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Abstract

This thesis discusses the planning algorithms of a novel type of grasping closure – namely
caging. In the author’s view, this is the first literature which systematically discusses caging
planning algorithms and their applications in robotics. Although the idea of caging is not
proposed by the author himself, he further develops the geometric definition of caging and
makes it pragmatic.

The thesis contributes in three aspects. Firstly, in caging theory, the thesis initially ex-
plains the relationship between caging and traditional research in grasping. Namely, caging is
the extension of immobilization. Secondly, in caging planning algorithms, the thesis initially
employs caging to deal with uncertainty. It on the one hand proposes efficient algorithms to
deal with caging test while on the other hand further proposes efficient algorithms to deal
with caging optimization. Both caging test algorithms and caging optimization algorithms
are explored in the configuration space of target object and the configuration space of finger
formation. Thirdly, in the aspect of applications, the thesis applies the proposed caging
planning algorithms to robotic hands and multi-robot cooperative transportation. It dis-
cusses how to select proper algorithms according to requirements of real-world applications.
Results show that the algorithms are not only robust to various uncertainty but also helpful
to reduce the number of fingers or mobile robots.

Main texts of the thesis are divided into four parts. The first three parts corresponds to
the three contributions. The first part is the basic concepts of caging. It reviews time-of-the-
art progresses in robotic manipulation and presents the contribution in theoretical aspect,
namely relationship between caging and traditional research topics in grasping. The remain-
ing two parts discuss caging by using two different spaces. One is the configuration space
of target object and the other is the configuration space of finger formation. Details on how
to solve the caging problems, namely the caging test problem and the caging optimization
problem, in those two spaces are discussed respectively in these two parts. These two parts
also involve applications of the caging algorithms like a distributed end-effector, a gripping
manipulator and multi-robot cooperation.

The configuration space of target object and the configuration space of finger formation
essentially equal with each other by a linear transformation. They actually provide different
metrics to measure the robustness of caging. The fourth part of the thesis discusses the
relationship of the algorithms in the two spaces and how to choose a proper algorithm
according to mechanical structures and specific tasks. It also summarizes the thesis and
proposes potential future directions.

The concepts and algorithms proposed in this thesis can efficiently solve 2D manipulation
problems in the presence of uncertainty. The author believes that caging is a promising tool
to deal with perception and control uncertainty. He would like to spread this tool and explore
more about this tool in both theory and application aspects in the future.
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Chapter 1

Introduction

1.1 Robotic Manipulation and Its Difficulties
Robotic manipulation involves two aspects. One is the working subject, namely a robot.
The other one is the working motion, namely manipulation or rearranging the world by
hands. Prof. Matthew T. Mason discussed a lot about how should a robot rearrange the
world with robotic hands in his book “Mechanics of Robotic Manipulation”[Mason, 2001].
Mechanics is one essential problem in robotic manipulation. However, it is never the unique
one. Generally speaking, a pragmatic robotic manipulation suffers from either difficulties
from mechanism, sensing and mechanics. We can summarize them as following.

• Mechanism: Structures and organizations of a robotic hand

• Sensing: Perception and understanding of target objects

• Mechanics: Forces exerted by fingers and balances of those forces

Mechanism relates to structures of robotic hands. It concentrates on kinematics and ac-
tuation, especially how to select and organize mechanical components to obtain better control
performance. Prof. Nancy Pollard in his course “Hands: Design and Control for Dexterous
Manipulation”[Pollard, 2010] gave a good review of popular hands and related design issues.
In most cases, robotic hands are designed according empirical requirements of specific tasks or
designed by mimicking certain biological creatures. These hands are in front of difficulties like
complicated control and expensive actuators. Low-cost, high-robustness and general-purpose
robotic hands remains a popular research topic. One representative work in this topic is
[Rodriguez and Mason, 2013](fundamentally based on [Rodriguez and Mason, 2012a]). It
won the IEEE ICRA2013 best student paper award.

Sensing relates to perceiving and understanding target objects. Most manipulation
systems install two kinds of sensors. One kind is global sensors which play the role of human
eyes. The other kind is local sensors which play the role of tactile sensation. Take the
WillowGarage PR2 robot[WillowGarage, 2012] for example. Before performing manipulation
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tasks, the PR2 robot firstly perceive positions and geometric information of target objects
with global sensors on its head. Then, when stretching out its hand for grasping, the PR2
robot exerts forces by using tactile sensors inside its gripping hand. The most important
problems that relate to these sensors are their precisions and costs. Low-cost perception
devices like KINECT[Microsoft, 2012]1 could have as much as 50mm errors while precise
perception devices like a laser ranger could cost thousands of dollars or even overtake the
cost of a robotic hand itself. Researchers are still devoting themselves to struggling with the
difficulties caused by sensing devices. Two popular solutions, namely reducing the number of
necessary sensors and improving the performance of manipulation under various uncertainties
take up most of nowadays researches.

Mechanics relates to mathematical and physical analysis of manipulation. It includes
but is not limited to form or force closure (see Chapter 7 of [Mason, 2001]). Given the
geometric information of target objects, mechanics study calculates the formations that
should be shaped to manipulate the target objects and calculates the forces that should be
exerted to operate the target objects. The difficulty from mechanics is not independent.
It is deeply coupled with mechanism and sensing. An under-actuated mechanism suffers
from kinematics and thus changes analysis of mechanics. A noisy perception device offers
uncertain surface normals and thus changes conditions of force or form closures. Lots of
state-of-the-art works discuss how to optimize mechanics against mechanism and sensing.

None of the three difficulties are independent. They interplay each other and further
improve the difficulties of robotic manipulation. Our group design a distributed end-effector
to challenge these three difficulties. This distributed end-effector is a background work of
my caging topic and I will briefly introduce this it in the next section.

1.2 The Distributed End-effector
Our group proposes a distributed end-effector to challenge the difficulties of mechanism,
sensing and mechanics in robotic manipulation. During the design of this end-effector we
try to avoid explicit contact between fingers and target object as well as try to reduce the
number of motors as much as possible. Fig.1.1 illustrates our concept.

Novelty of this end-effector lies in the following four aspects. (1) Generality: As can be
seen from Fig.1.1, our distributed end-effector is installed to a base robotic arm to transport
target objects from place to place. The target objects could have any rigid shapes, from
commodity packages to cups and plates. In this way, the distributed end-effector is more
general than traditional robotic palletizers. (2) Conciseness: We install only one x-y-θ actu-
ator to the end-effector to lower its cost. This actuator will attach, actuate and detach each
of those four “hanging” fingers sequentially and each finger can be actuated “distributedly”.
(3) Fully distributed control: Each finger has some permanent magnets installed to its top
and each finger is connected to the “palm” of the end-effector by the magnetic forces exerted

1News of KINECT2 has been released recently. KINECT2 is Time-of-Flight based depth sensor. It is
more precise as well as low cost.
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Figure 1.1: The concept of our distributed end-effector.

by those permanent magnets. Connection by magnets offer the freedom that when a finger
is attached by the x-y-θ, it can be dragged and rotated freely in the “palm” plane. Each
finger is controlled fully distributedly. (4) Prismatic finger body and nails: Each finger has a
prismatic body and an inserting nail. The prismatic bodies help to enlength fingers without
taking too much space while the inserting nails help to support objects during picking-up
and transporting procedure. After perceiving the shape of a target object, the fingers stretch
out their bodies to the bottom of the object and insert their nails underneath the object to
avoid direct contact. In this way, we no longer need to consider about object materials or
analyze contact frictions as long as the links of fingers constrain target objects and the nails
have enough power to support object mass. Fig.1.2 shows in detail the mechanism of our
x-y-θ actuator and a transporting procedure of the end-effector.

Along with these novelties, we encounter several problems like how to configure motors
of the x-y-θ actuator, how to set permanent magnets and how to set the shape and strength
of finger nails, etc. These problems relate heavily to mechanical design. However, besides
these mechanical problems, we have an essential issue which relates to grasp synthesis. Say,
given the shape of an object, how many fingers do we need and what kind of finger formation
should we choose to constrain target objects? This problem looks like a traditional grasping
problem, or more exactly looks like a form-closure problem since we do not consider frictions
explicitly. Unfortunately, it is different. Form closure requires the equilibrium of wrenches.
In contrast, the fingers in our case do not explicitly exert forces and we cannot build equations
base on the convexity of form or force closure hulls. This problem is pure geometric. It is
actually a different kind of closure which relates to caging.
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Figure 1.2: Mechanism of the x-y-θ actuator and a transporting procedure.

1.3 Controlling the End-effector by Caging
The first formal proposal of a caging problem is from Kuperberg’s paper[Kuperberg, 1990]
in 1990. In this paper, Kuperberg proposed the following question.

Let P be a polygon in the plane, and let C be a set of n points in the complement
of the interior of P. The points capture P if P cannot be moved arbitrarily far
from its original position without at least one point of C penetrating the interior
of P. Design an algorithm for finding a set of capturing points for P.

Kuperberg is a mathematician and he is mathematically strict in this proposal. Assume
that any planar objects can be approximated by polygons, we can have a more general form.
Inputs to the general form is the geometric shape or boundary clouds of a planar object.
Outputs of it is a formation of capturing points that cages the geometric shape so that it can
never go to infinity. The grasp closure issue we encountered in the end-effector is a variation
of this general form. Actually, our issue is more difficult due to the limitation of hardware
and uncertainty from engineering noises. Fig.1.3 illustrates the similarities and differences
between our issue and Kuperberg’s caging problem. The upper part of Fig.1.3 expresses
Kuperberg’s caging problem. It shows a caging formation which cages a circular object. In
this case, the object is caged and cannot escape from the cage formed by the point finger
formation. The lower part of Fig.1.3 expresses the caging issue of our end-effector. In this
case, we need to consider extra problems like how many fingers should we employ to reduce
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mechanical costs and how to deal with various uncertainty due to perception and control
noises.

Figure 1.3: Similarities and differences between our issue and Kuperberg’s caging problem.

Our issue has the same input as Kuperberg’s proposal, namely the geometric shape
of a planar object. It also has the same output, namely a formation of capturing finger
positions that cages the target object2. Despite the similarities, our issue inherently suffers
from engineering uncertainty. We not only need to consider whether the finger formation
can capture or cage a target object, but also need to consider uncertainty caused by noises
from the perception device and noises from control. The uncertainty makes our issue more
difficult. Fig.1.4 shows in detail how Kuperberg’s caging problem changes in the presence of
perception and control noises.

When noises appear during perception procedure, the perceived object boundary could
be dramatically different from its groundtruth shape. The difference may become even more
dramatic after certain post-processing procedures. The upper part of Fig.1.4(a) illustrates

2Readers may notice that in our case finger have shapes. Surely finger shapes can simplify caging. For
instance, our end-effector has rectangular finger shape and it can cage target objects more easily than point
fingers. Nevertheless, let us temporarily take all fingers as point fingers. This is a sound assumption. Shaped
fingers are super sets of point fingers. If an object can be caged by point fingers, it will sure to be caged by
shaped ones.
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Figure 1.4: Our issue inherently suffers from uncertainty caused by engineering noises.

the perception noises and distortions in the shape. In this illustration, a groundtruth circular
object becomes an irregular polygon after noisy perception and approximation. These noisy
perception and approximation cause a fatal failure that the caging set calculated based
the approximated polygon cannot cage the groundtruth circular object. The lower part of
Fig.1.4(a) illustrates the fatal failures and caging breaking.

The same failure happens when control noises appears. Accumulation of noises from
motor encoders, belt gears and permanent magnetic connecting modules could degenerate
control and drive fingers to unexpected positions. Even though we can find a formation of
finger positions to cage a target object, the caging may break due to noises during finger
control and actuation. The upper part of Fig.1.4(b) illustrates the degenerated control and
wrongly actuated fingers. These wrongly actuated fingers may either squash the target object
or result into caging breakings. The lower part of Fig.1.4(b) illustrates a failure case (caging
breaking).

Moreover, besides the noisy uncertainty we also need to take into account some other fac-
tors like length of the finger nails. In one word, our issue is a similar but complicated version
of Kuperberg’s caging problem. However, there is no perfect solution to Kuperberg’s
caging problem, far from ours. Consequently, I dive into the following research topic.

How can we deal with the caging problem and apply it to our end-effector? Or
more generally, how can we deal with the caging problem and apply it to robotic
manipulation?
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This thesis originates from this topic. The caging problem can indeed be divided into two
sub-problems. The first one corresponds to Kuperberg’s proposal, namely finding a set of
caging formations or simply finding a caging set by solving the caging test problem. The
second one corresponds to our newly encountered issue, namely finding a caging formation
that is most robust to uncertainties or simply the caging optimization problem. I will
generally call the caging test problem and the caging optimization problem by using
the caging problems in the context.

In the problem of caging test, we need to develop a caging test algorithm that can
test whether a specific finger formation cages the target object. We will need to find all
the caging formations that can pass the caging test algorithm. In the problem of caging
optimization, we need to develop an algorithm by using robust caging, namely find a mea-
surement, evaluate the robustness of a caging formation with the measurement and picking
out a caging formation that has satisfying robustness. Fig.1.5 illustrates the relationship of
those caging problems.

Figure 1.5: The caging problems of this thesis.

This thesis explores the caging problems. It summarizes my study in caging algorithms
and presents some applications based on those study. The title of the thesis is named “caging
planning” following “grasp planning”. It borrows some ideas from path planning literature
to solve the caging problems. I may not say the caging problems has been perfectly solved,
but I believe my work can contribute to researches in related fields.

1.4 Organization of the Thesis
This thesis is composed of eight chapters. Besides the introduction chapter and the conclu-
sion chapter, the remaining six chapters can be divided into four parts. They are,

Part I, Basic Concepts of Caging. This part introduces the basic concepts of caging
and its recent development. It is not only a literature review but also includes some of
my proposals that fill up the gap between caging and traditional robotic grasping research.
My contribution in this part is the demonstration of both traditional grasping concepts and
caging in the configuration space of target object, Cobj. I visualize the relationship
between caging and traditional research in grasping with Cobj.

This Part I includes Chapter 2.
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Part II, Caging in Cobj and Its Applications. This part discusses in detail of how to
deal with the caging problem in Cobj and presents some applications based on my discussion.
Cobj can be seen as a tool to make caging analysis easier. By employing Cobj we can review
the caging problems from a different viewpoint and solve them intuitively.

Specifically, in this part, I firstly revisit, improve and implement a work by Prof. Jeff
Erickson[Erickson et al., 2003][Erickson et al., 2007]. Erickson’s idea is quite smart and my
implementation improves his idea. However, both Erickson’s idea and my implementation
are limited to three-finger hands and known finger positions. How to push though those
limitations and extend my implementation to general cases become a key issue. I propose an
algorithm to solve this issue by fixing fingers alternatively and further reduce the computa-
tional complexity of that algorithm by decomposing caging into translational caging and
rotational constraints. The performance of my algorithm are demonstrated and evaluated
by the robustness of finger formations with WEBOT simulation software.

Applications in this part includes the distributed end-effector and a multi-robot cooper-
ative transportation system. The applications work well with 2D convex objects. However,
convexity is an inherent limitation and the algorithms in Cobj can only work with 2D convex
objects. Objects with concave boundaries invalidate the algorithms easily. This drawback
motivates me to explore into another tool, say, configuration space of finger formation,
Cfrm.

This Part II includes Chapter 3 and Chapter 4.
Part III, Caging in Cfrm and Its Applications. This part analysizes the caging

problems in Cfrm. Like Cobj, Cfrm can also be seen as a tool to make easier caging analysis.
The motivation that drive me to this tool is from two aspects. For one thing, I hope to make
the caging algorithm work with any 2D shape, not only objects with either convex boundaries,
but also concave boundaries, 1-order or high-order boundaries. For the other, I hope to make
the caging algorithm complete as well as rapid. This is difficult in Cobj since the complete
algorithm in Cobj may have a time cost as much as order nine. Therefore, approximation of
the complete algorithm is employed in Cobj to by a combination of translational caging
and rotational constraints. However, the combination is not from strict mathematically
analysis and lacks completeness. In Cobj, completeness and rapidness are reciprocal. High
completeness implies low rapidness while high rapidness implies low completeness. Therefore,
I choose to change to Cfrm. Making both complete and rapid algorithms to the caging
problems is the second motivation that drives me to Cfrm.

In this part III, I will firstly discuss in detail why to change from Cobj to Cfrm. Employing
Cobj instead of Cfrm changes the center of my algorithm from target objects to fingers. We
no longer need to bother with specific object shape features like concavity and convexity.
This change exactly caters the expectation in the first aspect of my motivation. Then, I
introduce the space mapping idea which caters the expectation in the second aspect of
my motivation. Raw space mapping and especially its faster version, the improved space
mapping, make it possible to update the whole space of Cfrm. In other words, the algorithm
is complete. At the same time, we can quickly find the caging sets in the updated Cfrm and
locate an optimized caging formation. In other words, the algorithm is rapid.
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My complete and rapid algorithm in this part is applied to the design and implementation
of a gripping hand. The algorithm plays important roles in both design and implementation
procedures. During design, the Cfrm algorithm is employed to simplify and evaluate deign
models. During implementation, the Cfrm algorithm is employed to control the hand to cage
and grasp objects. The design and implementation procedure could demonstrate advantages
of caging.

This Part III includes Chapter 5 and Chapter 6.
Part IV, In-depth the Relationship Between Cobj and Cfrm. Cfrm is sometimes a

more powerful tool comparing with Cobj. However, it is unwise to discuss which is better.
Both algorithms in Cobj and Cfrm have their advantages and disadvantages. The fourth part
of the thesis proves that at different orientations Cfrm is the linear transformation of Cobj.
Consequently, the metrics used in Cfrm and Cobj are different. Both the two tools and their
correspondent algorithms have reasons to exist. They therefore should be treated equally.

Actually, the two tools and their algorithms correspond to different solutions of geomet-
ric modeling. The algorithm in Cobj uses wireframe modeling while the algorithm in
Cfrm uses solid modeling. Both modeling technology plays important roles in geometric
modeling and either algorithms in Cobj and Cfrm should exist. I treat them equally and
compile them into Part II and Part III of this thesis.

In real world, the algorithms in Cobj and Cfrm should be chosen according to mechanical
structure of robots and tasks. If all capture points are distributed and target objects are
convex (like the distributed end-effector and multi-robot cooperative transportation), it is
wise to do caging planning with the algorithms in Cobj. If capture points can be represented
by certain formations or target objects have various shapes (like the gripping hand), it is
wise to do caging planning with the algorithms in Cfrm.

This Part IV discusses these in-depth relationships. It includes Chapter 7.
The last chapter, Chapter 8, concludes the thesis. It firstly summarizes the whole thesis,

especially the algorithms in Cobj and Cfrm. Then, this chapter makes clear the contributions.
In the third sub-section of this chapter, I discuss about some future directions in algorithms
and applications aspects respectively. In the aspect of algorithms, future works could be
the discussion of 2.5D/3D objects and the discussion of how to pre-define representative
finger formations. In the aspect of applications, future works could be the deployment onto
macro/nano manipulation and in-hand re-grasping systems.

Finally, Fig.1.6 shows all the works and their relationships. The sub-figures in Fig.1.6 are
representatives of those works. We will see their details throughout the remaining contents.
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Figure 1.6: Organization of the works included in this thesis.
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Basic Concepts of Caging
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Chapter 2

Caging is the General Form of
Grasping

2.1 Related Research Topics in Grasping
Before going deeper into caging, let us review some related researches and concepts in grasp-
ing. They are (1) force and form closure (2) immobilization and (3) grasping optimization.

2.1.1 Force closure and form closure
The force closure problem is one of the most fundamental problems in grasping. Basically,
force closure describes a state in wrench space. Detailed reviews and discussions of the force
closure problem can be found in Nguyen’s publications[Nguyen, 1986a][Nguyen, 1986b]. I
will not repeat those mathematically deductions here but would like to visualize the concept
with figures. Like its name, force closure means the wrench vectors exerted by
fingers enclose the origin point of wrench space. Or namely, the origin point of
wrench space is enclosed by a convex hull which is spanned by wrenches exerted by fingers.
Fig.2.1 visualizes this concept with two examples.

There are two points to explain about this figure. The first one is the forces exerted by
those point fingers. Each point finger can exert not only normal forces along surface normals
of target objects, but also friction forces along tangential directions. The synthesis of normal
forces and friction forces is in a region. The areas in the middle of those orange, green and
purple segments in the center part of Fig.2.1 illustrate this kind of regions. Since one finger
can exert forces in a region, it is possible to ensure force closure with only two fingers. The
first example of Fig.2.1 demonstrates this case.

The second point is wrench space. A wrench is a force plus a torque. Therefore, a
wrench is a six dimensional vector shown in expression (2.1).
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Figure 2.1: Two examples of force closure.

wi =

(
Fi

τi

)
=

(
(Fix , Fiy , Fiz)

′

(τix , τiy , τiz)
′

)
=

(
Fi

ri × Fi

)
=

(
(Fix , Fiy , Fiz)

′

(rix , riy , riz)× (Fix , Fiy , Fiz)
′

)
(2.1)

Here Fi is the force exerted by point fingers. According to foregoing explanation, this
force is the synthesis of normal force and friction force. ri is a position vector which indicates
the relative position between the force and rotational center. All the six dimensional wrenches
wi constitute a six dimensional vector space named wrench space. In 2D case, Fiz is always
zero and wi is always a three dimensional vector wi = (Fix , Fiy , τiz). Therefore, the wrench
space of a 2D object has three dimensions. The contents in the frames of Fig.2.1 illustrate
the 3D wrench spaces.

The wrenches exerted by those point fingers in Fig.2.1 are rendered with the same colors
as their work space correspondence. These wrenches span convex hulls which enclose
their origin points. Enclosing the origin points indicates that the fingers in both
examples of Fig.2.1 form force closures.

Force closure ensures grasping. However, it is impractical since materials and frictions
of target objects are difficult to be perceived and modelled. Therefore, researchers usually
discusses force closure without considering frictions. That is the concept of form closure.

Form closure was first proposed by Reuleaux in the year 1875(see [Bicchi, 1995] for a
detailed review of those historical work). When referring to form closure, researchers have
a common assumption that the point fingers cannot exert friction force. This assumption
means that the wi = (Fix , Fiy , τiz) in the wrench space of a 2D object becomes wi =
(Nix , Niy , τiz). Namely the synthesized force Fi is reduced into the simple normal force
Ni = (Nix , Niy , 0). The assumption is quite practical since researchers no longer need to
consider about frictions to ensure form-closure grasp.

However, form closure causes new problems. It requires a lot more fingers
[Mishra et al., 1987] and it is not applicable to circular objects. Reader may compare Fig.2.1
and Fig.2.2 for example. The same point fingers and the same target object ensure force
closures in Fig.2.1(a), however, they cannot ensure form closures in Fig.2.2(a). Without
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friction, the wrenches exerted by the point fingers cannot span convex hulls to enclose the
origin points. [Mishra et al., 1987] proved that (1) if the DoF (Degree of Freedom) of an
object is ndof, we need at least ndof + 1 point fingers to ensure form closure and (2) if the
object is a circle, we can never ensure form closure with point fingers. For a 2D object whose
ndof = 3, we need at least 4 point fingers to ensure form closure. Therefore, the point fingers
in Fig.2.2 are insufficient and they cannot ensure form closures.

Figure 2.2: Two examples of non-form closure.

Mishra’s theory seems to be contradictory to our common sense. Intuitively, people hold
an feeling that the second example of Fig.2.2 can be successfully grasped by those point
fingers. However, Mishra’s theory shows that it would fail. Is there anything wrong with
form closure? Elon Rimon tries to explain the contradiction by considering surface curva-
ture of objects. His theory starts from [Ponce et al., 1995], [Rimon and Burdick, 1996] and
[Rimon and Blake, 1996]. It becomes mature in [Rimon and Burdick, 1998a] and
[Rimon and Burdick, 1998b]. The work is extended to 3D objects in [Rimon, 2001]. Accord-
ing to Rimon’s theory, the contradiction between form closure and people’s common sense
was caused by surface curvatures of target objects. Take Fig.2.3 for example. In traditional
definition of form closure, none of the cases in Fig.2.3 are form closure. Rimon improves the
traditional definition by considering surface curvatures and introduces the concept of 2nd
order form closure. In Rimon’s theory, the traditional form closure is named 1st order
form closure since it only considers surface normals while his new closure is named 2nd order
form closure since it further takes the derivative of surface normals, namely the curvatures
of object surfaces into account. 2nd order form closure considers surface curvatures of target
objects and therefore dissolves the contradiction. The surface curvatures at contact points
in Fig.2.3(a) go outwards the contact tangent lines. They neither ensure 1st order nor en-
sure 2nd order form closure. The surface curvatures of the other cases in Fig.2.3(b) either
run parallel to or go inwards contact tangent lines. Although they are not 1st order form
closures. They fulfills Rimon’s 2nd order definition and therefore can ensure successful grasp
of target objects.

Besides 2nd order form closure, another explanation of the contradiction is infinites-
imal motions[Czyzowicz et al., 1999][van der Stappen, 2005][Cheong et al., 2006]. In force
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Figure 2.3: 2nd order form closure and surface curvatures.

closure, three fingers are enough to block both finite motions and infinitesimal motions
since friction forces exist at every contacts. However, in form closure, three fingers can only
block finite motions and target objects may oscillate infinitesimally due to the lack of
friction. We may need at least 4 fingers to block both finite motions and infinitesimal
motions and to ensure form closure. This conclusion corresponds to Mishra’s ndof+1 theory.

Fig.2.4 illustrates the meanings of finite motions and infinitesimal motions. It is
too strong for fingers to block both finite and infinitesimal motions in form closure and
that’s the reason why the contradiction between form closure and our common sense exists.

Rimon’s 2nd order form closure can be recognized as an attempt to deprive infinites-
imal motions from the definition of 1st order form closure. That is, even if there exists
infinitesimal motions, a target object could be grasped. However, Rimon’s analysis is
quite complicated. A more concise way to deprive infinitesimal motions is to define clo-
sures from another viewpoint, namely immobilization.

Figure 2.4: Form closure requires more fingers to constrain infinitesimal motions.
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2.1.2 Immobilization
Either the definition of force or form closures relate heavily to forces and wrench space.
In contrast, immobilization do not analyze forces. Jurek Czyzowicz[Czyzowicz et al., 1999]
defines immobilization as following.

The set of points I is said to immobilize a planar shape P if any rigid motion of
P in the plane forces at least one point of I to penetrate the interior of P.

Comparing with force and form closure which require enclosing the origin point of wrench
space, the definition of immobilization is pure geometric. It does not result into problems of
surface curvatures or infinitesimal motions. All we need to ensure is that the target
object, in its configuration space, is at a fixed single configuration. Instead of
Jurek’s definition, let us view the immobilization problem in configuration space. More
exactly, we should call it the configuration space of target object and use symbol Cobj

to indicate it. Cobj was originally a R2 × S topology space. This R2 × S topology space
is homeomorphic to the three-dimension Euclidean space R3 (see Chapter 3 of reference
[Choset et al., 2005] for more formal definition). We can therefore use R3 rather than R2×S
to represent Cobj and to simplify the deductions. The first two dimension of Cobj denote
the position of target objects and the third dimension of Cobj denotes the orientation of
target objects. A point in Cobj is called a configuration and it corresponds the position and
orientation of the target object in work space. Fig.2.5 shows the correspondences between a
target object in work space and a configuration in Cobj.

Figure 2.5: Correspondence between an object in work space and a configuration in Cobj.

A point finger in work space corresponds to an obstacle in Cobj. Take Fig.2.6 for instance.
In the upper-left figure of Fig.2.6, the target object is at a configuration q and it does not
collide with the point finger. In this case, the q is free. In the upper-right figure of Fig.2.6,
as the target object moves along the red arrow, the target object and the point finger would
collide with each other. In that case, the position and orientation of the target object,
or namely the configuration q of the target object, becomes obstructed. A target object
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could collide with a point finger at many different qs. All the qs constitute a compact set
(sub-space) in Cobj and we name this set the configuration obstacle. This is shown in the
middle row of Fig.2.6. One configuration obstacle is decided by the position of a point finger.
Therefore, we say one configuration obstacle corresponds to one point finger. If there are
three point fingers like the lower part of Fig.2.6, there will be three correspondent obstacles
in Cobj.

Figure 2.6: Correspondence between a finger in work space and an obstacle in Cobj.
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When a target object’s configuration is fixed to a single point by the obstacles, we can
say the object is immobilized. This is the same as Jurek’s definition. When the configuration
of a target object is fixed to a single point, any changes in object configuration, or namely
any rigid motion of the target object, would cause the configuration to be obstructed by
obstacles or namely would force at least one point finger to penetrate into the interior of the
target object. An example of immobilization is the fingers and target object in the right part
of Fig.2.1. Although those fingers cannot ensure form closure, they immobilize the target
object. Fig.2.7 shows the Cobj of this immobilization example. In this figure, the obstacles
are rendered with wire-frames to better illustrate the fixed single configuration. The three
wire-framed obstacles compactly enclose an fixed single configuration and therefore the three
fingers immobilize the target object. Readers may refer to the two images in the center part
of this figure for better comprehension. In the center part, both a whole view which shows
all Cobj and a sliced view which shows only the Cobj at an orientation θ are rendered. The
target object cannot change its position or rotation as any changes in configuration would
be obstructed by obstacles. The right part of Fig.2.7 demonstrates two obstructions.

Figure 2.7: Immobilization means a fixed single object configuration.

Immobilization unifies 1st order and 2nd order form closure. 2nd order form closure
belongs to immobilization while 1st order form closure is not immobilization. It makes the
theory concise. However, we need to pay attention to that immobilization is different from
fixture design. In fixture design, researchers expect to fix objects with force closure rather
than immobilization. This is because immobilization inherits the problem of infinitesimal
motions from form closure, it cannot “firmly” fix objects.

Jurek proved that four points are always sufficient to immobilize any shape. Comparing
with force and form closures, immobilization is quite pragmatic. For one thing, it requires few
fingers. For another, it involves no wrench analysis. However, that’s not the ultimate theory.
Caging, the major topic of this thesis, is more general comparing with immobilization. We
will see their relationship later in this chapter. Before that, let us review another related
topic, namely grasping optimization.
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2.1.3 Grasping optimization
The third research related the topic of this thesis is grasping optimization. In accordance
with the foregoing introduction, we divide grasping optimization into two aspects. The
first one is optimization of force and form closures and the second one is optimization of
immobilization.

2.1.3.1 Optimization of force closures and form closures

Basically, following the definition of force closure and form closure, traditional works tend
to define a measurement and perform optimization of grasping in the wrench space. This
basic measurement is usually the radius of Largest Inscribed Sphere (LIS) of the
convex hull spanned by wrenches. Fig.2.8(a) illustrates this basic basic measurement.

Figure 2.8: Grasping optimization is to find a convex hull whose LIS has largest radius.

The basic measurement is reasonable since the larger the radius of LIS is, the more
robust a force closure or form closure would be. Fig.2.8(b) illustrates this reason. When
the object is unknown, engineering errors, or namely noises from perception devices and
control would easily cause errors in normal forces and friction forces. These errors in forces,
in the wrench space, cause changes in wrench vectors. The middle part of Fig.2.8(b-1)
demonstrates this kind of errors and changes. If the radius of LIS is too small, like the
case in Fig.2.8(b-1), the origin point of wrench space may go outside the convex hull
easily and force closure breaks. Therefore, Fig.2.8(b-1) is not robust to errors and changes.
Optimization is needed. Comparing with Fig.2.8(b-1), Fig.2.8(b-2) has a larger radius of
LIS and it is more robust. Interested readers may refer to the following three references for
more details. The first one is reference [Mirtich and Canny, 1994] which gives some intuitive
examples that demonstrate the efficacy of basic measurement in work space. The second
and third one are references [Liu et al., 2004] and [Niparnan et al., 2009] which give formal
expressions to calculate basic measurement and discuss how to compute force closure and
form closures efficiently. Fig.2.8 is based on force closure. Nevertheless, it is not limited to



CHAPTER 2. CAGING IS THE GENERAL FORM OF GRASPING 21

force closure. It can be applied to form closures in the same way. The basic measurement
is a fundamental evaluation criteria in wrench space optimization.

Of course, there are lots of variations which make the basic measurement more prag-
matic. For instance, sometimes we need to take into account the given external forces exerted
on the target objects. Gravity force is one example of the given external forces. Some other
times we need to consider some unavailable contact areas on the surface of target objects.
The cutting edge of a knife is one example of those unavailable areas. Grasping the cutting
edge does harm to fingers and hands. Fig.2.9 illustrates these pragmatic variations. When
there are given external forces, as shown in Fig.2.9(b), the convex hull deforms with respect
to the given forces. It results into different radius of LIS and different optimization results.
Readers may see [Watanabe and Yoshikawa, 2007] for examples of optimization on given ex-
ternal forces. When there are certain unavailable areas, as shown in Fig.2.9(c), the convex
hull deforms with respect to the changes of contacts. It also results into different radius of
LIS and different optimization result. Readers may see [Li and Sastry, 1988] for examples of
unavailable areas.

Figure 2.9: Some variations of grasping optimization.

Pure optimization of force closures and form closures is becoming less popular and there
are few new publications on this topic in recent two or three years. What’s more, it is not
directly related to our topic in this thesis. Therefore we won’t repeatedly review the historic
works of this area. I refer readers to Watanabe’s paper [Watanabe and Yoshikawa, 2007]
for a good review and classification of literature. Interested readers may also refer to
Eris Chinellato’s work[Chinellato, 2002][Chinellato et al., 2003][Chinellato, 2008] to better
understand different measurements and their performance. They may also refer to fixture
design[Wallack and Canny, 1996][Wallack, 1996][Ponce, 1996] to see some practical applica-
tions. Readers may find that some figures in [Wallack and Canny, 1996][Wallack, 1996]
[Ponce, 1996] are like translational and rotational decomposition in Chapter 3. The similar-
ity, from another view, demonstrates the relationship between grasping closure and caging.
We will see the details in Section 2.2.
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2.1.3.2 Optimization of immobilization

Like optimization of force closures and form closures, we can also perform Immobilization op-
timization. Optimization of force closures and form closures are performed in wrench space
and likewise optimization of immobilization could be performed in Cobj. However, discussions
on immobilization optimization in Cobj cannot be found in popular researches. I there-
fore develop a new measurement for immobilization optimization. I will briefly introduce
the new measurement for immobilization in this sub-section. It is an essential connection
between grasping and caging.

In previous sections we have seen that immobilization means the target object, in Cobj,
is at a fixed single configuration. In another word, when a target object is immobilized,
its correspondent Cobj can be divided into three components. The first one is the fixed single
configuration, which represents the position and orientation of the target object. When the
target object is at this configuration, it is immobilized. The second one is the collection of
obstacles, which compactly surrounds the single configuration. When the target object is at
a configuration of this component, it collides with fingers. The third one is the other “free”
space. When the target object is at a configuration of the third component, it can move freely.
Considering the three components, we can evaluate the quality of an immobilization
grasp by measuring the minimum distance between the first component, namely
the fixed single configuration, and the third component, namely the “free” space.
This measurement is quite intuitive and it is demonstrated in Fig.2.10.

Figure 2.10: An intuitive measurement of immobilization optimization in Cobj.

The same target object and the same fingers as Fig.2.7 is used in this figure. Since the
target object is convex and the fingers are point fingers, component 2 is composed of three
obstacles and it separates component 1 and component 2 compactly. There’s no inner-holes
in the obstacles. Note that some other objects, such as concave objects or objects with inner
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holes, may break the compactness of these components and their measurement won’t be as
rigid as Fig.2.10.

The measurement in Fig.2.10 can indicate the quality of immobilization. However, it is
a rough measurement since it did not take into account that objects are rigid. For rigid
objects, it is unnecessary to measure a single obstacle and only the intersections between
obstacles plays essential roles. The intersections represents the “distance” between fingers
in work space. The larger an intersection is, the smaller the distance between
its correspondent fingers would be. Fig.2.11 shows the correspondence between the
intersections in Cobj and the inter-finger “distance”s in work space.

Figure 2.11: Correspondence between intersections of obstacles in Cobj and inter-finger “dis-
tance”s in work space.

Consequently, we can have another measurement, namely the minimum of intersec-
tions. It is more advisable to use it for rigid objects. Nevertheless, this measurement is quite
ambiguous. The minimum of intersections requires comparison between the “size”s of
intersections. Unfortunately, it is difficult to define a measurement of the “size”s which is
difficult to be defined. I rendered the “distance”s between fingers in Fig.2.11 with shadowed
areas. Readers may refer to them to retrospect on this difficulty. How can we define a
measurement to measure those shadow areas so that it can indicate the quality of immobi-
lization? It remains an open question to immobilization optimization and relates intensively
to caging optimization.

Caging optimization and immobilization optimization share lots of common backgrounds.
They both need the measurement of distances in Cfrm. However, I would like to emphasize
the differences between them. In grasping optimization, fingers are always in contact with
objects. This is not the case in caging. In caging, we would like to deal with engineering
errors without considering contacts and forces. The robustness of caging is not to endure force
errors, but to endure collisions between fingers and target objects or failures of constraining
target objects caused by positioning errors. The difference makes caging optimization more
complicated. I will revisit this problem and propose my solutions in relevant chapters later.
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Comparing with grasping, caging is force-less and geometric. I am going to put them in
the same context and show their relationship in the following texts.

2.2 The Relationship Between Grasping and Caging
Lots of related researches and concepts have been discussed in Section 2.1 and they can be
summarized in the following words and figures.

Our discussion begins with force closure. Force closure requires considering both normal
forces and friction forces. It is not practical since friction is difficult to model. Therefore,
researchers come to the concept of form closure. Theoretical study showed that form closure
requires as many as ndof + 1 fingers which conflicts with our common sense. Researchers
therefore propose two ways to conquer the contradiction. One is 2nd order form closure
which takes surface curvatures of target objects into account. It is a bit complicated. The
other is immobilization which divides object motions into finite motions and infinitesimal
motions. Immobilization is concise and agrees with our common sense. Besides the basic
concepts, researchers performed various attempts to optimize grasping. In force closure and
form closure the quality measurement is mainly the radius of LIS. In immobilization, the
quality measurement is mainly the minimum distance between the fixed single configuration
and configurations in the “free” space.

Caging is the extension of immobilization. If we insert caging into the discussion, it
should take an ensuing position after immobilization. Fig.2.12 summarizes our discussion in
Section 2.1 with diagrams and shows the position of caging.

Figure 2.12: The position of caging and its relationship to grasping.

Note that in Fig.2.12, each concept has an accompanying blue frame besides it. The
blue frame denotes in which space is the concept developed. Force closure and form closure
are developed in wrench space. In contrast, immobilization and caging are developed
in Cobj. Force closure and form closure are essentially the analysis of forces. In contrast,
immobilization and caging are essentially the analysis of geometry. In Fig.2.7 we have seen
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the Cobj of an immobilization grasp. Here I will go on to show the Cobj of caged objects in
Fig.2.13.

Figure 2.13: The Cobj of two caged objects.

Two examples of caging are given in Fig.2.13. The first one is a circular object which
was used in Fig.1.3. The second one is a polygon which was used in Fig.2.7. According to
Kuperberg’s definition (see Section 1.3), caging, in work space, means the target object is
constrained by fingers. The objects in Fig.2.13 are constrained by fingers in work space and
they are caged. In Cobj, caging means the configuration of a target object is constrained in
a caging sub-space. In side this caging sub-space, the target object may move freely.
However, it cannot go outside without being penetrated by fingers. The right part of Fig.2.13
illustrates the constraints in Cobj. I made three different drawings to better present it. The
first drawing is a solid view of obstacles. This solid view show each obstacle in with solid
colors. Like the definition in immobilization (see Fig.2.6), each obstacle corresponds to a
finger and there are totally three obstacles in each example. The second drawing is the
inverse of the first drawing. In the second drawing, the complementary space of obstacles
are rendered. When a target object is caged, the complementary space of obstacles can be
divided into two sub-spaces. The first sub-space is a free sub-space, it is rendered with light
blue in the second drawing of Fig.2.13. The configurations in this free sub-space can freely
move into infinity without any penetration. The second sub-space is the caging sub-space.
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If a target object is at a configuration inside this caging sub-space, the object is caged.
The caging sub-space is emphasized with orange color in the second drawing. The third
drawing is a wire-frame view of obstacles. The wire-frame view gives a more clear view that
the caging sub-space is enclosed by obstacles and it is separated from free sub-space.

Now we can have the following conclusion that caging in Cobj means the configura-
tion of the target object is inside a caging sub-space. This sub-space is separated
from the free sub-space. It could be either open or closed. Recall our definition
of immobilization. Immobilization means that the target object, in its configuration
space, is at a fixed single configuration. The difference between caging and immobi-
lization is caging implies a free sub-space while immobilization implies a single configuration.
Caging is an extension of immobilization. Fig.2.14 demonstrates the relationship between
caging and immobilization with the second example of Fig.2.13.

Figure 2.14: The relationship between immobilization, caging and caging breaking.

In figure Fig.2.14(a), the object is immobilized and its Cobj is the same as Fig.2.7. A fixed
single configuration exists and it is separated from free spaces by obstacles. If we retract
fingers back from the contact points, the single configuration will expand to a compact
set, namely a caging sub-space. The immobilization grasping becomes caging. The further
we retract fingers, the larger this caging sub-space would be. Fig.2.14(b) and Fig.2.14(c)
shows two different cagings. The object in Fig.2.14(c) has higher freedom comparing with
Fig.2.14(b) as its caging sub-space is larger. Fig.2.14 shows that if we retract fingers too
far from the surface of objects, the caging sub-space may disappear. In that case, the
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point fingers will never cage the target object and caging breaks. We can also see Fig.2.14 in
inverse order. As we squeeze the fingers, the caging in Fig.2.14(c) and Fig.2.14(b) will finally
degenerate into immobilization. The retracting and squeezing directions are important to
ensure the continuity between caging and immobilization. We will discuss about that later.

Fig.2.14 demonstrates that caging is the extension of immobilization. However, the object
in Fig.2.14 doesn’t cover all cases. For example, when the target object is the concave object
shown in Fig.2.15 and it is caged by a two-finger formation, no matter how we squeeze the
two fingers, they will never immobilize the object. The final shape of the caging sub-space
in this case will be an caging surface. That means there must be something else between
caging and immobilization.

Figure 2.15: Gaps exist between traditional immobilization and caging.

I define this “something else” as contacting caging. Readers may compare the following
lists for better comprehension.

immobilization The target object, in its configuration sub-space, is at a fixed single
configuration.

contacting caging The target object, in its configuration sub-space, is on a caging curve
and or a caging surface.

caging The target object, in its configuration sub-space, is in a caging sub-
space.

It is easy to get two conclusions from these concepts. (1) We can start from immobi-
lization and move fingers to caging. But we cannot start from caging and move fingers to
immobilization. Caging may end up at contacting caging. (2) When the target object is
convex polygon, there is no contact caging and caging directly connects to immobilization.
We can either move from immobilization to caging or move from caging to immobilization.
That is the most ideal case.

Based on these conclusions, we can further solve a problem. That is, how many fingers
are sufficient to cage any objects? In the first conclusion, I claimed that we can start from
immobilization and move fingers to caging. That means, the number of fingers that are
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sufficient to immobilize an object is the number of finger that are sufficient to
cage an object. According to Jurek , it requires at least 3 to 4 fingers to immobilize an
object in 2D space. When three edges of the object form a triangle, we need at least 3 fingers.
Or else, we need at least 4 fingers. More generally, it requires ndim + 1 to 2ndim fingers to
immobilize an object in ndim space. (For example, in 3D space, we need at least 4 to 6 fingers
to immobilize a 3D object.) Therefore, the number of fingers that are sufficient to
cage an object in ndim space is the same as immobilization. It is ndim + 1 to 2ndim.

Comparing with form closure, the number of fingers that is sufficient to cage an object is
much smaller. We need at least ndof + 1 fingers to grasp an object with form closure. A 2D
object has 3 DoF and therefore 4 fingers are needed. A 3D object has 6 DoF and therefore
7 fingers are needed. In contrast, we need ndim + 1 = 2 + 1 = 3 to 2ndim = 2× 2 = 4 fingers
to sufficiently cage an object in 2D space and ndim + 1 = 3 + 1 = 4 to 2ndim = 2 × 3 = 6
fingers to sufficiently cage an object in 3D space. Note that this is the sufficient number.
It is neither the least number nor the maximum number since there are lots of possibilities.
When the target object is concave, 2 could be the least number of fingers that are required
to cage an object. When the target object has inner holes, 1 could be the least number of
fingers. When target objects are convex, 3 or 4 could be the least number of fingers. We will
revisit this conclusion in later chapters.

2.3 State-of-the-art Works in Caging
We have connected caging to grasping and seen that caging is an extension of grasping. Con-
necting caging to traditional grasping research is one contribution of this thesis. To my best
knowledge, no other researchers had ever discussed the connection of these concepts in Cobj.
Actually, the development of caging is relatively slow due to its abstractness and high cost
of computational resources. I will summarize state-of-the-art works in caging in this section.
Note that I am not going to repeatedly trace back to those very old publications, but would
like to discuss the recent development. Interested readers may refer to [Rodriguez, 2013] for
a complete review of old publications.

Major contemporary researchers of caging in the robotics community include Elon Ri-
mon, Andrew Blake, Attawith Sudsang, Vijay Kumar, Zhidong Wang, A. Frank van der
Stappen, Yusuke Maeda and Alberto Rodriguez. They all have a series of publications on
this topic. Some other researchers, like Jeff Erickson and David J. Cappelleri, also have some
publications directly related to caging. Besides them, there are many other researchers who
indirectly made great contributions. Let us review their works here.

The first paper that makes caging an independent research topic of robotics is writ-
ten by Elon Rimon, [Rimon and Blake, 1996]. It is later extended into a journal paper
[Rimon and Blake, 1999]. This work is limited to 2D objects and two-finger grippers. Some
ensuing improvements of this work involve extension to three-finger grippers and application
with visual sensors [Davidson and Blake, 1998a] [Davidson and Blake, 1998b]. The major
idea used in these three works is to build a contact space graph. This idea is still in use
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in the most recent publications of Rimon and his students [Allen et al., 2012]. The name of
contact space comes from contacts. Each axis of the contact space corresponds to all the
contacts between a finger and the surface of an object. The number of axes of a contact
space is the number of fingers that contact with object surfaces. Therefore, the dimension
of the contact space is the same as the number of fingers. This space suffers from the curse
of dimensionality as finger number increases. That is one reason why the idea of contact
space graph can only be applied to grippers with limited number of fingers.

The other researcher, Attawith Sudsang, begins his research of caging a little later than
Rimon. His first debut is [Sudsang and Ponce, 1998]. In this work, he carries out a sim-
ulation on a 2D triangular object to demonstrate his contact-less grasping and manipula-
tion idea. This work is based on a concept named Inescapable Configuration Space (ICS)
proposed in [Sudsang et al., 1997] and [Sudsang et al., 2000]. Although this work is not
explicitly named “caging”, it is essentially the same idea. ICS can be recognized as an-
other description of the caging sub-space. However, it is not as intuitive and complete
as caging sub-space. This is because ICS is defined in work space, not configuration
space. Its definition limited its further development. We can find some other similar con-
cepts that are defined in work space and aim to describe caging sub-space. The at-
tractive region proposed in [Qiao, 2001] and [Qiao, 2002] is such an concept. These con-
cepts, from another view point, show the interests of robotics community in caging and
the importance of choosing a proper mathematical tool. In [Sudsang et al., 1999], Sud-
sang implements his simulation in [Sudsang and Ponce, 1998] on real mobile robots. These
two papers, [Sudsang and Ponce, 1998] and [Sudsang et al., 1999], start the research of per-
forming caging transportation with multiple point robots. Sudsang claims that point fin-
gers and point mobile robots are the same thing. Caging with point fingers shares the
same principle as caging with point robots or multi-robot cooperative caging. Later in
[Sudsang and Ponce, 2000], Sudsang proposes a basic solution which connects multi-robot
cooperative caging and motion planning/obstacle avoidance in the presence of obstacles.
Connecting caging to motion planning is quite practical and interesting. Unfortunately, I fail
to find their ensuing implementation of this framework. In [Vongmasa and Sudsang, 2006],
Sudsang and Vongmasa propose the concept of coverage diameters. This work gives a redun-
dant solution to multi-robot cooperative caging. Although redundant, it is quite practical
since caging can be ensured as long as the inter-robot distance is smaller than the coverage
diameter. Their solution of coverage diameter is applicable to both convex and concave 2D
objects. However, the coverage diameter results into redundant robots. Probably Sudsang
realized the drawback of coverage diameter, he published another work [Suarod et al., 2007]
which discusses about looser caging. The work [Suarod et al., 2007] is based on Zhidong
Wang’s proposals. We will review it later when discussing about Wang’s works. These
works of Sudsang concentrate on caging with point mobile robots. Besides multi-robot
cooperative caging, Sudsang also published some works on caging with point fingers. In
[Pipattanasomporn et al., 2008] and [Pipattanasomporn and Sudsang, 2011], Sudsang and
Pipattanasomporn discusses two-finger squeezing caging. This work is extended to (1) a given
formation of fingers and (2) both squeezing and stretching in [Pipattanasomporn et al., 2008].
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This work decomposes objects into convex components. Its result is interesting. I am looking
forward to their improvement in completeness and limitation of formations. Sudsang and his
group are quite active in caging research and make lots of contributions. They also had the
idea of using caging to deal with uncertainties [Pipattanasomporn and Sudsang, 2010]. The
major difference between their work and mine is their concepts are built in work space. We
can find that some of their publications implicitly imply the idea of contact space graph
and configuration space. However, they fail to make explicit expression. Implicitly work-
ing in work space obscure their presentation and limits their development.

Zhidong Wang is the first researcher who explicitly expressed caging in Cobj. His work
in caging concentrates on multi-robot cooperation. At the very beginning, Wang solves the
multi-robot cooperative transportation by task allocation [Wang et al., 1999]. Task alloca-
tion requires to specify specific tasks to each robot during cooperative transportation. An
impressive task allocation work can be found from [Cheng et al., 2008]. The requirements of
task allocation limits its extensibility. I guess that’s why Wang change to the idea of caging.
Wang’s early caging publications were [Wang and Kumar, 2002] and [Wang et al., 2003a].
In these two papers Wang together with Vijay Kumar proposes the concept of object closure
and rendered it in Cobj. Object closure is exactly an alternative name of caging. Wang fur-
ther implements his proposal with three mobile manipulators in [Wang et al., 2003b]. Each
mobile manipulator in this work is simplified into a rectangular finger and consequently the
implementation is the same as caging with three rectangular fingers. The implementation
in [Wang et al., 2003b] controls a precomputed formation of the three mobile manipulators
by maintaining certain offset margins from target objects. This formation control strategy
is rough and encounters some problems. Therefore, Wang proposes a new control strategy
in [Wang et al., 2004]. The control strategy in [Wang et al., 2004] mixes maximum mar-
gins and minimum margins of object closure and leader-follower formation control. The
new control strategy is validated by using three circular robots and a concave object in
[Wang et al., 2005]. These early works of Wang built up a solid basis of caging test. Given
a formation of mobile robots and a target object, Wang’s algorithm can tell whether the
formation of robots could cage the target object1. He in [Wang et al., 2006] extends the
caging test to a set of robot formations where he could not only test the caging of one for-
mation but many formations in a set. The extended algorithm is named dynamic object
closure. Dynamic object closure enables testing many formations of robots at different time
intervals and enables robots to cage and transport target objects in real time. It can take
the place of formation control. Wang proposes the real-time caging and transportation in
[Wang et al., 2009]. The algorithm in this paper plans a path in configuration-time space to
connect caging formations calculated by dynamic object closure at different time intervals. I
am looking forward to Wang’s implementation of the dynamic object closure on real robots.
Wang’s work is based on his discussion in Cobj. Some of my work borrow and improve his
idea. I will refer to them when necessary.

In the same year as Wang and Kumar’s publication [Wang and Kumar, 2002], some
1His test is not complete. But it is powerful to solve practical problems.
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other researchers from Kumar’s group published another work based on the idea of ob-
ject closure [Pereira et al., 2002b][Pereira et al., 2002a]. This work is implemented with
three car-like mobile robots and a triangle object with the same control strategy used
in [Wang et al., 2003b]. It was later extended to a journal paper [Pereira et al., 2004].
The works of Pereira are not independent, they are more like a complementary branch
of Wang. There are some other researches in Kumar’s group that work caging. For example,
[Fink et al., 2008]. Nevertheless, those works bias towards multi-robot control rather than
geometric basis of caging. I am not going to discuss them here. Wang/Kumar’s work explic-
itly discuss caging in Cobj. However, they concentrate too much on the application aspect
of multi-robot cooperative transportation and fail to go further into the basic theory. The
major difference between Wang/Kumar’s work and mine can be concluded into the following
three points. (1) They discuss the caging problems only in Cobj while I explore different
tools like Cfrm. (2) They do not discuss optimization while I treat caging test and caging
optimization as two parallel problems of caging. (3) They assume perfect object information
and use redundant number of robots while I assume noisy perception and least number of
capture points.

When Wang was trying to figure out a solution to caging test, he proposed the concept of
CC-closure object. CC-closure object is the Configuration obstacle of a Configuration
obstacle. This name is a little obscure but it do fully exploit the the configuration of
configuration. It was interesting to find that Jeff Erickson independently developed the
same concept in [Erickson et al., 2003] and [Erickson et al., 2007]. Erickon and Wang do
not have any interaction with each other but they do proposed the same idea.

Erickson’s idea was further developed by Vahedi and Stappen. Stappen’s group have
excellent background in theoretical grasping and computational geometry and consequently
Vahedi’s early work analyzes the caging problems in work space by geometric computa-
tion. He successfully described the relationship between immobilization and caging (This
description is in work space. It is different from my contribution which is in Cobj). In
[Vahedi and van der Stappen, 2006] and [Vahedi and van der Stappen, 2008c], Vahedi dis-
cusses the problem of caging with two fingers. His algorithm could both perform two-
finger caging tests and report two-finger caging sets rapidly. We can find some relation-
ship between these works and [Rimon and Blake, 1996], [Pipattanasomporn et al., 2008] and
[Allen et al., 2012]. This is because the vertex-graspings are commonly recognized as the
bounds where caging breaks. Vahedi’s major contribution is the application of the caging
breaking bounds to three-finger cases. In references [Vahedi and van der Stappen, 2007],
[Vahedi and van der Stappen, 2008a], [Vahedi and van der Stappen, 2008b] and
[Vahedi and van der Stappen, 2009], Vahedi concentrates on three-finger caging and concen-
trates on the problem proposed by Erickson’s, namely reporting the caging set of a third
finger with two given ones or reporting the caging set of a third finger with the given distance
between the other two fingers. Especially in [Vahedi and van der Stappen, 2009], Vahedi not
only uses work space but also makes a program to show the critical patches in configura-
tion space. Although Vahedi makes certain improvements in computational efficiency, I
maintain that his work is essentially the same as Erickson. Vahedi’s concept, for instance,
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“vertex-grasping”, “equilibrium grasping” and “critical patches” actually describe same thing
as Erickson’s “critical orientation”. Nevertheless, Vahedi is the first researcher who purely
works on caging theory and describes the relationship between caging and immobilization.
He shows the difficulty of caging tests and finding caging sets and partially solves those prob-
lems. In his Ph.D thesis [Vahedi, 2009], Vahedi draws lots of important conclusions. For
example, the Lemma 6.2.10 and Theorem 6.2.11 on page 68 and 69 show how to maintain
caging when shrinking fingers. Many of my ideas in this thesis, like translational caging and
accumulation, are borrowed from Erickson and Vahedi’s work.

The early works of Maeda and Makita belong to the research field of non-prehensile
manipulation [Maeda et al., 2004][Maeda and Makita, 2006]. Try comparing their works
in grasping to those works in task allocation of multi-robot cooperative transportation,
we can find that the non-prehensile manipulation works of Maeda and Makita are actu-
ally the same as multi-robot cooperation by using task allocation. The difference is they
use multi-fingers instead of robots. It is very interesting that so many researchers who
work with task allocation move to caging. The first caging work of Maeda and Makita is
[Makita and Maeda, 2008]. In this paper, they measure the distances between fingers and
evaluate with a target may go through those distances. Their solutions are intuitive and
require redundant number of fingers. Later, a student from Maeda’s group, Yokoi, pub-
lished a multi-robot cooperation work by using not only mobile robots but also obstacles
in the environment [Yokoi et al., 2009]. They take into account walls and transport ob-
jects along the walls. Maeda summarizes the work in both [Makita and Maeda, 2008] and
[Yokoi et al., 2009] and implements with real robots in [Maeda et al., 2012]. He further dis-
cusses and installs some soft parts to rigid mobile robots and fingers in this paper. More
recently, Maeda and Makita employ AR (Augmented Reality) markers to recognize shapes of
3D objects. AR markers are quite popular to retrieve shapes of target objects from pre-built
databases. Employing AR markers make their caging work practical. However, the number
of modeled shapes in the pre-built databases is limited. It is difficult to cover many objects.
I in this thesis prefer real-time perception and modeling but I agree that with the help of
modern database and machine learning, modeled shapes would bring bright future to robots.
Maeda and Makita’s work are much more practical comparing with previous works. They
are, nevertheless, weak in the caging theories and all their implementations are based on
[Makita and Maeda, 2008]. Details of Maeda and Makita’s caging research are summarized
in Makita’s Ph.D thesis [Makita, 2010] (It is written in Japanese.).

Rodriguez is a graduate student of Prof. Matthew T. Mason. He proposes the idea
of “from caging to grasping” [Rodriguez et al., 2011]. This idea is nearly the same as my
“grasping by caging” proposal. It was interesting that we come to the same idea without any
communication. This paper of Rodriguez is awarded the best student paper of Robotics, Sci-
ence and Systems 2011 and is invited to be published in International Journal of Robotics Re-
search [Rodriguez et al., 2012]. Rodriguez’s work in caging is as theoretical as Vahedi. It con-
trasts significantly with Maeda and Makita’s practical implementations. Rodriguez started
his research in caging by studying the case of two fingers [Rodriguez and Mason, 2008], which
is a well discussed topic of Rimon and Sudsang. The difference of Rodriguez’s two-finger
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research is he not only considers squeezing but also gives intensive discussions on stretch-
ing. He demonstrates that complete caging is a difficult problem as there are too many
special cases and he maintains that “from caging to grasping” is essentially to find a F-
caging function which could ensure continuous caging of target objects. Rodriguez’s study
in [Rodriguez and Mason, 2008] and [Rodriguez et al., 2011] is done in topology space of
fingers. Using this space as the analyzing tool is quite abstract. He diverts the analyzing
tool from topology space into Cobj in [Rodriguez and Mason, 2012b]. I will discuss later in
related chapters the difference between the topology space and Cobj. Rodriguez’s most recent
work is a review of caging research [Rodriguez, 2013]. His research on caging is theoretical
and his review biases towards theoretical researches of caging too.

All the researches in discussed until now work on either fingers or mobile robots. The
work of David J. Cappelleri brings something new to our vision. He employs caging in
micro-manipulation [Cappelleri et al., 2011] to transport and assemble micro-parts. This
paper is later extended to a journal version in [Cappelleri et al., 2012]. Although Cappelleri
does not explicitly claim the “grasping by caging” concept, he actually makes use of it. In
his publications, Cappelleri firstly cages a micro-object and then shrink the cage into force
closure to transport or assemble it. Cappelleri’s implementation is based a the redundant
calculation like [Makita and Maeda, 2008]. From Makita and Cappelleri’s work, we can find
that there is a big gap between caging theories and pragmatic applications. Comparing
with complicated caging theories, pragmatic applications prefer using simple and redundant
algorithms. How to practically use the well developed theories and reduce the redundancy
caused by simple algorithms is one challenge in front of us. Rodriguez tells us that complete
caging theory involves too many unexpected cases and it is difficult to develop a complete
algorithm that takes into account every aspect. Even if the target objects are 2D, the
difficulty remains. Therefore, we should seek the balance between complete caging algorithms
and pragmatic applications. I am going to discuss my solutions on caging in the next few
chapters. In a certain degree, my solutions are complete and ready to be employed by
practitioners.

In order to better illustrate the related works, I compile them chronically according to the
relationship of the researchers and their ideas. Fig.2.16 shows the chronicle categorization.
Each categorized box includes four items, namely the time period, the main researchers, the
methodologies and the problems solved. Beside the related works, I attach my work in this
thesis into this chronically categorization. Readers may compare my work and the other
researchers to better understand the its position.
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Figure 2.16: A summary of the related works and my contributions.
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Chapter 3

Caging in The Configuration Space of
Target Object

3.1 Caging Test in Cobj

Starting from this chapter, I am going to discuss in detail the tools, techniques, experiments
and applications of caging.

Firstly, I list the symbols that will be used in the following part. Readers are recom-
mended to revisit these symbols frequently during their reading process.

W Work space.
pi A point in W space. Since we deal with 2D objects in 2D W space, the pi has

two coordinate elements {pix , piy}.
Cobj The configuration space of target object.
O The target object in W space.
∂O Boundary of the target object in W space.
fi A point finger in W space. Since we deal with 2D objects in 2D W space, the

fi has two coordinate elements {fix , fiy}. Mathematically, fi = pi. I employ
this extra symbol fi rather than using an unified one with pi to make clear the
texts.

qobj/qi
obj A configuration of Cobj. Since the configuration space of a 2D object is 3D, a

configuration qi
obj has three coordinate elements {qobj

ix , qobj
iy , qobj

iθ
}. The first two

elements qobj
ix and qobj

iy are actually the same as a position in 2D W space. That
is to say, {qobj

ix , qobj
iy } and {fix , fiy} both indicate coordinates in 2D plane. The

are only different in symbols.
O[qi

obj] A target object O at configuration qi
obj. Reader may assume that O[qi

obj]
represents a region in 2D workspace that is occupied by a target object. It
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mathematically equals a set of 2D points. This expression can also be written
in the following two forms, (1) O[{qobj

ix , qobj
iy }] and (2) O[qobj

iθ
]. The first form,

O[{qobj
ix , qobj

iy }] indicates a region in 2D workspace that is occupied by a target
object which could rotate arbitrarily through 0 to 2π. However, its position is
fixed at the point O[{qobj

ix , qobj
iy }]. The second form, O[qobj

iθ
], indicates a region in

2D workspace that is occupied by a target object which could translate arbi-
trarily on the 2D plane. However, its orientation is fixed to qobj

iθ
. 　 Note that

the superfix are sometimes omitted for conciseness.
∂O[qi

obj] The boundary of the 2D region occupied by a target object at configuration
qi

obj. Note that the symbols ∂O[{qobj
ix , qobj

iy }] and ∂O[qobj
iθ
] do not make much

sense as the first one is usually the boundary of a circle while the second one is
not applicable (O[qobj

iθ
] spans all 2D plane).

Fi One configuration obstacle in Cobj. Please go back to Fig.2.11 for details. Mathe-
matically, it is a set of compact 3D points and a sub-space of Cobj. The subscript
indicates the correspondence between W space fingers and Cobj space obstacles.
For example, Fi is the Cobj obstacle of finger fi. Note that the obstacles of dif-
ferent fingers indeed have the same shape in Cobj, they only differ in positions.

Fi[q
obj
iθ
] Generally, a configuration obstacle Fi spans the whole orientation axis of Cobj.

I use Fi[q
obj
iθ
] to denote a sliced layer of the whole Fi at orientation qobj

iθ
. This

combination is not applicable to qobj
ix and qobj

iy .

Cobj
otl All obstruction-free obstacles in Cobj. It is used to indicate both the caging sub-

space and the free sub-space in Fig.2.13. Mathematically, Cobj
otl is the union of

all Fi. Assume there are n fingers, then Cobj
otl =

n∪
i=1

Fi.

Cobj
free All free sub-spaces in Cobj. Mathematically, it is complementary to Cobj

otl . Assume
there are n fingers, then Cobj

free = Cobj \ Cobj
otl = {qobj|(qobj ∈ Cobj) ∧ (qobj /∈

n∪
i=1

Fi)}

R(θ) The rotation matrix with respect to an angle θ. For example, if we would like

to rotate π, R(π) =

 cos(π) sin(π) 0
−sin(π) cos(π) 0

0 0 1

 =

 −1 0 0
0 −1 0
0 0 1

.
A caging test problem offers the following conditions. (1) The target object and its

initial configuration, say, O[q0
obj] = O[{qobj

0x , q
obj
0y , q

obj
0θ
}]. (2) The positions of fingers, say,

f1 = {f1y , f1y}, f2 = {f2y , f2y}, …, fn = {fny , fny} when there are n fingers.
When caging is achieved, we have the following two necessary and sufficient conditions.

(1) The Cobj
free is divided into several disconnected components. Most of the components are

enclosed by obstacles, let us denote them with Cobj
fc =

u∪
i=1

Cobj
fci

. Here u = 1 when the target
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object is convex. A special component is the complementary of Cobj
fc , let us denote it with

Cobj
ff . This condition follows the following expression, Cobj

free = Cobj
fc ∪ C

obj
ff = (

u∪
i=1

Cobj
fci

) ∪ Cobj
ff ,

Cobj
fc ∩C

obj
ff = ∅ (2) The configuration of the target object is inside one component of Cobj

fc . Let
us denote the configuration of the target object, when performing caging test, is q0

obj. Then,
caging requires q0

obj ∈ Cobj
fc or more exactly, q0

obj ∈ Cobj
fck

, 1 ≤ k ≤ u. Note that the caging
sub-space and the free sub-space of Fig.2.13 are examples of Cobj

fc and Cobj
ff respectively.

Recall our discussion of caging in Chapter 2.5: “The target object, in its configuration
space, is in a caging sub-space.” Following this discussion, caging test can be performed by
checking the following expression.

(Cobj
free = (

u∪
i=1

Cobj
fci

) ∪ Cobj
ff ) ∧ (q0

obj ∈ Cobj
fck

) ∧ (|Cobj
fck
| > 1), 1 ≤ k ≤ u (3.1)

Here |Cobj
fck
|means the cardinality, namely the number of elements, of Cobj

fck
. When |Cobj

fck
| > 1,

the target object is either in the state of caging or in the state of contact caging. When
|Cobj

fck
| = 1, the target object is in the state of immobilization.
Now the caging test problem becomes modeling and intersecting several 3D objects. We

have discussed in Section 1.3 that there are two ways of modeling a 3D object. One is wire-
frame modeling while the other one is solid modeling. Here I choose the wireframe
modeling technology to model Cobj

otl . This is because in Cobj, we can easily know the vertices
of Cobj

otl . These vertices make wireframe modeling easier comparing with solid model-
ing. This is because Solid modeling models 3D objects with a set of voxels. If a user
want to render an object modeled by solid modeling, he has to firstly convert the voxels
into a wireframe model [Wikipedia, 2013a]. The conversion process makes solid modeling
complicated.

Fig.3.1 shows the details of wireframe modeling. We have seen in Section 2.1.2 that
the Cobj has three axes, namely position x, position y and orientation. The symbol definition
of a configuration qi

obj = {qobj
ix , qobj

iy , qobj
iθ
} respectively denote coordinate values along position

x, position y and orientation. In order to model the whole wireframe of a Fi. We first
discretize rotation, namely the orientation axis. With a granularity of 2m+1, we can divide
the rotation of a target object into 2m + 1 angles. In correspondence, the [−π, π) domain
of the orientation axis is divided into 2m + 1 coordinate values and the Cobj between this
domain is divided into 2m + 1 layers. Note that we do not need to consider the domains
since 2π is the period of rotation and the Cobj between the other domains are the same as
the one between [−π, π). The 2m + 1 layers have coordinate values along the orientation
axis ranging from qobj

−mθ
to qobj

mθ
. The whole model of Fi is accordingly discretized into 2m+1

slices. Note that the whole model of Fi is periodical at every 2π rotation. We only discuss
the part between [−π, π). Fig.3.1(a) illustrates the granularity and divided layers.

When performing caging test, the configuration of the target object is known. It is
q0

obj = {qobj
0x , q

obj
0y , q

obj
0θ
}. Here the position {qobj

0x , q
obj
0y } is equal to the position of a pivot
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Figure 3.1: Wireframe modeling of a Fi obstacle and discretization.

point on the target object. This pivot point could be chosen arbitrarily. For instance,
[Wang and Kumar, 2002] chooses the geometric center of the target object while
[Pereira et al., 2002b] chooses a vertex of the target object. The pivot point is coordinate-
invariant and there is no difference between different choices. The W space region occupied
by the target object at its initial configuration therefore can be expressed as ∂O[{qobj

0x , q
obj
0y , q

obj
0θ
}].

Fig.3.1(b) illustrates the initial configuration and the occupied workspace region.
Without any changes in orientation, the Fi is always a slice at layer qobj

0θ
, namely Fi[q

obj
0θ
].

If the target object rotates to qobj
jθ

, −m ≤ j ≤ m, then the the Fi becomes a slice at layer
qobj
jθ

, namely Fi[q
obj
jθ
]. Since the target object may rotate to any orientation between qobj

−mθ

and qobj
mθ

, Fi is composed of 2m+ 1 layers naming from Fi[q
obj
−mθ

] to Fi[q
obj
mθ

].
Modeling the wireframe of a discretized Fi essentially equals to modeling 2m + 1 layers

of polygon slices. Fig.3.2 shows the detail of how to model the 2m + 1 slices. Given a
configuration of the target object, for example {qobj

jx , qobj
jy , qobj

jθ
}, −m ≤ j ≤ m and a finger f1,

we can generate F1[q
obj
jθ
] by R(π) ·O[{f1x , f1y , q

obj
jθ
}]. The following part proves this conclusion.

According to the definition of F0,

F1[q
obj
jθ
] =

{
pi|f1 ∩ O[{pobj

ix , pobj
iy , qobj

jθ
}] ̸= ∅

}
. (3.2)
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Figure 3.2: Modeling the discretized slices of Fi.



CHAPTER 3. CAGING IN THE CONFIGURATION SPACE OF TARGET OBJECT 42

This is equal to

F1[q
obj
jθ
] =

{
pi|pi ∩

 −1 0 0
0 −1 0
0 0 1

 · O[{f1x , f1y , q
obj
jθ
}] ̸= ∅

}
(3.3)

since for each point,

pi − f1 =

 −1 0 0
0 −1 0
0 0 1

 · (f1 − pi). (3.4)

In 2D plane,

R(π) =

 cos(π) sin(π) 0
−sin(π) cos(π) 0

0 0 1

 =

 −1 0 0
0 −1 0
0 0 1

 . (3.5)

Therefore,
F1[q

obj
jθ
] =

{
R(π) · ∂O[{f1x , f1y , q

obj
jθ
}]
}

(3.6)

Fig.3.2(a) graphically illustrates the geometric meaning of these expressions. All the key
translations that result into collision between the target object and the finger are shown in
Fig.3.2(a)(1-5). By summing up these key translations and connecting the pivot points, we
can generate F1[q

obj
0θ
]. It is easy to find that this F1[q

obj
0θ
] equals its W space correspondence

O[{f1x , f1y , q
obj
0θ
}] with a π rotation. This is the same as our deduction. In Fig.3.2(b), I give

another example with the same object as Fig.3.2(a). The difference is, in this case, the target
object is at another configuration, say, qj

obj.
Now we can model the whole Fi in the following way. Given a finger fi and a target

object at its initial configuration O, we model the Fi that corresponds to this object by using
a set of polygon slices, namely,

{
R(π) · ∂O[{fix , fiy , q

obj
−mθ
}], R(π) · ∂O[{fix , fiy , q

obj
−m+1θ

}], . . . , R(π) · ∂O[{fix , fiy , qobj
mθ
}]
}
. (3.7)

The caging test in expression (3.1) becomes performing the following procedures. (1)
Check whether {qobj

0x , q
obj
0y , q

obj
0θ
} is enclosed by

{
F1[q

obj
0θ
], F2[q

obj
0θ
], …, Fnf

[qobj
0θ
]
}
when there are

nf fingers. If q0 is enclosed, we can calculate the enclosed region that q0 exists. We denote
this region by Cobj

fck
[qobj

0θ
]. It is a set of 2D points. (2) For any pi ∈ Cobj

fck
[qobj

0θ
], check whether

it is enclosed or obstructed by obstacles in neighbour layers. Since the layers adjacent to
qobj
0θ

are qobj
1θ

and qobj
−1θ

, We should check whether any pi fulfills that {pix , piy , q
obj
1θ
} is enclosed

or obstructed by
{
F1[q

obj
1θ
], F2[q

obj
1θ
], …, Fnf

[qobj
1θ
]
}

and enclosed or obstructed by
{
F1[q

obj
−1θ

],

F2[q
obj
−1θ

], …, Fnf
[qobj

−1θ
]
}
. If all points in the 2D set are obstructed, then caging is true. If
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any point is enclosed, we further calculate the new enclosed region Cobj
fck

[qobj
1θ
] or Cobj

fck
[qobj

−1θ
] that

{pix , piy , q
obj
1θ
} or {pix , piy , q

obj
−1θ
} belongs to and replace the 2D point set with the points in the

new enclosed region. For any point in the new enclosed regions, we repeat the procedure
done in qobj

1θ
or qobj

−1θ
with

{
F1[q

obj
2θ
], F2[q

obj
2θ
], …, Fnf

[qobj
2θ
]
}
,
{
F1[q

obj
3θ
], F2[q

obj
3θ
], …, Fnf

[qobj
3θ
]
}
,

…until we reach
{
F1[q

obj
mθ

], F2[q
obj
mθ

], …, Fnf
[qobj

mθ
]
}

or with
{
F1[q

obj
−2θ

], F2[q
obj
−2θ

], …, Fnf
[qobj

−2θ
]
}
,{

F1[q
obj
−3θ

], F2[q
obj
−3θ

], …, Fnf
[qobj

−3θ
]
}
, …until we reach

{
F1[q

obj
−mθ

], F2[q
obj
−mθ

], …, Fnf
[qobj

−mθ
]
}
.

During this repetition, if a point is neither enclosed nor obstructed, caging is considered to
be breaking. Or else, caging succeeds.

The narrative of this caging test algorithm seems complicated. Fortunately, it can be
implemented with computer programs concisely. Fig.3.3 illustrates the basic ideas of this
algorithms with the convex polygon we used in previous figures. The (ccw) part of Fig.3.3(a)
shows the continuous caging test along counter-clockwise rotation, namely from qobj

1θ
to qobj

mθ
.

The (cw) part of Fig.3.3(b) shows the continuous caging test along clockwise rotation, namely
from qobj

−1θ
to qobj

−mθ
. At (ccw)-3 and (cw)-2, some points from the continuous refreshing 2D

point set are neither enclosed nor obstructed, the caging breaks. The given formation of
fingers is considered not able to cage the given target object. Fig.3.3(b) separately illustrates
the correspondent failures at (ccw)-3 and (cw)-2 in W space.

Our figures in Fig.2.13, Fig.2.14 and Fig.2.15 are rendered by using this algorithm. They
are programmed with Python and the figures are rendered with the Blender rendering engine
[Blender, 2013].

With modern computers, this caging test algorithm can test whether a given formation
of fingers could cage a given target object in a few seconds. Given a polygon of nv boundary
points, the computational complexity of this algorithm would be O(n

nf
v ·s ·m). Here, O(n

nf
v )

is the complexity of calculating an enclosed region while s is the average size of an enclosed
2D point set. The algorithm is complete with discretization and works with both convex
and concave objects.

3.2 Robust Caging in Cobj

We have seen in last part how to discretize Cobj, how to model the wireframes of Fi at each
layer and how to perform caging test with the discretization. Beyond caging test, we
need to (1) find a set of finger formations that could cage the target object and (2) develop a
robust caging algorithm to find an optimized formation of fingers that could be most robust
to endure uncertainty. I refer readers to Fig.1.4 if they need a refresher about uncertainty.
Let us firstly consider the item (1), namely how to find a set of finger formations that could
cage the target object.
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Figure 3.3: The caging test algorithm after discretization becomes testing the continuity of
enclosure at each layer.
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3.2.1 Finding all possible caging formations is costly
The most intuitive solution to find all possible caging formations is to perform caging test
with all finger formations in a certain band that surrounds the target object. Fig.3.4 il-
lustrates this intuitive solution. I proved in Section 2.2 that ndim + 1 = 2 + 1 = 3 to
2ndim = 2× 2 = 4 fingers are sufficient to cage an object. It was emphasized there that this
is neither the least number nor the maximum number. It is the sufficient number.
That means it would be sufficient if we perform caging test with formations ranging from
2-finger formations to 2 × 2 = 4-finger formations. Of course more than 4 fingers would
beyond sufficient and far enough for caging 2D objects. We can freely test 5-finger, 6-finger,
…, nf -finger formations as we like. As examples, I am going to limit my analysis to the
sufficient number, namely the 2-finger, 3-finger and 4-finger formations.

Figure 3.4: An intuitive way to find all caging formations.

Let us see again the intuitive solution in Fig.3.4. In the intuitive solution shown in Fig.3.4,
finding all possible 2-finger, 3-finger and 4-finger caging formations means performing caging
tests on all 2-finger, 3-finger and 4-finger combinations in the gray band. This is intuitive ans
simple. However, it is computationally impossible. Performing one caging test with one
given formation of fingers would cost O(n

nf
v · s ·m). It is to the (nf +2)th order of variants.

Assume that the band includes np points, then roughly there would be n2
p, n3

p and n4
p finger

formations for 2-finger, 3-finger and 4-finger cases. Totally, the cost of finding all caging
formations may run as high as O(n2

p ·n2
v ·s ·m+n3

p ·n3
v ·s ·m+n4

p ·n4
v ·s ·m) = O(n4

p ·n4
v ·s ·m).

That’s to the 10th order! Or more generally, it would be to the order of 2nf +2 where nf is
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the maximum number of fingers that are employed for caging. Of course it is computational
infeasible and we must choose another way to consider this “finding all caging formations”
problem.

3.2.2 The caging region of a third finger – Concepts
This part is in publishing.

3.2.3 The caging region of a third finger – Algorithms
This part is in publishing.

3.2.3.1 Tracking the canonical motion

3.2.3.2 Termination conditions

3.2.4 The caging region of a third finger – Demonstrations
This part is in publishing.

3.2.5 The caging region of a third finger – Implementations
This part is in publishing.

3.2.6 Robust three-finger caging and its complexity
This part is in publishing.

3.2.6.1 The measurement of a three-finger immobilization

3.2.6.2 Retracting to a robust three-finger caging

3.3 Faster Robust Caging
This part is in publishing.
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3.3.1 Translational constraints and rotational constraints

3.3.2 Collaboration of QR
{f1,f2,f3} and QT

{f1,f2,f3}

3.3.3 Some extensions
3.3.3.1 Multiple fingers

3.3.3.2 Grasping by caging

3.3.4 Implementation with Webots
3.3.4.1 Group I – Choosing parameters for the faster robust caging

3.3.4.2 Group II – Evaluating performance of faster robust caging
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Chapter 4

Applications I – Distributed Agents

The chapter includes two applications of the faster robust caging algorithm. The first one is
our distributed end-effector which has been conceptually illustrated in Fig.1.1 and Fig.1.2.
This application uses both KINECT and Swiss Ranger to perceive target objects. We will
see the comparison of their performance and the feasibility of my algorithm. The second
one is multi-robot co-operation. This application was widely studied by Sudsang, Wang
and Pereira, etc. My work here is different from them and it uses the faster robust caging
algorithm to calculate caging positions of each robots. The second application uses a V100:R2
OptiTrack [NaturalPoint, 2013] to track and control the motion of each mobile robot. We
will see how the algorithm work with it. Note that the “graping by caging” part of this
algorithm is not used in the applications. That is because the “grasping by caging” part
requires local sensors to perceive the contacts between agents and target objects. Local
sensors are not available to the applications of this thesis. However, readers may see the
“grasping by caging” procedure in Fig.??. In that case, “grasping” is a simple demonstration,
it is blind and suffers from the danger of squashing target objects.

4.1 Caging on the Distributed End-effector
4.1.1 Details of the end-effector
4.1.1.1 Hardware implementation

The same as the conceptual illustration in Fig.1.1 and Fig.1.2, the Distributed End-effector
is composed of an x− y− θ actuator and several distributed fingers. The x− y− θ actuator
works as the palm of a robotic hand while the distributed fingers work as the fingers of a
robotic hand. Fig.4.1 shows the implemented x − y − θ actuator. It has two motors to
control x and y translation, one motor to control θ rotation and an extra motor to control
the insertion of pins. Readers may refer to the connecting module of Fig.?? and related
texts to better understand the θ motor and pin-insertion motor.
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Figure 4.1: The implemented x− y − θ actuator and the roles of four motors.

The x−y−θ actuator actuates a finger with three steps. In the first step, it attaches itself
to a finger by inserting pins to the fingers. Then, it translates and rotates the attached finger
to the position calculated by the faster robust caging algorithm. After that, the x − y − θ
actuator detach itself from the upper part of the finger and finish the actuation. Readers
may review Fig.1.2 to recall this procedure. Fig.4.2 shows the details of one distributed
finger. It involves a prismatic module which stretches fingers down and a nail module which
will be inserted into the bottom of target objects.

Figure 4.2: The implemented one distributed finger.

Since there are not enough room to install a manipulator shown in the left part of
Fig.4.1 and Fig.4.2 to move this end-effector, I use some tricks to test the performance of
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my algorithm. Rather than moving the end-effector, I install a sliding plate under the end-
effector and move the sliding plate instead. The lower-left dialog box of Fig.4.3 shows the
sliding plate. At the corners of this sliding plate, four markers are installed to help calibrate
perception devices which are installed on the top. The perception devices involve a KINECT
and a Swiss Ranger, they are emphasized in the upper-left dialog box of Fig.4.3.

Figure 4.3: The sliding plate and the perception devices.

The right dialog box of Fig.4.3 shows an action where the distributed end-effector cages
a cylindrical target object. Note that in this application I use some dummy fingers instead
of the complete version shown in Fig.4.2. These dummy fingers have the same mechanical
structure as Fig.4.2 except that they are not equipped with motors. These dummy fingers
save costs of our implementation as well as being enough to demonstrate the faster caging
algorithm.

4.1.1.2 Software integration

In the lower level, the end-effector is controlled by a AVR Atmega2560 micro-controller
which can perform basic commands from computers. On the one hand, the micro-controller
encapsulates low-level controls like proportional-integral-derivative algorithms and deals with
the low-level protocols like formats of encoder data. On the other hand, it receives commands
from computers through serial communications and interrupts and controls motors according
to those commands.

In the higher level, the end-effector is controlled by MATLAB2011b running on a Mac-
Book. Fig.4.4 shows the MATLAB interface of the high-level controller and its relationship
with the low-level micro-controller.
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Figure 4.4: Connections between the high-level computer and the low-level micro-controller.

It can be seen from Fig.4.4 that the high-level computer performs the following tasks
consequently. (1) Processing the information collected from perception devices. This task is
shown by the orange boxes and the green box in Fig.4.4. (2) Calculating an optimized caging
formation. This task is shown by the blue box in Fig.4.4. (3) Calibrating the perception
devices. This task is shown by the purple box in Fig.4.4. (4) Planning actuation paths
of each finger. This task is shown by the yellow box in Fig.4.4. After that, the high-level
computer encode the results of those tasks into commands and send the commands the
micro-controller through serial communication. This is shown by the cyan box (command
panel) in Fig.4.4. The micro-controller actuates the motors on the end-effector according to
the received command to perform caging.
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4.1.2 Demonstration and analysis
We have reviewed the hardware implementation and software integration in foregoing texts.
Next, it is time to see the results of the faster robust caging algorithm. We will see two
topics in this sub-section. One is comparison between KINECT and Swiss Ranger and the
other one is the demonstration with different convex objects.

4.1.2.1 Comparison between KINECT and Swiss Ranger

I tested two different perception devices, namely the KINECT and the Swiss Ranger. The
two perception devices have different precisions so that we can better see the robustness of
the faster robust caging algorithm.

KINECT and Swiss Ranger represent two different types of depth cameras. The KINECT
calculates the offset of the dot patterns from their factory calibrated ideal positions. Depth
of a certain point is evaluated by the offset. The KINECT camera is composed of an IR
source, an IR camera and a RGB camera. Its resolution is 640 × 480. The Swiss Ranger
measures changes in the light phase at each image sensor signal. The phase difference divided
by period length indicates a portion of maximum measurement, namely the depth value. The
Swiss Ranger is composed of a light source and an image sensor. Its resolution is 176× 144.
Although the Swiss Ranger is lower in resolution, it is higher in precision and of course higher
in price.

Precision of the depth camera, especially the KINECT camera, depends on its distance
to the scenarios. Therefore, I install the two cameras to four different positions to compare
their precisions. The four different positions are shown in the upper-left part of Fig.4.5.
I measure the distance between two markers shown in the upper-right part of Fig.4.5 and
compare the measured results with ground truth value. Groundtruth value of the distance
between markers is 510mm. However, the measured results differ conspicuously. They are
shown in the lower bar-graph of Fig.4.5.

The Swiss Ranger has relative higher precision. Its error is less than 10mm. The
KINECT, however, is much worse and introduces an error of nearly 50mm. The preci-
sion of devices introduces limitation to their caging applications. By comparing the caging
regions of objects in Fig.??, we can roughly have a reference value that the robustness of
caging is about 1

10
of object diameter 1. Note that this is a rough value. It cannot be used to

evaluate robustness but it can be used to check whether the perception devices are suitable
to some caging applications. The Swiss Ranger is potentially fine to work with objects with
target objects whose diameters are no less than 100mm. The KINECT is much worse. It
may fail to work as a suitable perception device unless the diameter of target objects are
larger than 500mm.

Fig.4.6 shows the results with the cylinder object shown in Fig.??. The diameter of this
cylinder object is 100mm and the height of this cylinder object is 50mm. The caging results
at those four different heights in the upper-left part of Fig.4.5 are shown in Fig.4.6(a), (b),

1Object diameter can be considered as the diameter of largest outer circle that covers the object
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Figure 4.5: Perception errors of KINECT and Swiss Ranger.

(c) and (d) respectively. Both Swiss Ranger and KINECT are involved at each height. The
ideal caging results, namely the caging results calculated with perfect shape and position
information, are rendered in red while the caging results calculated with cloud points from
the perception devices are rendered in green. The Swiss Ranger, especially when its height
is higher than H2=1100mm, is robust enough to our faster robust caging algorithm. On the
contrary, the KINECT fails due to dramatic offset.

4.1.2.2 Demonstration with various target objects

This part is in publishing.

4.2 Caging on Multi-robot Co-operative
Transporation

This part is in publishing.
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Figure 4.6: Comparing the caging results of different devices.

4.2.1 Simulation
This part is in publishing.

4.2.1.1 Transportation by formations control

4.2.1.2 Choosing proper robot number

4.2.1.3 Software integration

4.2.1.4 Formation control

4.2.1.5 Robustness to perception uncertainty





Part III

Caging in Cfrm and Its Applications
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Chapter 5

Caging in The Configuration Space of
Fingers

5.1 Changing From Cobj to Cfrm

The simulations and real-world applications in second part of this thesis shows that perfor-
mance of the faster robust caging algorithm in Cobj is satisfying. However, it suffers from a
fatal drawback. Say, it can only be applicable to convex objects. How can we extend it to
many other objects? In order to solve this problem, we need to recall how our faster robust
caging algorithm in Cobj became limited to convex objects. The answer involves many fun-
damental techniques of the faster robust caging algorithm, for instance, Ac, immobilization
optimization and translational caging. That means if we would like to extend the algorithm
to various other objects, the whole algorithm should be redesigned. We should no longer
employ immobilization optimization and no longer employ translational caging. That is
difficult in Cobj and therefore in the third part of this thesis, I re-consider the algorithm in
the configuration space of finger formation. This configuration space of finger
formation will be denoted by Cfrm. I will show the details of it and the new algorithm in
following contexts.

5.1.1 Consider a different center
I introduced Cobj in section 2.1.2 when discussing about immobilization. In Cobj, the target
object becomes a 3D point while the fingers becomes 3D obstacles. The caging test in Cobj is
actually testing whether a point is enclosed by obstacles. During this procedure, the target
object is the center of planning and the configuration space encodes the position and
orientation of the target object.

We can consider the center in a reverse way. Recall that there are two conditions for a
caging test problem. I introduced it in the beginning of section 3.1. One condition is the
center of Cobj, namely the target object. The other condition is the positions of fingers. Can
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we take the position of fingers as the center and build a space that encodes these positions?
The answer is positive. Fig.5.1 illustrates this reverse consideration.

When target object is the center, caging test means to see if the target object can escape
from the formation of fingers. Fig.5.1(a) illustrates this idea. The correspondent configura-
tion space Cobj is a three-dimensional R2 × S space. When the positions of fingers are the
center, caging test means to see if the formation of fingers can escape, or go through, the
target object. Fig.5.1(b) illustrates this idea. The correspondent configuration space is a
2nf -dimensional R2×R2× . . .×R2 = R2nf space where nf is number of fingers. I name this
space Cfgr to emphasize its difference from Cfrm.

Figure 5.1: Comparison of different centers.

The bad news of taking positions of fingers as the center of consideration is it suffers from
curse of dimensionality. As we can see from Fig.5.1, the dimension could be as high as R2nf

with 2nf fingers. This makes it difficult to model the obstacles in this space. Works like Ro-
driguez [Rodriguez et al., 2011] and Pippattanasomporn [Pipattanasomporn and Sudsang, 2011]
are based on exploration of this space. However, they either take the space as a topological
space which cannot be modeled or reduce the number of fingers nf into 2 for easier anal-
ysis. That is not satisfying. There are two strategies to deal with the high dimensionality
of Cfgr. One is to consider some techniques in other research fields that can work in high-
dimension spaces. Probabilistic approaches in the research field of robotic motion planning
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provides such kinds of techniques. These techniques involve but are not limited to Prob-
abilistic Roadmap Method (PRM) [Kavraki et al., 1996] and Rapidly-Exploring Random
Trees (RRT) [Lavalle and Kuffner, 2000]. Unfortunately, these techniques only guarantee
weak probabilistic completeness ([Choset et al., 2005], pp.242�-246). Caging requires an ob-
ject to be completely constrained by fingers. It should be depend on a certain probability.
Therefore, this is not the best strategy. Another strategy is to reduce the dimension of R2nf .
I will take the second strategy and show the details in the next subsection.

5.1.2 The configuration space of finger formation
Let us review caging in Fig.5.1(b). When positions of fingers are the center of consideration,
caging means the formation formed by the fingers cannot escape from target objects. That
is to say, we do not need to consider the positions of every fingers. The positions of the
formation and its orientation is enough for caging test. This conclusion reduces R2nf into
a three-dimensional space. This space is different from both Cobj and Cfgr. I name it Cfrm

to indicate the difference. Fig.5.2 illustrates this Cfrm space. The planar two dimension of
Cfrm denote the position of f1 and the third dimension of Cfrm denotes the orientation of the
whole formation. Consequently, a point in Cfrm represents the position and orientation of a
fixed finger formation in work space.

Figure 5.2: The configuration space of finger formation.

Unlike Cobj, the obstacle in Cfrm has no correspondence in W space. Take Fig.5.3(a) for
instance. The obstacle in Cfrm is a compact set of configurations at which the formation
collide with target objects. It does not correspond to a single finger like Fi but correspond
to a whole formation. Caging means that (1) the formation does not collide with the target
object and (2) the formation cannot go to an infinite configuration without colliding with
the target object. In the Cfrm, caging correspond to some caging sub-spaces. If a formation
is at a configuration inside these caging sub-spaces, it fulfills the two conditions since (1)
the caging sub-space is free and it is not obstructed and (2) current configuration cannot
be connected to an infinite configuration unless it collides with the obstacles. Fig.5.3(b)
illustrates a caging status and an caging sub-space. The caging sub-space in Cfrm is like the
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caging sub-space in Cobj. They do have certain relations. I will show their relations later
after finishing solving the caging problems.

Figure 5.3: Caging in the configuration space of finger formation.

Cfrm has low dimensionality which makes it possible to be modeled. However, since the
Cfrm only encodes position and orientation of the whole formation, one modeled Cfrm only
corresponds to one finger formation. If the relative positions of fingers in a formation changes,
the Cfrm becomes totally different and we have remodel those caging sub-spaces and obstacles
following Fig.5.3. That is a boring task. Moreover, when the target object changes, the
obstacles should also be remodeled because checking whether formation and target objects
collides depends on both finger formation and the shape of target objects. How to decouple
the connection between Cfrm and finger formation and decouple the connection between Cfrm

and obstacles become the bottleneck. I will start discussing these details from section 5.2.
Before that, let us define the symbols that will be used in Cfrm and compare Cobj and Cfrm.

The symbols that will be used in Cfrm are as following.

W Work space. This is the same as Cobj.
ωi A discretized grid of W space. Since W space is 2D, this grid can be represented

by a coordinate (ωix , ωiy) when granularity of discretization is small enough.
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O The target object in W space. This is the same as Cobj.
fi A point finger in W space. This is the same as Cobj. The fi has two coordinate

elements {fix , fiy}. Mathematically, fi = ωi when granularity of discretization is
small enough. They both denote a position in 2D plane.

F A formation of fingers in W space. It is a set of W space point finger F = {fi =
{fix , fiy}|i = 1, 2, . . . , nf}.

Cfrm The configuration space of finger formation.
qfrm qfrm is a configuration in Cfrm. Since we have reduced the high dimensional Cfgr into

three-dimensional Cfrm, qfrm = {qfrm
x , qfrm

y , qfrm
θ } where the first two items denote the

position of f1, namely qfrm
x = f1x and qfrm

y = f1y . and the last item denotes the
orientation of the formation.

F[qfrm] F[qfrm] denotes a finger formation F at configuration qfrm. Mathematically, it
represents a set of 2D positions in W space occupied by F. For example, when
F = {fi = {fix , fiy}|i = 1, 2, . . . , nf}, F[qfrm] = {R(qfrm

θ ) · {fjx − f1x + qfrm
x , fjy −

f1y + qfrm
y , 1}|1 < j ≤ nf}. Note that this expression should be performed in with

homogeneous coordinates with an augmented “1” at the end of {fjx−f1x+qfrm
x , fjy−

f1y + qfrm
y }, namely {fjx − f1x + qfrm

x , fjy − f1y + qfrm
y , 1} The rotation matrix R(θ)

follows the same definition as section 3.1.
Cfrm

otl The obstacles in Cfrm. Mathematically, it is some sub-spaces/compact sets of con-
figurations qfrm where F[qfrm] ∩ O ̸= ∅.

Cfrm
free All free sub-spaces in Cfrm. Mathematically, it is the complementary space of Cfrm

otl .
Namely Cfrm

free = Cfrm \ Cfrm
otl .

Readers may compare these notations with those defined in section 3.1 for comparison of
Cfrm and Cobj. Recall that caging in Cfrm means two conditions and we can now express the
two conditions formally with the defined notations alike the expression in Cobj. When caging
is achieved, Cfrm

free is divided into several disconnected sub-spaces. Most of the sub-spaces are
enclosed by obstacles. The caging sub-space in Fig.5.3 is one enclosed example. However, it
is a special case since it is the only caging sub-space. Generally, there would be always more
than one caging sub-space. I denote these caging sub-spaces by Cfrm

fc =
u∪

i=1

Cfrm
fci

in accordance

with the caging sub-spaces in Cobj. Note that Cfrm is inherently different from Cobj. object is
convex, umay be still larger than 1. One other disconnected sub-spaces is the complementary
of Cfrm

fc which can be denoted by Cfrm
ff . In summary, Cfrm

free = Cfrm
fc ∪ Cfrm

ff = (
u∪

i=1

Cfrm
fci

) ∪ Cfrm
ff ,

Cfrm
fc ∩ Cfrm

ff = ∅. Whether O can be caged by a finger formation F can be validated by the
following expression.

(Cfrm
free = (

u∪
i=1

Cfrm
fci ) ∪ C

frm
ff ) ∧ (qfrm

0 ∈ Cfrm
fck ) ∧ (|Cfrm

fck | > 1), 1 ≤ k ≤ u (5.1)
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This expression is nearly the same as expression (3.1). |Cfrm
fck
| means the cardinality of

Cfrm
fck

. When |Cfrm
fck
| > 1, the target object is either in the state of caging or in the state of

contact caging. When |Cfrm
fck
| = 1, the target object is in the state of immobilization. Note

that qfrm
0 in expression (5.1) is the initial configuration of F. It is not the initial configuration

of O.
Everything seems to be following the same rule as Cobj. Unfortunately, we encounter

the bottleneck when trying to model and calculate Cfrm
fc . Recall Fig.3.1 and Fig.3.2. We

can model Fi in Cobj with wireframe modeling since there are correspondence between each
layer of Fi and orientation of the target object. We only need to consider one position,
name the position fi. In contrast, there is no correspondence between each layer of Cobj

otl and
orientation of the formation. That is because not only the orientation but also the position of
the formation may change during collision with a target object. Fig.5.4 shows the bottleneck.
I propose to solve this bottleneck with a space mapping technique widely used in motion
planning. It belongs to solid modeling and it has the advantage of decoupling from specific
shapes of targe objects. Let us view its details in the next few sections.

Figure 5.4: Cfrm
otl is difficult to be modeled with wireframe modeling.

5.2 Space Mapping
This part is in publishing.
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5.2.1 W-C vertex mapping and W-C edge mapping

5.2.2 Space mapping for caging test
5.2.2.1 From motion planning to caging test

5.2.2.2 The mapping algorithm and analysis

5.3 Further Improvements
5.3.1 Improve space mapping by shifting

5.3.2 Caging test with the improved space mapping
5.3.2.1 Algorithm flow and analysis

5.3.2.2 Implementation with three representative finger formations

5.4 Robustness of Caging in Cfrm

5.4.1 Quality function and the robust caging algorithm

5.4.2 Implementations and analysis
5.4.2.1 Performance with object O1 of Fig.??

5.4.2.2 Performance on other objects

5.4.2.3 Grasping by caging
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Chapter 6

Applications II – Hand Design

Caging can offer robustness to uncertainties in grasping. If a robotic hand is designed based
on the idea of caging, it would probably work well with noisy perception devices and low-
quality control. In this chapter we will see an application which design ands implements a
gripping hand based on the caging algorithm in Cfrm. The gripping hand is concise and offers
a low-cost alternative to co-operate with noisy data and low-quality control. This chapter
includes two sections. In the design section, I will show how I successfully simplify the
number of actuators into one by quantitatively analyzing finger formations with caging tests
conducted on both random objects and objects from MPEG-7 shape database. Following the
simplified one-actuator design I will in the implementation section show the implementation
and demonstration of a gripping hand by modifying a SCHUNK RH707 gripper and carried
out experiments with a manipulator built on the Neuronics Katana arm. The one-actuator
gripping hand could work with the Swiss Ranger and both convex and concave objects. It
demonstrates the merits of caging, especially the advantages of caging in Cfrm over Cobj.

6.1 Designing a Gripping Hand by Using Caging
Although lots of theories have been developed in the research field of manipulation and grasp-
ing. These theories involve not only some of the previously discussed topics like form/force
closure, caging and their optimization but also some of undisclosed topics like enveloping
[Trinkle et al., 1988]. However, a large gap exists between these theories and real-world de-
signs and applications. For example, robotic hand dimensions and finger numbers are neither
designed according to mathematical formulae of form/force closure nor designed according to
perception devices. They are, in most cases, decided by (1) purpose of usage, (2) biomimetic
study or (3) mechanical constraints and empirical experiences. In this part, I propose the
design a gripping hand according to the theory of caging. The hand has only one actuator.
It is concise, low-cost and owns all merits from caging (like robustness to uncertainties).
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6.1.1 Retrospecting the hand design
Firstly, let us retrospect the contemporary works of hand design. There are two problems
regarding the design of a robotic hand. The first problem is its complexity. Let us com-
pare the following three representative examples — (a) The Schunk JGZ industrial gripper
[SCHUNK, 2013], (b) the Barrett Hand [Barrett Technology, 2013] and (c) the Robonaut
Hand [Bridgwater et al., 2012]. Note that there are many alike candidates whereas I take
these three for instance. The three hands differ significantly in DoFs (Degree of Freedoms),
actuation types and purpose of usage. The JGZ gripper has one DoF. It is fully actuated
and designed for industrial usage. The Barrett Hand has four DoFs. It is under-actuated
and designed to manipulate versatile objects. The Robonaut Hand has twelve DoFs which
mimics a human hand. It is dexterous and designed for tele-operation. These hands are
designed either according to their usage, biomimetic study or empirical experiences. Com-
paring with the design strategies of these hands, I would like to take into account of caging
and design a hand that is both high in generality and low in DoFs.

Design belongs to the mechanism aspect discussed in the beginning of this thesis.
But we do need to take into account both sensing and mechanics as well. Reference
[Pollard, 2010] offers a good summary of hand design and the most related works to my
case are [Zhang and Goldberg, 2001], [Dollar and Howe, 2010] and [Hammond et al., 2012].
Robotic hands in these works are designed according to “constraining” models. Specially,
the SDM hand presented in [Dollar and Howe, 2010] follows principles of enveloping
[Trinkle et al., 1988][Dollar and Howe, 2005] and won great success in grasping in unstruc-
tured environments. [Hammond et al., 2012] discusses in detail how to reduce motor number
and designs an under-actuated robotic hand. Like these works, I also simplify and design
our gripping hand based on a “constraining” model. The “constraining” model is caging.
By performing caging tests on random objects and objects from MPEG-7 shape data base
libraries, I find an optimized actuator and finger setting that have highest successful caging
rate. The optimized actuator and finger setting help to reduce the number of actuators into
one. At the same time, it owns all merits from caging and endows us the potential to perform
safe and robust grasping.

The second problem is integration with perception devices. We have reviewed the popular
works that detect objects and synthesize grasping in section 3.3.3.2. In all the techniques and
devices employed by those works, database matching is effective in grasping known objects
but it is not as satisfying with unmodeled targets. RGB camera is affordable and applied to
many industrial systems. However it suffers a lot from unstructured environments. Depth
sensors can be summarized into two categories, namely scanners and rangers. Scanners have
high precision as well as high costs. Rangers are much cheaper. Examples of rangers involve
the ToF-based (Time of Flight) Swiss Ranger or structure light-based KINECT. These two
devices were discussed in detail in section 4.1.2.1. With the help of caging, the hand is
expected to work with the Swiss Ranger. Noises of the Swiss Ranger are +/-10mm in depth
and +/-7mm in horizontal plane. I believe if the hand could work with the Swiss Ranger, it
is suitable to most applications.
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6.1.2 A basic design based on qualitative analysis
There are some design candidates that are in well accordance with the caging theory. In
section 2.2 we have known that the number of fingers that are sufficient to cage an
object in ndim space is ndim + 1 to 2ndim. That is to say, we should install at least 2×2
= 4 fingers to cage any 2D shape. It is true that the performance becomes better if there
are more fingers. However, I prefer the least number 4 since I would like to reduce the
complexity as much as possible.

After deciding the number of fingers, the remaining problem is how to install the four
fingers and how to actuate them. One example is the distributed end-effector discussed in the
first subsection of Chapter 4. In that design, fingers are attached, actuated and detached
sequentially by the single x-y-θ actuator and only three motors are required. Although
the design lowers system cost, it introduces a time-consuming attaching-actuating-detaching
procedure which slows down operation. Unlike that design, I will in this part consider the
installation of actuators by quantitative evaluation with caging algorithms.

Fig.6.1 shows the candidate installations of actuators. Note that I do not consider the
shapes of fingers here and they are therefore rendered as simply poles. The first candidate,
Fig.6.1(a), is the most intuitive installation. It endows distributed control to each finger and
requires as many as eight actuators. The distributed end-effector is actually a variation of
it. The last candidate, Fig.6.1(d), drives four fingers simultaneously. It requires only one
actuator and the SDM hand [Dollar and Howe, 2010] follows its principle. The last candidate
fully ensure equal inter-finger distances which adds strong bias to rotational constraints
(recall section 3.3.1). However, it has no flexibility for translational caging. The SDM
hand solved this inflexibility problem by fabricating delicate under-actuated fingers (say,
delicate shapes of fingers). In our case which aims at a concise “gripping” hand, or namely
a hand with pole-like fingers, Fig.6.1(b) and Fig.6.1(c) are better choices.

The difference between Fig.6.1(b) and Fig.6.1(c) are their levels of biases towards equal
inter-finger distances. Fig.6.1(b) has higher flexibility in position control and it holds more
bias towards translational caging. Nevertheless, three actuators complicate the gripping
system. I prefer choosing the two-actuator candidate Fig.6.1(c) as the basic design. Fig.6.2
shows in detail of how this basic design works. Each actuator in this installation drives two
pairs of fingers and either caging or grasping by caging can be performed by this design.

The basic design is based on qualitative analysis. We would like find some quantitative
supports to demonstrate its advantages. In the next section, we will quantitatively analyze
this basic design with the caging algorithm in Cfrm and various objects and see if it has high
successful rates in caging. If the basic design has high successful caging rates, it is considered
to be a satisfying candidate to manipulation with caging and inherits the merits of caging
with the help of caging or grasping by caging algorithms.
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Figure 6.1: Four candidate installations of actuators.

Figure 6.2: The basic design and one of its caging or grasping by caging procedure.
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6.1.3 Quantitative analysis of the basic design
6.1.3.1 Objects for quantitative analysis

In order to find some quantitative supports for the basic design, I employ an object generator
to randomly generate some shapes and quantitatively evaluate the performance of the basic
design with these shapes and caging tests.

It is difficult for a random generator to cover any 2D shapes but we try to enlarge its
coverage as much as possible. This is done by setting a parameter ns, namely the number
of sectors. See bold segments in Fig.6.3(a) for details. The object generator generates
random shapes inside a background circle decided by different ns parameters. The figures in
in Fig.6.3(b) exemplify some randomized objects. Three groups of randomized objects are
generated according to different parameter settings. Readers may refer to Alg.1 to better
understand the roles of ns. The algorithm randomize a position along radial direction at
each sector. This position is saved as one vertex of the target object. Final list of target
object vertice indices are returned as Pbdry.

Figure 6.3: The random object generator.

This object generator is subject to the following limitations. (1) It cannot generate
shapes with inner holes. This limitation is acceptable since I would like to constrain the
caging into squeezing caging. (2) It may require thousands of randomization before reaching
a convincing conclusion. In order to conquer the second limitation, we generate objects
by three groups. Each group is randomized according to different ns. Their details are as
following. Group (a): ns=16. We expect the random shapes generated in this group may
be either smooth (small probability) or with sharp prostrusion (high probability). Shapes
in this group should be, in most cases, easy to be caged owing to their protrusions. Group
(b): ns=8. The random shapes generated in this group has higher bias towards smooth
objects and general polytopes while have less bias towards protrusion. We expect that shapes
in this group become more difficult to be caged comparing with Group (a). Group (c):
ns=4. The random shapes in this group help to fill up the loss of Group(a) and Group
(b). For instance, it has high probability of generating quadrilaterals and trilaterals which
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Algorithm 1: The random object generator
Data: ns
Result: Pbdry

1 begin
2 Pbdry ← ∅
3 for i ∈ {0 : na} do
4 /*Randomly select a position along radial direction*/
5 pi ←randomize a number between 0 and 9
6 Pbdry ← Pbdry

∩
pi

7 end
8 return Pbdry
9 end

are hardly generated in Group(a) and Group(b). Shapes in Group (c) should be easier
to be caged comparing with Group (b) as their inner angles become sharper. We expect
that comparing with a single-group generator, generating shapes by these three groups with
different parameter settings could offer convincing conclusions with fewer randomizations.

Besides the random object generator, I further evaluate the performance of the basic
design with objects extracted from the MPEG-7 shape library (see Fig.6.4). Shapes in the
MPEG-7 library are based on real-world objects, they are more realistic comparing with our
random generator. These objects can further confirm the performance of our basic design.

Figure 6.4: Some objects from the MPEG-7 shape library.

In total, we perform caging tests on 1000 shapes from Group (a), 1000 shapes from Group
(b), 1000 shapes from Group (c) and 1100 shapes from the MPEG-7 shape library.

6.1.3.2 Results and analysis

The caging test algorithm in Cfrm is limited to one finger formation and one object. It is not
applicable to testing the performance of a hand which could form into infinite number of
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formations. I propose to solve this problem by defining 20 candidate formations and assume
these 20 formations could be representative and cover the infinite number of cases. Fig.6.5
shows the 20 formations. It involves five columns of pair 1 and pair 2 along x axis and four
rows of pair 3 and pair 4 along y axis. Readers may refer to the texts in Fig.6.2 to recall the
pairs 1, 2, 3 and 4. Note that since x and y axes of the basic design are symmetric, 5 columns
× 4 rows complements 4 rows × 5 columns. In this way, using 5×4=20 formations is more
efficient than using symmetric multiplications like 5×5 or 4×4. Note that the background of
the object generator is illustrated together with the finger positions in Fig.6.5(b). Readers
may compare the dimensions of the twenty formations and the size of randomly generated
objects by referring to it.

Figure 6.5: The 20 representative finger formations of the basic design.

I quantitatively evaluate the 20 formations of the basic design with the 3000 random
objects and 1100 MPEG-7 shapes and the caging test algorithm in Cfrm. That is to say, we
carry out (1000+1000+1000+1100)*20 = 82000 caging tests. This is possible owning to the
rapidness and completeness of improved space mapping. Readers may review section 5.3.2.1
to recall the details of caging test in Cfrm.

Fig.6.6(a) shows the total successful caging rate of the 20 formations. In this result, if an
object can be caged by any of the 20 formation, then the basic design is assumed to be able
to cage that object. The result here is obtained by setting ng=150×150, m=72, τrngr=25
and τrngr=+∞.

The result indicates that the basic design can cage objects with more than 90% successful
rate and we can draw a conclusion that most “normal” objects, either they have convex,
concave or smooth boundaries, can be caged by the basic design. Exceptions are those tiny
or thin cases shown in Fig.6.6(b). The basic design is not suitable to cage those objects.
Actually, those objects are not suitable for general caging. An intuitive example is caging
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an eel in fishing. Eels cannot be captured by general fishing net and fish men use special net
to �cage� them.

Figure 6.6: The total successful caging rate and two examples of failure.

Note that the objects from MPEG-7 shape library is resized to fit into the background
of random object generator. That means the objects from MPEG-7 library cannot be too
small. That could be the reason why they can always be caged with 100% successful rate.
Objects from our random generator are harder to be caged comparing with MPEG-7 shapes.

More than 90% is quantitatively good performance. However, I wonder if it can be further
simplified. Dollar’s SDM hand has only one motor, whereas the basic design requires two. In
the next section I will further analyze the total successful rate and check if the basic design
can be further simplified.

6.1.3.3 Further simplification

The results in Fig.Fig.6.6(a) are the total rates of 20 formations. In another word, the basic
design is considered to be able to cage an object as long as a single one from the 20 formation
can cage it. This is reasonable as the basic design has two actuators and can be actuated
into any of the 20 formations.

If we would like to further simplify the basic design, the most intuitive way is to to delete
one actuator. However, deleting one actuator changes the 20 formations. For example, when
the x-actuator, namely the red one in Fig.6.2, is deleted, the basic design can no longer be
actuated from one column to another. That means the 5×4 = 20 formations become a single
column of 4 formations. When the y-actuator, namely the green one in Fig.6.2, is deleted,
the basic design can no longer be actuated from one row to another. That means the 5×4
= 20 formations become a single row of 5 formations.

Suppose we delete the y-actuator for simplification. Note that deleting the x-actuator
works in the same way as x axis and y axis are symmetric. Here I delete y because we dis-
cretized the formations into 5×4. Deleting the actuator along y direction leaves 5 formations
along x direction. The resolution is larger. If it were 4×5, it would be a better choice to
delete the actuator along x direction. After deleting the y-actuator, the basic design can
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no longer be actuated from one row to another and we can only keep a single row. In that
case, the designing problem becomes which row should we retain to ensure high successful
caging rates. This problem could be solved by further analyzing the total successful rate
in Fig.6.6(a). Fig.6.7 shows the further analysis of Fig.6.6(a). In this figure, the decom-
posed rates of total results are illustrated. Successful caging rates of each row are shown
respectively in the left part. They indicate the successful caging rates of each row of the 20
formations on the three random groups and each row is rendered with different color bars.
The right figure is a copy of the left part of Fig.6.6(a) for easy comparison.

Figure 6.7: The successful caging rates of each row.

As is denoted in Fig.6.7, the third row of formations, namely the row with �cyan� color,
has highest successful caging rates. It is also the key row of the 20 formations. Readers can
compare successful caging rates of the “cyan” bars with total successful caging rates in the
left part of Fig.6.7 for better comprehension. Successful rates of the “cyan” row on the three
groups of random objects, namely the “cyan” bar in the left part of Fig.6.7, are nearly the
same as the total successful rates of all 20 formations. That is to say, the randomized
shapes are mainly caged by finger formations in the “cyan” row and we can
delete the other rows without much loss of successful rates.

Consequently, we can get the following simplification rule. The basic design can be
further simplified by fixing one actuator without much loss of successful caging
rates. The inter-finger distance of the fixed actuator should be around the “cyan”
row. Fig.6.8 shows the idea. After simplification, only the actuator along x axis remains.

Let us retrospect this simplified design and compare it with Fig.6.1(d). They both have
only one actuator. But is the simplified design really better? A confirming conclusion can be
drawn by deeper review of Fig.6.8. Fig.6.9 shows in depth the deeper details of the analysis
in Fig.6.7. In this figure, not only the successful caging rates of each row but also the
successful caging rates of each formation are illustrated. The finger formation with higher
successful caging rates have larger circle sizes. Successful caging rates of the simplified design
are roughly the sum of “cyan” circles. I use the word “roughly” because there is redundancy
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Figure 6.8: Further simplification of the basic design.

in addition. This is a rough analysis. In contrast, successful caging rates of the design in
Fig.6.1(d) is roughly the sum of diagonal circles. Note that like the simplified design, there
is redundancy in addition. The simplified design has larger sum of circle sizes and higher
successful caging rate. Therefore, it is indeed a better design comparing with Fig.6.1(d).

Figure 6.9: Comparison of the simplified design and the design in Fig.6.1(d).

6.2 Implementation of the Design
This part is in publishing.
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Chapter 7

In-depth analysis of Cobj and Cfrm

7.1 The Relationship Between Cobj and Cfrm

We have explored the caging problem in two spaces. The first one is the configuration space
of target object, namely Cobj. The second one is the configuration space of finger formation
Cfrm. These two spaces are actually equal to each other with a linear transformation. Let us
analyze their relationship in this section. The symbols used here are the same as those used
in previous contexts of this thesis.

7.1.1 The expressions of Cobj
otl

In order to compare these two spaces, we discretize Cobj into voxels like Cfrm and express Cobj
otl

and Cfrm
otl as two sets of voxels and compare the relationship between them.

Firstly, I am going to deduce the expressions of Cobj
otl . According to Fig.3.1, we need

to choose a pivot point to build the correspondence between a W space object to a Cobj

configuration. This pivot point can be chosen arbitrarily so that I use the first coordinate of
target object v1x , v1y as the pivot point1. Consequently, the initial configuration of a target
object is qobj

0 = {qobj
0x , q

obj
0y , q

obj
0θ
} = {v1x , v1y , 0θ}. After one counter-clockwise rotation (CCW)

layer, the configuration becomes qobj
1 = {v1x , v1y , 1θ}. Likewise, after one clockwise rotation

layer (CW) the configuration becomes qobj
−1 = {v1x , v1y ,−1θ}.

If we denote all vertices of the target object with V = {{v1x , v1y}, {v2x , v2y}, . . . , {vnvx , vnvy}},
then the ∂O[{v1x, v1y, 0θ}] (see Fig.3.1) can be expressed as following.

T (−v1x ,−v1y )V ={T (−v1x ,−v1y )v1, T
(−v1x ,−v1y )v2, . . . , T

(−v1x ,−v1y )vm}
={v1 − v1, v2 − v1, . . . , vm − v1}

(7.1)

1This is different from the contexts in Chapter 3. That is because in Chapter 3, I chose a pivot point
different from fingers to make clear the illustrations. In contrast, I choose v1x , v1y in this section to make it
coherent with our deduction of Cfrm

otl .
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∂O[{v1x, v1y, 0θ}] = R(0θ)T (−v1x ,−v1y )V
={R(0θ)T (−v1x ,−v1y )v1, R

(0θ)T (−v1x ,−v1y )v2, . . . , R
(0θ)T (−v1x ,−v1y )vnv}

(7.2)

Here, T (δx,δy) means the translation matrix with respect to a shifting pair (δx, δy). The
shifting pair indicates the shift between two grids of W space, namely (δx, δy) = ωi − ωj =
(ωix − ωjx , ωiy − ωjy). T (δx,δy) can be written as a matrix in the following form.

T (δx,δy) = T (ωi−ωj) =

 1 0 ωix − ωjx

0 1 ωiy − ωjy

0 0 1

 (7.3)

The expression (7.1) moves rotation center to the pivot point v1. Then, expression (7.2)
rotates the target object vertices according to its orientation. Since expression (7.2) aims to
express O[{v1x, v1y, 0θ}], the rotation matrix is set to R(0θ). At another layer, say layer 1,
expression (7.2) would become ∂O[{v1x, v1y, 0θ}] = R(1θ)T (−v1x ,−v1y )V.

Based on these expressions and the expressions (3.2), (3.3), (3.4) and (3.6) in Chapter 3,
we can express F1[q

obj
iθ
] as expression (7.4). Note that there is nothing new here. Expression

(7.4) is actually exactly the same as expression (3.6) except that I change ∂O[{f1x , f1y , q
obj
jθ
}]

into the form of vertices.

F1[q
obj
iθ
] = T (f1x,f1y)RπR(iθ)T (−v1x,−v1y)V (7.4)

Consequently, the whole F1 can be expressed as the union of all layers, namely
∪m

i=−mF1[q
obj
iθ
].

Expression (7.5) shows it. Like the relationship between expression (7.4) and expression (3.6),
the expression (7.5) is exactly the same as expression (3.7).

m∪
i=−m

T (f1x,f1y)RπR(iθ)T (−v1x,−v1y)V (7.5)

Likewise, the Fobj
j of any other finger fj is composed of

m∪
i=−m

T (fjx,fjy)RπR(iθ)T (−v1x,−v1y)V, j = 2, 3, . . . ,m (7.6)

In summary, Cobj
otl is the set of voxels enclosed by expression (7.5) and (7.6).

7.1.2 The expressions of Cfrm
otl

Then, let us deduce the expressions of Cfrm
otl . According to Fig.5.2, we denote the configuration

of finger formation by the coordinates of its first finger and the orientation of the whole finger
formation. Therefore, the initial configuration of a finger formation is qfrm

0 = {f1x , f1y , 0θ}.
In accordance with the rules in rotating a target object, after one CCW rotation layer, the
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configuration of finger formation rotates reversely and becomes {f1x , f1y , 1θ}. After one CW
rotation step, it becomes {f1x , f1y ,−1θ}. Like ∂O[{v1x , v1y , 0θ}], the F[{f1x , f1y , 0θ}] can be
expressed by the following two expressions where the first one is to move rotation center to
the first finger position while the second one is to rotate the finger formation according to
its orientation.

T (−f1x ,−f1y )F ={T (−f1x,−f1y)f1, T
(−f1x,−f1y )f2, . . . , T

(−f1x ,−f1y )fnf
}

={f 1 − f 1,f 2 − f 1, . . . ,fnf
− f 1}

(7.7)

F[{f1x , f1y , 0θ}] = R(0θ)T (−f1x ,−f1y)F
={R(0θ)T (−f1x,−f1y)f 1, R

(0θ)T (−f1x ,−f1y )f 2, . . . , R
(0θ)T (−f1x ,−f1y )fnf

}
(7.8)

At another layer, say layer 1, expression (7.8) would become F[{f1x , f1y , 0θ}] = R(1θ)T (−f1x ,−f1y)F.
We can also express Cfrm

otl according to specific fingers. This procedure has been discussed
when we were building the helical pattern in Fig.?? and Fig.??. The first component of Cfrm

otl
involves the configurations (namely voxels) that fulfills the following two conditions. (1) The
formation rotate around finger f 1. (2) When the formation is at those configurations, f 1 in
inside the target object, namely it is inside V. Here the first condition ensures that this com-
ponent is correspondent with f 1 while the second condition ensures that the configurations
belong to Cfrm

otl . This first component can therefore be expressed as following.
m∪

i=−m

V (7.9)

The other components which correspond to the other fingers besides f 1 are a bit compli-
cated. Take a finger f j for example. Like f 1, its correspondent component of Cfrm

otl involves
the configurations that fulfills the following two conditions. (1) The formation rotate around
finger f j. (2) When the formation is at those configurations, f j in inside the target object,
namely it is inside V. The second condition, according to Fig.??, can be converted to the
rotation around f j plus the translation f 1 − f j (It was f 1 − f j + f 1 in Fig.?? because we
only consider the grid that was occupied by f 1.). Therefore, the component that correspond
to a finger f j can be expressed by the following expression.

m∪
i=−m

 1 0
0 1
0 0

R(−iθ)

 f1x − fjx

f1y − fjy

1

V, j = 2, 3, . . . , nf (7.10)

Consequently, Cfrm
otl is the set of voxels enclosed by expression (7.9) and (7.10).

7.1.3 The relationship between Cobj
otl and Cfrm

otl

Now let us compare the relationship between Cobj
otl and Cfrm

otl and make clear their relationship.



CHAPTER 7. IN-DEPTH ANALYSIS OF Cobj AND Cfrm 82

Consider the expression between a layer in Fobj
i and a layer in the first component of

F frm,
m∪

i=−m

T (f1x ,f1y )RπR(iθ)T (−v1x ,−v1y )V and
m∪

i=−m

V (7.11)

They essentially differ with a linear transformation T (f1x ,f1y )RπR(iθ)T (−v1x ,−v1y ). If the
expressions

m∪
i=−m

T (fjx,fjy)RπR(iθ)T (−v1x,−v1y)V, j = 2, 3, . . . ,m

and
m∪

i=−m

 1 0
0 1
0 0

R(−iθ)

 f1x − fjx

f1y − fjy

1

V, j = 2, 3, . . . , nf

(7.12)

share the same difference, we can draw a conclusion that Cobj
otl and Cfrm

otl can be converted in
layer level by a linear transformation T (f1x,f1y)RπR(iθ)T (−v1x,−v1y).

By left-multiplying

 1 0
0 1
0 0

R(−iθ)

 f1x − fjx

f1y − fjy

1

V with the difference T (f1x,f1y)RπR(iθ)T (−v1x,−v1y),

we can get

T (f1x,f1y)RπR(iθ)T (−v1x,−v1y)

 1 0
0 1
0 0

R(−iθ)

 f1x − fjx

f1y − fjy

1

V

=T (f1x,f1y)RπR(iθ)

 1 0
0 1
0 0

R(−iθ)

 f1x − fjx

f1y − fjy

1

T (−v1x,−v1y)V

(7.13)

since

 1 0
0 1
0 0

R(−iθ)

 f1x − fjx

f1y − fjy

1

 is a translation matrix in the form of T (δx, δy) and it is

inter-changeable with T (−v1x ,−v1y ).
Considering that ∀ϕ, ∀δx and ∀δy

RϕT (δx,δy) =

 1
0
0

 0
1
0

Rϕ

 δx
δy
1

Rϕ (7.14)

expression (7.13) becomes
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T (f1x,f1y)RπR(iθ)

 1 0
0 1
0 0

R(−iθ)

 f1x − fjx

f1y − fjy

1

T (−v1x,−v1y)V

=T (f1x,f1y)R(π+iθ)

 1 0
0 1
0 0

R(−iθ)

 f1x − fjx

f1y − fjy

1

T (−v1x,−v1y)V

=T (f1x,f1y)

 1 0
0 1
0 0

R(π+iθ)R(−iθ)

 f1x − fjx

f1y − fjy

1

R(π+iθ)T (−v1x,−v1y)V

=T (f1x,f1y)

 1
0
0

1
0
0
T (fjx−f1x ,fjy−f1y )

 0
0
1

R(π+iθ)T (−v1x ,−v1y )V

(7.15)

Since the first and second column of the translation matrix T (δx, δy) are [1 0 0]′ and
[0 1 0]′ respectively,

T (f1x ,f1y )

 1
0
0

1
0
0
T (fjx−f1x ,fjy−f1y )

 0
0
1

R(π+iθ)T (−v1x ,−v1y )V

=T (f1x ,f1y )

T (fjx−f1x ,fjy−f1y )

 1
0
0

T (fjx−f1x ,fjy−f1y )

 1
0
0

T (fjx−f1x,fjy−f1y)

 0
0
1


R(π+iθ)T (−v1x ,−v1y )V

=T (f1x ,f1y )T (fjx−f1x ,fjy−f1y )R(π+iθ)T (−v1x ,−v1y )V
=T (fjx ,fjy )R(π+iθ)T (−v1x ,−v1y )V
=T (fjx ,fjy )RπR(iθ)T (−v1x ,−v1y )V

(7.16)

The result is exactly the same as expression (7.6) so that we are confirmed that at each
layer Cobj

otl and Cfrm
otl differ with a linear transformation T (f1x ,f1y )RπR(iθ)T (−v1x ,−v1y ). Fig.7.1

graphically illustrates the relationship between layers of the two spaces. The dashed polygon
shape (one slice of Cfrm) in the right part of Fig.7.1 can be converted to the dashed polygon
shape (one slice of Cobj) in the left part of Fig.7.1 by multiplying a linear transformation
matrix T (f1x ,f1y )RπR(iθ)T (−v1x ,−v1y ).

This conclusion indicates that the difference of the two spaces are their metrics which are
essential to caging robustness. In Cobj, our metrics aim to measure the distance from caging
sub-space to free sub-space (see the left part of Fig.7.2). However, due to high computational
cost, the metrics were difficult to be employed explicitly so that I decomposed the constraints
into translational caging together with a rotational component for approximation. In Cfrm,
the metrics become clear and we combine the distances to critical surfaces as the quality
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Figure 7.1: The slices in Cfrm and Cobj can be converted to each other by a linear transfor-
mation.

Figure 7.2: The metrics of the two spaces are essentially different.

function (see the right part Fig.7.2). If we analyze the relationship between the metrics
in these two spaces in detail, it could be in the following form. Note that there is no
transformation along rotational axes, namely the transformation between Cfrm and Cobj are

independent of the rotation. Take a 3-D vector −→uij =

 uix − ujx

uiy − ujy

θi − θj

 in Cfrm for example. A

metric with weighting matrix W in Cfrm can be expressed by

−→uij
′
W−→uij (7.17)

In Cobj, it becomes the following expression.
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  1 0 0
0 1 0
0 0 θi − θj

T (f1x,f1y)RπR(iθ)T (−v1x,−v1y)

 uix − ujx
uiy − ujy

1

 ′

W

  1 0 0
0 1 0
0 0 θi − θj

T (f1x,f1y)RπR(iθ)T (−v1x,−v1y)

 uix − ujx
uiy − ujy

1

 
(7.18)

With the same weighting matrix W , the metrics in these two spaces are quite different
from each other. The metrics heavily relate to the quality functions and the ro-
bustness of caging. From this viewpoint, Cfrm, comparing with Cobj, offers a more
intuitive way to choose satisfying metrics.

7.2 Choosing Proper Algorithms
Now we have explored the caging algorithms to solve the caging test problem and the caging
optimization problem in two spaces. One is the configuration space of target object, namely
Cobj. The other one is the configuration space of finger formation, namely Cobj. Both the two
spaces have some advantages and disadvantages. They can be summarized as Fig.7.3.

Figure 7.3: Comparing the advantages and disadvantages of the algorithms in Cobj and Cfrm.

There are two limitations to the algorithms in Cobj. Firstly, they are limited to convex
objects. Then, some of their parameters like combination of QT and QR and the retraction
of fingers are chosen empirically. However, the algorithms in Cobj are suitable to be used in
fully distributed applications like our distributed end-effector or the multi-robot co-operative
transportation. That is because in these applications, each finger or mobile robot can be
distributedly actuated to any position and there is no apparent eigen-shapes. Their potential
finger formations or mobile robot formations are infinite. It is difficult to recover and update
every Cfrm of those infinite formations. Cobj is therefore more suitable than Cfrm.

Comparing with Cobj, Cfrm is not limited to convex objects. It can be applied to arbitrary
2D objects, including either convex, concave objects or even objects with hollow holes. More-
over, we do not need the empirical parameters like Cobj. The algorithms in Cfrm is complete
to discretization resolution. That is to say, the algorithms can always solve the caging prob-
lems as long as the resolution of grids is high enough. In contrast, the algorithms in Cobj is
not complete since it may fail and reject to cage certain objects due to empirical parameter
settings. However, the algorithms in Cfrm requires us to maintain, say recover and update, a
Cfrm for each finger formation. That means the number of formations is limited. Although
the maintenance time of one Cfrm has been improved greatly by shifting pre-built mapping
structures, the algorithms in Cfrm are most suitable to robotic hands with eigen-shapes or



CHAPTER 7. IN-DEPTH ANALYSIS OF Cobj AND Cfrm 86

robotic hands that can be represented by some pre-defined formations. It cannot cover as
many formations as the algorithms in Cobj.

I proved in the last section that when the orientation is fixed, Cobj
otl and Cfrm

otl can be
converted to each other by a linear transformation. Namely, using Cfrm instead of Cobj is
essentially using different metrics. The metrics heavily relate to the quality functions and
the robustness of caging. From that viewpoint, Cfrm, comparing with Cobj, offers a more
intuitive way to choose satisfying metrics.

At this point, we may have a question like this. How can we choose between them or
can we combine them, preserving the merits and making up the weakness? I maintain that
one may not smoothly combine the algorithms in these two spaces since they are essentially
different in metrics. However, both Cfrm and Cobj have disadvantages and advantages. I
recommend using Cobj and Cfrm separately according to mechanical structure of robots and
tasks. If all capture points are distributed and target objects are convex, I recommend
perform caging planning with the algorithms in Cobj. If capture points are kinematically
constrained or target objects have various shapes, I recommend performing caging planning
with the algorithms in Cfrm. Fig.7.4 shows this idea with concrete illustration.

Figure 7.4: Choosing the proper algorithms according to real applications.
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Chapter 8

Conclusions and Future Works

8.1 Summary of the Contents
This thesis proposes caging planning algorithms by using the configuration space of target
object (Cobj) and the configuration space of finger formation (Cfrm). It concludes that caging
is the loose form of grasping so that it can be used to deal with uncertainty caused by
perception and control. The effectiveness of the algorithms are demonstrated with simulation
and real-world platforms.

The thesis is composed of eight chapters. Besides this 8th chapter, the other 7 chapters
are as following.

Chapter 1 introduces the basic concepts of robotic manipulation and the basic structure
of an end-effector collaboratively developed by me and some students in my group. Along
with the introduction, this chapter explains how I started this research in caging and why I
am confident that caging is promising. This chapter proposes that caging can be used to deal
with uncertainty and can be a good supporting tool for the end-effector. It further defines the
caging test and caging optimization problems and gives an overview of thesis organization.
Specifically, caging test examines whether caging is attained or not while caging optimization
finds a robust finger formation against uncertainty.

Chapter 2 reviews the traditional research topics in grasping closure. It makes clear
that caging is the general form of grasping by connecting caging to such traditional grasping
research topics as force closure, form closure and immobilization based on an intensive review
of contemporary works in grasping closure. In detail, Fig.2.14 visualizes the shift between
caging and traditional concepts in grasping in Cobj.

Chapters 3∼6 propose several algorithms to the caging problems in two different con-
figuration spaces Cobj and Cfrm (Chapter 3 and 5), and apply the algorithms to real robotic
platforms (Chapter 4 and 6). Specifically, Chapter 3 proposes the caging algorithms by
evaluating the regions in which fingers guarantee caging (caging region) based on the re-
implementation of a previous work which aims to find the caging region of a third finger
given a 2D convex target object and two boundary contacts. Then, it explores how to
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push though the limitations of given fingers and extend the algorithms to this proposal to
general cases. The solution is fixing the two boundary contacts alternatively and reducing
the computational complexity of that algorithm by decomposing caging into translational
constraints and rotational constraints. The proposed algorithms solve the caging problems
of 2D convex objects. Their ability to endure uncertainty is demonstrated with simulation
and real-world platforms like the distributed end-effector and multi-robot cooperative trans-
portation in Chapter 4. Chapter 5 explores algorithms in Cfrm instead of Cobj. Since the
center of Cobj is the target object, it is inherently affected by object shapes. Unlike Cobj,
Cfrm is the configuration space of finger formation and is free from the affection of object
shapes. It therefore can be more flexible to various objects, including convex, concave and
even hollow ones. In detail, this chapter firstly compares Cobj and Cfrm. It discusses both
the advantages of Cfrm and the difficulties of implementing caging algorithms in Cfrm and
proposes to overcome the difficulties by introducing the space mapping idea. Raw space
mapping and especially its faster version, the improved space mapping, make it possible to
update the whole space of Cfrm completely and efficiently. Based on the updated Cfrm, the al-
gorithm can quickly find the caging candidates in the updated Cfrm, locate the optimal caging
configuration and solve the caging problems. The caging algorithms in Cfrm are applied to
the design and implementation of a gripping hand in Chapter 6. The algorithms play role in
both design and implementation procedures. During design, the algorithms are employed to
simplify and evaluate deign models. During implementation, the algorithms are employed
to control the hand to cage and grasp objects. The design and implementation demonstrate
advantages of the algorithms.

Chapter 7 explains the relationships of the algorithms and discusses how to select them.
It proves that at different orientations Cfrm is the linear transformation of Cobj. Consequently,
the metrics used in Cfrm and Cobj are different. Both the two tools and their correspondent
algorithms have reasons to exist. They therefore should be treated in parallel and selected
according to requirements of specific applications. The algorithms in Cobj are suitable to fully
distributed capture points but they are limited by object shapes since they are inherently
affected by target objects. In contrast, the algorithms in Cfrm are suitable to any 2D object
shape but they are subject to limited number of finger formations since they are inherently
affected by formations.

8.2 Contributions
The contributions of the thesis can be summarized in Fig.8.1.

As is shown in Fig.8.1, this thesis contributes in theoretical, algorithmic and application
aspects. In theoretical contributions, it initially explains the relationship between caging and
traditional research in grasping closure. Namely, caging is the extension of immobilization.
In algorithmic contributions, it initially uses caging to deal with uncertainty. The thesis on
the one hand proposes some rapid algorithms to deal with caging test while on the other
hand proposes the caging optimization problem and a series of solutions in both Cobj and
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Figure 8.1: Contributions of the thesis.

Cfrm. In application contributions, it applies the algorithms to robotic hands and multi-robot
cooperative transportation. The applications based on the caging algorithms can not only
robustly deal with various uncertainty but also help choose least or proper number of fingers
or mobile robots.

The algorithms in Cobj are limited to convex objects. However, they are suitable to be
used in fully distributed applications like our distributed end-effector or the multi-robot co-
operative transportation. That is because in these applications, each finger or mobile robot
can be distributedly actuated to any position and there is no apparent eigen-shapes. Their
potential finger formations or mobile robot formations are infinite. It is difficult to recover
and update every Cfrm of those infinite formations.

Comparing with Cobj, Cfrm is not limited to convex objects. It can be applied to convex,
concave objects and even objects with hollow holes. However, we have to maintain, say
recover and update, a Cfrm for each finger formation. That means the number of formations
is limited. Although the maintenance time of one Cfrm has been improved greatly by shifting
pre-built mapping structures, it is most suitable to robotic hands with eigen-shapes and it
cannot cover as many formations as the algorithms in Cobj.

Both the algorithms in Cobj and Cfrm have their advantages and disadvantages. They
actually correspond to different solutions of geometric modeling. The algorithm in Cobj

uses wireframe modeling while the algorithm in Cfrm uses solid modeling. Both modeling
technology plays important roles in geometric modeling and either algorithms in Cobj and
Cfrm should exist. I demonstrate their relationship and explain how to choose properly
between them in Chapter 7. Nevertheless, reader may have found that we can also use the
solid modeling technology of Cfrm in Cobj. That is possible. However, that would increase the
cost of evaluating one formation in Cobj, making it lose its advantages. The solid modeling
technology is working efficiently in Cfrm because the formations and grids imply an unique
mapping structure. Simple shifting and addition computation could help recover and update
Cfrm. The center of Cobj is the target object and there is no underlying unique mapping
structure.
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The concepts and algorithms proposed in this thesis can efficiently solve 2D caging prob-
lems in the presence of uncertainty. I believe that caging is a promising tool to deal with
perception and control uncertainty and would like to explore more about this tool in both
theory and application aspects in the future. Some potential future directions can be found
in the following texts.

8.3 Further Development of Caging Algorithms and
Prospective Application Fields

The future work could involve two aspects. One is further development of the caging algo-
rithms. The other is using it to challenge the difficulties caused by uncertainties in robotics.

8.3.1 Further development of caging algorithms
I have repeated lots of times that neither the algorithms in Cfrm nor the algorithms Cobj are
perfect. If one can develop an algorithm that can quickly find an optimized caging with no
limitation in the number of finger formations and the shape of target objects, that would be
an impressive contribution to caging. However, I wonder whether that impressive algorithm
exists with current computers.

Actually, like many researchers in robotics, I believe in data warehouse and cloud com-
puting rather than exact and perfect algorithms. The intelligence of machines should not be
limited to on-board computing, but rely to (1) grid computing and (2) large-scale database.
Of course, the robots based on data warehouse and cloud computing are limited to those
supporting resources. Nevertheless, I believe this solution would succeed. Resources on the
cloud shall one day make robots more intelligent than human beings and of course, solves
caging problems. In the future, giant corporations would run their own supporting data
warehouse and cloud computing resources and offer service to their terminal robots. Robots
would be no more than thin hardware clients. Actually, we can already see some publica-
tions that are working into this direction. In this year’s top conference on robotics, namely
ICRA2013, Ben from Prof. Goldberg’s group at the University of California, Berkeley pub-
lished a robot grasping work by using google object recognition engine [Kehoe et al., 2013].
It is motivating and I will continue tracking their publications to see their ensuing steps.

Another future development of the algorithms is how to deal with 2.5D objects. In this
thesis, all discussion concentrates on 2D objects. We did not discuss about 2.5D or 3D
objects. Actually, the algorithms in Cobj can be extended to 3D objects intuitively. Fig.8.2
illustrates the extension.

Fig.8.2(a) shows the extension of translational caging on 3D object with a simple cylinder
object. I use this simple cylinder because it is more readable comparing with other compli-
cated objects. Given three fingers f1, f2 and f3, the translational caging region of f4 could
be rendered as the intersection of the FF of f1, f2 and f3. This is exactly the same as the
case of calculating the translational caging region of a third finger with 2D objects. Readers
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may compare the shadowed region in Fig.8.2(a) and Fig.?? to understand their similarity.
After calculating the caging region of f4, we can measure the robustness of f4 by referring
to its distance to the boundary of its caging region. The distance of the cylinder object is
shown in Fig.8.2(b). Then, like Fig.??, we can evaluate the robustness of a finger formation
by alternatively fixing adjacent fingers and by recording the smallest robustness of a single
finger. The remaining steps are exactly the same as 2D cases shown in Fig.??. Namely
adding rotational constraints and retract fingers. This extension, of course, is still limited
to convex shapes. I implemented the extension with a regular octahedron. Fig.8.2(c) shows
the result of my implementation. Since regular octahedron is regular, the optimized fingers
locate exactly at the center of each surface. Readers may refer the points and segments
in Fig.8.2(c) for details. Here the points denote point fingers while the segments denotes
surface normals.

Figure 8.2: The algorithms in Cobj can be extended to 3D objects intuitively.

This extension and implementation were neither further explored nor included in the ma-
jor contents of this thesis because I think caging 3D objects with point fingers is impractical.
General robotic hands, even if they are dexterous, can hardly fulfill the kinematic require-
ments of an optimized caging formations. However, discussing about 2.5D objects deserves
efforts. Dealing with 2.5D objects means not only considering about top-view 2D shapes,
but also consider the convexity and concavity of side views. Considering side views requires
installing local sensors onto capture points. Some students in our group are working on that
aspect. They installed infrared sensor arrays to the inner finger surfaces of the distributed
end-effector and measure the shape of target object side views. Considering about side views
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and dealing with 2.5D objects would not only stop target objects from escaping the finger
formation but also stop target objects from “falling out of” the finger formation. Developing
those algorithms would be a promising direction.

8.3.2 Perspective application fields
The second aspect of the future work is to improve the robotic applications which are hin-
dered by the problems caused by uncertainties. An optimized caging offers robustness to
both caging breaking and collision with target objects, and consequently offers robustness
to uncertainties caused by perception and control. I believe that using the caging test and
caging optimization algorithms developed in this thesis would greatly improve those hindered
applications.

One example, which came into my view when I was exploring the problems caused by
uncertainty, is the filed of micro/nano manipulation. When the scale is between 1µm-100µm,
people will name it micro-manipulation. When the scale is lower than 1µm, people name it
nano-manipulation. The manipulation in micro/nano world suffers from lots of uncertainties.
On the one hand, perception in the micro/nano world is quite difficult. There is no existing
method to simultaneously image and manipulate atoms. On the other hand, surface forces
(e.g. electrostatic force, surface tension, van der Waals, casimir, etc) in the micro/nano
world play dominating roles over gravity or inertia forces. It is difficult to model these forces
mathematically. They are uncertain and deteriorate traditional control. Therefore, pure
geometric solution like caging would probably play a promising role.

Like the macro-world applications in this thesis, some of the micro/nano manipulation
systems are fully distributed while others are not. For example, manipulating objects with
optical tweezers or micro-robots usually fall in the first category while manipulating objects
with probe-tips or micro-grippers usually fall into the second category. Here are some works
that relate to these categories. For instance, the bubble robots in [Hu et al., 2011] are ex-
amples of micro-robots. David’s work [Cappelleri et al., 2012] and some earlier work of our
group [Sato, 1996] are examples of probe-tips. The electro-thermally activated cell manipu-
lator [Chronis and Lee, 2005] is an example of micro-manipulation. In the following part, I
would like to discuss in detail about optical tweezers.

Optical tweezers [Grier, 2003][Onda and Arai, 2011] use two highly focused laser beams
to trap very small crystal beads. That is possible owning to the attractive and repulsive
forces caused by optic photons. Each bead can be viewed as a distributed capture point
and researchers use many beads controlled by optical tweezers to co-operatively manipulate
target objects in the micro-world. Like the multi-robot co-operative application in chapter
4, the optical tweezer-based secondary micro-manipulation suffers from uncertainty caused
by formation control. Moreover, since controlling multiple beams requires more laser beams
or more complicated control of spatial real-time modulator to modulate a single beam,
researchers prefer less number of beads. Therefore, I strongly believe caging algorithms
would play important roles in this field.
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Figure 8.3: A typical micro-manipulation system (optical tweezers).

Fig.8.3 illustrates a typical micro-manipulation system. When spatial real-time modula-
tors are employed, the number of formations of beads is usually limited to pre-programmed
modulating patterns. In that case, the caging algorithms in Cfrm is preferable. When spatial
real-time modulators are not employed, independent beads are distributedly controlled by
independent laser beams. In that case, the caging algorithms in Cobj is preferable. I am going
to organize a workshop on “caging and its application in grasping/multi-agent cooperation”
in November, 2013 during the International Conference on Intelligent Robots and Systems
and discuss the possibility of these ideas with some researchers in micro/nano manipulation
fields.

Another example is using caging to deal with in-hand manipulation. In-hand ma-
nipulation means to hold and move an object with one hand. It requires that the ob-
ject should be constrained into the hand while being manipulated. The handle project
[Handle Project, 2013] gives an excellent collection of state-of-the-art researches in this field.

However, state-of-the-art researches in in-hand manipulation aims at the manipulation
of dexterous robotic hands which offer the possibility of rigid analysis of forces and force
closures. In another word, the robots hold and move objects in hand by using forces. Using
forces lead to the major difficulty of in-hand manipulation. That is, the state-of-the-art in-
hand manipulation is hindered by the uncertainty from perception and control. Caging can
be used to deal with uncertainty. Therefore, we have a perspective future research direction
that can we do in-hand manipulation without forces by caging? If that is possible, we can
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not only get merits from avoiding explicit force and control analysis but also do in-hand
manipulation with simple hands [Mason et al., 2012] and reduce platform costs. Caging-
based in-hand manipulation would greatly decrease the cost of deployment and real-world
applications. This is a passionating topic and I am going to study further into this aspect
in my postdoctoral research.

Caging is not only from the idea of bird cage but also from lots of nature creative (see
the Venus flytrap plant[Wikipedia, 2013b]1). I like caging, I believe in caging and I would
like to spread caging to related research and applications. As the last sentence of my thesis,
I would like to re-emphasize the merits of caging – Caging offers robustness to uncertainty.

1Plant suffers from perception/control uncertainty comparing with animals, they employ caging to com-
plement the drawbacks caused by the uncertainty.
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