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Polynomial Computability of Fields of Algebraic Numbers1
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Abstract– We prove that the field of complex algebraic numbers and the ordered field of real algebraic num-
bers have isomorphic presentations computable in polynomial time. For these presentations, new algorithms
are found for evaluation of polynomials and solving equations of one unknown. It is proved that all best
known presentations for these fields produce polynomially computable structures or quotient-structures such
that there exists an isomorphism between them polynomially computable in both directions.
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1. EXISTENCE OF A POLYNOMIAL 
PRESENTATION

Let  denote a finite alphabet everywhere in the
paper. By  we denote the set of all words in the
alphabet . A structure (model, or algebraic system) 
consists of a non-empty set A, the universe of the
structure, and relations, operations and constants
defined on it. A set of symbols for these objects is
called the language (or signature) of the structure.

In the present paper, we consider structures whose
universe is a subset of  for some . A structure  of
a finite language is computable if its universe A and all
its relations and operations are computable, i.e., can
be defined with some algorithms. We say that a struc-
ture  has a computable presentation (is constructiv-
izable) if it is isomorphic to a computable structure.

The theory of computable structures arose long
ago, and now it is one of the main research directions
in the general computability theory. Significant con-
tributions to its development were made by A.I. Mal-
tsev, Yu.L. Ershov, S.S. Goncharov, and many others
domestic and foreign mathematicians. One of the first
papers in this area was the article [1], where the fol-

1 The article was translated by the authors.
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lowing fact was proved: if a field  has a computable
presentation then this also holds for its algebraic clo-
sure. Let  denote the set of all complex algebraic
numbers, and let  denote the set of all
real algebraic numbers, i.e., numbers that are roots of
a non-zero polynomial with integer coefficients. The
field of rational numbers  has a computable
presentations, hence, this also holds for the field

.

It is proved in [2] that if an ordered field  =
 has a computable presentation then it also

holds for its real closure. Since the field  =
 is the real closure of the ordered field

, it also has a computable presentation. A
general proof of these facts can be found in the book
[3], which also includes foundation of the theory of
computable structures.

The present paper is devoted to investigating struc-
tures computable in polynomial time. We use multi-
tape Turing machines [4] as a basic computational
device. Let  and . We say that f is
computable in polynomial time (p-computable) if
there exists a k-tape Turing machine, , that
takes a set of words  as an input and
returns the word  as the result in no more than

 steps for , where c, m are fixed constants
and . We can consider such functions as

“quickly computable.” A set  is p-comput-
able if  is.

A structure  of a finite language is computable in
polynomial time (p-computable) if there is a finite
alphabet  such that  and A itself and all its
relations and operations are p-computable. We say
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