

and associate the equidistant discretization of T! as
.2m . .
Ty =75 with j € Zp. (3.120)

Furthermore define the discrete Fourier transform Fp; : CM¥ — CM and its inverse such that for all

j € Zy and k € Z)y respectively

(M), = (Faro™M)y, = ﬁ Z véwe_ij“””’“ and (vM); = (FloM); = Z (M) etkei,
JEZMm keZn
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Let U = (Uj) ez, with U; = u(x;) be the vector, containing the exact evaluation of w in the grid points
x;. We observe that applying Fas to U can be associated with an approximation to the Fourier integral

Uy, from (3.119) by the trapezoidal rule in the nodes x; such that
UM = ]:MU ~ (/’lzk)kegM.

For the definition of the trapezoidal quadrature rule, see [17, Chapter 6.1]. Then UM := .7-'1\741 UM can be
seen as an approximation to the truncated Fourier series expansion of u given in (3.119), i.e.
u(a;) = > e = N e n Y (UMt = (UM);  for j € 2. (3.121)
k}%Z}u kE€EZnm kEZ\
Moreover we may extend the finite vector (UM);, with k € Zj; to a sequence by zeros for indices outside

of Zyr, ie.
(UM), =0 for k¢ Zy. (3.122)
With the aid of [44, Lemma IV.13] we thus show that for the infinite sequence U= (Uk)kez — note that

the index set is Z and not Zj; here— the following Lemma 3.11 holds. For the definition of the spaces
£ see Definition A.6.

Lemma 3.11 ([44, Lemma IV.13], see also [88]). Let r > 0 and let s,s’ € R such that s’ —s > d/2.
Furthermore let uw € H"™%. Then
|-

-

U

<o -7
e

SK-MT

ﬁH <K M
‘evl‘ﬁ—s

¢ e

Therefore, the accuracy of the approximation with the presented Fourier techniques only depend on the
regularity of u. Recall, that for all ¥’ € R the space E%, can be identified with the space H v’ (T4) and vice

versa (see Definition A.6).

Proof (see [44, Lemma IV.13]): The last inequality is a consequence of the embeddings ¢2, , C £}, , C €2,
from Proposition A.7. The first inequality is a consequence of (k)" |zx| < [|z]|;1 D pezq for all k € Z and

1212 = 37 0¥ [l < Dzl 32 R Ll = 1211

kezd kezd
Because UM is a finite dimensional vector, we have that according to (3.121)

v /M r |7y r
HU—U LS W) Uk‘+ 3 (k)
T kg kEZ

M M

Uy — (UM)k‘.

Thus, according to the proof of [44, Lemma IV.13], the crucial point in proving the second inequality is
to find a bound for the first term in the latter estimate. We have that

3 (k) ﬁk‘ —M S ()M ﬁk‘.

kQZ]\/j kQZM

Note that for k € Zy,, we have |k| > |M/2 — 1|. Hence, we find a constant K such that

S )|k =M S (k) M m‘ <K-M™* Y (B
k¢ Zn k¢ Znm k¢ Zn

<K-M~*

-~ ’

o

U

o
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For the second term, we use the aliasing formula (see [66, Proof of Theorem I11.1.7])

Wk = Z/U\k+aM = /U\k + Z /U\k+aM~

a€’Z a€Z\0

Then o
S0 [T =@ < 30 07 Y |Trsan|

kEZnm kEZnm a€Z\0

=M Z Z (k +aM)" M* ‘ﬁkmM‘ .
a€Z\0 kEZ\

Because M < K - (k + aM) for k € Zj; and |a| > 0 and some constant K, this finishes the proof. O

As a consequence of Lemma 3.11 we state the following remark.

Remark 3.12 ([44]). Note that if s, s' satisfy the conditions of Lemma 3.11 and if u € H™™+%" for some
m € R such that r +m > 0, then the error of the space approximation remains O (M%) in the sense of

the H™™™ norm, i.e.

<K-M"*

o -

2 2
£r+m Zr+m+s/

However, if u is not smooth enough we only obtain a weaker convergence in M, i.e.

ifue H™, then H/U\ - WHp <K-M-Gmm Hﬁ
r+m

2
ZT.JrS/

This result allows us to formulate a Fourier pseudo-spectral method for the approximation of spatial

operators like the Laplace operator A and the operator (V) in the following subsection.

Fourier Pseudo-Spectral Method for the Discretization of Spatial Operators

The following results are based on [44]. Consider the Fourier series expansion of u(x) in (3.119). Applying

for example 9} for m € Ny to u then results in

Oru(ay) = S (k) e xS (iR)™(UT) et = (9, UM),,

keZ keZn

with x; = j-2n/M for j € Z) given in (3.120). The index M in the derivative denotes that we consider

the discrete operator 9}y,

With the above identities, we have m(k) = (@)k = — |k and

om0 = (V)i = Ik + 2.

Note that from Lemma 3.11 we can deduce the following. Let r > 0 and let s’ — s > d/2. If u € H" 25’
then

|Au— AU, < u= U], < K- M~ [Aul, 0 < KM [,y pp0 -

In the subsequent subsection we analyse the numerical error of the semi-discretization in space of the SP

system (3.108), exploiting the results from above.
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Space Approximation Result for the Schréodinger—Poisson system

This section is based on [44] and [66, Chapter III.1.3]. In order to discretize the Schrédinger—Poisson
system (3.109) in space we follow the idea presented in [44, Chapter II1.6]. We therefore apply a Fourier
pseudo-spectral collocation method (see also [66, Chapter III.1.3]) which is defined as follows. Find a

trigonometric polynomial

w(tx) = ) (wp")r(t)e™,

keZn
which satisfies the Schrédinger—Poisson system (3.109) in the grid points. More precisely, for all times
t €0, 7] and for all j € Zj;, the solution wd! = (ud!,v}!) T satisfies
. 1 3 (t,
z(“)tw(y(t,xj) ngMw(])VI(t,xj) + oM (¢ m])( :0 ( x])) ,
— v} ,

_AM¢84(t7xj) :péw(t,xj), (3123)

wy’ (0, 25) =wo(0, z;),

with 2; = j - 2r/M for j € Z); given in (3.120). Assume that wo(0) € H+*". Note that from (3.121)
and Lemma 3.11 ([44, Lemma IV.13]) we thus have for s € R with s’ —s > d/2

|wo(0) = wg" (0)|. < K - M~* Jlwo (0) ], - (3.124)

For simplicity, we leave out the spatial argument x; in the following. Duhamel’s formula from Proposi-

tion A.20 allows us to write the solution of the semi-discrete SP system (3.123) as

- i ud (s)
! () = o)+ e () i
0

g’ (8)
where, motivated by (K];)k— = —|k|? for k € Zy, we define
(e thar) = eit(—Ik®)

We now compare the discretization wj?(t) with the exact solution

¢
wo(t):e—iAt/QwO(t)+/ eI E=9)/2 g (o) uo(s)) 4
0 —vo(s)
Exploiting the bilinear estimates ||uv||, < K |lul|, ||v]|, for r > d/2 from Lemma A.8, a simple fixed
point argument allows us to find a constant Mf,jgs/ such that [lwo(t)],,, < M;tsl for all t < T (see
Assumption 3.2 for definition of the constants M;'gs/).

Considering (3.122), we have that (@)k(t) =0 for k ¢ Zy and thus e #Amt/2yll = ¢=iAL/2yM By

—iAt)2

the isometry property of e in Lemma A.10 and by another application of the bilinear estimates

from Lemma A.8, we obtain [44, Proof of Proposition IV.14]

wo(t) — wld @)]], < [[wo(0) — wd (O)]], +K/O o (s) — wd (s)]], ds (3.125)

as long as
[wd! (®)]], < 2Mmi5 (3.126)
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is bounded. Note that the constant K depends on sup,c(o ¢ [|wd? (t)||r and on the bound in (3.126), but
can be chosen independently of M. We proceed with the application of Lemma 3.11 and (3.124), and
find

t
Hwo(t) - wéw(t)Hr < Ko+ M~ lwo(0)|], s + K/ Hwo(s) — w(z)w(s)Hrds7 for all ¢t € [0, T
0

with constants Ky, K > 0 independent of M. Then, Gronwall’s Lemma (see for instance [85, Theorem
1.10] and also Lemma A.21) shows that

|wo(t) —wg' (1), < (Ky- M~ ) [wo(0)],+ o - (3.127)
<1, for M > My sufficiently large SMZ;SS, '
In a next step, we observe from the latter relation (3.127)
[[wg" @], < wo ()N, + [Jwd” (8) = wo(t)]], (3.128)

SMT‘ngs/ ] (1 + Kl . M—s . eKQT) S ZMrw-igg’

for t € [0,T) if M > M is sufficiently large. Note that a bootstrap argument ([44, Proposition IV.14], see
also [85, Chapter 1.3]) allows us to repeatedly apply equations (3.125)-(3.128) (see Remark 3.13 below).

This finally proves Proposition 3.14 on the spatial approximation error of wj!(¢) for all t € T .
Remark 3.13 (See [85, Chapter 1.3], A bootstrap argument). The latter estimate in (3.128), i.e.
[wo” ()], < 2M

allows us to formulate the following bootstrap argument®. Initially at t = 0, we choose M > M

sufficiently large such that
(1+ K- M5 e™T) <2,

Then (3.128) shows that Hwéw(O)HT < 2/\/[2;;‘9, holds initially. Now let € > 0 be arbitrary small. Hence,
from continuity in time of wy and wj!, we deduce that equations (3.125)-(3.128) hold true for t = e.

Finally, iteratively increasing t ~t+ ¢ up tot =T we can repeatedly apply equations (3.125)-(3.128).

From the above observations we immediately obtain the following Proposition 3.14, which is an adaption
of [44, Proposition IV.14].

Proposition 3.14 ([44, Proposition IV.14], Collocation Error). Fix r > d/2 and let s',s such that
s’ — s > d/2. Furthermore assume that the exact solution to the Schrédinger—Poisson system (3.109)
s < M%Sl for all t € [0,T). Furthermore let w)?(0) be the discrete initial data given
in (3.123). Then there exist constants K1, Ko > 0 and My > 0 depending on ijgsl, s', s and T such
that for M > My and for all t € [0, T

satisfies ||wo(t)

[wo(t) —wp" (B)]], < Ki- M~ - ™21 wo(0)],., 4 -

®See for instance [85, Chapter 1.3] for a comprehensive explanation of a bootstrap argument, and also [44, Proof of

Proposition IV.14] and Remark 3.13 below for particular applications of bootstrap arguments.
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We focussed in this section on the case d = 1. The results also hold true in higher dimensions (see
[44, Chapters III and IV]). We only need to replace 0, by the partial derivatives 0,¢,¢ = 1,...,d
and the corresponding Fourier multipliers (ik) by (ik*), where K = (k',..., k%) T € Z¢, with Zy =
{—-M/2,...,M/2 — 1} C Z. Moreover the symbol for A,; becomes
K= (= Qe i)
Kezg,
We furthermore denote by z; € T¢ for j € Z¢, the vector
)T

zj= (T, r25,) s G=(1,--»ja)| € 2%,  which means that each j, € Zy. (3.129a)

In particular, we set
Tj, = e % for j, € Zp. (3129b)

Similarly we discretize the operator (V) in space which has already a diagonal structure in the continuous

setting. For ¢ € R fixed we have by Definition A.2 the Fourier representation of (V) as

(V))k = /K> +¢2, for all k € Z%.

Also in the discrete setting, using the techniques from above, we obtain a diagonal structure, replacing
74 by Zjdw, ie.

(V) ao(tszy) = (V), yaolt,z;) = Y \[Ik[*+¢2 (@ (t)re™™,  je Zi.
keZg,
In particular, the technique presented in this section allows us to easily solve the Poisson problem

—Ag¢g =po, po€H",

if we are looking for a solution ¢ € H" 2. Recall that we defined the solution operator A= : H" — H"+2

in Fourier space according to (A.4) as

— 0, k=0,
(A1), = ) (3.130)
—|k|™%, kez?\{0}.
Then its discrete version AX/} is defined analogously for k € Z¢, and we obtain ¢} = —AX/} oot

In the subsequent section we combine the results on the time discretization from Section 3.5.1 with the
results on the space discretization from Section 3.5.3 in order to obtain a fully discrete time integration
scheme for the SP system (3.108).

3.5.4 Full Discretization of the SP Limit System

In this section we restate the convergence result from [44, Theorem IV.17] on the fully discrete Strang
splitting Fourier pseudo-spectral scheme for solving the SP system (3.108) numerically. In the following
let 0 < 7 < 1 be a time step and let M > 0 be a number of grid points in each direction for the
discretization of T¢. Furthermore let

t, =nt withn=0,1,2,...,T/7 be a discretization of the interval [0, 7] and let
x; with j € Z{; be the discrete grid on T according to (3.129).



3.5. Construction of Numerical Schemes in the Nonrelativistic Limit Regime 95

Then for a function z : [0,7] x T¢ — C™ with m € N we use the notation

(z"*M)j e 2(tn, ;) for j € 2.

Using this notation, we denote by wg’M = (ug’M,vg’M)T, g’M and ag’M the solutions to the fully
discrete SP system (3.131) obtained with the exponential Strang splitting method ®7, ... with time

step 7 (see (3.110)) combined with the Fourier space discretization techniques with M € N grid points
of the previous Section 3.5.3. The fully discrete SP system corresponding to (3.108) reads

n, M
. n 1 n n '
ZatwO’M :§AMwO’M + ¢0’M (_:&M) , wéw(O) = w%o
0
-1 u"’M‘z — ’UTL’M‘Q in case of MKG (see (3.30b))
M _ nM a\["° 0 : (3.131)
—Amo =py = 2 2
i uy |+ vy in case of MD (see (3.59b)),
ag,M :eic<V>07Mtn u%O'

For the numerical solution of the discrete Poisson equation —A qug’M = pg’M see (3.130).

Combining the convergence result in Corollary 3.10, on the exponential Strang splitting time discretiza-
tion from Section 3.5.1, with the approximation properties in Proposition 3.14 of the Fourier pseudo-
spectral space discretization techniques from the previous Section 3.5.3, we obtain a fully-discrete time
integration scheme for numerically solving the Schrédinger—Poisson limit system (3.109). This method
then satisfies numerical error bounds of order O (72 + M _Ti) where M is the number of grid points in
each direction and where ] depends on the regularity of the solution wq(t,). Therefore denoting by

wg»M ~ (wo (tn, xj))j ezd, the fully discrete approximation to wy we have

‘ 'wg’M — wo(tn)

< KMy - (f2 4+ M),
Equation (3.108) shows that we have an explicit formula for ay(t) for every t € [0,T], i.e.

Vo

ao(tn) =e t"a[,o.

Therefore we do not have any time discretization error for ag(t,) such that ao(t,) = aj. But the

discretization in space of the operator (V) leads to an error

where 74 depends on the regularity of ag(t,).

ag’M —ag(tn)

SK'MiTév
0

T7

In the subsequent section we prove rigorous numerical approximation results for the convergence of the

numerical limit approximation

n, M

0 1/1(tn» xj)
oo™ towards the exact solution [ ¢(tn,z;) in the regime ¢ > 1
Ag,M A(tnv xj)

for both the MKG and the MD system (2.20) and (2.36), respectively, in the space H" x H"™ ™2 x H",
where

M 1 ic2 M B M 1 M M
0= 5 (e” by ™ 4 e t“UO"’M) and Agt = 5(ag’ +ay™).



96 Chapter 3. Numerical Integrators for MKG and MD in the Nonrelativistic Limit Regime

3.6 Error Bounds for the Numerical Limit Approximations

In this section we collect the results of the previous subsections and state the main approximation result
in Theorem 3.15. Note that we have proven the results on the MKG case in the paper [63] by Kramer
and Schratz, whereas the numerical convergence results for the case of Maxwell-Dirac have not been
proven before. Furthermore, note that in [57] the authors heuristically verified these convergence bounds
in the MD case only by numerical experiments but no rigorous analysis has been given in the latter
paper. In addition the proof of Theorem 3.15 below allows to prove similar bounds for higher order limit

approximations (see Sections 3.2.3 and 3.3.3).

Exploiting the findings of the previous subsections, we are able to formulate the following main Theo-

rem 3.15 on the convergence of the numerical limit approximation

n,M 1 ic2t, n,M —ic2tp—n,M n,M n,M 1, nM n, M
Yo ;:5(810 up” e E™ T ) ¢ and Ay = (ag +ag),

towards the exact solution (v, $,.A)" of the MKG/MD system (2.20)/(2.36), respectively. Note that

M n,M _nM
00 ag

(wg ,ag”") T denotes the numerical solution of the discrete SP system (3.131). For the case of

MKG, see the paper [63, Theorem 2] by Kramer and Schratz.

Theorem 3.15 (Convergence of the MKG/MD Numerical Limit Approximations). Let ¢ > 0 be arbi-
trarily small and fix r1, 79,7 > d/2. Furthermore let 1y, € H™t"1(T%) and A;, A}, € H™t"2(T%) with
r} = max{4,71 +d/2 + €} and ry = max{1,72 + d/2 + €}. Then there exist T, C, My, 70 > 0 such that
the following holds: Let us define the numerical approximation of the the first-order approximation term
Yo(t) at time t, = n7 through

M 1 [ ic? M —ic2t, —
w(’f)h — 5 (elc t"ug’ +e ic tnvon,]\/[) ,

where wi'™ = (ui™, vi"™)T denotes the numerical approximation to the solution wy(t,) of the limit

system (3.108) obtained by the Fourier pseudo-spectral Strang splitting scheme (3.110) (see Sections 3.5.1
and 3.5.3) with time step T < 19 and M > My grid points in space (and thus a mesh size h < hg for
some hg > 0). Furthermore, let ¢3’M denote the numerical approximation to ¢o(t,) given through the

discrete Poisson equation

2 2

.y . i( up ™| — o™ ), in case of MKG, see (3.30Db),
—Amdy =py = 1 2 it
Z( uy | +|vy"| ), in case of MD, see (3.59b).
Also let
n,M n,M n,M
Ay =5(ag™ +ag)
-1
=cos (ctn(V>0,M) AM 4 (c(V)QM) sin (ctn<V>07M) cA'IM

and

0 Mo 1. M M
% Apt =Li(w),  (an ™ — ap ™)

C
=—¢(V)g prsin (ctn<V>0,M) AY + cos (ctn<V>07M> cAM

denote the numerical approximation to Ag(t,) and @Ao(tn), respectively, where Aﬁw,A’IM are the
C

evaluations of Ay and A’ in the grid points.
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Furthermore choose 01,9 € {0,1} according to the convergence bound

=0 ((516_1 + (526—2) from Theorems 3.3 and 3.4.

T

Hw(t) ettt

Note that in case of MKG (cf. Theorem 3.3) we have

S1=1 and 6, =0  if |5 —trol, 4 +|[¢7 = ¥roll,,, < Ke " and

(3.133a)
01=0 and d=1 i [y —roll,y + [[¥7 = ¢ioll,,, < K2
In case of MD (cf. Theorem 3.4) we have
di=1 and 6, =0  if |5 —¥roll, y +|[¢7 = ¥loll,, 4 < Kct (3.133b)

Then, we obtain the following convergence bounds of the numerical solution (¢ ’M, qﬁg’M, Aj ’M) towards
the exact solution (Y(t,, ), ¢(tn, ), A(t,,x)) T of the MKG/MD systems (2.20) and (2.36), respectively,
for all t,, € [0,T] and for all ¢ > 1 :

[ tta) = v
At - A5

o+ ||otta) - o5

et oA - oA < kmm (M),

< KD (7% 4 M7 g Syt 4 Gae ),
r+2,0

T7

where the constants K™ and K2"™ only depend on Mt M4 Mt MEH and on d and T but not

wo ?

onc, M orT.

Note that in [45] for the case of the nonlinear Klein-Gordon equation, the authors have shown a

@ (72 + 0_2) convergence bound for initial data satisfying bounds similar to the second line of (3.133a).

Remark 3.16 ([45, 69]). Similar to [45, Theorem 4] for the case of the cubic Klein-Gordon equation,
the results of this Theorem 3.15 can be extended to higher order limit approximations (cf. Section 3.2.3
and Section 3.2.4), i.e. for Ny, No, N3 € N

PO =gy Ty e+ N gy
¢<(>]<Y2*1) ::¢O + cfl¢1 + -+ Ci(N271)¢N2—1
ALY = Ay 4T Ay e N D Ay

These higher order limit approximations allow analytical convergence bounds of order O (C’N g ), 7=123
(cf. Theorems 3.3 and 3.4), i.e.

+ A - AL

o) = 0@)| +]|o - o>

< Ky M4 Ky, ™+ Ky,e ™,

r+2,0 7,0

where the constants Ky, only depends on the regularity of 1, ¢, A and the corresponding limit approx-
imations but not on ¢ (see also [45, 69]). Successively numerical solving the additionally arising partial
differential equations for the higher order terms by similar time integration techniques of order p as
described above, we reach numerical convergence of order O (C_Nf + 7P+ M_F), 7 =1,2,3, where 7 de-
pends on the regularity of the exact solution of the MKG/MD system (2.20) /(2.36) and on the regularity

of the exact solution of the higher order approximation terms.
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We proceed with the proof of Theorem 3.15.

Proof (of Theorem 3.15): Recall the identities

P(t) =
in (2.22) and (2.39), respectively, which directly transfer to

1

2 <€i02tu(t) + 6_i02t5(t)) and - A(t) = %(a(t) +alt))

bo(t) =+ (eicztuo(t) + e_iczt%(t)) and Ao (t) = L (ao(t) +@o(t))

2
via (3.7). We furthermore obtain from (2.39) that

OA() =i (V) (a(t) = a(1)) and  A(t) =iz (V) (ao(t) — o(1)).
Then we immediately obtain by triangle inequality that
[ty = w5 < Ittn) = wottnll, + Nottn) = il + [ - w™]|

< [Jeottn) = e ()| +lota) = wil, + ||t — wi™ (3.134)
T —— .
=O(51c7 1 452¢72) . —O(M1)

The first term can now be estimated by the results on the analyitical approximation in the nonrelativistic
limit and provides the ¢~! term according to Theorems 3.3 and 3.4. The second term corresponds to
the error of the time discretization and provides the 72 term due to Corollary 3.10. Similarly, the last
term gives the spatial approximation error which can be estimated by the M~ term according to
Proposition 3.14. The term qu(tn) — qﬁg’MHrH . is estimated in the same way, exploiting (3.78) and

Propositions 3.5 and 3.7, respectively.

From Theorems 3.3 and 3.4 and due to Proposition 3.14, exploiting that ay(t,) = aj, we have

|4t - 45| <lat) - ao(ta)lo +|
=0 (c_l + M_”) .

n ’IL,M
a; —a

r,0

Similarly we find
oAt - 0. a5 | <[V alt) = (Thopap|

—-1,0

< Nlaltn) = ao(ta) o + | (Vg af = (V) a5

r—1,0
—O(c M)
The constants can all be chosen independent of ¢, 7 and M and depend only on the constants ijrl,
./\/lfngTl, M£+T2, M;ﬁrz and on d and T ]

The latter Theorem 3.15 shows that numerical time integration schemes, based on the asymptotic be-
haviour of the exact solution of the MKG/MD systems yield good results in the highly oscillatory non-
relativistic regime where c is very large. Though, we observe that the numerical accuracy of this method
is limited by the asymptotic convergence rate O (¢™V) of the corresponding limit solution. Thus, they

are efficient in regimes ¢ > 1, where 72 > ¢~ for a given time step 7.

In the next chapter, based on the technique of “twisted variables” ([18]) we construct uniformly accurate
time integration schemes which allow error bounds of order O (1) independent of the large parameter c.

These schemes thus perform well in highly to slowly oscillatory regimes.
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CHAPTER

FOUR

TWISTED VARIABLES — UNIFORMLY ACCURATE TIME
INTEGRATION SCHEMES

In this chapter, we construct and analyse uniformly accurate numerical time integration schemes for
Maxwell-Klein—Gordon and Maxwell-Dirac systems. Due to error bounds of order O (1) independent of ¢,
these schemes perform well in highly to slowly oscillatory regimes. In the construction, we thereby exploit
the idea of “twisted variables” which has been introduced recently in [18] as a basis for the construction
of uniformly accurate time integration schemes of arbitrary high order p in time for nonlinear Klein—
Gordon (KG) equations. Within this chapter, we proceed as follows. In Section 4.1, we transform the
highly oscillatory MKG/MD first order systems (2.33)/(2.41) into “twisted systems” with slowly varying
solutions. These “twisted systems” together with a splitting idea then form the basis for the construction
of uniformly accurate time integration schemes in Section 4.2. We shall analyse the latter schemes in

Section 4.3 and collect the convergence results in Theorems 4.7 and 4.8.

Before we apply these ideas to our Maxwell-Klein—Gordon and Maxwell-Dirac systems, let us give a
rough overview of the “twisted variables” and their advantages. In [18], the authors considered nonlinear

Klein—Gordon equations of type

Ot =~ (V) + f[Y] where  f[] = f[¥). (4.1)
Rewriting the latter as a first order system in time ([18, 45, 63, 69, 70]) of type (cf. Section 2.1.4)
— -1 7 . S (] _ 1, T 192
iow = —c(V),w+c(V), Flw]  with  Flw] = (f[i(u +9)), fl3 (@ + v)]) . (42
with solution w = (u,v) " satisfying ¢ = %(u + ), the technique of “twisted variables” ([18]) now follows

the ansatz of “twisting” the variable w by a simple variable transform, i.e. we introduce
the “twisted variables” wi(t) = e_icztw(t).
These variables allow us to transform the system (4.2) with the highly oscillatory solution w

into a “twisted system” with a slowly varying solution w,.
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In [18], based on the latter “twisted system”, the authors constructed uniformly accurate time integration
schemes of numerical order p in time, independent of the paramater c¢. In this chapter, we mainly follow
the ideas of the paper [18] in order to construct time integration schemes for the MKG/MD systems
(2.20)/(2.36) which yield

first order error bounds in time uniformly in ¢ € [1,00).

Note that uniformly accurate time integration schemes for Klein—-Gordon and Dirac type systems have
already been proposed also in [11-14]. However, in contrast to the construction of the schemes in the
latter papers, the construction of uniformly accurate schemes based on the concept of “twisted variables”

allows us to easily increase the numerical order p in time of the method.

As far as we know, there exists, no literature which treats the construction and analysis of uniformly accu-
rate schemes for Maxwell-Klein—Gordon and Maxwell-Dirac systems. Our contribution in this chapter is
to adapt the technique of “twisted variables” from [18] to the case of the MKG/MD system (2.20)/(2.36).
In the construction of our scheme we combine the latter ideas with a splitting ansatz. Note that due
to the strong nonlinear coupling between 1, ¢ and A the construction and analysis in case of MKG
and MD is much more involved than in [18]. Based on the resulting first order “twisted system” with
bounded right hand side (see (4.15) below), we construct and analyse an exponential time integration
scheme which is uniformly first order accurate in time and does not suffer from any time step restriction.
Note that exponential integrators for nonlinear evolution equations have been originally proposed and

analysed in [55]. We give more insight in exponential integrators in Section 4.2.1 below.

The numerical time integration methods proposed and analysed in [18] for nonlinear Klein—Gordon equa-
tions of type (4.1) are uniformly accurate in time for all ¢ > 0, i.e. for a given time step 7 these methods
allow numerical error bounds of order O (7?) independent of ¢. Therefore, they allow good numerical
approximations also in the intermediate regime 1 < ¢ < 77P, where the paramater ¢ is too large to apply
standard methods for the time integration of Klein—-Gordon and Dirac type systems due to severe time
step restrictions 7 < ¢72 (see [9, 10, 15, 16, 51]), and where ¢ is too small to apply the methods based
on the asymptotic expansion of the exact solution (cf. Chapter 3 and see [18, 45]). Recall that for the
latter methods, the error of the numerical approximation is bounded in O (C_N + 7P ) for fixed N € N in
the sense of the H" norm (cf. Theorem 3.15), i.e.

error = asymptotic approximation error + numerical error .
—_—

=0(c—N) =0(7P)

Therefore, the reachable accuracy is limited from below through the asymptotic approximation bound of
order O (C_N).
The goal in this chapter is to adapt the ideas of the “twisted variables” to the Maxwell-Klein—-Gordon

and Maxwell-Dirac systems (2.20) and (2.36), respectively and to construct a uniformly accurate and

stable time integration method for all ¢ > 1.

Recall that we can rewrite the Maxwell-Klein—-Gordon and Maxwell-Dirac systems (2.20) and (2.36),
respectively, with solution (¢, ¢,.A)" as first order systems in time of type (2.33) in the case of MKG
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and (2.41) in the case of MD, respectively, with solution (w, ¢, a) (see also [21, 22, 70]), i.e.

0w =~ ¢ (V), w+ Flu, 6,a] + 8,Gw, 6. ], () =wy = (227 ¥1) (4.30)
—Ad =plw]
idha=—c(V)ga+ (Vg I [w, al, a(0) =a; = A; —i(V); " A}, (4.3b)

where dyp = 0 in case of MKG (cf. (2.33)) and dyp = 1 in case of MD (cf. (2.41)). Furthermore, we

have the identities w = (u,v)" and
Y= S(u+m) and A= _(a+a). (4.3¢)

Recall that from (2.33) in the MKG case and from (2.41) in the MD case, respectively, we have

Flw,¢,a] = ¢>( u) - %(qﬁ_ (V)6 (9),) <U—v>

11 oyt (lat @ (u+) 1,1 (—(a+7a)-V(u+70)
8C <V>c <|u+a|2 (U“‘U)) +’L2 <v>c ( (u+a)V(u+v)> ) (43d)
1 & _ o 1 ar. _ _
Glw, 6, a] = A <V>c_1 (Egcurl[a +a] + Dg. [¢] + 590 [i (V)g (a— a)]) (u+7v 7
2 ~ (3@%nla + @] + DF.[¢] + 3T (V) (a = D)) @+0)
and
] —i Re ((u +0)e (V) (u— v)) in case of MKG,
w| =
’ i(|u|2+ lv]* + 2Re (u - v)) in case of MD, o
4.3e
TP [w.a] P {Re (zi(u +7)V(a + v)) - lé( +a)|u+ E|2] in case of MKG,
w, al = c

ciPdf [(u+v)a(u+v)] in case of MD.

The main challenge in numerically solving these systems lies in the numerical solution of the equation
(4.3a) for the variables w = (u,v)". This can already be seen in the linear case where the nonlinearities

F = G = 0 vanish, i.e. for w satisfying

0w = —c (V) w, w(0)=uwy, (4.4)

c

with given initial data w;, as the linear operator —c (V) triggers the highly oscillatory behaviour of w

due to the phase ¢t in the solution (see also Chapter 3).

This motivates the ansatz of writing
w(t) = e tw, (1) (4.5)

for some smooth function w, = (u.,v.)" determined later. In particular, the identity (4.3c) admits the
representation

b(t,x) =, (t,z) = %(eicztu*(t, ) + ety (t, 7). (4.6)

Plugging the ansatz (4.5) for w into the above linear equation (4.4), we have on the one hand

idyw(t) = id, (eicsz*(t)) = i€t (—w,(t) + iOpw, (1)) (4.72)
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and on the other hand

2

10w (t) = —c (V) w(t) = e ! (—c(V), wi(t)). (4.7b)

c

Therefore, the “twisted variables” w, in the linear case satisfy the system
iDw.(t) = —( (V), — A)wn(t),  w.(0) = w(0) = wy, (4.8)

which motivates the definition of the operator

The big advantage in numerically solving the system (4.8) for w, instead of (4.4) for w and respecting the
relation w(t) = ety (t) from (4.5) now relies on the uniform boundedness for all ¢ € R of the operator
(cf. Lemma A.11 and [18])

Lo:H™ - H"

Therefore, the solution
w,(t) = eFew,(0)  of the system 10w, (t) = —Low,(t) with w.(0) = w;

is only slowly varying. We recover the highly oscillatory phase of the solution w of (4.4) by multiplying

. ;.2 .
w, with et i.e.

U)(t) — eic%w* (t) _ €i62t6it£°w* (0) _ eitc<V>Cwl.

In the subsequent section we exploit these ideas in order to derive the “twisted system” corresponding
to the nonlinear first order system in time (4.3), which allows us to construct a uniformly accurate time

integration scheme for MKG and MD systems.

4.1 The “Twisted System” for MKG/MD

This section is based on [18]. Our aim in this section is to derive a “twisted system” corresponding to
the first order system (4.3) above. We therefore exploit the ansatz from (4.5) and twist the variable w
ic%t

by the oscillatory phase e*¢ *, i.e.
w(t) = et (t),

and plug it into (4.3). Note that due to Remark 4.1, it is sufficient to only twist the variable w in the
system (4.3), since the structure of the system allows to deal with derivatives of a of order O (¢ (V) a).
Thus it is not necessary to also “twist” the variable a. Though, for numerical implementation issues we
may slightly manipulate the equation (4.3b). We thereby modify the wave equations for A in the original
MKG/MD systems (2.20b)/(2.38b) in such a way that we insert and subtract an additional linear term

+v2A. More precisely, we consider
2
A= —c*(—A+ Z*Q)A"‘ YA+ Py [J] for y € [0,1].

2
Introducing the operator (V)V/C = (-A+ 7—2)1/2 and making, analogously to Section 2.1.4 and Sec-
C

tion 2.2.2, the ansatz a¥ = A — i (V)

Ve c 19, A, we have as before A = %(a7 + a7). Furthermore a”
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then satisfies

2
0,07 =~ ¢ (V) a7+ (V) ), (%(cﬂ + @) + I [w, a“’]) , 0
a?(0) =A; =i (V) AL, v e0.1],

which for v = 0 coincides with (2.33c) and (2.41b), respectively. In the following, we use the notation
al=a’ and A, = %(az ) (4.10a)
and observe similar to (2.39), that

Replacing w in the nonlinear problem (4.3a) with the twisted variables w = eiCQtw*, we obtain the

transformed (“twisted”) system for wi,
10w, () = — Lows + et (F[eicztw*, o, al]+ G[eic2tw*, o, ul}), w4 (0) = wy. (4.11)

Note that the phase e=* in front of the nonlinear terms F and G is due to an identity similar to (4.7).

More precisely, on the one hand we have
10yw(t) = 10y (eicztw*(t)> = ¢ic’t (—Pw.(t) + i0w. (1))
and on the other hand

iOpw(t) = —c (V) w(t) = €t (= (V) wa(t)) + F[e tw., ¢, al] + Gle" tw,, ¢, al].

c

In a next step, plugging w(t) = eiCth*(t) into the definition of the nonlinear densities p and J¥ given in
(4.3e), we observe the following expansion in terms of different phases eIt for 7 =-2,0,2, i.e.
.2 .2 ;2
p =ple’tw.] = pllw.] + ¥ pl[w.] + e p 2 [w],
. 2 . 2 . . i
¢ = st:t =¢2 + e?ic t(lﬁ + e e t¢;27 —A(ﬁi = pi[w*]v] =-2,0,2 (4'13)

JP :JP[eic%w*, az] _ Jf,O[w*7 u'*y] + €2i52tJf’2[w*, az] + 6721‘6%,]:3’72[11)*, az]

Details on this expansion are given separately for the MKG case and the MD case, respectively, in
Sections 4.1.1 and 4.1.2 below. Note that because ¢ is a real valued potential and because J is a real
valued current, we have the relations p;2 = p2 and thus ¢, 2 = ¢2 and JP2 = g2, respectively.

A short calculation shows that exploiting the ansatz w(t) = e tw, (t) and the expansion (4.13) of ¢ = ¢*

allows us to expand the nonlinear terms F|w, ¢, a)] and G[w, ¢, al] given in (4.3d) as follows

.2 .2 i o2 i o2 i o2
—ict t 0 21ct 2 —2ict pp—2 —4ic®t p—4
et F[ezc w*,¢7 01] :F* +e 1C F* +e ic F* de ic F* )

et G[e tw,, ¢, a)] =GO + 2t G2 4 e~ A G2 | it G, (4.142)

More precisely the terms F = F™|w,, ¢}, $?, a] and G™ = G™|w,, ¢2, ¢2, a],m = —4,—2,0,2 depend

* 9
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on the variables w,, ¢?, $? and a] and read

(¢-@em.)(T)

(4.14b)
(@@, ) () i (e em, ) (D)
VUx U
|y TP () i (al+al)-Vor
r @ (il (@) s (L
r(@E-wraEe.) ().
U
Furthermore, for d,;5, = 0 in case of MKG and dyp, = 1 in case of MD we obtain (cf. (4.3))
& _ils. ()" ( (508mlal + ] + D5 [6%] + S DE[H (V). (a2 —al)]) - u.
s T A\ (G@%alal + a2] + D568 + ;DT (V), . (a2 — al)]) <o
G2 =ilo vyt [ (A
’ ~(DF[#2) - v
(4.14c)

G*_2 —ZéémD <v>c_1 ( % _ _ _ 1 =
7(7Dcaurl[u’*y + Cl:” + :Ddalv[¢2] + 7300‘[2 <v>’y/c (a’*Y - az)}) S Us

2
+ (%V[qf]).u* )
- (P&u[02]) - v-

G =ilo,n (V) ( (D&.[42]) v) |

Ggiﬂ@+uﬂ+©&ﬁﬁ+;Dﬂﬂvhmwl—dﬂfwj

In particular this implies that in case of the MKG system GJ* = 0, for m = —4, —2,0,2. Recall that by
Definition 2.6 we have that for a(z) = (a1(z),...,aq(z))"T € C% and ¢(z) € C

d
Sald] = =5 D aal(9(an) — (D)),

Jk=1
J#k
N d ~ d
D30 =) a;(0;¢) and lal =Y ay(a).
j=1 j=1

In the following we collect the indices m = —4,—2,0,2 in the index set I,,, = {—4,—2,0,2}. Moreover,
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we may also write for m € I, and j = 0,2

where pi, JEI will be given later in Sections 4.1.1 and 4.1.2. Gathering the equation for aj (4.9), the
equation for w, (4.11) and the expansion of the nonlinear terms (4.14), we formulate the “twisted system”
corresponding to the MKG and MD first order systems (2.33) and (2.41), respectively, for z € T¢ and

te[0,7] as
10w, = — Lo+ (FO+ GO) +e¥° (F2 4+ G?) + e 2 (F72 + G?)
+e—4i02t (F*_4 + G*_4) :

2 J— . . T
iha) =—c(V),  al + (V) ), (;’—c(al ta]) + JPO 4 2’ gP2 4 —2ict g P ’2) :
w.(0) =w(0), a)(0) = a?(0)

F" G m € I, asdefined in (4.14), I, ={-4,-2,0,2},

(4.15)

plj=0,2

4 as defined in (4.17) for MKG and (4.18) for MD.
I =02

Note that P,H” C H" (see Definition A.13) for all # > 1. Thus, combining the local well-posedness
result from Proposition 4.2 for r > d/2 with Corollary A.15 on the zero mode of the solution al(t) for
all times t € [0, 7], we deduce that

if Ay € PyuH", Ay € P,y H™™', then a; € P H".
In particular, the zero Fourier mode of the solution aj(t) of (4.15) satisfies by Corollary A.15
(a/z@)o —0 foralltel0,T].
At the end of this subsection we give a short remark on the derivatives of w, and a.

Remark 4.1 (A Remark on a}). Recall that our aim is to construct a uniformly accurate method for
¢ > 1 for the MKG/MD system, which is based on the “twisted system” (4.15). Following the paper [18],
the basis for such methods is the uniform boundedness in H" with respect to ¢ of the time derivative of

the right hand side nonlinear terms in (4.15). More precisely, we require bounds
IF (t+5) = ER @), + GY(t+ ) = GO, < |s (K + K&p) (4.16)

for m = —4,-2,0,2 with constants K%,,, K%. > 0 independent of c. In view of the term c (V),)cad in

the equation for a in (4.15), it seems to be a hard task to establish these bounds independent of c. But
fortunately, in Section 4.3.4, we are able to play back the bound (4.16) for F™ and G¥* to the bound

[we(t +5) = w @)l + 7 al(t + ) — al(t)]], < |s| Ky, a7,
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with a constant K,, .v > 0 independent of ¢ but depending on ||w.||,,, and on |[al|,,,. Due to bounds

H(V);le < cHw|,, for all w € H™ from Lemma A.11, the factor of ¢™' in the latter term is
,’n/

provided by the operator <V>c_1 in front of each term in F™ and G™ involving a.

Next, for the interested reader, we give explicit formulas for the densities pi and JI g 7 = 0,2 from
(4.15) in the subsequent subsections, starting off with the terms in the MKG case, followed by the terms
in the MD case. Afterwards, we state a local well-posedness result on the system (4.15). We carry out

the construction of the uniformly accurate time integration scheme in Section 4.2 below.

4.1.1 Nonlinear Terms in case of MKG

Note that in case of MKG we have G = 0 and thus also G* = 0,m = —4, —2,0, 2. Replacing w and a by
the variables ¢’ fw, and a} in (cf. the MKG first order system (2.33))
plw] = = { Re ((u+ )™ (V), (@~ v)),
JP[w, a] =P [Re (zi(u +T)V(T+ v)) — @@ ual’],
then yields the decomposition (4.13), where the charge densities p) = pl[w,], 7 = 0,2 and the current

densities J57 = b7 [wy, al], 5 =0,2 read

pllw.] = = = Re (u. (V), T — 7 (V) v.),
1
p2f] = = L (cu (), v 40 (V) ),
., ) . o, , (4.17a)
J* 70[w*7 ClZ] :Pdf |:'L§ (U*VfT* - T*VU* +UT<VU* - U*V@) - g(az + a;’)(|u*| + |'U>|<| ) 5
TP [w,, al] =P, [zé (4 Vo, — 0.Vu) — (a2 + E)(u*v*)] .
The potentials ¢¥, ¢2 are solutions to Poisson’s equations
~A¢Y =p?  and — AP? = p2. (4.17b)
4.1.2 Nonlinear Terms in case of MD
Similarly, the charge and current density (cf. MD first order system (2.41))
plu] =2 (juf® + [of? + 2Re (u-v)),
TP [w)] :ciPdf [(u+P)(u+ v)]
are decomposed according to (4.13) with
1 2 2
] =4 (ol + ),
PAwe) =1 v,
4 (4.18a)

1 ___
JPOw,] :cZPdf [u.oar, + v,aw,],
1 —
JP2[w,] :cZPdf [u oo, ] .
This yields the Poisson equations

—A¢? =p?  and — A¢2 = p2. (4.18b)
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4.1.3 Local Well-Posedness of the Twisted System

The local well-posedness results of this section are based on [19-22, 34, 35, 70, 71, 79, 80]. According
to the latter papers, the MKG/MD first order system in time (4.15) with solution (w,¢,a)’ is locally
well-posed in H" X H™ < HT independent of ¢ (see also Propositions 2.4 and 2.7), where

r" =1 in case of MKG and ' =2 in case of MD.

From the relation w(t) = ¢ w, (t) we thus immediately obtain the following local well-posedness result
for the “twisted system” (4.15).

Proposition 4.2 ([21, 22, 34, 62, 70, 79], see also Propositions 2.4 and 2.7). Let ¢ > 0 and let r > d/2.
Let the initial data

of the MKG system (2.20) satisfy (¢r,), Ar, AT € H x H" x H” x H™! or

of the MD system (2.36) satisty (vr, Ay, A})T € H" x H" x H™™1,

respectively. Then there exist constants T, B > 0 such that the solution (w.,¢%,¢2,a.)" of the
MKG/MD first order “twisted system” in time (4.15) satisfies (cf. Propositions 2.4 and 2.7)

Jwoe (@)l + (|69 0+ 62O,y o+ lae(®)llg < B in case of MKG
fwe (@)l + [620) | 1p0 + 162D, 1p0 + o (®)llo < B in case of MD

for all t € [0,T].

Proof (see also [21, 22, 34, 62, 70, 79] and references therein): The proof is an immediate consequence of

the identities
w(t) = ¢ w(t), olt) = o (1) = 60(1) + (1) + e G (r)  and
S(@1(0) + al(t) = A(t) = J(a(t) +a(1))
together with Propositions 2.4 and 2.7, where (w, ¢, a) " solves the MKG /MD first order system in time
(2.33)/(2.41). Due to the definition of ¢ for j = 0,2 as the solution of a Poisson equation of type (4.17b)

and (4.18b), respectively, we can establish bounds for j = 0,2 (see also the proof of Propositions 2.4
and 2.7)

I (t) A~ pL(t)
[62(t) ||r+10 <l ol HT+10 < et HT 1,0 ) in case of MKG,
<K [|lw. (@t [[e < w*||r_1 < K flw @l (4.19)
J (¢t <||A-? .
’ ¢ )Hr+2,0 = H PLE) H H“O in case of MD
<K |lw.(t)]?

with constants K independent of c¢. Thereby we exploit results from Lemma A.11 on the operator (V)

and we exploit bilinear Sobolev product estimates from Lemma A.8. This finishes the proof. O

We proceed with the construction of uniformly accurate time integration scheme based on the “twisted

variables”.
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4.2 Construction of Uniformly Accurate Schemes

In this section, based on [18], we construct a numerical time integration scheme which exploits the idea
of “twisted variables”. Due to the strong nonlinear coupling between the solutions w,, aj and ¢?, ¢?2
the construction is much more involved than in of nonlinear Klein—Gordon equations. To overcome this
challenge we combine the idea from [18] of applying exponential integrators to the “twisted system” (4.15)
with a splitting ansatz. For an overview of classical exponential integrators, see [55]. Because most of the
ideas and results in this section are very similar in case of Maxwell-Klein—-Gordon and Maxwell-Dirac
systems, we carry out the construction such that it applies up to small changes for both systems. If
at some point particular considerations for MKG or MD are necessary, we remark them explicitly. In
particular recall the different nonlinear terms G7°, pi, JPT for m = —4,-2,0,2 and j = 0,2 in both

cases (G = 0 for MKG), see (4.14) and Sections 4.1.1 and 4.1.2. In both systems the structure of F}"

is the same.

Due to 0 < v <1, we have 0 < v/c < 1 for all ¢ > 1, i.e. the operator <V>WC and its inverse satisfy the

following bounds for a € H"*! according to Lemma A.5, i.e. H<V>,Y/CCLH < Kla|,,, and
T

—1

|3 a| <[ o97ka] <l < Kllall, -

7,0

The “twisted system” (4.15) allows us to construct time integration scheme based on the “twisted vari-
ables” which have numerical order p in time uniformly in ¢. More precisely, if we apply these methods
to the (4.15) with time step 7, then at time ¢, = n7, n =0,1,2,...,T/7 the numerical approximation

(w?, al™) T~ (w.(t,),al(t,)) " satisfies error bounds of type

[w —w.(tn)l, + la2™ — al(tn)ll, o < K77

with a constant K > 0 independent of ¢. Within this thesis we focus on the construction of a uniformly
accurate method of order p = 1 in time. However, similar to [18] this construction extends to arbitrary

high order p € N. We proceed in the subsequent subsection.

4.2.1 First Order in Time Uniformly Accurate Time Integration Scheme

In this section we exploit ideas from [18; 55] and construct an exponential uniformly accurate splitting
integrator for our “twisted system” (4.15). A comprehensive overview about exponential integrators can
be found in the review article [55] by Hochbruck and Ostermann. Let us illustrate the construction of
an exponential integration scheme (see [9, 10, 16, 18, 54, 55]) at the example of a nonlinear Schrédinger

2 in our “twisted system” (4.15) essentially

equation. Because the leading operator L. = ¢(V), — ¢
behaves like the second order Laplace operator A (see Lemma A.11), the ideas for the construction in

this particular example can be transferred to our setting.

Example 4.3 ([18], see also [9, 10, 16, 54, 55]). Let r > d/2. Consider the cubic nonlinear Schrédinger
(NLS) equation for z € T¢ and t € [0,T] equipped with periodic boundary conditions, i.e.

iOu=Au+alul>u, u(0)=u; e H(T%, aecR. (4.20)
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We collect the nonlinearity of the latter system in glu] == —i« |u|2 w. Then Duhamel’s formula (see for

instance [85, Proposition 1.35] and also Proposition A.20) yields that for t,, € [0,T] and 7 > 0 we have

u(ty, +7) = e Ru(t,) + / e T glu(t,, + s)]ds. (4.21)
0

Observe that adding zeros in terms of glu(t,)] yields
wlty +7) =e—ut,) + /OT == gyt ds
+ /0 Tt (g[u(tn +5)] - g[u(tn)]>ds.
If we define the method
Orp[ultn)] = e T Au(t,) + /OT e T glu(t,)]ds, (4.22)
we obtain by the triangle inequality

(4.23)

[t +7) — ®7 s [utn)]], < ‘

/OT o—i(r=9)A (g[u(tn +8) - g[U(tn)]>d5

The claim is now, that the method ®7,,, is first order accurate in time. Therefore, we show that the

local error® (4.23) of ®7,, satisfies an O (72) bound with a constant independent of T and that the

exp,1
-
method @7,

T
r

is stable® to perturbations in the data, i.e. for u(t,),u” € H" we have that

@1 [u(tn)] = T [u™]], < €57 flutn) —u”], .

exp, exp,1

with a constant L only depending on ||u(ty)||, and ||u™||.. The latter is easy to verify by using the

[
isometry property (4.25) of e*® in H" (see Lemma A.10) together with the bilinear product estimates in
H" for r > d/2 from Lemma A.8. The crucial point, in proving the first order convergence of the method

o thus relies on establishing the local error bound

gxp,17
[term (4.23)] < K72 with a constant K independent of 7.

To show this bound, we firstly establish a bound of type

llg[u(tn + s)] — glu(tn)]|l, < K|s| with a constant K independent of T, (4.24)

exploiting a bound similar to Lemma 4.11, i.e.

e uttl, = el and e = 1uten)]], < Isl (4.25)

r+2

and using that (similar to [18, Lemma 5]) Duhamel’s formula (4.21) implies together with the bilinear

estimates from Lemma A.8

[ultn +5) = ultn)ll, <ls|llu()l, o+ [s] Sap lg[u(tn + .

8]

<ls| (u(tn)llr+2+|a sup IIu(tn+€)||§>~
€€0,5]

®See Definition A.17 for the local error of time integration schemes.
®See Definition A.18 for the stability of time integration schemes.
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This immediately yields the desired bound for the time derivative of g in (4.24), with K only depending
on supgepo, 71 [[u(€) |, o Secondly, another application of the triangle inequality to (4.23) together with
the isometry property (4.25), then implies the O (7'2) local error bound.

We have seen that due to the bound (4.23) the term (4.22) describes an approximative solution of the

NLS (4.20). In the following, we describe a corresponding exponential integration scheme in more detail.

Recall that from (4.22) we have

Fpaluttn)] =72 (u(e) + [ e *Bds glu(e)] )

0

The remaining integral term can be integrated exactly — considering the operator e**® in Fourier space
(see Lemma A.10) — and we obtain the following first order exponential integrator for the NLS (4.20)

iTA_l

un—i—l _ (I)T : ’
iTA

eval[u”] = TiTA (u" + 701 (iTA) g[u”]) with 1 (iTA) = ¢

where the ¢; functions ([55]) are given in Definition A.22.

The first order approach can be extended to higher order exponential integrators (see [55]). Here we are
interested in a particular type of exponential integrator (see for instance [18]).

Note that as described in [18, Section 4.1], we can increase the order of convergence of the method ®7,

with order p = 1 easily by recursively plugging in Duhamel’s formula (4.21) into itself, i.e.

u(ty +7) = e Ru(ty) —|—/ e TR, [e_“Au(tn) +/ e DB g lu(t, + o)]da] ds.
0 0

-
exp,2

un+1 — q);-xpg[un} — e—iTA (un +/ eisAg |:e—isA (un +/ eiaAdO_ g[un]ds) :|>’
0 0

which involves higher order ¢; functions with j > 1 ([55], see also Definition A.22).

Thus, we obtain a second order accurate method ® via

Higher order methods @, ,, with p € N can be constructed recursively in a similar way. o
The latter example has shown that the basis of exponential integrators ([55]) for the NLS (4.20) relies
on Duhamel’s formula (4.21) for its solution w. Furthermore, we have seen that a crucial point in the

analysis of the resulting scheme is the boundedness of the time derivative of the nonlinearity g in (4.24).

Let us focus on the construction of uniformly accurate in ¢ time integration schemes for the MKG and
MD systems. We already pointed out, that the twisted first order systems (4.15) have structure, similar
to the NLS (4.20). In particular, this is due to the essential behaviour of the operator L. = ¢ (V) — ¢?
applied to w, € H"*2 similar to the Laplace operator A applied to w, € H"T2. More precisely, we have
(see Lemma A.11)

| Low, |, < % |w.l, o, forallceR.

see [18, Lemma 3] and Lemma A.11. Following the ideas in [18] and Example 4.3, we thus need to
establish uniform bounds of type (4.24) for the derivatives of F}*, G* which are independent of ¢. We

combine the construction with a splitting idea for the system (4.15).

Consider a discretization of the interval ¢ € [0,7] with a time step size 7 > 0 such that ¢, = nr,

n=0,1,2,...,T/7. In the following, we use the notation ’T[ZC] = exp(iTL.) (see (3.70)).
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Recall Duhamel’s perturbation formula (cf. Proposition A.20) for the solution (w.,al)" of (4.15)

w4m+7%ﬂﬁmwam—iﬂ LT YT e ) (B (1, + 5) + G (1, + ) ds,

mel,
&2t +7) =Ty, (1)
SO ST C CURRECES) (420
+ T 0t + 5)

+ e+2ic2(tn+s)Jf,2(tn + S)

+ 672i02(t"+5)Jf’2(tn + s)) ds,

where I, = {—4,—2,0,2}. In order to numerically handle the strong nonlinear coupling between w, and

a, in (4.15), we split the system (4.15) into the subproblems

(0w, = — Lowat (FO+ GO) 4% (F2 + G2) 4+ 72 (F72 4+ G?)
+ef4ic2t (F;4 + G;4) ,

o (4.27a)
Al =pl, j=0.2
i0;a] =0, given initial data w.(0), a](0)
and
10;w, =0
i0pa) = —c(V), al + <v>;}c (g(az tal) 4 JPO 4 e2ic’t gP2 o e—%"tﬁ) , (4.27b)
given initial data w.(0), a7(0),
with

F™,.G™mel, and JP7 j=0,2  given explicitly in (4.14) and (4.17)/(4.18).

In the following paragraphs we derive a numerical scheme for the solution of subproblem (4.27a) first and
afterwards for subproblem (4.27D).

Numerical Solution of Subproblem (4.27a)

Note that Duhamels’s formula (see Proposition A.20) corresponding to subproblem (4.27a) reads in the
notation I, = {—4,-2,0,2} ((cf. (4.26))

- i T—S mic? nt+s m
b+ 7) =TZ ) =i [ TZ3T Y e (4 5). (1)
el G Wt + 5), 02 (1)) )ds,  (4.28)
al(t, +7) =a(t,).

Having a closer look at the nonlinearities F”* and G given in (4.14), we observe that the terms involving

a] come together with the operator <V)c_1. Exploiting the bounds of type H<V>_

1 _
: wH < e Jwl|, from

Lemma A.11 allows us to establish uniform bounds in ¢ on the time derivative of F}"+G7* in Section 4.3.4.
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This means, that the nonlinearities F]* and G7* are only slowly varying in time, which is discussed in

more detail in Remark 4.1. More precisely, in Duhamel’s formula (4.26) above, we have (cf. (4.76))

FMwi(ty + 8),a) (tn + 8)] + G wi(tn + 5), a) (tn + 8)] (4.29)
—FM[w.(t), a2 (tn)] + G w. (1), a2 ()] + O (s), '

These bounds are discussed in more detail later on in Section 4.3.4. Furthermore, due to Lemma 4.11

S

the operator T[L_C] is a smooth perturbation of the identity from H"*2 to H", i.e.
_ 1
for w0 € H™? we have H(T[EC]S - U“’HT < sl e,z -
We thus carry out the construction of our scheme for the integration of w, by simply
e “freezing” the nonlinearities F!™, G at time t,, in (4.28) (cf. (4.29)),
e substituting 7, | in the integral term in (4.28) by the identity and
e integrating the remaining integral terms [ emic’sds = 1o (mic*7) in (4.28) exactly in time (see

Definition A.22 and [55] for definition of the ¢; funtions).

Note that for according to Definition A.22 we have ¢1(z) = (e — 1)/z for z € C. The scheme for

numerically solving subproblem (4.27a) then reads

W [ (), a2()] = (Lo (4.300)

where in the notation I,,, = {—4,—2,0,2} the numerical flow ®7, is defined as
@7, [wi(tn), al(tn)]
=72y (00 =1 Y mermictn)em (2 (). 0 (0] (4:300)
o £GT i (6).a(0) )

Note that for m € I,,, the nonlinearities F!™, G are given explicitly in (4.14), and that for MKG we have
G =0 (cf. (2.41)). Next, we derive a similar scheme for the solution of subproblem (4.27b).

Numerical Solution of Subproblem (4.27h)

We proceed with the construction of a scheme for the solution of subproblem (4.27b), similar to (4.30).

Duhamel’s formula corresponding to the second subproblem (4.27b) reads

Wy (ty, + 7) =ws (L),
(b +7) =Tl ()

— T T—8 2 al
i <V>7}c/o T, <;c(“3(t” o)+ ailtnt ) (4.31)

+ I Mw(tn), ol (ta + 5)]

+ e+2ic2(tn+5)va2[w* (tn), a (tn + 3)}

+ e—2ic2(tn+5)ﬁ[w* (tn)7 az (tn + 8)]) ds.
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Recall from Sections 4.1.1 and 4.1.2, that the currents Jf’j,j = —2,0,2 are different in the case of MKG
and MD, i.e. in case of MKG we have (see Section 4.1.1)

TPOw,, @7] =Py [i5 (0, VT — TV, + 5V, = 0.95) = £ (a7 + al)(juf* + [0.)]

JP2[w,, a)] =P, [Zé (4. Vv — 0. Vi) = £ (a2 + al)(u.v.)] |

and in case of MD we have (see Section 4.1.2)

JPOw,] :ciPdf [usOs + Tratvy]

! (4.32)

T2 w,] :cZPdf [usov,] .

Firstly, we observe that due to Duhamel’s formula (4.31) and due to the bound (cf. (4.73) and Lem-
mas 4.11 and A.10)

|7 ee™ (= eaz(tn) = a2(ta))|| < lsl a2t
we have the following bound on the derivatives of a] within subproblem (4.27b)
(V)5 La(ts +9) = (V)1 Lal(t) + O (s) (433)

in the sense of the H” norm. The latter bound can be established in the MKG case as well as in the MD
case. Note that the idea of freezing J for j = 0,2 yields different bounds in the MKG case as in the

MD case. We thus distinguish between the two cases in the following.

The MKG case: Freezing J for j = 0,2 at time t,, the bound (4.33) together with the bilinear

Sobolev product estimates from Lemma A.8 provide the bound
T Nw(ty + ), 0] (t + 8)] = T [w.(ta), al ()] + O (s)

in the sense of the H” norm. Later in Section 4.3, we combine this result with (4.29) to show first

order convergence bounds uniformly in ¢ of our method.

The MD case: However, applying the previous standard estimates in the MD case in H" to I for

j=0,2 (we omit the second argument in J. ) yields bounds of type
T wi(tn) + O (s)] = I [we(tn)] + O (cs)

which are not independent of c. Thus, freezing JII at time t,, does not directly yield c-independent
numerical approximation bounds. Despite that within this thesis for general Maxwell-Dirac initial
data, we have not been able to prove global first order convergence bounds uniformly in ¢ for the
method constructed in this chapter, the results of our numerical experiments in Section 5.4 do not
show any c-dependence. Note that respecting the findings given in Remark 4.4 below, we can set up
conditions on the initial data of the MD system (2.36), see Assumption 4.5. More precisely, according
to the decomposition (2.42) of the initial data ¢; into upper and lower components 1/1?, Py, we assume
that

or = (Wi, w7)T satisfies  (v;7oUF) =0 (¢7h). (4.34)
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Figure 4.1: (MD, Simulation of the H2 norm of ws(tn) = (uf (tn), ux (tn), v (tn), vy (£2))T). With the special choice
of initial data according to Assumption 4.5 for the MD system (2.36) (or the reduced MD system (2.37), respectively)
we observe in our numerical simulation for d = 2 that v} (t,) = O (1) and u (t,) = O (c’l) for all t, € [0,20]. The

latter can be seen from the second from left semilogarithmic plot since the lines corresponding to |

Uy (tn)H2 for values

c=1.59% ¢ =0,1,...,6 are equidistant. This allows us to bound u:EE in O (1) in the sense of the H? norm. Thus
JP? = O(1), see (4.36). The numerical approximation to the solution w. of the MD first order system (2.41) at time
tp, =n7t,n=1,...,20/7 for the time step 7 &~ 0.004 is obtained via the “twisted” time integration scheme W7 (with v = 1)

given in (4.39) with initial data corresponding to Experiment 5.3 (see Section 5.4) which satisfy Assumption 4.5.

Due to Remark 4.4, these assumptions combined with the local well-posedness results from Proposi-
tion 4.2, allow us to establish the bounds JI7 () = O (1), j = 0,2 uniformly in ¢ for all ¢ € [0,7].

Then, freezing JPI at time t,, yields the following approximation bound independent of ¢
TP w.(tn) + O (s)] = TP [wa(t)] + O (5). (4.35)

The proof of the uniform first order convergence of our scheme for general initial data might be

interesting future research.

We gather the additional assumptions (4.34) on the initial data of the MD system (2.36) in Assumption 4.5

below.

Remark 4.4. Consider the definition of J57 in (4.32) in the case of Maxwell-Dirac . According to
(2.42) the solution w, = (u.,v.)" = (uf,u;,v},v7)T obeys the following structure in the sense of the

H"™ norm
wt(t) =0 (1Y vt (1) =0 (F(1) .
uy (t) =0 (¥~ (1)), v (t) =0 (™),

Assuming that ¥*(t) = O (1) we deduce from the latter that

for all times t.

JP0 = 1P, [quE FuToul +oiovl + Emﬂ —0Q).
Therefore, the argumentation in (4.35) can be applied to JI™° and we find

TP, (t,) + O ()] = TP [w.(tn)] + O (5) .
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In view of the decomposition

JP? :c%fpd[ [ufov, +u,ov]] = c%Pd[ [ufov, |+ ciPd[ [u; oo}

e En T (436)
=0 (1+c(v"T7)),

the term J*% = © (1) is uniformly bounded with respect to c. However, in order to establish uniform
boundedness of JI?, the remaining term JI*¢ = © (C(?b_ﬁlﬁj)) requires to set up the condition on
the components 1* of the exact solution v = (+,9~)" to satisfy Y~ o¢T = O (c‘l). Thus, the

argumentation (4.35) on Ji applies only in the special case where the initial data
Yr = (Wi, ;)" satisfies (QD;EE) =0 (c), see Fig. 4.1.

Such a restriction has already been used in [22, Theorem 1.3] in order to obtain a better convergence of
the nonrelativistic limit approximation (see (3.59) in Chapter 3) in low regularity spaces by assuming
that ¥y = O (c7).

We collect this particular choice of Maxwell-Dirac initial data in the following Assumption 4.5.

Assumption 4.5. Let r > d/2 and let ' > 0. We assume that the initial data ¢(0) = ¢ = (Y], ¢;)"
of the Maxwell-Dirac system (2.36) satisfies
o], <
r+r’

with a constant K independent of c.

Fortunately, promising numerical experiments in Section 5.4 suggest that our scheme is uniformly con-

vergent also for initial data violating the latter Assumption 4.5.

Even though there are challenges in proving convergence bounds uniformly in ¢ of our method in case
of MD with general initial data, we proceed with the construction of our method for both cases. Note
that in case of MD with initial data satisfying Assumption 4.5 and in case of MKG, the construction and
the analysis of our method is rigorous. Since we have not been able within this thesis for general initial
data in case of MD to prove uniform convergence bounds, the construction in this case is only formal but

admits also first order convergence bounds uniformly in ¢ in our numerical experiments in Section 5.4.
We come back to the construction of a method for solving subproblem (4.27b). Respecting the above

considerations, the idea for the construction follows the same ideas as before. We thus

e “freeze” the terms J!* for j=—2,0,2 as well as the terms a; at time ¢, in the integral in (4.31)

and to

AVl
time (see Definition A.22 and [55] for definition of the ¢; funtions).

e integrate the remaining integral terms fg ’7{‘5 i’ ds = TP, (iT(j02 — C<V>'y/c)> exactly in

Recall that according to Definition A.2, the Fourier symbol of (V). = (A ++7/ (32)1/ ? is given by

(V)e), = (kP + 72/02)1/2 for all k € Z¢. (4.37)
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This allows us to evaluate ¢, (iT(jc2 —c(V), /C)) in its Fourier representation.

The resulting scheme for numerically solving of subproblem (4.27b) is based on Duhamel’s formula (4.31)

above and reads

g, [ws(tn), al(tn)] = (g:(tﬁz*(tn) az(tn)]> : (4.38a)

where we define the numerical flow ®7 as

(I)E* [w* (tn)a aZ(tn)]

2

arir etv0) (T +ale)

2c
(4.38b)

+Jf’0[w* (tn), al(tn)]
o1 (ir(+262 = ¢(V), ) €52 T P2 (1), @ (1)

Yo (iT(—2c2 —e(V), /C)) e 2t P2y (1), a;’(tn)]}) .

Note that the currents Ji* , j = 0,2 are given explicitly for the case of MKG in (4.17) and for the case
of MD in (4.18), respectively. Next, we combine the solutions of the subproblems (4.27a) and (4.27b) in

the subsequent subsection by a simple splitting idea.

A First Order in Time Uniformly Accurate in ¢ “Twisted” Scheme

Employing a simple splitting idea, we combine the numerical flow W7 ~given in (4.30) for the numerical
solution of subproblem (4.27a) with the numerical flow W7 given in (4.38) for the numerical solution
of subproblem (4.27b) as follows. Firstly, we compute the numerical flow W7, corresponding to sub-
problem (4.27a) and afterwards we use the numerical result in order to compute the numerical flow \I/:‘IZ
corresponding to subproblem (4.27b). Starting from an approximation (w?,al™)T to the exact solution

(wa(tn),al(ts))", we thus obtain an

approximation (w™1, a?" )T to  (wa(tpi1), al(tns1)) "

Exploiting (4.13) and solving the Poisson equations (4.40) for ¢2""" and ¢2" " we obtain a numerical

approximation to the potential ¢(t,41) = ¢ (tn+1). More precisely, we numerically approximate the
exact solution (¢(tn41), ¢(tns1), A(tny1))" of the MKG/MD system (2.20)/(2.36) via

1 ic? —ic? 1 1 1

f+1 = 3 (e“ tn+1u;’:+1 4 el tn+1v3k1+1) and .A:}J'_ _ 5(az,n-‘rl +a? n+ )7 (4.393‘)
o 1 Lo 1 1 . .

and ¢t where w?t! = (w1, 0Pt T, " and al T are given through the resulting scheme

for the solution of the full “twisted system” (4.15), i.e.

whtt 7 |wi,al™
(o) =vrtor. a1 = vz 0w fu a2 = (i [[wii;lfaz],ﬂ]) |

2 2 2 1
ftot,TLJrl f(' n+1 2ic tnt1 f2,’n+l —2ic tni1 ; ,n+
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where ®7 and ®7 are given in (4.30) and (4.38), respectively, as

oy [utsa1 ] =T (w =i Y merlmic et (7 a1+ Gt a1) ).
mel,

o5 [wr ™ a2

=T i (V)] : —e(V 2 (a7 + allt
[C(V),\{/C] u* ZT< >’y/c SDl 1T ( C< >’y/c) ZC(a* +u*(n))

(4.39¢)
)
+¢1 (iT(+2€2 _ C<V>'y/c)) 6+2i62t"Jf’2[w:}+1, u;/,n]
+p1 (iT(—202 _ C<V>'y/c)) ef2ic2thf,2[w:L+17 az,n]}>7
with I, = {—4,—2,0,2}. We define the nonlinearities
F™ G™ mel, and J59j=0,2  explicitly in (4.14) and (4.17)/(4.18) (4.39d)
and the approximations ¢2" and ¢>™ to ¢ (t,) for j = 0,2
for the case of MKG according to (4.17) as the solutions to Poisson’s equations
—AGY" = = - Re (ul (V) W~ (V) ])
410 (4.40a)
ST == L (a (9), 08 o (V) ).
C
and for the case of MD according to (4.18) as the solutions to Poisson’s equations
—AG0" =2 (Jul + o2 ),
(4.40b)

1
—AQﬁ’n :Zun -olt

* *

The currents J7, j = 0,2 are given explicitly for the case of MKG in (4.17) and for the case of MD
in (4.18). Furthermore, note that in the MKG case G7* = 0, see (4.15). The ¢; function is given via
Definition A.22 as

p1(z) = (e = 1)/z and satisfies / e“sds = Ty (iwt) for all w € R.
0

In particular, due to Proposition A.32 and with the aid of the Fourier representation (4.37) of (V)_ .,

we have
Hgol (iT(mc2 - €C<V>7/C)) wH < wl], for all m,f € Z and all w € H".

Within this thesis we focus on methods which are first order accurate in time uniformly in ¢. Thus, in

Section 4.3 we establish the following uniform bounds for our numerical scheme U7 given in (4.39), i.e.

W (tn+1 o w:+1
al(tni1) al" !

with a constant K independent of c. Though, we roughly sketch the idea for the construction of higher

< KTt

T

order schemes in the subsequent subsection.
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Higher Order in Time Uniformly Accurate Schemes Based on “Twisted Variables”

The scheme of the previous section can be easily extended to higher order uniformly accurate methods
which allow error bounds of order O (7P) for p € N. Recall that we based our construction on freezing

the slowly varying nonlinear terms at time ¢,, in Duhamel’s formula (4.26)

wa(tn +7) =TZ jwa(tn) =i /0 LTt YT et (B (1, 4 5) + G (L + ) ds,

mely,

al(tn +7) = [cT(V) ]“Z(tn)

/e

. -1 i T—s ¥? ¥ ey )

i <v>v/0/0 (V). /] <2¢ (a2t +5) + (1 +5) (4.41)
+ JPO(t, + s)
f ¥t JP2(y, 4 )

+ 672“2“"“).]5’2(1?” + s)> ds,

where I,,, = {—4,—2,0,2} and where we use the notation for m € I,,,, j = 0,2

FM(tn 4 8) =F"wa(tn + 5), al(tn + 8)] = " [wi(tn), al(tn)] + O (s),
G (tn + 5) =Gl wi(tn + 5),al(tn + 5)] = G we(ty), al(ta)] + O (s), (4.42)
Tt + 8) =I5 [waltn + ), 0l (tn + 5)] = T [wa(tn), al (ta)] + O (5) ©.

We integrated the remaining integral terms exactly using the ¢; functions ([55], see also Definition A.22).
If we aim to construct higher order uniformly accurate methods of order p € N, we recursively plug in
Duhamel’s formula (4.41) into itself as described in Example 4.3 above. In other words, we recursively
substitute w, (t,+s) and al (t,+s) in the nonlinearity F™[w, (t,+s), al (t,+s)] (and similar in G™, J7)

with its corresponding Duhamel representation (4.41) and use the bound from Lemma 4.11
_ 1
|z = || <5 lsl w4

We repeatedly apply this procedure p € N times, and at stage p “freeze” the nonlinearities F!"*, G7*, Ji
according to (4.42). Then, we exploit the O (s;) approximation bound (4.42), where s;, £ =1,...,p is

the integration variable at stage ¢. The resulting scheme then shows local error bounds of order

(9(/ / / .,,/”’ Spdsp...d32d31>:(9(7p+1).
0 0 0 0

We proceed in the Sections 4.2.2 and 4.2.3 with the space and the full discretization of our time integration

scheme W7 given in (4.39).

4.2.2 Space Discretization

For the space discretization, we choose a Fourier pseudo-spectral collocation method ([44, 66]) as presented
in Section 3.5.3. Only the terms involving derivatives are computed in Fourier space. We evaluate all

nonlinear terms in physical space.

®Note Remark 4.4 and Assumption 4.5 on some peculiarities in case of MD
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4.2.3 Fully-Discrete Scheme

In the notation of Section 3.5.4 we denote the fully-discretized numerical approximation with the super-
n,M

script MM e wi™ &~ (w*(tn,xj))jezd where Z); is defined in Section 3.5.3. We thus define the fully
M
discrete method by

n+1,M T, M n,M _~vy,n,M
Wi GTM [ M M D5, [w* ; A ]
M| = ) = M 1,M M )
GZ’TH_ , * * * (I’;’* [wiH- , 7az,"7 ]

(4.43a)
¢:<ot,n+1,M :¢2,n+1,1\4 + 62ic2tn+1¢z,n+1,M + e—2i02tn+1¢z,n+1,M

where UM and 71 , <I>;’*M are the numerical flows defined in (4.39), combined with the Fourier pseudo-

W

spectral space discretization techniques for the spatial differential operators described in Sections 3.5.3

and 4.2.2 above (see also ([44, 66]). We finally obtain a numerical approximation to the exact solution
(¥, ¢, A) T of the MKG/MD system (2.20)/(2.36) at time ¢,, via

nM _ 1 ( ic%t, nM —ic%ty,, n,M
M :§<e "u, te " Uk ,

(4.43D)
.A”’M :1 (a%n,M + u%mM)
* 2 * * )

respecting the relations from (4.3¢),(4.5), (4.6) and (4.10)

w(tn) =((tn),v(ta) T = € (u(tn), vilta)) T,

P(tn) Z%(U(tn) +0(tn) = Pu(tn) = %(e“zt”u* (tn) + 7 (1)), (4.44)

Altn) =A.(tn) = 2(al(tn) + al(ta)).

¢1,n+1,M

Furthermore, for j = 0,2 the fully discrete potentials are solutions to the discrete Poisson

equations (cf. (4.40) and the end of Section 3.5.3)

for the case of MKG according to (4.17)

—Au @M = = & Re (wrM (V) ul M = oM () M),

C

~Ayg" M == o (-l M)

. oM M (V) M),

C

and for the case of MD according to (418)
A M 1 M2 n,M |2
]\4¢27n7 _Z(’ulh } + ”U*7 ‘ )7

1
—AM¢3’"’M :ZU?M . vaM,
The discrete solution operator A;j for discrete Poisson equations of type

—ApdM =M such that oM = —A]T/IlﬁM

is given in (3.130), respecting the restriction of Z? to the bounded index set Z¢, (see Section 3.5.3).

In the subsequent section, we analyse the numerical error of the scheme (4.43).
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4.3 Error Analysis of the “Twisted Scheme”

In this section, we prove first order in time error bounds for our fully discrete time integration scheme
UTM given in (4.43) which are independent of the large parameter ¢. Note that for Maxwell-Klein—
Gordon and Maxwell-Dirac systems there exists (as far as we know) no literature which proposed and
analysed a scheme of type (4.43) before. Though, as our scheme is based on the ideas from [18] for the
case of the nonlinear Klein—Gordon equation, we may exploit these ideas and the results therein within
this section. Furthermore, the book [44] provides important techniques for the analysis of numerical

schemes for time-dependent Schrodinger-type systems.

Before we start with the error analysis of the “twisted scheme” (4.39), we make assumptions on the

regularity of w, and aj in Assumption 4.6. Note that these assumptions hold true due to Proposition 4.2.

Assumption 4.6 (Regularity of the twisted solution). Let r > d/2 and ' > 0. We assume that the

twisted system (4.15) with solution
(’LU*, :LauZ)T

are locally well-posed in
Hr+" x Hr+H14 5 Fr+r' in case of MKG,
Hr+" x Hr+2+r 5 g+ in case of MD,
i.e. for initial data w,(0) € H™"' al(0) € H™*" there exist constants Ty > 0 and M7t > 0 such
that for all 0 <t < T}
lws (], qpr + 1S O sr 10 ||a1(t)|\,.+,./70 < MITT . in case of MKG,
||w* (t)||r+r’ + ||¢ikm(t)||r+r'+2,0 + ||a”z(t)|‘r+'r’70 S M:J’_T in case of MD.

In particular, for all 0 <t < T,,,» we can establish the separate bounds

lwe @)l < MG, @l Oy 0 < METT,

with constants M, M+ > 0 independent of ¢ > 1.

Exploiting these assumptions and using the notation ./\/lrwt’“/, Mﬁf’"/ for the bounds of the exact twisted
solution (w,(t),al(t))T in H™" x H™+"" with r > d/2 and ' > 0, we formulate the following theorems
on the uniform in ¢ convergence of the fully discrete scheme g M given in (4.43). First we state a
theorem for the case of MKG and afterwards we formulate the result corresponding to the case of MD.
For the case of MD we respect the particular Assumption 4.5 on the initial data of the MD system, i.e.

we assume that in case of MD

Yr = (Y7 ,;) " satisfies (wl_ﬁﬁ) =0 (c).

Recall that we set up this Assumption 4.5 as a consequence of the challenges in the analysis below, which

we discussed before in Remark 4.1. Let us provide the theorem for the MKG case.

Theorem 4.7 (Convergence of the “twisted scheme” for MKG). Fix ry,r9,7 > d/2 and € > 0 arbitrarily
small. Furthermore, let r; = max{2,r; +d/2 + €} for j = 1,2. Let the initial data of the MKG system
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(2.20) satisfy 1y, ¢} € H™" and A, Ay € H™*"2 and let (1, ¢, A)T be the solution to the MKG system
(2.20).
Then there exist constants T, K} My, 19 > 0 such that the following holds: Let us define the numerical

approximations to ¥(t,) and to A(t,) at time t, = nt € [0,T] through

1 ic> — M M
wnM 5(ezc t”u +e ic t"?)n )7 A’I’LM (a'ynM+a’Yn >’

M
(az7n’M - a:ky " ) )

2
Ot n, M 1.
A §Z<V>7/C,M

M M
where wi"" = (uy”" + oM )T and al™M

denote the numerical approximations to wy(t,) and al(t,)
obtained with the fully discrete uniformly first order in time scheme g M (i.e. the time integration method
defined by (4.43) combined with a Fourier pseudo-spectral space discretization as in Section 3.5.3) with

time step T < 19 and M > M, grid points in space, i.e.
(wn,M a'y,n,M)T ::\IIT,M[wn—l,M ufy,n—l,M]
Furthermore let us denote the numerical approximation to ¢(t,) = ¢<*(t,) by

n,M 0,n,M 2ic?t, 12,n,M —2ic?t, 12,n,M
o =0, + e gy +e H .

with ¢Z;’"’M for j = 0,2 satisfying the discrete Poisson equations similar as in Theorems 3.3 and 3.4 (see
(4.17) for the definition of ¢?)

~Au M = = L Re (uM(V), M = M) e
2.n,M __ 1 n,M n,M n,M n,M
—ApgM = — & (—u* (V) e a0 0¥ (W), ).

Then, we find the following first order error bound in time

n,M tot,n, M
[ = w(ta)l], + [l = $a)ll, 110
|2 = G| At - A < K M),
c c r—1, T,
which holds uniformly for all ¢ > 1. Thereby, we choose r3 = min{ry,ro}. The constant KX*¢ only

depends on thrl ML T but not on c.

Next we formulate the Theorem 4.8 on the uniform in ¢ first order in time numerical convergence bound

of the fully discrete method (4.43) in case of MD, respecting the Assumption 4.5 on the initial data.

Theorem 4.8 (Convergence of the “twisted scheme” for MD). Fix ry, 7,7 > d/2 and € > 0 arbitrarily
small. Furthermore, let r; = max{2,7; + d/2 + €} for j = 1,2. Let the initial data to the MD system
(2.20) satisty ¥ € H™" | Assumption 4.5 on the particular choice of the initial data, i.e.

Yy = (Qbf,l/);)T satisfies Hzﬁ;ﬁﬁ“r < K¢t

with a constant K independent of ¢, and let Ay, A} € H™+72 . Moreover, let (¢, ¢, A)T be the solution to
the MD system (2.36).
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Then there exist constants T, K}"”, My, 79 > 0 such that the following holds: Let us define the numerical
approximations to ¥(t,) and to A(t,) at time t,, = nr € [0,T] through

2

O n,M ,_1- ~,n,M y,n, M
?A* '_§Z<V>V/C,M a, — A

1 .2 2 M 1 M
w;rf,M — 5 (ezc t”uf’M te ic tnUf’ ) ; A;L,M — (az7n,M =+ a*,n, ,

where wM = (uM + o7M)T and a?™™ denote the numerical approximations to w, (t,) and a3 (t,)
obtained with the fully discrete uniformly first order in time scheme UM with time step 7 < 719 and

M > My grid points in space, i.e.

:L,M n,]VI)T Z:\I/I’M[w:_l’M, a;y,n—l,M].

(w™, al

Furthermore, let us denote the numerical approximation to ¢(t,) by

. 2 i 2, o AT
¢rc,n,M :¢2,n,M + e?lc tn(bz,n,M +e 2ic tn(bz’n;M

with qbi’n’M for j = 0,2 satisfying the discrete Poisson equations similar as in Theorems 3.3 and 3.4 (see
(4.17) for the definition of ¢ ), ie.

B (P o )
1

—Ap 2™ M =—uM M

Then we find the following uniform first order error bound in time

H¢f’M - ¢(tn)HT + Hﬁﬁft’n’M - ¢)(tn)Hr+2,o

I ’ %A;%M — %A(tn) + HAZ’M — Alty)

< K™ (r+ M),

r—1,0 7,0

which holds uniformly for all ¢ > 1. Thereby, we choose r3 := min{ry,ro}. The constant KX* only
depends on M:Utz, MQJIQ, T but not on c.

Before we prove these theorems, let us give a short remark on future research in the case where the initial
data of the MD system (2.36) violate Assumption 4.5.

Remark 4.9. For general initial data in case of MD, which do not satisfy Assumption 4.5, our numerical
experiments also show a numerical first order convergence. Therefore, our local error and stability analysis
within this thesis may not be sharp enough to prove the general uniform first order convergence. In
future research, we may apply different techniques (summation by parts, energy techniques) for proving
the uniform first order convergence of our method applied to the MD system (2.36) with initial data

violating Assumption 4.5.

Actually, using the techniques from this thesis it is possible to prove first order convergence in case of
MD with general initial data by setting up a CFL (Courant-Friedrichs-Lewy) condition on the time

step T which allows time steps T = O (c‘l) in order to ensure stability (see Section 4.3.2).

We prove these theorems similarly to the proof of Theorems 3.3 and 3.4. Recall from (4.43b) and (4.44)
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together with (4.10), that in the notation ¢(t,) = ¥« (t,) and A(t,) = A.(t,) we have

Ualtn) =1 (€ (1) + e (1)),
1 —
Auftn) =4 (20 + 3700 ),

and

.1
QAN =iz (V). (a1t —arm )

Exploiting these identities, we can decompose the error of the full scheme into a space approximation
error of our scheme of order O (M~"), # € {ri,ra} (semi-discretization in space, see [44] and also
Proposition 3.14 from Section 3.5.3) and a time integration error of our scheme of order O (7) (semi-
discretization in time).Within this section, we shall focus on the time integration error. More precisely,
similar to (3.134) we decompose the error for R =1 in case of MKG and R = 2 in case of MD (see also
Proposition 4.2) as

[l = )], + |6 = @)l s o

< Ky, ( waM —wi|, + lwi — w*(tn)HT) (4.47a)
=0(M~"1) =0(r)
and ) )
‘ SAPY = ZA(t)| HAZ:’M — Alty)

¢ ¢ r—1 r,0
4.47b
< Ka, ( Jazm ™ —alm|| o+ a2 — aZ(tn)HT), (4.47b)

0T E T el

=O(M~"2) =0(r)
where the constants K, , K4, only depend on the regularity of w, and aJ, but not on ¢ nor on 7 and

M. Here we used in (4.47a) that as long as w™ w,(t,) € H", we can play back the error of =™

in H™® to the error of w?™ in H" (cf. (4.19)), exploiting bounds on |uc™? <V>CUH7~ < K ||ul], ||v]],
in case of MKG and bounds on [juv||,_; < K ||ul, ||v]], in case of MD for uw,v € H" from Lemmas A.8
and A.11, i.e.

loxm 2 = @tn)ll, g g0 < K [|lwi™ = wa(ta)]

r )

n,M

where the constant K is independent of ¢ and only depends on ‘ wy H annd ||wy (t,)]],.. We immediatlely
T

I
obtain the respective O (M ’f) bounds for 7 € {ry,r2} from the space discretization error bounds in

Section 3.5.3. In the following, we focus on proving the uniform O (7) time integration error bound.

The time integration error at time ¢,,41 obeys the decomposition

w*(t"+1) T [ N
H(amnm) et e
sH(w;“““)) T (), @2 (]| T (), (0] — Wl a4
al (tn+1) )

! =S, stability

s

local error
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Based on [44, Definition II.7], the first term in the latter inequality can be associated with the local
error of U (see Definition A.17) whereas the second term is linked to the stability of the method (see
Definition A.18). By “local error” we denote the error of the method after performing one step with step
size T starting from exact initial data. According to [44, Definition I1.7] (see also Definition A.17), the

method W7 is (consistent) of order p = 1, if the (local error) < K72 for a constant K independent of 7.

By “stability” we mean that the method W] is stable under perturbations of the initial data. According
to [44, Definition I1.7] (see also Definition A.18), the method W7 is stable, if for data wy,we,a1,as we
find a constant L > 0 such that

10 fwy, a1] — W wa, agl |, < "7 (lwy — wall, + [lar — azll, ),

where L is independent of ¢ and only depends on [jwj;, and ||a ]|, , for j = 1,2.
Recall that by (4.39) our method is defined through

Wil o] = (el )

T n+1 ¥,m
o, [witt, al™]

Exploiting the definition of ||(u,v)" Hr = ||ull, + ||v||, for u,v € H" (see Definition A.1) and plugging W]

into (4.48), the local error term reads

= [ () — @, [wa(ta), a2 (2],
[la2 (tnsn) = @5, [0, [ (ta), @l (t)]), a2 (t)] .o

and similarly the stability term is given by

St =[5, [w.(tn), a2 (ta)] - @7, [l a2,

(4.49)
+ |05 (@0, [wa(t), a2 (t)] a2 (ta)] — @5 @7, [w?,a2"],a2"]

7,0 '

Recall that our aim is to prove a global first order bound in time uniformly in ¢ for the global error term
(4.48), i.e.

[term (4.48)] < Kt

with a constant K independent of c¢. In order to achieve this goal, we firstly show a local error bound of

order p = 1 in Section 4.3.1 for the term d?*+!
d"t < K,,.7% for all n > 0 with K,,. > 0 independent of ¢, n and 7. (4.50)

Secondly in Section 4.3.2 we establish a stability bound on the term S7. Exploiting (4.48), we obtain

(i) — vt ey

S" < eTLstab
= al(tn)

r foralln>1 (4.51)
SeLTstab (d:« + 8:‘_1)

|r,0’ ||’LU:}||,,‘

and on [[a}""[], ,. Note that S% = 0, if we start our method from exact initial data, i.e. w? = w,(0) and

al? = al(0).

with L., > 0 independent of ¢, n and 7. In particular L., depends on ||wy(t,)]|,, ||ai(t,)
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In Section 4.3.3, we combine the uniform local error bound (4.50) on d?*! with the uniform stability
bound (4.51) on S in order to obtain a global first order error bound uniformly in ¢ of our method.

More precisely, we resolve the recursion from (4.48), i.e.
)} g a2
al(tn+1)

<dn+1 _|_Sn < dnJrl _|_eLstab7' (dn +Sn71)

T

§K . K10c7'2 Z ejTLstab < K - ch((’n + l)T)e(nT)Lstab
j=0

<TK - TK,,.eTleer,
which holds uniformly in ¢ for all ¢,,+1 € [0, T]. The constants K, K\, L...., > 0 can be chosen independent
of c.

We proceed with establishing the local error bound (4.50) in the subsequent Section 4.3.1.

4.3.1 Local Time Integration Error of the “Twisted Scheme”
Our aim is now to show that the local error of W] is of order p = 1 uniformly in ¢, i.e. we show that

||w* (thrl) - (I);* [w* (tn)a uZ(tn)} Hr (4523)
+jal (tnrr) — @7, [, [wa(tn), al(ta)]), al (ta)] ], o < K7 (4.52b)

with a constant K independent of c¢. In this section, we only sketch the proof of the local error bound

but omit lengthy details here. The interested reader may refer to Section 4.3.4 for more details.
Recall Duhamel’s formula (4.26) for the exact solution of (4.15)

et 7) =TZ ) = [ TZ3 Y @) (14 5) 4 G2t +9) ds,
0

meEl,

uz(tn + T) :7-[(:?V) ]“1 (tn)

v/e

R e f(av(t +s)+al(t —l—s))
vle o eV 2e TN e (4.53)
+ Jf’o(thLs)
+ e“icz(t"“)Jf’Q(tn + )

TR, ) )
where I, = {—4,-2,0,2} and where we define the nonlinearities
Fm.G™ mel, and JP9 j=0,2  explicitly in (4.14) and (4.17)/(4.18).

Furthermore our method W7 is defined in (4.39) as

whtt 7 |wi,al"
(o) =vrtor. a2 = vz 0w fu a2 = (i [[wii;lfaz],ﬂ]) |

(4.54&)
¢tot,’ﬂ+l ¢(' n+1 6210 tnt1 f2,’n+l 67216 tni1 f2’n+1
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where ®7 and ®7 are given in (4.30) and (4.38), respectively, as

7 [wl al™] = TE]( -4 Z 11 (mic®T)e™e t“( F'wy, a)l"] + Gl wy, al™ ]))
melm,

_ ¥,m - -1 - 72 ¥,m 7

T (a7 i@ e (i cetv)0) ( Darn 4 alt)

(4.54b)
+Jf,0[ n+1 u% ]>

e+2zc thP2 n+1 a’y, }

— P2
e 2ic? th n+17 az,n]})

+o1 (17(4—20 —cf 'v/c )
+<,01(i( 2¢% — ¢ w/c)

We start off by establishing a bound for the local error term (4.52a).

Estimate on the Local Error Term (4.52a)
Beginning with an estimate for the first term (4.52a), we apply the bound
H(e‘is£° - 1)er < % |s[ [|wll, .o (see [18, Lemma 4] and also Lemma 4.11)
to the difference terms
T F w0t + ), (b + )] — F s (t). @2 (8]
=T (2t 90,20 )] = F2 0 1) 2]
+ (i) = DE[w. (tn), aZ(t)],

and similarly for G* arising from Duhamel’s formula (4.53) and from the definition of ®], in (4.54). In

the notation
(b +5) = F"fwa(tn + ), @2(tn + 8)] and F(tn + 8) = Fwa(t), a2 (1)
and similarly for G7*, this immediately provides the bound
|wi(tn +7) — @, [wiltn), al (ta)] ],
<t (AP IE 0ot [ IF2 G0t 0) = P20, (4.55)
A ICT W et [ 1G2 00+ 5) = G, ds)
where I, = {—4,—2,0,2}. Thanks to the bounds from (4.74) in Section 4.3.4
b+ 8) = bl 4y + 0 1T (b 5) = @2 (bl g 0 < 5] K. (4.56)
with 7 > d/2, r{,r, > 0, we obtain the bounds on F}*, GY* according to (4.76)

[E2" (En) Kppoand  [[F"(ta +5) = FI"(ta) |, < |s| K, (4.57)

||'r‘+2 —
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and similarly for G* with constants K f}m and K, ém, ¢ = 1,2 only depending on the spatial regularity of w,
and a] but not on ¢ nor on s. We plug the bounds (4.57) into (4.55) and simply integrate [ sds = 72/2
n (4.55). This yields the desired local error bound on (4.55), i.e

||w*(tn +7)— D],

W 4

[w* (tn)7 ul(tn)] H < 7_2KMKG/MD (4.58)

Wy ,loc

with a constant K}*¢ depending on M52 M4H! in case of MKG, and a constant K°  — depending

Wy ,loc W ,loc

on M7 t2 M52 in case of MD. These bounds are given later on in more detail in (4.74) and (4.76). In

both cases the constants can be chosen independently of c.
In the subsequent paragraph we establish bounds on the second local error term (4.52b).
Estimate on the Local Error Term (4.52b)

In order to bound the second term in (4.52)

we first focus on the case of MKG.

a)(tn +7) = 0 _[®], [wi(tn), al(tn)], al(ta)] ],

The MKG case: Recall that J for j = 0,2 is defined in the MKG case as (see (4.17))
JPw., a)] =P. [z‘i (VT — TV, + 5V, — 0.VT;) — é(az +al)(Ju.? + \v*|2>] ,
JP2w,, a)] =Py [ (ue Vv, — v.Vu,) — é(u;’ + a)(uyv,)| -

From the bilinear estimates in Lemma A.8 we deduce that for pairs (w1, a;) and (wy,as) in H” x H”, we
have
|30 P, o] = 2P, az))|| | < K = wal, + ¢ s = asll )
with a constant K depending only on [jwel|,., [|acl|,.q,¢ = 1,2 but independent of c.
Now let
W, = 97 [wi(t,), a(tn)].

In view of (4.56) and the local error bound (4.58) on ®7, , we thus obtain for s € [0,7] and j = 0,2

(9035 (T30 4 5). w20+ )] — TP, 2 1)

7,0

< V)5 (PRt + ), @2 0 + 8)] = TP [ (80 + 7). @2 2)])

’Y/C 7,0

(903 (TP (b 4+ 7), @2 (t)] = TP, a2 (1)

o0 (4.59)
<Ky ([[wiltn + 5) — wi(tn + T>|| +ct Ha”(tn +5) —al(ta)ll,.o)

+ I ||wiltn + 7) — @, [ws (tn D,
<K -(1+71%.

The constant K has a similar dependence on the regularity of w. and al as K}*¢_ from (4.58) but it is

independent of c. In the following we may also use the notation

TL (b + ) = T [wi(tn + 5), @] (t + 9)]-
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Next, we exploit that by Lemma A.10 the operator T[cz% is an isometry in H” and we make use of

’Y/C]
the estimate on the derivatives of w, and c~'a] in (4.56). Together with the previous inequality (4.59)

and the bilinear estimates Lemma A.8 we obtain

< [P @2 +9) - a(e)

a, (tn + T) - (I)z* I:w*n+1a az(tn)] H'r‘,()

ds
7,0

0
* H /0 ,T[czéh/c] <V>;/15 ( Jf70(tn + S) - Jfﬁ[w*n—i_l’ a;/(t")]

, (4.60)
+62l02(tn+s) (Jf72(tn + 8) o Jf,2[u~)v*n+l, a;/(tn)])

+672ic2(tn+5) (Jf’Q(tn +5) — Jf,2[w*n+17 a:j(tn)])>ds

<Kr?

with a constant K depending only on M’JQQ, MQH

Gathering the results in (4.58) and (4.60) we thus finally obtain the local error bound of our method on
the term (4.52), i.e.

Hw*(tn + T) - (D:u* [w*(tn)7 aZ(t’ﬂﬂ Hr
< JMKG 2 (4'61)

*,1loc
7,0

tlaztn +7) - @7, @;*[w*@n),azan)],azan)}

with a constant independent of ¢. The constant KM€ depends on MIF2 METL.

*,loc

Next, we consider the case of MD, respecting Assumption 4.5 on the initial data of the MD system (2.36).

The MD case under Assumption 4.5: Recall Assumption 4.5 on the initial data ; of the MD
system® (2.36), i.e.

Y = (¥F ;)" satisfies Hlﬁfﬁﬁ“ < Kc !,
with a constant K independent of c¢. Furthermore recall that I for 7 =0,2 is given in case of MD by

(4.18) as

Jf’o[w*] :Ci”)df [u*a\u* -+ ’U*a’l}*] s
JP2[w,] :ciPdf [uoww,] .

According to (2.42) the structure of w, = (u.,v4)" = (uf,u;, v}, v7)T admits that in the sense of the

H" norm for all times ¢

In view of Remark 4.4, we thus have in the sense of the H" norm

1 = s e
JP0 = cZPdf [uja’u* +uy oul +viov; + s Uvj} =0(1)

®Note that due to Remark 4.4, for MD initial data violating Assumption 4.5, the term (4.62) is O (c). In that case, the

error bounds (4.60) and (4.63) are not uniformly in ¢ (see also Remark 4.9 above).
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and
Jb? :c%’Pdf [ujﬁv; + U;Ev*ﬂ = cipdf [uj?v;} + cipdf [u;ﬁv:f]

—'Jf'Q’C (462)

P,2,0k
I, °

—0(1).

Under this assumption we have that JP s 0 (1) for j = 0,2. We thus carry out the local error analysis
in the MD case very similar to the MKG case. Due to the estimate (4.56) for MD, we find

Hw*(tn +7)— @, [w*(tn), aZ(tn)] HT

) (4.63)
o+ 0 - 0 oL o)t el o] | < me
r,0
with a constant K}'P  depending only on M2 M2,
In the subsequent section we derive stability bounds of type (4.51).
4.3.2 Stability Bound (Time Integration) of the “Twisted Scheme”
In this section, we prove a stability bound for our method
T n n T T n n <I>Tw* wf, a’l’n : : P
Ul [w), al"] =Ty oWU] [w) al"] = <q>; [[wf“,ul]’"]> given in (4.53) (4.64a)
with
7 [wl al™] = Ti.) (wf - Z T@l(miCQT)emiczt"( EFwy, al™] + G wy, aZ’"])),
mely,
o7 [w)t! al"]
T n . -1 . 2 n
=T Vol (ul’ - <V>7/C{ ¥1 (” (_C<V>7/C)) ( %(az’ +al(tn))
(4.64b)

)
+¢1 (iT(-l—QCQ —c <V>7/6)> e+2ic*tn TPt a)m
+p1 <i7(7202 —c <V>7/C)> 6722'5275"?[101&1, a;/’n]})
with m € I, = {—4,—2,0,2}. The proof is based on the decompostion (4.49), i.e. our aim is to show

H(b;* [w* (tn)a aZ(tn)} - (I);* [wf, al’"] Hr

+ H(I):Z [(I)ZJ* [’LU* (tn)a Cl:Z(tn)] ’ Cl;Z(tn)] - (I);* [QZ;* [w:a “1’”] ) GZ’n}

(4.65a)
(4.65b)

7,0

< Nwa(tn) = wil, + el (tn) — al ||, o + LIS ( [ws(tn) = wi]l, + lal(tn) — al’"lh,o)

r,O)

n
s Jw

[ MKG/MD n n
Sel b | lwy(tn) — wl], + [lad(tn) —al

LI\/IKG
*,stab

with a constant only depending on ||w. () I, llad(t)ll,. o and [[al"[],. o but not on ¢ > 1.

I,
For sake of simplicity, in our analysis we may substitute the pairs (w.(t,), al(t,)) and (w?, al™) with

pairs (wy,ws) and (we, az). Moreover, we use the notation

F'[wy, a)] = F'[w,, 67,¢%,a]] and  GY'[ws, a]] = GY'[wy, 67, 67, a]]
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for m € I, where FJ" G are given explicitly in (4.14). Note that for MKG we have GI* = 0 (cf.
(2.41)).

Firstly, we establish the bound on the term (4.65a) in the subsequent section. Afterwards, we derive a

similar estimate for (4.65b).

A Bound on Term (4.65a)
Due to the isometry property of ﬁgc} in H" from Lemma A.10 , the term (4.65a) satisfies

|7, [wi,a1] — @7, [ws, az]||,
(4.66)
< [Jwy — wal|,. +47 max (I1F [wr, a1] = F'[wa, as]|, + |G [wy, a1] — G2 [wa, as]|l,. ).

The estimates on the operator (V) in Lemma A.11 and the bilinear estimates from Lemma A.8 allow us
to bound

¢l

with 7' € {0,1}. According to (4.72) in (4.3.4) below, we divide F™ and G into their basic characteristic

terms. Due to expansions of type

Nwdl,and - ol < Kflull, . [Jofl,

r—r!

(9)2" 61 49) .

< K|
T

a1@iw; — ax@aws = (a; — az)aiwy + az(@r — Gz)w + a2dz(wi — wa),
the term (4.66) then obeys the stability bound
@7, [wy,a1] — @, [wa, as] ||, < Jlwr — well, + TL(lwr — wel, + llar — azll, ). (4.67)

with a constant L only depending on ||w1|],., [|w2||,, [lai]], , [|az]|, but not on c.

In the subsequent paragraph we establish a stability bound on the second term (4.65b).

A Bound on Term (4.65b)

Recall that v € [0,1] by (4.9). Thus, in the case of MKG and also in case of MD with initial data
satisfying Assumption 4.5, the term (4.65b) can be bounded as

@7 [@1,01] = @7 [@2, as]

7,0

2 —_ ir o i~
< lar — azfl,.o + 7(276 a1 — azll,. o+ 3jII:l%)§ H(Vh/lc (JPI Ty, a1] — T [, as])

T7O> (4.68)
< llox = aall o + 7L (¢ oy =l + 01 - )

where the constant L depends on w1 |l,., [|@z2]], , [|ai],., [|az]|, but not on c.

Replacing

w1 = wi(tn), a1 =al(ty), wa=w}, ax=al" in (4.67),

D1 = O], [wi(ty),al(tn)], a1 =al(ty), w2=®] [wl al"], ax=al™ in (4.68),

®Due to Remark 4.4, for MD initial data violating Assumption 4.5, the bound in (4.68) is not uniformly in ¢ (see also
Remark 4.9 above).
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and exploiting once more the stability bound (4.67) in order to bound the term |[@; — w2/, in (4.68), we
obtain the desired stability bound (4.65), i.e.
9% [w(tn), a2 (8)] = @7, [wl, a2 "],

+ |0 [0, [ (ta), a2 (ta)], a2 (1)) = @5, [0, [w?, a2, a2"]

r,O)

with constants LYXC LMD > ( independent of ¢. The constants LY S  LMP —may be different in

*,stab? 7k stab *,stab? % stab

0 (4.69)

MKG/MD

< T (uw*(tn) ol + lad(t) — a2”

case of MKG than in case of MD. In the subsequent section, we combine the local error results from

Section 4.3.1 with the stability bounds derived in the current section.

4.3.3 Local to Global Time Integration Error of the “Twisted Scheme”

Define the error ¢? and the local error d7 (cf. (4.48)) of our method

(w* ) =Wl [w! ' a7, given in (4.39) (see also also (4.64))

n
al

at time ¢,, for all n > 1 by

L) e R
" Wi (tn T
e () et

T

Recall that the defect d} can be associated with the local error (see Definition A.17) of the method W]

applied to exact initial data at time ¢,,_1. In (4.48) we have already seen that
en+1 < dn+1 +Sn
where the stability term S? for all n > 0 is given by (4.49) as
8P = || 0] [ws(tn), a] (tn)] — W7 [w}, a)™] HT and S? =0.

In the previous sections, we established uniform bounds on the local error term d”*! of our method W7 in
(4.61) and (4.63), respectively, and we derived bounds for the stability term SI in (4.69). More precisely,

we derived the estimates
MKG/MD

dptt S KYEGMP and S < eTheead el
which hold uniformly in ¢, i.e. the constants K,'1oe/™", LY5o/™P are independent of ¢ but depend only

on the regularity of w(t,), w?, al(t,), al’™. We exploit these bounds in order to establish a global first

order bound in time which holds uniformly in c¢. Note that we have

MKG/MD
L
e:+1 < d:—&-l +Sf < 7_2 J MKG/MD 4 el stan e”

*,loc *

(4.70)

To resolve this error recursion we need boundedness of [[w]||. and |[al™|, , because of the explicit

LI\/IKG
*,stab

dependence of on these norms (see (4.65)). Fortunately, we can ensure this condition by a simple

induction argument: If [jw}~'[| + ’ al™ ' < M then from definition of ¥7 in (4.39) and due to the
" 0

,r’7
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fact that €™’ m = —4, —2,0,2 and ei(jctdwv/c),j = —2,0,2 are isometries in H" (see Lemma A.10)

also [Jwil, + [lal™ ], o < K(M).

Resolving the recurrence (4.70), a bootstrap argument (see [44, Proof of Proposition IV.14] and also

Remark 3.13) shows that the global error is globally of first order uniformly in ¢, i.e.

ol waltns1))  (wi™!
* a(tnt1) al"tt ,

In case of MKG the constant KY€ depends on T, M;"’Q and ./\/lgjl but can be chosen independent of

*,time

c. In case of MD K depends on T', M1t and M4 but can be chosen independent of c.

*,time

< JMKG/MD

*,time

This finally proves Theorems 4.7 and 4.8. O

Next, for the interested reader, we provide auxiliary results which we used in the previous sections for
proving global convergence bounds of our schemes. Afterwards, in the subsequent chapter, we confirm

the theoretical results of this thesis by numerical experiments.

4.3.4 Auxiliary Results and Bounds on the Derivatives of the Nonlinear

Terms

Parts of this section are based on [18].

Firstly, we gather important properties of the operator £, in Lemmas 4.10 and 4.11 below, which we
have used in the previous sections for proving the global first order convergence in time uniformly in ¢
of our time integration method W} . Afterwards, we establish uniform bounds on the time derivatives of

the solutions w, and al of (4.15). More precisely, we show that for r > d/2 and ' > 0

[ws(t +5) = wu (O, o + 7 a2t +5) — @l ()], o < Kis

with a constant K; independent of c. We may exploit the latter bounds in proving uniform bounds on
the time derivatives of F™, G for m = —4,—2,0,2 (see (4.3d)) of type

[E (t+s) = F@, + G (E+s) = GI ()], < Kas
with a constant K5 independent of c.
Lemma 4.10 ([18, Lemma 3]). The operator
L.=c(V), —c?
is uniformly bounded in H™+2 for all ¢ > 1, i.e.

1 [
1£ewll, < 5 llwll,yn, Vo€ H™2
Proof (see [18, Lemma 3]): This result has already been shown by Lemma A.11. O

Lemma 4.11 ([18, Lemma 4]). For all t € R and all u € H"? we have that

Heitﬁc

. =1 and ||(67it£” - 1)UHT < % (] lull, g -
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Proof: The first assertion has been proven in Lemma A.10. The second assertion is an immediate conse-
quence of the estimate |e” — 1| < |z| for all z € R from Proposition A.32 together with the bound on £,

given in Lemma 4.10. Compare also to the proof of Lemma A.10. O

We proceed with bounds on the time derivatives of w, and a,. Afterwards, similar bounds shall be given
for F[*, G for m = —4,-2,0, 2.

Bounds on the Derivatives of w, and a.

Recall that Duhamel’s formula (4.26) for the solution (w,,a))" of the “twisted system” (4.15) reads in
the notation 73 = e (see (3.70))

wa(tn +7) =TZ jwa(tn) =i /0 LT YD et (B (1, + 5) + G (1 + 5)) ds,

mel,,

al(tn +7) :ﬁc?V) ]“Z (tn)

v/c/ (%), ,.] < (uz(t” +s) +alltn + S)> (4.71)

+ Jfo(tn + )
4 T2 (tnts) gP2(¢ 4 o)

+ 672“2(t”JrS)Jf’2 (tn + s)> ds

with I, = {—4,—2,0,2}. Furthermore, note that the nonlinear terms F*,G*, m € I,,, (see (4.3d)) are

each composed of characteristic basic terms for j = 0,2
= (qﬂg +(V), " ¢ <V>c)w*
Fm? =~ (V) ! <a12 w*) (4.72a)
P = (9); ! (a2 V)

and

e\

C

z;ﬂ[az]w*)
DG [¢llw ) (4.72D)

D), D). ),

Q
3
S|
g I NN

where the ®< terms are given in Definition 2.6

Curl Z a]ak )) - (8k?(aj))]7
J&Zékl

d
D [0 = Zaj(aqu) and  DF[d] =) a;(a;)
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for some a(z) = (a;(z),...,aq4(z))" € C? and ¢(z) € C
Choosing r > d/2 and r' > 0, Lemma 4.11 yields the uniform estimate

ez, .
r+r’

% 8] [l oy for all wy € H™"'*+2 and s € R.

Moreover, using the ideas from Lemma 4.11 leads to the nonuniform bound (cf. (4.33))

—1)a

< Ke[(v), a2

(4.73)

H “r/C r+r’,0 r4r’,0 ’

with a constant K independent of c.
Exploiting the bilinear Sobolev product estimates from Lemma A.8 together with the bounds on the
operator (V). in Lemma A.11, based on Duhamel’s formula (4.71) and on the terms (4.72) we can
establish the bounds for r > d/2 and r},r, >0
1 r4r] T+r1
lea(t + 5) = el g < sl (5 10Ol grgo + K va, (MG M) (474a)
r+r
Ja2(t 4+ 8) = QLB 0y 0 SKlsl Q20 pg 1.0+ ls] Ky (ML) (4.74D)

+ 5| K2 (Mal"),

5

where the constants Kr g , K, KJf,KE* > 0 are independent of ¢ and only depend on the spatial
regularity of w,, a]. The constants MZ*,M’;* > 0 for 7 > 1 are chosen according to Assumption 4.6
and correspond to the regularity of w, € H” and a, € H”, respectively. This yields a uniform bound for
r>d/2and ri,r5, >0

[ws(t +5) = wu (O, g+ a(t+5) = al(t)]], 10y 0 < Ko Is] (4.75)

with a constant K7 independent of c.

Next, we shall exploit the bound (4.75) on the derivatives of w, and al in proving uniform bounds on
the derivatives of F*, G, m = —4,—-2,0,2.

Bounds on the Derivatives of F]* and G7*

mom € Iy, = {—4,-2,0,2} (see
(4.72) for the basic characteristic terms in F[™, G") by playing the bound back to (4.75). We thus prove
for r > d/2 and

In this section we establish bounds on the time derivatives F}" and G

=0 in case of MKG (G7*=0) and ' :=1 in case of MD
that for all m € I,,,
[E(E+s) = MO, + 1GE(E +s) = G @),
KM, Mﬁ*)( lws(t + 5) = we (Bl + ™ lal(t + 5) — u:ky(t)r+r’,0) (4.76a)
<[s| KM, M) = |s| (K + Kp),

where the last inequality follows from (4.74b) with a constant K%,, + K %,*n (see (4.57)) only depending
on M2 and /\/lz'f”"/"‘l but independent of ¢ > 1. Similarly, we establish the bound (cf. (4.57))

IE Ollgg + IGT O] < Ko + Koo (4.76b)
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with constants K},*M,Ké:n depending on M2 and M’ but independent of ¢ > 1.

Similar to (4.19), we prove the following bounds on qbi for j = 0,2 exploiting the bilinear estimate
< K ull

virtue of the Poisson solution operator A1 given in Appendix A.3 we thus find

[luv]| |v]|, from Lemma A.8 for v = 1 in case of MKG and r’ = 0 in case of MD. By

r—r! r—r!

61t +5) = L, e o SHAT (P + ) = AL,y

<K M, (b +5) — wa(0)], -

As a consequence from Lemma A.11, the latter bound allows us to estimate the time derivative of Fi™*
from (4.72) as

[t + 5) = FIV )], < Kppa (MG, [lwa(t + 5) = wa (D], (4.77a)

with K pm. independent of c. In order to bound the term ‘ FI™2(t + ) — FI™2(t)

, we consider
T

a2 (t + 5)[" wa(t + ) — a2 (8)]” wi(?)

=al(t+ s)w.(t +s) (az(t +s) — uz(t)> + al (Hwi(t+s) (aZ(t +s) — aZ(t)) (4.77b)

+ a2 (1) (w*(t +5) — w*(t)).

Exploiting the bilinear estimate H(V);l (uv)H < K |lu||,_; ||v]|, from Lemma A.8, yields

r

[F2( +5) = FI2 ()], < Kpma (MG, , M) < [w.(t + 5) = w.(t)]|

(4.77¢)
e a4 s) - al(0 ).
with K ez independent of c¢. Similarly we find
[Fr2(t +s) = FM2 ()], < Kpms (M MG < l[wi(t + s) = ws (B)]],
(4.77d)
+cHaX(t+s) — al(t) o ),
and
|Gt +5) = G ()], <K gma (Mg, MG,) ( [wi(t + s) — wi (D),
Fe al(t+ )~ a0 o )
[GT2(t+5) = G2(0)]|, <Kgme(M3,) < [wi(t + s) — w ()], ) (4.77¢)

T

HG;CM?’(t 4 5) o G:n,?)(t)HT SKGT’S(MT'LU*7M£*) ( ”w*(t + 3) - 'U)*(t)H
+ C71 ||a1(t—|— 5) - a:«y(t)”'r-‘rl,O)’

Wlth constants KF:n,l s KGT’17 G;n.Z y KGZ(TL,3 independent Of C.
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Here we used again H(V)C_l wH < ¢ jw|, from Lemma A.11. Moreover, we exploited the bilinear
T

Sobolev product estimates from Lemma A.8. Gathering the bounds in (4.77) we find the desired bound
of type (4.76), i.e.

IF (t+5) = FI @O, + IGT (t+ 5) = GI (O], < Isl (K + KE)

with constants K#.,,, KZ.. independent of c.

We proceed with numerical experiments in the next chapter.
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CHAPTER

FIVE

NUMERICAL EXPERIMENTS

In this chapter, we confirm the results of this thesis by numerical experiments. We thus underline the

theoretical convergence bounds
O (7'2 + ch) from Theorem 3.15

on the numerical approximations to the exact solution (i, ¢,.A4)" of the MKG/MD systems (5.3)/(5.4)
below. Recall that we obtained these approximations by exploiting the truncated asymptotic expansions
(see (3.33) and (3.61), respectively)

() v () e
ot) | =[e> @) | +O( [ for N1, Ny, N3 € N.
A(t) AE,iY3 V() cNs

We furthermore underline the uniformly first order in time convergence bounds
O (1) uniformly in ¢ from Theorems 4.7 and 4.8

of the numerical approximation in time of the exact solution (,#,.4)7 of the MKG/MD systems
(5.3)/(5.4) below, obtained with the uniformly accurate scheme given explicitly in (4.39) and (4.43)

exploiting the “twisted variables” (w. = (ux,vs), ", a))", with

Mﬂzwwzéw&m@+5“%ﬁ»am,szAﬁ%:

S (a2(t) +aZ(2)).

In our numerical experiments we focus on the case of
space dimension d=2.

Because we have no analytic solutions of the MKG/MD system available, we need numerical reference
solutions in order to test our time integration schemes. For this purpose, we construct exponential

Gautschi-type ([9, 51, 54, 55]) reference schemes for oscillatory Klein-Gordon and wave equations

Ot + A (V)2 = fly] and 9y A— FAA= ¢ h[A] of type (5.3a) and (5.3b), (5.1)
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and time-splitting (TSFP, [10, 15, 16]) reference integrators for oscillatory Dirac equations
d d
i0pp = | —ic) a0+ B | v+ (=D aA; | of type (5.4a)
j=1 j=1

which we adapt to our MKG and MD system. Note that from the analysis in the latter papers, we deduce

severe time step restrictions for these reference schemes of order

Toue < K2 with a constant K independent of ¢ and 7,.;. (5.2)

Recall that the MKG system (2.20) with solutions (¢, z) € C and (¢(t, ), A(t,z))" € R'*? reads

Outh + (V)2 = (&p — 2i¢dp — i(@@ﬁp) — AP ¢ — 2icA - Vi, (5.3a)

DA+ 2 (V)2 A=cP, [Re (V) — ? |¢|2} . divA=0, (5.3b)

“Aé = —Re (z% : atw’]w) : (5.3¢)
((0,2), 0" p(0,2)) = (1), (V) (), (5.3d)
(A(0), 3.A(0)) = (A;(x), A (). (5.3¢)

For sake of simplicity, we consider the MD system (2.36) in its reduced version (cf. Remark 2.5)

for the case of lower dimensions d,.,, :=€ {1,2} (see Remark 2.5)

with solutions ¥(t,x) = (¥1(t,x),%a(t,z))" € C? and (4(t,x), A(t,z))" € R1Fdow which reads

diow diow
10 = —ichr]@j +620'3 U+ |o— ZUjAj v (54&)
Jj=1 j=1
A+ 2 (V)2 A=cPy [cW - TF] = Py [J[W]],  div.A=0 (5.4b)
~A¢ =¥, (5.4¢)
U(0,x) =P (x), (A(O,x),@tA(O,x)) = (Aj(x),cA’I(a:)). (5.4d)

Throughout this chapter, the (H"(T%))™ norm of a m-component function z : T — C™ with z(x) =

(z1(),...,zm(x)) " shall be given through
2 2 2
12117 = Nzl + - -+ [zl

Before we discuss our numerical experiments, we shall firstly construct reference time integration schemes
for the MKG system (5.3) in Section 5.1 and for the MD system (5.4) in Section 5.2, based on the papers
[9, 51, 54, 55] and [10, 15, 16].

Later on, Sections 5.3 and 5.4 are dedicated to testing our numerical schemes applied to the MKG and
MD system respectively. Finally in Section 5.5, we numerically investigate energy and norm conservation

properties of our methods.

Note that for all experiments and time integration schemes presented within this chapter we follow the

method of lines, i.e. first we carry out the spatial discretization with the Fourier pseudo-spectral space
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discretization techniques which we presented in Section 3.5.3 (see also [44, 48, 66]). Afterwards, we per-
form the numerical time integration. For the rest of this thesis, talking about numerical approximations,
we shall always refer to the full discretization in time and space. More precisely, according to Section 3.5.4
we denote

an approximation to Az(t,, ) by AppzmM

at a point t, € [0,7T] in time and on a discrete spatial grid with M grid points in each direction (see
Section 3.5.3 and also [44]). For sake of easier notation we might leave out the sub-/superscript M (which

indicates a discretization in space, see Section 3.5.3).

We proceed with the construction of a reference scheme for the MKG system (5.3).

5.1 Reference Solution for MKG

Based on [9, 51, 52, 54, 55], we derive exponential Gautschi-type time integration schemes which shall
be used to compute reference solutions for the MKG system (5.3). We give a short description of these

schemes in the subsequent subsections.

5.1.1 Description of Exponential Gautschi-type Solvers

In this section, we briefly discuss Gautschi-type exponential integrators for Klein—-Gordon and wave type
equations. The section is mainly based on [51, 52, 54]. Discretizing equations of type (5.1) in space with

the Fourier techniques of Section 3.5.3, we obtain the system of ordinary differential equations

Bup™ (1) + (V)2 () =c* fl™(t)] and

M 2 2 M M (55)
O A™ (1) + ¢ <V>O,MA (t) =c h[A™ (1)],

where
WM () % (W1 75)) ez €CY and AM() & (Alt 7)),z € ROV

R¥M respectively. Furthermore, note that the discrete operators c? (V)i u and

are vectors in C™ and
? (V>§ ; can be identified with diagonal positive semi-definite matrices in RM*M due to their Fourier

representation

(<V>C’M)k =\/|k?+ 2, forall ke 2.
These matrices are of increasing norm as M — oo and/or ¢ — oo, since
Hc2 <v>§,MH <K (M?+ ¢t and Hc2 <V>(2JMH < K- (2M?) (5.6)

with a constant K independent of M or ¢, respectively.

Both systems in (5.5) can be written as the following second order differential equation in time (cf.
51, 54))
jt) = —Ay(t) + gly®)], y(0) =y, §(0) =y,  fort €[0,T] (5.7)

with a positive semi-definite, symmetric matrix

A =02 e RMXM  of arbitrary large norm
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and where
the function g : CM — CM is smooth.

In [51], the authors proposed the following time integration scheme for (5.7)
<yn+1> _ ( cos(r@) O sin(m@)) (yn> . 3t (Byn) (5.50)
Y —Qsin(1e)  cos(TrerQ) Yn %mf <‘ifog(<i>yn) + ‘illg(i’ynﬂ)) , .
where for even analytic filter functions @, ¥, ¥y, 11, we define
U= (1.48), Vo=100(r.Q), V1 =11(r.), and & =(r..0). (5.8b)

The functions ¢, v, 1o, 11 must satisfy ¢(0) = ¥(0) = 15(0) = ¥1(0) = 1 and must be bounded for
Re (§) > 0,¢ € C. Furthermore, they must satisfy the relations

b () = sinc(§)P1(€),  Po(€) = cos(€)¥n (€),
where sinc(€) = sin(€) /€. In [51, Section 4] several possible choices for 1 and ¢ (and thus for g, ;) are

discussed, amongst which the functions

b(€) =sinc®(€),  o(€) = cos(€) sinc®(€), i (€) =sinc?(€),  $(€) = sinc(€) (5.8¢)
were performing best. The authors proved in [51, Theorem 1] that the choice (5.8¢) allows second order
convergence bounds in time of the scheme (5.8), independent of the norm of A under the finite energy
condition
1 2

1. 1
Sl + Loy < L forallt e [0,7) (5.9)

More precisely, if the exact solution y of (5.7) satisfies the latter condition, then

ly(tn) — "Il <72 K1 (s, gl 10ygl 10yl

19(tn) = 9" | <TeecE2 (5, [lgll > [10y g1l s [ Oyygll)
where the constants K4, K5 explicitly depend on &, ||g||, ||0yg]|, and ||0yyg||, but are independent of |||
and n. In particular, the bounds on Q3 := ¢? (V)éM and Q2 := ¢? <V>37M from (5.6) imply that

for all t, = n7e, n=0,1,...,T /T, (5.10)

HQ%ZJM(t)H O(c') and HQ%AM(t)H2 =0(c?) foralltel0,T],

which means that in (5.9) k = k(c) can not be chosen independently of ¢. Considering the Klein-Gordon

or wave type equations (5.5) and replacing in (5.7)
gll=cfl] and  g[]=ch[],
this observation leads to an explicit dependence of the error bounds (5.10) on the large parameter c .

More precisely, applying the method (5.8) to the Klein-Gordon and wave type equations (5.5) with step

size T..; we obtain the convergence bounds
[M (tn) = ™M < 72 Ky, (see ([9]))
M M 2 2 (5.11)
e - ] < v

with constants K 4, Ky independent of ¢, M, n. In order to achieve numerical convergence of the method

(5.8) applied to (5.5), we thus need step sizes 7,., = O (¢72).

In the subsequent section, we adapt the Gautschi-type method (5.8) with the filter functions (5.8¢) for
the MKG system (5.3).
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5.1.2 Exponential Gautschi-type Reference Scheme for MKG

We rewrite the MKG system (5.3) such that

Quth + ¢ (V)20 =Fy 6,0, 0, A, (5.12a)
A+ 2 (VYo A=Falh, A, (5.12b)
AOyp =F, [, Al, (5.12¢)
((0,), " *Dp(0,2)) = (b1 (@), (V) (), (5.12d)
(A(0), 1A(0)) =(Ar(x), cAl(2)), (5.12¢)
with
Fulo. 6,000, A) =60 - 260, — i(0,0)0) ~ | A7 0 - 2icA - T
Falt, Al =cPy [Re (10V9) - 2 [f*] (5.126)

Fyli, A] = Re (A0 - 2¢- A4- V)

exploiting the following observation. The structure of the Poisson equation (5.3¢)
~A¢ == Re (i 0lp) = - (Re (00D + ¢ W) =

does not allow us to simply apply the solution operator A=1 as defined in (3.130). The reason is found in
the presence of the nonlinearity ¢ W\Z on the right hand side, which in Fourier space destroys the diagonal
structure. Fortunately, we observe that we can transform this Poisson equation into an evolution equation
by taking the first time derivative. Substituting the second time derivative 97 with the Klein-Gordon

part (5.12a), we obtain a different Poisson equation for the time derivative 9;¢, i.e.
N 2 SN
Adyd = Re (upmp ~ 2y A vw) — F,[i, Al.

The findings of the previous section now allow us to construct a second order accurate in time reference
method for the MKG system (5.12), based on [9, Theorem 9] and [51] as follows. Respecting the time
step restriction 7, < Kc™2 from (5.2), we apply the exponential Gautschi-type integrator given in (5.8)
together with the choice of the filter functions as in (5.8¢) to the Klein-Gordon part (5.12a) and to the
wave part (5.12b) of our MKG system. For the time integration of the Poisson evolution equation (5.12¢),
we choose the trapezoidal rule (also called Crank-Nicolson method, see for instance [33, Chapter 10.2
and 12.7]).

Description of the Reference Method for MKG

Considering the initial data in (5.12)
GO =tr, 9 VN(0) = M BA0) +id(0)dr) = (V) ¥,
A(0) =A;,  0LA(0) = cA7,

and initially solving the Poisson equation for ¢(0) at time ¢t =0

~86(0) = —Re (i - 9" Vp(0)) = ~Re (i - () 7)),

C
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we find the initial data

¥(0)
A(0)

br =", 9p(0) = ¢ (V) ¥ —id(0)r = 4", $(0) = ¢°,
Ar =A%  8,A(0) =cA) = A,

We define the filter functions in (5.8¢) for x € R
UX = sinc?(c V), Y = cos(c (V),) sinc?(c V) UY = sinc?(c (V)

and ®X = sinc(c (V),). Then, the reference scheme for solving the MKG system (5.12) with a small

time step size T,. is given through
2 . ~ ~
P = 08T (V) U7 + T Sine(Tge (V) JU o T BOF (o7, @047, &0/, A

A = c08(7,5 (V) ) A" + T sine (e (V) ) A" + %\TJOFAW, .47
A = — (V) sin (¢ (V) ) A” + cos (¢ (V) ) A"

+ T‘;f (\PSFA[W, BOA" + WIF 5[+ <i>0A"+1]>

. (5.13a)
R R (ALY AT LS
P2 = ¢ (V) sin(Tresc (V) U™ + cos(Tresc (V) U™
P = — (V) sin(Trure (V) )Y + c08(Trere (V) )9
+ Tr;f (@(C)Fw [an’ (i)cwn7 (i)cw/,n7 An} + \ijiFw [¢n+1’ (i)cwn+l’ (i>c,t/}/,n—i-l/27 An+1]) )
where we shortly write
T
<7//n+17 ¢/’n+17 ¢n+17 ATL+17 A/,’ﬂ+1> = (I)z—effoMKG I:’l/)n7 w/7n7 ¢na An? A,’n] . (513b)

Note that this method is fully explicit.

In the subsequent section, we discuss reference schemes for the numerical solution of the reduced MD
system (5.4).

5.2 Reference Solution for MD in Lower Dimensions

Based on [10, 14, 16, 51, 87], we now propose a method for computing a numerical reference solution for
the Maxwell-Dirac system (2.36). Note that in [10] the authors proposed and analysed a similar scheme

for the time integration of the MD system in the Lorenz gauge.

We consider the MD system in
space dimensions d =d,,,, =1,2.

Remark 2.5 then allows us to reduce the MD system (2.36) with the four-spinor Dirac solution (¢, x) € C*
to the MD system (5.14) below with the two-spinor Dirac solution ¥(t,z) = (¢1(t,x),v%a(t,z))" € C?
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and potentials (4(t, ), A(t,z))" € RiFdiow je,

dlow dlow
10, = —icz 0;0; + Cos |+ |- Z ojA; | ¥ (5.14a)
j=1 j=1
A+ (V)2 A=cPy [ - O] = Py [J[P], (5.14b)
—A¢p =|¥)?, (5.14c)
w(0,z) =¥;(z), (A(0,z),9,A(0,2)) = (Ar(z), cA}(z)), (5.14d)

on the finite time interval ¢t € [0,T] and equipped with periodic boundary conditions on the torus
x € Thew. Note that the ideas for the construction of the reference method for MD, which shall be
described within this chapter, easily transfer to the higher dimensional case ([10, 14-16]).

The basis for the numerical time integration of (5.14) lies in approximately solving the Dirac part (5.14a)
with solution ¥(t,z) € C? with a Time-Splitting Fourier Pseudo-spectral (TSFP) method ([10, 15, 16])
which is described in Section 5.2.1 below. The wave equation (5.14b) with solution A is solved with
an exponential Gautschi-type time integration scheme ([9, 10, 51], see also Section 5.1.1) and for the
numerical solution of the Poisson equation (5.14¢), we may exploit standard Fourier techniques from
Section 3.5.3, using the solution operator A-? given in Appendix A.3.

In [15, 16] the authors have given rigorous convergence bounds for the TSFP scheme (see (5.24) below)

applied to (5.14a) with a step size 7,.;. According to [16, Section 4]
the TSFP scheme satifies error bounds of order O (Tifc4) , (5.15)

which is verified later by numerical experiments (see Experiment 5.3 and Fig. 5.7¢).

Due to these error bounds, we require very small step sizes satisfying

Tour < K2 with a constant K independent of ¢ and 7,.;. (5.16)

in order to obtain a feasible reference solution of the MD system (5.14).

In the subsequent Section 5.2.1 we describe the TSFP Dirac solver in more detail. Afterwards, in
Section 5.2.2, we formulate a reference time integration scheme for the numerical solution of the MD
system (5.14).

5.2.1 Description of the TSFP Dirac Solver

Based on [10, 15, 16, 87], we now describe a Time-Splitting Fourier Pseudo-spectral (TSFP) time inte-

gration scheme for a Dirac equation of type (5.14a) together with the Poisson equation (5.14c)

dlow dlow
10 = —icz 00 +ctos |V+ |- Z ojA; | ¥
j=1 j=1
—A¢ =|w|?, W (0,3) = ¥ (z).
We naturally split the system (cf. Section 3.5.1) into the linear subproblem
diow
00 = | —icy 0;0;+ o3 | ¥ = Hy,, W, ¥(0)=1¥ (5.17a)

Jj=1
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with exact flow 3" (¥r), and the potential subproblem

diow
0 =|¢— oA | ¥, ¥(0)=Y;
jz_:l Y (5.17b)

~A¢ =|¥* = |¥;|* = const.

with exact flow ¢3*'(¥7) and observe that in the latter subproblem (5.17b) the potential ¢(t) = ¢(0)
is constant. This observation is verified using that by (1.19) U]T =o; forall j =1,...,d,. and that

(¢(t, x), Alt, ac)) € R'*dow are real potentials and plugging these identities into

-
dlow dlow

0|0 =00 - W+ W -0 =—i0" (= 0;4; | T+il |- o;A; |F=0. (5.17¢)
j=1 j=1

In the following we discuss the (numerical) solution of the subproblems (5.17a) and (5.17b), respectively.

Solution of the Linear Subproblem (5.17a)

This section is mainly based on [10, 15, 16, 87]. According to [87, Chapter 1.2.2], the exact solution of

the linear subproblem (5.17a) is given through

ot () = e Tt (5.18)

Our aim is now to derive a scheme, which efficiently computes the operator e~ ™etHo.low exactly in time.
The latter can be carried out efficiently using a diagonalisation of Hy ., in Fourier space (see [10, 15, 16,
87]). Recall that the operator Hy ., belongs to the reduced Dirac equation (5.17a). Considering the full

(unreduced) Dirac equation (2.35) we have that

d
i0pp = | —icY ;0 + 2B | Y = Hop, (0) = ¢r,
j=1
where in particular the operator Hy and its corresponding Fourier symbol f{;(k) for k € Z% are given
through ([87, Chapter 1.4],[10, 15, 16])

2 eSS o (—i0; — Ty > ok
H0:<Czd”2 251 551 aﬂ)>, Hoaf):(czdz 2 ’“) (5.19)

j=1 O'j(—iaj) —C2I2 j=1 O'jk’] —6212

Exploiting that by (1.19) 0']—-'— =0;,j =1,...,d, the latter can by diagonalised by a diagonal matrix ﬁ(ls)
T
P ~ — . s
and unitary matrices S (k) with S+(k) =S5 (k) and S+(k) S (k) =TIy for k= (k,.... k9T € 7,

where

D(k) = diag(+c¢ (k), Ty, —c (k) Ta), k), =\/|k|* + ¢

i
~t a(k)Zz :FZO'{:1 a]a _
e Ul IRV

2o am WP

c

Then we find from [87, Chapter 1.4] and [15, 16]

Ho(k) =8 (k)-D(k)-S (k)  forall k € Z%
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Recall that by (1.21) the Pauli matrices 0,7 = 1,2,3 read

o (01 (0 =\ (10
o) PTG o) TP o -1

Due to the anti-diagonal structure of the matrices o, j =1,...,d.. with d,,, = 1,2 given in (1.21), the
operator fl;(k) in (5.19) can be written as the sum of a 4 x 4 diagonal and a 4 x 4 anti-diagonal matrix,
respectively. Thus, we retain Hy,,, from Hy by crossing out each the second and third row and column
in Hy and Ho(k) respectively. Then also crossing out the second and third row and column in /,S\’i(k) and

ﬁ(k) allows us to simply write down the diagonalisation of Hy ., as ([10, 15, 16, 87])

ot — —

Hoow (k) = St (k) - Dy (k) - S0 (k),  forall k= (k... kDo) g zdow (5.21a)

with matrices m(k) = diag(c(k),,—c(k),) and

(k) kY —ik?

o+ a _

Siw )= 2| jrme W ak) =1+ k) (5.21b)
P taam @

In case of d,

low

=1, we set k2 = 0 in the latter relation (5.21).

Tref

The diagonalisation (5.21) now allows us to compute the exact flow ¢’ (5.18) of the linear subproblem

(5.17a) in its Fourier representation, via the diagonalisation (5.21), i.e. for k € Z¢

- T — — n — g
) R A R O R R N (7 )
Note that this diagonalisation coincides with that from [10, 15, 16]. Applying the inverse Fourier transform

to the latter relation finally yields the exact solution in time of the linear subproblem (5.17a).

Next we discuss the solution of the potential subproblem (5.17b).

Solution of the Potential Subproblem (5.17b)

This section is based on [10, 15, 16]. The second subproblem (5.17b) is solved exactly by the flow
. Tre d ow
(p;—DrCf(W(tn)) _ 6_7’(‘/10 f¢(tn+3)—2jl:1 "'jAJ'(tn"rS)ds)g/(tn). (522)
Recall that by (5.17¢) within this subproblem (5.17b) the scalar potential ¢ is constant, i.e.

o(t) = ¢(0) is constant for all times ¢.

Furthermore, we use the second order accurate trapezoidal rule® (also called Crank-Nicolson method,
see for instance [33, Chapter 10.2 and 12.7]) in order to approximate the integrals [;™" A;(t, + s)ds for
ji=1,...,dyy, i.e. we have

Tref
P(tn + s)ds =T.cp(tn) = I3,
0
Tref

Aj(ty + s)ds zﬂ;f (Aj(tn) + Aj(tn + 7o) = Tk, G =1, i
) :

®Note that in [16] the authors suggest to use the fourth order Simpson quadrature rule (see for instance [33, Chapter
10.2]) for the approximation of the integrals. For our purpose of constructing a second order TSFP method [10, 15, 16] for

the integration of the MD system (5.14), the second order accuracy of the trapezoidal rule is sufficient.
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This allows us to write (in lower dimensions d,,,, = 1,2)

Tref dlow

3 —(I%, —il3,)
oty + s) o; t+sds~< nd’,n v
0 Z ’ _(IAl +1’IA2) I¢ ’

where for the case dy, = 1 we set T4, = 0. One may check the following diagonalisation of the latter

matrix (see for instance [16, Appendix 3])

n (M __sn T
( n I¢ . ([Al n ZIAQ)) = Pn . An : Pn
_(IAI +’LIA2) I

with matrices

P, =

Q

B3

+

i

B3

~
=3
Q

=

o
=
/‘:
o3

+
=3
<3
=
~_

where [1%] = /|15 |* + |1;;2|2.

This diagonalisation allows us to approximate the flow @3 (¥ (t,)) given in (5.22) above by
Tr —iAy T Tre
(I)P!ef[g/(tn)a ¢(tn)a A(tn)v A(tn-&-l)] =PF,-e Anpn w(tn) R Yp f(@(tn)), (5'23)

which has been proposed before in [10, 15, 16].

Tref

Gathering the exact flow ¢ of the linear subproblem (5.17a) given in (5.18) and the numerical flow
P7e* of subproblem (5.17b) given in (5.23), we finally obtain the following Time-Splitting Fourier Pseudo-
spectral (TSFP) method ([10, 15, 16]) for the numerical time integration of the Dirac equation (5.14a)

n e n n n n Tref/2 Tre Tref/2 n n n n
v = CI)TTSQPQP[Q ’¢ »A 7A -H} wHOfl/ow (I)P ‘o SOHofl/ [W 7¢ aA »A +1]' (5‘24)
Note that the latter (TSFP) method is an exponential Strang splitting method for which the analysis in

[16] provided error bounds of order (’)( 2 4). These results suggest that we need very small time step

sizes T,.; < Kc¢™* in order to retain a feasible reference solution.

We are now ready to formulate a numerical reference method for the numerical solution of the MD system

(5.14). We proceed in the subsequent section.

5.2.2 TSFP-Gautschi Reference Scheme for MD

Based on [9, 10, 15, 16, 51, 87] and exploiting the results of the previous sections, we formulate a reference
method for the numerical solution of the reduced Maxwell-Dirac system (5.14) in Coulomb gauge. Note
that in [10] the authors proposed and analysed a similar scheme for the time integration of the MD system

in Lorenz gauge.

We consider the initial data given in (5.14)
U(0) =07 = 0, §(0) = A [0 = ¢,
A(0) =A; = A 9;A(0) = cA} = A9,

For the definition of the solution operator A~ see (A.4) in Appendix A.3.
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The idea is now to use the TSFP scheme described in the previous section for the numerical time
integration of the Dirac part (5.4a) of the reduced MD system. We furthermore numerically solve the
wave equation (5.4b) for the vector potential A by the exponential Gautschi-type method (5.8) with the

filter functions in (5.8¢)
U0 = sinc®(c(V),), ¥ = cos(c(V),)sinc*(c(V),), ) =sinc*(c(V),)
and ®° = sinc(c (V),).
Then the TSFP-Gautschi reference scheme for solving the reduced MD system (5.14) is given through

2 ~
AT = 08(Te (V) ) A"+ Toar SINC(Trar (V) ) A" 4 L UOP, [T [0007]]
y'/n-i-l :(I)Tref [Sp", (bn’An’ An+1]

TSFP

AT = — (V) sin(Truc (V) ) A" + €08(Trurc (V)) A" (5.25a)

4T (mgpdf (7800 + WOP,, [J[@00+]] )
ol = AL |y7n+1‘2

where we may shortly write
-
<wn+1’ ¢n+1a An+17 A/,TL+1) = (I)Z-erngD [Wn7 ¢na An? A,’n:l . (525b)

Note that the method ®7ref - given in (5.25) is fully explicit.

In the subsequent Sections 5.3 and 5.4, we underline by numerical experiments the theoretical results
of the previous chapters for the asymptotic nonrelativistic limit approximation (see Theorem 3.15) and
for the uniformly accurate time integration scheme (see Theorem 4.7 for MKG and Theorem 4.8 for MD

respectively). We start off with experiments for the MKG system.

5.3 Maxwell-Klein—Gordon Experiments

In this section we consider the Maxwell-Klein-Gordon system (2.20) with exact solution (¢, ¢,.A4)"

corresponding to the initial data
(A(0), 3.A(0)T = (Ar, AT and  (9(0), 07N (0)T = (1, (V) )T,

where the initial data 17,97, Ar, A} can be expanded such that (cf. (3.9b))

o0 o0
Yr=tro+c W+ Y ¢ Mrn, Y=o+ W+ Y T,

n=2 n=2
[e%S) [e%S)
A_A 71A 7nA I Al 71AI —n 7/
1=Aro+c A+ c Ins 1=Ajgt+c "Apg+ c In:
n=2 n=2

Our aim is now to numerically confirm the convergence results O (7'2 +c N ) for N € N of the asymptotic
nonrelativistic limit approximation for ¢ > 1 from Theorem 3.15 and the convergence result O (7) uni-

formly in ¢ > 1 from Theorem 4.7 of the numerical approximation obtained with the uniformly accurate
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time integration scheme (the “twisted scheme”). Additionally, we test the exponential Gautschi-type

reference time integration scheme ([9, 51, 54]) which we discussed in Section 5.1.2.

In the subsequent subsections, we give s short recap of the nonrelativistic limit time integration scheme

from Section 3.5 and the uniformly accurate time integration scheme from Section 4.2.

Repetition of the Nonrelativistic Limit Time Integration Scheme for MKG

We consider the numerical approximation in the nonrelativistic limit regime ¢ > 1 to ¥(t,), i.e. (cf.
(3.33))

Y =y,

g0 g gn e WS

Recall that we obtain the numerical approximations

T and ®7

and w? = (u?,v?)"  with the schemes ®7, w1 Strang?

n __ n n
Wy = (U'O » Vo ) wp,Strang

to the solutions wg(t,) and wy (t,) of the limit systems (3.109) and (3.111). These schemes were given in
(3.110) and (3.117), respectively, with

n __ T
wO - ((I)wo,Strang

n . 'Q[}I,O_iwllo
w ith wro= (22 I22Z2 and
) lore) itk wro <ww>

Yra — 1'1/1},1>
Yra — iy,

wy = (@;l,smng)" (wra) with wry = (
Moreover, we obtain approximations to ¢(t,) in the nonrelativistic limit regime ¢ > 1 via (cf. (3.33))
ORI =0h o =g +eTrel
where ¢ and ¢} solve the Poisson equations (see Theorem 3.15 and cf. (3.111), (3.112))
~A¢y = — (gl = ") and  — A@} = Re (—u - uf +vf - of).
Approximations to A(t,) and %A(tn) are given through (see Theorem 3.15)

AL — AR = cos(ct, (V)o)Aro + tnsinc(ct, (V)y)cAro and

P (5.26)
?tAéo)’n = ?tAg = —c(V)ysin(ctn (V)y)Aro + cos(ct, (V)y)cAro-

Next, we recall the uniformly accurate time integration scheme from Section 4.2 based on the “twisted

variables” (see also [18] for the case of the nonlinear Klein-Gordon equation).

Repetition of the Uniformly Accurate “Twisted” Time Integration Scheme for MKG

Recall that by Theorem 4.7 the numerical solutions

1, 2 P pp— 1 —5
Ui =S (e Ul + e T, AL = (el +ar)

*

¢tot,’n :(bO,n + e2ic2tn¢2,n + e—2ic2tn¢z,n
* * *



5.3. Maxwell-Klein—Gordon Experiments 149

are uniformly accurate in ¢ > 1 approximations to the exact solution (1 (t,), #(t,), A(t,))" of the MKG
system (2.20). Thereby, gathering

), an obtained with the “twisted scheme” W] given in (4.39)

wy

= (uf, vl

and ¢2" and ¢2" being the solution of the Poisson equations (see (4.40a))
—AG" = — - Re (u! (V) uZ U (V) 01),
SAG" = = o (ul (V) ol 0l (V) ),

we have uniformly accurate in ¢ > 1 numerical approximations to the “twisted variables” (see Chapter 4)

W, (ty) = e~ tnw(t,) and to ¢(t,) = ¢ (t,) and al(t,). Note that

(ws, o2, a) " solve the “twisted system” (4.15).

Recall that in case of MKG the nonlinearities GI* = 0, m = —4,—2,0, 2 vanish. Moreover, note that in

case of MKG we choose
v=0  which is involved in the scheme U] (see (4.39)). (5.27)

In the subsequent subsection we discuss the numerical convergence results in two experiments.

5.3.1 Numerical Convergence in case of MKG

In this section we discuss the numerical tests described in Experiment 5.1 and Experiment 5.2 below. In
both experiments we consider the MKG system on the two-dimensional torus T? = [—m,71]?, i.e. d = 2,

and on the finite time interval [0,7 = 1], and we choose
the reference time step Teer = 1/756000 =~ 1.59 - 10_6,
the number of grid points in both directions M =128 (mesh size h = 27/M ~ 0.049).

We set r = 2 the index corresponding to the Sobolev norms from Theorems 3.15 and 4.7 on the convergence
of our schemes. Note that in particular r > d/2. We furthermore fix the following coefficients of the

initial data

— o Pas |Ar, Par A
¥r,j / V7 { ’J} / [ i
Vrj = —r—> Y1;= A,,J » A= o T Ij= G ;
‘ 1/’1,; L2 ’ wl’j L2 ‘ a [ I’J} L2 ’ a |: I’j] L2

for j =0,1 and = = (z1,22) € T? with

dro(e) = exp (sin(an)) - 5ERERITESL dra(e) = sinn) + cos(aa),

i) = gzt Tt = o) o)

N — sin(z2) — exp (sin(ml)) + sin(z2)
A r) = sin(z sin(x ’ A L) = )
ro(®) (z1) + sin(e2) 1(@) cos(z1) + sin(z2)

3 — cos(z1) + sin(z2)

sin(z1) - exp (sin(azg)) Z;I-'l(x) _ cos(x1) + sin(z2)

Apole) =

—sin(x1) — sin(z2) —sin(z1)
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zy

(@) [vr(z1,22)] (b) | (1, 22)] (c) |Ar (21, 22)]

Figure 5.1: (MKG initial data): Absolute values of the initial data 11, ¥}, Ay, A} of the MKG system (2.20) corresponding
to Experiment 5.1 on the torus T2, i.e. z = (21, 22) € [, 7]%.

We investigate the following numerical errors

e = || At — AL

LA(t) - AR

2,0 1,0
0 = [w(ta) - wO" —o0|,
e =[l(tn) — @ —ol|, (5.28)
€ = (tn) — 971, + ||¢<tn> 07 g0+ A(tn) = ALl + |2 Alt) — 2AT|
€l = () = Uikl + 9(0) = Ol + IALE) = Al + |2 A() 2 AL

where we denote by (¢7,, ¢",, . A™",) T the numerical solution obtained with the exponential Gautschi-type
reference scheme @7 .. (see (5.13)). Note that here, the chosen Sobolev norms match the theory from
Theorems 3.15 and 4.7 for r = 2. Furthermore, note that in the terms ¢, ¢ and € the “exact
solution” (1(t,), d(tn), A(t,)) T of the MKG system (2.20) is actually replaced by the reference solution,
obtained with the exponential Gautschi-type ([9, 51]) time integration scheme (5.13)

®Tret o Wwith the very small time step 7.~ 1.59-107°.

The reference solution for the term ¢&”

ref

scheme” WTref given in (4.39) with v = 0 and 7,.; ~ 1.59-1075. This allows us to test the scheme ®7,

is computed with our first order uniformly accurate “twisted

ref, MKG *

Experiment 5.1 (General MKG Initial Data). In the first numerical MKG experiment, we consider the
initial data (cf. Fig. 5.1)

Yr=vro0+c W1, Vr=vro+c Wy, Ar=Arg+c Ay, Ap=Ag+cTAL

According to Theorem 3.15 and (3.133), the error of the numerical first order limit approximation
(wé?’”, o, AO™T satisfies

eOn @Q};ﬂ =0 (r*+c") forallt, €0,1].

The results of our numerical tests confirm these convergence rates (cf. Fig. 5.2a). Moreover, Fig. 5.2a

C()é)m g})m)‘r

shows that the numerical second order limit approximation ( satisfies

e =0(r*+c?), forallt,cl0,1],
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which underlines Remark 3.16.

Fig. 5.2b confirms the first order in time uniformly accurate in ¢ > 1 convergence (see Theorem 4.7)

of the numerical approximation (¢, ¢"", AL, %AZ)T obtained with the “twisted scheme” W7 given in
C

(4.39) (note that we choose v =0 (see (5.27)), i.e.

¢! =O(r) uniformly in ¢ > 1 for all t,, € [0,1].

Fig. 5.2c shows that in our numerical experiments the numerical solution obtained with the method @}t |
(5.13) has an error behaviour
¢ =0 (rc") forallt, €[0,1]

which is even worse than expected (instead of O (72¢*), see [9, 51, 54] and also (5.11)). Recall that for the
investigation of ", we use our first order accurate scheme U7 given in (4.39) with v = 0 as a reference
method with very small time step T, ~ 1.59-1076. The order reduction observed in Fig. 5.2c below from
the expected order O (t%c*) (see [9, 51, 54] and also (5.11)) to the order O (1¢*) can be explained by
the explicit dependency of the right hand side of the MKG system (2.20) on the time derivatives 0y and
0¢¢ of the solutions 1 and ¢. Because the reference scheme @7, .. approximates 0yt only up to O (702)
bounds (cf. [51, 54] and (5.10) and also (5.11)), we retain global bounds for the scheme ®7 of order

ref, MKG
@ (7'64) .

Additionally, in Fig. 5.3a, we study the second order in time error bounds of the Strang splitting schemes

DT, s (s€€ [44, 65] and also Corollary 3.10) and @7, ... We measure the error of the corresponding
numerical solutions

€} = ([0 (tn) = 07|, + |05 (ta) = 67|, = O (7?)  for all t, € [0,1], see Fig. 5.3a (5.29)
for j = 0,1. Note that the same methods ®ye  —and @7~ with the very small step size T, =

1.59 - 1079 provide numerical reference solutions for measuring the numerical error.

In Fig. 5.4, we compare the efficiency of the above schemes for several values of ¢ by plotting the resulting

error of each scheme against the corresponding consumed CPU time. Fig. 5.4 underlines, that

in slowly oscillatory regimes c < 10 the exponential Gautschi-type scheme @], . performs well,

in intermediate regimes 10 < ¢ < 150 the uniformly accurate scheme V7 (with v = 0) is most efficient

and

r
W ,Strang

in highly oscillatory regimes ¢ = 150 the asymptotic limit approximation schemes ® for j =

0,1 outperform the “twisted scheme” 7.

In the subsequent experiment, we see that we can improve the convergence of the limit approximation
(a/;ég)’”, ¢§?’”)T to O (7'2 + 0*2) if we choose the initial data for the MKG system (2.20) in a suitable

way (cf. Theorem 3.15).

Experiment 5.2 (Particular MKG Initial Data). In the second numerical MKG experiment, we consider
the initial data

Yr=1vr0, Y=o Ar=Arg+c Ay, Ap=Alg+c AL
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Figure 5.2: (MKG, Convergence, Experiment 5.1): Left: Convergence in 7, Right: Convergence in c. Fig. 5.2a underlines

the O (7-2 + c_l) bound from Theorem 3.15 and the O (72 + c_2) bound from Remark 3.16 for the error terms eg‘;)’" +
G.(Xl;n and é(o}j) ' respectively. In Fig. 5.2b we observe the uniformly in ¢ first order in time error bound O (7) for €7 from
Theorem 4.7. Fig. 5.2c shows that the numerical bounds for the error term €7 corresponding to the reference scheme
@7 ¢ mxc are even worse than expected, namely O (7'04) instead of the expected bound of order O (7'204) (see [9, 51, 54]
and also (5.11)).

The error terms G‘(Xi;n, eg?’", eg},)’", En E" . are given explicitly in (5.28).

ref
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Figure 5.3: (Convergence Order of the Limit Splitting Schemes @, ..., and 7, ;... for MKG and MD): Convergence
order O (72) at fixed ¢ ~ 10.2 of the schemes @7, ., .., and ®7, . ... The corresponding initial data to the MKG

case (Fig. 5.3a) are given in Experiment 5.1, the ones for the MD case (Fig. 5.3b) in Experiment 5.4. The same methods

Tref
and ©’w1 ,Strang

& Tref

wQ,Strang

given in (5.29) and (5.35), respectively.

with very small step sizes Ter provide a reference solution. The error terms G;? for j = 0,1 are
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Figure 5.4: (MKG, Efficiency of the Numerical Time Integration Schemes, Experiment 5.1): Efficiency plot of the methods

cDZug,Strang (_ o= )’ @

plotted against the consumed CPU time for computing the respective numerical solution. Values in the lower left corner

w1,8trang ( )y WL (=*), ] yie () for several values of c. The corresponding errors are
of each plot are desired. We observe that already for small values ¢ ~ 6.4 (upper middle) and for all higher values ¢ 2> 6.4
our uniformly accurate in ¢ > 1 scheme W] shows a (much) smaller error than the reference scheme @7\ at the same
CPU time. Additionally, the lower plots underline that for ¢ 2 100 at small CPU times the usage of the asymptotic limit

schemes 7

wo,strang A0d @7, o ... pays off. We furthermore observe that the efficiency of the scheme ¥ is more or less

and P7

w1 ,3trang

T

constant for increasing ¢ 2 16.2 (see upper right to lower right). Because the numerical schemes ®7, o, ..

are independent of ¢ and because of the O (7'2 + c’l) convergence (see Fig. 5.2a) we deduce that for ¢ 2 150 these limit
schemes become more efficient than the other schemes. Note that in the lower middle and lower right plot, the plateaus in

the lines corresponding to ¢ for large CPU times can be explained by a bad quality of the respective reference solution.
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Figure 5.5: (MKG, Asymptotic Limit Approximation, Experiment 5.2): Dotted (+*@*): sup; c[o,1] egﬂ)’", Thin solid
(—o—): SUpy,, c[0,1] @‘(Xi’:. Left: Convergence in 7, Right: Convergence in ¢. We observe that a suitable choice of the
initial data for MKG the convergence of eg‘?’” improves from O (72 + cil) (cf. Fig. 5.2a) to O (7’2 + c*2) which underlines
Theorem 3.15.

Especially note that

l1vr — 1.0

|2+4 + Hlb} - 7//1,0H2+4 =0< Kc 2

The errors of the first order limit approximation ( ég)’”, qbé?’", «45,2)’")—r satisfy according to Theorem 3.15
(respecting (3.133)) 6.(21’0" = O (c™') and in particular

Qfgg)’n =0 (7‘2 + 072) for all t,, € [O, 1]

These bounds are confirmed in Fig. 5.5.

Note that in [45] the authors observed this convergence for numerical experiments with the nonlinear

Klein—Gordon equation for a similar choice of the initial data.

In the subsequent subsection we discuss energy and norm conservation properties of our schemes.

5.4 Maxwell-Dirac Experiments

In this section, we consider the reduced® Maxwell-Dirac system (2.37) with its exact solution (¥, ¢,.A) "

corresponding to the initial data

(A(0),0:A(0) " = (A, eA])T  and  W(0) =¥ = (¥, ¥7)T,

®Recall that according to [10, 14-16, 87] (see also Remark 2.5) the full MD system (2.36) with solution (¢, ¢, A)T can
be reduced in the case of d = diow = 1,2 dimensions to the system (2.37) with solution (¥, ¢, A) T, where ¥ = (1,4) .
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where the initial data ¥;",¥;, A7, A} can be expanded such that (cf. (3.9b))

U =wt + o+ Z L Uy =W+ W+ Z M

n=2 n=2
oo oo
—1 —-n / / —1 5/ —n A/
Ar=Aro+c "Arq + E ¢ "Arn, 1=Arotc AL+ E ¢ A7,
n=2 n=2

Our aim is now to numerically underline the convergence results O (7% + ¢) for N € N of the asymp-
totic nonrelativistic limit approximation for ¢ >> 1 from Theorem 3.15 and the convergence result O (1)
uniformly in ¢ > 1 of the numerical approximation obtained with the uniformly accurate time integra-
tion scheme from Section 4.2 (see Theorem 4.7) which we may call in the following “twisted scheme”.
Additionally, we test the TSFP-Gautschi reference time integration scheme ([9, 10, 15, 16, 51]) which we

discussed in Section 5.2.2

Next, we give a short recap of the nonrelativistic limit time integration scheme from Section 3.5 and the

uniformly accurate time integration scheme from Section 4.2 .

Repetition of the Nonrelativistic Limit Time Integration Scheme for MD

We consider the numerical approximation in the nonrelativistic limit regime ¢ > 1 to 9(t,), i.e. (cf.
(3.61))

AR :% (eic2t"u3 + eiiczt"ﬂ) and

SR :% (eiczt” (uf + ¢ ul) + e (o + C_lﬁ)) :

Recall that we obtain the numerical approximations

and @7

n n , n\T n n , n\T : . T
wy = (ug,vy)  and wi = (uf,v})  with the schemes ® w1 Strang’

wo,Strang

to the solution wg(t,) and w (t,) of the limit systems (3.109) and (3.111). These schemes® were given
in (3.110) and (3.117), respectively, with

. ur, 0 i/
5 = (@) wra) itk v = (00) wra= (5, ) ena= (§) - ana
> 1,0

dlow
. Iz—crg)SP]l ia@-%o
wy = (®7 " (w with wyq = ( ) o+ E IR
1= (P snans) (w1) 1 ((Iz+a3)u7[,1 = \iz50,710

Moreover, we obtain approximations to ¢(t,) in the nonrelativistic limit regime ¢ > 1 via (cf. (3.33) and
(3.112))

n n n n -1 n : n n ic%t, 1(2,0),n —2ic%t, ,(2,0),n
POm = g5, U =g+ eTIon, with gf = g 4+ 20" 4 et 2O
where ¢f and @7, ¢§2’0)’n solve the Poisson equations (see Theorem 3.15 and cf. (3.111), (3.112))
n 1 n " n "
—A¢! == Re (uo ~ul + v ~vl)

L T2
_A¢021(|U0| +[vg1") and 20m 1, n n . on g
—A¢y" :Z(Uo vy +uf - vg).

®Note that we need to replace the matrices a; by o for j = 1,2 and 3 by o3, see Remark 2.5.
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Approximations to A(t,) and %A(tn) are given through (see Theorem 3.15)
C

AL — AR = cos(ct, (V)o)Ar,o + tysinc(ct, (V),)cAro and
B A" = %A = — ¢ (V)gsin(ct, (V)g) Aro +cos(ct (V)g)cAro.

In the subsequent subsection,, we recall the uniformly accurate time integration scheme from Section 4.2

based on the “twisted variables”.

Repetition of the Uniformly Accurate “Twisted” Time Integration Scheme for MD

Recall that by Theorem 4.7 the numerical solutions

1
wn = -
* 9

d)tot n ¢O n 2ic2tn¢i,n + 672ic2tn¢§,n

(e m? + 50, Al = (a2 + )

are uniformly accurate in ¢ > 1 approximations to the exact solution (¥(t,,), ¢(t,), A(t,)) T of the reduced
MD system (2.37). Thereby, gathering

=@M, alm obtained with the “twisted scheme” W] given in (4.39)

wy

and ¢2" and ¢2™ being the solution of the Poisson equations (see (4.40D))

—Ag0" =2 (Jul? + o2 ),
_A¢

m=Lynn,
4

we have uniformly accurate in ¢ > 1 numerical approximations to the “twisted variables” (see Chapter 4)
Wy (ty) = e~ tnw(t,) and to ¢(t,) = ¢ (t,) and al(t,). Note that

(wy, ¢t a)) " solve the “twisted system” (4.15)

in which we replace in the nonlinearities GJ* for m = —4, —2,0, 2 the matrices a; by o for j = 1,2 (see

Remark 2.5). Furthermore, note that in case of MD we choose
y=1 which is involved in the scheme U] (see (4.39)). (5.30)

In the subsequent subsection, we discuss the numerical convergence results for the MD case in two

experiments.

5.4.1 Numerical Convergence in case of MD

The subject of this section is the discussion of the numerical tests described in Experiment 5.3 and
Experiment 5.4 below. In the latter experiments, we consider the reduced MD system on the two-

dimensional torus T? = [—,7]?, i.e. d = 2, and on the finite time interval [0,7 = 1], and we choose

the reference time step Toet = 1/302400 ~ 3.31 - 1079,
the number of grid points in both directions M =128 (mesh size h = 27/M = 0.049).
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0.3 0.3
. - 0.2 0.2
) 0.1 0.1
1 Ty
a) | (@1, 22)| (b) & o (@1, 22)| (© | (@1, 20)| d) @, (@1, 22)]

Figure 5.6: (MD initial data): Absolute values of the initial data ¥y o = (lI/I 077, o)W = (T 1% ;1) 7 given in (5.31)
of the reduced MD system (2.37) on the torus T2, i.e. = (x1,x2) € [—7, 7]2.

We set r = 2 the index corresponding to the Sobolev norms from Theorems 3.15 and 4.8 on the convergence

of our schemes. Note that in particular r > d/2.

We furthermore fix the following coefficients of the initial data (cf. Figs. 5.1c, 5.1d and 5.6)

. o Puli) Pl
1. = > — I,j — ‘ P |:A ] I AI,] = ’ P |:Al :| ’ (5.31)
+ = 1,5 i
LPIJ. Lo + ‘ Wj’j Lo df j 12 df I, Lo

for j = 0,1 and z = (z1,22) € T?

(cos(x1) + isin(z2))

Wy (x) = exp (sin(z1)) -

sin(z2) — cos(z1)

2.5 + sin(zx1) + sin(x2)’

Uy o(x) = exp (cos(z2)) -

’ 2.5 —icos(z1) + sin(z2)’

'y (z) = sin(@1) - cos(x2),

)

W (z) = sin(zq) - exp (sin(zz)) + i cos(z2),

s

— —sin(z2) — exp (sin(xl)) + sin(x2)

Aro(z) = sin(x1) + sin(z ) Ara(z) = )
3 cE)sZa)cl) + sgnza)cg) cos(z1) + sin(zz)

zm(x) _ sin(z1) - exp (sin(z2)) Xrl(x) _ cos(x1) + sin(x2)

—sin(z1) — sin(z2) —sin(z1)

We investigate the following numerical errors

Q" = Al —AQ & } ﬁA(tn) - 2aA0n|
c k)
@¢O)mn _ Hw(t ERORE — O
o0 oo o0 4,0

@&”1=Hw6n>—w§%"

_ H)n
2 + H(b(tn) 2% 4,0
€L =|lv(tn) — Lo + |6(tn) — #" ly0 + IA(ER) — ALlg o + ‘
CL =11Y(tn) — Yilly + 10(tn) — dlllyo + [A) — AL

(5.32)

L Alt,) - 2 A7

1,0

% At,) - 2Ar

c Tef

20+ || 2

where we denote by (¢7,, ¢",, A"

ref
scheme ®7ref | (see (5.25)). Note that here, the chosen Sobolev norms match the theory from Theo-

rems 3.15 and 4.8 for r = 2. Furthermore, note that in the terms (’E(O)’ 93533’" and €7 the “exact
solution” ((tn), d(tn), A(t,))T of the reduced MD system (2.37) is actually replaced by the reference

)T the numerical solution obtained with the TSFP-Gautschi reference
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solution obtained by the TSFP-Gautschi ([9, 10, 15, 16, 51]) time integration scheme (5.25)
®Tret | with the very small time step 7, ~ 3.31-107°.

The reference solution for the term €&

ref

scheme” WTref given in (4.39) with v = 1 and 7, ~ 3.31-107°. This allows us to test the scheme @t

ref,MD"*

is computed with our first order uniformly accurate “twisted

In the first MD Experiment 5.3 we choose our initial data according to Assumption 4.5 such that

WI_OT-W?' forj=1,...,d.
In lower dimensions d = d,,,, = 1,2 (cf. Remark 2.5) the Assumption 4.5 reduces to
o v =0 () in the sense of the H* norm (5.33)
which can be seen easily by replacing the matrices o; by o, j = 1,...,d in the current densities Jho

and J2, respectively, given in (4.18) and following the considerations of Remark 4.4.

According to Theorem 4.8, under these assumptions, our method W] applied to the reduced MD system

is stable and uniformly in ¢ > 1 first order in time convergent.

Fortunately, the subsequent Experiment 5.4, treating general initial data for MD, strengthens the hy-
pothesis that Assumption 4.5 might not be necessary in order to guarantee the uniform convergence of
W7, A proof of the uniformly accurate convergence of U7 in the case of initial data, which do not satisfy

Assumption 4.5 might be an interesting topic of future research.

Experiment 5.3 (Particular MD Initial Data). In the first numerical MD experiment, we consider initial

data satisfying (5.33) (which is an adaption of Assumption 4.5 to the reduced MD system (2.37)), i.e.

v = <%+) = <%+0 ) Ap=Aro+c A T=Apg+c AL
_ —1.,— s L ) Lt
v, c LPLl

According to Theorem 3.15 and (3.133) the error of the numerical first order limit approximations
(WS gD ADMT satisfies

Qg(()g)m + Q}Sﬁl’: =0 (72 + c’l) for all t,, € [0,1].

The results of our numerical tests confirm these convergence rates (cf. Fig. 5.7a). Moreover, Fig. 5.7a

C(é),n gi)m)T

shows that the numerical second order limit approximation ( satisfies

@(()1))7’!7, — O (7—2 _|_ 672) fOI‘ all tn S [07 1]7

which underlines Remark 3.16.

Fig. 5.7b confirms the first order in time uniformly accurate in ¢ > 1 convergence (see Theorem 4.8) of

the numerical approximation (¥, """, A7, @AZ)T obtained with the scheme W given in (4.39) (note
C

that we choose v =1 (see (5.30)), i.e.

¢ =0O(r) wuniformly in c¢>1 for all t, € [0,1].
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Fig. 5.7c shows that the numerical solution obtained with the TSFP-Gautschi method ®7if , (see [9, 10,

15, 16, 51] and also (5.25)) has an error behaviour
¢’ =0 (r’c") forallt, €[0,1], see Fig. 5.7c,

This confirms the explicit dependence of the error bounds for the TSFP-Gautschi method ®7 = on the

ref,MD

large parameter c*, as expected (see [9, 10, 15, 16, 51] and also (5.25), (5.11) and (5.15)) and underlines

the severe time step restrictions 7= QO (0_2) .

n
ref?

Recall that for the investigation of €", we use our first order uniformly accurate scheme Wi given in

(4.39) with v = 1 as a reference method with very small time step T, ~ 3.31 - 1076.

In Fig. 5.8, we compare the efficiency of the above schemes for several values of ¢ by plotting the resulting

error of each scheme against the corresponding consumed CPU time. Fig. 5.8 underlines, that

in slowly oscillatory regimes ¢ < 16 the TSFP-Gautschi scheme ®7x!  performs well,

in intermediate regimes 16 < ¢ < 100 the uniformly accurate scheme V7 (with v = 1) is most efficient

and

T
W ,Strang

in highly oscillatory regimes ¢ 2 100 the asymptotic limit approximation schemes ® for j =

0,1 outperform the scheme V.

The subsequent Experiment 5.4 strengthens our hypothesis that the Assumption 4.5 (or (5.33), respec-
tively) on the Maxwell-Dirac initial data might not be necessary in order to retain stability and a

uniformly first order convergence of our “twisted scheme” U7 given in (4.39) (cf. Theorem 4.8).

Experiment 5.4 (General MD Initial Data). In the second numerical MD experiment, we consider the
initial data

+ + +
Uy = Spi = !III;O +ct !pli’l Ar=Aro+ 071A171, Al = A/I ot CilA/I 1- (5.34)
7, Yo Vi ’ ’

Recall that in order to show the uniformly in ¢ > 1 first order in time convergence of our “twisted scheme”
UT given in (4.39), we needed to set up the Assumption 4.5 on the initial data of the MD system (2.37)
(cf. Theorem 4.8).

Fig. 5.9 strengthens the hypothesis that for general initial data (5.34) violating Assumption 4.5 (or more
precisely (5.33)), we still numerically retain the uniformly first order convergence of the scheme UTrf
given in (4.39) with the choice v = 1. This topic is interesting future research. In Fig. 5.9 we observe the

same convergence rates

€7 = O(r) uniformly in ¢ > 1 for all t,, € [0,1]

*

as proven in Theorem 4.8.

In particular, we observe that the corresponding numerical errors in comparison to the errors from
Experiment 5.3 only differ by a very small constant, i.e. for both choices of initial data, we retain almost

the same errors.
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Additionally, in Fig. 5.3b, we test the second order in time error bounds of the Strang splitting schemes
@T

wq ,Strang

(see [44, 65] and also Corollary 3.10) and ®], We measure the error of the corresponding

w1 ,Strang*

numerical solutions
€ = [0 (tn) = 7|, + |65 (ta) = &7, o = O (7?)  for all t, € [0,1], see Fig. 5.3b (5.35)

for j = 0,1. Note that the same methods ®ye  —and ®7<, — with the very small step size T, =

3.31-10% provide numerical reference solutions for measuring the numerical error.

5.5 Numerical Energy and Norm Conservation

In this section, we discuss the numerical energy conservation properties of our uniformly accurate “twisted

scheme” W7 given in (4.39) and of the asymptotic limit scheme ®7, ., . eiven in (3.110).

Recall that by (2.12) the electromagnetic field (E, B)" corresponding to the MKG and MD systems
(2.20) and (2.36), respectively, is given through

E(t,.’L‘) = V(b(ta Jf) - %A(ta Z‘),
¢ (5.36)
B(t,z) =V x A(t, x)
where in dimension d = 2 we consider electromagnetic fields of type (cf. Section 2.1.1)

E(t,z) = (By(t,x), Ex(t,x), 0)" and B=(0,0,Bs(tz))".

In particular, By = 01 Ay — 02A; (see (1.3)).

Furthermore, recall that in the MKG system (2.20), we carried out the coupling of its Klein-Gordon
part (2.20a) with solution 1) to the Maxwell’s potentials (¢,.4) " via the minimal coupling operators (see
Section 2.1.2 and Definition A.23)

3t[¢]¢:=(%+i¢)w and V[A]qﬁ::(v—i?)w

c
Similarly, in the MD system (2.36), we carried out the coupling of the Dirac equation (2.36a) to (¢,.4) .

Firstly, we discuss the energy conservation in case of the MKG system.

5.5.1 Total Energy of the MKG System
Based on [21, 70, 80], we define the energy of the MKG system (2.20) by
2 2
Eunca(D) = [B@OIF: + IBOI: + [F40p)| |+ ol v |+ le@ii, (37
which is conserved over all times ¢ > 0 ([21, 70]), i.e.

Eure(t) = Eyxa(0) for all times ¢ > 0 ([70]). (5.38)
In ([70]) the authors have proven that

Euxa(t) = Eyuke(t) < K for all t € [0, T] uniformly in ¢ (5.39)
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Figure 5.7: (MD, Convergence, Experiment 5.3): Left: Convergence in 7, Right: Convergence in c¢. Fig. 5.7a underlines the

(@] (72 + c_l) bound from Theorem 3.15 and the O (72 + 0_2) bound from Remark 3.16 for the error terms egﬁ?'" + 6.(2)0;”
(1),n

and €50,

Theorem 4.7. Fig. 5.7c underlines the O (7'264)

and also (5.11) and (5.15)), which leads to severe time step restrictions 7 < Kc~2 for ol

e.(ﬁ):n’ e(()g)vn7 e(o}))xn7 en’ en

e

respectively. In Fig. 5.7b we observe the uniformly in c first order in time error bound O (7) for €7 from
error bound of the TSFP-Gautschi scheme ® ¢4 1 (see [9, 10, 15, 16, 51]
(cf. (5.16)). The error terms
¢ are given explicitly in (5.32).
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Figure 5.8: (MD, Efficiency of the Numerical Time Integration Schemes, Experiment 5.3): Efficiency plot of the methods

CDLO,Strang (_ o= )’ N

plotted against the consumed CPU time for computing the respective numerical solution. Values in the lower left corner

w1,8trang ( )y WL (=*), ek () for several values of c. The corresponding errors are
of each plot are desired. We observe that the reference scheme ®] .\ seems to be reliable only for small values ¢ < 16
(upper left and upper middle). For larger values it behaves more and more chaotic as ¢ increases. In the intermediate regime
16 < ¢ S 100 our uniformly accurate scheme W] shows a smaller and more reliable error compared to the reference scheme
at the same CPU time (upper right, lower left). In the highly oscillatory regime ¢ > 100 our asymptotic limit schemes
(X8 and &7

00, Strang w1,Strang Pecome more efficient than the other schemes the larger c gets.
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Figure 5.9: (MD, Convergence of the “Twisted Scheme” W] for General Initial Data, Experiment 5.4): Left: Convergence
in 7, Right: Convergence in c. The coloured lines in the figure suggest that the error sup, €[0,1] €7 of the scheme W7 (with
~v = 1) satisfies first order in time uniform in ¢ > 1 error bounds O (1) also for initial data violating Assumption 4.5
(or (5.33), respectively), see Experiment 5.4 and cf. Theorem 4.8. The thin solid lines in grey (behind the coloured lines)
allow us to directly compare the respective errors for the initial data from Experiment 5.3, which satisfy Assumption 4.5
(or (5.33), respectively). We observe that the numerical error of our scheme for more general initial data (coloured lines)

has the same behaviour as for the restricted initial data (thin solid grey lines, cf. Theorem 4.8).

with a constant K independent of ¢, where & ;. denotes the rest energy (german: Ruheenergie,[78])
which is given by ([69])

2
Eoelt) = ([0, + w01, (5.40)
Note that ;1) = O (c?) (see for instance [45, 69]) and thus
Eomxa(t) = O (¢*)  and also (see (5.38)) Eya(t) = O (c?) for all t € [0,T].

Therefore small errors corresponding to approximations to the exact solution (¢, ¢,.A4)" of the MKG

system (2.20) might lead to severe energy errors of order O (02) in the total energy & Instead, in

MKG*

the following we exploit the uniform bound (5.39) on the total energy &, reduced by the rest energy

KG
gO,MKG'

Our aim is now to numerically investigate the conservation properties of our methods for the energy (cf.
(5.39))

5 2
SMKG(t) = gMKG(t) - EO,MKG(O) = gMKG (t) - <||<v>c ’(Z)/IHL? + ? H’(/)I”%ﬁ) ) (541)
where similar to [45, 69] we plug the initial data of the MKG system (2.20)

$(0)=wr and 97 V(0) = (V) 4.
into & ke (0) (see (5.40)).

Note that using the identities (2.22) and (4.5), i.e.

w(t) = ¢ hw (t) = (), 0.(0) T, and (t) = u(t) = S (€ (t) + e (),
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and with the aid of (2.24) we can write

. . 2
APy (1) = i (V), (" (t) = (1)) (5.42)
Thus the discrete energy in case of MKG for our uniformly accurate scheme U7 with v = 0 (see (4.39))
with numerical solution (w?, ¢.™™, al™) T (or (7, #¥"", A?) T, respectively) is given by (cf. (5.37))

2 ic%t,, n n 2 2 n (2
et

*.M n|2 n2 " n
Eiite = B2 132 + | B2 + || v4yz |

where according to (5.36)
Er = v~ %A and BP =V x A"
(&

In Fig. 5.10a we numerically underline the conservation of & reduced by the rest energy at time t = 0
(cf. (5.41))

) *,M 2 Sk
SM)KG = gM,KG - (||<V>c ¢/I||L2 + C2 ||¢I||2L?) ~ gM}?G for all tn € [Oa 10]

A rigorous analysis of the energy conservation properties of our scheme W7 given in (4.39) might be an

interesting topic in future research.
Moreover, in Fig. 5.10 we observe a convergence of the energy level £, towards the limit energy level

Evxe (see (5.43) below) as ¢ increases.

In [45, 69] for the case of the nonlinear Klein-Gordon equation, the authors discussed the convergence of
a Klein-Gordon (KG) energy of type (5.41) towards the corresponding limit energy of type (5.43). The
authors use a formal asymptotic expansion (cf. Chapter 3) of the total KG energy in order to derive the

limit energy.

The MKG energy in the nonrelativistic limit regime ¢ — oo is subject of the next section.

5.5.2 Nonrelativistic Limit Energy of the MKG System

Based on [45, 69, 70], we now discuss the energy conservation properties of our asymptotic limit time
integration scheme ®7, . . given in (3.110). According to [70], the conserved energy, corresponding to

the Schrédinger—Poisson limit system (3.30b) with solution (wg, ¢g,.Ag) " (combined with the energy of

the corresponding electromagnetic field), is given by
Ea(t) = | Bo(®)[7: + I Bo®I72 + 1 IVuo®) 72 + 5 IVv0 ()]
where (cf. (5.36))
Eo(t) = —Veo(t) %Aﬂ(t) and  Bo(t) = V x Ao(t).
Note, that the identity (cf. [69, 70] and also (3.30a))

do(t) = 2 (¢ tuolt) + =75 (1))

T2
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allows the interpretation of £35(t) as an energy where the rest energy ([78]) has been already sub-
tracted via the multiplication with the phases etic’t (see [69, 70]). Fig. 5.10b underlines the numerical

conservation of the discrete energy Evie ~ Eoo (t,) where
oo, . n 2 n 2 n
Exic = 1B |2 + 1By llz> + Hvuo ||L2 +3 ||VU0 ||L2 for all ,, € [0,10] (5.43)

corresponds to the numerical approximation (wg, ¢%,.Ag)" obtained with the scheme Dl sirang SiVEN 0
(3.110). Despite the explicit dependence of Exie on Eg and By and thus on the c-dependent phases
cos(ct (V),) and sin(ct) in Ay (cf. (5.26)) Fig. 5.10b also shows that £y¢ is independent of ¢. In
Fig. 5.10, we observe that the discrete energy levels of the MKG system converge towards the discrete

limit energy level as c¢ increases, i.e.

Exn, — £ as ¢ — oo for all ¢, € [0, 10].

Next, we discuss the energy conservation of our uniformly accurate scheme for the Maxwell-Dirac system.

5.5.3 Total Energy of the MD System

Similar to Section 5.5.1 we now discuss the energy conservation properties of our twisted scheme ¥ given
in (4.39) in case of the MD system (2.36). Based on [70] and [87, Chapter 6] we define the energy of the
MD system by

Eun() = [E@)[F: + IB®7= + Re (it v, v(0)) ). (5.44)

where (f,g),. = (2m)™¢ [, f(2) - g(x)dx denotes the L? inner product on T?. In view of the Dirac

equation (2.36a)
il*®ly ZZO‘J ,A E)Y(t) +cB(t),  ¥(0) =r,

and in view of the decomposition 1 = (7,1 7)" (see (2.42)) we deduce that the MD rest energy reads
([70], [87, Chapter 6.1.1, Remark 1])

Eou0 () = Re ((2B6(8), v(1)2) = & (0 O]|72 = [0~ O)]]7. ) -

The last equality is due to the identity 3 = diag(Zs, —Z5) from (1.21).

Recall that in our numerical experiments (see Section 5.4), we considered the reduced MD system (2.37)
with solution (¥, ¢,.4)" in dimension d = d,,, = 2. We obtain the corresponding conserved energy by
replacing in (5.44) the Dirac solution ¢ with ¥ and the matrices a; with o; for j = 1,2 and B with o3
(see (1.21)).

Our aim is now to numerically underline the numerical conservation of the discrete MD energy Enn
corresponding to the numerical solution (w?,#%"", al™) T (or (&7, "™, A)T, respectively) obtained
with the uniformly accurate “twisted scheme” W1 with v = 1 given in (4.39) reduced by its initial rest

0 . .
energy €q’yp» i-¢. we underline the conservation of

i =&t = ([wf e = ler ) forall € [0,71.
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Figure 5.10: (MKG Energy): Simulation of the reduced energy gMKG and of the limit energy €5k corresponding to
Experiment 5.1 with time step 7 ~ 0.002. We observe that our uniformly accurate “twisted scheme” W7 conserves the cor-
responding energy for all times ¢,, € [0, 10] up to small numerical errors (see lower left for the energy error ‘SQIZLG — g';/;gG ’)

The limit approximation scheme ®7, ..., conserves the limit energy £5fc almost perfectly (see lower right for the energy

error |S§I°Igg - 8&01;% |) We observe that the limit energy £55. (upper right) and its error (lower right) is independent of ¢
and that for increasing c, the energy level of SIT/HZG (see upper left) converges towards the limit energy level of £ (thin

solid grey line).

Thereby, in view of the identity
at[¢(t)]W(t) =1i(V), (eic2tu*(t) - II/(t)) (see (2.40) and also (5.42))
we set similar as in the previous sections

*. M n| 2 ni2 ity n n n
&t = |B213: + IBL e + Re ({—e(V), (" mur —wr) o) )

~Eyip (tn)
where according to (5.36)
Bl = -Ver" %A and Bl =V x AL

In Fig. 5.11 we observe that our scheme W7 conserves the reduced energy £ for all times t,, € [0, 10].

In the subsequent section we discuss the norm conservation properties of our twisted scheme W7 given in

(4.39) applied to both the MKG and the reduced MD system (2.20)/(2.37).
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Figure 5.11: (MD Energy): Simulation of the reduced energy f:'MD corresponding to Experiment 5.4 with time step 7 /=~ 0.004.
We observe that our uniformly accurate “twisted scheme” W7 (with v = 1) conserves the corresponding energy for all times
tn € [0,20] up to small numerical errors (see right figure for the energy error |g;[’g — :‘j;‘/[’g ). Note that here we do not

observe a convergence behaviour in the energy 5&’; as ¢ — oo in contrast to the MKG case (cf. Fig. 5.10).
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Figure 5.12: (H? Norm Conservation): In Fig. 5.12a, we observe that our “twisted scheme” WI (with v = 0) given
in (4.39) applied to the MKG system (2.20) with 7 & 0.024 for initial data corresponding to Experiment 5.1 conserves
w2y =~ |42 N
Fig. 5.12b, we make a similar observation for the application of ¥7 (with v = 1) to the reduced MD system (2.37) for initial

is small. In

y = [« (0)||5 for all times t, € [0,20] up to small numerical errors, i.e. |||1/)f||2 — ||1l)2

data corresponding to Experiment 5.4.

5.5.4 Conservation of the H? Norm for the “Twisted Scheme”

Motivated by the analytical norm conservation properties ([21, 22, 34, 70]) of the solution ¢ of the
MKG/MD system (2.20)/(2.36), we now numerically investigate the norm conservation properties of our
uniformly accurate in ¢ > 1 first order in time “twisted scheme” U7 given in (4.39) applied to the MKG
system (2.20) and to the reduced MD system (2.37). In our numerical experiments, we observe that our
scheme for both the MKG case (with v = 0) and for the MD case (with v = 1) conserves the H? norm
of ¢ over all times t,, € [0,20] (see Fig. 5.12), i.e. |2 ]|, = ||¢2”2 = ||¥4(0)|], for all ¢,, € [0,20].
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CHAPTER

SIX

CONCLUSION AND OUTLOOK

This thesis addressed the construction of efficient numerical time integration schemes for Maxwell-Klein—
Gordon and Maxwell-Dirac systems in the highly oscillatory nonrelativistic limit regime, the intermediate

regime and the slowly oscillatory relativistic regime.

We covered the integration in the nonrelativistic limit regime ¢ > 1 efficiently with standard Strang
splitting schemes applied to non-oscillatory Schrodinger—Poisson systems exploiting the asymptotic be-
haviour of the exact solution. The construction was based on analytical results from [20-22, 70] and on
the ideas presented in [45, 63]. For the latter schemes with time step 7, we rigorously proved numerical
error bounds of order O (72 +¢!) and O (72 4 ¢ 2), respectively. These results also provide a rigorous
proof of the purely numerically investigated error bounds from [57] for MD. The explicit derivation and

analysis of higher order limit approximations at order O (C*N ) is interesting future research.

In slowly oscillatory, intermediate and highly oscillatory regimes, we proposed and analysed efficient uni-
formly accurate schemes for Maxwell-Klein-Gordon and Maxwell-Dirac systems following the ideas from
[18]. Due to error bounds of order O (1) independent of ¢, they provide good numerical approximations
for all ¢ > 1. Despite that our error analysis for the case of the Maxwell-Dirac system required additional
assumptions on the initial data of the solution, promising numerical experiments (see Experiment 5.4)
suggest that the latter assumptions might not be necessary. In future work we shall use different tech-
niques in proving the uniform error bounds for MKG and MD systems under weaker assumptions. The
construction of higher order methods in time for both systems as well as a rigorous investigation of the

energy conservation properties of our schemes is ongoing research.

Moreover, the results in [18] motivate to study the convergence behaviour of our uniformly accurate

schemes towards the corresponding limit schemes as ¢ — oo for the MKG and MD systems.

We furthermore plan to incorporate finite element space discretization techniques into our schemes. This
will allow us to consider different boundary conditions for MKG and MD systems in more general spatial

domains.
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APPENDIX

A

APPENDIX

In the Appendix, we provide further details on selected topics which have been addressed within this the-
sis. Definitions and results corresponding to Sobolev spaces and related topics are given in Appendix A.1.
Appendix A.2 deals with asymptotic properties of the operator (V).. In Appendix A.3 we discuss the
solution operator to Poisson’s equation. A definition and some properties for the projection operator Py,
onto divergence-free vector fields can be found in Appendix A.4. Important tools for the numerical time
integration of differential equations are collected in Appendix A.5. Appendix A.6 provides auxiliary re-
sults for the derivation of the MKG and MD systems from Chapter 2. Appendix A.7 comprises additional

material such as for instance the Cauchy-Schwarz inequality.

A.1 Sobolev Spaces

Definition A.1 ([3, Paragraphs 7.58 & 7.62], [35, 45, 85], Sobolev Spaces on T?). For r > 0 we define
the space H"(T?) as the space of all functions u satisfying l[ull g+ (pay < 00, where the norm ||| gy (gay is
defined as

2 o2 2vr 1~ 12
[ullfrpay = > (R k™ =D (1 + )" [l

kezd kezd

Here, for ¢ € R we define the symbol (k). = y/c? + k|* with [k]> = (k)2 + - - 4 (k%)2. Furthermore,

~ 1 —ik-x
Uk = oy /Td u(zx)e dx

denotes the (continuous) Fourier transform on T of u corresponding to the Fourier number k € Z<.
In particular, we associate with H°(T?) the usual L? space on the torus T? which is an immediate

consequence of Parseval’s identity (see [5, Corollary 7.16] for d = 1), i.e.

1 2 (Parseval) 2
Jwll 2 = o [, W@l de = 3 @0 = ooy
T kezd
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For vector valued functions w = (wy,ws, ..., wy)" € (HT(’JTd))m, m € N we define the norm
m
Il ey = 2 sl
j=1

In the following we may also write (k) = (k), for ¢ = 1.

Definition A.2 ( [45, 63, 69, 70, 79], The Operator (V)_). Let Q@ = T¢ and let w € H"*(Q). For c € R

fixed, we define the operator
(V), : H''HQ) = H™(Q), (V),w=+V-A+c2w
via its Fourier symbol (</V>\C)k = (k). =/ |k|* + ¢2, such that

(V) w(zx) = Z VI + ¢ Dpet*® in case of Q@ = T%.

kezd

We furthermore define (V)!" for ¢ # 0 and m € R through the Fourier symbol

m/2
(M) = (k) = <|k|2 + 02) , for all k € Z2.
Similarly we define for ¢ = 0 the operator (V)" through

m/2
k| ) for all k € Z4, if m > 0,
m

(V)gw = (k) = (W) * forall k € 74 \ {0}, if m < 0,
0

for k=0, if m < 0.

In this thesis we focus on the case of the torus Q = T¢, whereas some auxiliary results, on which we
might refer to, are originally stated on R? but can also be transferred to the T? case. Next we introduce

the Sobolev space H"(T?) for functions with vanishing mean.

Definition A.3 ([85, Appendix A] and [64, 79], Homogeneous Sobolev Spaces on T?). Let r € Ng. We

define the homogeneous Sobolev space H” on the torus T% for its equivalence on R?) by

H"(TY) = {u € H (TY| | wu(x)dx = 0}

Td
equipped with the norm
ull,o = (V) ull,_, forr =1,

lullg.o = Y kezn oy 8> forr=0.

With the aid of the following Proposition A.4, we show in lemma Lemma A.5 below that |||, , indeed

defines a norm on H'(T9).

Proposition A.4 ([83, Section 2.1]). Let u € H"(T?) be a periodic function on the torus T%. Then u

has a vanishing mean, i.e.
1

Uy = W/Td u(z)dr = 0.
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Proof: Let w(x) = >, .74 Ure™*® be the Fourier series expansion of u. Since for k = (k',... k%) T € 24
we have
, , . 0, kK#0,
/ Upet?de = ﬁk/ ket gl .. / eike? gpd —
Td Td Td (2m) %y, k=0.
Hence if

da = e’ *dx =0
/Tdu(x) x /TdZuke x =0,

kezd
then 7y = 0. O

From the definition of the Sobolev spaces H” and H”" above, we see that the definition of the operator
(V). in Definition A.2 is very related to the Fourier multipliers (k), which we used to define the norm
|||, in Definition A.1. Furthermore, applying the operator (V)" to a function w we see in the following

Lemma A.5 that for m > 0 we lose and for m < 0 we gain regularity.

Lemma A.5 ([85, Appendix A]). Let » > 0 and m € R such that r +m > 0. Furthermore let ' =
max{r,” +m}. Then for 0 # ¢ € R fixed and u € H" we have

||<v>m u”r < Kem ”uH

. K¢ m = max{1,c"}.

r4+m?

Forc=0anduec H" respectively we find

1-m
V)5 ull, < Kom ull, s Kom =max{v2 7 1}.
In particular this implies that
lull, < V2llull,o < V2 |ull,

which means that |||, , defines a norm on H".

Proof (see also [83, Section 2.1]): First let m > 0. It is obvious that for k € Z¢

2 =0 we have that ((k)p")% = (|k[>)™ < |k (1 + [k[*)™ 1,
0<c®<1 wehavethat ((k)")?=(+ k)™ < (1+ k)™,
¢ >1 wehave that ((k)"™)2 = ™1 + [k|* /)™ < ™1+ |k]*)™.

Now let —a = m < 0 with > 0. Then

0<c®<1 wehavethat ((k)")?=c2%(1+[k]> /)™ <™+ k)™,
@ >1 wehave that ((k)™)? = (¢ +|k[*) ™ < (1 + [k[*)™,

C

where k € Z4 for ¢ # 0. In case of ¢ = 0 and —a = m < 0 we consider k € Z¢\ {0} and find that

k|2 2a+1 k|2 20+ |2
(<k>70n)2 _ | | — | | < | |

_ = 2™ B2 (1 4 k2™ L.
(%)L (2k[?)ett T (14 |k|*)e+ k™ (L + [+

Definitions A.1 and A.3 conclude the proof. O

Next we introduce the 2 spaces ([44]) which coincide with the H"(T?) Sobolev space for p = 2.
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Definition A.6 ([44, Chapter III.2], /£ spaces). We define the space (¥ = {z € (CZd| [[2][p» < oo} with

norm
Izl er = ( > Ik ka> /p, (k) =1+ k.

kezd
In particular we define (P := (§. Moreover, the norm ||zH§2 = (2,2) 2 Is induced by the inner product
(2, W) = D pega 26 Wk
In particular, setting 1 :== () pezae for u € H"(T?) we have that by definition of ||-||, in Definition A.1
the ||ﬁ||ég = ||ull,, i.e. H"(T?) can be identified with the space (? (see also [44, Chapter II1.2)).

Proposition A.7 ([44], Embedding of the ¢? Spaces). Let s,s' € R such that s’ — s > d/2. Then we
have
Zocelce?

and there exists a constant K such that for all z

12l < Mzlle < K Iz, -
E < s

Proof: Let z € £2,. From Cauchy-Schwartz inequality Proposition A.31 we deduce

el = > (B Lol = 3 (B)*™" - (1) 4]

kezd kezd
1/2 1/2
2(s—s’ 2s’ 2
< | > SRl <K@z,
kezd kezd ‘

where the last inequality follows from the condition s’ — s > d/2 and Lemma A.30.
Now let z € £1. Then from (k)* |zx| < ||z, for all k € Z4, it follows that
2 2s 2 s 2
2l = Y (&)™ zul® < Nzl Y (B 2l = Il -
kezd kezd

This finishes the proof. O

Within this thesis, we repeatedly make use the following bilinear Sobolev product estimates.

Lemma A.8 ([3, Theorem 4.39] and [56, Theorem 8.3.1], Bilinear Sobolev Product Estimates). Let
s, 51, 52 € R satisfying
s<s;,j=1,2, s1+ 82 —s>d/2.

Furthermore for k = (k*,... . k%)T € 24 let (k)* = (1 + |k|*) with |k|* = (k)2 + - + (k%)%

Then, we obtain the following results

(a) For arbitrary k € Z< we have
2s
S <K

et _ £>251 <€>252

with a constant K (s,d) depending on s and d but not on k € Z%.



A.1. Sobolev Spaces 175

(b) If uy € H%(T?), j = 1,2, then uyuy € H*(T?), ie. [urus|l, < K [Jusll,, [Juzll,, -

In particular for r > d/2 we thus obtain the following bilinear estimates

(a) lluwall, < K(rd) wll, Jluall, — fors=s; =s2=r.
(b) llurusl],_, <
(¢) llurusl], _y <

(d) [lurual|,_, <

ryd) ||uill,_q l|uzll,_; fors=r—2ands =sy=1r—1.

K(r,d)
K(r,d) |usll,_y luzl, — fors=s1=r—1andsy=r.
K(r,d)
K(r,d)

r,d) |lul, s lluzll, fors=s, =r—2 and sy = 1.

Remark A.9. The bilinear estimates of the previous Lemma A.8 are given for periodic functions u;, j =
1,2 on the torus T¢. Results for the whole space R? can be found for example in [3, Theorem 4.39] and
[56, Theorem 8.3.1].

Proof (of Lemma A.8, see also [3, Theorem 4.39] and [56, Theorem 8.3.1]): Let k € Z¢ be arbitrary. We
observe that for all £ € Z4

(k) <1 [k =0 + 20k = (][] + 1+ [0 < (k= 0) + (1)

and thus (k) < 2max({(k — ¢), (¢)). Let us first consider the case (k — ¢) > (¢). Then

<k>2s < 225 <k - Z>2s _ 228 1 225 1

e e < - -
<k‘ _ £>251 <Z>252 — <k2 _e>251 <€>252 <k _ €>2(sl—s) <£>2$2 — <Z>2(31+32—5) 9

where the last inequality follows from s; — s > 0. Analogously using that so — s > 0 we find for the
case (k — £) < (£) that the term on the very left is < 225 (k — £) 217279} Combining these results and

iti 1 1 1 .
< 4 =
exploiting that for a,b > 0 we have ) S @ 4 E yields
(k) ) < g |
(k=021 (0?2 ) = 2 1 s1+sp—s
ngd (Uf—@2 RO z%i min((k — £), (£))2(1+52-5)
< 22N ()R < K (s, d)
Lezd

where according to Lemma A.30 the last sum is convergent for s; + s2 — s > d/2 and bounded by a

constant K (s,d) depending only on s and d but not on k. This proves part (a).

For part (b) we have according to Definition A.6

hell = 37 ()" 32 g k= 0" ke (0™ 0

kezd Lezd

Because the second sum is an ¢? inner product (see Definition A.6) we can apply the Cauchy-Schwartz

inequality Proposition A.31 and obtain

k) D e e)lsl g k=07 ke (07 B

Lezd

<(Z (i) ) Z (00 i i)

LeZ LeZ
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Using part (a) we thus obtain under the given assumptions on si, sy and s that
2 251 |~ 12 S\ 282 |~ (2 ~ A
luvlly < K(s,d) Y D k=0 [ak—el* (0 [0e]” < K(s.d) [[all 2 0],
kezZ? ez

where U = (U¢)pcze and similarly for ¥. The identity |[u||,2 = |||, finishes the proof. O

Lemma A.10 ([44, 45, 63, 65], Properties of Schrodinger-type (Semi-)Groups). Let ¢ € R and r > 0 be
fixed and consider the Schrédinger-type equation for the operator €. € {c¢(V)_, —%A, e (V)o}

i0yw = —Q.w  with given initial data w(0) = w; € H"(T%)

with solution w on the torus T¢ and for times t € R. From [65], we know that w(t) = e"*?<w; solves the

latter system, where in Fourier space we denote the symbol of the operator e

(e/th\C>k _ eitwc(k) for k € Zd’

¢ as

where w, : Z¢ — R is the corresponding symbol of Q..

Then we have the following properties for the operators T[éc} = e for allt € R.

(a) For all t € R the operators ’7'[éc], with Q. € {C<v>c,*%A,C2,C<V>O} being a Schrédinger-type

differential operator, are isometries in H"(T?), i.e. for w € H"(T?) and for all t € R we have

Her = H’]-[ct<v>c]w ” = H,]-[t

— t _ t
N%‘W@WTHEWMW
T

1
2 T

(b) For r > d/2 assume that w € H",wo € H"™*. Then

HT[c?vuw = Tir_ 1 5 W0

< lw = woll, + =2 [¢] lwoll,y4 -

38V

Proof (see also [44, 45, 63, 65]): (a) We provide a proof of part (a) for the choice Q. = ¢(V).. The
remaining operators are treated analogously. By Definition A.2 the Fourier symbol of ¢ (V) reads
we(k) = (k). = (|k]* + ¢2)1/2. Then we have by Definition A.1 of the Sobolev spaces H"(T?) for
t € R and wy € H"(T?)

2 r| itw. o~ 2 (*) T~
[Ty = 3 3 e ® @] © 52 3 1@l =
kezd kezd

where the equality (x) follows from the fact that |e”’ =1 for all z € R and from w.(k) = (k). € R
for all k € Z4.

(b) First exploit that by part (a) the operator T[ct<v>  is an isometry in H" and that ¢ (V) and (2— %A)

are commuting operators by definition. Then we have

Hﬁvuw = Tio_ 100 wo

e

1 1
5 4] ; (V) +c2—35A] ;

t
< flw - U)()HT + H(l - 7—[,C<v>c+c27%A])w0

T

1
< Jlw = woll, + It |[(=¢(¥), + 2 = S A)uwo

b
T
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where the last inequality follows from |1 — e”} < |z| for all x € R if we replace the operator
(—c(V), + % — %A) by its corresponding representation in Fourier space. An application of

Lemma A.11 then finishes the proof O

A.2 Properties of the Operator (V),

This section is based on [45, 69, 70]. In the following let u : T¢ — C™ be some smooth function. Moreover

let

denote the Fourier series expansion of u. The following Lemma provides the Taylor series expansion and
some error bounds on the operator (V) and its inverse. In the literature, (V) is often called Japanese

bracket (see for instance [85, Preface].

Lemma A.11 ([45, Section 3],[63, Section 2], Estimates on the Operator ¢ (V) ). For sufficiently smooth
z and for ¢ € R, we expand the operator ¢ (V) and its inverse c (V}C_l into their Taylor series expansions

as

n—1
1 9 on " - 1
(a) c(V)Cz:c%—aAz—i- E Gnc® " (=A)"z, where @y = — | |0(5—J)7 n >0
=

1
n!
n>2

n—1
- 21 2 .—2n n 2 1 .
(b) c(V>clz=z+c 2§Az—|— E Bnc 2" (=A)"z, where Bn:—l_[()(—g—]), n > 0.
]:

1
n!
n>2

Let 7 > 0. Then for all c € R and foruw € H", y € H™t!', v € H™*2 and w € H"t* respectively satisfies
the following error bounds with K > 0 only depending on r and d

(c) [[(c(V).=e*)v]], < 5 llAv],,

1
3
(d) |[(c(v), - (c* - %A))wHT < Ke™? || A%uw]|

C

@ ||lew) " ul| < e,

— _91
®) [0 = et e|| <22 hol e

@) [l (V) ex]l, < Ixllyy-

Ifr > d/2, then V,u € H" and V,a € H"™t? respectively satisfy

m) |[Va- 7 @), < Ke 2|V, ],

C

(i) ||[vu— ) v (V)| <KV, Jul,.

C

0) [0 V0| < KV Jull,-
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Proof: In order to show the identities of (a) and (b) it is enough to consider the Fourier representation

of (V) w and <V>;1 w which is
r) = Z c\/ |k|2 + 2wt T,

kezd

C< kx
kgd Vv |k| +02

(a): We have that cy/|k]> + 2 = 1+ ‘kl . Therefore setting k. %, consider the Taylor series
expansion of f(k.) =1+ k.= (1+k.) 1/2 ie.
(") (0) ,
O+ ke) = F(0) + ke (0) + > T, (A1)
n>2

1
By induction we find that f(™(z) = (1 + :E)g_n . H;L;Ol(% —J), and thus

f(n) 1 -
-2 1e-

Hence, identifying the operator —A with |k|? in (A.1) we have the desired assertion.
(b): Similarly to part (a) we obtain the assertion by considering g(k.) = (1+k.)~ /2, since \/% =
|k[” 4 2

~ (n)

(1+ ‘k‘ )~ 172 As before 3, = 97'(0)711 > 0 are the coefficients of the Taylor series expansion of
n:

g- O

(¢)&(d): For the estimates in parts (c¢)&(d) we use that for x € R and for all A > 0 we have
2
Vita? <1+ 2+t

Setting = |k| /c and A = 0 this immediately shows (c) in Fourier space. We similarly show (d),
setting A > 0 arbitrary.

(e)&(f): In order to show (e) we use that

¢ <1.

VIEP ez
Moreover because 1/ |k|* + ¢2 — ¢ > 0, we have that

(1- c _ VIR +¢2—c <( /1+ |l€|2 1) < 1@
VIRE+c2 IR+ e 2 e

(g): Follows immediately from

2 2 2
7\M:,/@+1§\/|k|2+1 for all k € Z% and for all ¢ > 1
(& C

and the Definition A.1 of the Sobolev spaces H"(T9).
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(h): We have that

¢ c

Vu— (V)N (V(V), u) = [1— (V). Vu+c(V)." (V " (V)C]u) :
Then applying (f) to the first term we have that

[t = e < 5e2ivul

1
=5 r+20

and applying (e) to the second term, we find

<2 ||V [62 - c(V)C]uHT.

(@)t (v A1 - () )

T

Now the bilinear estimate ||wul|, < K ||w]|, ||u||, for > d/2 from Lemma A.8 together with (c) gives

the desired result.
(i): We follow the idea of [70, Section 4.1] and rewrite

Vu— (V).

C

VAV u) = (V) (V) (V) = V (V) ).

Then we apply the proof of [48, Proposition 3.1]:

By definition of [|-||, in Definition A.1 we have

|90 (). (V) =V (9), )

c

2 2 p2
= Z (k)" | (k). Z 7216;6 Eﬁic V- ¢y

_ (k) )’"<k>—1 W20 D0
=> D - k—e (0)" Ty
k—12) (¢ ¢ (k 1
by=s éeZd<< ) (6) (k) + (O
where <k>f = 2+ |k|*. The second sum is an inner product in the space £2 according to Definition A.6
such that the application of the Cauchy-Schwarz inequality Proposition A.31 gives

2

(k) ' -1 <k’>f - <€>,2; ri; r A~
Z <U€M) (k). m%‘@ Ve (€)" g

[

Lezd (A.2)

(k)" . (k)2 — (02| ? PN S LS R
= (Z ((k—@rwm ®)e + (0, 2 (k=0 VH’ (O lael” )

Lezd Lezd

If we can show that the first sum is convergent for all k& € Z¢ and bounded independent of k € Z%, we
are done since
2r |17 2
> k=0 Vi)

keZd Lezd

O fuel < K |V

o Nl = KNV lull, .

Exploiting that |k — £] < (k — ¢) by definition and that by the Cauchy-Schwartz inequality Proposi-
tion A.31 for ¢ > 1

b+ € < (k+ 02 <1+ k" + 2k €] + 1+ | < ((k) + (0)?

IA
=
—
=y
=
(2]
-
—~
(5
s
2}
<
[V}

we find
[k — @2 _ Ik —1e?] _ |e+0TR-0] _ k) +10
ko + (0, — (R).+ (O, ko0,  ~ (k).+ O,
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Therefore we obtain that

(k) .\<k>i<e>§>2< (<k>”>2<K oy
Z (<k‘—€>T <Z>T (k>c <k>c+<f>c - Z <k.7£>r—1 <€>T — (T ) )

Lezd Lezd

which is bounded under application of Lemma A.8 with s == r — 1, s =7 — 1 and s := r since
s <sj, j=12and sy +s2 —s > d/2if r > d/2. Thus, the first sum in the inequality (A.2) is
bounded which finally shows (h).

(j): We observe that
(V)N (VY u) = Vu— (Vu— (V)

c

VAV, ).

C

The result then follows by triangle inequality and application of (h). O

Proposition A.12 ([45, 70], Formal Expansion of ¢ (V) ). Let ¢ > 0 and consider for smooth functions

W, F, & the following (formal) asymptotic expansion
W= c"W,, F=) ¢ "Fn, &= ¢ b,
n=0 n=0 n=0

Let @, Bm,m > 0 be the coefficients from Lemma A.11. Then, with g = 1,01 = %, we have

Z dm (_A)mwé>
m,£€Ny

2m+-f=n+2
m>2

= 02W0 + Wy + Z c " (Wn+2 — %AWn) + Z c " Z dm(A)sz> .
n=0 n=2 m, €Ny

2m4+b=n-+2
m>2

c(V), W =W+ cWy + ) e (Wn+2 - %AW,L +
n=0

Moreover, with By = 1,51 = f%, we obtain for M € Ny

c_Mc<V>C_1JF: Zc_("+M) Z B (— )" Fy
n=0

m, €Ny
2m—+~€=n
oo oo
:E ¢ "Fnonm + E c " E B (—A)"F,
n=M n=2+M m,LENg
2m-+-b=n—M
m>1

and
(V)21 (V) W = oW + ¢ (BoW; + &1 W)

14

EDILIED DD S YO R MENE AN
n>2 k,t,meNg j=0
2(m+k)+=n

Proof: For the proof note that we operate on a formal level only. No regularity assumption on W are
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made. By Lemma A.11 we have that

:ic_ed W@—CZZC_ZZOZ ¢TI (—A)"W,

m=0

2 i C—2m Z~ A)ng

m,£=0
oo
=D Y am(A)"W
n=—2 m,LENg
2m~+L4=n+2

:CQWO +cW; + Z c " (Wn+2 - %Awn + Z dm(_A)mWK)
n=0 m,fENg

2m+-f=n+2
m>2

:CQWO =+ CWl + Z c " (Wn+2 — %Awn)

n=0
oo
Y e Y am(_mwz),
n=2 m,LENg
2m—+L4=n+2
m>2

where the last equality is due to the fact that

> @m(-A)"W,=0, n=0,1

m,LENg
2m+~f=n+2
m>2

Analogously we find the result for ¢ (V}C_l F, since

> Bu(-A)"Fi=F,+ > Bu(-A)"F,

m,LENg m,£ENg

2m4-L=n 2m+l=n
m>1
and since
> Bu(-A)"F =0, n=0,1.
m,LENg
2m+L4=n
m>1

Multiplying ¢ (V);l F by ¢ then causes an index shift n to n — M. Furthermore,

n=0 k.,meNy j=0
2(m+k)+4=n

This finishes the proof. O
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A.3 Solution Operator to Poisson’s Equation in Fourier Space

This section is based on [44, 65]. Within this thesis, the Poisson’s equation plays an important role in

almost all systems which we consider. Having the Poisson problem
—A¢(x) = p(x) on the torus x € T¢ (A.3)

it becomes clear that regarding its Fourier representation

SOk Get = 37 petr

kezd kezd

the solution is uniquely determined via ak = #ﬁk for all k € Z¢\ {0} up to the constant term
corresponding to k& = 0. Therefore, if the right hand side p is in H" we look for solutions ¢ € H”
according to Definition A.3, where we assume that the constant term ao = 0 vanishes. This motivates us
to define the solution operator to Poisson’s problem (A.3) as
A—1. ggr -2 . _ _A-l__. 1 ik
A™'H - H with ¢=-A"lp= ) aPRe (A.a)
kez4\{0}

with its representation in Fourier space

o —

(A1) = —|k|"2 forkez\{0} and (A1) =o0. (A.4D)

A.4 Projection Operator onto Divergence-Free Vector Fields

This section is based on [21, 22, 35, 60, 70, 76, 79], [37, Section 0] and [85, Exercise A.23]. Our aim in this
section is to define the projection operator Py, of a vector field onto its divergence-free part as a mapping
from H" to H" (see Definitions A.1 and A.3). In the derivation of the Maxwell-Klein-Gordon system
(2.20) and the Maxwell-Dirac system (2.36) in the Coulomb gauge (see Section 2.1.1) we encountered
the projection operator P,. This projection maps a function J : T? — C? onto its divergence-free part

J up to a constant vector field Jy € C%, i.e. according to (2.10)
PulJ]=J% —Jy and divPy[J] =0 for arbitrary Jy € CY.

Choosing Jy = (3)0 to be the Fourier coefficient of J corresponding to k = 0, this projection is uniquely
defined. Therefore exploiting the definition of A~! in (A.4) we define the projection P, by

Pu:H = H and Py [J] = (J - (J)o) — VA~ divJ. (A.5a)
This definition allows us to shortly write

Pu=I—VAdiv with ZJ(x)=J(@)— T)o= Y (De*" (A.5b)
kez4\{0}

Here 7 is the identity mapping from H” to H". In Fourier space, we thus define the projection P, via
ik!

d
Pulde =@~ | - f]jl (T, for ke z?\{0} and (Py[J])o=0. (A.5¢)

ikt) =1
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This particular definition of P, is also motivated by [70].

In the latter paper, the authors Masmoudi and Nakanishi use Sobolev spaces related to H"(R%) for
the analysis of the MKG/MD systems. Therefore, it makes sense to look for solutions A € H" and
¢ '9.A € H™' of the wave equations (2.20b) and (2.38b) respectively in the Coulomb gauge (see
Section 2.1.1), i.e.

Ot A — AAA = Py [JT], A(0) = A, 0. A(0) =4}, divA =0, (A.6)
if the initial data satisfy A; = Py, [AI} € H" and A =Py [/i’l} e H™ ! with r > d/2. Tt is easy to see
that the solution then satisfies the Coulomb gauge condition div.A = 0.

Using the projection operator (A.5) allows us to define the spaces P, H" of functions with vanishing mean

and vanishing divergence as follows.

Definition A.13 (Based on [22], Spaces of Vanishing Mean and Vanishing Divergence). Let r > 0 and
let P, : H"(T4) — H"(T¢) be the projection onto divergence-free vector fields as defined in (A.5). Then
we define the spaces

P H"(TY) = {A e H"(T?) with divA=0}.

We observe from the following Proposition A.14 that the operator Py is bounded in H".

Proposition A.14 (See also [70], Bound on the Projection Operator). The projection P, : (H")® —
(H")? defined in (A.5) is bounded in H" by 1, i.e. for J € H" we have

[Poc [0 = [Pac [T, < Kd) [|T1],..o < K(d) [[T]]..

where the constant K (d) only depends on d.

Proof: The first equality and the last inequality is clear from (P/dfm)o = 0 and the definition of H" in
Definition A.3. The rest of the assertion follows from the Fourier coefficients of the ¢-th component of

Pdf [J]
Let k € Z%\ {0} and let £ =1,...,d. Then

d L] ~ d .~
|Par x| = (T = X2 = (Ti| < || + 12 | oK ().

From the Cauchy-Schwartz inequality in C? (see Proposition A.31) and from ‘kq < |k| we thus conclude
that

2 -

|PulTTo| < [ |@on] +

Therefore . .
S 1Pu Tl < K@) S 1l 0 = K(d) 1910
=1 =1

This finishes the proof. O
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In the literature, the projection P4 onto divergence-free vector fields is often called Leray projection,
see for example [37, Section 0]. In [85, Exercise A.23], the author Tao introduces a related projection

operator in the context of a “Hodge decomposition”.

Note that due to the definition of P, in (A.5), we observe in particular that
for all J € H" the projection Py [J] € H" and (m)o = 0.

This observation allows us to formulate the Corollary A.15, on the zero mode of the solution to the
following equations (A.7) and (A.8), respectively. We now consider a wave equation of type (A.6) with
solution A(t, z) € R i.e.

O A—FAA=cPy[J],  A(0),0,A(0) given (A7)

on T? and on a finite time interval [0, T] with a smooth function J(¢,z) € R?. Furthermore, we consider

a system of type (4.9) with solution a(t,z) € C, i.e.

Z(?tﬁ = —C <V>

et (V) (Vz(a+a)+7>df[.f]>, a(0) given, ~el0,1], (A.8)

/e \ 2¢

on T? and on a finite time interval [0, T'] with a smooth function J (¢, x) € R%. According to Definition A.2

1/2
we define (V). = (—A + Z—j) .

Corollary A.15 (See also [44, 66], Zero Mode of Solutions to Wave Equations). Let r > 0 and let the
initial data of (A.7) satisfy

A(0) € PLH, %A(O) € P H
and let J € H" be smooth, then for all times t € [0, T| we have that
(A(t))o —0= (8tA(t))0 : (A.9)

Furthermore, let the initial data of (A.8) satisfy a(0) € P,H" and let J € H" be smooth, then for all
times t € [0, T] we have that

(&/(t\))o ~0. (A.10)

Proof: We carry out the proof by considering the equations (A.7) and (A.8), respectively, in Fourier space.

Then we obtain for each k € Z? the following equations
(8ttA)k e |K (A)k N C(P‘” [J]>k

and

In particular, for k = 0 this yields using (P/dfm)o =0 (see (A.5)) that

(a/tti)ozo and z’(a/tﬁ)oz—y(ﬁ)o+%(a+ﬁ)o. (A.11)
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Note that since P, H" C HT by Definition A.13 and because (2)0 =0forall Ac H" and all r € R

(see Definition A.3), the initial data .A(0), 9;.A(0) and @(0) satisfy the assertions (A.9) and (A.10),
respectively, initially at time ¢t = 0. From (A.11) we therefore deduce the assertion for all times ¢ € [0, T7.
This finishes the proof. O

A.5 Tools in the Numerical Time Integration of Differential

Equations

This section is based on [44, 52, 85]. Our aim is now to recap some basic concepts which play a major role
in the numerical analysis of time integration schemes for differential equations. For sake of simplicity,
we focus on the case of ordinary differential equations. Note that the contents of this section can be

extended also to partial differential equations, see for instance [44, 85].
We consider the following model problem

y(t) = Ly + f(y), y(0) =y for all ¢t € [0, T (A.12)

Rmx’fﬂ

with a matrix L € and with a smooth nonlinearity f : C™ — C™. Furthermore, we consider the

discretization

t,=n7<T of the interval [0, 7] with time step 7 € (0, 1]
and a numerical method ®7 for solving (A.12) defined by the recursion
Ynt1 = ®"(y,) such that y,41 = y(tns1) for all ¢,49 € [0, 7.
In Definition A.16 below we introduce the concept of
the flow ¢’  of the differential equation (A.12) (see [52, Chapter 1.1.1]),

which maps a given initial value yo to the corresponding solution y(t) at time ¢ € [0,T]. Afterwards in
Definitions A.17 and A.18, we define

the local error and stability of the method ®7 (see [44, Definition I1.7])
which alow us to discuss
the global error of ®7 (see [44, Proposition I1.8] and also Lemma A.19 below).

Later in Proposition A.20 and Lemma A.21, we give some details on Duhamel’s formula ([85, Proposition
1.35]) and Gronwall’s Lemma ([85, Theorem 1.10]) which are important tools in the numerical analysis
of methods ®7 for nonlinear problems of type (A.12). We furthermore provide Definition A.22 of the
; functions ([55]) which have been originally introduced in the context of exponential time integration

schemes in [55].

Definition A.16 ([52, Chapter 1.1.1], see also [44], Flow of a Differential Equation). We define the flow
@' of the differential equation (A.12) by

¢'(yo) =y(t)  fory, e C™,
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which maps any initial value y(0) = yo € C™ to the corresponding solution y(t) of (A.12) at time t.

Definition A.17 ([44, Definition IL.7], Local Error and Order of Consistency of a Numerical Time
Integration Scheme). A numerical method ® for solving (A.12) with step size T is (consistent) of order
p if the local error satisfies for t, =nt <T,n=0,1,2,...,|T/7]

ly(tnt1) — 7 (y(ta))l] < K77+,
where the constant K > 0 depends on supg<<, H@gf(y(tn +9))||-

Definition A.18 ([44, Definition II.7], Stability of a Numerical Time Integration Scheme). A numerical
method ®7 for solving (A.12) with step size T is called stable if for w®, z° € R? there exists a constant L

independent of T such that

[0 ) — @7 (D)) < b7 — 29]

Lemma A.19 ([44, Proposition I1.8], Global Error of a Numerical Time Integration Scheme). Let ®™ be
a stable numerical method of order p for solving (A.12) according to Definitions A.17 and A.18. Then

the global error at time t,, = nrt for some n € N is bounded by
||y(t’l’b+l) - ¢T<yn>|| S TpeLtn+1 K)

where the constant K > 0 depends on supg<,<,, ., ||85f(y(s))||

Proof (see also [44, Proposition I1.8]): We have

[y(tns1) =7 (y") < ly(tnia) = @7 (y(Ea)Il + (27 (y(tn)) — 27 (")l -
From the local error bound and the stability estimate in Definitions A.17 and A.18 we deduce for n > 1.
ly(tass) = T (y")I| < K25 4 e[|y (ta) — @7 (3" 71|

Inductively we obtain

[y(tnsr) = @7 (y")| <D MK < 7P((n+ 1)) Kel
j=0

S’TP(KthrleLt").

This finishes the proof. O

Note that we can interpret the nonlinear equation (A.12) as a perturbation of the linear equation (see
[85, Chapter 1.6])

y=Ly for 1(0) = yo € C™ with solution y(t) = e'lyy for all t € [0, 7).

This interpretation gives rise to “Duhamel’s perturbation formula” ([85, Proposition 1.35]) which is

subject of the following Proposition A.20.
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Proposition A.20 ([85, Proposition 1.35] and subsequent paragraphs, Duhamel’s Formula). If in (A.12)
the function f : C™ — C™ is continuous and if we assume y : [0, T] — C™ to be continuous, then y solves
(A.12) for all t € [0, T if and only if it satisfies the following “Duhamel’s (perturbation) formula”

y(to +7) = e"Ly(to) —|—/ e(T_S)Lf(y(to +s))ds for all to, T € [0,T] with to + 7 € [0,T]. (A.13)
0

Proof: For the proof, see [85, Proposition 1.35] and subsequent paragraphs. The proof is a variant of the

proof of the well-known variation-of-constants formula. O

We encounter the latter Duhamel’s formula (A.13) very often in the construction and analysis of numerical
methods applied to nonlinear differential equations of type (A.12) (see for instance [18, Remark 2] and

also (3.69), (4.26)). The error analysis of such methods then very often leads to inequalities of type

¢

err(t) < K —|—/ A(s) -err(s)ds for t € [to, t1], (A.14)
to

where err, A : [to,t1] — [0,00) are continuous and non-negative and where K > 0. The following

Lemma A.21 (also referred to by “Gronwall’s Lemma”) (see [85, Theorem 1.10]) yields “Gronwall’s in-

equality” (A.15), which allows us to resolve the integral inequality (A.14).

Lemma A.21 ([85, Theorem 1.10], Gronwall’s Lemma). Let err : [to,t1] — [0,00) be continuous and
non-negative and suppose that err(t) satisfies (A.14) with X : [to,t1] — [0,00) being continuous and

non-negative and let K > 0 be a constant. Then,

¢
err(t) < Ke® for all t € [tg, t1], where, A(t) ::/ A(s)ds. (A.15)

to
Proof: For the proof see for instance [85, Proof of Theorem 1.10]. O

In the construction of exponential time integration schemes ([55]), we encounter the following ¢ functions.

Definition A.22 ([55], ¢ functions). We define the ¢ functions as

gk—l

(eTCALERt

1
wo(2) = €%, vr(2) ::/ =0z
0
e* —1

z

In particular p1(z) =

A.6 Auxiliary Results for the Derivation of the MKG /MD Sys-

tems

The content of this section is mostly based on [21, 22, 70, 79, 80, 87]. Most of the results in this section

are given for z € R?. They remain valid for the case z € T?.
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Definition A.23 ([78, Chapter 5.3.5.4],[70, 71, 80, 87], Minimal Coupling Operators). Let
$:R{—-R and A:R?—RY

be sufficiently smooth Maxwell potentials, satisfying (2.12). We define the minimal coupling operators

A9 914 1y
Ot
c e

+i%)y  and VM= (V- i)y

C

8t[¢} P = (

Corollary A.24 ([70]). By Definition A.23 we obtain for sufficiently smooth 1, ¢, A that

()20 = (0 + i) ¥ —;<am¢%w2w&w+ﬂaw¢>

(VA2 = (V_if)2q/) = V2w—"'372|21p—2iév¢—i(div.z4)w.

Proof (see also [70]): The proof is a straight forward calculation, respecting the product formula of

differentiation. ]

Proposition A.25 ([70], Gauge Invariance of the MKG system). Let ¢ : R? — R and A : R? — R¢ be
sufficiently smooth Maxwell’s potentials according to [12, 58, 59] such that

E(t,x) = - Vo(t,z) - LA(t,2),

B(t,z) =V x A(t, x).

Furthermore let x : [0,T] x R? — R be a sufficiently smooth gauge function.

Then the electric and magnetic fields E, B are invariant under the gauge transform (cf. Section 2.1.1)

A'(t,z) =A(t,x) + cVx(t, ),
(b/(t,l') :¢(t,l') - atX(tw%')
Furthermore, if v solves the coupled KG equation (2.16) with nonlinearity f satisfying (2.14), then
' = e™Xq) solves
(01" — (VIR + ey’ = f1],
¥ (0) = eXODy(0), 01 19/(0) = X2y 0),

where 3t[¢,] = (% + Z(ﬂ), VAT = (V- z"%l) In particular

[

8£¢']w/: ez'xat[dﬂ,(/)’ (at[¢/])2,(/)/: eix(6£¢])2¢
V[A/]z/;’: XAy, (v[A})%//: eix(v[A})%/,_

Proof: Exploiting that Vdyx —0;Vx = 0, since x is smooth, and curl(Vy) = 0 (see (1.2)), we immediately

obtain the invariance of the electric and magnetic field
E=-Vv¢y-2A=-E
C

B =V x A = B.
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Moreover, the gauge transform (cf. Section 2.1.1)
A= AL p ¢, s eXyp =)
implies that
PNy =c 1, + i¢! ) = ¢ (i(Dx) e + Xy + i($ — Dux) )
=c e (0 +ip)p = eixﬁy]w,
VALY =(V i)y = (VX)X + eX VY — LA+ VX))
=eX(V +iZ)p = exVily,

and similar

(0 [¢]) 0 3 ( ix8[¢]¢) _ eix(at[dﬂ)zw
(VHAT)2y" =V (X ViAly) = ex(VI4)%y,
The assumption (2.14) on f yields that f[¢'] = f[e*X¢)] = X f[¢]. This finishes the proof. O

Proposition A.26 (70, Section 5], Klein—-Gordon Reformulation of Dirac’s Equation). Applying —iat[(ﬂ

to the Dirac equation coupled to ¢ and A via the minimal coupling operators
8,£¢] _2 + i® and VM =v - ’Lé given in Definition A.23,
c c c

i.e. applying 7Z~at[¢] to

iy = szaj )i+ B, p(0,2) = vr(w), (A.16)

we obtain the following Klein—Gordon type system
(D82 = (V)20 + 2 = 2D%[g, Aly,
b(0) =wr, O (0) = (V). ¥,

where we define

d
W= —iBe (V) g — (V)23 (VIAO))
Jj=1

and where D*[6, A] i= D, [¢] + DF[ %A + D&l A] with (cf. Definition 2.6)
d
curl 5 Z ajak )) - (8k? (A]))]7 gcolélv [(b] = Z a] (83 (b)
J,l;kl j=1
J

o pd| at.A Zaj 8t

Proof (see also [70]): Applying 48}“ to (A.16), we have

d
o 0 =S (0 ) (V)0 - B0 ). (A.17)

j=1
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Because

(i8£¢])(V[A])jw :il(at +i9) (9, — iﬁ)w
=i (3t J¢+z¢>@]w+¢ Tap — ch ;1 0eA; >w)

we have that

(VE40 0 ) =i (95 = i%2)(r + i)

=iL (9,00 + 00,0 + i(06)0 — i L0 + Lou)
8tA )

il (atajw Figoy + oy — i%ay i@y
i@y i m)w)
:(iaﬁ)(vw)m L+ 00)w.
Employing this identity into (A.17), we obtain
d
Ay =i ay (10 (VHA) 0 — B0 )
;‘—1
( Za (VA cﬂ) (10; ¢]¢)
+ l% Z (&7 (at?j + 3J¢>)
j=1
Now inserting (A.16), i.e
d
01 = =i > oy (V) o + By
into the latter, yields that
d
(z > o (VM) - cﬁ> (0, )
j=1
d
:(zZa] —cﬁ)(—lza] 1/)+C,31/)>
j=1
d
=3 > oo (VM) (VA + icz (a; 8 + Bay) (V) 4 — 252,
j=1k=1 j=1

Exploiting the relations (1.24) of the matrices o, 3,7 = 1,...,d then gives

d d
ANy =Ty~ 2p + 3 (VM) (V) + i3 o (PN 1 00)0.

jk=1 j=1
J#k

Furthermore, since apo; = —ajo,j # k by (1.24), and due to

(VI (V) = 0,000 — L(0, Ax) — LAx0;0 — LA;00 —  A; Ay,
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the double sum reduces to

d
> aja (VM) (VA
g
d
=3 > <ajak(V[A])j(V[A])k¢+akaj(V[A])k(V[A])j¢>

:% > aja ((V[A])j(v[*“])w - (V[A])k(v[A])jw)>

) d
== 12> ajan((954r) — (9

Jik=1

Then, we deduce

oy ~(THA)y -y
d

) d
+ i(— % Z ajak((ajA;g) - (akAj)) + Zaj(atAj + 8j¢)>1/1

c
J,k=1 j=1

Additionally, the way we define ¢} is an immediate consequence of plugging the initial data ¢; together
with ¢(0) and A(0) into the Dirac equation (A.16). This finishes the proof. O

A.7 Miscellaneous

Corollary A.27 ([45, Section 3|, Orthogonality Condition for MFE). Let m € Z and let G: R x T — C
and ¢ : R — C for a € Z with

G(t,0)= > g ).
Consider the differential equation
(109 + m)W(t,0) = G(t,0), W(0,0) given, (A.18)

and look for solutions W : R x T — C of type

W(t,0) = i '@ (¢).

a=—0oQ

Then (A.18) will be solvable if the right hand side is orthogonal to e~"™? i.e. if

Z / e—imﬂeiaeg(a) (t)d& — / e—iméeimﬁdeg(m) (t) — 27Tg(m) (t) ; 0.
T T

a=—0o0

Note that because
(i0g + m) (eimez(t)) =0,
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for z : R — C, the latter is equivalent to demanding that the terms, lying in the kernel of (i0p + m),

namely €™ g("™)(t) must vanish.

The solution is then given by

W(t,0) = eimew(t) + Z ﬁeiaeg(a) (1)
“mta
for an arbitrary function w : R — C.
Proof: See [45]. O

Proposition A.28 ([6, Chapter 18.4 and 18.5], Trace of Matrices). Let m € N and let A, B € C™*™ be
two matrices. Let tr M = ;" | My, be the trace of a matrix M € C™*™. Furthermorelet A = SDS™! be
a diagonalisation of A with a diagonal matrix D = diag(A1,..., Ap), where A1, ..., A\, are the eigenvalues

of A, and a regular matrix S € C"™*™. Then
(a) tr(AB) = tr(BA) and
(b) tr(A) = tr(SDS™!) = tr(SS™ID) = tr(D) = Ay + -+ + A

Proof (see also [6, Chapter 18.4 and 18.5]): For a proof of (a), see [6, Chapter 18.4]. Part (b) is an

immediate consequence of (a). O

Proposition A.29 ([4, I1.8.11 Theorem], Cauchy Product Formula). Let the series Y22, Uy, 32 Vi

and Z;io Wy converge absolutely. Then we have

(Z Vk> : (Z Wz) =YY ViWat =Y Zny Zn= Vi Wy
k=0 (=0 n=0 £=0

n=0 ¢=0
and thus
e ] o) o n o n n—j
ZUj . (ZVk) . <ZW£> :ZZUjZ"_j:ZZUj VeWo_ .
=0 k=0 £=0 n=0 j=0 n=0j=0 =0

Lemma A.30 ([47, Proof of Lemma (german: Hilfssatz) VI.1.5]). Let d € N and let (k) be defined as in
Definition A.6. Furthermore let v > d/2. Then the series

3 k)T < K(d)
kezZd

converges and is bounded with a constant K (d) only depending on d.

Proof: We have that

Z <k>72r S 1+ Z |k‘72r.

kezd keza\{0}



A.7. Miscellaneous 193

According to [47, Beweis von Hilfssatz VI.1.5] the second sum is dominated by
—2r 1
> K< /xeRd Pk
kezZa\{0} |z|2>1

Switching to polar coordinates, the integral becomes

[ ],
1 Sd—1

which converges if and only if r > d/2, where S?! is the d dimensional unit sphere (see [5, VIL.9.5
Examples (b)]). O

d—1 o0
B _dR=K(d) | R-+Cr-dlgR
R2'r 1

Proposition A.31 ([6, Chapter 31.1], Cauchy-Schwarz Inequality). Let X be a Hilbert space with inner

product (-,-) y and let ||-||  be the norm induced by (-,-) y, i.e. ||a||§( = (a,a) for a € X. Then we have
(@, b) x| < lallx [1bl] x -

Proof: For a proof see [6, Chapter 31.1] and references therein. O

Proposition A.32 ([18, Proof of Lemma 4]). For all x € R we have the following auxiliary result:

et®

le” —1| < |z| and thus also

_1‘§1 for all x € R.

T

In particular we can globally bound this term by 2, i.e.

e —1] <2 forallz €R.

Proof (see also [18, Proof of Lemma 4]): We structure the proof in three parts. Firstly, we consider the

case |z| > 2, then the case z € [0,2] and afterwards the case x € [-2,0).

Consider f(z) = |e'* — 1|2 = (cos(z) — 1)2 + (sin(z))? = 2(1 — cos(x)). It is obvious that 0 < f(x) < 4
for all x € R which immediately proves that |e“” — 1| <2 forall z € R.

In particular this also implies that
e — 1| <z, forall |z > 2.

We observe that f € C*°(R). Its first two derivatives are given by f'(£) = 2sin(§) and f”(§) = 2cos(§).
Now assume that 0 < z < 2.

From Taylor’s theorem in [53, Kapitel 3.13, Korollar 1] we deduce that
f(@) = £(0) +zf'(0) +/ (x —t)f"(t)dt =/ (x =) f"(t)dt,
0 0

where we used that f(0) = f/(0) = 0.

Therefore applying triangle inequality to the integral remainder and taking the supremum of f” we obtain

fl@) = |f(2)| g/;(x—t)dm sup |cos(t)] < 2- ((x—o)x—%a?) _

<tz
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Similarly we show that for —2 < x <0

T 0

f@) = [ @05 Wit = [ ¢ o
0 x
such that by the same arguments
0 1
f@) =@ <2 [ (¢~ apde=2- (~}a* = 0~ 2)a) = a”
Therefore, we conclude by taking the square root of the inequality
i 2 2

flx) =™ —1|" < |af". (A.19)

Applying the square root to (A.19) immediately gives the assertion. O
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