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We postulate that one will be able to quantitatively infer changes in the mechanical properties of

proteins, cells, and other biological objects (BO) by measuring the shifts of several thermally

excited resonance frequencies of atomic force microscopy cantilevers in contact with BOs. Here,

we provide a method to extract spring constants and molecular damping factors of BOs in

biologically relevant phosphate buffered saline medium and using compliant AFM cantilevers with

a small aspect ratio (a ratio of length to width). VC 2013 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4858411]

Key processes related to development and tissue homeo-

stasis depend on mechanical properties of the involved pro-

teins, cells, and other biological objects (BO).1–6 It has

become possible to interrogate such processes in situ and

with a spatial resolution down to a single molecule.1,7

Quantitative, fast, and non-destructive nanomechanical

measurements of BOs are becoming possible too. For exam-

ple, one can learn about forces associated with major confor-

mational transitions during mechanical stretching of single

proteins using optical and magnetic tweezers and atomic

force microscopy (AFM).8–11

Recent advances in high bandwidth AFM and compliant

low-drift AFM cantilevers make it possible to visualize,

manipulate, and indent single proteins, biological cells, and

their films.8,11,12 Calibrated AFM force—distance curves

yield contact stiffness or elastic modulus of BOs.13,14

Techniques utilizing small-amplitude vibrations of the AFM

cantilevers provide elastic moduli of agglomerated proteins

and single cells non-destructively.15,16 Use of ultrasonic

techniques for nanomechanical measurements additionally

eliminates mechanical hysteresis of the AFM cantilevers.17

Exploitation of a multi-frequency response of the AFM

cantilever is expected to provide many topographical and

nanomechanical parameters simultaneously and quickly.18

Bimodal AFM methods have been already implemented.18–20

These methods measure amplitudes and phases of the first

two flexural resonance modes of the vibrating AFM cantile-

ver in intermittent contact with the sample. The amplitudes

and phases are manipulated to produce the maps of local

stiffness, stiffness gradient, and the viscoelastic dissipation

in contact with cells and protein films. Similar approaches

have been also applied to torsional excitations of the AFM

cantilevers.21 While multifrequency AFM is highly accurate

in theory, complicated and highly non-linear dependencies

of the amplitudes and phases with measured tip-sample dis-

tance as well as their couplings can produce experimental

artifacts.18,20,22 Thus, complementary approaches to obtain

quick and complete nanomechanical characterization of BOs

are desirable.

We propose to measure stiffness and other nanomechan-

ical properties of a BO from the shifts of the resonance

frequencies for a thermally excited AFM cantilever in con-

tact with such an object. The number of simultaneously elu-

cidated nanomechanical parameters depends only on the

number of the resonances measured, i.e., electronics AFM

bandwidth.23

Using a similar approach, Dupas et al.24 elucidated local

stiffness and internal friction of some engineering materials.

However, while measurements on engineering samples use

stiff AFM cantilevers in air, the measurements on biological

entities need to use compliant AFM cantilevers in biological

media. For cantilevers with small aspect ratio, problems are

exacerbated due to issues in providing analytical description

of the hydrodynamic flow.25 Currently, such cantilevers are

among the most appropriate ones for probing compliant

BOs. Thus, a comprehensive approach needs to be developed

to accurately fit flexural resonances of compliant AFM canti-

levers with a small aspect ratio26 in contact with biological

specimens in dissipative media.

In this letter, we develop a method to fit multiple reso-

nance frequencies for compliant AFM cantilevers with a

small aspect ratio in the biologically relevant phosphate buf-

fered saline (PBS) buffer. The cantilevers are clamped on

one end with the other end free. For each cantilever, we

obtain geometrical and material properties. Properties with

largest uncertainties, e.g., thickness, are determined from the

fit of several consecutive resonance frequencies in air. Other

geometrical and material parameters are measured or calcu-

lated. To fit resonances in air, we use the model of Dupas

et al.24 developed for a free cantilever in vacuum. We obtain

satisfactory agreement between fitted and measured resonan-

ces in air. Better agreement is obtained, when we correct the

model of Dupas et al. for air damping using the results of

Sader.27 These developments are a starting point to fit the

resonance frequencies of the cantilevers in the PBS buffer

and introduce corrections to properly account for the hydro-

dynamic flow. We introduce a generalized hydrodynamic

function, which we obtain from a set of several cantilevers.

We apply our model to obtain shifts in resonance frequencies

expected in contact between a cantilever and a protein sam-

ple, and provide an error progression analysis.

We use Olympus AFM biolevers model BL-RC150VB,

type “B,” in air and in Dulbecco’s PBS buffer (137 mM NaCl,

3 mM KCl, 2 mM KH2PO4, and 8 mM Na2HPO4 � 7H2O)

from Midsci, USA. Thermal deflection signal of freely
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vibrating AFM cantilevers is fast Fourier transformed to pro-

duce amplitude spectra using our custom AFM setup as

described in Ref. 28. Resonance frequencies from the cantile-

ver’s amplitude spectra are read using multipeak fit package

with Voigt model in Igor Pro, Wavemetrics, USA. We fit the

resonance frequencies using procedures written in Igor. Fit

errors are the relative errors between fitted and measured reso-

nance frequencies.29 The electronics bandwidth is 250 kHz.28

Fig. 1 shows an AFM cantilever as a rectangular Euler-

Bernoulli beam interacting with an arbitrary body. The canti-

lever has length L, width b, thickness t, density q, Young’s

modulus E, tip length htip, and tip mass mtip attached at a

point bL along the beam. The cantilever is tilted at an angle

a with respect to the normal to the substrate. One beam end

is clamped by a support spring with an elastic spring constant

kS. The other end is either left free or in contact—via its

tip—with a body of interest. The body of interest is

abstracted by an ensemble of dissipative springs providing

its mechanical signature. We use the Kelvin-Voigt model,

where spring constants k are in parallel with their corre-

sponding molecular damping factors c. BOs and proteins, in

particular, exhibit distinctively different visco-elastic proper-

ties along each pulling/pushing direction.30,31 Thus, in

Fig. 1, we adopt only a reduced mechanical signature with

two dissipative and mutually perpendicular springs: one

along a normal force-exerting direction with kn and cn, and

the other with klat and clat.
32

Dupas et al.24 showed how to obtain the values of k and

c analytically for the cantilever in contact with a visco-

elastic body as in Fig. 1 and obeying an equation of a moving

Euler-Bernoulli beam

EI
@4y

@x4
þ l

@2y

@t2
¼ 0: (1)

Here, I is the areal moment of inertia, y is the vertical deflec-

tion, and l is the mass of the cantilever over its length. The

solution of Eq. (1) is of the form

yðx; tÞ ¼ yðxÞ expðixtÞ; (2)

with y(x) of the form

yðxÞ ¼ A1½cosðjxÞ þ coshðjxÞ� þ A2½cosðjxÞ � coshðjxÞ�
þA3½sinðjxÞ � sinhðjxÞ� þ A4½sinðjxÞ � sinhðjxÞ�:

(3)

Here: x is an angular frequency, j is a wave vector, and pa-

rameters A1–A4 are obtained from boundary conditions.

Equations (1)–(3) extend to any BO provided that an accu-

rate model for the cantilever is developed in appropriate

media.

Fig. 2 presents a typical amplitude vs. frequency spec-

trum for the BL-RC150VB cantilever obtained from its ther-

mal excitations in air.28 Three flexural resonances at

frequencies of 11.6 kHz, 76.1 kHz, and 219 kHz are fitted

using the model of Dupas et al., which depends on the fol-

lowing variables: L, b, t, b, htip, mtip, kS, a, �, E, a0. Here, � is

a mean position of the laser beam on the AFM cantilever,

and a0 is the cantilever’s excitation amplitude. In order to

get an accurate agreement between measured and modeled

resonance frequencies, we fit only the values of t, b, htip, and

E, which have the largest uncertainties, and treat the other

variables as parameters. We also constrain the four variables

as follows. The values of b are estimated from optical

images of the AFM cantilevers and constrained to

0.95 6 0.05. Similarly, the values of htip are constrained to

7.5 6 2.5 lm. Using the manufacturer’s scanning electron

microscopy (SEM) measurements, the cantilever’s thickness

is constrained to 200 6 26 nm, and the value of E to

155 6 10 GPa.34–36

The cantilever’s density q is related to thickness using a

weighted average with the density of silicon nitride

qSiNx ¼ 3100 kg=m3,33 the density of the 10 nm chromium

layer qCr ¼ 7140 kg=m3, and the density of the 50 nm gold

coating qAu ¼ 19 320 kg=m3. The values of L and b are

obtained within 1% and 2% relative errors, respectively, using

optical microscopy.35 The value of b is further constrained

through measurements of the torsional resonance frequencies,

when they are visible on the amplitude spectra.37 Using the

manufactures’ SEM images of the tips, the value of mtip is cal-

culated supposing that a tip is half of a pyramidal shell with

thickness t.38 The value of kS¼ 600 6 30 N/m is measured

using a dynamometer.39 Since only resonance frequencies are

fitted, and not their shape, the values of � and a0 are arbitrary

selected as 0.8 L, and 10�22 m, respectively.24 The values of

kn ¼ klat ¼ cn ¼ clat ¼ 0.

The model of Dupas et al. produces a reasonable fit in

Fig. 2 with an accumulated error of 3.4% over three flexural

FIG. 1. Adapted model to obtain mechanical signatures of a biological

object in contact with an AFM cantilever.

FIG. 2. A typical thermal amplitude spectrum of flexural resonances of

the cantilever c1, see Table I, in air. A solid line is a fit of the Dupas

model.24 A dashed line is a more accurate description obtained via Eq. (6).
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resonance frequencies. However, for cantilevers with high

quality factors Q of 50, Dupas et al. obtained relative errors

of less than 0.5% for each resonance frequency. This is

because the model is essentially fitting the resonances in vac-

uum and, thus, with no damping. The cantilevers used here

have modest quality factors of 10–15 in air,40 so air damping

cannot be neglected.

In the limit of Q� 1, Sader et al.27 developed a correc-

tion to the resonance frequencies of the AFM cantilevers due

to low damping by a hydrodynamic flow

xvac
n

xf luid
n

¼ 1þ
pqf luidb

4qt
Cr

� �ð1=2Þ
; (4)

where: qf luid ¼ qair ¼ 1:18 kg=m3 is air density; xf luid
n and

xvac
n are angular frequencies of the n–th resonance mode of

the AFM cantilever in fluid (here: air) and vacuum, respec-

tively; and Cr is the real part of the hydrodynamic function

Crect from the footnote (20) in Ref. 27.

The values of Cr apply to non-ideal rectangular cantile-

vers with an aspect ratio of 3.9 and more.25 Thus, they are

almost applicable to our cantilevers, which have an aspect

ratio of 3.3 6 0.1. Consequently, we upgrade the model of

Dupas et al. by using the results of Sader et al.27 To do so,

we need to translate the corrections in resonance frequencies

from Eq. (4) into a wave vector j from Eq. (3). From Eqs.

(1)–(3), we find

j ¼ ðxvac
n Þ

ð1=2Þ l
EI

� �ð1=4Þ
: (5)

Combining Eqs. (4) and (5), we calculate the wave vector

jf luid in the arbitrary fluid

jf luid ¼ ð4pf=tÞð1=2Þ 3q
E

� �ð1=4Þ
1þ

pqf luidb

4qt
Cr

� �ð1=4Þ
: (6)

Here, xf luid
n ¼ 2pf with f being frequency, and I¼ t3 b/12.

The dashed line in Fig. 2 plots the results of the model

of Dupas et al. with low hydrodynamic damping, i.e., using

jf luid from Eq. (6) in air. Excellent agreement with the exper-

imental data is obtained and we extend this analysis to

three more BL-RC150VB cantilevers itemized as c2 to c4 in

Table I. Errors accumulated over their fitted resonance

frequencies are 2% to 6%.35

We now want to fit the resonance frequencies in the PBS

buffer. To start with, the dashed line in Fig. 3 plots the results

of our upgraded model of Dupas et al. with Eq. (6), where

jf luid ¼ jPBS, and density of PBS qPBS ¼ 998 kg=m3.41,47

Errors of 98% are obtained, so a more accurate description is

needed.35

The quality factors of our cantilevers in PBS are about

1.5 for the first resonance at 1.50 kHz and about 2 for higher

resonances. Those quality factors are larger than “1,” but an

actual hydrodynamic function is expected to differ from Cr.

Thus, we need to find the generalized hydrodynamic function

Hr to substitute for Cr in Eq. (6).

Sader et al.25 suggested that for a rectangular cantilever

with an arbitrary aspect ratio, an imaginary component of

the generalized hydrodynamic function Him can be approxi-

mated by a power law of the Reynolds number Re. The value

of Re ¼ ð2pfqPBSb2Þ=ð4gPBSÞ, where gPBS is the viscosity of

PBS. Thus, we suggest a complementary power law to

describe the real component of the generalized hydrody-

namic function Hr. In order to find Hr in the limit of

small damping, we manipulate Eq. (4) to yield

HrðReÞ ¼ xvac
n

xPBS
n

� �2

� 1

� �
4qt

pqPBSb

� �
. The values of xvac

n are

obtained from the model of Dupas et al. using the cantilever

properties from Table I. In addition, due to the lack of hydro-

dynamic damping in vacuum, we include two more resonan-

ces calculated using the model of Dupas et al. at 438 kHz

and 727 kHz, respectively. These resonances become visible

in PBS at 120 kHz and 215 kHz in Fig. 3, respectively.35

To visualize the power law dependence of Hr with Re,

Fig. 4 plots the decimal logarithm of Hr vs. the decimal log-

arithm of Re for the five resonances observed in PBS and for

the cantilevers c1 to c4. Our data are best fitted with a quad-

ratic relation, i.e., logHr ¼ a0 þ a1log Reþ a2ðlog ReÞ2,

which yields: Hr ¼ A0ðReÞ½a1þa2ðlogReÞ�
with A0 ¼ 10a0 .

Numerical values of the fit coefficients are presented in

TABLE I. Properties of the cantilevers used in this study.

Cantilever

L
(lm)

b
(lm)

t
(nm)

htip

(lm)

mtip

(pg)

q
(kg/m3) b

c1 99.6 30.2 179 10.0 102 7856 0.91

c2 100.7 31.1 174 10.0 104 7993 0.97

c3 100.5 31.1 177 9.5 101 7910 0.95

c4 100.4 30.2 174 10.0 101 7993 0.91

FIG. 3. A typical thermal amplitude spectrum of flexural resonances of the

cantilever c1 in the PBS buffer. A dashed line is a fit of the model via

Eq. (6) applied to PBS. A solid line presents a more accurate description

obtained via Eq. (7).

FIG. 4. Log-log plot ofHr vs. Re for the cantilevers listed in Table I.
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Fig. 4. Fit quality is estimated by calculating the value of

v2
red.42 We obtain v2

red ’ 2 � 10�4 indicating a very good fit.

We begin our discussion of Fig. 4 by testing statistical

significance of the quadratic term, i.e., a statistical hypothe-

sis H0: a2¼ 0. We find that with 99% confidence level H0 is

not true and a2 is not zero.43 However, the values of logH
become linearly dependent on log Re, once we omit the data

for the first resonance, i.e., with log Re < 0:5. A small value

of v2
red ’ 1� 10�4 suggests a cross-over between two

regimes of the hydrodynamic function. Such a cross-over is

expected, since the first resonance at 1.50 kHz is the most

damped out of all the modes. Thus, hydrodynamic flow is

expected to be described by a different functional depend-

ence in the case of the first mode when compared to the other

modes. However, with a quadratic fit, we capture a hydrody-

namic correction to the wave vector jPBS, which applies to

both hydrodynamic regimes

jPBS ¼ ð4pfPBS=tÞð1=2Þ 3q
E

� �ð1=4Þ

� 1þ pqPBSb

4qt
A0ðReÞ½a1þa2ðlogReÞ�

� �ð1=4Þ
: (7)

Using the coefficients A0, a1, and a2 within their errors, we

refit the data in Fig. 3 and find only 3% agglomerated error

over five resonances. Extending such analysis to the remain-

ing cantilevers yields errors between 3% and 11%.35

Propagating the errors from the material and geometrical pa-

rameters, we obtain errors between 10% and 40% with an

average of 20%.35

We apply our model to predict the shifts of five resonan-

ces in contact with a folded protein molecule in PBS.

Supposing that a protein has a normal elastic spring constant

kn of about 10 pN/nm44–46 as well as klat ¼ kn and

cn ¼ clat ¼ 10�8 kg=s, see Ref. 45, one obtains well distin-

guishable 81% combined shift of the five resonance frequen-

cies.35 This is much larger than our average propagated errors

of 20%. However, 20% combined shifts in the five resonance

frequencies would affect the values of kn and cn as follows.

With cn ¼ 10�8 kg=s, kn would need to change to either 5 or

15 pN/nm. With kn¼ 10 pN/nm, cn would need to change to

either 2� 10�8 or 10�9 kg/s. The values of cn < 10�9 have

no effect on error at kn¼ 10 pN/nm. The variations in kn and

cn are substantial. However, the issue of elastic spring con-

stants and dissipation factors for the proteins is still in its

infancy, and it is not clear whether those changes are dramatic

or not.46 The results of our model can be improved by using

SEM measurements of the geometrical properties of AFM

cantilevers.35 In addition, higher electronics bandwidth of the

AFM setup will allow including more resonances of the canti-

levers and obtaining lower uncertainties of kn and cn.

We expect our results to be transferable to other cantile-

vers with similar aspect ratio and buffers with similar ionic

strengths, e.g., tris-buffered saline. Further studies are

needed to account for corrections coming from van der

Waals and electrostatic forces in the proximity of BOs.

However, once an AFM cantilever is in contact with an arbi-

trary body, the forces acting in the contact zone typically sur-

pass any non-contact interactions.13,14

In conclusion, we have developed an accurate model

and a method to fit thermal resonances for compliant AFM

cantilevers in biological media like PBS. Greater numbers of

observed resonances will provide more precise values of me-

chanical signatures. Other upgrades need to account for the

non-contact corrections for the resonance frequencies of

AFM cantilevers in proximity to BOs. Mechanical signatures

of proteins and cells can now be obtained by fitting the fre-

quency shifts of flexural resonances of AFM cantilevers in

contact with BOs. Our model can also be used to describe

changes in the mechanical signature with time, e.g., to

describe single protein folding trajectories under force.

The authors acknowledge Govind Paneru and Professor

Bret Flanders for instrumental help in optical measurements

of the AFM cantilevers.
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