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hthisnotewewillErstgiveapropertyofsingularitiesofinvolutivelinear

direrentialsystemsandthenprovethetheoremsofacertainsubmanifoldofa

riemannianmanifoldsimilartoonesowingtoW.S.MasseyinasurfaceofGaussian

curvatureOin3-euclideanspace．[3]

WeshallalwaysbeintheCoo－category.LetL(M)betheLiealgebraofthe

vectormeldsonann-dimensionalmanifoldM

De伽ition・AninvOlutivediHerentialsystemisaLiesUbalgebraLofL(M).

GivensuchaninvolutivesystemLandapointPinMweputZ,(')={"(P)|"EL}.

L(,)isarealsubspaceofthetangentspaceTp(M)toMatj.Anintegral

manifoldofZ,isaconnectedsubmanifoldJVofMsuchthatrp(N)=L(')atevery

pointPinN

l.Wec加oseaneighbour伽odUofPinManddenotebyO(U)theoscillation

of""@.Z,(P);O([ﾉ)=max.(‘伽.L(")-d".L(y)).TheoscillationO(P)atPin
"jyfU

Misde伽edbyO(')=w@j".O(U)．IfVCUwehaveO(V)≦O(U).AsO(U)is
い，

aninteger-valuedfunction,thereexistsaneig肋ourhood"oflinMsuchthat

O(U')=O(P).ApointjforwhichO(P)=0(O(')キ0)willbecalledZ,-regular

(L-singular).ForaL-regularpoint',thereexistsaneig肋our伽odUsuchthat

O(U)=O(')=0,i.e.伽加．L(")=constantforall"inUh

(1.1)Thesetj2ofL-singularpointsisaclosedsetwithoutinteriorpoints.

Let'bealimitpointofj2andletUbeaneig肋ourhoodofl.Thenthere

existsatleastonepoint"inUsuchthatO(")キ0,i、e."hasaneighbourhoodV

suchthatVこuO(V)=O(")=0.ThisimpliesthatO(U)キ0,andsinceUwas

arbitrary,wehaveO(')キ0,i.e.'"．j2isclosed.

Letlbeaninteriorpointofj2,andletしbeasetsuchthatPEUd2,O(U)

=O(P).ThenthereexistsapointyinUsuchthatO(P)=伽加.Z,(,)-d".L(y),

andthereexistsasetVsuchthatyEVcuO(y)=O(V).Thenthereexistszin

VsuchthatO(y)=α伽.LOﾉ)一"畑.L(z).SinceOOﾉ)キ0,wehavea伽.L(p)-

"伽.Z,(z)=O(')+O(y)>O('),zEUThisimpliesO(U)>O(P),contradictoryto

thatO(U)=O(P).HencePcannotbeaninteriorpointof".

(1.2)Theset"isnowheredenseinM.

ItfollowsfromthatalocallycompactHausdorHspaceisaBairespace.

（1.3)Foreachconnectedcomponent""oofthesetofL-regularpoints,

"".Z,(')=constantforallPinMo.
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（1.4)TheboundaryofeachconnectedcomponentIWoofL-regularpoints

consistsofZ,-singularpoints.

ApplyingtheFrobeniusintegrabilitytheoremtoeachconnectedcomponentof

Z,一regularpoints,wehave,

(1.5)LetMbbeaconnectedcomponentofthesetofZ,-regularpointsinM6

ThenthrougheachlinMbthereexistsanuniquemaximalconnectedsubmanifold

QsuchthatTI(Q)=L(9)んγeach9inQ.

SUmmarlizingtheaboves,wehave,

Theoreml.

LetLbeaninvolutivelineardiferentialsystemonMThenthesetJ2of

Z,-singularpomtsinMisnowheredenseinMandthrougheachPineachconnected

componentinthesetofL-regularpointsinMthereexistsanintegralmanifold

ofL.

2．LetMbean〃一dimensionalriemannianmanifold・EachpointPinMhasa

positivedenniteproduct<,>bythemetric.Mcarriestheriemannianconnection▽・

LetNbeasUbmanifoldofcodimensionh.Sinceeachtangentspacerp(JV)toIVat

'inNisidentinedwithasUbspaceofthetangentspaceTp(M)toMatlinM

thegiveninnerproduct<,>onn(M)canberestrictedtoZM(IV)todenne

apositivedenniteinnerproducttherealso・ThusNinheritsariemannianmetric.

(so-called,inducedmetric)ForPinZVletry(JV)betheorthogonalcomplement
ofTp(JV)inrp(M)withrespectto<,>.For〃母(N),","fTp(lV)we
choosethevectorneldsXY,ZsuchthatXandYaretangenttolV;Znormalto

N;sothatX(,)=",Y(P)=z",Z(P)="anddennethesecondfundamentalfOrm

SbyS"(",")=<VxYjZ>(p)=<VxY(p),Z(,)>･

Dennition.Avector"ETb(JV)isacharacterisiticvectorofS"(",Tp(IV))=0

forall〃吟(JV).CpdenotesthesUbspaceofrp(JVJofthesecharacterisitic
vectorsatlinJVBLetC'pbethefollowingsubspaceofCp;

C'p=={2ﾉECplR(",Tp(JV))(Tp(N))匡乃(JV)},whereRdenotesthe

curvaturetensoronM.

LetCbethesetofvectorfieldsXonMsuchthatX(P)EC'"foreachPin

N・ThenCdennesalineardiHerentialsystemonJVbWedefinetheoscillationsO

correspondingtoonesofL.ApointPforwhichO(P)=0(キ0)willbecalled

C'-regular(C'-singular).

Theorem2.ThesetofC-singularpointsisnowheredenseinN

Theorem3.、SupposethatR(C'";C'p,TM(JV))(Tp(JV))=0,forall'EJVi

where;denotesthecovariantderivativesofthecurvaturetensorRonMLetJVO

beaconnectedcomponentofthesetofC'-regularpointsin"Thenthrougheach

'inIVbthereisanuniquemaximalconnectedsubmanifoldQsuchthatrl(Q)=C'q

foreach9inQ・Further,QisatotallygeodesicsubmanifoldofJVsuchthattangent

spacesareself-parallelalongQ.

Proof・Ifwes加wthatVxYEC'forXY(C,wehave(XY)EC'.Then




