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LOCAL WELLPOSEDNESS OF QUASILINEAR MAXWELL
EQUATIONS WITH ABSORBING BOUNDARY CONDITIONS

ROLAND SCHNAUBELT AND MARTIN SPITZ

ABSTRACT. In this article we provide a local wellposedness theory for quasi-
linear Maxwell equations with absorbing boundary conditions in H™ for
m > 3. The Maxwell equations are equipped with instantaneous nonlinear
material laws leading to a quasilinear symmetric hyperbolic first order sys-
tem. We consider both linear and nonlinear absorbing boundary conditions.
We show existence and uniqueness of a local solution, provide a blow-up
criterion in the Lipschitz norm, and prove the continuous dependence on
the data. In the case of nonlinear boundary conditions we need a smallness
assumption on the tangential trace of the solution. The proof is based on
detailed apriori estimates and the regularity theory for the corresponding
linear problem which we also develop here.

1. INTRODUCTION

The Maxwell system is the foundation of electromagnetism and thus one of
the core partial differential equations in physics. For nonlinear instantaneous
material laws, it can be written as a symmetric hyperbolic system under nat-
ural assumptions. On the full space RY, for such systems a satisfactory local
wellposedness theory in H*(R?) for s > 1+ ¢ is provided by Kato’s work [12].
On domains G € R? the Maxwell system is characteristic, and with its standard
boundary conditions it does not fit into the classes of hyperbolic problems for
which one has a local wellposedness theory in H3. The available results are
stated in Sobolev spaces of much higher order and with weights encoding a loss
of derivatives in normal direction, see [10] or [20]. In the very recent papers
[22] and [23] by one of the authors, an encompassing local wellposedness theory
in H™ with m > 3 was derived for the Maxwell system endowed with perfectly
conducting boundaries, and it has been extended to interface problems in [19].

In this paper we treat the quasilinear Maxwell system (1.1) with absorbing
boundary conditions which occur if one has a finite, strictly positive conductiv-
ity at the boundary, see [9]. We establish a comprehensive local wellposedness
theory in H™ with m > 3 for linear boundary conditions and also treat nonlin-
ear ones under a smallness condition (which automatically holds in the linear
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case). Our result provides the framework to show global existence and expo-
nential decay of the solutions if the initial data are small, see the companion
paper [16] co-authored by one of us.

For such boundary conditions, local solutions in H? were already constructed
in [15] under a similar smallness assumption. However, neither uniqueness,
nor blow-up criteria, nor the continuous dependence on data were addressed
in this paper. These results (and ours below) rely on a regularity theory for
the linearized non-autonomous problem. It seems to us that the corresponding
estimates in [15] were not precise enough to show uniqueness of the nonlinear
problem and to treat its wellposedness theory. The crucial problem in this
respect is to derive differentiability in normal direction to the boundary, whereas
tangential regularity can be shown in much greater generality, see [18]. In [3]
and [14] this difficulty was solved on the linear level by transforming the system
in a non-characteristic one, but the resulting estimates do not fit to the fixed
point argument for the nonlinear system, as already observed in [15] concerning
[14]. We note that [14] deals with a far more general situation.

In this work we study the Maxwell system

00.(E,H) =curlH — 0.(E,H)E — Jy, x € G, t > to,

00m(E,H) = —curl E, x € G, t > to,
Hxv=vx(({(Exv)Exv)+g, reX, t>t (1.1)
E(ty) = Ey,  H(ty) = Ho, z€G,

for an initial time ¢y € R, an open subset G of R? with a smooth compact
boundary 3, and the unit outward normal v. We look for the electric and
magnetic fields (E(t,z), H(t,r)) € U, where U C RS is a fixed open convex set.

The material laws 0 = (0¢,0,,) : G x U — RS are differentiable and their
derivative O g )0 is C™ for some m € N with m > 3, and it is assumed to be
symmetric and positive definite. The latter is a standard assumption already in
the linear case and was also imposed in [15], for instance. It is true for isotropic
nonlinearities and large classes of constitutive relations arising in optics, see
e.g. Example 2.1 in [13]. We refer to [2] and [9] for further background. The
conductivities g, and ¢ are also of class C™, and ( is symmetric and positive
definite. The given current densities Jy and g and the initial fields Fy and Hy
are supposed to belong to H™.

Guided by the basic energy estimate (3.1), we look for solutions

w=(B.H) e[ C(1H"(G))

having tangential traces in H™(J x X), where J = (to,T) for some T > t.
The space of these functions is called GY'. For such a solution the data and
coefficients have to satisfy the compatibility conditions (2.21). Assuming them,
in our main Theorem 6.4 we show that

(1) the system (1.1) has a unique maximal solution in G¥! with m > 3,
(2) blow-up can be characterized in the Lipschitz-norm,
(3) the solution depends continuously on the data in H™.
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In the case of nonlinear boundary conditions we have to add a smallness
assumption on the product %|0g((-, F x v)| for fields with |E x v| < K. So,
either the boundary condition is close to be linear or the solution has to be
uniformly small (as in [15]). We also deal with non-autonomous linear boundary
conditions, see (2.4). The smallness condition is enforced by the basic energy
estimate (3.1) which allows us to bound the tangential traces of the solution in
L?(J x ¥) by the boundary data in the same norm, but with a constant which
cannot be made small. This behavior reappears on higher regularity levels and
spoils the fixed point argument if the boundary condition is nonlinear. Still the
situation is much better than for perfectly conducting boundaries where one
may lose a derivative at the boundary, cf. [7].

For linear material laws one can treat nonlinear boundary conditions with
bounded ¢ even on an L?-level without a smallness condition, see e.g. [8].
These results are based on the theory of monotone operators and semigroups.
In our setting this seems to be impossible, also in view of blow-up examples in
H(curl), see [5].

We follow the strategy of [22] and [23]. One freezes the solutions in the nonlin-
earities of the system and solves the resulting non-autonomous linear problems
via localization, duality and regularization with precise apriori estimates. Then
local solutions are constructed via a contraction argument. Similar ideas had
been used in [15], though there core parts (like the regularization procedure)
were not worked out. The improved blow-up condition and the continuous
dependence on data require additional significant efforts.

We first rewrite the system (1.1) in the equivalent form of a standard hy-
perbolic system in Section 2, where we also collect our notation. Moreover,
we describe the localization procedure. It is crucial for our arguments that in
various steps we can partly decouple the normal direction from the time and
tangential ones. To achieve this, in the localization one has to keep the form
of the boundary condition and the constant coefficients in front of 03. For
perfectly conducting boundaries and interfaces this has been discussed in [21]
respectively [19], so that we can focus below on the new boundary conditions.
The compatibility conditions for the linear and nonlinear problems are derived
in (2.20) and (2.21). They differ from those in [22] and [23] in several respects.

In Section 3 we first solve the non-autonomous linear problem in GOE with
L?-data and Lipschitz coefficients and derive the basic L?~estimate in Proposi-
tion 3.1. This result is known, see e.g. [3], but it is hard to find complete proofs
and we need more precise information about the constants than given in e.g.
[3]. So we give a sketch and also obtain a rather general uniqueness statement.
The apriori estimates in Gy are then proven inductively by combining bounds
for normal derivatives and for those in tangential and time directions. Here and
later on we can use the results in normal direction from [22] and [23] since they
do not involve boundary conditions. (And so we can omit a few very lenghty
and intricate proofs.) However, the tangential bounds lead to new terms which
have to be estimated carefully, since the nonlinear boundary conditions lead to
coefficients at the boundary with less integrability than those in the interior.
This fact causes the smallness condition mentioned above.



In Section 4 we then derive the main linear regularity Theorem 4.6 needed for
the nonlinear theory. We again follow the procedure from [22] and employ dif-
ferent regularization procedures in normal, tangential and time directions which
have to be intertwined in a careful induction. We again have to deal with new
terms at the boundaries, but also various additional difficulties arise because
of the more complicated compatibility conditions due to the time-dependent
boundary coefficient on the linear level.

Based on the linear theory, we can then perform the core fixed point argu-
ment in Theorem 5.3. Relying on the reasoning from [23], we can focus on the
smallness conditions needed to deal with the semilinear boundary conditions.
They allow us to absorb error terms in the crucial estimates. In the last section
we derive our main local wellposedness Theorem 6.4. It is based on auxiliary re-
sults preparing the improved blow-up condition and the continuous dependence
on data. Compared to [23], we have to deal again with additional boundary
terms, the new compatibility conditions and the needed smallness assumptions.

2. AUXILIARY RESULTS AND NOTATION

Let m € N and G C R? be either an open set with a compact boundary
¥ := 0G of class C™*2 or G = R} = {x € R*|z3 > 0}. Its outer unit normal
is v. We write ¢ and C for generic positive constants, as well as c(a,b,...) or
C(a,b,...) if they depend on a,b,.... The range of a map v is denoted by
ran(v), and B(x,r) or Bps(z,7) is the closed ball in a metric space M with
center z and radius r. Let 3 € R be the initial time, where we often take
to = 0 in view of time invariance. To control constants, we partly fix a time
T' > to and let T € (to,T’). For J = (to,T), we set © = J x R}, and
I =J x (R? x {0}) = J x R2. Sometimes J also denotes other open intervals.

We often use the same symbols for spaces of scalar, vector or matrix valued
functions. Sobolev spaces are designated by W*P with W2 = H*. Spaces on
> are equipped with the surface measure, written as dx. For v > 0 and t € R
we set e_(t) = e~ 7. We employ time-weighted norms such as

||f||§-¢;n(9) = Z ||€fvaaf||%2(n)7

lal<m

and denote the respective spaces by the subscript ~.

Let v : G — R3 be sufficiently regular. We write tr, v for the trace of the
normal component v - v on I', and tr; v for the tangential trace v x v on I
We further employ its rotated variant tr, v = v X (tr; v) which is the tangential
component tr v— (tr,, v)v of the full trace trv. Note that the Euclidean norms of
tr; v and tr, v coincide. For vector fields u = (u',u?) : G — RS and k € {t,7,n}
we further set try u = (trg, u', tr u?). It is well known that the mappings

try, : H(div) — H~V23(%) and try : H(curl) — H™V2(2)3

are continuous, where their maximal domains #(curl) and #(div) in L?*(G)3

are endowed with the respective graph norm, see Theorems IX.1.1+2 in [6]. For

sufficiently regular functions w : J x G — R with I € {3,6} we set (tr, w)(t) =
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try(w(t)), see also the remarks at the beginning of Section 3. We introduce
Gm=G"IxG) =)  CHTH"(G)’)  and
=0

Gr=cmIxa) ="

. W32 (J, H™(G)").
j:

Our solutions have extra trace regularity expressed by the space
W —GJIxG)={uecG™JxQ)|tryuecH™(Jx L)},
which is equipped with its canonical norm. In the fixed point argument we also
need the slightly larger one
T =GR xG)={ueG™J x Q)| trru e H™(J x £)5}.

We also use the subscript X if G = ]R‘rjr.
To reformulate (1.1) as a standard first order system, we write u = (E, H) =
(u',u?) for the unknowns and introduce the matrices and maps

0 0 O 0 0 1 0 -1 0 _J
Ji=[00 -1|, = 000,J3=100’f:<00>’
01 O -1 0 0 0 0 O
co __ 0 _Jj — = — (e 0
A] _<J] 0 ) 9_(9670771)’ X_aueﬂ 0= 0 0/’ (21)

B = (trt O) , DBo= (0 trt) , B(u) =By —v x ((Biu)By

for j € {1,2,3}. Observe that curl = J;0; + J202 + J305. With this notation
the Maxwell system (1.1) becomes

3
x(u(t))opu(t) + ZAﬁoaju(t) +o(u®)u(t) = f(t), zedG, t>to,
i=1 2.2
B(u(t))u(t) = g(t), x €N, t>t, 22)
u(to) = Ug T € G,

where ug := (Eo, Hp). A solution u on an interval J (with ty € J) to this

system belongs to G¥(J' x G) for every compact interval J C J, u(t) takes

values in a closed subset of U for each t € J, and u satisfies (2.2) for ¢ € J.
Let m = max{m,3} and U C RS be an open convex set. We write V € U

for open subsets V of I with a compact closure V C Y. We assume that the

coefficient 6 belongs to C™(G x U, R®*%) and that

X=0,0 € C™G xURYYS), oeC™GxUR™), (el (Tus, R,

VVEU, ae Ng, la| < m: (|0%x| + |0%c]) < o0, sup [0%C| < oo,
YxV

sup
GxV

X ¢ =nl >0, (2.3)
for some number 1 > 0, where Ty¥ = {(z,v) |z € £,v € Bi(x)U}. Mainly to
unify notation, here we allow for a larger class of ‘conductivities’ than in (1.1).
The subscript 7 means that ¢ is tangential in the sense that (v+ C v+. Actually

we only need uniform positive definiteness on each set G x V, respectively ¥ xV,
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but we impose the above condition to simplify the presentation a bit. Below
we also state a variant of these assumptions for linear boundary conditions.

Let u € é’g with m > 3. We freeze the coeflicients in the nonlinearities
setting b = ((Byu), Ag = x(@), D = o(4), and

B(t) = By — v x b(t)B;
for t € J. Such coefficients belong to the function spaces
F=F™"(JxG)={Ae W' xG)"**|VaeN} with1<l|a| <m:
O“A € L™(J, L*(G)},
Fm0 — pm0(@) = {Ae L®°(G)** | Vo e N} with 1 < |a| < m: 0%A € L*(G)},

which are endowed with their natural norms. The corresponding spaces for the
domains (2, Ri, Y@ INDIN 8Ri, and I' are denoted analogously. For b we need
the space

FP = FIMJ x %) = F" Y (J x 2)nH™(J x £)*

whose norm is given by
”b||2F,T(sz) = ”bH%’m*l(JxZ) + [bﬁ{m(sz) with
[b]%lm(JXZ) = Z HaabH%Q(JXE)’

a€NG |a|=m

Here, k € N usually is 1, 3, or 6. If we drop J in I, we refer to the subspace
of maps being constant in time. The subscript 7 > 0 in any of these or other
spaces means that the functions take values in symmetric matrices with lower
bound 7 > 0; whereas cp indicates that the maps are constant outside a compact
subset of J x G, respectively G. (For bounded G the latter subspace is equal
to F™ or F™0.) In Lemma 2.1 and Corollary 2.2 of [23] one can find detailed
results concerning the mapping properties of xy and ¢ in these spaces. Several
variants of the product rules in G™, F™ and H™ are shown in Lemma 2.1 of [22]
for G, which easily extend to the boundary. (See also [21] for a more detailed
presentation.) In the context of Fj/'(J x X) new issues arise for the terms of
highest order, which are discussed in the relevant parts of the proofs.

We also look at the case of linear non-autonomous boundary conditions as-
suming that

X € CPHMG X URYY), o€ C™(GxURYC), (=beF" (R x %),

Sym 5T

VV eU, aeN), |a| < :supgyy (|0%x| + |0%]) < oo, (2.4)
for some number 1 > 0.

Let Ay € F'(J x G), D € F™(J x G), b € Fjp,(J x %), f € H"(J x G),
g € H™(J x X) with g-v =0, and vy € H™(G). We then look for a solution
v € GY(J x G) of the linearized problem

3
A(Daw(t) + 3 ALOu() + Dtp(t) = f(H),  weG,  t>t,
j=1

(2.5)
B(t)v(t) = g(1), T e, t > to,



We solve the system (2.5) via localization, proceeding as in [19], [21] and
[22]. To this aim, we cover G with connected open sets Uy, Uy, ..., Uy where
Uy € Gand ¥ C Uy U---UUy. For each i € {1,...,N} we fix a C"™+2-
diffeomorphism ¢; from U; onto an open subset V; of B(0, 1) which maps ¥ NU;
onto {y € V;|ys = 0} and GNU; onto {y € V;|ys > 0} C R3. The resulting

composition operators are denoted by
®;: L2(U;) = LA(Vi); v wvogst, @71 LA(V) — LA(U;); v vog;.

We use the same notation for the induced maps on Sobolev spaces, and also for
the spaces on the domains J x U; or J x V;. The extension by 0 or restrictions
of a function v are also denoted by wv.

Let {0;]i € {0,1,...,N}} be a smooth partition of unity subordinate to the
sets U;, and o; (resp. w;) be test functions in U; (resp. V;) which are equal to 1
on supp§; (resp. on K; := p;(suppo;)). We can find a constant 7 € (0,1) and
an index z(i) € {1,2,3} with |0,;¢i3| > 7 for each i, see e.g. Lemma 5.1 of
[21], where ¢; 3 is the third component of ¢;. We assume that z(i) = 3. The
other cases are treated analogously, cf. Section 5 of [21] and Section 3 of [19].
Let i € {1,...,N}.

The usual localization procedure leads to a first order system on Ri with
variable coefficient matrices, see e.g. (2.5) in [22]. For our analysis it is impor-
tant to keep the constant matrix A5° and the form of the boundary condition.
To this aim, we set

O3p; _
Bi = wi®i(03pi3) + (1 — w;) |a§i,§| (3 g))

for a fixed point y; € V;. The second summand is not important since we mostly
work on K; where we have 3; = ®;03¢; 3. It is easy to check the lower bound
|Bi| > 7. We assume that 8; > 7 as the other sign is handled in the same way,
cf. Section 5 of [21] and Section 3 of [19]. We then set

1 0 0 ~
Ri=p " 0 ! 0], Ri= (]f) ;)
wi®i(01pi3) wiPi(Oapiz) —Pi ’

and define the ‘localized’ coefficients

A6 =R, (OJi(I)iAO + (1 — w@)nI)RzT,

03¢; _
=R; (wZ@i < 22:1 A?’«%%j) + (1 —w) |a§Zzz| (%, 1(%))/1%0) Rl-T,

L= A, (2.6)

=

Al

<

. 3 .
D' =wiRi®DR] — Y Ai0;(RT) 'R}
‘]:

for j € {1,2} on R3 as in Section 3 of [19] or Section 2 of [22], where partly a
different notation was used. We note that A belongs to Fo(J x G) and D'
to Fep(J x ), and that their norms in these spaces are bounded by a constant

times the analogous norms of Ay and D. The maps A} and A} are contained
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in the space
FP(R3) = {A € FI(R3) |3y € FI(R3,R): A = Z ACOM}

and they are dominated in the norm of F™ by a constant only depending on
G, the charts, and w;. We stress that the functions p; are scalar.

To deal with the boundary condition, we set k; = —V;3-v € C’m‘H(Z NnU;).
Observe that V;3 = —k;v since V; 3 is normal to ¥ and that x; > 0 on
X NU; by the properties of ;3. We further define

0 1% —LU9 0 -1 0
B() = —V3 0 V1 y B(C)O = 1 0 0] = J3,
vo —vi 0 0 0 0

©=(Be 0), BL=(0 B,

cf. (2.1). Abusing notation, we identify By with tr; at ¥ and B§° with tr; at
OR3. (where v = —e3). Asin (3.12) of [19] or Section 2 of [22], we then compute

co ~ 83801',3 — co\ B
By’ = R; (wi‘l%(fiiBo) + (1 —wy) BN (¥ "(v:))B§ )RzT

on R? x {0}. For the transformed coefficients, we take further cut-offs @; €
C2°(V;) which are equal to 1 on suppw; and define the auxiliary maps

El(t) = w; z( _1b( )) + (1 - (Di)nl’
C'(t) = B§°bi(t)®;(k;B1) + ®;(k;Bo)bi(t) BS°

wiI 0
a- (41 ).

We now introduce the localized boundary operators and coeflicients

(2

BY (1) = il BO + (1 — ) 22 (571 (4)) B (2.7)

wi(l —wi) gf’””z Lo )G + (1= ) BB B B,

bit) = (RY)'bi(t) R},
on R? x {0}. One can then derive the identity
B'(t) = BS° + B°b;(t) BS. (2.8)

For the reconstruction of the original boundary condition on ¥ from the local-
ized ones it is crucial to note that Bj(t) = R;®;(k;B(t))R! on w; 1({1}). Re-
defining 7 if necessary, we obtain that b; is contained in Fﬁfmcp(F) and bounded
in this norm by a constant times the norm of b in F37, (J x X).

Let h € H™(J x G) and v € G™(J % G). We introduce the transformed data

A~

vh = (R) ™ ®i(Givo), = Ri®i(0;ki9), (2.9)

fi= Fiho) = Ri(@iim) + 0 (Y0 A000)).



These functions belong to H™(R3), H™(T), and H™({2), with norms bounded
by a constant times the corresponding norms of vy, g, h, and v, respectively.
(In the existence proof one has to construct a suitable map h for a given f.)
Instead of (2.5), we are now looking at the linear system

(t)Byv(t) +ZAZaU )+ Dit)v(t) = fi(t), xR >t

. . (2.10)
Bi(t)o(t) =g'(t), x€dRY t>t,

v(to) = vl z e R3,

for i € {1,..., N} with the operators and maps from (2.6), (2.8), and (2.9).
Once we have established apriori estimates and the regularity theory for (2.10),
we obtain the corresponding assertions on G by proceeding as in Section 5
of [21] respectively Section 3 of [19]. To that purpose, we also need the case
i = 0 which leads to a much simpler full space problem already treated in [22],
for instance. We put 0y = 9; and define the hyperbolic operators

3
L(w) = x(w)d; + ijl A9 +o(w)  onJxG,
3
LCO(A(), D) = LCO = Aoat + Zj:l A;Oaj + D on J X G,
LZ(A(),Al,AQ, gO,D) =1 :Z OA;@]-—}—D’ on €. (211)
J:

In the last operator and in (2.10) we often omit the superscript i.

If w or v in G solves one of the above linear or nonlinear Maxwell systems,
we can differentiate the evolution equation and the boundary condition m — 1
times and then take the time trace at t = ty € J. The resulting compatibility
conditions on {tp} x ¥ are thus a necessary property for any sufficiently regular
solution. From (2.1) of [22] and (2.9) of [23] we first recall several important
formulas relating time and space derivatives of solutions, where we assume
conditions (2.4), respectively (2.3) for the nonlinear boundary condition.

Take a time ¢y € J, an inhomogeneity f € H™(1Q2), and initial values ug, vy €
H™(R3). Let p € {0,...,m}. Assume that v € G™(£) solves (2.10) without
the boundary condition. Differentiating the evolution equation in time and
dropping the superscript ¢, we deduce that this function satisfies

va(t()) = Sm,p,Aj,D (t(), U(t0)7 f)? (212)
for all p € {0,...,m}, where the term S;,i{fp = Sm.p,a;,D(to, uo, f) is defined by

lin
Sm,O = o,
p—1

i -1 .
S%p = AO(tO)i1 [85 1f ZA 0 S#an 1 Z (p | >3§A0(t0)5131?p_1

=1

p—1
Z (p ) to)Si;L“p_l_l], p>1. (2.13)
=

9



An analogous formula is true on G if v fulfills (2.5) and we replace A; by A%°
for j € {1,2,3}.
Next, let u € G™(J x G) satisfy (2.2). We then obtain

Pu(to) = Smp .o (to, ulto), f) (2.14)

for all p € {0,...,m}. Here we inductively define the maps S,‘}ll’p =
Sm,p,x,a(to,um f) by

S;rl’},o = Uo,
3 p—1 p—1
n - -1 co n n
Sty = X(u0) 1[3§’ Flto) = AS 8jSml,p_1—Z< z )Mls L
J=1 =1
p—1 p—
- ( I ) L (2.15)

=0

6 J
=2 2 D e O ) [T
=1

1<5<p 71,...,'yj€N l1,.. 7l]
> vi=p

where p > 1, k € {1,2}, 01 = x, 0 = o, MY = o(ug), and C(p,y) =
C((p,0,0,0),71,...,7;) is the constant from Lemma 2.1 of [23].
We have to estimate these maps. Lemma 2.3 of [22] shows the inequality

| Sim.p,4;,0(t0s wos f)ll2em—r(c) (2.16)
p—1

< e(ro,m,m,p) ( D117 £(t0) lpen1-3(6) + lollaer(cr )
j=0

provided that Aj € F;ﬁ(,] x GQ), A1, Ag, Az € F™(G) and D € F'™(J x G) and
that the quantities
14k (t0) | Fin—1.0(), 1D ()| 1.0y 18] Ao (t0) lgm—1-3 (G 10 D (t) 313 o

are bounded by ro for k € {0,1,2,3} and j € {1,...,m — 1}. Here one can
replace G by R3.. Similarly, Lemma 2.4 of [23] says that

1Sm.p.x.0 (to; wo, f) ||Hm—p(G) (2.17)
p—1
e(ro,m, Vo, p) ( D104 £(t0)llyun 136 + luollyemcr ).
7=0

if x and o fulfill (2.3), the range of ug is contained in V' € U and the number
in parentheses is less or equal 9. Lemma 2.4 of [23] also provides an analogous
Lipschitz estimate for arguments (ug, f) and (i, f).

On the other hand, for ¢ € H™(J x ) and v € G¥(J x G) solving (2.5)
we can differentiate the boundary condition in (2.5) up to m — 1 times in time
arriving at

B(t())afv(t ) 8fg(t0 + v X Z ( > (to)Blap_ ( ) (2.18)
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on ¥ for all p € {1,...,m — 1}. Replacing By by B{° the same equation is true
on 8Ri and a function v € G () fulfilling (2.10). Analogously, each solution
ue GE(J x G) of (2.2) satisfies

B(u(to))0u(to) = d¥g(to) + v x Z ( > C(Byu)(to) B1oP Fu(ty)  (2.19)

on ¥ forall p € {1,...,m—1}. To express the factors 9F¢(Biu)(tp), as in (2.15)
we set
2

J
Mg— Z Z Z Cp ’y yl .. yl B1u0 H 315;111%
=1

1<i<pv1,.-y1 €N, L=
> vi=p

for p > 1. Taking into account (2.12) and (2.14), formulas (2.18) and (2.19)
lead to the equations

B(to)Sp, = O g(to) + v x Z < ) b(to) B1Sp'y ks (2.20)
B(u(to))Sh , = ¥ g(to) + v x Z ( ) §B1SH ks (2.21)
k=1

on ¥ for all p € {0,...,m — 1} respectively, which are called the compatibility
conditions of order m for the systems (2.5), (2.10), respectively (2.2). (For
p = 0 the sums are omitted.)

3. LINEAR APRIORI ESTIMATES

We first state the basic well-posedness result of the localized linear problem
(2.10) on the regularity level m = 0. In particular, the data f, g and wg
belong to L2. If we have a solution u € L?(2), the evolution equation implies
that u is contained in H!(J,H~*(R%)). The initial condition thus makes sense
in H~'(R3). Moreover, the tangential trace can be extended from regular
functions on Q to those v € L?(Q) with Lu € L?(Q) yielding a distribution
try u in H~1/2(T), see e.g. Remark 2.14 of [21]. The boundary condition can
thus be understood as an equation in H~2(I"). We put Div A = Z?:o 0;A;.

Proposition 3.1. Let t) = 0, A; = A;‘-F € Whe(Q)6x6  Ag > nI, A3 =
AL, D € Le(Q)%%6 b = bl € L(T)3*3 with Ag,b > nl, up € L*(R})S,
f e L2(Q)° and g € L*(T)* with g -v = 0. Then there is a unique solution
u € L*(Q)5 of (2.10). Moreover, u belongs to C(J, L*(R3)5), tr. u to L*(T)S,
and they satisfy equation (3.2) and the estimate

o 21T ”U(T)Hzm(m) + HUH%g(Q) + | trrUHQLg(r) (3.1)
sc (HAO(O)HLw(Ri) HUOH%2(R1) +2 HfH%g(Q) + HQH%g(F))

for constants ¢ = ¢(n, ||bllso) = 0 and vo(n,7) > 1 and all v > ~o(n,r) with
r:=||D — DivA/2| -
11



This result is essentially known, see e.g. Proposition 2.1 of [3], so that we only
indicate the main steps of the proof. Since the precise form of the constants
is crucial for us, we fully show the estimate (3.1) for a solution u € G° such
that also d;u for j € {0,1,2} and A 030 belong to L*(). Set v = e_u. The
equation Lu = f yields

/Lv-vdxdt:/(evf-v—fonv-v)dxdt.
Q Q

Using the symmetry of A;, we next compute

3
1
/Lv-vdxdt: E /ﬁj(Ajvm)dxdt—i—/(D—%DivA)v-vdxdt.
Q 245 Ja Q

The first term on the right-hand side is equal to

.
2 Jr

Basic vector algebra and the boundary condition in (2.10) then lead to

(Ao(T)o(T) - o(T) — Ao(0)uo - o) d: — % / ALy v da dt.
I

3
+

1 1
—/Agov-vdxdt:/e_gy(ul‘trtuz—u2'trtu1)dxdt
2 Jr 2Jr
— 1 2
—/6_27@6 ~trpu” de dt
r
:/egyul-(g—(btrtul) x v)dxdt
r

= /Fe_g7 (g-trrul + (btryut) - tryut) dz dt.
The assumptions now imply the basic estimate
& I (T By + 71 [l 22y + 1 1 070 B
< %HAO(O)HLOO(Ri) HUOH%z(Ri) +r ||“H%g(g) + ||f'uHL§7(Q) + |lg-try Ul”L%,y(F)'

By means of the Cauchy-Schwarz inequality and choosing v > 4r/n, one easily
deduces (3.1) with tr, u! instead of tr;u. The remaining summand can be
recovered from the boundary condition tr; u? = g — (btr; u!) x v. We note that
for v = 0 we also obtain the equality

J

FANT)u(T) - u(T) dz + /(btrt ut) - tryut d(t, x) (3.2)
3 r

=/, %AO(O)UO'uodx-I-/Q((éDiVA_D)U'U"‘“‘f)d(t’x)
R+

- / g-trrut d(t, ).
r

The other steps follow a standard procedure going back (at least) to [17],
see also [1] or [4]. Estimate (3.1) and a duality argument yield a solution u of
(2.10) in L?(2). One can also show a variant of (3.1) for the interval J = R
without the terms at times ¢ = T and ¢ = 0, assuming analogous regularity

12



assumptions. One thus obtains a solution u in L%(Q) of (2.10) on J = R
without an initial condition. Mollifiers in (¢, x1,x2) yield aproximate solutions
Uy, where A5°03u,, belongs to L%(Q) because of the evolution equation. Using
the variant of (3.1) on J = R for u,,, we see that this estimate is also valid for
solutions in L,QY(]R x R3) and that tr; u is an element of L?Y ().

As in Theorem 6.11 of [4] one next shows that the solution vanishes on
(—00,0) if the same is true for f and g. For uy = 0, again by mollifica-
tion one can now construct a unique solution u € L2(Q) of (2.10) satisfying
u € C(J,LA(R3)5), trru € L*(I')5, (3.1), and (3.2). This fact also leads to
the uniqueness statement in Proposition 3.1. It thus remains to show that
for f = g = 0 the solution u is contained in C(J,L*(R%)%) and fullfills
tr, u € L?(T')%, (3.1), and (3.2). In view of the estimate one only has to consider
compactly supported ug. In this case, the available full space result and the
finite speed of propagation imply that u is continuous in L? (Ri) for small times
t > 0. The result then follows by mollification.

We next establish higher order apriori estimates for solutions u € G™ of
(3.1), extending the approach of [22]. In the first step we treat the ‘tangential’
derivatives 9%u with o € N§ and a3 = 0. We use the space H[?(2) containing
those functions u € L?(Q) such that all such derivatives with |a| < m belong to
L?(€2), which is equipped with its natural norm. The space ’Hm(R3 ) is defined
analogously. The number 7 is taken from Proposition 3.1, whereas d,,~2 is
equal to 1 if m € {3,4,...} and zero if m € {1, 2}.

Lemma 3.2. Let tp = 0, T € (0,7), p,n > 0, r > 19 > 0, m € N, and
m = max{m,3}. Take coefficients Ay € F}"'(2), A1, Az € F(R3), A3 = AP,
D e F™(Q), and b € F”H,n( ) satisfying

[Aillpry <7, IDllpm@) <r [Ibllpa—1y <7y [blygmry < p,

maX{HAz’( Mpm-100s ), » Jhax_ 18] Ao (0 Mpm-1-r3)} < 7o,

max{IDO) -0z, 102 10 D(O)ygn-1-se)} < 7o
for all i € {0,1,2}. Choose data ug € H™(R3), f € HR(Q), and g € H™(T)

with g-v = 0. Assume that the solution u of (2.10) belongs to G™ (). Then it
is also contained in G¥(2) and we have

> 10%ulEg ) + ¥ ltll3ggn () + I b7 ullFymry (33)
o] <m
az=0

< Ctao [ Z ”8J H’Hm 1-5(R3) + HUOHHm (R%) + 5m>2p ||Blu||L°°

Cta
el + (1 By ) + Tl o)

for all v > v, where Ciy = Ci2(n,r,T"), Civg = Cpo(n,70, [bll), and ¢ =
c(n,m, ||b]lec). If b even belongs to b € th(F)?’X?’ with norm less or equal T,

then one can set p = 0 in the above inequality.
13



Proof. Let a € N§ with |a| < m and a3 = 0. We use the differential oper-
ator L = L*(Ao, A1, A2, AS°, D) from (2.11). Let j € {0,1,2}. Exactly as in
Lemma 3.2 of [22] we derive the equations

LO%u = fq, T € Ri, teJ,
0“u(0) = ug q, zeR3,
for the functions
2
fa=0"F=>_ > <g> 0P 4,0 Pou— > (g) 0° Do Fu,
J=00<p<La 0<p<La
U = 0%u(0) = 9Oz p(0,u, f),

where we used Az = A$°. Moreover, f, is an element of H™~1%/(Q) and ug , of
Hmlel(RY) satisfying

Fallzac) < Wz oy + lm,r, ) ullgm @), (3.4)
m—1
lto.allsom-1oigay < c(mms70) (D 198 FO)lggm-1-n(st) + Mol e )
k=0

In particular, ®u has a tangential trace in H~'/2(I"). On the other hand, we
can apply 0; to tr; 0 % u = (=0 “ug, 0" “u1,0, 0% “us, 0% “uy,0) in
H~Y/2(T) and obtain 9; tr; 0° % u = tr, 0% for j € {0,1,2}. The boundary
condition in (2.10) thus leads to the equation

Bo“u = g, := 0% + v X Z (;) b tr, 9 Pul
0<B<La
on I'. We bound the terms of this sum in L?(T), at first for b € F{Zn(F). We
use the trace theorem in the form
ol oy < % 01 qag) + e 10500 (3.5)
for any x > 0, which can easily be derived using the Fourier transform.

Let 2 < || < m—1. Then the norm of 0°b in L>(J, L2(OR3)) is less or equal
[b]| pm—1, whereas v := e_ tr; 9 Pu! can be estimated in L?(.J, H%/2(0R3)) —
L?(J, L>=(0R%)) and thus, after taking squares, by

vl @y + e(en) ™ Ny < vl + T (€)™ 1l

using (3.5) with K = ey and any € > 0. If || = 1 we argue similarly, invoking
the spaces L>(J, H!(OR3)) < L>°(J, L*(0RY)) for b and L*(J, H'(R3)) for v.

The cases m € {1,2} are thus settled. It remains to consider the case m > 3
and o = 3. We can now only use the L?-norm of °b and bound v by its
sup-norm which is dominated by ||u|| Leo(JH2(R3))- We conclude

||ga||%g(r) (3.6)
< !Ig!l%;n(pﬁC(m, r) [5'7HUH’2HZ£W(Q)+T/(57)_1Hu”2c’1{"(ﬂ)]+C(m)p2” tl"tulﬂigo(r)-

The last term disappears if m € {1, 2}.
14



Since g, - v = 0, Proposition 3.1 shows that tr, 9%u € L?(T") and that
10%ullGg () + 7 107l 72 () < € (e(r0) llu0.allTams ) + 5 1fallZ2 @) + 19l Z2(r)

for a constant ¢ = ¢(n, ||b]|~) and all v > ~o(n,7). We now insert estimates
(3.4) and (3.6). Fixing a small number € = ¢(n, m,r) > 0, one can absorb the
second term in the right-hand side in (3.6) by the above left-hand side. The
assertion follows.

If b belongs to F,Tcp (T), then we can always estimate 0°b in L°(J, L%(0RY)),

so that (3.6) is true without the last term and we can proceed as above. O
The normal derivatives can be treated by means of Proposition 3.3 of [22]

which is independent of the boundary condition. The full apriori estimate now
follows by an induction argument.

Theorem 3.3. Let tg = 0, T € (0,7'), p,n > 0, r > 19 > 0, and m € N.
Take coefficients Ag € F"(2), A1, Az € F(R3), A3 = AP, D € F™(2), and
be F?T,n(F) satisfying

[Aillpa@) <7 [Dllpa@) <m0 bllpa-wy <75 [blyse) < p,

maX{HAZ’(O)HFﬁL—l,O(Ri), lgrjnga;)}m(—l ”agAO(O)HHmflfj(Ri)} < To,

maX{HD(O)HFﬁL—l,O(Ri), 1§5I1<E}7)1(_1 Hat]D(O)||Hm_1—J(Ri)} <

for alli € {0,1,2}. Choose data ug € H™(RY)S, f € H™(Q)®, and g € H™(T)?
with g-v = 0. Assume that the solution u of (2.10) belongs to G™(S2). Then it
is also contained in G¥ () and there is a number vp = ym(n, 7, T") > o with

iy + 7 el + 1 607 By (3.7)

m—1
mChT j 2 2 2
< (Co + TC)e™ T ( > 100 FOnresey) + 0l + ol
j:

Cm
+ o2 [Brulise)) + =1 o)

fO?" all Y 2 Yms where Cm - Cm(”ﬂ’, T/) Z 1; Cm,() == C’m,O(ThTOa HbHOO> Z 17
and Cy = C1(n,r,T") does not depend on m. If b even belongs to b € th(f‘)?’X
with norm less or equal v, then one can set p = 0 in the above inequality.

Proof. For m = 1 the result follows from Proposition 3.3 of [22], Proposition 3.1
and Lemma 3.2, after choosing 1 (n,r, T") > 7o large enough. We now assume
that m > 2 and that the assertion has been shown for m — 1, keeping the
assumptions on the coefficients.

Following the proof of Theorem 3.4 of [22], we apply the derivative 9, with
p € {0,1,2} to (2.10). The function dpu then satisfies

2
L(A;j, D)Opu = fp = 0Opf — ZapAiaiu — 0pDu  on Q,
i=0
Boyu = g, := 0pg + v x (Opbtryu’) onT, (3.8)
15



Opu(0) = ug,p == Jpug on R,

where douo = Sim,1,4;,0(0, uo, f). The functions f, and ug, belong to H™ L as
shown in the proof of Theorem 3.4 of [22]. As in (3.6) we infer

1981121y (3.9)
< gl +em, ) [l o)+ T (€9) ™ Nl +elm)o? | oot ey,

where the last term vanishes if m =2 or if b € F;" (T"). We apply the induction
hypothesis to (3.8) and insert (3.9) as well as Lemma 2.3 and estimates (3.36)
and (3.37) of [22]. It follows

el gy + 7 il ) + 1t wliomepy + D 10ptlms (3.10)
p=0
m—1
C
< (Chg+TCl e | 07 FO)nr-sgs) + 0l o) + 190

Jj=
/
+ 82 | Bruleny) + <2 (1 By + )

where we already have absorbed the term c¢(m, r)evy HuHHm () Py the left-hand
a,Y

side fixing a small € = e(m,n,r) > 0. Exactly as in (3.42) of [22], we can bound
the remaining derivative by
2
1050l 0y < (Chug + TCIE (3 10pulEs 0y + £ O s e

p=0
!

C
2 m 2 2
+ HUOHHm(Ri)> + o I 1m0 + lullGm @)- (3.11)

For v > 7, and a sufficiently large v, = Ym(n,r,T"), the inequalities (3.10)
and (3.11) imply (3.7). O

Using the trace theorem and the estimate (3.7) for m = 2, we can get rid of
the extra term in this inequality.

Corollary 3.4. Let the assumptions of Theorem 3.3 be true with m > 3 and
r > p. Using the notation of this theorem, we obtain

!\U\\ém(n) + HUHim )+l tYTUH?Hm (3.12)
< (CmO +TCp) mClT( Z Ha] HHm 1-3(R2) + HUUHHm(R3 + HQHHM(F))

+ Cpre(™ 2 ClT[HUOHHQ(Ri) £ )50 @) + 100 O)Z2s) + l9lzm)]
C
+ 7m||f||72q;n(m

Unfortunately, the estimate (3.12) does not fit to the nonlinear fixed point
argument since the constants in front of the data in [...] depend on r and thus
on the size of functions inserted in the fixed point operator, see (5.20).

16



4. LINEAR REGULARITY RESULTS

We still have to construct solutions of the linear problem (2.5) in the class
G¥. In view of the localization procedure, we can focus on the halfspace case
(2.10). We start with the L2-solution from Proposition 3.1 and regularize it
in normal, tangential, and time directions differently. The apriori estimates
from the previous section then allow us to pass to the limit and derive the
required smoothness. Again we follow the procedure of the paper [22]. We can
directly use its results concerning normal regularity, namely Lemma 4.1 and
Corollary 4.2, since they do not involve boundary conditions.

To regularize in spatial tangential variables, we make use of the norms

oty = [ [+ PR € a) P ag o,

oty = [ 6850+ 862 (Pl ) dé

for k € Z, § > 0, and functions v € &' (@) whose Fourier transform Fov in
(z1,72) belongs to L (R3). The space Hf, (R} ) consists of those v with finite
norm HUHH§ ()~ For k € Ny we obtain the standard tangential Sobolev spaces

as defined before. (See Sections 1.7 and 2.4 in [11].) The norm of H{; ™ (R3)
dominates that of Hta s(R%). Conversely, if HUHH§ S(E3) 18 bounded as 6 — 0,

then v is contained in H; ™ (R2), see (2.4.4) in [11].

To construct mollifiers, we take a map y € C°(R?) such that Fox(£) =
O(J¢|™*1) as € — 0 and fgx(tf) =0 for all t € R implies £ = 0. Set x.(z) =
e 2x(e7'x) for all x € R? and € > 0. The convolution in spatial tangential
variables (x1,x2) by x. is called J.. We collect the properties of J. in the
above norms which follow from Theorems 2.4.5 and 2.4.6 in [11]. There it was
assumed that the coefficient A belongs to Schwartz’ class. An inspection of the

proofs in [11] shows that it suffices to require the regularity stated below.

Lemma 4.1. Let k € {0,...,m}, § € (0,1), v € HEH(R3), and A € F™(RY)
with 9°A € L*(R3) for all a € NJ. Then there are constants ¢,C > 0 not
depending on § and v such that

_ 52
ch”z k—1(R3 < HUH FlRY) HJ UHL2 (R3) =11 + dE
Hea s (RL) Hia

< C |’v‘|7.[1C 1 R3)7

1 52\ -1
) 1A= = A0 g 7 (1 ) e S Ol e

We also use the analogous results on R? =2 8R§r (dropping the subscript
ta) which are taken from Theorems 2.4.1 and 2.4.2 of [11]. Because of the
above lemma, for some time we have to work with smooth coefficients whose
derivatives of arbitrary order belong to L?. An approximation argument will
bring us back to limited regularity of the coefficients later. The next result
provides tangential regularity.
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Lemma 4.2. Let ) > 0 and m € N. Take Ag € F]*(Q), A1, Ay € F(R3),
Az =AY, D e F™(Q), and b € F}}, (T'). We further assume that 9A;,0°D €
L2(Q) and 9°b € L2(T) for all « € N}, B € N, and i € {0,1,2}. Choose
data ug € H™R3), f € HI(Q), and g € H™(T) with g-v = 0. Let u
be the solution of (2.10) from Proposition 3.1. Suppose that u belongs to
Ny CI(J,H™ I (R3)) and tryu to Ny HI(J,H™ I (OR3)). Then u is an
element of C(J,H(R3)) and tr- u of L*(J, H™(ORY)).

Proof. 1) We first show that u belongs to L°°(J,H=(R3)) and tryu to
L2(J,H™(OR3)). Let €,6 € (0,1) and v > 0. The generic constants below
do not depend on § or v. We let ty = 0 for simplicity.
Applying the operators L = L(Ag, A1, A2, AS°, D) and B = BS° — v x bBY{°
to J.u, we obtain
2
LJou=J.f + ) [A;, J]0ju+[D,JJu  on,
§=0
BJ.u = J.g — v x [b, J:]BS°u on T,

(4.1)

where [A;, J.] = AjJ. — J.A; etc. Lemma 4.1 implies the commutator estimate

1 52\ —1
—27t , ‘ 2 —2m—1 o
[ [N 0@l 2 (14 5) @ @
SC(H,U“H2 H’"L 1 R3 +||8tu||H7n 1 ))

for all j € {0,1,2}. The other commutators are treated analogously. In partic-
ular, LJ.u is an element of L?(Q), J.ugp of L*(R3), and BJ.u of L*(T"). Hence,
the apriori estimate from Proposition 3.1 can be applied to J.u. We first use
Lemma 4.1 to derive

T
._ —29t —29t 2
S 5= sup e (Ol + [ €t w0l o (4.3

- ) 1 ) —_— 52N\ -1
< 7 B 2
< cspe” ([lult) s oy +/o et Foqay e (14 55) )

T
+ C/ e_2"/t|| tI‘T U(t) Hg_tm_l(Rg) dt
0
62
+// 2 bty o) a2 (14 55) e

1
2 2 2 2
e e L T LA A
52\ -1
—2m—1

By Proposition 3.1 and (4.1) there are constants Cp,p > 0 such that the term
in brackets [...] is bounded by Cy times

T
ol + [ € (100 agae) + 15 JoLBEult) )
18



1T 2
+ /0 &[S (1) 2y + DO 2 s+ 1A 10500 2 |
j=0

for all v > 9. We insert these quantities in (4.3) and interchange dt and de.
Combined with Lemma 4.1 and (4.2), it follows

2 2 -1 2
S5 < e [Jullor )+ 127 s oy + N0y +7~ (1) (40
+ ||U”L2 Jme 1(R3 + ||atu”’2;.[:/n—1(g))+ ||g||%-[lyn(1")+ H trTuHi’Qy(J’ngl—Q(R%)] .

The last summand is bounded by || tr, u||? We can absorb the term with

HHD)”
u in the regularized norm by the left-hand side choosing a sufficiently large ~,
depending on T”. As a result, the quantity Sy is bounded uniformly in § € (0, 1).

We conclude that u belongs to L (.J, H?(R3)). Fatou’s lemma further yields
lire s = [ [+ R Fatire 0 P

< limin / 2 [ I 18R P ), O de i

6—0

= hIéIi)l(I)lf ” tI‘T UHL%(J;;_[?*l(RQ)).

The right-hand side is finite because of estimate (4.4), and so tr, u belongs to
L2(J, H™(ORY)).

2) Step 1) and Corollary 4.2 of [22] imply that u is an element of H™(2). To
show u € C(J,H(R3)), we fix a € N§ with |a| = m and ag = a3 = 0. Using
that u € H™(Q) solves (2.10) and that tr, u € H™(T'), we derive

2
Pu=0"f-> > (g) 0PA; 0" Pou— > (g) 0° Do Pu =: fa,

7=0 0<B<ax 0<B<a
Bo%u = 0%g+v x Z <a> b try 0% Pul =: g,
0<B<a '8

9°u(0) = 8uq.

The function f, belongs to L?(), go to L*(T'), and 9%ug to L*(RY), cf. (3.4)
and (3.6). Proposition 3.1 then shows that 9%u is contained in G°(f2), as
required. ]

The next lemma allows us to gain one derivative in time. In the proof one
constructs a solution v to the initial boundary value problem which dyu formally
satisfies. One then checks that the time integral of v coincides with u. Here
and in the next proposition the compatibility conditions enter in a crucial way.

Lemma 4.3. Let > 0 and J = (to,T). Take coefficients Ay € Fy(Q),

A1, Ay € F3(RY), A3 = AL, D € F3(Q), and b € F%W(I‘). Choose data

ug € H'(R3), f € HY(Q), and g € HY(T) with g-v = 0. Assume that the tu-

ple (to, Ao, A1, A2, As, D, b, ug, f,g) fulfills the compatibility conditions (2.20) of
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order 1. Let u be the solution of (2.10) from Proposition 3.1. Assume that u be-
longs to GL(J'xR3) wheneveru € C*(J', L*(RY)) and tr; u € H'(J', L*(0RY))
for every open interval J' C J. Then u is contained in G’lZ (Q).

Proof. 1) Without loss of generality we assume J = (0,7"). Take r > 0 with
[Aillpa) <70 IDlps) <70 [Ibllpg ) <7

mase{ | A1) p2ogas ) s 107 Aoft) s e} < 7
mase{| D) p2ogas ) ms 10/ D))} <7

foralli € {0,1,2} andt € J. Let v = v1(n,r,T) > 1 be defined by Theorem 3.3.
We further choose a number Cy = Cy(n,r,T) > 1 dominating the constants
in (2.16), Proposition 3.1, and Theorem 3.3. We finally set

Ry = ezyTCO(HfHQGQ,(Q) + ”f”g-tg(g) + ||9H3.¢%(r) + |’U0H3.[1(Ri))'

2) Take an initial time ¢y € J and assume that u(t) belongs to H!(R3) with
||U(t0)||3_[1(R3) < R;. Choose a time step
+

0 < T < min{1, (6Cyr?)~1}.

Following the proof of Lemma 4.5 of [22], we want to construct a function v in
C([to, T2], L*(RY)) satisfying

Lo =0 f — 8tD</t v(s)ds + u(to)) on ',

to
t
Bo =g+ v x o / Bu(s)ds + Bu(to))  onl,  (45)
to
v(to) = S1,1,4,,0(t0, f,u(to)) =: vo on R3.

Here we define T) = min{to+Ts, T}, J' = (to,T7), ¥ = J'xR3, I" = J' x OR3,,
and L = L(Ag, Ay, As, A3, 0;Ag + D). To solve (4.5), we set

R = (403(1 + Co) +6+ 600(1 + C%r)’I“Z)Rl > Ry,

where ¢, is the norm of the trace operator from H!'(R3) to L?(9R3). Let E
be the closed ball in G%W(Q’) with radius R'/? and center 0. Take w € E. We
look at the problem

Lv=8f— 8tD(/tw(s) ds + u(to)) =: fuw on

to
t
Bv =0 +vx 0tb</ Bi°w(s)ds + Bfou(to)) = g on IV,  (4.6)
to
v(to) = vo on R3.
Note that the data in the above problem fulfill the assumptions of Proposi-

tion 3.1. (Use Lemma 2.3 of [22] for the initial value.) This proposition thus
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provides a unique solution ®(w) € G%W(Q’) of (4.6). As in step I in the proof
of Lemma 4.5 of [22], Proposition 3.1 and (2.16) imply that

D)2y @) < Co (lo0l3aqms) + I FullZa ) + lowlZa )

< 2C3 (1£(0) Zages ) + Iu(to) s s ) + 3Co (196132 00y + 190913 ()

/

T! ¢
+ 3007“2/ et [Ts/ (Hw(s)Hi2(R3) + || trr w(S)H%%aRS )) ds
to to + +

o lu(to) 2 sy + I brr w(to) 12 pms | at
< 263(1 + Co)Ru + 3Ry + 3Co(1 + ¢ )r* R Ty + 3Cor™ T [[w[Go o < R-
Y

Hence, ® maps E into itself. In a similar way we estimate
() — 2(@) gy < Co (L = fullZz ey + low — 96l c0)
2 A 112 1 <112
S T C()Ts ”'IU — wHGOE,’Y(Q/) S 6 H’U} — wHGOE,’Y(Q/)

for all w,w € E. The contraction mapping principle thus gives a unique function
v € E solving (4.5).

3) In this step we assume that u(to) belongs to H!(R3) with Hu(to)Hg{l(Rg) <
+
Ry and that the tuple (to, Ag, A1, A2, A3, D, b, f, g, u(tg)) fulfills the compatibil-
ity conditions (2.20) of order one; i.e., B(to)u(to) = g(to) on OR%. We use the
solution v € G%(') of (4.5) on the time interval J’ from part 2) and define

w(t) = u(to) —I—/t v(s)ds
for t € J'. Step II) of the proof of Lemma 4.5 of [22] shows that L(A4;, D)w = f
on ' and w(ty) = u(ty). Using also (4.5), we compute
B(t)w(t) = B(to)u(to) + (B(t) — B(to))u(to) + t Bs5°v(s)ds
+ (0(t) Bi*(w(t) — u(to)) x v
= g(to) + (b(t) — blto)) Bi*u(to) x v + (b(t) Bi*(w(t) — u(to)) x v
+ [ Owg(s)ds — / (Opb(s) B{°w(s) + b(s) Bi°Oyw(s)) x vds

to to
=g(t)

for t € J’. The uniqueness statement in Proposition 3.1 thus yields that v = w
on J' (where we use the obvious variant of this result with initial time ). We
conclude that u € C1(J’, L*(R3)) and tr, u € H'(J', L*(OR3)) as tr, commutes
with integration in time, and hence u belongs to Glz(Q’ ) by the assumption.
The assertion now follows by an iteration argument as in Step III) of the
proof in Lemma 4.5 of [22]. (Here the exponential factor in the definition of Ry
comes into play.) O

For smooth coefficients we now obtain the desired regularity properties on Ri.
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Proposition 4.4. Let n > 0 and m € N. Take Ay € F]f‘(Q) with 0;Ag €
Fy b3 (), Ay, Ay € FF(RY), A3 = AP, D € F™(Q), and b € Fj}, (T).
We assume that 0%A;,0°D € L*(Q) and 0°b € L*(T) for all « € N§, 3 € N3,
and i € {0,1,2}. Choose data ug € H™(R3)®, f € H™(Q)°, and g € H™(T)3
with g - v = 0 such that the tuple (to, Aj, D,b,uo, f,g) fulfills the compatibility
conditions (2.20) of order m. Then the solution u of (2.10) from Proposition 3.1
belongs to G¥(2).

Proof. We proceed as in the proof of Proposition 4.7 of [22], letting to = 0 for
simplicity. The result for m = 1 is a consequence of the two previous lemmas
and Lemma 4.1 of [22]. We assume that we have shown the assertion for some
m € N and that the assumptions are satisfied for m + 1. Hence the solution
of (2.10) belongs to G¥(£2). With the notation of the proof of Lemma 4.3, we
see that the function v = dyu fulfills

Lv=08,f —8,Du=:f, on (V,
Bv=0g+vx0bB{°u=:g, onl’ (4.7)
’U(O) = Sm+171’Aj7D(0,'U;(], f) =0 on Ri.

As in the proof of Proposition 4.7 of [22] one can check that the coefficients and
data in (4.7) satisfy the regularity assumptions of the induction hypothesis. For
the compatibility conditions, we note that Lemma 4.6 of [22] yields

Sm,p,Aj,f)(O’ Vo, fu) = Sm+1,p+1,Aj,D(07 U, f)

for all p € {0,1,...,m — 1} and D := 8;Ag + D. Equations (2.12) and (2.20)
thus imply

B(0)S,,, . 4,,5(0,v0, fu) = B(0)Smi1,p11,4;,0(0, uo, f) (4.8)
p1

=07 g(0) + v x Z <p N 1) arb(0)B§e ol u(0).

On the other hand, by means of v = 0;u we calculate

P g (0) +yxz<> 0) B P 1(0)
p
=g +v < Y (D)ot mrar o

p
+v X ; <Z> AFb(0)BOP 1 (0)

p+1

= 07" g(0) + v x Z <p+ >8t b(0) B0y~ u(0).

Combined with (4.8), we have established the compatibility condition (2.20) of
order m for (4.7).
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The induction hypothesis now shows that d;u belongs to G¥(f2). By
Lemma 4.1 of [22], Lemma 4.2, and the fact that tr, commutes with differ-
entiation in time, the map u is thus contained in G (Q). O

Above we have assumed extra smoothness of the coefficients. This assumption
can be removed by an approximation argument. Take Ag € F,f”(Q), A1, Ay €
F(R3), A3 = A, D € F™(Q), and b € Fq’zn(F). Using standard methods,
one constructs functions Ag . € F,;h(Q), A1, Ase € FC’?(R‘}F), D. € F™(Q), and
b. € Ff["n(f‘) for € > 0, which are uniformly bounded in the respective F—space
and tend uniformly to Agy, A1, A2, D and b, respectively, as € — 0. Moreover,
all their partial derivatives are contained in the respective F—space and thus
in L2. The analogous results are true for Ag.(0) and D.(0) with m replaced by
m — 1. (Compare Lemma 2.2 of [22].)

We again choose data ug € H™(RY), f € H™(2), and g € H™(T') with g-v =
0 such that the tuple (0, Ay, A1, A2, Az, D, b, ug, f,g) fulfills the compatibility
conditions (2.20) of order m. To use the approximating coefficients, one has to
modify the initial value in such a way that (2.20) is still satisfied.

Lemma 4.5. Under the above assumptions, there is a number g > 0 and func-
tions ug in H™(RY) fore € (0,e0] such that the compatibility conditions (2.20)
of order m are satisfied by the tuple (0,Apc, A1, A2e, As, Do, be,uoe, [, 9).
Moreover, the new initial values ug . tend to ug in Hm(Ri) as e — 0.

Proof. Slightly modifiying the notation in (2.12), (2.13) and (2.20), we set
S’,l’)l’;lp(uo) = Sm,p,Aj,D(Oa U(], f) = 8?’“’(0)
for p € {0,...,m — 1} as tp = 0 and f remain fixed. We further define
B= (-1 B§b(0)) and B: = (=1 B§°b:(0)).

The compatibility conditions (2.20) can be rewritten as

p
BAT S u) = 269(0) + v x 3 (7 )obo0) 5S40 (09)
k=1

p
in p in T
s[5t )+ (0.3 (7)obu0)5si, (w)) | = o900
k=1
on 8Ri. Here and below, sums from 1 to 0 or from 0 to —1 are defined as
zero. Here we understand B{° just as matrix and not as a trace operator. Since
IFb(0) € H™F=1/2(R?) for all k € {0,...,7m — 1}, Theorem 2.5.7 in [11] yields
a function b € H™(R3) such that trops O8b = 0Fb(0) for all k € {0,...,m —1}.
In particular, we can extend dFb(0) by 95b to a function in H™ *(R3). We
write gqliﬁp(uo) for the term [...] in (4.9), where we extend it to a function on
R3 as described above. Following (4.35) of [22], this term is expanded as

p—1
Si}{jp(uo) = APO5ug + Z Cpp—jO%uo + By f, (4.10)
§=0
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where A := —Ap(0)~ A3, the tangential differential operators C,,_; belong
to B(H™ 7 (R3),H™P(R3)) and B, is an element of B(H™(Q), H™ P(R)).
These mapping properties can be shown using Lemma 2.1 and (4.35) of [22]
and the regularity of 85’3“13

By B, ggfp’g, A. and ép,p—jﬁ we denote the variants of the above operators
for A; ., D, and b, where we obtain b as b above. As in the previous paragraph,
one sees that the functions Cp ;- are bounded in B(H™ 7 (R3 ), H™ P(R%))
uniformly in € > 0 by the properties of the coefficients. We further note that
OFb.(0) converges to 9Fb(0) as ¢ — 0, since b. tends to b in H™(I'). The
construction of b, respectively b in [11] thus yields that b. converges to b in
H™(R3) as e — 0. One can thus show that in H™ P(R3) the maps S}}{jp,a(uo)
tend to S'i,i{fp(uo) and (b — IN)E)BlS}gjp(uo) to 0 as e — 0.

We are looking for functions ug. € H™(R3) satisfying

BAL S, (uge) = 0P g(0) = BASSE (ug) on ORY.
Let up. = ug + h for some h € H™(R%). The e-variant of (4.10) yields
p—1
St e (o + h) = S, (uo) + ALOER+ Y~ Cppj O
j=0

We thus have to find a map h € H™(R3) solving
p—1
BLAS AZORh = B A [ S (uo) — S, (u0) = 3 Crps04h)]
=0
+ (B — B.) AR Sy, (uo)
p—1
— BAF | S () — S, (o) = 3 CopeycOh (411)
=0

+ (0, (b— Ba)Bgoggjp(uo))T} .

Similar as in the proof of Lemma 4.8 in [22], we first construct functions
al € H™P(R3 ) forp € {0,...,m—1}, ¢ € (0,20) and some g > 0, which satisfy
the variant of (4.11) where we drop B. and replace 8§h by al € H™I(RY).
Moreover, the functions af tend to 0 in ’Hm_p(]Ri’_) as ¢ — 0.

This is done via induction over p. For p = 0, set a’ = (0, (b — b.)B§ug)T
in Hm(Ri) Let the functions a]g’ be constructed for 0 < k <p—-1<m— 1.
The right-hand side of (4.11) without B; is equal to A5°v, for maps v., which
tend to 0 in H™ P(R3) as € — 0 by the above observations. Lemma 4.9 of [22]
now yields functions a? for ¢ € (0,g0] and some gy > 0 such that a® — 0 in
H™P(RY) as € — 0 and AL A2 = Av.. So the maps af exist.

Again by Theorem 2.5.7 in [11], we can find functions h. € H™(R3) satisfying

troms Bhe = troms af for p € {0,...,m — 1}. Moreover, h. converges to 0 in
Hm(Ri) as € = 0. The maps h. thus satisfy (4.11) and wup. = up + he fulfills
the variant of (4.9) for the approximating coefficients. O
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Based on the results established so far, we can now derive the desired regu-
larity result. Recall that we allow for G = ]Ri.

Theorem 4.6. Let T € (0,1"), p,n > 0, r > 19 > 0, and m € N. Take
coefficients Ag € F'(J x G), D € F™(J x G), A3 = A, and b € Fy, (J x X).
IfG = ]Ri, pick Ay, As € Fg?(]Ri) Otherwise, let Ay = A{® and Az = AS.
Assume that the coefficients satisfy

1Aill prrxa) <7 IDlpagxey <7 [bllpe-1xsy < [blgmxs) < o

masc{[| 4Ol pnro00sxy: _ max 10/ 40(0) yen-1-5(c)) < 7o

max{|[D(0)[|pa-1.00sxc); 107 D(0) lggm—1-3(cy } < o,

max
je{l,...,m—1}
for i € {0,1,2}. Choose data ug € H™(G)S, f € H™(J x G)°, and g €
H™(J x )3 with g-v = 0 such that the tuple (0, Ag, A1, Aa, A3, D, b, ug, f, g)
fulfills the compatibility conditions (2.20) of order m.

Then there is a unique solution u € GF(J X G) of (2.5) and there is a number
Ym = Ym(n, 7, T") > 1 such that

Gy rxe) + ITtrr ulldm s (4.12)

m—1
< (Crmo + TC)e™ T (3107 FO) sy + 10 1Eam ) + 1913 5
j=0

C
+ 0 | Brli sy ) + =1 B )

for all v > ~p, and with constants C; = Ci(n,r,T') > 1 for i € {1,m} and
Crmo = Cmo(n, 70, ||blloc) > 1. If b even belongs to F,TT(J x ¥)3%3 with norm
less or equal r, then one can set p = 0 in the above inequality. For m > 3 and
r > p we further have the estimate

||UH2G;n(JxG) + [ trr wlFpmxxy (4.13)
m—1

< (Cmpo + TCm)emclT( D N8 FO)3m -1y + lluol3m(cy + ||9||3{¢(sz))
=0

+ Cme(mH)ClT(HUOHEp(G) + Hf(O)H%I(G) + Hatf(O)H%z(G) + ”9”3{3(Jx2))

Con 11
+ 2 By vy

Proof. We only sketch the proof since it is very similar to those of Theorems 4.10
and 1.1 of [22]. We first treat the localized problem (2.10) on R3. We take
approximating data as in Lemma 4.5 for € = % Proposition 4.4 then provides
solutions u, € G¥ () which are uniformly bounded in this space due to (3.7)
and (3.12). From Banach-Alaoglu we thus obtain a weak™ accumulation point
u of (u,,) which belongs to G{(Q). We apply (3.1) with the given coefficients to
the difference u,, — u. By means of the uniform convergence of the coefficients,
it follows that the maps u, tend to u in G%(£2). Using this fact, one sees that
u satisfies (2.10).
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To show that u € GE(f), one first applies 9"~ ' to the system (2.10). The
resulting data satisfy the compatibility conditions (2.20) of order 1 as the given
data fulfill them up to order m. Since 87" 'u € GL(Q), as in step 2) of the
proof of Lemma 4.2 we can deduce that 9" 'u belongs to C(J, H{,(R%)). By
Lemma 4.1 of [22], the function 9" 'u is an element of G'(J’ x R3) provided
that 9" 'u € C1(J', L>(R})) for any open interval J' C J. Our Lemma 4.3
then shows that 9" u is contained in G%(Q). As in the proof of Theorem 4.10
in [22], one now inductively infers that u belongs to G¥().

Finally, one passes to the domain G # Ri by a localization argument. See
steps IV-VT of the proof of Theorem 5.6 in [21] or of Theorem 3.1 in [19]. O

If G is unbounded, the above result imposes decay of the derivatives of Ag
and D as x — oo. Actually, if these derivatives are bounded one obtains the
same results much easier. As in [22], we have thus focused on the case treated
in the theorem and describe the easy extension in the next result.

Remark 4.7. Let G be unbounded. As in Remark 1.2 of [22] we can weaken
the regularity assumptions in Theorem 4.6 to Ag, D € W*°(J x G) and

VaeN§ with1 < |a| <m: 0%Ay,0°D € L=(J, L*(G))+L>®(JxG). (4.14)

One further has to assume that the corresponding norms of Ay and D are less
or equal 7, and 9*Ap(0) and 9*D(0) are bounded in L?(G) + L>(G) by rq for
all || < m—1. Here one can also replace G by R3 . The conditions on b remain
unchanged. Throughout, in new terms involving bounded parts of 3*Ag and
0D these derivatives can easily be estimated by their sup-norms. %

5. LOCAL EXISTENCE AND UNIQUENESS

The apriori estimate of Theorem 4.6 does not allow us to treat the nonlinear
absorbing boundary conditions as described in (2.2) and (2.3) in full generality.
The problem arises in the terms with highest derivatives of b = ((Bja) for
a function @ € G%(J x G) with range in U. For simplicity we first look at
the problem on I', the case J x 3 then follows by the localization procedure
described in Section 2 and in [21]. Lemma 2.1 in [23] yields the formula

2
By = >y > Yo Gl (B

ByENG,Bo=0 1<F<|Y] 1,7 ENG\{O} I1,--.05=1
B+y=a D=y

J
Oy, -+ 0y, DLV (Bra) [T o (Bra,
i=1

for « € N} with |a] < m. We take m > 3. This expression can be written
as a sum Sy, of the terms with o = v and 7 = 1 plus the sum Syem of the
other terms. The summands in S;ey, can be estimated by the norm in Hl(Ri)
of the product [[]_, 8 (B14);, using the trace theorem. The product rules in
Lemma 2.1 in [22] (and localization) lead to the inequality

ISvem 72wy < T ISrem 2o (5.22(sy) < T (L4 [allEc) = CRT, (5.2)
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where ||4]lgm(sxq) < R. If [a| < m, one can estimate the full function 9“C(B14)
in this way.
To treat the term Spain = 0:((B11)0%(B1a) in the case || = m, we define
the quantities
o) = max @Ol #(R) = ) ® (5.3)
for & > 0. Let |[B1(0)| oo (sxx) < K. Assuming also that [|i|gpsxc) < R, we
estimate

10e¢(B1)|| oo (1xs) < 10eC(B1(0)) | oo sy + TI0FC(Brat) Bryit]| oo (g
< 20(R) + C(R)T il s (yxc)y < 20(R) + C(R)T.
We derive
Stmainl 2 sy < e(0(R)2 + CORIT?) | BritlZom sy
It thus follows
Y 10°¢B1)|F2(gxsy < C(T + 20(F)?).- (5.4)

laf=m

We further take functions ¢ and v with ranges in U, ||B19(0)|z~(sxx) < ,
HﬁHgm( Jx@) < R, and analogously for v. In a similar way we estimate

1(C(Bri) = C(Br0)) Brvllgmr 55y < C(T+Z(E)2)‘|ﬁ_@”2gg;l' (5:5)

The constant C' depends on R, ¢, and a time 77 > T. In the fixed point
argument, one part of the resulting right-hand sides can be made small choosing
a small time interval (0,7") depending on the radius R. For the other one we
will have to assume that z(%) is small, which either means that we are close to a
linear boundary condition or that we deal with electric fields having uniformly
small tangential traces initially. In the linear case, where ( does not depend
on the state u, the number z(%) is even 0. Here we actually allow for time
depending coefficients b = ¢ in F[]T‘T(J x X)), see (2.4). Inequalities like (5.4) and
(5.5) are used several times below.

Exactly as in Remark 2.5 of [23], for unbounded G in our proofs we will make
a simplifying assumption on the coefficients x and o in order to avoid certain
easier terms in the calculations.

Remark 5.1. Let G be unbounded, m > 3, & € G™(J x G), and Y and
o be given by (2.3) or (2.4). As noted in Remark 4.7, for our linear results
we can admit coefficients Ay = x(4) and D = o(4) belonging to the space
described in (4.14). The additional bounded terms can easily be estimated in
each computation. Without loss of generality, in the proofs we will therefore
exclude such terms by imposing extra decay on the space derivatives of xy and o
as |x| — oo. More precisely, for all multiindices o € N with ay = ... = ag =0
and 1 < |a] <m, R>0,V €U, and v € L>(J, L*(G)) with range in V and
V]| oo (7,22(c)) < R we require that

(07%)(v), (%) (v) € L*(J, L*(G)),

1(0%X) (V)| oo (g,22(cy) + 1(0%@) (V)| oo (1, 12) () < C, (5.6)
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where C' = C(x,0,m, R,V). With this assumption, Lemma 2.1 of [23] yields
that x(@) and o(@) are contained in F™(J x G). O

We start with the uniqueness of solutions to (2.2).

Lemma 5.2. Let t; > tg in R and J = (to,t1). Assume that either (2.3)
or (2.4) is valid. Let uj,us € G%(J x G) solve (2.2) with inhomogene-
ity f, boundary value g, and initial value ug at initial time tg. If assump-
tion (2.3) is satisfied, we require that zo(K1)’"3 < (2Co)~! where "y >
maxeqy 2y [|B1ujllpee(sxx), Fo = minjeg oy [[Biujl|pee(sxx), and Co is taken
from (5.7) and depends on the norm of uy and us in WH°(J x G) and on the
lower bound n of x and . Then uy = us.

Proof. We focus on the assumption (2.3) of a nonlinear boundary condition,
since the linear one in (2.4) is easily treated as in Lemma 3.2 of [23]. Let
Ty € J be the supremum of all t € J such that u; = uz on [tg,t]. The two
functions coincide on [tg, Tp] by their continuity.

We suppose that Ty < t;. We take a time T € (Tp, t1) and set J' = (Tp, T").
We fix a compact set V' C U containing the ranges of u; and us on J’. The maps
up and ug in G3,(J' X G) both solve (2.2) on J/ with the same initial value u1 (Tp),
inhomogeneities f and g, and the operators L; = L(x(u;), A{®, AS°, AS®, o (u;))
and B/ = B(uj) for j = 1, respectively j = 2. Without loss of generality
we assume that ||Biuz||pe(sxx) = minjeqi oy [[Biujl|pee(sxx). The difference
up — ugy fulfills

Li(ur —ug) = (x(u2) — x(u1))0rug + (o(ug) — o(ur))uz =: f1 on J' x G,
Bi(u1 —u2) = ((¢(Byuz) — ¢((Biu1))Biug) X v =: g1 on J' x X,
(u1 —u2)(Tp) =0 on G.
Lemma 2.1 of [23] and Sobolev’s embedding theorem yield that x(u;) and o(u;)
are elements of F3(J x G), and ((u;) of F3(J x ). Moreover, x(u1) and ((u1)
are symmetric and bounded from below by n > 0. Let r (resp. R) be the
maximum of the norms of u; and uz in Wh*°(J x G) (resp. in G(J x G)).
Then the Lipschitz norms of x(u;) and o(u;) and the sup-norm of ((u;) are

bounded by a constant depending on . Proposition 3.1 now provides constants
Co = Co(n,r) and v = vy(n,r) such that

lr = w2l ey < CollAilz ey + o1z as)-  (B7)

Exactly as in the proof of Lemma 3.2 in [23], we can control
1AAllZ2 (rwcy < el BT = To) ur = wallgo ey - (5.8)
Recalling the definition of 7; in the statement and of z in (5.3), we next derive
Hgluig(mz) < 20(F1)?R3 || trr (w1 — U2)H%3(J/xa) . (5.9)

By the assumption on %;, we can choose 7" > Tp so small that (5.7), (5.8), and

(5.9) imply that u; = ug on [Ty, T"] and thus on [tg, T']. This result contradicts

the definition of Tg, and hence u; = ug on J. ]
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We next construct local in time solutions of (2.2) using Banach’s fixed point
theorem and our linear result Theorem 4.6. Special care in the treatment of
the constants is required to close the argument, and we need the structure of
the estimate (3.7) here. For the data we define the quantity

k—1

di(J) := HUOH%k(G)"‘Z Hagf(to)H?{k—l—j(g)"‘”f”?{kuxa)+HQH§#€(JX2)- (5.10)
j=0

Moreover, Cy is the norm of the Sobolev embedding H?(G) < Cy(G). We note

that below the number Cjy only depends on a radius r3 > d3(J )1/ 2 instead of r,
as an inspection of the proof shows.

Theorem 5.3. Let to € R, T > 0, J = (to,to + 1), and m € N with m >
3. Assume that either (2.3) or (2.4) is valid. Choose data ug € H™(G)S,
feH™JxG), and g € H™(J x £)3 with g -v = 0 such that the tuple
(to, x,0,C,up, f,g) fulfills the compatibility conditions (2.21) of order m. Pick
a radius v > 0 satisfying

dm(J) < 12,

Take a number k > 0 with
dist({uo(x) |z € G},0U) > k.
If (2.3) is valid, we take kK > 0 with
2(%) < min { 1(Cr 00) 712, (2C0)7/2}. (5.11)

and assume that || Biug||peo(sy < K. The constants Co, Cr, and C depending
onx, o, C, m,r, k, and T are given by Lemma 5.2, (5.16), (5.4), and (5.5).

Then there is a time T = 7(x,0,(,m,T,r,k, k) > 0 such that the nonlinear
initial boundary value problem (2.2) with data f, g, and ug has a solution u
on [to, to + 7] which belongs to G%((to,to +7) x G). It is unique among those
solutions with || Byul| poo (1 to+7)x5) < K-

Proof. 1) We focus on the assumption (2.3) of a nonlinear boundary condition,
since the linear one in (2.4) can be treated as in Theorem 3.3 of [23]. Without
loss of generality we assume tg = 0 and, if G is unbounded, that y and o
satisfy (5.6), cf. Remark 5.1. Moreover, the quantities di(.JJ) can be chosen
to be positive since u = 0 is the unique solution of (2.2) for (ug, f,g) = 0 by
Lemma 5.2.

Let 7 € (0,7] and R > 0. We introduce J; = (0,7) and

V. = {y e U] dist(y,0U) > k} N B(0,Csr).

Note that ran(ug) is contained in the compact set V. Our fixed point space is

E(R,7) = {v € GE(J; % G) | [0l g s,y < B 10— toll oo ) < /2

éﬁv(()) = Smjx.o(0,u0, f) for 0 < j <m —1}

endowed with the metric induced by the norm of G~ (J, x G). We have

ran(v) C V,, := V., + B(0,k/2) CU (5.12)
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for v € E(R, 7). As in Lemma 2.6 in [23], starting from Lemma 5.4 below one
can construct a function w € GE(J, x G) satisfying the initial conditions in
E(R, 7). Using Lemma 5.4 and the estimates on .S, j v, from Lemma 2.4 in [23],
one obtains a constant Cs4 = Cs4(x,0,m,T,r, k) such that ||wHG72n < Cyqr.

Take R > Cs4r. Since

w(t) —ug = /0 Osw(s)ds,

we can bound [|w —uol| e, @) < CsR7. As aresult, E(R, 7) is non-empty, if
we choose R > Cs4r and 7 € (0,k/(2CgR)]. Tt is straightforward to show the
completeness of E(R, 7) for its metric by means of the Banach-Alaoglu theorem,
cf. the proof of Theorem 3.3 in [23].

2) Let & € E(R, 7). Take n > 0 from (2.3). Then Ap := x(4) is contained in
FP(J- x G), b= ((Bia) in Fy}, (J; x X), and D := o(a) in F™(J- x G) by
Lemma 2.1 of [23], Remark 5.1, Sobolev’s embedding, and the remarks before
(5.4). The tuple (0, x(a), AL, AS®, A, (), (), uo, f,g) satisfies the linear
compatibility conditions (2.20) due to Lemma 2.6 of [23], the initial conditions
in E(R,7), and formula (5.1). Theorem 4.6 yields a solution u € G¥}(J- x G)
of the system (2.5) with the coefficients Ay, D, b and the data ug, f, g. In this
way one defines a mapping ®: 4 — u from E(R,7) to G (Jr x G). We want
to prove that ® is a strict contraction on E(R, 7) for a suitable radius R and a
sufficiently small time step 7.

To this aim, take numbers 7 € (0,7] with 7 < k/(2CsR) and R > Csar
which will be fixed below. Let 4 € E(R, 7). Because of (5.12), the map ((a) is
bounded by a constant ¢(V). As in step II) of the proof of Theorem 3.3 in [23],
one finds radii g = r9(x, 0, (,m,r,k) and Ry = Ry(x,0,(,m, R, k,T) such that

masc{x(@)(0) |ty | max 05(@)(0)lagnt-1(6)} < 1o

max{||o(@)(0)| -1y, | max (0o (@)(0)]lsm-r-1G)} <70, (5.13)

<i<m—1
IX(@) N 7 rxcy Nlo(@)pmxays 1@ 1m-1rxq) < R (5.14)
Moreover, the relations (5.4) and (5.12) imply the bound
S 10°CB) 2y < O R T W)+ 20(R)). (5.15)
|a|=m

Let the constant

Cm,O = Cm,O(Xa g, Cv T, H) = Cm,O(U(X; C)a TO(X? g, Cv m,r, K)> C(VH)) (516)
be given by Theorem 4.6. The radius R = R(x,0,(,m,r,k,T) for E(R,T) is

now defined as
R= max{\/320m70 r, Csar + 1}. (5.17)

Let v = Ym(x,0,¢(T,r, k) and Cp, = Cp(x,0,(,T,r, k) be the constants

from Theorem 4.6 with n(x,¢) and Ri(x,0,(,m,R,x,T). Lemma 2.1 in [22]

yields product rules and Corollary 2.2 in [23] Lipschitz bounds of composition

operators. We write Cy j [29] for the maximum of the constants in Lemma 2.1 in
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[22] and Cj 5 j93) for that of Corollary 2.2 in [23] applied to our material laws and

with the numbers m and R and the set V.. We finally introduce the parameter
v =7(x,0,(,m,T,r, k) and the time step 7 = 7(x,0,(,m,T,r, k,K) by

v = max {wm, C;L,locm}, (5.18)
N . K In2 Cm7() =/ A~2 2 ~\2 —1
7 = min {T, SCaR 3 s O W6 0O (R + CRT(T + 2 R))]

(16C1,00) 1, [32chm,OC§.1,[22]022.2,[23}]71}- (5.19)

3) With the definitions and notations of step 2), Theorem 4.6, (5.15), and
Sobolev’s embedding yield

A 112 2 AN 112
||(I)(u)||Gg(J.,.><G) <e’ ||<I>(U)||Ggﬁ(JTxG)

< (o + 70 (3 0 10) sy + 0 By
=0
100 ey + O 20FN B w3 ) + 22 ]
#m (1. x3) 0 1 L2 (I %) ~ H (I xG)

< 200 2(r? 4+ C(r + 20(%)2) 2l Brwoll} o 5y + 27210 Br®@) [, xx))
< 8Cimo <r2 FO(r + 20(R)?) (72 + 7205||<1>(a)||gg(JTXG))). (5.20)
Employing (5.11) and R > 1, we thus obtain

12(@) 2 (s, x) < 16Cmo(r? + C(r + 20(R)))?)
2
< % +16C,, 0C ®*T + 16C, 0C2(K)? < R%.

Step III) of the proof of Theorem 3.3 in [23] shows that the map ®(a) satisfies
the initial and sup-norm conditions in E(R, 7). So we have shown that ® maps
E(R,T) into itself.

Take 4,0 € E(R, 7). Set u = ®(4) and v = ®(0). As above, we look at the
linear system (2.5) with coefficients Ag = x(4), D = o(4), and b = {(B14a).
The difference v — u solves this system with inhomogeneities

f=(x(a) = x(0)0w + (o(@) — o(0))v, = Bo(((By@) — ((B19))Byv,

cf. in step IV) of the proof of Theorem 3.3 in [23]. Proceeding as in this step
and in (5.20), from Theorem 4.6 we deduce the estimate

12(0) = @@l gm-1(, 4y < 77 12(0) — (@ )HGm LX)
1 ~ ~ 2l ~ ~ ~
< 1 |0 — u”?}g’l(JTxG) +4CmoC(1 + 2(R)?)||0 — UHG’E"*(JTxG)
3. a2
< Z ||U - UHGTEﬂ—l(JTXG) ’ (521)

employing also (5.5). (The last part of (5.19) enters when using the arguments
of [23].) Together with Lemma 5.2, the result is proven. O
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We add a lemma used in the proof of Theorem 5.3.

Lemma 5.4. Let m € N and k € {0,...,m—1}. Take maps hy, in H™ *(RY).
Then there is a function u € G™(R x RY) such that 9fu(0) = hy for all k, the
trace of u on OR3. belongs to H™(R x OR3), and

HU’HG’m(RXR )+ 119/ ull 2 (RHm+1/2-5(R3)) T | trogs ul|gm (RxOR3 )
(

sc Z ||hk||Hm—k(R3)a (5.22)

for all j € {0,...,m} and a constant ¢ = c(m).

Proof. Let k € {0 —1}. Take gi, € S(R?). Fix a map ¢ € C>°(R) which

equals 1 in (—1, 1) and vanishes on R\ (—2,2). We define the function v by

m—1
ota) = F 0+ ) Y g ) @), () e
k=0

where F and the hat denote the spatial Fourier transform. Observe that we
apply F~! to a function in S(R*). The dominated convergence theorem yields

9y v(0) = gy
for all k. To show (5.22) for v and g, we take j € {0,...,m} and compute

1070117 o 2 20m-s y) = sup / (1+ |62 [F(2v)(t, €)I* dé

<Csup [ (1+1eP)” ﬂz\aﬂ( (14 1682030 5| ae

teR

<cC Z sup / AP ()P [0 e (1 + 6P 20)((1 + [€%) 2] de

tER

IN

e Z / (1P sup |0 (w()s) e

m—1
- Z / L+ ) k€A = O3 el ey
k=0

So the ﬁrst estimate in (5.22) has been shown.
For the second one we proceed similarly, now abbreviating ;x(s) :=
OL(1(s)s¥) for s € R and each [ € {0,...,m}. We then derive

1070172 23 ://3<1+£\2>””‘“/2jlf(ﬁiv)(t,ﬁ)Pdsdt

Z/ 1+ (@) [ el + 1620 1+l v e
k=0

| /\

m—1 m—1
- / i) ds [ (0 IR OP A < C Y laulnray
k=0
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Denoting (z1,x2) by 2’ and (£1,&2) by &, we finally compute

m—1 k
_ R
opo(t.a’,0) = O F (w((+1-)12) Y gupr ) @,0)
2. 9
1 m—1
= o [ [ (w1620 S o)) des e

2
k=0

The spatial Fourier transform on R? of 9/"v(t,z’,0) is thus given by

1 Lk
FOrot- 0)(€) = 7= [ o (v(1+161)20 3 anle) ) dés
k=0

We next fix a time ¢t € R\ {0}. Since 9 vanishes on the complement of (—2,2),
the integrand above vanishes if €3] > 2/|t|. This fact yields the estimate

F @ o(t, - 0) 12<c7§j [ [+ O sl + € 21) ]

| /\

m— 2/t N ) s
Z /2/t| 1 d&)’/R(l + ’5‘ ) ’gk(f)’ ’¢m,k((1 + |§’ ) t)’ dés

[V (1 + €))7
|(1+ [§]2)1/2¢]
Since k < m, at least one derivative falls onto v in ¥y, x(t) = 9" ((t)tF). As
1 is constant on (—1/2,1/2), the function t,, , vanishes on this interval, and

hence the map s — Wmr (I belongs to C°(R). We infer

Is

(1+ [€[%)H/2 dgs.

€3 Apﬂ%%%&ﬁ

k=0

m—1 m—1
[ i (5)P S
SC%AM®A§H% (€748 < O 3 lgeln-sg

Also employing the trace theorem, we obtain (5.22) for the functions v and g.
The assertion now follows by approximation. O

We assume that the conditions of Theorem 5.3 concerning the data are valid
and that the inhomogeneities f and g belong to the spaces H™((to,T) x G)
respectively H"™((to,T) x X), for all T' > 0. For the assumption (5.11) we take
the quantity d,,((to,to + 1)) unless something else is specified. We then define
the mazimal existence time by

Ty =T+ (m, to, uo, [, 9)
= sup{7 > to | Junique Gs;'-solution u of (2.2) on [to, 7]} (5.23)

The interval (to, T4) =: Jmax is called the mazimal interval of existence. These

notions are modified in a straightforward way if the inhomogeneities are given

only on a bounded interval (tp,7T). By standard methods we can extend the

solution from Theorem 5.3 to a maximal solution u of (2.2) on Jyax which
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belongs to G ((tg,T) x G) for all T' < T and cannot be extended beyond this
interval by a positive time span. More precisely, we obtain the following basic
blow-up criterion, cf. Lemma 4.1 of [23].

Proposition 5.5. Let tg € R and m € N with m > 3. Assume that either
(2.3) or (2.4) is valid. Choose data (ug, f,g) such that uy € H™(G)%, f €
H™((to, T) x G)8, g € H™((to,T) x X)? for all T > to, g-v = 0, and the
tuple (to, x,0,C,up, f,g) fulfills the compatibility conditions (2.21) of order m.
If assumption (2.3) is valid, we require condition (5.11). Let u be the mazimal
solution of (2.2) on Jymax introduced above. If Ty < 0o, then one of the following
blow-up properties

(a) liminf; -7, dist({u(t,z) |z € G},0U) =0,

(b) Limy s, [Ju(t)llym(G) = o0,

(c) lim Sup; s, | Biu(t)|| oo () = & for any K satisfying (5.11),
occurs, where the last item is removed if (2.4) is satisfied. In (c), we assume
that (a) and (b) do not occur and define the constants in (5.11) for the quantities
k= dist({u(t,z) |z € G,t € (to, T)},0U) > 0 and r* = d,, (T — 6, T +6) for
some 0 € (0, Ty —to) and with ||uol|ym ) replaced by Uminfy ~, |[u(t)[lpm(c)-

6. LOCAL WELLPOSEDNESS

In this section we improve the blow-up criterion of Proposition 5.5 and show
the continuous dependence on the data. For various quasilinear hyperbolic
systems, one has established such criteria in terms of Lipschitz norms. (See
Section 4 of [23] for references.) These results rely on Moser-type estimates as
stated in Lemma 4.2 of [23]. They will imply in partcular that the maximal
existence time is independent of m > 3 in the case of linear boundary conditions.
The next proposition is the key step in this direction, where we recall (5.10).

Proposition 6.1. Let m € N with m > 3 and tg € R. Assume that either (2.3)
or (2.4) is valid. Choose data ug € H™(G)S, f € H™((to,T) x G))®, and g €
H™((to, T) x £)3 with g-v = 0 for T > tq such that the tuple (tg, x, o, ¢, uo, f, g)
fulfills the compatibility conditions (2.21) of order m. Let u be the mazimal
solution of (2.2) provided by Proposition 5.5 on Jmax = (to,T4). We introduce
the quantity
w(T) = sup |lu(t)[[wreec
te(to,T)

for every T € (to,Ty). We further take r > 0 with dp(Jmax) < 72. We set
T =Ty if T < oo and pick any T* > to if T = oco. Take wg > 0 and a
compact subset Uy of U such that w(T') < wp and ranu(t) C Uy for allt € [to, T
and some T € (to,T*). If (2.3) is true, we also assume that (5.11) is valid for
® and that 3

2(R)* < 1/(2C), (6.1)
where & = || Brul| Loo ((to,7)xx) and Con = Crn(x, 0,y wo, Uy, T* — to) s de-
fined as maxi<p<m z\a|=k Ch.o with Cy o appearing in (6.5).

Then there exists a constant C = C(x,0,(,m,r,wo, U, T* — to) such that

[ullEg ((t9,m)xc) < C dm((to, T)).-
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Proof. 1) We focus on the assumption (2.3) of a nonlinear boundary condition,
since the linear one in (2.4) is easily treated as in Proposition 4.4 of [23]. With-
out loss of generality we assume ¢y = 0 and that, if G is unbounded, the non-
linearities x and o satisfy (5.6), cf. Remark 5.1. We fix a number 7" € (0,7%*)
such that w(T") < wy and ranu(t) C Uy for all t € [0,T']. Let T € (0,7"] and
set J = (0,T). As in the proof of Proposition 4.4 of [23], we have to work with
the localized nonlinear problem on G = R3 and coefficents A;, Ay € FT(RY)
and Az = A5°. The full space case has already been treated in Proposition 7.20
n [21]. We do not repeat the localization procedure itself, cf. Section 2. As in
(4.3) of [23] we obtain a constant ¢ = ¢(x, o, 7, wo,Us, T*) such that

lullwi.00 ) < 10kl Lo () + w(T) < e

We put L(u) = L(x(u), A1, A2, A3, 0(u)). Let o € N} with |a| < m. In view
of differentiated versions of (2.2), we define

2
fa=0F— <g>aﬁx(u)ataa—ﬁu—z 3 <g>aﬁAjajaa—ﬁu

0<B<a j=10<B<
- Z (a) P o (u)0* Pu,
0< < B
ga=0"9+vx Y (g) 9P ¢(BSu)d*“ P Bu
0< <L

As u solves (2.2), the function v = 0%u satisfies the system

L(u)v = fao, zeRy,  te(0,7),

v(0) = 90ero2as)g o o(Oug, f), x€RI. (62)
If additionally ag = 0, it is a solution of the boundary value problem
L(u)v = fa, reR3,  te(0,7),
B(u)v = gq, zedR3, te(0,7), (6.3)

v(0) = 8(0,041,a2,a3)5m7a07x70(0,Uo, f), xz¢€ ]Ri.

Here we used that &/u(0) = Sm .o (0,uo, f) for all j € {0,...,m} by (2.14).
Let |o/| < m — 1. Step I) of the proof of Proposition 4.4 of [23] shows that

[fallzz@) < 1 fllagtei) + e llullpgorq)
[farllze @) + [far (Ol z2ws ) < edjaripa () + ellullpgarin g

with a constant ¢ = ¢(x, o, m,r,wo,U1). The above results rely on Lemma 4.2
of [23] which is actually true for u € H™(Q2), cf. Lemma 7.19 of [21].

As in (5.4), we reduce most terms in g, to those appearing in f, by means
of the trace theorem. The main ones then lead to a summand involving z(R).
So we arrive at

gallz2ry < llgllzgiairy + ¢ (lullage ) + 2(F) B0 ull 12(r))
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lgar 120y < N9llpgperiorry + ¢ Ulullzgai@y +2F) > 1B ull2ry),
1Bl=lo’|+1
where ¢ = ¢(x, 0,(,m,r,wo,U1).
2) We next show that there are constants C, = C(x, o, (, m, r, wo, U1, T*) with

HaaquG%(Q) < Ckdi(J) (6.4)

for all & € N} with |a] = k and k € {0,...,m}. Proposition 3.1 yields the
case k = 0 as in the proof of Proposition 4.4 of [23]. So let (6.4) be true for all
j €{0,...,k — 1} and some k € {1,...,m}. Take a € N§ with |a| = k. We
first show that there is a constant Cy o = Ck (X, 0,(,m,r,wo, Ui, T™) with

H@O‘UH%;%(Q) (6.5)

T
<Cia [dk(ef) +6|Zk/0 [||85u(3)||%2(Ri)+z(R)2||B<13085u(s)||%2(8Ri)] ds}

for each o € N} with |a| = k. This claim is shown via induction over az.
So let ag = 0. Since 9“u solves (6.3), Proposition 3.1, the bounds on f, and
Ja, and estimate (2.17) yield a constant ¢ = ¢(x, o, ¢, k, 7, wo, U1, T*) such that

10%ulZ gy < € (dl) + [ull2yaiey + 2@ S B0 ula ).
1Bl=k
The derivatives of u of order up to k — 1 can be bounded by the induction
hypothesis (6.4). So we have shown (6.5) for k and a3 = 0. The other induction
steps then only involve the initial value problem (6.2) without a boundary
condition so that we can argue exactly as in Proposition 4.4 of [23] to derive
(6.5) for all ag < k.

We now sum in (6.5) over all a € N§ with |a| = k. Assumption (6.1)
then allows to absorb the boundary terms in the left-hand side. After-
wards, we use Gronwall’s inequality to control 3, [|0%ulgo(q) as in (4.14)
of [23]. Combining these two estimates, we finally obtain a constant Cj =
Cr(x,0,¢,m,r,wo, U, T*) such that

> 18%ulZg o) < Crd( ). (6.6)
|a|=k
We have thus shown (6.4). The assertion now follows by induction. O

The blow-up criterion for (2.2) will be established in the local wellposed-
ness Theorem 6.4 below. Before, we provide auxiliary results needed to show
the continuous dependence on data, starting with an approximation lemma in
lowest order. Its proof is omitted since it is a minor modification of that of
Lemma 5.1 in [23].

Lemma 6.2. Let J C R be an open interval and tq € J. Take coefficients

Ao, Ao € F(Q), A1, Ay € F5(R3), A3 = AS°, D,,, D € F3(Q), and b,,b €

F%’H(F) for alln € N such that (Ao pn)n, (Dn)n respectively (by)n are bounded in

Whee(Q) respectively WH>°(T') and converge to Ay, D respectively b uniformly.

Let Bj = Bj° for j € {1,2} and G = R3 . Choose ug € L2(RY), f € L*(Q), and
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g€ L*(T) with g-v = 0. Let uy,u € GL(Q) solve the linear Mazwell system (2.5)
with the above coefficients and data. Then (uy), tends to u in G%(€).

The next result is the core of the proof of continuous dependence. It improves
the norm in which solutions converge by one regularity level, provided one has
appropriate apriori information.

Lemma 6.3. Let J C R be an open bounded interval, to € J, and m € N
with m > 3. Assume that either (2.3) or (2.4) is valid. Choose data ug,ug, €
H™(G), [, fn€ H™(J XG), and g, g, € H™(J xX) with g-v =0 and g, v =0
for alln € N such that

w0, — uollgm@ — 0, [ fo = fllwmuxe) — 0, llgn — gllam(sxac) — 0,

as n — oo. We further assume that (2.2) with data (to,uon, fn,gn) and
(to, w0, f,g) have G (J x G)-solutions u, and u for all n € N, that there is
a compact subset Uy of U with ranu(t) C Uy for allt € J, that (uy)y is bounded
in G (J x G), and that (uy), converges tou in G2 (J x G). If (2.3) is valid,
we require that

2(R)? < 1/(2Cn) (6.7)
for a fized number & > || Byu|poo(ry, where Cp, = C’m(X,U,C,r,Ul,T’) appears
in (6.14), [J| < T', and r only depends on dp(J), |ullgpixa) and Q. Then
the solutions u,, converge to u in G (J x G).

Proof. 1) We focus on the assumption (2.3) of a nonlinear boundary condition,
since the linear one in (2.4) is easily treated as in Lemma 5.2 of [23]. Without
loss of generality we take tg = 0, J = (0,7") and that, if G is unbounded, the
nonlinearities x and o satisfy (5.6), cf. Remark 5.1. Moreover, T' is less or
equal than a fixed time 77 < co. As in Proposition 6.1 we have to work with
the localized nonlinear problem on G' = R3 and coefficients Ay, Ay € F/(R3)
and Az = A5°. We do not repeat the localization procedure itself, cf. Section 2.

Throughout, we let o € N} with |a| < m and n € NU {cco}, where we put
Uso = u etc. Due to our assumptions, we can fix a number r > 0 that only
depends on di, (), [|ullgp (sx). and € and that dominates the quantities df, (/)
for the data (uon, fn, 9n) and the norms of u, in G¥(£2) and L>°(£2) as well as
A; and As in F™(§2). Here and in the next statement we may omit n < ng
for some ng € N. Let k = dist(Uy, 0U) > 0 and U] = Uy + B(0,k/2). Then we
obtain & > || Biup||geery and ranu,(t) € U] for all t € J and n € N. There
is another radius R = R(y,o,(, m,r,U;) dominating the functions x(u,) and
o(uy) in F™(Q2) and ((B{°uy) in F;}(I).

Let L, and B,, be the differential and boundary operator from (2.5) with
coefficients Ag = x(uy,) and D = o(uy,) respectively b = ((B{°uy). We use the
modified inhomogeneities

2
fon=027= 3 (5)oxtwaor -3 Y (5)o 400,

0<B<La 7=10<p<

- <g>aﬁa(un)aa—ﬁun,

0<B<La
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Jon = 0%g +v X Z <a> P C(BSuy )9 P B u,,
0<8<

where we assume that oz = 0 when considering g, , here and below. Exploiting
that A3z and BS$° are constant, we see that the function v = 0%u,, solves the
linear initial boundary value problem

Lyv = fan, xeRi, teJ,
Bnv = gan, redR3, tel (6.8)
U(O) = 8(07041,&27043)Smﬂo,x’g(o,uoyn, fn), x € Ri,

if ag = 0. We further introduce the auxiliary map

3 6
M= Y 1@, 0,006 (un (1))

1=1 0<j<m 0<y<a,v=0 I1,...,l;=1
Iy|=m—j

— By, -0y, O 6) (w()) e

3
Y Y U@y, 0, 05 (B (1)

0<j<m 0<y<a’ =0 l1,...,[j=1
Iyl=m—j

— (y, - By, 0D (BEu(0) | o< o

where t € J,n €N, 0 = x, 0 = 0, 03 = x~ !, and o/ € N} with |o/| = m.
Observe that the functions h, tend to 0 uniformly as n — oo.

Using the calculus results Lemma 2.1 of [22] and Corollary 2.2 of [23], one
can show that all maps f,, and g, are bounded in L? () respectively LQ(F)
by a constant ¢ = ¢(x, o, ¢, m,r,Uy, T"). If |a] < m —1, then we have analogous
bounds in H1(Q), G°(Q) respectively, H1(TI'). We further derive the inequalities

| fo,n— fa,oo”%k(g) < C[an— fH?Hm(Q) + [Jun — UHg;m—l(Q) + 5|a|(mfk)th”go
T
a 2
S 1 )~ ule) e .
&€ENg,|al=m
| fan— fa,oo,‘ng(Q) <c (”fn - f”%;mfl(g) + [lun — u||ém,1(m), (6.9)
Hga,n— ga,OOH?-[k(Q) < C[Hgn— g”%{m(r) + [lun— UHZGmfl(Q) + 5|a\(mfk)th||go

T ~
[ 10 ) = ) ey 0o

&€ENg,|a|=m
o [T G 2
w2@ [ S IBEO un(s) — (o))
GENG |a|=m

for k € {0,1} and |o| < m — 1, using also (5.4) and (5.5). Here the first and

the last estimate are also true for |a| = m in the case k = 0.
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2) We first treat tangential derivatives with a3 = 0. We set wg, =
8(0"“1’“2’0)Sm,aojx,a(0,uojn,fn). To decompose 0%u, = w, + z,, we use the
solution wy,, € G%(9) of the linear system

Lyv = fa,c0, x € Ri, ted,
Bnv = ga,00, T € 8]1%1, teJ, (6.10)
v(0) = wo 00, T € ]Ri,

with fixed data, and z, € G%(Q) of the linear problem

an:fa,n*fa,om xeRg, teJ,
Bpv = Jan — Ja,00, MRS aRi, te J, (611)
o(0) = won —wnme, T ERY,

with data tending to 0 as we show below. These solutions exist due to Proposi-
tion 3.1, and we have ws, = 0%u by uniqueness and (6.8). By our assumptions,
the coefficients x(un), o(u,) and ((B{°uy) converge uniformly to x(u), o(u)
respectively ((B{°u). In view of the estimates in step 1), Lemma 6.2 shows

[lwn — 0%ullgo () = llwn — wesllgo @) — 0, n — 0o. (6.12)

Let v = v(x,0,¢, m,r,U1,T") > 1 be the parameter ~y(n, R) from Proposi-
tion 3.1. We now apply this result to (6.11) and argue as in (5.22) of [23]. By
means of (6.9), we thus obtain

lenlg y < e[dm () + llim = ulms o + Ihnl% (6.13)

T
30 097 ) = w6 ey + 210 B n(5) = ) ey ) ]
for a constant ¢ = ¢(x,0,(,m,r,Uy,T"), where we sum over all multi-indices
& € N} and o/ € N3 with |d|, |o/| = m and the quantity d? (J) is defined as in
(5.10) for ugn — wo, fn — f and g, — g. We write I,,(T") for the above sum of
integrals. Since 0%*(u, — u) = w, — 0“u + z, by uniqueness again, estimates
(6.12) and (6.13) imply the bound

10%(un = w)llcg (@) < an + cln(T)

for numbers aq, tending to 0 as n — oco. As in step III) of Lemma 5.2 of
[23] an induction extends the above estimate to the case of all oz < m. These
arguments do not involve the boundary conditions, so that there is no need to
repeat them here. We obtain as in [23] the inequality

Y (10%(unlt) - u(®)||Z2zy) + 10%" ter (un — )72 ry) (6.14)

[a),|o [=m
t ~ ~ /
S an =+ Cm/o ||Da(un(5) — u(S))H%Q(Ri) ds =+ Z(E)ZOmHDa BEO(UTL — U)H%Q(F)

for t € J, a null sequence (a,) and a constant Cy, = Cp(x,0,C, U, T).
The notation D® also includes the summation over |a| = m, where & € N}
39



and o/ € N§. Finally, we first use the smallness assumption on z(%) and then
Gronwall’s inequality to conclude the assertion. O

We finally establish the full local wellposedness theorem. For times ty < T
we introduce the data space

Mx,o,(,m(thT) = {(ﬂOJEa g) € Hm(G) X Hm((thT) X G) X /Hm((tovT) X E) |
(x,0,C, to, f,§, o) is compatible of order m, §-v = 0}
and endow it with its natural norm.

Theorem 6.4. Let m € N with m >3 and ty € R. Assume that either (2.3)
or (2.4) is valid. Choose data ug € H™(G), f € H™((to,T) x G)), and g €
H™(((to,T) x X) with g-v =0 for all T > to such that ran(ug) CU and the
tuple (x, 0, to,wo, f,g) fulfills the compatibility conditions (2.21) of order m.
If assumption (2.3) is true, we pick k > 0 satisfiying (5.11) and we require
||BluOHL°°(E) < %/4

Then the mazimal existence times T'y (k, to, uo, f,g) from (5.23) do not depend
onk € {3,...,m} if (2.4) is true. Moreover, the following assertions hold.

(1) There exists a unique mazximal solution w of (2.2) which belongs to the
function space G ((to,T) x G) for all T < T'.

(2) If T} < o0, then
(a) the solution u leaves every compact subset of U, or
(b) lim sup, sz, [Va(t)l[1(c) = 00, or

(c) condition (c¢) from Proposition 5.5 occurs or (6.1) fails as T — T';.
If (2.4) is valid, the last condition can be dropped.

(3) Let T € (to,Ty). Fiz T € (T,Ty). If assumption (2.3) is true, let (6.7)
hold on (to,T") and assume that ||Biullpec(@y,r)xs)y < K/4 and that (6.18)
is valid for k. (The constants in these conditions depend on r from (6.16),
(T —to), and & = 5 dist(Us, OU) for a compact subset Uy C U with ran(u(t)) C
Uy for all t € [tg,T'].) Then there is a number 6 > 0 such that for all data
(iio, f.9) € Mycm(to, T) fulfilling

o — uollzmcy < 6 If = Fllaem(oryx) < 0, 17 = gllam ((to,r7)xx) <

the mazimal existence time satisfies Ty (m, to, f,§, o) > T. Let u(-; o, f,§) be
the corresponding mazimal solution of (2.2). The flow map

U: By o otor (o, £,9),0) = GB((t0,T) x G), (i, f,§) — u(-s o, f, ),

X,0,¢,m
is continuous. Moreover, there is a constant C = C(x,o,(,m,r,T" —to, k) with

||\I’(ﬂ0,17f17§1) - \I](a0727 f2’§2)||Gg’_1((t0,T)xG) (615)
m—1
< Cllitoy — o 2llzm(cy + C Y 107 fito) — 8 fa(to) lggm—i-1(c)
=0

+C A = Fllam—(tomxa) + Cllar = G2llam—1((.1)x5)

for all (o j, fj,gj) € BMX,g,g,m(toﬂT’)((uo’ f.9),9).
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Proof. Except for (3) the assertions follow in a standard way from Theorem 5.3
and Propositions 5.5 and 6.1, cf. the proof of Theorem 5.3 in [23].

1) To show (3), let to < T < T’ < T4 be as in the statement and J' = (ty,T").
Again, we focus on assumptions (2.3) concerning nonlinear boundary conditions
since the linear ones from (2.4) can be treated very similar to the proof of
Theorem 5.3 in [23]. Let C§ be the norm of the embedding of H™(J' x G) in
G™ HJ' x G) and Cg of H?(G) into Cy(G). We take radii r > 0 such that

uollzm ) + 1 fllam=1(xa) + 1 fllam <y + Nglmm <y < r/(mCs),
lullegrxa) <, (6.16)

Let Uy CU and K > 4 Brul| oo ((to,17)xx) be given as in the statement. As in the
proof of Theorem 5.3 in [23] one finds a radius 7 = 7(x, o, m, r,U; ) larger than
the norms of §(u) in F™((to, T") x G), of ((Byu) in FJ}((to,T") x ), of 8(u(to))
in F"=19(@) and that of & 0(u)(to) in H™ 1~9(Q) for j € {1,...,m — 1} and
0 € {x,0}. We fix a number £ < & dist(, 0U) and set

V. = {y € U] dist(y,0U) > k} N B(0,2Csr) and V. = V. +B(0,k/2) CU.

We take R = R(x,0,(,m,4r,k,T") > 4r of (5.17) in the proof of Theorem 5.3.

Choose a number T' € (to,T") and data (do, f,§) € M, 5¢.m(J') such that
Gip maps into Vi, and the data satisfy the bounds (6. 16) with 2r instead of r.
Let J = (to,T). We assume that a solution & € G (J x G) of (2.2) exists for
these data with norm less or equal R in this space and taking values in V.. Let
£ > % bound the supnorm of Bid on (o, T ) x X. There then exists a constant
C = C’(X,a, ¢,m,2r, R, V,,,T") and a time step 7 = 7(x, 0, ¢, m,2r, R, Vi, &, T")
such that the difference of u and 4 is controlled by

Hu - u”Gm 1(J><G <”U0 UOHHM Ha) + Z ngf tO 8£f@0)”%.[m—j—1(g)

IS = P gy + 101 = 3202 sy ) (6:17)
where J = (t, 1o + 7) and we assume that

#,2(#)? < (4CC(R)) ™! (6.18)

with C'(R) from (5.5). Using Proposition 3.1 and (5.5), this fact can be shown
as (5.31) in [23] with modifications analogous to (5.21).

2) We take as a time step 7 the minimum of 7 in step 1), of k/(2CsR),
and of 7(x,0,¢,m,T",2r,k, %) from (5.19). There is an index N € N with
to+ (N —-1)7 <T <ty+ N7. We set t, =to+ k7 for k € {1,...,N —1}. If
to+ N7 < T, we put ty = to + N7; else we take any ¢y from (T,7T"). Next,
we choose a radius dy > 0 which is less than r/(4mCY), x/(4Cs), and k/Cs.
Let (o, ,§) € Bar, . ...0)((10, f,9),80) = Bar(80). As in (5.37) and (5.38)
of [23] one sees that these data satisfy the bounds (6.16) with 2r instead of r,
that || B1tig|| o (x)y < //2, and that the range of 7y is contained in Vj.

As a result, Theorem 5.3 yields a solution @ € G¥((to,t1) x G) of (2.2) with

data (i, f, ) instead of (ug, f, g). The proof of this theorem also shows that @
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is bounded by R in G¥((to,t1) x G) and thus ¥ maps Bj/(do) into the ball in
G¥ ((to, t1) X G) with center 0 and radius R. Moreover, both || Biu||pec((4,¢,)xx)
and || B1@||poo((tg,¢,)xx) are smaller than & by the choice of 7. It follows that
estimate (6.17) is true for @ instead of @, with time step 7 and constant é,
because K satisfies (6.18).

Next take a sequence (uon, fn, gn)n in Bur, , . (to,77)((v0, f, 9), do) which con-
verges to (ug, f,g) in this space. Since

m—1 : .
Zj:0 18] £ (to) = 87 £ (t0) 351y < MCsl fr = FFum(om9xcy — O
as n — 0o, estimate (6.17) yields the limit
H\P(UJO,TU fnvgn) - \I’(Uo, f’g)HGg_l((to,tl)XG) — 0.

Lemma 6.3 thus shows that (¥(ugpn, fn,gn))n converges to ¥(f,g,up) in
G¥((to,t1) x G). We conclude that ¥ is continuous in (uy, f, g). Using (6.16)
and the choice of xk, we then find a number §; € (0, ] such that for all data

(fbo, f~7 g) € BMX’U,C’m(to,T’)((um f7g)> 51) the solution ‘I/(ao, f~>g) exists on [t()a tl]
and satisfies (6.17) on (to,¢1) and

19 (0, f, 3) e ((to,t1) %)

< W (io, £,3,) — ¥(uo, £, 9)llaw (o) xc) + 1% (w0, £, 9) lam ((to,tr) %) < 27
| B1t(t1)| oo (s) < K/2,
dist(ran W (o, f,§)(t), 0U) > &k

for all t € [to,t1]. In particular, ¥(do, f,§)(t1) satisfies the assumptions of
Theorem 5.3 with the same parameters as used before.

3) As in the proof of Theorem 5.3 in [23] we can iterate the above argument
up to time ¢ty > T, arriving at a final radius ¢ := d for the data. In particular,
the final existence time Ty (m, to, @, f,§) is larger than T if (4o, f,§) belongs
to Bas(d). Next fix two tuples (g, f;,J;) from this ball. Replacing u by
U (g2, f2,§2) in step I), we deduce from (6.17) that

19 (0.1, f1, 1) — ¥(dio2, fa, §2)||é7£71((t0’T)XG) (6.19)
= CA'(Hfﬁo,l — 02 3m(c + 1A — ]Z2Hg_[m—l((t0,T)Xg) + 191 = G2l 1 (o103
#3010 i) = O Fato) s )

where C' = C(x,0,¢,m,2r, R, V,,,T'). This estimate implies (6.15).

Finally, take a sequence (ao,n,fn,gn)n in Bps(0) with limit (ao,l,fl,gl) in
this ball. Inequality (6.19) shows that the solutions (g5, fn,dn) tend to
(g1, f1,91) in GE 1 ((to,T) x G) as n — oo. Lemma 6.3 thus shows that this
convergence takes place in G¥((t9,T") x G). So also part (3) is established. [

Remark 6.5. Reversing time and adapting coefficients, data and smallness
assumptions accordingly, we can transfer the results of Theorem 6.4 to the
negative time direction, cf. Remark 3.3 in [21].
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