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Taut Foliations of Torus Knot Complements

By Yasuharu NAKAE

Abstract. We show that for any torus knot K(r,s), |r| > s > 0,
there is a family of taut foliations of the complement of K (r, s), which
realizes all boundary slopes in (—o00,1) when r > 0, or (—1, c0) when
r < 0. This theorem is proved by a construction of branched surfaces
and laminations which are used in the Roberts paper [5]. Applying
this construction to a fibered knot K’, we also show that there exists
a family of taut foliations of the complement of the cable knot K of
K’ which realizes all boundary slopes in (—oo, 1) or (=1, c0). Further,
we partially extend the theorem of Roberts to a link case.

1. Introduction

In this paper, we discuss taut foliations of the complement of a torus
knot. A taut foliation of a 3-manifold is a codimension one foliation such
that there is a circle which intersects every leaf transversely. There are a
lot of studies on foliations of a 3-manifold, many of these indicate that the
structure of foliations reflects well the topology of a manifold. Novikov [3]
showed that if a 3-manifold other than S? x S* possesses a foliation without
Reeb components, its fundamental group is infinite, the second homotopy
group 7y is trivial and its leaves are all mi-injective. Rosenberg [8] showed
that if a 3-manifold possesses a foliation without Reeb components, then
the manifold is irreducible. Combining theorems of Novikov and Rosenberg
with that of Palmeira [4], one can see that if a 3-manifold possesses a foli-
ation without Reeb components its universal cover is homeomorphic to R3.
Therefore the existence of “Reebless” foliations plays an important role in
studies of a 3-manifold. In fact, a Reeb component has no transverse circle
which intersects all leaves, and hence a taut foliation has no Reeb compo-
nent. Thus a taut foliation takes over the fruits of “Reebless” foliations
with respect to the topological properties.
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Rachel Roberts showed the following theorem.

THEOREM 1.1 (Roberts [5]). Let M be an orientable, fibered compact
3-manifold with single boundary component, whose fiber is a surface of nega-
tive Euler characteristic with one puncture. Then there is an interval (—a, b)
for some a,b > 0 such that for any p € (—a,b) there is a taut foliation which
realizes a boundary slope p.

The boundary of such manifold M is a torus, and the boundaries of
leaves of these taut foliations are parallel simple curves on the torus. Since
a torus is homeomorphic to the quotient space R? / 7?2, a simple curve on
a torus is regarded as a straight line on the quotient space. Then the
boundary slope of a taut foliation means a slope of the simple curve which
is a boundary of a leaf of the foliation. If one performs the Dehn filling to
the manifold with that taut foliation by the slope p belonging to the interval
(—a,b) N Q, a taut foliation of a closed manifold is obtained. Hence one of
the advantages of the theorem of Roberts is that one can estimate a range
of slopes in which a taut foliation survives after doing the Dehn filling.

THEOREM 3.1 (Main Theorem). For any (r, s)-type torus knot K (r,s)
in S3, where v and s are relatively prime integers and |r| > s > 0, there
is a family of taut foliations in the complement of K(r,s) which realize all
boundary slopes in (—oo,1) when r > 0, or (—1,00) when r < 0.

Theorem 3.1 leads one to the conclusion that all the Dehn surgeries
along any torus knot by the slope belonging to these interval yield closed
3-manifolds with a taut foliation.

In [6] R.Roberts showed a condition that a fibered hyperbolic manifold
with a single boundary component has a family of taut foliations which
realizes any boundary slope in (—o0, 1) or (—1,00). Since a torus knot is
not a hyperbolic knot, our main theorem indicates a condition for a non-
hyperbolic case in comparison with the theorem of [6].

CORROLLARY 4.3. Let K be a cable knot of a fibered knot in S3. Then
there is a family of taut foliations in the complement of K which realizes
all boundary slopes in (—oo, 1) or (—1,00) according to the embedded torus
knot.
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THEOREM 4.1. Fach iterated torus knot K; is fibered, and moreover
there is a family of taut foliations in the complement of K; which realizes
all boundary slopes in (—oo,1) or (—1,00) according to the last embedded
torus knot.

We partially extend the theorem of Roberts to a link case as follows.

THEOREM 5.1. Let M be an orientable, fibered compact 3-manifold
with two boundary components, whose fiber is a surface with two punctures
and its genus is more than two. If the monodromy of the fibration satisfies
the condition (1) of Lemma 5.5, then there are intervals (—a;,b;) for some
a;,b; > 0 and i = 1,2 such that there is a family of taut foliations which
realizes all boundary slopes in each intervals, where © corresponds to each
torus boundary component of M.

2. Preliminaries

In this section, we review some definitions and explain backgrounds
which are necessary to understand the main theorem of this paper.
Throughout this paper, all manifolds and knots or links are oriented un-
less otherwise specified. For a manifold M and a submanifold B of M,
N(B) denotes the regular neighborhood of B in M.

A branched surface B is a compact space modelled locally on the object
of Figure 1.

If B lies in a 3-manifold M, we denote a fibered regular neighbourhood
of Bin M by N(B), locally modelled on Figure 1. When we regard that the

ahN(B)%IHHHHHHHHHHI
9,N(B)

Figure 1.
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branched surface B is embedded in N(B), we consider that N(B) is fibered
by I-fibers normal to the branched surface B.

For such a fibered regular neighbourhood N(B), we denote the part
of ON(B) which lies in the set of end points of the I-fibers of N(B) by
OnN(B), and the part of ON(B) which contains sub arcs of the [-fibers
by 0,N(B) as in Figure 1. We call that 0, N(B) is a horizontal boundary,
and 0, N (B) is a vertical boundary. If M has boundaries and the branched
surface embedded in M intersects M transversely, M N B is a train track
7, a space modelled locally on Figure 2. The train track on M has also
a fibered regular neighbourhood N (1) locally modelled on Figure 2 with I-
fiber, and then we denote similarly the part which intersects the endpoints
of I-fibers by 0, N(7) and the part which contains sub arcs of the I-fibers
by 0, N (7).

ahN(T)
% D:DIE:DI[%&,N(T)
T N(7)

Figure 2.

If we denote the map which collapses all I-fibers by = : N(B) — B,
a branch locus is an arc on B which contains the image of the vertical
boundary 9, N(B) under the collapsing map .

The sectors {S;} of B are the closures of the components of
B\ {branch locus}. Now we put a weight {w; = 0} on each sector {S;}
of B, and we denote the correction of these weights by the vector w =
(w1, wa, ..., wy). The branch equation is the equation among the sectors
which intersect at the branch loci locally modelled in Figure 3. If we assign
weights to sectors as in Figure 3, then the branch equations are d = ¢ + f,
b=a+dand ¢ = a+ e. If the vector w satisfies the branch equations for
all branches, we call the vector w an invariant measure of B. The branched
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Figure 3.

surface B is called a measured branched surface if there is an invariant mea-
sure on B. The measures assigned on the sectors induce the measures on
the train track 7 on the boundary OM. Therefore, if B is measured then
the train track 7 has also an invariant measure. In this case we call that
the train track is a measured train track.

For a 3-manifold M we say A is a lamination of M if X is a foliation on
a closed subset of M. We see that the measured branched surface B with
positive integer weight carries a compact surface, then if we extend these
weights to real numbers there is a non-compact surface on N(B). These
non-compact surfaces are a source of a measured lamination on N(DB).

We define that a lamination A is carried by a branched surface B if it can
be isotoped into N(B) everywhere transverse to the fiber of the I-bundle,
A is fully carried by B if it also intersects every fiber of the I-bundle.

Related to the main theorem of this paper, we introduce the definition
of affinely measured branched surface.

DEFINITION 2.1. Let M be a compact 3-manifold and B be a branched
surface embedded in M. If there is a family of simple curves or simple
properly embedded arcs {v;}i=1,.n such that B\ |J;_,; v has an invariant
measure w, then we call that B is affinely measured with respect to |J;—; i

Let Mj, be a surface bundle with monodromy h whose fiber is a once
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punctured oriented surface F' of genus g. In fact we see that
My = F x [0,1)/(2,1) ~ (h(x),0).

We take a family of properly embedded arcs {c;}i=1,. , in a fiber F' and n
copies of the fiber,

1 —1
FozFx{O},Flex{ },...,Fnlex{n }

n n

For the family of arcs {a;}i=1,.. n, we define the family of disks

1 1 2 -1
Dy =ao1 X |:0,—:| y Dy = a9 % |:—,—:| Y ey Dn:anx |:n—,1:| .
n n'n n
Then we construct a branched surface embedded in M}, by combining these
copies of fibers and disks whose branch loci are the arcs {a;}i=1,.,. We
denote the branched surface B by

B = (Fy, F1, ..., Fy1; D1, Do, ..., Dy).

For any knot or link K in S3, there is a Seifert surface S of K such that
the boundary of S is equivalent to K, more precisely S intersects N (K)
in annuli whose boundary consists of K and an essential, simple closed
curves on ON(K). We call the latter curves S N ION(K) longitude of K.
The longitude is characterized up to isotopy, then we define the longitudinal
slope of K denoted by A such that A is represented by any longitude of K.

Now we prepare the convention for this paper. For given two oriented
simple closed curves o and 3 properly embedded in a surface F', we denote
the homological intersection number by (a, 3) with the sign convention for
orientation such that if the positive vector of the first curve overlaps to the
next one by rotating clockwise by angle 7 then («a, 3) =1 (see Figure 4).

For a torus boundary T' of a 3-manifold M, we take distinguished two
simple closed curves p and A\ on T which satisfy (u,A\) = 1. They are
called meridian and longitude when M is an exterior of a knot. The pair
w and X represents a basis of Hi(T'), then we also write this basis by
and \. Corresponding to this basis (u, A), for any given essential simple
closed curve 7 in T we define the corresponding fraction of the slope which
represented by ~ by the formula

(v, A)
(b, )

slope v =
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Figure 4.

Note that by the above definition the slope of A corresponds to %, and the
slope of u corresponds to %.

In this paper we mainly deal with a torus knot embedded in S3. For
a solid torus standardly embedded in S2, a simple closed curve v on the
boundary T of this solid torus is represented by a form ru+ s\ € Hy(T;Z).
We call v is a torus knot or link of type (r,s), and denote it K(r, s).

Note that if r and s are relatively prime, then v is one simple closed
curve, thus K(r,s) is a knot embedded in S3. Otherwise K(r,s) is a link
embedded in S2, whose number of components is equal to the greatest com-
mon divisor between r and s. K (r, s) has properties that K(r,s) = K(s,r)
and K(—r,—s) = K(r,s), therefore we suppose |r| > s > 0. Although
K(—r,s) is a mirror image of K(r,s), we distinguish between these knots
in this paper.

For a knot K embedded in S3, K is called fibered if the exterior of K is
a surface bundle over a circle. It is well known that a torus knot is fibered.

We shall prove this fact by constructing a fiber bundle directly in the
exterior of the torus knot K(r,s) in Section 3, but usually it is a well

known fact by the theory of singularities of complex functions (see Milnor’s
book [2]).

3. Main Theorem

THEOREM 3.1 (Main Theorem). Let K(r,s) be the torus knot of type
(r,s), where (r,s) is a pair of relatively prime integers and |r| > s > 0.
Then there is a family of taut foliations {F,} of the exterior of K(r,s)
which realizes any boundary slope in the open interval (—oo, 1) when r > 0,
or (—1,00) when r < 0.

This theorem is proved as follows. First we construct explicitly a fiber
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bundle structure of the exterior of the (r, s)-type torus knot K(r,s). Next
we choose an arc properly embedded in a fiber surface and then, by the
explicit construction of the fibration, we can see the image of this arc under
the action of the monodromy of this fibration. Finally, we shall prove that
this properly embedded arc and its image is a “good pair” in the sense of the
theorem of Roberts and we obtain the desired family of taut foliations {F,}
with parameter x which realizes all boundary slopes in the open interval
(—00,1) when r > 0, or (—1,00) when r < 0.

3.1. Constructing fibrations of the exterior of tours knots

In this subsection we construct a fibration as an extension of the example
for the trefoil in Rolfsen’s book (see [7] section 10.I). Let V' be a solid torus
standardly embedded in the 3-sphere S®. We consider that the (r, s)-type
torus knot K (r, s) is a simple closed curve on the boundary OV of V. Cutting
V by a meridian disk D and joining infinitely many copies of this piece, we
get the universal cover V of V and the covering K of K on 8V. V becomes
a cylinder of infinite length, so we put V into R3 such that the z-axis is the
core of this cylinder. Notice that the number of components of K is s, and
then let ky(z), ka(z), ..., ks(z) be components of K.

These components ki (x), ko(z), ..., ks(x) are the curves represented by
following formulae;

ki(z) = (z, cos—(z + =0Ty g T 4 20217

Now we construct a surface in the cylinder V as follows. Let Gg° be
the twisted band embedded in the part of the cylinder V' where x € [0, |27|r]
represented by following formulae;

Gp' = {nki(:r) + (1 —r)kiq (% — x) (‘ 0 0 o)

’0<3:_|| 0<mr; <1, n=0,%1,+£2,. }

(i=1,...,8, ko=ks) whenr >0,
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o' = {rote) + 0=k (7 - ) (Fmo0)
<z

’ < — O<ri<1,n:O,:|:1,:|:2,...}

For the parameter value z = ﬁ, there is a disk with s points removed
from the boundary. It is the regular polygon with s edges which are parts
of boundaries of these bands. Then let Gp be the set of regular polygonal

disks embedded into the disks {(l + ‘zﬁn Y, Z) ‘ v+ 22 <1, n=

Ir|

(i=1,...,8, ksy1 =ki) whenr <O0.

0,+1,£2,... } such that the boundary edges of one of these disks P, are

the arcs represented by the following formulae;

s 2 T 27
oP, = {T'z'k?i (1 + —n> + (1 —ri)ki1 <— + —n) ’ 0<r < 1}
U ERE A SR

i=1
when r > 0,
B T 27 s 27
0P, = | {riki |+ o) + (L= ks [+ o ’0<n~<1
O\ ) GG
when r < 0.

The regular polygonal disk P is bounded by the above arcs 9P, and
embedded in the disk {((r| T,y ,z) | y?+ 22 < 1}, therefore Gp =
Unez Pn - Then the surface G which we want to construct in V is defined

as the union of the set Gg = {(}”]'3}Z 1,..,s and Gp.
Next we define the map Ry : V — V given by

0 0 .0 .0 0
Ry(z,y,z) = |x+ —, ycos— — zsin — , ysin — + z cos —
r s s s s

ITI

~ 0
LEMMA 3.2. Ry turns V by the angle — keeping components ki(x),
- s
ka(z), ..., ks(x) of K invariant.
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2(1— 1 2(1— 1
ProOOF. Let k’z(t) = (t, cosg(t_*_g)? Sing(t—i- (Z )71'))
r

be a component of K. Then

Ry(ki(t)) = Ry <t, cos g(t + u)’ Sing(t+ u))

6
= <t+—, cost(t+
r S

We define Gy = Rp(G), 0= 6 < 2.

LEMMA 3.3.  The family of surfaces {Gg |0 < 0 < 2x} fills up V \J ks.
If 0;, 6; € (0,2m) and 6; # 6, then Gp, N Gy, = 0.

PROOF. Let p = (t, u, v) € V C R® be a point in V. At first we
2
suppose r > 0 and it is sufficient to prove when 0 < ¢ < T Let D; and
- r
D, be the disks in V given by

Dy={(t,y, 2) |y’ + 22 =1}, D/ ={(t, y, 2) | y* +2° < 1}.
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Now we define a flow ¢ on V by ¢ = {Rg(w) | § € R}yep,. We denote
¢’ the flow ¢ restricted to V' = {(z, y, 2) | z € R, y? + 22 < 1}, G’ the
surface G restricted to V',

CrLAM. The intersection of a flow line I of 9'|g<g<o, and a surface
G'|y< < 2= is one point.

PROOF OF CLAIM. Let proj : V\0< 2 — Dy’ be the perpendicular

projection map given by proj(z, y, z) = (0 Y, z). Then this map is shown
to be one to one and onto when it is restricted to G’ as follows. For a
point p € G', if p € Gp, the point p is written as p = (7;, u, U) and then
proj(p) = (u, v) which belongs to the regular polygonal disk P on Do If

p & Gp, let G’ " be the surface G, restricted to V' and we set p € G’ . We

can write G% and k;(x) as follows;

27

iB = {Tzkz(x) =+ (1 — Ti)ki—l(T

ki(z) = (x cos "+ 2=V G Tt M)) .

S T S T

— ) O<m<i,0<n’<1}
T

Then there are real numbers 7, and ¢, such that 0 <r, <land 0 <t, < 7,
and we can write proj(p) as follows;

proi(p)
= proi (ryhilty) + (1= a2 1))

DT 4 (1 meos (2T g, 4 2022,

2(i ; 1)m . r2T 2(i —T 2)7T)>

1— (= —t
)+ (1= rp)sin S( — 4, +

-
= (rp cos —(tp, +
s

rpsin — (tp +

201 —1)m r 2(i—1)m

)—i—(l—rp)cosg( —1p),

2(i — 1)m .o 20— D) ; )
2i- U AT ).

= <rp cos — (tp +

psin — (tp+ )+ (1 —rp)sin—(

r S r
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2(i—1)mw
r 9

By putting v =7, and § =

proj(p) = (7 cos =t + &) + (1 = 7) cos = (€ — 1,),
ysin=(t, +€) + (1= 7)sin = (€ —1,) )
=7 (cosg(tp +&), sing(tp +§))

+(1—7) (cosg(f —1p), sing(f - tp)> )

Let a(t) and 3(t) be the points on the boundary 8Dy = {(y, z) € Dy | y*+
22 =1} such that

at) = <cos f(t +&),sin g(t + §))

S

B(t) = (cos (€~ 1),sin (€ ~ 1))
s s
Then we can write the image of GiB’ under the map proj as follows;

proj(G") = {rat) + (1= 1)B(t) € Dy |0 < t < S 0<q< 1}

Gathering this image for all ¢ = 1,2,...,s, these fill the complement of P
in Dy’. Thus we proved that the map proj is one to one and onto.
For a point p = (¢, u, v) € V'|j<,<2=, let | be the flow line of ¢’
which contains the point p. By the constructions a flow line of 1)’ intersects
iB’ and Gp transversely, and at its intersection point it always goes from a
negative side to a positive side if the orientation of these surface is induced
from the direction of z-axis. Since the perpendicular projection map is one
to one and onto by the above argument, the number of intersections between
a flow line and G'|j<, < 2« is odd. By comparing the gradient direction of

a flow line and G%I it can be seen that they have only one intersection
when 0 £ z < 27” Thus the flow line [ intersects G'|,<, < 2= at one point
p = (', v/, v'). By the definition of the flow 1}’, Rﬂi(p’i) - p. Therefore
this point p exists on R, v (G') = G,_v', so there is an unique 6 such that
p € Gy. ' ' o

For a point p = (t,u,v) = (¢, cosT, sinT) € (V\V')|j<, <2 \ Uki,
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there exist some i and a path { on the boundary V such that

pel= {rk: (S(T - M))

+ (1 =ri)ki—a (?—E(T—MO ’O<ri< 1}

T T

2w
= R(7_72(z:1)7r) <{7‘Zk1(0) + (1 — Ti)ki—l (T) ‘ 0<r< 1}) .

Since the path [ is contained in R(T, 2(7,'71)7r)(GiB), the point p is contained
in this image. Therefore there exists an Sunique @ such that p € Gy.

The case when r < 0 is proved by the similar argument, then this com-
pletes the proof of Lemma 3.3. [

Adding some points to Gy and modifying Gy in a neighbourhood of 9V,
we see that the boundary of Gy consists of ki(z), ..., ks(z) and s lines

{li};_,, where [; = {(x, cos(@ + Q), sin(@ + %)) ‘ T € R}, By

S
the above explicit construction of Gy on V, every Gy is invariant under
the covering transformation of V. Then we can project Gy to the surface
Fy' = q(Gy) on V by the covering map g : V — V. The family of surfaces
{Fy = q(Gy) | 0 £ 0 < 27} fills up V since all Gy are disjoint by Lemma 3.3,
and each surfaces satisfy dFy’ D K(r, s).
Next we define the s lines C1, C2, ..., Ci, ..., C5 on 8V as follows;

Ci — {(x, cos 20T 20 = Uy E G]R}, Gi=1,....8).

S S

We define the family of lines {6’5 | 0 <6 < 21} on OV by ég =
Ry(C?). Now we project this family to V, and get the family of curves

{Cy =q(Ci) |0 <60 <271} on V. The boundary of Fy' on OV consists of
the union of our torus knot K(r, s) and this family of curves, that is,

OF) = K(r,s)U (U C’é) .
i=1

By definition, V is a solid torus standardly embedded into S%. So
let W be the complement of V in S3, then W also is a solid torus stan-
dardly embedded into S3. By the above construction, a curve of this family
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{6’5 | 0 < 0 < 27} is a longitude curve on OV, then it is a meridian curve
on OW and we define the meridian disks D}, such that D} = C}.
Finally we define the surface

Fp= (Fgl U <O D@)) \ K (r, ),

and the map p : S?\ K(r,s) — S! such that if z € Fy C %\ K(r,s),
p(z) = e € St

LEMMA 3.4. This map p : S3\ K(r,s) — S! defines a fibration on
S3\ K (r,s) whose fiber is Fy.

PROOF. Since the surfaces Gy are disjoint in V by Lemma 3.3 and ¢ is
a covering map, the surfaces Fy are disjoint each other in S%\ K(r,s). Let
I C S" be an open interval on S'. By the definition of the map p, for z € S,

p~l(z) = F,, and then F; N F, = () when x # y. Thus p~ () = [[ F,
zel
which is a disjoint union of fibers. For any € S', F, is an open set in

S3\ K (r,s), so p~1(I) is open, thus the map p is continuous. As seen before
there is the flow ¢ on V. If we project it to V and denote this flow by w,
the flow w is transverse to Fp’ for any 6 in V. The solid torus W is trivially
foliated by disks D%, and there is a flow ¢ transverse to any disk Dé which
coincide with w on the boundary OW. By gathering these transverse flows
¥ and ¢, we obtain the flow ¢ on S3\ K(r,s) transverse to Fy for any
6. For any point z € S' and any interval z € I C S' we define a map
n:p Y(I) — F, x I such that n(q) = (¢-(q),t) where the point ¢, (q) is
the point on which the flow line of ¢ through ¢ intersects F,, = p~!(x), and
t = p(q). Since ¢ is a transverse flow, the map 7 becomes a trivialization
map of this fibration. [J

Thus we complete an explicit construction of a fibration for the torus
knot K (r,s).

3.2. Proof of Main theorem
We define the coordinate system on the torus boundary oM =
ON(K(r,s)) by choosing two specific oriented simple closed curves A and
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u as follows. Let A be a curve such that A = 0Fp, and we call it a longi-
tude. The orientation of A is induced from the orientation of Fy. Let u be
a curve on OM such that it satisfies (i, A) = 1 and bounds an essential disk
in N(K(r,s)). Let h : Fy — Fy be the monodromy map of this fibration.
This map is induced from the rotation map Rar on V.

From now on we shall construct a family of taut foliations by the same
way taken in the section 3 of [5].

Now we consider the complement M = S3\ N(K(r,s)) of the torus
knot K (r, s) as the quotient space of the product of the fiber F{ and a unit
interval I = [0,1] ;

M = Fy x [0,1]/(z, 1) ~ (h(z), 0).

Note that the boundary OM is homeomorphic to a torus since the boundary
of Fy is a circle and h maps this circle to itself. The positive side of Fj is
defined by a positive direction of the unit interval [0, 1].

Next we choose three properly embedded arcs a and G4+ on the fiber Fj.
Let & and (4 be the arcs on V such that

) 2
&:{(t, 1, o)eav‘0§t<1},

— I

) 2 2 12 4
By = (t,cos—”,sm—”)eav‘—ﬂgtg—” :
s $ || ||

5 — {(t, cos 2T sin 2T cov | _am gtgo}.

s s |7|
We define the three arcs a and 4+ on the fiber Fj so that o = q(&), By =
q(84) and B_ = ¢q(3_), and give an orientation to these three arcs induced
from the orientation of & and 4 defined by the increasing direction of t. The
fiber Fy is an open surface, but attaching a copy of our torus knot K (r, s) to
it we regard it as a compact surface whose boundary is on ON (K (r, s)). If we
regard the fiber as a compact surface, these three arcs « and B4 are properly
embedded arcs whose each end points da and 9f+ sit on ON (K (r,s)). In
the later argument, we always regard a fiber surface as a compact surface
whose boundary is on ON(K(r,s)). By the construction of the fibration,
the monodromy h maps « to B4, i.e. h(a) = B4+ when r > 0 and h(a) = [—
when r < 0.
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Using the unit interval [0,1], we define a disk D in M such that D =
a x [0,1]. Note that the boundary 0D of the disk consists of four arcs, «,
B+ or f_ on Fy and da x [0, 1] on OM.

Now we define the branched surface B_ such that B_ = (Fy; D). We
shall prove that this branched surface B_ carries a family of laminations
{Az} which realize all boundary slopes in (—o0, 0], and then these lamina-
tions A; extend to taut foliations F, by filling up complementary regions.
In order to prove the Main theorem, we recall a definition of “good pair”
stated in [5], and need some lemmas.

DEFINITION 3.5. Let F' be a compact surface with a single circle
boundary component and negative Euler characteristic, and § and ¢ be
simple arcs properly embedded in F. The pair (8, ") is called good if § and
6’ are disjoint on F, and their endpoints alternate along OF as are shown
in Figure 5.

o R
/{}

OF

Figure 5.

Note that for a good pair (6, 8’), each simple arc is non-separating on F.

LEMMA 3.6. Let o and B+ be the simple arcs on Fy defined above, then
(o, B+) and (a, 5—) are a good pair.

PROOF. The arc « is a part of the boundary of D} and both 1 are a
part of the boundary of D3. Since DiN Dg =0 if i # j, and each disk D is
a meridian disk of W, then clearly a and 5+ have no self intersection and
are disjoint each other.
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Let 9'@ be the point on dV such that 9'a = (0, 1, 0) € V C R3. It is
one of the end points of & and is on the component k; (z) of K(r,s). 8'& can
move along k1 () in the direction induced by the rotation map Ry, then 9'a
meets one end point of Bi- We denote this point by 9! Bi- The other end
point 8%a of & also meet the other end point of G, denoting 823+. Then
on AV we can see that '3+ = q(8'3+) is next to 8'a = ¢(0'@) along the
knot K (r,s) and also 020+ = (8284 ) is next to 82a = ¢(82&). Therefore
the end points da and 934 alternate along the knot K(r,s). O

By the construction of the fibration and the definition of the orientation
of the arcs a and [, the situation of arcs with an orientation near the
boundary dFy is pictured as in Figure 6.

______ (8 - ______Oé_____
N | | 7
: | : T
B LN P o G
N A L I NIV
\\\ | /// |
: \\ | : // |
o o I
AR B ) S N '

Figure 6.

In order to make branched surfaces which we need to prove the Main
theorem we define a convention for the branching direction of the sector
which made from an arc properly embedded in a fiber surface and an inter-
val. For an arc o with a given orientation we can take a sector D = a x [ as
defined in Section 2 where I = [a,b] is an interval. We define a branching
direction of D which corresponds to the orientation of o x 01 as in Figure 7.
In the neighbourhood of « x {a}, the sector D comes down from the left
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Figure 7.

side of the arc o x {a}, and in the neighbourhood of a x {b}, D comes up
from the right side of the arc o x {b}.

Next we choose properly embedded arcs v+ on Fy which satisfy a con-
dition that

[v+] = —[a] + [B+] € H1(Fo, 0Fp).

and its boundary points are on 0F as pictured also in Figure 6. Taking a
disk D = ax[0,1] C M = Fyx[0,1] /~, we define two branched surface such
that BY = (Fy; D) when r» > 0 and B~ = (Fp; D) when 7 < 0. Then by
the construction we can see that these two branched surface BT are affinely
measured with respect to v+ respectively in the same way as the proof of
Lemma 4.3 of [5].

For these branched surface BT with measures, these boundaries rt =

OBT become a train track with the affine measure which induced from the
modified measures on B¥ made by a scaling map on v+ x I such that

frime x[0,1] = 7z x [0,1] = (p,t) = (p, (1 + 2)1)

where p is a point of v4, x is the weight parameter defined on B, We
denote the lamination on the neighbourhood of the train track 7= induced
by these measures by Tit(’IU). Then these measured train tracks 7= are
pictured in Figure 8.

Putting the meridian-longitude pair (u,A) as also in Figure 8, we can
calculate the intersection number at each intersection point between (u, A)
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Figure 8.

and the measured lamination 7= (w) as follows.

When r > 0,
(o () = 1, (7 (w). ) = 77— — . then
7" (w), \) x —a?
1 + = L= —r =
slope 7= (w) wTH(w)) 1+ 1+z
When r < 0,
(7= (w)) =1, (727 (w), ) = _l—i—ix + z, then
_ A\ 9
slope T:(’(U) _ <7'_ ('w)’ > _ x s x

() 1+z 14w

Letting = range over [0,00) for the above formulae, we conclude that
the family of laminations {\,} C N(BZ) carried by B with a measure
parameter z realizes all boundary slopes in (—o0,0] when r > 0, or in
[0,00) when r < 0. Similar to the proof of Theorem 4.1 of [5], the family
of laminations {\;} extends to the family of taut foliations which realize
slopes in the same interval.
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In order to complete the proof of Main theorem, we define two branched
surfaces Bf as follows. We take three fibers Fy = Fy x {0}, F1 = Fp X {%}
and F» = Iy x {3}. For the branched surface B, we take three pair of
arcs on each F; for ¢ = 0,1,2 such that (84, —«) on Fy, (—a,—(+) on Fy
and (—f4,a) on Fy. Using these pairs of arcs we put three sectors such

that D} = —a x [0,3], Df = —f4 x [3,3] and DJ = a x [3,1]. For the
branched surface B, we also take three pairs of arcs (ﬂ_ a), (—a,—(-)
and (—fB-, @), and take three sectors D] = —a x [0, 1], D —B- x [}, 2]

and Dy = ax [2,1]. By these settings we define two branched surfaces such
that

B* = (R, 1, Fy; DY, Di, D)

whose branch direction on each sectors is defined by our convention. As
same as the case of BT we can take properly embedded arcs 73[ on Fp,
'yf[ on F; and 'yét on F5, then we can see that the branched surfaces Bf
are affinely measured with respect to 'y(jf U ’yfc U ’yzi. The measured train
tracks Tf = an which are the restriction of Bi[ on the boundary OM are
pictured in Figure 9.

Putting the meridian-longitude pair (u,A) as also in Figure 9, we can
calculate the intersection number at each intersection point between (u, A)
and the measured lamination 73 (w) as follows.

When r > 0,
1 2+ 32+ 3
Fw)=——+1+(1+4a)=—"1""°
() = =+ 1+ () = T
+ X ’
= h
(T (w), A) 112 +z =172 then,
(rf(w),x)  a?
lope 71 (w) = —+ = :
slope 7 () (T (w)) 22+ 3z +3
When r < 0,
1 22+ 3z + 3
n = 1 1 =
(5 () = =+ 1+ () = T
2
_ x —x
(T (w), A) = vz 112 then,
<T—;(w)a)‘>_ 7332

lope 7 (w) = = :
slope 7. (w) (7o (w)) @+ 3z +3
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Figure 9.

Letting = range over [0,00) for the above formulae, we conclude that
the family of laminations {\,} C N(BT) carried by B with a measure
parameter x realizes all boundary slopes in [0,1) when r > 0, or in (—1,0]
when r < 0. This family of laminations {)\;} also extends to the family
of taut foliations which realize slopes in the same interval. Combining the
intervals formerly obtained with these intervals, the proof of Main theorem
is completed.

4. TIterated Torus Knot Case

In this Section, we extend the result of section 3 to an iterated torus
knot. To define an iterated torus knot, at first we define a sequence of solid
tori {T;} and knots {K;} embedded in S® as follows. The first solid torus
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Ty is standardly embedded in S® and let Ky be a simple closed curve on
the boundary 97Ty. We called Ky a torus knot before, now we will call it a
standard torus knot. A regular neighbourhood of Kj is also a solid torus,
and we denote this solid torus by 77 which is embedded in S%. Then we
define a new knot Kj which is a simple closed curve on the boundary 07.
By iterating this construction, the knot K;_; has a regular neighbourhood
T; homeomorphic to a solid torus and there is a new knot K; which is a
simple closed curve on the boundary 0T;. To avoid complicated arguments,
we assume that each K; is not homotopic to a meridian curve or a longitude
curve on 97;.

To construct a taut foliation made as a modification of fibration, we
define these {K;} precisely and construct a fibration of its complement.

Let Ty be a solid torus standardly embedded in S® and Ky(rg,sq) a
simple closed curve on 97, which has a homological representation rgmg +
solo € H1(0Tp), where myg is the standard meridian and [y is the standard
longitude of 9Ty. Let T be a regular neighbourhood of Ky. The complement
My = 53\ N(Kj) has the fibration &) as seen before, then we define that
the longitude [y of 9T} is a simple closed curve which coincides with the
boundary of a fiber of the fibration &), and we define the meridian m;
such that m; intersects [; transversely at one point and mj; bounds a disk
in 7. For this meridian-longitude pair we define a new knot Kj(r,s;)
which is a simple closed curve on 07} and has a homological representation
rimq + s1l1 € H1(8T1).

In Section 3.1, we construct a sub surface Fy' in the solid torus V and
prove that the family of surfaces {Fp' | 0 < 6 < 2x} fills up V. The
boundaries of Fp’ consist of circles {Cg}izlwﬁ and the torus knot K(r, s)
on JV. By the construction, the circles {Cé}izl,_ﬁ are parallel on JV.
Then we replace T1 by this solid torus V so that the circles {C’é}i:Lm,s
coincide with the curves parallel to the longitude /; and the torus knot
K(r,s) on OV coincides with Kj(ry, s1), that is, r = r; and s = s;. Since
any boundary of fibers of £j is a curve on 977 which parallel to a longitude,
any surface of the family {Fy' | 0 < 0 < 27} is connected to a fiber of
& via the boundary circles {C} | i = 1,...,s1, 0 £ 6 < 27}. Let F,
be one of the surfaces made by this construction. Fel consists of one sub
surface Fyp' and s; copies of a fiber of & which are connected to Fy' on
the circles {C’g}i:17.._751. Since the family {Fp’} fills up the solid torus T
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and My is fibered, the family of surfaces {F, | 0 < § < 27} fills up the
complement M; = 53\ N(Ki(r1,s1)). Similar to the proof of Lemma 3.3,
we can see that surfaces of the family {F,} are disjoint. Then the map
p: My — S':z € F} — 0 defines the fibration &;.

Therefore, Ki(r1,s1) is a fibered knot embedded in S3. Let Th be a
regular neighbourhood of K (r1,s1). We define the longitude I on 975 so
that its homology class coincides with the homology class of a curve which is
the boundary of a fiber of the fibration &7, and define the meridian mo so that
it intersects lo at one point and bounds a disk in T5. Then we define a new
knot Ks(rg, s2) which is a simple closed curve on 07> whose homology class
is represented by romg + salo € H1(0T%). Replacing the solid torus T by
the same V, we can construct the fibration £ on My = S3\ N(Ka(r2, s2)).

Iterating this construction, we can get the sequence of knots { K;(r;, s;)},
and then we call it an iterated torus knot sequence. Simply, we call K;(r;, s;)
an iterated torus knot. By this construction, the complement M; of every
iterated torus knot is fibered with the fibration &;.

For every iterated torus knot, we can extend the result of Theorem 3.1.

THEOREM 4.1. Let K;(r;, s;) be the iterated torus knot defined as above
and we assume |r;| > s; > 0. Then there is a family of taut foliations {F}
of the exterior of K;(r;,s;) which realizes any boundary slope in the open
interval (—oo, 1) when r; > 0, or in (—1,00) when r; < 0.

We shall prove this theorem by the same steps as in the proof of Theo-
rem 3.1. First we define two arcs on the fiber of fibration &;. Let & and [+
be the arcs on OV similarly in previous section such that

&:{(t 1, 0) e@V‘O<t_|27r}

ril

~ 2 2 4

ﬁ+:{(t, cos—w, sin—7T €8V‘—St<—w}
Si Si |7:] 7]

~ 2 2

ﬁ:{(t,cos—ﬂ E@V‘——St<0}
S; S; |7i]

We define the three arcs a and 1+ on the boundary of OV so that a = ¢(&)
and G4+ = q(ﬁi) where the map ¢ : V — V is the covering map. Since « and
B are the arcs on C} and C¢ respectively, o and 34 are properly embedded
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in the fiber Fj of the fibration &;, and these end points are on the boundary
of a regular neighbourhood of the iterated torus knot K;(r;, s;).

Let A : FO — FO be the monodromy map of the fibration &;. The rotation
map Ry : V — V defined in previous section induces the map Rg V-V
by composition with the covering map g, Rg =gqoRpoq!. We define a
map ' : V — V by b/ = Ron. By the construction of the fibration &;,
the map h' maps the subsurface Fy NV to Fy N V. If we define the map

h' on complementary region of V such that for k = 1,...,s;, A’ maps the
fiber F,zfl of the fibration &;_1 connected with Fy’ via CO to the fiber F} Jj

of &_1 connected with Fy via Cg“, we can extend A/ to the monodromy

h. Because of this extension, we can see that h(a) = B4 when r; > 0 or
h(a) = B— when r; < 0.

Now we consider the complement M; = S3\ N(K;(r;,s;)) of the torus
knot K;(r;,s;) as the quotient space of the product of the fiber Fj and a
unit interval I = [0,1] ;

M; = Fy x [0,1] /(z,1) ~ (h(z),0).

We define the orientation of Fy such that the positive side is the positive
direction of the unit interval [0, 1].

We choose the meridian-longitude pair (g, \) on OM; = ON (K;(r;, $;))
so that A is the boundary of 9Fy and p satisfies that (i, A) = 1 and p bounds
an essential disk in N(K;(r;, s;)). In this definition, the orientation of A is
induced from the orientation of Fj.

LEMMA 4.2. The pairs of properly embedded arcs (o, B+) defined above
are a good pair.

PROOF. By the construction of &, for some parameter k, k" € [0,27),
« is a part of the boundary of the fiber F,i_l of the fibration &;_1 and (4 are
a part of the boundary of the fiber F,ifl. Since F,ifl and F,ifl are disjoint,
« and [+ have no self intersection and are disjoint.

Then similar to the proof of Lemma 3.6, tracing four end points dc,
0f+ along K;(r;,s;) with the orientation induced by the orientation of Vv,
we can see that the pairs are a good pair. [J

Using these pairs of arcs (a,f4) for r; > 0 and (o, [-) for r; < 0,
by the same steps of the proof of Theorem 3.1 we complete the proof of
Theorem 4.1.
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The method of the proof of Theorem 4.1 also gives the following Corol-
lary.

COROLLARY 4.3. Let K be a fibered knot embedded in S3, and OT be
a boundary of the reqular neighbourhood T of K. Let K(n s) be a simple
closed curve on T whose homology class is represented by rm+sl € Hy(0T)
where (m,l) is the meridian-longitude pair of 0T, r and s are relatively
prime integers. We suppose |r| > s > 0. Then there is a family of taut
foliations {F,} of the exterior of K (r,s) which realizes any boundary slope
in the open interval (—oo, 1) when r > 0, or in (—1,00) when r < 0.

PROOF. Since K is a fibered knot embedded in S3, there is a fibration
&in M’ = 53\ N(K). We define a longitude curve [ on 9T as the boundary
of a fiber of £ and a meridian curve m such that m intersects [ at one point
and bounds a disk in N(K). We replace the solid torus T' by the solid torus
V defined before such that the circles {Cg}izl,_,,,s coincide with the parallel
curves of the longitude /. By joining the internal surfaces in V' and original
fiber surfaces of £ along the family of circles {C}|i=1,...,s, 0 < 6 < 27},
we obtain a fibration £ on M = §3\ K(r, s).

Next we take the pairs of arcs («, 5+) properly embedded in a fiber of f
as defined in this section. Then by the same proof of Theorem 4.1 we can
conclude the statement of the Corollary. [

5. Extension to a Link Case

In this section, we partially extend the theorem of Rachel Roberts (The-
orem 4.1 in [5]) to a fibered link case.

We denote a surface whose genus is ¢ and has j boundaries by ¥; ;. Let
M be an oriented, compact, fibered 3-manifold with a monodromy A and
an orientable fiber 3; ;. Any boundary component of M is homeomorphic
to a torus. We suppose that j = 2 and 4 is more than or equal to two, for
simplicity we write ¥; 2 by F’, and the monodromy h maps each boundary to
itself. We consider M as a quotient space; M = F x [0,1]/(h(z),0) ~ (z,1)
where z € F. The orientation of F' is defined by the increasing direction of
this interval [0, 1]. For this orientation of F' we define a coordinate system
(1, A) for each component of M such that A is a component of OF with
the orientation induced from F' and p satisfies that (u, \) = 1.
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Let «a be a simple non-separating arc properly embedded in F' x {0}.
Setting D = a x [0, 1] we consider that D is properly embedded in F' x [0, 1]
such that 9D consists of four arcs, da x [0,1] on OF x [0, 1], ay on F x {0}
and a_ on F x {1}. In order to prepare for the later section where we will
construct a branched surface by these fibers and disks, we take the same
convention for the orientation of D defined in Section 3 as seen in Figure 7.

For this settings, we state the theorem extended to a link case.

THEOREM 5.1. Fori=1,2, let o’ be simple non-separating arcs prop-
erly embedded in F such that the end points of each o are on one compo-
nent of OF and o' are disjoint each other. Let D' be disks in M such that
D' = o' x [0,1]. If the arcs o* and the monodromy h satisfy the condition
(1) of Lemma 5.5, there is a branched surface which is made from a split-
ting of B = (F'; D1, Da) such that it carries a family of laminations {\z}
realizing all boundary slopes in (—a;, b;) for some a;,b; >0, i = 1,2 where i
corresponds to the component of the torus boundaries of M. Moreover, these
laminations Ay extend to taut foliations F, with same property of slopes.

We shall prove Theorem 5.1 by the same steps in the proof of Theorem
4.1 of [5] with some modification.

Recall that a pair of arcs § and 8’ properly embedded in a surface F is
good if they are disjoint and their end points alternate along the boundary
of F. For the sequence o0 = (ag,aq,...,q,) of arcs properly embedded in
F, if each pair (o, agy1) for 0 < k < n is good we say that the sequence o
is a good sequence.

LEMMA 5.2. Let o' = (h(a}) = af,at,...,al), i = 1,2 be good se-

n
quences and we suppose that four arcs (a,ﬁ, a,lﬂ_l) and (a%, aiﬂ) are disjoint

(k=0,...,n—1). For 1 £k < n, we take disks {D} } in M such that

- - k—1 k
Dj = o =
k akx|: n ’TL:|

We fix an orientation for each O‘i; and define the orientation on D};; by our
convention. We define the branched surface

B=(Fy,F,...,F,_1;D{,D% D}, D3 ... ,D}: D?).
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Then there is a family of simple arcs {’yi:} properly embedded in each Fy
for 0 S k< n—1,1=1,2, such that B is affinely measured with respect to

Ui:1,2 Usk=0 .-

PRrROOF. We denote each boundary of the fiber F}, by 0°Fj, for i = 1,2.
For 0 £ k < n—1and i = 1,2, there is a regular neighbourhood T}
of O‘Z U a}; Y 0'F}, which is homeomorphic to a torus with two boundary
components in each Fj. Since the pairs (o, o), +1> are mutually disjoint and
non-separating, the region Fy, \ (T} UT?) is connected for each k. Therefore,
by assigning a weight 1 for each regions Fy \ (T} UT?) we can prove this as
an extension of the proof of Lemma 4.3 of [5]. O

LEMMA 5.3. Let o' and o? be two disjoint non-separating simple arcs
properly embedded in F such that the boundary points Oa’ are on O'F and
a2 are on O°F. Then there are good sequences
=a'),i=1,2,

ol = (h(a®) =af,at, ... a,

such that for 0 < k < n—1, four arcs (i, oz}cﬂ) and (a2, a%Jrl) are disjoint.

PRrROOF. We suppose the arcs a' and o? are in the configuration shown
in Figure 10.

Lickorish proved in [1] that the group of orientation preserving automor-
phisms Aut (F') of the surface of genus g is generated by the set D of Dehn
twists with respect to the curves Ay,..., Ay, B1,...,By,C1,...,Cy_1 in Fig-
ure 10. We denote the Dehn twist along these curves also by
Al,...,Ag,Bl,...,Bg,C’l,...,Cg_l, then D = {Al,...,Ag,Bl,...,Bg,

Figure 10.
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Figure 11.

Ci,...,Cy—1}. Let v be a properly embedded arc in F' whose endpoints
are on one boundary component. If v intersects only one of the curves of D
which we denote by J, then we easily see that (v, J(7)) is a good pair by
isotoping J(7) slightly in the neighbourhood of v U J (see Figure 11).

Let J be any element of D. If J = By, (a!, A1J(al)) is a good pair,
and also (AyJ(al), (A1 HA1J(a') = J(a')) is a good pair. Then
(at, A1 J(at), J(al)) is a good sequence. By the same considerations,
(a2, By(a?),(JB; 1)By(a?) = J(a?)) is a good sequence. If J = By,
by a symmetrical argument, (o', Bi(a'), J(al)) and (a?, A,J(a?), J(a?))
are good sequences. If J # By and By, (al,Bi(al),J(a')) and
(a2, By(a?), J(a?)) are good sequences. In all cases, there are good se-
quences ol : ol — J(al) and 02 : a2 — J(a?) with the same number of
terms.

Now we decompose the monodromy h into compositions of elements of
D, h=Jyodp_10---0J; where J; € D. By the above argument, there
are good sequences

Of]i sl — Jp(ah)
for each i = 1,2 and k = 1,...,m. Now we can apply the method of proof

of Lemma 4.4 in [5] for each good sequences o} : o’ — Ji(a'), then the
proof is completed. [J

In Lemma 5.4, we shall construct two branched surfaces such that the
one of them carries the family of laminations which realizes all boundary
slopes in negative part of the interval of the conclusion of Theorem 5.1, the
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other carries positive part. In order to define these specific branched sur-
faces, we recall some notation for orientations of simple arcs on the surface
defined in [5].

Let o and 3 be simple arcs properly embedded in F' and we suppose the
pair («, 3) is good. If we give the orientations for o and 3, there are two
cases for the orientation of the pair («, ) in the neighbourhood of OF as in
Figure 12.

Figure 12.

According to the definition in [5] we call a good pair («, 3) is a negatively
oriented pair if it is oriented as in Figure 12 (a), otherwise if it is oriented
as in Figure 12 (b) we call it a positively oriented pair. For a good sequence
o= (ap,a1,...,04), we call o is a negatively oriented good sequence if each
pair (a;—1,q;) is a negatively oriented pair for i = 1,2,...,n, and we call
o is a positively oriented good sequence if each pair (a;—1, ;) is a positively
oriented pair.

For the pair of good sequences ¢ = (o', 0?) defined in Lemma 5.2, we
denote the branched surface defined in Lemma 5.2 by B,, and we consider
that each sector of B, constructed from {D}} has the orientation induced
from the arcs {a}} with our convention defined before. We denote the
two boundaries of M by 9*M for i = 1,2, which corresponds to 9'F x
[0,1]/(h(x),0) ~ (z,1) where z € 0'F.

LEMMA 5.4. For ol and o defined in the proof of Lemma 5.3, if o =

(h(al) = af,al,....al = ab) and 0? = (h(a?) = ad,a2,...,a2 = a9)

are both negatively oriented good sequences, then the branched surface By
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carries the family of laminations {\;} which realizes all boundary slopes of
O'M in (—a;,0] for some a; > 0. If o' and o® are both positively oriented
good sequences, B, carries the family of laminations {\,} which realize all
boundary slopes of *M in [0,b;) for some b; > 0.

PROOF. Let 7,: be the train track on 0’M such that 7, = B, N 9'M
for i = 1,2. By Lemma 5.2 there is a family of properly embedded arcs {vi}
such that B, is affinely measured with respect to | J;_; 2 Uiz 0 fyk Then each
train track 7, for ¢+ = 1,2 has the affine measure induced from B, and we
see that there is an interval in which 7,: realizes all slopes on each boundary
component by the same way of proof of Lemma 4.5 in [5]. O

LEMMA 5.5. Let o' = (h(a}) = af,al,...,ah), i = 1,2 be good se-
quences and we suppose that four arcs (oz,lc,oz}cﬂ) and (az,a%_ﬂ) are dis-
joint for 0 < k < n. Then we can modify the sequence o = (o', 0?) into
g = (o1, 02) with one of the following two properties,

(1) both of ol and o2 are either positively oriented good sequences or neg-
atively oriented good sequences,

= (0l,02) has the property that (a1, al) is a positively oriented

o

good pair and (o2 o 1,a2) is a negatively oriented good pair, or
(al |, al) is a negatively oriented good pair and (a2 _1,a2) is a pos-
itively oriented good pair. Other pairs (ak 1,ozk) k=1,...,n— 2,

1= 1,2 are either all positive or all negative pair.

(2)

PrRoOOF. For the original good sequences

ol :(aé,a},..., }L)

«
o= (ag,a%, .. .,ai),

there are the following eight cases:

(NP)F: For 0 £ j < k and i = 1,2, each pair (« jA,
orlented (0, o, 1) is negatively oriented and (o, o) is pos-
itively oriented.

; Jrl) is positively

(NP)Y: For 0 < j < k and i = 1,2, each pair (aé,aé_i_l) is negatively
oriented; (aj, ay,,) is negatively oriented and (a7, aj,,) is pos-
itively oriented.
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(PN)kP: For 0 £ j < k and ¢ = 1,2, each pair (aé,aéﬂ) is positively
orlented, (ozk, O‘k+1) is positively oriented and (a%, ai_H) is nega-
tively oriented.

(PN)éV: For 0 £ 5 < k and i = 1,2, each pair (oz;,oeéﬂ) is negatively
oriented; (g, o) is positively oriented and (af, o7, ) is nega-
tively oriented.

(NN)P: For 0 £ j < k and i = 1,2, each pair (a osz) is positively
oriented; (o, ) ;) is negatively oriented and (0,0 ) is neg-
atively oriented.

(NN)Y: For 0 < j < k and i = 1,2, each pair (o ' ]'+1) is negatively
oriented; (oy, ), ;) is negatively oriented and (af, 02, ;) is neg-
atively oriented.

(PP)kP: For 0 £ j < k and ¢ = 1,2, each pair (aé,aéﬂ) is positively
oriented; (oz,lg, a,lﬁ_l) is positively oriented and (a%, oezH) is posi-
tively oriented.

(PP)Y: For 0 < j < k and i = 1,2, each pair (« ;, ;+1) is negatively
oriented; (a}, akH) is positively oriented and (a2, akﬂ) is posi-
tively oriented.

For each of eight cases, we define operations as follows.

For the case (NP)g, we replace the pair (a}ﬁ,a,lgﬂ) by the sequence
(af, —a,i_H, —allg,a,i+1), and replace the pair (ak,ak_H) by the sequence
(az,azﬂ,—a%,—ai_ﬂ) and rewrite —azﬂ to ai_H, i.e. we reverse the
orientation of af,;. Then we can see that (o, —aj ,,—0q, ) ) and
(ai, az 1 —ai, a% Jrl) are positively oriented good sequences. Then all pairs
before a,; 41 are positive good pairs. It means that we modify the cases
(NP)f, into the cases (Np)m-p (PN)irs (Pp)k+1> (NN)k—H

For other cases, the operations are as follows.

(NP) : (ak’ O‘k+1) - (0%70‘1164517 —a;ﬁ,Q—aéﬂ) and rewrite the last term,
(O‘k’ ak+1) - (ak7 — Q1 — O‘k+1)-

(g, Oy ak, ak+1) and rewrite the last term,
( )-
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(PN)Y: (a0 yq) = (0, =01, =0 ),
(a?,a2, ) — (a2, « —ag, —a;i_ ;) and rewrite the last term
k= k41 k' = k41 k> k+1 :
(NN)kP (Oé%, aé+1) - (Oé%, _akJrla aéa ak+1)7
(s Xgr) = (@ —Qpys =0y A yy)

(NN)¥: no operations.
(PP)F: no operations.

(PP){CV: (a%’aé“) - (aév _O‘%-Ha _aéaaiﬁ-l)»
(ak7ak+1) = (O = Ay, =0 Q)

By doing these operations, in each case the resultant sequences satisfy
the condition of one of the cases (NP){ ., (NP)Y.q, (PN){ 1, (PN,
(NN)E ., (NN)Y,, (PP)i., (PP)Y, . Therefore if we iterate these op-
erations, finally we reach one of the following situations:

(1a) the resultant sequences ol and o2 are both positively oriented.
(1b) the resultant sequences ol and o2 are both negatively oriented.

(2a) For 0 < k < n—1and i = 1,2 each pair (ai,a};“) is positively

oriented but (al |, al) is negatively oriented and (a2_;,a2) is posi-
tively oriented, or (al_;,al) is positively oriented and (a?_;,a?2) is

negatively oriented.

(2b) For 0 £ k < n—1 and i = 1,2 each pair (a};,azﬂ) is negatively
oriented but (ol |, al 2,
tively oriented, or (o} 1) is positively oriented and («

n—1> %
negatively oriented.

2 . .
a;) is posi-

2 PANE
n—1» an) 18

) is negatively oriented and («

Hence the cases (1a) and (1b) is the case (1) of the conclusion of this
lemma, and the cases (2a) and (2b) is the case (2). O

LEMMA 5.6. Let A, be the lamination obtained in Lemma 5.4. Then
the lamination A, extends to a taut foliation F, with the same boundary
slope property.

ProoOF. For any point z!' on a,lf and any point 22 on az, let 6 be a
simple arc on Fj,_; whose end points are 9'6 = 2! and 9?6 = z? and such
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that 6 does not intersect a}C and a%. Since 04,1C and ai are disjoint and both
non-separating, there is such a simple arc §. Let Fi,_;’ be a sub surface
which is a metrically completed surface of the open surface Fy_1 \ (ot UaZ).
Then we can regard that § is properly embedded in Fj,_;". The boundaries
of the sub surface Fj,_;’ has four components, two of them are copies of a,{:
and the others are copies of ai. We denote these boundaries by oz?j and
a) for i = 1,2, where the signs mean that the copy with + sign is on the
right side of the original arc with respect to the orientation of original arc,
the sign — means that it is on opposite side.

Since we construct the disks {D}} by using the sub interval [%, %}, we
denote the image of 0"6 on F}; induced from this construction of disks by 06
for i = 1,2, and by the same construction we can consider the image of § on
F},, we denote it by 6. The arcs a,i and ai also separate the surface F into
sub surface F},/ with four boundary components a?j and 04;; for i = 1,2.
In order to specify these arcs we denote them by 64?“ and dz_. Because of
our convention for the orientation of the disks {D}.}, we can see that o]~
corresponds to the vertical boundary 9,N(B,) near the surface Fj_; and

dfj corresponds to 9, N (B,) near the surface Fj.

There are four cases related to the endpoints condition of §. If 916 € a,lj

and 0%6 € a?, then 016 € d,lj and 026 € o‘zif In this case, by the condition
of the orientation of disks {D} }, we can modify ¢ by sliding the end point
016 to the point 96 along the disk D,i and 926 to the point 926 along the
disk D,%. The resultant arc is smooth arc on B, with endpoints on 0_41,1:r
and dif By the same argument, if 916 € a,lf and 026 € ai_, then there
is a smooth arc on B, with endpoints on d}j and ai_; if 06 € a,lc_ and
026 € a?, then there is a smooth arc on B, with endpoints on oz}; and
d?r; and if 916 € oz,i_ and 0%6 € ai_, then there is a smooth arc on B, with
endpoints on a,lg_ and ai_. In all cases, each end points of the modified arc
6 corresponds to the points on 9,N(B).

Therefore we can foliate the complementary region Fj_; x [E=L E]\
[¢]

N(B,) by the product foliation Fj_1’ x [0,1] with the property that the
vertical boundaries of Fj,_;’ x [0, 1] are connected to the vertical boundaries
Oy N (B,). Filling the complementary region of the lamination A, in N(B,)
with parallel leaves, we can extend A, to a foliation F,. In the boundary
OM a meridian curve intersects all leaves of F, transversely, thus F, is a
taut foliation. [J
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In summary, we proved the existence of the good sequences o = (0!, 0?)
in Lemma 5.3 and we modify these sequences suitable for the assumption
of Lemma 5.4. By Lemma 5.2 and Lemma 5.4, for these modified good
sequences with good property there are two branched surfaces B,_ and B,
which carry the families of laminations { A, } which realize all boundary slope
in (—a;,0] and [0, b;) on 9 M for some a; > 0 and b; > 0, = 1, 2 respectively.
Then the lamination \; is extended to the taut foliations F, by Lemma 5.6,
we complete the proof of Theorem 5.1.

Ezample 5.7. Now we calculate these intervals of slopes for the com-
plement of (6,4)-torus link. First we propose an explicit construction of the
fibration on the complement of (6,4)-torus knot as similar to the construc-
tion established in Section 3.1.

Let K be the (6,4)-torus link which is a pair of simple closed curves on
the solid torus V standardly embedded in S3. We denote these components
by K; and K,. Taking the infinite cover V of V with the covering map
q:V — V, we denote the cover of K on V by K. Then V is a cylinder of
infinite length, and K has four components. If we embed V into R? in the
same way as in section 3.1, these components are the curves represented by
the following formulae;

3 20— Dm, . 3 20— D

kl(x) = (x, COS§<$+ 3 ) Sm§($+T)) (1=1,2),

2(2 — 1
kf(w) = (z, cosg(ach % + g),

sing(x—i— 20— Um ; 1)7T) + %) (i=1,2),

where each ki (x) projects to K; by the covering map g.
- Now we construct a surface in V' as follows. We define twisted bands
G by the following formulae;

2 2
Gl = {rk{(:p) (1 - )k <§ - a;) + (gn 0, o)
< <r<1,n:0,i1,i2,...},

4 2
T_ 2+ (gn,0,0>

<r<l, n:O,il,iQ,...},

S
(e}

IN |
B
(@)



Taut Foliations of Torus Knot Complements 65

2
G321:{rk%(x)+(1—r)k} (%— >+<3n,0,0>
‘0§x§% 0O<r<l,n=0+1,42, }
2
Go* = {rki(e + ) + (1= (7 —) + (5rm00)
‘ 0<z< T 0<r<l, n—szliZ...},
6’
GBS’lz{rk%(x)+(l—r)k‘f< >+< n00>
0 SeST 0<r<lin=0EL#2..
2
G3372={rk%<x+—”>+<1—r %<§ ) ( ”00>
‘ 0<z<T 0<r<l, n:O,il,iZ,...},
6’
Gp*t = {rkg(az) + (1 —7)ks < > +(Zn,0 0>
0 §x§% 0<r<ln=0+1%2. .},
2
Got? = {rkj(o + %)+ (1= )kt (7 —) + (5m00)
0 SeST0<r<ln=0+152. . )

The boundaries of these bands bound the squares {Py} on each disk
Dy ={(z,y,2) |z = zk“w y? + 22 <1}, k € Z. Then we define a surface
G in V as the union of all G éj and Pj. Next we define the map Ry : V-V
given by

, ycos 7 — zsin -, ysin — + 2z cos —

0 0 .0 0 9>

As seen in Section 3.1, Ry keeps the components k’f (z) invariant and
rotates V by angle 5, moreover if we set Gy = Ry(G), 0 < 0 < 2w, the
family of surfaces {Gy |0 < 6 < 27} fills up V' and all Gy are disjoint. Gy
has four line boundaries {C4}i—12,34 on V. We set Fy’ = ¢(Gp) and then
the family of surfaces {Fy' |0 < 6 < 27} fills up V. The images of Cy are
four longitudinal circles {C’é}i:1,27374 on JV. Since the complement of V' is
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also a solid torus, we connect meridian disks of the complement to each Cy
along its boundaries, then we obtain a surface Fy in S%\ K. The family of
surfaces {Fy|0 < 6 < 2} fills up S3 \ K, and as seen in Section 3.1, the
map p: S3\ K — S! defines a fibration.

Next we take two arcs. Let &' and &2 be arcs on 9V such that

- 2
@1:{@, 1, 0)68V|0§t§§}

- 5
072:{@, 1, 0)68V|7r§t§§}.

We project each arc to V' and denote their images by o and o?'. These
arcs are on the circle Cpy, then we modify these arcs slightly in the neigh-
bourhood of Cj such that we fix each end points and shift each center of arcs
forward to the direction of the center of the meridian disk whose boundary
is Cp, so that each arc does not intersect the link K in its interior. We
denote the resultant arcs by a' and a?.

Let h be the monodromy of the fibration, and set 3' = h(a!) and
(3% = h(a?). These arcs 3! and 32 are on the meridian disk whose boundary
is Cs,, then four arcs are on the one fiber surface Fy. The four arcs are
mutually disjoint, and each arc is non-separating on the fiber. The pair
(al, B1) is a good pair, and so is (a2, 3%). Hence by tracing the method of
Section 3.2, we can construct the branched surfaces, then we obtain a family
of taut foliations {F,} such that F, realizes all boundary slope in (—o0, 1)
on each boundary component.
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