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Abstract— For a system of three first-order partial differential equations with three inde-
pendent variables, we obtain sufficient conditions for one component of the solution to satisfy
a third-order Bianchi equation. We also obtain conditions for the solvability of this system
by quadratures.
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There is a well-known method for reducing systems of algebraic and ordinary differential equa-
tions to a single equation, which is usually called the elimination method. In the present paper,
a similar method is applied to the system

ux = av + bw, vy = cu+ dw, wz = eu+ fv (1)

in the parallelepiped T = {(x, y, z) : x0 < x < x1, y0 < y < y1, z0 < z < z1} of three-dimensional
Euclidean space, where a, b, c, d, e, and f are given continuous functions of the variables (x, y, z)
in T . (The smoothness classes of these functions will be indicated below.) System (1) can be
viewed as an analog of the system

ux = αu+ βv + f1, vy = γu+ δw + f2, (2)

which was studied in [1]. In particular, system (2) with β �= 0 and γ �= 0 was reduced in [2] to the
equation

ωxy +mωx + nωy + rω = f (3)

for the functions ω = u and ω = v, respectively. Note also that the problem on the rela-
tionship between the group properties of system (2) and Eq. (3) was considered in the mono-
graph [3, pp. 185–191].

The aim of the present paper is to obtain sufficient conditions on the coefficients of system (1)
under which there exists a third-order Bianchi equation

θxyz +Aθxy +Bθyz + Cθxz +Dθx + Eθy + Fθz +Gθ = Φ (4)

satisfied by every function θ = u that is the first components of a solution (u, v, w) of system (1);
we also obtain similar conditions for the second and third components v and w of the solutions.

1. In the derivation of Eq. (4) for the function θ = u, we assume that ab �= 0. We differentiate
the first equation of system (1) with respect to z and express the derivative wz in the resulting
equation from the third equation of the system. Then we differentiate the equation thus obtained
with respect to y and arrive at the equation

uxyz = (az + bf)yv + (az + bf)vy + ayvz + avzy + bzwy + bzyw + (be)yu+ (be)uy. (5)

The right-hand side of Eq. (5) is a linear combination of the unknown functions v, vy, vz, vzy, wy, w,
u, and uy. Let us show that the first five of these functions can be expressed as linear combinations
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