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As special classes of random point processes, fermion point processes and boson point processes
have been studied by many authors since [1, 16, 17]. Among them, [8, 6, 9, 7] made a corre-
spondence between boson processes and locally normal states on C*-algebra of operators on
the boson Fock space. A functional integral method is used in [15] to obtain these processes
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from quantum field theories of finite temperatures. On the other hand, [23] formulated both
the fermion and boson processes in a unified way in terms of the Laplace transformation and
generalized them. Let Q(R) be the space of all the locally finite configurations over a Polish
space R and K a locally trace class integral operator on L?(R) with a Radon measure A\ on
R . For any nonnegative function f having bounded support and § = 7. d,;, € Q(R), we
set <&, f >= >, f(z;). Shirai and Takahashi [23] have formulated and studied the random
processes [t x Which have Laplace transformations

Ele-<&] = / Hasc(d€) e8> = Det(I + av/T— e K1 —e 1) (11)
Qo)

for the parameters o € {2/m;m € N} U {—1/m;m € N}.

Here the cases a = £1 correspond to boson/fermion processes, respectively.
In their argument, the generalized Vere-Jones’ formula|29]

1
Det(1 — aJ) Ve = Z ﬁ/ det o(J (zi, ;)7 A¥" (day - - - dazy,) (1.2)

has played an essential role. Here J is a trace class integral operator, for which we need
the condition ||aJ|| < 1 unless —1/a € N, Det( - ) the Fredholm determinant and det, A the

a-determinant defined by
det aA = Z Ozniu(o’) H Aia(i) (13)
0c€SH i

for a matrix A of size n x n, where v(o) is the numbers of cycles in ¢. The formula (1.2) is
Fredholm’s original definition of his functional determinant in the case a = —1.

The purpose of the paper is to construct both the fermion and boson processes from a
view point of elementary quantum mechanics in order to get simple, clear and straightforward
understanding of them in the connection with physics. Let us consider the system of N free
fermions/bosons in a box of finite volume V' in R? and the quantum statistical mechanical state
of the system with a finite temperature. Giving the distribution function of the positions of all
particles in terms of the square of the absolute value of the wave functions, we obtain a point
process of N points in the box. As the thermodynamic limit, N,V — oo and N/V — p, of
these processes of finite points, fermion and boson processes in R? with density p are obtained.
In the argument, we will use the generalized Vere-Jones’ formula in the form:

_1 dz
dtaJ i i N-_)\®Nd coed —% — Det(1 — J*l/a 1.4
N!/ et a(J (i, 25))iy= A7 (da - - day) s o T (1= zaJ) Ve, (1.4)

where r > 0 is arbitrary for —1/a € N, otherwise r should satisfy ||ra.J|| < 1. Here and
hereafter, S,.(() denotes the integration contour defined by the map 6 — (¢ + rexp(if), where
0 ranges from —m to m, r > 0 and ( € C. In the terminology of statistical mechanics, we
start from canonical ensemble and end up with formulae like (1.1) and (1.2) of grand canonical
nature. In this sense, the argument is related to the equivalence of ensembles. The use of (1.4)
makes our approach simple. The thermodynamic limit has been discussed in [11] and [18] in the
contexts of local current algebras for boson and fermion gases respectively at zero temperature.

In our approach, we need neither quantum field theories nor the theory of states on the
operator algebras to derive the boson/fermion processes. It is interesting to apply the method
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to the problems which have not been formulated in statistical mechanics on quantum field
theories yet. Here, we study the system of para-fermions and para-bosons of order 2. Para
statistics was first introduced by Green[10] in the context of quantum field theories. For its
review, see [21]. [19] and [12, 27] formulated it within the framework of quantum mechanics
of finite number of particles. See also [20]. Recently statistical mechanics of para-particles are
formulated in [28, 2, 3]. However, it does not seem to be fully developed so far. We formulate
here point processes as the distributions of positions of para-particles of order 2 with finite
temperature and positive density through the thermodynamic limit. It turns out that the
resulting processes are corresponding to the cases & = +1/2 in [23]. We also try to derive point
processes from ensembles of composite particles at zero temperature and positive density in this
formalism. The resulting processes also have their Laplace transforms expressed by Fredholm
determinants.

This paper is organized as follows. In Section 2, the random point processes of fixed numbers
of fermions as well as bosons are formulated on the base of quantum mechanics in a bounded
box. Then, the theorems on thermodynamic limits are stated. The proofs of the theorems are
presented in Section 3 as applications of a theorem of rather abstract form. In Sections 4 and
5, we consider the systems of para-particles and composite particles, respectively. In Appendix,
we calculate complex integrals needed for the thermodynamic limits.

2 Fermion and boson processes

Consider L?(Az) on Ap = [-L/2,L/2]* C R? with the Lebesgue measure on Ay. Let Ap
be the Laplacian on H; = L?*(Az) satisfying periodic boundary conditions at OA;. We deal
with periodic boundary conditions in this paper, however, all the arguments except that in
section 5 may be applied for other boundary conditions. Hereafter we regard —/A as the
quantum mechanical Hamiltonian of a single free particle. The usual factor h%*/2m is set at
unity. For k € Z%, o\"(z) = L~%2 exp(i2nk - 2/L) is an eigenfunction of Ay, and { @\ }eza
forms an complete orthonormal system [CONS] of Hy. In the following, we use the operator
G = exp(BAL) whose kernel is given by

_Bl2r 2 (L L
Grla,y) = e P 0 (2)5P (y) (2.1)
kezd

for 5 > 0. We put g,(f) = exp(—f|2rk/L|?), the eigenvalue of G, for the eigenfunction cpff).

We also need G = exp(B3A) on L*(RY) and its kernel

2
G(:c,y):/ ﬂe*5|p|2+ip-(a:fy) exp(—|z — y| /46).
Rd

(2m)4 (4m3)4/
Note that Gp(x,y) and G(z,y) are real symmetric and
Gr(x,y) =Y Glx,y+kL). (2.2)
kezd

Let f: RY — [0, 00) be an arbitrary continuous function whose support is compact. In the
course of the thermodynamic limit, f is fixed and we assume that L is so large that A; contains
the support, and regard f as a function on Ay.



2.1 Fermion processes

In this subsection, we construct the fermion process in R as a limit of the process of N points
in A;. Suppose there are N identical particles which obey the Fermi-Dirac statistics in a finite
box Ar. The space of the quantum mechanical states of the system is given by

Hrn ={Anflf €@ ML},

where

1
ANf(‘le'” ,ZEN) = ﬁ Z Sgn(o-)f(xa(l)v"' 7m0(N)) (x17"' , TN € AL)

’ oeSN

is anti-symmetrization in the N indices. Using the CONS {gpgf) beeza of Hp = L*(Ar), we
make the element

Oy (w1, @ Z sg(0) Pk, (To()) * -+ Py (To()) (2.3)
O’GSN
of HY \ for k = (ky,- -+ ,kn) € (Z4)N. Let us introduce the lexicographic order < in Z? and put

(ZYY = {(ky,- -+ hn) € (ZON [ky Z -+ Z ko }, then { @ }ye(zayy forms a CONS of HE
According to the idea of the canonical ensemble in quanturri statistical mechanics, the

probability density distribution of the positions of the N free fermions in the periodic box Ay,
at the inverse temperature [ is given by

pin(@y - ay) = Zpt Y <Hgk >|(I)k (1, an)?
ke(Zd

= Zp' Y Oz, an) (@NGL)R) (21, ) (2.4)

k ZdN
ez

where Zr is the normalization constant. We can define the point process of N points in Ap
from the density (2.4). Le., consider a map AY > (z1, - ,2n) — Zjvzl bz, € Q(RY). Let pj y
be the probability measure on Q(R?) induced by the map from the probability measure on AY
which has the density (2.4). By Ef ~» We denote expectation with respect to the measure /JLEV N
The Laplace transform of the point process is given by

Efnle ] = [ dufn©e e
QRY)

N
B /N exp(— Z f(xj))Pf,N(%, s ,:CN) dry---dry
AN =

Tepg (@) (@VGy)
Trog [67Ga
Tr o, [(©VG 1) An]
Tr gy, [(RNGL)An]
fAJLv det_y Gp(z, ;) day -+ - day
ng det_y Gp(z;,x;) dxy -+ - dzy’
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where G, is defined by 3
GL=G*e G, (2.6)

where e~/ represents the operator of multiplication by the function e~/.

The fifth expression follows from [ Gz/ 2, An| = 0, cyclicity of the trace and
(®NG2/2)(®N6*JC)(®NG1L/2) — ®VG,, and so on. The last expression can be obtained by
calculating the trace on ®@"VHy using its CONS {pg, @ --+ @ iy | k1, -+, ky € Z}, where
det_; is the usual determinant, see eq. (1.3).

Now, let us consider the thermodynamic limit, where the volume of the box A and the
number of points /N in the box A tend to infinity in such a way that the densities tend to a
positive finite value p, i.e.,

L, N —oco, N/L*—p>0. (2.7)

Theorem 2.1 The finite fermion processes { ,uf’ ~ | defined above converge weakly to the fermion
process ,u,f whose Laplace transform is given by

/ e dul'(€) = Det[1 — V1 — e F2.G(1+ 2.6) V1 — ] (28)
QR

in the thermodynamic limit (2.7), where z, is the positive number uniquely determined by

dp 2*67’8|p‘2 -
a / 2m)8 1 + ze APP (2:G(1 + 2.G))(z, 2).

Remark : The existence of ,uf which has the above Laplace transform is a consequence of the
result of [23] we have mentioned in the introduction.

2.2 Boson processes

Suppose there are N identical particles which obey Bose-Einstein statistics in a finite box Aj.
The space of the quantum mechanical states of the system is given by

Moy ={Svflfea M},

where

1
SNf(xh”' 7‘/L‘N>:ﬁ Z f(xc(l)a"'xU(N)> (‘rlu"' 7.TNEAL)

is symmetrization in the N indices. Using the CONS {go,(f) beeze of L?(Ar), we make the
element
Uiz, -+ an) = N0 > ok (@) - Pry (To(n)) (2.9)
N'n O'ESN
of HY y for k = (k1,--- ,kn) € Z%, where n(k) = [[,cpa(t{n € {1,--- N} |k, = [ }!). Let
us introduce the subset (Z4)Y = {(ki, -+ ,kn) € (ZY)N|ky < -+ < kn} of (Z%)N, then
{ Uy the(zayy forms a CONS of HE Ny



As in the fermion’s case, the probability density distribution of the positions of the N free
bosons in the periodic box Ay at the inverse temperature /3 is given by

PEn(an - an) =250 Y (Hgk o, o), (2.10)

ke(zhH)N

where Zp is the normalization constant.
We can define a point process of N points pf y from the density (2.10) as in the previous
section. The Laplace transform of the point process is given by

Tr ®N’HL[(®NGL)SN] B ng dety éL($i7 ZE]‘) dry---dxy

EB —<f£>1 _ _
L’N[e } TI‘®NHL[(®NGL>SN] ng det1 GL(JZi,ZL‘j)dl'l"'dIEN’

(2.11)

where det; denotes permanent, see eq. (1.3). We set

dp e_ﬁ‘p|2
Pe = /Rd (2m)d 1 — eFlpP” (2.12)

which is finite for d > 2. Now, we have

Theorem 2.2 The finite boson processes {,uﬁN} defined above converge weakly to the boson
process ,uf whose Laplace transform is given by

/ e_<f’§>du (€) =Det[l + V1 —e72,G 2.G 1—e /]t (2.13)
Q(R?)

in the thermodynamic limit (2.7) if

—Blpl?
p= / (dp = = (2G(1 = 2.G) ) (z,2) < pe.
R4

271)4 1 — 2z, e~ Flpl?

Remark 1 : For the existence of u7 | we refer to [23].

Remark 2 : In this paper, we only consider the boson processes with low densities : p < p,.
The high density cases p > p. are related to the Bose-Einstein condensation. We need the
detailed knowledge about the spectrum of G, to deal with these cases. It will be reported in
another publication.

3 Thermodynamic limits

3.1 A general framework

It is convenient to consider the problem in a general framework on a Hilbert space H over
C. The proofs of the theorems of section 2 are given in the next subsection. We denote the
operator norm by || - ||, the trace norm by || - ||; and the Hilbert-Schmidt norm by || - ||2.



Let {V}1~0 be a one-parameter family of Hilbert-Schmidt operators on H which satisfies the
conditions
VL>0:||V,||=1, Llim | VL2 = o0

and A a bounded self-adjoint operator on H satisfying 0 < A < 1. Then G, = V'V, G =
VP AV, are self-adjoint trace class operators satisfying

VL>0:0< G <Gp<1, ||GL]|=1 and lim Tr Gy, = co.

We define I_,, = [0,00) for n € N and I, = [0,1/|a|) for a € [-1,1] — {0,—-1,—-1/2,---}.

Then the function
~ Tr[2GL(1 — zaGp)™"]

Tr GL
is well defined on I, for each L > 0 and o € [—1,1] — {0}.

h(2)

Theorem 3.1 Let o € [—1,1]—{0} be arbitrary but fized. Suppose that for every z € 1,,, there

exist a limit h(®)(z) = limy_ h(La)(z) and a trace class operator K, satisfying

Jim [ K — (1= A)P2VL(L = 2V V) TVE(L = A =0, (3.1)

Then, for every p € [0,sup.;. h'®)(2)), there exists a unique solution z = z, € I, of ¥ (z) = p.
Moreover suppose that a sequence Ly < Ly < -+ < Ly < -+ satisfies
lim N/TrGp, = p. (3.2)

N—oo

Then N N
lim ZaeSNa 7V(U)TT®N'H[® GLNU(O')]

= Det[l + z,aK,.]7Y 3.3
N—oo ZO’ESN aN—V(U)Tr ®NH[®NGLNU(U)] [ ] ( )

holds. Here the operator U(o) on @ H is defined by U(0)p1 @ @ PN = @o-11) @ ® Po-1(N)
foro € Sy and 1, ,on € H.

In order to prove the theorem, we prepare several lemmas under the same assumptions of the
theorem.

Lemma 3.2 k% is a strictly increasing continuous function on I, and there exists a unique
2, € I, which satisfies h'®(z,) = p.

Proof :  From h(La),(z) = Tr[Gr(1 — zaG)?]/Tr G, we have 1 < h(La)/(z) < (1= za)™? for
a>0and 1 > h(La)/(z) > (1 —20)72 for a < 0, ie, {h”}i1o0) is equi-continuous on I,.
By Ascoli-Arzela’s theorem, the convergence hga) — h(® is locally uniform and hence h(® is
continuous on I,. It also follows that h(®) is strictly increasing. Together with h(®(0) = 0,
which comes from h(La)(O) = 0, we get that h(*)(z) = p has a unique solution in I,,. O



Lemma 3.3 There exists a constant cg > 0 such that
1GL = Golly = T [VE (1= A)Vi] < o
uniformly in L > 0.

Proof : Since 1— za( is invertible for z € I, and V, is Hilbert-Schmidt, we have

Tr[VE(1 = AV
= Tr[(1—2aG)*(1 = 2aG) V2V — AV (1 — 2aGL) V21 — 2aGp)Y?)
< |1 = 2aGL||Tr [(1 — 2aG L) "Y2VE(1 — AV (1 — 2aG L)~V
= |1 — 2aGL||Tr [(1 — A2V (1 — 2aGL) Vi (1 — A)Y?]
= (1—(an0)z)(Tr K, + o(1)). (3.4)

Here we have used |Tr BiC'Bs| < ||B1||||Bel| ||C|l1 = ||Bi1]] ||Be||Tr C' for bounded operators

By, B and a positive trace class operator C' and Tr WV = Tr VIV for Hilbert-Schmidt operators

W, V. O
Let us denote all the eigenvalues of G, and G, in decreasing order

and

respectively. Then we have
Lemma 3.4 For each j =0,1,2,---, g¢;(L) > g;(L) holds.

Proof: By the min-max principle, we have

g;j(L) = min max WLL;/})
o, b—1€HL pefyo i)t ||Y]]
G
< min max (w’—L;D) = g;(L). O
Yo, Wj—1€HL pe{tho, - i1}t ||@Z’H
Lemma 3.5 For N large enough, the conditions
Tr [ZNGLN<1 - OéZNGLN)_l] =Tr [2NC~:LN(1 - OéZNéLN)_l] =N (35)

determine zy, zZy € I, uniquely. zy and Zyn satisfy

v <2y, |2v—2n|=O(1/N) and lim zy = NlimOOZN = 2,.

— 00



Proof :  From the proof of Lemma 3.2, Hy(z) = Tr [2G, (1 — 2aGr, )] = h(Log(z)Tr G, is
a strictly increasing continuous function on I, and H N(O) = 0. Let us pick 2y € I, such that

2 > 2,. Since h\® is strictly increasing, h(®(z) — h(®)(z,) = € > 0. We have
HN(ZO) Tr G, (@) (20) €
h =1+ = 3.6
N N LN( ) - pA + pA7 ( )

which shows Hy ((sup o) — 0) > Hn(z9) > N for large enough N. Thus zy € [0, 2) C I, is
uniquely determined by Hy(zy) = N.

Put Hy(z) = Tr[2GL, (1 — 2aG 1, )~ ']. Then by Lemma 3.4, Hy is well-defined on I,, and
H ~ < Hy there. Moreover

Hy(2) = Hy(2) = Tr[(1-0azGr,) " 2(Gry = Gry)(1 - azG,) 7]
11 = azGry) (1 = @zGry) |2 Tr [Gry — Gyl

C= = (1— (a 3 0)z)?

NN

holds. Together with (3.6), we have

]:-]N(ZO) S HN(ZO)_CZO > 1—|—i—%
N 7 N 26 N’

hence H ~n(z0) > N, if N is large enough. It is also obvious that Hy is strictly increasing
and continuous on I, and Hy(0) = 0. Thus 2y € [0,2) C I, is uniquely determined by
HN(gN) =N.

The convergence zy — z, is a consequence of h ) J(en) = N/Tr Gy — ,6 = h@(z,), the
strict increasingness of h(e) h(La and the pointwise convergence h( ) h@ We get zy < Zy
from Hy > H ~ and the increasingness of Hy, H N-

Now, let us show |Zy — zx| = O(N 1), which together with 2y — z,, yields Zy — 2,. From

0 = N—N=Hy(zy)— Hy(3n)
= Tr[(1 —aznGry) Y (enGry — EnGry)(1 — ainGry) Y
= 2vTr[(1 — azyGr,) Y (Gr, — éLN)(l — OZENGLN>_1]
—(En — 20)Tr [(1 — aznGry ) PGy (1 — ainGr, ) 7Y,

we get

ZN — 2 L= L = _ _
—NZ NTI‘ [(1 —&ZNGLN)_1/2ZNGLN<1—OéZNGLN) 1(1—&ZNGLN> 1/2]
N

= 2yTr[(1 —aznGry) N (Gry — Gry)(1 — aiyGry) ™.
It follows that

ZN — ZN ZN — 2N
EE Hy(n)
_ Aoy _ _ -1/2z A il V(1 — -1/2
= B Tr[(l CKZNGLN)<1 CKZNGLN) ZNGLN(l OéZNGLN) (1 OéZNGLN) ]
N




ZIN — 2N

< — Hl—CYZNGLNHTI' [(1—OéZNGLN)_l/ngéLN(l—Oé%NéLN)_l(l —OéZNGLN)_l/Q]
= ||1 — OéZNGLNHZNTI" [(1 — O./ZNGLN)_l(GLN — éLN)(l — Of%NéLN)_l]
< an|ll = aan Gy I(1 = aenGry) I T [Gry — Gry] ||(1 — a2nGry) ]
< cpzo(l — (@A 0)z) /(1 — (Vv 0)z)?

for N large enough, because 2y, Zy < 2. Thus, we have obtained Zy — 2y = O(N7!). O
We put

o™ = Tr [2nGpy (1 — azyGr, )Y and W) = Tr [2nGr, (1 — ainGr, )72,
Then we have :

(
Lemma 3.6 (i) v™) ™) — oo, (ii) LR

Proof : (i) follows from the lower bound

U(N) = Tr [ZNGLN(l — O(ZNGLN)_Q]
> TrlenGry(1—azyGry) 1 — azyGry || = N(1+0(1))/(1 — (a A0)z,),
since zy — z.. The same bound is also true for (V).
(ii) Using
o™ = Tr[—2zyGr, (1 — aznGry) P+ o (1 — aznGr, ) 2 — a7l
~N+a 'Tr[(1 — aznGr,) % — 1]

and the same for o), we get

|17(N) — U(N)l = |o'Tr[(1 - oz,ENCNJLN)*2 — (1 — azyGry) 72

< Ja ' T [((1 — ainGry) ™ = (1 — aenGr,) ™) (1 — ainGry,) ™
+|a ' Tr [((1 — azNéLN)_l —(1- ozzNGLN)_l)(l — aZNCNJLN)_IH
o Tr (1 - azNGLN)_l((l — oz,%NéLN)_l -—(1- ozzNéLN)_l)H
Ha T [(1 - aznGry) (1 — aznGry) ™' — (1 — aznGry) Y]

< (1= a2nGry) M 11— @2nGry) ' (By — 28) Gy (1 — aznGry) 'l
+|(1 = a%N@LN)_1|| (1 — azN@LN)_lzN(GLN — éLN)(l —aznGry) I
(1 = aznGry) (1 = aZnGry) ™ By — 2n)Gry (1 — aznGry) '
(1 = aznGry) (1 = aznGry) " an(Gry — Gry ) (1 — aznGry) 'k

< (1= a2nGry) M+ II(1 = aznGry) ')

‘ (ZN;VZN 128G (1 — ainGry) 1 11— azyGry) |
oIl = aznGry) N 1G - Goyll 12 —azNGLN>—1\|) — o).

In the last step, we have used Lemmas 3.3 and 3.5. This, together with (i), implies (ii). O

10



Lemma 3.7

: dn —1)- Y/
lim V2ro®) — " Det[l — — )G (1 — G ! =1
N VAT s1(0) 2minN 1 et[1 —azy( ~ )Gy (1 - aznGry) ] ’
. — d77 - ~ - = _11-1/a
lim V27xo®V) —— L Det[l — —1D)Gp. (1 — G 1 =1
Nooo ¥ Y (0 2minN T ¢ [ aZn(n —1)Gry(1 - aZnGry) } ’

Proof : Put s =1/|a| and
P = lalzng; (L) .
I 1 —azngi(Ly)
Then the first equality is nothing but proposition A.2(i) for @ < 0 and proposition A.2(ii) for
a > 0. The same is true for the second equality. ([l

Proof of Theorem 3.1 : Since the uniqueness of z, has already been shown, it is enough to
prove (3.3). The main apparatus of the proof is Vere-Jones’ formula in the following form: Let
a = —1/n for n € N. Then

Det(1 — —le = Z Z " T g [(R"T)U (0)]

T oeS,

holds for any trace class operator J. For a € [-1,1] — {0,—1,—-1/2,--- /1/n,---}, this holds
under an additional condition ||a.J|| < 1. This has actually been proved in Theorem 2.4 of [23].
We use the formula in the form

1 —v(o dz «a
ﬁ Z OéN ( )TI'®NH[(®NGLN)U(O'>] == \% (0) mDet(l - ZOCGLN) 1/ (37)

’ ogeSN

and in the form in which Gy, is replaced by G Ly Here, recall that zy, zy € I,. We calculate
the right-hand side by the saddle point method.

Using the above integral representation and the property of the products of the Fredholm
determinants followed by the change of integral variables z = zyn, 2 = Zyn, we get

> csn AN OTr g [V G U ()] szN(O) Det(1 — zaGp, )~ Vdz/2mizN*!
Doy AN TVOTr onp[@NGL U (o) § (o Det(1 — 2aGr, ) Vadz /2mizN+1
ZN

Det[l — ZyaGr,] " Det[1 — ZyaGp, |/ 2N
Det[l — zyaGyp,] 1/ Det[l — ZyaGyp,, ]~V Z¥
fsl(o) Det[1 — Zy(n — l)aéLN(l — éNaéLN)—l]—l/adn/%rinNﬂ

X .
fsl(()) Det[l — zn(n — 1)aGr, (1 — 2nvaGyp, )~ Vedn /2minN+1

11



Thus the theorem is proved if the following behaviors in N — oo are valid:

(a) N = exp (— NIV N 4o(1))
Det[l — ZyaGyp,] '/ ZN — 2N
b N = —N 1
( ) Det[l _ ZNaGLN]_l/a eXp( 2N + 0( ))7
Det[l — ZyaGyp, ]~V 1
Det[l 4 z.aK, |\
(C) Det[]. _ zNaGLN]—l/a - € [ T 2 *]
Zn
(

n— 1)0zC~¥LN(1 — éNaéLN)’l]’l/adn/Qm'nN“
n—1)aGr, (1 —zyaGr,)~ " Yedn/2minN+1

In fact, (a) is a consequence of Lemma 3.5. For (b), let us define a function k(z) = log Det[1 —

zaGL] ™V = —a71 37 log(1 — zag;(L)). Then by Taylor’s formula and (3.5), we get
~ g ~ "(= (EN - ZN)2
k(Zy) —k(zn) =K' (2n)(Ey — 28) + K (Z)T
%) 2 _ 2 5
=) — (G- +Z oG a A Ny,
= 1— zNag] = (1 — Zag;)? 2 2N

where Z is a mean value of zy and Zy and |0| = O(1/N) by Lemma 3.5.
From the property of the product and the cyclic nature of the Fredholm determinants, we
have
Det[1 — ZyaGp, ]
Det[l — gNOéGLN]
= Det[l + z.a(1 — A2V, (1 - z*ozGLN)_IVL*N(l — AV
+{Det[1 + Zya(Gry — Gry)(1 — ZvaGry) 7]
—Det[l + z.a(Gry — Gry)(1 — zaGr,) '}

The first term converges to Det[1 + z,a K, | by the assumption (3.1) and the continuity of the
Fredholm determinants with respect to the trace norm. The brace in the above equation tends
to 0, because of the continuity and

1Znva(Gry — Gry) (1 — 2vaGry) ™" — 2.a(Gry — Gy )(1 — z.aGr) 7
< Znv — 2 | ||Gry — Gry|hl|(1 = ZnvaGry) 7|
2o ||Gry — GrylW||(1 = ZyvaGry )™ = (1 — z.aGp, ) Y| — 0,

where we have used Lemmas 3.3 and 3.5. Thus, we get (c). (d) is a consequence of Lemma 3.6
and Lemma 3.7.

3.2 Proofs of the theorems

To prove Theorem 2.1[2.2], it is enough to show that (2.5)[(2.11)] converges to the right-hand
side of (2.8) [(2.13), respectively] for every f € C,(R?)[5]. We regard Hy, = L?(Az) as a closed

12



subspace of L?(R?). Corresponding to the orthogonal decomposition L?(RY) = L*(Ar)®L*(A$%),
we set Vi, = e?21/2@ 0. Let A = e~/ be the multiplication operator on L?(R?), which can be
decomposed as A = e ), ® Xa¢ for large L since supp f is compact. Then

GL=V; V=€’ @0 and Gp= VAV, = P2r/2eTePP0/2 50

can be identified with those in section 2.
We begin with the following fact, where we denote

2T 1 174
o® — —< (-- —} ) f 7¢.
i 7 k + 55 or ke

Lemma 3.8 Let b: [0,00) — [0,00) be a monotone decreasing continuous function such that

| wisliap < .
R4
Define the function by, : R* — [0, 00) by
br(p) = b(|2rk/L|) if pe D;L) for keZ®

Then br,(p) — b(|p|) in L*(R?) as L — oo .

Proof :  There exist positive constants ¢; and ¢y such that by(p) < ¢1b(ca|p|) holds for all
L > 1 and p € R% Indeed, ¢; = b(0)/b(2m+/d/(d +8)), ca = 2/v/d + 8 satisfy the condition,
since inf{ c1b(calp|) |p € O} = b(0) for VL > 1 and sup{ ca|p||p € D DY < orlk| /L for
k € Z¢ —{0}. Obviously c;b(ca|p|) is an integrable function of p € R The lemma follows by
the dominated convergence theorem. 0

Finally we confirm the assumptions of theorem 3.1.

Proposition 3.9

() VYL>0:|Vgll=1,  lim Tx Gp/L = (4n3)~42, (3.8)
(ii) The following convergences hold as L — oo for each z € 1, :

@,y Tr[zGp(1—zaGL)™"] d/2/ dp ze~Plel _ p@
hL (Z> - Tr GL - (477-6) (27T)d 1 — Zae,mmz =h (Z)7 (39>

IV1—e/(GL(1—20G) ™ = G(1 = 2aG) " )V1—e /||y — 0. (3.10)

Proof : By applying the above lemma to b(|p|) = e #P* and b(|p|) = ze PPI* /(1 — zoePleI*),
we have (3.8) and (3.9).
By Griim’s convergence theorem, it is enough to show

V1—e TGl — 20G) "V1—ef = V1 —e G — 20G) V1 —e !

strongly and

Tr (VI — e IGo(1 — 2aGr) VI = e J) :/ (1— @) (Gu(1 - 2aG1) ) (2, 0)de
— (1—e /) (G(1 = 2aG) ) (z,2)dr = Tr [V/1 — e TG(1 — 2aG) /1 — e ]

R4
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for (3.10). These are direct consequences of

12G (1 — zaGL) Hz,y) — 2G(1 — 2aG) (z, )|

_ / P es(p, — )b (p) — e, — 1)b(1p)

(2m)
dp -~ ~ -
2n) (Ib2.(p) = b(IpD)| + ler(p, = — y) — e(p,z = y)|b(|p])) — 0
uniformly in z,y € supp f. Here we have used the above lemma for b(|p|) and we put e(p, z) =
e?* and

er(p;x) =e(2rk/L;x) if pe D,(CL) for ke zZ" O

Thanks to (3.8), we can take a sequence { Ly } yeny which satisfies (3.2). On the relation between
p in Theorems 2.1, 2.2 and p in Theorem 3.1, p = (473)%?p is derived from (2.7). We have the
ranges of p in Theorem 2.2 and Theorem 2.1, since

dp e PP

_ dj2
27T)d 1 — 6_6|p‘2 - (471-5) Pc

sup h®(z) = (4r )2 / N

zely

and sup,c;  hY(2) = oo from (3.9). Thus we get Theorem 2.1 and Theorem 2.2 using
Theorem 3.1.

4 Para-particles

The purpose of this section is to apply the method which we have developed in the preceding
sections to statistical mechanics of gases which consist of identical particles obeying para-
statistics. Here, we restrict our attention to para-fermions and para-bosons of order 2. We will
see that the point processes obtained after the thermodynamic limit are the point processes
corresponding to the cases of & = £1/2 given in [23].

In this section, we use the representation theory of the symmetric group ( cf. e.g. [13, 22,
25]). We say that (A, Ao, -+, A,) € N is a Young frame of length n for the symmetric group
Sy if

DN=N A== >0
j=1

We associate the Young frame (Aq, Ay, -+, \,;) with the diagram of Aj-boxes in the first row,
Ag-boxes in the second row,..., and A,-boxes in the n-th row. A Young tableau on a Young
frame is a bijection from the numbers 1,2,--- | N to the N boxes of the frame.

4.1 Para-bosons of order 2

Let us select one Young tableau, arbitrary but fixed, on each Young frame of length less than
or equal to 2, say the tableau T} on the frame (N —j,j) for j =1,2,--- ,[IN/2] and the tableau
Ty on the frame (N). We denote by R(71j) the row stabilizer of T}, i.e., the subgroup of Sy
consists of those elements that keep all rows of T} invariant, and by C(7}) the column stabilizer
whose elements preserve all columns of 7).

14



Let us introduce the three elements

1 1
a(Tj):#R—WUeRZ@U’ bT5) = gemy 2 B0

O'EC(T]')
and p
Ti
(T =57 D D se(n)or = ca(T)(Ty)
O'ER(T]') TGC(T]')
of the group algebra C[Sy]| for each j = 0,1,---,[N/2], where dr, is the dimension of the

irreducible representation of Sy corresponding to T; and ¢; = dp, #R(1;)#C(T;)/N!. As is
known,

a(T))ob(Ty) = b(TL)oa(Ty) = 0 (4.1)
hold for any 0 € Sy and 0 < j < k < [N/2]. The relations
a(T3) = a(Ty), b(T))* =b(Ty), e(T))e(Ti) = dje(T;) (4.2)
also hold. For later use, let us introduce
d(T;) = e(T3)a(Ty) = ¢;a(Tj)b(T3)a(T;)  (5=0,1,---,[N/2]). (4.3)

They satisfy
d(T;)d(Ty) = 6;,d(T;) for 0<jk<[N/2], (4.4)

as is shown readily from (4.1) and (4.2). The inner product < -,- > of C[Sy] is defined by
<o,1T>=90, for o,71€ Sy

and extended to all elements of C[Sy] by sesqui-linearity.
The left representation L and the right representation R of Sy on C[Sy] are defined by

L(o)g=L(o) > g(r)r= Y g(r)or= > glo"'r)r

TESN TESN TESN

and

R(o)g=R(0) Y g(r)r= ) g(r)ro~" =) g(ro)r,

TESN TGSN TESN

respectively. Here and hereafter we identify g : Sy — C and »___s g(7)7 € C[Sy]. They are
extended to the representation of C[Sy]| on C[Sy] as

L(flg=fg=)_flo)g(r)or = (> flom ")g(7))o

and

R(f)g=gf =) g0 f(r)or™' => (D glo7)f(7))o,

where f = X, f(r)r = £, 177 = £, f(r)7
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The character of the irreducible representation of Sy corresponding to the tableau T} is
obtained by

—

xz,(0) = Y (1 oR((Ty)r) = Y (7,0me(Ty)).

TESN TESN

We introduce a tentative notation

Xo(0) = Y (r,0R(g)7) = Y (r,omy Ng(v) = D g(r o) (4.5)

TESN TYESN TESN

for g =>_g(r)7 € C[Sp].
Let U be the representation of Sy ( and its extension to C[Sy]) on @"H;, defined by

U@)p1 ® - @ ON = Po-1(1) @+ ® Qo-1(n) for o1,--+ 9N € Hr,

or equivalently by

(U(U)f>(x17"' 7IN> = f(%(1)7"' ,%(N)) for f e ®NHL.

Obviously, U is unitary: U(o)* = U(o~ ') = U(o)~'. Hence U(a(T})) is an orthogonal pro-
jection because of U(a(Tj))* = U(@) = U(a(7};)) and (4.2). So are U(b(T}))’s, U(d(T}))’s
and Pyp = ZEZ/DQ] U(d(T;)). Note that RanU(d(T};)) =RanU(e(T})) because of d(Tj)e(1;) =
e(Ty), e(T;)d(T}) = d(T5).

We refer the literatures [19, 12, 27] for quantum mechanics of para-particles. (See also [20].)
The arguments of these literatures indicate that the state space of N para-bosons of order 2 in
the finite box Ay is given by H75 = Pop @ Hy. It is obvious that there is a CONS of H}%

which consists of the vectors of the form U (d(T]))gol(i) ®-® ga,(jv), which are the eigenfunctions
of @V G. Then, we define a point process of N free para-bosons of order 2 as in section 2 and

its generating functional is given by

Tr o, (Y G1) Pog)
Tr gng, [(ONGL) Papl

B [ =

Let us give expressions, which have a clear correspondence with (2.11).

Lemma 4.1

2B [67<f,5>] _ Z%ﬂ ZUESN xr;(0)Tr ®NHL[(®NGL)U(U)] (4.6)
LN = :
S ey X1, (0)Tr vy, [(@VGL)U (o)
ZEZ{)Q} fAiV detTj{CN}'L(xi, Ij)}dl’l tee d[L‘N (4 7)

ZEZ{)Q} ng detTj{GL(xiy [Ej)}dgjl e d!L‘N

Remark 1. H%’?N = Pop @V H;, is determined by the choice of the tableaux T;’s. The spaces
corresponding to different choices of tableaux are different subspaces of ®VH . However, they
are unitarily equivalent and the generating functional given above is not affected by the choice.
In fact, x7,(0) depends only on the frame on which the tableau T; is defined.
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Remark 2. detrA =3 s xr(0) Hfil Aoy in (4.7) is called immanant, another generaliza-
tion of determinant than det,,.

Proof :  Since @V G commutes with U(c) and a(T})e(T};) = e(T}), we have
Tt e, (@Y GL)U(A(T)))) = Trany, (8 GL)U(e(T7)U(a(T})))

= Tr e, (U(a(T)) (@ GL)U(e(T}))) = Tr gy, (9" GL)U(e(T5))). (4.8)
On the other hand, we get from (4.5) that

D X0 Trany, (@VG)U(0) = Y g(r'om)Trgva, (@VG)U(0))

ceSN T,06ESN
= Zg o)Tr gy, (ONG)U(To7™ Zg o) Tr gy, (N G)U(T)U (o) U(77Y))
= NI Z 9(0)Tr gy, (OVG)U(0)) = N'Tr gvgy, (N G)U(g)), (4.9)

where we have used the cyclicity of the trace and the commutativity of U(7) with @ G. Putting
g = e(T}) and using(4.9), the first equation is derived. The second one is obvious. O

Let 17, be the character of the induced representation IndR(T )[ |, where 1 is the represen-
tation R(7;) 2 0 — 1, i.e,

=) <7,0Ra(T}))T >= Xa(r,)(0).

TESN
Then the determinantal form [13]
X1, = wTj _7/}ij1 (]: L--- 7[N/2]) (4'1())
X1o = ,lvbTo

yields the following result:

Theorem 4.2 The finite para-boson processes defined above converge weakly to the point pro-
cess whose Laplace transform is given by

Ef)B [e_<f’5>} = Det[l +V1—ef2,G(1 - 2G)" "1 - e—f] -

in the thermodynamic limit, where z. € (0, 1) is determined by

P dp  z.ePlel® )
2 / 2m)a 1 — z,e PP (2:G(1 = 2.G) ) (@, 2) < pe,

and p. is given by (2.12).
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Proof :  Using (4.10) in the expression in Lemma 4.1 and (4.9) for g = a(Tin/2)), we have

ZUESN wT[N/z] (o)Tr HEN ((®NGL)U(U))
desN wTN/Q]( )Tr HEN (<®NGL)U(U>)
Tt v, (©NG)U (a(Tiny2))
Tr vy, (®NGL)U(a(Tinyz))
Tr givin 2z, (RO AGL)S|nr1y ) Tt givvangy, (ONVAGL)S|ny9)
Tr w2z, ((QWHVAGL)Sinr1y2) Tr givvagy, (QNVAGL) Sinyg)

Eif )

In the last equality, we have used

ZO’GRl g ZTGRZ T
#Rl #RQ ’

where R; is the symmetric group of [(N + 1)/2] numbers which are on the first row of the
tableau Tjn/9 and R, that of [N/2] numbers on the second row. Then, Theorem 2.2 yields the
theorem. ]

a(Tinyz)) =

4.2 Para-fermions of order 2

For a Young tableau T', we denote by 71" the tableau obtained by ex
interchanging the rows and the columns of 7. In another word, 7" is the transpose of 7. The
tableau 77 is on the frame (2,---,2,1,---,1) and satisfies

—— ——

J N-2j

The generating functional of the point process for N para-fermions of order 2 in the finite box
Ay is given by

[N/2] ~
B [e_<f’§>} Z Trgn, ((®NG)U(d(T]{)))
, N
ZEZ{) T g, (@NG)U(A(TY)))
as in the case of para-bosons of order 2. Let us recall the relations
v () = sgn(o)xn (0), pri(o) = sgn(o)i (o),
where we have denoted by

<,0T/ Z<70R )T >

the character of the induced representation IndcéV ()[sgn], where sgn is the representation
J

C(T}) = R(T;) > 0 + sgn(o). Thanks to these relations, we can easily translate the argument
of para-bosons to that of para-fermions and get the following theorem.
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Theorem 4.3 The finite para-fermion processes defined above converge weakly to the point
process whose Laplace transform is given by

EiB [e’<f’5>} = Det[l —V1—ef2.G(1+2G) V1 - e—f}Q

in the thermodynamic limit, where z, € (0,00) is determined by

p dp z.e PP )
2 / (2m)4 1 + z,eBlpl? = (2G(1+ 2.G) ) (2, 2).

5 Gas of composite particles

Most gases are composed of composite particles. In this section, we formulate point processes
which yield the position distributions of constituents of such gases. Each composite particle
is called a “molecule”, and molecules consist of “atoms”. Suppose that there are two kinds
of atoms, say A and B, such that both of them obey Fermi-Dirac or Bose-Einstein statistics
simultaneously, that N atoms of kind A and N atoms of kind B are in the same box Ay and that
one A-atom and one B-atom are bounded to form a molecule by the non-relativistic interaction
described by the Hamiltonian

H,=-A, -0, +U(x—y)

with periodic boundary conditions in L*(A; x Ar). Hence there are totally N such molecules
in Ap. We assume that the interaction between atoms in different molecules can be neglected.
We only consider such systems of zero temperature, where N molecules are in the ground state
and (anti-)symmetrizations of the wave functions of the N atoms of type A and the N atoms
of type B are considered. In order to avoid difficulties due to boundary conditions, we have set
the masses of two atoms A and B equal. We also assume that the potential U is infinitely deep
so that the wave function of the ground state has a compact support. We put

1
Hy = —5Ap =20, +U(r) = a7+ 5",

where R = (x+y)/2, r=x—y. The normalized wave function of the ground state of HéR) is
the constant function L=%2. Let ¢ (r) be that of the ground state of Hg). Then, the ground
state of Hy, is v (z,y) = L™%?pr(x —y). The ground state of the N-particle system in A is,
by taking the (anti-)symmetrizations,

N
\IIL,N(xla"' 7xN;y17... 7Z/N) — Z 1 Z Oé V(O' N l/T H xa(j )
o,7T€ESN j=1
N! a
: N—v(o
= mza ( )H90L<xj_ya(j))7 (5.1)
co o j=1
where Z., is the normalization constant and o = £1. Recall that oV ="(?) = sgn(o) for @ = —1.
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The distribution function of positions of 2N-atoms of the system with zero temperature is
given by the square of magnitude of (5.1)

(6/02 N' v(o
PEN(@L TN YL UN) = Zo > o H‘PL ey = yri) (5:2)

o, TESN

Suppose that we are interested in one kind of atoms, say of type A. We introduce the operator
o, on Hy = L?(Ar) which has the integral kernel ¢y (x — y). Then the Laplace transform of
the distribution of the positions of N A-atoms can be written as

Epyle=/*] = /A2N€ zi 1f($j)p N(@, s aN Y, yn) day - deydyy - dyn

Dpesy OO T anp(@V e or)U(0)]
Yoesy OO T gy (@N o1 0r)U(0)]

In order to take the thermodynamic limit N, L — oo, V/L% — p, we consider a Schrodinger
operator in the whole space. Let ¢ be the normalized wave function of the ground state of
H, = =2/, + U(r) in L?*(R?). Then ¢(r) = @r(r) (vr € Ar) holds for large L by the
assumption on U. The Fourier series expansion of ¢ is given by

2N\ 4/2 s 2rk ei2mkr/L
=3 (T) ()
kezd

where ¢ is the Fourier transform of ¢:

p(p) = /Rd @(T)eip'r(zfﬁ-

By ¢, we denote the integral operator on H = L*(R?) having kernel p(x — y).
Now we have the following theorem on the thermodynamic limit, where the density p > 0
is arbitrary for o = —1, p € (0, p¢) for @ =1 and

p :/ dp [6(p)?

‘ (2m)? @ (0)* — lo(p)|?
Theorem 5.1 The finite point processes defined above for a = =£1 converge weakly to the
process whose Laplace transform is given by

ES*[e"</47] = Det[1 + z.av1 — e To(|lol[7: — zap ) ' V1 —e /)™ L

in the thermodynamic limit (2.7), where the parameter z. is the positive constant uniquely
determined by

_ dp Z*W(p)’z — (s 2 VoY (g
_/(27T)d|g5(0)|2—z*04‘¢<p)|2 = (2:0(||l|71 — 2ep™0) " ") (7, ).
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Proof : The eigenvalues of the integral operator ¢y, is {(27)%2¢(27k/L)}veza. Since ¢ is the
ground state of the Schrodinger operator, we can assume ¢ > 0. Hence the largest eigenvalue
is (2m)¥25(0) = ||¢||11. We also have

. 2N\ . 27k |2
L= llelfaen = [ 0P = loclaa, = X (5) 6 () (5.3
R kezZd
Set VI = vr/|l¢l|rr so thet
Vel =1, [[Vall3 = L/ llell7.
Then Theorem 3.1 applies as follows:
For z € I, let us define functions d,d; on R? by
50V (2
<|p\Pp
PR T
|6(0)]* = zal&(p)|
and
dy(p) = d(2rk/L) it peO for kezd (5.4)
Then p
p _ r17-—d * —1y/*
/Rld WdL(p) =1L HZVL(l — ZO(VLVL) VLHl

and the following lemma holds:

Lemma 5.2
Llim ||dp — d||pr = 0.

Proof : Put
o (p) = p2nk/L) it peOy for kezd

and note that compactness of supp ¢ implies ¢ € L'(R?) and uniform continuity of ¢. Then
we have || [@|* — |¢]?||r — 0 and ||d;, — d||z= — 0. On the other hand, we get || |@|*||zr =
|| |4|%||zr from (5.3). Tt is obvious that

2 |16 ” — 18P
(1= 2(aVv0))? |p(0)[2

el = lldller | <

Hence the lemma is derived by using the following fact twice:
If f, f1, f2, - - € LY(R?Y) satisfy

o = fllzee = 0 and [ fu[[r — [[ f[]L1,

then || f, — f||z: — 0 holds.
In fact, using

w(z)|de = x)| dx )| — |fn(x)]) dx M — It
/M>R|f<>| A>R|f<>| +/ UF @) = ful@)) dz+ 1| fullss — 11 £

lz|<R
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we have

[1fn = Sl </ Ifn(x)—f(x)ldfﬁ+/ (fn(@)] + | (2)]) da

2SR o[> R
A 2 " B d 2 d n 1= 1.
<2f U@ s@lder2 [ @l 1L

For any € > 0, we can choose R large enough to make the second term of the right hand side
smaller than e. For this choice of R, we set n so large that the first term and the remainder
are smaller than € and then ||f, — f||z1 < 3e. O

( Continuation of the proof of Theorem 5.1 ) Using this lemma, we can show

N Tr [2VL(1 — 20V V)71V . z|@(p)|?
h(z) = L L 0 2/ d = h(®)
o ViV, = ROF e apr

V1= e [VE(L = 2aViVe) 7'V = olllellf — zav™e) o] VI — e fl[1 = 0,
as in the proof of (3.9) and (3.10). We have the conversion p = ||¢|3,p and hence p& =
sup,c;, KV (2)/|]¢]|2:. Hence the proof is completed by Theorem 3.1. O
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A Complex integrals

Lemma A.1 (i) For0<p <1 and —7 <0 <,

. 2p(1 — p)h?
1+ p(e” - D] < exp (- 2220
s
holds. For 0 <p <1 and —7/3 <0 < 7/3,
: o p=p) o _ Ap(1 = p)|O)°
log (1 + p(e®? — 1)) — ipf + 0“| <
| log (1 + p( ) —ip 5 | 575

holds.
(ii) Forp 2 0 and —7 < 0 < 7, the following inequalities hold.

- 2p(1+p) ¢
1—p(e? —1)| > (——)
[1—p(e” =1)] > exp ()

p(1+p) p(1 +p)(1+2p)[0)°
2

0| <
6

|log (1 —p(e” — 1)) +ipf —
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Proof: (i) The first inequality follows from

11+ p(e” —1)> =1—2p(1 — p)(1 — cosh) (A1)
< exp(—2p(1 = p)(1 — cos0)) < exp(—4p(1 — p)6?/7?),
where 1 — cosf > 20%/7* for § € [—m, 7] is used in the second inequality.
Put f(0) = log(1 + p(e® — 1)), then we have f(0) =0,
i(1-p)

Y ) =i
[ —k f(0) =ip,

F10) =

— p)eif
o) =~ ) = s p

and . " "
£ () = _ip(1 —p)e(1 —pg—pe )
(I —p+pe?)
By (A.1) and 0 € [-m/3,7/3], we have |1 + p(e? — 1)]> > 1 — p(1 — p) > 3/4. Hence,
1£®(0)] < 8p(1 — p)/3v/3 holds. Taylor’s theorem yields the second inequality.

(ii) The first inequality follows from

11 —p(e? — 1) =1+ 2p(1 + p)(1 — cosb)

2p(1 4 p)(1 — cosh) 4p(1 +p) 62
>eXp< 1+ 4p(1+p) )2 <1+4p(1+p)ﬁ>'

Here we have used 1+ z > */(+9) for x € [0, a] in the first inequality, which is derived from
log(1+ ) = [ dt/(1+1) > 2/(1+a).
Put f(0) =log(1 — p(e®® —1)). Then we have f(0) = 0,

i(1+p)

fl0) = i- Thp— pe’ f(0) = —ip,
i0
PO = A O =)
and , .
£9(6) = ip(1+ p)e(1 +p+pel9).
(+p—pey
Hence, we have | f®)(0)] < p(1 + p)(1 + 2p). Thus we get the second inequality. O

Proposition A.2 Let s > 0 and a collection of numbers {pg-N) }in satisfy

N N N N N
p =V = =2 sz 00 Y sl =N
7=0

(i) Moreover, if p(()N) <1 and

o) = Zspg-N)(l —pg.N)) — 00 (N — 00),
=0
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then

= 1
lim Vo™ ¢TI+ 5N - 1) = ——

N+1 J
N—oo S1(0) 2minNt ;

o V2T
holds.
(i) If {pS"'} is bounded, then

lim V) il . —

N—o0 si0) 2N (1= p (- 1)) V2

holds, where

w™) = Zsp] 1+pj )).

Proof: (i) Set n = exp(iz/Vv™). Then the integral is written as [*°_hy(z) dz /2w, where

hN($) _ X[_w T U(N)](I)e_iNr/VU(N) H 1+p(N)( iz/VoN) 1)}5
j=0

By Lemma A.1(i), we have

8

|hN(I)| < H 6_2873;1\])(1_[);1\7))132/71'27)(]\]) _ 6_2‘,22/”2 c LI(R)
7=0

If N is so large that |x/vVv)| < /3, we also get

Nz |
I () = X(pv/a mvarn (@ )exp[ \/v(—+szlog (14 ™ (e — 1))}

= — Nz Z pVx pm(l - p(N))x2 (N)
Y S ) 7 7
X Vo®) ”(N)](x) *xp [ ! v(V) ’ =0 (Z vV) 20(V) +9; )]

2
xr g2
= Xrvo®™ r U<N>]($)6XP(_7+5(N)) — e

N—oo

where

4s 1— (N)y:3 4|23
S
= 9BV 9v/30™

The dominated convergence theorem yields

& dx ®dr - 1
h S E
/oo N( )27r Njgo/oo 27T6 N

(i) Note that w™) — 0o as N — co. Set 5 = exp(iz/Vw™). Then the integral is written as
J°5 kn(x) dx /2w, where

e—iNa:/Vw(N)
k() = X[V ®™ 7/ (N)}(x) N :
I = e 1)
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By Lemma A.1(ii) and the boundedness of {p(()N)}, we have, with some positive constant c,

25p (1 4+ p) a2
[ (@ HeXp ( - (N () - (1\2) 2I(N)) < e L'(R)
L+4py "(1+py )™ W

,m/\/W 1))}

kn(T) = X _ova® /o) (@ )eXp[

0 N N N
Pz p§ (14 )22

- Z \/w— 2w™) J >]

= X[fm/wwxm/w(m]( )exp[

“’%

%+5(N)) — 2

= X[fﬂ*m,ﬂv 'w(N)](x) exp ( a N—oo

Y

where

00 oo (N) (N) (N)
(1+ 1+2 x 142
5] = |3 560 < Zp )+ 208) | < 1+ 2 )|x3|'
- =0 \/w(N) 6vwV)
The result is obtained by the dominated convergence theorem. 0
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