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1 Background

1.1 Ultracold atoms in optical lattices

It took about 70 years for Bose-Einstein condensation, theoretically predicted by Einstein [1], to be experimen-
tally realized by several groups in 1995 [2, 3], which brought them the Nobel prize in physics 2001 “for the
achievement of Bose-Einstein condensation in dilute gases of alkali atoms, and for early fundamental studies
of the properties of the condensates”. Since that time, the field of ultracold atoms has rapidly expanded [4],
incorporating various ideas and techniques from diverse fields of physics including AMO physics and condensed
matter physics, and has become a unique and important arena for exploring the physics of various quantum
many-body systems [5, 6].

One of the main reasons that ultracold atomic systems enjoy such popularity can be attributed to their high
controllability; the interaction between atoms can be tuned with the technique of Feshbach resonances, and the
geometry of the system can be tailored with various optical techniques.

In particular, with multiple laser beams, we can create diverse periodic potentials, called optical lattices,
which allow us to explore the physics beyond weak interaction approximations [6, 7]. Unlike conventional solid-
state electron systems, systems of ultracold atoms in optical lattices can be free of defects, thus opening up the
possibility of studying the physics of strongly interacting quantum many-body systems with unprecedentedly
high precision.

A seminal example of this trend is the experimental realization of the quantum phase transition between the
superfluid phase and the Mott insulator phase predicted by the Bose-Hubbard model, in the system of ultracold
bosons in an optical lattice. The Bose-Hubbard model is a model which describes bosons in a discrete lattice,
was analyzed in the context of condensed matter physics [8], and was later shown [9] to be able to describe
ultracold bosons in an optical lattice. The Hamiltonian of the model consists of two parts that compete with
each other; the kinetic energy part which makes each boson spread over the whole system, and the repulsive
interaction part which tends to localize bosons. The competition between these two terms is predicted to give
rise to the quantum phase transition between the superfluid phase, in which each particle spreads over the
whole system and hence is highly mobile, and the Mott insulator phase, in which each particle is localized due
to the on-site repulsive interaction. Using ultracold bosons and an optical lattice, this phase transition was
experimentally demonstrated in 2002 [10].

1.2 Spinor ultracold atoms

In the early days of studies on ultracold atoms, their internal degrees of freedom are frozen due to magnetic
traps used in experiments. However, by the realization of optical traps, bosons with spin degrees of freedom,
which are called spinor bosons, can now be investigated experimentally, and have attracted considerable interest
because of the possibility they offer of simulating quantum magnetism and exploring the interplay between the
spatial and spinor degrees of freedom [11, 12].

At first, studies on spinor bosons mainly dealt with the weak interaction regime, in which, at zero and low
enough temperature, almost all the particles Bose-Einstein condensate. Such studies revealed diverse quantum
phases arising from the presence of the spin degree of freedom and a spin-dependent interaction.
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More recently, optical lattices makes it possible to explore the strongly interacting regime of ultracold atoms,
including spinor bosons. A minimal model for studying such physics is the spin-1 Bose-Hubbard model [13],
which describes spin-1 bosons in an optical lattice. Although the model is similar to the Bose-Hubbard model
for bosons without spin degrees of freedom mentioned earlier, which is called the scalar Bose-Hubbard model
to distinguish it from the spinor counterpart, the model has a spin-dependent interaction term, whose sign
depends on the specific atom considered, and changes the qualitative features of the system drastically; for a
negative sign, the interaction favors a larger magnitude of the spin at each site, and is called ferromagnetic, and
for a positive sign, the interaction favors a smaller magnitude of the spin, and is called antiferromagnetic. For
the ferromagnetic interaction, the zero-temperature phase diagram of the model is known to closely resemble
that of the scalar model, in which the quantum phase transition is continuous. On the other hand, for the
antiferromagnetic interaction, the phase diagram exhibits distinct properties; Mott phases with odd particle-
number filling shrink, and the superfluid Mott insulator phase transition is known to be discontinuous for even
particle-number filling.

1.3 Our study

With differences mentioned above, the antiferromagnetic model is much more intensively studied compared
with the ferromagnetic counterpart. However, the situation is expected to be greatly altered in the presence
of an external magnetic field, where the competition between the positive quadratic Zeeman energy and the
ferromagnetic interaction produces rich phases; the ferromagnetic interaction favors states with larger spin, while
the positive quadratic Zeeman energy penalizes such states. In systems without a lattice, this competition is
known to give rise to two superfluid phases and the continuous phase transition between them.

To the best knowledge of the author, the ground-state phase diagram of the ferromagnetic spin-1 Bose-
Hubbard model in the presence of an external magnetic field remains largely unexplored. Although there is a
study on the unit-filling Mott insulator phase [14], the interplay between the spatial and spin degrees of freedom
has yet to be fully explored.

2 Model and analysis

2.1 Model

In the thesis, we explore the ground-state and nonzero temperature phase diagrams of the spin-1 Bose-Hubbard
model with an external magnetic field, described by the grand Hamiltonian

K̂ = −t
∑

(x,y)∈B
σ∈S

a†x,σay,σ +
U0

2

∑
x∈Λ

n̂x(n̂x − 1) +
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2

∑
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(
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)
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∑
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n̂x, (1)

where

• Λ denotes the lattice sites, S denotes the spin indices, B denotes pairs of neighboring sites in the lattice,

• ax,σ means the annihilation operator of a bosons at site x with spin σ, ˆnx,σ := a†x,σax,σ, n̂x :=
∑

σ∈S n̂x,σ,

Sx := (S
(1)
x , S

(2)
x , S

(3)
x ), and S

(α)
x :=

∑
σ,τ∈S S

(α)
σ,τ a†x,σax,τ , with S(α) being spin-1 matrices, and

• t > 0, U0 > 0, U2 < 0, q > 0 are assumed.

The last two assumptions are crucial, because we want to examine the competition between the ferromagnetic
interaction (U2 < 0) and the positive quadratic Zeeman energy (q > 0).

2.2 Gutzwiller variational ansatz

To analyze the model, we first describe the Gutzwiller variational ansatz, in which we restrict variational states
to products of local states. The rationale behind this approximation is that the ground states for both the
no-hopping and non-interacting limits can be written in this form, and that it is natural to expect that this
form of state can also capture the physics of intermediate parameter region, in which phase transitions occur.
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2.3 Decoupling approximation

In our actual calculations, we have employed the decoupling approximation, which is shown to be equivalent to,
and much more numerically efficient compared with the Gutzwiller variational ansatz, whose main advantage is
the conceptual clarity. In the decoupling approximation, we decouple the hopping term which connects different
lattice sites as

a†x,σay,σ ≃ ϕy,σa
†
x,σ + ϕ∗

x,σay,σ − ϕ∗
x,σϕy,σ, (2)

where ϕx,σ, or “superfluid order parameters”, which have to be determined self-consistently later, means the
expectation value of ax,σ, and we neglect the term which is quadratic in the fluctuation. After the approximation,
the problem reduces to a single-site problem described by the grand Hamiltonian

K̂dc(ϕ) := −zt
∑
σ∈S

(
ϕσa

†
σ + ϕ∗

σaσ − |ϕσ|2
)
+

U0

2
n̂(n̂− 1) +

U2

2

(
S2 − 2n̂

)
+ q

∑
σ∈S

σ2n̂σ − µn̂, (3)

where indices denoting lattice sites are dropped. An approximate ground state (or grand canonical ensemble for
the nonzero temperature) can be obtained by finding a self-consistent solution ϕ0, for which the state derived
from K̂dc(ϕ

0) (ground state, or grand canonical ensemble for the nonzero temperature case) gives ⟨aσ⟩ = ϕ0
σ,

where ⟨·⟩ denotes expectation value with respect to the given state.
To obtain the phase diagrams, we have numerically obtained self-consistent solutions by iteratively diago-

nalizing the single-site grand Hamiltonian.

3 Results and Discussion

For the zero-temperature case, we have found, in addition to the Mott insulator phase, two superfluid phases;
the polar phase, which shows no magnetization, and the broken-axisymmetry phase, which exhibits nonzero
transverse magnetization. Furthermore, we have found that, for the strong spin-dependent interaction corre-
sponding to the 7Li, the phase transition between these two superfluid phases can be discontinuous, i.e., the
superfluid order parameters and the transverse magnetization have nonzero jumps at the transition point on
some part of the phase boundary in the t − µ phase diagram. Discontinuous phase transitions are also found
when the quadratic Zeeman energy is varied, in clear contrast to the mean-field theory prediction for weakly
interacting spin-1 bosons without an optical lattice, where the corresponding phase transition is known to be
continuous. To clarify that these discontinuous phase transitions seen in our calculations are not due to numer-
ical artifacts, we have plotted the energy function (the ground-state energy of K(ϕ) for the zero-temperature
case, and the free energy derived from K(ϕ) for the nonzero temperature case) as a function of the superfluid
order parameters ϕ, and confirmed the metastability and ensuing discontinuous phase transitions.

For the nonzero-temperature case, we have found that the system also exhibits the above mentioned proper-
ties, i.e., two superfluid phases with different magnetic properties and discontinuous phase transitions between
these two phases, for sufficiently low temperatures. However, with an increase in temperature, the region of
the discontinuous phase transition gradually shrinks, and for higher temperature, the phase transitions become
continuous.

We have found that discontinuous phase transitions between two superfluid phases occur only when the
boundary is close to the Mott-insulator phase, and that continuous phase transitions occur when the hopping
is so large that the boundary is far from the Mott-insulator phase. This is not only consistent with the fact
that the corresponding phase transitions are continuous for weakly interacting bosons, in which almost all the
particles participate in the superfluidity, but also suggests that the presence of a considerable portion of the non-
superfluid component is crucial for the occurrence of discontinuous phase transitions, implying the importance
of the effect of strong interaction on the interplay between the spatial and spinor degrees of freedom.
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