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ABSTRACT

The authors present the detailed theory and the new results associated with
the triple quantum (TQ) nutation and the line narrowing effect of the TQ
resonance in the two-level NMR system which we reported previously. The TQ
resonance is induced in the spin-locked system by the oscillating field produced
by the sinusoidal phase modulation (PM) of the RF field. The theory predicts
that the TQ nutation is accompanied by several higher frequency oscillations,
and we detected them experimentally by improving the detection system.
These higher frequency oscillations are due to the fluctuation of the angle
between the transverse or effective field causing the TQ nutation and the RF
field. We obtain the result that the modulation index 2¢_ of the PM is the key
parameter that essentially controls the conditions of the TQ resonance and the
narrowing effect. Under the exact TQ resonance, the ratio of the TQ resonance
frequency to the Larmor frequency of the RF field depends only on ¢, , and the
secular part of the magnetic dipole Hamiltonian of a like spin system in the
triply rotating frame disappears at a particular value of ¢_. The condition is

different from that of the well-known magic angle condition.

Key Words: multiple quantum NMR; line narrowing; double resonance; magic

angle nutation; !9F resonance in Teflon.



1. INTRODUCTION

The development of line narrowing method is one of the subjects of study
which have been attracting large interest in solid NMR. So far, various artificial
line narrowing phenomena have been reported, such as magic angle nutation (1),
magic angle spinning (2), and the phenomena produced by multiple pulse
methods (3).

Recently, we found another type of line narrowing that is produced by a
triple quantum (TQ) resonance in a two-level NMR system (4). The TQ
resonance is caused by the cooperation of the rotating and the counter-rotating
components of the oscillating field as illustrated in Fig.1. The TQ resonance
induced by the oscillating field at a particular frequency and a particular
intensity produces a TQ transient nutation of an extraordinary long decay time.
The theory that we have developed to explain the narrowing effect shows that
the long decay time is explained by the disappearance of the secular part and
the very small nonsecular parts of the magnetic dipole Hamiltonian. (4) This
type of narrowing is not a straightforward TQ analog of the usual magic angle
narrowing (1).

The theory also shows that the TQ nutation signal is accompanied by some
higher frequency oscillations. However, the higher frequency oscillations were
not observed in a previous work,(4) and also, no observation of such higher
frequency oscillations has so far been reported, to our knowledge. The present
paper is the first and detailed report on the theoretical and the experimental
investigations of the higher frequency oscillations. We succeed in the

observation of the higher frequency oscillations by improving the detection



system.

The situation that we consider is the TQ resonance of a like nuclear spin
1/2 system which is spin-locked (5,6) by an RF field at exact resonance. The
TQ resonance is caused in the rotating frame by the oscillating field induced
perpendicular to the RF field by the sinusoidal modulation of the RF phase.
Under the usual experimental condition, the frequency of the oscillating field is
in the range of low frequency (LF), and therefore, we refer to the oscillating field
as an LF field. Since the intensity of the LF field is not so small compared with
that of the RF field, the rotating wave approximation is invalid for the LF field; in
other words, the counter-rotating component of the LF field becomes effective.

We developed the theory of the TQ resonance with transformations of the
density matrix equation of motion to a multiple-rotating frame, which enables
us to pictorially understand the spin behaviors in the presence of the LF field.
The higher frequency oscillations are interpreted as a result of the fluctuation of
the angle between the transverse or effective field causing the TQ nutation and
the RF field. Although many theories on the multiple quantum resonance in
the two-level system have so far been developed using various approaches, (7-9)
there are few theoretical developments with several successive transformations
to rotating reference frames, to our knowledge. Boscaino et al. used such a
kind of transformation method to explain double quantum nutation phenomena
(10). However, our theory is not an extension of theirs because the mechanism
of the TQ resonance is different from that of the double quantum resonance,
which requires an oscillating field parallel to the predominant static field.

In Sec.2, we explain the theoretical approach of the TQ resonance in detail.

We obtain the result that the modulation index of the phase modulation (PM) of



the RF field is the key parameter that essentially controls the TQ resonance
condition and the narrowing condition. In Sec.3, the experimental method for
the verification of the theoretical approach is described. We use two kinds of
methods of settling down of the RF phase after the PM; the one, which is an
improved method, is used to verify the present theory, and the other for
measuring the decay time of the TQ nutation. The experiments were carried
out on 9F nuclei in Teflon. Finally, we present the experimental verifications
with some discussions and some comments on the contribution of the magnetic

dipole interaction to the TQ nutation decay in Sec.4.
2. BASIC THEORY OF THE TQ RESONANCE
We assume that the spin system [ (= Z I;) is spin-locked by the RF field
2(e, [ y)cos(wyt — 2¢,, sin f) applied perpendicular to the static magnetic field

@, [ v, where y is the gyromagnetic ratio of the nuclei and f=w,t+¢. The

total Hamiltonian in the laboratory frame is
Ho(t) = —opl, — 2an1, cos(wgt — 2¢,, sin )+ H d(o) , (1]
with

1
HO = = XDkl ez ~ 1Tk 2]

where Dj is a geometrical factor of a well-known form. (11) We neglect the



counter-rotating component of the RF field and the nonsecular part of the
magnetic dipolar Hamiltonian as usual under the condition that the static field
wo/ v is much larger than 2w,/ v and the local field. To make the normal
rotating component of the RF field time-independent, we transform the
Hamiltonian #o(f) to that in the phase-modulated rotating frame using the

unitary operator

Up = exp{~i(wgt ~ 2pm sin )L}, 3]
and obtain
Ha(t) =~ 1, — 2pmanl, cos f+H {1, 4]
where
HW =U, 41 Mo, n=12. [5]

The PM produces the LF field of the intensity 2¢ o, /7y at o2 perpendicular to
the static field w1/ v in this rotating frame. Next, we tilt the rotating frame

using the operator Uj = exp(i%[ y), and obtain the Hamiltonian in the tilted
and phase-modulated rotating frame as

Ho(t) = —anl, + 2pmapl cos f+H ). 6]

We refer to the tilted and phase-modulated rotating frame as an original rotating



frame. The spin-locked magnetization is along the z-axis in the original
rotating frame.

Starting from the Hamiltonian #f»(f), we perform the following series of
unitary transformations of the total Hamiltonians. The first transformation is
made using U, =exp(ifl,) in order to take into account the counter-rotating

component of the LF field. The obtained Hamiltonian is
H3(t) = —(@ + @)1, + ooy + (/’ma)ZeZiﬂIZ Ixe_2iﬂlz +H d(3) ) [7]

which is the Hamiltonian in the first rotating frame with respect to the original
rotating frame. The first rotating frame rotates at — wo, namely at @, in the
reverse sense to the nuclear precession around the spin-locking field @, /y, in
which the effective field w./y at an angle 60 to the field @, /y exists together

with the transverse field of the intensity @@y /y rotating at 2w, , where

e = (@1 + @)% + (Pm@2)?, 8]
and
tang = L% [9]
o, + 0,

We tilt the first rotating frame using Usj = exp(—i6I y) , and obtain
Hy4(t) = —wel, + prwy cos O cos 25 — gl sin2f3

— P sindl, cos2f+H Y. [10]



If 20, = w,, the oscillating transverse fields (in the second and the third terms)
cause a resonance in the first rotating frame, which corresponds to the single
quantum (SQ) resonance (I12) with the Bloch-Siegert shift.(13) However, the
angular frequency 2w, is sufficiently small compared with ®. in this case.

We continue the transformation with the operator Uy = exp(-2ifl,),
which transforms J4(f) to that in the second rotating frame rotating at 2w, in
the same sense to the nuclear precession around the effective field e/ y. The

transformed Hamiltonian is

Hs(t) = —(@e — 2w9)1, + %goma)z (1+cosO)I, — %gpma)z (L cos O)e 4Lz APl

— m@9 sinbl, cos 2 + Hd(s), [11]

which indicates that, in the second rotating frame, there exists the second
effective field @, /7 at an angle a to the effective field we/ y accompanied by
the rotating and the oscillating fields, where a)e and « are respectively given

by

*

0p = |(0e 200 + [L gL+ cos O, [12]

and

tan g 3 00,1+ cos 6)

[13]
0, — 2w,



The Hamiltonian J¢5(f) is furthermore transformed by the operator

Us = exp(-ialy) to

Hg(t) = —a);IZ — 231, cos 2 — ¢y sinfcosal , cos2f
+ %¢ma)2 (1-cosf)sinal, cos4pf — %(pma)z (1 - cos)cos ae 4Pz Ixe‘uﬁlz

—%goma)z(l—cosﬁ)(l—cosa)ly sin4df + Hd(6), [14]
where
@3 :%goma)zsinﬁsina. [15]

Now, we make some approximations as follows under the condition that
the angles 6 and a are small. Since the static term - a);I , is regarded as an
unperturbed Hamiltonian in this reference frame, the third and the fourth terms
showing the interactions of the spin system with the oscillating fields along the
static field a); /7 can be neglected. The fifth and the sixth terms indicate the
interactions with the field that rotates inversely with respect to the nuclear
precession around the second effective field o, /7 and with a very weak
oscillating field, respectively. Therefore, these time-dependent terms are
negligible even if 4w, = a); , Thus, the most probable resonance is produced
by the second term when 2w, = «, .

We mainly consider the case

2w, = o, . [16]

We may call the resonance a TQ resonance because w » satisfying Eq.[16]



becomes 1@, atthe limit of ¢ =0. Hereafter, w» satisfying Eq.[16] is
denoted by w20. The explicit expression of w20 is complicated. The ratio
@, | @,, is obtained approximately from Eq.[16], using a mathematical

computer program “maple 77, as

The second and the third terms in Eq.[17] present the shift of wg from w./3
(corresponds to A /3 in Fig.1). Equation [17] is consistent with theoretical
results derived by Ahmad and Bullough (8) and Swain (9).

The effects of the TQ resonance are described with the following static
Hamiltonian in the third reference frame rotating at 2w,, around the second

effective field w, /7,

H, =-wol +H,", [18]

which is obtained by transforming with Ug = exp(-2ifl,), where H:m is the
time-independent part of H d(7) . We neglect the counter rotating component of
the resonant oscillating field in the second term in Eq.[14] and the oscillating
terms of Hdm. The third rotating frame rotates triply with respect to the
original rotating frame as illustrated in Fig.2. We here consider the angles
Ex, Eyand &, that the x-, the y- and the z-axes of the triply rotating frame

make with the field w1/ v, where the x- and the z-axes are taken along the

transverse field @,/y and the second effective field a)e /v , respectively.

-10 -



(These axes are denoted by x3, yz and zz in Fig.2). The field »./ vy is parallel to
the z-axis of the original rotating frame (denoted by zi). Since the angle & .is
not so different from = /2 for the small values of 6§ and «, the nutation of the
magnetization initially along the field »./ v can be sufficiently caused around
the transverse field @,/v (the TQ nutation) and observed through the oscillation
of the component M, of the magnetization along the field i/ y in the original
rotating frame, if the field @,/ y is large enough compared with the local field
due to H:m .

However, the time development of M, (f) includes higher frequency
oscillations because the angles & /s (r=x,y,2z) depend on time as seen from Fig.2.
The angle & ,fluctuates at the frequency 2 w20 owing to the rotation of the
second effective field a)e /7 , where the rotation of the first effective field we/ v
does not affect on the fluctuation of & , because it rotates at the constant angle
0 around the z;-axis. Therefore, the angle ¢ . fluctuates by virtue of the
fluctuation of & , and the rotation of the field ®,/y at2w20 around @, /7, and
as aresult, M, (f) oscillating at 3 fluctuates with frequencies 2 w20 and 4 w 20.

The time development of M, (f) is calculated with

M, (t) = TriL V(e e T v o)pov o) e vy, [19]

where V(t) = U6U5U4U3U2 , and

p(0) =1+ I,M,(0)/ Tr(I2), 20]

which is the initial density matrix of the spin system in the original rotating

-11-



frame under the high temperature approximation. In the calculation of M, (f),
we replace Hzm by its secular part H dT as usual, which is the static part of

e_ia)?’IXtH;meiwﬂxt . Although the explicit expression of M, (¢) is complicated,

we can express it in a compact form as

M, (t) = M ,(0)cos & (0)cos & (t)
+ M, (0))sin &, (0)['(£)[cos &, (t)cos(wst + w) + cos & (t)sin(wst + )],  [21]

using the relation,
V(t)IZV(t)_1 = cos gy (t)x +cos &y (t)Iy +cosé,(t),, [22]

where,

r(e) = Trie Md r,eMdr,y 1r(2),
tany = cos &y (0)/cos &,(0).

[23]

The validity of Eq.[22] is understood by noting that I,’s (r=x,y,2) in the right-
hand side of Eq.[22] are the spin operators in the triply rotating frame, whereas
L, between the operators Vand V! in the left-hand side is in the original rotating
frame.

The first term in Eq.[21] shows the behavior of the component of the
magnetization M, (0)cos &, (0) along the transverse field @, /7 (the TQ
spin-locked magnetization) and the second one that of the component

perpendicular tow, / ¥ [MZ(O)|sin Ex (0)|]. The values of cos¢ (0)’s (=x,y,2)
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obtained from Eq.[22] depend on 0, o and ¢. The angles 6 and o depend
on ¢, and w1/ w20 as seen from Egs. [9] and [13], and the resonance condition
[16] presents the relation between ¢, and w1/ w20 (see Eq.[17]). Therefore,
the angles 0 and o atthe exact resonance depend only on ¢, , and the
values of cos & (0)’s are determined only by ¢, and ¢. Rearranging the right-
hand side of Eq.[21] with the explicit expressions of cos & (f)’s, we can see that
the time development of M, (f) consists of seven simple harmonic oscillations
and a static term. An example of the theoretical time development of M, () is
shown in Figs.3, which is obtained at ¢ =0. The leftmost line of the Fourier
spectrum in the lower figure corresponds to the TQ nutation and the other ones
the higher frequency oscillations. The oscillations corresponding to the
leftmost line (at o 3) and four weak lines (at 2 w 20 w3 and 4 w 20+ w 3) come from
the second term of Eq.[21], and therefore, decay according to I'(f). On the
other hands, the oscillations corresponding to the strong lines at 2 w 20 and 4 w 20
originate in the first term of Eq.[21], which do not show the decay due to I'({).
Although the oscillation signal in Figs.3 is at the exact resonance, M, (¢ includes
a small static magnitude due to the static term in the first term of Eq.[21].

We next comment on the dipole Hamiltonian H:m. The calculation of

H:m with the well known tensor operators Ta4 (g=-2~2) (3) leads to the result

—(7
H ") = 3 Dl ABI jpIks — 1Ti) + BU jelicx — LiylTky) + CUjuiez + L izlix)],  [24]

with
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A= —3—12(1+ 3cos 20)(L+ 3cos 2a) + %(sinZ& + 2sin#)sin 2a,
B = —i(l —cos 20)(1 - cos a)2 - i(sinZé’ —2sin#)(sin2a - 2sina),
32 32 25

C= +%(1— cos 20)sin 2a - %(1+ cos 9)2(Sin2a —2sina)

- gsin 26(cos 2 — cos a).

The secular part H dT of H:m and the nonsecular part H di = Hzm -H dT are
given by

Hy =1(B - AT DBl jlie - IIk),  [26]
and

HdI = ZDJk[_%(?’A + B)(ijIky - I]zIkZ) + C(IJkaz + I_]zIkx)] [27]

The coefficient (B-A)/2 is equivalent to K in a previous work.(4) The coefficients
A, B and C are also determined only by ¢, under the condition of the exact
resonance. Atg,, =1.16322 rad, A = B, namely the secular part vanishes, where
¢m atwhich A= Bis denoted byg,_,. The value of Bis almost O in the range of
¢, =0to 1.5rad. Therefore, at ¢, ,, the value of |3A+B| /2 is also nearly equal

to O (= 2.44><10_3) and the nutation decay is essentially due only to the second

term of Hdi with the coefficient | C|=0.23079.

3. EXPERIMENTAL METHOD
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The experiment was performed with the RF field at the frequency wo/2m =
27 MHz on '9F nuclei in Teflon at room temperature, using home-made NMR
equipment. After the nuclear magnetization was aligned along the RF field by a
standard spin-locking procedure (6), we applied the PM to the RF field using an
LF oscillator (HP 33120A) with a function of burst modulation as illustrated in
Fig.4. The LF signal generated by the LF oscillator was fed to the phase
modulator of the RF oscillator (ANRITSU MG443B) through the gated LF
amplifier. When the sample coil was tuned best, the smallest amplitude
modulation (AM) at the frequency 2 w2 was produced in the RF field. The
amplitude of the AM was 5% or less of that of the RF field, but its effect on the
TQ resonance phenomena could be quite neglected. The degree of modulation
index 2 ¢ was measured from an oscillation pattern observed by mixing two
RF’s at the same frequency with and without the PM through a double balanced
mixer (DBM).

The TQ resonance phenomena were observed by plotting the magnitude of
the M, detected after the spin-locking pulse as a function of > or the duration
of the PM pulse. The spin locking pulse is followed by a = /2 pulse with the
same RF phase, after which a solid echo is induced.(14) The magnitude of M, is
measured from the defocusing part of the solid echo signal. When we change
the duration of the PM, the delay time t; of the PM pulse and the time margin tm
of the RF field after the PM pulse are kept constant. The durations of t; and tn
are about 300 1 s and 500 u s, respectively, which are sufficiently long compared
with the decay time of the conventional nutation around the RF field. We
applied the PM not only to the RF field but also to the reference signal for the

phase sensitive detection. We adopted two kinds of the methods for settling

-15-



down the RF phase after the PM pulse (see Fig.4). In the method I [PM(I)], the
RF phase is kept constant in order to detect the solid echo signal at the RF
phase just after the PM pulse. By this method, the time developments of My({)
are observed in the original rotating frame and can be compared with the
theoretical results. In the method II [PM(II)], we gradually change the RF phase
to zero in a duration of about 100 us. We used the method II for the
measurements of nutation decay times because it considerably decreases the
higher frequency oscillations superposed on the nutation signal.

The intensity of the RF field was adjusted mainly so that o, /27 =65kHz
by measuring the center frequency of the usual rotary saturation curve (15) with
a weak LF field, where w: was varied under the conditions of the constant
amplitude of the LF field 2¢_o, /7 and the constant duration of the PM pulse
(=z 3ms). The resonance frequency o 20/2 n was measured from the TQ
saturation curve observed for the relevant amplitude of the LF field with a PM
pulse of the duration of about 4ms. We used an averaging method similar to
that used in a previous work (16) to reduce the contribution of the higher
frequency oscillations to the TQ saturation curve. In case a small fluctuation
appeared on the saturation curve due to the higher frequency oscillations and
the tail of the transient nutation signal, we removed it with a computer program
of an FFT filter. The circles in Fig.5 show the experimental values of w2 thus
obtained for »1/2n =65 kHz, which are in good agreement with the theoretical
ones (solid line) calculated with Eq.[16] or Eq.[17].

A 300-W RF amplifier (THAMWAY A55-3602MR) produced a strong RF
field in the sample coil of 15-mm diameter and 18-mm length. A sample whose

volume was about 1/80 of that of the sample coil was used to reduce the effect of
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the inhomogeneity of the RF field.

4. EXPERIMENTAL VERIFICATIONS AND DISCUSSION

(1) TQ nutation

The experimental verification of the time development of M, (f) in Figs.3 is
shown by the top and middle figures of Figs.6. The Fourier spectrum of time
development (the middle figure) is in good agreement with the theoretical one if
the lines near w20 and 3 w20 are ignored. However, these unexpected lines are
not negligibly small. It cannot be considered that these lines are due to the
oscillating terms neglected in Eq.[14], because their frequencies are 2 w20 or 4
w920. The most probable cause of these lines is the mixing of M, with the
transverse component (perpendicular to M) in the original rotating frame. The
time development of M, for example, is described by the equation modified from
Eq.[21] by replacing only the time-dependent angles & (§’s (r=x,y,2) by the

angles o (t)’s defined by

V(t)IxV(t)_1 = CoS o (t)I, + cos oy (t)Iy +cosoy(t),. [28]

The angle o (t), which is the angle between the r-axis in the triply rotating frame
and the x-axis in the original rotating frame, is under the influence of the

rotation of the first effective field w./v. Therefore, the time development of M,
consists of the oscillations around 20, 3w 20 and 5w 2. The same holds for M,,.

However, the transverse component should almost disappear during the time
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margin tn of the RF pulse. Probably, M, is mixed with a part of the transverse
component by a momentary turbulence of the RF phase at the end of the PM
pulse. The bottom figure of Figs.6 is the Fourier spectrum of the theoretical
time development of M, mixed with the magnitude of 0.2M ,, the pattern of which
resembles the experimental one very well.

Equation [21] and also the corresponding equations for M, and M, indicate
that the initial phase ¢ affects largely the amplitudes of the respective simple
harmonic oscillations through the angle £ (0). From Eq.[22], the
representative values of & . (0) are obtained as 7/2—-(0+a)at ¢ =0,
7/2+0 at p=7n/4 and 7/2+(a¢—-0) at p=7x/2. At ¢ =0, the value of
cos & « (0) is the largest, and therefore, the amplitudes of the oscillations exactly
at nwao (n=1~95) are maximum. Actually, the intensities of the center lines at
2 w20, 3woo and 4 w 20 in Figs.6 were larger than those observed for any other
degree of ¢. (We could not confirm such ¢ dependences for the lines at w29
and 5w 20 because of their weak intensities.) As expected from the
representative values of &  (0), & x(0) becomes = /2 at avalue of ¢ between O
and = /4. The disappearances of the higher frequency oscillations exactly at n
w20 (n=1~4), indicating that & . (0)=rx /2, were observed at about ¢ =7 /6 for
¢, =1.07 rad. The other characteristics of the higher frequency oscillations
were also experimentally confirmed. For example, when the lines exactly at n
w20 (n=1~4) became strong, the other ones, including that at o3, became
weak.

The ¢ dependence of & . (0) enables us to reduce the higher frequency
oscillations by averaging the several magnitudes of M, (f) obtained at different

values of ¢.(16) However, any averaging method with the phase change
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cannot completely eliminate them because the time development of M, ()
includes the components of the oscillations independent of ¢ as is recognized
by a more detailed analysis of Eq.[21]. When we pay attention to the TQ
nutation itself, it is convenient to use the PM(II). The upper figure of Figs. 7
shows an example of the TQ nutation signal observed by the PM(II). We cannot
show how the PM(II) considerably decreases the higher frequency oscillations,
but can infer that the component of the magnetization along the second effective
field a): /7 changes into that along the RF field fairly smoothly owing to the tail
of the PM pulse.

When the frequency o , slightly shifts from 20, the Hamiltonian H, is

modified as
H, =3I, —a,] +H", [29]

with & = @, — 2m,. In this case, the TQ nutation is caused around the effective
field /0 2 4+ a)32 /7 at the angle n with the transverse field w3/ y

(tann =0/ w,). If the frequency o2 varies under the condition of the constant
amplitude of the LF field, § is approximately given by (@, /@, + 3)(®w, — @,),
which is roughly three times as large as the difference w20-w2. The time

development of M, () produced under the Hamiltonian in Eq.[29] is also

described by Eq.[21] by replacing &, (r=x,y,2) by £ #,, w3 by /0% + a)§ and

(# _ eXp(_i”Iy)HTim exp(inly), where the angles

H dT by the secular part of H:.l
& #{1)’s satisfy the relation

exp(~inly W (O, V(t) L explinly) = cos E5(6), +cos & (t)], +cos E5 (O, . [30]
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We here ignore the higher frequency oscillations around w2, 3wz and Sw» for
simplicity. The dependences of the initial angle £ #,(0) on @ and  indicate that
£ #,(0) can vary almost over the range of n rad by changing ¢andn. At ¢=0,
zfﬁ(O) =rn/2-a-6-n,and therefore, & #(0) can be zero for a certain value of 7.
The upper figure of Figs.8 shows the experimental time development of M, (f)
observed for gﬂﬁ (0)= 0, which indicates that almost the whole magnetization is
along the field \/m /7 in the triply rotating frame, where ¢ is comparable
to w3 (see the figure caption of Figs.8). It is possible to measure the relaxation
time in the quadruply rotating frame by eliminating the higher frequency
oscillations with a low pass filter for example. The lower figure of Figs.8
indicates the experimental result obtained for zfﬁ (O)=z x/2. The oscillation
appears to be a nutation signal at exact resonance though it is the phenomenon

at the TQ off-resonance.

(2) Contribution of the dipole interaction to the TQ nutation decay

For this study, the nutation was observed by averaging four magnitudes of
M, (t) observed at ¢ =nz /8 (n=0,1,2,3) by the PM(II), by which the higher
frequency oscillations were almost eliminated. We measured the decay times T
for various values of ¢ at w1/27= 60, 65 and 70 kHz by assuming an

exponential decay (e */"

) as shown in Fig.9, and confirmed that the ¢,
dependence of T is consistent with that of the coefficient | B-A| /2 independent
of wi1/v,and also, with the experimental result in Fig.2 in Ref(4). The decay

times Taround ¢, , were much longer than those of the SQ magic angle rotary
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echo observed in the laboratory frame (17) and of the SQ magic angle nutation
observed in the same original rotating frame as that of the TQ nutation. The
longer decay time of the TQ nutation is explained by the differences in the
coefficients of the nonsecular parts of the dipole Hamiltonian (4). The
corresponding dipole Hamiltonians in the SQ resonances under the rotating
wave approximation are also of the same forms as the right-hand sides of
Eqgs.[24], [26] and [27]. The coefficients %|3A + B| and |C| of the nonsecular
parts are 1 and V2 for the laboratory frame, and 1/2 and 1/ V2 for the
rotating frame, which are larger than the corresponding values (2.44 x107° and
0.23079 ) of the TQ resonance.

We finally consider the more general case including TQ off-resonance with

—(7)#
PR

J#

The Hamiltonian H;W is also written in the same form as Eq.[24]

with the coefficients A#, B and C* corresponding to A, Band Cin H,".
Therefore, the secular and the nonsecular parts of H_dm# are given by the

expressions similar to Eqs.[26] and [27]. The coefficient of the secular part is
1(B* - A*)=1(A+B)+1(B-34A)cos2y+1Csin2. [31]
We define the average angle E,f of fﬁ(t) by

cos Ef =< cos fﬁ(t) >av

1

[32]
=5 sinf(cos o —1)cos 7 + cos fcos a sin7.

We assume that 0 <O at an infinitesimal value Ag@,of ¢ . Since the value of

cos .g?)? is a function only of w1/ w2and ¢, , and the condition of A* = B* gives a
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relation betweenw 1/ w2 and ¢, the angle g?f is determined only by ¢,
under the condition that A* = B*, which is denoted by & *,,. We here call the
angle £ *, a magic angle in the triply rotating frame. We can easily see from
the Egs.[25], [31] and [32] that at ¢, = A@,, , the coefficients B and C are zero,
and the magic angle & *, becomes equal to the well-known magic angle
COS_l(—l/\/§) , where sinfd =6 and sina =a. As ¢, increases, the magic
angle varies as shown in the top of Figs.10. The middle and the bottom parts of
Figs.10 indicate that the longest decay time of the TQ nutation is expected
almost at the exact resonance (6 =0), and then, the magic angle is near = /2.
In the case of 6 >0 at A¢,,, the magic angle becomes COS_l(l / \/§) at
A¢,,. However, this kind of magic angle is not so important for the narrowing
because the value of 0 /27 in this case monotonously increases as ¢,
increases, and is more than 5 kHz even in the range of ¢, in which the

coefficients of the nonsecular parts become comparably small.

5. CONCLUDING REMARKS

The present paper verifies the theory in Sec.2 describing the TQ nutation
and the narrowing effect in the two-level spin system. The time development of
the spin-locked magnetization M, (f) indicates the TQ nutation signal
accompanied by the higher frequency oscillations generally consisting of the six
simple harmonic oscillations. The higher frequency oscillations owe to the

fluctuation of the angle £ #,(t) between the transverse field /6’ + ®; /7y and the

RF field. The initial angle & #,(0) at ¢=0 can become O for an appropriate value
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of 0, and then, the whole magnetization is spin-locked by the field \/é‘ZTa)j /7
in the triply rotating frame. It is expected that the decay of the magnetization
along \/m /7 presents the relaxation time in the quadruply rotating frame.

The modulation index 2¢_ of the PM is the key parameter controlling the
conditions of the TQ resonance and the TQ nutation decay. At the exact
resonance, the value of ¢_ determines alone the angles 0 and «, the ratios
o, [ w,and o, /o, , and the coefficients A, Band Cin H:m. Therefore, the
secular part of H:m vanishes at the particular value of ¢_ =¢_,, which is
about 1.16322 rad. The decay time measured around ¢_, is much longer
than those of the SQ magic angle rotary echo observed in the laboratory frame
and of the SQ magic angle nutation observed in the same rotating frame as that
of the TQ nutation under the condition that the rotating wave approximation is
valid. The longer decay time of the TQ nutation is explained by the differences
in the coefficients of the nonsecular parts of the dipole Hamiltonian.

The disappearance of the secular part is also possible at TQ off-resonance.
We can define the magic angle in the triply rotating frame with the average angle
£ *x at which the secular part vanishes. At ¢, = A@,,, the magic angle £ *.is

equal to the well-known value COS_l(—l / \/§) for 6 <0 at Ag,, or

Cos_l(l/\/g) for 6 >0at A@,. The magic angle in the case of 6 <0 at A@p,

is nearly equal to = /2 at the TQ exact resonance and important for the
narrowing, but the other case is not so important.

The magic angle is in principle possible in the SQ exact resonance under
the influence of the counter-rotating component. A theoretical ¢,
dependence of the coefficient of the secular part of the relevant dipole

Hamiltonian under the SQ exact resonance shows that the secular part
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disappears at ¢, =1.633 rad. However, this is not practical because the
strength of the LF field ¢ w, /y for this value of ¢_ becomes about ten times
as large as that of the RF field.

The narrowing effect of the TQ nutation will be useful if the TQ nutation

signal is observed by one shot with a multiple pulse method, for example.
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FIGURE CAPTIONS

FIG.1. Energy level diagram of I=1/2 spin system illustrating the mechanism
of the TQ resonance. The TQ resonance is induced by three circularly polarized
photons of the energy s (in frequency units) which is nearly equal to one-third
of the level spacing »:. Each of two photons corresponds to the normal
rotating component of the oscillating field and the other to the counter-rotating
component, in this case. A indicates the amount of the resultant level shift,
which is obtained from Eq.[17]. The right arrow means a single quantum

transition by a circularly polarized photon of w ;.

FIG.2. Schematic illustration of the triply rotating frame. The first effective
field we/y atthe angle 6 to the RF field along the z; axis rotates at an
angular frequency —w 20 around the RF field in the original rotating frame. The
second effective field o *./ vy at an angle o to the field we/ y rotates at 2 w20
aroundw./ v, and the transverse field ws/y causing the TQ nutation rotates
at 2wa around o *e/ vy . The notations &, &,and &,mean the angles that

the x3, y3 and z3 axes of the triply rotating frame make with the RF field.

FIGS.3. Theoretical time development of M,(f) produced during the PM and its
Fourier spectrum. The time development is obtained under the condition that
w1/2n=65kHz, wa0/2n=25.41kHz, ¢,,=1.057 rad and ¢=0, using the
exponential decay function with 7=1.1ms. The leftmost line in the lower figure
corresponds to the TQ nutation frequency ws3/27=1.98kHz. Three lines

around SO0kHz are at the frequencies 2 w20 and 2 w 20+ w3, and those around

-28 -



100kHz at 4 w20 and 4 w20=* w 3.

FIG.4. Operation for the experiments on the TQ resonance. The top trace
illustrates the standard pulse sequence for the spin locking followed by the =
/2 pulse with the same phase as the second pulse. The last pulse is applied to
detect a kind of solid echo signal. The defocusing part of the echo signal is
adopted as the magnitude of M,. The separation between the second and the
last pulses corresponds to the dead time of the receiver amplifier (about 15 u s).
The middle and the bottom traces indicate the PM’s of the RF field. The PM(])
and the PM(II) are used for the verification of the theory and the measurements

of the decay times of the TQ nutation, respectively.

FIG.5. Dependences of the TQ resonance frequency waz on ¢p,. The circles
show the experimental values of w2o. The solid line is our theoretical result
obtained with Eq.[17] for »1/2 7 =65 kHz. The curve is almost the same as
that obtained from Eq.[16]. The broken and the dotted lines are the theoretical

results by Ahmad and Bullough and by Swain, respectively.

FIGS.6. Experimental time development of M, (top) and its Fourier spectrum
(middle) corresponding to those in Figs. 3. The leftmost line and the other lines
in the middle figure indicate the TQ nutation frequency (1.95 kHz) and the
frequencies of the higher frequency oscillations. The experimental condition is
w1/27=65kHz, wa/2n=25.41kHz, ¢=0 and ¢,,=1.071 rad. The lines
around 20 and 3 w2 that are not seen in Figs.3 are explained to be due to the

oscillations of transverse magnetization. The bottom figure shows the
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theoretical Fourier spectrum corresponding to the experimental one, which is
obtained by assuming that M, is mixed with the magnitude of 0.2M, in the

original rotating frame at the end of the PM pulse.

FIGS.7. Experimental time development of M, at the exact TQ resonance
observed with PM( II) and its Fourier spectrum. The experimental condition is

w1/27=65.0kHz, w20/27=25.45kHz, ¢=0and ¢,,=1.058 rad. The nutation

frequency measured is 2.02 kHz.

FIGS.8. Experimental time developments of M, at TQ off-resonance. The

upper trace is the behavior of M, observed under fﬁ (0)= 0, where the
experimental condition is o 1/2 ©#=65.0kHz, w2/27=26.2kHz, w2/27=25.4

kHz, ¢=0 and ¢,=1.17 rad (at w2/2 7 =25.4kHz). The theoretically
estimated values of 0 /27 andws/2n are 2.01 kHz and 2.57 kHz, respectively.

The lower one is that under fﬁ (0)=~x/2. The experimental condition is w1/2

7 =65.0kHz, w20/27=26.26kHz, w./27=25.80 kHz, ¢=55 deg. and
@Pm=1.15rad (at w2/27=25.80 kHz). The estimated values of 0 /27 and o

3/2n are 1.32 kHz and 2.62 kHz, respectively.

FIG.9. ¢, dependences of the decay times T of the TQ nutations. The circles,
the triangles and the squares show the experimental values of T'! measured at
w1/27 =60, 65 and 70 kHz. The solid line is the theoretical curve of | B-A| /2.

The result that the decay times T around ¢, = @0(= 1.16322 rad) are not as
long as is expected from the theoretical curve is mainly due to the influence of

the dipole interaction represented by the nonsecualr part H di .
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FIGS.10. Theoretical ¢, dependences of f;, 0 and the coefficients of the

nonsecular parts obtained under the condition that A#=B*in the case of 6 <O at

Apy, . The top and the middle figures indicate that at § =0, ;f; =91.6 deg.
The solid and the dashed lines in the bottom figure are the curves of | 3A#*+B*| /2

and | C*|, respectively.
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