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I'maBa 1

Borauciaenust B MoJieJin BETBAIIUXCS
IIporpaMm

1.1 BpruucanrenabHble 3a/1a9u, I3bIKI 1 OyjaeBblI (DyHKITUN.

B reoperunueckoil u npuk/aHol KubepHeTUKe MUPOKO UCHOJIb3YeTCd alllapal TeOPUU S3bIKOB U
oynesbix dynknuit. B Teopun cjioxkHocTH A3bIKM U OyJsieBbl (DYHKIUHU UCHOJIb3YIOTCA TAKKe 115
peJICTABJIeHNS BRITHCIUTETBHBIX 3371249, DTO MO3BOJISIET UMETh eJHHOe MPeCTaBIeHne 33,129, ITO
BAaYKHO IPU aHAJIN3€ WX CPABHUTEIBHBIX CJOKHOCTHBIX XapaKTEePUCTHUK.

Onpedenernue 1.1.1. AndaBur — KOHEIHOE MHOXKECTBO CHMBOJIOB.

Onpedenerue 1.1.2. C1oBO — KOHKaTeHAIUd CAMBOJIOB ayipaBuTta. J[inHa cioBa — 4ucsio obpasy-
IOIAX ero OYKB. € — mycroe ¢aoBo (maunsl 0).

X* — MHOXKeCTBO BCeX CJI0B KOHeYHOH jmHBI B ajcaBure X. X" — MHOXKECTBO BCeX CJIOB
nauHbl n B anadasure X.

Onpedenerue 1.1.3. 736K — MpOU3BOIBHOE MOJIMHOXKECTBO MHOXKecTBa X *, obozHavaem L, L C
X*.

Onpedeaenue 1.1.4. dna andasura X dynkmus f: X" — {0, 1} maspiBaercs auckperHoii. OyHK-
must f:{0,1}" — {0, 1} wassiBaercs GyneBoi.

CoJepzKkaTe/IbHO IPeJCTaB/ICHUe 3a/a4 B B BUJE 93bIKa U HOC/IEI0BATEJbHOCTH OyJIeBbIX (DYHK-
1Ml MOYKHO OHUCATHL CJIeAYIOIUM 00pa3oM. BhIuucauTesbHyI0 331a49y Z MOXKHO IPEACTABUTL B
BUJIE CJIOBA B HEKOTOPOM BhIOpaHHOM ajdapute X :

Ko/ (3a7aun Z) = KOJA(HCXOMHBIX YCAOBHH 3ama4qu Z) + KOJ(MCXOMHBIX JAHHBIX 3ajJa4u Z) +
koz(orBeTa 3ama4uu Z). TakuM 00pas3oM, 3a71a4a OnpeeaseT HEKOTOPbIH sA3bIK:

Ly; ={w € X*: w = gon(3anaun Z) ¢ OTBETOM, COOTBETCTBYIOIUM HCXOIHBIM YCJIOBHAM W JTaH-
HBIM }

Aspiky L € X* ecrecTBeHHBIM 00pPa30M MOXKHO CONOCTaBUTH IOCJIEIOBATEILHOCTH XapaKTe-
pucruueckux Oysesbix dyukuuit Fr = {fo, f1,- ., fu,-- -}, vae fn 0 X™ — {0,1} — auckpernas

dyHKIMA TaKasg, 9To
1, ectmw € L
f”(w)_{ 0, ecmw & L



1.2 Moaean BbIYUCJICHMTIA.

[Ton MofensiMu BBIYUCTeHUH (CM., HapuMep, KHUTY [8]) mOHMMAIOTCS KOHTAKTHBIE CXEMbI, CXeMBbI
13 QYHKIMOHAJIBHBIX 971eMeHTOB, aBTOMATHI, MAIMAHBI ThIOpUHTA U T.1I.

MaremaTrdeckue MOJETN BBHIYUCIEHH YCIOBHO JEJIATCS Ha MOIEIN C MAMITBIO M MOJeNH 0e3
naMaTu. K mepBbIM OTHOCSTCS TaK HA3bIBAEMbIe MAIIMHHBIE, KO BTOPBIM — CXEMHbBIE MOJIEIN BbIUHC-
jqennit. Mexx iy mTuMu AByMs KJaaccaMu Mojeieil HerT 4eTkux pasauuanii. B psje ciydaen cxemHbie
MOJIEJTH MOYKHO HETIOCPE/ICTBEHHO WHTEPITPETUPOBATH C MAITUHHONR TOYKY 3peHusd. TunuaHoi rakoit
CXEMHOI MOJIEJIbIO BBIYHCJICHUTT SIBJISIIOTCsT BeTBsinuecs: (GuHapHbie) mporpammbl. C ogHOR ¢TOPO-
HBI, BETBAIIASICSA IPOIPAMMAa — 3TO KOHTAKTHAS CXe€Ma, C IPYTOil CTOPOHBI, B TEPMUHAX BETBSIINX-
csl MPOIPAMM €CTECTBEHHBIM 00PAa30M OIMCHIBAIOTCS MalimHbl ThIOPpUHTA U aBTOMATHI. B 1anHoi
pabore MbI PACCMATPUBAEM CPABHUTEIbHBIE BO3MOYKHOCTH KJIACCHYECKMX W KBAHTOBBIX MOJesei
BETBSAIIUXCSA TPOrPAMM M KOHEYHBIX aBTOMATOB ¢ MAITUHHON TOYKHU 3PEHUS.

Comep:KaTestbHO, BEITUCIUTEIbHAS MOIEIb HA3BIBACTCI 00HOPOOHOT, €CJIH OTUH U TOT K€ aJIr0-
pUTM paboTaeT HA BXOJAX pasAuunol dauno.. Cemeticmeo aJrOpuTMOB HA3BIBACTCS 00HOPOOHbIM,
ecJiu Jijis BXO/A JII000H JJIMHBL TOAXOAAIUN aJITOPUTM MOXKET OBbITH IIPOCTO CreHEPUPOBAH Ma-
muHoi Thiopuara. B mpoTuBHOM Cjydae BBIYHC/IUTE/HHAS MOJEb HA3BIBAETCS HEOIHOPOIHOIA.
DopmannzaIyo JaHHONO TOHITHS ¢MOTpH, HanpumeD, B [31], [29].

K o1HOpOTHBIM BBIYHCIUTEIHHBIM MOJEIAM OTHOCSTCS, HAIIPEMED, MaIluHbl ThIOpHHTa, KIac-
CHYEeCKHe MOJEeJTH KOHEYHBIX aBTOMATOB. CxeMmbl H3 (PYHKIMOHAJBHBIX JIEMEHTOB, BETBSIIHECS
HPOrPAMMBI SIBJISIIOTCS HEOTHOPOIHBIMHA.

1.3 Mepsbl CJI0>KHOCTH.

[Ipu pemnternn mpodaeMbl SKOHOMHOTO TMOCTPOEHUS OTJIeIbHBIX 010KoB DBM ecTecTBeHHBIMU Me-
PaAMU CJIOYKHOCTH SABJISIOTCS UUCIO JTEMEHTOB B CXeMe, YUca0 OYKB B (hpOpMyJie, YUCIO KOHTAKTOB
B KOHTAKTHOI cXeMe, YUCI0 KOHBIOHKIINI B JIU3BIOHKTUBHON HOPMAIBLHOMK (hopMe H T.II.

[Ipu TeopernveckoM u3ydeHUH ObICTPOJAEHCTBUS HPOIPAMM €CTECTBEHHONH Mepoil CJIOXKHOCTH
BBICTYIACT 6PEMA SUIUUCACHUA — YUCJIO FIEMEHTAPHBIX LIAIOB, BBIIIOJAHAEMbBIX aJITOPUTMOM, Ha-
npumep Marmuaoi Thiopuara. Ipyrumu Mepamu CJIOKHOCTH SIBIASIOTCS 0AUHG Npo2pammo, (Ha-
IpUMep, YUCI0 KOMaHJ B Heil), o6bem pabouets namamuy — 9UCIO s9eeK MAMSITH, HUCIOJIb3yeMoil
IPOrpaMMoOil, BpeMd IIPU NapaJlieIbHbIX BRIYUCICHUAX U T.II.

Nmeercd orpoMHoe pa3zHoOOpa3ue BbIYUC/IUTEbHBIX 33/la4 U pa3padOTaHO MHOI'O PA3JIMYHbIX
aJropPUTMOB [1j1s1 HuX. CyIecTByOINne sI3bIKN TPOrPaMMUPOBaHUs yI00HBI Tpu pa3paboTke u pea-
JU3AIAN AJITOPUTMOB, HO MaJIO MTPUTOMHBI JJIA CPABHUTEJILHOTO aHAJIN3a CJA0KHOCTHU aJITOPUTMOB.
[TosTOMy Teopus CJIOKHOCTH MPEANOYUTAET UMETH JEJI0 ¢ eJUHbLM NPEICTNABAEHUEM 30004 U C
nPocMeiuwuUMU MOJEAAMU AA20PUMMOSE, OOJIETIAIOMUMA WX aHaau3. 1Ipu 9TOM BayKHBIM dABIsgeTCA
VAQUHBIH BBIOOD

® e¢IMHOIO IIOAXOIA MpeACTaBJICHUS 3309 1

® ¢JIMHON MOJIE/IM OLUCAHUA aJTOPUTMOB.

1.4 KoHTaKTHBIE CXeMbI

239

Konrakrhbie cxeMbl — 3T0 HanboJiee “IpeBHUN” KJIACC YIPABJISIONIUX CUCTEM, KOTOPbIE PACCMOT-
peHbl eie B nepBoil pabore Illennona. Mbl mpuBoguM omnpejeaeHne KOHTAKTHONR CXEMBI, CJeays



kuure [§]. [Tycrs man rpad, B Koropom oTMedeHsl JBe BepiuHbl a u b (mosrocs rpada), a Kaxio-
My pebpy HpuIncaHa ojHa OyKBa ajadaBuTa Ti, ..., Ty, T1,...,,L,. B 0003HAYEHNAX KOHBIOHKITUIT
npuasaTo(cM., Hanpumep, kKuury [13]) npumensTs GyHKIHIO 27, KOTOPasi ONPEAeISIeTCsa CIeyo-
M 00pa30M:

.7 — r, o=1

z, o=20

Pe6po ¢ npunucanmoii 6ykBoit X' Ha3BIBACTCS KOHMAKMOM TTEPEMEHHON X;, & UMEHHO 3aMbiKaI0-
wum, ecn 0; = 1, u pasmukaroujum, ecan o; = 0. Oumcannbiii rpad Ha3bIBACTCH KOHMAKMHOT
cremoli m obo3nadaercd. B KOHTAKTHON cxeme JOMyCKaloTes “apaJiiebuble” KOHTAKTHI, T.€. KOH-
TaKThI C JIByMs OOIMHUMY KOHIAM¥. BepIiinHbl, OTIUYHBIE OT TOJIOCOB KOHTAKTHON CXeMbI, Ha3bIBa-
I0TCS BHYTPEHHUMH.

IlpenacraBienue 6ysneBoit (pyHKINN B KOHTAKTHBIX cxeMaX [0BOpAT, 4TO KOHTAKT x; 3a-
MKHYT (mpoBouT) mpu x; = 1 u pasoMkuyT npu x; = 0. PasMbIKaomuii KOHTAKT T; BeJIeT cebst
IPOTHBOMOIOKHLIM 00pa3oM. Torja memb, cocTosmas U3 KOHTAKTOB 7, . . . ,ZEZZC, MPOBOJUT TOTAA
U TOJBKO TOT/Ia, KOTA KOHBIOHKITH S x‘i’ll, o ,ng paBha 1. 910 03Ha4YaeT, 4TO PYHKIWS, PeaTn3y-
eMasi KOHTaKTHON CXeMOif, eCTh IMPOBOJIUMOCTH cXeMbl: (DYHKIHMS paBHa 1 TOrJAa W TOJIBKO TOTJIA,

KOT'JIa €CTh IPOBOJMIINA Tlellb MEXK/Y MOJI0CaAMMU.

1.5 JlerepMuHUPOBaAHHAA BETBLAIasiCd HPOrpamMMa

Herepmunuposannas Berssimasics nporpamyva DBP (Deterministic Branching Program) ¢ ommoii
CTOPOHBI — YACTHBIN CAydail KOHTAKTHBIX CXeM, C JIPYTOil CTOPOHBI, UX MOYKHO PAacCMaTpUBaTh KaK
MAIUHAYIO0 MOJIeJb BbIYUCTIeHui. Mbl MPUBOAUM OIpejiesieHne BETBSIIEHCS MTPOTrPDAMMBL CJIeTys
kuure [65].

Onpedeaenue 1.5.1. DBP nang muoxkecrsom mepemenubix X = {z1,...,T,} — 3T0 OpHEHTHPOBAH-
HBL alUK/AnYecKuil rpad, BepIInHL KOTOPOro AeIdTCd Ha MHOYKECTBO BHYTPEHHHX M MHOXKECTBO
dunaabupx Bepmun. OUHANbHBIE BEPIIUHLL He HMEIOT HCXOAAINX pebep U HOMeYeHbl HyJIeM HJIN
equHuIei coorBercTBeHHO. Kaxkaoil BHyTpeHHel BeplinHe COOTBETCTBYeT mepeMeHHasd T € X,
KasKJiasi BHYTDEHHsIsI BePIINHA UMeeT JBa UCXoAAmuX pebpa, nomederntsie 0 (z =0) u 1 (x = 1),
COOTBETCTBEHHO.

Taxoe 3aganne DBP 6ynem naspiBarh “rpadopeiM” 3aganuem DBP.

IlpeacraBienune OysneBoit pyHKINM. DBP upencrapiser (Bbrauciaser) GyieBy byHKIHIO
f:4{0,1}" — {0,1} caenyomum obpasom. Bbruucnenue 3uadenuss f (o) a1 BXOTHOTO HaGOpa
o €40, 1}” HAYMHAETCS U3 BbIJICJICHHON HaYa IbHOU BepiuHbl. JIJ1s KazK1oit BHyTpeHHEe! BepIIUHbI,
OMEeYeHHOl nepeMenHoil z;, ocyllecTBidercs nepexo u3 3Toil Bepiunbl 1ubo no 0-pedpy, subo
10 1-pebpy, B COOTBETCTBUH CO 3HAaYEHUEM 0, KOTOPOe IIPHHUMAaeT lepeMeHHas T; BO BXOJHOM
Habope, JI0 TeX MOp, MOKa He OyIeT JOCTUIHYTa KOHeYHas BepIlnHa. 3HadeHue byHkmun f (o) st
BXOJIa 0 — ITO 3HAUYEHHE JOCTUTHYTON KOHEUHON BEPIITIHBI.

o Caooicnocms S (P) uporpamMbl P — 910 4UCJIO €€ BHYTPEHHUX BEPIIHH.



o Caoorcnocms  S(f) peanuzanuu GyHKIuu f B BETBSIIUXCS IPOIPAMMAX OIPEJIE/IACTCS KAK
MHHHUMYM CJIOZKHOCTH ITO BCEM BETBAIUMCA IIPOrpaMMaM P BBIYHUCJIAIOIIT X f:

S(f) = min S(P).

Ob6oznaunm P-BP MHOX)KecTBO Oy1eBbIX (DYHKIHH, BHIYHCIUMBIX BETBSIIIHMUCS ITPOTPAMMaME
OJIMHOMHUAJBHON (0T Yuc/ia nepeMeHHbIX (DYHKIHN) CAOKHOCTH. VI3BECTHO, 4TO

P-BP = L/poly,

riae L/poly — 510 HeomHOPOHBII KJIACC CJOKHOCTH, COMEPKAIIUIT 38,141, PEITaeMble JTeTepMUHI-
POBAHHBIMU MAIMMHAMU THIOPUHTA C JIOTAPUPMUIECKONH TAMATHIO, TMEIONTUME “TOJTHHOMHUAIHHY IO
MOJCKA3Ky” (BCIOMOraTeIbHYIO JIEHTY € 3apaHee 3amucaHHoll uHdOpMAanueil MOJHHOMUATBHOTO
obbema).

Hu>xmue oneHkn cjaoKHOCTH [I3BecTHO, 9TO MOYTH Bee Oy/IeBbl (DYHKIHMH IKCIIOHEHITHAILHO
CJIOZKHBI, T.€. TOYTHU Bce OVIeBbl (DYHKIUN HEJIb3s MPEJACTABUTH IPOrpaMMaMU CJI0KHOCTH MEHbIIIe
n—1
qem O (2 ) .
n
HauboJstee BbICOKast HUXKHsASA ONEHKA CJAOKHOCTHU JIjI SIBHO 3aJaHHOI Oy/eBoit (DyHKIUH ObLIa

nosydena 3. V. Heunnopykom B 1966 romy. [I1d BeTBSAIMUXCS MPOTPAMM 3Ty OIEHKY BIEPBBIC
nepesoxkui [1. Tlyamak [53] B 1984 roxuy.

Ioadyukmua. Ilycrs S C X, — HOAMHOXKECTBO MHOKECTBA, BXOJHBIX IepEeMeHHBbIX. Bee mo-
dbyuxmun Gyaknnu f € B, noJydeHHbIe 3aMeHOI BCeX mepeMeHHbX 3 Z = X, \\S Ha HeKoTopbie
KOHCTAHTHI HA3BIBAIOTCS MOAMPYHKIMAMA [ HA MHOZKECTBe S.

Wnest meTona Hednmopyka cocToUT B TOM, 9TO (DYHKIIHS, KMEIONAs MHOTO Pa3HBIX MOI(DYHK-
Ui, He MOXKeT OBITH Ipe/ICTaBIeHa BEeTBSIIecs IporpaMMoii “MaJIeHBKOro pa3Mepa’.

Onpedeaerue 1.5.2. Ilyctp S C X, - HOAMHOXKECTBO MHOYKECTBa BXOJIHBIX IepeMeHHbIX. Bee mo-
dbyuknun dbyukuun f € B,, NOIydYeHHBIE 3aMEHOH BCeX TepeMeHHBIX 3 X,\S Ha HEeKOTOpbie
KOHCTAHTBI HA3BIBAIOTCs MOAMPYHKIUsIME [ HA MHOZKECTBE S.

Teopema 1.5.1. (Heunnmopyxka)

[Mycts dyuknua f € B, 3aBucut 0T BCEX apryMEeHTOB CyIecTBeHHBIM oOpaszom. Ilycts Sy, ...S, C
X, - TIONMAPHO HEMepPeCceKaIOINecss MHOYKECTBA BXOIHBIX TIePeMeHHBIX. [IycTh §; - KOJIMYecTBO MO/
dyuknuit f va S;. Torma

MakcuMaIbHO BBICOKAsl HUZKHsIS OIEHKa, MOoJaydaeMmas IpUMeHeHmeM TeopeMbl Hedwmopyka,
Jutst neauBuyaabioi dyaknun (byuknun [SA [65]) or n nepemennbix ecth

n2

@)

log®n



3abpIBaromniue BeTBAIUECH NMPOTPAMMBbI  Berssiiasicd mnporpamMma Has3biBaeTcs YposHesot,
eCJI ee BePIIUHBI MOI'YT ObITh pa3buThl Ha ypoBuu 0,1,... Takum 0O6pa30M, 4TO Jjid KaZKJIOrO %
peGpa U3 BepITHH yPOBHS § BEJYT TOJBKO B BepIIHHBI ypoBHS (i + 1).

HTupuna w(P) ypoBHEBOI BeTBsIIIENCs MPOTPaMMbl P — 9T0 MAKCUMYM OT KOJTHYECTBA BEPIITH
Ha YPOBHE, B3dTHIH MO BCeM YPOBHAM IMPOTpaMMbI P.

Laybuna (dauna) [(P) ypoBHEBOIT BeTBsIeiics porpaMMbl P — 9T0 YHCI0 YPOBHEH mporpaM-
Mbl P.

VpoBHeBasg BeTBdIIasicd nporpaMma P HazbIBaeTcs 3abviearouietl, eciu Ha Ji0OoM ypoBHe P
TeCTHPYeTCd TOJBKO OJlHA MepeMeHHas. Kaxkmag BeTamasica nporpamma P MozKeT ObITh Tpeodpa-
30BaHa (¢ MOJTMHOMHAJIBHBIM YCJIOKHEHHEM) B 3a0bIBAIOILYI0 BETBAILYIOCS mporpammy P’ Bbrauc-
JIFIONMYIO TY 2Ke camyio dbyHKnuio. /lamee B manHo#i padoTe MBI OyIeM paccMaTpUBATD 3a0bIBAIOIIIHE
BeTBAIIUECA IIPOTPAMMBL.

1.6 DBepodgTHOCTHasg BeTBdIlasgcd IIporpaMma

Beposirnocraast Berssimasicst nporpamma PBP (Probabilistic Branching Program) — sro Berssinia-
SICS IPOTPAMMA, B KOTOPOH KarKJas BHYTPEHHssl BEPIIMHA MMeeT BBIXOJAHYIO cremenb > 2. [lpu
9TOM M3 KarKJ0# BHYTPEHHEH BEPIIMHBI BBIXOAUT JBa THIAa pedbep — momedernubie 0 u 1. Kaxmomy
pebpy e npunucana BepoaTHocTh p(e) (0 < p(e) < 1). s Kazk10il BEPIUTHHBI CyMMa BEPOATHOCTEI
BCeX pebep, UCXOMAMUX U3 9ToH Bepuinhbl, moMedenusix 0 (1), pasua 1. Beraucienne na BXoOIHOM
nabope o € {0,1}" ocymectBasercs caemyionuM obpazoM. Ha kaxkmoMm mmare, HauYMHAsST C BbIJIe-
JIGHHOH Hada ibHOM Bepiunbl, PBP cuuThiBaer 3navenne nepeMeHHOl, TPUINCAHHON BEpIIUHE, U
B 3ABUCUMOCTH OT 3HAYEHUSI CAUTAHHON ITEPEMEHHON MEePEXOJUT B CJIeIYIONNe BePITUHBL 00 MO
0-pebpam, 6o 1o 1-pebpam ¢ BepOATHOCTIMH, HNPHUIIMCAHHBIMA COOTBETCTBYIONUM pedpam. Be-
POSITHOCTD Pyec(0) mpunstust PBP BX0oga 0 — 9T0 BEPOSTHOCTH TOTO, YTO BHIYHCJICHUE HA BXOJE O
NpUBeJeT B KOHEUHYIO HIPUHUMAIOIIYIO BEPINUHY (BEpIIUHY, TOMEYCHHYO 1).

Onpedenerue 1.6.1. Ilycts € > 0. PBP P Boruncaser dynuknuio f ¢ Hagexnoctsio (1/2 4 ¢), econ
st 0 € f7H1) pace(o) > 1/2+ &, u pas 0 € f7H0) pace(0’) < 1/2 — e. Tlpu 3TOM TOBOPST, YTO
P swnucasem dynkyuto f ¢ oeparnuiennol owubkod.

3BecTHO, 9TO /s BETBSIIIUXCA TIPOrPaMM 0011iero Buaa (6e3 OrpaHnveHnst Ha YHCI0 CIUTHIBa~
HUl TePEMEHHBIX ) BEPOSITHOCTHBIE MOJEJN HE UMEIOT CYIIECTBEHHBIX MPENMYIIECTB B CJOKHOCTH
peanusanuu byukiuit. A uMenno, mo npoussBosbHoit PBP, Beraucasiomeit byHKnuio ¢ orpanu-
YEeHHON OMMOKOH MOXKHO HOCTPOUTH JETePMUHUPOBAHHYIO BETBSIIYIOCS TpOrpaMMmy (¢ MOJHHO-
MUATBHBIM YBETUYEHUEM CJIOKHOCTH), BBITHCISIONYIO Ty e dyHKIun. OTMETHM, UTO B OCHOBE
nocrpoerns DBP no ucxonnoit PBP cymecrBenno ucnosib3yercs npueM MOJIMHOMHAILHOTO “TIO-
sropenns’ PBP, uro npusogur x nosoit PBP, Buruncisiomeil Ty ke 6yneBy (yHKIUO ¢ “O4eHb
HeOOTBITION” OMIHOKO.

Ob6osnaunm BPP-BP MmuoxkectBo OyieBbix (yHKIMit, BeraucauMbix PBP ¢ orpanmdennoi
OMMUOKOM W MOJUHOMUAIBHOM CIOKHOCTH. TaKuM 0Opa30M CIIPaBeIJINBO PABEHCTBO

BPP-BP = P-BP

9T0 paB€HCTBO HapPYyIIaeTCd B MOAEJIAX BETBAIIUXCA MPOIrpaMM € O'PDaHUYECHHUAMHU Ha 9HCJIO CUYH-
ThIBAHUNA IepeMeHHbIX.



1.7 BerBgamuecsa nporpaMMbl ¢ OrPaHNTYEHUAMM

BerBsiuecs mporpaMMbl — y00Had MOJIE]Ib I OLNPEIeIeHIS PA3JMIHbIX OIPAHUYCHHBIX BapH-
aHTOB. Lleqbrit paa TakuX OrpaHUYIEeHHBIX MOjies el TMMPOKO HCHOTB3YVIOTCS Ha MPaKTHKE.

1.7.1 Ywumraromue oAMH pa3 BETBAIINECS ITPOrPaMMbI

Berssimasicst uporpamma P HaspiBaeTcst yuraoniei ogaun pa3 (read-once), eciau Ha Kazk/JOM ILyTH
Kaxkjias nmepeMenHast © € X rectupyercst He 60Jiee OJIHOrO pasa.

Jig auraomux oauH pa3 nporpaMm B 80-X rogax ObLIN Pa3JMYHBIMU aBTOPAMU JTO0KA3aHbBI
9KCHOHEHIINAIbHBIE HIZKHUE OIEHKU CJIOKHOCTH Deasu3allii WHIUBUIYaIbHbIX dyHKImi [65].

1.7.2 Ywuraromoiue k pa3 BeTBANIUECHd IIPOTrPAMMBbI

Berssmasicst mporpamMMa P HasbiBaeTcst unTaworieii k pa3 (read-k), ecim Ha KazKJI0M IMyTH KAz 1ast
nepemennasi x € X tecrupyercs He bosiee k pas.

ZLHH YUTAIOIINX k pa3 IporpaMm B 6bIJH/I JOKa3aHbI 3KCIIOHCHIINAJIbHbIC HUKHHUE OIICHKH CJIOZK-
HOCTH peau3alii WHINBUIya bHbIX hyHKuii [65].

1.7.3 VYmnopsimoueHusie BerBsiiuecs: nuarpammvbl pemrernii (OBDD)

YropsinoueHHast BeTsmascst auarpamva perreruit (OBDD) — 310 3a0biBaoiasi, IUTaOIast OMH
pa3 BETBSINAsICS IPOrpamMMma.

Takum obpazom, OBDD — 310 wacTHBIN c/ydail BeTBAMEHCS TPOrPaMMbl, BCE IIyTH KOTOPO
HMeoT OMHHAKOBYIO manHy. Jucio Bepumma OBDD P ua yposwe i 6ymem obozHauarh width;(P) u
Ha3blBaTh mupuHOil ypors i. upuuoii OBDD P — obo3nadenune width(P) — O6yaeM Ha3biBaTh
BEJIMIUHY

width(P) = max width;(P).

(]

Mupuny width(P) OBDD P 6ynem cuntarh ciaoxuoctbio OBDD. TloHsiTHO, 9TO ClI0KHOCTH
OBDD P B cmbicie uncia obmero wucia sepimua OBDD P pasna width(P)-n, tjae n — 9T0 9Uca0
nepeMennsix OBDD.

CymecrByer ecTrecTBeHHAsA CBA3b Mexkay Mozaesabio OBDD u MOe/1bi0 KOHEIHBIX aBTOMATOB.
B psne ciygaes B anrmosizerauoit auteparype OBDD, HazsiBatoT HEOMHOPOIHBIMI ABTOMATAMH.

1.7.4 k-OBDD

[Ton k-OBDD nonunmaercs 3a0bIBaloniasd, dnTalonas k pa3 BeTBAIIALACS IIPOrpaMMa.
Taxum obpasom, k-OBDD moxkno pazjaenuTh Ha k cJI0eB, KaxKIbIi U3 KOTOPBIX OyIeT Ipe/-
cTaBadaTh coboit OBDD, npudem mopsiIoK CIUTHIBAHHUS OJUH W TOT Ke€.

1.7.5 IIpakTudeckaga 3HaunMoctb OBDD

PasBurue texnosioruii B 00J1aCTH KOHCTPYHUPOBAHUS U TECTHPOBAHUSA WHTEIPAJBLHBLIX CXEM IPH-
BEJIO K PAa3BUTUIO TEOPUU BETBAHIUXCA HIPOrpaMM C OIPaHUYCHUAMHU Ha YHCJIO CYUTHIBAHUN IIe-
peMeHnHbIX. CrernuajbHOil TaKoi BeTBdIeiicd HMpOrpaMMoil saBjsgeTcsd yHnopdjodeHHas OMHApHad
muarpamma penteruit — OBDD (Ordered Binary Decision Diagram). Ona NIHPOKO HCIOJIB3YeTCs
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Jutst Tectupopanue npasuibioctu npoektuposanus CBIUC [35], [64], uporpammuoro u annapar-
HOrO 00OpYNIOBAHNUS, TECTUPOBAHUH DA3JIUIHBIX MO W B APYIUX HPUIOKEHUAX. (CM. KHUTY
[65]). KaroueBbim MmomenTom Takoro npumenerns OBDD sBiisieTcst BO3MOKHOCTE Tpe/ICTABIEHHS
dbyuknuit 8 OBDD mebospmioit (HOJIHHOMEATBHOI) CI0KHOCTH

1.7.6 JImneitHas BeTBAIasCd MIPOrpaMma

Onpefensiemas B JaHHOM Da3jiesie JIMHeiiHas BeTBsmasics nporpamma [22] asisiercst 060061eHn-
eM IOHSTHs 3a0bIBalOIIell JeTepMHUHUPOBAHHON IpOrpaMMbl M OIIpe/IeiseMOil j1ajiee KBaHTOBOI
BETBAIIEHCA TPOTrPaMMBI.

JIuneiinaa BerBsmasica nporpamma LBP (Linear Branching Program) 7P uan muO-

KECTBOM nepeMeHubix X = {x1,...,2,} U HaJ d-MepHBIM BEKTOPHBIM NpoCTpancTsoM V@ ecTh
TpOMKa
P = <T7 |M0>7F>
e Muoxkecrso B? = {|1) = (1,0,...,0), ..., |d) = (0,...,0,1)} GasucHbix BeKTOpOB Gyjem

HA3bIBaTh OasucHbIiMU cocTognuamu LBP.

d
B = ;|7 V6
e BexTopa |1 Z; |4) mpocTpancTBa YJIEM Ha3bIBATh COCTOSHUSMHU.
i=1

e IIpeobpazoBanus cocTosiHU P onpeesisiiores nociaenosareasaoctoio T = (T, ..., T,) (anu-
uel () mncerpyknumit. Kaxaas wncerpykmus T; sto tpoitka T; = {j;, M;;(0), M;,(1)}, tae j;
OIIpeJe/IseT MePeMEeHHyI0 & j,, CauThiBaeMyto Ha mare 4, M, (0) u M;, (1) — sro d x d marpu-
bl — JIMHeiiHble Ipeobpa30BaHns BEKTOPHOIO HpocTpaHcTsa Ve

® |[o) — HAYATBHOE COCTOSHUE MPOTPAMMBL P;

o F' C B? — moaMHOXKeCTBO 6a3UCHBIX COCTOSHHIA, 97/eMeHTHI KOTOPOTO OyIeM Ha3bIBATh IPHHH-
MaIOIIIMHE COCTOSHUAMMU. DIeMeHTh MHoxkKecTBa F' = B\ I 6y1eM Ha3LIBATH OTBEpPralOIUMMI
cocrosHusivu. depes Accept u Reject Oynem 0003HAYATH MHOYKECTBA, MHIEKCOB IIPUHUMAIO-

IIIX M OTBEPraloniux cocroguuit coorsercrsenno: Accept = {i : i) € F} u Reject = {i :
i) € F}.

Borancsenue nporpaMmbl P Ha BXOJE 0 = 07 ...0, € {0,1}" onpenessiercs cienyomum 06pa3om:
1. Borunciienne P HAYMHACTCSA M3 HAYATBHOTO COCTOSTHUS |fig);

2. Ha i-om mrare BeramciieHnus P IpEMeHseTCs HHCTPYKIuA 1;: eciiu z;, = 0j,, TO K TeKyIeMy
COCTOSTHUIO (1 IPUMeHsieTcst TpeobpaszoBamue M, (0}, ) 1 mporpammMa P HepexoiuT B COCTOSTHHE
') = M;,(0},) |p) (cocTostHIS TPOrpaMMBl TIPEACTABIAIOTCS B BHE BEKTOP-CTOIOINOB);

3. OUHANBHBIM COCTOSTHUHEM (COCTOSTHHEM IIOCJIe MOCTIeAHero mara £) 6yaer cocTosue

1

|/~L(O-)> = H Mji(o-ji) |:u0>



Onpeesiennast Bbiile JUHEHAs POrpaMMa, siBjisiercss 3a0biBatonieil u nmeer ¢ + 1 yposenn. Hy-
Mepanust ypoBHeil HadmHaeTCs ¢ HyJs1, nocae unil (puHaIbHbI) ypoBeHb nMeeT HOMeED [
IMIupunoit w(P) LBP P Gynem HazwiBaTh pazmeprocTh d npoctpancTa V@ cocrosumit P, a
anco ¢ nazpBarh pauHoii [(P) nporpaMmbr P.
Tenepnb 3a6piBatomyio DBP M0XKHO olpeetuTh CJIeayIoIIM 00pa3soM.

1.7.7 JInneiitHoe npenacraBjieHue 3abdbiBaroiieit DBP.

Ba6siBatomas DBP 310 LBP naz BexTopubiM mpoctpancTsoMm F¢, riae F moaxoasinee KOHETHOE 10
se. MuozxkecTBOM cocTostauii Takoit LBP gBisercs muoxxecrso B? 6a3ucubix cocTosHuii. MaTpuiipl
npeobpaszoBanmii M 3amaoT npeobpazoBaHus MHOXKecTBa B

Bxoznoit Habop o npuruMmaercs, ecau |u(o)) € F.

1.8 KBpBaHTOBas BeTBdIlagcs IIPOrpaMMa

KpanroBas Berssimasics nporpamma QBP (Quantum Branching Program) sto LBP max koMmiuiexc-

HO3HAUYHBIM [ miib6epToBeIM d-MepHBIM mpocTpanctsoMm HY. Cocrogmmavu QBP Q apasiorces Bex-
d d

Topa |) = ZZZ i) ¢ eamHEIHON HOPMOIL || |¢) || = Z |2i|> = 1. O HA3BIBAIOTCHA IUCTHIME
i=1 i=1

cocrosausME uau ipocto cocrosausvu QBP. TIpeobpazosannsa QBP 3amar0rcs KoMIniekKCHO3HAY-

HBIMH YHUTAPHBIME d X d MaTpUIAMHU.
d

Ecau |¢(0)) = g z; |i) — dbunagproe cocrostane QBP mocsie cuuThBaHUS BXOJA 0, TO BEPO-
i=1
ATHOCTD Dace(0) TIPUHATHS BXOJa 0 TIPOrpamMMoii P onpeensiercst Kak

pacc(a) = Z ‘Zz'|2~

1€ Accept

[[Iupunoit KBaHTOBO# BeTBsIIeiicad MporpaMMbl () Ha3bIBaeTCS Pa3MEPHOCTH d MPOCTPAHCTBA
H, a gyumO# — Ymes0 | MHCTPYKIMI B TocaegoBaTeaprocTn 1.

Onpedenenue 1.8.1. Ilycts € > 0. Toopsar, aro QBP Q Beraucager GyHKuio f ¢ HAJTEKHOCTHIO
1/2 + ¢, ecim gyt 0 € f1(1) BBITOIHACTCH HEPABEHCTBO Pucc(0) > 1/2 4+ €, a as o’ € f~1(0) —
HEPABEHCTBO Paec(0’) < 1/2 — €.

B wacTHOCTH, TOBOPST, 9T0 KBAHTOBAS BETBSIIIACS IIPOrpaMmmMa, () svuucaiem 6ysesy Gyuryuio
[ ¢ 0dnocmoponneti owubkot, eciu cymecrsyer € € (0, 1) Takoe, uro aja mo6oro o € f1(1) Bepo-
ATHOCTb IPHHATUA 3TOro Habopa Inporpammoil Q paena 1, a g moboro o € f~1(0) BepogaTHOCT
HPUHSATHS He MPEBBIIIAET €.

3amMeTuM, 9To 3Ta MOJEIb ¢ OJHUM u3MepeHueM (“measure-once”) aHAJOIHIHA MOJIETN KOHEU-
HBIX KBAHTOBBIX aBTOMATOB, olpeesentoii B pabore [49], B KoTopoii cocrosinme cucreMpl U3MeHsl-
eTCd YHUTapPpHBIM 06pa30M 3a UCKJIDYEHUEM CbI/IHaJIbHOFO usmMepeHud COCTOAHUA.

KBanTosbie OJAMH pa3 YHNTAIOIIINEe BETBAIIINECd IIPpOrpaMMBbI.

Onpedenenue 1.8.2. KpantoBas BerBsamasics nporpamva () HazbiBaercs QOBDD wan omwn pas
YUTAIONIENl KBAHTOBOI BeTBAIIEICS TPOrpaMMOii, ecin KazKjias mepeMeHHast x € {xq,...,x,} 1o-
SBJISETCS B I0CJIEI0BATEILHOCTH HHCTPYKIMi T mporpaMMsl () He GoJiee 0JIHOTO pa3a.



O6oznauum vepes P-QOBDD knacc dyukiuit, npeacraBumbix kBanTosbivu OBDD mosnmo-
MHUaJbHOI IIMPUHLL.

KsBanTossie k Pa3 YUTAOIIINEe BEeTBAINUCCA ITPpOrpaMMBbl.

Onpedenenue 1.8.3. KpanroBasi BerBsimasics nporpamma () nassiBaercs k-QOBDD wiu k pas un-
ratorieit QOBDD, eciim ee MoxkHO pa3duTh Ha k MOCTIEI0BATENBHBIX MOANPOTPAMM, KayKIasd 03
kotoperx Oyner QOBDD. Tlpuyem mist KaxKa0it MOAIPOrPAMMBL OPSIIOK CIUTHIBAHUS TT€PEMEH-
HBIX OJIMH U TOT Ke€.

BerBsamueca nmporpaMMbl OrpaHUYeHHON IMUpUHBI. OnpeaeuM KIacChl CJIOXKHOCTH s
BETBSIINXCS MMPOTPAMM OT'PAHUIEHHON IMTUPUHBI.

e P-BP, xnacc dpyukimii, npejcTaBUMbIX BETBAIIUMUCS POTrPAMMAaMU TITUPUHBI K W MOJIUHO-
MUAJbHON JIJITHEI.

[lono:xxkum BWP-BP = U, P-BP,.

e BPP-BP, — nonknacc knacca BPP-BP, koropsiit coctout n3 ¢GpyHKIMi, IpeIcTaBUMbIX
BEPOSITHOCTHBIMU BETBANIUMHUCS TPOTPAMMAME MOJUHOMUAJIBHOTO CJIOKHOCTH W TIUPWHB k
C OrpAHWYEHHON OIIHOKOM.

O6oszraunm BWBPP-BP = U, BPP-BP;.

e BQP-BP - knacc pyukimii, KOTOpbie e-IPUHIMAIOTCA KBAHTOBBIMU BETBATITIMECS TPOTPAM-
MaMHI NOAUHOMUAALHOT CAOHCHOCTIU, TSl HEKOTOPOH KoHcTanTh € € (0,1/2).

e BQP-BP, — noaknaacc kinacca BQP-BP, koropsiit cocront n3 Bcex pyHKIUil, KOTOPHIE €-
HPUHUMAIOTCA KBAHTOBBIMU IPOIPAMMAME NOAUHOMUGALHOT CAOHCHOCMU T TITUPUHDL K, s
HeKOTOpOi KoHcTanThl € € (0,1/2).

Msr o6oznavaem BWBQP-BP = U, BQP-BP,..

e EQP-BP - knacc Bcex dpyHKIMiT, KOTOPbIe BHIYUCIUMBI HEKOTOPHIMH KBAHTOBBIMH BETBSI-
IITIMUCS TPOTPAMMAMHI NOAUHOMUGADHOT, CAOAHCHOCMUY 0€3 0WUbKY, T. €. ¢ HY.Ae80U 0wWubKOU.

e EQP-BP, — nouxiacc kiacca EQP-BP, koropsiit cocrout u3 Beex dynkiuit u3 Bcex QyHk-
Ui, KOTOPBIE BBITUC/IAIOTCS KBAHTOBBIMHU BETBSAIUMUCS TPOTPAMMAME TOJTHHOMHATHHOM
CJIOXKHOCTH U TMUPUHBI k €3 OomnOKu.

O6osnatmy BWEQP-BP = U,EQP-BP,.

1.8.1 CxemHoOe mpeacTaBJeHUE

HpeﬂﬂaraeMme HaMM METOJbI ITIOCTPOCHU A SCI)Cl)eKTI/IBHbIX KBaHTOBbBIX aJITOPUTMOB B MO/J€JIM1 KBaH-
TOBBIX BETBAIIUXCA ITPOrpaMM OIIUPAIOTCA Ha WX CXEMHOE IIpeaCTaBJICHUE. A HUMEHHO, KBaHTOBaAd
BeTBANIladCd IIporpaMMa pacCCMaTpHUBaeTCd KaK KBaHTOBad CX€Ma, JOIIOJHEHHad BO3MOXKHOCTBLIO
CUUTHIBATD KJIACCUYECKHIE OUTHI B KAUECTBE KOHTPOJJIMPYIOIIUX [JJId YHUTAPHBIX OII€ePaTOPOB. Takum
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o0pa3oM, Jirobast KBAHTOBas CXeMa €CTh KBAHTOBAas BETBAIIASICH HPOIPAMMa, KOTOPas CyIIeCTBEHHO
He 3aBHCHT OT CBOWX KJIACCHIECKUX BXOOB.

33]'1
Ij2 O
Zj H
o) T T
ot 192 o) [ 0w0) [ 0 M 0e0) 7 7 1) [ Thi0)
L5 T A N S § N RS B
31ech Tj,, ..., Tj — HOCIETOBATEILHOCTD HEPEMEHHBIX (HeoOa3aTeIbHO PA3INTIHBIX), 0003HATATO-

IMAX KJIACCUYeCKHe YIPaBISIoNIHe cUTHAJB. COTJIACHO MPUHSATONW B JIUTEpPAType MO KBAHTOBBIM
cxeMaM HOTAIluHU, KJIACCHYeCKoe yIIpaBjeHHe 0DO3HadaeTcs Ha CXeMe JIBOMHBIMH IIPOBOJAMU, a
KBAHTOBOE — OJIMHOYHBIMU.

BameTnM, 9TO JIJI KBAHTOBOW BETBAIIEIiCsT TPOTPAMMBL B CXEMHOM TIPEICTABIEHUN STBHBIM 00-
Pa30M TPOSBJIIETCS ellle OJHA Mepa CJOKHOCTH — JHUCJI0 KYyOuT ¢, HeoOxoaumoe njisd pU3nIecKoit
peain3anuy COOTBETCTBYIONIEl KBAHTOBOM CHCTEMBI ¢ KJIacCHIecKuM yipasiaeHueM. CoryiacHo mo-
cTyJlaTaM KBAHTOBON MEXaHUKU JjIs Peaju3aluid KBAHTOBOM BETBSINEHCS MPOrPaAMMbl MTUPUHBI d
(cucTembl ¢ d cocTosiHUSAME) TTOTPeOyeTcst Kak MUHAMYM log d KyOuT.

Onpedenenue 1.8.4. HazoBeM KBaHTOBYIO BETBSIIYIOCS IPOIPAMMY ¢-KyOHTHOM, eCJIM OHa MOXKET
OBITH peaJu30BaHa B BUIE KJIACCAYECKH YIIPABIAEMO KBAHTOBON CHCTEMbI, OCHOBAHHOM Ha ¢ Ky-
onTax.

Sameuarue 1. CBsI3b CXeM W KBAHTOBBIX BETBSIIUXCS MPOTPAMM TaKZKe COCTOUT B CJIELYIOIIEM.
CoriacHoO IpeJyTIOZKeHHOMY HaMHU CXeMHOMY IPe/ICTaBICHUIO, KBAHTOBBIE BETBSAIIUECS IIPOIPAMMBI
MOTYT PAcCMaTPUBATHCA KAK KBAHTOBBIE CXEMBI ¢ BO3SMOXKHOCTBIO CUHTHIBATH KJIACCHIECKHE OUTHI
B KadecTBe KOHTposupyionmx. [TosTomy J00ass KBaHTOBas CXeMa MOKET OBITH HPOMOIETHPOBa-
Ha KBAHTOBOIl BeTBAIMIECsS IPOrpaMMoil ¢ BBIPOXKICHHBIME HHCTPYKnuamu Buga (x;,, U;, U;), T.e.
npu JII0OOM 3HAYEHUU KJIACCHYECKOIl ImepeMeHHO# Oy/eT NpUMEeHIThCA OJHO U TO K€ YHUTAPHOEe
1peoOpa3oBaHue.

1.8.2 DddekTuBHBIE KBAHTOBLIE BETBAIINECS IIPOTPAMMGBbI.

[To onpejie/ieHUIO KBAHTOBbIX BETBAIIUXCH IIPOIPAMM YHUTAPHbIE OLHEPATOPbI, UCIOJIb3yeMble B
HHCTPYKIUAX, MOTYT OBITH IPOU3BOJILHBIME, B TOM 4ncse permatornumu NP-rpynasie 3amaqn. [o-
TOMY Pa3yMHBIM OFPDAHUYEHUEM SBJISCTCS MOJTUHOMUAIbHAS 110 BPEMEHU KOHCTPYUPYEMOCTH ITHX
npeoOpa30BaHUil, T.e. OHU JIOJI?KHBI OBITH MPEICTABUMBI B BUJIe IPOW3BeIeHNA He Dojee 4eM MOu-
HOMHAJIBHOT'O YHCIA “9JI€MEHTAPHBIX YHHTAPHBIX OIIEPATOPOB U3 HEKOTOPOTO KOHEYHOI'O Ha3uca
(nanpumep, u3 “crangapraoro” 6asuca {H,S,CNOT, 7/8}, cm. [9]).

B cuny Boineckazannoro 3pdekTuBHbIME Oy/ieM Ha3bIBATH T€ KBAHTOBBbIE BETBSAIIUECH IIPO-
rpaMMBbl, THPUHA U JinHA KoTophix He npesocxomut nC®W. Tk, npn orpannuenun mmpums nM
qHCJI0 KyOUT, 3a/efCTBOBAHHBIX B BbluncjaeHusx, coctapiser ¢ = O(logn), Kaxaoe yHHTaApHOE
npeo6pasoBaHne TAKOHl MPOrpaMMbl MOMKHO IIPeICTaBATL B Buie npomssegennsa O(q?47) = nOW
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(T.€. OJIMHOMHUAJIBHOTO YHCJIA) “3JIeMEHTAPHBIX oneparopos. [109ToMy MOIMHOMHAIBLHOE OrDAHU-
YeHue Ha MHUPUHY W JIMHY TPOTPAMMbBI BJICYET W MOJUHOMUAJIBHYIO CJIOKHOCTH HCIIOJIB3YEMbIX
YHUTAPHBIX TTPe0OpPa30BaHMIA.

AHAIOTUYIHO KJACCHIECKOMY CJIYYaI0, U3BECTHO, YTO JIJI MOYTH BCeX OyJIeBBIX (DYHKIUN CII0K-
HOCTH KBAHTOBBIX BETBAININXCS MPOTPAMM 3KCIOHEHNHATbHA. B mocienHee mecaTuneTne psaoMm
ABTOPOB TOJYYEHBI PE3YIBTATHI, MOKA3BIBAIONINE, YTO JJIs MEJI0T0 psijfa DYHKIHNI KBAHTOBLIE BET-
BAIIMECS TPOTPAMMBI MOTYT ObITH DoJiee 3DMEKTUBHBIMU, Y€M KJIACCUYECKUE JIeTePMUHUPOBAHHbBIE
1 BEPOSITHOCTHBIE BETBSIIHECS] TTPOTPAMMEBI.

B nmamnoit paboTe MBI orpaHmYMBaeMcd paccMOTpeHHeM 3(hdeKTHBHBIX KBAHTOBLIX OJIHWH Pa3
YUTAIONMINX BETBSIIHXCS TTPOTPAMM.

3aMeTuM, 9TO U3 ITOH OIMEHKW He CJeayeT MPeBocXoacTBO KBaHTOBBIX OBDD man xraccude-
CKUMU.

B 1988 Bappunrron [4] nokazan, uro 5—P-BP = NC!. Bosee Toro, i/ JeTepMUHUPOBAHHBIX
BETBAIIMXCe IPOrpaMM mmpuHa 5 Heobxoauma, ecim NCH = ACCP [30],

rie xkiaace ACCP? — 910 Ki1ace BBIMHCIUTEIbHBIX IPOOJIeM, BEIYHCIIMBIX OJHOPOIHBIMHA ceMeii-
CTBaMU OYJIEBCKUX cXeM ¢ AonoJaHuTeTbHbIME MOD m BeHTHIsSIME 11 TPOU3BOIBHBIX m. [Ipudem
CXEMBbI 3TU UMEIOT HOJMHOMHUAJILHBINA pa3Mep, KOHCTAHTHYIO IVIyOMHY M HEOIPAaHUYEHHOE KOJIMYe-
ctBo X008 |[14]].

®.M. A6aaes, K. Myp n K. TTosert nokazanu, uro EQP-BP, = NC!. Dtor daxT ocraercs
OJTHUM 13 HamOoJiee MHTEPECHBIX PE3YIBTATOB B 00JIACTH KBAHTOBBIX BETBATIUXCS ITPOTPAMM IO cei
JneHb. Kak BUIHO W3 TPUBEIEHHOM HUYXKEe TeOPEMBI, BCe KJIACCHI CJIOKHOCTH, ONPe/IeJIeHHbIE BBITIE,
pPaBHbI MeZKJ1y CODOIA.

Teopema 1.8.1 ([22]).
EQP-BP, = BQP-BP, = EQP-BP = BQP-BP
— BPP-BP = BWP-BP = NC'.

Berssmuecs: nporpaMMbl 6e3 orpaHudeHuit B o01eM €1ab0 UCC/Ie0BAHbI B CUIY OTCYTCTBHA
XOPOIIIX METOJIOB JTOKA3aTeIbCTBA /I HUX. OrpaHuveHne MTUPUHBI BETBSIIENCS MTPOrPaMMBI TPHU-
BEJIO K OTKPBITHIO HEKOTOPHIX HETPUBUATBHBIX (DAKTOB O BeTBAIIUXCA MporpamMax. OgHaKko, orpa-
HUYEeHHE IMMAPAHBI He NIPABEJIO K MHTEPECHON HepapXun KJIaCCOB CIAOKHOCTH.

OxkazbiBaerca, aro anag OBDD curyammsa meckoabko 0osiee maTepecHas. OupenesinM KJ1acChl
CJIOZKHOCTH, C KOTOPBIME MBI OY/IeM UMETDb JeJI0.

e BQP-OBDD - kiracc Bcex byHKINI, BBIYUCJIUMBIX ¢ OTPAHUYCHHON OMMOKON KBAHTOBBIMA
OBDD noaunomuasvrot caoscrocmu.

e EQP-OBDD - kiacc Bcex dYHKIHUN, KOTOPbIE BBIYHCISIOTCSI HEKOTOPHIMH KBAHTOBBLIMH
OBDD noaunomuasvroti caroncrocmu b6e3 ouwubku, TO €CTh ¢ HyJIeBOH OmMuOKOIA.

e RQP-OBDD - kjacc Bcex yHKIHUMA, KOTOPbIe BBIYHCISIOTCS ¢ OJHOCTOPOHHEH OIMMOKOM
HeKOTOpBIMHU KBaHTOBBIMU OBDD nosunomuarvrot caoncrocmu.

e Kiacc ksantoBbix OBDD ¢ nyaesoti owubrotii onpessieTcss Tak

ZQP-OBDD = RQP-OBDD N coRQP-OBDD.
e Kinacc Becex obpamumvix mporpamm 3 P-OBDD nassiBaerca Rev-OBDD.
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[Mocnenuuit demepmunupo6arHvill KIACC CAOXKHOCTHU, OLUPEJICJCHHBIN BBINIE, SBJISETCH eCTe-
CTBEHHBIM JleTepMuHHpPOBaHHBIM To/K1accoM BQP-OBDD, touno takxke, kak P-OBDD - 3710
ecrectBennniit moakaacc BPP-OBDD.

Caenyronuit pesynbrar 6611 moayded M. 3ayepxodbdom u . 3unnuarom [56].

Teopema 1.8.2 (J56]). Rev-OBDD—EQP-OBDD-ZQP-OBDD.

Onnako, ocrapimecss Kjaacchl caoykuoctn aass OBDD He cxitonbiBafoTcst aHATIOTHYIHO € COOT-
BETCTBYIONIUMH KJIACCAMHU JIJII BETBSAIIUXCS ITPOrPAMM OI'PAHHYCHHOMN IMHUPUHBI.

B 2001 ®.M. A6aaes, A.®. Taitaytauaosa u M. Kapruacku [15] npeioRuiu sBHO 3a1aHHY O
BYHKIMIO, JIJIsi KOTOPOH MEXKYy CMabusbHuMU SEPOAMHOCTNHUMY U CMAOUAOHDMU KEAHI 06V
mu OBDD obrapy:kniach 3KCIOHEHIIHAIbHAS PA3HUIA B CJIOKHOCTH. CmabusbHocmb TOBOJIBHO
cunbHoe orpannyenne a1 OBDD.

Onpedeaenue 1.8.5. Pacemorpum OBDD P, rae T' = (j;, M;(0), M;(1));_, — noaxoasimas noc/emo-
BaTeJILHOCTD Mpeobpa3oBaHuii U n — 310 JjuHa BXojga. Torma P HasblBaeTcs cmabuivHotl, ecn
M;(0) = M;(0) m M;(1) = M;(1) nusa Beex ¢,7 € {1,...,n}. Ipyrumu croBamu, npeobpa3oBaHus
He 3aBHUCAT OT ypoBHA P.
Onpedenenue 1.8.6 ([15]). Pyukmus MOD, onpenerena cieayommm obpasom. Ha Bxome o =
o1,...,0, € {0,1} MOD,(0) = 1, Torga u TOJIBKO TOIJA KOLJA HYHCJIO CIUHHI] B 0 JEJIATCS
Ha, P.
Teopema 1.8.3 ([15]). @yukmus MOD,, npeacrasuma cmabusohot, OAUH Pa3 9UTAIOMIEH, IINPUHDI-
O(log p) KBaHTOBOIl BeTBAIIEHCS TPOrPaAMMOIl ¢ OAHOCTOPOHHET OHOKOi € > 0.

Jlrobaga cmabuavrnas BeposTaoctHags OBDD, Berancasiomasa M O D, uMmeer IMUpUHY 10 KpaitHei

j p

Mepe p.

C 3TUM pe3yIbTATOM POIAMIACH HAJIEXK/IA, YTO YIACTCA CTPOro J0KA3aTh MPEBOCXOICTBO BBHIUUC-
JIUTEILHON MOIIU KEAHMOGHIL Komnbtomepos Hal seposmmuocmubimu 1ag OBDD, koTopbie aBiis-
I0TCsl IIMPOKO UCHOJIB3YEMOT IMPAKTHIECKN 3HAYUMON MOie 1610 Boraucaenuit. Oanako, B 2004 roay
M. Bayspxodd u . Sumamar noxkazannm, 4To keanmossie u kaaccuveckue OBDD mecpaBHEIMBI
[56]. B nmokasarenbcTBe MJAHHOTO Pe3y/IbTaTa OHU MCIOJb30BATH CIeyIoniie OyHKIINH.

Onpedeaenue 1.8.7. @yukuus “Ilposepra nepecmanosounocmu mampuysb” yakmus PERM,, ompe-
JieJieHa Ha OyJIEBCKUX MAaTPHUIAX pPa3Mepa n X N, CTPOKU KOTOPBIX BBICTPOEHBI B OJIHY CTPOKY JpPYT
3a apyrom. Ha exone o € {0, 1}"2 PERM,,(¢) = 1, Torja u TOIbKO TOTJIA KOTJIA 0 COOTBETCTBYET
nepecTaHoBOYHON MaTpuie. 1o ecTh, MATpUIle W3 eIUHUIL U HYJIeH, B KOTOPO#l KaxKJaas CTpoKa 1
KK/l CTOJIOeI COMEPXKUT POBHO OHY €IUHUILY.

N3BecTHO, 9TO HEOrPDAHUYEHHBIE MOIEIN HEIEMEPMUHUPOBAHHHLL OJUH PA3 YUTAIONIUX IIPO-
rpamm st byakiun PERM,, uveror skcronernnasbabiii pazmep (cm. [47, 43]). Oanaxo, n3ecren
caemytornuii pesyabrar [55, [65].

Teopema 1.8.4 (|55]). @yuxmus PERM,, Moxer ObITh BBIUHCICHA C OQHOCTOPOHHEH OITHOKOI €(n)
BEPOATHOCTHOI OJUH pa3 YUTAIOE! yIOPAAOYEeHHON BeTBdleiicd IporpaMMoil pa3Mepa

O (e(n)n’log’n) .
Kpowme Toro, M. 3ayspxodd u . Sunaunr onpeaennin aeranTuyio (pyHKIUAIO cocedcmslyio-

wWur eouHUY,

Onpedenenue 1.8.8 ([50]). @yuxius cocedemeyrowuz edunuy NO,, onpenesena Ha OyJIeBCKUX Ie-
PEMEHHBIX T1,...,T,. OHAa OpHHUMAaeT 3HAUYEeHWE 1, TOTJAAa W TOJHKO TOT/A, KOT/Ia WMEIOTCS JIBe
COCeICTBYIONIHE IepeMeHHbIe, 3HAYCHHd KOTOPBIX Ha BXojae paBHbl 1. To ecTh, cymecTByer uHIeKc
ie{l,...,n— 1}, Takoii uro x; = x;1; = 1.
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Oyuxius NO,, Borunciuma jerepmutnupoBannoii OBDD pasmepa O(n). Hecpasaumocts de-
mepmunuposannur 1 keanmosvir OBDD moka3uiBaroT ciienyomiue pe3y/ibTaThl.

Teopema 1.8.5 ([56]). CymecrByer ksanmosas OBDD, Borancasiomast ~PERM,, ¢ onrocToporneii
ommu6koii 1/n. Ilpudem, pasmep Taxoii nporpammbl 6yaer O(n®logn). Takum o6paszom, cieiyiomee
BEPHO

BQP-OBDD ¢ P-OBDD.

Teopema 1.8.6 ([56]). Pasmep moboit keanmosot OBDD G, Bbrancastonieii NO,, ¢ orpaHudeHHO
omm6bkoit e Menbie 24, TakuM 06pa3oM, BEPHO CJIeIyIONIee.

P-OBDD ¢ BQP-OBDD.

Hekoropsie nanbosiee BazKHble U3BECTHBIE COOTHOIIEHUS MEXK/Ty KJIACCAMHU CJIOKHOCTH MTOKa3a-
upl Ha Cxeme [1.1]
3ameruM, 9TO XOTs

BPP-OBDD SZ BQP-OBDD,
OCTaeTCs OTKPBITHIM BOIPOC, BEPHO JIM YTO

BQP-OBDD C BPP-OBDD.

f t
:f : N
1 g " -
Bl I
[ Rev-OBDD i
: EQP-OBDD ' P-OBDD
1

ZQP-OBDD -
| BPP-OBDD
: LL 4: )
1A L J
i !
| BQP-OBDD :
1
1 1

]

Puc. 1.1: Cootnorenns kiaccos ciaoxkuoctu gias OBDD

M. Bayspxoddom u 1. Sununr B [50] Ha mpumepe dyHKIMT KOCBEHHON aJIpEcaIiii TOKA3AIH,
YTO KBAHTOBbl€ OAMH Pa3 YUTAIOHIUEC BeTBAIIUECA IIPOI'PAMMbl MOI'YT 6bITb MOIIHEEe KBAaHTOBBIX
OBDD.

Omnpenenenne GpyHKIUU K0C8eHHOU GOPECAUUY TTPAKTUIECKN JAeT HAM AJTOPUTM IMOCTPOCHUS
depesa pewenuti pazmepa O(2F - b) = O(n?log, n). 1o HepeBo pemmennii MOKHO PacCMaTPUBATh I
KaK OJIMH Pa3 YUTAIOIIYIO K8GHMOGYH BEMBAWYNCA NPOPAMMY, TAK KAK B HEM HPOUCXOIUT 00pa-
mumoe Bbrauciaenue. Ounako, jobas kBanroBas ZQP-OBDD, koropast Beraucisier ISA,, joskna
6LITH pasmMepa xoTsa Gb1 29/ 10827) [56].,

Henapro M. Sayspxodd mokaszans HECPABHUMOCTH TaKzKe W I He3G0bl8A0U UL BETBSIIIXCS
nporpamum [57]. B stoit pabore 3ayspxodd HCIOIB30BAT XOPOIIO U3BECTHYIO (DYHKITHIO Henepece-
YEHUE MHOHCECTNE U ONHY (PYHKIINIO, KOTOPYIO OH NMPHUIYMAaJ CIEeNHAJIHHO /I ITOH IesIH.

14



Onpedenenue 1.8.9. Ilycts © = (Y1, Yn), ¥ = (Y1,---,Yn) € {0,1}". Oupegesnm byHkiumio
HENEPECeNeHUE MHONCECTNG

DISJ,(z,y) = =(z1y1 V - - V Yy

Onpedenenue 1.8.10 ([57]). Ins wekoroporo nosoxkurenpHoro n u = (xy,...,2,) € {0,1}",
nycth p(n) — HaMMeHbIIee MPOCTOe YHCI0, BOJbIee n U nycTh s,(x) = (X ,i-x;) mod p(n).
Onpegenum byHKIIIO 636ewernoli cymmor Kak WS, (x) = z,,(»), ecu s, (z) € {1,...,n} u nojo-
JKIM ee 3HadeHune paBHBIM () B IPOTHBHOM CJIydae.

Jna ocraBimeiicss qacTu BXoga ¥y = (Y1, ..., Yn) € {0,1}" onpemennmM cumewanmyto 636eueruyio
cymmy xkak MWS, (z,y) = x; ® y;, ecmu @ = s,(z) = s,(y) € {1,...,n} u n0A0KUM ee 3HAYEHHE

paBHELIM () B TPOTUBHOM CJIydYae.
Tenepnb chopmynupyem pasjiesieHne KJIacCOB CJIOXKHOCTU B JIBYX TeOpeMax.

Teopema 1.8.7 ([57]). Kaxkgas sepoammnocmuas OAMH pa3 YUTAONIAsT BETBSINAACI POrPaAMMA,
serancsiiomas MWS,, ¢ 1ByxcroporHeit omuOKoit, OrpaHUYeHHO TPON3BOIHHOM KOHCTAHTOM, MEHb-
meii 1/2 Gyaer uMeTh pasMep He MeHbIIe 29" rorga kak MWS,, MOzKeT GBbITh BBIYHCIEHA KEGH-
moe6ol ONUH Pa3 YATAIONeH BeTBAIIeiicsa mMporpaMMoil pazMepa O(ng) ¢ HyJIeBOH OIMHOKOI.

Teopema 1.8.8 ([57]). Kaxknas kBaHTOBast OJIMH pa3 YUTAKOIIAs BETBAIIAsICS TIPOrpaMma, Beraucssiionas DIST,
C JIBYCTODOHHeil OMUOKO#H, OrpaNMYCHHON KOHCTaHTOH, Membreit 1/2 — 2v/3/7 (= 0.005) 6ymer
nMers pazmep 297

Hemnepecedenne muoxkecTB BbruncanmMo jgerepmuaupoBanuoit OBDD rpuBnasmsabivM 0bpazom
JIJIS IPOU3BO/ILHOTO TOPSIKA TECTUPOBAHUSI.

Te HECKOIBKO PE3YIBTATOR pPa3/eeHNs KJIACCOB CJIOKHOCTH, KOTOPHIE MBI MTPEJICTABUIN B 3TOM
pasjiesie TOJHOCTBIO PA3pPyIIAOT HaJeXkK Iy Ha TO, 9To KBaHTOBBle OBDD okaxKyTcest MomHee cBOUX
KJTACCUYECKUX AHAJIOTOB JIJIsT BCeX BBIYUCTUTEIbHBIX MpobseM. OHAKO, 9TO He 3HAYUT, YTO JJIs
KaKHMX-TO KOHKPETHbIX IPAKTUYECKH 3HAYMMBbIX 33/1a4 Mbl He HailJleM KBAHTOBbIA aJrOpUTM, 3Ha-
YUTEJTHbHO MPEBOCXOIATINEH JTI00bIe BO3MOYKHbBIE KJTACCUYECKUE AHAJIOTH B 00JIaCTH BBIYUC/TUTETBHON
CJIOYKHOCTH.
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I'1aBa 2

Metoabl moctpoeHns 3P PEeKTUBHBIX
KBAHTOBBLIX aJITOPUTMOB 11 HUXKHUE OIEeHKU
CJI0KHOCTHI UX NPpeacTaBJICHIs

2.1 O06o0OmenHas HMXKHASA OIEHKA

B nannoMm pazjesie J0Ka3bIBaeTCAd HUXKHSIS ONMEHKA CJIOKHOCTH IpeJicTaBaeHus hYHKIUN B KBAHTO-
BBIX BETBSIIUXCs IIPOrpaMMax ClennaabHoro Buja — cuarakcudeckux KBII. D1a nuxkuss onenka
MOKA3BIBAET, UTO JIsI TPOU3BOJIBHON OyIeBOil (DYHKIIMN KBAHTOBAS BETBSINAACS TpPOTpPaMMa, ee
pacio3HaloIasi, He MOxKeT ObITh “HerieBse’ jgorapudma CJIOKHOCTH KJIACCUIECKOH J1eTepPMUHUPO-
BaHHON TpOTPaAMMBbI I 9TOH (DYHKIMHA. DTa OIEHKa MCIOAb3YeTCs HUYKEe JIs JI0KA3aTeIhCTBA
OIITUMAJIBHOCTH aJITOPUTMOB Ji1sd KBaHTOBBIX OBDD.

Ha nocaenyiomem stame paboThl IIAHEPYETCHd OIMUCAHUE JOCTATOYHOI'O YCJIOBHA JIJIs CBOHCTB
GYHKINH, TpH KOTOPOM CIPAaBEIINBA “‘BBICOKasA HUMKHSAS OINEHKA CJIOKHOCTH €€ peaJu3allid B
OJIUH pa3 YUTaloIUX KBAHTOBLIX IIPpOI'PaMMax. T.e. 6yﬂeT IIOJIydeHa HHUZKHAA OLHEHKa, IMOKa3blBa-
I0Illad, 4TO JJId pdiaa MWHAUBUAYAJIbHBIX beHK]_[I/IIU/I BBITHUC/JIAIOIIUE NX KBAHTOBBIE IIPOTPDAaMMBbI TaK
JKe, KaK U KJaCCUYeCKHe JIeTePMUHUPOBAHHbBIE, SKCIIOHEHITUAJIBHO CJIOXKHBI.

2.1.1 CuHTaKcu4deckKue KBAaHTOBbI€ BETBAMINECH TPOrPaMMEIL.

U3 onpenenennst KBTI, npencrapastoneii GyHKIIO ¢ HageKHOCTHIO 1/2+ € caemyer, 94To buHaTb-
Hble COCTOSTHUS (COCTOSTHWS (-Or0 YPOBHsI) TPOrPAMMBbI, JTOCTHKUMbIE Ha BXOIHBIX HabOpax o u3
{0, 1}" pasbuBaioTcs Ha JBa MHOXKECTBA

A={[Y(9)) : Pace(0) 2 1/2+ ¢} w R ={[)(0)) : Pace(0) < 1/2 — €}

U3 sroro caenyer, uto paccrosaue p( A, R) Mex a1y MHOKecTBaMu A u R ONEHUBAETCS CHU3Y HEKO-
Topoii KoncrauToii 0(e). (Paccrosiame MezK1y MHOKECTBAMH OMPEIEISeTCS CTAHJIAPTHO Ha OCHOBE
verpika p([1) , 1)) = || [19) — [} []).

B srom ciydae Oyaem roBoputh, 9To MHOKECTBa A 1 R usosuposans. B ciaydae “muOrO pas”
YUTAIONIAX BETBAIINXCS TPOIPAMM MOTYT BOSHHKATH (hukmueHbsie cocmoarnus (COCTOAHUS, He JI0-
CTHZKHUMBIE [IPU BBIYUCJIEHUSAX HA BXOTHBIX Habopax). [Ipu srom dukTHBHbBIE (DUHAIBHBIE COCTOSI-
HUsI MOT'YT “paspylIuTh’ CBOMCTBO M30JMPOBAHHOCTH MHOXKecTB A 1 R.
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Onpedenenue 2.1.1. Mpr onpeiesisieM CHHTAKCHIeCKUE KBAHTOBBIE BerBsiuecs: uporpammbl (CKBII)
KaK TIPOrPAMMbI, MHOYKECTBO BCeX (DUHANBHBIX COCTOSTHUI (OCTHKUMBIX W (DUKTHBHBIX) KOTOPHIX
pa3buBaeTcs Ha JIBA U30JUPOBAHHBIX MHOYKECTBA.

Henocpeacreenno us onpeeaeHus caeyer, 9To Bee (buHaAbHbIE COCTOSHuS [1)) = (21, ..., 2q)
(nocrmkumbie u duxkrupabie) CKBIT Q pasbupatorcst Ha JBa MHOKECTBa

. 2 _ ) 2
A=<y Y P 21/2+ep w [RI=<[): Y, |al><1/2—e
1€ Accept 1€ Accept
OTMeTHM, 9TO KBAHTOBasl MOJeNb “OJMH pa3 vuTamoeil” BeTBsIIeiics MporpaMmbl (KazKaast
nepeMeHHast HA KaXKJOM TIYTH BBIYUCICHHsI MOXKET YATAThCA TOJBKO OJUH Pa3), BHIUUCISIONIASI

dbyukuuo f ¢ HageKHOCTHIO 1/2 + €, gBJISIeTCd CHHTAKCHYECKOTA.

Teopema 2.1.1. Ilycrs dyuknus f serancanma CKBIL Q ¢ magexuocrsio 1/2 + €. Torma f BoI-
qHCIUMA JIeTePMUHUPOBAHHOI BeTBsmeiics nporpammoii (/IBIT) P, jyst KOTOPOi BBIIOIHSETCSI

pasenctso [(P) =1(Q) ={u
1 2w(Q)

JlokazaTesbcTBO TEOPEMBI HPUBOJIUTCA B CJIEIYIONEM pasJere.

[Monoxum w(f) = min{w(P)}, rme munumym 6epercs 1o Beem [IBIL P, Beraucasiomux hyHK-
uuio f. Hemocpencrsenno u3 reopemsr cJleyer HUZKHss onenka Ha w(Q).

Csoticmeo 2.1.1. Ecan dynkuus f serauncanva CKBIL Q ¢ magexkuoctoio 1/2 4 €, Torma
w(Q) = () log w(f).

Peanuzanusa dbyukuun MOD,, B onun pa3 anraomux mojgeasx IBIT u CKBII (B sroMm ciyuae
CKBII ects B Tounoctn KBII) nokassiBaer, 410 HUKHSISI OIIeHKa CBOCTBA TOYHA € TOYHOCTBIO
JI0 MYJIBTUIIHKATHBHON KOHCTAHTHL. (MOD,,(0) = 1 Toraa u TOJbKO TOrIa, KOTJIa 9UCIO0 € THHEI]
B HabOpe o KPaTHO m).

e Jlerko mposepsiercs [17], uro ayst npousBosbHOI onus pa3 yuratotieir BT P, peraucssiorneii
MOD,,, semosnusiercst nepasectso w(P) > m.

e C apyroit cropousi, B [23] npuoaurcs onun pas untawmast KBIT Q, Beraucastomas MOD,,
¢ HaJIeXKHOCTBIO 1/2 + €, y1s KoTopoit BeimoHsieTcs pagencTBo w(Q) = O(logm).

2.1.2 Jloka3aTeJabCTBO TeopeMnbl 2.1.1

JlokazaresbcTBO TEOPEMbI COCTONT u3 ByX dranos. Ha mepsom stane no CKBIT Q crpourca JIBII
D P skcnonennuanbhoii (ot ¢) mmpuHbl, Beraucasiomas 1y ke dbyaknuio f. Ha Bropom srame no
UBII DP crpoutcsa uckomas JABII P.

Ilepssrii sTan (mocrpoenmne IBII DP).

Borancsenne nporpammbl Q Ha Habopax o € {0, 1}" — 310 (-mmarosie JuHEHbIE TPEOOPA3OBAHMUSI
COCTOSTHUHN, HATHHAIOIIUECST ¢ HAYATBHOIO COCTOSTHHUST [1)g). Bce BOBMOXKHBIE BHIYHCJICHUST TPOTPAM-
Mbl @ Ha BXOAHBIX Habopax u3 {0, 1}" npexacrasisitoress (¢ + 1)-ypoBHeBoii 3abbiBatorieii /IBIT
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DP, zanasaemoii B Buje 110jHoro (¢ + 1)-ypoBaeBoro GuHapHOro jepesa. Bepriuubl 1porpamMmmbl
D P momeuatorcst coctogHusiMHA [10) iporpamybl Q. Yposenb 0 coiepKuT HadaabHyo Bepiiuay D P,
IOMEYeHHYI0 HAYaJbHBIM COCTOsTHUEM |1)g) mporpammbl Q. Yposenb i € {0,..., ¢} npeacrapiser
u3 cebs i-blil mar Boruncaenus. V13 kaxaoi Bepmuusl 1)) ypoBus i, i € {0,...,¢ — 1}, ucxomsr
JBa pebpa noMedennsle xj, = 0 u o, = 1, rue x; — IepeMeHnHas, CUIUTbIBaeMad Ha Imare i. Pe6po
T, = vy BeJeT U3 BEPIINHLI [)) ypoBHs i B Bepmuny |¢') yposus ¢ + 1, eciu CKBII Q, naxoasaco
Ha IIare § B COCTOSHUM [1)), IePEXOIUT B COCTOAHNUE [1)) NP CUNTBIBAHUE ), = 7.

Beprmmubr (-oro yposHst siBasiiorcsi buHaibHbiMu. PuHaAIBHBIE Bepiuubl [)) € [A] gomoaHu-
TEJILHO MOMETAIOTCS eIMHUTIeH (IpUHUMAIoNHe BepiiuHbl nporpaMmbl D P), a Bepumnst 1)) € [R]
JIOTIOJTHUTETHHO TIOMEYAIOTCsT HyJieM (OTBepraroiiye BepIiuHbl mporpaMMbl D P).

Henocpencrsenno n3 onucanusa nporpammsl D P cieayer

Csoticmeo 2.1.2. JIBII DP Boraucaser Ty xe dbyukiuio f, aro u CKBII Q u umeer cieayiomue
xapaxtepuctuku: [(DP) = { u w(DP) = 2°.

MeTrpuueckue cpoiicta ABII DP.

Caeaytorue OHsITHsT 1 (DAKTBl TEOPUH METPHUYECKHUX MPOCTPAHCTB npuenenbl B Kaure [3]. [Tycrs
M — 3T0 MeTpHuUecKoe IPOCTPAHCTBO ¢ METPUKOi p. [oBopaT, 4To Toukm i, i 13 M cBa3anb 6-
IEIIBIO, €CJIH CYIIECTBYET KOHEYHOE MHOXKECTBO [i1, [42, - - « ; [l TOUYEK U3 M TaKUX, UTO (b = (b, [y =
wow p(pg, pivr) < 0 maa i € {1,...,m — 1}. llommuozxkectso C C M HasbiBaeTcsi f-KOMIIOHEHTOH,
eCJIN TIPOU3BOJIBHBIE JIBE TOUYKH i, (i € C CBsA3aHBI O-IENbIO.

O6ozuaunm uepe3 V;, i € {0,...,}, MHO)KeCTBO BCex cocTosiHuii (Beprims) nporpamvbt D P
yposus . Ha muoxecrse V; onpenennm Merpuky p mo dopmyie p(|) , [¢)) = || |¥) — |¢') ||. Ans
0 > 0 uucno O-kommonent muoxkecrBa W, ¢ € {0,...,l}, 3aBucur or cTpoeHust MHOKecTBa W,
(MOZKeT 0Ka3aThCs, 9TO Bee MHOXKecTBO W, mpejicraBisier coboit onHy f-kommonenty). Cienyoriee
CBOMCTBO JIaeT BEPXHIOI OLEHKY YHCJA BO3SMOXKHBIX #-KOMIOHEHT MHOXKecTBa ;.

Ceoticmeo 2.1.3. st i € {0,...,¢}, 0 > 0 gucio t; O-komnoneHT MHO:KecTBa W, OlEHUBAETCSI

CBEePXY BEJIUYNHOHN
2 2w(Q)
t, <1+ = )
<(1+3)

oxazameavcmeo. Obo3naumm depe3 C; MHOXKECTBO BCex f-kommoHeHT MHOKecTBa V;. B Kakmoit
f-kommnonente C' € C; BbibepeM ojny Touky |a) € C. Ecam pacemorpers cdepsl pagmyca 6/2 ¢
IEeHTPAMHU B Takux TOo4Ykax |a) € C, Torga Bce 9TU chepbl MOMAPHO He TMEPECEKAITCST U MOTYT
UMeTh O0IUe TOYKH JIMIIL Ha rpaHunax. Bee 3tu cdepbl HaxondaTcs B OoJbineil cepe paamyca
1+60/2 ¢ uearpom B |(0,0,...,0)). O6bem cheps pajguyca r B KOMILIEKCHOM npocTpancTse HE is
paser cr?? (B KOMILTeKCHO-3HaTHOM TpocTpancTBe HY Kaxkaasa Touka |a) umeer pazmepHocTsb 2d).
KoncTaHTa ¢ 3aBUCHT OT MCHOJIb3yeMoii MeTpuku npocrpancrsa H?. Taknm obpazoM, mmveem

2d 2w(Q)
<c(1+9/2) :(1+2) '

t; < —
c(0/2)™ 0
O
Ha kaxaom yposae i € {0,...,¢—1} npeobpazoBanus cocrosiuuii |¢) nporpammvsl D P 3amator-

cst yauTapHOi (d X d)-mMarpureii, Koropast Onpe/eisieTcsi 3HaYeHHeM 7y CUUTHIBAEMON MepeMeHHO
z;,. dna nomvuoxkecrsa D C W, u yaurapnoit (d X d)-marpust M nonoxum D' = {|¢') : [¢) =
M |¥),|v) € D} (muoxecrso D' = M(D) — o6pa3 D mia npeobpasosanus M). Cuemyromee
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YTBEPK/IEHUE [OKA3bIBAET, 4T0 Hporpamma D P, coxpaHsier CBOHCTBO HPUHAJJIEZKHOCTU COCTOS-
HUIl OHON O-KOMIIOHEHTE MPU YHUTAPHBIX MPe0bpPa30BAHMAX.

Ceoticmeo 2.1.4. Hua IBII DP, ansii € {0,...,¢ — 1}, 0 > 0, jyist upou3BoJIbHOiT §-KOMIOHEHTHI
C' muoxkectBa V; u nponsBoabHON yHuUTapHOi (d X d)-Mmarpunbt M muoxkectBo M (C') apasercs
HOJMHO?KECTBOM HEKOTOPOil #-kommoneHThl C' MHOXKecTBa, W, 1.

Jokxaszamensvcmeo. YHuTapuoe mpeodpa3oBaHue COXPAHSIET PACCTOsIHUE p MezK 1y BekTopamu. Cie-
JOBATEJIbHO, €CJIM COCTOsSTHUS [1)) u |u) BXOmsT B onHy O-xkommonenty C' € C;, TO uX 00pa3bi
[V = M ) n |1y = M |p) Bxoagar B onny G-komnonenty C' € Ciyq. O

Caeyionee yTBepzKACHIE MOKA3bIBACT, 4TO jjist = 2¢ MHOXKeCTBO [A| npuHIMAaOuX BepIiuH
1 MHOKeCTBO [R] orBepratormux BepiiuH nporpaMMbl D P aBasiorcs o6be inHeHIsIMEA (-KOMIIOHEHT
muoxkecTBa WV, coctosauit yposHst £.

Csoticmeo 2.1.5. Ilycts Cp = {C1, ..., Ci} — 3o muOKecTBO f-KOoMTIOHEHT W, mytst = 2¢. Torna
=Ja = [RI={Jac.
iel ieJ

e IUJ ={1,...;ttulnJ=0.

Zoxazameavecmeo. B cuny onpenenenna JIBIT DP umeem, uro MHOKeCTBO W, COCTOSTHUN YPOBHS
¢ pa3buBaeTcs Ha MHOXKeCTBO [A] MPUHUMAIONUX BEPIIHH U MHOKECTBO [R] OTBEpraioiux BepInH
nporpaMMbl D P. TTokaxkeM, 410 mid npons3soabnoil O-komnonenTsl C' € C; BBINOJHSETCS OIHO
3 asyx Braodennit C' C [A] wm C C [R]. [lag 3T0oro m0cTaTovHo MOKa3aTh OTCYTCTBHE 6-
nerneil Mexy Toukamu MHOKecTB [A] n [R], T.e., uTo miasa npoussoabHbIX |¢V) € [A] u [¢) € [R]
CIIpaBeIInBO COOTHONICHHE

p([¥), ') = 0 = 2e. (2.1)
Iyers |[¢) = (21,...,24) 1 [0) = (2,..., 2}). Torna umeem

2¢< ) (sl =14 = Y (al =Dzl + 1) < Y (2 — 2Dzl + [2):

1€ Accept 1€ Accept 1€ Accept

AHaJIOTHYIHO TPEIBIIYIEMY UMeeM

2¢< Y (AP~ 1wl = Y (&l =Lzl + 1) < Y (2 — 2D (] + |2

i€ Reject i€Reject 1€ Reject

OObeauHsisl 1Ba ITUX HEPABEHCTBA, IOy IaeM

Z |2 — zil)(|2i] + |2i])- (2:2)

[Tpumenss mepaencTso Komm-ByHsIKoBCKOTO ( g aib; < \/ Zz 1 l\/ Zl 1 Z) nu3 ) OJTy-

qaeM

d
de < |[w) = 1) 11| D (il + 1=4)2
i=1
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N3 nepasencra Koin-ByHSIKOBCKOTO TakzKe HEIOCPEJICTBEHHO CJIEJIYeT, 9TO

d

Z(’zz\ﬂ%zﬂ)? <[ 1Y [+ [ ] =2

=1

JIBa mocaeHUX HepaBeHCTBA JoKasbiBaior ([2.1)). O

Bropoii sran (Iloctpoenune IBII P).

[Tocrpoenne uckomoii JIBIT P ocHOBBIBaeTCs Ha CBOMCTBAX MPeabLAyInero pasziena. [omoxum 0 =
2¢. TIporpamma P sto (¢ + 1)-ypoBHeBasi 3abbiBaoriasi BeTBsIasicsi mporpamva. Ha yposHe j,
CUHTBIBAETCA IepeMeHHad ;, (Kak B mporpamme DP). BepmmmaM ypoBHA j COOTBeTCTBYIOT -
komnonenTel u3 C;. W3 sepmmuer C'° € C; pebpo, moMedennoe x;; = 7, BejeT B Bepmmny C' €
Cj+1, ecmu M;(v)(C) C C'. Bepmuna C' € C; nociennero yposHsi { JONOTHATEIBHO ITOMeYAeTCs
equnnneii (myaem), ecn C' C [A] (C C [R]).

N3 onucanug JIBIT P cnemyer, aro P Borauciser 1y xe dpyakmuio f aro u JIBII DP u ee
muprHa w(P) oleHnBaeTCs CBepXy:

1 2w(Q)
w(P) < max |C;| < (1 + —) :
€

Tooie

Teopema OJTHOCTBIO JIOKA3aHA.

Huxuas omenka [lomoxkum w(f) = min{w(P)}, rne munnmym 6epercs mo Beem JIBIT P, Bbi-
anc/sonux Gynkunio f. Hemocpeacrsenno u3 reopeMst ceyer HUZKHsS onenka Ha w(Q).

Ceoticmeo 2.1.6. Ecnn dynknus f serauncauva CKBIT Q ¢ magexuocTbio 1/2 + €, Torma

w(Q) = c(e) logw(f).

2.2 Metoapl nocTpoenus 3(ppeKTUBHBIX KBAHTOBBIX aJITOPUT-
MOB

2.2.1 KBaHTOBBIII METOJ OTIIEYATKOB

Memod omnevamxos (Fingerprinting) — 9T0 TeXHUKA, KOTOPast MO3BOJIAET MPEJICTABIATD OObEKTHI
(ctoBa B HEKOTOPOM KOHEYHOM asichaBuTe) ux obpasamu (omnevamxamu, fingerprints), 3HaIUTe b
HO 0oJlee KOMIIAKTHBIMH, YeM OpUTHHAJIBL. KpoMe TOro, oHa MO3BOJSET ¢ BLICOKOH BEpOATHOCTHIO
u3BJAeKaTh HHQPOPMAIHIO O BXOIHOM Habope.

[TpeniozKeHHbIiT HAMU BapHAHT Mmemoda omneuamkos (fingerprinting) npejHasHaYeH s 110-
crpoenns 3(pPEKTUBHLIX [0 NaMATH KBAHTOBLIX aJIFOPHTMOB B KBAHTOBBLIX MOJC/IAX BBHIYHCICHUIL
¢ KJACCHYECKHM YIIPABJICHHUEM, TAKAX KaK ynopadovennvie 00UH pas “umanuue K6aHmosue 6em-
sawgueca npozpammo, (OBDD) |2, 23].

KaroueBsIM MOMEHTOM HCHO/IL30BAHM TIPEIJIOKEHHOIO METOAa ABIACTCS MPEICTABICHIE BbI-
YHCIAEMBIX OyIeBbIX DYHKIUH TApaxmepucmuieckumy, nosUHOMAMAL

Onpedenenue 2.2.1. Hazosem mnommHOM ¢y HaJ HEKOTOPHIM  KOJBIOM  BBIYETOB  Zy,
XapaKTepucTHIecKuM s Oyiesoit dyukuuu f(z1,...,x,), ecau aus aoboro o € {0,1}" Bbi-
nonusiercst: f(o) =1 <= g¢(o) =0.
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Takoit moJMHOM CyHIeCTBYeT Jijisi KarxKa0i OyseBoit pyHKmum f — €ro MOXKHO HOCTPOUTH IO
npousBoabHOil JTH® n1s orpunanus f caeayonmMe 3aMeHaMU:

T; — X

V — +
& — -

OHaKO, TO He €JMHCTBEHHBIH CIOCOD MOJYUHTh XapaKTePUCTUUYECKUN IOJTUHOM, U HAM Tpe-
OyeTcst BLIOPATh TOT, UTO 00JIaaeT HYKHBIM CBOHCTBOM, & HMEHHO — JTHHEHHOCTBHIO.

Texuuka ornedaTtkoB. /[lid pemraemoii 3a1a9n puUKCUpyeTes AOTYCTHMAs BEPOITHOCTD ONMMUOKH
€ € (0,1) u BbIOMpaeTCs XapaKTEPUCTHYCCKUI HOJIMHOM ¢ HaJ| KOJIBIOM Z,, (rae m BoiOupaercs
TOXOJISITIIM CHOCOOOM ).

Jasee, 11t POU3BOJIBHOTO IBONYHOTO HAGOpa 0 = 07 . . . 0, TOPOKIAETCS €ro OTIMEeYaTokK |h, ),
COeIUHSAIONTHI B cebe ¢ OMHOKYOUTHBIX OTIEeYATKOB |h! ):

; 2k
|ht) = cos THED ;g(”)

t .
) = &2l A)

|0) + sin 27R9() |7)

m

Hpyrumu cioBamu, nociaenauit w3 logt + 1 kyObuta B KBAHTOBOM PEruCTpe OJTHOBPEMEHHO MOBO-
padmBaeTcs Ha t Pa3/JUIHBIX YIVIOB BOKPYT ocu ¢ cdepnl Bioxa. Tako#t KBaHTOBBIN Mapaiie n3M
JIOCTUTAETCS 38 CYeT UCHOJIb30BaHUs KOHTPOmpyeMbix oneparopos C;(R;), KOTOpble HPUMEHSIIOT
Bparenne R; K mocsienneMy KyOuTy, ecin neppbie logt KyOUT HAXOMMJINCH B COCTOSHHUHU i), a B
HPOTUBHOM CJIyYae MPUMEHSACTCS TOXKJIECTBEHHBIN orepaTop I.

[Ipenyiaraemast TeXHHKa HalleJleHa Ha JIOCTOBEPHOE paclo3HaBaHWe PaBEHCTBA HYJIIO 3HAUEHHS
g(0). Hns sroro mapamerpwt k; € {1,...,m — 1} nias Bcex i = 1,{ BBIOUpPAIOTCS CIEIHAJIBHBIM
00pa30oM, UCXO/S U3 CJIEYIOIEr0 OIPe/Ie/IeHUs.

Onpedeaenue 2.2.2. MuoxkectBo mapamerpoB K = {ki, ..., k;} HazeiBaeTcs “xopormmm” JTst egI0T0
ancaa | # 0 mod m, ecaun jusi Hekoroporo € € (0,1)

¢ 2

t_2 ZCOS m < €.

i=1

logt
JleBas 4acTh HEpaBEHCTBA COOTBETCTBYET KBAJIPATY aMILIUTY/ bl DA3UCHOT'O COCTOSTHUS \O)® °2110)

nocJie mpuMeHeHns oneparopa H®°8! @ I k ormedarky |hy). Hedopmasabao, TaKOE MHOZKECTBO Ia-
PAHTHPYET, 9TO BEPOATHOCTH OMUOKU Oy/IeT orpaHnyeHa KOHCTAHTOM €.

CyiecTBoBaHu’e “xopoimero” MmuoxkectBa mapamerpos  Clieyionas JJeMMa JOKa3bIBAET Cy-
IECTBOBAHME “XOPOIIero” MHOXKECTBA M PA3BUBAET WJIEM COOTBETCTBYIONIErO YTBep:KaeHus u3 [28].

((2/€) In2m)

Jemma 2.2.1. Cymectsyer mHOXKecTBo K, Tae | K| = ¢ = 2/l°8 1, KoTopoe sIBJIsETCS “XOPO-

M’ 1T Beex 1enbix [ # 0 mod m.
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Jlokasamenvcmeo. Vcnoabsyst nepasencrBo Asymbl (eMm., manpumep, [50]), mokazxem, 4ro ciyvaii-
HO BbIOpaHHOE MHOXKECTBO K Oyzer “XopoimuM”’ ¢ MOJT0XKUTETHHON BEPOSTHOCTHIO.
I[Iycts 1 <1 < m — 1 u nycrs K Oyier MHOXKECTBOM { HE3aBUCUMBIX CJIyUYafiHBIX BEJIUYNH,

paBHOMepHO pacupejenerubix mo {0,...,m — 1}.
. _ 2mk;l _ k
Onpenenum cayyaiinpie BeMIunbl X; = cos == n Yy, = Zizl X;. HokaxkeM, 94TO HepaBeH-
¢TBO A3yMBI IPUMEHUMO K mocaemoBaTeabHocTn Yo = 0, Y7, Yo, Y3, ..., T.e. OC/IeIHSS SIBISIETCS

MAPTUHTAJIOM C OPDAHUYEHHBIMHU PA3HOCTAME. Bo-mepBhix, HEOOX0IMMO JoKa3aTh, uto E[Y)] < oo.
N3 onpenenennst X; caeayer, 910

I, 2mjl
E[Xl] = E Z COSW
j=0

PaccmorpuM B3BEIIEHHYIO CYMMY M-bIX KOPHEN U3 €JUHUILIbI

1 2mjl \ 1 exp(2milm/m)—1 0
m ) m -

exp(2mil/m) — 1

T.K. [ He KpaTHO M.

E[X;] ectb KaK pa3 JeficTBUTENbHAS 9aCTh IPEIBIAYINEH CyMMBI U 03TOMY paBasiercs 0.

Crenoparensho, E[Y;] = Y2 | E[X,] =0 < oo.

Bo-BTOpBIX, HY?KHO II0KA3aTh, YTO YCJOBHOE OXKU/JIAEMOE 3HAYEHHE CJIEJIYIONIEro MCIbITAHHSI
DM U3BECTHBIX MPEIBIIYIIHX UCXOAAX PABHIETCS MOCTEJHEMY HCXOJLY.

m—1 . m—1 .
1 21l 1 21l
ElYi V1, ..., Y] = — (Yk+cos”—*7):yk+_ cos Y _y,
m 4 m m 4 m
j=0 7=0
Tk |Yis1 — Yi| = | Xks1| < 1 npu k > 0, npumenenne HepaBeHcTBa A3yMbl JaeT

t )\2
Pr(|Y; = Yy| > A\] = Pr ;Xi >\ §2exp(—§)

[Tosromy BEPOSITHOCTH TOTO, qTO K He oyaer “xoporum” hinti
[ € [1,m — 1] ne nmpeBocxoauT

¢
t 1
Pr E X;| > Vet| <2exp <—%) < —,
m

i=1

ecau t = 2Mos((2/€)In2m)]

Taxum 0ob6pa3zoM, BepOATHOCTH TOTO, YTO IMOCTPOEHHOE MHOXKECTBO He OyjeT “Xopormum”’ XOTs
Ob1 1utst ognoro [ € [1,m — 1] ne Goabire (m — 1)/m < 1. CiegoBaresbHO, CYIIECTBYET MHOMKECTBO,
KoTopoe Gyer “xopormum” st BeeX 1enbix [ € [1,m — 1]. 9To MHOXKeCTBO TakKe Gyaer “xoporrmm”

2k (I+j
st Beex | # 0 mod m, T.K. cos w = cos 2”7“ O

3aMeTHM, 9TO MOKHO OBLIO MOJOKHTE ¢ = [(2/€)In2m|, Ho aag npuMeHeHns MeTOIa OTIe-
YaTKOB HYKHO, 9TOOBI ¢ OBLIO CTEleHbIo 2.
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KoHCTpYyKTUBHBIE METObI IIOCTPOEHUS “XOpOMIEro”’ MHOXKeCTBA mapaMeTpoB /lokasa-
TeJbCTBO CYIIECTBOBAHUS ‘XOPOITEro’ MHOYKeCTBa He JaeT KOHCTPYKTHBHOI'O aJrOPUTMa ero Io-
crpoenns. Oauako B paborax [26], [44], [54] npeanaratorcest KOHCTPYKTHBHbBIE METOJBI TTOCTPOCHHST
MHOKECTB C TOJOOHBIMH CBOWCTBAMH.

[Tpusenem Bapuant u3 [26]. 3adbukcupyem € > 0 u BBeJeM ciejyromnye 0603HATCHNS:

P = {p| p — mpocroe u (logm)'*/2 < p < (logm)* <},

S ={1,2,...,(logm)"*?},
K={s-p'seSpe P},
e p' — HHBEPTHPOBAHUE 110 MOJLYJIIO M.
Ouesngno, uro |K| = O(log”"* m). Tlpu srom ans moboro meroro | € {1,2, ..., m — 1}
OKa3BbIBAETCS CIIPABEIIABA CJIEYIOMAsl OIEeHKA:
1 2nkl ;
— em ‘| < (logm)~°.
et

BBI,ZLGJIHH BEIIECTBEHHYIO YaCTb JIeBOI yacTu HEpaBEHCTBa 1 0603Haqaﬂ JIEMEHTHI MHOXKEeCTBaA
K 4epes kq, ..., k;, moaydaem:

1| 2mk;l
_ 1< (1 —€
; E cos ——| < (logm)

=1

st moboro | € {1,2,...,m — 1}.
Jlpyrumu cjioBaMu, MHOXKECTBO OKa3bIBaeTCs “xopormum” [ijist Beex nesbix | # 0 mod m.

OnucaHHbIi METO/ OTIIEYATKOB 00JIaJaeT CJIeayOHIuMUA CBOCTBAMM:

e On OPHEHTUPOBAaH Ha MOJEJIH C KJIaCCHY€CKHUM YIpaBJ€HHEM, a 3HA4YUT U Ha KBAHTOBbIE
BeTBANINECA IIPOTrpaMMBI.

e /)i paccMarpuBaeMbIX B JaHHON paboTe (DYHKIMI 00pa3bl BXOAHBIX HAOOPOB “Jerko” Imo-
CTPOHUTDH — UCIOJAb3YIOTCS TOJIBKO KOHTPOJIHMPYEMbIe BpallleHusl BOKPYT OJHON W TOH ke OcH
Ha CXOIHBIE VIJIBI U IIpeobpa3oBanus Amamapa.

e JlokazanHas JieMMa TapaHTHPYET CYHNIECTBOBAHUE “XOPOIIEro” MHOXKECTBA MapaMeTpOB, 4TO
M03BOJISIET OTPAHAYINUTH BEPOSITHOCTH OMMUOKH CBEPXY HEKOTOPOit KoncTantoii € € (0, 1).

Ilpumepsl YkKazaHHBIH MOAXO0/ JEMOHCTPUPYETCS Ha HEKOTOPBIX MHIUBHAYAIbHBIX (DYHKIHSIX,
B OCHOBE KOTOPBIX JIE?KUT TPOBEPKA PaBEHCTBA.

MOD,, ®yuknus MOD,, npoBepsier, KpaTHO JI1 YUCJIO0 €JIUHHUI] BO BXOJIHOM Habope mapameTpy
m. Jluneiinbiit nosunom HaJt Z,, BbIOpaH CJjeyIonum o0pa3oMm:

n
E Z;.
i=1
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MOD!, BSra byukius oramdaercs or MOD,, ToJIbKO TeM, 4TO BXOAHON HabOP MHTEPIpPETH-
pyercst Kak JABOWYHOE Yucja0. [losTomy s MaHHON (DYHKIINHE MOYKHO MCHOJIB30BATH CJIETY O

n
E LUZQZ_l .
i=1

MOJITHOM HAL Zipy:

EQ, ®yukmusa EQ, npoBepseT paBeHCTBO JIBYX N-OUTHBIX JIBOMYHBIX HAOOPOB M MOXKET 3a]a-
BAThCS CJEAYIOMNUM TIOJHHOMOM HaM Zign:

i 2,21 — iyﬂil_
i=1 i=1

Palindrome,(z1,...,x,) = [azlxg C T n2 = Ty - - .x[nmﬂ]. Jlng nanuoit byHKIMU CyIie-
CTBYET CJIeIYIONTNit TOJNHOM HaT, Zg|n/2):

J n
2,201 — Z ;20

i=1 i=[n/2]

[n/2

PERM, ta QyHKIUS IPOBEPSET, ABIAETCs JIU OYIeBCKast N X N MaTPHIIA IEPEeCTaHOBOTHOMI, T.€.
coJiepzKallieil pOBHO OTHY €IMHUILY B KaKJI0H CTpoUYKe W KaxKaoM cToJone. g namHoit pyHKIINI
CYIIECTBYET CJICAYIOMUNA JIMHEHHBIA ITOJIMHOM HaJI, Z(n+1)zn:

2n

Z inj (n+ 1)+ (n+1)"7 ) — Z(n + 1)1

i=1 j=1 =1

Jnst onucanubiX GyHKIHUI B TabJIAIE TPUBOAATCS HUYKHUE OIEHKH CJIOKHOCTH (IMUPUHBL) pea-
au3anuu B AerepMuHupoBanubix OBDD u momy4yaembie o HaIlleMy MeTOY BEPXHHE OIEHKU CJIOXK-
HOCTHU HpejcraBaenns B KBanToBbix OBDD.

OBDD QOBDD
MOD,, Q(m) O(logm)
MOD!, Q(m) O(logm)
EQ, 284n) O(n)
Palindrome,, | 2% O(n)
PERM, Q(2"n~12) | O(nlogn)

2.2.2 Meron bappuHrToHa

Ussectnsiii pesyabrar crarbu [4] mossomger momenuposarh cxembl m3 kaacca NC! serssamuvu-
cd MPOTPAMMaMU KOHCTAHTHON HIUPUHBI, HCIOIB3Ys KOMMYTATOPBI MOJCTAHOBOK U3 I'PYIIHLI Ss.
B pa6ore [6] 6bl1a npoananu3supoBaHa CTPYKTYPA MOJYYaeMbIX MPOIPAMM U MOKA3aHO, 9TO OHH
apagiorcs k-OBDD, rie k& = n®Y. B crarve [I7] npeiaraercs moje/iupoBanue KOHCTPYKIUT
Bappunrrona ma 1 kybure B KBAHTOBBIX BETBSIIUXCS HPOTPAMMAX, 9TO TO3BOJISIET MPEICTABUTD
mobyio dynknuo uz NC! 1-ky6urnoit ksantoroit k(n)-OBDD.
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Bappunrronom 0Oblia HpejIozKeHa CeiyIoas KOHCTPYKIMA: HPOU3BO/ILHON CXeMe U3 KOH'b-
I0HKTOPOB 1 HHBEPTOPOB CTABIIACH B COOTBETCTBUE IEPECTAHOBOYHAA BETBAILAACA IIPOrPAMMA, CO-
CTOSAIIAs U3 HOCJIe0BATEIbHOCTH NHCTPYKIMIA, BBIJIAIOIINX OJIHY U3 JBYX HOJCTAHOBOK U3 As € S
B 3aBHCHMOCTH OT 3HAYCHHUS CUMTHIBAeMOil mepemennoil. Takag nporpaMmma soigaer orser 0, ecin
KOMIIO3MIAS BBIIAHHBIX IOJCTAHOBOK €CTh TOXKIECTBEHHAd MOICTAHOBKA id € As, W eiuHuiy B
IPOTUBHOM CIydae. B OCHOBe MHIYKTHUBHOTIO MOCTPOCHHUS TAKONH IPOTPAMMEBI JIEZKAT MOIETIHPOBA-
HHe KOHDBIOHKITHH TIPH [TOMOIIH YeThIPeX MHCTPYKIWH claeaytoniero suga: (T, , 7, id), (T, T2, id),
(zs,, 11 id), (w4, 75 ', id). JIpyruMu cioBaMu, IpH @, = T;, = 1 BBIIAETCSA MOCIeI0BATEIHHOCTD
NOJCTAHOBOK T\ ToT; ‘T, | # id, a B OCTAJBHBIX CIydadX BLLIAETCA HOCTCIOBATETBHOCTD, BHIPOK-
NAOMIAACA B TOXKIECTBEHHYIO IIOACTAHOBKY. /g MOIEIMPOBAHUSA OTPULAHUA HEOOXOIUMO JIUIID
MOIE(PUIUPOBATD MOCIEIHION HHCTPYKIMIO IIPOTPAMMEL.

g merona BappuHITOHa CYIIECTBEHHBIM MOMEHTOM 4B/ILeTCs UCII0Ib30BaHue Hepa3peInuMoil
I'PYIIIBI, YTO MO3BOJILET Ha KasKJOM IIare BLIOUpATh TAKHE 3JIEMEHTE T| H Ty, YTO UX KOMMYTATOD
T1ToT; 17, | He BBHIPOKIACTCH B TOXKIECTBEHHYIO IIOICTAHOBKY.

Jlanupiii pe3yabTar 006001IaeTcs Ha cJaydail Tpou3BOJIbHON HeabesleBoi rpynnsl. B yactnocTu,
IPOTPaMMBI HaJl IPYHIOI IBYMEPHBIX YHATAPHBIX IIPEOOPA30OBAHMI TAKXKe MOTYT BBIUYHACIATH BCE
bynkuuu uz NC, uro u 6b110 jokazano B crarse [17].
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I'taBa 3

MaremaTudeckoe olucaHue KJjacca 3ajad,
3P HEKTUBHO pelnaeMbIX KBAHTOBBIMU
BETBSNIIMUCA IIporpaMMaMNA

3.1 3DddekTuBHBIE AJTOPUTMbI, OCHOBAHHBIE HA METOIE OT-
Me9YaTKOB

Ha ocnoBe mpe/i02KeHHOr0 HaMU MeTO/Ia OTIIEYATKOB, OIMCAHHOTO B IIPEIbIAYIINEeM pa3eae, MOXKHO
chopMyIMpPOBATDH JIOCTATOYHOE YCI0BHE 3PDEKTUBHON BRIYUCIUMOCTH Oy/1eBbIX (pyHKIMIT B MOJIe-
JIN OJIMH Pa3 YUTAIONINX KBAHTOBBIX BETBAIINXCS MPOTPAMM. TeM CaMbIM OMUCHIBAETCS] HEKOTOPBIT
KJ1acc 334, 3(pHeKTUBHO pelraeMbIX B YKa3aHHOU MOJIEJIH.

IIycTh g — ecTh XapaKTepUCTHIeCKuil moauHoM Oynesoii dyukuuu f(zq,. .., x,). CupaBesinsa
CJAeIYIONAs TeopeMa.

Teopema 3.1.1. Ilycts € € (0,1). Eciu g gBasiercss THHEHHBIM TOJTHHOMOM Ha KOJIBIOM Z,,, T.€.
= 121 + ...CTy + Co, TO f MOKET ObITH BBIYMCJIEHA ¢ OJHOCTOPOHHEH OmMHOKONE € KBaHTOBOMI

OBDD mupunsr O (l”%)

ﬂOEGSGm@./LbCWLGO. HpI/IBe,ZLeM AJITOPUTM B BHJE CXEMDI:

sl
xn:
61) —{H] o d I Yoo} N
i e L

=
BN

|¢logt> @ xjf J f}i 5

|Oargt) ——— B~ Ry —— Riof—+— Ripo
7 T T T T
[Yo)  |¥1) [¥2) [¥3) [Ya)  |¥5)

TIexoIHOe COCTOSTHIE KBAHTOBOTO PErneTpa [1g) = [61)®|d2) @ - -@|drog 1) @ |dramee) = [0)Z ' |0).
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Konrposupyemere yaurapusie oneparopst R, ; as i € {1,....t}, j € {0,...,n} 3amaorca caery-
o1rM 06pa30oM:
4drk;c;
Rii=Ry; | —2).
ij 9 < m >

3aeck ¢; — 3T0 K03bbUIMHEHTH JUHEHHOr0 HOIMHOMA 18 f, a MHOXKECTBO IapaMeTpoB K
{ky,... ki} smasiercsa “xopommM” COTJIACHO TeXHUKe oTTedaTkos u3 [23] npu t = 2M10s((2/0m2m)],
[Iyctb 0 = 0y ...0, € {0,1}" — 910 BXOAHON ABOMYHBIH HAGOD.
[Tepswiit coioit mpeobpazoBanmii H mepeBOANT [1)g) B CJAEMYIONIYIO CYEePIIO3UIINIO:

) = JZ\ 0) .

Hasee, eciu odepeIHOM BXOMTHON CUMBOJ ecTh (), TO MpUMeHSIeTCsl TOXKIeCTBEHHOe TTPeodpa3o-
sBanue /. B nporusnoMm ciyvae, CuuTaB ouepeiHoe 3HadeHne o; = 1, cocrognue moc/ennero Kyonra
npeobpasyercs onepaTopoM [?; j, MOBOPAYMBAIOUIMM €ro Ha yT'oJI, HPOIOPIUOHAIbHLIE ¢;. Bosee
TOTO, TaKOHW TMOBOPOT OCYIIECTBJSETCS B KaXKJIOM W3 ¢ IMOAITPOCTPAHCTB € COOTBETCTBYIOMIEH aM-
nurynoit 1/+/t. Takoit KBaHTOBBIH MApA/LICIH3M PEATH3yeTCa KOHTPOIUPYEMBIMH OIIePATOPAMM
Ci(R; j), Tpeobpa3yONUMH COCTOSHAS BAAR |1) |-) B |i) R; j |-) ¥ OCTABJISIOMAMIA IPOTHE COCTOSHUS
0e3 usmenenuii. Hanpumep, cunras BXOJHONW cuMBOJI 01 = 1, cucrema nepeiijier B COCTOsIHAE

t t
o) = 2> Ci(Rix) i) |0) = = > |i) Ri1 [0)
Vit — Vit 1
I =
— \/Lz ; |4) (cos 2rhicr |0) + sin —2”7]:“ \1))

Takum 00pa3zoM, mocje CUUTHIBAHUS BXOAHOrO HAOOpa 0 B AMILIHTYAAX OA3MCHBIX COCTOSHHIT
“ 7 n .
HAKOIUTCH CyMMa D5 Cj0:

t L
[Gs) = L3010} (cos TEELLD o) 4 sin 0% 1))
=1

Ha ciiesryromem miare mpuMeHSIIOTCS BpAIEHUs Ha, yIJIbl, TPOTOPIIMOHAIbBHBIE Co. €M caMbIM
COCTOAHMNE PETUCTPaA NEPEBOJUTCA B

t
) = & 32 1) (cos 2D j0) + sin 282 1))
=1

Cite10BaTesIbHO, IPUMeHNB 1peobpaszosanne H®1°8! © I nmosyuaem cocrosinme

t
‘w5> _ <%ZCOS QWkTig(o)) ’0>®10gt|0>+

i=1
t
1 .
+7[0)75 1) + 2 102 (i [0) + i 1)),
1=
rae v, a; n ﬁz — HEKOTOpbIE€ aMIJIMTY/bI, 3Ha4Y€eHUA KOTOPBLIX [IJid HaC HE BarKHBI.

BxoHoit HaGop NPUHUMAETCS, €CIIH Pe3YIBTATOM U3MEPEHHUs PEIUCTPA OKA3BIBAETCSI COCTOSTHHE
log ¢
10)*'°%" |0). BHaunT, BEPOATHOCTH NPUHATHA €CTh

¢

1 2rk;q(o

Proceept(0) = 2 ZCOS %
=1
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Eciu f(o) =1, 10 g(0) = 0, u Habop o upuHuMaeTcs ¢ BeposaTHOCThIO 1. B nporuBaoM ciiyuae,

BeiGOp MHOXKecTBa K = {ky,..., k;} rapanrupyer, aro
1 (<~ 2mhig(o)\
wkig(o
Praccept(a) = t_2 iZICOS T < €.

Taxum obpazom, f MOxKeT OBITH BBIUHCIeHA ¢-KyouTHOU KBanTOBOil OBDD, rme g = log2t =
O(loglogm). CoorBercTBenno, mupuHa nporpamMmMbr ecth 2¢ = O(logm). a

[Ipumepamu byHKIMIE, 00/aTA0NNX JUHEHHBIMA XapaKTepPUCTHIECKUME IOJHHOMAMHE, SBJIs-
ioress MOD,,, MOD),, EQ,, Palindrome,, Period?, Semi — Simon, PERM, u T.1.

m?

3.2 DddexTusHoe BbUucaeHue Gynknuii n3 knacca NC!

Ussecrnblit kiaace NC conepKuT ByHKIMHT, IpeJicTaBIMble KJIACCHYeCKUMHI cXeMaMy U3 Dy HKIH-
OHAJIbHBIX 3JIEMEHTOB JIOrapudMIIeCcKol rIyOnHbI U TOJHHOMHUAJIBHON CI0XKHOCTH. JaHHBIH Kitacc
SIBJISIETCS JOCTATOYHO IIHPOKHAM, HEU3BECTHO JayKe COOCTBEHHBIM JIM 0OpPa30M OH BXOIUT B KJIACC
NP.

B pabore [17] nokazano, aro Bce DYHKINN W3 JAHHOTO KJIACCA MOTYT ObITH BHIYUCIEHBI KBAHTO-
BBIMH BETBANAMHUCS IPOrPAMMAME IIUPHHBL 2, T.€. C UCIOJIb30BAHHEM BCEro JIMIIb OHOTO KyOuTa.
[Tozzke, B cTaThe [0] OGblIa yTOYHEHA CTPYKTYPA ITHX BETBSIIUXCA IIPOIPAMM, U JOKA3aHO, YTO OHH
SIBJISIOTCA k-pa3 YUTAOMAME KBAHTOBBIMU BETBANUMUCS TPOTPAMMAME C ITOPSIKOM CUATHIBAHUS
IIePEMEHHbIX, OCHOBAHHOM Ha KOHCTpykKimu Bappunrrona [4].

Taxum 06pa3oM, KBAHTOBBIE BETBANIAECS ITPOTPAMMBI KOHCTAHTHOMN IIMPUHBI M TOJTHHOMHUATE-
HOM JITMHBL MOTYT 3(pEeKTHBHO pelnaTh Jo0ble 3a1aun u3 Kiaacca NCL.
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