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Abstract. The purpose of this note is to generalize the Hartogs-Osgood’s
theorem in C™ for the case of (complex and real) mixed several variables.

§1. Introduction.

The famous Hartogs-Osgood’s theorem states that if K is a relatively compact
open set in the space C" (#=2) of » complex variables z,, -, 2z, and the boundary 9K
is connected, then every function f holomorphic in a neighborhood of 3K can be
continued holomorphically to the whole K [6, 8] . F. Severi [ 9] and G. Fubini [4 ]gave
the corresponding result for the case of (complex and real) mixed several variables®.
But their proofs were imcomplete and in 1936 A. B. Brown completed the proof in the
case where all variables are complex [3] . After that, various proofs were given by H.
Fujimoto-K. Kasahara [5] , H. B. Laufer [7] and etc.

In this paper, we shall prove a similar theorem as above for case of holomorphic
functions in the space C™ (m =1) with parameters in the space R” of » real variables
#y, -, U, (m=1). Our proof is mainly due to H. B. Laufer [ 7] and J. Siciak [10, 11] .

The authors are very grateful to Professor J. Kajiwara for his fruitful discussions
and valuable suggestions.

§2. Holomorphic functions with real parameters.
We shall discuss the holomorphic continuation of functions as follows.
DeriNiTION 1. Let D be an open set in C™x R” (m, n=1) and (D) denote the family

of all the functions f defined in D satisfying following conditions: for each point (z°,
u®)= (29, -~ , z 5, ul, -, u%) € D there exists a complex neighborhood

* A function f of mixed several variables is said to be holomorphic if f is locally expanded by the
Taylor series.
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C(2°% u°) = {(z, w)eC™"; | z,—20 | <7, | we—uld | <s4
J=12,~,m, k=12, n}

such that for each fixed point (¢, 8 € C(2°, #°)ND

@) A&, =y Eiorr 2y Esvrr =+ Em &y -+ 5 &) 1S a holomorphic function of z; in the
disc { | z,—z?| <7;} G=1,2, -, m),

() fen o Cm & > Exorr Ur Erwr, - » &,) is continuable to a holomorphic
function of w, in the disc { | w,.,—u} | <s.} (=1, 2, -, n).

The complex neighborhocd C(z°, %°) may depend on (z°, #°) and on f. If K is a closed
set in C™x R" and a function f satisfies the above conditions in some open neigh-
borhood U of K, we shall write simply feB(K). Every function feT(D) is of course
real analytic with respect to each variable #, separately. The functions of T(D)
appeared usefully in the study of the following topics: analyticity of distribution kernels,
the edge of the wedge theorem, bounded representation of the classical Lie groups on
Hilbert space, Féynman integrals, analyticity of solutions for partial differential
equations (see [2] ).

J. Siciak [10] proved the following theorem which is very useful for our problem.

TueEoREM 1. Let D, be an open set in the complex z ,—plane and E, be a compact line
interval contained in D, (k=1, 2, |, n). Assume that f(z)=f(z,, -, 2,) s defined in

X=D,XE,x +XE)U(E,XDyXEsx-XE)U-U(E,xXE, xXD),)

and satisfies that for every fixed (29, - , 29_1, 2%, =, 2D EE, X =X E, XE, . x-xXE,
the function f is holomorphic with respect to z, in D, (k=1, 2, -, n). Then there exist an
open set 2 in C™ containing E, XX E, and a function f holomorphic in Q such that f=f.
mn 2NX.

§3. Cohomology vanishing lemma.

In this section we shall prove some lemmas in preparation for our main theorem.
We identify C™x R™ with R*™** and put z,=%,;_,+&,; j=1, 2, -, m.

Lemma 1. Let B, and B, be closed cubes in C™x R”, that is,

Bi= {(z, w)=(%1, ~, Xom %1, =, Un) e C"XR™; a;S%;5b;, Qomen<ths

§b2m+kr
7=1,2,~,2m, k=12

R
and

B,= {(z, #) e C"X R™; a;=<%,;Sb}, Q3min=Ur=Dbimis
i=1,2 - ,2m, k=12, , n} .
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Assume that a,,<ai,<b,,<b;, for some integer I, 1=, 2m~+n) and a,=a;, b,=b;
Jorall l+1, A< 1<2m+n). Then for every feTHB,1NB,) there exist f; € (B, i=1, 2, such
that f=f,—f, in a neighborhood of B,N B,.

Proor. By Theorem 1, f€%(B, N B,)can be continued to a holomorphic function in
an open neighborhood U of cube

{(z, w)e c™"; a,-éxj_é_bj’ Aomrn S ULS Do, [val] Ze
wlz:uk+ivky j:'ly 2) Tty 2my kzly 2, "ty n}
N Az, w)eC™"; ajsSx;5b) QminSUr=bimin | Ve| e

wk:uk-'}—ivkyj:]-v 2y "',2m, kzl, 2) ) n} ’
where ¢ is a sufficiently small positive number.

When 1=</,<2m and jo=]| 10—51 ], there exists a closed curve I" in z; -plane such

that

{(z, w)eC™n,; Z0 €l Q;SX;=0; Qomin S ULS bomiery | Vi | Se

» Wr=Up+ 10y j=1,2,,270—2,270+1, ~ ,2m, k=1,2, -, n}
is contained in U.

We put
blo+al,0
r,=rn {szeC’; xlog———-g——* s
b +a;
Iy=I N {z,eC; 2ys—"5—} ,
_ 1 f f(zly”'i Zjofly f) Zj0+17 yun)
filzy, za, 0, un)= 27 Jp, £—2;, ¢

for (z, u) € B, and

Solzy, 2o, o, #n)=

1 f(zlv"'v zjofh é‘v Zj0+h o0 vun)
k &

271 Jp, {—z;,

for (z, #) € B,. Then f, and f, answer the requirement of the lemma. In the same way,
this lemma can be also proved when 2m +1=<[,<2m+ n.

LemMma 2. Let Iy, 1o, » , lomen be any natural numbers and a,, -
bomrn be any real numbers satisfying a,< by, -, Qamin<Dypmin. We put

y Qominy bly )

bj_aj

and
U= {(z, u)e C"XR"; a;+28y=x;=a;+ 02 y;+3),

Aomint+Lomintomr SURSAomynTt Soms w21 men+3),
=12, 2m, k=12, |
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Jor v=(u, 1, ., vomen) Where y; s an integer satisfying 0<y,<1,—1, j=1,2, |, 2m+n.
Assume that g,, €3(U,NU,) satisfies g,,+g,=0 in U,NU, and g,,+8,,+8g,, =0 in U

NUx NU,. Then there exists g, €F(U,) such that g,,=g,— &g, in U,NU,.

v

Proor. We prove the lemma by induction for the number s of the cubes U,, that is,
s=11l, ~ lymen. When s=2, it is true by Lemma 1. We assume that it is proved for
Ul o lymin <s—1. Now without loss of generality we may assume that /,=2. When
Iy ~ lymin=s, the numbers of {U,; »,=0} and {U,; w=1} are smaller than s
respectively, and therefore there exist {g/} and {g}} such that

g£,=8,—g, mUNU, where yy=4=0
and
g,=8g/—g; inUNU, where 21 and ;21
We put v =0(1z, ..., vamsn) and 1/ =(uz, ... , pamsn) briefly and
£=8ont&u ne 8"
in Uy, )N Uq, , for every /, then
@onteunen € wn) ConT8wmon & awn
=2o,n0mTELnonTEL . wnTE0 5w
=0
in Ug yNUq, )N U, »"Uq, ,y Therefore g is a well-defined function in
4=UWq, hnUqg, )
v

= {(2’ M)e CmXRn; al+25\1§x1§a1+3b\1, agéxzébz, o

9

Comen=UnZ bomin) .
By Lemma 1, there exist g, e (4), i=1, 2, such that g=g,— g, in 4 where
4,= {(z, u)eC™XR"; 1S, =a,+38), a:5%:,Z by, vy QominSUnZboymen}

and

4:= %(z, #)e C"XR"; a\+28=%,= by, a, <%, by, s Gomin=Un=Domin} .

We put

g(O, oy e s V2m+n):g ©, 1y o s vamen) 81
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and

o .
g(lm Yoy e s Vzm-»n)_g (i 12y oo s Vamen) &, for y 21,

then these functions satisfy the requirement of the lemma.

LeMMA 3. Let 5 be the sheaf of all the germs of functions of (D) defined in Defini-
tion 1 where D is an open cube in C™x R”, that is,

D= {(z, u) e C"XR"; a;<x;<bj, @omir<Ur<brmis
j:l, 21 Tty Zm, k::ly 2, tty n}

where a; and b; are any real numbers (j =1, 2, ,2m+n). Then the first cohomology group
of D with coefficients in the sheaf F vanishes, that is,

H'(D, ¥)=0.

Proor. Let {V,; ae A} be any open covering of D and let

KW= {(z, ) e C"x R"; aﬂ-%éxjg bf—%’

dzm+k+%§uk§ b2m+k——/11_, ]:1) 2: ) zm’ k:]-y 2; Uty n} .
We put Vi=V,NK(Q),
- 1 _,1_
(b;~H—(a,+ D)

0= 20,41

for natural numbers /; =1, 2, -+, 2m+ n) and
U= {(z, w) € C"XR"; a,+4+260, 2,5 4,4+ 020, +9),
azm+h+%+262m+kl/2m+k§ uk§a2m+k+%+ 52m+k(21/2m+k+3),

7=1,2 - ,2m, k=1, 2, -, n}

for v=(u, vay « , tomen) Where 0= ,<70;—1 (=1, 2, -+, 2m+#=n). We can choose the
natural numbers /,, I,, = , lymen Such that {U,} is a refinement of {V}; ae A} , that
is, for any v={(11, w, ... , vams+») there exists a=afy) € 4 such that U, C V,f(,,).

Let us consider a pair {g,, V." Vpg} such that
gaﬂ+gﬁa:0 in Ven V/9
and

gw+gﬂ7+g7a:0 in Ven Vn V.
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We put gh=g,| VinVy and h,=gJ,,, Then, by Lemma 2, there exists {A,
eB(U,)} such that k,=h,—h,in U,NU,.

Let

gz, u)=hz, u)— gk, 2z, u)

for a point (z, #) € U,n VY, then glis a well-defined function in V.. Because, for a point
(z, w) e U,n U, NV,

(b= 8l )~ (hu—2N,),)

=l 8 =0-
Moreover,

gi— 8= — 8Ny T 8h=8 inU,NVin Vg for every v
and

(gi—gh—(gft1~g})=0  in VinV}.

We put fA=gAt1—g4 then f*is a well-defined function in a neighborhood of K(A) and by
Theorem 1 f4can be continued to a holomorphic function in a neighborhood U Yof K()
in C™" Hence there exists a polynomial P% such that |fMz, w)— PNz, w) | <% for
every point (z, w)e U’ where U’ is some open neighborhood of K(1) in C™" so that
U’ € U If we put

-1
g.(z, u) = lim (g, u)—'3 Pz, w)),
then {g,; @€ A} satisfies the relation g ,=g,~g,in V,n Vyand g, eT(V).

§4. Hartogs-Osgood’s Theorem.

In this section we shall prove the Hartogs-Osgood’s Theorem for holomorphic
functions with real parameters. To prove our theorem, we need one more lemma which
is well-known in the case of C" (n=2).

Lemma 4. Letm, n=1,
B(R)= {(z, u) e C™xR"; |z, |2+ -+ | 2n |? +u2+ - +u,<R?}
and

B(R, )= {(z, u) e C"xR™; 72< |z, |2+ - + | 25 |2 +u 2+ - +u,? <R?*}.
Then every function feF(B(R, 7)) is continued to B(R), that is, there exists f€T(B(R))
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such that | B(R, r)=f.
This lemma can be proved by using Cauchy’s integral formula and the theorem of
identity in the same way as in F. Severi [9] or S. Bochner-T.W. Martin [1].

TueoreM 2. Let K be a compact set in C™"x R" (m, n=1), the boundary JK be
connected and U be an open neighborhood of 3K. Then, for every f €B(U) there exists a
Sunction fe F(UVK) such that f| U=F.

Proor. For the compact set K there exist a ball B and a cube D in C™x R" such
that KC B€D. We put V,=(DnK9)VU and V,=KWVU, then {V,, V,} is an open
covering of D and by Lemma 3 there exist f; €B(V,) and f, eG(V>) such that f=/,—/,
in U. By Lemma 4, f, can be continued to B and therefore f is continuable to KV U.

ReMark. Needless to say, every function f eG¥(D) is holomorphic® in D, where D is
an open set in C”x R” (see [10] , Theorem 4).
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