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Let M be an m dimensional smooth Riemannian manifold with metric g. The
tangent bundle T(M) over M is endowed with the Riemannian metric g2, the diagonal
lift of g [3], [5]. Let X be a vector field on M. Then it is regarded as a mapping
¢y of M to T(M). The purpose of this paper is to study under what conditions the
mapping ¢, of Riemannian manifolds is harmonic.

§1 is devoted to describe some basic facts on geometry of tangent bundles.
We will see in §2 that the natural projection, n: T(M)—M is a totally geodesic
submersion. In the last section, it is proved that when M is compact and orientable,
¢x: M—T(M) is harmonic iff the first covariant derivative of X vanishes.

§1. Diagonal lifts of Riemannian metrics to tangent bundles

We will review differential geometry of tangent bundles briefly. For details,
compare [5].

Let {U, xi} be a coordinate neighborhood, where (x?) is a system of local
coordinate defined in the open set U. Then we can introduce a system of local
coordinates (xi, y/) in the open set #=1(U) of T(M) in such a way that for each

peU, (xi{(p), y)|— i yf< aij.) e T(M), where n: T(M)—>M is the natural pro-
Jj=1 J4
jection. (x!, yJ) are called the induced coordinates in n~1(U).

The Riemannian metric of M is given locally by

ds= ¥ (0%,
i=1
where 6% are local 1-forms such that
Pi=3 idx.
j=1
(In the paper, the indices i, j, k,... run over the range {1,..., m} and the indices

A, B, C,... the range {1,..., m,...,2m}. We also use the notation i*=m+i.) Let
', o™ be vertical lifts and horizontal lifts of the local 1-forms 6, i.e.,
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s ) . m . .
J Wi =(0)) =n*0i= 3 & ndx,
=1

(1)
lwi*=<ei)ﬂ= > den(dyl + 3 Tiykdxb),
j=1 =

k 1

where I'{, are local components of the Riemannian connection in M. Then the
diagonal lift g? of g is written locally as

2m m . m -
2 dstoan= 2. (@)= 3 (0')*+ 2 (™)~
A=1 i=1 i=1
Let X= f Xi 6Lx‘ be a vector field on M. The vertical lift XV and the horizontal
i=1
lift X¥# of X are written locally as
m 0
XV=3 xi_2_,
i; oy!

w5 o 8
Xi= ZIX’<axk‘ 2 Ff””‘k‘)'

=
The structure equations in M are
Jd0i= " 07 A 01,
j=1

J

3) ) .
1 d@; =k§1 6.,; A 6;‘ —5k’lZ:1Rijk18k A 01,

where 0} are the Riemannian connection forms and R%,, are the coefficients of the
Riemannian curvature tensor. Let w# be the Riemannian connection forms in
T(M). Then,

2m
4 dot= Y w?Awf.
B=1

From the basic properties of vertical lifts [5], it follows
do’ =d(6'Y =(d6¥) = 3 (B/) A (0} = 3. ! A0,
i=1 i=1

On the other hand, a direct calculation shows

do”=§ o Anrei+ L
j=1 J

s

i hond® A cnk*
lRfjkéhy (N O

Comparing with (4), we get

Proposition 1. Let Yi= i gLyl
i=1
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, A B R .
wi=n*0i—— Y RL,Y'w*
j V) 11 J >
(5) ; J* 1L & py
— P 1k
Wh=—w{ = Zlk§=1R,§j,Yw ,
o0
wii=n*0}.

§2. Riemannianian submersion

Let N be an n-dimensional Riemannian manifold with metric ds}. We assume
n>m. Let f: N>M be a smooth mapping. If for every point p of N, we can
choose local 1-forms wl,..., w" in a neighborhood of p in N and 6%,...,0™ in a

neighborhood of f(p) in M such that dsz = 21 (w®)?, ds3 = 21 (6%)? and

(6) [*i=w i=1,...,m,

f: N—>M is called a Riemannian submersion. (In this section, the indices a, b, ¢
run from 1 to n and «, f from m+1 to n.) Let w¢ be the connection forms in N,
ie.,

n
da)“=bz1 w® A 8.

Then we can put

(M

Li,, Li, are called the structure tensors of the Riemannian submersion f. If

i Li,=0 (resp. Li;=0), f is said to be minimal (resp. totally geodesic) [2].
a=m+1

Now we will return to the natural projection n: T(M)->M. Since we have
n*0' =i, it is a Riemannian submersion. Morevoer, Proposition 1 implies

Proposition 2. The natural projection n: T(M)>M is a totally geodesic
Riemannian submersion with structure tensors

Mz

L;"k*= R;:lel, Lj'*k*=0'

1
2

1

§3. Sections of tangent bundles

Let ¢px: M—>T(M) be a section of the tangent bundle. We can put locally



26 Toru IsHIHARA

X= i X'e; with respect to the dual base {¢;} of {#!}. Define F# by
i=1

®) S CORPW
i=1
Then it holds
P¥(w') = pxn*(6")=0".
By a calculation, we get
Pi@™ = 3 Xio"

where X| are components of the first covariant differential of X given by

> Xifk=dXi+ 3 XI0%.

k=1 j=1
Thus it is evident
©) Fi=38%, Fi'=X:.

The fundamental tensor F4, of the mapping ¢y is defined to be
m 2m m .
2. Fi0/=dF{+ ¥ Fhog— 3 F10i.
j=1 B=1 j=1
If i F#=0, ¢y is called a harmonic mapping [1]. Using (5) and (9) we obtain
i=1

Proposition 3. The components F{; of the fundamental tensor of the mapping
¢x: M—>T(M) are given by

| Fy=3 3 (Rh XY+ Ry XX,
<~ L,k
(10) g

* I &

where X¥%; are the components of the second covariant differential of the vector
field X.

Proposition 4. ¢y: M—T(M) is a harmonic mapping iff

> X4=0, 3 Rb,X{=0.
i=1 Jj,i=1
If M is compact and orientable, we have the following integral formula [4, p. 39]

[ 12 xaxs 3 opnav=o,

M i k= i, j=
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where dV is the Riemannian volume element. Hence, iXif,-:O (k=1,..., m)
i=1

imply X =0(i, j=1,..., m). Thus we get

Proposition 5. Assume that M is compact and orientable. ¢y: M—T(M)
is harmonic iff X has the vanishing covariant derivative.
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