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Let (R, m) be a Noetherian local ring with residue field k. For any finitely
generated R-module M, we let P¥(Z) be the power series

PY(Z)= 3. dim, Tork(k, M)ZP,
p=0

The Poincaré series of R is the power series Pr(Z)=Pk(Z). In this note, we prove
a slight generalization of a theorem of Gulliksen [2], which gives an unified approach
to prove the rationality of Poincaré series for some classes of local rings. Especial-
ly, we present a simple proof of the rationality of Poincaré series of a Gorenstein
local ring which satisfies m3=0 [8], [9].

Throughout the paper all rings are commutative with identity and Noetherian.
We shall use the same notations in [2].

Proposition 1. Let (R, m) be a local ring and let R=R/a where a is an ideal
in R such that a<0: m. Then,

Pr(Z)
| —={dim,a)Z?Pr{Z) °

Pr(Z) =

Proor. Let t=dim;a and let F be a minimal free R-algebra resolution of k.
Put F=F ®yR. Starting with F, we construct the Eagon resolution X of k as
follows: Take free graded R-module N such that rank N,=dim Flp_l(ﬁ) for p=1,
where H(F) is the kernel of &,: H(F)—k induced by the augmentation &: F—k.
Denote by T the tensor algebra generated by N over R. Then, X=F ®%T, which
is a free R-algebra resolution of k [3, Chap. 4, §1].

Now, let Hg(x)= io (rank *,)Z? be the Hilbert series of graded R-module .

=

Then, we have

Pr(Z)= 3. dim, H(X ®z k)2’ < ¥, dim, (X @ k),Z"
p=0 p=0

8

=2 (rank X ,)Z*?

p

il
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~(3 (rank F,)Z?)( 3, (rank T,)Z?)
p=0 p=0
= Hx(F)H%(T)
=Hg(F)Hx(T)
=Pr(Z)Hx(T).
Hence
PR(Z) S Pr(Z)HR(T).

On the other hand, from the long exact homology sequence of

0 oF F F 0,

we have
— t
H(F)=H, (aF)=®H, (F/mF)  (qz1),
since aF =~ é(F /mF). Hence

Hz(N)= 3 (rank N,)Z?= 3. dim H,_,(F)Z?
p=0 p=2

= iz tdim H,_ ,(F/mF)Z”
-

= tZ2H,(F|mF)
=1Z2Px(Z).

Consequently,

PR(2)SPROHKT)=PrD) 1= g 1wy

=Pn(Z)/1 —tZ*Px(Z). q.e.d.

Let F be an augmented R-algebra in the sense of Tate with augmentation e:
F-k. If Sis a set of homogeneous cycles which represent a minimal set of gener-
ators for H(F), the trivial Massey operation y is a function defined on the set of finite
sequences in S with values in F. For the detail of the definitions and results the
reader is referred to [2].

Proposition 2. Let F be a minimal free R-algebra resolution of k and let a
be an ideal in R such that ac0: m. If F/aF can be extended to a minimal free
R/a-algebra resolution of k, then F|aF has a trivial Massey operation.
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PrOOF. Put R=R/a, fi=m/a and F=F/aF. Then, F is a free R-algebra with
augmentation &: F»k. Let ¥: F—F be the canonical map and let S be a set of
cycles representing a minimal set of generators of H(F). To each ze S, we select
Ze ¥ (z)sothat dZeaF. Then, as in [2], we can define the function I'(Z,..., Z,)
e F forany Z,,..., Z,,€ ¥=1(S) inductively as follows:

) I2z)=z

e m-.l
i) dN(Zyses Z)= (= DHTZ o ZITZis 150100 Z,)

where [1, k]= 3. (1+deg Z,).

Then, it is clear that the function y defined by 7(z,,..., 2,)= Y(I(Zyrrrs Z.)
becomes a Massey operation on F and we will complete the proof.

Now, by our assumption, F can be extended to a minimal R-algebra resolution
of k. Therefore, Proposition 2 of [2] shows that y(z,,..., z,) e mF and hence I'(Z,,
covs Zy)emF. Thus, the inductive argument defining I'(Z,,..., Z,) presented in
[2] works in our case since (aF)(mF)=0. g.e.d.

Theorem 1. Let (R, m) be a local ring and let R=R/a, ac0: m. Assume
(R, m) satisfies the following condition:
(*) If F is a minimal R-algebra resolution of k, then F/aF can be extended
to a minimal R/a-algebra resolution of k.
Then,

Pr(2Z)

Pr(Z)= 1— (dimy 0) Z2PR(Z)

Proor. By Proposition 2, F=F ®g R has a trivial Massey operation. Hence,
to prove the theorem, it is enough to see that the Eagon resolution X =F ®z T of k
is minimal. But, since dFcmF, I'(Z,,..., Z,)cmF and y(z,,..., z,)=¥YI(Z,...,
Z,)), we have

dFcmF and ImycwmF,
so that we can apply Proposition 1 in [2]. g.e.d.

Corollary 1. Under the assumption (x), Pg(Z) is rational if and only if
Px(Z) is rational.

We remark that if R->R=R/a, a=0: m is a Golod homomorphism in the sense
of Levin [6] (or [7]), then, by Theorem 1.2 of [6] (or Theorem 1.5 of [7]), F is a
direct summand of a minimal resolution of k over R so that our assumption (%) is
satisfied.
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Therefore

Corollary 2. Let (R, m) be a local ring and let R=R/a, ac0: m. If the
canonical map R—R is Golod, then

o Pr(Z)
[ = {dim, ) Z2Px(Z)

_ 7N —
PR\ZJ“

Theorem 2. Let (R, m) be a Gorenstein local ring of embedding dimen-
sion n=1, which satisfies m3=0. Then, R is a complete intersection or Pg(Z) has
the following form:

1

PR2)=10z5 77

Proor. If m2=0, then m=0: m and it is a principal ideal. Hence, we must
have n=1 and Pg(Z)=1/1—Z [3, Prop. 3.4.4].

Assume m?#0. In this case we have 0: m=m?, since dim,0: m=1. Put
R=R/0: m=R/m? and M=m/m2.  As we showed in Theorem 1, Px(Z)=Py(Z)/
1 —Z2Pg(Z). On the other hand, since m?=0, we have Px(Z)=1/1—nZ [3, Prop.
3.4.4]. From these relations we get our formula of the Poincaré series. q.e.d.

In the following, we state some classes of local rings of embedding dimension
n, to which we can apply our result.

Example 1 ([2]). Assume R is a complete intersection and R=R/0:m.
Then, R is a complete intersection or Px(Z) has the form

1
(-2z)r—22"

Pr(Z)=

since R—R is a Golod homomorphism [7, Theorem 2.9].

Example 2 ([7]). If there is an element x e m\m? which satisfies the condi-
tions:

i) x>=0 and ii) m?>=xm.

Then,

PR(Z)=

1
1—nZ+{dim, m?)Z? "

Proor. Under the conditions i) and ii), we see that m?<=0: m and, by Theo-
rem 2.12 of [7], the canonical map R—R=R/m? is Golod so that

Pr(Z)

PR = @imm) 22Py(2)
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On the other hand Pg(Z)=1/1—nZ. Hence we get our result.

Example 3 ([5]). Suppose R is equicharacteristic and assume m3=0 and
dimm2=1. Then, Py(Z) has the form
P -’Z‘=—~L”V or P (Z‘=f———l~—w
RET=TnZ REI=wz v 27
Proor. We can assume n>1 and we can choose a minimal system of genera-
tors xy,..., x, of m such that x2=0 [5, Prop. 3.1]. If x;m=0, the same argument
as in [5] can apply. If x,m#0, we have m?>=x,m and hence R satisfies the con-
ditions 1) and ii) of Example 2.

Example 4 ([1], [5]). Let A=k[[X;;1]1 (i, j=1, 2, 3) be a formal power series
ring over a field k with indeterminates X;; and let R=AJA where A is the ideal of
A generated by 2 x 2 subdeterminants of the matrix (X;;). Then,

(1+2Z)°

PR =7"3757 "

PrOOF. R is a Gorenstein local ring of Krull dimension 5 [4]. Denote x;;
the residue of X;; in R. Then the sequence

{X11=X23, X13—X31, X137~ X33, Xz1— X33, X22}
is an R-sequence which consists of elements in m\m2, where m is the maximal ideal
of R. Dividing R by this sequence, we get
R:k[[Xln X23 X35 X4]]/C[

where a=(X?%, X3, X3, X7, X (X5, X 1 X35, X X4— X5 X5, X5X4, X3X4).
It is clear that R is a Gorenstein local ring with maximal ideal Tt such that
m3=0. Hence, by Theorem 2,

1
PR =1_4z12
so that
v (14+2)3
Pr(Z) 1—4Z+ 22"
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