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Abstract

We study the Rellich inequalities in the framework of equalities. We present equalities
which imply the Rellich inequalities by dropping remainders. This provides a simple and
direct understanding of the Rellich inequalities as well as the nonexistence of nontrivial
extremisers.
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1 Introduction and the main results

In this paper, we prove some equalities which yield the Rellich inequality by dropping remain-
der terms in L?(R") setting for n > 5. Moreover, a characterization is given on H?2-functions
which make vanishing remainders on the basis of simple partial differential equations. Our
presentation based on equalities presumably gives a clear picture of how the Rellich inequality
follows with sharp remainders and implies the nonexistence of nontrivial extremisers.

The Rellich inequality that we study in this paper is the following :
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for all f € H*(R™) with n > 5, where H* = H*(R") is the standard Sobolev space of order s € R
defined as (1 — A)~%/2L%(R") and A = > i1 8]2 is the Laplacian in R™. The inequality (1.1) is
basic in the self-adjointness problem of the Schrodinger operators with singular potentials such
as V(z) = Mx|~2 with A > —% (See [2, 3, 7, 8, 10, 14, 15, 27, 29, 30] and references therein
for related subjects). Moreover, there is a large literature on (1.1) in connection with Hardy
type inequalities [1, 4, 5, 6, 9, 11, 12, 13, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 28, 31].



In an earlier work [24], we studied the Hardy inequality in L? setting by means of the

equalities
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for all f € HY(R") with n > 3, where 9, =

o ]

@) — el ™20 (j)2 7 )l 2m)
n—2 2
n Onf+ ——Ff 1.2
Rn) 2| x| 2@ (1.2)

=-V= Z?Zl %8]- denotes the radial derivative in

The purpose of this paper is to present the corresponding equalities on the Rellich inequality
(1.1) and characterize the equality case in terms of vanishing conditions of remainders. To be

more specific, we prove the following theorem.

Theorem 1.1. Let n > 5. Then the following equalities
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hold for all f € H?(R™). Moreover, there does not exist f € HQ(]R") satisfying
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except f = 0.



Equalities (1.3) imply (1.1) by the following theorem and its corollary. For j with 1 < j <n,

we denote by L; a spherical derivative defined by

n
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Theorem 1.2. Let n > 5. Then the following equalities
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hold for all f € H*(R").
Corollary 1.3. Let n > 5. Then the inequality
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holds for all f € H*(R™). In (1.7), equality holds if and only if f is radial.
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(1.6)

(1.7)

We prove Theorems 1.1 and 1.2 in Sections 2 and 3, respectively. For simplicity, we prove
the theorems for f € C§°(R"™ \ {0};C) since the proofs are completed by a density argument.

The main idea of the proofs is given by the following lemma.

Lemma 1.4. Let H be a vector space with Hermitian scalar product (-|-). Also let a € R, ¢ >0

and u,v € H. Then the following equalities are equivalent.
|u||?> = —cRe(ulv) + a.
Re(ulu + cv) = a.
Hch2 = flu+co|® + fJul?* - 2a.
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Proof. The lemma follows from the equality

lev]]* = llu+ cvl|* + [lull® — 2Re(ulu + cv).



Remark. The lemma was first formulated in [24] for a = 0. In [24], the equalities (1.2) were
derived from

[ U2 e [ g,
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by applying the lemma with H = L*(R"), u = L= o f, and ¢ = -%5.

= Jz|” n—2

2 Proof of Theorem 1.1

We introduce the standard polar coordinates (r,w) = <|x|, é—') € (0,00) x S*! and the

Lebesgue measure o on the unit sphere S"~!. We have by integration by parts
2
[ b,
ozl
/ r" / f(rw)Pdo(w)dr
S§n—1

5
v rw)w - rw)do(w
ibe [Tt [ e Ve w)dr

__ e 3 w - rw)|? rw)(w - V)2 f(rw) ) do(w)dr
—(n_g)(n_4>R/ /S - V) 2+ F o) VP ) ) do(e)d
N @) e

‘<n—3><n—4>< Eked LQ(RJR o o O () ) (2.1)

The first norm on the right hand of the last equality in (2.1) is rewritten as
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Integrating by parts, we have
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By (2.3) and (2.4), we rewrite (2.2) as
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The second integral on the right hand side of the last equality in (2.1) is rewritten as
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It follows from (2.1), (2.5), (2.6) and (2.7) that
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Then (1.3) follows from (2.8) by applying Lemma 1.4 with # = L?(R"), u = % v=0*f+

mla f[ie= ﬁ and a = —cl||z[ "2 +18 (‘xli_zf)Hp(Rn

We now assume that f € H?(R") satisfies (1.4). Then by (1.3), it follows 9,(|z|2 ~2f) = 0,
which is equivalent to the existence of ¢ : S*~' — C such that |z|272f(z) = go(f;—') almost
everywhere. In that case # € L*(R") if and only if ﬁ“@(m”z € L'(R"), where the last

condition if and only if ¢ = 0, which in turn implies f = 0. In the case where f € H?(R")
satisfies (1.5), where the problem is reduced to the case (1.4) just we have argued if we can
prove (1.7). Therefore, the proof of the last part of the theorem will be completed after the
completion of the proof of Corollary 1.3.

3 Proof of Theorem 1.2

We start with the equality

-1 n
Af=f+ "o, f+ > L3,



which is verified by a direct calculation. Then we expand the scalar product as
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From now on we consider the last scalar product. For simplicity, let

g=2F + " Lo r = a0, ("0, f) and hj=L;f.

By integration by parts,

(9|Ljh;) = =(Ljglhy) < "% h)

¢

since ", x;L; = 0. We also notice that L;0, = (Br + ﬁ) L; and that L;(|z[*u) = |z|*L;u
for any A € R to obtain
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By (3.3) and (1.2), the real part of the left hand side of (3.2) is calculated as

This gives
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By (3.1), (3.2) and (3.4), we obtain (1.6).



Proof of Corollary 1.3. The inequality (1.7) follows immediately from (1.6). In (1.7), equality
holds only if Z}L:l L? f =0, which is equivalent to the fact that f is radial since

1 n
o 2. (@dk—wd)’f =) Lif.
1<j<k<n j=1
Conversely, if f is radial, then L;f = 0 for all j and (1.7) is realized as an equality. O
References
[1] ApIMURTHI, N. CHAUDHURI AND M. RAMASWAMY, An improved Hardy-Sobolev inequal-

2]

[11]

[12]

[13]

ity and its application, Proc. Amer. Math. Soc. 130 (2002), 489-505.

ADIMURTHI AND S. SANTRA, Generalized Hardy-Rellich inequalities in critical dimension
and its applications, Commun. Contemp. Math. 11 (2009), 367-394.

D. M. BENNETT, An extension of Rellich’s inequality, Proc. Amer. Math. Soc. 106 (1989),
987-993.

K. BoGgpAN, B. DypDA AND P. KiM, Hardy inequalities and non-explosion results for
semigroups, Potential Anal., 44 (2016), 229-247.

H. BREZIS AND M. MARCUS, Hardy’s inequalities revisited, Ann. Scuola Norm. Sup. Pisa
Cl. Sci. (4) 25 (1997), 217-237.

H. BrEzIS AND J. L. VAZQUEZ, Blow-up solutions of some nonlinear elliptic problems,
Rev. Mat. Univ. Complut. Madrid 10 (1997), 443-469.

P. CALDIROLI, Radial and non radial ground states for a class of dilation invariant fourth
order semilinear elliptic equations on R™, Commun. Pure Appl. Anal. 13 (2014), 811-821.

E. B. Davies AND A. M. HiNz, Ezplicit constants for Rellich inequalities in Ly,(£2), Math.
Z. 227 (1998), 511-523.

J. DOLBEAULT AND B. VOLZONE, Improved Poincaré inequalities, Nonlinear Anal. 75
(2012), 5985-6001.

W. D. Evans AND R. T. LEwIs, On the Rellich inequality with magnetic potentials,
Math. Z. 251 (2005), 267-284.

S. FiLippAas AND A. TERTIKAS, Optimizing improved Hardy inequalities, J. Funct. Anal.
192 (2002), 186—233.

R. FRANK AND R. SEIRINGER, Non-linear ground state representations and sharp Hardy
inequalities, J. Funct. Anal. 255 (2008), 3407-3430.

J. P. GARCIA AZORERO AND I. PERAL ALONSO, Hardy inequalities and some critical
elliptic and parabolic problems, J. Differential Equations 144 (1998), 441-476.



[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

F. Gazzora, H. C. GRUNAU AND E. MITIDIERI, Hardy inequalities with optimal con-
stants and remainder terms, Trans. Amer. Math. Soc. 356 (2004), 2149-2168.

N. GHOUSSOUB AND A. MORADIFAM, Bessel pairs and optimal Hardy and Hardy-Rellich
inequalities, Math. Ann. 349 (2011), 1-57.

N. GHOUSSOUB AND A. MORADIFAM, On the best possible remaining term in the Hardy
inequality, Proc. Natl. Acad. Sci. USA 1305 (2008), 13746-13751.

I. W. HERBST, Spectral theory of the operator (p* +m?)'/? — Ze? /r, Comm. Math. Phys.
53 (1977), 285-294.

N. Ioku AND M. ISHIWATA, A scale invariant form of a critical Hardy inequality, Int.
Math. Res. Notices 2015 (2015), 8830-8846.

N. Ioku, M. IsHIWATA AND T. OzAwA, Sharp remainder of a critical Hardy inequality,
Arch. Math. (Basel) 106 (2016), 65-71.

H. KALF AND J. WALTER, Strongly singular potentials and essential self-adjointness of
singular elliptic operators in C§°(R™\{0}), J. Funct. Anal. 10 (1972), 114-130.

S. MAcHIHARA, T. OzAwA AND H. WADADE, Hardy type inequalities on balls, Tohoku
Math. J. 65 (2013), 321-330.

S. MACHIHARA, T. OzAwA AND H. WADADE, Generalizations of the logarithmic Hardy
inequality in critical Sobolev-Lorentz spaces, J. Inequal. Appl. (2013), 2013:381.

S. MACHIHARA, T. OzAWA AND H. WADADE, Scaling invariant Hardy inequalities of
multiple logarithmic type on the whole space, J. Inequal. Appl. (2015), 2015:281.

S. MACHIHARA, T. OzawA AND H. WADADE, Remarks on the Hardy type inequalities
with remainder terms in the framework of equalities, Adv. Studies Pure Math. (in press)

R. MusiNna, Weighted Sobolev spaces of radially symmetric functions, Ann. Mat. Pura
Appl. (4) 193 (2014), 1629-16509.

T. Ozawa AND H. SASAKI, Inequalities associated with dilations, Commun. Contemp.
Math. 11 (2009), 265-277.

U. W. SCHMINCKE, Fssential selfadjointness of a Schrodinger operator with strongly sin-
gular potential, Math. Z. 124 (1972), 47-50.

F. TAKAHASHI, A simple proof of Hardy’s inequality in a limiting case, Arch. Math. (Basel)
104 (2015), 77-82.

A. TERTIKAS AND N. B. ZOGRAPHOPOULOS, Best constants in the Hardy-Rellich in-
equalities and related improvements, Adv. Math. 209 (2007), 407-459.

D. YAFAEV, Sharp constants in the Hardy-Rellich inequalities, J. Funct. Anal. 168 (1999),
121-144.



[31] J. ZHANG, Eztensions of Hardy inequality, J. Inequal. Appl. (2006), Art. ID 69379.



