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Chapter 1

Introduction

1.1 Introduction

The mathematical theory of partial differential equations (PDESs) has a long history
motivated by various physical phenomena such as sound, heat, fluid dynamics, elas-
ticity, quantum mechanics, etc. However, in many recent developments, PDEs find
their practical applications in other fields of science as well like quantum chemistry,
chemical kinetics, biology, economics and financial mathematics, or computer sci-
ence. Some PDEs also come from the pure mathematical problems of other branches.
In a boundary-initial value problem, which is the classical subject in the theory of
PDEs, the domain of the governing equation is fixed in space with specified data on
the boundary and at the initial time. Such problems were well studied in both stan-
dard analytical and numerical solution techniques. The more recent trend in PDEs
is to consider free boundary problems or moving interface problems with totally dif-
ferent features, namely, the space domains of the equations are separated by free
boundaries which are neither fixed nor known a priori and need to be determined
together with the solution.

Due to the difficulties from the unknown geometric information together with the
nonlinear nature and the singularities of the moving boundaries, only some simplest
free boundary problems have been showed to have classical solutions. It gave rise to
the question of generalizing the notion of solutions and defining some kinds of weak
solutions. The study of the regularity of the solution as well as the free boundary

itself, once the unique weak solution exists, is also one of the most interesting topics



in the field of free boundary problems. Beside the interests of the well-posedness of
a PDE and the regularity of the solution, the homogenization problems for finding
an average solution of equations with highly oscillating coefficients have received a
lot of attention. Although the theory of homogenization was studied extensively for
classical initial boundary value problems, there are still many open questions for
homogenization of free boundary problems.

Among various types of free boundary problems, the Stefan problem is one of
the most classical ones, which typically models the melting (the phase transition)
of ice in contact with a water region due to heat conduction and an exchange of
latent heat energy. This physical problem was formulated in a mathematical model
by Slovene physicist and mathematician Josef Stefan (1835-1893) who treated the
formation of ice in the polar seas (Stefan 1891), and was considered earlier by Lamé
and Clapeyron (1831). The mathematical formulation of the problem consists of
the heat equation in each phase, the solid and the liquid phase, and an additional
condition at the free boundary, which is the so-called Stefan condition, that expresses
the local velocity of a moving boundary. A very common simplification of the Stefan
problem is the problem when we assume that the temperature is fixed at one of the
phases (usually by assuming that the body of ice is maintained at temperature
0) and it is called the one-phase Stefan problem. The one-phase Stefan problem
then contains only one heat equation in the liquid phase and a simpler form of
the Stefan condition by eliminating one of the temperature gradients. The related
Hele-Shaw problem is usually referred to in the literature as the quasi-stationary
limit of the one-phase Stefan problem when the heat operator is replaced by the
Laplace operator. This problem typically describes the flow of an injected viscous
fluid between two parallel plates which form the so-called Hele-Shaw cell, or the
flow in porous media.

The one-phase Stefan problem and Hele-Shaw problem in homogeneous media
in dimension n = 1 have the explicit classical solution ( [49]). However, we cannot
expect to have the classical solutions of both problems in dimension n > 2 due to the
singularities on the free boundary which might develop in finite time. Thus there
are several approaches to define a notion of solutions including the notion of weak
solutions in the sense of distributions, the notion of variational inequalities solutions

and the notion of viscosity solutions. We will use the notion of weak solutions



based on the variational inequality formulation and the notion of viscosity solutions
in our investigation. The well-posedness in a weak sense and regularity of these
problems were studied in detail by many authors such as Friedman, Kinderlehrer,
Rodrigues, Caffarelli, etc. (see [21,51,53,7,8,34] and references therein). The
problem is also well-posed in viscosity sense and the coincidence of two notions of
solutions was obtained by Kim and Mellet [34,38,39]. Furthermore, the asymptotic
behavior of solutions has gained some attentions in the literature. The asymptotic
homogenization of the Hele-Shaw and the one-phase Stefan problem was given in
[50,38,39]. The convergence of the Stefan problem to Hele-Shaw as t — oo in
homogeneous media was observed in [49]. Moreover, the long-time behavior of the
related Hele-Shaw problem was studied in detail in [45].

In our recent work, we focus on the long-time behavior of the one-phase Stefan
and Stefan-type problems in some inhomogeneous media in dimension n > 2. Using
the technique of rescaling which is consistent with the evolution of the free boundary,
we are able to show the homogenization of the free boundary velocity as well as the
locally uniform convergence of the rescaled solution to a self-similar solution of the
homogeneous Hele-Shaw problem with a point source for classical multi-dimensional
one-phase Stefan problem. In the anisotropic case, when the heat operator is gener-
alized by parabolic operators of divergence form, we also obtain the homogenization
of the elliptic operator, where the rescaled solution now converges locally uniformly
to a self-similar solution of the homogenized Hele-Shaw-type problem with a point
source. Moreover, by viscosity solution methods, we furthermore deduce that the
rescaled free boundary uniformly approaches that of the homogeneous Hele-Shaw
problem with respect to the Hausdorff distance.

In this chapter, we state some notations for the convenient use later. In Chap-
ter 2, we present some basic background of our problem, which motivated us to
consider the long-time behavior of the solutions. In Chapter 3, we investigate the
asymptotic behavior of the isotropic inhomogeneous one-phase Stefan problem for
long times in periodic and random media. The main reference of Chapter 3 is a
joint-work of the author with N. Pozar [47]. The treatment of asymptotic long-
time behavior of anisotropic inhomogeneous Stefan-type problems is presented in
Chapter 4 with the main reference [48] which is another joint-work of the author

with N. Pozar. It turns out that when we replace our simple heat equation by



more general parabolic operators of divergence form, the construction of barriers is
more challenging. Thus in this case, we restrict our consideration to the problems
in dimension n > 3 and in periodic media. Finally, Appendix A covers some basic
techniques of the fundamental solution of a uniformly elliptic equation of divergence

form used in our arguments.

1.2 Notation

We will use the following notations throughout this work.
For a set A, A€ is its complement.
Given a nonnegative function v, we denote the positive set and free boundary of
v by
Qv) == {(z,t) s v(z,t) > 0}, [(v):=02(v),

and for fixed time t,
Q(v) :={z:v(x,t) >0}, Ty(v) := 02(v).

(f)+ is the positive part of f: (f)+ = max(f,0).
We will denote the general elliptic operator of divergence form and its rescaling
as

Lu = Di(aiiju), ,CAU = Di(aij()\l/"x)Dju),

where we have used the Einstein’s summation convention.



Chapter 2

The one-phase Stefan problem and

the Hele-Shaw problem

2.1 Mathematical modeling and classical

formulation

2.1.1 The Stefan problem

As introduced above, the Stefan problem is a mathematical model, which typically
describes the process of phase transitions, the melting or freezing, between solid
(ice) and liquid (water) driven by the heat conduction and the exchange of latent
heat. The problem has numerous applications in industry and technology such as
the casting in manufacture of steel, the melting in thermal storage system, the
evaporation of water, the drying of food, etc., see [1,27,58,18,59] . We begin with
the most basic formulation of the Stefan problem to model the melting of a semi-
infinite solid in contact with a liquid region containing a fixed source, for example
a thin block of ice occupying the region 0 < x < oo that melts due to the heating
by a heat source at the fixed boundary x = 0 (see Fingure 2.1).

We assume that the temperature in the solid phase is a constant, say, the ice is
maintained at temperature 0. At the fixed boundary, we prescribe a time dependent
positive continuous boundary data h(t). The moving phase-change boundary is
described by x = s(t). At time ¢, the liquid occupies the subset Q(t) := {z: 0 <z <
s(t)} C [0,00) and the free boundary is I'(¢) := {x = s(¢)}. As time ¢ increases, I'(t)
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Figure 2.1: Semi-infinite slab melting from x = 0 due to a heat source h(t) at =0

travels from the left to the right and the liquid domain €(¢) expands in the melting
process. The classical formulation of this problem is the temperature distribution
v(z,t) in the liquid phase and the location of the free boundary =z = s(¢). Even
though there are two phases present, the problem is called a one-phase problem
since the temperature is unknown only in the liquid phase.

1D Stefan problem. Find functions x = s(t) and v(z,t) : (0,00) x [0,00) —

[0, 00) satisfying

The liquid region 0 <z <s(t)

pCvy = kg, The heat equation in Q(t) x (0, c0),
v(0,t) = h(t), The fixed boundary data, t > 0,
v(z,0) =0, The initial data,

The free boundary xr = s(t)
Lps'(t) = —kv,(s(t),t),  The Stefan condition,

s(0) =0, The initial position of the interface,
v(s(t),t) =0, The continuity of temperature,
The solid region, s(t) < x < o0,

The solid is maintained at temperature 0
v(z,t) =0,
for all t > 0.

Here p is the density, c¢ is the specific heat, k is the thermal conductivity of the
liquid and L is the latent heat. In the liquid region, the temperature is governed
by the standard heat diffusion. The Stefan condition is important to include the
phase change to the model and can be understood by the energy conservation law
as follows. Assume that the temperature depends only on the horizontal direction
and let A be a small portion of the interface at time ¢t = ¢y having area S. At time

to, the free boundary position is s(tg). As the solid melts, at time ¢, the boundary
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position is s(t) and the portion A has moved and formed a volume V. The energy

we need to change the volume V' of solid into liquid from time ¢, to t is
Ey = LpV = LpS(s(t) — s(to)),

where L is the latent heat, the energy required to change one unit mass of substance
from solid to liquid. On the other hand, the energy delivered through the portion

A from time ¢y to t can be computed as

t t
Ey = / / q- VourdTdS = S/ q- Voutha
to JA to

where ¢ is the heat flux density and v,,; = (1,0,0) is the unit outward normal
vector. By Fourier’s law of heat transfer, ¢ = —kDv where k is a positive constant
called the thermal conductivity of the liquid and D is the gradient. Then putting

it in F5 we have

By = s/t kv (s(r), T)dr.

to

By the balance of energy, F; must equal F5. Divide both sides by (¢ — ;) and take

the limit as ¢ tends to 5. With the help of the mean value theorem we have
Lps'(tg) = —kv(s(to), to).

The phenomenon of solidification is formulated similarly. This problem can
model the phenomenon in two or three dimensional space where v is a function of
two or three variables. The derivation of the Stefan condition on the interface is

similar with noting that V' = SV, (t—to), here V,,_, is the outward normal velocity,

out

Vout 18 the outward unit normal vector of the moving boundary and then we have

vayout - _kDU * Vout on {m - S(t)}
Since the free boundary is a level set of v then vy, = —\3—5\ and V,,, = ug_tU' and we

have an alternative form of the Stefan condition which is sometimes more useful for
analytical treatment as

k
= —|Dv|%
Uy pL‘ vl

Without loss of generality, we can assume that the constants are 1.
The mathematical problem is naturally generalized to an arbitrary dimension

n > 1 and is still called the one-phase Stefan problem. Thus, the one-phase Stefan
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problem that we usually refer to is the following problem.

The multi-dimensional one-phase Stefan problem. Let n > 1, K C R" be a
compact set. The one-phase Stefan problem (on an exterior domain) is to find a
function v(z,t) : R" x [0, 00) — [0,00) and a set {v > 0} satisfying

(

v —Av =0 in {(z,t) : v(x,t) >0,z € R"\K},
v=nh on K,
(2.1)
v, = |Dv|*  on d{v > 0},

v(x,0) =vo(z) on R",

where vy and h = h(z,t) are given functions.

The one-phase Stefan problem can be generalized in many situations. First, if
we assume that the temperature can vary in both phases, then we have the so-
called two-phase Stefan problem. The derivation is analogous with an additional
heat equation in the second phase and a little more complicated form of the Stefan
condition. Since we only focus on the one-phase Stefan problem in our work, we
will not introduce the two-phase problem and refer to [54, 53, 28] for more details.
Moreover, if we assume that the constants in the model are now some nonnegative
smooth functions, we can have some more complex models. For example, if we
take p = ¢ = k = 1 and L = 1/g(x), where g(z) > 0, then we will have the
Stefan condition of the form v; = g(x)|Dv|?. This problem is the one-phase Stefan
problem with an inhomogeneous latent heat of phase transition, which is the subject
for investigation of the next chapter. Furthermore, if in addition we assume that
the heat diffuses in an anisotropic body, then the thermal conductivity coefficients
vary through space and time, the heat flux vector ¢ is expressed as ¢ = —K Dv, with
matrix K = (k;;(z,t)). Then the heat equation in the positive set becomes a more
general parabolic equation of divergence form v; — div(K Dv) = 0 and the Stefan
condition becomes v; = g(z)K Dv - Dv. In Chapter 4, we will deal with this type
of the one-phase Stefan problem with some more assumptions on the coefficients,
say, K is a symmetric, bounded, uniformly elliptic matrix, independent of time.
Finally, if we consider the problem with zero specific heat, i.e., ¢ = 0 then the heat
operator simplifies into the Laplace operator and the problem is usually referred to

the (one-phase) Hele-Shaw problem, which will be introduced in the next section.



2.1.2 The Hele-Shaw problem as the quasi-stationary limit
of the Stefan problem
The classical Hele-Shaw problem is a two-dimensional mathematical model that

typically describes the flow of an injected viscous fluid in the thin gap between two

parallel plates, see Fig.2.2.

Figure 2.2: Hele-Shaw flow between two parallel flat plates separated by a small
gap of width h with the infinite pressure at the origin.

The governing equations of this problem are derived by gap-averaging the three-
dimensional Navier-Stokes equations as in [40,29]. We will sketch some of main
features of this problem here. Let us consider the flow of a Newtonian, incom-
pressible, inviscid fluid, driven by the singularity of a point source at the origin.
Assume that at time ¢, the fluid occupies a domain €2(¢) in the (z,y)-plane with
free boundary I'(t) := 0€(¢). If the injected fluid is slow enough for the flow to be
approximately stationary and the gap between two parallel plates h is small enough,

following [40,29], the averaged velocity over the gap v := % foh vdz satisfies

2
V= —f;—MDp in Q(t) (2.2)

away from singularity, where p is the pressure of the fluid, h is the distance be-

tween two plates and p is the dynamic viscosity of the fluid. Moreover, by the
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incompressibility of the flow, divv = 0 and thus we have
Ap=0 in Q(¢)\{0}.

We also need to specify the boundary condition on the moving interface I'(¢t). If we

neglect the surface tension effects, the dynamic boundary condition is given by
p=0 onlI(t).

The kinematic boundary condition states that the fluid particles on the interface

remain on the interface for all time by the condition

View =V - Vour  on I'(2),
where Vg, is the unit outward normal vector on I'(¢). By (2.2), on I'(¢), V,,,, can
be written as
‘/Vout = _kDp : yOut7 (23)

where k = % Similar to the Stefan condition formulation, since the free boundary
is a level set of p, (2.3) can also be expressed as p; = k|Dp|?>. This problem is
usually generalized to an arbitrary dimension. If k is a constant then we have a
homogeneous problem. We also have a flow in an inhomogeneous medium when
k is given by a function and in this case, we will have a finger shape interface as
in Figure 2.2. In our work, the limit problem is the homogeneous the Hele-Shaw
problem with a point source formally given as follows.

The multi-dimensional Hele-Shaw problem with a point source. Let
n > 1, the Hele-Shaw problem with a point source is to find a function p(z,t) :

R"™ x [0,00) — [0,00) and a set {p > 0} satisfying the free boundary problem

(

Ap=10 in {p >0},
p. = |Dp|* on d{p > 0},
(2.4)
p(z,0) =0 on R,
lim = =
L \I}TO d ’

where ® is the fundamental solution of the Laplace equation and C'is a constant.
From the mathematical point of view, the Hele-Shaw problem can be regarded as
the one-phase Stefan problem when the interface moves slowly, the flow is approxi-

mately stationary and the specific heat ¢ is negligible. Indeed, if in the Hele-Shaw
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model, instead of the point source, we consider the movement under a fixed source
K with a prescribed boundary data h(t) and assume that at the initial time, the
pressure is given by some function py then we recover the following one-phase Ste-
fan problem with zero specific heat if the pressure p of the fluid is regarded as the
temperature of the liquid:
Ap=0 in {p > 0}\ K,

p=nh on K,

(2.5)
p. = |Dp|* on d{p > 0},

| p(2,0) = po on R",

where pg and h = h(t) are given functions. This problem is also called a Hele-
Shaw-type problem. In some cases, the temperature and the free boundary in the
one-phase Stefan problem depend continuously on c¢. Thus, the free boundary of
the Stefan problem approaches that of the Hele-Shaw problem as ¢ — 0. Moreover,
as t — oo the diffusion in the process usually reaches the steady-state and the heat
equation in the Stefan problem loses the first term v;. Thus, we also expect to get
the coincidence between the solutions as well as the free boundaries of these two
models in the asymptotic limit when ¢ — oo.

The asymptotic convergence of the Stefan problem to Hele-Shaw is indeed the
consideration in [49], where the authors analyzed the asymptotic behavior of weak
solutions of both models in the multi-dimensional case n > 2. They explained the
asymptotic behavior of the solutions in term of the near-field limit, i.e., the limit
of the solutions at a fixed point x in the space as time ¢t — oo, and the far-field
limit, i.e., the development in the region close to the free boundary. In the near-field
limit setting, the results in [49] stated that in both cases, the solutions converge to
the solution of the Dirichlet exterior problem for the Laplacian while in the far-field
limit, they converge to the solution of the Hele-Shaw problem with a point source.
The authors also showed that the free boundaries approach a sphere as t — oo
with a precise asymptotic growth rate. The subjects of the study in [49] are the
classical Stefan problem and Hele-Shaw problem in homogeneous isotropic media.
Their results give rise to the question: Do the results hold for the inhomogeneous
anisotropic case?

The conclusions for the near-field limit can be automatically extended for the in-
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homogeneous case and also for the anisotropic case with some simple modifications.
However, the developments for the far-field limit will be more complicated, since
in [49] the analysis of the far-field limit is based on an appropriate rescaling and
in an inhomogeneous setting, the homogenization problems for the free boundary
velocity and the elliptic operator appear in the scaling limit. This question is par-
tially answered by Pozar in [45] where the author proved that in an inhomogeneous
medium, the rescaled solution of the Hele-Shaw problem locally uniformly converges
to the solution of a homogeneous Hele-Shaw problem with a point source and the
free boundary also converges to a sphere with respect to the Hausdorff distance. We
will extend this result to the Stefan problem with an inhomogeneous latent heat in
Chapter 3 and that with an inhomogeneous latent heat and anisotropic conductivity
in Chapter 4.

In the Section 2.3 below, we will give a brief introduction of a homogenization
problem and how it is related to our investigation. Before that we will recall some

notions of solutions of the one-phase Stefan problem used in our work.

2.2 Notion of solutions

In this section, we will recall some notions of solutions of the one-phase Stefan
problem (2.1) for the space dimension n > 2. We consider the problem (2.1) with

the initial data v, satisfying
vy € C*(Qo\K),v9 > 0 in Qp,v9 =0, on QF :=R™\ Qp, and vy = 1 on K,

(2.6)
|Dvg| # 0 on 0%, for some bounded domain ©y D K.

2.2.1 Classical solutions
Let G(t) := Qi(v) x {t} and Q7 := Uyer G(1).

Definition 2.1. A classical solution of the one-phase Stefan problem in [0,7] is
a pair (v(z,t),[(t)) with v € C(Qr) N C* (Qr), Dv € C(Qr\G(0))) and I'(t) €
C1((0,7]) N C([0,T]) that satisfy (2.1).

In case the space dimension is n = 1, the existence and uniqueness of the classical
solution of the Stefan problem with monotone free boundary exits globally in time

for various kinds of boundary and initial data, see [19,54]. However, the situation in
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multi-dimensional space is much more complicated. As observed in [28,20,31], the
singularities of the free boundary might develop in finite time such as the merging of
water regions that move independently or the closing of an ice region to a point, or
a piece of ice on melting, may break into two, etc. Thus, we do not expect that the
classical solution exists for all time, even if the data are smooth. Nevertheless, the
short time existence of the classical solution of (2.1) was established by Hanzawa

in [30] for some sufficiently smooth compatible boundary and initial data.

(@) (b)

Figure 2.3: Singularities on the free boundary. (a)Two disc-shaped water regions
that move independently, (b)Merging of the two disc at a later time.

The lack of classical solutions of the one-phase Stefan problem motivated to the
study of weak solutions. In our work, we will use the following notions of weak

solutions and viscosity solutions.

2.2.2 Weak solutions

In 1981, Elliot and Janovsky introduced a notion of weak solution to the Hele-Shaw
problem by taking integration in time of the classical solution and transforming
the problem into an elliptic variational inequality. Following this approach, it was
observed later by Duvaut [14] that we also can formulate the one-phase Stefan
problem as a parabolic variational inequality. This method was then developed by
Friedman and Kinderlehrer [21], Caffarelli [7,8] and many other authors.

To motivate this method, let us suppose that (v(z,t),['(¢)) is a classical solution
v(z,s)ds. Fix R,T > 0 and
set B = Bg(0), D = B\K. Following [21], it can be shown that, if R is large enough

of the Stefan problem (2.1) and introduce u(z,t) := fg

(depending on T'), then the function u solves a variational problem. Indeed, since

the free boundary T'(¢) is C*((0,T]) and vy > 0 on I'(t), we represent the positive

13



domain Q(t) by Q(t) = {z : s(z) < t} for some nonnegative function s such that
Qo :={z:ve(x) >0} = {x : s(x) =0} . From the definition of u we have if z € Qf
then s(x) > 0 and
0 if 0 <t <s(x),
u(z,t) = ¢
/ v(z,s)ds if s(x) <t <T.
s(x)

Now direct computation gives

t t
Uy, = / Vg, (x, 8)ds — sp,v(x, s(x)) = / U, (2, 8)ds,

t
Ug;z; = / Ve, (T, 8)ds — 83,0z, (2, 5(7))
s(x)

forx € QF, t> s(x).

Since v satisfies (2.1) in classical sense then V]

Vout

= |Dv|. On the other hand,

since the positive domain of v is represented by s(x) then V,, , = ﬁ and therefore

|Dv||Ds| = 1, the vectors Dv and Ds are parallel (and parallel to v,,;) but in

opposite directions then we have Dv - Ds = —1. In view of (2.1) and (2.7) we have

t
Au(z,t) = / vs(x, s)ds + 1
s(x)

=uv(z,t)+1

= wy(x,t) + 1.

Similarly, if = € Qg then for all 0 <t < T, u(z,t) = fotv(x, s)ds, s(x) =0 and

Au(z,t) = /0 vs(x, s)ds
=v(z,t) —v(x,0)
= w(x,t) — vo(x).

Define
?}0(17) ifx e Q(),

flz) =
—1 ifxze QL

Then finally u satisfies the nonlinear parabolic problem

u >0,

(us — Au)(p —u) = f(p —u),

for any o € K(t),x € D,s(x) <t<T

14



and

u =0,
for any ¢ € K(t),z € D,0 <t < s(x).

(ur —Au)(p—u) =0 > —p = flp—u),]
Here we set K(t) = {¢ € H' (D), > 0, = 0on 0B, =t on K}. We use the
standard notation for Sobolev spaces H*, Wk».

In conclusion, we have transformed the classical problem (2.1) into the following
variational inequality problem.

Variational inequality problem. Find u € L*(0,T; H*(D)) such that u; €
L*(0,T; L*(D)) and

u(-,t) € K(t), 0<t<T,
(uy — Au)(p —u) > f(p —u), ae.(z,t) € Bx(0,T) for any ¢ € K(t), (2.8)
u(z,0) =01in D.
Note that u(z,t) is independent of the choice of B as long as R is large enough

[39, Lemma 3.6]. If v is a classical solution of (2.1) then w is a solution of (2.8),

but the inverse statement is not valid in general. However, we have the following

result [21,51].

Theorem 2.2 (Existence and uniqueness of the variational problem). If vy satisfies

(2.6), then the problem (2.8) has a unique solution satisfying

we L¥(0.T;W*(D)),  1<p<os,
u € L*(D x (0,7T)),
and
ut_Aqu7 'LLZO,
a.e. in D x (0,00).

w(ug — Au— f) =0
We will thus say that if u is a solution of (2.8), then u, is a weak solution of the
corresponding Stefan problem (2.1). The theory of variational inequalities for an
obstacle problem is well developed, for more details, we refer to [21,51,38]. We now

collect some useful results on the weak solutions from [21,51].
Proposition 2.3. The unique solution u of (2.8) satisfies
0<u <C aeDx(0,T),
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where C' is a constant depending on f. In particular, u is Lipschitz with respect to t
and u is C*(D) with respect to x for all a € (0,1). Furthermore, if 0 <t < s <T,
then u(-,t) < u(-, s) in Qs(u) and also Qo C Qi (u) C Qs(u).

Lemma 2.4 (Comparison principle for weak solutions). Suppose that f < f . Let
u, @ be solutions of (2.8) for respective f, f Then u < u, moreover,

u

6.

SS
If

<

S
Sk
Il

Remark 2.5. Regularity of € and its free boundary has been studied quite extensively,
including Caffarelli and Friedman (see [7,8,22]). It is known that a weak solution
is classical as long as I';(u) has no singularity. The smoothness criterion (see [7,22],

[49, Proposition 2.4]) immediately leads to the following corollary.

Corollary 2.6. Radially symmetric weak solutions of the Stefan problem (2.1) are

smooth classical solutions.

Remark 2.7. If we consider the problem with an inhomogeneous latent of phase
transition L = 1/¢g(z) and an anisotropic diffusion K = (k;;), then as shown in

Section 2.1.1, the governing equation is a parabolic equation of divergence form
V¢ — Dl(kUD]U) =0

in the positive domain and Stefan condition on the free boundary is given by

Ut
m = gk'iijUVi.

Here D is the space gradient, D; is the partial derivative with respect to x;, v; is the
partial derivative of v with respect to time variable ¢t and v = v(z, t) is inward spatial
unit normal vector of d{v > 0} at point (z,t) and we use the Einstein summation
convention.

We can define a weak solution of this problem similarly to the homogeneous
isotropic case. We only need to replace the heat operator by a more general parabolic

operator of divergence form D;(k;;D;) and change the form of f as
vo(z) if x € Q

1
L ifreqe
g(x) 0
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All computations and almost all results remain to be valid. There are only some
issues concerning the regularity of § in the anisotropic case. Furthermore, we do not
have classical radially symmetric solutions in the anisotropic case, which will lead

to some difficulties in constructing barriers for our arguments.

2.2.3 Viscosity solutions

The second notion of solutions we will use are the viscosity solutions introduced
in [34]. The main results in this work include the well-posedness of the Stefan
problem (2.1) and a comparison principle for viscosity solutions. We will recall here
some important ideas of viscosity solutions taken from [34,39].

First, for any nonnegative function w(z,t) we define:

wy(x,t) ;= liminf w(y,s), w*(x,t) == limsup w(y,s).
(y,8)—(z,t) (y,5)—(z,t)

We will consider solutions in the space-time cylinder @ := (R"\K) x [0, c0).

Definition 2.8. A nonnegative upper semicontinuous function v(z,t) defined in @

is a viscosity subsolution of (2.1) if the following hold:

a) For all T € (0, 00), the set Q(v) N {t < T} NQ is bounded.

b) For every ¢ € C’i:tl(Q) such that v — ¢ has a local maximum in Q(v) N {t <
to} NQ at (xg, 1), the following holds:

i) If v(xg,to) > 0, then (¢ — Ad)(xo,to) < 0.
il) If (xo,t0) € T'(v),|Dd(z0,t0)| # 0 and (¢py — Ap)(xg,to) > 0, then

(¢ = 9(0)| D[*) (o, o) < 0. (2.9)

Definition 2.9. A nonnegative lower semicontinuous function v(z,t) defined in Q)

is a viscosity supersolution of (2.1) if for every ¢ € Ci:tl (Q) such that v — ¢ has a

local minimum in Q(v) N{t <t} NQ at (zo, o), the following holds:
a) If v(xg,to) > 0, then (¢ — Ap)(z0,t0) > 0.
b) If (Io,to) € P(U), |D¢)((L’0,t0)| 7& 0 and ((rbt — A¢)($0,t0) <0, then

(¢ — g(0) | De|*) (0, t0) > 0. (2.10)
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Now let vy be a given initial condition with support €2y and free boundary
[y = 0, we can define viscosity subsolution and supersolution of (2.1) with cor-

responding initial data and boundary data.

Definition 2.10. A viscosity subsolution of (2.1) in () is a viscosity subsolution of

(2.1) in @ with initial data vy and boundary data 1 if:

a) v is upper semicontinuous in Q,u=vpatt=0andv<1lonT,

b) Q) N {t =0} = {z:vo(z) > 0}.

Definition 2.11. A viscosity supersolution of (2.1) in @ is a viscosity supersolution
of (2.1) in @ with initial data vy and boundary data 1 if v is lower semicontinuous

inQ,u=vgatt=0andv>1onT,
And finally we can define viscosity solutions.

Definition 2.12. The function v(x,t) is a viscosity solution of (2.1) in @ (with
initial data vy and boundary data 1) if v is a viscosity supersolution and v* is a

viscosity subsolution of (2.1) in @) (with initial data vy and boundary data 1).

Remark 2.13. By a standard argument, if v is the classical solution of (2.1) then it

is a viscosity solution of that problem in () with initial data vy and boundary data

1.

The existence and uniqueness of a viscosity solution as well as its properties were
studied in great detail in [34]. One important feature of viscosity solutions is that

they satisfy a comparison principle for strictly separated initial data.

Definition 2.14. We say that a pair of functions ug,vo : D — [0, 00) are (strictly)

separated and denote by ug < vg in D C R™ if:
a) {ug > 0} N D is compact and
b) ug(r) < vo(x) in {ug >0}y N D

Theorem 2.15 (Comparison principle, [34,39]). Let vy, ve be respectively viscosity

subsolution and supersolution of (2.1) in Q. If vy < vy on the parabolic boundary

of Q, then vi(-,t) < va(-, 1) in Q.
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One of the main tool we will use in this work is the following Theorem about

coincidence of weak and viscosity solutions. Following [39] we can state that:

Theorem 2.16 (Theorem 3.1, [39]). Assume that vy satisfies (2.6). Let u(x,t) be
the unique solution of (2.8) in B x [0,T] and let v(x,t) be the solution of

(

vy —Av =0 in Q(u)\K,
v=>0 on I'(u),
(2.11)
v=1 in K,
Lv(z,0) = vo(2).

Then the following hold:

a) v(x,t) is a viscosity solution of (2.1) in B x [0,T| with initial data v(x,0) =

vo(x).
b) u(z,t) = fotv(x,s)ds
Proof. See proof of Theorem 3.1, [39)]. O
Remark 2.17. We want to clarify the definition of a solution v when Q(u) is not

smooth. Since u is continuous and Q(u) is bounded at all times (Lemma 3.6, [39])

then the existence of solution of (2.11) is provided by Perron’s method as follows:
v = sup{w|w; — Aw < 0 in Q(u),w <0 on I'(u),w <1 in K,w(x,0) < wvg(x)}.

It may happen that v is not continuous through its boundary in general. However,
from the regularity results of Caffarelli and Friedman, we know that in our case u,

is continuous in space and time, and we would have v = u;.

The coincidence of weak and viscosity solutions gives us a more general compar-

ison principle:

Lemma 2.18 (Corollary 3.12, [39]). Let v' and v* be, respectively, a viscosity sub-
solution and super solution of the Stefan problem (2.1) with continuous initial data

vy < vE and boundary data 1. In addition, suppose that v (or v3) satisfies condition

(2.6). Then vl <v? and v' < (v3)* in R"\K x [0, 0).
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Remark 2.19. Similar to the notion of weak solutions, we can define a viscosity

solution of the one-phase Stefan problem with an inhomogeneous latent heat L =

_1
g(x)

the definition of a viscosity subsolution (resp. a viscosity supersolution) is analogous

and an anisotropic conductivity K = (k;;) as in Remark 2.7. For this problem,

to Definition 2.8 (resp. Definition 2.9), when we replace the Laplace operator by

(¢ — gaij Djov;| D|) (o, t9) <0,

(resp. the inequality >), where v is inward spatial unit normal vector of 0{v > 0}.
All the other definitions and results follow the same as in the homogeneous isotropic

case.

2.3 Homogenization and long-time behavior
problems

Homogenization theory is the study of partial differential equations with rapidly os-
cillating coefficients and extract homogenized equations. Many problems in physics,
mechanics or chemistry are processes in inhomogeneous media with a fine micro-
scopic structure. For example, we consider the steady state of the heat flow in
a periodic anisotropic medium which can be modeled by an elliptic equation of
divergence form

div(A(x)Du(x)) = f(z) in Q,

where 2 is an bounded domain in R", A(x) is a nonnegative, bounded, periodic
matrix with period 1 and f is a smooth function. Now we look at the process from
far away, the period of the medium will be much smaller than the length scale of €2,
say, period ¢, we will then be concerned with the equation with rapidly oscillating
coefficients
div (A <§> Du? (:C)) = f(z) in Q.

When the scale of the microscopic periodic structure is very small in comparison
with the scale of the domain under consideration, the medium has homogenized (or

macroscopic) characteristics, see Figure 2.4 below.
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Figure 2.4: Checkerboard medium with self-averaging property

Thus we expect that as ¢ — 0, u® — u® in an appropriate sense and u° is a

solution of a homogenized (or effective) equation
div (AODuO) =f in(,

where A° is a homogenized matrix with constant coefficients. The main concerns of
the homogenization theory is to obtain the convergence (usually in a weak sense) of
the solution u® to u" and to construct the homogenized matrix A° (A° is a constant
matrix in many cases). The homogenization was first developed for periodic struc-
tures and then generalized for other media with self averaging properties (almost
periodic, stationary ergodic). The operator type in a homogenization problem also
can be more general, time independent or dependent, linear or nonlinear. We would
like to refer to [6,32,11,12,13,57,7,8] for more details.

The homogenization problems appear in our investigation as the following ob-
servation. Using the ideas in [49,45], we will analyze the asymptotic behavior of
the solution of the one-phase Stefan problem (2.1) in far region and large time by

using an appropriate rescaling, i.e.,

oMz, ) = Ay (A M) if n > 3,
and the corresponding rescaling for variational solutions

ut(z,t) = ANV ifn>3

(see Section 3.1.1 for n = 2). It is a natural rescaling since as shown in [49],
the position of the free boundary expands with the rate || ~ t'/". The rescaling

can be intuitively understood as looking at the solution from far away and for a
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very long time. The difference between our setting and that in [49] is that instead

of considering L to be a constant, we study the one-phase Stefan problem with an

1

inhomogeneous latent heat L(x) = Ok

Then the rescaled viscosity solution satisfies

the free boundary velocity law

VA = g(\Y"z)| Dot

Vout

Let us assume that the latent heat of phase transition L(z) = 1/g(x) has averaging
property, then it will average out as A\ — oo and the velocity become homogenized
as

1

Libut = ______‘1)147
(1/g)

where (1/g) represents the “average” of 1/g. The convergence process of the rescaled
normal velocity to a limit with a homogeneous coefficient is a homogenization of the
free boundary velocity. Moreover, if the Laplace operator is replaced by a periodic

elliptic operator of divergence form £, then we see that v* satisfies
AE=/mh _ pAh =0 in Q(v)\K?,

VA =g\ z)a;; (A ) Dty on T(v),

Vout

where £, £* were defined in Section 1.2 and vy, v are the outward and inward unit
normal vector on I'(v?) respectively. As A — oo, the parabolic operator becomes
elliptic and the homogenization of the elliptic operator is also expected beside the
homogenization of the free boundary normal velocity.

The rescaling for the variational solution is similar, the rescaled variational so-

lution satisfies a variational inequality

AT — L) (o — ) > ) (e —ud) (2.12)

a.e. (z,t) € R" x (0,00), for any ¢ € K*(t), where

vo( A" ) if z € Q,
) = FNm) = i
~1/g\a) i e ()
Q) = Qo/A/m and KMt) = {p € HYR™), 9 > 0,0 = A t on K*}. As A — o0,
we also expect to have the homogenization of the variational inequality and the

elliptic asymptotic convergence of the rescaled parabolic operator. Therefore, the

homogenization processes are in particular extremely important to our problem.
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Even though the homogenization has a long history, most of the results were
obtained for boundary value problems (or initial boundary value problems) in a
bounded domain. There are very few results for the homogenization of a free bound-
ary problem. Fortunately, the homogenization of the one-phase Stefan problem was
studied by Rodrigues [50] for a periodic setting and generalized for a stationary er-
godic setting by Kim and Mellet [39]. Kim and Mellet also obtained similar results
for the Hele-Shaw problem earlier in [38]. However, our situation is considerably
different when the domain of rescaled variational solution u* changes as A — oo. In
fact, due to the rescaling, the fixed domain K shrinks to the origin and the solution
gets singularity in the limit. Thus we need to characterize the singularity of solution
as || — 0. For the isotropic inhomogeneous case in Chapter 3, this task can be
done by following directly the barrier arguments in [45] for the Hele-Shaw problem.
In anisotropic inhomogeneous case of Chapter 4, since we cannot use the classical
radially symmetric solution as barriers, we will construct some ones to modify the
treatment in Chapter 3. Moreover, in the anisotropic case, we need to deal with
the homogenization problem of the elliptic operator in the domain which together
with the specified boundary data, change as A varies. Therefore, the known results
on the homogenization of the one-phase Stefan problem cannot be applied directly.
We will solve this problem with the help of the I'-convergence techniques, which
are classical approaches for homogenization of nonlinear variational problems, with
some adaptations for our problem. Another characteristic of our problem which is
significantly different with the previous work is the fact that we need to combine
the homogenization problems with the long-time behavior problem. This kind of
work was done for the Hele-Shaw problem in [45], however, the arguments in [45]
rely on the very useful monotonicity of solutions while we do not have this property
in the Stefan problem. We will instead use a weaker monotonicity stated later. In
addition, the rescaled parabolic equation becomes elliptic when A — oo, which also
causes some issues in analyzing the convergence of the rescaled free boundary to the
free boundary of the homogenized limit equation.

In our work, we will assume that the medium in the one-phase Stefan problem
is periodic or stationary ergodic over a probability space (A, F, P). We recall [10,
38,39| that a random variable g(x,-) : A — R is said to be stationary ergodic if it

satisfies the following two conditions:
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1. The distribution of the random variable g(x,-) is independent of x (this prop-
erty is referred as stationary). This can be expressed more precisely by the
existence, for each x € R", of a measure-preserving transformation 7, : A — A

such that:

g(x + 2", w) = g(x, 7pw) forall 2’ € R" and w € A.

2. The underlying transformation 7, is ergodic, that is, if B C A and 7,B = B
for all x € R", then P(B) =0 or P(B) = 1.

This probabilistic setting, we can think about a random checkerboard for instance,
is a general extension of the notions of periodicity for a function to have some
self-averaging behavior. In particular, we will make use of the following important

application of the subadditive ergodic theorem.(see [38, Lemma 4.1])

Lemma 2.20 (cf. [38, Section 4, Lemma 7|, see also [45]). For given g satisfying
(2), there exists a constant, denoted by (1/g), such that if @ C R"™ is a bounded
measurable set and if {u°}.~0 C L*(Q) is a family of functions such that u¢ — u

strongly in L*(Q) as € — 0, then

1
lim /< > x)dx a.e. w € A.
=0 (x/gw
Q Q
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Chapter 3

Long-time behavior of the
one-phase Stefan problem in

periodic and random media

We consider the one-phase Stefan problem in periodic and random media in a dimen-
sion n > 2. The aim of this chapter is to understand the behavior of the solutions
and their free boundaries when time ¢t — oo. The contents of this chapter is based
on the work that previously appeared in [47].

Let K C R" be a compact set with sufficiently regular boundary, for instance
0K € C%' and assume that 0 € int K. The one-phase Stefan problem (on an
exterior domain) with inhomogeneous latent heat of phase transition is to find a

function v(z,t) : R" x [0,00) — [0, 00) that satisfies the free boundary problem

rvt—Av:O in {v>0}\K,

v=1 on K,
(3.1)
V, =g(x)|Dv| on d{v >0},

| v(z,0) = v on R™,

where D and A are respectively the spatial gradient and Laplacian, v, is the partial
derivative of v with respect to time variable ¢, V, is the normal velocity of the
free boundary 0{v > 0}. vy and g are given functions, see below. Note that the
results in this chapter can be trivially extended to general time-independent positive

continuous boundary data, 1 is taken only to simplify the exposition.
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As introduced in Chapter 2, the one-phase Stefan problem is a mathematical
model of phase transitions between a solid and a liquid. A typical example is the
melting of a body of ice maintained at temperature 0, in contact with a region of
water. The unknowns are the temperature distribution v and its free boundary
O{v(-,t) > 0}, which models the ice-water interface. Given an initial temperature
distribution of the water, the diffusion of heat in a medium by conduction and the
exchange of latent heat will govern the system. In this chapter, we consider an
inhomogeneous medium where the latent heat of phase transition, L(z) = 1/g(x),
and hence the velocity law depends on position. The related Hele-Shaw problem is
usually referred to in the literature as the quasi-stationary limit of the one-phase
Stefan problem when the heat operator is replaced by the Laplace operator. This
problem typically describes the flow of an injected viscous fluid between two parallel
plates which form the so-called Hele-Shaw cell, or the flow in porous media.

In this chapter, we assume that the function ¢ satisfies the following two con-
ditions, which guarantee respectively the well-posedness of (3.1) and averaging be-

havior as t — oo:

1. g is a Lipschitz function in R", m < g < M for some positive constants m

and M.

2. g(z) has some averaging properties so that Lemma 2.20 applies, for instance,

one of the following holds:
a) g is a Z"-periodic function,
b) g(z,w) : R" x A — [m, M] is a stationary ergodic random variable over

a probability space (A, F, P).

For a detailed definition and overview of stationary ergodic media, we refer to [45,39]
and the references therein.

Throughout most of the chapter we will assume that the initial data vy satisfies

vy € C*(Qo\K),vp > 0 in Qp,v9 = 0, on QF :=R™\ Qp, and vy = 1 on K, (32)
3.2
|Dvg| # 0 on 0%, for some bounded domain Qy D K.

This will guarantee the existence of both the weak and viscosity solutions below and

their coincidence, as well as the weak monotonicity (3.35). However, the asymptotic
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limit, Theorem 3.1, is independent of the initial data, and therefore the result applies
to arbitrary initial data as long as the (weak) solution exists, satisfies the comparison
principle, and the initial data can be approximated from below and from above by
data satisfying (3.2). For instance, vy € C(R"), vg = 1 on K, vy > 0, supp vy
compact is sufficient.

The Stefan problem (3.1) does not necessarily have a global classical solution in
n > 2 as singularities of the free boundary might develop in finite time. As shown in
Chapter 2, the classical approach to define a generalized solution is to integrate v in
time and introduce wu(z,t) fo v(x,s)ds [5,14,21,15,51,53,52]. If v is sufficiently

regular, then u solves the variation inequality

u(-,t) € K(t),
(-+%) ) (33
(ug — Au)(p —u) > f(p — u) a.e (x,t) for any ¢ € K(t),
where KC() is a suitable functional space specified in Section 2.2.2 and f is
vo(z),  wo(z) >0,
fx) = 1 (3.4)

This parabolic inequality always has a global unique solution u(z,t) for initial data
satisfying (3.2) [21,51,53,52]. The corresponding time derivative v = wy, if it exists,
is then called a weak solution of the Stefan problem (3.1). The main advantage of this
definition is that the powerful theory of variational inequalities can be applied for the
study of the Stefan problem, and as was observed in [50,38,39] yields homogenization
of (3.3).

More recently, the notion of viscosity solutions of the Stefan problem was in-
troduced and well-posedness was established by Kim [34]. Since this notion relies
on the comparison principle instead of the variational structure, it allows for more
general, fully nonlinear parabolic operators and boundary velocity laws. Moreover,
the pointwise viscosity methods seem more appropriate for studying the behavior of
the free boundaries. The natural question whether the weak and viscosity solutions
coincide was answered positively by Kim and Mellet [39] whenever the weak solu-
tion exists. In this chapter we will use the strengths of both the weak and viscosity

solutions to study the behavior of the solution and its free boundary for large times.
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The homogeneous version of this problem, i.e, when g = const, was studied by
Quirds and Vazques in [49]. They obtained the result on the long-time convergence
of weak solution of the one-phase Stefan problem to the self-similar solution of the
Hele-Shaw problem. The homogenization of this type of problem was considered by
Rodrigues in [50] and by Kim-Mellet in [38,39]. The long-time behavior of solution
of the Hele-Shaw problem was studied in detail by Pozar in [45]. In particular,
the rescaled solution of the inhomogeneous Hele-Shaw problem converges to the

self-similar solution of the Hele-Shaw problem with a point-source, formally

( —Av=C6 in {v > 0},
1
v = ——|Dv[* on 0{v > 0}, 3.5
\v(-,O):O,

where ¢ is the Dirac d-function, C' is a constant depending on K and n, and the
constant (1/g) will be properly defined later. Moreover, the rescaled free boundary
uniformly approaches a sphere.

Here we extend the convergence result to the Stefan problem in the inhomoge-
neous medium. Since the asymptotic behavior of radially symmetric solutions of
the Hele-Shaw and the Stefan problem are similar and the solutions are bounded,
we can take the limit ¢ — oo and obtain the convergence for rescaled solutions and
their free boundaries. However, solutions of the Hele-Shaw problem have a very
useful monotonicity in time, which is missing in the Stefan problem. This makes
some steps more difficult. We instead take advantage of a weak monotonicity prop-
erty (3.35), which holds for regular initial data satisfying (3.2) and then show the
convergence result for general initial data using the uniqueness of the limit and
the comparison principle. Moreover, the heat operator is not invariant under the
rescaling, unlike the Laplace operator. The rescaled parabolic equation becomes
elliptic when A — oo, which causes some issues when applying parabolic Harnack’s
inequality, for instance. Following [49,45] we use the natural rescaling of solutions

of the form
o M, t) = XDy (A M) if n > 3,
and the corresponding rescaling for variational solutions

ut(z,t) = A7 mu(AY") M) ifn>3
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(see Section 3.1.1 for n = 2). Then the rescaled viscosity solution satisfies the free
boundary velocity law

Vl,’\ = g()\l/”x)\Dv)‘L

Heuristically, if ¢ has some averaging properties, such as in condition (2), the
free boundary velocity law should homogenize as A\ — co. Since the latent heat of

phase transition 1/g should average out, the homogenized velocity law will be

V, = | Do,

1
(1/9)
where (1/g) represents the “average” of 1/g. More precisely, the quantity (1/g) is

the constant in the subadditive ergodic theorem such that

/ ()\1/":5 ) x)dr — /< > dx for all u € L*(R"), for a.e. w € A.
R"

In the periodic case, it is just the average of 1/g over one period. Since we always
work with w € A for which the convergence above holds, we omit it from the notation
in the rest of the chapter.

This yields the first main result of this chapter, Theorem 3.12, on the homog-
enization of the obstacle problem (3.3) for the rescaled solutions, with the correct
singularity of the limit function at the origin, and therefore the locally uniform
convergence of variational solutions. To prove the second main result in Theorem
3.16 on the locally uniform convergence of viscosity solutions and their free bound-
aries, we use pointwise viscosity solution arguments. In summary, we will show the

following theorem.

Theorem 3.1. For almost every w € A, the rescaled viscosity solution v* of the
Stefan problem (3.1) converges locally uniformly to the unique self-similar solution
V' of the Hele-Shaw problem (3.5) in (R"\{0}) x [0, 00) as A — oo, where C' depends
only on n, the set K and the boundary data 1. Moreover, the rescaled free boundary
o{(z,t) : vz, t) > 0} converges to d{(x,t) : V(x,t) > 0} locally uniformly with

respect to the Hausdorff distance.

It is a natural question to consider more general linear divergence form oper-
ators ), O, (a;;(x)0s,-) instead of the Laplacian in (3.1) so that the variational

structure is preserved. This was indeed the setting considered in [39], with ¢ = 1
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and appropriate free boundary velocity law adjusted for the operator above. In the
limit A — 0o, we expect that the rescaled solutions v* to converge to the unique
solution of the Hele-Shaw type problem with a point source with the homogenized
non-isotropic operator with coefficients a; ;. This question is partially answered in

the next chapter.

Context and open problems

In recent years, there have been significant developments in the homogenization
theory of partial differential equations like Hamilton-Jacobi and second order fully
nonlinear elliptic and parabolic equations that have been made possible by the
improvements of the viscosity solutions techniques, see for instance the classical
[16,57,10,9] to name a few.

A common theme of these results is finding (approximate) correctors and use
the perturbed test function method to establish the homogenization result in the
periodic case, or use deeper properties in the random case, such as the variational
structure of the Hamilton-Jacobi equations or the strong regularity results for elliptic
and parabolic equations, including the ABP inequality.

One of the goals of this chapter is to illustrate the powerful combination of
variational and viscosity solution techniques for some free boundary problems that
have a variational structure. By viscosity solution techniques we mean specifically
pointwise arguments using the comparison principle.

Unfortunately, when the variational structure is lost, for instance, when the
free boundary velocity law is more general as in the problem with contact angle
dynamics V,, = |Dv| — g(z) so that the motion is non-monotone [36,37], or even
simple time-dependence V,, = g(x,t)|Dv| [46], the comparison principle is all that
is left. Even in the periodic case, the classical correctors as solutions of a cell
problem are not available. This is in part the consequence of the presence of the
free boundary on which the operator is strongly discontinuous. [35, 36, 46] use a
variant of the idea that appeared in [10] to replace the correctors by solutions of
certain obstacle problems. However, the analysis of these solutions requires rather
technical pointwise arguments since there are almost no equivalents of the regularity

estimates for elliptic equations. An important tool in [46] to overcome this was

30



the large scale Lipschitz regularity of the free boundaries of the obstacle problem
solutions (called cone flatness there) that allows for the control of the oscillations of
the free boundary in the homogenization limit.

For the reasons above, the homogenization of free boundary problems is rather
challenging and there are still many open problems. Probably the most important
one is the homogenization of free boundary problems of the Stefan and Hele-Shaw
type that do not admit a variational structure, such as those mentioned above, in
random environments. Currently there is no known appropriate stationary subaddi-
tive quantity to which we could apply the subadditive ergodic theorem to recover the
homogenized free boundary velocity law, for instance. Other tools like concentration
inequalities have so far not yielded an alternative.

Another important problem are the optimal convergence rates of the free bound-
aries in the Hausdorff distance. The techniques used in this chapter do not provide
this information, however viscosity techniques were used to obtain non-optimal al-
gebraic convergence rates in [37]. It is an interesting question what the optimal
rate in the periodic case is, even for problems like (3.1). The large scale Lipschitz

172

estimate from [46] could possibly directly give only ¢|loge|"/2-rate for velocity law

with g(x/e), but there are some indications that a rate ¢ might be possible.

Outline

This chapter is organized as follows: In Section 3.1, we introduce the rescaling and
state some results for radially symmetric solutions. In Section 3.2, we recall the limit
obstacle problem and prove the locally uniform convergence of rescaled variational
solutions. In Section 3.3, we focus on treating the locally uniform convergence of

viscosity solutions and their free boundaries.

3.1 Preliminaries

3.1.1 Rescaling

Let v be the solution of the one-phase Stefan problem (3.1) and u be the solution

of the corresponding variational inequality (3.3), the definitions as well as the rela-
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tionship of v and u was introduced in Chapter 2. We will use the following rescaling

of solutions as in [45].

3.1.1.1 Forn>3

For A > 0 we use the rescaling
vz, t) = )\nT_QU()\%x, At), Mz, t) = )\_%u()\%x, At).

If we define K* := K/)\% and Q) = QO/)\% then v* satisfies the problem

( /\Q_Tnvt’\ —Av* =0 in Q(v)\K?,
=\ on K*,
(3.6)
v =g (@)[Dv** on T(vY),
| v M-, 0) = v}, on Q)\K?,
where ¢*(z) = g(Awz). And the rescaled u* satisfies the obstacle problem
’ W t) € K@),
AT} — Au) (o —ud) > ) —u?)  ae (z,t) € R" x (0,00) .
3.
for any o € KA(t),
\ u(z,0) = 0,
where
vo(AY"z) if z € Q,
fa) = f(\re) = 1

. A\¢

KMt) = {p € H{(R"), o > 0,0 = A= t on K*}.
3.1.1.2 For n=2

For dimension n = 2, we use a different rescaling that preserve the singularity of
logarithm:

vMx,t) = log RIN)v(R(A\)z, At), (3.8)

where R(A) is the unique solution of:

R*logR = \.
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Note that we have (see [45] for derivation):

RN 2\
/\113010 Roo(N) =1 Roo(A) = (log )\) ' (39)

If we define K* := K\R()\) and Q) := Q\R()\) then the rescaling v* satisfies the

following problem:

( 1 \
- A A in Q(uM\ KA
logR()\)Ut v =0 in Q(v)\K?",
v* = log R(\ on K*,
B (3.10)
vy = gMx)| DA on I'(v*),
U)\('v O) = US\
where g*(x) = g(R(\)z) derived in [45].
Consequently,we will use rescaling
1 A
o, t) = %()U(R(A)x, ). (3.11)

And the rescaled v satisfies the obstacle problem:

(

ur(-, 1) € KCM(t),

(10g712()\)u2\ - AUA) (o —u) > f(RIN)x)(p —u?) ae (2,t) € Bg x (0,T)

for any ¢ € K*(t),

uM(z,0) = 0.
(3.12)

Where KA (t) = {p € HY(R"), o > 0,9 = log R(\)t on K*}
Remark 3.2. We can take the admissible set K*(¢) as above due to the continuity

with respect to the H' norm of all terms in the variational inequality and the fact

that the variational solution u has a compact support in space at every time.

3.1.2 Convergence of radially symmetric solutions

We will recall the results on the convergence of radially symmetric solutions of (3.1)
as derived in [49]. First, we collect some useful facts of radial solution of the Hele-
Shaw problem and then use a comparison to have the information of radial solution

of the Stefan problem. The radially symmetric solution of the Hele-Shaw problem
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in the domain || > a,t > 0 is a pair of functions p(x,t) and R(t), where p is of the

form A2 2 pneo
n— n—2 _ Rpn—2(¢
@ (o D) sy
a?n — RZn(t)
p(z,t) =4 4 <1Og m) (3.13)
ol ), _
logM 7 e

a

and R(t) satisfies a certain algebraic equation (see [49] for details).

This solution satisfies the boundary conditions and initial conditions

p(z,t) = Aa®>™ for |z| = a >0,

p(z,t) =0 for |z| = R(t),
1 (3.14)
R(t)=71Dpl for 2] = R,
R(0)=b>a
Furthermore,
t An(n —2)\'"
lim 28 _ cm:(m> if n >3,
t—oo Cootl/n L
R(t
lim%zl, Coo = 2v/A/L if n=2.
t=0 ¢, (t/ logt)
In dimension n = 2, we will also use lim lolgﬂ = 1.
t—oo logt 2

The radial solution of the Stefan problem satisfies the corresponding conditions

similar to (3.14) together with the initial data
0(z,0) = Oy(|x|) if |2| > a. (3.15)
The following results were shown in [49].

Lemma 3.3 (cf. [49, Proposition 6.1]). Let p and 0 be radially symmetric solutions
to the Hele-Shaw problem and to the Stefan problem respectively, and let {|z| =
R,(t)}, {|x| = Ro(t)} be the corresponding interfaces. If R,(0) > Ry(0),p(z,0) >
0(z,0) and, moreover, p(x,t) > 0(z,t) on the fired boundary, that is, for |z| = a,t >
0, then p(x,t) > 0(x,t) for all |x| > a and t > 0.

This immediately leads to an upper bound for the free boundary of radial solu-

tions of Stefan problem, see Corollary 6.2, Theorem 6.4, Theorem 7.1 in [49].
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Lemma 3.4. Let {|z| = R(t)} be the free boundary of a radial solution to the
Stefan problem satisfying the corresponding conditions (3.14) and (3.15). There are
constants C,'T" > 0, such that, for allt > T,

R(t) < Ct'/" n>3, or R(t)<C(t/logt)/? n=2.

Moreover, we have

lim k(1)

t—o0 tl/"

, R(t)
— 1/n — —
_(ATL(’I’L—2)/L) ,7123, or thj’([)loW—2 A/L,n—Q

The solution of the Stefan problem (not restricted to the radially symmetric

case) is bounded for all time.

Lemma 3.5 (cf. [49, Lemma 6.3]). Let 6 be a weak solution of the Stefan problem

forn > 2. There is a constant C' > 0 such that, for allt >0, 0 < 0(z,t) < C|z[*7™.

Next, we define the solution of the Hele-Shaw problem with a point source, which

will appear as the limit function in our convergence results,
Vi, t) = Var(z,t) = ’ (3.16)

where
(An(n —2)t/L)"", n> 3,
p(t) = pr(t) = Ros =
(2At/L)"?, n=2.
It is the unique solution of the Hele-Shaw problem with a point source,

;

Av =0 in Q(v)\{0},
v(z,t) N C2))
im ——— = A, n >3, or lim ——————~=A, n=2,
) lal=0 |z jal-0  log(|z]) (3.17)

1
v = Z\DU\Q on 0Q(v),

v(z,0) =0 in R™\{0}.
The asymptotic result for radial solutions of the Stefan problem follows from The-

orem 6.5 and Theorem 7.2 in [49].

Theorem 3.6 (Far field limit). Let 6 be the radial solution of the Stefan problem

satisfying the corresponding boundary and initial conditions (3.14), (3.15). Then

lim t"=2/"0(x,t) — V(z,t)] = 0 (3.18)

t—o00
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uniformly on sets of form {x € R™ : |z| > §t'/"},6 > 0 if n > 3, and

tliglo log \/?R(t) O(z,t) — %R(t) <log \/?R(t) — log |:E]> =0 (3.19)
T +

log
uniformly on sets of form {x € R™ : |x| > dR(t)},0 > 0 if n = 2.

Proof. Following the proof of Theorem 6.5 in [49] with recalling that we assume

0 = Aa*™" for |x| = a, we immediately get the result for n = 3.

For n = 2, let R4(t) be the solution of 727% (logRy — 3) = 4 with tliglo 7%(%) =
24 Thus, we can replace R1(t) in Theorem 7.2 in [49] by /22AR(¢). O

Finally, we can improve Theorem 3.6 to have the following convergence result

for rescaled radial solutions of the Stefan problem which holds up to t = 0.

Lemma 3.7 (Convergence for radial case). Let 0(x,t) be a radial solution of the
Stefan problem satisfying the corresponding boundary and initial conditions (3.14)

and (3.15). Then 6* converges locally uniformly to Va1, in the set (R™\{0}) x [0, c0).

Proof. We will prove the uniform convergence in the sets Q = {(z,t) : |z| > ¢,0 <
t < T} for some ¢,7 > 0 and use notation V = V. We consider the case
n > 3 first. Set & = A"z, 7 = M then an easy computation leads to V(x,t) =
A2/ (€ 7). Let tg = p~'(g/2). We split the proof into two cases:

(a) When 0 <t < to: Clearly from the formula, we have V(z,t) = 0 in {(z,1?) :
|z| > e,0 <t <ty}. Besides, for A large enough,

R(M) _ R(Mo)
<
A\l/n = \l/n

Thus, 0* = 0=V in {(x,t) : |z| > ¢,0 <t < ty} for A large enough.

R(t) =

< p(ty) + g = ¢ (due to Proposition 3.4).

(b) When t, <t < T, we have:
|9>\($, t) - V(l’7 t)' = t(2—n)/n7_(n—2)/n|(9(€7 T) - V(ga T)| (320)

Since tg <t < T, t2=1)/7 is bounded. From Theorem 3.6, the right hand side
of (3.20) converges to 0 uniformly in the sets {& € R™ : |¢| > 671/} = {z €
R™ : |z| > 5tV/"} O {(a,t) : x| > e,to <t < T} for fixed £ and § > 0 small

enough and thus we obtain the convergence for n > 3.

R(1) _ 41/2
ROV

together with Theorem 3.6. ]

For n = 2, we argue similar as the case n > 3, but noting that /\lim
— 00
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3.1.3 Some more results for viscosity solutions

Following [45,49], we also can state some results for viscosity solutions.

Lemma 3.8. For L = 1/m (resp. L = 1/M ), with m, M as in (1), let O(x,t) be
the radial solution of Stefan problem (3.1) satisfying boundary conditions (3.14) and
initial condition (3.15) with g(z) = 1/L and a such that B(0,a) C K (resp. K C
B(0,a)). Then the function 0(x,t) is a viscosity subsolution (resp. supersolution)

of the Stefan problem (3.1) in Q.

Proof. The statement follows directly from properties of radially solutions and the

fact that a classical solution is also a viscosity solution. ]

Using viscosity comparison principle, we also can get the same estimates for free

boundary as in Proposition 3.4 and boundedness for a general viscosity solution.

Lemma 3.9. Let v be a viscosity solution of (3.1). There exists to > 0 and constant

C,C1,Cy > 0 such that fort > tg,

Cyt'/™ < min |z| < max |z| < Cyt¥/" if n > 3,
T¢(v) 't (v)
CiR(t) < min |z| < max |z| < CuR(t) if n=2,

Ft(v) Ft ('U)

and for 0 <t <t, Ilpél))( |z| < Cy. Moreover, 0 < v(z,t) < Clx[*™ for all n > 2.
Proof. Argue as in [45] with using Lemma 3.4 and Lemma 3.5 above. O
We also have the near field limit and the asymptotic behavior result as in [49].

Theorem 3.10 (Near-field limit). The viscosity solution v(z,t) of the Stefan prob-
lem (3.1) converges to the unique solution P(x) of the exterior Dirichlet problem
AP =0, r€R"\K,
P=1, z€Tl, (3.21)

‘llim P(z)=0 ifn>3, or P is bounded if n = 2,

T|—00
as t — oo uniformly on compact subsets of K¢.
Proof. See proof of Theorem 8.1 in [49]. O
Lemma 3.11 (cf. [49, Lemma 4.5]). There exists a constant C, = Ci(K,n) such
that the solution P of problem (3.21) satisfies | 1|im |z|"2P(x) = C..

T|—00

37



3.2 Uniform convergence of the rescaled

variational solutions

3.2.1 Limit problem

We first recall the limit variational problem as introduced in [45] (see [45, section 5]

for derivation and properties). Let Ua (x,t) := fot Var(z,s)ds then Uy (x,t) has

form:
L 1 AR
At|z|*™ + %|:1€|2 — §(Ant)2/” (n 7 ) if n > 3,
UA7L(£L',t) = +
Atl 2At  L|x|? " )
—tlo 1IIn==2.
2 B el T T4 |,
(3.22)

For given A, L > 0, [45, Theorem 5.1] yields that Uy 1(z,t) is the unique solution
of the limit obstacle problem
w € Ky,
a(w,p) > (—L,¢), forall p €V, (3.23)
a(w,Yw) = (—=L,yw) for all ¢ € W,

where K, = {gp € Noao H'(R™\B.) NC(R™\B;) : ¢ > 0, lim p(x) 1}7

‘$|—>0 UA,L(x7t)
V:{¢€H1(Rn):¢20,¢:00n35 forsomee>0}, (3.24)
W =VnCYRY), (3.25)

and
aq(u,v) = / Du - Dvdz, (u,v)q = / uvdz.
Q Q

We omit the set €2 in the notation if 2 = R™.

3.2.2 Uniform convergence of rescaled variational solutions
Now we are ready to prove the first main result, similar to Theorem 6.2 in [45].

Theorem 3.12. Let u be the unique solution of variational problem (2.8) and u* be
its rescaling. Let Uy g, be the unique solution of limit problem (3.23) where A = C, as
in Lemma 3.11, and L = (1/g) as in Lemma 2.20. Then the functions u® converges

locally uniformly to U, as A — oo on (R™\{0}) x [0, c0).

38



Proof. We argue as in [45]. Fix "> 0. By Lemma 3.9, we can bound Q;(u") by
Q) := Bs(0) for some 6 > 0, for all 0 < ¢ < T and A > 0. For some £ > 0, define
Q.= O\B(0,¢), Q. := Q. x [0,T] . We will prove the convergence in Q..

Let v be the viscosity solution of the Stefan problem (3.1). We can find constants
0 < a < bsuch that K C B,(0) and Qy C B,(0). Set L = 1/M and A = max .
Choose radially symmetric smooth 6y > 0 such that 6, > vy on Qp \ B,(0) and
fo = 0 on R™ \ B,(0). The radial solution 6 of the Stefan problem on R™ \ B,(0)
with such parameters will be above v by the comparison principle. Thus, for A large

enough, the rescaled solutions satisfy
0<v* <6 in Q.po.

On the other hand, by Lemma 3.7, 6* converges to Vi as A — oo uniformly
on Q.2 and Vyp is bounded in ./, and therefore for A large enough so that

(Bo(0)) := 242 < B, 5(0),

g 2@ ) = I |2 (@) < Ce)- (3.26)
Since u* satisfies (3.7), we have
Aur(p —ut) < (A(2_")/”ut)‘ — f()\l/"x)) (¢ —u) a.e for any ¢ € KMt).
As u3 is bounded, u* satisfies the elliptic obstacle problem
AuM (o —u*) < (CACI" — F(A"a)) (0 — )

a.e for any ¢ € K*(t) such that ¢ —u* > 0.
Now we can use the standard regularity estimates for the obstacle problem (see

[51, Proposition 2.2, chapter 5] for instance),

1
2-n)/n _ —
CA 5

||Au>‘(.,t)”Lp(Qs/2) < p

< (Cpyforalll<p< oo,
LP(QE/Q)

for all A large so that also Qf C B./2(0). Using (3.26) and u*(z,t) = f(f vz, s)ds,
we conclude [|u*(-,)| s (q. ,) 15 bounded uniformly in ¢ € [0, 7] and X large.

Using elliptic interior estimate results for obstacle problem again (for example,
[51, Theorem 2.5]), we can find constants 0 < o < 1 and Cy, independent of t € [0, T]]
and A > 1, such that

1w )l < Co,

[u? (-, )| ey < Ca,

forall 0 <t <T, A>1.
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Moreover, using (3.26) again, we have |u*(z,t) — u*(z, s)| < Cs|t — s|. Thus u? is
Holder continuous in x with 0 < o < 1 and Lipschitz continuous in . In particular,
u? satisfies

||U/\||Cova(Qs) < Cy(Cy, C3) for all A > Ag.

The argument for case n = 2 is similar.
By the Arzela-Ascoli theorem, we can find a function @ € C'((R™\ {0}) x [0, o0))

and a subsequence {u*} C {u*} such that
u™ — @ locally uniformly on (R™\ {0}) x [0, 00) as k — oo,

Due to the compact embedding of H? in H', we have, u**(-,t) — (-, t) strongly in
HY(Q.) for all t >0, e > 0.

To finish the proof, we need to show that the function u is the solution of limit
problem (3.23) and then by the uniqueness of the limit problem, we deduce that the

convergence is not restricted to a subsequence.

Lemma 3.13 (cf. [45, Lemma 6.3]). For each t > 0, w := u(-,t) satisfies

a(w, ) > (=L, ¢) for all p €V, (3.27)
a(w,pw) = (—L,yw) for allp € W, (3.28)

where L = (1/g) as in Lemma 2.20 and V,W as in (3.24) and (3.25).

Proof. Consider n > 3. Following the techniques in [45], fix ¢ € [0, 7] and denote
w® := uM(-,t). Take ¢ € V first. Analogously to Remark 3.2, we only need to prove
the inequality for functions ¢ with compact support, the conclusion for general
function ¢ in V' will follow by the continuity of all terms in the inequality. There
exists ko > 0 such that for all k& > ko, Q3 C B.(0) and ¢ = 0 on B.(0). Set
oF = ¢ +w* € K (t). Substitute the function ¢* into the rescaled equation (3.7)

and integrate both sides and integrate by parts, which yields

Cn oA 1
a(w/\ka(b) 2_)‘;2 / <u? <7t)7¢>+<_nga¢>

The linear functional w +— a(w, @) is bounded in H'. Recalling Lemma 2.20 and
that u;\’“ is bounded, since w* — w strongly in H' as k — oo, we can send \, — 00

and obtain (3.27).
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Now take 1 € W. As above, we assume that ¢ has compact support, and

without loss of generality we can also assume that 0 < ¢ < 1,4 = 0 on B.(0)

(otherwise consider maxﬁn s instead). Take ko such that QoF € B.(0) for all k > k.

Since 1 € W then vw € V. As above we have a(w,yw) > (—L,w). Moreover,
consider ¢* = (1 — Y)w* € K (t), k > ko. Then,

1 —n)/n &
OJ(wkawwk) = _a(wk?()pk - wk) S <_ﬁvwwk> - >‘l(c2 )/ <ui\ (7t>7wwk> .

Again using Lemma 2.20, boundedness in L®(R") of w* and u*, the lower semi-
continuity in H! of the map w — a(w,w), and the fact that w* — @ strongly in
H' as k — oo we can conclude the equality (3.28).

Again, n = 2 is similar. ]

Finally, the next lemma establishes that the singularity of @ as |z| — 0 is correct.

Lemma 3.14 (cf. [45, Lemma 6.4]). We have

u(z,t)

r,t) =1
lz[—-0 Uc, .1, (%)

for every t >0, where L = (1/g) as in Lemma 2.20 and C, as in Lemma 3.11.

Proof. Let C, as in Lemma 3.11 and fix a ¢ > 0. By Lemma 3.11, there exists a

large enough such that

P(z) €
J— % < —_
|x|2fn 2
for all z, |z| > a. In particular,
P(x) €
- * < .
a?—n 2

Consider the Stefan problem in the set Q, := {|z| > a}, Q, C R"\ K for a large
enough. The fixed boundary {|z| = a} is a compact subset of R"\K. Then by
Theorem 3.10, there exists ty > 0 such that for all ¢t > :

v(z,t)  P(z)

a27n a27n

<8
5

Thus by triangle inequality we have for all ¢ > ¢y, for all = such that |z| = a,

v(x,t)
a2—n

—C,| <=
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Now let 6,,0_ be respective radial solutions of the Stefan problem satisfying

boundary and initial data

0
;_E =C,+teon |z|=aq, 0_(x,t0) < vz, ty) < Oy(z,to),
a n
Ry, (tg) = Ry_(tg) = i
0. (to) e |z, 0 (to) Jin |z,
1 1 1
/ei(t):LilD0|7 L+:M7L_:E

where M, m as in (1).

The comparison principle for viscosity solutions tell us that
0, <v<0_forall |x| >a,t>t.
Then the respective rescaling satisfies
02 <o <0 in {(x,t) : N[z > |a|, A > to/t} for n > 3,

or

02 <o <0 in {(z,t) : R(N)|z| > |a|, A > to/t} for n = 2.

Note that Lemma 3.7 gives us the locally uniform convergence of 6} to solutions of
the Hele-Shaw problem with a point source Vi := Vi 4., on (R™\{0}) x [0, 00)
as A — o0o. Applying the Baiocchi transform of v* we get, for A\Y/"|z| > a (or
R(N)|z| > a) and X > ty/t:

t

M, t) = /v’\(:v,s)ds

0

to/A t
< /UA(x,s)dst/@i(x,s)ds.
0 to/A

We see that:

e Similar to the explanation before, for every \ , function v is bounded in the
set {(z,t) : AY"|z| > a (or R(\)|z| > a) and 0 < s < t/\}, the first term of
right hand side tends to 0 as A — oo,

e By Lemma 3.7, 6} — V, uniformly in (R™\{0}) X [0, 00) as A — oo then by the

t

dominated convergence theorem, the second term converges to [ V. (z, s)ds as
0

A — 00.
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Using the same argument we can find the lower bound for v* and ve have

t t

/V_(x, s)ds < li/{n inf ut(z,t) < a(z,t) < limsup u(z,t) < /V+(x, s)ds (3.29)
0 A—00
0 0

for all (z,t) € (R"\{0}) x [0, c0).
Consider the case n > 3, dividing (3.29) by |z|*™™ and taking the limit when
|z| — 0 we have

t

1 u(x,t
liminf—/V(w, s)ds < liminf iz, t)
2|0 |z]2™ 2|0 |x[2™
t
u(x,t 1
< limsupﬂ;) < limsupT/VJr(x, s)ds.
-0 2P w0 T[>

(3.30)
We know from Section 3.2.1 that

t

/Vi(x, s)ds = Uy(x,t) == Uc,se,1, (2, 1),
0

and Uy have explicit form as in (3.22) with respective constants then

t

1
lim —/Vi(x,s)ds = lim Us(,?)

|z|=0 2|2~ lz|=0 |x|>"

= (Cyx £ e)t.

We do the same way for the case when n = 2, just replace |z]*™" by —log|z|
and obtain the similar result. Now since € > 0 is arbitrary, we can take the limit

when € — 0+ to get

u(z,t) _Ci—1 Ue, n(x,t)
2|0 |x|?>~" |0 |x[2
which finish the proof of Lemma 3.14. [
This finishes the proof of Theorem 3.12 . O]

3.3 Uniform convergence of the rescaled
viscosity solutions and free boundaries

In this section, we will deal with the convergence of v* and their free boundaries.

Let v be a viscosity solution of the Stefan problem (3.1) and v* be its rescaling. Let
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V' = Vg, 1 be the solution of Hele-Shaw problem with a point source as in (3.16),
where C, is the constant of Lemma 3.11 and L = (1/g) as in Lemma 2.20.
We define the half-relaxed limits in {|z| # 0,¢ > 0}:

v*(x,t) = limsup U’\(y,s), Vs(z,t) =  liminf U’\(y,s),
(y,8),A—(z,t),00 (y,8),A—(z,t),00

Remark 3.15. V' is continuous in {|z| # 0,¢ > 0}, therefore V, =V = V*.

To complete Theorem 3.1, we prove a result similar to [45, Theorem 7.1.]

Theorem 3.16. The rescaled viscosity solution v* of the Stefan problem (3.1) con-
verges locally uniformly to V= Ve, 1/g in (R"\{0}) x [0,00) as A = oo and

Ve =0 =V.

Moreover, the rescaled free boundary {I'(v*)}, converges to T'(V') locally uniformly
with respect to the Hausdorff distance.

To prepare for the proof of Theorem 3.16, we need to collect some results which
are similar to the ones in [39] and [45] with some adaptations to our case. All the
results for n > 3 we have in this section can be obtained for n = 2 by using limit
m — 0 as A — oo. Thus, from here on we only consider case n > 3, the results

for n = 2 are omitted.

3.3.1 Some necessary technical results

Lemma 3.17 (cf. [39, Lemma 3.9]). The viscosity solution v of the Stefan problem
(3.1) is strictly positive in Q(u), satisfies Q(v) = Q(u) and I'(v) = '(u).

Lemma 3.18. Let v* be a viscosity solution of the rescaled problem (3.6). Then
v*(-,t) is subharmonic in R™\ {0} and v.(-,t) is superharmonic in Q:(v,)\{0} in

ViScosity sense.

Proof. We will prove the statement for subharmonic case using contradiction argu-
ment, the proof for superharmonic case is similar.

Assume that v*(-, o) is not subharmonic in Qy, (v*)\{0} in viscosity sense. Then
there exists a function ¢ € C?(,(v*)\{0}) that touches v*(-,ty) from above at zg
in B, (z9) := B(xg,r) C Qi (v*)\{0} and Ap(x) < 0 in B,(x).
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Consider a smooth perturbation of ¢, we can assume that there exists some

small constants d, 7 > 0 such that ¢ > 0 in B,(xy) and

o(x) <v*(z,ty) — 9, for all z € Bs(xy), (3.31)
o(x) > max v*(y,to) + 0, for all x € 0B, (xo). (3.32)
BT‘(:BO)

From (3.32) and the fact that v* is upper semicontinuous function we have

there exists t; < o such that ¢(x) >  max  v*(y,t) for all z € 0B,(zp). In-
By (zo) X [t1,to]
deed, assume that for every t; < tg, there exists o € 9B, (xo) such that ¢(xy) <

Br(xo)X[tl,to}
0B, (xo) and (yn,t,) € Br(xo) X [t1,t0] such that p(z,) < v*(yn,t,). Since all the

max  v*(y,t). Choose a sequence {t] =t — 1}, for each ¢7, there exists z, €

sequences are bounded, there exists subsequences {x,, } converges to z* € 0B, ()
and {(Yn,,tn, )} converges to (yo,to) € Br(xo) X {to}. Taking limsup of (z,,) and
U (Yny, tny,) a8 k — 0o we have p(z*) < v*(yo, to) which yields a contradiction with
(3.32).

Let Q(zo, to) := Br(z0) X (t1,t9) and I', := 9,Q(z0, to) be the parabolic boundary

of Q(xo,tp). Consider function

ant) = (o) + 1= (max 0.

We have on 0B,(xg) X [t1, to],

Pla,t) > pla) > max e’ (5,0)
and on B,(zo) X {t1},

B, 1) = plr) + max*(y, 1) > maxv*(z, ).

p p

Therefore ¢ > max v*(y,t) on the parabolic boundary 0,Q(x¢, %) of Q(zo, o).

Moreover, for compact set I', for all € > 0, there exists A\g > 0 such that

v <maxv* +eonl,
FP

for all A > \y. Choose
oz, t) — max v
€= n%})n 5

we have v* < @ on T, for all A > \g.
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Besides, we have Ap = Ay is strictly negative in Q(zo, tg) and )\,(f_n)/n — 0 as

k — oo,

1 . : :
max v*(y, t) is a finite constant.

gOtztl_to Iy

Then for k large enough we have:

ARG — Ag > 0 in Q(zo, t).

Therefore ¢ is a supersolution of elliptic equation in (3.6) in Q(xo,to) for A large
enough and we have

@ > v in Q(zo, to). (3.33)

On the other hand, by the definition of limsup, there exists a subsequence

{v*} C {v*}, and {yx}, {si} such that

Y — T, S — to as k — oo,

vz, ) = Jim V™ (Yk, Sk).

Thus, for every § > 0, there exists ko such that |v™ (yx, s;) — v*(,t)| < 6/2 for all

k > ko. Let § as in (3.31), since ¢ is continuous, we have

v’\’“(yk, sk) > v (x,tg) —0/2 > p(x) +0/2 > o(yk, t)

for some x € Bs(xy) and k large enough, which is in contradiction with (3.33).
Therefore, for each ¢, v*(-, ) is subharmonic in €;(v*) and v*(-,t) = 0 in Qf(v*)\{0}.

Such function is subharmonic in R™\{0} as we expected. O

The behavior of functions v*, v, at the origin and their boundaries can be estab-

lished by following the arguments in [45] and [39].

Lemma 3.19 (v* and v, behave as V' at the origin). The functions v*,v, have a
singularity at 0 with:

U*(x,t) U*(x,t)

li =1 li =1 ht>0. 3.34
wls0s Viz,t) S Yy b Jor ac (3:34)
Proof. See [45, Lemma 7.4]. O

Lemma 3.20 (cf. [39, Lemma 5.4]). Suppose that (xy,ty) € {u™ = 0} and (xy, ty, \r) —

(xo,to,00). Then:
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a) U(xo,ty) =0,
b) If zj, € Ty, (u™*) then o € Ty, (U),
where U = Ug, 1, is the limit function in Theorem 3.12.
Proof. See proof of [39, Lemma 5.4]. O

The rest of the convergence proof in [45] relies on the monotonicity of the so-
lutions of the Hele-Shaw problem in time. Since the Stefan problem lacks this
monotonicity, we will show that sufficiently regular initial data satisfies a weak
monotonicity below. The convergence result for general initial data will then follow

by the uniqueness of the limit and the comparison principle.

Lemma 3.21. Suppose that vy satisfies (3.2). Then there exist C' > 1 independent
of x and t such that

vo(z) < Cu(z,t) in R"™\K x [0, 00). (3.35)

Proof. Let v := mingg, |Dvol|, 72 := maxag, |Dvo|. Note that 0 < 71 < 75 < 0.

For given € > 0, let w be the solution of boundary value problem

Aw =0 in Q\K,
w=¢ on K,
w=20 on .
For z close to 0€y we have vy(x) > L-dist(z,0€). Since y1 > 0, vy > 0 in Q
and 0¢)y has a uniform ball condition, we can choose £ > 0 small enough such that
w < vy in R"\ K. By Hopf’s Lemma, 7, := mingg, |[Dw| > 0. It is clear that w
is a classical subsolution of the Stefan problem (3.1) and the comparison principle
yields
w < vin (R"\K) x [0,00). (3.36)
Now assume that (3.35) does not hold, that is, for every k € N, there exists
(2, tr) € R"™\K X [0, 00) such that

%vo(xk) > vz, tg)- (3.37)

Clearly zy € Q. {tx} is bounded by Theorem 3.10 since vy is bounded. Therefore,

there exists a subsequence (xy,, tx,) and a point (zo, to) such that (xy,, tx,) — (o, to)-

47



Since vy is bounded, we get v(xg,tg) < 0 and thus zy € 9y by (3.36). Consequently,
for k; large enough,
w(xg,) > 1fywdist(yck 0 = Jw 279dist(z,, 0€2) > 7—wvo(gz:k ).
1) — 2 1 472 17 — 4,}/2 1

Combine this with (3.36) and (3.37) to obtain

1 Y
EUO(%) > 4—72?10(%)
for every k; large enough, which yields a contradiction since vg(xy,) > 0. [

Some of the following lemmas will hold under the condition (3.35).

Lemma 3.22. Let u be the solution of the variational problem (2.8), and v be the
associated viscosity solution of the Stefan problem, and suppose that (3.35) holds.
Then

u(z,t) < Cto(x,t). (3.38)

Proof. The statement follows from checking that @ := C'tv is a supersolution of the
heat equation in (u) and the classical comparison principle. Indeed, @, — Atu =

Cv + Ct(vy — Av) > vy > f = uy — Au in Q(u) by (3.35). O

Lemma 3.23 (cf. [39, Lemma 5.5]). The function v, satisfies Q(V) C Q(v.). In

particular v, > V.

Proof. Assume that the inclusion does not hold, there exists (zg,%y) € (V) and
v«(zo,t0) = 0. By (3.35) and Lemma 3.22, there exists C' > 1 such that u(z,t) <
Ctv(x,t). This inequality is preserved under the rescaling, u*(x,t) < Cto*(x,t)
in (R"\K?*) x [0,00). Taking liminf* of both sides gives the contradiction 0 <
U(zo,to) < Clyvi(zo,tg) = 0.

The inequality v, > V follows from the elliptic comparison principle as v, is
superharmonic in Q(v,) \ {0} by Lemma 3.18 and behaves as V' at the origin by
Lemma 3.19. [

Lemma 3.24. There exists constant C' > 0 independent of \ such that for every

zg € Q, (u?) and B.(xo) N QY = 0 for some r, for every \ large enough we have

sup u(w,ty) > COr’.
z€By(x0)
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Proof. Follow the arguments in [38, Lemma 3.1] while noting that since u; is

bounded then, for ) large enough, u* is a strictly subharmonic function in €, (u*)\

. O

Corollary 3.25. There exists a constant Cy = Ci(n, M, Ng) such that if (xg,ty) €
Q) and B,(zo) N =0 and X > g, we have
017“2

sup U/\(.I'7t0) > .
By (z0) to

Proof. The inequality follows directly from Lemma 3.22 and Lemma 3.24. [
Lemma 3.26 (cf. [39, Lemma 5.6 ii]). We have the following inclusion:
I'(v*) Cc T(V).

Proof. Argue as in [39, Lemma 5.6 ii] together with using Lemma 3.20 and Lemma

3.24 above. H

Now we are ready to prove Theorem 3.16.

3.3.2 Proof of Theorem 3.16

Proof. Step 1. We prove the convergence of viscosity solutions and the free bound-
aries under the conditions (3.2) and (3.35) first.
Lemma 3.9 yields that ;(v*) is bounded at all time ¢ > 0. Since (V) is simply

connected set, Lemma 3.26 implies that

Q(v*) Cc UV) C Q(Veryer) for all e > 0.

We see from Lemma 3.18, v*(-,¢) is a subharmonic function in R™ \ {0} for every

v*(z,t)

t > 0 and lim; 0 Vied = 1 for all ¢ > 0 by Lemma 3.19, comparison principle

yields v*(z,t) < Ve, qen(x,t) for every € > 0.

By Lemma 3.23, V(z,t) < v, and letting ¢ — 07 we obtain by continuity
V(e t) < vae,t) < v (1) < Va1,

Therefore, v, = v* =V and in particular, I'(v,) = I'(v*) = T'(V).
Now we need to show the uniform convergence of the free boundaries with respect

to the Hausdorff distance. Fix 0 < t; < ¢ and denote:

M =T N{t; <t <t} r<:=T(V)n{t <t <to},
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a 0-neighborhood of a set A in R™ x R is
Us(A) :={(x,t) : dist((x, 1), A) < d}.
We need to prove that for all § > 0, there exists \g > 0 such that:

I C Us(T=) and I C Us(TY), YA > Ao (3.39)

We prove the first inclusion in (3.39) by contradiction. Suppose therefore that we
can find a subsequence {\;} and a sequence of points (zy,t;) € I'* such that
dist((zx, ), I>) > 4. Since I'* is uniformly bounded in A by Lemma 3.9, there
exists a subsequence {(z,,tx;)} which converge to a point (x,%). By Lemma 3.20,
(wo,t0) € T'(U) = I'(V). Moreover, since t; < t;, < tp then t; < t5 < tp and
therefore, (xg,t9) € ', a contradiction.

The proof of the second inclusion in (3.39) is more technical. We prove a point-
wise result first. Suppose that there exists 0 > 0, (xg,ty) € I'™ and {A\x}, \p — o0,
such that dist((x, o), M) > g for all k. Then there exists » > 0 such that
D, (xg,t9) := B(xo,r) X [to — 1, to + | satisfies either:

Dy, t9) C {v™ = 0} for all k, (3.40)
or after passing to a subsequence,
D,(wg,to) C {v™ > 0} for all k. (3.41)

If (3.40) holds, clearly V = v, = 0 in D, (xq,to) which is in a contradiction with the
assumption that (o, ) € T'*°.

Thus we assume that (3.41) holds. In D, (g, ), v* solves the heat equation
A@=m)/ngde _ Apre = (). Set

wh(x,t) == ™ (x, /\,(62_71)/”15)

then wk > 0 in D¥(xo,t0) := B(xo,r) x N2 (tg — r), A" 2™ (tg + r)] and w*
satisfies wF — AwF = 0 in D¥(z, to). Since )\2,"_2)/”% — 00 as k — oo, by Harnack’s
inequality for the heat equation, for fixed 7 > 0 there exists a constant C'; > 0 such

that for each t € [to — §,to + 5] and A, such that 7 < )\ind)/"i we have

sup wP( A"y <oy inf wh( AT,
B(zo,r/2) B(zo,r/2)
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This inequality together with Corollary 3.25 yields:

C 2 —n)/n .
e < s AT <G inf (1)
t—XN """ Baor/2) B(zo,r/2)

for all t € [to — 5, %0 + 5], A > Ao large enough, where C only depends on n, M, Ag.
Taking the limit when )\, — oo, the uniform convergence of {v*} to V gives V > 0
in B(zg, %) X [to — §,to + §], which is a contradiction with (zg,%0) € '™ C I'(V).

We have proved that every point of I'™ belongs to all Us,»(I'*) for sufficiently
large A. Therefore the second inclusion in (3.39) follows from the compactness of
Iee.

This concludes the proof of Theorem 3.16 when (3.35) holds.

Step 2. For general initial data, we will find upper and lower bounds for the
initial data for which (3.35) holds, and use the comparison principle. For instance,
assume that vy € C(R"), vy > 0, such that supp vy is bounded, vy = 1 on K.

Choose smooth bounded domains Q}, Q2 such that K € Q) ¢ Q C suppvy C
02, Let v},v? be two functions satisfying (3.2) with positive domains Q}, 22, re-
spectively, and vj < vy < v3. If necessary, that is, when vy is not sufficiently regular
at OK, we may perturb the boundary data for v}, v3 on K as 1 — ¢ and 1 + ¢,
respectively, for some € € (0, 1).

Let v1, vy be respectively the viscosity solution of the Stefan problem (3.1) with
initial data v}, v3. By the comparison principle, we have v; < v < v, and after
rescaling v} < v* < v3. By Step 1, we see that v} — Ve, and v3 — Ve, 1.
Since Cyi14e — Cy as ¢ — 0 by [49, Lemma 4.5], we deduce the local uniform
convergence of v* — V = Vg, 1.

The convergence of free boundaries follows from the ordering Q(v;) C Q(v) C

Q(vs) and the convergence of free boundaries of Ve, .1 to the free boundary of

Ve, locally uniformly with respect to the Hausdorft distance. ]
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Chapter 4

Long-time behavior of one-phase
Stefan-type problems with
anisotropic diffusion in periodic

media

We consider an anisotropic one-phase Stefan-type problem with periodic coefficients
in a dimension n > 3. Our purpose is to investigate the asymptotic behavior of the
solution of the following problem (4.1) and its free boundary as time ¢t — oo. The
results in this chapter, which also appeared in the main reference [48], are the
generalizations of our previous work in Chapter 3 for the isotropic case.

Let K C R™ be a compact set and 0 € int K. Furthermore, assume that K has
a sufficiently regular boundary, for instance K € C*!. The one-phase Stefan-type

problem is to find a function v(z,t) : R™ x (0,00) — [0, 00) satisfying

vy — Di(a;;Djv) =0 in {v>0}\K,
v=1 on K,
(4.1)
‘g—tv‘ = ga;;D;vy;  on 0{v > 0},
v(z,0) = vy on R",

where D is the space gradient, D; is the partial derivative with respect to x;, v; is
the partial derivative of v with respect to time variable ¢ and v = v(x,t) is inward

spatial unit normal vector of d{v > 0} at point (z,t). Here we use the Einstein
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summation convention.

We prescribe the Dirichlet boundary data 1 on the fixed source K and an initial
temperature distribution of water vg. Note that the results in this chapter apply to a
more general time-independent positive fixed boundary data, the constant function
1 is taken only to simplify the notation. We also specify an inhomogeneous medium
with the latent heat of phase transition L(z) = ﬁ and an anisotropic diffusion
with the thermal conductivity coefficients given by a;j(x). The unknowns here are
the temperature distribution in the water v and the water-ice interface 0{v > 0},

which is the so-called free boundary. Since the free boundary is a level set of v, the

outward normal velocity of the moving interface is given by The free boundary

Ut
|Dv|®
condition thus says that the interface moves outward with the velocity ga,; D;vv; in

the normal direction. Note that we can also rewrite the free boundary condition as
v = ga;;DjvD;v. (4.2)

Throughout this chapter, we will consider the problem under the following as-
sumptions. The matrix A(x) = (a;;(x)) is assumed to be symmetric, bounded, and

uniformly elliptic, i.e., there exits some positive constants o and 3 such that
alé]? < aij(z)&&5 < BIE)? for all z € R™ and € € R”, (4.3)

Moreover, we are interested in the problems with highly oscillating coefficients
that guarantees averaging behavior in the scaling limit, in particular a;; and g are
Lipschitz functions in R",m < g < M for some positive constants m and M,

Z"-periodic functions.

(4.4)
From the ellipticity (4.3) and the boundedness of g, we also have

malé? < ga;&i&; < MBEJ? for all z € R™ and € € R™, (4.5)

Furthermore, we assume the following initial data throughout most of the chapter,

vy € C?(Q\K),v9 > 01in Qo,v9 = 0, on QF :=R™\ Q, and vy = 1 on K, (46)
4.6
| Dvg| # 0 on 0€), for some bounded domain 4 O K.

As in Chapter 3, this assumption on the initial data guarantees the well-posedness
of the Stefan problem (4.1) and the coincidence of weak and viscosity solutions be-

low, as well as a very useful weak monotonicity (4.28). However, the asymptotic
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limit, Theorem 4.1 is independent of the initial data, therefore we are able to apply
the results for more general initial data. In particular, it is sufficient if the initial
data guarantees the existence of the (weak) solution satisfying the comparison prin-
ciple, and the initial data can be approximated from below and from above by data
satisfying (4.6). For instance, vg € C(R"),vg = 1 on K, vy > 0,supp vy compact is
enough.

As seen in Chapter 2, the global classical solution of the Stefan problem (4.1) in
multi-dimensional space is not expected to exist due to the singularities on the free
boundary which might appear in finite time. In our consideration, we continue to
use the notions of weak solutions and viscosity solutions introduced in Chapter 2,
which were well developed in the literature. Recall that a weak solution is defined by
taking the integral in time of the classical solution v and looking at the equation that
the new function u(z,t) fo x, s)ds satisfies. It turns out that if v is sufficiently

regular, then wu(-,¢) solves the obstacle problem (see [5,14,21,15,51,53,52])

u(-,t) € K(#),
(4.7)
(ue — Diai;Dju)) (p —u) = f(o —u) ae (z,t) for any ¢ € K(t),
where KC() is a suitable functional space specified in Section 2.2.2 and f is
vo(z),  wo(z) >0,
=40 (4.8)
— ——, vo(z)=0.
g(z)”

This formulation interprets the Stefan problem as a fixed domain problem and
allows us to apply the well-known results in the general variational inequality theory.
Indeed, the obstacle problem (4.7) has a global unique solution w for the initial data
(4.6). If the corresponding time derivative v = wu; exists, it is called a weak solution
of the Stefan problem (4.1). Moreover, the homogenization of this problem was
also observed based on the approach of homogenization of variational inequalities,
see [50,38,39]. In a different consideration, Kim introduced the notion of viscosity
solutions of the Stefan problem as well as proved the global existence and uniqueness
results in [34]. The analysis of viscosity solutions relies on the comparison principle
and point-wise arguments, which is more appropriate to study the behavior of the
free boundaries. The notions of weak and viscosity solutions were first introduced for

the classical homogeneous isotropic Stefan problem where g(z) = 1 and the parabolic
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operator is the simple heat operator, however, it is natural to define the same notions
for our Stefan problem (4.1) and obtain the analogous results as observed in [50,39].
Moreover, the notion of viscosity solutions is also applicable for more general, fully
nonlinear parabolic operators and boundary velocity laws since it does not require
the variational structure. One interesting result obtained in [39] is that the weak
and the viscosity solutions of (4.1) coincide whenever the weak solution exists, thus
we will use the strengths of both weak and viscosity solutions to study our problem.

The historical story of the study of the asymptotic and large time behavior of
solutions of the one-phase Stefan problem, as we mentioned in Chapter 3, observed
the work of Quirés and Vézquez [49] on the convergence of the one-phase Stefan
problem to Hele-Shaw in homogeneous isotropic case, the homogenization of the
Stefan problem of type (4.1) by Rodrigues [50] and Kim and Mellet [39]. Dealing
directly with the long-time behavior of the solutions in inhomogeneous media, the
work of the Pozér in [45], and then the results in Chapter 3 showed the convergence
in appropriate rescaling of solutions of both the Hele-Shaw problem and the Stefan
problem to the self-similar solution of the Hele-Shaw problem with a point-source in
the isotropic setting. The convergence of the rescaled free boundary is also obtained,
and it uniformly approaches a sphere.

In this chapter, we extend the previous results in Chapter 3 to the anisotropic
case, where the heat operator is replaced by more general linear parabolic operators
of divergence form. This was indeed the setting considered in [50] for periodic
homogenization problem and in [39] for more general random media. In this setting,
the variational structure is preserved, thus we are still able to use the notions of
weak solutions as well as viscosity solutions and their coincidence. However, the
main difficulties come from the loss of radially symmetric solutions which were used
as barriers in the isotropic case and the homogenization problems appear not only
for velocity law but also for the elliptic operators. To overcome the first difficulty,
we will construct barriers for our problem from the fundamental solution of the
corresponding elliptic equation of divergence form. Unfortunately, even though the
unique fundamental solution of this elliptic equation exists for n > 2, its behavior in
the case dimension n = 2 and dimension n > 3 are significantly different. Moreover,
we need to make use of a very useful gradient estimate (4.13) for the fundamental

solution, which only holds for the periodic structure. Therefore, we will restrict our
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problem into the problem in periodic media and dimension n > 3. Following [49,45]

and Chapter 3, we use the rescaling of solutions as
M, t) = XD\ M), uM (s t) = AT (A, M.

Using this rescaling we can deduce the uniform convergence of the rescaled solution
to a limit function away from the origin. In the limit, the fixed domain K shrinks
to the origin due to the rescaling, and the rescaled solutions develop a singularity
at the origin as A — oo. Moreover, in a periodic setting, the elliptic operator and
velocity law should homogenize as A — oo, and therefore heuristically, the limit
function should be the self-similar solution (under the corresponding rescaling) of

the following Hele-Shaw type problem with a point-source

/

—qijDiju = C6 in {v > 0},
1
vy = ——qi; D;vD;v on 0{v > 0}, 4.9
t <1/g> J J { } ( )
v(-,0) =0,

where ¢ is the Dirac J-function, g;; are constants satisfying a uniform ellipticity with
some elliptic coefficients, C' is a constant depending on K, n,¢q;; and the boundary

data 1, and the constant (1/g) is the average value of the latent heat L(z) =

_1
g(@)"

obstacle problem.

Similarly, the limit variational solution should satisfy the corresponding limit

The first main result of this chapter, Theorem 4.15, is the locally uniform con-
vergence of the rescaled variational solution to the solution of the limit obstacle
problem. Using the constructed barriers, we are able to prove that the limit func-
tion has the correct singularity as || — 0. Moreover, from the construction of
the barriers, we also obtain the growth rate of the free boundary, more precisely,
the free boundary expands with the rate of t/* when ¢ is large enough, which is
the same with the isotropic case. The aim is then to prove the homogenization
effects of the rescaling to our problem. The shrinking of the fixed domain K in
the rescaling also makes our current situation slightly different from the standard
classical homogenization problem of variational inequalities, where the domain of
observation and the boundary condition are usually fixed. In addition, we also need
to show that the rescaled parabolic operator becomes elliptic when A — 0. We will

use the notion of the I'-convergence introduced by De Giorgi and homogenization
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techniques developed by G. Dal Maso and L. Modica in [11,12,13] to our problem.
The issue here is that we need to modify the I'-convergence sequence in order to
use the integration by part formula for the variational inequality. This task will
be done with the help of a cut-off function and the fundamental estimate for the
I'-convergence. Note that our techniques is applicable not only for the periodic case
but also for the random case, thus we expect to extend our results to the problem
in random media in future.

As the last step, we will use the coincidence of the weak and viscosity solutions
of the problem (4.1) and the viscosity arguments to obtain the locally uniform con-
vergence of the rescaled viscosity solution and its free boundary to the asymptotic
profile in the second main result, Theorem 4.24. Fortunately, all the viscosity argu-
ments of the isotropic case can be adapted for the anisotropic case. Therefore, the
proof is similar to the the proof of Chapter 3, Theorem 3.16, where we make use of
a weak monotonicity (4.28) together with the comparison principle. An important
point in the proof of Chapter 3, Theorem 3.16 is that we need to apply Harnack’s
inequality and we can do the same way here since the rescaled elliptic operator
does not change the constant in Harnack’s inequality. As the arguments require
only some simple modifications, we will skip the proofs of some lemmas and refer
to Chapter 3 for more details.

In summary, we will show the following theorem.

Theorem 4.1. The rescaled viscosity solution v* of the Stefan-type problem (4.1)
converges locally uniformly to the unique self-similar solution V' of the Hele-Shaw
type problem (4.9) in (R™\{0}) %[0, 00) as A — oo, where q;; are constants satisfying
a uniform ellipticity, C' depends only on ¢;j,n, the set K and the boundary data 1.
Moreover, the rescaled free boundary 0{(z,t) : v(x,t) > 0} converges to 0{(x,t) :
V(z,t) > 0} locally uniformly with respect to the Hausdorff distance.

As mentioned above, almost all of the arguments in our recent work hold for
ergodic-stationary random case. However, in this situation, we lose a very important
point-wise gradient estimate (4.13) for the fundamental solution of the corresponding
elliptic equation to construct the barriers. In fact, for non-periodic coefficients, even
though the optimal bounds for gradient continue to hold for a bounded domain, it

cannot hold in the large scale when |z —y| — oo. The results in [42,25] tell us that
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for random stationary coefficients satisfying a logarithmic Sobolev inequality, we can
have similar bounds for gradient in local square average forms. This result cannot
be upgraded to the point-wise bounds since there is no regularity to control the
square average integral as in [25, Remark 3.7], however, it suggested the possibility
to modify our approach to the random case. Another question is the completeness
of the present results for the dimension n = 2. Since the unique (up to an addition
of a constant) fundamental solution of the corresponding elliptic equation exists
and the gradient estimates also hold in 2D case, we expect to obtain analogous
results as in this chapter. The essential reason that it remains open is the lack of
homogenization result for the fundamental solution (Green’s function) in 2D, which

is of an independent interest. This issue is under the investigation by the authors.

Outline:

In Section 4.1, we recall some basic facts of the fundamental solution of the corre-
sponding elliptic equation. The rescaling is introduced and we discuss the conver-
gence of the fundamental solution in the rescaling limit. The core of this section is
the construction of a subsolution and a supersolution of the Stefan problem (4.1) in
Subsection 4.1.3. Moreover, we state some limit problems before giving the proofs
of the main results in later sections. Section 4.2 is our major work, where we prove
the locally uniform convergence of the rescaled variational solutions. In Section 4.3,
we deal with the locally uniform convergence of viscosity solutions and their free

boundaries.

4.1 Preliminaries

4.1.1 The fundamental solution of linear elliptic equation

Note that we use the notation of elliptic operators £, £* as introduced in Section
1.2 and consider £° := D,(a;;(z/e)D;).

In this section, we will recall some important facts about the fundamental solu-
tion of the self-adjoint uniformly elliptic second order linear equation in divergence

form

— Lu =0, (4.10)
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in dimension n > 3, where £ is defined as in Section 1.2 and a;;(x) satisfy (4.3) and
(4.4). This fundamental solution will be used to construct barriers for the Stefan
problem. The facts of the fundamental solution are proved in more detail in the
Appendix A.

We will take the definition of the fundamental solution of (4.10) as Green’s

function in the whole space introduced in [41,2].

Definition 4.2. We say that G : R” X R” — R is the fundamental solution (Green’s
function) of (4.10) if G(-,y) is the weak (distributional) solution of —LG(-,y) = d,,

where 0, is the Dirac measure at y, i.e.,
/ 0 DG, y) Dipde = ly), Yy €R", Vg € CF(RY),
and lim;_y|00 G(2,y) = 0.

The existence and uniqueness of the fundamental solution were given by the

remark following [41, Corollary 7.1] or more precisely by [2, Theorem 1].

Theorem 4.3 (cf. [2, Theorem 1]). Assume that n > 3, a;;(z) satisfy (4.3) and
(4.4). Then, there exists a unique fundamental solution G(x,y) of (4.10) such that
G(-,y) € HL (R\{y}) N WLP(R™), p < —=, and for some constant C' > 0 we have

C71|‘T - y|27n < G(xvy) < C|LU o y|2in7 V‘T?y € R™ (411)
Remark 4.4. Note that in any bounded domain U of R™"\{0}, G(-,y) satisfies all
the properties of a weak solution of a uniformly elliptic equation. The fundamental

solution of (4.10) also has the following properties (for more details, see [41,43,24]):

e G(r,y) =Gy, )

G(-,y) € CH(U) for some o > 0.

The function u(z) = [, G(x,y)f(y)dy is a weak solution in Hy (R") of the
equation —Lu = f for any f € C§°(R").

When the coefficients a;; are constants, the fundamental solution can be given

explicitly as

(2-n)/2
0 ._ 1 N — ) (2 — s
G (2,y) = (n—Q)ozn\/W (Z(A )ij(@i — yi)(x; y])) , (412)

ij
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where (A™1);; are the elements of the inverse matrix of (a;;), |A| is the deter-

minant of (a;;) and «, is the volume of the unit ball in R™.

Moreover, in a periodic setting, the results in [2, Proposition 5] give bounds on

the gradient of the fundamental solution.

Lemma 4.5 (cf. [2, Proposition 5]). Ifn > 2 and A is periodic then the fundamental

solution of (4.10) satisfies the following gradient estimates:

aC >0, Vx € R", Yy € R", |D,.G(z,y)| < (4.13)

|z —y|nt

3C > 0, Vo € R", Vy € R", |D,G(z,y)| < (4.14)

Using the technique of G-convergence, the authors in [60] established results on
the homogenization and the asymptotic behavior of the fundamental solution of
(4.10). We refer to [60, 13] for the definition of G-convergence and more details of

the homogenization problem.

Lemma 4.6 (cf. [60, Theorem 2, Chapter III]). Let n > 3, A satisfy (4.3), (4.4)
and G¢(z,y) be the fundamental solution of
— Lfu=0. (4.15)

Then G¢ converges locally uniformly to G° in R*\{x = y} ase — 0, where G°(z,y)

18 the fundamental solutions of
— L% =0, (4.16)

and L° is a uniform elliptic operator with constant coefficients. Moreover, if we de-
note G(x,y) as the fundamental solution of (4.10), then we will have an asymptotic
ETPression

G(z,y) = Go(z,y) + |z — y|* "0(x,y), (4.17)

where 0(x,y) — 0 as |z — y| = oo uniformly on the set {|z| + |y| < alx — y|}, a is

any fized positive constant.

4.1.2 Rescaling

Let v be the solution of the one-phase Stefan problem (4.1) and u be the solu-
tion of the corresponding variational inequality (4.7), the definitions as well as the

relationship of v and u was introduced in Chapter 2.
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4.1.2.1 Rescaling for n > 3

Following the idea in [49,45], for A > 0 and n > 3 we will use the rescaling of
solutions as

M, t) = )\HTQU()\%.CE, At).

If we define K* := K/\w and Q) := Qy/A« then as derived in [45], v* is a solution

of the problem

(V50— £ =0 in Q(vM)\ K,
v = A on K*,
vt)\ A 2 A \ (4.18)
m = g"(z)aj;(r)Djv 'y on I'(v7),
. vA(-,0) = g in R",

where v)(z) = A% vo(AY"z) and ¢*(z) = g(Anz), aly(z) = a;(\/"x).

Also as in [45], we will use the corresponding rescaling of weak solutions
u(z,t) = )\_%u(/\%x, At).

The rescaled v satisfies the obstacle problem:

( A A
u(-,t) € K(t), 0<t<oo,

A7 u) — LN (p —u?) > ) (e — u?) a.e. (x,t) € R" x (0,00)

for any ¢ € K(t),

u(z,0) = 0,
(4.19)

where KA(t) = {¢ € HY(R™), 0 > 0, = At on K*} and f(z) = f(A/"z).

Remark 4.7. We can take the admissible set K*(¢) as above due to the continuity
with respect to the H' norm of all terms in the variational inequality and the fact

that the variational solution u has a compact support in space at every time. Note

that for any fixed time ¢, the admissible set K*(¢) depends on \.

4.1.2.2 Convergence of the rescaled fundamental solution

By Lemma 4.6, we have the following convergence result on the rescaled fundamental

solution.
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Lemma 4.8. Let G be the fundamental solution of (4.10) in dimension n > 3.

Consider the rescaling
Gz, y) = Aan?G()\l/"x, AV
Then G* is the fundamental solution of
— L =0, (4.20)

and |G*z,y) — G°(x,y)| = 0 uniformly on every compact subset of R*\{(z,z) €
R*"} where G is the fundamental solution of (4.16).

Proof. We will show that G* is the fundamental solution of (4.20), then the result
follows directly from Lemma 4.6 with ¢ = A\~1/".
For simplicity, we will check that G* satisfies the definition of the fundamental
solution of (4.20) for fixed y = 0, F(z) = G(x,0) and FA(z) := AX"=2/"F(\Vng).
Indeed, we have D;F*(x) = \®=V/" D, F(AY"z). Take a function ¢ € C§°(R™),

then
/ 0\ () D;F () Disp(a)dr = / =D/, (\Y2) D; F(AY") Dy ()
g (y) D F(y) Dip(A Yy dy

/.
/ y) Did(y)dy

= #(0),

where 3(y) = ¢(A"Y/™y). Moreover, F* satisfy the estimate (4.11) since F' has this

property. Hence, by definition, F* is the fundamental solution of (4.20). O]

Remark 4.9. The rate of this convergence as well as the rate of convergence for

derivatives were also derived in [4].

4.1.3 Construction of a sub-solution and a super-solution

from a fundamental solution

The main goal of this section is to construct a sub-solution and a super-solution of
(4.1) from a fundamental solution of the elliptic equation so that we can use them

as barriers to track the behavior of the support of a solution of (4.1).
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From now on, we will let £° be the limit of the operators of £* as in Lemma 4.6
and consider the fundamental solutions of (4.10), (4.20) and (4.16) with pole at the
origin as

F(z) = G(z,0), Fz):=Gz,0)=\""2"F\/"g),  Fz):= G°x,0)

respectively. Note that F° is preserved under the rescaling by (4.12).

4.1.3.1 Construction of a supersolution

Define
O(z,t) == [CLF(z) — Cot/"]
where (4, Cy are non-negative constants chosen later. It easily follows that in {6 >
03\{0},
CQ(TL - 2)
n

DO(x,t) = CLDF(x),

0,(x,t) = t2=2m)/n >,

L6 =0,

0, — L0 > 0.
Due to estimates (4.11) and (4.13), there exists a constant C' such that
CH ™" < F(z) < Claf*™,
(4.21)

|DF(x)] < Clz|'™.

Then for (z,t) € 0{6 > 0} we have
Cot®=M/Im = O F(z) > CLC 7 Ha ™,

which yields

1/(2-n)
RV (0052) 2.

Thus on 9{6 > 0},

C -2 —2/7C 2-n  _n_
0, = Mt@f%)/n > n (é) 022771 ’$|272n.
Fix any ¢y > 0. We can choose (] large enough and C5 small enough such that

n n

0, > MBCIC?|x|**" > MB|DO|? on {0 > 0}, (4.22)
0 >1on K and 0(z,ty) > v(z,to), (4.23)
where «, § are constants from (4.3). By (4.5), 6; > a;;D;6D;6 on {6 > 0} and by

(4.2), 6 is a supersolution of (4.1) in R™ X [tg, 00).

63



4.1.3.2 Construction of a subsolution

Let h(x) be the barrier constructed in [39, Appendix A] with Lh = n, Dh(z) =

(A(x)) 'z and let ¢, ¢ be non-negative constants such that
clz|* < h(z) < ¢l (4.24)

Consider the following function with non-negative constants ¢y, ca, c3:

coh(x
O(z,t) ;== |1 F(z) + QTU — st g (4.25)

_l’_

where

Colr?

B(t) = {z: Fy(la[,t) <0}, Fy(r,t):= Cerr®™" + — gt/

C, ¢ are constants as in (4.21), (4.24) and F/(r,t) is the derivative of Fy(r,t) with
respect to r. We claim that we can choose constants cy, co, 3, %9 such that 6 is a

subsolution of (4.1) for ¢ € [ty,00). The differentiation of 6 on the set {# > 0}\{0}

leads to
A—l
Dé(z,1) = 1 DF(z) + w
LO(x,t) = %
_ CQh(x) C3(n — 2) (2—2n)/n _ 4(2—2n)/n 63(77’ — 2) CQh‘(m)
Op(z,t) = — 2 + - t =1 n T Tm |
B _emmym |(R=2)  oh(z)  an ,
Oy (x,t) — LO(x,t) =t - 3 o | < 0 when t is large enough.
(4.26)
Thus, we can choose ty large enough such that 6, — £6 < 0 for t > t,.
Now we will prove the continuity of 6. We have
0 < 0(x,t) < [Fy(Jal, )] s xm) = By (2,1), (4.27)

hence Q,(6) C Qu(F;") for all t. We see that

2co0r (001 (n—2)

1/n
Fy(r,t) = Cer(2—n)r' ™" + ——<0er< ) £ =2 o (t) (4.28)

2coC
or E(t) = {z : |z| < ro(t)}. We have 0 is continuous in time and for each time
t, 0(-,t) is continuous in E(t),0(-,t) = 0 on (E(t))°. We will show that we can
choose the constants such that 6(-,t) is continuous through boundary of E(t) for all
t. Indeed, for zy € OE(t),

Fb(‘l‘o’, t) = Fb(?“[)(t), t) = CFbt(Zin)/na
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where Cr, = (Cc;)?(cpe)m=2/m [("772)2/” %} — ¢3 . We can choose ¢, ¢y, c3
such that Cr, < 0 then Fp(|zol,t) < 0 for all ¢t. Since Fy(-,t) is continuous at
xg, there exists a small neighborhood B(zg,e(t)) of 2y such that in that neigh-
borhood, F,(|z|,t) < 0 and therefore F,"(x,t) = 0 and by (4.27), 6(z,t) = 0 for

x € B(xg,e(t)). Thus 6(-,t) is continuous at z and therefore it is continuous in R”.

Note that Cr, < 0 if and only if
cs > Co(er)?™(ep) =21, (4.29)

where Cj is a constant depending only on n, C, ¢.

We finally need to show that we can choose suitable constants such that 6 satisfies
the sub-inequality on the free boundary.

We first note that 0(z,t) > 0(z,t) == [Cey|z|?™ - 03t(2‘”)/”]+ then Q(A) C

(0), or more precisely, there exists a constant C such that
|z| > CtY/™ for all (z,t) € 9{f > 0}. (4.30)
By (4.26) we have

et S C3t(2_2n)/n )

201 Co

2
D6 = G|DF(x)* + ——DF(x)- Az + j—;\frw,

20102

>
t

2
DF(z)- A™'x + ;—;|A’1x\2.

Since A is a symmetric bounded matrix satisfying the ellipticity (4.3), then these

properties also hold for A~ and A~2 with some other constants. Hence,

2
2
DO > j—;d|x|2 - C;CQCA|DF(x)||x| for some &, Cy > 0
2 2c169 n
> 15—304|95|2 - TOCAWQ ( by (4.21))

> <c§&(§2 . 2c1c2(JCAc72—”> $E=20/n by (4.30)).

We want to choose ¢, ¢, c3 such that 6; < ma|DO|? on 9{6 > 0}, which will hold if
c3 < ma (03&6'2 — 2610200A|é27n> = Cyc5 — Cieyey, (4.31)

where Cj,CZ are fixed positive constants. Then by (4.15), 6, < ga;;D;0D;6 on
0{60 > 0}.
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The conditions (4.29) and (4.31) hold if we choose some suitable ¢, ¢y, c3, for

example, fix any ¢; > 0, choose ¢y large enough such that
Co(c)?™(co) /M < Clek — C2eyc.

Note that the above inequality holds for ¢, large enough since for fixed ¢; > 0, the
right hand side tends to co as ¢; — oo faster than the left hand side. Then (4.29)
and (4.31) hold for any ¢;3 which is between these two numbers. Fix ¢, such that
0, — L0 < 0in {0 > 0} for chosen ¢y, c3 and t > t5. Choosing a smaller ¢; if it is
needed, we can assume that the support of (-, ty) is contained in €, (v), 0(x,ty) <
v(z,tg) and 6 < 1 in K. Thus, with the help of (4.2), we see that € is a subsolution

of the Stefan problem (4.1) for that choice of constants.

4.1.3.3 Some results on the barriers for the Stefan problem (4.1)

As the construction above, we can use the functions of the form
O(z,t) == [CLF(z) — Cot®/"] | (4.32)

where C1,Cy > 0 as the barriers for the Stefan problem (4.1). As our purpose is
to study the asymptotic behavior, we first observe the convergence of the rescaled

barriers.

Lemma 4.10. Let 0 be a function of the form (4.32) and 0 := X("=2/m9(\V/"x \t).
Then 0* — 6° locally uniformly in (R™\{0}) x [0, c0), where

0°(x,t) == [CLFO(z) — Cot *=/] . (4.33)

Proof. We have

0 (z, 1) = [C1F (w) — Cot ="M
where FA(z) = \»=2/mF(\V/"g) . By Lemma 4.8, F* — F° locally uniformly in
R™\{0} and the lemma follows. O

Moreover we will also need to know the integration of the barriers in time on the

way to analyze the weak solution of the Stefan problem (4.1).

Lemma 4.11. Let O(z,t) fo x,s)ds. Then ©(x,t) has form

O(z,t) = |CLF(z)t — %z@/" +o(F(z))| , asl|z|—0. (4.34)

+
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Proof. We can derive (4.34) simply by integrating the function 6 of the form (4.32).
Since 6 has the form (4.32), we see that

>0 ift>s(x), n/(2-=n)
where s(x) = (%F(w)) :
0=0 ift<s(z), 2
Thus,
0, t < s(x),

O(z,t) = ¢
/ (CLF(x) — Cys*M/Mds, t > s(x).
s(x)

When t > s(x),

CQ” CQTL

O(r,1) = CF (2)t — 2" — CyF(@)s(a) + “2 (s(x)*"
B Con om M —2 (Cy)?/ =) 2/(2—n)
= C1F(2)t — 5 —t 3 Gyl (F(x))
CQTL

Since F'(x) has a singularity at x = 0 (by (4.11)) then C(F(z))¥®™ = o(F(z)) as
|z| — 0 which completes the proof. ]

From these barriers, we can obtain the rate of expanding support for viscosity

solutions.

Lemma 4.12. Let n > 3 and v be a viscosity solution of (4.1). There exists to > 0
and constants C,Cy,Cy > 0 such that fort > to,

Oyt < m1n|x| < rrnax\x| < Cyt/m
t

and for 0 <t < tg,

max |z] < Cs.
T (v)

Moreover,

0 <wv(x,t) < Clz|*™

Proof. We figure out the boundedness for v(z,t) first. Let F'(z) be the fundamental
solution of elliptic equation (4.10) as in section 4.1.3 then § = C'F(z) is a stationary
solution of the equation vy — Lv = 0. Its integration in time is also a solution
of variational inequality problem with f = CF(z). If we take C large enough

then f > f and >1on K. Applying the comparison principle for variational
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problem ( [49, Proposition 2.2]) we have v(z,t) < CF(z) < C|z|> ™ (by (4.11)). The
boundedness of the support of v(+,t) at all times has been proved in [39, Lemma 3.6.]

Consider 64, 6, which are a subsolution and a supersolution of the Stefan problem
(4.1) for t > to as constructed in Section 4.1.3.1 and 4.1.3.2. The bounds on the

support of v for t > t, follow directly from the behavior of the support of 8,,6,. [

4.1.4 Limit problems

The expected limit problem is the corresponding Hele-Shaw type problem with a
point source.

4.1.4.1 Limit problem for v}

We expect v* to converge to a solution of

(

quDljU =0 n {U > 0},
u?;t | = (1/L)q;jDjvv; on 0{v > 0},
v
(4.35)
lim — =C
|z|—0 FO ’
v(z,0) =0 in R™\{0},

where C, L are positive constants, g;; are constants of the operator £% and F? is the
fundamental solution of (4.16).

Since @ := (g;;) is symmetric and positive definite, we can write @Q = P?, where
P is a symmetric positive definite matrix. Let 0(z,t) := v(Px,t). A direct com-
putation then shows that equation (4.35) becomes the classical Hele-Shaw problem
with a point source for function o,

p

AD =0 in {# > 0},
o, = (1/L)|Do|*  on 0{v > 0},
g (4.36)
lim —— =C,
2|0 |x|?2"
0(x,0) =0 in R™\{0}.

The problem (4.36) has a unique classical solution V which is given explicitly (see
Chapter 3, [45] for instance). Thus (4.35) has unique classical solution V' (z,t) :=

V(P~1z,t), which is continuous in (R™\{0}) x [0, co).
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4.1.4.2 Limit problem for u*

Assume that V' = Vi is the classical solution of (4.35) above and

Ux,t):= /OtV(x,s)ds. (4.37)

It is known that the time integral of classical Hele-Shaw problem with a point source
(4.36) satisfies an obstacle problem derived in [45]. Following [45] and using a change
variables again, we see that U uniquely solves the following problem, which is our

limit variational problem:
w € ’Ct,
q<w7ww) = <_L7ww> ) v¢ € W27

where

Ki=<pe[H' ®R\B.)NCR"\B.): ¢ >0, lim —)_(Jt :

e>0
Wi = {¢ € H'(R"\B.): ¢ > 0,6 =0 on B. for some ¢ > O} , (4.39)
Wy =W, N CHR™). (4.40)

We also use the standard notation for the bilinear form on H' and inner product in

L?, in particular

ag(u,v) ::/QaiijuDivdx, (U, v)q ::/qud:c.

We omit the set Q in the notation if @ = R", ¢(u,v) is defined analogously when

a;; are replaced by g;;.

4.1.4.3 Near-field limit

Using the boundedness results of Lemma 4.12, we have the following general near-
field limit adapted for viscosity solutions and the asymptotic behavior result for

solution of limit problem as in [49].
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Theorem 4.13 (Near-field limit). The viscosity solution v(z,t) of the Stefan prob-

lem (4.1) converges to the unique solution P(x) of the exterior Dirichlet problem

Dj(aijDiP) = O, T < Rn\K,
P=1, z€K, (4.41)
lim P(z) =0

|x|—o00

as t — oo uniformly on compact subsets of K¢.

Proof. Follow the arguments in the proof of [49, Lemma 8.4] and note that by

Lemma 4.12, the support of v expands to the whole space as time t — co. ]

The results on the isolated singularity of solutions of linear elliptic equation

in [56] allow us to deduce the asymptotic behavior of P as |z| — oc.

Lemma 4.14. There exists a constant C, = C,(K) such that the solution P of

problem (4.41) satisfies
lim Plx)

where F(x) is a fundamental solution of elliptic equation D;(a;;Dv) =0 in R”.

:C*

Proof. Lemma 4.14 is a direct corollary of [56, Theorem 5|. The arguments follow
the same techniques as in [49, Lemma 4.3] using a general Kelvin transform and
Green’s function for linear elliptic equations. Following [49, Lemma 4.3], it can
also be shown that the constant C, depends continuously on the data of the fixed

boundary I'. We will make a detail proof of this lemma in the Appendix A. ]

4.2 Uniform convergence of the rescaled
variational solutions

Our first main result is the uniform convergence of the rescaled variational solutions,

which is similar to Chapter 3, Theorem 3.12.

Theorem 4.15. Let u be the unique solution of variational problem (2.8) and u* be
its rescaling. Let Uy 1, be the unique solution of limit problem (4.38) where A = C, as
in Lemma 4.14, and L = (1/g) as in Lemma 2.20. Then the functions u* converge

locally uniformly to U, as A — oo on (R™\{0}) x [0, c0).
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The classical homogenization results of variational inequalities are usually stated
for a fixed bounded domain. Since our admissible set K*(¢) defined in Section 4.1.2
changes with A, we will need to refine the proof. We will use the techniques of
[-convergence introduced in [13] and [39]. Note that these techniques can be ap-
plied not only for periodic case but also for stationary ergodic coefficients over a

probability space (A, F, P).

4.2.1 TI'-convergence of functionals

We recall some basic concepts and results of the I'-convergence which are taken

from [13]. Let © be a bounded open set in R™. Consider the functional

/Qaij()\l/”ﬁ)DiuDjuda: if ue H'(Q),

J)‘(U,Q) = (4.42)

00 otherwise.
By [13, Chapter 8|, we can define the I'-convergence of a sequence of functionals

as follows.

Definition 4.16. Let X be a metric space. A sequence of functionals F}, is said to

['(X)-converge to F' if the following conditions are satisfied:
(i) For every u € X and for every sequence (uy,) converging to v in X, we have

F(u) < liminf Fj,(up).
h—0

(ii) For every u € X, there exists a sequence (uy,) converging to u in X, such that

F(u) m Fy,(up).

=1
h—0
From [13,39], we have that the I'-convergence of J* is equivalent to the G-

convergence of elliptic operator £* and a crucial result on Gamma-convergence of

J as follows.

Theorem 4.17 (cf. [39, Theorem 4.3]). The functionals J* T'(L?)-converge as X —

oo to a functional J°, where J° is a quadratic functional of the form

/ (]UDZUD]U,dlL' qu S HI(Q),
J(u) = Q

00 otherwise.

Here q;; are the constants coefficients of the limit operator L° as in Lemma 4.6.
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To deal with the Dirichlet boundary condition, we need to use the cut-off function

and the fundamental estimate.

Definition 4.18. [13, Definition 18.1] Let A be the class of all open subsets of €
and A’, A” € A with A’ € A”. We say that a function ¢ : R® — R is a cut-off
function between A" and A" if p € C§°(A”),0 < ¢ < 1on R"” and ¢ =1 in a
neighborhood of A’ .

Definition 4.19. [13, Definition 18.2] Let F' : LP(Q2) x A — [0, 00] be a non-
negative functional. We say that F' satisfies the fundamental estimate if for every
e > 0 and for every A, A", B € A, with A’ € A”, there exists a constant M > 0
with the following property: for very u,v € LP(€)), there exists a cut-off function ¢
between A’ and A”, such that

F(pu+ (1 )v, A'UB) < (1+¢)(F(u, A") + F(v, B)) (4.43)

+e(llullfos) + 10l7ns) + 1) + Mlu—vl7 ),
where S = (A"\A’) N B. Moreover, if F is a class of non-negative functionals on
LP(Q2) x A, we say that the fundamental estimate holds uniformly in F if each
element F' of F satisfies the fundamental estimate with M depending only on

g, A’ A", B, while ¢ may depend also on F,u,v.

The result in [13, Theorem 19.1] provides a wide class of integral functionals

uniformly satisfying the fundamental estimate.

Theorem 4.20. [13, Theorem 19.1] Let ¢y, cq,c3, ¢4 be real numbers with ¢; > 0,
and let o : A — [0,00] be a superadditive increasing function with o(A) < oo for

every A € Q. Denote by F = F(p,c1,Ca,¢3,¢4,0) the class of all local functionals
F:LP(Q) x A — [0,00] for which there exists a function a € L} (Q) and two

loc

non-negative Borel functions
fiOAQXRXR"—[0,00) and g:QxR"—[0,00)
(depending on F') such that

. / f(z,u(z), Du(x))dz, ifue€ I/Vllocl(A),
(i) F(u,A) = A

, otherwise,
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(ii) g(x,&) < f(x,5,8) < cig(w,€) + cal s? + a(z),
(iii) 0 < g(x,€) < csl¢P + a(x),

(iv) g(z,”) is convex on R”,

(v) g(x,28) < ca(29(x, §) + a(x)),

(vi) [ya(z)de < o(A),

for every u € LP(Q),A € A,x € Qs € R,§ € R*. Then the fundamental estimate

holds uniformly in the class F.

Note that each functional F' : LP(Q) x A — [0, 00| of the form

/ f(x, Du(x))dx, ifué€ I/Vlicl(A),
F(u,A) = A
0, otherwise,

with

f(l’,é-) = Z aij(x)&gj, and 0 S Z a,;j(x)&gj S 6’£|2,Vl’ € Q,Vf < Rn
3,7=1

i,j=1

belongs to the class F = F(p, 1,0, 5,2,0), with o is the usual Lebesgue measure in
n-dimension. For each functional in F, we can choose a = 0, g(z,£) = |¢|* and then
all the conditions from (i) to (vi) in Theorem 4.20 hold. Thus for every F' € F,
there exists the cut-off function ¢ such that (4.43) hold with constant M does not
depend on F. In particular, our functional J* belongs to F and it guarantees the

existence the cut-off function £ with constant M independent of .

4.2.2 Uniform convergence of the rescaled variational

solutions
Now we are ready to prove Theorem 4.15.

Proof of Theorem 4.15. Fix T > 0. By Lemma 4.12, we can bound Q,(u) by
Q) := Bs(0) for some 6 > 0, for all 0 < ¢ < T and A > 0. For some £ > 0, define
Q. == O\B(0,¢), Q. := Q. x [0,T] . We will prove the convergence in Q..

We argue the same way as in the proof of Chapter 3, Theorem 3.12. Using the

boundedness of u*, u} and the standard regularity estimates for an elliptic obstacle
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problem which hold uniformly in A, we obtain a uniform Hélder estimate for u?.
Then by the Arzela-Ascoli theorem and diagonalization argument, we can find a

function @ € C((R™ \ {0}) x [0,0)) and a subsequence {u**} C {u*} such that

u™ — @ locally uniformly on (R \ {0}) x [0, 00) as k — oo,
u (-, t) — u(-,t) strongly in H'(Q.) for all t > 0, > 0.

To finish the proof, we need to show that the function @ is the solution of the
limit problem (4.38) and then by the uniqueness of the limit problem, we deduce
that the convergence is not restricted to a subsequence. Firstly we show that @ has
the correct singularity by the following lemma.

Lemma 4.21. We have

lim ulz, )

Yy
lz|—0 Uc, 1(z,t)

for every t > 0, where L = (1/g) as in Lemma 2.20 and C, as in Lemma 4.14.

Proof. Let C, as in Lemma 3.11 and F' be the fundamental solution of (4.10) as in

Section 4.1.3. Fix € > 0. By Lemma 3.11, there exists a large enough such that

< in {|z| > a}. (4.44)

'P(aﬁ) B =
2

In particular, (4.44) holds for every z, |z| = a.

Consider the Stefan problem in the set Q, = {|z| > a}, K C Q, for a large
enough. The fixed boundary {|z| = a} is a compact subset of R"\K. Then by
Theorem 3.10, there exists £y > 0 such that for all ¢t > ¢,

v(xz,t)  P(x)

Flx)  F(z)

< =, forall z,|z| =a.

DO ™

Thus by triangle inequality we have for all ¢ > ¢, for all x such that |z| = a,

Let ®(z,t) be the fundamental solution of parabolic equation
up — Lu = 0. (4.45)
As shown in [19, 3], such unique fundamental solution exists and satisfies
n _ Nz? |z |2

N7t 5e "0 < ®(x,t) < Nt ze” ¢ (4.46)
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for some N > 0. We consider 64, 6, as follows:

coh(z
01(z,t) := [(Cy —e)F(z) + 2T<> — g2/ XE(t)
+

Oy(z,t) == (Ci + ) F(x) + Co®(z, 1),

where E(t), h(z) are defined as in Section 4.1.3.2. We will show that we can choose
the coeflicients such that 6; is a subsolution and 6, is a supersolution of (3.1) in
{lz| > a} x {t > to} for some t;. Since we fix the first coefficient of 6; and 65, we
need to be more careful to check the boundary and initial conditions.

Note that on the set {|z| = a}, 6 — (Ci — ¢)F(x) and 0y — (C, + ¢)F(x)
uniformly as ¢ — oo. Thus we can choose a large time ¢y such that ; < v < 6,
on {|z = a|} x {t > t,}. By (4.28), we can choose ¢y large enough such that
supp 01 (-, t0) C E(to) C B,(0) and then 6;(-,ty) < v(-,%p) in {|z| > a}. Following
Section 4.1.3.2, by choosing larger ¢, ¢, if necessary and c3 satisfying (4.29), (4.31)
then 6y is a subsolution of (3.1) in {|z| > a} x {t > to}.

Fix the time ¢, such that 6, is a subsolution of (3.1) in {|z| > a} x {t > to} as
above. By (4.11) and (4.46), #2 > 0 in R™. Moreover, since F(z) and ®(z,t) are
the fundamental solutions of (4.10) and (4.45) respectively, then (63); — L0, = 0 in
R™. If we choose C5 large enough then 6y(-,t9) > v(-,to) and 6 is a super solution
of (3.1) in {|x| > a} x {t > to}.

By comparison principle, 6; < v < #,. Moreover,

01(x,t) > 0y (x,t) == [(C. —e)F(z) — cgt(Z’")/"L.

Therefore éi\ <t < 95‘.

Noting that ®*(z,t) := A"=2/"®(\V/"z A\t) — 0 uniformly as A — oo by (4.46),

then by Lemma 4.10, 67,6} converges locally uniformly to 69,69 of the form

09 (x,t) := [(Cs — &) F*(x) — est*™/"]

+ Y

05(z,t) == (C, + ) F°(x),

where FY is the fundamental solution of —£% = 0, £° is the limit of the operators

L as in Lemma 4.6. Applying the same method as in [45] we have
t t
/ 0)(z,s)ds < T(x,t) < / 05(z, s)ds. (4.47)
0 0
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By Lemma 4.11 we obtain

(C, — &) F(2)t — %#/n Fo(F(@)] < u(z.1) < (C.+o)F (o)t

as |z| — 0. Dividing both sides of by F°(z) and taking the limit as |x| — 0 we get

() u(, t)
C, —e)t <liminf < limsu < (C, + e)t.
( ) jol20 FO(z) |x|ﬁop FO(z) ( )
Since € > 0 is arbitrary, we have the correct singularity by sending € to 0. O

Finally, we will check that the limit function @ satisfies the inequality and equal-

ity in (4.38).

Lemma 4.22. For each 0 <t <T, w =1u(-,t) satisfies

q(@,d) > (~L, ), Vo € W, (4.48)
q(@, ¢@) = <—L,¢@> ; Viﬂ € W2> (449)

where L = (1/g) and Wy, Wy were defined as in Section 4.1.4.2.

Proof. Fix t € [0,T] and take any ¢ € W;. By continuity, we can choose ¢ with a
compact support contained in Q := B(0, R)\B(0, &) for some R,&q. Let wk(z) :=
uM(z,t) and P :=w+ ¢ € H(R"). By Theorem 4.17, there exists a sequence {¢*}

that converges strongly in L?(Q) to ® such that
T (", Q) = T, Q). (4.50)

We will show that we can modify ¢* into @* such that ¥ € K*(¢) and all the
convergences are preserved.

First, we see that J%(p, ) < oo since ¢ € H'(Q). By (4.50), JM*(p" Q) < oo
and hence p* € H*(Q) when k is large enough.

Next, we need to modify ¢* so that the boundary condition on K** is satisfied.
Since p € H'(Q), for every ¢ > 0, there exists a compact set A(g) C Q such that
supp ¢ C A(e) and

/ D> dr < e. (4.51)
O\A(e)

Let A'(e), A”(e) such that A(e) C A'(e) € A"(e) € Q and B(e) = Q\A(e). By
[13, Theorem 19.1], the fundamental estimate (4.43) holds uniformly in the class of

all functionals of the form (4.42). Thus there exists a constant A/ > 0 independent
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of Ay and a sequence of cut off functions ¥ € C°(A”(€)),0 < ¥ < 1,68 =11ina

neighborhood of A’(¢) such that

TG + (1= &) (w* + ¢),Q) <(1+e)(J* (", A(e)) + J* (w* + ¢, B(e)))
+e(le* 22 + 0* + ll720) + 1)

+ M|lp" —w* — ¢||L2(Q)
(4.52)

Define

()t (@) + (1 = & () (wh(z) + ¢(x)) ifz €,
w*(z) it z ¢ Q.

Then ¢f € H'(R"), [l¢f — @llz2@) < 1€° = @llrz) + 0" + ¢ = @ll2@) — 0 as
k — oo and ¢F — w* has compact support in Q.
By ellipticity (4.3) we have
JM(wk + ¢, B) < B |D(w" + ¢)|? du. (4.53)
B(e)
By (4.51), choose the sequence &, := + and denote ¢f := ¥ . By (4.52), (4.53), the
convergences ¢f — @ in L2(Q) and w* — w in H(Q) as k — oo, for each n there

exists ko(n) such that

1 1
I~ Pl < min {7, 77,
P < (1+3) (6.0 + ) 4 L (2l + 1 +1) + 2

(4.54)

for every k > ko(n). We can choose ko(n) such that kg is an increasing function of

n and ko(n) — oo as n — co. We will form a new sequence {@*} from the class of

sequences {¢F}. The idea is that for each k, we will choose an appropriate n(k) and

set QF = gpn(k We need to choose a suitable n(k) such that n(k) — oo and (4.54)

holds for gon(k) when £k is large enough. To this end it we we introduce an “inverse”

of k as

n(k) :=min{j e N: k < ko(j +1)}.

n(k) is well-defined, non-decreasing and tends to co as k — oco. From the definition
of n(k) we see that if k > ko(2) then n(k) > 2 and ko(n(k)) < k < ko(n(k) + 1)
(otherwise n(k) is not the minimum). Thus by (4.54) and definition of ¢* we have
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for all k& > ky(2),

(116" = Bl < mind —— —
2 PllrzQ) > n(k)a Mn(k‘) )
JAk (¢k7 Q) = JAk (90:,(1@)7 Q)

o) (o35

1 _ 1 2
\ i (Pl g+ 1) + gy

Sending k to oo we get

. Ak~ _
,}1_{{;0”@ @2 =0,

lim sup J* (4%, Q) < J%(3, Q).

k—o0

On the other hand, by Theorem 4.17,

JU(@, Q) < liminf J* (5% Q)

k—o0

and thus we can conclude that ¢* — @ strongly in L?(Q) and J* (¢, Q) — J°(5,9).
Moreover, by the definitions of ¢¥, @ we also have ¢* € H'(Q) and $* — w” has
compact support in €.

Now, following the argument in the proof of [39, Lemma 4.5], if we set @* := ||
then oF € HY(Q), " > 0,8* = w* in Q¢ D K** for k large enough, and thus ¢* €
KM« (t) for k large enough. Moreover, ¢* — @ in L2(2) and J*(g*, Q) — J%(p, Q).

Since w*, pF € K (t) and supp(¢* —wk) C Q, by (4.19) and integration by parts

formula we have

1
~ 2—n)/n ~ ~
a?f(wk,gok —w") > —/\,(f )/ <ut)"“, - wk>Q + <—W,gok — wk>Q.

The inequality a* (u,v —u) < %J’\’f (v) = £ J*(u) for any u, v implies

L oo~k Lo\ k @2-n)/n [ X Lk 1 k
) = S ) AT (a0t (=)

where ¢* := ¢F —w* — ¢ in L*(Q). Taking the liminf as ¥ — oo and using the fact

that ui‘ * is bounded give

SI3.9) 2 L I@.9) + (L. 0)y. (4.55)
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This holds for any ¢ € W; and therefore also for d¢, where 0 < § < 1. Replacing ¢
in (4.55) by d¢ we have

1
§J°(w +6¢,Q) >
1
& 5 [J2(,9Q) + 20ga(w, 6) + 0°J°(9)] = 5J°(w, Q) + (~ L, 5¢)
Dividing both sides by ¢ and sending 6 — 0 we obtain

QQ(Ea ¢) > <_L7 ¢>Q :

Since supp ¢ € , we conclude that (4.48) holds in R™.
Now take ¢ € W5. As above, we assume that ¢) has a compact support contained
in (), and without loss of generality we can also assume that 0 < < 1,9 =0 on

B.(0) (otherwise consider —¥%— instead). Since ¥ € W, then ¢ € Wy and (4.48)

maxgn 1

holds for ¢w, we have q(w,yw) > (—L,yw). For the reverse inequality, define
P = (1—y)w e HY(Q). Arguing as before, we can choose ¢* € K**(t) such that
oF — pin L2(Q), JM* (g%, Q) — J%($,Q). Again, since w*, gF € K (t), by (4.19)

and the inequality a* (u,v — u) < $J%(v) — £J*(u) we have

EJAk(SEk Q) > lek<wk Q) _ )\(2—")/" <u/\k @k _ wk> + _i @k —wk

2 9 il 2 ) k [ Q g>\k ) o 3
Taking lim inf as £k — oo and arguing the same as in the proof of (4.48) we get

qo(w,p —w) > (—L, 0 —w),

& qo(w,yw) < (=L, yw), .
Thus we have q(w, vw) = (—L,yw) for every ¢ € Ws. ]
This completes the proof of Theorem 4.15. ]

4.3 Uniform convergence of the rescaled
viscosity solutions and free boundaries

In this section, we will deal with the convergence of v* and their free boundaries.

Let v be the viscosity solution of the Stefan problem (4.1) and v* be its rescaling.
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Let V' = V. 1 be the solution of Hele-Shaw problem with a point source (4.35),
where C, is the constant of Lemma 4.14 and L = (1/g) as in Lemma 2.20.
We define the half-relaxed limits of v* in {|z| # 0,¢ > 0}:

v*(x,t) = limsup U’\(y,s), Vs(z,t) =  liminf U’\(y,s),
(y,8),A—(z,t),00 (y,8),A—(z,t),00

Remark 4.23. V' is continuous in {|z| # 0,¢ > 0}, therefore V, =V = V*.

We will prove a result similar to Chapter 3, Theorem 3.16.

Theorem 4.24. Let n > 3. The rescaled viscosity solution v* of the Stefan problem
(4.1) converges locally uniformly to V= Ve, /e in (R™\{0}) x [0,00) as A = o0
and

v, =0 " =V.

Moreover, the rescaled free boundary {T'(v*)}x converges to T'(V') locally uniformly

with respect to the Hausdorff distance.

All the viscosity arguments used in Chapter 3, Section 3.3 can be applied in our
anisotropic case with some minor adaptations. Therefore, we will omit some of the
proofs and refer to Chapter 3, Section 3.3 and [38,39,45] for more details. Let us

give a brief review of the techniques in the spirit of Chapter 3, Section 3.3 as follows.

1. We first prove the convergence of the rescaled viscosity solution and their free

boundary under the condition (4.6).
e By the regularity of the initial data vy as in (4.6), we deduce a weak
monotonicity of the solution v.
e Using the weak monotonicity and point-wise arguments with comparison

principles, we then show the convergences for regular initial data.

2. For general initial data, we will find upper and lower regular bounds for initial
data and use a comparison principle together with the uniqueness of limit

function to have the conclusion.

We will state the necessary results here with some remarks on the adaptations

for the anisotropic case.
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4.3.1 Some necessary technical results

First, we have the correct singularity of v* and v, at the origin, which can be

established similarly to Lemma 4.21.

Lemma 4.25 (cf. Chapter 3, Lemma 3.19, v* and v, behave as V' at the origin).

The functions v*, v, have a singularity at O with

Vi (, 1) . v(x,t)
— = 1 =1 ht>0. 4.56
[alos0-+ V(z,t) ’ it V(z,t) , Jor eac (4.56)
Proof. Arguing as in the proof of Lemma 4.21. [

We will also make use of an uniform estimate on u* and the convergence of

boundary points deduced from convergence of variational solutions.

Lemma 4.26 (cf. [38, Lemma 3.1]). There ezists constant C > 0 independent of A
such that for every o € Qu,(ur) and B.(xo) N Q) = 0 for some r, for every \ we
have

sup u(w,to) > COr?.

z€Byr(20)
Proof. We will prove the statement for zy € Q4 (u?) first, the results then follows

by continuity of u*. Since B,(x) N = 0 then v’ satisfies

1

1 1
and AZ=M/" — 0 as A — oo, u}(-, 1) is bounded, —= < i then there exists a
positive constant Cy(n, M, \g) such that —L*u* < —Cj in {u* > 0}N (B, (z0) x {t =
to}) for A > \g large enough.

Define
Co

w’\(x) = u’\(x, to) — —

P (z — x0)

where h*(z) is the barrier with quadratic growth corresponding to elliptic operator
L stated in Section 4.1.3.2. We have {w* > 0} N B,(z¢) C {u* > 0} N{t =t} and
therefore, for all A > Ag,

— LM <0 in {w* > 0} N B,.(x).

We see that w*(zg) > 0, then maximum of w* in B,(zq) is positive and by

maximum principle, w* attains the maximum on the boundary {w* > 0} N OB, ()
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and therefore

C
sup u(x,to) > sup uM(x,f) > inf  — bz — o).

Br (o) lz—zo|=r |z—aol=r T

By the quadratic growth of h*, where the coefficients on the growth rate only de-

pends on the elliptic constants, we have

sSup U/)\(Ql,to) > CT27
By (z0)

for some constant C' which does not depend on . ]

Lemma 4.27 (cf. [39, Lemma 5.4]). Suppose that (xy,ty) € {u™ = 0} and (v, ty, \p) —
(20, t0,00). Let U = Ug, 1, be the limit function as in Theorem 4.15. Then:

(l) U(ﬂ?o,to) = O,
b) If z), € Ty, (u™*) then xq € Ty, (U),
Proof. See proof of [39, Lemma 5.4]. O

The weak monotonicity in time of the solution of the Stefan problem is given by

the following lemma.

Lemma 4.28 ([cf. Chapter 3, Lemma 3.21, Lemma 3.22, Weak monotonicity). Let
u be the solution of the variational problem (4.7), and v be the associated viscosity
solution of the Stefan problem (4.1). Suppose that vy satisfies (4.6). Then there
exist C' > 1 independent of x and t such that

vo(z) < Co(x,t) and u(x,t) < Cto(x,t) in R"\K x [0, c0). (4.57)

Proof. Following the same arguments as in Chapter 3, Lemma 3.21, Lemma 3.22, we

obtain (4.57) simply by using elliptic operator £ instead of the Laplace operator. [

Lemma 4.26 and Lemma 4.28 automatically give us a crucial uniform estimate

on v* and allow us to show the relationship between v,,v* and V.

Corollary 4.29. There exists a constant Cy = Cy(n, M) such that if (zg,ts) € Q(v*)
and B, (z0) Ny =0, we have for every A

Cyr?
sup U/\(ZE,to) > L
B (o) to
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Lemma 4.30. Let v* be a viscosity solution of (4.18). Then the following state-

ments hold.

i) v*(-,t) is subsolution of (4.16) in R™\{0} and v.(-,t) is supersolution of (4.16)

in Q(v.)\{0} in viscosity sense.
ii) Q(V) C Q(v) and in particular v, > V.
iii) T(v*) € T(V).

Proof. 1) follows from a standard viscosity argument with noting that we can take
a sequence of test functions for rescaled elliptic equation that converges to the test
function for (4.16) by classical homogenization results.

ii) See Chapter 3, Lemma 3.23, the conclusion holds by i), Lemma 4.56 and
Lemma 4.28.

iii) See [39, Lemma 5.6 ii].

Now we are ready to prove Theorem 4.24.

4.3.2 Proof of Theorem 4.24

Proof. (See proof of Chapter 3, Theorem 3.16 for more details).

Step 1. We prove the convergence of viscosity solutions and the free boundaries
under the conditions (4.6) and (4.57) first.

By Lemma 4.30, the correct singularity of v* from Lemma 4.56 and the compar-

ison principle for elliptic equation (4.16) we have
V<5U7t) < U*(l', t) < U*(l’,t) < VC*+6,<1/9> (l‘, t)

Let ¢ — 0 we obtain v, = v* = V by continuity and in particular, I'(v.) = I'(v*) =
).
Now we need to show the uniform convergence of the free boundaries with respect

to the Hausdorff distance. Fix 0 < t; < ¢ and denote:
I =TNN{t; <t <ty}, I :=T(V)N{t; <t <ty},
a 0-neighborhood of a set A in R" x R is
Us(A) :={(x,t) : dist((z,t), A) < 0}.
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We need to prove that for all 6 > 0, there exists A\g > 0 such that:
[ C Us(T®) and T C Us(I?), YA > Ao (4.58)

The first inclusion follows by contradiction argument, using Lemma 4.27 above.

For the second inclusion in (4.58), we will prove a pointwise result first. Suppose
that there exists § > 0, (g, to) € ' and {\}, \x — 00, such that dist((zo, o), I**) >
g for all k. Then there exists r > 0 such that D,(xo,ty) := B(xo,7) X [to — 7, t0 + 7]
satisfies either:

D, (g, o) C {v™ = 0} for all k, (4.59)

or after passing to a subsequence,
D, (z0,t0) C {v™ > 0} for all k. (4.60)

If (4.59) holds, clearly V = v, = 0 in D, (x¢,to) which is in a contradiction with the
assumption that (xg,tg) € I'™°. Thus we assume that (4.60) holds. Since the rescaled
parabolic operator becomes elliptic in the limit, we will apply the Moser-Harnack’s

inequality for v** in a shrinking domain of time by setting
wh (xz,t) = v (x, )\,(ffn)/"t)

then w* > 0 in D¥(zo,to) := Blzo,r) x A" (tg — ), A" 2" (1 + 7)) and w*
satisfies w¥ — L w* = 0 in D¥(x,1p). Since )\,(6"_2)/”5 — 00 as k — 0o, by Moser-
Harnack’s inequality for the parabolic equation, for fixed 7 > 0 there exists a con-

stant Cy > 0 such that for each t € [to — §,%o + 5] and A, such that 7 < )\S%Z)/ng

we have

B(zo,r/2) B(zo,r/2)

Note that C; depends only on 7 and elliptic constants, and therefore does not depend

on \x. This inequality together with Corollary 4.29 yields:

C 2 —n)/n
o < s =AM <G o)
+_ )\k n)/n_ Blzo,r/2) B(zo,r/2)

for all t € [ty — 5,t0 + 5], Ax > Ao large enough, where Cy only depends on n, M, A,.
Taking the limit when )\, — oo, the uniform convergence of {v**} to V gives V > 0

in B(xo,%) x [to — §,to + 5], which is a contradiction with (z¢,%,) € I'™ C T'(V).
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We have proved that every point of I'™ belongs to all Us,»(I'*) for sufficiently
large A. Therefore the second inclusion in (4.58) follows from the compactness of
I'*. This concludes the proof of Theorem 4.24 when (4.57) holds.

Step 2. For general initial data, arguing as in step 2 of the proof of Chapter 3,
Theorem 3.16, we are able to find upper and lower bounds for the initial data for
which (4.57) holds. The comparison principle for viscosity solution of the Stefan
problem (4.1) then yields the convergence since the limit function V' is unique, does

not depend on the initial data.
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Appendix A

The fundamental solution of an
uniformly elliptic equation of

divergence form

In this section, we will recall about the fundamental solution or Green’s function
of an uniformly second order elliptic equation of divergence form and some useful
results used in our work. More specifically, as in Section 4.1.1, we consider a self-
adjoint uniformly elliptic second order linear operator of divergence form —L in
dimension n > 3, where £ is defined as in Section 1.2 and A(z) = (a;(x)) is
a symmetric, bounded matrix satisfying the ellipticity (4.3) as well as the highly
oscillating property (2.20).

We define Green’s function g(z,y) of the operator —L£ on a bounded domain
) C R™ as the weak solution (in distributional sense), vanishing on 99 of the
equation

— Lg =, (A.1)

where ¢, is the Dirac measure at y. The basic facts of Green’s function were first
proved for elliptic operator of the form —£ with symmetric bounded measurable
coefficients in a bounded domain 2 in R™,n > 3, by Littman, Stampacchia and
Weinberger in [41]. Their results were then studied extensively for more general
elliptic operators with non-symmetric coefficients in [26], where the author proved
the existence, the uniqueness and the bounds for Green’s function in a bounded

domain with the constants in the estimate are independent of the domain. These
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results are also obtained by compactness methods in [4]. More precisely, we have
the following theorem taken from [26, Theorem 1.1]. Let us denote some notations
of the weak LP spaces. Let 2 be a bounded domain in R™ and p € [1, oc]. We define

a Banach space L™ as
LP(Q) = {f : Q = R, f measurable, || f||zr.(q) < 00},

where
[ lreiey = sup {tnl{ € .| (@)] > 17}

 is the Lebesgue measure in R™. Note that (see [26,2]), for any 0 < e <p — 1,

Cp, e, D fllzr—=) < I fllre@) < [ fllzr)- (A.2)

The explicit formula of C(p,¢,2) was given, see [26,2] and references therein for

more details.

Theorem A.1 (cf. [26, Theorem 1.1]). Assume that A is a bounded, measurable
and uniformly elliptic matriz. Then there exists a unique Green’s function gg(z,y)
of —L in the ball Bg := B(0, R), i.e., the function gr : 2 xQ — R such that gg > 0,
gr(-,y) € WH( Q)N H. (Q\{y}) satisfying (A.1) in Br and gr(-,y) = 0 if |z| = R.
Moreover for each y € Bpg,

9 )l e ) < (A3)

D00 e < C- (A4)
and for every (z,y) € Br X Bg,

Cile —y[*™" < gr(z,y) < Colz —y|*™, (A.5)
for some constants C, Cy, Cs.

The optimal constants C, Cy were given in the remark following [26, Theorem

1.1] as )
Cy = C(n) (g) B (1 +log <§>) |

1/2
C’2 - C(n)1+<§) 3
which are independent of the domain Bgr as well as the pole y. The point-wise

bounds for the gradient and second derivatives of Green’s function gr were also
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established in [26], however, the constants in the estimates priori depend on the
domain Bpg.

The remark following [41, Corollary 7.1] says that we can define Green’s function
G(z,y) in the whole space by taking the limit of Green’s functions gr(z,y) in B(0, R)
as the radius R — oo. This Green’s function has all the basic properties of Green’s
function in a bounded domain such as G is symmetric, non-negative, the total mass
of G in the whole space is 1 and the convolution of G with a H'-function 1 is the

solution of the problem

—Lu =1,
lim u = 0.
Tr—r00

This function is not in H'(R™) but it is in WL?(R")NHL (R™\{y}) for every p < .
Moreover, the bounds (A.5) for Green’s function gg hold uniformly in R™, therefore
also hold for the limit function. These results are proved in detail by Anantharaman,
Blanc and Legoll in [2]. Especially, in this paper the authors also addressed the
question of the decay of the derivatives of G at infinity. In this section, we show the

proof of the existence and uniqueness results, Theorem 4.3, as well as the proof for

the bounds of gradients, Lemma 4.5 taken from [2].

Proof of Theorem 4.3. These following arguments are given in the proof of [2, The-
orem 1].

Let R > 0 and gr be Green’s function of —L in Bg. If R' > R then gr > gr
in Br X Bgr by the maximum principle. Therefore gg is a non-decreasing function
of R, bounded in every compact set in R*"\{x = y} by (A.5), which implies that
gr converges to some function G' in R*\{z = y} as R — oo. In addition, by
(A.5), (A.2) and the Dominated Convergence Theorem, we also can deduce that
gr — G in L} (R*") and gg(-,y) — G(y) in L (R"), p < -25. The limit
function G has all the basic properties of gg such as it is non-negative, symmetric
and lim,_y|00 G(2,y) = 0. G also satisfies the estimate (A.5).

We will check that the limit function G satisfies (A.1) in R” and G(-, y) belongs to
the space WH(R™) N HL (R™\{y}). Let Q C R" be any bounded domain. By (A.4)
and (A.2), Dgg(+,y) is bounded in (LP(£2))" for every R such that 2 C By and any

p < 7% Hence, extracting a subsequence if necessary, there exist a T' € (LP(€2))"

such that Dgg(-,y) — T weakly in (LP(Q))",p < —2=. Since ggr(-,y) — G(-,y) in

n—1
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LP(Q),p < "5 then T' = DG(-,y). Now for every ¢ € C§°(R"), choose (2 such that
the support of ¢ is contained in 2. For every R such that () C Bpg, since gg is

Green’s function of —£ in Bp then

/ aij (@) Digr(z,y)Djp(v)de = / aij(@)Digr(z,y)Djp(z)dr = ¢(y), Vy € Bg.

’ o (A.6)
Sending R — oo in (A.6) we can conclude that G satisfies (A.1) in distributional
sense. Moreover, by (A.3) and (A.4), we see that G(-,y) € W,.P(R™) for any p < P
The fact that G(-,y) € H'(R"\{y}) was obtained in the proof of Theorem A.1 in [26]
where the arguments do not require the boundedness of the domain.

It remains to check the uniqueness of the function G, then the convergence of
gr to G is not restricted to a subsequence. Assume that G, Gs are two Green’s
functions, then H = G| — Gy is a solution of —LH(-,y) = 0 in R" for any y € R".
Fix ay € R". By [44, Theorem 4], sup, _,,_, H (-, y) —inf|,_, =, H(-,y) must grow at
least like a power of r as r — oo provided H is not a constant. This is a contradiction

with the growth of G, G, provided by (A.5). O

Remark A.2. All the arguments used in the proof of Theorem 4.3 are still valid for
elliptic operators of the form —£ with non-symmetric coefficients, the only needed
assumptions here are the ellipticity (4.3) and the bounded measurable property of

the coefficients.

Remark A.3. The existence and uniqueness of the fundamental solution of elliptic
operator —L was also deduced in the case n = 2. This result was fist observed by
Kenig and Ni in [33]. An alternative proof was also given in [2]. In particular, we

have the following theorem.

Theorem A.4 (cf. [2, Theorem 2]). Let n = 2 and A is bounded, measurable and uni-
formly elliptic matriz. Then there exist a unique (up to the addition of a constant)

Green’s function G of —L in R" such that G(-,y) € WEP(R*) N HL (R™\{y}),p < 2

loc

and

3C >0, Y(z,y) e R, |G(z,y)] < C(1+ |log|z —yl]).

The proof of [2, Theorem 2| is based on an approach similar to the proof of
Theorem 4.3 by defining first Green’s function gz of —L£ in Bpg, then search for a

limit as R — oo. However, the estimates in Theorem A.1 cannot be applied since
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they hold only for case n > 3. Instead, in the proof of [2, Theorem 2|, the authors
used a gradient bound to construct a limit of Dgg and then checked that the limit
is the gradient of Green’s function in R”. The proof is more technical than the one

for the case n > 3. For more details, see [2].

Now we will show the proof of the gradient estimates, Lemma 4.5 for the case
n > 3. The result for the dimension n = 2 was also established by more complicated
techniques again and is omitted in this work. Note that Lemma 4.5 requires stronger
assumptions than Theorem 4.3 where it holds only for operator —£ with bounded,

not necessary symmetric coefficients satisfying (4.3) and (4.4).

Proof of Lemma 4.5 for the case n > 3. This is a part of the proof of [2, Proposi-
tion 5.

This lemma follows by applying an important L> estimate of the gradient for a
solution of an uniformly elliptic equation with periodic coefficients in [4, Lemma 16|
and the bound for Green’s function provided by Theorem 4.3. More specifically,
by [4, Lemma 16] we have

Ve eR", VyeR", Vr<|z—yl, [[DG(,9)llr~pBer) < —IGCy)eemer)

= Q

where C' only depends on the elliptic constants of the operator — £ and the dimension

n. Now, by (A.5) we have

C 1
— sup

||DG(7y)||L°° B(z,% < IE——
(B( 2)) r z€B(z,r) ‘Z - y‘nf2

(A7)

By the continuity of DG(-,y) away from y, (A.7) holds for the point-wise gradient.

Let r = @, we have

1
o =yl < fo =2 +le =yl < Slo =yl + |2 —yl.

This together with (A.7) imply

on-1C

|z —y["t

|DG(7y)| <

then (4.13) holds. Next, we will show (4.14). If the matrix A is symmetric then
G(z,y) = G(y, z) and (4.14) automatically follows. Otherwise we see that G (x,y) =
G(y,x) is Green’s function of the adjoint operator —L* = —D;(a;;D;), (see [26,
Theorem 1.3]). Applying (4.13) to G we get (4.14). O
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Remark A.5. The proof of [2, Proposition 5] also covers the gradient estimate for
case n = 2. The basic idea is to use the relationship of Green’s function G in 2D
with Green’s function G of operator £ in 3D, where Lu = —Lu — uy and deduce
the estimate for G from the estimate for G.

Moreover, the authors in [2] also obtained the bounds for second derivatives of

Green'’s function as follows.

Proposition A.6 (cf. [2, Proposition 7]). Assume that the matriz A in the operator L
is a bounded, not necessary symmetric matriz with the coefficients satisfying (4.3)
and (4.4). Then Green’s function of the operator —L satisfies the following estimate:
3C >0, VzeR" yeR" |D,D,G(z,y)| < T

r —y|"”

Note that similar estimates as in Lemma 4.5 and Proposition A.6 are well-known
for Green’s function in a bounded domain, see [26] for instance. The important point
here is that these estimates continue to hold at infinity. However, as stated before,
even though the bounds for Green’s function hold for elliptic operators with any
bounded, measurable coefficients, the bounds for its gradient require a stronger

assumption of the regularity and periodicity of the coefficients.

In this work, we will refer to the fundamental solution of the elliptic operator
—L as Green’s function of —£ in the whole space. We include here the proof of the
asymptotic expansion of the fundamental solution (Green’s function) in dimension
n > 3, Lemma 4.17. This result was proved in [60, Chapter I1I,Theorem 2| using
the techniques of G-convergence. It turns out that the asymptotic expansion is
determined by the behavior of the fundamental solution of the corresponding G-
convergence operator (see [60, Chapter III]). In a periodic (or stationary ergodic)
setting, the standard homogenization results guarantee that the family of operator
Le := Dj (a;; (e7'x)D;) has the G-limit is £° := ¢i;Di; in R™ where ¢;; are constants
(see [60,32]). We recall the definition of G-convergence in [60,32] as follows.

Let V be a Hilbert space, and let V* be the dual of V. Consider a sequence of

linear operators A, : V' — V* that are uniformly coercive and uniformly bounded:

(Acu,u) > V1HUH%/, vy >0,

[ A

ve < vallully.
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By the Lax-Milgram Lemma, any coercive bounded operator A : V. — V* has an

inverse one A~ : V* = V.

Definition A.7 (cf. [60, Definition 2, §1, Chapter I]). A bounded operator Ay :
V' — V* satisfying the coerciveness inequality (Agu,u) > v||ul|? is called the G-

limit operator for the sequence A, (and we write A, N Ay), if for any f € V*
AT — At f weakly in V.

Now we will show the proof of Lemma 4.17 taken from the proof of [60, Chap-
ter 111, Theorem 2.

Proof of Lemma 4.17. Since A is periodic matrix, [60, Chapter II, Theorem 1] im-
plies that £° G-converges to a uniform elliptic operator £ = ¢;;D;; with constant
coefficients ¢;;. Without loss of generality, we can assume that £° = A, otherwise
we can use a change of coordinates to recover the general case. Let G,G%, Gy be
the fundamental solutions as in the assumption of Lemma 4.17. We will show the
uniform convergence of G° to Gy first.

Let ¢ € C§5°(R™), @ be a bounded domain in R™. Define

w(@) = [ ety

then ¢ is the H{

loc

(R™) solution of the problem
—L°u* =¢ inR",

lim (z) =0.

|| =00
Since |G?| < Cy|x — y|*~™ by Theorem 4.3 then |[uf| < Cy|z|*™", where C5 is inde-
pendent of €. Moreover, using an estimate for solution of an elliptic equation we
have
[l < Clwllle2@) + 1),

where C' does not depend on e. Therefore u¢ is uniformly bounded in H'(Q’) for
any bounded domain @ C R"™. Hence, there exists a subsequence u* such that
ut — ug weakly in H'(Q'). Since the G-limit of £° in R” is A then by the classical

G-convergence results (see [60]), ug is the solution of
—Auy = in R™,
lug(x)| < Colz|>™ in R™.
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By the uniqueness of ug, the convergence is not restricted to a subsequence.
Now we have for every ¢(z), ¥ (z) € C§5°(R™),

G= (2, y)(x) p(y) dexdly = / w@)(@)dz = | up(e)d(@)d

R2n n Rn

= [ deeta)oidody
(A.8)

where ® is the fundamental solution of Laplace equation. Besides, G° is uniformly
bounded in any compact set in R"\{0}. By elliptic regularity, G° are uniformly
Holder continuous with respect to €. Thus, by Arzela-Ascoli, there exists a subse-
quence G+ that locally uniformly converges to a function G in R"\{0}. Now by
(A.8) and the fundamental lemma of calculus of variations, we have G = ®. Since
the limit function ® is unique then ve conclude that G* — & locally uniformly in
R™\{0}.
It remains to show the asymptotic expansion formula. Define

G(SE, y) - (I)(,CL’, y)
|z —y|>

O(z,y) = (A9)

Similar to the computations in the proof of Lemma 4.8, we see that G°(z,y) =

e?7"G(2,2) for every € > 0. Therefore, for every € > 0 we have

0z, y) = e"2GE (ex,ey) — P(z,y) _ 2 (GF (e, ey) — (I)(sx,ey)).

|z —y|>" |z =yl

Fix a positive constant a and let € = |z — y|™!, (2/,¢') = (ex,ey). If (z,y) € A :=
{|z| + |y| < alx —y|} then € > 0 and

2’| + Y] < a,

/

|z" — | = 1.

Moreover, 8(z,y) = 0(x',y') = G*(«, ) — ®(a’,y') — 0 uniformly in the set {|'| +
|| < a,|z’ —y'| =1} as e — 0. Thus, 6 converges uniformly to 0 as | — y| — oo

in the set A. By (A.9) then we have an asymptotic expansion of G as
G(z,y) = (z,y) + [z — y|* "0z, y), (A.10)

where 6(z,y) — 0 as | — y| — oo, uniformly on the set {|z| + |y| < alx — y|}, a is

any fixed positive constant. ]
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Lastly, we would like to recall one of the crucial tools to analyze a solution of an
elliptic equation of the form

—Lu=0 (A.11)

in a punctured domain €2 := {0 < |z| < R} or in a exterior domain Q. := {|z| > R},
where L is the operator as considered at the beginning of this appendix. The method
we mention here is a generalized Kelvin transformation, which allows us to take a
uniformly elliptic equation (A.11) defined in an exterior domain €, into another
uniformly elliptic equation of the same form (with different coefficients) defined in
a punctured domain, and vice versa. This transformation, similarly to the classical
one, can be defined using the fundamental solution of operator —L£. Using this
transformation, we are able to prove the asymptotic behavior of the solution of
near-field limit problem, Lemma 4.14.

We recall a generalization of the Kelvin inversion transformation for Laplace’s

equation, which was established by Serrin and Weinberger in [56].

Lemma A.8 (cf. [56, Section 3|). Let u and w be two solutions of the elliptic equa-
tion (A.11) in a domain Q with w > 0. Let yr, = yp(x1, 22, ..., xp), k = 1,,2,...,n,
be a continuously differentiable one to one coordinate transformation with non-
vanishing Jacobian J = det(dyy/0x;) and inverse x; = x;(y1,...,Yn). Then the

function
v(y) = @) (A.12)

1s a solution of the elliptic equation

Dl(dlekU) =0 (Alg)
in the image domain €V, where
w® Qg Oy,
ap = —Qjj — ——. A.14
4 ]J|a]8:cl (9:1:j ( )

Proof. As shown in the proof of the first lemma of [56, Section 3], we need to check
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that v is a weak solution of (A.13). Let ¢ € C3°(€?') then

/(_IU d:/wz..%al d
o kIVEP1QY |J| zga ) Vppray

/ | 7 ijg_vggo |.J|dz (By a change of variables and chain rule)

/Qw a;j <—) pjdx

a0 (u;w — uw;)de

I
S~

a;i[(pw)ju; — (pu)jw;)de  (By symmetry of a;;)

Il
o
S

The last equality follows from the fact that ¢ = p(y(x)) is a function with compact
support in ©, u and w are solutions of (A.13), and we also have pw, pu € C§°(92).
Therefore, v is a solution of (A.13) in €. O

Next, we will show that if w is taken as the fundamental solution of —£ and
the coordinate transformation is the inversion y; = ‘% then the equation (A.13)
is a uniformly elliptic equation with the elliptic constants that depend only on the

elliptic constants of L.

Lemma A.9 (Generalized Kelvin transformation, cf. [56, Theorem 2, Theorem 3]).
Let G be the fundamental solution of —L and F(x) := G(x,0). If u is a solution of
the uniformly elliptic equation (A.11) in Q (resp. Q. ), then

~u(y/lyl?)
W= F ) (A4.15)

is a solution of the uniformly elliptic equation (A.13) in {|y| > R™'} (resp. {0 <

y < R7'}), and elliptic constants of (A.13) depends only on the elliptic constant of
(A.11).

Proof. This lemma is a particular case of [56, Theorem 2, Theorem 3] and we include
the proof from there.

Since G is the fundamental solution of (A.11) and F(z) = G(z,0), by Theo-
rem 4.3, there exists a positive constant C' depending only on the elliptic constants
of £ such that

C 12z < F(z) < CY2 |z, (A.16)
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for every x € R", where n > 3.
By the inversion y, = s, the domain Q2 (resp. ) is transformed into {|z| >

R} (resp. {0 < |z| < R™'}). Differentiating y leads to
Yy 1 21,2

= 0w——75 )
Or; |z [

A simple computation also shows that the matrix O := ((51- —

QZiIk
|z[?

) is a symmetric

orthogonal matrix. Indeed, it is clear that O is symmetric and

4 4
O*=1—- —B+ —
2" T

B?,
where B = (w;x5). We have B* = (by,), where by, = Y o mzsrsry = xa]z]?.
Thus B? = |z|?B, then O? = I and |det O| = 1.

Now let u be a solution of (A.11) in ©, v as in (A.15). Since F is a solution of
(A.11) in R"\{0} then by Lemma A.9, v is a solution of (A.13) in ' = {|z| > R},
where the new coefficients are defined by (A.14). We have

1
’J‘ = T on

’x|2n

- F? 2x;xy 2zj7
o= premes (00 - 7)) (- )

By ellipticity (4.3),
C~ra|On|? < awmem < CB|O7).

Moreover, since O is an orthogonal matrix then |On|? = |n|? and we get
C™Ynl* < apmem < CBIn)*.

In conclusion, the function v defined by (A.15) is a solution of the uniformly elliptic
equation (A.13) with the elliptic constants depending only on the elliptic constants
of (A.11). An analogous result holds for u is a solution of (A.11) in €2, and v is
defined as in (A.15). O
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Now we are ready to prove the asymptotic behavior of the near-filed limit prob-

lem, Lemma 4.14.

Proof of Lemma 4.14. Let P be the unique solution of the exterior Dirichlet problem
(4.41). Consider the inversion mapping [ : z +— - Let Q = I(R"\K). Thus Q is
a bounded domain and dQ = I(dK). Let P be the Kelvin transformation of P, i.e.,

o P/le)
P = Falp)

By Lemma A.9, P is the weak solution of

1

P(z) = Fla/l® on 9.

By Lemma 4.12 we have 0 < P(z) < CF(z), thus 0 < P(x) < C. Therefore P is
not singular at the origin and it is the regular solution of Di(aiijﬁ) = 01in QU{0}
that satisfies the corresponding boundary condition. From that we can conclude
that

. Plx) 5
|ml|linoo F(z) P(0) = C..

The constant C, can be computed explicitly as

2 1 a ~(x vilx
P(0) = / T () Dis . Oy ),

where gg is Green’s function of the elliptic operator of (A.13) in Q). The constant

C, depends only on K,n and the boundary condition applied on K. O
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