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Abstract

We consider four-dimensional chiral gauge theories defined over a spacetime manifold with topology
R3 x S! and periodic boundary conditions over the compact dimension. The effective gauge-field action is
calculated for Abelian U (1) gauge fields A, (x) which depend on all four spacetime coordinates (includ-
ing the coordinate x* e §1 of the compact dimension) and have vanishing components A4(x) (implying
trivial holonomies in the 4-direction). Our calculation shows that the effective gauge-field action contains a
local Chern—Simons-like term which violates Lorentz and CPT invariance. This result is established pertur-
batively with a generalized Pauli—Villars regularization and nonperturbatively with a lattice regularization
based on Ginsparg—Wilson fermions.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

It has been shown [ 1] that chiral gauge theories over a manifold with an appropriate nontrivial
topology necessarily have an anomalous violation of Lorentz and CPT invariance. Two direct
follow-up papers on this CPT anomaly have appeared in Refs. [2,3] and a review has been pre-
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sented in Ref. [4] which also contains a brief discussion of the well-known CPT theorem and
ways how this theorem can be circumvented.

The existence of the CPT anomaly for four-dimensional gauge chiral theories over the space-
time manifold M = R3 x S was established in Refs. [1,3] for a special class of background
gauge fields, namely gauge-field configurations which are independent of the compact coordi-
nate x* € S! and have a vanishing component A4. The question arises how the anomaly manifests
itself for more general gauge-field configurations which have a nontrivial dependence on the
compact x* coordinate.

It will be shown, in the present article, that the anomaly manifests itself by a local Chern—
Simons-like term in the effective gauge-field action and this term is known to violate Lorentz
and CPT invariance [5-7]. Our result will be established with two regularization methods, an
extended version of the generalized Pauli—Villars regularization [8] for a perturbative calculation
and the lattice regularization based on Ginsparg—Wilson fermions [9—13] for a nonperturbative
calculation.

The outline of this article is as follows. In Sec. 2, we describe the theoretical setup of the
problem and establish our notation. As said, the calculation will be done both perturbatively and
nonperturbatively, with appropriate regularization methods.

In Sec. 3, we establish Lorentz and CPT violation with a perturbative approach. In Sec. 3.1, we
start from the effective gauge-field action for a left-handed chiral fermion. This effective action
is then perturbatively expanded and rendered finite with an extended version of the generalized
Pauli—Villars regularization. In Sec. 3.2, we perform, for an Abelian U (1) gauge group, the
one-loop calculation of the effective gauge-field action to quadratic order and obtain a local
Chern—Simons-like term. In Sec. 3.3, we show explicitly that the calculated Chern—Simons-like
term violates Lorentz and CPT invariance in four spacetime dimensions.

In Sec. 4, we establish the existence of Lorentz and CPT violation with a nonperturbative
approach. In Sec. 4.1, we recall the lattice setup and introduce some further notation. In Sec. 4.2,
we review chiral U (1) gauge theory on the lattice. The fermion action on a regular hypercubic
lattice is written down and the integration measure is defined. The action of the discrete transfor-
mations on the link variable is also given. In Sec. 4.3, we discuss the effective gauge-field action
on the lattice and its behavior under a CPT transformation. In Sec. 4.4, we show that the effective
action is not invariant under CPT transformation, considering both relevant cases (an odd or even
integer N = L/a, with L the length of the x* circle and a the lattice spacing). In Sec. 4.5, we
calculate the expression for the CPT-anomaly in the continuum limit (@ — 0).

In Sec. 5, we highlight some important points of our calculations. In Sec. 6, finally, we offer
some concluding remarks.

The present article is, by necessity, rather technical. A first impression can be obtained from
Secs. 2, 3.3, and 6.

2. Setup of the problem

The chiral gauge theory to be considered is defined over the following four-dimensional space-
time manifold:

M=Rx s, (2.1a)
with noncompact coordinates

xl,xz,x3eR, (2.1b)
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and compact coordinate

x*elo,L]. (2.1¢)
Initially, the spacetime metric is taken to be the Euclidean flat metric,

guv(x) = [diag(1, 1, 1, )] . (2.2)

At the end of the calculation, we shall make the Wick rotation from Euclidean metric signature
to Lorentzian metric signature, with x!or x2 or x3 (but not x*) taken to correspond to the time
coordinate .

We are considering chiral gauge theories that are free of gauge anomalies. Specifically, we
take the chiral gauge theory with the following non-Abelian gauge group and representation of
left-handed fermions:

G =50(10), (2.3a)
Ry =3 x[16], (2.3b)

which contains the SU (3) x SU(2) x U(1) Standard Model with 3 families of fermions (and
three singlet left-handed antineutrinos).

Most of our calculations are, however, performed for a chiral U (1) gauge theory consisting of
a single gauge boson A and 438 left-handed fermions with U (1) charges g, for f =1,...,48.
Specifically, the Abelian gauge group and the left-handed fermion representation (i.e., the set of
left-handed charges ¢q ¢ in units of e, the absolute value of the electron charge) are given by:

G =U(), (2.4a)
Ry, =3 6 ! 3 4 3 2
L=3X X(g)"' X<—§)+ X<§>

—|—2x(—1)—|—1x(2)+1x(0):|. (2.4b)

This particular chiral U(1) gauge theory can be embedded in the SU (2) x U(1) electroweak
theory of the Standard Model with U (1) hypercharge ¥ =2 Q — 2 T3 (the electron has charge
Q = —e and the positron has Q = +e¢). The further embedding in the “safe” SO (10) group with
left-handed representation (2.3b) explains why the perturbative gauge anomalies cancel out in
the chiral U (1) gauge theory considered,

48
D @’ =0, 2.5)
f=1
for the charges gy as given by (2.4b). For later use, we also give another sum:
48
Y @p)P=Fe, (2.6a)
f=1
40
F=3x [?] =40. (2.6b)

Other chiral U(1) gauge theories give, in general, a different value for the numerical factor F'.
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The gauge and fermion fields are assumed to be periodic in the x* coordinate,

ApGxt + L) = A, @3, xY), (2.7)
Y& X+ D)=y, 2, (2.7b)
VE P+ L) =y @E, xh, (2.7¢)
with
F=0b X2 ). (2.8)
Another assumption about the gauge fields is as follows:
Ai(x) = Ai(x, xh, fori=1,2,3, (2.9a)
As(x)=0. (2.9b)

Such gauge fields can be obtained by a gauge transformation if the original gauge fields with
A4 # 0 have trivial holonomies,

L
ha(X) = exp / dx* A4G, x| =1. (2.10)
0
This Abelian holonomy h4(X) is a gauge-invariant quantity (see the last paragraph of Sec. 3.2).
The background gauge fields A; are considered to have local support in R3. Specifically, take

aball B3 € R3 witha large fixed radius R. The gauge fields A;(x), fori =1, 2, 3, are assumed
to vanish on the boundary of the ball and outside of it,

A;E, xM =0, for [X2P= D2+ D)2+ ()2 > R2. 2.11)
In general, Latin spacetime indices i, j, k, [, etc. run over the coordinate labels 1, 2, 3, and Greek
spacetime indices i, v, p, etc. over the labels 1, 2, 3, 4. Repeated coordinate (and internal) in-
dices are summed over. Throughout, natural units are used with i=c = 1.

The problem, now, is to investigate, for the setup considered, the invariance of the effective
gauge-field action I'[A] under Lorentz and CPT transformations. In Secs. 3 and 4, the effective
action I'[A] is calculated by integrating out the fermions using, respectively, a perturbative and a
nonperturbative method. The CPT anomaly is then established if we can show that this effective
action changes under a CPT transformation of the background gauge field, T[ACFT] = I'[A].

The actual calculation of Sec. 3 is performed first for a single left-handed fermion ¥ with
unit U (1) charge, ¢ = e. Only the final result (3.48) is extended to all chiral fermions of the
theory (2.4). The same procedure is followed in Sec. 4.

3. Perturbative approach
3.1. Theory and regularization

Let us start with the action of a left-handed chiral fermion,

S[¥. v A] = /d4x £z v1. Al
M

=/d4xiﬁy“(au+eAu) VL, (3.1)
M
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where A, is the anti-Hermitian U (1) gauge field, e the dimensionless electric charge of the
fermion ¥, and ¥ = %(1 + y5) ¥ the left-handed projection of the four-component Dirac spinor
V. The y* are the 4 x 4 Dirac matrices and ¥ = ' y*. The Hermitian chirality matrix ys has
{ys, y*}=0and (y5)* =14.

In this article, we set out to calculate the effective action of the gauge fields for the setup as
described in Sec. 2. In the vacuum, there are virtual fermion—antifermion pairs which interact
with the classical background gauge field. The effective action I'[A] is a functional which takes
these interactions into account. Incidentally, the functional I'[A] considered here is not the com-
plete effective action as there are also contributions from the photonic sector such as the classical
Maxwell term, but our focus is solely on the contributions of the virtual fermions.

In Feynman’s Euclidean path integral formalism, the functional I'[A] is obtained by integrat-
ing out the fermionic degrees of freedom,

exp(=T[A]) ZfDW(X)DWL(X) exp —fd4x L[Yr, v, A]], (3.2)

M

which, loosely speaking, equals the root of the determinant of the operator y# (9, +e A,). This
operator has, however, an unbounded spectrum, so that the determinant is infinite. The expression
(3.2) thus needs to be regularized.

Finding a manifestly gauge-invariant regularization is not straightforward. One possibility is
given by the generalized Pauli—Villars regularization as discussed by Frolov and Slavnov [8],
which involves an infinite set of bosonic and fermionic Pauli—Villars-type fields Wy, for s €
7Z/{0}, with standard (Lorentz-invariant) Dirac-type mass terms W, W,. We will, however,
extend this regularization, in order to be sensitive to anomalous Lorentz violation. In fact, we
will introduce another infinite set of bosonic and fermionic Pauli—Villars-type fields ., for r €
7Z./{0}, with Lorentz-violating mass terms M, ¢: {1/

Specifically, the regularized Lagrange density for the chiral U (1) gauge theory including both
infinite sets of Pauli—Villars-type fields reads as follows:

/v‘full reg. th. = ﬁchiral + ELI—gen—PV + CLV—gen—PV
=i Yo(x) y* (0 + e Ay) Yolx)
D [ W)y (8 + € Ap) Wy (x) — my W (x) Uy ()]

s#£0
+ 30 [19@) (B e A) () = Moy 00 (0] (3.3)
r#0
with regulator masses,
mg = m|s|, (3.4a)
M, = Mr?, (3.4b)
M >m. (3.4¢)

The ultraheavy regulator masses M, violate Lorentz invariance, but can have effects on the low-
energy physics in the case of an anomaly. The reason for demanding a quadratic r-dependence
in (3.4b), compared to the linear s-dependence in (3.4a), will be explained in Sec. 3.2. Strictly
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speaking, we do not need the inequality (3.4c) for the present calculation, but it has been in-
cluded, in order to make sure that possible Lorentz-violating quantum effects are subdominant
compared to Lorentz-invariant quantum effects.

The regulator fields W in (3.3) are unrestricted four-component Dirac fields, whereas the
regulator fields v,, including the original massless field ¥o = ¥, are chiral four-component
Dirac fields, obeying the condition

er%(l—H/s)wr, forreZ. (3.5)
The fields have, moreover, the following Grassmann parities:

e(Wy) = (=), for s € Z/{0}, (3.6a)

e(Yy) = (=), for reZ. (3.6b)

For the purpose of searching for anomalous Lorentz violation, we only need to consider the chiral
fields v, as will be explained in Sec. 3.2.
We now take the Weyl representation of the 4 x 4 Dirac gamma matrices,

0 o 1, 0
m 1,,2,,3 4 3.7
V——<5m 0>, J/S——VVJ/V—(O 12), 3.7)

with 6* = (o™, i 1) in terms of the 2 x 2 Pauli spin matrices ™ and the 2 x 2 identity matrix
1. As said before, ¥ with My = 0 in (3.3) corresponds to the original four-component chiral
field ¥, and, for the Weyl representation (3.7) with diagonal ys5, can be written as

w=(%). (338)

where &) is an anticommuting two-component spinor field. The r # 0 fields ¥, in (3.3) constitute
an infinite set of Pauli—Villars fields with Grassmann parities (3.6b) and regulator masses (3.4b).
Each chiral regulator field ¥, (r 7 0) can also be written as

¥, = (50) , (3.9)

with a two-component field &, having the Grassmann parity (i.e., loop-factor in Feynman dia-
grams)

e&)= (=", forreZ. (3.10)

With the above definitions, the truncated regularized theory is given by

Lirunc. reg. th. = Lechiral + »CLV—gen—PV

=Y [igf0 o (duter)em—MEmem) (3.11)

r=—00

with o#* = (ic™, 1;) and M, from (3.4b).
In order to prepare for the calculation of the next subsection, we define

~1 . 1 0 i ~2 s 2 0 1
y =io _<i O)’ y =io —(_1 0), (3.12a)

- i 0 - 10
y3Ela3=<6 _l.>, y4512=(0 1), (3.12b)
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and rewrite the standard Weyl action from (3.11) as

Ty = f d*x Lehira = f d*x i gf(x) * B +e Ay &, (3.13)

where & is the two-component spinor field. A similar action holds for the chiral regulator fields

& (r#0),

4
Ireg = f d’x ﬁLV—gen—PV

/d“ S [ig @ e s - Mgls ] (3.14)
r#0
The 2 x 2 matrices y* in (3.13) and (3.14) obey the following relation:
7y =g"1-€e" 5, (3.15)

with the three-dimensional Euclidean flat metric g*/ = [diag(—1, —1, —1)]"/ and the totally an-
tisymmetric Levi-Civita symbol €%, normalized by €!?> = 1. From (3.15), we have that the
anti-commutator of the %’ matrices has precisely the same structure as the one of Dirac matrices
in R3, namely, {#?, 7/} =2 g/ 1. This is, in fact, the reason for using these matrices ', as will
become clear in Sec. 3.2. Note, however, that the matrices ¥ do not satisfy the properties of
Dirac gamma matrices in four-dimensional spacetime, because ¥* does not anti-commute with
the other ¥ i matrices. In our calculations, we shall only use relation (3.15).

For standard Minkowski spacetime without compactification of the x* coordinate, we expand
the gauge field A, in Fourier modes as follows:

d*p .
Au () =/ (27[1))4 e Au(p), (3.16)

and write down the vacuum-polarization kernel

. d*k i .
n'f(p)zfmtr[y' Sk 7 S(k~|—p)]. (3.17)

In our case, where the x* coordinate is compactified, we make the following replacements:

L
f d*x — / dx* / dx (3.182)
0 R3

and

<2n>4 Z / @) (150

The Fourier expansion of the gauge field A, is now given by

Ap(x) = Z / g AL BT 4 (), (3.19)

with the following definitions:
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pn= (D, Pn) (3.20a)
pn =2nn/L, (3.20b)
pE=1p1+ (o). (3.20¢)

3.2. Calculation

The expression for the perturbatively-expanded effective gauge-field action in three spacetime
dimensions with one compactified coordinate has been given in Ref. [14]; see, in particular,
Egs. (22)-(26) of that article. For the action (3.13) with the replacement (3.18a), we have four
spacetime dimensions with one compactified coordinate. Adopting a similar procedure as the
one of Ref. [14], we write down the physically relevant factor in the perturbatively-expanded
effective gauge-field action,

Al = — Z / ) Ai(=pn) 7 (pn) Aj(pn) + O(€), (3.21)

with the unregularized vacuum-polarization kernel

iy (ureg) ] = a3k » .
7" (pn) : =7 Z /(27[)3 tf[l/' S(km) y? S(km+pn)]- (3.22)

The propagator S(k,,) is defined as:

1 _77iki_174k4m__)7iki_374k4m

Stky) = = — =— =
) Viki+7%am  (Fki)? — ka2, (k)% + k42,

(3.23)

The ultraviolet divergences of the anomalous terms in (3.22) are regularized by the infinite set of
Pauli—Villars-type fields &, (x), for r # 0, from (3.14). The infrared divergences are regularized
by imposing antiperiodic boundary conditions for the &.(x) fields (r € Z) on the surface of a
large ball B3, where the gauge fields A;(x) vanish according to (2.11).

For a particular Fourier mode n of the background gauge field, the regularized two-point
function is proportional to the following expression:

.. (reg.)
7" (pn)

S w7+ MOTI R+ p+ M)
1}"
r—Z:oo( ) Z /(27‘[)3 k2 +M2)((km+Pn)2+Mr2)

(3.24)

with the short-hand notation p = 7 p; — P* ps,, for the matrices (3.12), which are Dirac
gamma matrices in three spacetime dimensions but not in four. The factor (—1)" in (3.24)
comes from the Grassmann parity (3.10) of the fields and M, is given by (3.4b). From now
on, we drop the superscript ‘reg.”’ as the regularization is manifest from having the sum
over r.

Introducing the Feynman parameter x and changing the momentum variable k, to [, with
li = ki +x p; and l4 = k4, we rewrite the expression for the vacuum-polarization kernel (3.24) as
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l] r d3l
Pp0= 3 (=D /dx— Z /(271)2

r=—00

xtr[ (y Ly —x¥y pk—wm+M)

: (17" I+ (1 =) 7% pr — o — pu + M)] (|7|2 n A)iz, (3.25)

with p,, pn, and ,o,% from (3.20) and the further definitions

Ln =, om), (3.262)
Wy =2tm/L, (3.26b)
A = (wm+xpn)? +x(1 —x)p?+ M2, (3.26¢)

The odd powers of the /; in the numerator of (3.25) vanish by symmetry reasons. The term in
(3.25) with an odd number of p,, momenta in the numerator of the integrand is written as

Fipm= 3 (- 1y 3 wm+M>/(2 )3/

r=—00 m——oo
a7 P75 e — ulP 77 pa
(11> +A)?
Part of the above equation still gives rise to a finite L-independent term with an even number of
pn momenta,

1
- d31 > [P 7795 pr — alP P54 pa
L ,Z (=om) / (2n>3/ dx ,Z v I
m=—oo 0 r=—00

(12 + A)?

(3.27)

o (W7 77741 pu pic = 617 7771 0upu ) (3.28)

and we are left with the following term with an odd number of p,, momenta:

t YITITK] pe — t[7 Y71 pn
le(p)__ Z f(zn)*f Z( vy, WY 1 Wy vl e

(11> + A)?

(3.29)

where we have taken care to move the r sum inwards as it must be performed first.

The p, term in the numerator of the integrand of (3.29) ultimately gives rise to a term
fOL dx* [d®x 8;; Ai (34A)) in the effective gauge-field action, which is a total-derivative term
and vanishes due to the periodic boundary conditions (2.7). So, we are left with the following
potentially CPT-violating term:

1

anom(Pn)—_ Z /(2 )g/dx Z (=D"M, M (3.30)

(112 + )2
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At this moment, we can mention that the other regulator fields W from (3.3) do not contribute
to this potentially anomalous term with an odd number of p,, momenta, because the trace of an
odd number of Dirac matrices y* vanishes. This is not the case for the trace of ¥' 7/ X, as
follows from relation (3.15).

We divide the sum over m in (3.30) into two parts, namely, the sum over nonzero m and the
single term m = O [this term is distinguished by having an infrared-divergent momentum integral
for the r = 0 contribution, which is regularized by antiperiodic boundary conditions as discussed
a few lines below (3.23)]. The expression then reads

Tarom (Pn) = Ty (pn) + Tist(Pn) , (3.31)
with
1
y 1 d31 ad [ 97 7% pr
T (pu) = — —3/dx 3 M, %, (3.32a)
L) @ et (112 + Ao)
Ag=xp> +x(1 —x) p> + M?, (3.32b)
and
P {7 7 7] e
' ( / / x (-1 M, —= 27 7% (3.33)
rest Pn) Z (27) r;oo r RUENNE

First, consider the m =0 COHtI‘lbuthP (3.32). In order to compute the sum over r, we use the
following representation (defining [ = |/|):

o0

(=DM,
So= - .
r=—o0 <|l|2 + (xpn)? +x(1 — x) p2 + MZ)
19 i (=)' M,
2000, 22 (124 (xop)? +x(1 = ) p + M2)
1 Ma X (=12
__ 1 M3 3.34
20 M2 3l r;oo (2 + %) (.3%)
with
2= [12 4 (o) +x(1—x) pg] IME=12/M? +«, (3.34b)

and the following result (for T # 0):

1) 2
Z . (3.352)

1—2_}_4

fo=

explin/4) 7+ c.c.) . (3.35b)

f (sinh[exp(—in/4) 7T

Remark that the first sum in (3.34a) contains an extra factor M, in the numerator compared to
Eq. (11) of Ref. [8] and this is the reason for demanding the r2 behavior in the regulator masses



K.J.B. Ghosh, F.R. Klinkhamer / Nuclear Physics B 926 (2018) 335-369 345

M, in (3.4b). We then find the same type of 1/sinh behavior in (3.35b) as in Eq. (14) of Ref. [8],
which, in both cases, provides an exponential cutoff of the momentum integrals.
With result (3.35), expression (3.32) reduces to

1 0
ij M Sk
T, (pn)=— T 2 dx ldl f(r) 7' 77 751 pr

0 0

1 oo
=z o [ @ [ann 5o [@]wr 7 (336
472L M| an
0 0

in terms of the dimensionless variable n =//|M|. In the following, we assume positive M (the
related ambiguity in the anomalous term, here by a factor M /| M|, is discussed further in the first
paragraph of Sec. 6).

In the regularization procedure, we consider the regulator mass scale M to be much larger
than a typical momentum component of the gauge field, M? > p,zl, so that we can take x =
[(x,on)2 +x(1—x) pﬁ] /M2 — 07 in the rest of the calculation and the x integral in (3.36)
becomes trivial. Using

uly 77 71 =2€%, (3.37)
we then rewrite (3.36) for positive M as
o
1o =57  [anns-[rm] | e m (3.3
0 2m2L an ' '
0
The n integral in (3.38) gives a factor 77 /2 and the final result for the m = 0 sector reads

1 ..
7 (pn) = I ek py. (3.39)

Now turn to the m # 0 sum (3.33),

~k
T (pw) = Z / s / Sy PP (3.402)

r=—00 (Iﬁl2 + AM)
with
> = 111/ M7, (3.40b)
and

Apt = [@n+x00)% + 31 =) pE|/M? 4~ o M2 14 (3.400)

for p; 2/M? — 0. With large M, we can treat w,,/M = I, as a continuous variable and rewrite
(3.40a) as follows:

- r 2 7P o
rest(pn) / /(2 )3/dx r;oo(_l) 72 ()\2+r4)2
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1 .y
d*x a7 777 pi
= d N =L 3.41
Q2 )4 / X Z =D'r (AZ + ,,4)2 ( )
r=—00

in terms of the dimensionless variable 12 = |7j|? + (I4)>.
In order to compute the sum over r in (3.41), we again use the following representation:

oo oo

G (=D r?
2. (Z4rH2 T 2 = (24 (3-42)

where the last sum has the same form as (3.35a) and equals f () in terms of the function f
defined by (3.35b). As mentioned above, the x integral in expression (3.41) is trivial and the
expression reduces to

o]

ij M ~f o~ o~
Tes(Pn) = =75 /df\/\z [f(k)] el 7 57 94 pr

M y
— dk 22 f(k)] €k py (3.43)
0

where the last step uses (3.37). The A integral in (3.43) gives the following factor:
£=14r3)/7%~1.70511, (3.44)

and the final expression reads

L. 1 -
Tres(Pn) = —§ M o € pr. (3.45)

Combining (3.39) and (3.45) gives the end result for the anomalous vacuum-polarization ker-
nel (3.31),

1 1
anom(Pn) = _4_L €l pk &M — E Pk s (3.46)
7T

with the constant £ given by (3.44) and the regulator mass scale M entering the Pauli—Villars-
type masses (3.4b). The first term in (3.46) is L-dependent and finite, whereas the second term
is L-independent and divergent as the regulator mass scale M is taken to infinity. As regards the
M-dependence of this second term, note that, for four-dimensional quantum electrodynamics,
the vacuum polarization from the standard Pauli—Villars regularization also has an M-dependent
contribution; cf. Eq. (A.6) in Ref. [8]. A suitable renormalization procedure is to subtract the
same result at a reference value L..r and to take L.t — 0o corresponding to Minkowski space-
time (cf. Sec. 4.2 of Ref. [15]). This renormalization procedure then eliminates the second term
in (3.46) and we are left with the first term only,

(renorm.) 1

anom (pn) = L € pk (3.47)

Now replace the single left-handed fermion v, by the 48 left-handed fermions of the chiral
U(1) gauge theory (2.4), with the same regularization for each of these 48 fermions. Using
(3.47), we then obtain the following local expression for the effective gauge-field action (3.21)

to order ¢?:
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L
1 .
7 tenorm) _ ;g2 - / dx* / d>x €% A;(x) 9; Ax(x), (3.48)
T
0 R3

with an overall numerical factor F from (2.6b) due to the contributions of all chiral fermions of
the theory (2.4). The result (3.48) gets a further factor i for spacetime metrics with Lorentzian
signature and a spatial coordinate x* € S' (see also the discussion of the last paragraph in Sec. 6).
The local effective-action term (3.48) is the main result of the perturbative calculation.

For gauge fields A, (x) of local support, the term (3.48) is invariant under local Abelian gauge
transformations,

Apx) > Ap(x) +id, s(x), (3.49)

with arbitrary real gauge parameters ¢ (x) that are x4-peri0dic, £(x, 0)=¢(X, L). As mentioned
in Sec. 2, the Abelian holonomy (2.10) is gauge-invariant under these periodic transformations.
The perturbative calculation of this subsection can, in principle, be extended to the non-Abelian
theory (2.3) and we expect a further cubic term in addition to the quadratic term of (3.48), in
order to maintain invariance under “small” gauge transformations (see Sec. 4 in Ref. [1] for
further discussion).

3.3. Lorentz and CPT violation
For arbitrary gauge fields A, (x) with trivial holonomies (2.10) in the chiral U (1) gauge theory

(2.4) with a Lorentzian metric signature, our result (3.48) gives the following term in the effective
gauge-field action at the one-loop level:

Tanom[A] = —27 F ¢* Tcsutike[Al, (3.50)

L
1 -
FeswelA]= 7 / dc* / &x weslAG. 2], (3.500)
0 R3
in terms of the Chern—Simons density [16]

wcs[AF, xH] = — €k A; (7, xM 8 An (3, x). (3.51)

1672

The numerical factor F in (3.50a) is given by (2.6b).

A topological Chern-Simons term Qcs = [ wcs is defined only for an odd number of space-
time dimensions [16]. The action term (3.50) holds, however, in four spacetime dimensions.
Hence, the qualification “Chern—Simons-like” (abbreviated as “CS-like”) used in (3.50b) and
elsewhere. The action term (3.50) is nontopological in the sense that it has a nontrivial depen-
dence on the spacetime metric or vierbein (see Sec. 6.6 of Ref. [4] for further discussion and
references).

Observe that the integrand of (3.50b) is proportional to € #"** A 1 (x) 9y A, (x), which has the
spacetime index ‘4’ singled-out. This term is, therefore, Lorentz noninvariant. Next, recall that
the CPT transformation of an anti-Hermitian gauge field is given by [1]

Ap(x) = Ap(=x). (3.52)

The term (3.50b) changes sign under a CPT transformation (3.52). The Lorentz-violating term
(3.50b) is, therefore, also CPT-odd [the Lorentz-invariant Maxwell term (3, A, — 9, A,) (0* AY —
a¥AM) is CPT-even].
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4. Nonperturbative approach
4.1. Lattice setup

In our calculation, we consider a chiral gauge theory which is defined over a four-dimensional
spacetime manifold M = R3 x S!, with noncompact coordinates x! %2, x3 € R and com-
pact coordinate x* € [0, L]. Initially, the metric is taken to be the Euclidean flat metric g =

[diag(1, 1, 1, 1)],,. The vierbeins (tetrads) are trivial and given by
e;i(x) = (SZ , 4.1)

with the Lorentz index a = 1, 2, 3, 4 and the Einstein index u =1, 2, 3, 4.

We consider, in particular, chiral gauge theories that are free of gauge anomalies. As men-
tioned in Sec. 2, we can take the SO (10) chiral gauge theory (2.3). But, in order to be sure of
having a well-defined lattice gauge theory [13], we restrict ourselves to the Abelian U (1) the-
ory (2.4). The actual calculation in the rest of this section is performed for a single left-handed
fermion ¥y with unit U (1) charge, ¢ = e. Only the final result (4.111) is extended to all chiral
fermions of the theory (2.4).

To regularize the ultraviolet divergences of this gauge theory, a rectangular hypercubic lattice
with lattice spacing a is introduced,

23 =@ xH=(Ga, naa), (4.22)

1
x', x

with integers

ny, na, n3 €[0, N'1, ns€el0, NJ. (4.2b)
The fermion fields and link variables are periodic with respect to the x* coordinate,

v, 22 23 L) =yt X2 X3 0), (4.3a)

W(xl, x2, X3, L) :W(xl, x2, x3,0), (4.3b)

Uuxt, x2, %3, Ly =U, (", %%, %3, 0), (4.3¢)

with L = N a. For the other coordinates, the link variables are again periodic but the fermion
fields are taken to be antiperiodic, for example,

WL, x2, X3, xH ==y, x2, 13, xY, (4.42)
YL, %, 33, xh = =90, x%, 1%, xh, (4.4b)
UL, %% x3,xM = U, 0, x2, X3, 1%, (4.4¢)

and similarly for the other coordinates x> and x3.
The assumptions (2.9) for the continuum gauge fields translate into the following conditions
on the link variables of the lattice:

Ui(x) =U;(x', x>, x3,x%, fori=1,2, 3, (4.52)
Us(x)=1. (4.5b)

As mentioned before, such link variables can be obtained by a gauge transformation only if there
are trivial holonomies,

Hyx', x2 x) =[] Uax! 22 53 xh =1, (4.6)

links
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where the product runs over all Uy links in the 4-direction at a fixed value of X (for non-Abelian
gauge groups, these non-commuting matrices Uy are ordered along the path).

The anti-Hermitian Abelian gauge field A, of the continuum and the U (1) link variable U,
of the lattice are related as follows [17]:

x+a

U (x) =exp | e / dy A, (y) %exp[eaAM(x+aﬁ/2)], 4.7

where the integration variable y in the second expression runs over a straight line between the
spacetime points x and x + a &, with unit vector & in the u direction. In (4.7), e is the dimen-
sionless electric charge of the fermion.

Recall from Sec. 2 that Latin spacetime indices i, j, k, [, etc. run over the coordinate labels
1, 2, 3, and Greek spacetime indices u, v, p, etc. over the labels 1, 2, 3, 4, and that we use
natural units with i =c = 1.

4.2. Chiral fermions on the lattice

4.2.1. Ginsparg—Wilson relation

In order to avoid the fermion-doubling problem, Wilson introduced an operator, now known
as the Wilson—Dirac operator [17], which includes a term of second order in the difference oper-
ators,

4

1
Dw=3)" [yu(vﬂ + V) + savﬂv;] , 4.8)
n=1

with 4 x 4 Dirac matrices y,, and a parameter s to be described below. Here, the gauge-covariant
derivatives of the continuum are replaced by gauge-covariant forward and backward difference
operators on the lattice,

1
V0 == (R0 & +a) = ¥(). (4.92)

1
a

Viv@ =~ (V00 = R —a@I - ai), (4.95)

where R is a unitary representation of the gauge group.
The Wilson parameter s in (4.8) takes the values s = = 1. For definiteness, we choose

s=—1. (4.10)

The s term in (4.8) breaks, however, the chiral invariance of the theory. In order to restore the
chiral symmetry, Ginsparg and Wilson suggested to implement the following relation [9]:

Dys+ysD=aDysD, 4.11)

which is known as the Ginsparg—Wilson relation.
Sixteen years after Ginsparg and Wilson proposed relation (4.11), Neuberger explicitly con-
structed a corresponding operator [10,11],

DU =1 (11 _ V[U]) , (4.12)

a
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in terms of an appropriate unitary operator V. Apart from satisfying the Ginsparg—Wilson rela-
tion (4.11), the operator V should also be ys-Hermitian,

VT =Y5 |4 Y5 . (413)
In terms of the Wilson—Dirac operator Dy from (4.8), this operator V reads
o0
fx)-1/2 dt (2 yvix)™!
V=xxix) 2= —(t +X X) , (4.142)
T
—0o0
X=1—-aDy. (4.14b)

4.2.2. Lattice fermion action
The lattice fermion action with a Ginsparg—Wilson operator D[U] defined by (4.12) and
(4.14),

SE, ¥, Ul=a* )" ¥ (x) DU ()], (4.15)
is invariant under the following infinitesimal transformations [12]:

Y(x) = v (x)+8¢(x), (4.162)

Y(x) > ¥(x) + 8¢ (x), (4.16b)
with

SY(x)=isysVy(x)=iepys¥(x), (4.17a)

SY(x) =ie Y (x)ys, (4.17b)

where ¢ is an infinitesimal parameter. The operator ps, as defined in (4.17a), is a Hermitian
unitary operator with eigenvalues =£1.

A chiral gauge theory for left-handed fermions on the lattice can be constructed by imposing
the following constraints [13]:

V) =Py, (4.182)
Yx) =y x) Py, (4.18b)
with the projection operators
-~ 1
Py = 5(11;75), (4.19a)
1
Py = 5 (I1£ys), (4.19b)

where 75 has been defined in (4.17a).

4.2.3. Discrete transformations
On the hypercubic spacetime lattice, there are certain symmetry transformations. Specifically,
these lattice symmetries are

(1) the translations by an integer multiple of the lattice spacing a in the direction of one of the
four coordinate axes,
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(i1) the rotations by an integer multiple of the angle /2 in hyperplanes spanned by two axes,
(iii) the parity transformation,

(iv) the time-reversal transformation,

(v) the charge-conjugation transformation.

We now give the parity, time-reversal, and charge-conjugation transformations for the link
variable, considering the x! coordinate to be the time coordinate for the Lorentzian metric signa-
ture and using the notation x = (x ', x2, 33, xYH = (x!, X). The parity-transformed link variable
is

1 o~ o~

U Pt %) = ngl :;)_’W)’ :z Zj3 + (4.20a)
the time-reflected link variable is

* | —

U (', %) = ggi:;_xl 5. g Z ; ? e (4.20b)
and the charge-conjugated link variable is

UL D) =05 ). (4.20¢)
Hence, the combined CPT transformation on a link variable is given by

UL ) =Uf(—x —a ). 4.21)

4.2.4. Integration measure
The fermionic integration measure is the product of all integration measures at the sites of the
hypercubic lattice,

Dy(x) =[]dva®). DY) =][dv.x). (4.22)

with a multi-index « containing the spinor, gauge, and flavor indices.
The fermionic fields can be expanded as follows:

Y@ =Y vixe, Y=Y &), (4.23)
j k

where the ¢; and c¢; are Grassmann-valued coefficients and the v;(x) and vi(x) are two or-
thonormal bases of complex-valued spinorial functions. The integration measure is then given
by

Dyr(x) = l_[dc i DY) = ]_[dak ) (4.24)
j k

But this integration measure is not unique. Let I/ be a unitary operator which diagonalizes the
operator s,

U'psU =ys, (4.25)

where y5 on the right-hand side is diagonal in the Weyl representation of the Dirac gamma
matrices. Then, the basis spinors v; are
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vi(x)=Ux;(x), (4.26)
where the x; form a complete canonical spinor basis and satisfy the chirality constraint

P_xj() = x;(x). (4.27)

Now, U’ =U Q is also a diagonalization operator if Q has the following form:

Ql 0 B ¥
Q= , 0,01=1, 0,02=1, (4.28)
0 0
where Q1 and Q> are 2 x 2 block matrices in spinor space. If the basis vectors change as
Vi) =Y vi(x) Qi (4.29a)
i
with
Qj=a*Y x 0 0x, (4.29b)

then the measure (4.24) changes by a factor det @, which is a phase factor since Q is unitary.
4.3. Effective action and CPT transformation

4.3.1. Effective action

As in Sec. 3, we calculate the effective gauge-field action by integrating out the chiral
fermions, while maintaining gauge invariance. In lattice gauge theory, the Euclidean path in-
tegral is given by:

exp(~T'[U]) / ]_[Dl/f(x)]_[DW(x) exp (—Se[¥, ¥, Ul), (4.30)

where Sr is defined by (4.15). The normalization constant Z ensures that I'[1] = O for the
constant-link-variable configuration U, (x) = 1.
We Fourier expand the chiral fermionic fields as follows:

¥ (x) = an(x 22, 23y FrintL 4.31a)

V() = Zw (!, 22, x3) eI (4.31b)

where the integer n takes the values

—(N—-1)/2<n<(N-1)/2, forodd N>1, (4.32a)
and

—(N/2)+1<n<N/2, foreven N >2, (4.32b)

with N = L /a the number of links in the compact 4-direction. The momentum component in the
4-direction is given by

ps=2mng/L. (4.33)
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Using the Fourier expansion (4.31) of the fermionic field v (x), we expand the operator X (x),
defined by (4.14b) in terms of Dy from (4.8), in the following way:

XY =X+ Z U (2. 23 i

- % 3 2L X0 () iy (x!, 22, 1% (4.34)
p
with
X" =cos(2nn/N) —aDw — iys sinQRen/N), (4.35)
and
1 3
Dy=3" [yi(Vi + V) +sav; vl.*] . (4.36)

i=1
This operator Dy still contains the standard 4 x 4 Dirac matrices y;.

For the gauge-field configurations (4.5), the operator V, defined by (4.14a), acts on the
fermionic field in the following way:

1 .
VY@ =V2 §n P!, 12, ) 2L
i rd
.4 t T —1
_ ZZeZT[mx /L / x ™ <t2+X(n) X(n)) wn(xl,xz,x3)
n

T
—00

1 .4
=7 D ALy () gy (!, 62, ). (4.37)
n

We now write the fermionic action Sz in terms of the Fourier modes from (4.31),

SEIY, ¥, Ul=a* )y () DIU )Y (x),

1 — . )
== Za42 wm(xl’XZ,x_’))e—anmx“/L D[U(x)]wn(xl,xz,x3)e2”’”x4/L,
m,n X

1 — 4
= 2 Za4z wm(xl,x2,x3) p2mi(n—m)x*/L D(”)[U(x)] lﬁn(xl,xz,x3) ’ (4.38)
m,n X
with the modes of the Ginsparg—Wilson operator D defined by
1
D=2 (t-v). 439)
a

where V® follows from (4.35) and (4.37). In the last expression of (4.38), the quantity e>7i"*/L
is a complex number which commutes with DMW[U (x)], so that we can rewrite the above equa-
tion as follows:

SV, v, U]=$ doaty

n,m X

% (Jm(xl,xz,f) e—271imx4/L) DU (x)] (wn(xl7x2’x3)62ninx4/L). (4.40)
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For each value of m and n, we then redefine the fermionic fields as follows:
¥l x xdy e mimt L — g () (4.41a)
Yalah 2 ) 2T =g (), (4.41b)

and rewrite the lattice fermion action as

- 1 -
S ¢ Ul= 75 > a* 3 @, (0) DU )]} (x). (4.42)

with the operators D™ from (4.39).
Redefining the fermionic fields again,

Yh(x) = %cb,;(x), Vo (x) = %é,;(x), (4.43)
the final action reads

SEW YL UI=Y a* Y 9, (x) DU )], (x)]

=> " SP . v UL (4.44)

m,n

The modes E:n and ¥, have to satisfy the following constraints:

Y (x) = Py (x), (4.452)

V() =V, () Py (4.45b)
with the usual projection operator P and the modes of the projection operator P given by

~ 1 1

PO =2 (1=ysv®) =5 (1-%"). (4.46)

The operators ?5(”) are Hermitian unitary operators. For each n, the operator V" is unitary and
satisfies

VO — sy ™y, (4.47)
We now expand the Fourier modes of the fermionic fields into the following series:
Y=Y v el (4.482)
J
Al ~(m) ~(m)
@) =" 5" (x). (4.48b)
k

Here, the ¢ are Grassmann-valued coefficients and the spinor functions v;") (x) and ﬁlim)(x)

2

form a complete orthogonal basis of complex-valued, (x!, x2, x3)-antiperiodic, (x*)-periodic

spinors, with the following inner products:

(vi(m), vj.")) =aq* Z vl.(mﬁ(x) v;") (x) =8ij Smn » (4.492)
X

(5. 5") =a* 3 00 5™ () = 8 B - (4.49b)
X
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The spinor functions v( )(x) and v(m)(x) have an x*-dependence given by, respectively,

g2minx /L and ¢ 27mimx 4 L, which traces back to the definitions (4.41). With these expressions,

the effective action for the gauge field can be factorized as follows:

exp (=I'[U])
_1—[ » [/nd (m)l_[dc(") Zc<m)M<m e } (4.50)

in terms of the matrices

M) = at Z 5" DU (x; V). (4.51)

The constants Z;;l’n in (4.50) normalize the integrals, so that I'[1] =
After the Grassmann integrations in (4.50), we get the following expression for the effective

action:
]) . 4.52)

rU]= Zln(

4.3.2. Change of the effective action under CPT

Unlike the chiral gauge theory of the continuum, the chiral projector (4.19a) for the left-
handed fermion in lattice chiral gauge theory depends on the link variables, as follows from
the definition y5[U] = y5 V[U]. If the gauge field is CPT transformed, the basis of the chiral
fermions v; changes. This transformation affects the integration measure and the effective action
is CPT noninvariant. The details are as follows.

For the link configurations as considered in (4.5), the CPT-transformed link variables are given
by

Ul =1, U!=U(x—-adl), (4.53)

for i =1, 2, 3 and with the unit vector i in the i-direction. Let R be the coordinate-reflection
operator of the three coordinates X = (xl, x2, x3),

R:%— %, (4.54)
and let R? be the coordinate-reflection operator in the fourth direction,
RY: (%, xH = &, —xh). (4.55)

The operator Dy, defined by (4.36), has then the following behavior under a CPT transforma-
tion:

RR*ys Dw[U’1ysR*R = Dw[U]. (4.56)
The Ginsparg—Wilson-operator modes D from (4.38) transform as follows:
RR*ys DW[U’1ysR*R = DU (4.57)

The matrices M. ,Ef'}’")[U ], defined by (4.51), now change as follows under the CPT transfor-
mation U — UY:
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(m n)[UG 4Zv(m)(x) D(")[Ug(x)] v(")(x UG)

=at Z 5" (1) RR*ys DU () lysRAR v (x; U7)

=> (5" (a“ > 5" ) DU )1 (s U)) (Q5"ij

L,i

= > (@5 My T UT(QS™ (4.58)

L,i

Here, the unitary matrices
_ _mt -
Q5™ = a“Zvﬁ- V@ U s RR Y (s UY), (4.59)
Q5 " =a* Z B () RRYys " (x), (4.59b)

are obtained by introducing the projection operator P4 and making use of the fact that
ys D™ = p™ 7M. (4.60)

With the completeness of the bases pt j ) and v(m) the summation kernels of the projection oper-

ators P and P, are

POy =Y o ) 0 0) @61a)
i
and
1
= (m)T = (m)
P+a—43xy=2vlm ) 5™ ). (4.61b)

1

The transformation (4.58) can be absorbed by a redefinition of the fermionic variables in the
multiple integral (4.50), but the integration measure picks up a Jacobian factor. Under a CPT
transformation, the effective gauge-field action changes to

P’ =ru) - Zlndet(Z( ) (95 ””)m>. (4.62)

The determinants of the transformation matrices Qé_") depend on the link variable U; (x), which
opens up the possibility that the effective action is CPT noninvariant.

4.4. CPT anomaly

In this subsection, we discuss the change of the effective gauge-field action under a CPT
transformation. But, in order to calculate the explicit expression for the CPT-violating term, we

need to know the explicit form of the bases v(”) and v(m).
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4.4.1. Basis spinors
The basis spinors for the antifermions are given by

175.'")(x) = (EM™x),0), (4.63)

where é,fm)(x) form an orthonormal basis of two-spinors in four spacetime dimensions with the
. —

explicit x*-dependence e~ 27mx"/L

The basis vectors v;")(x; U) are more difficult to obtain. We have to find unitary operators

U™ with the property

UDTPUD = s, (4.64)

for
—1/2

P = g ( H(n)Z) . (4.65)
Here, the Hermitian operators H " are given by

H® = ¥s (ﬁ —aDwy — iy4ﬁ)

RS wilU] A= 3 Y oit(U]
= 3’_ . “3 , (4.66a)
it 3 oinlU] =43 Y wilUD)

with

i =sin@rn/N), n=-cos(2rn/N) (4.66b)

4lUl=a (Vi + V), wilUl=a’>V;VF, (4.66¢)
The four-component basis spinors are then constructed as

v () =UP U] 1" ), (4.67a)
with

0
xj(x) = ) (4.67b)
! & ()

where 5;")(x) form an orthonormal basis of two-spinors in four spacetime dimensions with the

.. IS
explicit x*-dependence 271"/ L

For the case of an odd number N of links in the x* direction (assuming odd N > 3), we divide

the domain of calculation into three subsets: n < 0, n > 0, and n = 0. A particular property of

)75(")’

P Ty =Ty, (4.68)
with the definition

Ta=iyys., (4.69)
suggests to impose the following condition:

UTUT =T4U™UIT,, (4.70)

where the link variable U on both sides of this last equation refers to the same configuration.
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4.4.2. Fixing the phases

We now obtain the required diagonalization operators for (4.64), first for nonzero n and then
forn =0.

In the 1 # 0 sector, the diagonalization operator 2/ is of the form

L@ 1f1+W® 1-Ww®W\ 1 [ 14Y®  j@—y®)
C2\1-w® a4 w® 2 \i@—y®)y 14 y®f
( w0 ) (4.71)
' (=n | :
0o o
with the unitary operators
* * —;‘ * _1/2
W = (n —a D%,D> [(n —a D?,VD) <n —a D%VD>] , (4.722)
. i . o —1/2
y® = [(n —aDiP) W+ iﬁ} [(n ~aDipP) (i -aDP)+ ﬁz] . (472
and
1 3
D=3 ) (oi (Vi + V) + saV;le) . (4.73)

i=1

One possible choice for Qi") is

Q(n)[U] 1, for n >0, 474
! T w®royt, forn<o. '
A change of n to —n gives
wen — W, ym — ymit 4.75)
In the n = 0 sector, the diagonalization operator /™ is of the form

OF — WO

yo LW I= W (4.76)
2\14wO" 14 wO

with W© defined by (4.72a) for n = 0. As discussed in App. B of Ref. [3], other possible choices
for U© are characterized by an integer k() € Z and give an additional factor (2k® + 1) in the
final result (4.111).

4.4.3. CPT anomaly for odd N >3

The diagonalization operators U/ [U] are given by (4.71) and (4.76) and the CPT-violating
factor can be calculated as follows.

The operator D%VD from (4.73) transforms under CPT as

DIPIU%1=RR* DIPIUTT R*R. (4.77)

The operators W™ and Y™ transform under CPT as follows:
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WU =RR* W' U] RYR (4.782)
YO =RR* WU YOy w®' (U] RAR. (4.78b)

With the help of (4.78a) and (4.78b), we calculate the changes of the diagonalization operators
U™ under a CPT transformation for n < 0, n > 0, and n = 0. The results are for n < 0:

4()94~(>~Y(n) 0
n _ n
RRYys UM U?] ysRR = T4 U™ [U]Ty A — (4.79a)
forn > 0:
~ ~ )y ) prm?
RR s UMU?) ysRR = T4 UP[UT, (W Y 0 W Y<(')1>*>’ (4.79b)
and for n = 0:
R*ys UOTU?] ysR*R = TaU O [UT . (4.79¢)
The changed transformation matrices are for n = 0:
(@11), =a* 3 A U WIRRY s U 10" 7 )
; X
=a* Y ) U OUTU O R Rys 17 (). (4.80a)
X
forn > 0:
(25"1w1).
ij
wmymwymt g 0
_ 42 (n)t 4
=a 0,7 (x) ( : RRys ) , (4.80b)

and for n < 0:

(e 1w ])U

AN (. g i e 0 RR* ! 4.80
=a ;( . §; (x)) 0 W(n)y(n)lfw(n)% s s;n)(x) ‘ (500

We shall later see that the transformation matrices for the n < 0 modes and the n > 0 modes do
not contribute to the final expression of the anomalous term.

The changed transformation matrices Qém,) [U] are the same for all values of the Fourier index

m’:

- m')
(95 1w1) = (5" ).0) RRYys (51 m) (4.81)
The required combinations of transformation matrices give for n = 0:

(Qéo)[U ])kl (@g"”w])lm =—a*Y g WOUT EL () 0. (4.82a)
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forn > 0:
(n) 5(m")
21: (Q9 [U])kz (Q9 [U])lm
=—a* Y& 00 (WO O wIw O uT) 600 () b (4.82b)

and forn < 0:

Yo (@) (957wy) =—at Y g Y OWUTER () 8 (4.820)

1

For the derivation of (4.82), we have used
B =60 )
and the completeness relation of the two-spinor basis é,f") (x),

" g () =a* 184y S (4.83b)
k

Because W™ and Y™ are unitary, the determinant of (4.82b) for n > 0 is the inverse of the
determinant of (4.82c) for n < 0, where we have used the relations (4.75). This gives

TTT]cet (212 (o5 w1) (@gm’>[U]),m)

n>0 m’

x det (Z (Qé_n)[U])kl (Qg”’)[U])lm> =1. (4.84)
l

We see from (4.84) that the anomalous terms arising from positive frequencies (n > 0) are can-
celed by the terms arising from negative frequencies (n < 0), so that only the n = 0 term survives.
This n = 0 term is given by (4.82a), which effectively sets m’ = 0.

To summarize, the change in the effective gauge-field action under a CPT transformation is,
for odd N > 3, given by

AT[U]=T[U%] = T[U] = — Indet <a4 > e wOuyiel? (x)) , (4.85)
with the unitary operator
—-1/2
WO = (1-abP1U1) [(11 - aD{;,D[U])T (1- aD%VD[U])] . (4.86)

4.4.4. CPT anomaly for even N > 4

For even N (equal to or larger than 4), we divide the Fourier modes n into four subsets:
—N/2<n<0,n=0,0<n < N/2,and n = N/2. The case N =2, for x4-independent gauge
fields, has already been discussed in Ref. [3].

Equation (4.68) is also valid for even N, as long as n # N /2. For n = N /2, we have

~(N/2) = A~ (N/2
NPT = Ty M. (4.87)
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Hence, the results from Sec. 4.4.3 can be used for n # N /2. But the n = N /2 diagonalization
operator needs to be investigated separately.
For n = N /2, we have

/27 _ w2
g 11+ W =W , (4.88)
2\ 1+ w2 g 4 w2
where the unitary operator WN/2[U] is defined as
+ -1/2
W)=~ (1+aDiP1U]) [(11 +aDy1u1) (1+ aD%VD[U])} . (4.89)

The total change in effective gauge-field action under a CPT transformation is, for even N > 4,
determined by

det (Z (o), (9w ])lm)

l

(3 (e, (@,

l

— det (a4 Y e owOuyel (x))

X det (a4 ZS]((N/Z)T(X)W(N/Z)[U]TSYELN/Z)(X)> , (490)

with the unitary operators W© and W¥/?) given by, respectively, (4.86) and (4.89).

The expressions (4.85) for odd N > 3 and (4.90) for even N > 4 give the change of the
effective gauge-field action under a CPT transformation according to (4.62) and are the main
results of the nonperturbative lattice calculation. In order to better understand the meaning of
these expressions, we consider the continuum limit of them in the next subsection.

4.5. CPT anomaly in the continuum limit

As mentioned in Sec. 4.1, we first consider an Abelian U (1) gauge field coupled to a single
unit-charge chiral fermion. The change in the effective gauge-field action under a CPT transfor-
mation for an odd number N of links in the 4-direction depends only on WO[U1, see (4.85). For
an even number N of links in the 4-direction, the corresponding change is given by (4.90).

Consider an even number N of links in the 4-direction and introduce the following short-hand
notations:

W = w0 T = /T “.91)
with

W' =51 +aDiP) [(1£aD}P) (1£aD}P)]

—1/2

= —(D}P £1/a) [(D}P £ 1/a) (DIP £ 1/a)"] (4.92)
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for D%VD from (4.73). The change in the effective gauge-field action is calculated from (4.90) as

AT[U] =i (Im{lndet(DévD — 1/a)} + Im{lndet(D;P + 1 /a)}) (4.932)
=i (Im{lndet(D — m4)} + Im{Indet(D —m_)}) , (4.93b)

where, in (4.93b), we have introduced further short-hand notations,
D=DP, my=1ja, m_=-(1/a). (4.94)

The first operator in (4.93a) is a Wilson—Dirac operator with positive mass 1/a and the sec-
ond operator is a Wilson—Dirac operator with negative mass —1/a. Because of the antiperiodic
boundary conditions in the x!, x2, x3 directions, the masses for these operators are effectively
increased by a contribution of order a/(L’)%. The values of the positive and negative effective
masses are now

m™ = 41/a+cra/L))?, (4.95a)
m = _1/a+c_a/(L)?, (4.95b)
with positive constants c.
The vacuum-polarization kernel of the effective gauge-field action in three dimensions has
been calculated in Ref. [18] to second order in the bare coupling constant e. We adopt a similar
approach, in order to calculate the change in the effective action under a CPT transformation.

For this purpose, we consider an auxiliary theory of a nonchiral four-component Dirac fermion
field W(x) with the following action over the four-dimensional lattice (4.2a):

Sp=—a*) W(x)[D—m]¥(x), (4.96)

where D is the operator from (4.94) and m an arbitrary mass. The corresponding effective gauge-
field action I'[A] is given by

I'[A] =Indet[D — m]. 4.97)
The fermion propagator S(x, y)qp from (4.96) is defined by
1
[(=D +m)S(x, y)]ap = py o Sxy - (4.98)
In momentum space, we have
w/a 3
! d°P ipGE-3) 2rin(t—yH/L ¢ (=
S(x,y)=zz / 271—36"” Wit g, ()
—m/a
w/a 3
! d°p ip-G-5) 2rin(ed—yh)/L
:ZZ / S5 e S (py), (4.99)
n —r/a

with, as before,

pn= (P, pn), pn=2mn/L. (4.100)

A comment on the Fourier transforms of (4.99) is in order. The momentum steps in the fourth
direction and those in the other three directions are, respectively, of order 1/L and 1/L’, with
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L' > L. Hence, we have kept in (4.99) the summation for the momentum in the fourth direction
but used an integral for the momenta in the three other directions.
Next, define a quantity Q(p,) in such a way that

S(pw) = Q(pn) ™" (4.101)

This quantity Q(p,) is a function of p, . and Dn ,.» Which are defined as follows:

sin(a pn,)- (4.102)

~ 2 . [l ~ 1
pnﬂzgsm Eap,m , p,m:;

We expand the Dirac operator D in powers of the coupling constant e,
o
D:Zeka, (4.103)
k

where, for k > 1, we have

)k
Db =500 ;

X [A; () (s + )W (x +aD) + (= DFAi(x —aD) (s = y)W(x —ai)]. (4.104)
For the effective gauge-field action, there is the following expansion in powers of the fermion
charge:

IA] = Zek Tw[A] (4.105)
k

With the Fourier transform of the gauge field A, we write the two-point function as

w/a
11 d’q -
DlAl==is >0 | 55 A=a) Tijan) Aj (@), (4.106)
—7/a

where we have included the same prefactor —i /2 as in (3.21) and where the vacuum polarization
tensor 7;;(¢,) is now given by

w/a 3
R 11 d’p
Tijlan) =57 D / 53 1= Totan)]
m

—m/a

X te{ [0 (P + /D1 Q) [Q (P — au/D17'0;0(p) ). 410D

The symbol [1 — Ty (g, )] in the above equation stands for a Taylor subtraction at zero momentum.
Just as for the perturbative calculation of Sec. 3.2, the anomalous term originates from the m =0
sector of (4.107). We now focus on this m = 0 sector [denoted by the superscript (0)’] and will
mention later the contribution of the m # 0 terms.

In the continuum limit, we can use the three-dimensional result from Ref. [18],
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~(0) (cont.) - ~(0)
7y " ) = lim 70 (q)

1
—A(qn)el,kqn + — B(q,,)(qn ij —4niqnj) (4.108a)

with amplitudes A(q,,z) and B(qnz) given by
1

A( - 1 1— 1— -1/2 4.1
gy = a0+ o [ dif1—mim 410 —0g,21772) (4.108)
0
1

B(g,?) = %/dt{l —m[m?+1t(1 —t)an]—l/z}, (4.108c¢)
0

where ‘m’ is the mass defined by (4.96) and not a Fourier component (for the moment, we have
Fourier component m = 0). Henceforth, we drop the superscript ‘(cont.)’ of (4.108a) and focus
on the part with an odd number of momenta, containing the Levi-Civita symbol and the A(g,?)
amplitude. With the Wilson parameter s = —1, we have the constant ap = —1/(2m). In the large
negative m limit for a fixed value of g,2, the odd-momentum part of the polarization tensor
A(O) (q) vanishes, whereas, in the large positive m limit for fixed ¢, 2, the odd-momentum part of
the polarization tensor becomes

Jim 7O ) = 2D b o et (4.109)

As mentioned above, the anomalous contribution (4.109) originates from the m = 0 Fourier
sector of (4.107). The m # 0 Fourier terms of (4.107) contribute a further term o< (1/a) €; jx qk s
which is L-independent and divergent in the continuum limit @ — oo. Just as discussed in
Sec. 3.2, this extra term can be removed by a suitable renormalization procedure.

With the results (4.108) and (4.109) obtained from the auxiliary theory (4.96), we now return
to the original chiral gauge theory. The first term in (4.93) has a positive mass m = 1/a and
the second term has a negative mass m = —1/a, so that the second term does not contribute to
the anomalous change in the effective gauge-field action. The anomalous change in the effective
action follows solely from the first term in (4.93) and is determined by (4.109). Up till now, we
have considered an even number N of links in the 4-direction. For an odd number N of links, the
second term in (4.93) does not appear and the result is the same as for even N.

Changing from momentum space to position space, the first term in (4.93) gives, using
(4.109), the following result up to order ¢? in the effective gauge-field action (4.106):

1 .
¢ FZ(Odd_mom')[A] =2ri 7 Za / d*x wcs[AX, nga)), (4.110)

4 s

where the Chern—Simons density wcs has been defined in (3.51). The continuum limit has a — 0
and N — oo, with constant product Na = L.

Next, change from a Euclidean metric signature to a Lorentzian metric signature and include
all fermions of the chiral gauge theory (2.4), with all of these fermions treated equally on the
lattice. The expression (4.110) then becomes

Q2 s mom) 4y —/dx /d3x wcslAG. )], (@.111)
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with an extra factor i for the Lorentzian metric signature and an overall numerical factor F' from
(2.6b) due to the contribution of all chiral fermions of the theory (2.4).

5. Discussion

In this section, we present six general remarks in order to clarify the calculations performed
in Secs. 3 and 4.

First, we must explain how an apparently CPT-invariant theory has produced CPT violation.
With an extended version of the generalized Pauli—Villars regularization for the perturbative cal-
culation, the regulator masses M, in (3.3) are the source of the Lorentz and CPT violation (these
Lorentz-violating terms in the regularized action appear to be necessary in order to maintain
the gauge invariance of the second-quantized theory, as discussed in Sec. 6 of Ref. [1]). With
the lattice regularization for the nonperturbative calculation, the crucial observation is that the
gauge-covariant diagonalization operators (4.71) and (4.76) are not CPT invariant, as shown
by (4.79).

Let us expand on the CPT noninvariance of the lattice calculation. For an odd number N of
links in the 4-direction, we have explicitly shown that the changes of the nonperturbative effective
gauge-field action under a CPT transformation for positive n are canceled by the corresponding
changes for negative n. But the n = 0 contribution has no counterpart to cancel its change under
a CPT transformation. Specifically, the change of the n = 0 diagonalization operator is given by

wo' g
RRYys UOU?] ysRAR =U V10U ( , (5.1)
0o wo

where W© acts on left-handed fermions and W acts on right-handed fermions. The CPT
transformation leads to another theory with different basis spinors [3]. This different theory can
be transformed back to the original one by a redefinition of the spinors. But, then, the integration
measure picks up a Jacobian factor and the effective gauge-field action I'[U] changes,

AT[U] = [U°] = T[U] = — Indet <a4 30w <W<°>[U]) £© (x)) . (5.2)

For an even number N of links in the 4-direction, we can give the same argument as for an
odd number of links. The changes in the measure for 0 < n < N/2 are again canceled by the
corresponding changes for negative n. The remaining factors are those forn =0 and n = N /2.
But the additional factor for n = N /2 is a lattice artefact and vanishes in the continuum limit.

Note also that the CPT anomaly vanishes for Dirac fermions with both left- and right-handed
components,

Indet W' +1Indetw© = 0. (5.3)

Second, let us discuss the conditions on the background gauge field. If the gauge fields depend
upon the compactified coordinate x*, they should not oscillate too fast with respect to the x*
coordinate.

In the perturbative approach, we Fourier expand the gauge field A, in the following way:

A ( )_l i d3p 2m'nx4/L lﬁ)?A ( ) (54)
wx) = Ln:_oo —(271)3 e e w(Dn) . .
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The frequency of oscillation of A, with respect to x*is n/L. The discrete momentum corre-
sponding to the coordinate x* is given by

pn =2mn/L. (5.5)

For the generalized Pauli—Villars regularization used, the regulator mass scale M must be very
much larger than the momentum component p, = 2wn/L, as discussed on the lines above (3.37).
Hence, the condition on the gauge fields is given by

n<ML, (5.6)

where n controls the dimensionless oscillation frequency of the gauge field A, with respect to
x* and L is the range of the compactified coordinate x*.

In the nonperturbative approach, the 4-direction momentum p, of the external gauge fields
must be very small compared to the regulator scale 1/a, in order to be able to apply the continuum
expressions of Sec. 4.5. There is, then, the following condition (using p, ~n/L):

n n 1

L= Na g <mes (5.7)
where m is the effective mass (4.95a) for the Wilson—Dirac operator (this effective mass m is
similar to the Pauli—Villars regulator mass scale M of the perturbative approach). As ‘n’ is the
frequency of oscillation of A, with respect to x*, condition (5.7) is similar to condition (5.6) for
the perturbative case.

Third, let us remark on the main improvements of our present calculations compared with
the earlier calculations for x*-independent background gauge fields. Recall that the perturbative
calculation here used a generalized Pauli—Villars regularization method with an extra infinite set
of Pauli—Villars-type fields ¥, (with regulator masses M, = M r?) and maintains gauge invari-
ance, unlike the calculation of Ref. [1] which used the standard Pauli—Villars regularization with
a single set of regulator fields and a single regulator mass. In the lattice calculation here, we have
explicitly obtained the diagonalization operators &/ and have not used an ad-hoc phase fixing,
unlike the calculation of Ref. [3].

Fourth, let us try to understand heuristically why our new result for x*-dependent background
gauge fields is similar to the previous result for x*-independent background gauge fields. We
see, from the result (4.84), that the anomalous terms arising from the positive frequency (n > 0)
are canceled by the terms arising from the negative frequency (n < 0), so that only the term
corresponding to n = 0 contributes to the CPT violation, which also has m’ = 0 according to
(4.82a) [recall (4.62) for the definition of the Fourier modes n and m’ entering the change of
the effective action under CPT]. This explains why, for the case of x*-dependent background
gauge fields, we have obtained a result similar to the one for the case of x*-independent gauge
fields [1,3]. Indeed, compare (4.85) from the present paper, with a unitary operator depending
on x4-dependent gauge fields and a sum over (xl, x2, x3, x4) in the determinant, to (5.35) from
Ref. [3], with essentially the same unitary operator depending on x*-independent gauge fields
and only a sum over (xl, x2, x3) in the determinant.

Fifth, let us continue the heuristic discussion and comment on the absence of d4 A; terms in
our result. We have calculated, in the perturbative approach, the effective gauge-field action up to
two-point functions (second-order in the gauge field A,,). In this approach, the CPT-anomalous
terms are independent of the momentum in the fourth direction. See, in particular, the discussion
above (3.30), where the p, term corresponds to the position-space partial derivative d4. If we
consider the non-Abelian gauge theory, the CPT-anomalous terms will involve three-point func-
tions (third-order in the gauge field A, ). There is then the possibility that the CPT-anomalous
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terms involving d4 will not vanish by symmetry reasons. For the continuum limit of the lattice
calculation, we have also considered only Abelian gauge fields and have expanded only up to the
two-point function I';[A] (second-order in the coupling constant e). For the non-Abelian case,
we expect to have higher-order contributions (notably I'3[A]), which may, in principle, give rise
to terms involving the partial derivative d4 acting on the background gauge field.

Sixth, recall that finite-temperature field theory can be described by a quantum field theory
defined over a Euclidean spacetime with a compactified coordinate [17]. This Euclidean-path-
integral formulation of finite-temperature field theory has the same manifold as our theory
(R3 x SN, with §' coordinate x* € [0, L]. The range of the compactified coordinate is de-
termined by L = 8, where B is the inverse of the temperature 7 (in units with kg = 1). The
discrete momentum components of the fermion fields (Matsubara frequencies) are given by
pa=(n+1/2)2x/p, withintegers n =0, £1, £2 ....

In several recent articles (see, e.g., Refs. [19,20] and references therein), calculations have
been reported of a radiatively-induced Chern—Simons-like term in four-dimensional finite-
temperature field theory. This temperature-dependent induced Chern—Simons-like term violates
the Lorentz and CPT symmetries.

But compared to our calculation there are significant differences. Most importantly, the
fermions of the finite-temperature calculations have anti-periodic boundary conditions (com-
ing from the trace in the partition function of the finite-temperature system and having anti-
commuting fields), whereas we assume a periodic spin structure over the compact dimension. In
our calculation, the anomalous Chern—Simons-like term results from the zero-momentum part of
the fermions, which would be absent for anti-periodic boundary conditions.

In addition, the finite-temperature calculations have an explicit Lorentz-violating term in the
fermion sector with a constant b, (the induced Chern-Simons-like term is proportional to this
constant b, ), whereas the Lorentz violation in our calculation comes from the regulator fields.
Moreover, the fermions of the finite-temperature calculations can have a mass m, whereas the
original chiral fermions of our calculation are strictly massless.

As a final comment, we emphasize the importance of maintaining microcausality, also for the
finite-temperature effective theory in the 7 — 0 limit (cf. Refs. [19,21]).

6. Conclusion

For the appropriate setup of the physical system (Sec. 2), we have established perturbatively
(Sec. 3) the existence of a CPT anomaly for a background gauge field A, which depends on the
compactified x* coordinate and has a vanishing component A4. We have also performed a non-
perturbative calculation with a lattice regularization (Sec. 4) and have discussed the continuum
limit of the lattice result. The nonperturbative result (4.111) agrees with the earlier result (3.50)
obtained via the perturbative approach. (In principle, these results could have differed by an odd-
integer prefactor, because, as noted in Refs. [1,3] and Sec. 4.4.2 here, there is an ambiguity in the
anomalous term due to the freedom in defining the regularized theory.)

The fact that the perturbative and nonperturbative results for the CPT anomaly essentially
agree is reminiscent of the Adler—Bardeen result for the triangle anomaly [22]. In this respect,
note that the CPT anomaly of the perturbative calculation originates in the m = 0 sector of the
vacuum-polarization kernel (3.22) with a linearly-diverging one-loop Feynman diagram. Still, it
needs to be verified that there arise no further terms in the nonperturbative lattice calculation.

Having a possible anomalous origin of the local Chern—Simons-like term (3.50b) in the effec-
tive gauge-field action provides additional incentive to study the phenomenology of the so-called
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Maxwell-Chern—Simons (MCS) theory [6]. This MCS theory contains, in the photonic sector,
the standard Maxwell term and the local Chern—Simons-like term. The MCS theory can also be
augmented by the addition of the standard gauge-invariant kinetic term of a Dirac spinor field
(the electron—positron field).

This MCS theory appears in two varieties: one variety is parity-violating and time-reversal-
invariant (corresponding to a timelike x* coordinate in our calculation) and the other variety is
parity-conserving and time-reversal-noninvariant (corresponding to a spacelike x* coordinate in
our calculation). Now, it is clear that our calculation for a timelike x* coordinate would start from
a theory with closed timelike loops and such a theory is, most likely, inconsistent [23]. It has,
indeed, been shown that the parity-violating (and time-reversal-invariant) variety of MCS theory
is noncausal and nonunitary [24]. The parity-conserving (and time-reversal-noninvariant) vari-
ety of MCS theory appears to be well-behaved [24] and displays some interesting nonstandard
effects such as photon triple-splitting [25,26] and vacuum Cherenkov radiation [26,27].
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