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SUBSOLUTION THEOREM FOR THE COMPLEX HESSIAN
EQUATION

BY NGcoc CUONG NGUYEN

Abstract. We prove the subsolution theorem for a complex Hessian equa-
tion in a smoothly bounded strongly m-pseudoconvex domain in C".

Introduction. Let 2 be a bounded domain in C" with the canonical
Kihler form 8 = dd¢| z||?, where d = 9 + 0, d° = i(0 — 9). For 1 <m < n, we
denote C(y 1) the space of (1, 1)-forms with constant coefficients. One defines
the positive cone

(0.1) Tm={ne€Cun:nAB" " >0,...,0"AB"™ >0}

A C? smooth function u is called m-subharmonic in €2 if at every point z €
the (1, 1)-form associated to its complex Hessian belongs to 'y, i.e.

n

0.2 dz; Ndz, € Ty
(0.2) Z z]az,j 2j Nz €

It was observed by Blocki (see [3]) that one may relax the smoothness condition
in definition and consider this inequality in the sense of distributions
to obtain a class, denoted by SH,,(€2) (see preliminaries). When functions
Uiy ... Uk, 1 <k <m,arein SH, () and are locally bounded, one may still
define dd®ui Addus A. .. Addup AB™™ as a closed positive current of bidegree
(n —m + k,n —m + k). In particular (dd°u)™ A "~™ is a positive measure
for u bounded m-subharmonic. Thus, it is possible to study bounded solutions
of the Dirichlet problem with positive Borel measures p in €2 and continuous
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boundary data ¢ € C(99Q):

u € SHp,(2) N L>®(Q),
(0.3) (ddew)™ A g™ = dy,
u(z) = ¢(z) on O

The Dirichlet problem for complex Hessian equation in smooth cases was
first considered by S.Y. Li (see [15]). His main result says that if {2 is smoothly
bounded and strongly m-pseudoconvex (see Definition then, for a smooth
boundary data and for a smooth positive measure, i.e. du = fB" and f > 0
smooth, there exists a unique smooth solution of the Dirichlet problem for the
Hessian equation.

The weak solutions of the equation , when the measure dy is possibly
degenerate, were first considered by Blocki [3]. More precisely, he proved that
there exists a unique continuous solution of the homogeneous Dirichlet problem
in the unit ball in C".

Very recently, in [10] Dinew and Kotodziej investigated weak solutions of
complex Hessian equations with the right hand side more general, namely
dp = fp"™ where f € LP, for p > n/m. One of their results extended Li’s the-
orem: they proved that the Dirichlet problem still has a unique continuous
solution with continuous boundary data and du in LP as above. Their method
exploited the new counterpart of pluripotential theory for m-subharmonic
functions, after showing a crucial inequality between the usual volume and
m-~capacity which is a version of the relative capacity for m-subharmonic func-
tions.

In the case m = n, the subsolution theorem due to Kotodziej [13] (see [14]
for a simpler proof) says that Dirichlet problem in a strongly pseudocon-
vex domain is solvable if there is a subsolution. Thus, one may ask the same
question when m < n. In this note we show that the subsolution theorem, The-
orem for the complex Hessian equation is still true by combining Dinew
and Kotodziej’s new results for weak solutions of the complex Hessian equations
and the method used to prove the subsolution theorem in the pluripotential
case.
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1. Preliminaries.

1.1. m-subharmonic functions. We recall basic notions and results which
are adapted from pluripotential theory. The main sources are [1,2,5-8)14]
for plurisubharmonic functions and [3,(10] for m-subharmonic functions. Since
a major part of pluripotential theory can be easily adapted to m-subharmonic
case, when the proof is only a copy of the original one with obvious changes of
notations, for the proofs we refer the reader to the above references. Let C 1
be the space of (k, k)-forms with constant coefficients, and

L ={n€Cqupy:nAB"1>0,...,.0"AB" ™ >0}
We denote by I'y, its dual cone
(1.1) [, ={v€Cph_in-1):7An =0 forevery neTly}.

By Proposition 2.1 in |3] we know that {ni A...ANm—1 AB"™™; N1, Pm—1 €
'} C I, Moreover if we consider I'yy = {n € C(y,1) : nAy > 0 for every v €
I, } then we have

T, = [
as {Mm A ... A1 AL 1, D1 € T }* C Tyyy. Therefore
(1.2) Lro={mA...ADm_1 AB"™™ i,y m—1 € i}

Since I'), C I',,_1 C ... C I'1, we thus obtain
oI | D...oTF={tp" 1t >0}
In particular, when n € I'},,, and it has a representation
S i A d

(this notation means that in the (n — 1,n — 1)-form only dz; and dz, vanish
in the complete form dz A dz at positions j-th and k-th) then the Hermitian

matrix (a/%) is nonnegative definite. In the language of differential forms, a
C? smooth function u is m-subharmonic (m-sh for short) if

ddun "1 >0,..., (dd°u)™ A "™ >0 at every point in .

DEFINITION 1.1. Let u be a subharmonic function on an open subset 2 C
C". Then u is called m-subharmonic if for any collection of 7,...,7y,—1 in
I}, the inequality

ddUNm N ... A1 ABTT >0

holds in the sense of currents. Let SH,,(Q2) stands for the set of all m-sh
functions in €.
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REMARK 1.2. (a) Condition (1.1)) is equivalent to dd“u A n > 0 for every
n eI}, by (1.2). Hence, a subharmonic function u is m-subharmonic if

(1.3) /udd%/\nz/u al®"———p" >0

Q Q jh=1 szazk
for every non-negative test function 0 < ¢ in € and for every nonnega-
tive definite Hermitian matrix (a?*) with constant coefficients such that n =
S ey @RV ey AL Nz AL Ndzg AdE AL AdZ AL A dZ, belongs
to I';,. This means that u is subharmonic with respect to a family of elliptic
operators with constant coefficients.

(b) A C? function v is m-subharmonic iff dd°v(z) belongs to T',, at every

z € Q). Hence

ddu A dd°vi A ... ANddvVy—1 A BT >0
holds in  in the weak sense of currents, for every collection vy,...,vy,_1 €
SH,, N C?(Q) and any u € SH,, ().

PROPOSITION 1.3. Let Q C C™ be a bounded open subset. Then

1. PSH(Q) =SH,(Q) C SH,,—1(Q) C--- C SH1(Q2) = SH(Q).

2. SH,,(Q) is a convex cone.

3. The limit of a decreasing sequence in SH,,(Q2) belongs to SHp,(Q2).
Moreover, the standard regularization u * pe of a m-sh function is again
a m-sh function. Here p.(z) = 52%;)(?), p(2) = p(||z||?) is a smoothing
kernel, with p: Ry — R, defined by

p(t) = ﬁexp(%) if 0<t<1,
0 if t>1,

for a constant C such that

2\ pn __
/(C o228 = 1.

4. If u € SH,(Q) and v : R — R is a convex, nondecreasing function then
you € SHy(Q).

If u,v € SHp () then max{u,v} € SH,,(Q2).

Let {ua} C SHpn(R) be a locally uniformly bounded from above and
U = supug. Then the upper semi-continuous regqularization u* is m-sh
and is equal to u almost everywhere.

PROOF. and ([2|) and the first part of (3)) easily follow from the definition
of m-sh functions. From formula (1.3)), for n € I'},, there follows:

/(u*m ddcmn:/uddcw*ps)mzo,

SN
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since ¢ * p. is again a nonnegative test function. Thus is proved. For ,
the smooth function ~ % p. (the standard regularization on R) is convex and
increasing, therefore (y*pz)ou € SH,,(2). Since (y*p.)ou decreases to you as
e — 0, applying the first part of (3|) we have you € SH,,(Q2). In order to prove
(5), note that by using it is enough to show that w = max{u.,v.} is m-sh,
where u. := u * ps, Ve 1= v * po. Since w is semi-convex, i.e. there is a constant
C = C. > 0 large enough for w + C||z||? = max{u. + C||z||?, v- + C||z||*} to be
a convex function in R?", hence it has the second derivative almost everywhere
and dd“w(z) € T, for almost every z in . Let w. be a regularization of w,
by the formula of the convolution w.(z) = [, w(x — ey)p(y) " (y) we have

ddcw(x) = /Q dd°w(z — ey)p(y)B" ().

Thus, for n € I'y,

ddvws(a) An = [ [ddw(e = c) Aol p)8" () = 0.

@ is a consequence of and Choquet’s Lemma. O

1.2. The complex Hessian operator. For 1 < k < m, uy,...,u € SH;, N
L7e () the operator dd®uy Add“up—1 ... Add°ui A"~ is defined inductively
by (see [3], [10])

(Hy)
ddup N ddup_1 A ... ANddugr ABVTT = ddc(ukddcuk,l A AN dduq A 6n—m)

which is a closed positive current of bidegree (n — m + k,n — m + k). This
operator is also continuous under decreasing sequences and symmetric (see
Remark . In the case k = m, ddui A ddus A ... A dduy, A "™ is a
nonnegative Borel measure, in particular, when v = u; = ... = wu,, currents
(measures) (dd®u)™ A "™ are well-defined for v € Ly?.(2). The above def-
initions essentially follow from the analogous definitions due to Bedford and

Taylor [1,2] for plurisubharmonic functions.

PROPOSITION 1.4 (Chern-Levine-Nirenberg inequalities). Let K CC U CC
Q, where K is compact, U is open. Let uy,...,up € SH,NL>®(Q), 1 <k<m
and v € SH,, (). Then there exists a constant C = Ck o > 0 such that
(i) Hddcul AL A ddCu N Bn—mHK <C HulHLoo(U) ... ||UkHLoo(U),
(it) ||ddus A ... Addugp A B < C lul| gy lluzllzoe ) - - - lukll oo @)
(iii) |[vdduy A ... A ddu A" |k < C H’UHLI(Q)H’Ul”Loo(Q) e ||UkHLoo(Q)

PROOF. (i) By induction we only need to prove that
||ddcu1 Ao A ddu A ﬁnmeK <C H’U,lHLoo(U)”ddCUQ Ao A ddug A ﬁnmeU.
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In fact, let x > 0 be a test function equal to 1 on K. Then an integration by
parts yields

dduy A ... Addup A B ™|k < C/ xdduy A ... A ddug A BVF
U

= C/ urdd®x A ... A ddCuy A BVE.
U

Thus,
Hddcul Ao AN ddCug A ﬁn_mHK < C/HuluLoo(U)Hddc’LLQ Ao A ddCug A Bn_mHU,

where C’ depends only on bounds of coefficients of dd°x and on the set U.
(ii) It is a simple consequence of (i), and the result ||ddw A " Y|k <
Crullwl g1y for every w € SHyy, () (see [8], Remark 3.4).
(iii) See [8] Proposition 3.11. O

1.3. m-pseudoconver domains. Let {2 be a bounded domain with J€ in the
class C2. Let p € C? in a neighborhood of 2 be a defining function of €, i.e.
a function such that

p<0on Q p=0and dp#0 on O

DEFINITION 1.5. A C? bounded domain is called strongly m-pseudoconvex
if there are a defining function p and some £ > 0 such that (dd°p)k AB™F > epn
in © for every 1 < k < m.

It is obvious that a strongly pseudoconvex domain is a strongly m-pseudo-
convex domain. The properties of strongly m-pseudoconvex domains are sim-
ilar to those of strongly pseudoconvex domains, e.g. it can be shown that
strongly m-pseudoconvexity is characterized by a condition on its boundary
(see [15], Theorem 3.1). We also have the criterion that if the Levi form
of Q corresponding to p belongs to the interior of I';,,_1 then € is strongly
m-pseudoconvex (see [15], Proposition 3.3).

1.4. Cegrell’s inequalities for the complex Hessian operator. It is sufficient
for our purpose in this section to work within the class of m-sh functions which
are continuous up to the boundary and equal to 0 on the boundary. Let 2 be
a strongly m-pseudoconvex domain in C". We denote

Eo(m) = {u € SH,(Q) N C(Q); uy,, =0, /Q(ddcu)m A BT < oo}

For the case m = n, this class was introduced by Cegrell in [5]. It is a convex
cone for 1 <m <n (see [5], p. 188). Our goal is to establish inequalities very
similar to the one due to Cegrell (see [6], Lemma 5.4, Theorem 5.5) for the
Monge—Ampere operator. In order to avoid confusions and trivial statements,
we only consider 2 <m <n —1.
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PROPOSITION 1.6. Let u,v,h € E(m), and 1 < p,q <m, p+q < m. Set
T = —hS where S = dd°hy A\ ... Nddhpm—p—q N\ B with hy, ..., hy—p—q are
also in Ey(m), then

p

/Q (dd°w)? A (dd°)t AT < [ /Q (ddu)P+ A T] e [ /Q (ddev)r+e /\T] &

PROOF. See Lemma 5.4 in [6]. We only here remark that both sides of the
inequality are finite because of the convexity of the cone &(m). O

REMARK 1.7. The statement in Proposition 1.5 is still true when h €
SHy, N L>(Q), limesaoh(¢) = 0 and [,,(dd°h)™ A f"~™ < +oo since the
integration by parts formula is valid as in the case of the continuous case
(see 6], Corollary 3.4).

Applying Proposition for some special cases of m-sh functions in E(m),
we obtain

COROLLARY 1.8. Ifu,v,h € E(m), 1 <p <m —1, then
(i)
/ —h(ddu)? A (ddv)™"P A BT
Q

2 m—p
< { / —h(ddcu)mAﬂ"m] ’ [ / —h(ddcv)mwnm} o
Q Q
(i)
/ (dd°u)P A (ddv)™ P A BT
Q
D m—p
<[ [ ne] [ o] ¥
Q Q
ProoF. (i) follows from Proposition when v = w3 = ... = up, v =
v; = ... =, (ii) comes from the fact that for p a defining function of Q we
have
/(ddcu)p A (ddv)" P A BT = lim (dd“u)? A (ddv)™ P A BMT™,
Q e—0 {p<—c}
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and
/ (ddu)? A (ddv)™ P A g™
Ue
< a(ddu)P A (ddv)™ P A g™
Q
< [/ hir. o(ddu)™ /\B”m} [/ —hy. o(ddv)™ /\,Bnm]
Q Q
P m=—p
Q Q
where U = {p < —¢} and hy, o = sup{u € SH,(Q); u < 0; u, < —1}. Itis
clear that —1 < h;_o <0, lim¢,a0 by o(¢) = 0 and [o( ddch*Ug’Q) ABPTT <
+o00. Hence inequality (i) is still applicable by Remark O

1.5. m-capacity, convergence theorems, the comparison principle. For E a
Borel set in 2 we define

capm(E,Q) = sup{/ (ddu)™ A" uwe SH,(R), 0 <u <1}
E

In view of Proposition it is finite if E is relatively compact in €2. This is
the version of the relative capacity in the case of m-subharmonic functions. It
is an useful tool to establish convergence properties, especially the comparison
principle.

THEOREM 1.9 (Convergence theorem). Let {u], }5°

521, k=1,...,m be locally

uniformly bounded sequences of m-subharmonic functions in 0, wj, — uj €

SH,, N L>®(R) in capm as j — 0o. Then
lim dd“u) CANddCud A BT = ddCur A A ddCUy, A BT

]—>OO

in the topology of currents.
PRrROOF. See the proof of Theorem 1.11 in [14]. O

REMARK 1.10. As in Theorem 2.1 of [2], one may prove that for 1 < k < m,
if u,...,u) are decreasing sequences of locally bounded m-sh functions such
that lim;_,o uf(z) =w(z) € SHy, N LS (Q) for all z € Q and 1 < <k, then

lim ddu) ANddCu A BT =dduy A A ddCug AT
j—00

in the sense of currents. Thus, the currents obtained in inductive definition
(Hy) of the wedge product of currents associated to locally bounded m-sh
functions are closed positive currents.
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PropoOSITION 1.11. If uj € SH,, N L*>(2) is a sequence decreasing to a
bounded function u in S then it converges to u € SH,, N L>() with respect
to cap,,. In particular, Theorem[1.9 holds in this case.

PROOF. See Proposition 1.12 in [14]. O

THEOREM 1.12 (Quasi-continuity). For an m-subharmonic function u de-
fined in Q and for each e > 0, there is an open subset U such that cap,, (U, Q) <
e and u is continuous in 2\ U.

PROOF. See Theorem 1.13 in [14]. O

From the quasi-continuity of m-subharmonic functions one can derive sev-
eral important results.

THEOREM 1.13. Let u,v be locally bounded m-sh functions on ). Then the
following inequality holds:

(dd max{u,v})™ A B"7™ > 1gysy(ddu)™ A BT 4 1y cpy (dd0)™ A BT
PROOF. See Theorem 6.11 in [7]. O

THEOREM 1.14 (Comparison principle). Let © be an open bounded subset
of C*. For u,v € SHy,, N L>(Q) satisfying liminfe_,,(u — v)(¢) > 0 for any
z € 01), we have

/ (dd°v)™ A B < / (ddew)™ A g7,
{u<v} {u<v}

PROOF. The proof follows the lines of the proof of Theorem 1.16 in [14].
First consider u,v € C*(Q), E = {u < v} CC Q, and smooth 9Q. In this
case, put u. = max{u + ¢,v} and use Stokes’ theorem to get

/ (dd°us)™ A B = / dus A (ddCu)™ 1 A g™
= [ duA (ddu)™ P ABT™ = / (ddu)™ A g™
oE E
(since us = u+e¢ in a neighborhood of OF). By Theorem (ddug)™ A pr—m
converges weakly* to (dd“v)™AB" ™ as € — 0 on the open set F, which implies
that

/ (ddv)™ A B < lim inf / (ddu.)™ A B,
E E

E—00

This combined with implies the statement.

For the general case, suppose ||ull,||v| < 1, fix e > 0 and 6 > 0. By the
quasi-continuity, there is an open set U such that cap,,(U,Q) < € and u = 4,
v =170 on Q\ U for some continuous functions @, ¢ in . Let ug, vg be the
standard regularizations of u and v. By Dini’s theorem wuj and vy uniformly
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converge to u and to v, respectively, on Q \ U. Then for k& > ko big enough,
subsets E(0) := {tu+ 6 < v} and Ey(0) := {uy + 0 < vy} satisfy
(1.5) E@20)\U cC (Ex(6)\U and | JEx(0)\U cc {i < 8}
k k
In what follows we shall often use the estimate

/(ddcw)m AP < capm (U, Q) < e where 0<w <1,
U
not mentioning this any more. Since {u + 20 < v} ={u+ 26 < v} on Q\ U,
/ (dd°v)™ A "™ < / (dd°v)™ A " 4 €

{u+26<v} {a+26<0}\U

= (dd“v)™ A BT €.
EQS\U

Since (ddvg)™ A B"™ weakly* converges to (dd“v)"™ A" ™ and E(26) is open,
by (L3) we get
/ (dd“v)™ A "7 < lim inf/ (ddv)™ A p™

E(26) E(26)

k—o0

(1.6)

(1.7)
< lim inf/ (ddvp)™ A B"™ + €.
k—o00 E(5)
Now, by Sard’s theorem, we may assume that Fj(d) has smooth boundary
(changing ¢ if needed), thus using the argument of the smooth case we have

(1.8) / (ddv)™ AT < / (ddug)™ A g,
Ey(5) Ey(9)
Therefore, by (1.6)), (1.7) and (1.8), we have
(1.9) / (ddv)™ A "™ < liminf (dduk)™ N " 4 2e.
{ut25<v} k=00 JEk(6)

Furthermore, using ((1.5)) and the fact that (ddu)™ A "™ weakly* converges
to (ddu)™ A ™™™ we obtain

(1.10)  Timsup / (ddCu)™ A B < / (ddu)™ A g,
k—oo JURER(O\U Ur B (0\U

Thus, from (1.5)), (1.9) and (1.10]) there follows
[ o [ g se
{u+25<v}

(1.11) {a<v}
< (ddcu)m /\Bn—m ¥+ 4e.
{u<v}

Finally, letting ¢ and ¢ tend to 0 in (1.11)) the statement is proved. O
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COROLLARY 1.15. Under the assumption of Theorem |1.14] we have
(a) If (ddu)™ A B~ < (ddv)™ A B"~™ then v < u,
(b) If (ddu)™ A B"~™ = (dd°v)™ A B"™™ and lim¢_,.(u — v)(¢) = 0 for
z € 0Q) then u = v,
(¢) If lim¢ o0 u(¢) = lime o0 v(¢) =0 and u < v in Q, then
/ (ddo)™ A B < / (ddu)™ A g
Q

Q

Proor. For (a) and (b) see Corollary 1.17 in |14]. For (c), let € > 0.
Applying Theorem we have

/ (ddv)™ A B < (14 )" / (ddeu)™ A g™
Q

Q
Then, letting € — 0, we obtain the result. O

2. Subsolution theorem. In this section we will prove our main the-
orem. The method we use here is similar to the one from the proof of the
plurisubharmonic case (see [14], Theorem 4.7). We first recall the theorem
due to Dinew and Kotodziej about the weak solution of the complex Hessian
equation with the right hand side in LP (see [10], Theorem 2.10). From now
on we only consider 1 < m < n.

THEOREM 2.1 ([10]). Let 2 be a smoothly strongly m-pseudoconvezr do-
main. Then forp >n/m, f € LP(Q) and a continuous function ¢ on IS there

exists u € SHy, (2) N C(Q) satisfying
(dd®u)™ A" = fB",
and u = ¢ on OS).
Let us state the subsolution theorem.

THEOREM 2.2. Let Q be a smoothly strongly m-pseudoconver domain in
C", and let u be a finite positive Borel measure in 2. If there is a subsolution
v, t.e.

v € SHy, NL®(Q),
(2.1) (dd“v)™ A B > dp,
lime—, v(C) = ¢(z) for any z € 09,
then there is a solution u of the following Dirichlet problem
u € SH,, N L*®(Q),
(2.2) (dd°u)™ N ™ = dp,
lime—,, u(¢) = @(2) for any z € 0N.
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PRrROOF. We first prove Theorem 2.1 under two additional assumptions:

1) the measure p has compact support in €;

2) the function ¢ is in the class C2.

Using the first of those conditions we can modify v so that v is m-subhar-
monic in a neighborhood of € (and still is a subsolution). To do this take an
open subset U such that supp p CC U CC  and consider the envelope

0 =sup{w € SH,,(Q) :w <0, w<v on U}.

Then from Proposition @ 0™ is a competitor in the definition of the enve-
lope, hence v = 0* € SH,,(2). The balayage procedure implies that o = v on
U and lim¢_,, 9(¢) = 0 for any z € 02 (the balayage still works as in the case
of plurisubharmonic functions by results in [3], Theorem 1.2, Theorem 3.7).
Thus, (dd°0)™ A ™™™ > du as supp u CC U. Next, take p a defining function
of © which is smooth on a neighborhood 3 of Q and (ddp)* A B"=F > ep,
1 <k <m,in Q for some € > 0. Since ¢ is bounded, we can further choose p
satisfying p < © on U. Put

on(z) = max{p(z),9(z)} on Q, )
p(2) on Q;\Q.

Hence vy is a subsolution which is defined and m-subharmonic in a neigh-
borhood of Q. We still write v instead of v; in what follows. Further-
more, using the balayage procedure (as above) one can make the support of
dv := (dd®v)™ A "™ compact in €Q.

Now, we can sketch the rest of the proof of the theorem. We will ap-
proximate du by a sequence of measures p; for which the Dirichlet problem
is solvable (using Theorem obtaining a sequence of solutions {u;} corre-
sponding to ;. Then we take a limit point u of {u;} in L*(Q2). Finally we
show that u; — u with respect to cap,, in order to conclude that u is a solution
of .

By the Radon-Nikodym theorem, du = hdr, 0 < h < 1. For the subso-
lution v one can define the regularizing sequence w; | v in a neighborhood of
the closure of Q. Let us write (dd“w;)™ A B"~™ = ¢;8", pj := hg;B". Then by
Proposition lim; o0 ft; = p. As p has the compact support, so u;’s does.
In particular, hg; € LP(Q2) for every p > 0. Therefore, applying Theorem
we have u; solving

uj € SHy, () NC(Q),
(2.3) (ddeus)™ A BP™ = i,

u;j(z) = p(z) for z € 0.
Now we set u = (limsup u;)*, and passing to a subsequence we assume that u;
converges to u in L'(2). By the definition of w; they are uniformly bounded.
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Choosing a uniform constant C' such that w; —C < ¢ on 09, by Corollary [I.15}
(a), wj — C < uj < supg . Thus, {u;} is uniformly bounded. In particular,
u also is bounded and now we shall check that limosc—,, u(¢) = ¢(2) for every
z € 0L). For this we only need ¢ to be continuous.

Since w; converges uniformly to v on 9 and 0 is compact, given € > 0
we have |w; —v| < € on a small neighborhood of 92 when j big enough. Since
¢ is continuous on J<, there is an approximant g € C?(€) of the continuous
extension of ¢ such that |g—¢| < € on 9. For A > 0 big enough, Ap+g is a m-
sh function. By the comparison principle, it implies that w; + Ap+g—2¢ < u;
on 2. Then v + Ap + ¢ — 4e < u; on a small neighborhood of 052 for j big
enough. Hence, v+Ap+¢—4e < liminf;_, u; < uon a small neighborhood of
09Q. Because this is true for an arbitrary € > 0, we obtain lim¢_,, u(¢) = ¢(2)
for any z € 01).

The difficult part is to show that u; converges in cap,, to u.

LEMMA 2.3. The function u defined above solves Dirichlet problem ([0.3])
provided that for any a > 0 and any compact K C Q) we have

(2.4) lim (ddu;)™ AB"™ = lim pi(K N{u—u; >a})=0.
IO JKN{u—u;>a} j—o0
ProoOF oF LEMMA 2.3l Using Theorem [1.13] we have
(ddcuj)m AR = 1{u—u]-2a}(ddcuj)m AR+ 1{u—uj<a} (ddcuj)m ApET
< 1{u—uj2a}lu’j + (ddc max{u, uj + a})m A BT
It follows that
(25) 5 < Vs apty + (A maxfu — a,u;})™ A B

Now, for any integer s we may choose j(s) such that ;o) ({u —u;) > 1/s}) <

1/s. From (2.4) and (2.5 we infer that
(2.6) p < liminf(dd®ps)™ A "™,
§—00

which means that p is less than any limit point of the right hand side, where
ps = max{u — 1/s,u;(s}. By the Hartogs lemma, ps — u uniformly on any
compact E such that u, is continuous. So it follows from the quasi-continuity
of m-sh functions that ps converges to u in cap,,. Therefore, by Theorem [I.9]
(ddps)™ A BP~™ — (dd°u)™ A B"~™ as measures. This combined with ([2.6])
implies

(2.7) p < (ddu)™ A B,
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For the reverse inequality, let Q. = {z € Q ;dist(z,0) < ¢}. We will show
that for € > 0

(2.8) 1(Q) > / (dd°u)™ A g™,

Indeed, firstly we note that ps = u;(,) on a neighborhood of 92 for & small
enough since u — uj5) < 1/s on 99, u — uj(s) is upper semi-continuous on {2
and Of) is compact. Hence, by the weak™ convergence p;() — p and Stokes’
theorem,

() > p(e) > limsup (5 ()

j(s)—o0

> lHminf pr4) (%)

j(s)—o0

j(s)—o0 j(s)—o0

= lim inf/ (dduj(s))™ A B"™ = lim inf/ (ddps)™ N g™

> / (ddu)™ A B,

where in the last inequality we use the weak™ convergence (dd®ps)™ A "~ —
(ddu)™ A g"~™. Therefore, (2.8]) is proved. Let ¢ — 0; there follows p(€2) >
(ddu)™ A B"~™(€2). Thus the measures in (2.7 are equal. The lemma follows.

O

It remains to prove (2.4]) in Lemma 2.2 above. It is a consequence of the
following lemma.

LEMMA 2.4. Suppose that there is a subsequence of {u;}, still denoted by
{u;}, such that
/ (ddcuj)m NS > Ay, Ag > 0,a9 > 0.
{u—u;>ao}
Then, for 0 < p < m, there exist a,, Ap, k1 > 0 such that

(2.9) / (ddv;)™P A (ddCop)P A B > Ay, j > k> ki,
{u—uj>ap}

for v; being the solution of the following of Dirichlet problem (cf. Theorem m

vj € SH,(2)NC(Q),
(2.10) (dd“oy)™ A B = vj (= g;8"),
vj(2) =0 on OQ.

Note that {v;} is uniformly bounded as a consequence of the uniform bounded-

ness of {w;} and Corollary[1.15} (a).
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PRrROOF OF LEMMA [2.4l We will prove it by induction over p. For p = 0
the statement holds by the hypothesis. Suppose that is true for p < m, we
need to prove it for p 4+ 1. The first observation is that if T'(r, s) := (ddu,)? A
(ddvs)™~94 A "™ then there is a constant C' independent of r, s such that

(2.11) /QT(’I“, s) < C.

Indeed, fix a C? extension of ¢ to a neighborhood of the closure of €.
If p is a defining function of €2, then there is a constant A > 0 such that
Ap £ ¢ € SHy,(2). We shall check that u, + Ap — ¢ belongs to & (m). It is
enough to verify

/ (dd(ur + Ap — )" AP < +o00.
Q

In fact, from (dd®u,)™ A g™ = hgTB” < (dd“(Myp + )™ A B"~™ for some
M, > 0 and Corollary - we have u, > M,p + ¢ in ). Hence, u, +
Ap— o > (M, + A)p in Q. Thus, by Corollary (c)

/ (ddu, + Ap — )" AP < / (dd°(M, + A)p)™ A B"™ < +o0.
Q Q

Now, we note that p,(Q) and v4(€Q2) are bounded as p and v have compact
supports. Next, from Cegrell’s inequalities, Corollary [L.8}(ii), for 1 < k <
m — 1, there follows

/ (dd°(u, + Ap — 9))F A (dd°p)™F A g7
Q

< [ [ @+ ap— )y 5]

m—k

[fuarar ]

3=

Hence,
1) = [ (@ + 4p = o)™ 7 57
: /Q(ddcur)m/\ﬁnm /(ddC(Ap o))" AT
+C(A Z/ (ddu, + Ap — 4,0) (ddcp)mfk/\ﬁnfm
(2.12)
< (Q)+C(A p, o)+ C(A,
m—1 k mek
[/ (dd"(ur+Ap—@))"NB"™ m]’"{ ddc mAﬂ"_m} m
k=1
—1
() O, o) + (A p) 3 L))

k=1
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Consider the two sides of inequality as two positive functions in 7.
1r(2)’s are bounded, and the degree of I(r) on the right hand side is strictly
less than the degree of I(r) on the left hand side; therefore, I(r) are bounded by
a constant independent of r. Again, by Cegrell’s inequalities, Corollary [L.8}(ii),
as vs obviously belongs to & (m),

/ T(r,s) < / (dd(ur + Ap — 2))7 A (ddovs)™ A g1
Q Q

< | [ @+ ap= oy ] ' [ @y g "
< L)) ()]

S C”(A7 907 p)7

because I(r) and vs(€2) are bounded. Thus we have proved (2.11)). We may as-
sume that —1 < uj,v; < 0, because all functions u;, v; are uniformly bounded
by a constant independent of j. Then the estimates in the statement of
Lemma will only be changed by a positive constant. To simplify nota-
tions we set S(j, k) := (dd®v;)™P~L A (ddvy)P A B"~™. Fix a positive number
d > 0 (specified later in ) and recall that we need a uniform estimate
from below for f{u—ujzd} ddvi, A S(j,k). From the assumption on uj,v;, we
have u — u; < 1y, y;>qy + d. It follows that

J(j, k) = /Q(u — uj)(ddv) A S(j, k)
< /Q 1{u7uj§d}ddcvk A S(_], ]{7) + d/ﬂddcvk A S(], k)
< / ddvi N S(j, k) + dC,
{u—u;>d}
where C' is as in . Therefore
(2.13) / dd°v, A S, k) > J(j, k) — dC.
{u—u;>d}
The induction hypothesis says that there exist a,, A, > 0 and k1 > 0 such that
(2.14) / (ddvi)™ P A (ddvi)P NS > Ay, G >k > k.
{u—u;>ap}

We fix another small positive constant e > 0 and put J'(j,k) := [(u —
’U,j)ddc’l}j NS(7, k).
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CLAIM.

(a) J'(j.k) — J(j,k) <€
(b) J'(j, k) > apA, —e(1 +C) for j >k > k.

PROOF OF CLAIM. (a) By the quasi-continuity, we can choose an open
set U such that functions u,v are continuous off the set U and cap,, (U, 2) <
g/2™*1. Then

(2.15) / (dd®(vj +vg))™ A B"™ < 2™ capn, (U, Q) < €/2,
U
(2.16) / (dd®(u; + )™ A B < /2.
U
Therefore
Jl(]: k) - J(]? k)
(2.17)

(u —uj)ddv; N S(j, k) / u — uj)ddv, A S(j, k)
Q

Q
/vjdd u—uj) NS, k) /vkdd u—uj) NS4, k)
Q

i — vg)dd(uw — uj) A S(j, k)
_/ (v — v)dd(u — ;) A S k) + /(vj—vk)ddc(u—uj)/\S(j,k)
U U

< [y = ol (et ) ASGR) + [ ddu ) A SR,
O\U U
where in the second equality we used the integration by parts formula twice
with u = u; = ¢, v; = 0 on the boundary, and in the last estimate we used the
fact —1 < uj,v; < 0. Since the sequence (v;) converges uniformly to v on Q\U,
one can find [ > k; such that ||v; — v < e/2C on Q\ U for j > k > 1> k.
From and us converges in LlloC to u, we have

/ ddunS(j,k) < liminf/ ddus N S(j,k) < C.
Q s—=+oo Jo
This combined with and implies that each of the integrals in the
last line of is at most €/2. The first part of the claim follows.

(b) We first observe that since sup ¢ (resp. 0) is the upper bound of all
uj (resp. v;) on the boundary, then, for k > ks > [, in a neighborhood of 01,
there is

(2.18) v <v+¢e and up <u+e.
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Those inequalities are still valid (after increasing ks) on 2\ U thanks to the
Hartogs lemma. Hence, using (2.11)), (2.15) and (2.18) for j > k > ko there is

T k) = /Q(u — wy)ddev; A S(j, k)

p/ dvj N S(j, k) + / (u —uj)ddv; NS4, k)
{u— u]>ap} {u—uj <ap}

a /{ dd°v; A S( k) + /{ (1w uy)ddcv; A S, k)

—uj>ap} u—uj<ap N(Q\U)

v
)

+/ u—uj)ddcvj NS(j, k)
{u—uj<ap}nU

>0, [ a0 ASG.E) — [ ddou; ()
{u— u3>ap} QU

dd®v; A S(j, k)

|
é\\

> apA, —e(1+C).
Thus the proof of the claim is finished. ]
From Claim and (2.13]) we get
/ ddvp A S(i k) > J(, k) — dC > J'(G. k) — e — dC
{u—u;>d}

> apA, —e(1+C) —e—dC.

If we take
apA apA
2.19 =d=-—"2F and <"t
(2.19) m+1 w0 M e 1oy
then
A

/ ¢ _ap4p:: p+1 for j >k > ko,

{u—u;>d}
which finishes the proof of the inductive step and that of Lemma O

We will now finish the proof of Theorem[2.2] It is enough to prove condition
(2.4) in Lemma We argue by contradiction. Suppose that it is not true.
Then the assumptions of Lemma 2.4 are valid and its statement for p = m
tells that for a fixed k& > k;

/ (ddvp)™ AN B"™ > A, when j > k.
{u—u;>am}
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Thus
(2.20)
VH{u—u; >a })>1/ (ddcv)m/\ﬁ”*m>A—mf0r >k
] = Ymys) = Mk (umriy>am) k Mk J )

because (ddvg)™ A "™ = gi8" < MS" for some My > 0. But con-
tradicts the fact u; — win L}, i.e. every subsequence of {u;} also converges
to u in Llloc. Thus, the theorem is proved under two extra assumptions.
General case (we remove two extra assumptions). 1) Suppose that ¢ €

C(09) and the measure p has a compact support in 2. We choose a decreasing
sequence ¢, € C2(9€2) converging to . Then we obtain a sequence of solutions
uy, satisfying

ug € SHy,, N L2(Q),

(ddcuk)m A Bn—m =i,

lime—s, ug(¢) = @r(2) for any z € 052

It follows from the comparison principle and Corollary (a) that wuy is
decreasing and wu, > vy with vy a subsolution without modifications. Set
u = limuy. Then u > vy and (dd“u)™ A "~ = u by Proposition Thus,
u is the required solution.

2) Suppose that p is a finite positive Borel measure, ¢ € C(9f2). Let
X; be a non-decreasing sequence of cut-off functions x; T 1 on . Since x;u
have compact supports in €2, one can find solutions corresponding to X,
the solutions will be bounded from below by the given subsolution vy (by the
comparison principle) and they will decrease to the solution by the convergence
theorem. Thus we have proved Theorem O
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