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Abstract

To estimate travel times through road networks, in this study, we assume a stochastic
demand and formulate a stochastic network equilibrium model whose travel times,
flows, and demands are stochastic. This model enables us to examine network reliability
under stochastic circumstances and to evaluate the effect of providing traffic
information on travel times. For traffic information, we focus on travel time information
and propose methods to evaluate the effect of providing that information. To examine
the feasibility and validity of the proposed model and methods, we apply them to a
simple network and the real road network of Kanazawa, Japan. The results indicate that
providing ambulance drivers in Kanazawa with travel time information leads to an
average reduction in travel time of approximately three minutes.
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1 Introduction

Numerous studies have been undertaken to model the benefits of traffic information. To
assess the effect of providing traffic information through systems such as intelligent
transportation systems (ITS) or advanced traveler information systems (ATIS), it is vital
to evaluate the uncertainty of traffic networks and to analyze their reliability. This is
because traffic information is only meaningful when the traffic conditions are uncertain
or risky. If drivers have a complete knowledge of traffic conditions and can predict
exact travel times, there is no benefit from ITS, ATIS, or traffic information. Thus, to



determine the effect of traffic information, traffic uncertainty should be quantitatively
analyzed. A network equilibrium model is a theoretical approach to determining traffic
uncertainty that allows the probability distributions of travel times or traffic flows to be
estimated.

To date, many studies have been conducted to model the effect of a traffic
information provision in the network equilibrium framework (e.g. Arnott et al., 1991;
Yang, 1998; Jha et al., 1998; Yang & Meng, 2001; Lo & Szeto, 2002; Yin & Yang,
2003; Yang & Huang, 2004; de Palma & Picard, 2006; Huang & Li, 2007; Huang et al.,
2008 & 2011; Wu et al., 2010; de Palma et al., 2012). User equilibrium (UE), stochastic
user equilibrium (SUE), and system optimum (SO) are used in most of these studies.
The total travel cost is minimized at the state of SO, but SO is not necessarily achieved,
even if the exact traffic information is provided. This is because, in real life, drivers
typically choose the routes voluntarily. UE is a benchmark when traffic information is
provided to drivers with voluntary route choice.

SUE is one of the most important forms of network equilibria. With SUE, the
(route) utility in the route choice contains an error term, but the interpretation of the
error term is debated. In most SUE cases, the error term of random utility route choice
is given exogenously, and it does not seem to reflect the probability distribution of
travel time, which is determined endogenously through network equilibrium. Therefore,
the error term in SUE should be interpreted as a “perceptual” error, rather than a travel
time distribution (e.g. Hazelton, 1998).

When users with little travel experience are dominant in the network, SUE (with
given error terms) could be applicable to model the uncertainty of the traffic network.
This is because the perceptions of naive users do not necessarily reflect actual traffic
conditions and may form unilaterally. In this study, we discuss the case with users who
are familiar with traffic conditions, e.g. commuters. In such a case, the conventional
SUE is not necessarily appropriate to model the effect of a traffic information provision,
since the recognition of experienced users is close to the actual travel time distribution.
It is natural to assume that the drivers know the travel time distribution in this case.
Thus, a stochastic network equilibrium with stochastic flows is desirable to model the
stochastic travel time variability with experienced drivers.

Many groups have studied the network equilibrium with stochastic flows or travel
times. For example, Mirchandani & Soroush (1987) assumed that free-flow travel time
is random and proposed a network equilibrium model with probabilistic travel times.
Arnott et al. (1991) and Chen et al. (2002) introduced random capacity into the network
equilibrium. Lo and colleagues (Lo & Tung, 2003; Lo et al., 2006) formulated a
probabilistic user equilibrium model based on capacity reliability. More recently, Nie
(2011) proposed a percentile user equilibrium with random capacity. The network
equilibrium models of Yin and colleagues (Yin & leda, 2001; Yin et al., 2004) and
Watling (2006) assumed stochastic, normally distributed travel times, whereas Chen &
Zhou (2010) assumed log-normally distributed travel times. Watling (2002) considered



stochastic route choice, and developed a second-order stochastic network equilibrium
with stochastic flows.

A main cause of network uncertainty is variation in travel demand; thus, stochastic
demand should be incorporated into network equilibrium models. Shao et al. (2006) and
Siu & Lo (2008) introduced stochastic demands into network equilibrium models and
explicitly considered stochastic flows. Lam et al. (2008) and Sumalee et al. (2010)
considered network flow under stochastic supply and demand, and examined the
impacts of adverse weather conditions. Zhang et al. (2011), who similarly considered
stochastic supply and demand, introduced the expected residual minimization into
stochastic-flow network equilibrium. Nakayama & Watling (2014) proposed stochastic
network equilibrium models with stochastic flows, in which stochastic travel time,
network flow, and demand are treated consistently. However, they assumed that the
stochastic travel demands are independent among origin-destination (OD) pairs.

In this study, we improve upon the model of Nakayama & Watling (2014),
alleviating the independent demand and other assumptions, and formulate a stochastic
network equilibrium model under stochastic demands. Using the proposed stochastic
network equilibrium model, we develop methods to evaluate the effect of providing
travel time information. Then, we apply the model and methods to a simple network and
the real road network of Kanazawa, Japan, and examine their applicability and validity.

2. Assumptions for Drivers and Notation

The notation used in this study is as follows:

1= the number of OD pairs

A = the total number of links

Ji = the number of routes between OD pair i

J = the total number of all routes (=J; +J, +-+ J))

K = the total number of latent drivers

0,;; = link route incidence variable (J,; = 1 if link a is part of route j between OD
pair i; 0 otherwise)

A = the link route incidence matrix whose components are ¢,

I' = the OD route incidence matrix whose components are binary variables of
indicating which OD pair connects the route

Ny = the random variable that determines whether driver k travels between OD pair i
(N = 1 if driver k takes OD pair #; 0 otherwise)

Q; = the random variable of travel demand between OD pair i

Q = the random vector of travel demands = (Qo, O1, Os...., O)", (Qo = the number of
drivers who make no trip)

q; = the actual demand vector on day /

L; = the mean of demand between OD pair i

I = the mean vector of travel demands



a,-2 = the variance of demand between OD pair i
o;» = the covariance of Q; and O»
Y. = the variance-covariance matrix of travel demands
X, = the random variable of flow on link a
X = the random vector of all link flows = (X}, X>,..., XA)T
fx,(+) = the probability density function of flow on link a
Y;; = the random variable of flow on route j between OD pair i
Y = the random vector of all route flows = (Y11, Yi2,..., YU,)T
m, = the mean flow on link a
s2 = the variance of flow on link a
Sq.« = the covariance of flows on links a and @’
mj; = the mean flow on route j between OD pair i
sé = the variance of flow on route j between OD pair i
s;i,» = the covariance of flows on route j between OD pair 7 and route ;' between OD
pair i’
m = the mean vector of route flows
S = the variance-covariance matrix of route flows
t,(-) = the (deterministic or standard) travel time function on link a
t(-) = the vector function for travel times = (¢,(*), £2(°), ..., t4())"
t;j = the travel time on route j between OD pair i
t; = the mean travel time on route j between OD pair i
T, = the random variable of travel time on link a
T}; = the random variable of travel time on route j between OD pair i
tjii = the (realized) travel time on route j between OD pair i for day /
7, = the free-flow travel time on link a
7. = the capacity on link a
a, = travel time function parameters
c;; = efficient travel time on route j between OD pair i
¢(+) = the vector function for efficient travel times = (¢1(*), c12(*),..., cU,(-))T
w;; = standard deviation (SD) of travel time on route j between OD pair i
¢ = the vector of variables on the minimum mean route travel times
r;; = the route choice proportion of uninformed drivers on route j between OD pair i.
r = the vector of route choice proportions of uninformed drivers = (71, 712,..., rUI)T
P;; = the random variable of the route choice proportion of informed drivers on route
j between OD pair i
P = the random vector of route choice proportions of informed drivers = (P, Pia,...,
Py’
pij = the realized value of Pj;
p: = the vector of route choice proportions of informed drivers on day /
7= the proportion of informed drivers for all drivers
n = the common risk attitude parameter
E[X] = the mean of random variable of X



Var[X] = the variance of random variable of X

Cov[X,Y] = the covariance of the two random variables of X and Y

Pr[-] = the probability calculation operator

N[m, S] = the normal distribution whose mean and variance are m and S

(x,y) = the inner product of x and y

diag(x) = the diagonal matrix whose components are x

min[-] = the operator that returns the minimum

In(x) = (Inxyy, Inxpa,..., Inx)"

0 = the null matrix or vector

I = the unit vector

T = the transition for vectors or matrices.

1 = the imaginary unit

Rf = non-negative orthant of the J-dimensional space

For this model, we make the following assumptions:

A1l. Drivers, including latent drivers (see Section 3.1), are rational, homogenous, and
mutually independent.

A2. Each latent driver randomly determines whether to make a trip or randomly
changes his destination due to exogenous factors.

A3. Route choice is made under the stationary condition of stochastic network
equilibrium.

A4. The route choice proportion is given deterministically by the random utility
discrete choice model.

In this study, the travel demands are stochastic; therefore, flows and travel times are
random. However, due to Assumption A4, route choice remains deterministic in this
study. The random utility route choice model gives the “proportion” of choosing a given
route rather than the probability. The error term in the random utility model is regarded
as an unobserved factor and is deterministically distributed. As discussed below, the
route choice proportions are determined through the network equilibrium mechanism.
Although route choice is deterministic, the decision to make a trip is random, according
to Assumption A2. Therefore, traffic flows are random.

Here, we focus on travel time information as traffic information. Two types of
drivers are assumed: informed and uninformed drivers. Uninformed drivers have no
traffic information and, therefore, cannot predict a priori the travel time for the route
they have chosen. However, the drivers are assumed to be familiar with the daily traffic
conditions, and this leads to a fifth assumption.

AS5. Uninformed drivers know “past” travel times from which they form probability
distributions of route travel times.

In this study, the stationary state is assumed, and route choice is made under the

stationary state, as is mentioned in Assumption A3. The impact of the most recent travel

time experiences may be greater in a non-stationary state. However, each travel time

experience should be treated equally, regardless of whether it is new or old, in the



stationary state. This is because each travel time is realized from the same (or
stationary) travel time distribution.

Consistent with Assumption AS5, drivers take into consideration the probability
distribution of route travel times for route choice. All drivers are risk averse and, when
deciding which route to take, they make allowance for a safety margin to avoid arriving
late at their destination. There are several methods to quantify uncertainty (or
variability) in travel time. Here, we adopt the efficient travel time proposed by Hall
(1983). The efficient travel time comprises a mean travel time and safety margin. For
simplicity, we denote the efficient travel time ¢; as?; +7@; . Throughout this study, the
link travel time is random, and is a function of random link flow. Therefore,
t; =E[Y,5,,t,(X,)] and the efficient travel time is flow-dependent. An effective
method to calculate the efficient travel time is discussed in Section 4. We also used a
sixth assumption as follows:

A6. Each uninformed driver chooses a route deterministically based on efficient
travel times.

Conversely, informed drivers possess traffic information provided by the road
manager. Unless otherwise noted, traffic information is assumed to be significantly
accurate. If the travel time information is inaccurate, we apply the same method to
choose a route, as described above for uninformed drivers. Uninformed drivers
determine a route travel time distribution solely based on their past travel times,
whereas informed drivers with inaccurate travel time information do so based on
inaccurate travel time information and past travel times. Furthermore, informed drivers
with inaccurate travel time information have to incorporate a safety margin because they
do not know a priori the exact travel time for their trip, and their travel cost should be
the efficient travel time, just as for uninformed drivers. Therefore, informed drivers with
inaccurate travel times can be modeled in the same manner as uninformed drivers. In
this study, we focus on the case in which the travel time information is accurate.
However, the quality of information is another research subject that should be
investigated, e.g. Ben-Elia (2013). Since informed drivers with accurate a priori travel
time information do not need a safety margin, we are led to the following seventh
assumption:

A7. Informed drivers choose routes solely based on travel times provided by the road
network manager.
In other words, the variable for the informed drivers’ route choice model is the route
travel time provided by the road manager.

3. Demand and Route Flow Distributions

3.1 Stochastic demand distributions
We generalize the concept by allowing a random change of the OD pair, and introduce a
hypothetical OD pair. The notation Nox = 1, means that driver £ makes no trip. It is



assumed for simplicity that Ny = (Nok, Nigs. .-, le)T (k=1,2,..., K) is exogenously given
in this study, because Q=3 N, , the demand vector, Q, is also exogenous. According to
Assumption A1, Ny is independent and identically distributed among drivers. Note that
Nok> Nik. .., Nix are not necessarily independent within the same driver, and the demands
(Qo, O1,..., Or) may be correlated.

Consider the behavior of a single (latent) driver. A simple behavior is that the driver
changes the OD pair (or destination) at random, with each OD pair having a fixed
probability of being chosen. The sum of these behaviors leads to multinomially
distributed OD demands. This is just a simple example; in reality however, it is more
complicated, so we consider a more general case. Instead of assuming a specified
behavior, we define the mean vector and variance-covariance matrix of Ny as follows:

E[Ny]
E[N,]
m= . ", (1)
E[N,]
Var[N,,]  Cov[Ny,N,] - Cov[Ny.,N,]
_ Cov[ N, Ny ] Var[N,, ] - Cov[N, Ny ] 2)
kT : : .. : :
Cov[Ny, Ny ] Cov[N,,Ny] - Var[N,]

Clearly, Egs. (1) and (2) include those of multinomially distributed and more
complicated cases.

As per Assumption Al, each latent driver is independent, so p=3t_ n, and
X= Zle Zk .

The central limit theorem for independent multivariate random variables can be
applied to Q. Because Ny is binary, Pr[|Noi < 1,|Ni/<1,...]=1, and the random vector
Nt = (Nok le,...)T is uniformly bounded. Nakayama & Watling (2014) examine the
central limit theorem applied to multivariate random route flows. The same method can
be applied to these random OD demands.

For convenience, we introduce the variable W, which represents the weighted sum
of Ny Let Wy=x" Ny, where k is the weight vector and k = (&, K'1...K'])T. Using W, the
vector N, can be treated as a scalar, which means that the standard central limit theorem
is applicable.

First, we show that the sum of W, converges to a (univariate) normal distribution.
Next, we show that this sum is identical to the asymptotically and normally distributed
Q. Because N; is uniformly bounded, W is also uniformly bounded when k is in the
finite sphere. Also, E[W]=E[x'NJ=x' R, and Var[W]=Var[k' N]=x" X, k.
Clearly, Var[X;, Wi ]—o as K—o© (k#0) because Var[W;]>0. If the standardized
random variables Uy, U;...., whose mean and variance are 0 and 1, respectively, are
independent and uniformly bounded, then (1/ JK) > Ur—N[0, 1] as K—o (Loéve,
1977, p.289). As K —x,
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because p=Y% p,and L=YK ¥, . Therefore, 5, Wi — Nk p, K LK,] (Stuart &
Ord, 1994, p. 512). We now consider the convergence of random vectors of demand. To
denote the convergence of random vectors, Q, =3, N, —p is used instead of Q. In this
case,

K
k=

1

>N[0,1] 3)

K'Q, = X5, 7, —k p—— N0,k k] @)
According to the Cramér—Wold device (Billingsley, 1995, p. 380), a necessary and
sufficient condition for Qx—V is Zlezfzo K','Q,-k—>2i1:()l(,-V,- for each x¥ in a finite
(/+1)-dimensional sphere, where V = (V1,V2,...). If V=N[0,X], then Zfzo KV =
NO,k'XK] (Stuart & Ord, 1994, p. 512). As Eq. (4) indicates, ¥ o x;V; =
KTQV —N0,x"XK]. We confirm that Q,— V because 3.3 fzo K Qu— 3 5:0 KU~
N0,k" K] . Therefore, as K —so,

Q—>N[pX]. (5)
Thus, when demand is sufficiently large, the distribution of travel demand
approximately follows the multivariate normal distribution.

3.2 Route flow distribution

As Assumption A4 states, the route choice proportion is given deterministically in the
random utility discrete choice model. In addition, the route choice differs for informed
and uninformed drivers.

The chosen OD pair (or destination), including no travel, is determined randomly
and exogenously, and the travel demand is normally distributed, as shown in Section 3.1.
When all drivers are uninformed, the random flow on route j between OD pair i is ¥ ;_,
riNie = rj Qi (i =1, 2,..., I) due to Assumption A4. Route choice is not made for the
drivers who do not travel, and ¥, Nox = 0. Although some latent drivers make no
trips, route/link flows are illustrated from the revealed demands (Q;, Os,..., Q) in the
remainder of this section, because Oy does not contribute to the revealed route/link
flows.

The mean of r;Q; is r; 14 and the variance 1s r,jo,-z (i=1,2,..., 1), because the
driver’s behavior is independent. In this case, Y;=r; Q;~ N[I;.jui,r,.jq?] (i=1,2,...,1),
since Q; is asymptotically normally distributed and r;; is deterministic, as stated above.
Note that Qp ~ N[ t4,00].

An example of a simple case is as follows. The network has two OD pairs and each
OD pair has two routes. Set r1; = 0.4, 12 = 0.6, 21 = 0.3, r» = 0.7, and K =100, as
shown in Fig. 1. Thus, r;; + 712 = 1 and r,; + 72 = 1. The route choice of each latent
driver is deterministic as Assumption A4 mentions, even if they randomly determine
whether to make a trip. The driver does not have an incentive to switch the route
randomly and then continue to take that route. Thus, each latent driver determines the
fixed route when making a trip. Furthermore, the route choice proportions, r; (= 0.12),
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The total number of latent drivers K = 100

Fig.1 The latent drivers’ assignments in the 2-OD-4-route network

ri2 (= 0.28), 1 (= 0.18) and r (= 0.42), are given endogenously through the
equilibrium mechanism, and are illustrated in Fig. 1. The drivers in region II of Fig. 1
choose route 1 unexceptionally if they travel between OD pair 1, although they may not
travel randomly. They always take route 2 when traveling between OD pair 2. Similarly,
the drivers in region III may continually select route 2 between OD pair 1 and route 1
between OD pair 2. Thus, each latent driver is assigned to one of four regions: I, II, III,
and IV, and these assignment shares are ryj721, 711722, 12721, and rjara, respectively.
Note that this assignment is endogenously determined through the equilibrium
mechanism. The flow Y;; on route 1 between OD pair 1 is the number of drivers who
make trips in regions I and II, and Y); is the flow for regions III and IV. Each driver
makes a trip independently, exogenously, and randomly. Therefore, Y;; and Y), are
independent when the route choice proportions are given, and, similarly, the route flows
between the same OD pair are mutually independent. However, a route flow is not
necessarily independent of the route flow between the different OD pairs. The drivers in
region I randomly select their OD pair. Therefore, one day they may travel between OD
pair 1 and, on another day, travel between OD pair 2, but they take route 1 for both OD
pairs. Thus, the flow on route 1 between OD pair 1 is not independent of the flow on
route 1 between OD pair 2, because N, Nok,..., Ny are generally correlated. The
covariance of flows on route 1 between OD pair 1 and OD pair 2 is 711721012 (= 0.12012
in this case).

The preceding paragraph discusses a simple 2-OD-4-route network. In general,
Y ~Nm,S] . In the case of all uninformed drivers, the mean vector and
variance-covariance matrix of route flows are
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The link flow distributions are also given using the above multinormally distributed
route flows. Clearly,
I J;
X, = Z;Z;é‘ayyy . (8)
inl )=
The link flow vector is X=AY. Because of the property of multivariate normal
distributions (Stuart & Ord, 1994, p. 512), the link flow vector X follows a multivariate
normal distribution
X~NAm,ASA']. 9)

Informed drivers choose routes based on the provided travel times. Each day, travel
time information is provided and on that day, informed drivers choose their routes
deterministically. However, the actual travel times fluctuate daily because travel
demand is random, so their route choice proportions also fluctuate from day to day.
Thus, route choice proportions of informed drivers are random day to day even if they
are decided deterministically on each day. If all drivers are informed, Y;=P; O; (i =1,
2,..., I). Unlike the case for uninformed drivers, P;(Q; is not necessarily normally
distributed, as P; and Q; are both random. Even so, it can approximately be normally
distributed, due to the central limit theorem, when the demand is sufficiently large.

With both informed and uninformed drivers, the random route flow is
Yi=[(1=n)rj+zP;]O; (i =1, 2,..., I). We can treat the route choice proportion r; of
uninformed drivers as a constant once it is determined. However, the route choice
proportion Pj; of informed drivers is random. Moreover, it is difficult to derive the
probability distribution of Pj;. In this study, we have to estimate P;; by simulation.
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4. Mean and Variance-Covariance of Travel Times

The case in which all drivers are uninformed is a benchmark when assessing the effect
of providing information. We call this the “no-information case.” In the no-information
case, route flows are normally distributed, as described in the previous section.
However, it is difficult to derive a tractable probability distribution of route travel times,
even if the route flows are normally distributed. In this study, we do not directly
manipulate the route travel time distributions. Instead, we use the means and
variance-covariance of route travel times.

The mean travel time on link a is

E[7,1=Elt,(X)]= [ 1,(0) [y, (x)dx . (10)
The probability density function of the normal distribution is not analytically integrable,
so we must use a numerical integral or another method with a high computational cost.

We adopt a BPR-type travel time function for calculating travel time,
tix)= 1. [1+ta(x,/ ;/a)ﬁ]. For simplicity, we express link travel times as 7, +¢, x’, where
&,=az, 7 ”. When f is an integer (typically 4 is used), the mean link travel time can be
calculated using the characteristic function. Unless the computational cost is questioned,
any other approach can be applied to model the travel cost or utility under uncertain
conditions.

The characteristic function ¢(z) is defined as E[¢'**] (Stuart & Ord, 1994; Papoulis,
1965). As a property of the characteristic function, E[X" R = (—0Y'd’ ¢(z)/dzﬂ |-=0 (Stuart &
Ord, 1994, Eq. (3.18); Papoulis, 1965, p. 157). The mean travel time over link a is

BT =7, + (g, S04 (1)
a a “ b
where ¢,(z) is the characteristic function of X,. The variance of the link travel time is
Var[T,] = E[T.}]- {E[T, a]}z, where E[T, az] is also calculated using characteristic
functions.

The variances and covariance of X, and X, are given by Eq. (9). Even if the number
of routes is greater than two, the bivariate normal distribution of X, and X, can be given
as a marginal distribution of X. Because they follow the bivariate normal distribution,
the characteristic function ¢a7a’ (z,,2,) of X, and X, is

-z 1 Faz S .\ 2.
¢M,(za Zy) = exp{(ma ,ma,)( ] + —(za VZ, )(N o j{ H . (12)
Z, 2 Sea Sa \Zu

The variance of the route travel time can be calculated using
o’ B, (2,52,

z=0

E[X, "X,/ ]= (- )" === (13)
oz, 0Oz,
a ““a 2,=0, 2,,=0
The variance of travel time on route j between OD pair i is
A A
0} =5355,,5,, CoT. T, (14)

a=la'=1

11



where Cov[T,, T,/]=Var[T,] if a'= a. To obtain the variance or SD of route travel times,
we have to calculate the covariance of link travel times because Cov[7,,7,] = E[T, T]
= E[TE[T,] = E[(n+&X ) mtéX )] = nw + wdEBX/] + n&EXS] +
& &BIXS X/~ BT, JE[T.],

. d’¢,(2) . d’¢,(2)
CoMT,, T, 1= (-9 (r, ~DE,— 57 + () (7, D&~ 5=

2p
a ¢a,a'(zaﬂza')
oz, 0z,”

z=0

z=0
. (15)

+(-1)"E 8,

+7,7,—T,—T,

z,=0, z,=0
using Egs. (11) and (13). Thus, the covariance Cov|[T7,, T,] of travel times over links a
and a’' can also be calculated using characteristic functions.

5. Formulation

5.1. Network equilibrium for the no-information case

The link travel time is 7, = t,(X,). As described in Section 2, the efficient travel time c;
= 1; +naj;is used to choose a route in the no-information case. The means and SDs of
travel times are calculated using the method proposed in the previous section, where the
mean vector and variance-covariance matrix of route flows, m and S, are given.
Because the demand distribution, N[p,X], is given, m and S are both functions of r, as
show in Egs. (6) and (7). Thus, the efficient travel time function c; is a function of r in
the no-information case. In the case with information, the efficient travel time function
is a function of r and P that will be described later.

As Assumption A4 states, the route choice proportion r is given by the random
utility discrete choice model. Let A (c) denote the random utility discrete choice
function. This function gives the proportion at which route j between OD pair i is
chosen. When the multinomial logit model is adopted, A (c) = exp(—Oc;)/% _{-L]
exp(—0c;). In this case, 6 is an exogenous constant, which means the error terms
follow an independent and identical Gumbel distribution that represents unobserved
factors. As stated above, the vector of efficient route travel times, ¢, is flow-dependent,
and is a vector function of Y. In the no-information case, Y = diag(Q)r, and the
efficient travel time vector function is expressed by ¢[diag(Q)r]. Then, the stochastic
network equilibrium model can be formulated as a fixed-point problem:

r =h{c[diag(Q)r]}. (16)
where h(c) = (h11(c),..., hU,(c))T. Equation (16) can be reformulated as the following
complementary problem.

r
<
such that ((r,§)", w(r,6)) = 0, w(r,g) > 0, r>0,G>0

Find [ }eR{ xR!

(17)
where

12



10 -1 [r] [c[diag(Q)r]+In(r)/0
\v(r,s)—[r 0 }M{ _I } (18)

5.2. Network equilibrium for the information case

As described above, uninformed drivers choose a route based on the efficient travel
times of routes. The traffic state is assumed to be stationary and equilibrated, and the
efficient travel times remain deterministic. Therefore, the route choice proportions for
uninformed drivers are also deterministic.

Informed drivers choose routes based on travel times provided by the road manager
on each day. Because the actual route travel times fluctuate daily, their route choice
proportions also fluctuate daily. Thus, the route choice proportions for informed drivers
are random and are deterministic for uninformed drivers (over a time span of several
days). Accordingly, the formulation of an equilibrium with informed drivers differs
from that of the no-information case.

Informed drivers possess a priori knowledge of the exact travel time, so they do not
need to incorporate a safety margin. As Assumption A4 states, the route choice
proportions are given deterministically on each day by the random utility discrete choice
model. First, we consider the case in which all drivers are informed. In this case, with
the route choice determined by the random utility model, the deterministic network
equilibrium is reached when travel demand for the day is given. The network
equilibrium on day / is formulated as follows:

p, =h(t[diag(q))p,]). (19)
As mentioned above, travel demand is random and fluctuates daily. The route choice
proportions for informed drivers and route flows are also random, even if the
deterministic network equilibrium with route choice determined by the random utility
model is reached each day. Therefore, using the random variables, Eq. (19) can also be
expressed as P =h( t[diag(Q)P] )

The demand Q is multinormally distributed. Because it is difficult to analytically
derive the distribution P of the random vector of route choice proportions, we are
obliged to use a simulation to solve the problem of the stochastic network equilibrium
with informed drivers. A simple simulation method is used to randomly generate travel
demand and iteratively calculate the deterministic network assignment.

The number of informed drivers between OD pair i is 7Q;. If informed and
uninformed drivers coexist, the stochastic network equilibrium requires finding (r, P)"
such that

{r =h( c[diag(Q) {(1-m)r + nP}])
P =h(t[diag(Q) {(1-m)r +nP}])’

because Y =diag(Q) {(1 —Tr+m P} in the information case.

(20)
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5.3. Assessment of providing information

In the no-information case, all drivers take the efficient travel time to reach their
destination. In the information case, informed drivers simply depart at the desired
arrival time minus the provided exact travel time and they consume the route travel time.
Even in the information case, the uninformed drivers spend the efficient travel time. The
travel time fluctuates daily, as stated before. In contrast, the efficient travel time is
deterministic, even if the travel times oscillate. The mean time savings for the exact

travel time information provision is
1

1 J; J; I J,
ZMZ”;CZ - (Z[l - ”z]ﬂlzrz]wc; + Z%ZE[QJ’;-,- Tz,w]] ) (1)
i=1 =1 =1 =1 j=1

i=1
where 7" and 7 are the route choice proportions on route j between OD pair i in the
information and no-information cases, ¢;j and ¢ are the efficient travel times on
route j between OD pair i in the information and no-information cases, respectively, and
YZJW is the random travel time on route j between OD pair i in the information case.
Note that the information provision does not necessarily give positive effect, as Huang
et al. (2011) and others have discussed.

The total travel time Z,Ll j’;l QiPij Zy-w can be obtained by simulation as mentioned
above. An approximate method of calculating E[Y7 X7 O,F;T;"] is also proposed
briefly as follows. When the actual demands are given, the route choice proportions and
travel times, in the case that drivers are all informed, are given by the standard SUE.
Therefore, the total travel time is a function of demands, such that g(q) is the total travel
time function in the case that all drivers are informed. The total travel time function is
not generally explicit, so an approximate method is examined. The Taylor expansion
around the mean demand p yields g(Q)= g(u)+ng(q)‘qu(Q—u) as a first-order
approximate. Then, E[g(Q)] = g(n)+Vq g(q)‘qzuE[Q —p]=g(n) because p= E[Q]
Thus, the first-order approximate mean total travel time is g(p), that is, the total travel
time of the standard SUE with mean demands.

Equation (21) allows us to calculate the savings in travel cost. In some cases,
satisfaction (Daganzo, 1979, p. 128) could be more appropriate to evaluate a
transportation policy when the route choice is made according to the random utility
discrete choice model. If the route choice is made as per the multinomial logit model,
the satisfaction is modeled as a log sum. In this case, the benefit of providing the exact
travel time information is

1 (u J, i J, i J,

_ 5{2 4 In Zl exp [— Oc; ]— (1-7) Z; 4 1n z; exp(-fc;) -7 E[Zl: O, In Z; exp(—0 7;;”)}}
i= j= i= j= i= j=
(22)

Next, the case that a minority of drivers are informed is discussed. We will examine
the benefit of providing such information to ambulances in Kanazawa, Japan, in the
next section. In this case, the number of uninformed drivers is much larger than that of
the informed drivers, so the stochastic network equilibrium in the no-information case
can be assumed as a whole traffic state, because the effect of a small number of
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informed drivers to traffic is negligible. The ambulances must reach their destinations as
soon as possible, so they should choose the route with the minimum travel time.
Without travel time information, they choose the route with the minimum mean travel
time, which is determined by the travel time distributions. They take the same route
between the same OD pair every day even if the travel time on this route is random.
Therefore, their mean travel time is min[z; | j =1,2,...,J;]. However, the route with the
minimum mean travel time may differ from the route with the minimum actual travel
time.

The informed drivers are able to take the route with the acfual/ minimum travel time
on each trip. The series of their experienced route travel times are {min[#;;], min[#;],
min[t;3],...}. Thus, their travel time follows a type of extreme value distribution of
random route travel times: min[7}; | j =1,2,...,J;]. In this case, the savings in travel time
for informed drivers is

minf7, | j =1.2,....J, ]~ E(min[7; | j =1,2,...,J,]). (23)

6. Example
6.1 Simple network
To illustrate the above proposed methods, we present a simple example of a network
consisting of two OD pairs and three links. Such a network is one of the simplest
networks with multiple OD pairs, links, and routes. Figure 2 shows the network, which
has four routes. Route 1 between OD pair 1 consists of link 1 and link 2 and route 2
between OD pair 1 is comprised of link 1 and link 3. The link route incidence matrix for
this network is
51,11 51,12 51,21 51,22 11
A= 52,11 52,12 52,21 52,22 =1 0
53711 53712 é‘3,21 53722 0 1

The normally distributed OD demands are as follows.

(24)

(=
—- O O

OD pair 1

link 2

@ link 1

Fig. 2. A simple network.

OD pair 2
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Table 1. Capacities and free-flow travel times of link travel-time functions.

Free-flow travel time Capacity

Link 1 10 20
Link 2 10 20
Link 3 5 10
0, 10\(8 2 2
o, [~Nl[16][2 9 2 (25)
0, 9 /(2 2 6

The multinomial logit model is adopted to determine discrete choices of routes. We set
the diversion parameter @ in the logit model to 0.1 and the risk attitude parameter 7 to
1.0. The route choice proportions for uninformed drivers are r;; = exp[—( t_ij +@,)]/27
exp[—( fl, + @y )]. The standard (or deterministic) link travel time function is #.(x,) =
[l + (xa/7)*], and capacities and free flow travel times of the three links in the
network are given in Table 1.

6.1.1 No-Information Case
The mean and variance of link travel times were derived using the method in Section 4.
In the no-information case of the example, the mean of the link travel time is expressed

as
2 2
T{H’"Q%] 26)
ya
The variance is given by
2[n, 2 2, 4
27, [2mi‘sa +sa]. 27
Va
In this section, 7| and r, are used instead of r;; and r,; for simpler expression.
Therefore, the proportion of choosing route 2 between OD pair 1 is 1—rj, while
) —ty =1ty —ty, C11—C12 # C21— 2. Therefore, r1 # r,. Then, according to Egs. (6)
and (7), the mean vector and variance-covariance matrix of route flows are

my 167
m 16(1—r,
m=|"2 | (1-7) (28)
m,, 9r,
My, 91-r)

and

16



2
St Sz St S
2
S— Stz Siz S1i221 S22
= 2
Szt S22t S S

2
St Sz S22 S

(29)
9 0 211y 2r(1-1,)
0 -n)  2(-r)n 2(1-n)1-n)
|2 2(1=n)r, 67, 0
2r(1-n) 2(-r)(1-n) 0 6(1-r)
The mean vector and variance-covariance matrix of link flows are given by
m, 16
m, |= 167 +9r, (30)
msy 25-161 -9r,
and
st S1y 0 Si3 9 9r +2r, 11-97% -2r,
815 s S5 1= 9n+2n Or +6r, +4rr, 2(r+n —2nn) .(31)
S5 Sy3 53 11-9%-2r, 2(n+r —2nr) 19-13rn-10r, +4nr,

Substituting Egs. (30) and (31) into Egs. (26) and (27) yields the means and
variances of link travel times, and the efficient travel times are obtained. The covariance
of link travel times is also obtained.

We obtain 7, = 0.504 and », = 0.512 by solving the stochastic network problem of
Eq. (16). Table 2 shows the equilibrium link travel times for the example network in the
no-information case. Links 1 and 2 share the same attributes. The (mean) travel time of
link 1 is greater than that of link 2, and the SD and variance for link 1 are greater than
those for link 2. The capacity of link 3 is half that of links 1 and 2, and the flow through
link 3 fluctuates more than links 1 and 2. Thus, the SD and variance of link 3 are greater
than those of links 1 and 2, although the mean travel time through link 3 is the smallest.
We can also calculate the covariance between link travel times, route variances, and

Table 2. Equilibrium travel times in the simple network

Link 1 Link 2 Link 3

Mean 16.23 14.23 13.01
S.D. 2.42 1.89 3.61
Variance 5.86 3.57 13.04

Link 1,2 Link 1, 3
Covariance 1.03 1.98
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efficient travel times, using Egs. (11), (14) and (15), respectively. This allows us to
evaluate the network uncertainty as the sum of safety margins.

The case that all drivers are informed is also considered. As mentioned in Section
5.3, the first-order approximate of mean total travel time is given by the (deterministic)
total travel time of the standard SUE with mean demands. The mean total travel time is
approximately 598.78 in the case that all drivers are informed. In contrast, the total
efficient travel time is 696.60 in the no-information case. Therefore, the benefit of
providing the travel time information to all drivers is a time savings of 97.82. The total
of mean demands is 25.0, and 3.91 min. per driver is saved.

6.1.2 Information Case

In the previous sub-section, to evaluate the effect of the information provision, the
no-information case is compared with the case where all drivers are informed. The
information case where informed and uninformed drivers coexist is much more
complicated. It is difficult to solve Eq. (20) analytically, and it is calculated by
simulation. Using 1,000 sets of simulated demands, Eq. (20) is numerically solved.

A simple network case, where the proportion of informed latent drivers for all latent
drivers is 0.2 in each OD pair, = = 0.2, is examined in this sub-section. At the
(stationary) equilibrium, »;; = 0.503 (=r) and r,; = 0.505 (=r;) for the route choice
proportions of uninformed drivers. While the proportion of the uninformed drivers that
choose route 1 between OD pair 1 is fixed at 0.503, informed drivers could change the
routes each time, even at the stationary equilibrium. The exact travel times are provided
to the informed drivers, but they fluctuate because the demands are normally distributed.
Therefore, the route choice proportions of informed drivers are stochastic, because they
choose the routes based on the realized travel time information that oscillates every
time.

The mean travel time of informed drivers between OD pair 1 for 1,000 days is as

follows: (1/1000)Z }B?O(pm tiy + pr tizr) = 30.27. In contrast, the mean travel time of

uninformed drivers between OD pair 1 is 30.32 = 115 1y £1/1000 + 7153 121 #12/1000.

The mean travel time of informed drivers between OD pair 2 is 13.57 and that of
uninformed drivers is 13.63. Thus, the mean travel times of informed drivers are less
than those of uninformed drivers. The total consumed time, which consists of the total
travel time of informed drivers and the total efficient travel time of uninformed drivers,
is 592.67 in this case. Compared to the no-information case in the previous sub-section,
4.16 min. per driver is saved, on average, for providing information to 20% of drivers in
the example network.

6.2 Information Provision to Ambulances in Kanazawa

Figure 3 shows the road network of central Kanazawa, Japan. The network consists of
140 nodes and 467 links. There are four fire stations with ambulances: Ekinishi,
Hirosaka, Chuo, and Naruwa. In Japan, emergency hospitals are classified into first,
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Fig. 3. Kanazawa road network.

second, and third ranks. First-order emergency hospitals provide medical services
without surgical operations. Second-order hospitals accept patients requiring operations.
Patients with more serious ailments are transferred to third-order emergency hospitals.
There are two third-order emergency hospitals in the network. One third-order
emergency hospital (Kanazawa University Hospital) is located in the Hirosaka district
and the other (Ishikawa Prefecture Hospital) is in the Ekinishi district. Most patients
with serious ailments, such as myocardial infarction or multiple traumas, are transported
to one of the two third-order emergency hospitals.

The mean travel demands are derived from a personal trip survey within the
Kanazawa urban area that was conducted previously. It is difficult to obtain the
variance-covariance matrix of travel demands. For simplicity, independent demands are
assumed in this case. We observed several links on the network, and found that s> =42
m, represents the relationship between the mean and variance of link flows. Because of
independent route flows, s; =42m; is consistent with s> =42m,, and ol =42, is
derived due to independent demands.

In this section, the effect of providing exact travel time information to ambulances
is discussed. No other vehicles are informed. Without information, the stochastic
network equilibrium expressed by Eq. (16) is established. Unfortunately, we have no
information on the risk attitude of drivers in Kanazawa, so we tentatively set the risk
parameter 7 to 0, meaning the uninformed drivers choose routes based on mean route
travel times. Estimation of the risk attitude parameter for the stochastic network
equilibrium should be a topic of future investigation. Without the travel time
information, ambulances and other drivers choose the minimum mean travel time
routes.

In this example, the multinomial logit model is adopted, but the parameter 6 in the
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logit model is assumed to be sufficiently large. This implies that the drivers have exact
knowledge of travel time distributions without perceptual error. Then, the stochastic
network equilibrium can be formulated as a link-based optimization problem. This
reduces computational cost drastically, and we are freed from generating the set of
routes, which includes the overlapping problem. The travel times without the
information are obtained by solving the following problem:

y
min.Z = Z;.[o [, (w)dw (32)
such that
Jl
H; = Zmii ’ (33)
=
I J,
m, = 22561,4-; m; -, (34)
i=1 j=1
m; >0, (35)

where 7 (m,) is the mean travel time function, which is derived by the method
described in Section 4. We can apply the standard Wardrop user equilibrium algorithms,
such as the Frank—Wolfe method.

If only ambulance drivers are provided with exact travel time information, the
above stochastic network equilibrium is still established because the effect of
ambulances on traffic is negligible. In this section, we focus on the third-order
emergency patients, so the destination of ambulances is one of the two third-order
emergency hospitals. The travel times fluctuate daily, but the ambulance drivers choose
the route with the actual minimum travel time each time. The travel time from the fire
station to the third-order emergency hospital via a patient’s location forms an
extreme-value distribution of route travel times. In this section, the mean travel time of
ambulances with travel time information is calculated by numerical simulation.

Specifically, it is given by
1 1000 . )
1000 Z‘mm[tiﬂ | j=12,..,J,]. (36)
Thus, the minimum travel time for a given route is obtained by summing over 1000
traffic time assignments.

Results of the numerical calculation of Eq. (36) are summarized in Table 3. The
table shows the mean decrease in ambulance transport time for patients at each node in
the district. Approximately three minutes are saved by providing ambulance drivers
with exact travel time information. The mean of each ambulance transport time is 14.11
min. without the information, and the accurate travel time information provision results
in a 21.0% reduction in ambulance transport time in Kanazawa. Furthermore, the
variance in travel time is also reduced. Figure 4 gives the reduction in travel time for
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Table 3. Reduction of mean and SD of ambulance travel time.

travel time reduction of SD
reduction (min.) of travel time
Ekinishi 2.74 2.23
Hirosaka 0.23 0.49
Chuo 3.46 1.96
Naruwa 5.46 3.25
Average 2.97 1.99

Naruwa

Travel time reduction
O Less than 1 min.
& 1to 3min.
@ 3to Smin.

@ More than 5 min.

Ekinishi

Hospitals for serious patients

) (X) Fire stations with
Hirosaka ambulances

[ “7Out of the area, but
ambulances might travel

Fig. 4. Reduction in travel time from each node to a given hospital.

each node in the network. The reduction in travel time for patients who reside far from
the third-order emergency hospital is larger than that for patients who live closer. These
results demonstrate that the proposed method makes it possible to determine the effect
of providing emergency vehicles with precise traffic information.

7. Conclusions

In this study, to estimate travel times through road networks, we assume stochastic
demands and propose a stochastic network equilibrium model whose travel times, flows,
and demands are stochastic. Evaluating uncertainty in traffic networks is important for
assessing systems that provide traffic information. We focus on travel time information
and propose a model to assess the effect of providing a priori travel time information.
The proposed model enables us to evaluate how travel time is affected by providing this
information on the various possible routes a driver can take.

To examine the feasibility and validity of the proposed stochastic network
equilibrium model and methods to determine the effects of a priori knowledge of traffic
information, we apply them to a simple network and the real road network of Kanazawa,
Japan. The results indicate that providing ambulance drivers in Kanazawa with a priori
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travel time information leads to an average reduction in travel time of approximately
three minutes.

When applying these methods to real networks, we must estimate several
parameters including a risk attitude parameter and the multivariate distribution of OD
demands. Future work in this area should include developing a quantitative estimate of
these parameters. The demand distributions are exogenous in this study, but could be
given endogenously. In addition, simultaneous origin-destination and route choices
should be considered in the future. The proposed model is static, but dynamic aspects
may be required in some cases; therefore, dynamic stochastic network equilibrium
models should be formulated in the future. The behavioral impacts of traffic information
are actually more complex than we assumed, e.g. Tseng et al. (2013), Kusakabe &
Nakano (2015). These are also future works.

Acknowledgments [ would like to express my gratitude to Prof. Jun-ichi Takayama
(Kanazawa University) for providing valuable comments and advice. I am also grateful
to Dr. Kazuki Nagao (Oriental Consultants) and Mr. Shuji Osawa (Kanazawa
University) for their computational support.

References

Arnott, R., de Palma, A., and Lindsey, R. (1991) Does providing information to drivers reduce
traffic congestion? Transportation Research, 25A, 309-318.

Ben-Elia, E., Pace, R.D., Bifulco, G.N., and Shiftan, Y. (2013) The impact of travel
information’s accuracy on route-choice, Transportation Research, Part C, Vol. 26,
146-159.

Billingsley, P.(1995) Probability and Measure, 3" ed., John Wiley & Sons, New York.

Chen, A., Yang, H., Lo, H.K., and Tang, W.H. (2002) Capacity reliability of a road network: an
assessment methodology and numerical results, Transportation Research, 36B, 225-252.

Chen, A. and Zhou, Z. (2010) The a-reliable mean-excess traffic equilibrium model with
stochastic travel times, Transportation Research, 44B, 493-513.

de Palma, A. and Picard, N. (2006) Equilibrium and information provision in risky network
with risk-averse drivers, Transportation Science, 40, 393-408.

de Palma, A., Lindsey, R., and Picard, N. (2012) Risk aversion, the value of information, and
traffic equilibrium, Transportation Science, 46, 1-26.

Hall, R.W. (1983) Travel outcome and performance: the effect of uncertainty on accessibility,
Transportation Research, 17B, 275-290.

Hazelton, M.L. (1998) Some remarks on stochastic user equilibrium, Transportation Research,
32B, 101-108.

Huang, H.-J. and Li, Z.-C. (2007) A multiclass, multicriteria logit-based traffic equilibrium
assignment model under ATIS, FEuropean Journal of Operational Research, 176,
1464-1477.

Huang H.-J., Liu T. L. and Yang, H. (2008) Modeling the evolutions of day-to-day route choice
and year-to-year ATIS adoption with stochastic user equilibrium, Journal of Advanced
Transportation, 42(2), 111-127.

22



Huang H.-J., Liu T.L., Guo X., and Yang, H. (2011) Inefficiency of logit-based stochastic user
equilibrium in a traffic network under ATIS, Network and Spatial Economics, 11(2),
255-269.

Jha, M., Madanat, S., and Peeta, S. (1998) Perception updating and day-to-day travel choice
dynamics in traffic networks with information provision, Transportation Research, 6C,
189-212.

Kusakabe, T., and Nakano, Y. (2015) Information provision strategies eliminating deluded
equilibrium caused by travellers’ misperception, Transportation Research, Part C, Vol. 59,
278-291.

Lam, W.H.K., Shao, H., and Sumalee, A. (2008) Modeling impacts of adverse weather
conditions on a road network with uncertainties in demand and supply, Transportation
Research, 42B, 792-806.

Lo, H. and Szeto, W.Y. (2002) A methodology for sustainable traveler information services,
Transportation Research, 36B, 113-130.

Lo, H.K. and Tung, Y.K. (2003) Network with degradable links: capacity analysis and design,
Transportation Research, 37B, 345-363.

Lo, HK., Luo, X.W.,, and Siu, B.W.Y. (2006) Degradable transport network: travel time
budget of travelers with heterogeneous risk aversion, Tranmsportation Research, 40B,
792-806.

Loéve, M. (1977) Probability theory I, 4™ ed., Springer-Verlag, New York.

Mirchandani, P. and Soroush, H. (1987) Generalized Traffic Equilibrium with Probabilistic
Travel Times and Perceptions, Transportation Science, 21, 133-152.

Nakayama, S. and Watling, D. (2014) Consistent formulation of network equilibrium with
stochastic flows, Transportation Research, 66B, 50-69.

Nie, Y. (2011) Multi-class percentile user equilibrium with flow-dependent stochasticity,
Transportation Research, 45B, 1641-1659.

Papoulis, A. (1965) Probability, Random Variables, and Stochastic Processes, McGraw-Hill,
Inc., New York.

Shao, H., Lam, W.H.K., and Tam, M.L. (2006) A reliability-based stochastic traffic
assignment model for network with multiple user classes under uncertainty in demand,
Network and Spatial Economics, 6, 173-204.

Siu, B.W.Y. and Lo, H.K. (2008) Doubly uncertain transportation network: degradable
capacity and stochastic demand, European Journal of Operational Research, 191, 166-181.

Stuart, A.and Ord, J.K. (1994) Kendall’s Advanced Theory of Statistics, Vol. 1, 6™ Ed., Arnold,
London.

Sumalee, A., Uchida, K., and Lam, W.H.K. (2010). Stochastic multi-modal transport network
under demand uncertainties and adverse weather condition. Transportation Research, 19C,
338-350.

Tseng, Y.-Y., Knockaert, J., and Verhoef, E.T. (2013) A revealed-preference study of
behavioural impacts of real-time traffic information, Transportation Research, Part C, Vol.
30, 196-209.

Wu, W.X. and Huang, H.-J. (2010) A new model for studying the SO-based pre-trip
information release strategy and route choice behavior, Transportmetrica, 6, 271-290.
Yang, H. (1998) Multiple equilibrium behaviors and advanced traveler information systems

with endogenous market penetration, Transportation Research, 32B, 205-218.

Yang, H. and Meng, Q. (2001) Modeling user adoption of advanced traveler information
systems: dynamic evolution and stationary equilibrium, Transportation Research, 35A,
895-912.

Yang H. and Huang, H.-J. (2004) Modeling user adoption of advanced traveler information
systems: a control theoretic approach for optimal endogenous growth, Transportation
Research, Part C, Vol. 12, 193-207.

23



Yin, Y. and leda, H. (2001) Assessing performance reliability of road networks under
nonrecurrent congestion, Transportation Research Record, 1771, 148-155.

Yin, Y. and Yang, H. (2003) Simultaneous determination of the equilibrium market penetration
and compliance rate of advanced traveler information systems, Transportation Research,
37A, 165-181, 2003.

Yin, Y., Lam, W.HK., and Ieda, H. (2004) New technology and the modeling of risk-taking
behavior in congested road networks, Transportation Research, Part C, Vol. 12, 171-192.

Watling, D. (2002) A Second Order Stochastic Network Equilibrium Model I: Theoretical
Foundation, Transportation Science, 36, 149-166.

Watling, D. (2006) User equilibrium traffic network assignment with stochastic travel times
and late arrival penalty, European Journal of Operational Research, 175, 1539-1556.

Zhang, C., Chen, X., and Sumalee, A. (2011) Robust Wardrop’s user equilibrium assignment
under stochastic demand and supply: expected residual minimization approach,
Transportation Research, 45B, 534-552.

24




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


