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OntheCriterionOfC･Carath&odory.

HaruoKITAHARA・峯andNobukazuMATsuoKA・轡⑪

Inhisaxiomaticfoundationofthermodynamics,C・Carath6odoryhadthe

followingtheoremaboutaPfaffianformdefinedonthe3-dimensionalEuclidean

space･

Theorem･畢峯害

〃α魔潅αγαi"""""んγ"Hiss"c""""""y"eig狗加”〃oodqf

α〃”〃"α〃加"fPf"〃ee"sf加"fs""c"c""""6eαが“"”たり加P

""""fegr"c""e"凰峨e"His"加力彫彫りi"egγα"e・

Inthisnote,weshallgeneralizetheabovetheoremtooneona

differentiablemanifOldinCｴーcategory･

LetMbean"-dimensionalmanifold.TheLieaigebray(M)ofvector

fieldsonMisamoduleovertheringF(M)offunctionsonMAlinear

differentialsystemHonMisanF(i")-submoduleofV(M).ForpE砿

Hhisalinearsubspace{X(b)|XEH)ofthetangentspaceMhtoMat

'･ThedimensionofHhiscalledtherankγ〃(P)of"atP.Weshall

supposethatHisofrank"-1,i.e、γⅣ(p)="-1forall"EM

Definition．D(H)isthesmallestLiesubalgebraofV(M)containingH

Clearly,"-1=γ〃(p)≦γD(jr)(")≦〃forallp.

（1）〃γD(Jr)(H)(p)=〃んγsowe',"g〃ず｡("j(9)=〃んγα〃

poi"sqs斑〃fcig"ｵ〃αOSg加力．

Proof.LetXi,j,ノ=1,……,",betheelementsofD(H)whiChforma

WeP.(Xi-.:,A"*Since@h｡vec[basisofD("),.WeputXI=ZA"Er.SincethevectorfieldsZ7
a

basisofD(〃)p、．
γ＝Z

fOrmabasisofthetangentspaceateachpoint,thedimensionofD(H)9is

equaltotherankof妃×〃matrix(AfJ(9)).Hencewehavej'D(")(9)=

γα"た(A"(9))=ずα"た(Afj(,))="forall9sufficientlyclosetoP.

Definition.Acurveo(2),0≦f≦I.iscalledanHと(D(H)-)integral

curveif｡'(r)EHo(#>(｡'(＃)ED(H)o(@)),0≦#≦1．

Definition.AlineardifferentialsystemHissaidtosatisfythecriterion

ofCarath6odory,ifthefollowinggeometricalproperty(C)holds;

(C).F""c〃加珈fpEMオルej'eeXisf加i"rs9"'〃〃α〃c/osefopf""

αγgj"""essめん/”加沙α〃"gHと"fegγαノ“γ"9s・

Anintegralcurveg"fXlil<e,ofthevectorfieldYCanbeconsidered

●Dg"〃加eWqf"αｵｶ"就鯲ics.
“”"αごα"α血鉈""彫QrZ､"ん"0Wy.

"DThegeometricalproofofitsgeneralizationhasbeenshowedbyS・KAsH1wABARA.
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asanorbitofalocalone-paramelergroupoflocaldiffeomorphismsgenerated
byY:Sinceatransformedvectorfield(eXPZY)a(X)ofavectorfieldX

isdefinedby(e"fY)*(X(9))=(eX"fY)"(X)(gXPfY･9),e"rrmaps
anintegralcurveofXtoanintegralcurveof(eXPrY),a(X).ThenS-P

(eXpfY)･(eZpsX)･力isanintegralcurve(Jf(e"#Y)*(X).

Hencewehavethefbllowing;

(2)(eXprY)･(g"sX)･p=e"(s(e"#Y)*(X))．g"#Y･沙．

(3)""sα"”“雌epJ'o"""(C),＃"e"Hb=D(")".

Pr"f･Supposethat必≠D(")",i.e.γ〃<">(')=".LetX｡,",6==I,

．．．…,"-1,betheelementsof"whichformabasisofHI,.Thenthereexists

apairXh,Xbsuchthat(Xh,Xb)差Hinaneighbourhoodof'.Since,by
definition,

liml(exp#Xb)E<Xb))p-(Xb)"
(Xh,Xb)'-/→Of

wherethelimitontherighthandsideistakenwithrespecttothenatural

topologyofthetangentspaceMj,thereexistssomersuchthat(eXP#X.)"

(Xb)=H,Irl<e.Thcnwecansupposethat(e"Xb)"(Xb)=HBy(2),
everypointthatcanbereachedalongaD(")-integralcurvescanbereached
along"-integralcurves. SinceD(")。=MiforallpointsqsuffiCiently

closetoP,thosepointsqcanbereachedalongH-integralcurves.
Thiscont-radictstheproperty(C).

Hencewehavethefollowing;
Theorem-

〃α〃"gαγd”な〃”j"/Sys""""""ルガ-ZsaガヅYesMFCP･""io"
QfC""""dofj',M"HiSco"pﾉ"eIJ'j"egγα"e.T"eco""〃“αﾉso"o"s.

Reference

[1].M.DuTTA Surl'int4grabilit4des4quationsdifferentiellesdePfaff.
〃

C.R・Acad.Sc.Paris．t,270(1970)890-893.

〔2〕．A.H.W1LsoNThermodynamicsandstatisticalmechanics,Cambridge.
1957.

(R"""dzsf.Dec・1970)


