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On the Convergence of Some Gap Series
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1. Let ¢(x) be a periodic function with the period 2 7 satisfying
g(x€ Lip o (0<a=D) and [ @(addw=0.
0
We consider the convergence of the series

(1) i en 9(Anx),
n=1

11

where {4,} is the properly defined increasing sequence, but not necessary the sequence

of integers. For this purpose we consider the integral

(2 =" Su@ao(a), o) =—"g 25

where §,(x) is the »—~th partial sum of (1) and »(x) is any bounded (1<z(x)<NV)

and integral valued function.

Kawata® obtained the following theorem as the generalization of the results of Kac®

and Hartman.®
Theorem. Let {,} satisfy

<3> An+1/lnté”c <£>0> ’
then for any p>1 there exists 4, such as

" max s, aran (oS4, S A
Y 157 <oo n=1

where >0, and 4,=4, , depends only on ¢ and .
We consider the case p=1 of this theorem.
Theorem 1. Let w(7)1 e and

n/w(72)=001).
If

C 4 > 117‘+1/275.:é&> 1 3
then there exists a constant 4 such as

7 SucorCedanlLaC S cdolmyt .

If w(x) satisfies merely w(»)1, we have the following theorems by use of

methods of Salem.®

the
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Theorem 2. Suppose that {1,} satisfies (3) and w(#z)tee. If {#,} satisfies the
following condition for some constant Z>1,

(5 Raon (7)<

then there exists an absolute constant 4 such as
| f 7 Sner (@ (L AC Y (a2,
n=1

where #(x) is any bounded measurable function (1<#»(x)V) having a sub-set of
{7} as its range.
On the other hand if {4,} is a sequence of integers, we have
Theorem 3. Suppose that the sequence of integers {4,} satisfies (4), and the
sequence of integers {z;} satisfies (5) for some constant £Z>1, and
(6) gy — 11 2lOZk (h=1,2, S
then ‘

| SunCaansaC S o,

where »(x) is any bounded measurable function (1<»(x)< V) having a sub-set of
{7} as its range.

2. Lemma 1. Let ¢(a) satisfy the above mentioned conditions, and {i,} satisfy
(4), then

| [ eChoadeChaddo () | St

This was proved by Kawata and Udagawa.?
Lemma 2. If ¢(x) and {1,} satisfy the conditions of Theorem 2, then

(7130 aonga( G ) " (Seen.

—00

This is Theorem 1 of Kawata.

‘Lemma 3. If ¢(a) and {4,} satisfy the conditions of Lemma 1, then
[T copCparantd=acs o).
Remark. If {1,} is the sequence of integers, then we have
[7CB aptharrasac 3 .

Proof.

J= f HOIPRIERIIIZEIEDS f%fmép(sz)ﬂ"’(@
J p=1 p=1 Yoo
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+23>7 :E CpCq fmgﬂ(lz,x")gﬂ(qu)/z’d(x\).
D=1 q=p+1 y

—co

Since ¢(x) is the bounded function, |¢(a) | <A/ and

oo, [ n n A
J=214 f M2do(x)+2%] > CroTaia =y
r=1 p=1¢g=p+1

o I noo . n n 1 271 /2
MF 2L cp+2 A(Ef;ﬂ”ﬂ(z( 25 fa",{a’c'q‘:‘b’)’“)}
P =1 p=1 ‘P 7=p+1

I

<o BaveaGars (3 -(Fan) )

D=

=(Za)or2aF o)z fa2)

3. Let #(x) be a bounded (1<#(x)</V) and integral valued function, and if we put
Enzcx; ﬂ<x>~\éﬂ> 7n= 1’ 2) """ » N,
then

7= [7 Suco(adantad= [ (écn(f(l ESINES)EIES

:f (nz 0 P Apac) f“i% )z’a(r)

where ¢,(x) is the characteristic function of %, and

e =cnV/ ().

If we put
Tncx)z glfilsﬂcz 7 x) )
then by the Abel’s transformation

7= tfwné Tn(x)A( sbl;)gffl )0’ o(x)

- (B2 sttt Jaotar [ (2 7o)t

7> =r4+1.
Now we can suppose >, ?< oo, otherwise our theorems are trivial. By the use of

Schwarz’ inequality and Lemma 3.

;19|<§3 ( T )( f T(x)/z’a(x))

s =\ 3 :
R M G ) S Pat I
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Let the Fourier series of ¢(x) be
@(x)~ 2 CanCos nx+b, sSin nx)
n=1
and the 7—th partial sum of it be

so(x)=>1(a; cos ix+4; sin 7x),
ic1

then
7o(a)= 31e/oQua)= 30 cisus(hiad+ 3 (o) —sue(Ased)
= ilhlfwcxix)‘l‘ ilfi,RMiclixD)
where

R (x)=¢(x)—s,(x),

and {g;} is the properly defined sequence of integers. Thus we have

(9 AZL"" {ﬁmw(ﬂ)(zm s sChsa) )adu(a) o)

+!:) {n‘:éw/jl(;ﬁ (zé 61;/Rv«i(lix))Agbn(x)}dd(x)EP-}-Q‘

Since by the hypothesis

| pCa)—s.(x) | < Alogn/n®
uniformly in x,

[ Roi(hix) | S Alogp /v

uniformly in x. Consequently

ol< %7(01(—”) 71336 RusChimd | agnCadan )

( log Lk ) }1/2 (iij]l”’z)l/z (5%4751@) Aa(En))

Now if we put g, =[70+%/2¢] for any ¢ >0, then

Z(log’“ <o,
T=1 ﬂz

and

(10 QI d e B} "2 Ben) ",

A
1/ w(l)
Lastly we consider 2. Since A¢,(x) A,(x)=0 for n=Fm,
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r<["{5 (BB xJ)wn@c)} doCx)

{8 (B agucofaoco

el cu(ﬂ)
< ﬁ fﬁﬁ( i o) f °°( i}lsfi(hx)>A¢n(x)dd(x).

Since | ¢(x) | <M uniformly in » and

| ), | A B

we may suppose
[saCx) | 20

Thus by the hypothesis concerning w(7)
@ary f A Cadda )

uniformly in x.

(11 Pe(3e) 3o

<a(Zaots)(Fe)gA( Ze)

Consequently from (7)-(11) we obtain Theorem 1.
Since by (8) jjizi_<__A( i ;/2)1/2 we must prove for Theorem 2 that
T=1 3

A P ) L IIE R

Let {#;} and »(a) satisfy the hypothesis of Theorem 2, then there exists 4" such as

(13} ﬂk/§N< pl+1,
and 5
Iy= kZ‘I 1/(1_)—67210) f TnwCa)APnr(x)do(x).
Now n
At f b} ijz‘nkc@wwcx) o) [“anCa)
= (" S T3 O,
If we put
KE(n‘?;; c,,,’z) a ( > cnw(ﬂ))l ”
then ’
[12§[(2k§ w(ik) <i=1 } ¢ )ZA(’b?lkcx)ddcx)

Let
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Z;c=—w<:f"l7 and 1 +11/

=1 (22D

then by the Young’s inequality® and Lemma 2

. 2 24 oo 1 { 57‘,, 21,
Ik 1§1f. kaana)‘k\zzl K 90(&,&\?)) do(x)
A
+K2]§1f 7<A¢7‘k>d6<x>

o /Iclk' /ﬂ]g 51,
<
AK/c llka”kDZk\tZI K2

k/
)lk+1(2 S a0( )
=1

<ar* S —‘i—(%)w@%) /4 K2,

capfie$ L (1 Jeen).

k=1 (U(ﬁk)

Thus by (5)

riake =4 3 o),

and from (7) we obtain Theorem 2.
4. We now prove Theorem 3. By the same way as the proof of Theorem 2

I= f~ San(x)dx
0

=f2 Z T(a)— A(/Jan)zz’x-Ff Zf (QC)Sl’n—H(x)A(

1/() 1/C>)

=7+15.
Then we have by the same process and Remark of Lemma 3.
LSk =4 3 ol e,
n=1

and

I= kzlﬂﬁ@/jf Trp(x)Adnp(x)dx

/C=IVZ<~71__> f S u,,,k<x)A¢ﬂIc<x>[Z’r + ,__, '\/(I)an) f Runk(x)z.\ﬁl’nkQOa’x,

=P+Q.
Where 2 has the same meaning with (13), Sty (x) is the pm,—th partial sum of the
Fourier series of 77; (x) and

: : )
Ry ()= Trp(2)—= S0y, (), Suu,= Elc' ;} (@pcosd,; px—b,SInA; pa)
i= A;Z’:/“nk

-

Thus if we put prag,; =Lpnr/4;], then
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i
Rzunk(-x)= gl Ei/{Sp(xix)_Sunk,i(x,Sﬁ’Cl ;2D
and
om 2 1/2 ;w7 ~ .
A ([T Coar) = ([T D e 0 Sy Carp A} )
[ 0

<% le; '(f2w[¢<lix)~—5unk,i<x, o(A,2)) | /2’1)

(2 ) (B[ Tohar—Sumy s, gt Pa)’

éAK( :il (7/%"; )“ )1 ” (O<a’<a).
Hence by (14)
Q] ég}l ;/—fﬁ) ((fm Rznh (x) dx)ug <6f% Ag/m;c(x)a’x)l/d
s 2 e M
sk 5o (e B
k=1, 2,

Now if we put for any ¢ >0
n :[k(lgl—ej/a/x”k]

15

4 1 A”k )a/ ”k( Xt 20/y1/2

th T >
e /J:Z=}1’\/(U<77]g>( Ha, {fzt Ay, ) }
B 1 1 % 1 1/2
B e oo

=4 Bty w (B g ) <,

and
[QI<A4X.
Let v be a fixed integer such as
y>(1+¢)/alogi,
then by (6) and (15)
A”k-i“' g

ZA v T o = ey /e M
P rty— 71 1+ \logi-log /6]
a’logl/

I+e
_gﬁlog Kz) //fmceXpK lTog %

1+¢ ~
oy )Iog,{-log,éJ

ho

= /1nkexp((¢zk+v —np)logd—

log AC&+1)------
log £

)log A - log /e]/ P,

(Btv=1) _

= kexp[(

f/:,u.nkeXP[ (Q’ allog A
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Hence there exists a positive integer v, such as
16 Ay = oy

1+e¢
for 4=1,2, ---and vo=[ el 1
Now we consider 2 with g, defining by (15).

s

£= 1221 1/“’(72/0 f Sen (x, Trp)bnp(xddx
IL/‘
k}:l 1/(0(7170) f Tﬁ/ac‘xDS“nk(x: Asbﬁk)[l’x

V14

lc 1 1/(0(7'1 )f " /(xD ( 7 -1 2”70/> (2 gl -2 -Ffllg —1>+ """ +<le—]—;lk+1>}
k&
° SH7Lk<x7 A¢7l]c)07x

)4

1 2T
=5 Topr s
T Of /() S (0, Ay

[ 1 27 %’

TRVt et i TS (0 dmdd

i’ 1 o VO-I—Ic

> (7,

e S - " ;A
B P 1/(U<7Zlc>0 2 Ty T30S0 nkcx Dy )dox

EP1+P2+[)5
By (16) 7,=0, and

| 2 [“:1 w/wéﬂk) ij (flw | ]}l’”’i‘l(x)_ﬂz’”“(x) [2[[90)1/2 (6[‘% Sunk(x, A(Il}”kydx)l :

)24 vo 7 Pkt k 1/2 27 1/2
gE *2( Z 67/2) (Af AS!}ﬂ]c(Z.X‘)

I=" i1 o

vo %/‘ (”kﬂ )1/~ ACA| L)1
i Y nk+i~[1i v @(re)

gi\:’( kX/} ﬂkz.)-‘i [/2>1/2 I vAz [AEnkf )1/2
=1

k=1 (UOZA:)

Now r fz[fm Doy () Elmswn, Cx, Aﬂl”l/c)}‘ix]

é((}f“ 77, (wdx )(of”‘ {EIT/E@;C) Stin, (2, A‘,bﬁk)} )

<AKU,
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where

U= {.M{ k/ ! Spw (1: A‘/’”l{:)} ax.
§

=1y wCng)

am k7
U= f ]c 1 w(ﬁk) ””/c (a0, Asbﬂ’“)}dx

+23 3

ZxEUI+U2.

I %4 fzrn Spm,c(x, Aglm,,)Sunqu, Adug)

Va(np) @(ng)

p=19=p+1
0

Since Porg > P, TOT > p,

U~7=2 e (Y Y
. z§1 7=+ V(ny) w(ng) o
e ] i
:227%}10 —(U—GZSS RERIX) AL
where
B An,(x)
st vamy § B0 <o
Whence
L7 = Sum, Cx, Xp)
[ U | <2 ZZJI IO (Z)(}z Sy ~As,, Az |
| 1 T LIS VG L
=2 Wf | S, G, xp>llf»dx+22§1170f | adny | 40" i,

where 7, and /7, satisfy
1 1

) / » 7 »
Now by the Riesz’ Theorem

%’ ]i/‘, rzw AD1gSun, (2, Adnp)
M s il 7 NS

+——=1, 1<7y'<2<07,.

[ U, | <2570 Y‘l—?; 7(712;)’21 21/: Al B,
124 Ip
g4np§=]1 #ﬁéfz)ﬁ‘)?ﬂ +4.
If we use the specified sequence
_ w(np)
lo= T de
as the sequence {/,}, then by (5)
1 e
IU,[<4—[{4,; IW(T) +1} -
1 1\
<167re 3—‘1 (UCﬂp) ( ?174—6—'-7) 44 <co.
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On the other hand

K’ 1 208 N
U, glmojj Sp,nk<x, A(,bﬂ,c) dx

k

24 1 LR 14 1
) Of A, doa A El ‘(5@ Al Eny, |

IA
N

i w(n fram

1
A——WI) 2r.

IA

Thus ¥ is bounded and

PZAK.
Hence we obtain

i fzﬂSn(x)<x>(l'x I <4 (21650)00)1 /g7

and this is the desired result.

Remark. In Theorem 3 we can replace ¢ Lipa, 0<a<1 by

(fﬂ lpCat D —Ca) dx)l/ng/la

0

0<a<l, and Lemma 1 was verified by Isumi.”
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