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Abstract 

 

     The rotor vibration of two-pole induction motor with rotating magnetic field has been 

investigated.  The vibration is measured at any relative location of the stator and the rotor 

with various power supply frequencies in the experiment and is analyzed in consideration of 

mechanical factors of the rotor.  The following conclusion is obtained through the experiment 

and the analysis;  (1) 2ω vibration of twice the power supply frequency ω is generated because 

of offset between the stator center and the gyrational center of the rotor.  (2) Two vibrations of 

ω(1−s) and ω(1+s) where s is slip ratio are generated because of the rotor unbalance or the 

disagreement between the gyrational center and geometrical center of the rotor.  (3) An 

unstable vibration is predicted in the analysis when the power supply frequency is equal to 

natural frequency of the rotor, however, the unstable vibration was not generated in the 

experiment because of the damping. 
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1. Introduction 

 

     Bending vibrations in rotor of an induction motor are caused by the rotor unbalance and 

the magnetic pull force of the stator, along with various types of vibration which are related to 

various motor conditions(1). It is known that unstable vibration(2),(3) equal to the power supply 

frequency, vibration of twice the power supply frequency(4), beat vibration concerning with slip 

ratio of rotation(5) etc., are generated regardless of the rotor unbalance, which are due to the 

magnetic factor of three-phase two-pole induction motor, offset between the stator center and a 

gyrational center of the rotor, imbalance of the stator magnetic force and unbalanced phase 

voltage. Studies exclude unstable vibrations have been reported where the vibration is simply 

explained by electromagnetic property of magnetic pull force between the stator and the rotor, 

however, it does not seem to be fully analyzed in rotordynamic aspects for the present rotor 

system. 

     In this paper, the various bending vibrations of the rotor in three-phase two-pole 

induction motor,  which is often applied to large induction motor are reported. The 

three-phase induction motor whose rotor is driven by rotating magnetic field in the stator is 

assumed to have the ideal rotating magnetic field without magnetic imbalance or magnetic 

deformation, and then we investigated the vibration which is related to mechanical factor of 

the rotor such as offset between the stator center and the gyrational center of the rotor, 

disagreement between the gyrational center and a geometrical center of the rotor. By reversely 

utilizing this result, it is expected to be able to specify the cause of vibration in the induction 

motor. 

 

2. Experiment 

 

2.1 Experimental procedure 
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     The rotor vibration in a single-phase two-pole induction motor was investigated 

experimentally. The stator of the motor consists of a pair of primary windings and also a pair 

of auxiliary windings, of which magnetic fluxes are orthogonal and have phase shift of 90 

degrees to each other. The magnetic field in the stator then becomes rotating field whose 

rotational frequency is equal to the power supply frequency, therefore, we investigated the 

rotor vibration in rotating magnetic field equal to power supply frequency in the experiment. 

     The experimental equipment is shown in Fig. 1. 40 watts single-phase two-pole induction 

motor was decomposed, and the rotor was separated from the stator for measuring the rotor 

vibration. Upper side of the rotor was supported on a brass plate by a ball bearing and the 

brass plate was mounted on a base by four beams with 8mm in diameter and 120mm in length. 

The brass plate is displaced in the horizontal direction by deflection of the beams, therefore 

the rotor vibrates in identical direction. This vibration corresponds to the bending vibration of 

actual induction motor rotor. The vibration of the brass plate was measured in x and y 

directions using non-contact eddy type displacement sensor. The stator was fixed on a bed (the 

x-y table) which is movable in x and y directions to set the stator location variable, hence it is 

possible to change the relative location between the rotor and the stator. Because the original 

clearance between the stator and the rotor was very small, treatment was made for the rotor 

to decrease its outer diameter. As a result, outer diameter of the rotor became 34.4mm while 

the inner diameter of the stator was 35.0mm, so that the radius clearance became 0.3mm, 

consequently. The amplified signal of an oscillator was supplied as a power source to the 

induction motor. Since the power supply frequency became variable, it was possible that the 

rotational speed of motor magnetic field was optionally set. The natural frequencies of the 

system which consisted of the rotor, the brass plate and the four beams were observed at 82.5 

Hz in both x and y directions. However, the time trace of free vibration showed that the 

damping of x direction was larger than that of y direction. 

     In this experiment, the vibration spectrum in respective x and y directions was measured 

Fig.1 
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at each power supply frequency set to every 5Hz step from 25Hz to 85Hz, where the relative 

location of the rotor and the stator was variously changed. This relative location was arranged 

based on a reference location of the stator, where the vibration of rotationally restricted rotor 

becomes the smallest. It is because the rotor located at the stator center does not vibrate, since 

the magnetic pull force from the stator is balanced at that position. The stator was moved to 

negative x direction every 0.1mm distance and the rotor vibration was measured respectively. 

It is equal to what the rotor would be relatively moved to positive x direction, hence we 

consider moving of the rotor location instead of the stator in the following sections. 

Furthermore, the amplification factor for AC power supply of induction motor was fixed in all 

experiment, therefore the input AC value to the motor was dependent on the source frequency. 

Though it was possible to adjust the amplified AC voltage become constant, however, it often 

caused instability in motor behavior. 

2.2 Experimental result 

     Vibration of the rotor operated on the reference position was measured in both x and y 

directions, and whose results are shown in Fig. 2(a) and Fig. 2(b), respectively. Also Figure 

3(a) and figure 3(b) shows experimental results in respective directions where the rotor 

location was set to 0.2mm distant from the reference position. Here, we omitted the case of 

0.1mm, which showed similar results with 0.2mm. Figure 2 and 3 illustrate spectrum 

distribution in three-dimensional form for up to 200Hz at each power supply frequency. In the 

case where the component of vibration response has the same characteristics, a solid line is 

drawn on the side of peaks and also the letters ω1, ω2, 2ω1, and 2ω were added. Those letters 

represent vibration components, which are explained as follows: 

     ω1 shows the rotational speed of the rotor expressed as ω1=ω(1-s), where ω represents 

rotational speed of rotating magnetic field and s represents slip ratio of the induction motor. 

The ω1 component was most eminently generated through all the experiments. ω2 is expressed 

similarly as ω2=ω(1+s). 2ω1 shows twice the rotational speed ω1 and 2ω twice the rotational 

Fig.2 

Fig.3 
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speed ω of rotating magnetic field. The ω1 component extremely increases as the speed of 

rotating magnetic field approaches to the natural frequency (about 80Hz), however, the 

amplitude over 0.02mm is not displayed in the figure because of the appropriate range for 

convenience. The other ω2, 2ω1 and 2ω components also become large in the vicinity where 

each component agrees with the natural frequency. It is found by comparison between Fig. 2 

and Fig. 3 that 2ω component becomes large as the distance of the rotor location increases, 

while the other components are not dependent on the distance. Although the rotor was moved 

only in the x direction, 2ω component increases in both x and y directions simultaneously. 

     Figure 4 shows the slip ratio s, which is obtained from a difference between the power 

supply frequency and the rotational speed of the rotor. The slip ratio is minimized when the 

power supply frequency ranges from 50-60Hz near the rated operating speed, and also 

increases rapidly and rather slowly at the frequency less than 45Hz and over 60Hz, 

respectively. Every solid line shown in Fig. 2 and Fig. 3, which corresponds to components ω1, 

ω2 and 2ω1 are not a straight line because the slip ratio is dependent on the power supply 

frequency. 

 

3. Vibration Analysis of Rotor 

 

3.1 Magnetic pull force 

     Figure 5 shows geometry and coordinate system used in the analysis, where O0 is placed 

at the stator center. The mathematical formulations are derived for the magnetic pull force 

when the geometrical center C of the rotor is located at coordinate (x, y). In the present 

analysis we followed conventional method, which is practically used for induction motor 

design. Gap da between the rotor and the stator at point a, which is located on the rotor 

circumference with angle θ from the x axis, is given by 

θθ sincos yxdda −−=  (1) 

Fig.4 

Fig.5 
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where d is radial clearance between the rotor and the stator. When Fa, Ba and µ0 are the 

magnetic pull force per unit area at point a, the magnetic flux density at point a and the 

magnetic permeability of air gap respectively, Fa is expressed as the following equation. 

0

2

2µ
a

a
BF =  (2) 

When Ba is assumed to be proportional to the reciprocal of gap ratio da/d with the 

proportionality constant B0 which is the magnetic flux density at x=0 and y=0, Fa is given as 

follows. 

2
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Then, x and y components of Fa are represented as follows. 





=
=

θ
θ

sin
cos

aay

aax

FF
FF  (4) 

The x and y components of the magnetic pull force between the rotor and the stator, Fx and Fy, 

can be obtained by integrating Eq. (4) along the circumference of the rotor as follows, 
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where R is outer radius of the rotor core and L length. 

     Since the rotational speed of rotating magnetic field is equal to the power supply 

frequency ω in two-pole induction motors, circumferential distribution of the magnetic flux 

density B0 can be expressed by the following equation. 

B B t0 = −cos( )θ ω  (6) 

Although Fx and Fy can be obtained by substituting Eq. (6) into Eq. (5), the integration cannot 

be performed explicitly. If we based on the assumption that x and y are much smaller than d, 

the magnetic pull force is approximately expressed as follows. 
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Fx and Fy essentially become nonlinear functions with respect to x and y, but are regarded as 

linear functions. 

     In the case of multi-pole induction motor, the circumferential distribution of magnetic 

flux density B0 is given as follows, 

)cos(0 tnBB ωθ −=  (8) 

where n is the number of pairs of poles. Then, Fx and Fy are represented as the following 

equations. 
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The magnetic pull force is stationary, hence only degenerates bending stiffness of the rotor. 

3.2 Equation of motion 

     Equation of motion of the induction motor rotor is derived from Fig. 6. The point S shows 

a gyrational center of the rotor which coincides with the point O1 when the rotor is static. 

Hence, the point O1 denotes a static location of point S, and is located on (X1, Y1) away from 

the stator center O0. The point G denotes a center of gravity of the rotor which has an 

eccentricity eG to the point S. The point C indicates a geometrical center of the rotor and is 

located at the distance of δC from the point S.  Those S, G and C points are respectively 

located on (xS, yS), (xG, yG) and (xC, yC) relative to O1. ω1=ω(1−s) shows rotational speed of the 

rotor, α the initial phase of the point G, and β an angle between point G and C. If we suppose 

that m, k and c are the mass, the bending stiffness and the viscous damping coefficient of the 

rotor, equation of motion of the rotor can be expressed as follows. 

Fig.6 
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By substituting Eq. (7) into Eq. (10) and employing complex form with zG=xG+jyG, zS=xS+jyS, 

zC=xC+jyC and z1=X1+jY1, the following equation is obtained. 

( ) ( )m d z
d t

c d z
d t

k z P z z e P z z eG S
S

j t
C C

j t
2

2 1 1
2 22 2+ + = + + +ω ω  (11) 

where   denotes conjugate complex and P=πB2RL/(4µ0d). zG and zC can be expressed by zS as 

follows. 
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where e=eG ejα and δ=δC ej(α+β). Substituting Eq. (12) and Eq. (13) into Eq. (11) yields 
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where ω2=ω(1+s). 

     Eq. (14) is transformed into the following non-dimensional form in order to investigate 

qualitative characteristics of the rotor vibration. 
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γ is a non-dimensional parameter proportional to the magnetic pull force and is considered as 

small in general. ζ, Ω and z are non-dimensional parameters related to damping, the power 

supply frequency and the vibration displacement, respectively. Each term on the right side of 
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Eq. (15) represents external force caused by the static offset Z1 between the stator center O0 

and the gyrational center of the rotor O1, the rotor unbalance, and the disagreement ∆ 

between the gyrational and the geometrical center of the rotor. Therefore, the rotor vibration 

is caused by the unbalance Z1 and ∆. 

3.3 Analytical result 

     First of all, we consider the case where the right side of Eq. (15) is zero, thus the case for 

free vibration. The same solution can be obtained as the free vibration of asymmetrical shaft, 

so that the following fact is available by the known result(6). There is a region where the 

unstable vibration is generated in the vicinity of the power supply frequency equal to the 

natural frequency, that is, γ21−=Ω . This region becomes wider with increase of γ, and 

becomes narrower with increase of ζ. The natural frequency decreases with increase of γ, 

which means that the stiffness of the rotor apparently becomes smaller due to the magnetic 

pull force. 

     Next, the excitation force term in the right side of Eq. (15) is considered. After the 

response for each force term is obtained, the response for all excitation can be determined 

according to the principle of superposition because of linearity of the equation. 

     When Z1 is only considered, the equation of motion is given as follows. 

( ) ( )ττ γγγ
τ

ζ
τ

ΩΩ +=−−++ 2
11

2
2

2

2212 jj eZZeζζ
d

ζd
d
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The following solution can be obtained from Eq. (17). 

τΩ+= 2
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Substituting Eq. (18) into Eq. (17), comparing each corresponding constant term and 

coefficient of ej2Ωτ term on both sides of equation, the following equations are obtained. 
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A2 which is amplitude of 2Ω component can be determined as follows. 

Ω+Ω−−+−
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44)21/()341(

)21/(
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1
2 j
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It is found from Eq. (20) that the resonance behavior would appear in the vicinity of 

2/21 γ−=Ω  for very small γ, and also that A2 is proportional to Z1. Figure 7 shows response 

amplitude of A1 and A2 vs. Ω for two cases of γ=0.l and γ=0.2 with respect to Z1=2 and ζ=0.01. 

The magnitude of peaks seen in A1 and A2 become larger with increase of γ. 

     When the unbalance ∆ are considered, the equation of motion can be written as follows. 
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The solution for Eq. (21) is given as 

ττ 21
21

ΩΩ += jj eBeBz  (22) 

Substituting Eq. (22) into Eq. (21) and comparing coefficients of each corresponding harmonic 

term on both sides, the following equations are obtained. 
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The coupled harmonics Ω1 and Ω2 appear because of parametric excitation term on left side of 

Eq. (21). Hence the component Ω2 is generated regardless of ∆=0, similarly the component Ω1 

is generated even if the unbalance is not present. Figure 8 shows the amplitude of B1 and B2 vs. 

Ω for two cases of γ=0.1 and γ=0.2 with respect to ∆=1, α=0, s=0.1 and ζ=0.01. It is found that 

B1 and B2 become larger as γ increases. And also Fig. 9 shows B1 and B2 vs. Ω for two cases of 

s=0.05 and s=0.1, while γ=0.1. Two critical speeds(7) exist in the system with s=ζ=0, such as 

γ31−=Ω  and γ−=Ω 1 . In the case where the slip occurs, there are two critical speeds 

seen at both sides of the frequency band which incorporates two critical speeds of s=ζ=0 case, 

and also the magnitude of these two peaks tend to become larger as the slip decreases. A small 

Fig.7 

Fig.8 

Fig.9 
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slip condition that contributes to the slight difference between Ω1 and Ω2 may causes beat 

vibrations. 

3.4 Comparison to experimental result 

     The analytical results of γ=0.1 case in both Fig. 7 and Fig. 8 are summarized in Fig. 10 as 

three-dimensional display so that we compare with experimental results as shown in Fig. 2 

and Fig. 3. From Fig. 4, the slip ratio is estimated to be 0.1 by taking average of slip ratio 

values over 50Hz. The frequency in Fig. 10 is calculated from Eq. (16) by giving 

ωn=2π×82.5[rad/s], whereas the amplitude is still dimensionless. There are 2ω, ω1 and ω2 

components seen in both of the experimental and the analytical results. It is found from the 

analysis that 2ω is caused by the offset Z1 between the stator center and gyrational center of 

the rotor which is also indicated experimentally by the comparison of Fig. 2 and Fig. 3. 

Although the cause of ω2 appearance could not be specified in the experiment, it seems 

analytically to be caused by unbalance and  disagreement ∆ between gyrational and 

geometrical center of the rotor. The 2ω1 component was seen in the experiment whereas not in 

analytical result, which may be because the nonlinearity of the magnetic pull force was not 

considered in analysis. According to Fig. 2 and Fig. 3, the peak of 2ω1 was generated near 

40Hz, which implies that the second harmonic vibration may be excited due to the 

nonlinearity of the magnetic pull force.  

     Meanwhile, it was expected that the unstable vibration would occur in the vicinity where 

the power supply frequency coincides with the natural frequency, however, it did not appear in 

the present experiment supposedly because the mechanical and the electromagnetic damping, 

etc. contributed. Although γ varied in the experiment due to the instability of the current in 

the stator whereas constant in the analysis, it was found that the analytical investigation 

qualitatively agrees with the experimental result as to the generation of 2ω, ω1 and ω2. 

 

4. Conclusion 

Fig.10 
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     The rotor vibration of two-pole induction motor with rotating magnetic field has been 

investigated experimentally and also analytically. The ideal rotating magnetic field was 

assumed in the analysis, and the vibration characteristics related to the unbalance, the 

location of gyrational center of the rotor, and the location of geometrical center of the rotor was 

clarified. Also, the vibration characteristics which was observed in the experiment was verified 

analytically. The results obtained in this study are summarized as follows. 

(1) The 2ω vibration of twice the power supply frequency is generated, which is due to the 

offset Z1 between the stator center and the gyrational center of the rotor, and also the 

magnitude of the vibration is proportional to Z1. 

(2) Two vibrations, such as ω(1−s) and ω(1+s) where s represents slip ratio of rotation are 

generated. These vibrations are affected by the rotor unbalance and the disagreement ∆ 

between the rotational center and the geometrical center of the rotor, and are also generated 

for the case either the unbalance or ∆ is absent. The vibrations become larger with increase of 

the unbalance or ∆. Beat vibration may be generated if the slip ratio s is small. 

(3) The analytical investigation denotes that the unstable vibration happens to appear when 

the power supply frequency coincides with natural frequency of the rotor. The unstable 

vibration did not occur in the experiment because of the damping. 
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(a) Side view 

 

 

 

(b) Top view 

Fig. 1  Experimental equipment
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Fig. 2  Experimental result (Reference position) 
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(b) y direction 

Fig. 3  Experimental result (0.2mm offset from reference position in x-direction) 
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Fig. 5  Stator and rotor 
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Fig. 6  Rotor location 
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Fig. 7  Response curves of A1 and A2 (Z1=2, ζ=0.01) 
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Fig. 8  Response curves of B1 and B2 (∆=1, α=0, s=0.1, ζ=0.01) 
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Fig. 9  Response curves of B1 and B2 (∆=1, α=0, γ=0.1, ζ=0.01) 
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Fig. 10  3D analytical result (∆=1, α=0, γ=0.1, s=0.1, ζ=0.01) 

 

 


