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Synopsis

A new method for determining the distribution of the diffusion coefficient and its
concentration dependence by analysis [of the diffusion curve of the heterogeneous system is
proposed.

This method is computer simulation which is performed by assuming the number of
component and the weight fraction of each component and by selecting the diffusion coefficient
and the concentration coefficient from pseudorandom numbers.

From the results of the application to theoretically synthetic diffusion curves, it became
obvious that this method has high accuracy.

Introduction

When the diffusion coefficient of unfractionated polymer sample in solution has concentration
dependence, it is difficult to determine the distribution of the diffusion coefficient, furthermore,
the molecular weight distribution from diffusion experiment.

Since the concentration dependence appears as the skewness of the diffusion curve which
is relationship of concentration gradient and diffusion distance, we previously proposed an
analytical method to eliminate the skewness and to obtain the symmetrical diffusion curve
which shows only polymolecularity.?> Applying the logarithmic analysis?) and the simultaneous
method® for this symmetrized diffusion curve, the diffusion coefficient distribution can be
obtained theoretically. By these methods, however, the sample is fractionated only into three
or four fractions.

In this paper, a new analytical method to obtain the diffusion coefficient distribution is
described, in which, the sample is fractionated into ten or twenty fractions and the
concentration coefficient for each diffusion coefficient should be obtained theoretically.

Theoretical

Symmetrization of the Diffusion Curve

In dilute solution of homogeneous system, the relationship between the diffusion coefficient
D and the concentration ¢ can be represented as follows :
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D =Dy (1 4coksc/co), (1

where D, is the diffusion coefficient at infinite dilution, co is the initial concentration of the
solution and % is the characteristic parameter of the concentration dependence.

If the average diffusion coefficient D obtained from eq. (2) is used, eq. (1) can be
transformed into eq. (3), since D, means weight average value,

Dy =mz/2t, (2>

Dy =Dy (14 0.5c0k). (8)
In these equations, m2 is the second moment of the diffusion curve and ¢ is the diffusion time.
Now, in the system of heterogeneity in molecular weight, if the concentration, the
diffusion coefficient and the characteristic parameter of the concentration dependence of each

component are designated as c;, D; and k;, respectively, D. is represented by following
equation,

Dyp = Tci Di (1+ 0.5c0k:) /i, (4)

If the standardized concentration gradient and the standardized diffusion distance are
represented by Y and X, the weight average diffusion coefficient at any distance can be given
as follows :

D=2YiDi/2Yi, Cokt=0. (5)
Considering the concentration dependence, we have

D YD (14 cokisc/co) /ZY

D—m ZciDi ( 1 + 0.5 Coki) /2(,‘1; ° (6 )

This is rewritten as follows :

D ZY.DJ/TY: 2 YiDicok:

D= D, L 3 53 7 (c/co). (7)
Using 7 defined as

Dm=r-DW=r-2£—"£i, (8)
eq. (7) is transformed into the following formula,

D _1 , 2YD/¥Y: S Y:Dicoks

Dn 7 XeDi/Tcs + Dn2Y,; (e/co), (9

X
C/Co=S YdX. (10)
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The first term of the right-hand in eq. (9) is D/D., which is independent of the concentration
and then gives a diffusion curve symmetry about c/co—0.5. Considering a pair of concentration

(¢/co) yand (c/co), which satisfy the condition (¢/co);+ (c/co)p,=1 and a pair of diffusion
coefficient (D/Dn); and (D/Dn), which correspond to each concentration, the following
equation is given,

_ZYiDicoks _ (D/Dw)y,— (D/Dw), an

D,«3Y; (C/Co)z— (C/CO)l

Substituting this equation into eq. (9), the value of the first term of the right-hand is
determined corresponding to each concentration.

This treatment gives the curve of (D/D.) /7 Vvs. c¢/co in which the conentration
dependence is eliminated.

Now the following equation can be written,

S: (D/Dy) d (c/co) —=1. (12

Then 7 is given as follows :

1 1 (C/CO)z (D/Dm)j,_ (C/CO)1 (D/Dm)z
- d
7 So (c/ce) j— (c/cod, (c/co). (13)
. . 2] YLD;/E Yz . . .
From the relationship between “SaDise and c/co, the diffusion curve which has

not the concentration dependence can be obtained by iterative method using egs. (14) and

(10,

(Do/D) exp{~ ' (Dm/D) X ax]
|2 @o/D) exp{~ (" Dw/DY X ax]ax

(14

As the diffusion curve without concentration dependence has the additive properties, we
get the following equations from eq. (9),

_ d(c/co) _ :
Y_Thzyl

% 2
(XZceDy) (Se.D —%)e X >¢:D;
= : Xp| — . , (15)
(27[)% (201)% ( 201 Zci >
% o _ X2 ZCiDi
D _ Tei 26D (1 + cokie c/co) exp( 5D " S ) a6
Dn Y oD% X2 3ol
TeDy (1 +0.5coks) TeuDs exp(_ o )
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The diffusion coefficient at any diffusion distance is given as the weight average and so
next equation is obtained,

D . XYD/TY;
( D )cok=o = —SDJse an

The weight average diffusion coefficient Dw is expressed as
Dy = (Dm)c°k=o=zCiDi/zCi. (18)

The concentration average coefficient D is represented by the following formula,

D, =< YD _ EC«;Di% (19)
2Y: S %’
x=0 ¢4
and the average diffusion coefficient obtained from area of the diffusion curve is shown as
follows :

Da =<~z%§>z (20)

The values of Dw, Dx and D, can be determined by the following relationships from the
analysis of the symmetrized diffusion curve and c/co vs. D/Dn curve.

DW = Dm/r, (21)
Dk = DW/(D/Dm)clco=0.5, (22)
DA = DW/ 2 (Ymaz)z. (23)

The characteristic parameter of the concentration dependence is related to » by the next
equation,

ke =2 (r—1) /co. e
In heterogeneous system, %, is the average defined by the following equation,

kr = ZeiDiki/TeiD;. (25)

Determination of the Distribution of the Diffusion Coefficient

Several methods have been proposed for determining the distribution of the diffusion
coefficient from analysis of the diffusion curve, but in these methods, it muts be need to
assume a function. On the contrary, the logarithmic analysis and the simultaneous method need
no such assumption and can directly estimate the distribution from the diffusion curve. By
these methods, the sample is hypothetically fractionated in only 3 or 4 fractions, but 10 to 20
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fractions are obtained by our new theoretical method described below.

Assuming the number of component # (e. g. 10 or 20), weight fraction of each component
C; (€. g. CL = Cp = eeresees = C10 = 0.1 OF Ci= Cp =«receeres = cg0 = 0.05) and D;/Dy by using
pseudorandom numbers, the theoretically synthetic diffusion curves were obtained by the
following equation,

(4

C; 2
= —_— 26
Z VZTL'D{/DW exp ( 2D1/DW >. ( )

An average error is defined as follows :

E=) (Y= ¥ %amot (Y= Y re0.2+ (Y= Y Pxeguab oo 4 (V= YD %rmg0.  (21)

The group of D:;/Dw which makes £ the smallest is the nearest to the true composition
of the sample. Repeating the modification, a group of D;/Dw whose synthetic diffusion curve
is very similar to the experimental one is obtained.

Similarly assuming 7, ¢;, D;/Dw and cok: from pseudorandom numbers, the c¢/co —D/Dn
curves corresponding to those groups are obtained by the following equation, '

2
ZCiZCiCDi/DW) R ( 1 +Coki . c/co)exp(——X——)

(L>'= 2 D;/Dy (28)
Dr /Sl (Dy/Dw) (1+0.5cok) Sicr (Dy/ D) oexp( — X2
2D./Dy /

An average error is defined as follows :

(A 2 (- e (8 2

(29

Similarly selecting cok: from pseudorandom number for each D;/Dw and choosing the
group of cok: which has the smallest value of §’, this group is the nearest to the true co#:
of the sample. Repeating the modification, a group of cok; whose synthetic c¢/co —D/D,
curve is very similar to that of the sample is obtained. )

In such way, the sample is fractionated theoretically in # fractions, each of which has
arbitrary weight fraction c¢: and concentration coefficient cok;.

Theoretical Example

The accuracy of the new analytical method is checked by three theoretical examples.
Computer FACOM 230-25/35 in KANAZAWA University is used for calculation.

Each example is composed of 10 fractions as shown in Tables 1, 2 and 3. The distribution
function of example 1 is resembled to Gralén’s. Integral distribution of example 2 is linear.
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Example 3 has the distribution as same as that of PVAc-acetone system.

Table 1 Components of theoretical example 1

D; 0.06 0.10 0.13 0.16 0.20 0.25 0.31 0.42 0.60 1.0
[+ 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
coky 4.07 2.55 1.91 1.3 1.02 0.83 0.61 0.39 0.20 0.07
Table 2 Components of theoretical example 2
Dy 1 2 3 4 5 6 7 8 9 10
(4] 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

Cok: 10 9 8 7 6 5 4 3 2 1
Table 3 Components of theoretical example 3

D; 1.793 2.13 2.44 2.84 3.27 3.72 4.44 5.85 8.9 13.97

[+ 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

cokt 4.07 2.55 1.9t 1.36 1.02 0.83 0.61 0.39 0.20 0.07

Figs. 1, 2 and 3 show the synthetic diffusion curves obtained from above tables and the

symmetrized one.
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Fig. 1 Original and symmetrized diffusion curve of example 1
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Fig. 2 Original and symmetrized diffusion curve of example 2

Fig. 3 Oiginal and symmetrized diffusion curve of example 3
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The relationship between c/co and D/D,, of these diffusion curves are shown in Fig. 4, 5

and 6, respectively.

2.0

D/D,,
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Fig. 4 c¢/co vs. D/Dy Curve for example 1
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D/Dn

Fig. 5

0.5 1.0

c/co

¢/co vs. D/Dn Curve for example 2



Integral Distribution

ISHIDA « SENDA * NAKAMURA » KANEKO : Distribution of Diffiusion Coefficient and its 17
Concentration Dependence

D/Dy

0.5

0 -
0 0.5 1.0

/ey

Fig. 6 c¢/cg vs. D/Dyn Curve for example 3
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Fig. 7 Distribution of diffusion coefficient of Fig. 8 Distribution of diffusion cofficient of
example 1 example 2
(circle : analyzed by the new method, (circle : analyzed by the new method,
solid line : theoretical) solid line : theoretical)
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Fig. 9 Distribution of diffusion coefficient of example 3
(circle : analyzed by the new method, solid line : theoretical)

It is obvious from Figs. 7, 8 and 9 that the distributions of the diffusion coefficient
calculated by our new method are good agreement with the given distributions.
The concentration coefficient versus the diffusion coefficient are plotted in Fig. 10, 11

and 12.

0 0.5 1.0
Diffusion Coefficient
Fig. 10 A plot of concentration coefficient vs. diffusion
coefficient for example 1
(circle : analyzed by the new method, solid line

: theoretical)
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Fig. 11 A plot of concentration coefficient vs. Diffusion
coefficient for example 2

(circle : analyzed by the new method, solid
line : theoretical)
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Fig. 12 A plot of concentration coefficient vs. diffusion coefficient
for example 3

(circle : analyzed by the new method, solid line : theoretical)

From these results, it is shown that the new method has the high accuracy.

Acknowledgement

The authors are very grateful to the staff of the Computer Center of Kanazawa University

Reference

1) K. Kaneko, S. Ishida, T. Mizuno, Y. Kura and Y. Tamura, J. Tamura, J. Chem. Soc. Japan,
Pure Chem. Sec., 91, 36 (1970).

2) K. Kaneko, J. Chem. Soc. Japan, Ind. Chem. Sec., 45, 61 (1942).
3) Y. Nakayama, M. Dissertation, Kanazawa University (1971).

(Recieved Sept. 20, 1972)

18



