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Notes on Gap Theorems
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1. Introduction

Let f(x) be an Z*integrable and periodic function with period 1, and satisfy the
following conditions,

1 1
a. n S(x)dx=0, S(x)dx=1,
bf of
and moreover let £(») denote

a. 2 R =( 117 @=suCo P ax)

where s,(x) is the »-th partial sum of the Fourier series of f(x).
In my previous paper [1] we proved the following two theorems.
Theorem A, If for any «>0 and for any integral number =1
a. 3 R(n)=0(1/(logyp 7)*),
then the series
3 NACTED)
= % logk logsk------ (logp&)'te(logp4, 2)F 2
converges at almost every points in the interval (0, 1), where the sequence {7}
satisfies that

1. 4 {(i> el eo,

(ii) it is the sequence of integral numbers.

Theorem B. If for any 0<a§h1~,

(1. 5 R(n)=01/n*),

then the convergence of
2l a2 (log £)*<eo,
implies the almost everywhere convergence of a gap series

1. 6) 2lan f(nrx),
where its gap conditions are given by (1. 4).

In this note we discuss the almost everywhere convergence of the series (1. 6)
satisfying the gap conditions (1. 4) and we prove two theorems, each of which is the
extension of Theorem A and Theorem B respectively.

Theorem 1. If for any a>0 and for any integral number p>1, R(») satisfies (1. 3),
then for the almost everywhere convergence of (1. 6) satisfying the gap conditions
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1. 4), it is sufficient that

a.n 2llawf % log % logy #------(logp £)'~2*(logp41£)*<oo.

Theorem 2, If for any a>0, R(») satisfies (1. 5) then for the almost everywhere
convergence of (1. 6) satisfying the gap conditions (1. 4), it is sufficient that

(a) if O<a<-L . then

=9,
a. 8 SVawt #/6 (log #)2<oo,
(Y if 2+ <a then _
a. 9 Stawk 27 (log £)'<eo,
where
. 10 p=1+2a.

For the proof of these theorems, we make use of the several results obtained in
[11. If for integral numbers Z and WV, Z+1<»n;<#»,<Z -+, then it follows that

1. 1) ~f}(ﬂ7 x) f(nyx) dx’gk(%)%

from which

1. 12) f '

Z+N

2 an S x)‘zdx_g(lkaz(%))(zg ot )

2. Proof of Theorem 1

If we put in (1. 12)
Z=s? and NV=_s+41)?—s?=2s+1)(=NV(s)),
then

1 +NR2(7%7-—) ~1400s) O(W) - O(s(logpy)‘z“).

Hence, from the convergence of the series

oo r(s+D)? 2 /s
2. 1 ) Cz) L
( ) Ex (k§2+1|€l/| (logps)®
it follows that the almost everywhere convergence of
2. 2 lim %) ap f(ng x).

s>o0 k=1
To verify the truth of (2. 1), we put
g(&)=rlog klogy & «--ooee (logp £)'=**(logp+ £)°,
then

>

Vs (s+1)? )1 /2
=1 (logps)® ( B

1/? (s+1)? 1 1/2
2 2 -
> k) =3 (35, b 0o5)

ks a41 51 (logps)® \ 55

SV 1 (cs+1)2 172
<51 — SVl )
=i Cog,* /0D L™ 1P

k=s2

%) This case was already proved in [17], so we consider the case (a) only.
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B o) (3 ko).

From (1. 7) and the above last inequality, we obtain (2. 1) and from it the almost
everywhere convergence of (2. 2) holds.
Now for our purpose, we try to prove the convergence of series

2. 3 7‘ B max

ay f(npx) ’ dx< oo,
s=1 s, <m<(s+1)2

2
=5,+1

However the general term of the series (2. 3) is less than

s +(u+1))

[logn(s)] Cv(sdz™"] o1
olog ¥ 33 asf ) | "
v=1 U =0 k=s 2+uzv+1

Clogy ()] (s+1)* s 2 \-2a
—olog /() 33 270 NC) Sl (142 (logrgy ) )

Cs+1)? [logn(s)] 52 \-2¢
@. gO(l)(/Z}z+l|ak[2)N(y)logN(s) > (1ogp—27) .

On the other hand the last term is less than
[log (s Clog v (
o) 3 (logy #2712 = 0013 "5 Clogy -2
v=1
(2. 5) <O(1) (logs) (logp s)—2e.
From (2. 4) and (2. 5) it holds that the general term of series (2. 3) is less than

o’ Z lakl slog s G(}g_if)%
2. 6) = E lakl g(&) VE %2_0(1) 1 1|ak[2 )

This and the hypothesis (1. 7) of Theorem 1 deduce the proof of Theorem 1.

3. Proof of Theorem 2

If we put in (1. 12) by use of p defined by (1. 10),
Z=s*, and N=C+1Dr—s*(=N(s)),
we can immediately verify that the convergence of
oo r(s+1¥ 1/2
G D (S jar) <o

s=1 L=s%41

implies the almost everywhere convergence of
¥
(3. 2) lim %) ar f(ong x).
§>o0 k=1
However (3. 1) is easily verified, i. e.

3 (<s+1> | |2)1/2 > <(5‘>i{)u| I 170 (log £)2 1 >1/2
gl k§u+lak - 'sz=}1 k:"+1 @ (log Z1/7%(logk)?
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<i_ 1 (simt' 1" e (l e 1/2
== /s(ogs)* (k;su+1 i o8 >)

IA

s=1k=s"41

<o ( > laup £ Clog #°) "

In the case (&), evidently the above series converges, and then we obtain the

convergence of (3. 2),
Lastly for the completion of the proof of Theorem 2, it is sufficient to prove that

3. 3 > [

) akf(ﬂ;cx).z dx<L oo,
= 0

(
i
s“’<m<(s+1)"" l k= s"+1

The general term of (3. 3) is less than

s¥hCut1dz’
S Y

ar fCny )| ax

[logp(s)] Cw(s)2™"1 o1
O log M() 3 [

n=0

T=s¥qug’y1

[logy (s)1 CaCs)z™"T (s417™
<0(1) log NV(s) 21- 3 ST a2 (1420 @ethg-2ar)

w=0 g sByy
Cs+® [logn(s)]
3. o <("S k) (log M0O) M) B 2rpeetnv st
k=s¥41 v=1

Since in the last term, it holds that
ov Co+1)2—2ap — N<$>(2a+1)s—2ap =J\(2a+1)(u—1)—2ap. — 0<1>,

(3. 4) is less than

Cs+DY o 51D
@ .5 O 2 |ax®* V(s log V(s) 212"”§ E Iaklzél'”" log %
E=s P41 v= =sPpy
Now if o satisfies the case (2) then
1 1 1
3.6 0<o<L—5 and 1——<—.
(3. 6) <5 s

(3. 5) and (3. 6) indicate the convergence of (3. 3), and we complete the proof of

Theorem 1.
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