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1 Introduction

A quantum Hamiltonian system with time-dependent repeated harmonic interaction was
proposed and investigated in [TZ]. The corresponding open system can be defined through
the Kossakowski-Lindblad-Davies dissipative extension of the Hamiltonian dynamics. In
our paper [TZ1] the existence and uniqueness of the evolution map for density matrices
of the open system are established and its dual W*-dynamics on the CCR C*-algebra was
described explicitly.

Behind our model [TZ], there is a physical phenomenon known as ”one-atom maser”
[IMWM], when the pumping of a resonator (or a quantum cavity) is caused by a chain
of atoms which proceed one-by-one through the cavity. The mathematical study of this
repeated interaction system first appeared in [AP].

The quality factor of the leaky cavity measures the effect of losses and indicates that
the system is open. For mathematical description of the leaky cavity we use in this
paper a well-known Kossakowski-Lindblad-Davies formalism for Markovian approach to
dissipative dynamics of open systems [AJP2].

Note that a subtle point of analysis is the nature of the atom-cavity interaction. A
standard motivated by the quantum optics choice is the Jaynes-Cummings inelastic inter-
action of two-level atoms with a one-mode resonator [BJM]. Instead of this interaction,
a purely elastic one, which does not change the "hard” atom internal state, was consid-
ered in [NVZ] both for the isolated and for the leaky cavity. It was found there that the
properties of these two models for repeated perturbation are drastically different.

This motivated us to study repeated inelastic interaction for a very ”soft” multi-level
atoms. To this aim we proposed in [TZ] an exactly soluble model of an isolated system
with Hamiltonian dynamics generated by repeated interaction of a one-mode resonator
(cavity) with atoms, which have infinitely many harmonic levels of internal states, when
the interaction is linear. We call it the harmonic perturbation of the cavity.



In the present paper we consider the open version of the model [TZ] with dynamics a
la Kossakowski-Lindblad-Davies [TZ1]. Our aim is to analyse the long-time asymptotic
behaviour and the quantum correlations of subsystems for this open system.

Let a and a* be the annihilation and the creation operators defined in the Fock space
Z generated by a cyclic vector € (vacuum). That is, the Hilbert space % is the com-
pletion of the algebraic span %, of vectors {(a*)"Q},,>0 and a, a* satisfy the Canonical
Commutation Relations (CCR)

la,a*] =1, Ja,a]=0, [a",a"]=0 on F,. (1.1)

We denote by {4}, the copies of .Z for an arbitrary but finite N € N and by #!)
the Hilbert space tensor product of these copies:

N
AN = Q) A = FEN (1.2)
k=0

In this space we define for £ =0,1,2,..., N the operators
by =1®..01el1®...01, b =1®..1cd1l®...01, (1.3)
where operator a (respectively a*) is the (k + 1)th factor in (1.3). They satisfy the CCR:

[br, bjr] = Sk 1, [br, bir] = [b, bjs] =0 (k,K' =0,1,2,...,N) (1.4)
on the algebraic tensor product (F,, 2N+,
Recall that non-autonomous system with Hamiltonian for time-dependent repeated
harmonic perturbation proposed in [TZ] has the form

N N
Hy(t) = Ebjbo + € > bibi+1 > X(e—1yrkr) (£) (Bibr + bibo) - (1.5)

k=1 k=1

Here t € [0, N7), the parameters: 7, E, €,n are positive, and X[, (-) is the characteristic
function of the semi-open interval [z,y) C R. Operator Hy(t) is self-adjoint on the
time-independent domain

N
Do = () dom (bjby) € ™). (1.6)

k=0

The model (1.5) presents the system S + Cy, 0 E O where S is the quantum one-mode
cavity, which is repeatedly perturbed by a time-equidistant chain of subsystem: Cy =
S+ S+ ...+ Sn. Here {Sg}r>1 can be considered as atoms with harmonic internal
degrees of freedom. This interpretation is motivated by certain physical models known
as the “one-atom maser” [BJM], [NVZ]. The Hilbert space .#% := % corresponds to



subsystem S and the Hilbert space 7 to subsystems Sy (k = 1,...,N), respectively.
Then (1.2) is

N
AN = A @ Ay Hey = Q) S . (1.7)
k=1

By (1.5) exactly one subsystem S,, (atom) interacts with S for t € [(n — 1)7,n7). In this
sense, the interaction is tuned [TZ]. The system S + Cy is autonomous on each interval
[(n — 1)7,nT) governed by the self-adjoint Hamiltonian

N
H, := Ebbo+ € by +n(bgby +ibo) , n=1,2,...,N | (1.8)

k=1

on domain Dy. Note that if
n” < Ee, (1.9)
Hamiltonians (1.5) and (1.8) are semi-bounded from below.
We note that Hamiltonian (1.8) is gauge-invariant: e “NNH, e®Nv = [, ¢ €
R (conserve the total number of bosons), but it is not locally gauge-invariant since
e~ (P0b5botonbibn) [T pi(obiboténbibn) L [ for nontrivial ¢o # ¢,. Here Ny = Z]kvzo b} by,
denotes the total number operator for bosons in the system S + Cy.

We denote by €;(#™)) the Banach space of the trace-class operators on SN, Its
dual space is isometrically isomorph to the Banach space of bounded operators on #®):
(AN ~ L(A#N)). The corresponding dual pair is defined by the bilinear functional

(@A) oy = Trpvy (9 A)  for (¢, A) € (’:1(%&(1\”) X ﬁ(%ﬂw)) . (1.10)

The positive operators p € € (V) with unit trace is the set of density matrices.
Recall that the state w, over L(J# (M) is normal if there is a density matrix p such that

wo(+) = (o) - (1.11)

1.1 Master equation

To make the system S + Cy open, we couple it to the boson reservoir R, [AJP3]. More
precisely, we follow the scheme (S + R) + Cy, i.e. we study repeated perturbation of the
open system S + R [NVZ].

Evolution of normal states of the open system (S + R) + Cy can be described by the
Kossakowski-Lindblad-Davies dissipative extension of the Hamiltonian dynamics to the
Markovian dynamics with the time-dependent generator [AL], [AJP2]

Lo(0)(p) i= ~i [HIn(0) ] + (1.12)
+Q0p) — 5@ (Wp+pQ (W),



for t > 0 and p € domL,(t) C & (™). Here the first operator Q : p — Q(p) €
¢ (M) in the dissipative part of (1.12) has the form:

Q()=o0_by(-)b5+orb5(-)bo, o =0, (1.13)
and the operator Q* is its dual via relation (Q(p)|A) ) = (p|Q*(A)) pv:
Q' (") =0-by(-)bo+ 0o bo(")bg- (1.14)

By virtue of (1.5), for t € [(n — 1)7,n7), the generator (1.12) takes the form

Lon(p) = =il g + Qp) — 5(Q(Wp + pQ'(1)). (1.15)

The mathematical problem concerning the open quantum system is to solve the Cauchy
problem for the non-autonomous quantum Master Equation [AJP2]

Op(t) = La(t)(p(t)) , p(0) =p. (1.16)

For the tuned repeated perturbation, this solution is a strongly continuous family {7} }+>o,
which is defined by composition of the one-step evolution semigroups:

th,ro :T;t(?(n—l) T, --T2U Tfa

T4+n—1"
where t = (n — 1)7 4+ v(t), n < N,v(t) < 7. Here we put
17 = T7 (1), 17 (s) := e*lor (52 0), (1.17)

and then 77, , = T7(v(t)) holds. The evolution map is connected to solution of the

Cauchy problem (1.16) by
Ty p = plt) = T (p)- (1.18)
The construction of unique positivity- and trace-preserving dynamical semigroup on
&, (M) for unbounded generator (1.15) is a nontrivial problem. It is done in [TZ1]
under the conditions (1.9) and
0<oL<o_. (1.19)

for the coefficients in (1.13, 1.14). Then, {77 (s)}s>o for each k (1.17) is the Markov

dynamical semigroup, and (1.18) is automorphism on the set of density matrices.

1.2 Evolution in the dual space

In order to control the evolution of normal states, it is usual to consider the W*-dynamical
system (L('™N) {T75 }iz0), where {T7*}iz0 are weak*-continuous evolution maps on
the von Neumann algebra £(#N)) ~ ¢i(s#™)) [AJP1]. They are dual to the evolution
(1.18) on & (™)) by the relation (1.10):

(Teo(p) | A) vy = (p | T (A) penr - for (p, A) € & (D) x £(7), (1.20)

5



which uniquely defines the map A +— T¢*(A) for A € L(# (M), The corresponding dual
time-dependent generator is formally given by

Ly (t)(-) =i [Hy (), -] + (1.21)
FQ() — (M) + () (M) for t>0.

When t € [(k — 1)7, k7), the above generator has the form

L) = il 1+ @°0) = 5(@ M) + () (M), (122
We adopt the notations
Tyt = T90) . T e = TIWA) and T{(9) = e™or (s20),  (123)
dual to (1.17) for t = (n — 1)7 + v(t), n < N, v(t) < 7. Then, we obtain
Too(A) = T7 *T9 * . TINTE o1y, (A)  for A€ L(#™). (1.24)
Let &7 (.#) (or CCR(C) ) denote the Weyl CCR-algebra on .%. This unital C*-algebra
is generated as operator-norm completion of the linear span 27, of the set of Weyl oper-

ators A
w(a) =e®@  (aeC), (1.25)

where ®(a) = (@a + aa*)/+/2 is the self-adjoint Segal operator in .%. [The closure of
the sum is understood.] Then CCR (1.1) take the Weyl form

W )(0rg) = e 1mE192)/2 Gy 4 ) for  a;,ay€C. (1.26)

We note that o/ (.%) is contained in the C*-algebra L£(.%) of all bounded operators on .%.
Similarly we define the Weyl CCR-algebra o7 (' N)) ¢ L(# M) over ™). This
algebra is generated by operators

Co
N G
W) =Q)w(() for ¢=| | eCV. (1.27)
=0
v
By (1.3), the Weyl operators (1.27) can be rewritten as
W (¢) = expli({¢.b) + (b.¢)) /V2] | (1.28)
where the sesquilinear form notations
N N
(b= D Gbis (0,0 =D Gt (1.20)
j=0 Jj=0
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are used. Let us recall that o7 (™)) is weakly dense in £(7™)[AJP1].

Explicit formulae for evolution operators (1.23) acting on the Weyl operators has been
established in [TZ1]. For n =1,2,....N, let J, and X,, be (N 4+ 1) x (N + 1) Hermitian

matrices:
1 (j=k=0or j=k=n)
In)jk = , 1.30
( >]k {0 otherwise ( )
((E—¢€)/2 (4, k) = (0,0)
n (J, k) = (n,0)
\O otherwise
We define the matrices
Y, = n (n=1,...,N), (1.32)

where [ is the (N + 1) x (V4 1) identity matrix. Then Hamiltonian (1.8) takes the form

N
= (Vo) jubjbx. (1.33)

7,k=0

We also need the (N + 1) x (N + 1) matrix F, defined by (P);x = 6j00k0 (4, k =
0,1,2,...,N). Then one obtains the following proposition which is proved in [TZ1]:

Proposition 1.1 Letn = 1,2,...,N and ( € CN*L. Then for s > 0, the dual Markov
dynamical semigroup (1.23) on the Weyl C*-algebra has the form

7 (s)(W(Q) = 7 (OW (U (s)C) (1.34)
where
070 = e[ = 7 TEIH(6) — WU (90))] (1.3)
and
U7 (s) :exp[is<Yn+i 7= ;OJFP())] (1.36)

under the conditions (1.9) and (1.19). Therefore, the k-step evolution (t = kT,k < N in
(1.24)) of the Weyl operator is given by

T AW (O) = exp| = g7 (6,0 = (07 U G U7 U7 Q)]
x W(U?... U (), (1.37)

where T 5 = T7*Tg * ... T¢* and U7 = U7 (1).



Remark 1.2 The explicit expression of the matriz UZ(t) in (1.36) is given by UZ(t) =
eV (t), where

97 ()2 (t) dro + g7 (t)w (t) Ok (j=0)
(Ve @)jn = 97w (t) 6o + 97 (1) 27 (=) O (G =m) - (1.38)
J; (otherwise)

Here E, - = FE+1i (0_ —0.)/2 and

o % —€ o 2”7 . E
§°(t) = etlBe=9/2, w?(t) = NIRRT smt\/T +n? (1.39)

o (E, — €)? ) i(Ey —€) . (E, —€)? )
27(t) = cost\/T +n? + NPT smt\/— +n? . (1.40)

Note that the relation 2°(t)z° (—t) — w’(t)> = 1 holds for any o+ > 0, whereas one has
g7 ()P (|27 (1) + [w ()*) < 1 and 27(=t) # 2°(t) for 0 < 04 <o_.
Hereafter, together with (1.37) we also use the following short-hand notations:

g° =4g°(7), w :=w(1), 22 =2°(1) and V7 :=V7(7). (1.41)

Remark 1.3 Dual dynamical semigroups (1.34) and the evolution operator (1.37) are
examples of the quasi-free maps on the Weyl C*-algebra. Using the arguments of [DVV],
we have shown in [TZ1] that they can be extended to the unity-preserving completely
positive linear maps on L(S'N)) under the conditions (1.9) and (1.19).

The aim of the rest of the paper is to study evolution of the reduced density matrices
for subsystems of the total system (S + R) + Cy.

In Section 2, we consider the subsystem S. This includes analysis of convergence to
stationary states in the infinite-time limit N — co. We also perform a similar analysis for
the subsystems S+ S,, and §,,, +S,,. Section 3 is devoted to a more complicated problem
of evolution of reduced density matrices for finite subsystems, which include § and a part
of Cy. This allows us to detect an asymptotic behaviour of the quantum correlations
between S and a part of Cy caused by repeated perturbation and dissipation for large N
in terms of those for small N with the stable initial state.

For the brevity, we hereafter suppress the dependence on N of the Hilbert space )
as well as of the Hamiltonian Hy(t) and the subsystem Cy, when it will not cause any
confusion.

2 Time Evolution of Subsystems I

2.1 Subsystem S

We start by analysis of the simplest subsystem S. Let the initial state of the total system
S + C be defined by a density matrix p € €;(#s ® 7). Then for any ¢ > 0, the evolved
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state wk(+) on the Weyl C*-algebra o (#5) of subsystem S is given by the partial trace:
ws(A) = wyy(A@ 1) = Trosen, (T (ps © pe) AQW) for Ae (M), (2.1)

where p(t) = T{,p and 1 € o7 (A¢). Recall that for a density matrix o € & (s ® ),
the partial trace of o with respect to the Hilbert space . is a bounded linear map
Tryz : 0+ 0 € €(H5) characterised by the identity

Trsom(0(A® 1) = Trg(34) for AcL(A) . (2.2)

If one puts
ps(t) = Try (T5(p)) , (2.3)
then one gets the identity

W(A) = Tra (ps(t) A) = wogey(A) . (2.4)

by (2.1), i.e., ps(t) is the density matrix defining the normal state wk.
As initial states wy, ¢ |i—o of the total system we consider the normal product states
wh ® wh 1—0= Wpsap, for density matrices, which are stationary for the subsystem C:

N
p=ps®pc for ps=po, pe=QQpr with pr=po=...=py. (2.5)
k=1

Note that the characteristic function E,,: C— C of the state ws on the algebra o/ (%)
is

B (0) = ws(w(8)) (2.6)
and that (2.6) can uniquely determine the state ws by the Araki-Segal theorem [AJP1].

Lemma 2.1 Let A= w(0). Then evolution of (2.1) on the interval [0,7) yields

B 0) = exp [ - - 2 (L g0 O — I (0w (1))
Xwp, (W(e™ g7 (£)27 (1)) )w,, (W(eg” ()w (1)8)) , t € [0,7) . (2.7)

Proof : By (1.27), we obtain that W (fe) = w(f) ® 1® ... ® 1 for the vector e =
(1,0,...,0) € CN*! where !(...) means the vector-transposition, cf (1.27). Then (2.1)-
(2.4) yield

H(B(0)) = (D) © 1 . @ 1) = e (@(60)). 23)

By virtue of duality (1.20) and (1.37) for k£ = 1, we obtain
wWos(0)(W(0)) = Wpsope (T W)(0e)) = wgn , (T W)(6e))

00 + 04

— exp (1= (UZ (t)e, Uf(t)@)}w@:o L (WOUD (b)) .
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Taking into account (1.38) and (2.6), one obtains for (2.8) the expression which coincides
with assertion (2.7). O

Similarly, for t = m7 we obtain the characteristic function

o 0]?0-+0o
Eoigr(0) = Wpsepe (Tomo(W(6e)) = exp | - e

mT,0

(1= (U7...Use, U7 ... U;;@)]

XWN . (WU ...Uge)) = (2.9)
—exp | — Tﬁ@ —UT ... U, US ...Ume))] j];[ﬂij (@O (U7 ... U%e),)),

where we have used (1.27) and (1.37). By (1.38) we obtain

eim7‘e<goza)m (k’ _ O)
(U7 ...US e)p = e™egouw (g727)™ % (1< k<m) (2.10)
0 (m<k<N).
Then taking into account |g?27| < 1 (Remark 1.2), we find
(e,ey = (U ... U e, Uy ...U e) (2.11)
0,,,0 |2
= (1= 1g%2° 2m 1 — |g w |
(-l pm - A

By setting m = N, (2.6), (2.9)-(2.11) yield the following result.

Lemma 2.2 The state of the subsystem S after N-step evolution has the characteristic
function

B,y (0) = wpg(nry (W(0)) (2.12)
00— + 0y 2N ( 97w )}
= - 1—|g72° 1— -1
exp [~ o1 PY) P

< (N (g7)Y (27)8)) T wpe (@ (07441 () Furh)

To study the asymptotic behaviour of the state w}™ for large time t = N7, we assume
that the states {w,, }x>1 are gauge-invariant, i.e., one has

67i¢>k b’,;bkpk ei¢k brbr Dk <¢k c R) , keN , (213>

for each component of the initial density matrix pe (2.5) for atoms C but not for the
cavity §. We note that under this condition there exists an example of the cavity-atom
interaction [NVZ], such that the limit state: limy_., wY™, is not gauge-invariant even for
a normal gauge-invariant initial state w,, of the cavity S. We stick to condition (2.13) to
check a possibility of the gauge-invariance breaking for the ”soft” interaction (1.8), see
discussion in Section 1.
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Theorem 2.3 Letw,, be gauge-invariant fork =1,2,..., N and suppose that the product

D(9) := [ [wn (@((9727)°6)). (2.14)

converges for any 6 € C and let the map R > r+— D(rf) € C be continuous. Then for
any initial normal state w%(-) = w,, (+) of the subsystem S, the following properties hold.
(a) The pointwise limit of the characteristic functions (2.12) exists

(b) There exists a unique density matriz pS such that the limit (2.15) is a characteristic
function of the gauge-invariant normal state: E,(0) = w,s(w(0)).

(c) The states {wd™ }m>1 converge to w,s for m — oo in the weak*-topology.

Proof: (a) By (1.25) and by the gauge-invariance (2.13), one gets w,, (0(e"?*0)) = w,, (W(0))
for every ¢, € R. Hence, for 1 < k < N the characteristic functions Ewpk (f) depend only
on ||, and we can skip the factor V7€ in the arguments of the factors in the right-hand
side of (2.12). Note that for N — oo the factor w,, converges to one, since the normal
states are regular and |¢727| < 1 (see Remark 1.2). Hence, the pointwise limit (2.15)
follows from (2.12) and the hypothesis (2.14). It does not depend on the initial state w,,
of the subsystem S and the explicit expression of (2.15) is given by

OPo o, g

E*<9) =eXp | — — W

ﬂ D(g°w’0). (2.16)
(b) The limit (2.16) inherits the properties of characteristic functions E,n-(0) = wg (w(0)):
(7) normalisation: F,(0) =1,

(7) unitary : F.(0) = E.(—0) ,

(i) positive definiteness: S 1 ,.,_, Zrzwe MO B (0, — 0),) = 0 for any K > 1 and

weC(k=12...,K),

(iv) regularity: the continuity of the map r — D(r6) implies that the function r — E,.(r0)

is also continuous.

Note that by the Araki-Segal theorem, the properties (i)-(iv) guarantee the existence of
the unique normal state w,s over the CCR algebra .o (7s) such that E,(0) = w,s(w(0)).
Taking into account (a) and (2.16) we conclude that in contrast to the initial state w2 the
limit state w,s is gauge-invariant.

(c) The convergence (2.14) can be extended by linearity to the algebraic span of the set
of Weyl operators {w(a)}aec. Since it is norm-dense in C*-algebra o7 (#5%), the weak™-
convergence of the states w@™ to the limit state w,s follows (see [BR1], [AJP1]). O

Remark 2.4 (a) By Theorem 2.3 (a)-(b), one has pS = p3(7), i.e. the limit state w,s
is invariant under the one-step evolution TY. Comparing (2.7) and (2.16) one finds that
S # ﬂfo(pf) for 0 <t < 7. Instead, the evolution for repeated perturbation yields the
asymptotic periodicity (cyclicity):

JLI{}O(pr(t) (W(0)) — wpsuy(@(#)) =0 for t=(n—1)7 +v(t). (2.17)

4 o —o0,
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(b) Consider the simplest case when density matriz py in (2.5) corresponds to the gauge-
invariant quasi-free Gibbs state for the inverse temperature 3 > 0:

pr= 27" e el 7 — Trjfsle_ﬁgbfbl , (2.18)

and let wy,(-) be any initial normal state of subsystem S. Since

o (@(0)) = exp | - i |6\2(:oth&] | (2.19)

(2.20)

Put N7 (1) := |g°w|*(1 — |¢g72°|*)"" € [0,1) (Remark 1.2). Then for the characteristic
function of the limit state in Theorem 2.3, we get

on010) = exp |2 (1=

U—+U+
O_ — 04

+ A\?(7) coth %)} . (2.21)

If there is no such cavity-atom repeated interaction (i.e., w” =0 and \°(1) =0), then
the open subsystem S is only in contact with reservoir R, and it evolves to a steady state
with characteristic function

E.(0) = exp [———} , 0<os<o0_, (2.22)

which corresponds to the gauge-invariant quasi-free Gibbs state for the inverse temperature
B := E'In(o_/oy). It describes a thermal equilibrium between S and R for the effective
temperature 1/03,o of reservoir R measured in the harmonic cavity S.

If w” # 0, the steady state (2.21) of subsystem S has the characteristic function

E.(0) = exp {—% coth W} : (2.23)

where the inverse temperature 37(7) is defined by equation

coth w = (1= X7(7)) coth 6*§E + A?(7) coth % .

Note that now 57(7) has an intermediate value between (.o and e/ E and satisfies either

(i) Bro < B(T) < Be/E, or (i) B 2 BI(T) = Be/E.

Taking into account Remark 2.4(b), the physical interpretation of (a) is the following.
Since at the moment ¢ = (n — 1)7 a new atom in the state (2.18) comes into cavity S,
which is different to that of the state of the outgoing atom, for the tuned interaction (see
Section 1) the cavity starts to evolve on the interval [0, 7) as in Lemma 2.1 for the Gibbs
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state with temperature 1/57(7) as the initial. Since in the limit n — oo this Gibbs state is
invariant under the one-step evolution 77, the cavity return back at the moment ¢ = nr
to the initial Gibbs state with temperature 1/37(7) and the atom at this moment leaves
the resonator in the same state as the previous atom. This steady cyclic evolution of S
is forced by repeated perturbation due to atoms and it is expressed by the limit (2.17).

As it follows from Remark 2.4(b) the cavity can be either heated (i) or cooled (ii) by
the atomic beam as a function of the value of its temperature 1/3. Note that we control
the temperature $7(7) only at the moments ¢t = n7. Out of these moments the cavity S
performs a cyclic evolution from the Gibbs state with temperature 1/87(7) to itself with
the period of repeated perturbation 7.

Note that if the atomic beam temperature is given by 1/8 = €/(E(.), then by Re-
mark 2.4(b), (i)-(ii) the cavity temperature 1/57(7) at ¢t = nt coincides with equilibrium
temperature [,y for the non-interacting case. Although this temperature varies on the
interval [0, 7).

2.2 Correlations: subsystems S + S»n and Sm + Sn

To study quantum correlations induced by repeated perturbation, we cast the first glance
on the bipartite subsystems S + §,, and S,, + S,,. We consider the initial density matrix
(2.5) satisfying

W (@(0)) = exp | — qcoth %TE] . w,, (@(0)) = exp | — - coth —6]. (2.24)

From (1.20) and (1.37), we have:

Proposition 2.5 For evolved density matriz p(NT) = TF. o p the characteristic function
of the state wyny)(-) s

i W (O) = oI TR W (C))or = exp [ = TG X7(NQ)], (225)

where X(NT) is the (N + 1) x (N + 1) matriz given by

0_+0++1—|—eﬁ6)1 (1—1—650E 1—|—eﬁ€>P]
- 0

xo(Nr) = Uzt |( R

o_—o, 1—ePe
o_+o
it iy

xU? ..U+
1 N .

(2.26)
Remark 2.6 In the theory of quantum correlation and entanglement for quasi-free states
the matriz X°(t) is known as the covariant matriz for Gaussian states, see [Adll], [Ke].
Indeed, differentiating (2.25) with respect to components of ( and ( at { = 0, one can

identify the entries of X7(t) with expectations of monomials generated by the creation and
the annihilation operators involved in (1.28), (1.29).
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Subsystem S + S,. For 1 < n < N the initial state w@, s (-) on the Weyl C*-algebra
oA (I @ H,) ~ A (H) @ o (H,) of this composite subsystem is given by the partial
trace

s, (B(00) ® D)) = wp(@(a0) © Q1@ Blar) @ ) 1)

= k=n+1
2 2
=exp | — |a4| thﬁo—} exp [— |OZ| coth%] .

(2.27)

This is the characteristic function of the product state corresponding to two isolated
systems with different temperatures. Put ((*™ :=*(a0,0,...,0,a1,0,...,0) € CN*! (cf.
(1.27)), where ay occupies the (n + 1)th position. Then we get

W5 1s, (@(a0) ® W(ar)) = waen (W (COM)) . (2.28)

For the components of the vector U7 ... U3¢ %™ we get from Remark 1.2 that

(U7 .. U (O = (2.29)
eiNTe [( O'ZU>N ap + (gUZ )n 1gaw0' 051] ( — 0)
eiNTe[(go'zcr)N kgowoa -I—(g - )n k— 1(g w")2a1], ( < k, )
eNTE (g7 27 )N o w aig + g2 (—7) ], (k=n)
eiNTs (gazU)N—kgawaao (n <k< < N)

Substitution of these expressions into (2.25) and (2.26) allows to calculate off-diagonal
entries of the matrix X°(N7) for ¢ = ({*™, which correspond to the cross-terms involving
ap and o;.

Because of |¢g727] < 1 (Remark 1.2), these non-zero off-diagonal entries will disappear
when N — oo for a fixed n. Hence, in the long-time limit the composite subsystem S +S,,
evolves from the product of two initial equilibrium states (2.27) to another product-state:

4 o_ — 04

+ p2(7) coth % + v7(7) coth %)] :

wss, (W(ao) ® w(ay)) = exp [—M ((1 X)) T ot 4 A(r) coth &)]

o |? o-+o4

(-w =)

X exp |—
O_ — 04

where A\7(7) is the same as in (2.21),

1 — ’gaza‘Q(n—l)

o - o, 0|4 oo 2
p () = [g7w’| ey + 19727 (=7)7

and v7(7) := |g7w’|?|g7 27|V,
On the other hand, the cross-terms will not disappear in the limit N,n — oo, when
N —n is fixed [TZ]. Tt is interesting that in this case the steady state of the subsystem S
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keeps a correlation with subsystem S,, in the long-time limit and the limit reduced density
of the combined subsystem S + §,, is expressed in terms of p,. In fact, for n = N, we
obtain

Aim wgTs, (B(a0) @ D(on))= M wrz (s (V1)) (@(00) ® D(as))

= WTgO(p*®pl)(1/E(a0) ® @(al)) .
This observation and the implication of the following example for subsystem S,, + S,

will be generalised in the next Section 3.

Subsystem S,, + S,. We suppose that 1 < m < n < N. Then the initial state wg s (*)
on o (A, @ ) ~ o () ® o (H;,) of this composed subsystem is given by the partial

trace

m—1
w3m+5n( W) ® w(ag)) —wp®11®wa1 ® 1® 0(az) ® ® 1)
k=0 k=m+1 k=n+1
2 2
= exp _la i' coth g} exp [— —|Oz| coth g} : (2.30)

This is the characteristic function of the product-state corresponding to two isolated

systems with the same temperature.
We define the vector (™™ :=*(0,0,...,0,a1,0,...,0,a,0,...,0) € CN*! where a;
occupies the (m + 1)th position and as occupies the (n 4 1)th position, then

Wi, (@(1) ® W(az)) = wonn (W), (2.31)

Again with help of Remark 1.2, we can calculate the components of U7 ...Ug; ¢ (mn) ag

(Ue ... .U ¢mm)y, = (2.32)
( ZN7'€ <gaza)m 1 U[Oél + (gaza)n—maz] — )
zNTe gaza m— ( ) [al + (g P )n—m a2] < )

(k

(9727) (1
e [g727 (=) o+ (g7w?)? (9727)" " e (
(9727) (

(k

k= )
zNTe gcrza n—k— 1( )2(12 m< k< )
’LNTE gazo(_T) Qs — )
L0 (n<k<N)

The correlation between S, and S,,, i.e. the corresponding off-diagonal elements of
X?(NT) are non-zero when w # 0, and large for small n —m and they decrease to zero
as n — m increase. Note that in contrast to the case S + S, (2.29) the last components
n < k < N in (2.32) as well as the state (2.31) do not depend on N. This reflects the fact
that correlation involving S,, and S,, via subsystem § is switched off after the moment
t =nr. If w =0, then (2.32) implies that X?(N7) is always diagonal and that dynamics
(2.31) keeps S, + S,, uncorrelated.
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3 Time Evolution of Subsystems II

The results of Section 2.2 indicate that the two-component subsystems S+S,, and S,,+S,
of §+ Sy + ...+ Sy_, have important correlations for small n at the moment ¢t = N,
even when N is large. Moreover, these correlations are asymptotically stable as N — oo.

In this section, we consider the corresponding many-component correlations for the
initially uncorrelated product states. To this aim, for any fixed moment ¢ = k7 we split
the total system into two subsystems &, and C,, 5, where

Sn,k: =S+8+S_1+...+ Sk—n+17 (31)
and

Cok=Snv+...+8k+1 +Spn+...+855. (3.2)
Here, n € N is supposed to be fixed and small with respect to large N € N. Then cavity

S and atomic beam &i,...,Sy at the moment ¢t = k7 can be visualised as the line:
Sny -3 Ski1, S, Sk Skenats Skeny -2, ST (3.3)
Note that since the interaction between S and each of Sy, ..., Sy is already ended, and
they may be correlated. Whereas atoms Sk 1, ..., Sy have not yet interacted with S and

hence they are still in uncorrelated initial product state.

From now on, we are going to treat S, ; (3.1) as a configuration of the subsystem (or
the object) denoted by S., at the moment ¢ = k7. In other words, the subsystem S.,
possesses S, Sy, ...,Sk_, as components, i.e. it contains those atoms passed up to the
moment ¢ = k7 the cavity S that are visible in the "window of observation” of the size n
including the subsystem S, see (3.3).

Note that the subsystem S., is an open system: when time passes from t = k7 to
t = (k+ 1)7 the atom Sy, enters into S, and the atom Sy_,, 11 leaves S.,,.

We are interested in analysis of S, since it can be interpreted as a model of subsystem
which is open for exchange of its constituent particles as well as of the energy with
environment.

Below we concentrate on the large-time asymptotic behaviour of the state of S.,,. To
this aim we consider initial product states (2.5) with general density matrices pg, p1 €
¢, (F) for subsystems S,, . Here we fix n and we treat k as a large varying parameter.

To express the state of S.,, at t = k7, we decompose the Hilbert space .7 into a
tensor product of two Hilbert spaces

H=Hs,, R, -

Here s, , is the Hilbert space for the subsystem (3.1) and ¢, , for (3.2):

k k—n N
ffsn,kz%@(;g“%), %n,kz(@%?)@(l%l%). (3.4)
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If p € € (S) is the initial density matrix of the total system S, ; + Cy,, the reduced
density matrix ps_, (k7) of So,, at t = k7 is given by the partial trace

p$~n<k7—> = Tr%n’k (TIgT,O p) = Trjfél (TI',%&CQ (TIST,O p)) ’ (35>

for k > n as in (2.2), where we decompose J2¢, , as

k—n N
He,, =, Q) Ay, Ay =R, A= Q) A
j=1

I=k+1

3.1 Preliminaries

Here we introduce notations and definitions to study evolution of subsystems in somewhat
more general setting than in the previous sections.

In order to avoid the confusion caused by the fact that every .7 coincides with .7
in our case, we treat the Weyl algebra on the subsystem and the corresponding reduced
density matrix of p € €;(J#) in the following way. On the Fock space F2("+1 for
m=20,1,..., N, we define the Weyl operators

W (D)t + (B, Qi

m(() :=ex (z > , 3.6
(€)= exp = (3

where ¢ € C™H, bo, - .., by and 53, ey Ejn are the annihilation and the creation operators

in F®m+1) which are constructed as in (1.3) satisfying the corresponding CCR and

By o7 (Z#®(1)) we denote the C*-algebra generated by the Weyl operators (3.6).
Below, we adopt the abbreviations:

o™ = o (FE) and €M = ¢ (FED) (3.7)

for the Weyl C* algebra on .Z®(™+1) and the algebra of all trace class operators on .#®("+1)
for m =0,1,2,..., respectively. Note that the bilinear form

(o] Vs € x ™ 5 (p, A) — Tr[pA] € C (3.8)
yields the dual pair (™, .o (™). Indeed, the following properties hold:
(i) {p| A = 0 for every A € &7™  implies p = 0;

(ii) {p| A), = 0 for every p € €™  implies A = 0;
(i) [l Aml < llolle, Al
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These properties are a direct consequence of the fact that /™ is weakly dense in
L(F2m+) the dual space of €™, Below we shall use the topology (%™, .o7™) in-
duced by the dual pair (€™, .7 (™)) on €™, We refer to it as the weak*-27™ topology,
see e.g. [Ro], [BR1].

For k < N, we need the (k+ 1) x (k+ 1) matrix Ug(k) whose components are given by

g7 (1) (85027 (1) + Gjew’ (1)) (i = 0)
(U7 ™) = e (1) (Gpou” (7) + 85027 (—7)) (i=0) (3.9)
€m0, (otherwise)

for ¢ =1,2,....k (cf Remark 1.2 Here N in the remark is replaced by k.). Then the
one step evolution T ) on €W is given by

(TP p | Wi = (0| TY® W) )

where

0-7+0'+

7" Wi (¢) = exp | — o —oy)
-~ 04

(¢ ke = U7V U7V ) | WU 90) - (3.10)

p € €™ and ¢ € C*! (see Proposition 1.1).
Now we introduce the “free” one-step evolution 7 : €© — € of density matrix
corresponding to any of subsystems Sy by its dual

T*w(0) = W(e™0). (3.11)
From (3.9) and (3.10), we have

7?ﬂk+nn*(VVk(C)Q@iﬂ(6k+l)"'G§iD(Ck+nJ)

= (17" @ (7)) (W(Q) @ B(Gryr) -+ @ B(Griom)) (3.12)
for | =1,--- ,kand ¢ € C**' (4p1, -+, Gopm € C. By composition, we also have
o(k+m o (k)= *
T ™ =T @ (T (3.13)
and its pre-dual
Toe™ = T @ (T4 (3.14)

Now the calculation of the partial trace over 7, in (3.5) for the initial normal product
state (2.5) is obvious:

2
>

o (N o (k

Jj=0 Jj=0

since 7 does not affect the trace:
Te[T pj] = (Tp; | w(0)) = (p; | T*W(0)) = (p; | w(0)) = Tr[p;].
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To calculate the partial trace with respect to 7, in (3.5), we introduce the imbedding;:

G b
G
G
G ¢
Trt1,m cmtl 5 (= . — '2 = Tm41,mC € cmt? (3.16)
Cm Cm
form =0,1,2,..., N and the partial trace over the second component R,, ,,, 41 : g m+l)

€™ characterised by

(Rinm1010(C0) @W0(C1) @ .. @W(Gn) Y = (p|0(C0) @VRW(G) ® ... @ W(Ein) Y1 (3.17)

for p € €V where 1 = @w(0) is the unit in 7). Therefore, its dual operator R*

m,m-+1
has the expression:
R:‘n,m+1Wm<<) = Wm+1<rm+1,m<) for < S (Cm+1 : (318>
Lemma 3.1 Form e N and (=1,2,...,m,
U;£T+1)Tm+l,m = 7,erl,m[];(m) ) (319>
holds.
Proof : In fact, for the vector ¢ ="((y, (1, ,(m) € C™ one obtains
(U 1) = (Pl ),
(€797 () (=" (o + w7 ()G) (5 =0)
0 (=1
=94 €7C1 2<ji<
e (T)(w(T)Co + 27(=7)C)  (J=L+1)
\eirsgj_l <€+2<j <m+1)
by explicit calculations. This proves the claim (3.19). O

For k € Nand m = 0,1,2,...,k — 1, let the maps ry,, : C™™ — C* and R, :
¢ — €™ be defined by composition of the one-step maps (3.16), (3.17):

Tkom = Tkk—1 9 Tk—1,k—2° - O Tm+1m >

and
Rm,k - Rm,m+1 o Rm+1,m+2 ©...0 Rk—l,k y
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respectively. These definitions together with (3.17) and (3.18) imply that R}, , : &/ (m)
2/®) and

Ry @(Co) @ B(G) @ .. @ B(Gn) = B(¢) ©1® ... @ 1@ D) ® ... @ D(C) - (3.20)

Hence, by (3.17) the map R, j, which is predual to (3.20), acts as the partial trace over
the components with indices 7 = 1,2,...,k — m of the tensor product ®f:0 pj € ¢").
Therefore, the map R, x coincides with the partial trace Tr., in (3.5). Then R, j combined
with (3.15) gives the expression

k

p5n(k7) = R Tl (R) ) for k=n+1. (3.21)
7=0

Obviously, it follows from (3.20) that

mamk (@(C0) @D(C1) @ -+ @B(Gm)) = (R @ I7™)0(Go) @ (D(G1) -+ @ D(Gm)) (3.22)
and its predual identity
Romir = Rop @ IS™ (3.23)

for m, k € N, where I, is the identity operator on L(.%) D €;(F).

The formulae (3.14), (3.19) and (3.23) represent the general aspects of repeated per-
turbation systems in the words of our conclete model. We will use them in the following
fashon in the remaining arguments.

Lemma 3.2 Form,k e N, { =1,2,...,m, the following properties hold:

(i) Rt T = T Ry L (3.24)
(i) RnmirTing ™ = (Bmma 7)o (Risicm 7)) 5 (3.25)
(i) R Ty = (RoaTing) @ (T4)™" . (3.26)

Proof : (i) It is enoough to show that EﬁzlJrk)*R;kn’erka(C) = R;‘merkT;(m)*Wm(C).

However, it is reduced to U, ; iZHk)rerhm = rm+k7ng (m) , which is given by multiple use

of (3.19).
(i) is derived by multiple application of (i) to TIST(ZLHC) — R e tmR)
(ili) is a composition of (3.23) and (3.14). O

Note that the free one-step evolution 7 is nothing but a gauge transformation. In this
sense, it is applied not only to subsystems Si’s but also to S. Since the present model is
made as a gauge invariant theory, the following simple assertions on gauge transformations
hold.

Lemma 3.3 For any m,k € N and ¢ =1,--- ,m, the following properties hold:
(1) (Ti1)®mRm—1,m—l+k - Rm—l,m—l-{—k(Til)@(erk) ) (327>
(i) (Ti1)®(m+1)TEU(m) _ T;(m)(fz—il)@(mﬂ) : (3.28)
(i) T RosTpl) = T "Ro Ty (T )2 R .17 P - (T ) Ry, 17 ™. (3.29)
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Proof : 1t is easy to see that the dual identities of (i) and (ii) hold on the Weyl operators.
For (iii), it is enough to apply the above (ii) and the formula

(T*kH*l)@éRg,u _ (7—71)®£R£717£(7—7k+6>®(£+1) 7

which follows from the above (i), to Lemma 3.2 (ii). O

3.2 Reduced density matrices of finite subsystems

In this subsection, we consider evolution of the subsystem S.,,. Our aim is to study the
large-time asymptotic behaviour of its states, when initial density matrix is given by (2.5).

For the density matrix p; in (2.5), we assume the condition:

[H] D(9) = H<'01 | 5((g°27)"'0))¢ converge for any 6 € C

1=0
and the map R > ¢+ D(tf) € C is continuous.

Here, we do not assume gauge invariance of p;. (c.f. Theorem 2.3)
Under the condition [H], one obtains the following theorem:

Theorem 3.4 There exists a unique density matriz p, on % such that ROJT{I(I)(,O* ®
p1) = T ps holds. And p. also satisfies

. 0> o + oy 97w |?
) (@(6) —exp |~ PLTEs ((_N
( ) wp* (U)( )) eXp 4 o — oy 1— |gJZU|2 (g w )
(2)  RosT (p @ p£%) = Thp, for k> 1;
(3)  For any density matrix py on %, the convergence hm T "R, T 0) (po @ p*) = ps

holds in the weak* -2 topology on €

Remark 3.5 (a) The weak*-a7©) topology on €°) induced by the pair (€, .o/ @) (3.8)
is coarser than the weak*-L(.F) topology, which coincides with the weak and the norm
topologies on the set of normal states [Ro, BR1].

(b) When py is gauge-invariant, the characteristic function in (1) coincides with (2.16) and
the present theorem reduces to Theorem 2.3. Especially, the free evolution Rovle(l)(p* ®
p1) = T p. reduces to the invariance ROJT{T(I)(,O* ® p1) = P«

Proof : By the use of versions of (1.37), (2.10) and (2.11), we get

E(0) = (T "R, T8 (9o @ p* | @(8))o = (po @ pEH T Wi(e ™ 0e))

. - |9|2 o_+oy 1— Ua(lc) Ua(k) ®k —ikeTUU(’f) UU(k)
= exp e —( 107 - k 6Hk+1) {(Po@py" | Wi(e 1 Y €)k+1
O_ — 04
00 +oy 2%k 97w’ |? _ k
_ _ OO e <_—>} 7,9 \kg 3.30
exp[ 1 0,—0+< 1972717") T g {po|w((9727)"0))o  (3.30)
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k
< [Tlor 1@((9727)F 7 g7w"0))o
j=1
Thanks to the assumption [H], limy_,, E) exists and equals to the right-hand side of (1)
in the theorem. We note that limy .. {po|w”((g°27)*0))¢ = 1 because of |g°2°| < 1 and
of the weak continuity of the normal state w,, = (pol - )o-

The right-hand side of (1) satisfies: (i) normalization, (ii) unitarity and (iii) positivity,
and (vi) regularity, since it is a limit of characteristic function Fj(#). Hence from the
Araki-Segal theorem as in Section 2.1, there exists a state w, on the CCR-algebra o7 (%)
such that its characteristic function is given by the right-hand side of (1). Moreover, the
continuity assumption about the function D yields that the state w, is normal by the
Stone-von Neumann uniqueness theorem [BR2]. Hence, there exists a density matrix p.
such that w, = w,,, which conclude (1). Now, (3) is obvious.

Put py = ps in (3.30). Then we get

(T*Ro T8 (p. © p2*) | 0(8) o

o 0"2

:eXp[_$Z+U+ (1_ 1‘;(};%0‘2)]]11/)1 @ ((9727) 9w’ 0))o

= (P« [w(0))o

for k € N.
To prove the uniqueness of p,, let ps be another density matrix satisfying Ro 177 ) (Pa®
p1] = T pa. Combining Lemma 3.3(iii) with Lemma 3.2(iii), we get

T_kRo,kT;?T(,]B) _ (T_IROJTIU(I)) ((T‘lRo,le(l)) % ]1> ((T_IROJT{’(I)) ®H4®(k—1)> :
which yields
_ o(k
T Ro, T\ (0w @ pF*) = pa
Then, pa = p. follows from (3). O

Now we consider the large-time behaviour of the states (3.5) of subsystems S.,,. Let
p1 be a density matrix on .# satisfying the condition [H]. Then we have the following
theorem.

Theorem 3.6 For any density matriz pg on % and n,m € N, m > n, the limit:

(Tfk)®(m+1)Rm m+kT(n(ka)rf)o(Po ®p§<)(m+k)) . Tm(o)(/)* ® p? ) as k — oo

holds in the weak*-a7™ topology on €™ . Here p, is the density matriz on F given in
Theorem 3.4.

22



Proof : From Lemma 3.2 and Lemma 3.3, we obtain

_ m m+k m+k
(T k)®( +1)Rm,m+kT(n(+k—;—7—)Q(p0®p®( - ))

nt,0 nTt,0
o(m — o(k m
= Ty (T *Ros T (oo @ pF9)) © (o))
By Theorem 3.4, one has

= T e (T Ry i T (00@pr ™) = TE (T Roa T )@ (1)) (po@p ™)

lim 7~ kRO kT/wo)(/)O ®p ) Px

k—o0

in the weak*-2/(? topology. Then, we obtain also the weak*-2/ (™) convergence
(T Rox T (po @ pF%)) @ (p5™) — p. ® o™ as k — oo.

By the continuity of 7" one gets the weak*-.o7 (™ convergence

nTO ’

(T—k)®(m+l)Rm m+kT(n(Tk—i)_f)D (po ® p?(m—i—k)) __, polm (p* ® p?m) as k — oo,

nt,0

claimed in the theorem. U
Let us put m = n in the theorem. Then by (3.21), we obtain the limit of the reduced
density matrix ps_, () for the subsystem S.,:

Corollary 3.7 The convergence

lim (7 %) s ((n+k)7) = T2 (pa © p5) (3.31)

k—oo

holds in the weak*-o/™ topology on €™

Since 7 is the free evolution (3.11), the limit (3.31) means that dynamics of subsystem
S 1s the asymptotically-free evolution of the state, which is given by the n-step evolution
of the initial density matrix p, ® p?" of the system S + C,,.

From the continuous time point of view, the subsystem S., shows the asymptotic
behaviour, which is a combination of the free and periodic evolutions, cf Remark 2.4(a).

Remark 3.8 There are three energy parameters E e and n in the Hamiltonian (1.5)
and two corresponding parameters o4 in the dissipative term. However, the subsystems
described above indicate asymptotically free evolution governed by the energy € alone. For
an intuitive understanding of this phenomenon, let us consider an example of evolution
of a coherent state.

Let both density matrices py and py be the pure state corresponding to coherent vector-
state |a) satisfying ala) = a|a), where « € C—{0}. Then, we obtain

0] | i@d + ad)

SRy (3.32)

{po [ @(0))o = (pr|W(0))o = (a|w(0)[a) = exp
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Put p*) = R07le:T(,](€)) (po @ pF). Then the recursion formulra

p"+) = R 17V (0™ @ Tpy),  (k €N) (3.33)
and p® = py. This relation follows from
Ro 1T, k(ff)lT o = Ro, TTYR, k1T G = Ry, T [(Ro,kT;:T(fS)) ®T"/,,

where we have used Lemma 3.2(1), (iii).
As the expectation of the Weyl operator by p*),

® |5 o1
(o | @(6))o = exp | — - A+

(@B + OCB_ke)}
V2

is valid for the sequences { A }x>0, {Br}x>0 C C given by recursions

o_ +O'+

Apa = 1972 P A+ ————(1 = 172" = |g7w" ) + |g7w”|” ,
+

Bk+1 _ eze‘r O'B +e (kJrl)e‘rgawa ’
and Aqg = By = 1. From the second recursion, it is easy to see that

lim e " B, = Y )
k—o0 1-— gUZa
This implies that asymptotic behaviour of By, is described by oscillating factor e
and the constant which depend on the other parameters E,n and o+ as well as € through
g%, 27 and we.
We comment that this recursion can be read as that (k + 1)-th state of S results from
a mized evolution of the k-th state of S and the k-th state of Sy, where subsystem Sy
has evolved k times freely with parameter € corresponding to the atomic enerqy oscillator
spectrum. The example demonstrates how the asymptotic behaviour is imposed by these
oscillations. It also indicates that the asymptotic evolution is analogous to the forced

oscillator, when a beam of atoms plays the roll of an external force.

As an example to Corollary 3.7, we consider the asymptotic form, when the state p;
is coherent.

Let p. be the state given by Theorem 3.4 for p; with characteristic function (3.32).
Then the density matrix in the right-hand side of (3.31) has the characteristic function:

(T (pe @ p5™) W) (3.34)

— e [~ 1€ X20 + (w06 + DI DS G) +a R+ DE Y G))].
o j=1
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where ¢ € C"*,

xo = I=toe (1_m>Ug<n>* LUy (1 (ML
o_—oy o_—oy4 1 —|goz°|?

a|2

~1)R)Ur™ . g

isa (n+1) x (n+ 1) matrix and

Cg — ein‘re g w ’ DZ — ein‘regaz (_T) -9
1 _ gcrzo 1 _ gaza

In order to obtain (3.34), we first note that the function of condition [H] has the form:

D) = e[ - L (w e

This yields
o | 2 o ‘ 2

~ 0] (o- + 04 97w 97w
@) =exp | — = (2 (1 - ) )]
<p |UJ( )>0 eXp 4 \g_ — oy 1 — \g"z"|2 + 1— |g‘72’0‘2

(3.35)

o [ 7 (_ g°wl N goweol ﬂ
Xp |— (& a——=|.

p \/§ 1 — 9o z° 1 — g 2°
Now taking into account (3.35), by duality (1.20), (1.24), by (3.10), we obtain the repre-
sentation

(TT (pe @ pE™) Wi ()

lo_ +0+ _ o(n) o(n) ]
(IR AL

x(p. ® p} "!W Uy™ .. U™,

1 + a(n o(n
1o o (el = 107 .0zl |

:exp[

:exp[

X(paB((U7™ ... UF)0) H (orl@((UT™ - U700
Then the assertion (3.34) follows if one notes that

gUwO'

T g U1 UZ0 + 3 (07 U7 ¢),
j=1

(e

__ _inTe gw U’ZJ(_T> _ga - >
=e€ <1_9020C0+g 1_9020. ;C] )

which is a consequence of a straightforward calculation using (3.9) and of identity 27 (7)27(—7)—
(w7(7))* = 1, see Remark 1.2.
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4 Conclusions

In this paper we addressed to the problem: how interaction with resonator of a beam of
initially independent atoms (product state) might produce correlated /entengled states in
the beam ?

We note in Remark 2.6 that the answer is given by the properties of the matrix X7 (t)
(2.26). This matrix is initially diagonal since it corresponds to uncorrelated at ¢ = 0
tensor product of states (2.24). For k > 0 the off-diagonal elements of X?(kt) encode the
quantum correlations between subsystems of ensemble S+{S;.}2_,. Although there is still
a room for approximating this state by a trace-norm convergent convex sum of product
states (known as the separability), the next level of correlation leads to entanglement
[AdI], [Ke].

A transition between separable and entangled states is explicitly established for the
model of two-mode quasi-free squeezed thermal state for large squeeze parameter [MMS].
This bipartite model is similar to our case (Proposition 2.5), when only two components
of the vector {(;}_, are non-zero.

In the present paper we do not aim to study a subtle problem of the separability-
entanglement transition, but instead we concentrate our attention on correlations for the
multipartite case, see Sections 2 and 3. To elucidate the setup of the problem we first
analysed correlations for the two bipartite cases: S + S,, and S,,, + S,,, see Sections 2.

Then in Section 3, we treated a more general case of the subsystem S.,. For any
moment it constitutes of the cavity S and the closest to it n atoms just after interaction
with the cavity. The atomic constituents in S.,, are exchanging with environment with
the running time ¢t = k7, Section 3. The constituents evolve asymptotically freely with
the energy parameter of the atoms.

In other words, the subsystem S.,, is similar to a ”grand-canonical ensemble”, which
is open for exchange of particles. They are the atoms migrating through S., . Again,
similar to the grand-canonical ensemble the configurations S, of S.,, are visible in a
"window of observation” of the size n, which includes § and n atoms that passed S when
k> n.
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