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1.lntroduction

Thisnoteisdividedintothreeparts・Inthefirstpart,wewillgivespherically

symmetricmaximalfoliationsofcodimensiononeinaLorentz4-manifoldwitha

Lorentzmetric:

"2==_g(7,)"+f(")"2+72"2+72Sin2adP2.

TheresultgivenbyReinhart[7]isaspecialcase.Ifg(7)=/('')=1forl'>0,then

themetriciscalledtheLorentz-Minkowskimetric.Inthesecondpart,wewillprove

thatasphericallysymmetricmaximalfoliationofcodimensiononeintheLorentz-

Minkowski("+1)-spaceistotallygeodesic.ThisisessentiallyChengandYau's

Theorem[1](foliationversion).BecauseweconsideronlysphericallysymmetriC

foliations,ourmethodisdifferentfromonein[1]andiselementary.Inthethirdpart,

wewilldiscussthegeometricpropertiesofSpace-likefoliationsofcodimensiononein

connectedLiegroupswithleftinveriantLorentzmetrics,andseveralexampleswillbe

shown.

ThediscussioninthisnoteismotivatedbyReinhart'spaper[7]andextensionof

Oshikiri'sTheorem(I81)tonon-compactcase.

AlltheobjectsinthisnoteareofclassCoounlessotherwisestated.

2.Foliationofcodimensionone

"Afoliationofcodimensiononeinamanifold"isafamilyofhypersurfaces

filling".Eachhypersurfaceiscalledaleafofthefoliation.Theexactdefinitionof

foliationofcodimensiononeisasfollows.Ifal-formのonamanifoldMsatisfiesthe

integrabilitycondition,i.e.dd)=〃八の,thenのiscalledtodefineafoliationlof
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codimensiononein"([61).Apdthefoliation"iscalledtobedefinedbyの=0.In

otherwords,ifanintegablesubbundleEofrankdim〃一lofthetangentbundleT"

overMannihilatesの,thenEiscalledtodefine"([8]).Here,Eisintegrableif[X,
Y]Ej~'(E)foranyX,YEF(E),andEannihilatesz"if2"(X)=0foranyXEF(E)
(F(E)denotesthespaceofallthesectionsofthebundleE).Eachmaximalconnected

integralmanifoldofEiscalledaleafof".Fordetails,seeReinhart[61.

Afoliation､'ofcodimensiononeinaLorentzmanifold"iSspace-likeifeach
leafof"isaspace-likehypersurfaceof"([4],[7]).

3.SphericallysymmetricmaximalfoliationsandspeciaILorentzmetrics

LetJV(")={("',x2,"3)ER31"=((%')2+(%2)2+(%3)2)'/2>a}whereα≧0.Weconsider
q

aLorentzmanifold"=R×jV([z)withaLorentzmetric

(1)(*2=_g(7,)"+/(7,)"2+,,2"2+"2Sin2〃や2

bymeansofthesphericalcoordinate('',8,9')onJV(Cz),wheregand/arepositive
valuedfunctionsofγonanopeninterval（α,CO)．Let'beaspace-likefoliationof

codimensiononein"definedbyの=0.Thefoliation､ダissphericallysymmetricifの
canbeexpressedby

(2)の＝鋭十"(γ)〃

where/iisafunctionofl､)n(zz,oo)([71).Thefoliation."･ismaximalifthetraceof

thesecondfundamentalform(bymeansoftheLevi-CivitaconnectionVwithrespectto
themetric(1))ofeachleafof"iszero([7],[8]).Wewillseekaclosedl-formの＝

伽十九(γ)"on"suchthatthespace-likefoliationldefinedbyの=0ismaximal.

TheunitnormalvectorfieldTtotheleavesof､ダisgivenby

T=(g(")-!一ﾙ)-"(")')-'"(-9(,"｣:+/(,)-!"(");)

Wenoticethatg(7')-'-/(7')-1"(r)2>0because"isspace-like.Anorthonormal
O

framefield{Xi,XZ,Xb}tangenttotheleavesof"isgivenby

Xi=(g(""'-f(7)-'"("汁'"(-ル)-'/2g(7")-!曜吻(γ):+/(,)-''2g(")-''f)



脇=γ-‘諸

ルバsin'"!*

Thenwehave

space-likefoliations

亜=,＜▽x‘Xj，T＞

=(g(""'-/(7)-'"(7)2)-劃い{-'ﾙ)-Ig(7)-'"(")
＋2/(γ)-2"(γ)3－が(7)-'g(7)-!",(γ）

‐が(7)-'g(")-2g'(")"(")+告げ(7)-2/'(7)g(7)-'"(7)

＋告げ(")-2g(,"|g'(")'("%}"
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where<,>denotestheinnerproductwithrespecttothemetric(1),and'denotes

thederivativewithrespecttoγ，Thetraceofthesecondfundamentalformvanishes

ifandonlyif

(3)〃(γ)=(券(γ)‘(γ)-g(")-'g'(")-2,-|)'(")

+(#(,)-!g'(,)+'ﾙ)-!g(,)"-|)"("'

Thedifferentialequation(3)iseasilysolvedbymeansofanauxiliaryvariable:"(")=

g(")''2/(7)-!ﾉ2"(γ)．Then(3)canberewrittenintheform

(4)"(")-(g(""｣g'(")+2"-!)(一偽(7)+"('')

Then,theeqUation(4)hasthesolutions

(々γ)＝±(1+CE(")74)-]ﾉ2,Or:==01

whereCisaconstant

Thuswehave

THEoREM1.Lgｵ〃=R×Ⅳ(")6eczZ,07'ig"た4-"""加〃”鋤aLo7'g"iz"@g"iC(1),

α”〃'6e"sp"g"""sy加沈e鯛c”αce-"g/b肋加〃"co""@g"sわ〃o"e伽〃
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《域""hyの=0,""27'gの=di+"(")成別g〃夕2s”z‘z〃"α／がα"do"なが
●

凸

"(γ)＝±g('')-!ﾉ2f(',｡)｣′2(1+CE(,")7"4"1/2,07,=0

0〃(cz,oo)/b"sowzeco,zs〃"ォC

Thecaseg(")=/(")=1for"E(0,oo),thatis,thecaseoftheLorentz-

Minkowskispace,isdiscussedinthenextsection.Thecaseofg('')=1-2"'/"and

/(")=g(""]for7/E(211@,oo)wasdiscuSsedbyReinhart[7],andthen(",ds2)isthe
Schwarzschildexteriorspace-time([41).WemustremarkthatReinharthasfoundall

sphericallysymmetricmaximalfoliationsinextendedSchwarzschildspace([7]).
Nowwemayconsiderthecaseg('')=1-4"z2/7'2and/f(")=7-2g(")-]forl"E

(2wz,oo).Thenwehave

(5)"2=_(1_4"z2/'/2)"+7"-2(1_41"2/"2)-1"2+7/2"2+"2sin28〃

Ifweset

(6) ？＝r＋log(γ2-4沈2)1ﾉ2

thenthemetric(5)Canberewrittenintheform

(7)曲2＝－(1-41"2〃2)〃＋2γ-1‘〃,＋γ2"2+7"2Sin28〃．

Themetric(7)hasbeenintroducedbyOtsuki[5],whohasdiscussedthe@@black

holes"bymeansofsmooth"generalconnection"onthespace-timewiththismetric(7).
Ifweset

(8)
zノー(γ2-4”2)'ﾉ2sinhr

〃＝(γ2-4〃)'ﾉ2coshj

thenthemetric(5)canbealsorewrittenintheform

(9)曲2二=γ-2(－"2+CZZZ2)+7/2"2+7'2SinZadp2

ThuswemayhaveanalogousdiscussiononthespaceR×Ⅳ(O)w肋themetric(5)as

Reinhart'sdiscussion([71)onextendedSchwarzschildspace.

＝



一

spacelikefoliations 19

4．SphericailysymmetricmaximalfoliationsintheLorentz-Minkowskispace.

Let"betheLorentz-Minkowski("+1)-spacewiththeglobalcoordinate(ｵ,"1,

･6･,x")andtheLorentzmetric

Ⅲ好=-"2+("')2+…+(伽羅)2

Let7'=(("1)2+…+("")2)｣ﾉ2,andwesetthat"+={(/,"',…,"")EM|">0}.Then"+is

anopenLorentzsubmanifoldof"([4]).Bymeansofthesphericalcoordinate('",e,,

･･･,am_,),theinducedmetricon"+from(10canberewrittenintheform

01)"2=－〃2+"2+"2(dB,)2+刃濁γ2Sin2&…Sin2a,_,(daj)2

Weconsideral-formのon"definedby

0》の="+2W=｣灸倣‘

where/iarefunctionson",andwesupposethatのdefinesafoliation､'of

codimensiononeinM，Thenthefoliation"issphericallysymmetricifthel一formの

iswrittenasfollowson"+;

側の＝鋭十"(γ)〃

where"isafunctionof">0.

Undertheassumptionthatthefoliation"in"isspace-like,"istotally

geodesiCifthesecondfundamentalform(bymeansoftheLevi-Civitaconnectionwith

respecttothemetricOO)ofeachleafof'vanishesidentically([4],[81).

Hereafterwesupposethatthefoliation,'ofcodimensiononein"definedbyの

=0issphericallysymmetricandspace-like.Let"|"+betherestrictedfoliationof"

in〃七.Sincell"+isspace-like,wehavethatl－"(7)2>0for">0.

Bymeansofthecoordinate(#,",&,…,8"_,)in"+,theunitnormalvectorfield

Ttotheleavesof"|"+isgivenby

T=('-"('(-:+"(");)

andanorthonormalframefieldtangenttotheleavesof"|"+isgivenby
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Thenwehave

ZILI<Vx,X,T>=-(1－"(7)2)｣ﾉ2{"'(7)+("－1)"-'"(")(1－"(")2)}

ThusthetraceOfthesecondfundamentalformofeachleafof､ダ|"+iszeroifand
onlyif

側〃'(7)=-("-1)"-1"(")(1－"(")2)(">0)

ThedifferentialequationMhasthesolutions

(15a)

(15b)

"(γ)＝±(1+C72("-'))-]ﾉ2(">0)

"(γ)＝0（γ＞0）

whereCisapositiveconstant

REMARK.Afunction/('')=(1+C"2("~'))~'/2iswell-definedon[0,oo)forariy
positiveconstantC.As"goestoirifinity,/(7)approachesO・Andwehavethat
/(0)＝1．

Thenwehavethefollowingtheorem

THEoREM2.Z,g＃〃6g"eLo""iz-MMMoz"s"("+1)-Wzcg"""ダα妙"〃加吻
SWzWZg師bα""S""-雌g允肋肋〃"CO成加g"SZO"O"g伽〃〃；"g"hyの=0,""27'gの

●

="+ZL]灸血＃α"’たαγE""c加泥so”肱〃'""""""e""ダおわ〃"gEoc"siC.

WewillgiveaproofofTheorem2for"=3.Byolirassumption,thefunction"
巳

inO3isgivenby(15a)or(15b).Wemayset
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%3=7'SinalSin&

ByO3for"=3and(13,wehave

jicosa,+/Zsin6,cos&+たsin8,sin&="(7,･)

-/isin8,+/Zcos8,cos&+/hcosBIsin&=0

－たsin8,sin&+たsin&cos&=0.

⑩

LetNbethevectorfielddualtoの,thatis,

(''!v=-3+2跡器

Since"'isspace-like,JVisatme-likevectorfieldon"([4]).

Foranyfixedr*ER,weconsideracurvec:R－－'"givenbyc(S)=(#*,2~1ﾉ2S,

2~is,2~1s).ByOO,wehave,fors≠O,

21ﾉ2/i(c(s))+/i(c(s))+/h(c(s))=2"(IsI)

-2'ﾉ2/i(c(s))+/Z(c(s))+た(c(s))=0

一九(c(s))+/i(c(s))=0.

(IW

Wesupposethat"(,,)=±(1+C7/4)-]ﾉ2(i.e.(15a)for"=3).As7'approachesO,

h(7)approaches±1.Thus,assapproachesO,03impliesthat,
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Bymlwehave

（2-"-2‐＋2砦'券 ）＋2-1糸"‘}’
3

肌(0)＝一所十 敗Ⅱc(0） c(0） c(0）

whichisalight-likevector([41).ThiscontradictsthefactthatIVisatime-likevector

fieldon".

Therefore,wehavethat/Z(")=0(''>0).Then,by(10,wehave

/i=0j=1,2,3
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on".Thuswehavethatの=dion",whichmeansthat､ダistotallygeodesic

BythesamewayasabOve,wecanproveTheorem2for">3.

5．Space-likefoliationsinLiegroups.

LetGbean"+1dimensionalconnectedLiegroupand9betheassociatedLie

algebraofallvectorfieldsonGthatareinvariantunderlefttranslations.Ifwetake

aLiesubalgebraDof9,thenwehaveafoliation.'(6)inG([8]).Infact,foreach

point%EG,asubmanifoldLx(H)ofGistheleafthrough"ofthefoliation"ダ(6)in

G,whereLxdenotesthelefttranslationofGbyxG,andHisaconnectedsUbgroup

ofGwhoseLiealgebraisb.Let{eo,e,,…,e")beabasisof9.Thenwedenoteby

CIKthestructureconstantsof9withrespectto{eo,e,,･･･,e"}.Hereandhereafter,

unlessotherwisestated,I,J,K=0,1,…,"andi,/==1,…，〃・

Inthissection,weconsiderGwhoseLiealgebra9isgivenby

(19 9={eo}+6

wheref)isanidealofcodimensiononeof9,and{e,,…,e"}isabasisoff)..Nowwe
ノ

cantakeaLorentzinnerproduct<,>on9suchthat

<eo,eo>=-1<eo,e2>=0<ei,Gj>=6".

ThenwehavealeftinvariantLorentzmetric<,>onGinducedfromtheLorentz

innerproduct<,>on9([2],[3]).LetVbetheLevi-CivitaconnectiononGwith

respecttotheleftinvariantLorentzmetric<,>([21,[31).

Thuswehaveaspace-likefoliation"(6)inGwiththeleftinvariantLorentz

metric<,>.Weset

"lj=<Veiej,e｡>=(CKj+CWi)/2

Thenwehavethefollowingdefinitions([8]):〆))ismaximal(resp・totallygeodesic)
if

Z匙,脇＝0 (resp."=0foralli,ノ).

And夕(0）isofconstantmeancurvatureifZ筵,脇isaconstant・Next,thecurvature

tensorRofVdefinedby
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R(e,,eJ)eK=V[g"鋤】eK-▽e,Ve,eK+▽動▽e,ek,

andtheRiccicurvatureRjC(eo)inthedirectionofeoisdefinedby

Ric(e｡)=国是,<R(eo,ei)eo,ei>

([2],[41).Bythedirectcalculation,wehave

Ric(e｡)=-邸4(")'-z],"(cK,+〃

ThuswehavethefollowingProposition:

PRoPosITIoN3.Leオ､ダ(b)69α妙αcg-"g/b加伽〃Qfco""e"sわ〃0"g加娩g

α加2ﾉeLiegm"G"肋伽α加zﾉg賊〃”γi""Z,071g"た〃ze"c.ZWe犯娩gRicci

c"γ沈z如彩Rib(e｡)加地g或形c肋〃Qfeois"o"-加si""9．〃り形o"gγRjb(eo)=0がα"α

o〃なが"(b)たわ"/"ggod@sic.""7伽""必ず幼g賊加”""オLo""た，"g鯛c"

〃オ肋g〃‘ダ(I)）たわ〃〃配0"sic.

EXAMPLE1.

I刺"…|■H伽…ⅢG=

||""%｡"R|9＝＝

i剛|←|網|-WIlileO＝

[eO,el]=e2[eO,e2]=0[el,e2]=0

I)={e,,e2}

<,>:aleftinvariantLorentzmetriconGsuchthat

<eo,eo>==-1<eo,ei>=0

<ej,aj>=6"(i,/=1,2)

RiC(eo)=-1/2

Thenthespace-likefoliation､ダ(b)ofcodimensiononeinGismaximalandnottotally
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geodesic.

ExAMPLE2.

｜職|">α＆■-"|G=

｜淵"…’9＝＝

｜淵l-l鮒|"1州leO＝＝

[e｡,e,l=e![e｡,e2]=e2[e,,e2]=0

6={e,,e2}

<,>:aleftinvariantLorentzmetriconGsuchthat

<eo,eO>=-1<eO,ei>=0

<ei,e,>=8"(',/=1,2)

Rib(eo)=-2

ThentheLorentzmanifold(G,<,>)isofconstantcurvature-1,andthespace-
likefoliation､ダ(6)ofcodimensiononeinGisofconstantmeancurvature(not
maximal).

ExAMPLE3

|惇専制Ⅲ"州|鰯鯛裟伽ⅧG=

||;1｡1"%｡｡R|9二＝

|索‘ルーI蝿lo-I州｜動＝＝

[eo,e,]=e2【eO,e2]=-4[e,,e2]=0

6={e,,e2}

<,>:aleftinvariantLorentzmetriconGsuchthat
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<eo,ei>=0
●

(i,ノ=1,2)
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Ric(eO)=0

Frhen(G,<,>)isaflatLorentzmanifold,andthespaCe-likefoliation"(fi)of
|CodimensiononeinGistotallygeodesic.

ExAMPLE4

｜|刺">α‘…｜G=

｜|嫌|"%｡…’9＝

｜榊l-l剛←|繍|･-蝋IIeO＝二

[eo,ei]=0(j=1,2,3)[el,e21=0[el,e3]=e2[e2,e31=0

f)={e,,e2,e3}

<,>:aleftinvariantLorentzmetriconGsuchthat

<eo,eO>=-1<eO,ei>=0

<ei,ej>=6"(j,/=1,2,3)

RjC(eo)=ORjC(e,)=-1/2

Thenthespace-likefoliation""(I))ofCodimensiononeinGistotallygeodesic
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