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Abstract

We calculate the two-mass QCD contributions to the massive operator matrix element Age o at O((x;’)
in analytic form in Mellin N- and z-space, maintaining the complete dependence on the heavy quark mass
ratio. These terms are important ingredients for the matching relations of the variable flavor number scheme
in the presence of two heavy quark flavors, such as charm and bottom. In Mellin N-space the result is given
in the form of nested harmonic, generalized harmonic, cyclotomic and binomial sums, with arguments de-
pending on the mass ratio. The Mellin inversion of these quantities to z-space gives rise to generalized
iterated integrals with square root valued letters in the alphabet, depending on the mass ratio as well. Nu-
merical results are presented.
© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The massive operator matrix elements (OMEs) A;; for partonic transitions rule the matching
conditions in the variable flavor number scheme. They start to receive contributions from two
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different massive quarks starting at two-loop order through one-particle reducible graphs and at
three-loop order due to irreducible contributions. Since the mass ratio between charm and bottom
is not sufficiently small (mf / mi ~0.1"), there is no single heavy quark dominance in the mass
region of charm and bottom and one has to account for both mass effects at the same time, cf.
also [3].

In the present paper we calculate these two-mass contributions to the OME Age o up to
O(af ). The O(T,%) single mass contributions have been computed in [4] and the O(TI% NF) terms
in [5]. The complete single mass OME is given in [6]. Previously, fixed moments of the OME for
the Mellin variable N = 2,4, 6 as a series expansion up to O (5> In%(n)) with n = mf/mi <1,
the ratio of the heavy quark masses squared, were calculated in Ref. [3,7] using the package
Q2E/EXP [8,9]. There, also all contributing scalar prototype graphs were calculated in z-space,
and the results were converted to N-space by an automated Mellin transform. Furthermore, the

NS,(3) ,NS-TR,(3) 3) . .
7.0 ° Aqq‘Q and qu,Q both in N- and z-space have been obtained.

Recently, also the z-space result in the pure-singlet case Azsf has been calculated in Ref. [10].
Additionally, various three-loop single mass OMEs have been completed, cf. [5,11-18]. The
logarithmic contributions to all OMEs have been computed to 3-loop order in [19]. For A(Q‘?’;,
all contributions which can be expressed via first order factorizable differential or difference
equations in N- or z-space have been obtained in Refs. [20-22].

We perform the calculation of the two-mass contribution to A;?, 0 first in N-space and then
use an automated inverse Mellin-transform to arrive at the z-space result. This is a change of
paradigm from earlier work on scalar prototype diagrams [3], where first a representation in
z-space was derived and the N -space solution was found by a Mellin-transform. We have checked
the present method for the scalar diagrams and found agreement with the previous results. Since
both the corresponding difference equations in Mellin N-space and the differential equations in
z-space for the contributing diagrams are first order factorizable, one can choose to perform the
calculation either in N- or z-space without further difficulties, cf. [21]. There is even no need to
refer to special bases.

The paper is organized as follows. In Section 2 we recall essentials for the representation of
the renormalized OME Ag, ¢ in the two-mass case, cf. [3]. In Section 3 the fixed moments for
the constant part of the two-mass contributions are given in complete form for later comparison.”
We outline the general steps of the computation in Section 4 and illustrate them in detail for a
particular diagram in Section 5. In Section 6 the result of the two-mass contributions to A, o are
given both in N- and z-space. In the latter case, we use in part single-valued integral representa-
tions in order to still allow for root-valued iterated integrals (appearing as integrands) that have
representations in terms of harmonic polylogarithms (HPLs) of more involved arguments. These
integrals can be performed in principle, but lead to voluminous functional expressions for parts
of which new numerical implementations would have to be developed as two-variable functions,
which we tried to avoid. Numerical results are presented comparing the two-mass contribution
to the whole TI% term for the heavy quark contributions. The conclusions are given in Section 7.
Special integrals and functions of the momentum fraction z and the mass ratio squared 1 ap-
pearing in intermediate and the final result of the calculation are listed in the Appendix, also for

analytic results for A

1" Here the on-shell values for the charm quark mass m. = 1.59 GeV and bottom quark mass mj; = 4.78 GeV are used
[1,2]. Throughout this paper we will use the on-shell masses, as the calculation has been performed in this scheme. The
transformation to the MS scheme for the quark masses is given in Section 6.3.

2 InRef. [3], moments were presented for the irreducible contributions only.
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further use in other two-mass projects. Here we have expressed the appearing iterated integrals
in terms of harmonic polylogarithms at more complicated arguments, which is thoroughly pos-
sible in these cases. This allows particular fast numerical implementations. We also present the
renormalized OME A ¢g,0 in N and z-space.

2. The renormalized two-mass OME A 22,0

The complete renormalization and factorization procedure for all OMEs up to O(af) in the
case of a single massive quark has been presented in Ref. [7], while that for the two-mass case
has been derived in Ref. [3]. In order to perform a separated treatment for the two-mass effects,
one splits the OMEs into parts stemming from graphs with only one massive flavor and one part
containing the contributions from both via

A () A () < 4 (12) + 4, (1 21
i\ 2 e zjﬁ+ijﬁ+ijﬁap~ 2.1

Here we briefly summarize the main results for A, . In the following we use the mass ratio 7
given by

2

m3
n=— <1 (2.2)

ny

We abbreviate a series of logarithms by

mi m3
Li=ln|=t), Lo=mn(=2). L,=l®. 2.3)
0 0

Here 1 denotes the renormalization and factorization scales, which we set equal. The physical
masses are denoted by m;, while the unrenormalized quantities are denoted by ;.

The operator matrix element Ag, o receives two-mass contributions beginning at two-loop
order. At O(af) these contributions stem from one-particle reducible contributions only, while
from 3-loop order onwards, genuine two-mass effects appear. The unrenormalized OME is given
by

D>1>>

k (k)
6.0 = Za Abe o (2.4)

with ay = o5 /(4m) = gs2 /(47)? and g the strong coupling constant. The generic pole structure
of Agg o up to three-loop order is given by [3]

2 n? 2 N 882
@ (M my\ _ (mim2 OQ gi
Agg,Q (Mz’ M2) _< w2 ) (22 ( ) ) (2.5)

3 Note that we use the symbols 1, L1 and L, synonymously for renormalized and unrenormalized masses, since no
confusion is expected.
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+ 12?;2))’;(];) ,30 QVgg) + ,31 0Bo.0 — 205m§ )f}o Q:|
050 = M

T2 167as Ved 158m\"" 65,0 4:30 0Vgs +P10Po.o [ (L1 L2)

11 13 13
3 ~(0 0 2 2 0 2 2
+{—15,30,Q - Eyq(g)ﬂo,ng(q) - 7,30,30,Q - Zﬂo,QV;g)} (Ll + Lz)

1
+!_4ﬂ3 oVsy =248 0 — 8B0Bs o — —ng)ﬂo 0V }Lle

1 2 @),N
—3B00tvg + 3vee T — 1260 0.0a50 o — 1863 002 + ﬁogczy;f;)y;g)
—BoB3 pt2 — 165m' " B2 o + 4Bo,0dmS “} +ags (m%, m3, ;ﬁ) . (2.6)

Here we used the notation®

vij = vij(NF +2) = vij(NF), 2.7

I),N2 . .
ii') I denotes the coefficient of the term proportlonal to Ng. z5

(I + 1)-loops. The quantities a( ) and @'? , denote the O(€% and O(¢) terms of the two- -loop
P ! 880 88 Q

(1)

y;; are anomalous dimensions at

OME Ag} o- of. Refs. [23-27], and

4

Bo,o = _gTF, (2.8)
6 3 5
Smi=Cr |~ —4+(4+70)+06 2.9)
-1
8

= m @ 4 eomD + Oe?), (2.10)

&

4 In Eqgs. (3.137), (3.138) of Ref. [3] unfortunately only the shift Ny + 1 — N has been used, which we correct here.
5 n Eqs. (3.137) of Ref. [3] the notation y;; was used, which does not reproduce the N% term if the anomalous

dimension starts at O (Ng).
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Sy’ = CrTp i — = — +8r'Hy(r) = 80 + D (7 = 1y +1) Hor o)

+8(r,—1)2<r +rl+1)H1 o(ri) + 8r2Ho(r) + = <8r +15)

+2[4r;‘ 1273 — 12 + 5];2} +O) 2.11)
5mr2  Fmo D
= T im0 10, 2.12)
£ £
Ref. [28], with
1
rr=+nandr=—. (2.13)
Vv 7
o0
We work in D = 4 + & space-time dimensions. Furthermore, ¢; = > %,i € N, i > 2 denotes
j=1

the Riemann ¢ -function, Ny denotes the number of massless flavors and C4, Cr and TF are the

color factors which for a general SU (N) take the values TF = %, Cp=Nand Cp = % The

H; (x) are simple harmonic polylogarithms [29].

X

11 1
Hb,a(x)=/dyfb(y)Ha(y), Hy=1, fhe{;,:,m}. (2.14)
0

In the following the relation
§m$ = —sm{ ™Yoo (2.15)

is used to shorten the expressions.
In the MS-scheme, renormalizing the heavy masses on-shell, the renormalized expressions are
given by

2),MS
AGH0° =285 oLiLa, (2.16)

73).V8 953 2.0 0 3,73
Age0 ={24ﬂ0Q 42 'BO'BOQ EﬂO,Q"’_%Vq(g)ﬁo’ng(q)}<L1+L2)

+{ 1 798000 + B2 v +2B0B2 o + 683 Q} (L%Lz + L%Ll)
+{—%ﬂl,Q,30,Q + /30 ng1> + 24—95m§_1),3éQ 614?‘1(2) ;;)} (L2 +L )
+8LyL1sm{ Vg o + { BoB3. 002 42 ﬁo 082 —3Po.gdm5 "

+5 §2ﬂo QVg(O) + 128m(0),30 ot3 /30 Q§2J/;§O) O + 60, Qagg Q} (L2+ L)

323/(,(2)(2)/;,}) + /30 0Py + ,30/30 083+ 1280, Qagg 0
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683, 90+ 165m\" B3, + ﬂo 057D — 2800 (szu‘” + szz’“)))
9. (-1 e
+§5m§ )ﬁé,Qéz - ﬁQﬂO,QJ/;g)Vq(g) - ECZ,BO,Q,BI,Q +a;g{Q (m% m3, ,uz) )
2.17)

These expressions already include contributions from one-particle reducible graphs. They can
be written by lower order terms of Agg ¢ and the gluon vacuum polarization, defined via

168 (p2 i i, 12, a5) = 180 [ =gy + prupy | A%, ik i 1, d) (2.18)

o0
e, ml,mé,uz,&a:Z W@ i w3, 1) (2.19)

We split the gluon self-energy into parts depending only on one mass and one part stemming
from graphs containing both masses, the same way as we did in the case of the massive OMEs

22 ~2
A A A m A m 2 A
rn® (p2 m% m2 " ) =1® (pz, M_zl) +11® (pz, M—%) + 1w (pz, m%, m% ,u2) .
(2.20)

Up to two-loop order the gluon self-energy does not obtain contributions from graphs with two
masses

n® (p2, w3, m3, u*) =0 for ke(1,2}. (2.21)
The single-mass on-shell vacuum polarization of the gluon is given by®

10005) = () oL EE))|

1) (0, ’”—2)— (’”—2) : cA+—(5cA—1ch)+CA(9—;z)—?cF
+e CA(% —;2—9) CF<1§+3§2>]}+0(82), (2.23)
n<3>( m_2> I rZ_>3e/2{§[_%TFCA (2N + 1)+%CA}
1 781

+ [—(CA —6Cp)NpTr + —(3scA — 48Cp)TF — ECA

1
+TCACF] . [ > (Ca(—101 — 1852) — 62CF) N Tp

41 3181)

627 108

2
57 (CAB7+182) +80CF) Tr + C3 (-1265+ .

1570\ 272
+CACF(16§3—7) ==ct

6 [T, and I3 need a minus sign, w.r.t. terms given in Ref. [3], to fit our definition of the self-energy.
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NoTl 10 3203 c 20 1942
+NfrlF A( §3+§§2—%)— F(;Q-I—W)

+Tr C < 295 + 35 . 6361) ( " 16 4 218)
F|Ca &3 9 '§) 186 &3 Cz 21
1969 781 42799>

Ci(4By — 270+ ——0— =0+ ——
+ A( e TR TR T TS

vencrl—sa 436 1957 +89 +10633
ACF 4 L4 D €] 3 'e) 31
95 274
+C%<?§3 + T)} +0(). (2.24)
Here
2 1
By = —401n? (2)+3In (2)——§4+16L14 5 )~ —1.762800093... (2.25)

is a constant frequently encountered in massive calculations [7,30] and Li, (z) denotes the poly-
logarithm [31].

The two-mass contributions to I1® have been given before as power series up to O (5> In?(n))
in [3]. The full dependence on n can be implicitly found in [32] and has been independently
calculated in Ref. [33]. The quantity is given by

. 256 64 5 5
HG)(Oam?,m%vﬁ):CFT‘%{@+§[L‘+L2+§]_5"_5
sp 5 ) 5 5y 320,
= In = — 2 \n kil
+( 8 8 +4> ()+<2n 2> M+
3L L+ 0y 4 B0 1246

5032 5 /1 3 L+ VT2
+< 3 +2n3/2+ 5 +2ﬁ) gl (1 \/_)1 ()

L () L (1) - 00 (1 () - (- ) |

|64 16 350 4 , 5, 35
—CuTr 03 T 3.2 (L1+L2)—3 +- L1+L2—5L1

35, 37 s o 70 4
ol QJF 27} +2<L1+L2> BERE A
+(2 +37 (Ly+Ly)+ 81n(1 ) 2 +1 17

2t )i+l +|3 D=3\ ) T 18

__§2__3_—

it — 18 (o )70, 56, 3769
P53\ 9 243
16

8
+

1
3 (5 - n) In(n) + = (Li2(n) In(n) — Liz ()
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1+n 1+7 +.n ,
+[8 37 +10 7 } [8111(1 \/_>ln2(n)—L13 (=)

+Li3 (V77) — %m(n) (Li> (/1) — Liz (—ﬁ))] + O(s)}. (2.26)

With these ingredients we can split the reducible contributions as follows

A a2 a0 3 2 2
2o Mt om m m
A(2)< iy 2)_ A(l)( )1‘1”(0 ) A(l)( 2)11(1)(0,_1), (2.27)
88\ 2" p2 88\ 2 w? 88\ 2 u?
A ) 2 ~2 A2
R M2 m R W2 m 2
A(3)(_1’_2>:A(3),1rr( 1 2)_11(3)(0’,;127@2,#2)
88\ 27 2 88 u?’ u? e
~D ~D N ~2 ~2
A/ @i [ 1 1:[(1)<0’ &) — A @i my ﬁ(l)(O, ﬂ)
M2 M/ 88 M2 Mz
A ~AD ~ 22
240 (21 ﬁ(2>(0’m_§ —240 (22 ﬁ<z>(0,ﬂ)
u I I ®
ey 52 72 n3
2o (m . ) . ) . )
LA (™ 21.[(1)(07 _1)+H<1)(0, _2) H(1)<O, _2)
88 \ 12 u? w? 1
e 2 m?
+40 (13 [210(0.23) + 10 (0. 21) | A (0.20) . 29
pn? " M H
Here A/ I Jenotes the irreducible part of the unrenormalized two-loop OME Agg with gluons

in the 1n1t1a1 and final state only. When using the projector, which will be introduced in Eq. (4.1),

also diagrams with a ghost in the initial and final state contribute to Agg,). These, however, must
not be included in the reducible contributions for the three-loop OME. This statement does also

directly apply to the one loop OME Ag,?, but since no ghost contributions are present here, we

N (1) A
can identify Ay, " = Agg.

. 3(3)
3. Fixed moments of A 22,0
In Ref. [3] the fixed moments N = 2,4, 6 of all two-mass OMEs at 3- loop order were pre-

sented as series expansions up to (’)(n3L2) For the constant part of A( )Q the irreducible
contributions were given. To allow for a dlrect comparison with the general N results presented
later, we list in the following these terms, including the reducible parts. They are given by

2002~
25556 512 160 160 1408 3484 1336 ,
FTF{_WJr(_TJFTLIJFTLz)Q_ TS TR A
92,5 10820, 0 1936, , +64L2L 133612329, 12 +736L3
g1 117 g3 2T gy Milat plila m o o lnla

758944 22976 448 o[ 169892864 1028192 4768
4y L,——L - + L,-
30375 2025 1357 10418625 99225 945 1
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128 32 64 64 32 5 i3
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G0N =4)=
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14655008 12167 , 2 469449112+2525176 232 ,
354375 " 3375 0 52093125 496125 " 22571
3 1795386647 8701352 4819 ,
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FIF) ™ 15315378750
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128 32 64 64 32
+T,%{(32L1 + 32L2>§2 + 5 6+ T+ S Ll + Ll + ?Lg}
+0(n'L3). (3.3)

4. Details of the calculation

There are 76 irreducible diagrams contributing to the OME AS;’ - out of which 6 contain
external ghost lines. Since the value of a diagram is not changed by moving the operator in-
sertion to a different gluon line with the same momentum, we are left with 12 topologically
different diagrams. We checked these identities for fixed moments N = 2, 4, 6 with the help of
Q2E/EXP [8,9]. Half of these diagrams are symmetric under the exchange m| <> m», while the
other half has to be evaluated for both possible mass assignments. One representative of each of
the twelve topologies is shown in Fig. 1.

The unrenormalized OME is obtained by applying the gluonic or ghost projector

Sab 8 my Sab 1 _N
N2—1D—-2 N —1D—2 &P e
to the Green’s functions with external gluon or ghost lines, respectively, adding all contributions
up, including the one-particle reducible contributions from Eq. (2.28) as well. For the Feynman
rules we follow Ref. [34]. Here p denotes the momentum of the external on-shell gluon, A is
a light-like D-vector (i.e., p> = A?> =0) and a, b are the color indices of the external gluons
(ghosts). For the ghost diagrams an additional factor of 2 has to be included. Furthermore, special
care has to be taken when including the reducible contributions. Here the irreducible two-loop
A(Z),irr

wy _
Pg =

(A.p)™". Py =

contribution o in Eq. (2.28) has also to be calculated using the projector of Eq. (4.1),
excluding the ghost contributions which enter the complete two-loop result.

4.1. Computation strategy

Since the number of diagrams we have to calculate is small and the reduction to master in-
tegrals can introduce spurious terms which only cancel in the final result, we aim at computing
the diagrams without reduction to master integrals. Moreover, the reduction to master integrals
in the two-mass case with local operator insertions requires a substantial computational time.
The direct calculation of the Feynman diagrams in N-space will require the treatment of a large
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(10) o (11)

Fig. 1. The twelve different topologies for A( ) 2.0 Curly lines: gluons; dotted lines: ghosts; thin arrow lines: lighter
massive quark; thick arrow lines: heavier ma@swe quark; the symbol ® represents the corresponding local operator
insertion, cf. [35].

amount of terms as well, due to large numerator structures in the gluonic case. The result is
obtained directly, without having to calculate two-parameter master integrals, e.g. by solving
differential equations. As we will see later, in this way we would obtain very involved expres-
sions, which can be avoided by introducing efficient one-dimensional integral representations,
see also Ref. [10]. They can be found most easily working in Mellin N space.

Furthermore, our first goal, in contrast to the treatment in Ref. [10], is to derive first the
N-space solution and to obtain the z-space result via an analytic Mellin-inversion thereafter. This
is possible since all occurring difference equations turn out to be first order factorizable, so closed
form solutions of these sums can be found using established difference field techniques using the
package Sigma [36,37]. In the following paragraph, we outline the basic computational strategy
to calculate the diagrams. After that, we give a more detailed description of the calculation of a
particular diagram as an example.

The 76 contributing irreducible diagrams have been generated using QGRAF [38], in the ver-
sion given in Ref. [35] which includes local operator insertions. After identifying the 12 different
topologies, we set up dedicated FORM [39] routines to perform the Dirac algebra and traces. The
color algebra is done using the FORM program COLOR [40]. For fermionic bubble insertions we
use the identity

M, (k) =

D/2—1
BTRE> o 2 _ i) / F(z D/2) (x(1 =) ws)

~(4n)b2 Sab 2 \2D]2
+x(1—x))
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Representations like this have been applied also in the literature, e.g. in [41,42]. Next, the Feyn-
man parameterization was performed on the full numerator and denominator structure, i.e., we
do not cancel structures appearing in the numerator against the denominator. This provides us
with a uniform Feynman parameterization for the whole diagram. At last the momentum integra-
tions were performed one after another, starting from loops without the operator insertion. The
resulting tensor integrals were reduced to scalar ones according to the rules stated in Appendix A
and thus mapped to the basic one-loop integral [34]

2m)d (k2 + R2)" ~ (4m)D/2 I'(n) r'(D/2)
It is important to perform the integration of the momentum with the operator insertion as the
last one. In this way only the additional scalar product p.k can appear, which simplifies the
reduction to scalar integrals drastically, since only a single term of the binomial decomposition
of (k.A+ Ro p.A)N can contribute to the integral.
After these steps we are left with a linear combination of up to 7-fold Feynman parameter
integrals, with the general structure

d 2\m _ _ m—n
dk (k) 1 Tm—m—D/2)T(m+D/2) (Rz) DL

1
L
. —S
l_[/dx,- X% (1= xp)b RY [R1 m2 + Ry m,%] . (4.4)
J=1y
Here R; and R; are simple rational functions of x; and 1 — x; and Ry is a polynomial in x;

stemming from the local operator insertion. In the next step we split the rightmost factor by
means of a Mellin—Barnes integral [43-47]

+ioco
L _ L] stfd A OF( (o +s) 4.5
= — o\l — —0 o S), .
(A+ B)s 2mwiT(s) B
—i00

where the real part of the integration contour has to be chosen such that the ascending poles
are separated from the descending ones. Our next aim is to compute the Feynman parameter
integrals. To do this, the operator polynomial Ry can be decomposed with the help of the binomial
theorem

NN
(A+B)N=Z<,)AiBN—l’. (4.6)
i=0 !
This splitting has to be performed as often as necessary to obtain hyperexponential terms in x;
and 1 — x; only. In the present case, we had to split the polynomial up to three times. Attempts
to combine the expression into a linear combination of higher transcendental functions in order
to keep the additional summations as few as possible have failed, because overlapping diver-
gencies of the I'-functions appeared, preventing to choose a proper path for the Mellin—Barnes
integral. This indicates that these transformations cannot be performed naively after the Mellin—
Barnes representation has been applied. Applying these transformations, all Feynman parameter
integrals can be expressed by Euler’s Beta-functions

1
B(a, b) =/dzz“—1(1 — 70!

0

_ T(@T(®)

=Taih 4.7
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For example, we encountered the integral

; &
I F(—%)/ (l—[le) 2 (221 = 22))2 23 (za(1 — 24)2 (1 — 25) (z6(1 — 26)) 2 z;+2
o \i=l
)\ 3
- 2 1 —z¢)m
x ( 27) (Z7(ZIZ6 + z3( 26)) + 25( Z7)) <Z2(1 —22) z24(1 —z4)
(4.8)

for the computation of diagram 7 in Fig. 1. Here we can decompose the operator polynomial as

(Z7(11Z6 +z3(1 —z¢)) +2z5(1 — 27))N_4:
N—4 j

Z Z (N 4)( >z7 z} 74 13 "1 —z6)/ 7 Zév_4_j (1—zp)N =4, 4.9)

j=0i=0

After applying the Mellin—Barnes integral and integrating the Feynman parameters we find
N—4 j . . . . . +ioo 2\ ?
(mh)z ZZ(N 4)(]) rG+ira3—i+ j)r(N —j—3) o [™Ma
i)T@G+DT@E—i+ HIIN+1+5) . m3
—100

j=0i=0

xT(=0) (=% + )P =S +i+0) (I +e—i+j—0)
F(1+%—o)FG+5% —o)r(1 -0 B —e+0)
x F@+e—20)(4—2¢+20) '

Note that the summands arising from the binomial decomposition in Eq. (4.6) appear naturally
in nested form. We have not yet specified m, or m; to the physical masses, since there are
diagrams with both possibilities. In the following we choose to exploit the symmetry of the
Mellin—Barnes integral to arrive at two different representations either proportional to (mg / mi)"
or to (m%/mg)". In this way we can choose mg/mz =nor mi/m% =1 and close the contour
to the right in both cases. At this point we could have followed earlier approaches by applying
the packages MB [48] and MBresolve [49] to resolve the singularity structure of the integrals
and expand the final integral in ¢. However, the additional dependence on N and up to four
summation quantifiers renders the automated finding of a suitable integration contour non-trivial.
Therefore, we calculated these integrals by summing up the residues of the ascending poles of the
integrand keeping the -dependence and are expanding afterwards. In general, residues had to be
taken at 0 =k, 0 =k 4 ¢/2 and 0 = k 4 ¢, where k is an integer larger than an integral specific
minimum. In the end, each integral is represented by a linear combination of three infinite sums,
over which additional binomial sums have to be performed. Nevertheless, we used the packages
MB and MBresolve to check our sum representations for fixed values of the Mellin variable N.

The final multi-sum can now be handled by the packages Sigma [36,37], EvaluateMul-
tiSums and SumProduction [50]. Here additionally HarmonicSums [51-53] was used for
limiting procedures and operations on special functions and numbers. The sum representation of
each integral, which can take up to O(100 MB), was crushed to a optimal representation using
SumProduction. This representation contains constants from taking out points from sum-
mation boundaries and multi-sums with large summand structures. These multi-sums were then
handled by EvaluateMultiSums, which uses Sigma and HarmonicSums. The results

(4.10)



142 J. Ablinger et al. / Nuclear Physics B 932 (2018) 129-240

were expressed in terms of nested harmonic-, generalized harmonic-, cyclotomic- and binomial-
sums. Furthermore, generalized harmonic- and cyclotomic-sums at infinity contribute. These can
be expressed in terms of HPLs depending on 7 in the argument with the help of Harmonic-
Sums.

Prior to the solution for general values of N, our sum representations also allow to calculate
fixed even moments, without expanding in the parameter 7, cf. Section 3. They also serve as
input values for the general N-solution.

4.2. Summation techniques

Using all the transformations of Subsection 4.1, the integrals under consideration can be given
in terms of thousands of multi-sums with size up to O (100 MB). For instance, for diagram 7 one
gets an expression of 65 MB size that is given in terms of 10262 multi-sums. 9122 of these sums
are triple sums of the form

N-l j o N-l j i
YD flen N ik, DY > glen, N, ji k), (4.11)
Jj=0i=0 k=0 Jj=0i=0 k=0

for some nonnegative integers /, and the remaining 1140 sums consist of double sums of similar
type. One of these typical triple sums is

N i N J i
T (e, n, N) = ZZ Zl: f(é‘, n, N, j, i, k) — ZZ Xl: (4+8)(—2+N)(2—¢:-N)N71(_1)2—k %

j=01i=0 k=0 j=01i=0 k=0

— 3y
x272HEe™ Tk x
o PU=§ =i/ +OP (1= )P4 T AN (e i—k D (= F RN (1—eH L G—e+h) (=5~ §4+h)
[(=3—5H)TG+HTQ+)H T+ Q=i+ )T 2—e+)T (3 —e+) T (= 5+ (5+5+N)

(4.12)

In the following we will present our summation toolbox that enables one to compute the
e-expansions of the arising sums and thus of the desired integrals by summing up all these
g-expansions. More precisely, we will utilize summation algorithms that succeed in representing
the coefficients of the e-expansion of sums like (4.12) in terms of hypergeometric products and
indefinite nested sums defined over such products that can be defined as follows.

Definition. Let f(N) be an expression that evaluates at non-negative integers (from a certain
point on) to elements of a field” K of characteristic 0. Then f(N) is called an indefinite nested
sum (over hypergeometric products) w.r.t. N if it is composed by elements from the rational func-
tion field K (), the three operations (4, —, -), hypergeometric products of the form ]_[,ivzl h(k)
with [ € N and % (k) being a rational function in k£ and being free of N, and sums of the form
Z,]C\’:l h(k) with [ € N and with h(k) being an indefinite nested (over hypergeometric products)
w.r.t. k and being free of N.

7 In our setting, we are given a rational function field K = K'(5) in terms of the variable n where K’ is a subfield
containing the rational numbers and various constants such as ¢>.
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Note that this class covers as special cases the harmonic sums [54],

N

H k
S,,,a(N)=Z(Slg;#sa(k),a,-,b62\{0},NeN, Sp=1, (4.13)
k=1

the generalized harmonic sums [53,55]

Nk
- d -
Spald,c)(N) = E ool Sz (©)(k), ai, b e N\{0}, ¢;,d € C(/m\{0}, N e N, Sy =1,
k=1

4.14)

cyclotomic harmonic sums [52] or finite nested binomial sums [56].% Here the variable d may
depend on /7. Furthermore, generalized harmonic- and cyclotomic-sums at infinity contribute.
These can be expressed in terms of HPLs depending on 7 in the argument with the help of
HarmonicSums.

In Subsection 4.2.1 the basic summation mechanism of simplification for such definite sums to
indefinite nested sums is presented using the packages Sigma [36,37] and EvaluateMulti-
Sums. As it turns out, this general tactic is not sufficient for the explicitly given expressions: the
expressions are scattered into too many pieces of sums and in the intermediate calculation steps
for the individual sums, clumsy sums arise that cannot be handled properly with our summation
tools. Therefore, we will utilize in Subsection 4.2.2 in addition the package SumProduc-
tion [50], which merges the input sums to appropriate forms that can be handled with our
summation techniques.

4.2.1. Definite summation tools

In the following we present a survey of the crucial summation tools that assist in the calcu-
lation of an e-expansion for the triple sum (4.12). First, we compute the first coefficients of the
g-expansion of the summand

flen N, j.ik)y=fa.N.j.i.kye " + fon. N, j.i. k)’ + 0(e),
with
_ 82+ k)(—2+ N)(—1+N)N N
(=14 2k)(1 +2k)(3+2k)(1 + N)(2+ N)(3+ N)(4+ N)
y (=D nk G — )W(—i + j +k)!
A+DI1—i+ )

and fj in terms of such factorials, the harmonic sums S1(i — k), S1(k), S1(—i + j + k), S1(N)
and the cyclotomic harmonic sum

f-1

k

S k)= —_—.

2.1,1(k) 2511
i=1

Next, we apply the summations over each coefficient, and get the e-expansion of the triple sum:

T(e,n,N)=T_1(n, N)e~' + To(n, N)e® + 0(eh), (4.15)

8 For surveys on these quantities see e.g. [57]. Infinite nested binomial sums have also been considered in [58].
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with
N j i
T NY=) > > frn, N, j i k). (4.16)

j=0i=0 k=0

One is now faced with the task of simplifying 7_; and Ty, both being free of e. The simpler
coefficient 7_1 (N) can now be simplified by the summation machinery of Sigma [36,37] based
on difference ring theory [59]. Namely, one transforms from inside to outside the arising objects
in (4.16) to the desired indefinite nested sum form. E.g., for the innermost sum A(n, N, j,i) =
ZZ:O f-1(n, N, j,i, k) of T_1(n, N) we proceed as follows:

(1) We compute a linear recurrence of h(n, N, j, i) in i of order 2:

ao(n, N, j,))h(n, N, j,i)+ai(n, N, j,i)h(n, N, j,i +1)
+ax(n, N, j,Dh(, N, j,i+2)=r(, N, j,i), (4.17)

with polynomial coefficients ag, az, az in n, N, j, i. The right hand side 7 is given in terms of
a linear combination of hypergeometric products depending on 1, N, j, i. This machinery is
based on the creative telescoping paradigm [60] in the setting of difference rings [36,37,59].

(2) Next, we solve the found recurrence (4.17) in terms of indefinite nested sums [36,37,61]:
we find 2 linearly independent solutions of the homogeneous version of the recurrence and
one particular solution of the recurrence itself. One of the most complicated indefinite nested
sums w.r.t. i is:

i (—1)hph "L (= 1k

2h , : ) : : (4.18)
=1 =2n+ 21 (=3 = 2h+2)(—h + jn (= (T =k

where (x)y =x(x + 1)...(x +k — 1) denotes the Pochhammer symbol.

(3) Finally, we compute the 2 initial values 4 (n, N, j, ) with [ =0, 1 and combine the solutions
of the recurrence such that they match with the given initial values. This yields an alternative
expression of the sum i (n, N, j, i) where by construction the occurring objects are indefinite
nested w.r.t. i.

For all three steps, 195 seconds are used and we obtain an expression where 5 indefinite nested
sums w.r.t. i appear; one of them is (4.18). Now we apply the next summation quantifier Z{:O
to this expression and repeat the same machinery: compute a linear recurrence of this new sum
w.r.t. the j (which is the summation variable of the final sum), solve the recurrence in terms of
indefinite nested sums w.r.t. j and combine the solutions to find an alternative representation of
the double sum which now is indefinite nested w.r.t. j. For this calculation step, 1210 seconds
are needed and 9 indefinite nested sums w.r.t. j arose in the found representation. Finally, we
repeat this once more in 295 seconds and obtain an expression of the single pole term 7_1(n, N)
in terms of 19 indefinite nested sums w.r.t. N. Summarizing, we needed about 1700 seconds to
transform the triple sum (4.12) to an expression in terms of indefinite nested sums which turn out
to be harmonic sums, generalized harmonic sums and generalized binomial sums, like, e.g.,

22k

g;z‘zh(l —1)" <2hh> é el



J. Ablinger et al. / Nuclear Physics B 932 (2018) 129-240 145

In general, this summation mechanism of recurrence finding and recurrence solving (see the
summation steps (1)—(3) from above) has to be applied slightly more carefully:

e If there are poles at the summation bounds (coming from the internal summation represen-
tations), the summation range has to be refined and extra terms have to be treated by another
round of our definite summation tools.

e If the summand is too large (e.g., more than 100 MB of size or composed by more than
300 indefinite nested sums), it is split into appropriate smaller parts. Then the summation
mechanism is applied separately to them, and the results are combined properly before the
next summation quantifier is applied.

e In the case of infinite summation quantifiers (see, e.g., the second sum in (4.11)), also limits
have to be handled. Here asymptotic expansions are computed using the summation package
HarmonicSums [51].

All these steps are skillfully combined within the package EvaluateMultiSums [50] using
the difference ring machinery of Sigma and the special function algorithms of Harmonic-
Sums. E.g., executing the command

EvaluateMultiSum([f_q, {{k, 0, i}, {i, 0, j}, {j, 0, N}, {N}, {1}, SplitSums — False]

the single pole term 7_;(n, N) of (4.15) is simplified to an expression in terms of indefinite
nested sums as sketched above.

Performing all 9122 triple sums in this way (and ignoring double sums) indicates that already
the single pole terms for all these sums require more than 180 days of calculation time. Calculat-
ing the constant term in this way seems hopeless. Besides, the following intrinsic problem arose:
when we tried to calculate the constant term for our triple sum (4.12), we encountered internally
definite sums that are not expressible in terms of indefinite nested sums.” However, such alien
sums can be avoided by merging all these scattered sums as much as possible and treating them
in one stroke. This observation will be utilized in the next subsection.

4.2.2. The full tactic
In order to cure the problems mentioned at the end of the last subsection, we proceed by
performing the following three steps.

Step I: The arising sums are crushed to an optimal representation using SumProduction. In
this way, one only obtains very few master sums that have to be treated.

Step II: These remaining multi-sums are then handled by EvaluateMultiSums, which uses
Sigma and HarmonicSums.

Step III: The results of the master sums are combined to get the final result. Since the calcu-
lations of the master sums are carried out independently, the found indefinite nested
sums between different master sums are not synchronized, i.e., many relations among
them exist. Thus all relations among the arising sums are computed with Sigma and
the final result is given in terms of indefinite nested sums that are all algebraically in-
dependent among each other. As a consequence, most of the arising sums vanish and a
rather compact expression remains.

9 More precisely, we obtained recurrences of definite sums where not all solutions are expressible in terms of indefinite
nested sums and where the found solutions cannot be combined accordingly.
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In the following we work out further details for the two most challenging diagrams: diagram 7
and diagram 11b, i.e. with the bubble-mass for the heaviest quark m =m.

Details for Diagram 7
We proceed with the input expression of diagram 7 introduced already in Subsection 4.2.

Step I: Using the package SumProduction [50] the 10262 sums are merged to the following
SiX sums

N—4 j i
Fi(e,n,N)=Y_">"% "hi(e,n. N, j.i,k),
j=0 i=0 k=0
N—4 j N-3
Fa(e,n, N)y=Y_ > ha(e,n, N, j, i), F3(e,n,N) =Y h3(e,n, N, j),
j=0 i=0 j=0
N—-4 j o
Fa(e,n, NY=Y_ "% hale,n, N, j.i, k),
j=0 i=0 k=0
N—4 oo 00
Fs(e,n,N)=Y_ > hs(e,n,N, j.k), Fs(e,n, N) = _hs(e, 1, N, k),
J=0 k= k=0

plus extra terms that only depend on hypergeometric products. More precisely, if the Mathe-
matica variable D7 contains the input expression of D7, the SumProduction-command

ReduceMultiSums[D7, {N}, {1}, {co},

MergeSummand — True, AlwaysMerge — True, SynchronizeBounds — True]

synchronizes the summation ranges, and maps the arising hypergeometric products (I"-functions,
factorials, Pochhammer symbols, powers) to products that are algebraically independent among
each other. This computation required 37892 seconds (10.5 hours) and produced an alternative
expression of diagram 7 with 156 GB size.

Next, we apply in Step II our summation technologies to these 6 sums and compute the
g-expansions up to the constant term in terms of indefinite nested sums, and combine in Step III
the found coefficients to obtain the complete e-expansion of diagram 7. Here the arising indef-
inite nested sums are algebraically independent among each other. To perform these last two
steps, we needed 1 hour for the triple pole term, 2 hours for the double pole term, 2 days for the
single pole term, and 20 days for the constant term. Together with step (I), this amounts to 23
days of computation time to obtain the desired sum representation of diagram 7.

In the following we give some further details of Steps II and III for the computation of the
constant term of the e-expansion.

Step II: For instance, consider the sum F; whose sum requires 35.6 GB memory; after expanding
the summand in ¢, the constant term uses 47 MB of memory. Then activating the summation
machinery from above to the given triple sum, one needs 605563 seconds (7 days) to obtain the
constant term of the e-expansion of Fj. The result can be given in terms of 280 indefinite nested
sums. This information of F; and of the other sums F5, ..., Fg can be also found in Table 1.
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Table 1

Summary of the calculation of the master sums for the constant term of diagram 7.

sum size of sum summand size of time of number of
(with €) constant term calculation indefinite sums

F 35.6 MB 47 MB 605563 s (7 days) 280

F 18.8 MB 24.1 MB 128207 s (1.5 days) 139

F 2.1 MB 1.9 MB 11190 s (3.1 hours) 51

Fy 62.0 MB 767 MB 560604 s (6.5 days) 360

Fs 31.0 MB 349 MB 313111s (3.6 days) 173

Fg 6.1 MB 22.1 MB 31825 s (8.8 hours) 40

In summary, the total computation time for the simplification of all 6 sums required 19 days.

Step III: Combining the constant coefficients of all 6 master sums yields an expression using
23 MB memory consisting of 788 sums and products. Finally, we eliminate all algebraic rela-
tions among the arising sums. Namely, if the derived expression is given in the Mathematica
variable unreducedExpr, this job is carried out with the Sigma command

SigmaReduceList[unreducedExpr, {N}].

In total, we needed 26 hours to rewrite the found expression in terms of only 46 basis sums
that are all algebraically independent from each other. The algebraic independence follows by
difference ring theory [59]; for a connection to the underlying quasi-shuffle algebras of the arising
sums we refer also to [62]. As a consequence, the expression of 788 sums collapsed in the last
step to an expression in terms of 46 sums that requires in total only 0.365 MB. Here one of the
most complicated sums is

N

oo () SRS HO)( S T s )
k=1

h=1 i=1 i=1 1
Details for Diagram 11b

After carrying out the transformations of Subsection 4.1, diagram 11b can be represented by an
expression in terms of 14865 sums that requires in total 95 MB of memory. More precisely, the
expression consists of 150 single sums, 1000 double sums, 12160 triple sums and 1555 quadruple
sums.

Step I: We utilize first the package SumProduction and crunch in 8640 seconds the expression
to an expression of 377 MB size consisting only of 8§ sums where the summation ranges are given
in the first column in Table 2.

Next, we calculate the e-expansions for each of the 8 sums and combine the results to get the
e-expansion of diagram 11b itself. For the triple pole term, this amounts to 89 minutes, for the
double pole term to 19 hours, for the single pole term to 6.9 days, and for the constant term to
77.7 days. In the following some extra information is given for the calculation of the constant
term.

Step II: In Table 2 further details are given for the treatment of the 8 multi-sums. E.g., for the
quadruple sum involving one infinite sum (first row) the input summand uses 17.7 MB of mem-
ory. After its expansion the constant term requires 266 MB of memory and the total computation
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Table 2
Summary of the calculation of the master sums for the constant term diagram 11b.
sum size of sum summand size of time of number of
(with €) constant term calculation indefinite sums
N-3i4—2 i3 o0
>y oy o» 17.7 MB 266.3 MB 177529 s (2.1 days) 1188
ig=2i3=0ip=0i;=0
N—4i3—1 oo
>y ¥ 232 MB 1646.4 MB 980756 s (11.4 days) 747
i3=3ip=0i1=0
N—4 oo
> 67.7 MB 458 MB 524485 s (6.1 days) 557
ir=3i1=0
o0
> 38.2 MB 90.5 MB 689100 s (8.0 days) 44
i1=0
N-=3i4—=2 i3 iy
Y oy oy 1.3 MB 6.5 MB 305718 s (3.5 days) 1933
i4=2i3=0ip=0i1=0
N—4i3—1 iy
11.6 MB 32.4 MB 710576 s (8.2 days) 621
i3=3ip=0i;=0
N—4 i>
4.5MB 5.5MB 435640 s (5.0 days) 536
ir=3i1=0
N—4
0.7 MB 1.3 MB 9017s (2.5 hours) 68

i1=3

time to transform this sum in terms of indefinite nested sums requires 2.1 days (using the pack-
age EvaluateMultiSums utilizing Sigma and HarmonicSums). Let us be even a bit more
specific: carrying out the infinite sum requires 32.1 hours and leads to an expression of 8.6 MB
size in terms of 41 indefinite nested sums. Carrying out the next sum quantifier Zg:o needs 37
minutes and leads to an expression of size 3.4 MB in terms of 64 indefinite sums. Dealing with
the summation sign Zi;‘;g produces in 18.9 hours an expression of size 4.1 MB in terms of 222

indefinite nested sums, and finally, processing the last summation quantifier Zfz;g produces in
18.6 hours the final result of 15.2 MB size in terms of 1188 indefinite nested sums.'"

Step III: Combining the constant coefficients of all 8 master sums yields an expression using
154 MB of memory consisting of 4110 sums and products. Finally, the elimination of all alge-
braic relations among the arising sums needed 32.5 days and yield a compact expression in terms
of 74 sums/products that requires in total only 8.3 MB of memory.

We remark that during the calculations of diagram 7 and in particular of diagram 11b the hard-
est calculations arose that the summation packages Sigma and EvaluateMultiSum have
faced so far. Various sub-algorithms and sub-routines had to be improved and optimized in order
to compute recurrences for such gigantic summands and to solve the found recurrences efficiently
in terms of indefinite nested sums and products. In particular, the elimination of algebraic rela-
tions among the arising sums where pushed to the limit: the underling tower of difference rings

10" while processing the last summation quantifier, we skipped the task to eliminate algebraic relations among the derived
1188 sums. This challenge will be shifted to Step 3 of our general procedure.
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contained up to 1500 extension variables (so-called RITX-extensions [59]) and the underlying
algorithms were heavily optimized to work with them efficiently.

4.3. Deriving the z-space solution

The general method to go from the N-space to the z-space is elaborated in [63,64]. The main
idea is to find a recurrence in N for the quantity under consideration and from that to derive a
differential equation for the solution in z-space which can be afterwards solved. In the frame of
the current project, we used an improved version of the method presented in [63,64], which we
will sketch in the following. A detailed description of this enhanced method will be given in [65].

For a given nested sum of the form

k-1

N i
F(N):=Fo(N) Y Fi(in) ) Fa(ia)-+- Y Fr(ix) (4.19)

i1=1 ir=1 ir=1

we look for a representation in the form

k 1 bj
G(N) = Zvj.’/dx(x/v —a)y dijfij(x) (4.20)
=0 i=1

such that F(N) = G(N) for all N € N with N > Ny for some Ny € N, where in our cases
vj, aj, d;,j € K(n) and f; j(z) are expressions of the form

p(n,2) &)
with p(n, z) € K(n)(z) and g(z) is an iterated integral. For 0 < j < k we define

N i ij—1
Fj(N):=Fo(N) Y Fi(i1) Y Fa(ia)--- Y Fj(ij). (4.21)

i1=1 ir=1 ij=1

Hence for example Fi(N) = F(N), Fr_1(N) is the original sum with the innermost summation
quantifier dropped, Fi (N) = Fy(N) Z?.lzl F1(i1) and Fy(N) = Fy(N).

Note that for the sums under consideration the v; from (4.20) can be read off from F(N),
and that it is straightforward to find recurrences R; (with shifts in N) such that vj_N F j(N)isa
solution of R;.

After deriving such recurrences R;, we can use the algorithm from [63] to derive a differ-
ential equations D; (with differentiation in z) for the inverse Mellin transforms of v./._N F i (N).
The f; j(z) are precisely the solutions of the differential equations D ;. Hence, after solving the
differential equations it remains to fix the d; ; by checking a sufficient amount of initial values.

This method is implemented in HarmonicSums and with the help of the Harmonic-
Sums-command

GenerallnvMellin[Expr, N, x, Method — 2, Assumptions — 0 <n< 1],
we find for instance:
N 1 \T 2
4N 2N Z 41(@) (‘L") _
N

(21)!r

=1
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2(n+ PP +46 (VI =TT 1))/ i
(1= 02y | T
(I—mn) N/ X
_ d 422
S J J1—n—x/—x g (*22)
—2i 20y i 22!2 Zl i
ﬁ:z EN - 1#2
i1=1 i]
1
Ofdx(x _%x_z)(nln(Z)—SG( -1 x>
723 : X" —1 [ —=21x% +32x3 — 18x*
—4G(«/1—tﬁx )—l—/dx <
1—x 12
0
+8G(«/1—rﬁ,«/l—tﬁ;x>+16G< —¢ —7 x>
(xr = 5x% +8x% —4xHG (ﬁ; X) G (VT=1yTix) @r2In@) — 723)
+ - - ) )
(4.23)

Here G denotes an iterated integral defined in (5.20). In total we computed the inverse Mellin
transforms for about 50 sums using this method, which took around 2 hours on a standard desktop
PC. The following sum is one of the most complicated sums we had to consider:

3 1
—1\ T3
o )7
(%) =1
. 472(%) Z_:l —T3
Y

N =1
> 2= . (4.24)
T1 =1

71

Note that similar to the final representation of Ref. [10], we do not include all polynomial
pre-factors in N but leave these to be included by a Mellin convolution. In this way the inner
generalized iterated integrals can be evaluated as HPLs with involved arguments.

5. An explanatory example

In this section we want to illustrate the computational steps in more detail considering dia-
gram 2 of Fig. 1. The small numerator structure of this diagram allows to present the calculation
in detail. Since here the n and N structures do not factorize, they give rise to more involved
structures compared to the single mass case.
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After inserting the Feynman rules, applying the gluonic projector, performing the Dirac-
algebra and combining the denominators via Feynman parameters, one obtains

S+ =DY &) 64
DA(B) _CaT? + (=1 a;
2 (4m)3e/2 2 + ¢ 2mi
+Q248) (NP —43 +6) 1PN - 1) +4Q +6) 1P (V)

[(10 +4e) B (N — 1)

26 +20) 13PN —2) + 20PN - 1) = 2+ &) P (N - 2)] . (5.

where A(B) represent different mass assignments. We normalize the functions J; according to

3e

AB), \ _ m% : .A(B)
J7 () = 2 Jji ). (5.2)

In the following we use the short hand notation

r ai’],agz,... EFbl(al)sz(az).... (5.3)
cfl,cgz,... Dt (cT%(cy) . ..
5.1. The N-space solution
The functions J; to J3 are given by the following functions
+ioo
3e £ 2 2 3
A _ - —0,0—7,(2—}—5—0) ,2—¢e40) ,E—o,n—5+0
i) = / don F[ 446-20,4—26420,246+n ’
—i00
.B(n)_JrioodU UF _U’U_37670_%a(2_8+0)2’(2+%_0)2?n+8_0—
SN = 1 24n+5,4+6-20,4—05+20 ’
—ioo
i) =
+ioo
do n® T —0,0—328, —o,1-5+n+o0,0— 2,(2—8+0)2 (2+——o)
1 AT 2420, 1—-5+0,5+2+n
—i00
3=
+ioo

/dangr[—a,a—37‘9,0—%,(2—8—0)2,(24—%—0)2,8—0,1+n+8—a]
l4+e—-0,24+n+5,44+¢6—20,4—2e+20 ’
—100
jim) =
+ioco
/dangr[—a,o—32, —0,(5+2-0)2,2-¢c+0) 052
e+4—20,-2e+4+20,54+2+n2-5+0

’

§+n+o]

—ioo



152 J. Ablinger et al. / Nuclear Physics B 932 (2018) 129-240

i3 m) =
+ioco
/dangr[—a,a—32, 2,(2—8+0)2 2+5 —0)28—02+n~|—£—0]
2+8—U2+n+2,4+8—20’4 2e +20
—10Q0

5.4)

The contour integrals are evaluated by taking residues at the ascending poles, which are added
up. One obtains

2\ 3¢/2 =

I () = (%) S b (Tuim) + T + Tis(m) (5.5)
k=0
m2 3e/2 o

I3 (n) = (M—;) > 0 (Toa () + Tap(n) + To3(n)) (5.6)
k=0
2 3e/2 o0

I n) = (M—;) > b (Ts 1) + T3 o) + T3.3() (5.7)
k=0

where T; | follows from the residue at ¢ =k, T; » from the residue at 0 = ¢ 4+ k and 7; 3 from
the residue at 0 = ¢/2 4 2 4 k. The explicit expressions read

—2,—e, 543, e+ 1L, k—%2—e+kk—-5—-3n 2+q

27 —£
T,1(n) = F|:_2§
p)

64 — 35+ d. s+n+2,l+kl—e+k 3 —e+kk—5—1
(5.8)
2°mn® 3-f1—e5—2,62+kk—5k+5—3,5+n+k
T — F 2 1) 2 C k] 27 , 5.9
120 = =g, [;—%%—%%+n+21+h Siketltkt—t14k| ©9
sn%+2
T =—
1,3(n) o
ﬂﬂ—%—LZ—%%—L%+21+k2+n+k2—8+k4 £tk
S+2+4n1+k3-5+k3—5+k§+3+k ’
(5.10)
26w —2—£3+E5 —¢ 1+4¢
11 (n) F|: 5 27 2
64 |—-3—5.3+52+n+3
_3& 5 _3_&gp_¢ _£
o A S St A (5.11)
l+k1—e+k3—e+kk—1-51-5+k
28 n® 1—¢3-5,£-2,¢
Ty 2(n) 1"|:7 P ]
64 E_%a%_§,2+n+%
£ e _ 3 € £
p[2Fkk =55 =3k sk bnt stk 5.12
l+k3+ks—1+k1+5+k1+e+k
2577§+2 —1—£2_E£024E& _14¢
- _ 2 2 2 2
T3 64 F|: 2+n+5
1 e
Y4k 24k 34n+k2—e+kd—E5+k
r|z " ’ ’ D 5.13
% L+k3+h3—§+h%—g+h3+g+J ©-13)
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¢ _y_¢ [
T3’](n)= JTF|: 52 g,3+%728,1+i1|
64 —5—3.5+52+n+5
k—3€2—e+kk—3—-k—524n—5+4k
r 27 ’ 2 2 z 2 5.14
x [1+h1—8+k%—8+hk—1—%2—%+k ’ (5.14)
ern® 1—¢3—-£,5-2¢
T32(n) = F[7 e & :|
64 3—%55-3.24n+35
_ee_3 £ £
2+k,/€5 22 2+k,2+1§,2+n+2~|—k7 (5.15)
l+k5+ks5—1+k2+5+k 1+e+k
&
200272 [1—&92_&&_124¢
- _ 2 22 5 2
T33(n) 64 F|: 2+n+5
1 — _£
P2tk 24k dtnth2—etkd—3+k] (5.16)
1+k4+k3—5+k3—5+k3+5+k
Here we applied Legendre’s duplication
-1 1—s—2k 1
r@+2m=£—l———r@+5>rk+f+— , (5.17)
T 2 2 2
and Euler’s reflection formula
r'(—s)T" 1
r@-kﬁ:«Jﬁ—kiiiliil-ﬂmkeNmms¢Z (5.18)

Fk+1—s) "’
to the I'-ratios.
The expressions for JZ.B look similar. In the following we concentrate on the calculation of

D?. It is worth mentioning, however, that care is needed at taking the residues for the other mass
assignment. Here structures like

'e—o)24+n+e—o0)
'e+e¢—o0)

(5.19)

develop residues at isolated boundary points, i.e., in this example the residues at 0 = ¢, 1 + ¢
have to be treated differently than the ones at ¢ =2 + n + ¢ + k with k € N. Therefore, the final
representation for Df does not only contain sums but also terms from separately taken residues.

In Mellin N-space we use harmonic sums [54] and generalized harmonic sums [53,55] to rep-
resent the result. In z-space the corresponding functions are harmonic polylogarithms H; (z) [29]
and generalized iterated integrals, G[{b}, z] over alphabets of the kind discussed in [56], which
we find algorithmically [53,56], and special values thereof. The sum representation, moreover,
also contains harmonic polylogarithms of the mass ratio ,/7.

Z

6[[ew.in}.z] = [ ave[{ico].]. (520)
0
Here the functions g;, h are arbitrary functions for which the respective integral (5.20) exists.

The full expression for Df can now be handled with SumProduction, EvaluateMul -
tiSums, Sigma and HarmonicSums. For the complete diagram we obtain
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3¢

1+ =DV m2\ 2 256P
pA_c, 2t D7 s (M
T TR W) 2763 (N — HN(N + 1)
n 1 64 Py n 64 Pg Ho(n)
2| SI(N — DZNZ(N +1)2 T 9N —DN(N + 1) "
64 Pg 1 32Pg
— S1|+ - T3 3
27(N — )N(N + 1) ¢ 8I(N —1)3N3(N + 1)
4 25 Hop) + 28 2y
TN — 2NN+ 02 P T 9w — DN+ 1) 0

B 32Ps S+ 32Pg 2, 32Pg i|
SIN - DN+ 2 T I S DON G D T ON S DN + ) 2
8P
T 729N — D*N* (N + D*2N —5)(2N —3)2N — )y
2P;(1—m~ N 1
TN ZD2NE(N + DN —5)2N —3)2N — Dy <§H°(”)2
+Ho(77)51(1—n,N)—Sz(l—UJV)+51,1(1—77,1,N)>
B 4Py
3TN — 1PN3(N + 1PN — 52N —3)@N — Dn 0
+ i H3 (1) + 20 EHO)
27(N — 1)2N2X(N + 1)z © 2IIN—DN(N+1) ©
T H ) H )+ o Hy () Ho,1 ()
IN —DN(N + 1) O g N T ON(N + 1) oVPRoatn
_ 16 Pg q 8 Pg 5
SN DNV D) O’O’l(n)+<9(N—1)N(N+1)H0(n)
_ 16 P; Ho(n)
ON — 12NN + 1) oM
B 4P B 8Pg s )S
SI(N — 1)3N3(N + D3(2N — 52N —3)@N 1)y 9ON—DNN + 1) 2)°!
8Py 8 Pg 5
+<81(N T )ININ D2 T ON DNV + 1)H°(n)> S
B 8 Pg SS—}—( 8P
SIIN —DNN+ DL T\ 9w — 2NN +1)
N 8P Ho(n)) 5 112P :
IN—DNWN +1) SI(N —DN(N + 1)
- 167y (1H2( )+ Sl =1, 1 N)>S( N)
ON — DN(N + )\ 2 0P oLt =i B A0 oty
_ 167 (H()S ( 1—1n,N) =St L - N)
ON NN £ 1) o(m)S1,1 = n, 2l 1,

1
+S12(1 =90, —— N) = Si.1.1(1—n. 1,

1 1
l—r]’ Tﬂ,N)—SLL](l—T],m,l,N))

1
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47NP12 2N 5
T 54p32(N + (2N — 5)(2N —3)(2N — 1) < N ) (HO(”)[H“(‘/E) +Hi (V)]

—4Ho(n)[Ho,1(v/n) +Ho,—1(v/1)] + 8[Ho,0,1 (+/n) + Ho 0,1 (ﬁ)])

~ 4=Npy, (2N L4 1 1 Lo
27(N + )N — 5)2N — 3)(2N — D)gy N)Z(2i)(i3_i2 olm = 7510

i=1 \i

A=m7"T1 . . .
t——— | Ho + 511 =n. HHo(n) = 21 =n. i) + S1.1(1 =0, 1.§)

+( 5Py + 8P Ho(n) — 8P 51>§2
27(N —1)’N2(N+1)2  3(N-1DN(N+1) 9N —1)N(N + 1)
32P;
_27(N—1)N(N+1)§3}’ 62D
with the polynomials
Pi=N>—N*+2N3— 14N> —4N +6, (5.22)
Py = NS — 36N> —33N* + 12N3 + 224N? + 66N — 54 , (5.23)
Py =2N®— 18N> — 15N* — 12N3 + 85N% + 36N — 18, (5.24)
Py =7TN® — 36N> —27N* — 60N> + 116 N> + 78N — 18 , (5.25)
Ps=8N®— 18N> —9N* — 84N> —23N? + 48N + 18, (5.26)
Ps=30N° —94N® — 112N7 — 43N 4 300N> + 56 N* — 272N3 — 99N?
+30N — 36, (5.27)

Py =—8N%n* — 4N®y(28 — 23n) — 2N (15 — 5661 + 87n%) + 3N°(35 — 11627

—185n%) — 2N°(30 — 16051 — 10995%) — 4N*(75 — 367n + 60817)

+2N3(255 4 1279 + 12%) — 45N (5 + 202 — 351%)

+8064Nn — 21607 , (5.28)
Ps=N>—3N?>—-2N -6, (5.29)
Py =8N"n? — 12N"25(46 + Tn) — 2N (15 — 19700 — 37n*) + N'0(75 — 77721

+813n%) + 3N (25 +298n — 575n%) — N®(435 — 28341 + 4951?)

+N7(165 + 19500n + 35115%) + N®(645 — 263200 — 1833n*) — N> (435

+9526n + 18231%) — N*(285 — 23566n — 26791%) + 15N> (15 + 400 — 3n?)

—36N?1(281 + 30n) + 5472Nn — 10807, (5.30)

Pio=24N"n? + 12N12(22 — 21)n — 2N (45 + 1418y — 1117?)

+N'0(225 + 76287 + 2439n7) + 3N (75 — 20025 — 17251%)

—5N3(261 — 20307 +297n%) + 3N7 (165 — 89007 + 351177)

+N°(1935 + 30647 — 54995%) — N (1305 — 280307 + 5469n°)

—N*(855 + 56861 — 8037n%) + 3N (225 — 4312 — 45,?)

+60N?1(49 — 5417) — 432N + 10807, (5.31)
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P11 =216N"n% — 4N151(836 + 5671) + 6N (135 + 64661 + 2971%)
—3N'3(675 + 344541 — 8073n?) — 3N'2(945 — 116447 + 161917?)
+2N"1 (6885 — 8819y — 176581%) — 6N (405 — 725721 — 23562n°)
—2N?(14580 + 147371 + 14418n?) + 6N® (2700 — 1115235 — 2400377)
+162N7(155 4 30617 + 5277%) — 6N®(2970 — 923447 — 557117)
—N?(7695 + 5478201 + 504631%) + 3N*(2025 + 79945 + 10125n%)
+90N31 (730 + 815) — 108N 21 (526 + 1357) + 35964 Ny — 48607 , (5.32)
Pip=—16N°y® — 72N°*(3 — 21) — 12N*n(27 — 135y — 47%)
—6N3(5 —270n + 351 +222n°) + N?(45 — 2349y — 26731* + 11297%)
+12N(5 + 2160 + 720% +770°) — 451 — ) (5 + 1047 — 13?) . (5.33)

The diagram explicitly fulfills the symmetry

A B 1
D5 (my,mp,n) = Dy | ma, my, 7)) (5.34)
We calculated all diagrams which differ for the different mass assignments separately and
checked that the symmetry relation holds. For mass symmetric diagrams, we checked the in-
dependence of the mass assignment explicitly.

5.2. The z-space solution

The result in z-space for diagram 2, split into the usual contributions, reads:

1 —]HN re .
D{(z) = Cﬂ%% [D;”a(l — )+ D) + DI + M g1 (m)] (2)
+M~! [n2g20m) | (z)}- (5.35)
Here we use the notations n = N — 1,
1
MIg(0)] = / 422" 4(2) = g(n) (5.36)
0
M [gm)]=¢g(2), (5.37)

and M denotes the Mellin transform. Terms of the type
M [nlgon] @, 1=1.2, (5.38)

which will not contribute in the final result of all diagrams are dropped in the following expres-
sions. The rational pre-factors can be absorbed by applying the relations

1 1 1 .
_ 727" f()= [ dzz dy (-1) = Ho | = FA6))! (5.39)
(n+a) J z Z

0
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1

1
d
n/dz ' fl)= ("~ 1)zf(z)|(1) - /(Z" - I)E (zf (). (5.40)
0 0

Furthermore, we will set © = m for brevity to shorten the expression. The logarithmic depen-

dence on the mass can be easily restored by using the full N-space result and will be entirely
given in terms of HPLs. One obtains

8 32
Dy o @<s36+243n) + 246 4 3 Ho() + 55 By () + S5 H ()
8 16 16
—§Ho(77)H1(77) + gHo(n)Ho,l(n) - ?HO,O,I(U)
+ 8 (74+9Hp(n)) 32 (541
77 0(n) &2 274“3, .

1 2 16 8 16 8
pi+e’ ——| =52 -9n) + —Ho(n) — -Hj — —H}
) () 1_Z[27( m + 5 Holn) = gHo(n) + o7 Ho + = Hp

16 16 8 16
H 7+ 9H H H? + —H
(27 0+81( + o(n))) 1+ SH+ 01}

27 -8
_105§n(l—Z;;{jﬁ|:H(2)(n)(H](ﬁ)+Hl(ﬁ)>

—4Ho (1) (Ho,l (v/7) +Ho—1 (ﬁ)) +8 <Ho,o,1 (v/1) +Hoo.-1 (ﬁ))]

8 b b
AR O+, 5.42
TS R A (5.42)
A reg,e 2Ho(m) Q1 2Q4  10(3—2n) (45— 10n — 54z — 810nz)
b H
2 (2) 81nz 729772 81725/2 819232 o(m

QS 2
+H; +2H_1(Vz) — 21n(2)) - 108173/271'z5/2\/1_—z{H0(n)[Hl(ﬁ)

+H; (/)] — 4Ho(n)[Ho,1 (v/n) + Ho,—1 (v/7)] + 8[Ho,0,1(v/7)

8(89 — 847 + 28 2
+Ho,o,—1(ﬁ)]}— ( - i - Qgﬁgmn[%
16(37 — 36z + 1122) 806,
- 27z Ho(n) — — 3 (n)}Ho
8(59 — 60z + 22z 80 80 80
—[ ( o i 9—6H0(n)} 816H0 . “ZOHZ(nH, ()
2 16(—5+4z+2
+[81Q3 (2344242 )Ho(ﬂ)—&H 2n)
nz 9z
16(—2 —26+11 8 16
_1e( ”;(1 L QéHz}Hl 26 o () Ho 1 (n)
z 27 Z

+ —Ho(n) + =——Ho

8(59—60z+40z) 80s 806 -
81z 9z 27z
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H ——H
9z 9z o) 9z 0t 9z

16(5—-4 16 16 16
+[ (5—4z) 1606 Q¢ Q6H1i|Hoy1

806 1606 3206 3206
5L —=H} + 5, Ho01 () + Ho o1 —

9z 7 9z
[8(163—156z+98z) 80

6 0Q6 80¢
Loy Yoy
81z o ot + = =Ho+ = ~Hi 16
1

3Q6 D VY o yi2 o I p
Gtk 2(z)Jr/ [2Z3/2 (y )+2 5 2(y)+;F42(y)

Z

z 1 z 1
+=5F(y) — —Hg (—) FP2(0) - —FP ()
y z y 4

6 4z D
- 6———4z+—>F 2(y)]
( y )t

:
—(6 - g - 4z> /dyFEZ(y) , (5.43)
0
with the polynomials
0, = —1600n +3 (39772 +7100 + 15) Z+6 (4772 —21n— 3) 2, (5.44)
07 = —176n +9 (13772 4660+ 5) 42 (12;72 — 1997 — 9) 2, (5.45)
03 = 1248 + 3 (39n2 314+ 15) Z+2 (12;72 42657 — 9) 2, (5.46)
04 =452 — 9) + (351 — 17000n)z + 6 (315172 +27617 — 108)
+2 (324;72 — 60171 + 81) 2, (5.47)
05 = —10 4 (2707 +23)z + (9173 478302 — 729 — 39) 2
+ (62773 — 8107 + 8107 + 34) 2+8 (4n3 275 — 54y — 1) 2, (5.48)
Q¢ =5—62+47%. (5.49)

The functions Fj are given by

2R 2R, 20278
Q=5 5~ 27;;(1—_2”))3/261@{2(1 —m+ 1+ n)Ho(n)}
51 +m@7T =8y 227 =8n(l+n+1n?) Hy(n)
8lryz(1— 232 81(1— mmz(l — )3/2 ot
~ nd+n27-8n) 2(n) — (27 —8n)
54(1 — n)?m/z(1 — z)3/2 Ho(n 547(1 —2)3/2

8
—;<K19 + Kzo)] —(1- n)z[Glz(Z) + G13(z) — K13 — K14 +Hp(n)

{4(1 +m)| Ge(2) + G7(2)

o i
X <G4(z) - K6) + - <K21 + K2 + K3 + Kog + Ho(n)Kls) }
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+L[H (n) +Ho+H ]+ﬂ
27(1 —z+n2) ot 0 ! 367 /z(1 —2)3/2 2
X{2(1 —77)+(1+77)H0(71)}, (5.50)

ARy 4(1+15n)
FPryy=2—ap 21
RN W
10(1 4 3)(1 + 15n) 4(1+15n)(1+n+n2)H o
O T—ysy 91 —mPaT—yyy
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30—y /s o(m T (1+n)|Ge(») +G7(y)

8
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8
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T

2Rs5

——[H H H

3172(1—y+17y)[ oG +Ho(y) +Hi()]
1+ 159 { }

D 2(1 —n)+ (1 +n)H , 5.51

T Ty 5 20 )+ (L mHo( (5.51)
10(n +y —ny) 10

FP () = o —anmﬁGl(y){ﬂl—77)+(1+77)H0(77)}

2504 10(1+ 71+ n?) Hy(n)

21 aT=yy 2710 —mn*a/T=y/y
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BA-nIrdT-y/5 O 8PVT— 53 i

8
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+L[H (m) +Ho(y) + Hi ()]
27772(1—Y+77y) oln oly 1y
5
+m§2{2(1 -mp+d+ TI)HO(U)} , (5.52)
D __zﬁ_z(l—n)(5+104n—13n2) { B }
Fo ()= o2 P TT=3 Gi(»y2(1 —n) + (1 +mnHo(n)
51 —n>(5+104n —13n%)  2(1+n+n?)(5+ 104y — 13n?)
Ty 22 T—yy
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8
X |:G6()’) +G7(y) — - <K19 + Kzo)] —(1- n)z[Glz(Y) +G13(y) — K3

8
—Ki4+Ho(n) <G4(y) - K6) + p <K21 + K2 + K23 + Kog + HO(’?)KIS)} }

R9 (I—mRs
——————Ho(n) - —————[H H
(1—n)(5+ 104y — 135?)
T =y 5 42{2(1 -m+ 0+ n)Ho(n)} : (5.53)

4Ryg  4(1+54n— 27 — 4173)
N SN
10(1 4+ ) (1 4 54n — 27n* — 4n%) N 4(1+n+n?)(1+54n —27n% — 4n°)
22T =y /y 2701 =mn?m/T=y/y
(1+ ) (1 + 54n —27n% — 4n3) 1 4 54n — 27n% — 473
0 — e /T—y/y M1 =y y

8
x [Gs(w +G1(n) -~ <K19 + Kzo)] -(1- n)z[Gu(Y) +Gi3(y) — K13

F ()=~

Gl(y){Z(l —-n)+ 1+ n)Ho(n)}

Ho(n)

H3(n) + {4(1 +1n)

8
—Ki14+Ho(n) <G4(y) - K6> + (KZI + K2 + Kp3 + Kpq + Ho(ﬂﬂﬁs)“

3

2Ru 1+ 541 — 2757 — 4>
+—————[Ho(n) +Ho(y) +Hi(»] —
27172(1—y+ny)[ 0() +Ho(y) + Hi ()] ST TS
X{Z(l —-n+ +n)Ho(n)} , (5.54)
80(1 —
F2(y) = ﬁ (Ho(n) + Ho(y) + Hi () , (5.55)
2R;p  2(81— 1897 —103»?) { }
FP2(y) = - Gi(){2(1—n) + (1 +nH
7 () 27 Ty 11720 =m) + (1 +n)Ho(n)

5(1+n)(81 — 1897 —103n%)  2(1+n+n?)(81 — 189y — 103n?)
- 81w VT — vy 80— /T—yy
(1+n)(81 — 189y — 1035?) , (81 — 1897 — 1037?)
T N TN T N TN

8
X |:G6(y) +G7(y) — - <K19 + K20)] — (11— n)z[Glz(y) +G13(y) — K13 — K4

Ho(n)

{4(1 +1n)

8
+H0(7))(G4(y) - K6> + - <K21 + K2+ Ky 4+ Koy + Ho(n)K15>i| }
81 — 1897 — 103;72{
2
3onm/1—y./y

X{2(1 -m+ad +77)Ho(77)} , (5.56)

2701 =y +ny)
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FrO =507 {2(1 ~)[G10() + G11(2)] +Hj() +2(1 - n)Ho(n)Ga(Z)} .
(5.57)
The functions G; and K; are given in the appendix. The additional polynomials read
R =—@Bn—2N[n1—-2)—z], (5.58)
Ry=8n =27 [n(1+2)+2], (5.59)
Ry=(8n—27) 20+ (n* = 1)z] . (5.60)
Ry=—(5n+ D[ —ny+n], (5.61)
. 2 2 2 2
Rs=(5p+ D [=2+ (= +20+1) v+ (? = 1)»*] (5.62)
Re=n>2n—5) + <—3772+6n+3>y+3(n2— 1) V2, (5.63)
R7:—(13n3— 117n2+99n+5) [(1=n)y+n], (5.64)
Rg = (137;2— 10477—5))1(1 — P2+ (nz— 1) y) : (5.65)
R—(133—1172 997 +5)y(1=n*+2 2
9={13n n-+99n+5)y n°+2n+(n y), (5.66)
Rip=— (4n3+27n2 _54p— 1) [(1=my+n]. (5.67)
Rii = -2 (4772 +31n— 71) _3 (4n5 £ 199* = 11293 + 805% + 561 + 1) y
+3 (4n5 27yt — 5803 — 2857 + 541 + 1) y2, (5.68)
R12=—(103n2+189n—81> [(1—ny+n], (5.69)
Ris=n (1 1202 + 1525 — 53) + (103n4 1703 = 56257 — 270 + 81) y
+ (—103774 — 1899 + 184n> + 189y — 81) y2. (5.70)

We note that although single sums have a different support other than z € [O, 1], for example

1/(1—mn)
1 N —1
Sil{i—¢. N )= dz , 5.71)
1—n , z—1

the final result is defined on the usual support x € [0, 1]. The contributions in other domains
cancel analytically.

6. Results

The renormalized 2- and 3-loop OMEs AES)Q (2.16), (2.17) can be obtained from the differ-

ent contributions to the renormalized masses, the expansion coefficients of the S-function and
anomalous dimensions, together with the constant part of the unrenormalized 3-loop OME &Sg) 0
in the two-mass case. In the following we present this function both in N- and z-space and will

give the corresponding results for AES)Q in Appendix B.



162 J. Ablinger et al. / Nuclear Physics B 932 (2018) 129-240

6.1. N-space

In Mellin N-space one obtains

g 0(N) =

32 64 128
(1+( 1)”){ {3 (L3+L2)+?L1L2(L1+L2)+32;2(L1+L2)+T§3}

2+N+nN?)°
(N — )N2(N + D2(N +2)

+CFT§{ |:24L? +24L3 + 16L1Lo(Ly + L2)

16
+48Ho(n) (L3 — L3) + 16(L7 + L3)S1 +3281Ho() (L1 — L) + (48H () + ?52

32 64 128 352
—165; +40§2) (L1+ L) - —Ho(n) - —H o(mH1 () + —=Ho(mHo.1(n) — —5=23

128H ()+32H() S S+ 32S 7OS+1285 +32 s
300177 n 21271 77 93 3 V21 3§21

32H2() S ! N|+S N +64S ! 1 N
3 HoUD| 21 =7 1 1 3 12 = n,
64 1 n n—1
(s 1) s (2 )
-1 n—1 n

64 1 64 n n—1
—=Sil— 1= 1L N)-=S 11| —— 1N
-1 n— n

3 1 3 1
64 —1 Ps3Ly + PesL

+ 250, n_m " 63 14 64 i
3 n—1 54n(N — HN*(N + D*(N +2)

_ 2
A+ n)(inS/Zzn +512) B (Hi () +Ho1 (V) (L1 — L)’

(o () + Hoa (V) (21 = £2) + 2001 (V) + 2H00.1 ()|

: Pso (413 + 2 Fa L1L2+¥P29(L1+L2)Sl
(N—l)N3(N+ V(N +2) | 24n 121 9
32 32 32 32
+?P29Ho(77)(L1 — L)+ ﬁPzgSlz - 31’2952 +— 3 PoHJ () — —C2P45}
16 Pg>
8177(N — DN4(N +D*N +2)2N —3)(2N — 1)
16 Py
3 Ho(n7)
PN DNV £ D2V + 202N — 32N — 1)
n Pe7
243n(N — HN3(N + 1)5(N +2)(2N — 3)(2N — 1)
4Pp(1—m~N

_ 2
3(N — DN3(N + D2(N +2)2N —3)2N — 1) [HO(”)
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+2Ho(m)S1(1 —n, N) =281 —n, N) +2511(1 —», l,N)]

~ 4Py < n )N H )
3(N—DN3(N + 12(N+2)@N = 3)eN —D\1-n) [

—2H0(77)51<n - N) —2sz<”_ N) +zsl,1<” —! 1,N>i|
2(1 4 ) P3g272N 2N\[..»
32N - DN(N + DX(N +2)2N —3)2N — 1) < N ) [Ho(”) (H‘l(ﬁ)

+H, (ﬁ)) — 4Ho(n) <H0,1(ﬂ) + Ho,-1 (ﬁ)) + 3<H0,0,1(ﬁ) + Ho,o,—1(\/ﬁ)>}

222N p,e 4i % i
3n<N—1>N<N+1>2(N+2)<2N_3>(2N_1>< )g i) [Ho(n)
_1,i>—sz("_1,i>+sl,1( )]

o (V)L (__m)
317(N—1)N(N+1)2(N+2)(2N 3)2N — 1) ,z(l ;o

i=1

— Ho(n)S1 (”

N (1 = n?)24=2N py 2N
3n(N — 1)N(N + D2(N +2)2N —3)(2N — 1) ( )

222N pyg 2N 41 —n) 2
"IN DN+ AN + 2N — 3)(21\/—1)( ); i(%) [ oen)

+H0(77)Sl(1 - ’771) - S2(1 - 7771) +S1,1(1 -n, l,l)]}

1 16 8 8
+CaT PL PyoL3 — =P LL
A F{(N—I)N(N+1)(N+2)[ 17 +9 2052 = 3005 2

16 16
—3 PisLi Lg} - ?(SL? +5L3 +2L7Ly +2L1L3)S)

1 Py, 5 2 8 P35
L2+ L2 — —Py(Ly+Ly)S1 + —2 L, L
(N—l)N2(N—|—1)2(N+2)[54 (Li+1L3) 27 52(L1 + L) 1¥ o, e

16(6+ 85N — 85N?)
27(N — )N !

+(L3 + L%)[§H1 () +

2
$ LEDELE D () + Hor ()~ o)

64(3 — 10N + 10N?)

~2(Ho,1 (v/7) +Ho,—1 (v)) (L1 — L2)] _L‘LZ[ AN-DN

16 2 12 2(14+2N) Py
+3H1(n)]+(L1 L2)[(N—1)N(N+1)2(N+2)

Ho(n) — 32H0(77)S1i|
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2P 224(14+ N + N?
L1+ L) [3(1\7 “DN(N + D2(N +2) Hin <3(N — 1)(N(N n 1)(N) 12
12 ); SRt )S}+<L —L)[ Feo ()
3 1) ol L) s Ty oy 122 o
+ 1 - hiel Ho(n)S1 — O Ho(n)S? - 16H0(77)52]
37 9(N — 1)N(N + 1)2 3 !
2
T 27n(N — DN3(N + 1)3(N +2) (PsiLy = PsaLo)
2 Pss

36457 (N — DN*(N + D3 (N £ 202N —3)2N — 1)

1
45N — DNZN + D2(N £ 22N —3)2N — 1)

|:P53(1 — ) NSl —n, N)
1
+Pyg(1 — Yl)_N<§H%(77) +HomS1(1—n, N)+S1,1(1 —n,1, N))
N 1 —1 -1
+<1L) {P44[—H(2)(77)+Sl,1(n ,1,N)} +P46[Ho<n)sl<" ,N)
o~/ 2 n n

+S< 1N)“ ( (1 +m272N Py 2N
Ty 90n3/2(N — )N (N + D2(N +2)(2N — 3)(2N—1)< )

DB ) [ 1) + ()

400 (o1 (/) + Ho -1 (V7)) + 8001 (V) + Hoo-1 (V1) |

Py

+4517(N —DNWN+DHIN+2)2N —3)2N —1)

|: Pe1 (1 +77)P24H—1(\/ﬁ) ]Hz( )

540n(N — 1)2N2(N 4+ 1)3(N +2)2 360773/2(N — NN+ 1)(N +2) 0t
4Pig

" 27(N = DN(N + (N +2)

(I+n) P
T 360732(N — DN(N + 1)(N+2)Ho(n)[Ho(n)H1(ﬁ) — 4Ho,1 (V)

Ho(n)

Ho(n) [Ho(n)2 + 6Ho(mHi () — 12Ho,1 (77)}

256(1 + N + N?)

_4H°"1(*/ﬁ)} TN DNV DN 2y 00
(1 +n)Pos
T 45PN — NN + 1)(N +2) <H°’°’1 (V) +Hoo1 (ﬁ))
[ 8 Pgs
36457(N — )N3(N + 1)3(N +2)2N —3)2N — 1)
8 P37Ho (1) 2Py3HG () L2

+45n(1v— DN2(N + 1D2(N +2) ' 9p(N — 1)N(N+1)2 0( )



J. Ablinger et al. / Nuclear Physics B 932 (2018) 129-240 165

s oo — 2 HomHo ] 16Py4
g 0010 o) = =g HotDE0 1D |91 = T o T NN + 1)

4Py 16
H%(n)]S%

X(S3 - 52,1) + |:13577(N _ I)Nz(N—}— 1)2(N+2) - ?
_[ L - 107 Ho (1) + 16H3 }
1357(N — DN2(N + D2(N +2) _ 157(N — ON(N + 1) o(n) o)

_16(1—7N+4N2+4N3)[1 2(n)(n S1< N>+Sl( n N>>
n—1

1570(N—DN(N+1) [2°°

r]’
2 1 n n—1
+Hom | n°Sii{ ——, 1=, N ) =S 1| —, — N
l—n n—1 n
—1 —1
—51,2( 7 ,n—,N>+Sl,1‘1(L7n—,1,N)
n—1 n n—1
1 5 1
71_779N +77S1,1,1 _al_nvlvN
-1 1—n

7—1-2N N b N 4’(777771)1
+45n2(N—I)N(N+1)2(N+2)(2N—3)(2N—1)(N) 3 i(%) {

_ _ 4i (Y _
sz(” 1,i>+H0(n)S1(n 1,i)}+P4 Z%{S]J(%l,l,i)
i=1

N . .
4i1—m7 1
—H%(n)} +nPs7 Z %{EHM +Ho(mS1(1—n, i)+ S11(1—n, 1, i)}

N o i
+(1 = n*) PssHo(n) Z (2, + nP56Z ) T 50 -nit Pso )~ e
i= 1 i
8 P31 1120
P S - S
+ ssZ @ 1 )] [27(1\/ “DNAN+12(N+2) 27 1}42
128(1 + N + N? 64
+ ( ) + —51(¢3 (6.1)
“27(N = DN(N + (N +2)
The polynomials P; read
Pl = (;72 - 1) (41\73 F4AN2 TN + 1) : (6.2)
Pl = (n2 + 1) <4N3 F4N2 TN + 1) , 6.3)
Pis=N*4+2N>—1IN>— 16N — 12, (6.4)
Pig=N*+2N>—6N>—9N —6, (6.5)
P17 =2N*+4N3 425N + 17N +24 , (6.6)
Pis =3N*+6N>+13N2+ 10N + 16, (6.7)

P19 =3N*+9N3 + 15N> +7N + 10, (6.8)
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Py =5N*+ 10N> + 49N? + 32N + 48 , (6.9)
Py1 = 92N* + 65N> — 152N2 — 179N — 90 , (6.10)
Py = (n2 - 1) (5N4 +10N? +73N% + 32N + 32) , 6.11)

Py = (5772 — 1020 + 5) N4+ (sn2 — 48y + 5) N3 (5;72 —206n + 5) N?

— (5n2 — 2441 + 5) N+ 1647, (6.12)
Po =3 (71;72 —46n+71) N*+42 (17;72 P 17) N3

— (253;72 13827 + 253) N?—2 (593;72 4862 + 593) N

—128 (2n2+ 13n+2) , (6.13)
Prs=3 (111n2+64n + 111) N*+18 (53n2+32n +53) N3

- (373;72 F17120 + 373) N2 (713;72 11927 +713) N

—128<2n2+13n+2> : (6.14)
Prs = 12N> +45N* + 87N> + 73N + 69N + 14 , (6.15)
Py = —140nN° — 190nN* + (63172 +320n + 63) N3 +2 (108772 45350 + 108) N2

+ (279;72 +700n + 279) N-2 (9772 — 1609 + 9) , (6.16)
Pas = —36N® — 367N + (sn2 — 18+ 225) N4 42 (5;72 — 108y + 9) N3

+ (73n2 42467 — 495) N2 438 (4n2 21+ 27) N+320(0+9), 6.17)
Pro =4N® + 3N —50N* — 129N3 — 100N% — 56N — 24 , (6.18)
Py =9N® —55N* —2N3 + 142N — 46N + 8 , (6.19)
P31 =99N® +297N> + 631N* +767N> + 1118N? + 784N + 168 , (6.20)
Py, = 344N° + 978N> +209N* — 1032N3 — 817N? — 210N — 96 , (6.21)

P33 = —440pN® — 11009 N 4 270nN* + (63172 + 16407 + 63) i

+ (216772 28100 + 216) N%43 (93;72 +7000 + 93) N

—6 (37’/2 — 160n + 3) , (6.22)
Py = —36nN°® — 36nN°5 + (5;72 2020 + 5) N+ 42 (snz — 1049 + 5) N3

+ (73772 — 322 +73) N% 432 (n2 F1ly+ 1) N +32 (n2 8+ 1) . (623)
Pss = —9 (4;72 — 93+ 4) NS —27 (4;72 — 93+ 4) NS+ (—36n2 + 3589 — 36) N4

43 (36172 F 1210+ 36) N3+ (72772 459421 + 72) N2 4+4224nN + 7687 ,
(6.24)



Psg =

P37 =

Psg =

Py =

Py =

Py =

Py =

Pyy =

Pys =

Pae =
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18 (nz n 1) N® +36nN° + (—115772 118y — 115) N* 2 (7;72 — 1087 +7) N3

+(211n2—246n+211) N? —4(31n2+42n+31)1v— 16 (n2+ 187 + 1) ,

(6.25)
(n2 _ 1) (251\16 £ 75N +25N* — 96N3 — 122N2 — 93N + 6) , (6.26)
3672 N° + 367N + (—225772 18y — 5) N _2 (9772 — 1089 + 5) e

+ (495;72 — 2461 — 73) N2—38 (27712 +20n+ 4) N—3209n+1), (6.27)

9 (47;2 +171p +4) N 427 (4772 +171p +4) N+ (36772 115557 + 36) N

-3 (36n2 49250 + 36) N3+ (—72;72 + 208907 — 72) N2

+14592nN + 32647 , (6.28)

(n2 - 1) (szN6 4 200N5 — 1925N* +2394N3 — 1447TN2 + 622N — 3384) :
(6.29)

1I8N7 — (57 +9)N® —2(57 + 48)N° + (111 — 73n)N* — 8(4n — 33)N?

—8(4n+21)N?> — 96, (6.30)

189N7 — (9 + 5)N® — 2(48y + 5)N° + (111 — 73)N*

+8(33n —4)N> — 8(21n +4)N?> — 967 , 6.31)

—800N® — 8(270n + 269)N” + 4 (30172 — 1185y + 589) N©

—6 (2n3 45502 — 14407 — 1409) NS+ (147n3 — 100572 + 9457 — 3703) N*

+ (471773 60757 — 9157 — 7383) N34 (—1599;73 — 10957>

4108157 + 3839)N2 + (—3117;73 — 601572 + 20857 + 1351) N

—6 (91;73 44652 + 6457 + 127) , (6.32)
—400N® — 4(1287 +219)N7 — 4 (3772 +300n — 404) N©

+ (—525;72 424100 + 3419) NS — (489772 +2750n + 3561) N*

-3 (157;72 19587 + 637) N3+ (1299n2 + 46867 + 2875) N2

) (1581n2+638n—|—381)N+48n(3n—80), (6.33)

33N8 + 132N7 + 106N® — 108N — 74N* +282N3 +245N2 + 148N + 84 ,
(6.34)
400N + (5121 + 876)N7 + 4 (3;72 +300n — 404) N©

+ (525772 — 24109 — 3419) NS+ (489172 + 27500 + 3561) N

+3 (157;72 19581 + 637) N3 — (1299;72 + 46867 + 2875) N2
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Py =

Py =

Pag =

Psy =

Ps; =

Psp =

Ps3 =
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+2 (1581n2+638n+381)N+48(80—3n)n, (6.35)
800N® + 8(2705 + 269)N” — 4 (30712 11857 + 589) N©

+6 (2173 45502 — 1440 — 1409) NS+ (—147;73 + 100572 — 9457 + 3703) N*
+ (—471773 — 60757 + 9157 + 7383) N3+ (1599773 + 109572

—108157 — 3839)N2 + (31 1793 + 60157 — 20857 — 1351) N

+6 (91773 + 46502 + 6457 + 127) : (6.36)
—400n>N8 — 472197 + 128)N7 + 4 (404;72 3000 — 3) N©

+ (3419;;2 +2410n — 525) NS — (3561172 +2750n + 489) N*

3 (637;72 19587 + 157) N3+ (2875172 + 46867 + 1299) N2

2 (381n2+638n+ 1581) N +48(3 — 80) (6.37)
3 (5n2 2820 + 5) N 12 (5n2 42820 + 5) N —4 (15772 +718n + 15) NO
+ (30n2 271610 + 30) NS+ (75;72 + 44861 + 75) N

+ (30;72 — 8687 + 30) N3 — 1280nN% — 1024nN — 10247 , (6.38)
3 (5n2 422+ 5) N8+ 12 (sn2 42+ 5) N+ 12 (5n2 3261 + 5) N©

+ (—30n2 + 419617 — 30) NS —25 (3n2 —10n+ 3) N

~10 (3;72 17187 + 3) N3 — 144007 N2 — 84487N — 43527 , (6.39)
(36172 — 93y — 36) N8 +12 (12772 31y — 12) N +16 (9n2 — 376y — 9) N6
—6 (1zn2 27195 — 12) NS+ (—180;72 — 230117 + 180) N

—6 (12;72 3019y — 12) N3~ 6032yN2 + 1376nN + 10561 , (6.40)
(36772 +93y — 36) N8+ 12 (12772 31y — 12) N7 4+ 16 (9;72 + 3767 — 9) N6

+ (—72172 163145 + 72) NS+ (—180172 4230115 + 180) N*

+ (—72n2 1181145 + 72) N3 4 60327N? — 13767N — 10561 , (6.41)
40072 N8 + 49219y + 128)N7 — 4 (404772 — 3007 — 3) N©

+ (—3419772 — 24100 + 525) NS+ (3561;72 +2750n + 489) N

+3 (637172 19587 + 157) N3 - (28757;2 + 46867 + 1299) N2

+2 (381n2+638n—|— 1581)N—|—48(80n _3), (6.42)



Psq =

Pss =

Psg =

Ps7 =

Psg =

Psg =
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400 (;72 —n+ 1) N84 (269172 T+ 269) N -2 (589772 — 17445 + 589) N©
+ (—4221772 4 66m — 4221) NS +2 (889772 8741 + 889) N*

112 (288;72 5037 + 288) N3—20 (56772 + 187y + 56) N2

+ (883172 + 1082 + 883) N + 654> + 26767 + 654 , (6.43)
800 (n2 + 1) NE 48 (269;72 + 2700 + 269) NT—4 (589;72 — 11857 + 589) NO
—6 (1409;72 + 14420 + 1409) NS +7 (529;72 — 1145+ 529) N

+3 (2461172 44629 + 2461) N3 - (3839772 4 124147 + 3839) N2

. (1351n2 52020 + 1351) N 47621 + 33247 + 762 , (6.44)
— 8003 N8 — 812 (2697 + 270)N” + 47 (589n2 1185 + 30) N©

+6 (1409;73 + 1440n% — 557 — 2) N + (—3703n3 + 94557 — 10057 + 147) N4
+ (—7383n3 —915n* + 60757 + 471) N3+ (3839n3 + 10815n>

10957 — 1599>N2 + (1351773 208572 — 60157 — 3117) N

—6 (127;73 + 64572 +465n+91) , (6.45)
80073 NS + 842269y + 270)N7 — 47y (589n2 11857 + 30) N©

—6 (1409;73 1 14407 — 555 — 2) NS+ (3703n3 — 94572 4 10057 — 147) N4

+ (7383173 + 91572 — 60757 — 471) N3+ (—3839773 — 10815,>

+10957 + 1599>N2 + (—1351;73 — 20857 4 60157 + 3117) N

+6 (127;73 + 64572 —|—465n—|—91) , (6.46)
—800 (n“ + 1) NS 38 (269774 27003 + 270 + 269) N7 +4(5895* — 1185

n° +60n% — 11857 + 589) N° + (8454n* + 86281° — 660n* + 86287 + 8454) N*
+(—=3703n* +1092n* — 20109* + 1092y — 3703) N* — 3(2461n* + 148°

—4050n* + 1485 + 2461)N* + (3839n4 +9216n° — 2190n?

192167 + 3839)N2 + (1351n4 —10325% — 120302 — 10327 + 1351) N

—6 (127;74 + 7365 + 93092 + 7361 + 127) : (6.47)
800 (n4 + 1) N8+ 8 (269;74 +270n° + 2705 + 269) N7 — 4(589n* — 11859

+60n> — 11857 + 589) NS — 6 (14o9n4 4 143873 — 1109% + 14387 + 1409) NS
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+ (3703;74 —1092° +20105% — 10927 + 3703) N*+3(2461n" + 1487
—4050n* + 1481 + 2461) N> — (3839n4 +9216n° — 219072
4192161 + 3839)N2 n (—1351n4 1103203 + 1203092 + 10327 — 1351) N

+6 (127n4 + 7360 +930n> + 736n + 127) , (6.48)

Pso =9N® + 84N® + 723N7 + 2137N° 4+ 1907N> — 716 N* — 2167N> — 1229N?
—400N — 132, (6.49)
Ps; =9 (71n2 1345 + 71) N° 43 (1353772 456421 + 1353) N8

+2 (3153;72 +74122n + 3153) N —6 (767;72 — 70930 + 767) N©

-3 (481 172 — 1192507 + 481 1) NS +3 (833n2 — 597825 + 833) N*

1768 (19712 5635+ 19) N} 12 (211772 + 164107 + 211) N2

—64 (111n2+899n+ 111)N+576 (n2—55n+1) , (6.50)
Per = 927N + (135r;2 2740 + 135) N° 44 (135;72 491+ 135) N®

+ (2646;72 — 37405 + 2646) N +12 (423;72 3565+ 423) N©

+ (4563772 — 3020 + 4563) NS+ 32 (81n2 F 1125+ 81) N*

+16 (54n2 +533n+ 54) N3 +83287N? +4032)N + 8647 , 6.51)
Py = —3 (45;72 +784n — 45) N0 _15 (45;72 4784y — 45) N°

3 (135;72 116967 — 135) N8+ (—270772 + 105287 + 270) N7

+5 (189172 424807 — 189) N® 4 (945n2 524967 — 945) N’

+ (270;72 368325 — 270) N* 4 536647 N + 710087 N? 4 376327 N
+12672n (6.52)
Pes =3 (45;72 — 7841 — 45) N0 415 (45772 — 784y — 45) N°

+8 (135;72 — 16967 — 135) NE 42 (135772 52640 — 135) N7
+ (—945;72 + 124007 + 945) NS+ (—945;72 524961 + 945) NS

+ (—270772 —36832n + 270) N* 4+ 536647 N> 4 710087 N? + 37632y N
112672, (6.53)
Pgs = 20 (405772 — 104127 + 405) N1 (6561n2 — 3739287 + 6561) N°

+ (—37422;72 + 6621467 — 37422) NS+ (—14175n2 411553347 — 14175) N
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+2 (8505;72 — 2135237 + 8505) NS +2 (8667n2 — 4954217 + 8667) N’

410 (1 190772 + 150261 + 11907) N+ 12 (7722772 + 190677 + 7722) N3

18 (243n2 13160 + 243) N2+ 777604N + 259207 , (6.54)
Peg = 2052 (21;72 31+ 21) N'2 4324 (449;72 4589 + 449) N+ (—1432897]2

+4324133) — 143289 N1 + (—619569772 + 76703537 — 619569) N°

—4 (45360772 + 869937 + 45360) N8 42 (227529r}2 — 79339457 + 227529) N7

_ (18225;72 +21127667n + 18225) N6 — (836973772 + 94937399 + 836973) NS

~50 (16605772 — 804199 + 16605) N4 24 (1 142102 — 1250297 + 11421) N3

12254400 N2 — 5184007 N + 1814407 , (6.55)
Py = 12 (405772 — 37661 + 405) N4 448 (405772 — 37661 + 405) N3

+ (8505772 + 206261 + 8505) NZ_6 (7155;72 — 1162187 + 7155) N1

— (9315;72 + 2289027 + 9315) N0 4 (322866n2 — 3020828 + 322866) N°

+ (815427;72 — 1126660 + 815427) N8+ (952074;72 + 47873487 + 952074) N’
145 (14967772 + 418067 + 14967) N® 42 (1622437;2 — 5041229 + 162243) NS

132 (2592172 435513 + 2592) N* 4 16293127 N3 + 6707527 N>
+86400nN — 725761 . (6.56)

The expression for a al g (N ) exhibits potential poles at N =1/2 and N = 3/2 due to rational
pre-factors, which have to be investigated. An expansion around the corresponding values in N
using HarmonicSums shows, after some calculation, that these poles vanish for general values
of 1. In the case n = 1, the corresponding result had been obtained in Ref. [4] before. For the
proof in the case 1 €]0, 1], 201 special replacement rules had to be derived and applied. A few
of them are presented in Appendix C.

6.2. Momentum fraction space

In z-space, Ez;i,) receives three contributions, the §-distribution, a 4-distribution and a regular

part, since it beloflgs to one of the diagonal OMEs. Their Mellin transform reads

a? ()=

1
dgg o dz Vs — )~;3g)g(z)+fdz (zN_l — ) ~;z,)5(z)
0

N—1 ~(3),reg
dz z Age’0 (2). (6.57)

/
|
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In turn, the different terms can be obtained by a Mellin inversion:

~(3),8 _
agg,Q(Z) -

332 /.3 3 04 128
Ty ?< 1+L2>+?L1L2(L1+L2)+32{2(L1+L2)+T§3

405 — 3766n + 4052 784 5+ 282n + 512
+CFT? n+40on NGy _ 2 t2ean+on”
81n 9 4n

_ 2
+(1+'7>(58n3/22’7+5" )<H1(ﬁ)+H_1(ﬁ)>]L1Lz+[ 8

B 2
G2 (b, gy () 2 + 23

(I+n(5—2n+59°
(4713/2 ) |:H0(77) <H0,1(ﬁ)

+Ho, -1 (ﬁ)) - 2<H0,o,1(ﬁ) +Ho,0,-1 (\/ﬁ))} - 1;—6@}

45 — 784n — 4512
—( )Ho(n) +
18n

38(21+31n+21n%) 4 -

CuT? - 3—L3> —LiLy(L,— L
+AF{ 1351 9(1 2+312(1 2)
4—117n+4n> 16 (L+n)(4+ 11n+4n?)

——— ——H
+[ 3 3 Hiln) + 672

4+ 1470 +4n* 8
x[Hi(v/m) +Hy (\/ﬁ)]]Lle-i-[dl_6—;]—{_77 + ng(n)

2
DA )1 ] (24 13)

+[8(1—n2) 16 (L+m)(4+11n+4n?)

—H, —
37’] + 3 0,1(77) 37]3/2

x[Ho,1<ﬁ>+Ho,1(ﬁ>]}<Ll Ly

13(1 — n? 71 + 134n + 715>
MHo(n)Jr 7 1
45n 60n

(14 n)(71 — 465 + 717> )
) ( 1200372 )[H—l(ﬁ) +H1(~/ﬁ)]]H3('7) — 5 Holm

62
+? (L1 +Ly) —

(L+n)(71 — 460+ 71n?)
30773/2

(L4+m (111 + 64y + 11152
X[HO,] (\/ﬁ) +Ho -1 (\/ﬁ)] - ( 15773/2 )

8 16
—=Hy(mH1(n) + —Ho(n)Ho,1(n) + Ho(n)

3 3

X [HO,O,I (\/ﬁ) + Ho,o,_l(\/ﬁ)] + ?Q} )

5—422n + 512

(6.58)
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200+
Geg. Q(Z)
1 [80 1360 864
2 3 2 2 00+ 2 52
CATF{l—z[S (L +L )+ 27 <L1+L2)+ 27 HO(")(Ll L2)
32 640 2752 64
+—Lil(Li+ L)+ —Lila+|——+ H om [(L1+ L2)
3 27 27
368 32 8(405 — 104129 + 4051?)
““Ho(n) — —=Ho(n)[Ho — H;]| (L1 — L) —
+[ 9 o(n) 3 o(m[Ho 1]}( 1— L) 7297
40(1 — n? 2(5 — 1025 + 512 1+n)(5+22n+ 572
L 4o n)HO(n)+_( n+507) A+ 22 )
9n 917 93/

352 64(1 —n?
[0 () + 1 (V)] [ = S + | 3 = 4200

32
3

32(14»?) 64 3
TH% — 3Hé(n)[H1(n) — EHI]

128 64(1 + n? 4(1 4 n)(5+22n + 572
+——Ho(mHo,1(n) + 64 + ) )Ho,l - ( 375 )Ho(n)
9 151 In3/

128 8(1+m(5+22n+57°
() + Ho 1 ()] g0+ SERC IRV

64 } 51+m(1—n+1?)

_— _&
+Hoo-1 (V)] = 3563 | + 0P (1= 27

400 [Ho,1 (V) + Ho.-1 (V)] = 8[Ho1 (V) + Hoo 1 (V)]

32(18 — 1759 + 187%) 112
& [_ ( 1353 ) + (L +L2):| + FICA(z)JrFf*‘(Z)} , (6.59)

H%(n)]Ho +

[—H%(n)[H—l (v/n) +Hi(y/7)]

1—z2
PIORC-
oo (1) =
8(1 —z)(4+ 7z + 472
CFTIE{(L?+L3)[ ( - )

16(1 — 2) (4 + 7z + 422)

+48(1 +z)Ho}

+L1Ly(Lq +L2)[ +32(1 +Z)Hoi|

3z
16(1 —2)(37 — 1407 — 477%) 8
(LI +L3)| - ( )——(—19—41z+822)H0
9z 3
136 16(1 — 2)(4 + 77 + 472
+T(1 +Z)H(2)+ ( (3Z )H1 +32(1 4+ z)Hp,1(z) —32(1 +z)§2]

16(1 —2)(4+ 7z + 472
+(L%—L%)Ho<n)[ A=9)(3+72+42%)

+96(1 + Z)H0i|

128(1—2)(1— 11z —5z%) 64 64
+L{L,| — ( ) 4+ —@B+52)Ho+ —( +z)H%
9z 3 3
32(1 — 2)(89 — 2089z — 559z2)  16(1 — 2)(4 + 7z + 472
+(L +L2)[— ( 81z ) + ( )H%(n)
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64 3
+<ﬁ(184 + 175z — 1 lzz) +96(1 + z)H%(n)>HO + §(35 +777 — 16Z2)H(2)

176 32(1 —2)(32 — 852 — 227%)  64(1 — 2)(4 + Tz + 47>
+—(+2H)+ (- ( )+ ( )Ho H;
9 27z 9z
16(1 — 2)(4 + 7z + 422 64(4 42z — 772 —27%) 128
+ (9Z )H%—I—(— ( % ) +T(1+Z)H0>Hol

60 + 37z — 777> — 447°)
9z

128 64 8(
_T(l + 2)Ho 0,1 + ?(1 +2)Ho,1,1 +

112 64
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32(1 — z)(32 — 85z — 222%)
9z

+(Ly — Lz)Ho(ﬁ)[—

32(1 —2)(4+ 7z + 42%)

64
+5 (1442 - 22%)Ho + 64(1 + 2)H3 + H; +64(1 +2)Ho

3z
21
6401+ z)g“z} + [H%(n)(Hl (/) + H, (ﬁ)) — 4Ho() (Ho,l ()
8 4
+Hop, 1 (ﬁ)) + 8<Ho,o,1(ﬁ) +Ho,0,-1 (\/ﬁ))} + 472QSl;z Ho(n) + 1275Q7156nz

16(1 +n)0
457322 e 01 )|:Ho('7)<H 1(v/n) +Hi (V7 ))

—4Ho(77)<H01( V) +Ho,—1(v/7) +8(H001 /1) +Hoo - 1(«/@)}

(
L4 +Q \/—
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77648(1 — %) 77648(1 4 n?)
sy ) + s ) -2t (1)
4(1 V1=
I YR g (11 (V) + 1 (V) ) 1000 (o (/)

+Ho (ﬁ)) +8 <H0,0,1 (v/n) +Ho,0,—1 (x/ﬁ)ﬂ

32(1 —2)(32 - 85z — 227%) , 32(1 —2) (4 + 7z +42%)

H2(n) — H3
9 o 77 o(m
8 16(40 — 40n% + 51z — 51n%z
_[Son 1o Dot
425257 457
64(1 + 4z — 272 64 0
_¥Hg(n) + 5(1 +z)Hg(n)}Ho + [4058 +64(1 +z)H0(n)]



J. Ablinger et al. / Nuclear Physics B 932 (2018) 129-240 175

64(1 —2)(4 + 7z 4 422)
9z
8015 32(1 —2)(4+7z+422)
42525nz 3z
128(1 — 2)(32 — 85z — 2272 64(1 — z)(4 + 7z + 472
1280 o )ty 4= ]

16
il

56
7+ 145z + 162%)Hy + 71 +2)H; — [ H ()

H (1)

128 5
+T(1 + 2)Hg(mHo |Hi () —

81z 0 27z

32(1 —2)(32 — 85z —22z2)  64(1 —2)(4+ 7z +42%)
81z 27z

32(1 — 2)(4 4 7z 4 422 128(1 —2)(4 + 7z + 422

+ (81z )H; * [ (9z )

HO}H%

Ho (1)

16012
405nz

128(4 + 5z + 572 — 873 128 128(1 — z) (4 + 7z + 47>
+ ( )Ho——<1+z>H3— ( )

27z 9 9z

128 128(1 —2)(4+ 7z +42%) 256
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256 ,
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[256(2+ 7z — 272 —102%) 1024

_ — 1 Hy [H
77z 9 (I+2) 0} 0,0,1
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—(1 H
772 + ( + 2)Ho

560 1280 12
——(1+Z)H0001+—(1+Z)H0011+—(1+Z)H0111

16013
405nz

352(1 —2)(4+ Tz + 4z 70 26
+ ( )(272 )H +—(1+Z)H01}§2+—(1+Z)C2

I 16 464
+| - — 64(1 + 2)Hj () + 57 (149 447z — 88z )H0+—(1+z)H2

1
32(44 — 7z — 1322+ 122%) 320 1 ¢,
Z

27z

1 1 Z y z Z2
RIS (cmF(y) + —FfF<y>> Ho (—) + SFO+ SFE)

y 3y2 —3y3 —3yz+3y3z — 472 +4y372
+2Z3F/ZF7CF( )+< = —2(1+ 2)Ho
2(y +2)Ho(%) (1 —2)(4+ 7z +42%) i
+TV>F_EF()1)] - < % +2(1 +Z)H0> /dnyF(y)}
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16(3 — 5z + 222 — 22°)
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LiLy(Ly+ L)
3z

383 — 4857 +323z2 —39173) 27201 32(1 —
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~att0) (o (V) + Ho-1 (V) ) +8(Hoon (V) + Hoo-1(v3) ) |

5612(1+7n%)In2)  2806(1 — n?)
-3 3)2 577 Hom) +
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1 42 |
—7+4z2
— / dyF! (y)} : (6.60)
4z
0

with the polynomials

0, = 4853 (n2 —n+ 1) +6 (35691]2 + 152960 + 3569) z, 6.61)
05 = 40 (9n2 2159+ 9) n (459772 + 47300 + 459) 2 —880n22 (6.62)
0o = 9572 + 1307 + 95 + 80 (n2 85+ 1) Z+ (68772 8+ 68) 2, (6.63)

Q10 = 362797 — 22422 + 3627 + 40 (2095 + 31305 +209) 2

4840 (17772 —+ 17) 2, (6.64)
011 = 1400 (117;72 — 17935 + 117) +7 (18873172 546250 + 18873) z

425 (1755772 — 826m + 1755) 2, (6.65)
012 = 12801 + 40 (9n2 — 861+ 9) Z+ (459772 42500 + 459) 2444003, (6.66)

013 = 12307 + 10 (36n2 — 551+ 36) Z+ (459772 + 12409 + 459) 241570027,

6.67
Q= (1 - nz) (19950 — 1400z — 39697 — 4875z3) : E6.68;
015 = —350 (513772 4540 + 513) +12600 (n2 250+ 1) 2+ 63(56712

21507 +567)2% +25 (17557° — 8260 + 1755) 2° (6.69)
Q16 = (z = D[208 (531997 + 245001 + 5319) + (308610 — 369407501 + 30861) 2

+25 (526507 — 3779021 + 5265) 2] (6.70)
Q17=—9n2—760n—9+8(18n2—95n+18)z, (6.71)
015 = —9n% + 1007 —9+4(36n2 4259 +36)z, (6.72)
Q19=—18 (nZ n 1) + (27;72 — 3200 + 27) 2 —320n22, (6.73)
Oxn=n"—n"z+4 (n2 - 1) 22, (6.74)
0 =(r2+1)(1-2+42) , (6.75)
02 = (nz - 1) (_141 + 2324 1222> : (6.76)
0 = (n2 - 1) (2 —z+ 16z2) , 6.77)

020 =24 (307 = 81 +3) — (1097 + 4467+ 109) z + 4 (110> = 861+ 11) 22,
(6.78)
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025 =36 (n2 n 1) _5 (9n2 32+ 9) Z+8 (9;72 200 + 9) 2, (6.79)
026 = 18 (nz n 1) —5 (9n2 — 64 + 9) Z+8 (9772 400 + 9) 2, (6.80)
07 = —7 (279;72 538y + 279) +4 (153;72 452967 + 153) z

+8 (277;2 — 5200 + 27) 2, 6.81)
025 = 63 (23172 428741 + 23) —21 (1035;72 21322 + 1035) z

+ (8586;72 — 664721 + 8586) 2, (6.82)
029 = 20 (27712 42087 + 27) + (1 170 — 861 + 117) Z+4 (117;72 — 986n + 117) 2

—2080nz7° , (6.83)
030=57+ (n2 — 95+ 1) z+4 (2;72 —55p+ 2) 2 —80n2°, (6.84)
031 =—20n —3 (3n2 — 405 + 3) 2+ 12 (3772 F5p+ 3) 2420023, (6.85)
03 = (n2 — 1) (5 — 17741022 + Zz3> , (6.86)

03 =5 (27;72 42089 + 27) _3 (153;72 +220n + 153) 2430 (9;72 4260+ 9) 2

+2 (277;2 — 5200 + 27) 23, (6.87)
Q34 =5 (27;72 + 1047 + 27) _3 (153;72 1107 + 153) 2490 (3772 —n+ 3) 22

+ (54712 —520m + 54) 2, (6.88)
035 = 42 (n2 1597 + 1) — (183n2 + 30887 + 183) Z+3 (71772 + 10447 +71) 2

+(111n2—6890n+111)z3, (6.89)
036 = —193207 + (—1953172 + 218067 — 1953) Z+ (612772 — 88967 + 612) 2

+8 (27;72 +21557 + 27) 2, (6.90)
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In the above equations a series of functions, F, have been used. They further depend on the func-
tions G¢(y) and K, which are given in Appendix D and for which we suppress the n dependence
for brevity. The functions F are given by
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(1+ m?2(163 + 1034n + 163n>
- ( )Hé<n>

63(—1+n)2nr/T—y/y
4(1+n)(1+n+n?)(163 + 1034n + 163n?)
189(=1+mn*m/T—y/y

N Rso [Ho(y) + Hi ()]
189072(1 — y +ny)(—n — y +ny)

) 2 2
- 27(— 1+ 114+ 74n+ 11
B (P T )

—(1 = n*) (163 + 1034y + 163772)H0(n)} , (6.108)

Ho (1)

5612Rg;  5612(1 + 1+ n?)
94572 9452 /T—y./y
5612(1+n)*(1 =1 +7°)

M Ty

1403(—141)?

ToaS Ty

Fy ' (y) = Gl(y){Z(—1+n)2+(1 —nz)Ho(n)}

8
{GG(y) +G7(y) — ;|:K19 + K20“

{Glz(y) +G13(y) — K13 — K4
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8
+H0(77)[G4(y) - Kﬁ] + - |:K21 + Koo + K3 + Kpq + Ho(n)Kls]}

_1403(=1+m)?y
945/ T—y /5

8
—Ho(n)[Gs(y) - K7] + - [Kzs + K6 + Ko7 + Kog — Ho(n)Kls]}

{G14(y) + Gi15(y) — K16 — K17

2806(1 +m?(1—n+n%)  1403(1 — n*)7
56T /T—yy 1890ny/T—y. /3
1403(1 + m>2(1 — n +1?)
945(— 1+ )2 /T—yy
2806 R¢p
94572 (1 — y + ny) (=i — y + ny)
5612(1+m)(1 —n+n%)(1+n+n?)
2835(— 1+ mn?a/T—y/y

2806R
> 800 [Ho(») +Hi(»)]
945n (IT—=y+ny)(=n—y+ny)

1403§2 2 2
2(—1 1
T30 nFI{ Crw ()

+A =) (1—n+ nz)Ho(n)} ,

Ho(n)

Hi ()

Ho ()

Ho (1)

64(1 —n)
15n(1—y)
64(1 —n)
15n(1—y)

The additional polynomials Ry are given by

FEA(y)Z— {Gg(y)+G9(y) —le[Glo(y)+G11(y)]}

321+
»)

150(1 — Ho(m)-

{Gz(y) + n2G3(y)}Ho(n) e
Ris=2n (5n2 4545+ 5) + (19;72 820 + 19) n—1)12y,
Ris =27 (9n% = 820 +9) — 4n (70" = 200° + 907> =207 +7) y

—(— 1) (19;74 7453 4 19872 + 740 + 19) y?

(= 1) (197 + 261 +19) 7.

Rie = (;72 . 1) [18172 — 109 (n2 107+ 1) y— (g —1)? (19n2 1107 + 19) y?

+1— D (1977 + 827 +19) y3] ,
Rip=n (n?+187+1) + (n? +101+1) (0 = Dy,

Rig = (nz - 1)y[—n (n2+ 10n + 1) - <n2+ 1+ 1) (=17

(6.109)

(6.110)

(6.111)

(6.112)

(6.113)

(6.114)
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+(n2+10n+1)(n—1)2y2], (6.115)
Rig = 20173 -7 (774 - 8173 +54n2 —8n+ 1) y

—(—1) (n4+ 115° + 3602 + 115 + 1) 32

+(n2— 1)2 (n2+8n+1) v, (6.116)
Rao =1 (83n2 54+ 83) +2 (n2 — 53+ 1) (n— 12y, (6.117)
Ry = (nz - 1) y[n (—83772 12687 — 83) _ (2772 — 185+ 2) (n—1)2y

+2 (n2 535+ 1) (n — 1)2y2:|, (6.118)
Ry =1120% + 1 (79;74 — 11057 — 16202 — 1105 + 79) y

—(—1)? (2n4 11397 4 545% + 1399 +2) y?

2 (nz - 1)2(n2+26r}—|— 1) ¥, (6.119)
Ras = —21 (59;72 — 150 + 59) +(—1)7 (17;72 43027 + 17) v, (6.120)
Rog = —21 (45;72 — 1225+ 45) — 8y (19n4 — 56n° + 909> — 5617 + 19) y

—(—1)> (17;74 — 861 + 33092 — 861 + 17) 32

+(772—1>2(17772—2n+17)y3, (6.121)
Rys = (;72 — 1) [90;72 21 (59;72 — 2861 + 59) y—( =12 (17;72 4547 + 17) y?

(- 1) (17n2+302n+ 17) y3], (6.122)
Rog = —21 (177;72 — 50 + 177) +(—1)? (21;72 + 446n + 21) v, (6.123)
Ry = -2 (75;72 41545 + 75) +4n (—99;74 1761 + 15002 + 1767 — 99) y

—(—1)? (21n4 — 6587 — 550> — 6581 + 21) y2

+<n2 - 1)2(21;72 —346n+21> ¥, (6.124)
Rog = (;72 - 1) [2n (177772 — 5987 + 177) y— (= 1)? (21772 48425 + 21) y?

F1500% 4+ (n — 1)2 (21n2+446n+21>y3], (6.125)

Rao = —211 (125;72 — 8829+ 125) F(—1)2 (65772 12620 + 65) v, (6.126)
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R0 = —dn? (63r;2 — 442 + 63) — 4y (95n4 — 40973 + 1260n% — 4097 + 95) y
—(—1)? (65774 +3827% + 289872 + 3821 + 65) y?
+ (n2 - 1)2 (65772 45020 + 65) »,
Ry = (nz - 1) [2n (125n2 — 9467 + 125) y— (=12 (65172 16427 + 65) 32
125202 + (5 — 1)? (65772 12627 + 65) y3:| ,
R3z=n3+n+(n—1)2(n2+n+1)y,
R33 = (n2 - 1)y[—n <n2+n+ 1) - (nz - 1)2y+ (n2+n+ 1) (n — l)zyz} :
R3y =2 — (n5+n4+n2+n)y—(n— 1)2<n4+2n3+2n+ 1)y2
A o)
R35=(n4+n3+n+1)ﬁ,
R36=—2(n5+n) - (n4+1)(n— 1)22+<n2— 1)2(nz—n+1)z2,
Ry = (0" +0% 40 +1) VE[=n— (= D’z + (= D]
Rag = <n5+n4+n3+n2+n+l)ﬁ[—n—(n—1)2z+(n—1)212] ,
Rao=(z— D[1+n* =502+ 50z —z —dzn*(1 — 2) + 4zn* (1 — 2) + 4n*2?
—4n’?] -1 -2),
Reo=(+ Dz = D2[-2(n* +n) = (n? +1) 1= Dz
+ (n2 o+ 1) (- 122,
Ry = —730* = 905> —90n — 73 + (n — 1)? (73;72 + 1630+ 73) z,
Rup = (n2 — 1) [n (269112 42200 + 269) + (2199 — 4379
—491n* — 4371 +219)z — 3(n — 1)* (146n2 +253n+ 146) 22
1300 — 1)? (73;72 41637 +73) z3:| ,

Riz=n (269n4 2203 + 2200 + 269) + (21995 — 4375 — 7107
—100n* — 7109% — 4370+ 219)z — 3(n — 1)* (1460 + 253’
2
+180n2 + 2531 + 146)2 + 3 (n2 - 1) (73n2 17+ 73) 2,

Ryq = =257 — 1289 +210n% — 128y — 25+ 2(n — 1)? (61772 +226m + 61) y,

(6.127)

(6.128)
(6.129)

(6.130)

(6.131)

(6.132)

(6.133)
(6.134)

(6.135)

(6.136)

(6.137)

(6.138)

(6.139)

(6.140)

(6.141)
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R4g =

R49 =

Rso =

Rs51 =

Rsp =

Rs3 =

Rs4 =
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—2n (75;74 + 52453 — 1054n% + 524n + 75) — (75n° + 4861°
—2795n* + 38929 — 2795n% + 4861 + 75)y — 3(n — 1)* (471"

2
—1767% — 30n% — 1761 + 47)y? + 72 (;ﬂ - 1) (3772 —8n+ 3) ¥,
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(6.142)

(nz - 1) [2;7 (75n2 + 704y + 75) +3 (25774 +885° — 92212 + 887 + 25) y

—9(n — 1) (49;72 42587 + 49) v 4+ 6(n — 1) <6ln2 42260 + 61) y3i| ,

1275% 4+ 736n° + 93002 + 7367 + 127 — 36(7 — 1)2 (772 +6n+ 1) y,
(nz - 1) [144;72 + (127n4 + 53003 — 1602177 + 5305 + 127) y

—( —1)> (163172 + 7700 + 163) v2 436(n — 1)2 (n2 6+ 1) y3] ,
16 (3772 + 1607 + 3) + (12705 +2520° — 3675* — 533617 — 3679
+252n + 127)y = 3(n — 1)* (115;74 + 688%° + 1050n> + 6881 + 115) y?

2
+2 (n2 . 1) (109;72 + 4461 + 109) ¥,
—993n* — 132453 + 3690n% — 13247 — 993
40 — 1) (581172 + 17067 + 581) y,

- <n2 - 1) |:6n (127r}2 112620 + 127) +(993n* + 102477 — 1550612
+1024n +993)y — (n — 1) (3317772 +10810n + 3317) 32
40y — 1) (581n2 + 17061 + 581) y3] ,

—2n (381n4 + 13387° — 2966n> + 1338y + 381) + (=9931° + 12107°

+8521n* — 15588n° + 8521n* + 12105 — 993)y + (n — D*(6551"
+1796n° — 20700 + 17967 + 655)y*

12 (n2 _ 1)2 (169;72 —574n+ 169) ¥,

(n2 — 1) [—2n (11;72 — 1601 + 11) - (33;72 — 406n + 33) n —1)%y
43 (11n2 — 86m+ 11) (n— 1)2y2] :

—2 (11;74 323 — 4700 + 327 + 11) + (=334 + 1541° + 1617*

2
—21007% + 16102 + 1545 — 33)y + 9 (n2 - 1) (11;72 — 861+ 11) y?

(6.143)

(6.144)

(6.145)

(6.146)

(6.147)

(6.148)

(6.149)

(6.150)
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2
—6 (nZ— 1) (11n2—86n+11) v, (6.151)
Rss = —353n* — 12000 — 750n% — 12001 — 353 + 8(n — 1)* (317>
+1219+31)y, (6.152)

Rsg = —4n (57n4 + 2757 +300n% + 2750 + 57) + (—3531° — 2967° 4 30257*
+29601° + 30257 — 2961 — 353)y + (n — D?(8117* + 3128n* + 3690n*

2
+31287 4 811)y> — 2 (nz - 1) (229n2 +506m + 229) y3, (6.153)

Rsy = — (;72 — 1) [4n (57;72 1559 + 57) + (353n4 +26n° — 222297 + 261 + 353) y

—(—1)? (601772 419587 + 601) V24 8(p — 1)? (31;72 +121n + 31) y3i| ,

(6.154)
Rsg = 623n* + 412473 + 138617 + 41247 + 623 — 54(7 — 1)2 (11n2 4 74n + 11) y,
(6.155)
Rso — (nz _ 1) [28;7 (267772 19160 + 267) +15(6235* + 251403 — 114587?
2 2 2
+2514n + 623)y — 15(7 — 1) (1217;7 + 80627 + 1217) y
18107 — 1)2 (11n2+74n+ 11) y3i|, (6.156)

Reo =47 (1869n4 + 12404n° + 1225457 + 124047 + 1869) + (93451° + 32808n°
—150697n* — 109312n> — 1506977 + 328087 + 9345)y
—45(n — 1)? (425n4 1318873 + 36547% + 3188y + 425) y?

+60 (nz _ 1)2 (163n2 +1034n + 163) ¥, (6.157)
Rov=n’+n+01—D*(n?+n+1)y, (6.158)
Re= (P —1) y[—n (P +n+1)= (- 1>2y +(nP+n+1) - l)2y2i| . (6.159)
Re3 =2’ — (n5+n4+n2+n)y—(n— 1)2(n4+2n3+2n+ 1)y2

2
+(n2— 1) (nz—n+1) . (6.160)
We remark that in intermediary steps of the calculation also a lot of constants appear, which are
no multiple zeta values, see also Appendix D. They all cancel in the result given above.

6.3. Transformation to the MS scheme

Since there is a finite two-mass contribution A;? 0 which depends on both heavy quark

masses, at 3-loop order the OME Ag;’ 0 differs if calculated in the on-mass shell scheme (OMS)
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or the MS scheme. The change from the OMS- to the MS-mass is best performed on the complete,
renormalized OME, which we present in the following.
The relation between the OMS-mass m; and the MS-mass m1; for, i = 1, 2 reads

o0
m; k (k
Cmi=,;,—j_=1+Zasc£n?, (6.161)
k=1
with the coefficients, cf. Section 2,
) 3
Cm] =4Cp (1 - é_lLi , (6.162)
2 71 26 ) 1111
Cy = CrNrTF v 8L + ?Li —2L7 |+ CaCF EYa 8¢ + 244, In(2) — 643

185 11 107 52
_TLi + TL%} + CrTF [_T +85 + ?Li — 4L} +240r; — 1217

—8r?Ho(r;) +24¢or7 — 8rH(r;) — 8¢or — 8H10(r) (1 —ri—r 4 r;‘)
+8H1,o<ri)(1 i+ 4)}
8 2

71 9 9
+Ch [—— +3052 — 481In(2)5 + 1243 + SLi+ —L?} (6.163)

using the definition of ; Eq. (2.13). In the r.h.s. the use of the MS-masses is implied.
One obtains

=2 -2 )
@S (M7 My} (@.0Ms (M My M, (D
Ao (F, F) =Ag0 (F’ Pl —2po,0 (le +Cm2) (6.164)
__ =2 -2 )
AGWS [T T2 ) j@0ms (T T2 L Hg D2 L (02 50 )
860 \ 20 2 )~ Tss0 w2’ 2 0,01 “m my my T Cmy

1
2 1 1 ~(1 1 1
+4/30’Q{c,(n1)L2 +c,(n2)L1] +3 ;g){cfnl) +c,(nz)}

1 1 o
+5 [Zﬁo,g(ygg) +260) + 54 Vg + Sﬁg,Q] {c,(,:I)Ll + cf,}ng} .
(6.165)

6.4. Numerical results

In Fig. 2 we compare the 3-loop two-mass effects contributing to Az, o to the complete effect
of the O(T,%) term due to heavy quarks for a series of 2 values as a function of z in the open
interval [0, 1[.

The contribution of the two-mass term to the whole Tg—contribution is significant. At lower
values of 112 the ratio in Fig. 2 shows a profile varying with the momentum fraction z. It flattens
at large 12 due to the dominating logarithms and reaches values of 0(0.4) at u? ~ 1000 GeV?.
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Fig. 2. The ratio of the two-mass (tm) contributions to the massive OME ASR) lQm to all contributions to Afg? 0 of O(T]%)

as a function of z and w?2. Dashed line (black): u2 = 50 GeV2. Dash-dotted line (blue): u? = 100 GeV2. Full line
(green): ;,LZ = 1000 GeVZ. Here the on-shell heavy quark masses m. = 1.59 GeV and m;, =4.78 GeV [1,2] have been
used.

7. Conclusions

We have calculated the two-mass 3-loop contributions to the massive OME Ag, ¢ in ana-
lytic form both in Mellin N- and z-space for a general mass ratio n. The OME contributes to
the two-mass variable flavor number scheme. The close values of the charm and bottom quark
masses make it necessary to use this extended scheme. The relative contribution of the two-mass

@) " are significant and they amount to

contributions to the whole massive TI% contributions of A 26,0

values of 0(0.4) for u? ~ 1000 GeV?2.

The OME has been first calculated in N-space by direct integration of the contributing Feyn-
man integrals, which made one Mellin—Barnes representation necessary. The problem was thus
turned into a nested summation problem, in which the mass ratio n appeared as fixed parameter
in the ground field. The corresponding sums could be calculated using the packages Sigma,
EvaluateMultiSums and SumProduction, being the largest and most demanding com-
putation we have ever performed as a summation project. For the infinite sums the limit N — oo
was performed using procedures of the package HarmonicSums. The overall computational
time in the summation part amounted to four to five months, including runs needed for code
optimization. The N-space result contains harmonic sums, generalized harmonic sums due to
the 1 dependence, and (inverse) binomial extensions thereof. The Mellin variable N also oc-
curs as exponent in n-ratios. We proved analytically that the evanescent poles at N = 1/2 and
N = 3/2 vanish. The package HarmonicSums provides algorithms to calculate the inverse
Mellin transform of the N-space expressions, which are needed for a series of phenomenological
and experimental applications. This is the case because not all parameterizations of parton den-
sities have a simple Mellin space representation, even not at the starting scale Q%, cf. [66]. The
z-space representation can finally be given in terms of general iterated integrals over root-valued
letters, also containing the parameter 1. These can be reduced to (poly)logarithms of involved
arguments, up to one integral in some cases. We were choosing this representation to obtain a fast
numerical implementation. The corresponding integrals can in principle be performed within the
G-iterated integrals. However, corresponding fast numerical implementations would have still to
be worked out for part of these functions. We have checked that our general N -results and those
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in z-space are in accordance with the moments we have calculated before for N = 2, 4, 6 using
different techniques.

With this contribution only one further two-mass OME, A(QS;I’ has to be calculated to complete
all two-mass quantities of the VFNS to 3-loop order. At 2-loop order the study of the two-mass
VENS has already been performed in Ref. [67].

During the calculation we obtained a series of analytic integrals, which are listed in the ap-
pendix. They are of use in further 3-loop two-mass calculations. One more result of the present
analytic calculation is that special numbers, appearing in intermediary steps, and which are not
multiple zeta values, cancel in the final result. This is as well the case for one singular Mellin
transform due to the behaviour o« N2, which cancels between different Feynman diagrams.
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Appendix A. Momentum integrals

The appearing tensor integrals are mapped to scalar integrals using the following relations

ddk 2 _ S 2y
dk 2 Suimamsps k)2 2
[ o )dkﬂlkuzkﬂzku4f<k) g / 5 )d< 22, (A2)
ddk 2\ Sﬂlmmmuim 253 2
2 )dkmkuzkmkMkuskusf(k )= DD +2)(D +4) (2 )d (k%) f(k7) (A.3)

with the symmetric tensors

Suiponzins = uipa8uzpa T i ps8uars t 8uipa8uons (A4)
Syvmansnansis = 8uapa [&usna8usie + Quaps8uane + e uans]
8113 [ uana8usie + &uuaps 8uuams T Suas&unans |
tT8uips [gM2M3gM5M6 + 8uons8usne T guzusguaus]
8 us [8uans8uans + Suans8usis + Suaine8uspia |

8116 [guzm 8uans t 8uona8usps T uous gM3M4] . (A.5)
Furthermore, integrals in which the local operator insertion contributes are calculated using

d’k N 2 N oN d?k 5
/(Zn)d (k.A+ Rop.A)" f(k7)=(A.p)" Ry /(2n)df(k ), (A.6)
dk N dx

ddk 2 N 2
/W(p.k) (kA + Rop. AN (k) =

N(N —1)

d?k
m(A"’)N Ry~ /W(kz)zf(kz), (A.8)
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ddk 3 N 2
[ Gt 907 st Rop.) F4) =

N(N = 1)(N —2) N N_3/ Ak 55 5
A. R k k). (A9
D(D+2)(D+4)( pP)" Ry (2n)d( Y fk7). (A9)
Other terms vanish, since they turn out to be &x A.A =0.

Appendix B. The OMEs Ag’g) in N- and z-space

The OMEs Aézg,)”g ) are given in N- and z-space by :

A2 2
Ao o(N) =23 pL1 Lo, (B.1)
~(2
AD () =283 pL1L28(1 - 2) (B.2)
and
e _
Agg,Q(N) -

332 4 3 128 128
—Tr ?(Ll+L2)+TL1L2(L1+L2)+32§2(L1+L2)+T§3

oo 184(2+ N + N2)? g

+er F{_9(N—1)N2(N+1)2(N+2)( 1+ L2)

3224 N + N2’ el

T3NS DN(V  DEN o) LrEb L)

(L2412 |: 8 Pss B 16(2+N+N2)2 S}
(L1 +L2) IN-—DN3N+D3(N+2) 3(N-DNAN+D2N+2)""
B0 4L 32P10

oy bl (B 2)[_3(N—1)N4(N+1)4(N+2)

AR+ N+NY) }L 4Py
N-DN’N+ 2N +2 2] T on (N — DNV £ D3N +2)
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2 2
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+ (1) ( 3772 )= i+ ) [HO(U)H](«/E)—ZHO‘I(«/E)]
16 Pgg 3224 N + N2’ :

+[9(N —DNIN+1D3(N+2) 3(N—1DNEN + D2(N +2) ‘}Q

1602+ N + N?)°

_%N—DN%N+D%N+mQ}

800(1 4 N + N?) 400 }
1

2) /13 3 _ 400
+CATF{ (L1+L2)[27(N—l)N(N+1)(N+2) 27
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256(1+ N + N? 128
—LiLy(Ly +L2)[9(N— 1)(N(N+l)(1\2+2) -5 1]
4Py, 1040
_(L%+L%)[27(N—1)N2(N+1)2(N+2) 27 1}
16 P75 32(47 +56N)
_(Ll+L2)[27(N—1)N3(N+1)3(N+2)_ 21N + 1)
224(1+ N + N?) 12 16 Py
(3(N —DN(N+1D(N+2) 3 1);“2} T 81(N — HDN*(N + D*(N +2)
N 32Pn 5410 o led+2N)
SIN—DNN+ D2 T3+ 3N+ D 2
_ 8Py3 _ 11205
[27(N—1)N2(N+1)2(N+2) 27 1}52
896(1+ N + N?) 448
_[27(1\7 “DN(N+D(N+2) 731}53} ’ ®-3)

with the polynomials

Peg = 66N3 +264N7 +202N® — 246 N> — 257N* + 396N3 + 335N2 + 220N + 156,
(B.4)
Peo =3 (—12773/2 FAP — 125+ 15) N84+ 12 (—127;3/2 FAP — 125+ 15) N7

2 (—72773/2 2402 T2+ 77) NO—12 (—6n3/2 L2 — 6T+ 11) N3

) (—90773/ 2 43007 — 90/ + 67) N4+ (72773/ 224 + 720+ 258) e

+245N% 4+ 148N + 84 , (B.5)
Pro=2N" 4+ 10N° + 22N8 + 16N7 — 47N® — 173N — 154N*
—27N3 +27IN? +24N + 12, (B.6)

Py =288 + (72772 2470 + 72) N2 16 (72n2 2470 + 72) N
+ (9367;2 429230 + 936) N2 (360772 4659 + 360) N°
— (360n2 +1523n + 360) N8 2 (504;72 15837 + 504) N7

9 (727;2 — 10017 + 72) N®—2 (72;72 — 24170 + 72) NS

—792nN* 4 12247 N> + 864nN , (B.7)
Py =328N* +256N3 — 247N? — 175N + 54 , (B.8)
P73 =99N® + 297N + 631N* +767N> + 1118N? + 784N + 168 , (B.9)
P4 = 17IN® + 513N + 1159N* + 1463N3 4+ 2102N? + 1456N + 312 , (B.10)

Prs = 15N% + 60N7 + 572N + 1470N> + 2135N* + 1794N3 + 722N? — 24N — 72,
(B.11)
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Prg =3N'"0 + 15N° + 3316 N8 + 12778N7 + 22951 N° + 23815N° + 14212N*
+3556N3 — 30N? + 288N + 216 . (B.12)

The corresponding contributions in z-space, again separated into §-, 4+ and regular components,
read

3),8
;,;Q(z)—

, s, 128 128
Tg —?(Ll +L3) — TLILZ(LI + L) —32(L1 + L)oo — 7@'3

176 256 64 4(72 + 2470 + 72n?
+CFTI%{T(L%+L%)+TLle—?(Ll-i-Lz)—i- ( o )

32(1 = n?) 16(1 — n?)
—T, Ho) — = )

_ 20,2
CR2(1 =) A=) (1+ T +0) [Ho(n)Hl(«/ﬁ)—zHO,l(\/ﬁ)}

3n?2

32(1+ 7)1 =) (1 = /i +n)
35?2

16
+?(15 40— 127 — 127;3/2);2}

|:H0(77)H1 (V) — 2Ho,1(ﬁ)]

76 80 16
2 2 2 ~(3)8
+CATF{—?(L1+L2)—3(L1 + 1L )—ﬁ——; } gy '0(@) (B.13)
A<3>Q(Z)
CaTZ( 400, 5 5 128 1040, ,
- L3)— =—L|Ly(Li + L)) — —(L>+ L
l—Z{ 27(1“!‘ 2) 9 12( 1+ 2) 27(1+ 2)
L1+ La) 1792+112 10496 32 1120 448
PR Tyl 81 30T TS
g § (). (B.14)
(3)reg
ggQ (@)=
184(1 — 2)(4+ 7z +47%) 368
CrTF—(L3 +L3) ( )+—(1+Z)H0
277 9
3201 —2)(4+7z+4z%) 64
—L1Ly(Lq +L2)[ (92 ) + ?(1 + z)Ho

16(1 — 2)(59 — 3827 — 15772
+(L%+L%)|: (1—2)( < &) — 2(85+ 1512—822)H0

27z
104 16(1 —2)(4+ 7z + 4z 32
—T(1+Z)H(2)— (9z )Hl—_(1+Z)H01+—(1+Z)§2i|

64(1 —2)(1 -9z — 37?)

— 128(2 +32)Hy — 16(3 + 52)H}
Z

+(L1 +L2)[
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40(1 — 2) (4 + 7z + 422)
3z

32 3

| 641 - 2)(5 — 64z — 1922)

3 — 128(5 + 72)Ho — 64(2 4+ 32)H}
<

32(1 — 2)(41 — 184z — 672%)
27z
32(1 —2)(4+ 7z +42%) -
9z
160(1 — 2) (4 + 7z + 422)
27z
400(z* — 2 +2z - 1)
27z

16 8
—?(3+SZ)HS—§(1+Z)H3+|:

16 112
—3(31+61z—8z2)Ho—T(1+z)Hg— |

64 64
-5 a +Z)H0,1]C2+ S a +2)¢5 — [

320
+5- 01 +Z)H0}C3} +CAT%{ (L +L3)

128(z% — 22 +2z—1)
+
9z

5 [104(23z3 — 1922 4297 —23) 208
+(L1 + L2) 272 - T(] +2)Ho

LyLy(Ly + Lp)

— 139+ 157z — 13722 +17523) 32
¢ < 2) _ 5 (134 220Hy

32(
+(Ly +Lz)[

27z
32 32 112(z% =22+ 22— 1)
— (1 +27H)—=zH
3(-I-z)o 3Z1—|- 3 Cz]
32(1187z% — 94972 + 881z — 791) 32 16
— Z2(62 + 1617)Hy — — (13 + 227)H2
+ e 27(+ Z)Hp 9(+z)o
32 64(—3+3z+4z2)H; 16
g H— —zH?
9( +Z) 0 9Z + 3 Iy
112(23722 — 1922429z — 23) 224
+ ( ) ——{(+2)Hy &
27z 9
448(3 — 2 4+2z—1 3
il i )43} +ag 8@ . (B.15)

Appendix C. Some identities between G-functions

In the following we list a few special identities for n-dependent G-functions and related quan-
tities which appear in expanding Elé?’ o) around N = 1/2 and 3/2. One, e.g., obtains

1 1 1 11
G — e A |
n+z—zn z 11—z z z

1
=1 |:H0,1,0,0,0(77) +Ho.1.0.1.0(n) +Ho.1,1,0,00m) +Ho,1,1,1,0() + Hi,1,0,0,007)

+Hi,1,0,1,0(m) +Hi 1,1,0,0(m) +Hi1,1,1,00) + (HO,I,O(’?) +Ho,1,1(m) +Hj 1,0(n)
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6 Hi(1)¢3, (.1
5(I—mn)

1 1
(|, , 1
4—3x 4—-3x 1—x
2
_T G 1,1,ﬁ,1—G 1’\/)7’1’1
27 4—-3x 1—x 4— 3x 4—-3x 4—-3x 1—x

—ginln(Z)— gln(2)ln(3) 2m 1n(2+f)+ — iz In2)In@2 + +/3)

+H1,1,1(77))§2 + 6§s:| +

273 ﬁ
+8 (2)In(3)In(2 + v/3) 21 ) + L (2 ++/3)Lix(4) (C2)
——1In n n — —L1 ——1In 1 s .
93 9 2" 93 2
1 1 1—x 22 4x?
G - ] ) 51 :8\/5_477_—-‘——
<{ 2+43+x 1-x x } > 3 V3
1 1 Jx 1 Jx 1
_9/3G , , . 1) —9v3G , , )1
V3 ({4—3x 1 —x 4—3x} ) V3 ({4—3x 4 —3x l—x} )
X 1 3 1 L1111
9v3G Fl 72— +32IQ
93 ({4-3 "4-3x 1+ A -3x toalsl S50 g TRIN@
1 1
+16+/31n(2) — 8i+/37 In(2) + 472 In(2) — 5 In(2)4 F3 [ Zé 15 12’1 : Z} —32In%(2)

—4/31n(3) — %7‘[2 In(3) — 8v/31n(2) In(3) + 81n%(2) In(3) — 161n(2 + +/3)

—27‘[2 In2 ++/3) + 16i7 In(2) In(2 + v/3) + 81n(3) In(2 + v/3)

+81n(2) In(3) In(2 + v/3) + 810 (2 4+ +v/3) — 2In(3) In*>(2 + +/3) In(3) — 4+/3Li»(4)
+81n(2 + v/3)Lix(4) — 16Li, <2, %(z + «/§)> +41n(2)Li, (z, %(2 + «/3)) — 14g3.

(C.3)
Also special constants contribute, e.g.:
Liz(7 — 44/3) = _% In%(2) — % In(2)In(3) — é In%>(3) + In(2) In(2 + V/3)
1 1, /11
+5InG3) In(2 ++/3) — S (24 +/3) —Lip (5 - %), (C.4)
Li, (#) _7e E1112(2)+ ln(Z)ln(«/—— D+5 Lo 2W2-1)
4+242) 24 8
1
—6Liy [ — ), Cs5
2 (fz) (€
Lir(4) = &, — 2im In(2) — In(2) — 2Li, (-%) , (C.6)
In(3 — 2v/2) =2In(+v/2 — 1). (C.7)

The hypergeometric 4 F3-constant can be expressed by
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1
11,1 1
27’5 | —
4F3[ 2,2,2 ’4}_
416 68 256 32 128
—————1n(2)+—12(2)+—1(2+f)

—33—2 In(2) In(2 +v/3) + §1n2(2 ++/3) — ?Liz (% (1 - ?)) . (C.8)

Similar expressions of this kind often appear in iterated integrals over root-valued alphabets, cf.
also [68]. There are many other, partly lengthy, relations more, which we all had to reduce to a
suitable level to prove that the evanescent poles at N = 1/2 and N = 3/2 vanish.

Appendix D. Representation of the functions G; and K;

Before the absorption of a few rational pre-factors in N, all emerging integrals first written
in G-functions can be expressed in terms of polylogarithms at algebraic arguments in z and 7.
In cases it leads to simplifications, we also use arcus- and area-functions instead of logarithms,
which belong to the harmonic (poly)logarithms of complex-valued argument.

The different functions G; = G;(z, n) and constants K; = K;(n) are given by

R B N G
(D.1)
. i 1 ] ln(z+n(1—z))—ln(n)
G2=G et 64 b = (D.2)
i 1 1 In(1—z(1-n)
G3—G_ m ,Z_——T, (D.3)
T e e = | B R U/ (e
LL1T=x(1—mn) J ( n)
vi-z («/ﬁﬁ)
— 1 -2 s D.4
(n+ )arctan( 7 ) /narctan i (D.4)
Jx (1 —x) } :| 1 T
Gs=G|{-Y——— 1 sl=—— | -Z+n—Vz(—2 -
5 H xA—mtn) T A 2P VAl
+2./narctan (%) + (1 + n) arctan ( Y f/; Z):| (D.5)

Go=G H‘/U —om, ﬁ} ,z} = $In( — YT =920 - 29
+|:arcsin (V1-z) - %iln(l — z):| In(iv1—z++/7z)

_%arcsin(«/l —z)ln(—l + («/E+i\/l —2)2)
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+% |:—371 + 6 arcsin (\/1 - z) — 12i arcsin? («/1 — Z) + 6/ (1 —2)z(1 +22)

1 1
+12i¢y — 12iLis [ —————— | | + =7 In(2), (D.6)
’ 2((i¢1—z+ﬁ)2)} 4

G7=G[{m,%},z]:%Liz(—\/l——z—iﬁ>—%Liz(l—«/:—iﬁ)
+1n(z)( V1—z73% - m+ %arcsin (ﬁ))
+§mﬁ+%aman2< Ve >+arctan< V2 )

V1 —z V1 —z
><<é—%ln(«/1—z+iﬁ+l))+ﬁ——\/ 22, (D.7)
Gs=G ! ! —— 1 ma—o 1
" [{ern(l—X)’l—X}’Z}__l—n nt =Gl =)
+Li2((1 = n)(1 —2)) — Lia((1 — n))], (D.8)
3 1 1 1 o z(d—=m)
GQ_G[{xﬂv(l—x)’X}’Z}_l—n[le( n )
+In(z)(In((1 =z +n) — 1n(77))}, (D.9)
B 1 I ! (-9 -n)
Glo_GHl—x(l—n)’l—x}’Z} 1= [LI( n )
+In(1 — 2)(n(1 — (1 = n)z) — In(n)) — Liz (_1;7]'7)} (D.10)
i 1 1] 7 1 _
Gu=G {—,—},z =— |:1H(Z)1n(1—2(1—77))+L12(Z(1—77))i|,
LI =x(T—n) x) ] I—n
(D.11)
] YA =x)x 1 _ 1 ) _ . 2
Glz_G_{l—x(l—n)’l—x ,Zi|—(1_n)2|:—l|:nL12<—(Vl—Z+lﬁ))
-\ (e
+\/5L12 T —\/ﬁle ?

iz i
s (LD (20)
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+Lip <_ (V l—z+ l«/z)z):| + (1 — 1/ (1 —z2)z+i(n+ 1) arcsin? (Vz)
+(1 —n) arcsin (\/Z) +2(n + 1) In(2) arcsin (ﬁ)

+1H(1—Z)|:(1—n)v(l—z)z+2ﬂarctan( VIIz )]+1n<1_ﬁ> (nﬁ

V1—1z Jn+1
V1—1z 1.
—Zﬁarctan( NG ))—El(n+l)§2:|, (D.12)
H JT=0x 1} } i(1+p)marcsin(y2) (1 + ) aresin (y/z)’
Gu=G||X—— ~t |=-— —i
1—x(1—n)x (1—n)? (1-m)?
_2(1+n)arcsin(;/2)ln(2)+ 1 2[—i(1+77)Li2 1 i
(1—1n) (1—=mn (VI—z4iy7)
+<1—nw(l—z>z+(1+n)i;z+ziﬁuz( fo) 2i /7Liz (%)
(-5 Ji(l - 55)
+lﬁL12 (T\/_ «/_le W
i+ FE) Vil +25)
—lﬁle (?«/_ +1 [le W i|
VI=z\[4In(1- /1) 2 /mn(1l —n)
+ama“< NG )[ a—n? V1T oy }
JVz 1 2i(1+n)arcsin(yz) (14 n)In(z)
+ama“(¢1_— )[1—n+ =2 (-2 ]
27 In (1 — /1) 21n(z) VINZ 7. y/mn(l —n)
TTa—ar VT (arCtan(J_l—z‘>)ﬁ+ (=2
(14 n) arcsin (/z) I-2)z
—|: a2 T ]ln(z), (D.13)
JA=x)x 1 (1+n)In@)n ‘(l—l—n)arcsin(«/l—z)z
Giu=G|31— > },Z:|=— B +i 2
x(I-=m+n 1—x 1—mn (I—mn
1 o 1 Jz
TOr )2[ (- )N-HULIZ(_I—2z—2i«/(l—z)z>_(1_n)4/—1—z

32

z 1— ivz 1— iVz
_ia . Li Vi-z |} . Li 1-z
= Mo +iyn 12(1_ﬁ) iV lz(Hﬁ)

iz iz
1+ 7= 1+
l\/ﬁle ( ] \I/%Z) +l«/ﬁL12 ( ] l_Z)

+(1=n)
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_ 1 L+7 . .
+iLiy <— . 2im>:| + L arcsin (v'1 — z) |:21n(2) + zn]

ﬂarcan _VE —imr —2In(1 — n(l —

o= («/—1—z>[ 2in(t =)+ n)]
J1=2 [_ 1 _'2(1+17)arcsin(«/1—z)

NG I

-+ arctan 1
( —n (1= n)?

~(+mnd -2 2rIn(1 — /7) _2y/In(1 - 2) NG
e }+ G-z V1T ao g e =

2 /nw iz ) [(1+n)arcsin(«/1—z) ,/(1_Z)Z]
- In{1- In(1 — 2),
(1—n)2n< viez)" G-m? iy e

(D.14)

_ _NVa-ox 1 __.(1+n)arcsin2(ﬁ) 1 [ B
GIS_G[{ 77+X(1—77)’x}’zj|_ ! (1_]7)2 +6(1—)’])2 3(1 77)71'

—6inLiy (1 24 2i /(1 = z)z) +6(1 —my/(1—2)z +6(1 — 6./51+ it

R iz R iz
—12i/nLiz <—ﬁ> + 12i/nLi> <ﬁ)

1- & 4 1+ £
+6i\/ﬁLi2 +6l\/_L12 17\/7 —6l\/—L12 e 3

"‘«/— NG| 1+ .1
i(i + \/\/;)
—6i /nLiy ey — 6iLip (l—2z+2i\/(1—z)z)j|
+ (llj':)z arcsin (v/z) |:2 In(2) — ir[:|
+(1 s arctan (\/;/ETZ> [i(l + n) arcsin (ﬁ) +imyn+2ynn (1 _ \/ﬁ)
—/nIn(1 — U)i| + —(1 —1'7)2 arctan< i/; Z) [_1 +n+2inr+ 1+ n)ln(z)}
T 2«/ﬁ ﬁ

(1—n)2 x/ﬁln(l - \/ﬁ) + 1 —n)2 In(z) arctan <m)

w/nn(l —z) 1 . 1
—— = +(]_n)2|:(1+n)m051n(ﬁ)+5(_(14_,7)”
+2(=1+mv (1 - z)z)} In(z). (D.15)

Furthermore, the functions K;(n) = K; contribute. For the more complicated among them we
first obtained a longer representation, which finally could be reduced. In these cases we present
both representations, since they contain relations between polylogarithms. Structures like this are
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particularly obtained by integrating using Mathematica. The comparison of both these cases
my be helpful in other calculations to obtain more compact results.

K =G[{\/(1—;77—x)x} : 1] - —(1 2+ [2(1 W

—2(1 —n)21n(1+ﬁ)+(1 —n)?In(1 —n)] (D.16)
Ky=G { } , 1} __ @) (D.17)
n+X(1—n) 1—7n’
_ _ ln(l—n)
K3=G {l_n(l_x)},l}_ (D.18)
_ 1— 2
Ke=G || x(l—n(l—x))],l]_(s 372) [111(1—77)—2111( \/‘)} ;:7",
(D.19)
Ks=G ;} , 1} __n(m (D.20)
LT —x(1—mn) I—n
Ke=G 7”1_)6)’(},1}:#, (D.21)
LLT—x(1—mn) 21+ /m)?
K;=G —7”1_)“”},1}:—#, (D.22)
Ll xd—=m+n 21+ /)2
Ks=G } } _Ld=n) (D.23)
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Kio=G| |Vx(I=n(1 x)),l_n(l_x)},1]_ it [81 (1— i)
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L (% (1 + %)) - <— (v2- 1)2)], (D.25)

H : : } :|
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1|1
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S RS N 0 DR O O )
KIZ_G[{l—X(l—n)’x}’l}_ 1—n (D.27)
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_ ﬁ |:(1+77+77)_3 7«/ﬁ+3n2_i1n2(2)+%1n(2)1n(«/§—1)

A—m?| 61 —nyn 16 J1n 16

(I+myn 1 1 N

_%LiQ ((ﬁ - 1)2> + éLiz ((ﬁ - 1)4> | Lo (;/ﬁ) _ Lizg(")], (D.33)




J. Ablinger et al. / Nuclear Physics B 932 (2018) 129-240 209

[ 1 7 3 7 3
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L X 192 128 128
(D.35)

K>

1—x(1—-n) 1

N

_g|[ Yo 0x ix,,/(l—x)x},l}

! 1 e 1
= a—n7ls |: (2171 + 3ln(77)) In? ( ﬁ) -3 In(2)Li> (5 (1 + ﬁ))

—%m(n)uz( (1+f)> <1+21n(n)>L12 (f)—%ug (% (1—ﬁ)>
cs

__+;[
V2o 481 —m)
—6n+(2—- 15&)@) -

7In(n) 723 5 41 .
e }§z+Szf(2—3\/§\/ﬁ+2n)+[—m+(g(1—2m)

! n(n) 1 1
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Here the constants ¢ to cg are given by
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The following set of constants contributes in the first expressions for K; given above.
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with & = 712/ 6. The new constants, most of which are not multiple zeta values [69], however,

finally cancel. The first expressions were obtained by integrating using Mathematica and ap-

plying functional identities between (poly)logarithms [31]. For the second expression, we used

relations built in HarmonicSums. The cancellation is due to special value relations of polylog-

arithms. The corresponding relations may also be numerically verified, e.g. by using PSLQ [70].
We note the relation

50 In?(2) 1 . 1
7 "1 In(2) In (1 + %) +2Lip (—E>
—Lio (V2 = 1)?) + Lix(—(v2 = 1)?) =0. (D.61)

Abel’s relation for x =1 — 1 /«/f and y = —1/ V2, Euler’s relation and the mirror relation,
cf. [31],

. xy o x (Y
le((l—x)(l—y))_le(l—y>+hz<1—x>

—Liz(x) — Lia(y) — In(1 — x) In(1 — y), (D.62)
Lir (1 — z) = —Lis(z) — In(z) In(1 — 2) + &2, (D.63)
Lip(—z) = lL12(Z ) — Liz(2), (D.64)

allow to rewrite

Lir(—(v2—1)?) = —ZQ - ilnz(Z) +1In@2)In (1++2)
. 1 . 2
— 2Li (—\—fz) +Li (v2-1)%), (D.65)
which proofs (D.61). The relation

1
Ho.—1,-1(2) = Ho.-1,12) = Ho1,-1(2) + Ho.112) = 5Ho1 (22) =0 (D.66)

holds. It is obtained by first considering

1
H_j_1(x) —H_y1(x) —Hj _1(x) + Hy 1 (x) = 51n2<1 —x). (D.67)
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The integration of the left-letter 1/x then proofs (D.66). Both relations play a role in deriving the
constants ¢ to ¢4.
Furthermore, one may use the relations

/1 1
Li; (5 <1 + ﬁ)) _

—g n%(2) + gln(Z) In(v2—1)+ %hﬂ (vV2-1)

~Liz (V2= 1)) + %Lig (V2= +e. (D.68)
Lip (=) =

(5)-

71, 1 , N A
s — I’ @)+ 5@ 2 - 1)~ Lip ((ﬁ— 1) )+ JLi> ((ﬁ— 1) ) (D.69)
Liy(W2—1) =

1 1 1 1 1

Lis (E> gty In?(2) — ) In(v2—1) — 5 In?(v2 - 1), (D.70)
Lix(V2(vV2 - 1)) =

S 2oy~ Y2z i (o

(- g’@—2in ~2-1) L12<ﬁ), (D.71)

1

Liz(—= )=

13(&)

—gQ In(2) + % Q) —oHln(v2-1)+ %m(z) In?(v/2 — 1)

1, , . 25
+3 (V2 1)+ Lis (ﬁ— 1) +Lis (fz(fz— 1)) - 5o (D.72)

Lis («/E(ﬁ - 1)) -
& 1n(2) + %in In%Q2) — % In’(2) + 20 In(v2 = 1)
+%in In@)In(v2—-1) — % In?2)In(v2 - 1) + %in In>(v2-1)

! 203 1) — L1373 : 1
7@ V2-1) n (V2 1)+L13<1+ﬁ) (D.73)

to rewrite some of the polylogarithms above. One may finally use the relation

1 1 1
Lis (—) =Liz(z) + 3 In?(z) — Ein In%(z) — 28 1In(z), z€][0,1] (D.74)
z
to rewrite the last two Liz-functions in (D.61) in a more uniform way in terms of

Lis2v2(/2—-1)) and Liz(v2(/2 - 1)). (D.75)

Thus the arguments of the four trilogs contributing differ by a relative factor of +/2. One may as
well rewrite Li»((~/2 — 1)2) and Li>((+/2 — 1)*) into Li>(2(+/2 — 1)) and Lir(2+v/2(+/2 — 1))
and then obtain the set
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In(2), 7, In(v2 — 1), &3, Lis (2(«/5 - 1)) Lip (2«/5([2 - 1)) ,
Lis («/E - 1) Lis («/E(fz - 1)) Lis (2(fz — 1)) Lis (zﬁ(ﬁ - 1)) . (D.J6)

In intermediary steps of the calculation also the following n-dependent constants and func-
tions occur, which we list for completeness and the use in other calculations. Here we also
simplified some relations given in [3].

-

=H_(v/z)Ho(2) + Ho(2)H1 (vz) — 2Ho,1(v/z) — 2Ho,—1(v/Z) + 24/2(2 — Ho(2)) ,

(D.77)
=054} 2) o -00] -6
+2Ho,1(v/z) +2Ho,—1(vz) . (D.78)
6= ({755 1t 2) = v+ 200 2V~ o (2) ~ Hon (V)
+%Hg(z)|:—2ﬁ+ Hi (vz) + H_l(ﬁ)} + 4Ho,0,1(v/z) +4Ho,0,-1(v/z)
(D.79)
G1=6({+. pi ] 1) = 1605+ 2huo)| <20E 4 Hoa (V) + o1 (V)|

—8Ho,0,1( )—8H00 1

(V3). (D.80)
Gzo:G({l—x VL } ):—16f+4H 1(f)+Ho(z)[4f—2H {(v7)

1

_EHZ_ ] +H(Vz |:4+ Ho(2){-2+ H—l(\/g)}] + %HO(Z)H%(“/E)

+2 (2 - HI(Z)) [Ho,l (v/z) +Ho,—1 («/E)} — 2Ho(x)H_1,1(v/z) +2Ho,1.1(v/2)
—2Ho,1,-1(v/z) +2Ho,~1,1(v/2) — 2Ho,—1,-1(+/Z) (D.81)

G =G<{ B %}z) =8z [z 2(1 4 VO (V2)

——H2 (ﬁ)]Ho(z)+[ (1- ﬁ)—H_l(ﬁ)]Ho(z)Hl(ﬁ)+1Ho(z)H%(ﬁ)

—[4(1 = V2) + 2H1 (V=) + 2H1 (VZ) [Ho.1 (V2) — [4(1 +VZ) — 2H1 (V2)

—2H_1(v/z)[Ho,~1(v/z) + 2Ho(2)H_1,1(v/Z) + 2Ho,1,1(v/Z) + 2Ho,1,-1(/2)

—2Ho,—1,1(v/z) —2Ho,-1,-1(v/2) » (D.82)
1

1 11 1 1
Gn=G = — 1.~ | ==Hy(z) + =H§(2)H (z) — Ho(z)Ho,1(z) + Ho,0.1(2) ,
1—x x x z 6 2

(D.83)
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Gyu=G ({ VX , l l} , 1) -5 2Ho(z)[i +Ho.1(vz) +Ho.—1(v7)]

1—x'x" x|z JZ Jz
- %Hg(z) [% —Hi(vz) —H_, (ﬁ)} +4Ho0,1(v/z) +4Ho0,—1(vz) . (D.84)

Furthermore, one has
% Jx(1 — 1
xnp—n—x"1—x

35 — 161 + 531> NG
144(1 = n)? 4(1—=mn)

4(11 )2 Ho(n )|:(3 n)n l(n)+\/_H1(\/ﬁ){\/ﬁ_l+%H—l(\/ﬁ)}

a1—
LR ()~ VA4 VDo (V) + S8 (V) — 1 ()

zHl(«/ﬁ)Ho(ﬂ)[l + %Hl(ﬁ)}

4
1

ot (Vi) 1 3Ho ()| - g s Homi ()

G-y’
41—

+ﬁH0,—l(ﬁ) [’7 - ﬁH—l(ﬁ)]

Ho,1(n) — ﬁHO’] (vn) [n — J/nH; (x/ﬁ)]

LV [Ho(mH_],l(ﬁ) —2Ho11 (V) + 2H0»—1,—1(~/5)}

4(1—=n)?
+4(1§_2,7)2 [ﬁ{—3H1(n)+H1(ﬁ)+H_l(ﬁ)} n 3—51‘7‘(4; 1_32)22_ 33
_6111(2)1_4?1_—772)er 773} Z;r—n;ﬁ; ’ (D.85)
ko= ({rrmn LU0 L ) B oot
e (I—mn)

+ﬁ [—gn(l + n)H%(n) - 2(3 — mn*[Ho(mH1 (7)) — Ho.1 ()]
+%(3 —13n459% - 3;73);2} + ﬁ [Gnﬂl (V)
—é\/ﬁHz_l(\/ﬁ)>Ho(n) + 1—16\/5H71 (Vn)H3 () + (—%nHo(n)
+11—6ﬁH3(n))H1 (v/n) + éﬂHom)H%(ﬁ)

+(3 = A JHoa (V) + (=1 + 5 V-1 (V) o1 ()
— 3 VlHo.01 () + Hoo-1 () — Ho1.1 (V) +Ho-1.1 ()]
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3 1
+(§(1 +n)In(2) + Zﬁ[3Ho(n) +3H(n) —H(vn) — H_l(ﬁ)])qz

7
g (D-56)

1 1 1 1 1, )
K3i=G|1-, , 1) =——| sHy(mH1 () +Ho(mH7(n)
x xn—m—x 1—x 1—n|2

—2H1(mHo,1(m) + 2Ho,1,1 () + 2H1(1)¢2 — Ho,0,1(n) — C3} ) (D.87)
1 1 1 1 1, s X
Kyp=G|{—,———, —.,1 ) =——|—zHy(m —Hy(mHi(n) — Ho(m)H](n)
X Xn—m—x x 1—n] 3
+2H1 (n)Ho,1(n) + 2Hg,0,1(m) — 2Ho,1,1(n) — 2{Ho(n) + Hl(’])}§2:| , (D.88)

/ — _ 2

nx—x+1"1—x 144(1 —n)3

L5+ mH2a) — 23 + i [HoH H
o F | g7 MHI0D = 3 (=3 mn[Ho(mHiG) — Ho.a ()]

1 1 1

+é\/ﬁH2_1 (ﬂ))Ho(n) - 11—6\/5H_1(\/5)H%(n) + GnHo(n)

VRO ) (V) = g VHADIR ()

(=2 S () oa (V) + (2 = S (V) o1 ()

+3VlHo01 () + Hoo-1 () — Ho..1 (V) + Ho-1.-1(v7)]

+(§(1 +n)In2) — %\/ﬁ[m (V) + H_l(ﬁ)]){g - 37—2(1 + n)g} ., (D.89)
k=g ([Vaio, SO0 1) )t s

nx—x+1x 144(1 — )3

TR [—1(3 — nn*[Ho(mH1(n) — Ho,1 ()] + i(3 — 130+ 57°
A—nl 4 OV ol 16
1

31)er ] | (7 () = G (V) ot
~ pHOODH (V) + L Ao () + (2 = 5 VH (V) o (/)
(=2 ST () JHo (V) + 5 [0 (V) ~ Ho-1.-1 (/)

3 1 7
+(—§(1 + ) 1n(2) + Eﬁ[Hl (V) + H_l(ﬁ)])cz - 50+ 77);“3} ,  (D.90)
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Kiy3s =G ! ! 1
o <{1—x(1—n>’1—x}’)

1 1
= —|:—H()(77)2+H0(77)H1(’7) —Ho,1(m) +§2} ; (D.91)

1—

s (55010

Xn—mn—x Xx

= L[l +2In2)(1+n) —n+ Zﬁ{Ho(n) +Hi(n)

2(1—n)?

_H, (/7)) — Hot () ” , (D.92)

Ky =G ({ Jx (1 —x)

: } )
) o1
xn—n—x 1—x

143
=(1fn)2[ i n+ﬁ{—2ﬁ—H1(n)+H1(ﬁ)
+H1(«/ﬁ)} —(1+n)1n(2)} , (D.93)
1 1 1
Ks=G ({7 —} , 1) =—— [Ho(n)Hl (n) —Ho,1(n) + §2] ; (D.94)
nx—x+1 x 1—n

(=it

1+n+n? 1 1
= s [ GAHOD A (V) + ot ()
3
~2Ho,1 (v/n) = 2Ho1 (V)] = 3¢ (1 =4/ + 77)(2} 1((1 i ”))4 Ho(n) , (D.95)
1 1 1
Ky =G ( -, 7} A)=— |:HO(77)H1 (m —Ho1(n) + Cz] , (D.96)
x nx—x+1 1—n
Ky =G } = |: HG () + Ho(mHi (1) — Ho1 () + 52] ,
xn —n—xx
(D.97)
Kp=G 1) =—— |:H0(77)H1 (n) —Ho,1(n) + Q] , (D.9)

)
)1
el )
)

1

[ H3 () + Ho(mH; (1) — Ho,1(n)+§2]

(D.99)

ml}

nx—x+1 x

__* [,
“2a-p2| "

+4yH_1 () = 2In2)(1 + n)}, (D.100)
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K45:G<{ Jx (1 —x) 1

nx—x+11—x

)iz

—Ho(m)} +2In(2)(1 + n)] , (D.101)
_ 1 ! _ e (2=
K46—G<[ﬁ7_x,x+l},l>_ In(2){Ho(n) —Ho(2 — n)} Hm( . )
+H01(1_ ) (D.102)
2-n
Ki7=G ! ! 1
4= ({nx—x—i—l’x—l}’)
1
=——1_n|:H0(Tl)H1(77) Ho1(m) + &+ H(ﬁ)] (D.103)

T 1 3 —n)n?
Ko — ({ TS «/ } 1):— +n+n? _@B=mn Ho(n)

x+l 6(1—n)3 401 —n*
1
MTE

—2Ho,—1(v1)] + E(l + n)é“z} . (D.104)

[(__ _fH (ﬁ))Ho(nHé\/ﬁ[Ho(n)Hl(«/ﬁ)—ZHm(\/ﬁ)

There are further functions emerging. We define the following variables in order to obtain a more
compact representation.

—iJ1=
_yizivizz (D.105)
JZtiv1—z
w=i |, (D.106)
1—z
T—n—
vizn=ivn (D.107)
«/1— —{—zf
1 —
_l=vn (D.108)
1+./n
1 2
=;(\/1—n\/l—z—\/l—z+nz) , (D.109)
2
w=(«/z+n—nz—i\/1—n«/1—z) , (D.110)
2
z(«/n—nz—i./l—n—i-nz) : D.111)
In some of the following functions a 3 F>-function contributes. It can be rewritten, cf. [71], by
133
3Fz[ 2§2§2;z}=
2°2
9

W i)[—Liz (—VT=z-ivz) +Lix (1- VT2 -iV2)
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—ln (\/IT—H\/—) ln(«/lT—l-l\/_)

—ln<1+«/1—z+i\/2)ln(«/1—z+iﬁ)]—g—vl_;z(j_zz), (D.112)

which is valid for all values of z.
Now we present a few G-functions of weight w = 2 that depend on n, with 0 <n < 1. A few
of them are valid for 0 <z < 1 — 7 only.

Gos =G ({ﬁmm}z)
=1M<3n—2>+"—2{1ln(1 ~V1=1)
8 412
+ arcsin? (%) +2i [ln (1 + M) —In(n) + ln(Z)] arcsin (%)
+L12(”_2*/1T_2> s (_(Jl—z+¢1—z—n)2)

n n

—%ln(x/l—z—\/l—z—n> [1n(1+\ﬁ> L0 ]ln(l—Z)

) -z . . -z
— [—— ) —2il l—z—n++1-2 —
arcsin ( ; ) 1n<\/ Z—n z)arcsm( ; )
. n 1=z
+l]l‘l< )arcsm + - ,/1— n(n—2)In(l —z)
4(1—-2)

g«/l— z/1—2—nGBn+2z-2), (D.113)

1 4 3/2 133 14

st:G({\/l—x\/l—x— ,ﬁ},z) = §lﬁ(1—z)/ 3F2|: 2,222, ; ]
- 2°2

4 _133 1 i 5 1—z2
— =i 773F2|: 2’2’2;—i|——17 In(1 — z) arcsin
5V 33 'nl 4 n

%«/1— W1—z—n(n+2z—2)In(1 —2), (D.114)

Li VI—z+J/T—7—1 L S1—z4+/T=z72—7 _JT_Z
AN VI=z(1-VT=0) ANVT—z(+/T=y) ) 6

—Li2<it\/4\/§>—uz<%+% 1—1—2)+[2ln(1—\/ﬂ)
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—1n(2nz)—1n<l+ 1—177 )—in:|1n(l+ 1- )—%Liz(z)
V -z

1 U 2nz
~3n <1+ 1—- )+[—1n(1—,/1—n)+1n<1_

= ) vin
e e e B B

<F+n—¢fﬁ> . (1-@)

=zt VT=n/T=z=n T
() - D ()
+mm(3ﬁ+z_3)’ (D.115)

60 =0 (Vv | )

4 133 5-1
=§(1—n)3/2ﬁ3Fz[ 2 2%2;—}

2 M=z — 2
- %ln(l — z — n) arcsinh (7zn> — % In(1 — n) arctanh (\/1 — n)

2
1— 1—z—
+ n- In(1 — ) | arcsinh -—1 + arctanh ST
4 n 1—z

—%«/1—z\/l—z—fl(ﬁ-i-Zz—Z)ln(l—lz ) (D.116)

—-n

A larger set of functions is valid for0 <z < 1 :

b

1—x" x+n—xn

V= 1 1-
= i + Zﬁ =+ arctan <
2(n— 1) 1-7 1—7 z

N

D
i 1—u J I+u . 1—u . +u
_1L12<1_ﬁ>+lL12<l_ﬁ>+lle<1+ﬁ>—lL12<1+ﬁ)}
m+D ) .. o Z .
+(1 )2 {—1L12(y) — 2i arcsin (vl — z) arctan (\/71—_Z> +it

{—n In(1—7n)—nIn(1 —2) — 21n(,0)arctan< ! _Z)
z
1
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—i arcsin? («/1_—z) + |:% In(1 —z) + ln(2)i| <7r — 2arcsin <«/1_—z>)

D.117)

1 1
G({T \/l—x\/l—n—f-nx} ) 43/2{1L12< )—iLiz(—é)
+1 arctan <2\/21T1\/—> + 2i arcsin (/7) arctan ( ,1—777>

. 1-2n(1—-2)
—i arcsin (f\/l— ) —arcta (2\/]7(1_2)(1_”4_%))

+In(4n(1 —2)) (arcsin (\/ﬁ\/ 1— z) — arcsin (ﬁ)) + i arcsin? (/1)

—2j arcsin (ﬁ«/l — Z) arctan (\/17]—(1'774";2) } V1= 7;(7]277 -3
—ZI

1 1
—gp V1=V = 0023 =20+ 202) = 221 = @0 = Din(l =),
(D.118)

G \/l—x\/l—x—i-nxL z =’772 “darcsin? (|11
1-x)° 8(1 —n)3/2 n

+ [1 —41n(2) —41In (H— 1__1)] arcsinh ( I_—n)
n V' n

2/1—n—-2 V1T —nd1—
+2Li, (_77'1‘—77) + 2 arcsinh® <#>
n n

—ln(l—z)[zln(\/l—nx/l—z+\/l—z+nz>—ln(n)]

—2Lis (x) + arcsinh <w> (4In(1—x) — 1)}

N
n+2 (n+2nz—2z+2)
— 1—z7./1—
R A Ck Rl iy Ty
2—n+2nz—2z2)

—V1T—z/1—z+nz o= a-a, (D.119)

1 1 ; .
G({vl—x«/x+n—xﬁ,:},z> = W{zarcmnz(dl—n)
+ arcsin <‘/1 — n) |:ln(1 —n)+2i arctan( V1 ) — l + 21n(2):|

V1= 2

+iLip <—%) —iLip (w) + arcsin <\/1 —nv1— ) |:— —2In(1 —a))i|

[(1=m( —2) .5
+1n(] — Z) arCtan( m) — [ arcsin ( 1— n 1 _Z)}
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_Vnenth  Cn=2nzt22- D) e e

8(1—1n) 4(1—mn)
2 — 2z 427+ 1
4@ 8(771Z—+77)Z+ ) T eyiTn=mz, (D.120)

1 4 _133
G32=G< VI—xy/1—n+nx, 2) = —=(1—22 3R 22—z
1—x 9 5.5

4 _133 1
+—3F2|: 25252;7]:|—%«/1—Z\/l—n—l—nz(1—2n+2nz)ln(l—z)

+——— In(1 — z) arcsin (\/ﬁ\/l — z) , (D.121)

4 3/2

6 =6 (Vi = | )

1 1
=—{xln(l —n)+4in arcsin( )
8(1—77){ 1—n

) — iLiy (p) — iLia <l> + 2i arcsin? («/1 — z)
0

1
—21 i
n(p) arcsm(m
+2 |:arcsin (vl — z) - arcsin( : )] In (1 + X) +iLip (—X>
v1-=n P P
+2 |:arcsin <\/11__n> + arcsin (\/ 1— z)] In (1 + py) +iLiz (—py)

-2 (x/:ﬁ(l — 27) + arcsin (x/l——z)) In(z+n—nz)

—1In(n) |:—2«/1 —z4/7(1 — 27) — 2 arctan (,/ ! ;Z> +nj|

_ 2
—9if —2m 1n(2)}+ T (l ﬁ)3 _n+t O +31 arcsin («/1 — z)
16 (1+ /) 8(1—mn)

Vv +m i . | TS
" [ 2 —m  2—p (mﬂ etan (T)
Fxf(n+2nz—2z+3) o
81—
1—
=6 ({vivi=r =t o) = - AU IR IS
I —x+nx 16(1 \/_) = g

+1n(p) [%m(l +f> —ln(l —+ H +1n(2) [— - —ln(,o)i|

+£Li2 (—p) + —Liz (——) + V2Vl —z (1 - E) In(1 — z+ nz)
8 8 P 4 2

—%Liz (0y) — %Liz (%) - %m (0) [lna —py)—In <1 - %)}
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1 11— 1
——1In(p) arctan - + arcsin («/1 — z) —In(1 —z+n2)
4 nz 4
1 1 1 [1—
——In(l —py)—-1In 1—X + —In(y) 4 i arctan ‘
4 4 P 2 Z

—%iarcsin2<«/ )—i—fﬁlﬁ}—i-\/— L <3n+( —77)2+;>

8 41— n)?

2

nc+6n+1 ) S +n) 1—z
—{—warcsm(\/l—z)—marctan( ?> s (D123)

ol 2152
X+n—nx
1 1 1
=(1{)2{ Liz(p) + L12 (—%)—gLiz(—ym

2o+ L= _ _ V&
+16ln (p) + g ln(/O)+2 1 —2z4/2(22 l)arctan(ﬁm> 3

T . z? 5nz? — 372 nz
+[Z ) Zln(p)} mm(ﬁ)} Ta0-m s 20

n(l+mn) 1= —=n1-27) 141 z
+4(1—Tl)4 |:1n<l+ , )_ln(z)]+(1—n)2{_§
_%arcsin(ﬁ)—i—\/l—zﬁ(Zz— 1) |:%arctan< /1—Z> _%i|

b4

! of [1=-z), 3%

—garctan ( . >+1—6}, (D.124)
_ VX U 1. 1. 1
G36—G<{«/—~M— 1—x+nx} Z)_(l—n)z —§L12(—,0)+§L12<—;)

1
+8L12(py)—1L12< )—i— (1—-22)/1—1z2 ﬁarctan( 1”_ZZ>

i . 23—z2) 873972 -3z Z
+Zln(p)arcsm(\/2)}+4(1_n)2 241 =1 —2(1_77)3
+(llj_nn)2{(1—21)v1—zﬁ|:%arctan<,/1;Z>—%]
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We have also G-functions of weight w = 3.
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2 1-2z

Here also cyclotomic harmonic polylogarithms [52] contribute, which are characterized by letters
of the type

xl

Dy (x)

where ®; denotes the kth cyclotomic polynomial and ¢ (k) Euler’s totient function. In the above
iterated integrals the letters

1
or —, 0<l<op(k), (D.133)
x

1 X
14+x27 14x2
contribute according to the index sets {4, 0} and {4, 1} and C denotes Catalan’s constant.

Some of the cyclotomic polylogarithms appearing above can be expressed in terms of standard
polylogarithms as follows

(D.134)

Hy4,0y(z) = arctan(z), (D.135)

1
Hi4,0).14.0/2) = 5 arctan®(z), (D.136)
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Expressions in terms of polylogarithms for the other cyclotomic harmonic polylogarithms
Hi4,01,(4,01,1(2), Hi4,0),{4,0,—1(z) and Hi4,0},14,0},{4,1}(z) can also be found, but they are larger
and will not be shown here.

, (D.138)
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