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Abstract

In this paper we generalize to higher dimensions several types of fermion actions on
the hyperdiamond lattice including a two-parameter class of minimal-doubling fermions
“Creutz fermion” and a simple fermion with sufficient discrete symmetry “BBTW
fermion”. Then it is shown that they possess some properties in common with the
four-dimensional case: BBTW fermions in higher even dimensions inevitably yield
unphysical degrees of freedom. Creutz fermions are defined on the distorted lattices,
and they lose the high discrete symmetry of the original lattices. We also find properties
specific to the higher-dimensional cases. The parameter range for Creutz action to

yield minimal-doubling and physical fermions becomes narrower with the dimension
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getting higher, thus it becomes more and more difficult to realize minimal-doubling. In
addition, we generalize the subspecies of Creutz and BBTW actions including a new

class of minimal-doubling actions “Appended Creutz action”.
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81. Introduction

The relativistic electron system on a two-dimensional honeycomb lattice, graphene,’) has
been attracting a great deal of attention for these several years. From the viewpoint of
lattice field theory, the electron in this system is regarded as a fermion appropriate for the
lattice simulation since it has some desirable properties such as locality, chiral symmetry, the
minimal number of fermion doublings and sufficient discrete symmetry for a good continuum
limit. Among them, the minimal fermion doubling is the most outstanding characteristic in
this fermion. Although there exist only two (or three) light quarks in QCD, one fermion with
chiral symmetry and other common features on a four-dimensional lattice yields massless
fermions of multiple number of two in a continuum limit as a result of Nielsen-Ninomiya’s

29 In addition, the lattice fermions which bypass the no-go theorem such

no-go theorem.
as domain-wall fermion®:® and overlap fermion” satisfying Ginsparg-Wilson relation® de-
mand an expensive numerical task. On the other hand, as the two light quarks, chirality
of the minimal-doubling two fermions have opposite signs. Therefore the chirally symmet-
ric fermion including only minimal number of doublers (two fermions) will be much faster
and more useful in the lattice simulation since the two fermion degrees of freedom can be
directly interpreted as the two light quarks in QCD. In the past, Wilczek? and Karsten'®
proposed the fermion action with the minimal number of doublings called “Karsten-Wilczek
fermion”. However, since this action lacks sufficient discrete symmetry to prohibit relevant
and marginal operators to be generated through quantum corrections, one need fine-tuned
parameters to take a good continuum limit. Therefore, successful construction of the chi-
rally symmetric fermion both with minimal-doubling and the requisite discrete symmetry

has been longed for.

Recently, there have been some attempts to generalize the graphene, which possesses both
the minimal doublers and the sufficient discrete symmetry, to a four-dimensional system and
apply it to the lattice QCD simulation. In these attempts they try to construct Dirac
fermion on a four-dimensional honeycomb lattice, called hyperdiamond lattice, with keeping
the desirable properties.

The naive Dirac fermion on a hyperdiamond lattice was constructed by Bedaque et.
al.™) by defining left and right-handed fermions on the two sublattices respectively. This
“Bedaque-Bachoff-Tiburzi-WalkerLoud (BBTW) fermion” action includes only the nearest
hopping terms and has the sufficient discrete symmetry, although it yields more than the
minimal number of doublings. In our recent work'? it is pointed out that this fermion action
inevitably produces unphysical poles of fermion propagator since the BBTW Dirac operator

independently includes iv,-terms and 7,7s-terms corresponding to vector and axial-vector



functions.

The most successful Dirac fermion on the hyperdiamond lattice is “Creutz fermion” with
the two parameters (B, (), which had been proposed by Creutz'® before BBTW fermion
was presented. What is notable about Creutz fermion is that it exhibits the minimal amount
of fermion doublers. However it is pointed out in Ref. 12),14) that this action lacks suffi-
cient discrete symmetry to prohibit the redundant operators like Karsten-Wilczek fermion. '
Thus it has no advantage in the lattice simulation compared to the conventional lattice
fermions, although it still attracts our interest because of its exotic properties.

The purpose of this paper is to generalize the fermion actions on the hyperdiamond
lattice including BBTW and Creutz actions to higher dimensions. It is quite non-trivial
if we can construct fermions on the higher-dimensional hyperdiamond lattice since it has
non-trivial lattice structure unlike the hypercubic lattice. Besides, the general-dimensional
viewpoint leads to deeper understanding of these fermions. In this paper we successfully
construct the several types of fermions on general-dimensional hyperdiamond lattices. Then
we find that BBTW fermion inevitably yields unphysical poles of fermion propagator also in
higher dimensions. On the other hand Creutz fermions in higher dimensions are defined on
distorted hyperdiamond lattices as long as one keeps physicality of the fermion poles, and
the action loses the high discrete symmetry of the original lattice as the four-dimensional
case. It is pointed out that the range of the parameters for Creutz action to yield minimal-
number and physical fermions becomes narrower with the dimension getting higher. Thus,
in higher dimensions it becomes more and more difficult to realize the minimal-doubling
Creutz fermion. We also derive the higher-dimensional versions of the special parameter
conditions, one of which is called “Creutz condition” in which the fermion poles form an
exact hyperdiamond lattice in momentum space, and the other of which is called “Borici
condition” in which the lattice becomes orthogonal.

In our recent paper'? the subspecies of Creutz and BBTW actions are discussed. In
this paper we also generalize these subspecies. And it is shown that all of them produce
unphysical fermion degrees of freedom. In addition we generalize to higher dimensions a
new class of minimal-doubling actions “Appended Creutz action” proposed in 12). Then it
is pointed out that this fermion has the deformed momentum-space structure which leads
to the modified Creutz and Borici conditions compared to the original Creutz action.

In Sec2lwe study the hyperdiamond lattices in general dimensions. In Sec[3]we generalize
BBTW fermion to higher even dimensions and study the properties. In Secld] we generalize
Creutz fermion and investigate the characteristics, and also study the subspecies of Creutz
and Bedaque actions in general even dimensions. In Seclil we show a higher-dimensional

version of Appended Creutz action. Secltlis devoted to a summary and discussion.



§2. Hyperdiamond lattice

In this section, we formulate general-dimensional hyperdiamond lattices. To construct
higher-dimensional lattices, we start with some geometries. When we denote a d-dimensional
object, d + 1 points are required. For example, a line can be described when two points are
given. In the cases of the diamond lattice (d = 3) and the honeycomb lattice (d = 2), each
site has four and three isotropic bonds, respectively. Therefore, they realize the isotropic
“minimal-bond lattices” in each dimensional space. Generalizing this property, we define

d-dimensional hyperdiamond lattice with d + 1 vectors {e“} satisfying
1 fi =
el e’ = oREr (2-1)
cosly for pu#v

Due to the isotropic condition of the lattice, the bond vectors sum up to zero,

d+1

D et =0. (22)

And the inner products between these vectors can be obtained by (2-2)) as

cosfy = —1/d. (2-3)
Then we present an explicit expression of d-dimensional bond vectors satisfying these con-
ditions,
1 _
€ = ( «S2-84-154, C283°°°S4, “*° , Ci-284-154, Cd-15d; Cd )
2 _
e = ( S2--Sa1Sa, €283 Sa, 0, Cd-2Sd-1Sd, Cd-15d, Cd )
3 _
e = 0, S3-++Sa, '+ , Cdi254-154, Cd-154, Cd )
(2-4)
-1 _
e = 0, 0, -+ Sd-15d, Cd-15d, Cd )
d _
€ - ( 07 07 ) 07 Sd, Cd )
edtl = 0, 0, --- 0, 0, 1 )

with ¢, = cos, = —1/u, s, = sinf, = /u>—1/u. Another expression of the four-
dimensional hyperdiamond lattice is presented in 11),12).

Next, let us define primitive vectors {a*} which characterize the translation invariance of
the lattice. As shown in Figlll an unit cell of the hyperdiamond lattice has two sites, called
A and B site. Specifying one of the bond vectors e?™! as the vector from A to B in the same

unit cell, primitive vectors become

al =et —e™ for p=1,---,d. (2-5)
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Fig. 1. Two dimensional diamond (honeycomb) lattice. (a) unit cells are encircled and consist of
two kinds of sites, shaded A and open B sites. (b) bond vectors {e#} from A to B sites and
(c) primitive vectors {a*} characterizing translation symmetry of the lattice.

When the position of an A site is denoted as x = Eﬁzl x,a*, the corresponding B site is
on the site of x + e?*!. Therefore, (d + 1)-th vector e?*! transforms A and B sites to each
other in the same unit cell. This fact is similar to the Clifford algebra, and e?*! = — ZZ=1 et
corresponds to y™! oc 4! - - -~4? which generates the chiral transformation.

Here it is shown that the angle between the primitive vectors does not depend on the

dimensionality of the lattice,

at - a”

1 for pu#wv. (2-6)

Cos 1 = |aM| |ay| = 5

This reads the angle n = /3, and thus the equilateral triangular structure is observed in
any dimensions. The shortest length between the sites of the same sublattice is of course
given by |a*| = ‘e“ — edt! ‘ Then, a* —a” = et — e” also gives the shortest length. Thus the
number of the nearest unit cells is d(d + 1), and the Wigner-Seitz cell consists of d(d + 1)
hyperplanes. This unit cell structure will play an important role in section [§ on considering
some lattice actions.

On the other hand, reciprocal vectors {b,}, basis for the momentum space are obtained
as

b, et for pu=1,---,d (2:7)

T d+1
satisfying a* - b, = ¢%. An arbitrary momentum vector p is represented by non-orthogonal

basis,

p= (p-a")by. (2-8)

d
pn=1
As the primitive vectors, let us find the nearest reciprocal sites. The unit reciprocal vector
gives the shortest length between the reciprocal sites, |b,| = d/(d + 1). This length is also
obtained by |by + - -+ + by| = d/(d + 1). Then, the number of the nearest reciprocal sites is

2(d+ 1) and the Brillouin zone can consist of them.



83. Higher-dimensional BBTW action

We now introduce higher-dimensional actions on the hyperdiamond lattices defined in the
previous section. In this section, we consider higher-dimensional generalizations of BBTW
action proposed in 11). BBTW action is a naive lattice action preserving the symmetry of
the exact hyperdiamond lattice.

Let us start with Clifford algebras to consider spinor structures of lattice fermions. We

choose a representation of 2m-dimensional Clifford algebra as

0 F(Qm—Z)
Ffm) =7 & Ffmim - F(2mf2) ' 0 for p=1,---,2m—1, (3'1)
o
O _'L]]. M1l ]]_ m—1 O
F(2m) < [ — (2 ] : F(QWL) = 13R1Ljgm-17 = 2 ]
om - =R = 0 zmeL SRR 0 —Tpu
(32)

where 7’s are Pauli matrices acting on the sublattice structure of the hyperdiamond lat-

tice, and 1, is the n-component identity matrix. These gamma matrices I"s satisfy anti-

)

commutation relations, {I1>™, ™} = 28, Ljm]. For convenience, we denote I'®™) as a

2m-dimensional vector,

0 ~/(2m)
rem — K (3-3)
7(2m) 0
with
9@ = (0 e T i), A = (TP, TR, i)
(34)

As discussed in the previous section, the hyperdiamond lattice consists of two sublattices.
Such a sublattice structure can be interpreted as an internal degree of freedom, e.g. stag-
gered fermion.'® To construct Dirac fermion on 2m-dimensional hyperdiamond lattice, we
introduce 2™ !-component fermions ¥“, ¥® on A and B sites. In the case of the hyper-
diamond lattice, they are interpreted as chiral, Weyl fermions. Here we notice that 14, )
are left-handed, ¢4, 1? are right-handed, and 4 and ¢* are not hermite conjugate, but
independent degrees of freedom.

We then consider lattice actions on the hyperdiamond lattices with nearest neighbor hop-
pings, which we call the higher-dimensional BBTW action. Because an A site is surrounded
by only B sites, and vice versa, nearest neighbor hoppings correspond to off-diagonal parts
of Dirac operator. In odd dimensional cases, we can not choose all of space-time gamma

matrices as off-diagonal, and thus a lattice action can not be naively constructed with only

)



nearest neighbor hopping terms. Thus we introduce 2m-dimensional BBTW action

2m
Smmrw = 0 [ S (9L, (1 ) g — g, (5 ) yf)

T pn=1
—i—i/_if (7(2m) _e2m+1) 7/15 _ 1/—};9 (,—y(zm) .62m+1) wﬂ (35)

We note that, to construct the lattice action, e, should not be the bond vector, and thus
the primitive vector should not be associated with them by the relation a, = e, — es.

In momentum space this action is rewritten as

d2mp _
Sownw = | Gyt FDDEIG) (39
with
¥A(p) : - -
vp)=| ', . ¥(p) = @' ¢" (). (3-7)
V7 (p)
and the associated Dirac operator becomes
2m 2m
D(p) = ZZ (F(Qm) -e") sinp, + Fz(fﬂ)lf(%) : (Z e/ cosp,, + eZm“) . (3-8)
p=1 p=1

We can also write down the alternative representation of the Dirac operator such that the

chiral symmetry is easy to see as following,

D(p) = < _Z?(p) zg?) ) (3-9)

z(p) — (,Y(Qm) _e2m+1>1 + (7(2m) . eQm)eipgm T (7(2m) . el)eim. (310)

Then, one can confirm the chiral invariance of this Dirac operator by looking into the relation
with I ﬁ"f) as

L D(p)Ilth = D(p) = =D(p). (3:11)
To investigate fermionic excitations in the lattice action, we expand this operator with two

kinds of chiral, anti-hermitian basis, iI"*™ and I 2(127?21F (2m) as

2m 2m
D(p) =iy au(p)T®™ + > yulp) Iemh T2, (3-12)
p=1 p=1

where explicit coefficients for the choice of the expression of the hyperdiamond lattice (2-4])

are represented as

2m %
z,(p) = < H 5V> (CuzsianJrsianH) for p=1,---,2m-—1, (3-13)

v=p+1 v=1

*) We use non-orthogonal coordinates such as Py =Dp-at



2m %
yu(p) = ( H sy> <CMZCOSPV+COSPM+1> for p=1,---,2m—1, (3-14)

v=p+1 v=1
2m 2m
Tom(p) = Com Y _sipy,  Yom(p) = Cam Y coSp, + L. (3-15)
v=1 v=1

According to BBTW'’s paper,'?) we now search spectral zeros of Dirac operator (3:8) of the
form p = pg(o1,- -+, 02m) With 0, = sgn(p,), and we assume that #{o, = +1} = #{o, =
—1} = m. In this case, some coefficients vanish, zo,,(p) = y,(p) =0 (p =1,---,2m — 1),
and the operator ([3:12)) reduces to

D(p)=in ® <Z xu(p)F;E2m*2) _ y2m<p)1[2m—1]> . (3-16)

p=1

Thus, four eigenvalues of Dirac operator are given by

i £, 3 20) + pnl) | (3.17)

and the condition that Dirac operator has zero modes is Ei’:;l 22,(p) = Y3, (p). Solving this

condition, we obtain poles of BBTW Dirac operator,
m

pp=1, ———. 3-18
cos =1, " (318)
The former kind of poles are degenerated at p, = 0 and the number of poles is one, but the
number of the latter kind of poles is ) = (2m)!/(m!)?. In the four-dimensional case,
m
a pole at p, = 0 and non-zero valued poles located on p; = —py = —ps = py = cos™* (—2/3),

etc. are obtained, and they are consistent with our result.'"
Indeed this action is chiral invariant as shown in ([BI0). However, as discussed in our
recent paper,'? BBTW Dirac operator includes not only il -terms but ', -terms corre-

sponding to vector and axial-vector functions, i.e. BBTW Dirac operator (3:8) is rewritten

as
2m
D(p) = Z [z (F(Qm) . e“) {, COS Pp — (F;fnﬁ)lf(zm) 'eﬂ) Oy sinﬁB} + O(¢%) (3-19)
pn=1

with expanded momentum around a pole p, = pgo, + ¢,. This means that we can not

apply Nielsen-Ninomiya’s no-go theorem? %)

to this kind of lattice actions, and there exist
no guarantees for the number of doublers and the covariance of poles. In fact, non-zero
valued poles can not be reduced to covariant Dirac form, which correspond to unphysical, or
mutilated fermions.'” ' Thus, we claim that BBTW fermions describes unphysical degrees

of freedom also in higher dimensions.



84. Higher-dimensional Creutz action

In this section, we generalize the minimal-doubling action proposed by Creutz.'® Creutz
action was directly constructed in momentum space, then the spatial configuration of the
action was shown in 11). Creutz action is based on the hyperdiamond lattice deformed by
two parameters, and includes non-nearest neighbor hopping terms.

According to the above discussion, we deform a higher-dimensional hyperdiamond lattice

[2:4) by two parameters, B and C, as the four-dimensional case

el = ( @S2 S4-154, C253-++Sa, . C4—254-154, Ca-154, Bca )
e = (  Sy---S4-1S54, C253---Sa, - . C4—254-154, Ca-154, Bca )
e? = 0, s3---S4, -+ , C4-254-154; Cd—154;, DBcg )
(41)
edil = ( 0, 0, cee , Sd—1Sd, Cd—15d, BCd )
ed = ( 0, 0, s s O, Sd, BCd )
edtl = ( 0, 0, --- 0, 0, BC )

where we note that these bond vectors reduces to these of the exact hyperdiamond lattice
by choosing the particular parameters: B = C' = 1. Then we construct Creutz action on

2m-~dimensional distorted hyperdiamond lattice

2m

Sc = %Z [Z (@Ef_a“ (ZCm ey — gl (B et)

T p=1
0, (EO ) 02 400, (807 ) )
+w ( (2m . e2m-i—1) ¢$ _ QLx (E(Qm) . e2771-1—1) ¢$
w (2(2m _ 2m+1) WP + P (2(2m) _e2m+1) wa] (42)

where XY®™ and Y®™ are 2m-dimensional vectors,

(@m) _ ( rem=2 ... pem), 1[%*}) oosem ( rem=2 .. pem2), _1[27,171]) ’
(4:3)
which are similar to 7™ and 2™ expressed in (34, but their 2m-th components are
“twisted”. In this sense, this action requires “spinor twist”. As the case of BBTW fermion,
e* can be different from the bond vector of the lattice. Actualy, the lattice structure in real
space is determined by the reciprocal vectors characterizing the momentum space lattice

structure.'?

*) Qur notation is different from the four-dimensional case:'1)13) B — v/d + 1B.



In this case, however, the action includes non-nearest neighbor site hoppings. For A to B
terms, a forward hopping is just a nearest neighbor one, and vice versa. On the other hand,
an A to B backward hopping and a B to A forward hopping can not be represented by a
nearest, but third neighbor one (see Fig[ll). This means that non-nearest neighbor hoppings
are required for constructing Creutz fermion on the hyperdiamond lattice.

As the previous section, we discuss Dirac operator in momentum space

Sc = [ Gt (D)D) (14)

where ¥, ¥ are defined in (B:7), and this Dirac operator is expanded as

2m
D(p) =i»_ &u(p)I ™™ (4-5)
pn=1
with
2m %
§ulp) = < H sy> <CMZsian +sinpu+1> for p=1,---,2m—1,
v=p+1 v=1
(4-6)
2m
&m@%=B<C+Qm§:amm>. (4-7)
v=1
Immediately two poles of this operator are obtained as p™*) = & (¢, - - - , pc) with cos pc =

C'. To prohibit extra poles such as p = (pc, -+, pc, ™ — pc), the range of the parameter C'

should be
m—1

<C <1 (4-8)

This minimal-doubling condition reduces to 1/2 < C' < 1 in the d = 4 (m = 2) case, as is
consistent with the result in Ref. 13). In addition, in the case C' = 1, the number of poles is
one, but this only one pole corresponds to an unphysical fermion as in the four-dimensional
case.'? Thus, it is impossible to define Creutz fermion on the exact hyperdiamond lattice
in general even dimensions since the bond vectors ([@-]) reduce to these of an exact hyper-
diamond lattice only with the parameters B = C' = 1. As a result, the discrete symmetry of
the lattice itself and the action breaks down from symmetric group G441 to &,4. That means
that the action is not invariant under permutations of d+1 but d bonds of the hyperdiamond
lattice. This situation is also the case as four-dimensional Creutz fermion. We note that the
Dirac operator of this lattice fermion can be written in the same form as Eq.(3:9), and thus

it is easily confirmed that the action is chiral-invariant.

10



In Ref. 13), Creutz chose the two parameters to place poles on the four-dimensional
hyperdiamond lattice. To discuss a lattice structure of poles in momentum space, we then

expand Dirac operator ({:5]) around a pole with p, = pc + q,,

2m "
fu(p)=C< H Su> (CMquJquH) +0(¢*) for p=1,---,2m—1,

v=p+1 v=1
(4-9)
2m
£2m<p> = _BSCQm Z qu + O<q2) (410)
v=1

with S = +/1 — C2. In the case C' = 1, since the coefficient of FQ(Enm) vanishes, the Dirac oper-
ator (4:5]) can not be reduced to 2m-dimensional covariant form, while (2m — 1)-dimensional

covariance is preserved,
2m—1

Dp) =iy &I =ik (4-11)
p=1

This means that only one (2m—1)-dimensional chiral fermion is derived from 2m-dimensional
lattice. Although this is similar to domain-wall fermion,”>% this fermion (@II) is not lo-
calized in (2m — 1)-dimensional subspace. Domain-wall fermion is obtained by twisting
boundary condition of the mass term in fifth direction to be localized on four-dimensional
subspace. The reason why this kind of excitation appears in Creutz fermion is explained
as follows. In this case (4-I1]), the gamma matrix for 2m-direction is treated specially in
(#3) because its sign is twisted. In fact, the reduced dimension corresponds to the direc-
tion in which the gamma matrix is twisted. However the domain-wall-like fermion (4-11) is
not localized on (2m — 1)-dimensional subspace because we do not consider the mass term

depending on the 2m-th direction.
We then consider momentum space structure. According to the coefficients of gamma

matrices, momentum space basis is obtained as

by = ( Ccy8y+--84-184, Ceosg---sq, -+ , Ccq984-184, Ccyg_18q, —BScy
bs = Csy--84-184, Ccasg---8q, -+ , Cecygo8q-18q4, Ccg_184, —BScq
bs = 0, Csg---8q, -+ , Ccq_o84-184, Cecq_18q4, —BScq
bg1 = ( 0, 0, --- Csq-184, Ccq_184, —BScy
ba = 0, 0, -+ , 0, Csy, —BScy
(4-12)

Thus, an angle between these vectors is derived from a norm and an inner product,
b -b,  B?S*ci+ C*sici
b [by| B252¢2 4+ C?s?

cosn = (4-13)

11



We then consider the condition that the lattice of poles in momentum space becomes the
exact hyperdiamond lattice, which we call the hyperdiamond condition (Creutz condition'®).
This is given by cosn = 1/2 as compared with (2-5]). Another condition that the pole lattice
becomes orthogonal, which we call the orthogonal condition (Borici condition®”) is given by

cosn = 0. The former, hyperdiamond condition requires an additional condition that d + 1

distances coincide, ’p(” - p(*)} = }p(ﬂ - () + 27Tb1)} =...= ’p(ﬂ — (p7) + 27hy) } As
a result, we obtain Creutz condition
70 T T
Pc d~|>17 COS<d+1), ( +)CO (d+1>’ ( )

and Borici condition
C =cospc, B=+vd+1cotpc. (4-15)

Here we can choose arbitrary pc satisfying the minimal-doubling condition (4-§)). These
conditions are reduced to the four-dimensional version in Ref. 13) by choosing d = 4 and
replacing B — v/d + 1B.

We now remark consistency between the Creutz condition (£I4]) and the minimal-
doubling condition (4:8). The parameter should behave as C' — 1 with the large d limit
because the lower bound of (£-8)) goes to its upper bound as O(1/d). Indeed the Creutz con-
dition gives C' — 1 with d > 1, but it converges faster as O(1/d?) since cos(1/x) ~ 1—1/(22?)
with large 2. Thus the Creutz condition (4:14)) satisfies the minimal-doubling condition (4-8])
for any dimensions.

On the other hand, for the Borici condition (@I5)), in particular C' = S = 1/+/2 is chosen
for simplicity in Ref. 20). This parameters, however, can not satisfy the condition (8] with
sufficiently large d. Generally speaking, the minimal-doubling condition (4-8) hardly realizes

in the large d limit since the range of the parameter becomes so narrow.

Some related lattice actions

Some lattice actions which are related to four-dimensional Creutz action have been con-
sidered in 12) to discuss remarkable features of Creutz action: (i) non-nearest neighbor
hoppings, (ii) twisting spinor structure, and (iii) distorting the hyperdiamond lattice. It is
shown that the lattice action based on the hyperdiamond lattice which includes only phys-
ical lattice fermions satisfies all of the above conditions, and unphysical fermions arise in
the other lattice actions. In particular, the non-nearest neighbor hopping is essential for
constructing the physical lattice fermion. Both of i/-terms and I'I;,-terms arise in lattice
actions without non-nearest neighbor hoppings, and thus Nielsen-Ninomiya’s no-go theorem,

which is based on Poincaré-Hopf theorem for vector function, cannot be applied to this kind

12



of lattice actions. However, adding non-nearest neighbor hoppings to obtain Dirac operator
including only ¢/-terms, the lattice action lacks the high discrete symmetry of the hyper-
diamond lattice due to non-nearest neighbor hoppings The sufficient discrete symmetry
is required for suppressing the redundant operators generated by the loop corrections, and
thus it is an important property for the lattice simulation.

We now consider some higher-dimensional lattice actions from the viewpoint of the three
features of Creutz action discussed above. One of related actions is obtained by dropping
the non-nearest neighbor hopping terms of Creutz action, which was originally considered

12)

in 11) and called Dropped Creutz action.'® Its higher-dimensional generalization is easily

constructed on the hyperdiamond lattice from (4-2]),

1 2m

Sio =5 O[3 (P, (507l 2, (507 - !
x p=1
A (E(Zm L) B B (E(Qm) -e?mh) pr] (4-16)

This action is similar to BBTW action (3-5]) and given by the modification of 2m-th gamma
matrix, i[5, @2m) _, éﬁﬁlf (2m) 1t also possesses a pole at p = 0, but its covariance is broken
as i@ . k4 F2m+1F2m  kom.

Another lattice action based on the (distorted) hyperdiamond lattice is called Untwisted
Creutz action,'? which is given by modifying the spinor structure of Creutz action as

X @m) _ ~m)  The higher-dimensional generalization is given by

2m
Sutc = %Z [231 (@f_aﬂ (Y& - e) o =, (Y e) u
z u=

—, (GO ) o+ G, (7 ) pf)
+w ( (2m) | eQm—‘,—l) wz o &f (,Y(Qm) i eZm-i—l) w;fl
A ( 2m) | e2mH1) B | B ( 2m) i) 1/1;4}- (4-17)

This action includes the minimal-doubling fermions, but their covariance are also broken as
irem g4 I, (2m) kom. In the case C' = 1, they are reduced to only one, but unphysical pole
i['@m) .k which is the same as (Z=LT)).

As a result, the higher-dimensional hyperdiamond lattice actions including a physical
pole is Creutz and BBTW action. However BBTW action also includes unphysical poles.
Thus the lattice actions which yield only physical poles are Creutz action and the modified

*) The lattice action based on the distorted hyperdiamond lattice lacks the sufficient discrete symmetry
even if one drops the non-nearest hopping terms because, in the first place, the lattice distortion lowers the
discrete symmetry of the lattice.
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Fig. 2. Two-dimensional analogues of hoppings to nearest neighbor unit cells: (a) nearest site
hoppings, (b) non-nearest site hoppings included by Creutz action and (c¢) the remaining nearest
unit cell hoppings included only by Appended Creutz action.

Creutz action which we present in the next section, called Appended Creutz action. This

situation is the same as the four-dimensional case.'?

85. Higher-dimensional Appended Creutz action

It has been pointed out in 11),12) that Creutz action includes not only nearest neighbor
but non-nearest neighbor hopping terms. These non-nearest interaction terms represent hop-
pings to non-nearest sites, but to nearest unit cells. Although the locality of the continuum
theory is often broken via non-nearest hopping terms of the lattice field theory, the locality

t21):22) because the action includes only

of Creutz action is not broken in the continuum limi
hopping terms to nearest unit cells.

On the other hand, the number of nearest unit cells is d(d + 1) as explained in section
, and thus all of nearest unit cell hoppings are not yet included by Creutz action. We then

consider Creutz action including all of nearest unit cell hopping terms,

SaC = SC + % Z |:Z (@Eﬁ—au-i—ay (2(2771) ' (eu - eu)) ?/’f - szf—i—aﬂ—ay (E(Qm) ’ (eu - eu)) ’ll)ﬁ

T n<v

B (T (e =) WE 08 L (O (e —e)) v )] (51)

The additive terms of (B:I]) represent the remaining nearest unit cell hoppings shown in
Fig. B, and this action is a higher-dimensional generalization of Appended Creutz action
presented in our previous work.?

The momentum space representation of the Dirac operator is given by

D(p) =i (&p) +&"(p) 1™ (52)

where §,(p) are already defined as (4:6) and (4-1), and f'ff)(p) are additive terms derived

14



from the remaining nearest unit cell terms,

€)= ( 1l ) (@ DS sl — ) 4 S S s — )

v=p+1 v=1 v=1 A=p+2
2m
+ Z sin(pp41 —p,,)) for pu=1,---,2m—1, (5-3)
v=p+2
+
o (p) = 0. (54)
Thus we obtain exactly the same two poles as Creutz action, p*) = £(pc,---,pc) with

cospc = O, and the minimal-doubling condition is also given by (4.
We then expand the Dirac operator around a pole as p, = pc + g, to investigate the

momentum space structure,

2m %
&M (p) =2m < 11 sy> (cMZqV +qu+1> FO(@) for p=1,---,2m—1.

v=p+1 v=1

(5-)

This expression is proportional to ([@9), and thus the total contribution to the coefficient
of I'"™ becomes Eu(p) + g = 1+ d/C)€,(p). Thus the momentum space basis is

obtained,

by = ( (d+C)eysy---8q-184, (d+C)cgsg---sq, -+ , (d+C)eg_184, —BScqy
bs = (d+C)sy--+8q-184, (d+C)casg-+-Sq, -+ , (d+ C)cqg_184, —BScq
b = 0, (d+C)sg-+-8q, -+ , (d+C)cqg_184, —BScq
bg1 = ( 0, 0, -+ , (d+C)cq_184, —BScqy
bg = 0, 0, -~ (d+ C)sq, —BScy

(5-6)

As the case of Creutz action discussed in section M the angle between the reciprocal vectors
(B0) is given by

bu-by, B2S2c¢2 4+ (d + C)?*s%c4-1
byl bu]  B25%ci+ (d+ C)*sg

cosn = (5:7)

Therefore, we obtain Creutz condition such that two poles constitute the exact hyperdiamond

lattice on the momentum space,

T T d+cos(i)
~ = C: - , B: d 1 —H’ 58
Pe =0 Cos(d+1) (d+1) sin (75 (58)
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and Borigi condition such that reciprocal vectors are orthogonal,

C =cospe, B = mm (5-9)
sin po
These conditions are almost the same as (4-I4]) and ([@I5]). They are easily given by shifting
the parameter B o C/S — (d+ C)/S while C is not modified. Thus the modified Creutz
condition (5:8)) also satisfies the minimal-doubling condition (4:8) for any dimensions.

In the case of Appended Creutz action, it is shown that the same minimal-doubling poles
and a slightly modified momentum space structure are obtained as the case of Creutz action.
In the action, 2m-dimensional vectors e, — e, are considered in hopping terms, but 2m-th
components of them are constantly zero. Thus these terms hardly affect the lattice action
in 2m-th direction. As a result, we conclude that the effect of the remaining nearest unit

cell hopping terms is small.
§6. Discussion

In this paper we generalize the several types of fermions on the hyperdiamond lattice to
higher even dimensions and extract the characteristics of them, some of which are common
to the four-dimensional case and others of which are specific to the higher-dimensional cases.

In Sec. [ it is pointed out that BBTW fermions in higher even dimensions inevitably pro-
duce unphysical poles of fermion propagator since the BBTW Dirac operator independently
includes i/'-terms and ', -terms as the four-dimensional case.'? Thus we can conclude
that simple construction of Dirac fermion on higher-dimensional hyperdiamond lattice leads
to unphysical degrees of freedom.

In Sec. M| we also construct the minimal-doubling fermion action called Creutz action
in general even dimensions. We show that it is defined on the distorted lattice as long
as one keeps physicality of the poles of propagator, and the action loses the high discrete
symmetry of the original lattice as the four-dimensional case. It is pointed out that the
range of the parameters for Creutz fermion to yield the minimal amount of physical fermions
becomes narrower with the dimension getting higher. Thus, in higher dimensions it becomes
more and more difficult to realize minimal-doubling in Creutz fermion. We also derive the
higher-dimensional versions of the specific parameter conditions, Creutz condition and Borigi
condition. These generalized conditions reduce to the original four-dimensional conditions
by setting d = 4. In addition we generalize the subspecies of Creutz and BBTW actions
discussed in our recent paper. Then it is shown that all of them include unphysical degrees
of freedom as the four-dimensional case.

In Sec. [Blwe study a higher dimensional version of the new minimal-doubling fermion, Ap-
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pended Creutz action. Then it is pointed out that this fermion has the modified momentum-
space structure leading to the modified Creutz and Borici conditions compared to the original
Creutz action. This type of fermion has been discussed for the first time in our recent paper,
so it will be valuable to investigate the properties in more detail.

Finally, let us comment on symmetries of BBTW and Creutz fermions. BBTW fermion
action in general even dimensions has high discrete symmetry of alternating group 24,1 as
well as chiral symmetry. However these symmetries have nothing to do with physics since
this action yields unphysical degrees of freedom in principle. On the other hand Creutz
action in general even dimensions describes only physical fermions, thus it is meaningful to
discuss symmetries of this action. It has chiral symmetry, but possesses only the discrete
symmetry of G;. As seen in the four-dimensional case,'® the low discrete symmetry may
lead to the generation of marginal and relevant operators through quantum corrections. We

need to look into this topic in the future work.
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