T Available online at www.sciencedirect.com

et ScienceDirect NUCLEAR[Z]
PHYSICS

ELSEVIER Nuclear Physics B 928 (2018) 448-468
www.elsevier.com/locate/nuclphysb

Effective Chern—Simons actions of particles coupled
to 3D gravity

Tomasz TrzesSniewski

Institute for Theoretical Physics, University of Wroctaw, pl. M. Borna 9, 50-204 Wroctaw, Poland

Received 15 November 2017; received in revised form 16 January 2018; accepted 22 January 2018
Auvailable online 31 January 2018
Editor: Hubert Saleur

Abstract

Point particles in 3D gravity are known to behave as topological defects, while gravitational field can be
expressed as the Chern—Simons theory of the appropriate local isometry group of spacetime. In the case of
the Poincaré group, integrating out the gravitational degrees of freedom it is possible to obtain the effective
action for particle dynamics. We review the known results, both for single and multiple particles, and at-
tempt to extend this approach to the (anti-)de Sitter group, using the factorizations of isometry groups into
the double product of the Lorentz group and AN(2) group. On the other hand, for the de Sitter group one can
also perform a contraction to the semidirect product of AN(2) and the translation group. The corresponding
effective action curiously describes a Carrollian particle with the AN(2) momentum space. We derive this
contraction in a more rigorous manner and further explore its properties, including a generalization to the
multiparticle case.
© 2018 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Gravity in 2 + 1-dimensional spacetime offers an attractive combination of the conceptual
foundations descending from ordinary general relativity and the apparent physical simplicity.
It cannot accommodate local degrees of freedom: there are no forces acting at a distance and
no gravitational waves. Consequently, spacetime is locally isometric to flat Minkowski space or
constantly curved (anti-)de Sitter space, depending on the cosmological constant. The theory can
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be equipped with the topological degrees of freedom, by considering a spatial topology with
handles (not discussed in this paper) or including point particles, which themselves turn out to
be topological defects with the geometry of a cone [1-3]. Namely, an embedding of a neigh-
bourhood of such a defect is constructed by taking Minkowski or, respectively, (anti-)de Sitter
space and removing a wedge whose edge is the particle’s worldline, while the defect’s deficit
angle is determined by the particle’s relativistic mass. To recover a conical spacetime the faces
of the wedge have to be identified by the holonomy of a loop encircling the defect, which is a
Lorentz transformation conjugate to a rotation by the deficit angle. This Lorentz group element
can actually be interpreted [4,5] as the particle’s physical momentum. Similarly, the effect of
non-zero spin of the particle (as well as the orbital angular momentum) is a dislocation along
the wedge, associated with a time translation in the holonomy, which generalizes the defect’s
geometry to that of a helical cone [2]. Spinning particles may therefore lead to the occurrence of
closed timelike curves but this problem will hopefully be resolved in the full quantum theory.

Due to the properties of possible local isometry groups of spacetime, gravity in three dimen-
sions can also be formulated [6,7] as the Chern—Simons gauge theory (although there are certain
subtleties to be taken into account). In principle, if conical defects are coupled to such a theory,
redundant gravitational degrees of freedom can be integrated out to obtain the effective dynamics
of particles. In the case of the Poincaré gauge group this can be accomplished in the language of
the symplectic form [8] or the corresponding action [9]. However, to our knowledge, so far it has
not been done for the (anti-)de Sitter group. One of the results of the present paper is an explicit
calculation of the effective particle actions in the latter cases, although they still require a very
complicated integration. To this end, for each of the gauge groups we use here the same local
factorization [10] into the product of the (three-dimensional) Lorentz group and the so-called
ANy (2) group.

What is particularly interesting about such a factorization is that AN(2) (with the timelike
deformation vector n) is the three-dimensional counterpart of the AN(3) group, which plays
the role [11] of covariant momentum space under the action of the «-Poincaré (Hopf) algebra
[12,13] — the best studied quantum deformation of the Poincaré algebra. Deformations of rel-
ativistic symmetries are conjectured to arise in certain approximations to the quantum theory
of gravity and have especially been considered in the framework known as doubly (or de-
formed) special relativity, later recast under the name of relative locality, which is motivated
by the phenomenological speculations [14,15]. For these reasons a natural question is whether
the (three-dimensional) x-Poincaré algebra, or its (anti-)de Sitter analogue [16,17], can appear as
a description of symmetries in the context of quantum gravity in three dimensions, as suggested
in [18]. A conclusion of the rigorous analysis [19] was that there is no Chern—Simons action
associated with the «-deformed relativistic symmetries and simultaneously equipped with the
scalar product corresponding to three-dimensional gravity. However, a loophole in this argument
has recently been found [20], which apparently allows the desired symmetries to arise. It has also
been shown (at least in the Euclidean domain) [21] that one obtains the «-Poincaré algebra by
loop-quantizing the algebra of gravitational constraints with positive cosmological constant and
subsequently performing a contraction of such a quantum algebra.

On the other hand, with a similar motivation, in [22] we introduced a contraction of the Chern—
Simons theory with the de Sitter gauge group that is in a certain sense opposite to the standard
contraction leading to the theory with the Poincaré group. It gives us the effective action with the
AN(2) particle momentum space. However, the action actually describes the peculiar x -deformed
version of a Carroll (or ultralocal) particle instead of a x-deformed relativistic particle. In the
present paper we explain the above contraction (which we call here the reciprocal contraction) in
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more detail, implement it more rigorously and add a discussion of the obtained gauge algebra and
the particle’s holonomy, as well as we consider the generalization to multiparticle case. More-
over, we find that the analogous contractions for the anti-de Sitter group and the double-product
factorization of the Poincaré group lead to diverging Chern—Simons actions.

This paper has the following contents. In the next Section 2 we briefly introduce the Chern—
Simons action describing the dynamics of three-dimensional gravity with a single particle and
begin the procedure that leads to the effective particle action. The calculations are continued for
the de Sitter gauge group in Subsection 2.1, where we also recover the final action in the Poincaré
case. The Subsection 2.2 is devoted to a derivation of the action for the reciprocal contraction
of the de Sitter group, while in Subsection 2.3 we discuss the cases of anti-de Sitter as well as
the factorized Poincaré. Subsequently, in Section 3 we generalize our considerations to multiple
particles. Subsections 3.1 and 3.2 contain an analysis of the Poincaré and «-Carroll cases, re-
spectively. The essence of results concerning the Poincaré gauge group is well known but here
we try to present them in a very transparent manner and include massless particles. After a brief
summary and some outlook for the future research, in the Appendix we collect the mathematical
knowledge concerning all the gauge groups, including the explicit form of some formulae that
were not written down in earlier papers.

2. Single particle

As we already mentioned in the Introduction, the special nature of gravity in 2 4 1 spacetime
dimensions allows to formulate it as the Chern—Simons gauge theory. The appropriate gauge
group for this purpose is the group of local isometries of spacetime, which is the (double cover
of the) three-dimensional Poincaré, de Sitter or anti-de Sitter Lie group, respectively for zero,
positive or negative cosmological constant A. The corresponding Lie algebra can always be
written in terms of the generators Jy,, Py, @ =0, 1, 2 with the brackets

[Jos Jﬁ]:Eaﬂnya [Jos Pﬁ]zEaﬂyPy, [Pu, PB]Z_AEaﬁnya (1)

where we set the conventions for the metric n = diag(l, —1, —1) and Levi-Civita symbol
€012 = 1 (for more details see the Appendix). There exists a two-dimensional space of possi-
ble scalar products on the above algebra but to obtain the correct gravitational action we have to
use the one of the form [7]

(Jor Pg)=nap.  {Ja» Jp) =(Pa Pp)=0. 2)
The gauge field of this theory is the Cartan connection, which is an algebra-valued one-form
A=w"Jy, +e*P,, 3)

constructed from the spin connection v = w);dx* and dreibein ¢* = e}, dx" (assumed to be
invertible). Its curvature is givenby F =dA+ AANA =R+ T + C, where

1
R= (da)“—l— Eeaﬂya)ﬂ Awy) Ju s T = (de"‘—i—e"jgya)ﬁ/\ey) P,,

A
C= 5 €% ef neV Ty 4)

are respectively the Riemann curvature, torsion and cosmological constant term.
In order to explore the dynamics of point particles coupled to the gravitational field let us
assume that spacetime has the product structure R x S, where S is a spatial submanifold of
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genus 0. We accordingly decompose the connection into A = A,dt + Ag, with a one-form Ag
defined on S and the spatial curvature Fs =dAgs + As A As. A particle can be introduced as
a (spinning) conical singularity, appearing as a puncture on S. When S has the open topology
(i.e. for A <0), we restrict to the connections Ag that satisfy such fall-off conditions at spatial
infinity that the geometry of spacetime is asymptotically conical. Then in the single particle case
the total Chern—Simons action of the system has the form [19,23,24]

S:/dtL, L=i/(A3AA3)—<coh—lh>
4
S
k - -
+/<At <2—F3—hcoh_182(x—x*)dxl /\dx2>>, ©))
T
S

where k = 1/(4G) is the coupling constant and x!, x> denote coordinates on S with the origin
at the particle’s position X,. Besides, the gauge algebra element c) =cy +cp=m Jg+ s Py
encodes mass m > (0 and spin s of the particle, while 4 is a group element that through the conju-
gation hcoh ™! = p®J, + j* P, determines the particle’s momentum p = p®J, and generalized
angular momentum j = j* P,. In particular, in the case A = 0 we have the standard relation
Jj* = e“‘/‘gyxﬁpy + 5 p% (with p* = p®/m and x° = ). The first term of the Lagrangian in (5)
describes the gravitational field, the second one a free particle and the last one their mutual in-
teraction. Treating A, as a Lagrange multiplier we can interpret the latter term as a constraint on
the spatial curvature:

%FS = heoh '8% (% — X dx" Adx?. (6)
From Fs = Rs + Ts + Cg it then follows that the (spatial) Riemann curvature and torsion are
given by

2 2, N 1 2 2w e o2/ - 1 2
R3=—C3+7p8 (X — Xy )dx" Ndx”“, T3=7‘]8 (X — Xy )dx" Ndx~. @)
They both vanish (on the background of constant curvature Rs = —Cg) everywhere except the

puncture, where the momentum p is a source of curvature and the generalized angular momentum
Jj a source of torsion.

The constraint (6) allows us to gauge away the gravitational connection by expressing it in
terms of the particle degrees of freedom, which leads to the effective particle action. To this
end we will employ the approach introduced in [8,25,26], where it was used to derive the corre-
sponding symplectic form. The first step is to divide the spatial slice S into a region containing
the particle D, topologically equivalent to a punctured disc, with polar coordinates p € (0, 1],
¢ € [0, 2], and the remaining empty region £ (where p > 1). They are separated by the circular
boundary I" (at p = 1). On the empty region £ the spatial connection is flat (even for A # 0) and
has the general form

AS =ydy™, ®)

where y is a certain gauge group element. Solving the constraint (6) on the punctured disc D we
similarly find that the connection is given by

_ Q0 __ - _
Ast)=V;d¢y "+ydyT'. 7(e=0)=h, ©)
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where a group element y is associated with the particle’s motion and for an infinitesimally small

D it reduces to h. Furthermore, requiring continuity of A across the boundary T, i.e. A‘(SD) Ir=

Af) Ir, is equivalent to the sewing condition

_ 1 __
y r=aer g, (10)

with an arbitrary constant group element o = «(t), da = 0. The jump of the value of y (while
y is continuous) at the point ¢ = 27, which coincides with ¢ = 0, is an effect of the conical
singularity at p = 0, characterized by the nontrivial holonomy of Afsg) (see Subsection 2.1).

As we describe it in the Appendix, every gravitational gauge group can be locally factor-
ized into the product of groups SL(2, R) and ANy (2), with the deformation vector n € R2! \{0},
n2 = A [10]. nis timelike in the de Sitter, lightlike in the Poincaré and spacelike in the anti-de Sit-
ter case. The factorized group has the double product structure SL(2, R) <1 AN, (2), where both
subgroups are acting on each other in a complicated manner. However, in terms of the an,(2)
generators

Sq = Py + €qp,nPJ7 (11)

the scalar product (2) on the corresponding algebra simply becomes

(V. Sp)=nap.  {Ja» Jp) = (S, Sp)=0. (12)

We choose here the order of factorization in which gauge group elements g are expressed as
g=us=(u3l 4+ u*Jy)(s31 + s#Sp), (13)

under the factorization condition s3 + %n -s > 0. The choice of the reverse ordering (82) would
lead to deriving the effective action that differs by the appropriate group conjugations.
Substituting the decomposed connection (8)—(9) into (5) and factorizing both y and y, we can
rewrite the Lagrangian in the boundary form
k -1, -1 ———1--12 , €0 ——l-—12= , =—12
L=— (dss u u—dss u u—i——dd)( U uUs+5s 5)) (14)
2w k
r
where the contribution from the disc D had to be included with the opposite orientation of I'.
Subsequently, with the help of the sewing condition (10) we can eliminate dss~! from (14) to
obtain

k .
L= / <ao (a—lu) v (d§§_1 _3 c—°d¢>5—1) n c—0d¢§_1§> . (15)
2 k k
r
We will proceed further with this expression in the specific cases.

2.1. De Sitter and Poincaré gauge groups

Let us first consider the Lagrangian (15) for A > 0, with the de Sitter gauge group SL(2, C),
and take n = (v/A, 0, 0) as the deformation vector. Strictly speaking, a single particle solution
for positive A can not exist since in this case the spherical topology of S requires the presence
of a complementary conical defect [3]. However, here we introduce it as a step towards either
the multiparticle case or contractions of the theory with the SL(2, C) group. We have Sy = Py,
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cs = cp and therefore the group element characterizing a particle in (10) has the exceptionally
simple factorization

1 1 1 1 1
et = ek Pk ¢St = ek 5Pk P = (031 + 00 S0) (31 + 1o o). (16)

where o3 + % A op > 0 is automatically satisfied, since

meo 5 sin P
= C0S — = 281N —
Hu3 % Mo %
VA 2 VA
03 = cosh 5¢ , 09 = — sinh 5¢ . a7
2k VA 2k
It is suitable to choose the reverse-ordered factorization (82) of the constant group element
a=t0=(r31 +rSe)(v3L + vP Jp), (18)

with r3 — %\/X ro > 0. Applying (16) and (18) to the sewing condition (10) and using the formu-
lae (83)—(84) from the Appendix, after lengthy calculations we find that the explicit expression
for u~! is given by
__ 1 _ - -
W=l veat, V= <U3S3 + LA U3 +eOaﬂU“sﬁ)) :
v
1
ve= - ((53 — LV/A5)U® + «/XU%M“O) ,
v
N§ = G3+ 3VA50)? + TA 55, (U + U
+VAG + AVA50) (X (U5, Uy — UUyo)
+ U3€()aﬁUa§ﬂ) , (19)

which is valid when N ‘2, > 0 and where

1
Us = N—U(mvs — 1Hovo) (03 — %«/XGO),

1
U* = No ((03 + 5V A00) (u3v® + pov3n®™ + Se%omov?) — (uavo +Mov3)~/X0077a0> .

Nu =/(03 — VA 002 + VA 030007 +13), (20)

which has to satisfy N, lzj > 0. Substituting (19) into (15) we obtain the effective Lagrangian
k _ _ _ 1=
L=— / <f(V) (dss—l _3 c—0d¢5_1) n C—Odd:s_ls) ,
2 k k
r

FVy = (VsVe = vave 4 Ly VAV ) . @)

As the last step we should perform the integration in (21) over the boundary coordinate ¢ €
[0, 27z]. Unfortunately, due to the rather complicated form of variables V3, V¥, it is difficult to
find a way to do this.

Nevertheless, we can still derive the well known limit A —> 0, n — 0 (let us stress that one
can also have A = 0 but n # 0, see Subsection 2.3), which will allow to verify the correctness
of our calculations. In this case the gauge group becomes the Poincaré group SL(2, R) >< R>!,
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where the subgroup of translations R?! is equivalent to the dual algebra s[(2, R)*. The semidirect
product < means that the (double cover of the) Lorentz group SL(2, R) is acting on s[(2, R)*
from the right, i.e. the product of two elements g and g’ has the form

gg' =u(l +8)u'(1+5) = w/ (11 + ) sy + s’) . 22)
Consequently, V3 and V¥ significantly simplify to

V3 = p3v3 — 31000, V= u3v® + po (vsnao + %Goaﬂvﬂ) ; (23)
which is equivalent to V31 + V*J, = ne%” ®. Then (21) can be expressed via a total spatial

derivative and integrated out to give the final particle Lagrangian

T2
r

k 1 .
L= d<80(oeicf¢n‘)nei”¢nlx+ %chbnln>

. 1 .
:K<n—1nx+ —cPu—ln>, (24)
K

where we denote k = k/2m, and introduce new variables of the particle’s momentum IT =
ve//p~! (see below) and position x = v§v~!. Furthermore, to partially restrict the remain-
ing gauge freedom we impose the natural condition y (¢ = 0) = 1, which leads to the relations
v=1 and r = isii~!, and hence we may set Il = e/~ x = isui—!. The obtained re-
sult (24) obviously agrees with the previous derivations of the effective action [4,9] as well as
symplectic form [27].

Meanwhile, the holonomy of the connection Ag = ydy ~ around the boundary I' is given by
the path-ordered exponential (with the counter-clockwise ordering)

1

Pelrts =y (¢ =0y~ (¢ =21)
— (1 + (Ad(n—l) - 1) X+ Ad(I™") (ﬁ%cpﬁ_l))
El‘[(l—i—%Ad(l’I_l)T), (25)

where the adjoint action is Ad(IT) P, =I1 P,T17!. In this context a SL(2, R) group element [T,
conjugate to the rotation by > = 87 Gm, is naturally interpreted [4,8] as momentum of the
self-gravitating particle. Therefore, using the parametrization IT:= p31 + % p“Jy we obtain the
deformed mass shell condition

Pap® = 4i? sin’ y (26)
2k

The extended momentum space, which is the SL(2,RR) group, as a manifold is the three-
dimensional anti-de Sitter space, determined by the constraint on coordinates p% + pap%/
(4/(2) = 1. On the other hand, Y = j* P, introduced above can be shown [4,27] to be the parti-
cle’s (generalized) angular momentum, with deformed components

. 1 .
J* = pa € )P pl 4 o (xpppf —xgpP ") 45 57 7)

Together with IT it satisfies the relation pg j¢ = 4« sin? 2 s instead of the usual py j¢ = ms

2k
(which is valid for p and j in the starting action (5)).
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We also note that the effective Lagrangian (24) can be expressed in the concise form
L=(i"). (28)

For vanishing spin s = 0, evaluating the scalar product in the Lagrangian and treating the mass
shell condition (26) as a constraint, we can write the corresponding action in terms of coordinates
x% and p“ as

. . 1 . A Lom
§= fdt <<—p3pa +P3pa— 5 Gozﬂypﬁpy> x =2 (pap“ — 4? sin® §>> . (29

where % is the Lagrange multiplier (and p3 = /1 — pu p®/(4k?2)). As one can see, in the no-
gravity limit k —> oo it reduces to the free particle action. Surprisingly, after some calculations,

(29) itself gives the equations of motion
= hcos——p%,  p¥=0, (30)
2k

which are the same (up to the rescaling of XA) as for a free particle [4,22]. What is actually
modified by the gravitational field is the momentum mass shell. These conclusions remain valid
in the spinning case, when the on-shell action is

. . 1 . s : _ _
S= /dt <<_P3Pa +P3pa = 5o Gaﬂ}/l’ﬂpy> x¥ + 3 EofA“y(—u)Ayﬂ(u)> (3D

where A"ﬁ (u) are matrix elements of the adjoint representation of the Lorentz group, defined
via A% (@)Jo :=1uJpli~", while we implicitly have p* = 2« A% (@) sin £z and x* = A% (@) 57
Variating (31) with respect to A‘)‘}3 (w), it can independently be shown (similarly as it is done for
a free particle [28]) that j’a =0.

Finally, let us briefly discuss the case of a massless particle [4], which is usually neglected in
the Chern—Simons formulation. In order to correctly include such a particle in the action (5) we
have to replace co with a lightlike algebra element, so that p, p® = 0 for hey;h™' = p®J, and
[cs,cp]=0,e.g.cj=e(Jox J2),cp =5 (Py=x Pp), where e is the massless particle’s energy.
As one can verify, the derivation of (24) (obviously, we do not need to start it from A > 0) is
unaffected by this change and we arrive at the effective Lagrangian of the same form as in the
massive case. The off-shell particle action in terms of coordinates can be simply obtained by
taking the limit m — 0 of (29). However, now I1 := p31 + %p"‘ Jo on shell is conjugate to the
null rotation by 87 Ge, while p* = e (A% (W) + A% ().

2.2. The reciprocal group contraction

From the point of view of the (local) gauge group factorization (13), curved manifold of the
AN, (2) component group in the limit A —> 0 is being flattened to the R>! group. On the other
hand, one might theoretically consider the opposite contraction of the de Sitter group, such that
the Lorentz component SL(2, R) is flattened out and we obtain the group with the semidirect
product structure R-! >¢ ANp(2), equivalent to any(2)* >3 ANy (2) (with the left action of
ANR(2) on any(2)*). This should lead to the particle model with the AN, (2) momentum space
instead of SL(2, R) and might be connected with the «-Poincaré symmetry algebra. The proper
way to accomplish this task, which we did not completely explain in [22], is by rescaling the
de Sitter group generators and coordinates to
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~ ~ —1 —1
Joi=vVAJy, Se:=vA S, i =vA u, 5% :=+As" (32)

(below we will skip the tildes over coordinates) and subsequently taking the limit A — 0. After
such a contraction the deformation vector effectively reduces to n = (1, 0, 0), while the brackets
(78) (with A > 0) become

[Jo, Jg1=0, [ Sp1=1np0Je — NapJo [Ses Sp1=120Sp — 10Sa , (33)

which indeed describe the Lie algebra corresponding to any(2)* >1 ANy (2). The product of two
group elements g and g’ has the form

g¢' =1 4+uws@+u)s = <1+u+5u’5_1)55’. (34)

The scalar product (12) on the algebra (33) remains unchanged, due to the fact that we rescaled
both subalgebras rather than just s[(2, R). The physical meaning of the Chern—Simons theory
with the obtained new gauge group will become clear below.

Let us first observe that the algebra (33) bears a certain resemblance to algebra of the three-
dimensional Carroll group. This group is the contraction of the (three-dimensional) Poincaré
group defined in the limit of vanishing speed of light [29] but can also be seen as a subgroup of
the de Sitter group, treated as a so-called Bargmann group [30]. The Carroll algebra is given by

(M, Kol =coanK®,  [Ka, Kpl=0,  [M,T0=coarT’,  [Ka, Tp]l=8a5To,
(M, To] =0, (Ko, To]1=0,  [To, Tu]1=0, [T., T] =0, (35)

where M, K,, T,, To, a = 1,2 are, respectively, the generators of rotations, Carrollian boosts
and translations in space and time. Carrollian boosts are acting only in the temporal direction
and the differences between (35) and the Poincaré algebra are associated with them. To facilitate
a comparison of the Carroll algebra structure with the brackets (33) we may rewrite the latter in
the form

(M, K =Ko, (Ko, Kpl=0, M, T)=-T,,  [Ka,Tpl=8uTo,

(M, To] =0, (Ko, Tol=0, [T, Ta]=0, [7a, Ty] =0, (36)
vyhere~we derloted M= 5‘0, ka = S’a, Ta = ja and T() = —fo. Looking at (35) we observe that
Jo’s, Sp and S,’s occupy the respective positions of the generators of translations, rotations and
Carrollian boosts but with the altered first and third bracket. As we will see, this strong similarity
between the algebras (33) and (35) manifests itself at the level of particle dynamics.

We note that the effective symplectic form for particles coupled to the Chern—Simons theory
with a gauge group of the form G >< g*, where G is an arbitrary Lie group, was calculated in
[26]. Starting from (21), we will now finish the derivation of the particle action in the case of the
considered group any(2)* > ANy (2). It simplifies the sewing condition (10) to V3 = 1 and

Vo= o +vo+ (03 + 500)° (53 — 350) v'5a, V= (03 + 500)* (3 — 35070, (37)
which, as can be shown using formulae from the Appendix, is equivalent to the relation
Vsl + Ve, =5e 1%y exs95 1 4 20 (38)

Hence we find that the particle Lagrangian (21) becomes
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k 1.
L=— [ d{dpGe 155 1x5) k595! + —c;05 15
2 k
r

. 1 .
=K<nn—1x+—c]~5—1§>, (39)
K

where TT = 5¢/“5~! and x = §v5~!. We can again fix the gauge via the condition
y(@=0)=1, equivalentto t =5, v= 5 a5, which allows us to write x = 1. The Lagrangian
(39) is the confirmation of our findings from [22] but here we arrive at this result in a more
rigorous manner. Let us also note that, despite some differences, the first lines of (39) and (24)
lead to the almost identical form of the final expression. More precisely, (39) corresponds to the
counterpart of (24) with the reverse factorization (82) of gauge group elements.

Calculating the holonomy of A around I" we then obtain

Pelrds —y(¢p=0)y (¢ =21) = (1 + (1 — AdD)x + L¢c;) I, (40)

which may be compared with (25). By analogy with the latter case, we presume that a group
element IT € AN, (2) is actually the particle’s momentum and x € R>! its position. Indeed,

after the rescaling (32) the mass constant m = \/Kilm acquires the dimension of mass times
length (i.e. angular momentum), while the spin constant § = +/A s the dimension of mass (i.e.
momentum). In this sense mass and spin are exchanged and therefore we will denote s Jo :=
cjand m S‘o = cg. As expected due to the constraints (7), it can also be shown that a similar
exchange occurs for the spin connection and dreibein in the Cartan connection (3) (now written
in terms of the generators J, and Sy ). Therefore, the theory with the gauge group considered in
this Subsection can be seen as related to the Poincaré case from the previous Subsection via a
kind of the reciprocity (or duality) map. However, since the new dreibein and spin connection do
not lead to the standard expressions (4) for the Riemann curvature and torsion, such a theory is
actually a modification of general relativity.

The extended momentum manifold ANy (2) is the elliptic de Sitter space [31]. In the context
of the «-Poincaré algebra, AN, (2) is often considered in the exponential parametrization, e.g.
with the following ordering

I := e/ SagP"/x SO, 5= 5 Sa gt "0 41)

It is connected with the parametrization s = s31 + s"‘S‘a by the relations & 0= 2log(sz + %so)
and £9 = (s3 + %so) s%. However, it turns out that coordinates p® are constrained to [22]

pO:m, pa:K(l—e%>%‘a, (42)

which means that the particle’s energy p° always has to be equal to the rest mass. This is a
characteristic feature for particles with the Carroll group symmetry since in the Carrollian (or
ultralocal) limit lightcones in spacetime are shrunk into spacelike worldlines, which can equiva-
lently be seen as null geodesics in one dimension higher [30]. By analogy with (25), we also call
the quantity

Y=« (Ad(IT ") — Dx+cj= (—xbpb—i—s) Jo +x“pofa (43)

the particle’s (quasi-)angular momentum. It satisfies the standard condition p“ j, = ms but in the
limit k —> oo its components become the expressions j* = —x, p® + s, j% = pox?, which are
different than in the ordinary situation.
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The Lagrangian (39) can concisely be written as
L= <§§*‘ T> : (44)

However, since there is the relation §J~0§’1 = fo, calculating a variation of the spin term we
obtain the total time derivative § (c J~§_1§> =0do <c js), where 85 = ¢ 5, & € any(2). Since it does
not contribute to the equations of motion, let us now restrict to the spinless case. The action
corresponding to the Lagrangian (39), with the mass shell constraint (42) included, in coordinates
is given by

A
S:/dt ()'copo + 1% pa + kX% papo — 5 (pg—m2)> ) (45)
Infinitesimal symmetries of this action are described in [22]. Without the constraint it would
be the off-shell action of a particle with the «x-Poincaré symmetries [32]. On the other hand,
in the x —> oo limit it becomes the action of a free Carroll particle [33] in three dimensions.
Furthermore, (45) leads to the equations of motion (on the mass shell)

F0=am, =0, P4 =0, (46)

which are actually identical to the ones of a Carroll particle. Taking everything into account,
one can say that the action (45) describes a x-deformed Carroll particle, although the underlying
gauge group is not a x -deformation of the Carroll group.

2.3. Anti-de Sitter group and the lightlike deformation

Another case to analyze is the Lagrangian (15) with A < 0 and the anti-de Sitter gauge group
SL(2,R) x SL(2, R). Choosing the deformation vector n = (0, 0, /JA[), we factorize a constant
« in the sewing condition (10) in the same way as in (18) (but now we have r3 + % [A]ry > 0)
and write the group element of a particle as

eF0P — p1CPP TP — (R 47)

However, in this case the second line of (17) becomes

VIAls¢ 2 JIAlse

03 =C0S —— = sin , (48)

2k JIAl 2k

while (47) acquires the nontrivial form

1
Ve = ——— <M3G31 + o003 Jo — /1A paoo s — 5/1A| MoGofz) ;
Joi+ 3
1
= —— (03211 + 030080 — LV/IA] 00282) : (49)
Joi ks

and the corresponding factorization condition 032 + %002 = cos(+/|Als¢/k) > 0 is not always
satisfied. We subsequently calculate that the counterparts of the formulae (19)—(20) are given by
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—_

=1+ ver)ut,

1 _ _ _
Vs=+— <U3S3 + 3V1AI(U35: + EaﬂZUaS'B)> ,
v

1 _ _ —
Ve = 4o (65 = 3VIAEU + VIATU 5 )

Ny =G5 + 1VIAT2? + JA 595, (U3 + UD)

+VIAIG3 + 3VIA15) (3 (U5,Us — U2Uy5)) + UseapaU%SP) (50)

which exists when N‘z, > 0, and

U3l 4+ U%Jy = (W3l + W*Jo) v,

1
Wy=—— ((032 + 4053 — % IAlas(fovl) :
Nwm
1
Ve (- o W),
NwyJo? +4oi
Ny = 032 + %002 —VIAlo300(v3v1 + %UOUZ)’ D

which has to satisfy N‘%V > 0. For brevity we do not present the explicit expressions for Uz, U*.
However, similarly as it is for A > 0, we do not know how to perform the final integration in
the particle Lagrangian (21) after substituting (50)—(51). In the limit A — 0 we obviously re-
cover the sewing condition for the Poincaré gauge group (23) and the corresponding ultimate
Lagrangian (24). On the other hand, although in the case of the anti-de Sitter group one can also
define the counterpart of the group contraction from the previous Subsection, the obtained La-
grangian turns out to be divergent. This result seems to be associated with the term proportional
to Ji in v..

Lastly, we may take A = 0 but with a non-zero, lightlike deformation vector, e.g. n = (¢, 0, q),
q € R. We find that the sewing condition is then given by complicated expressions analogous to
(50)—(51) and therefore we do not show them here. It might seem that the effective action in such
a case should be equivalent to the one for the Poincaré group in the standard form SL(2, R) b<
R>! but (24) is recovered in the limit ¢ —> 0, which reflects the fact that ¢ is an extra parameter.
The situation of the reciprocal group contraction is the same as above for A < 0.

3. Multiple particles

We will now generalize our derivation of the effective action to multiple particles. In the
Subsections below we concentrate on these gauge groups for which we have managed to obtain
the final form of the single particle Lagrangian but what we do previously is valid for any A.
The starting point is the Chern—Simons action for a system of # particles coupled to gravity [19],
given by the straightforward counterpart to the single particle case (5)
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k n

. 1

S:/dtL, Ly= H/(AS AAs) = I ewhi i)

S 1

i=

n

+ / <A() (%FS — Zhl'C(i)hi_l(Sz()_C) — )'c'(i))dxl A dx2)> , (52)

S i=1
where particles are labelled by i = 1,...,n and appear as punctures at points X(;) of a spatial
slice S of genus 0, while their masses and spins are encoded in the algebra elements c) =
myJo + 5(;) Po, and momenta and angular momenta determined by the group elements #;. The
topology of S can be either open or closed (for A < 0 the latter is possible when n > 3 [2]).
In the open case we also should impose the appropriate boundary conditions at spatial infinity,
which are given by the requirement that spacetime is asymptotically conical, corresponding to a
single effective particle [5]. It can elegantly be done [8,26] by treating S as a topological sphere
on which the infinity is represented by the boundary of a removed disc, and then shrinking this
boundary into a special additional puncture, which carries the total mass and spin of the system.
Nevertheless, for simplicity we consider here the reduced setting, assuming that the boundary
conditions are already satisfied.

To solve the constraint on Fg from the second line of (52) it is convenient to decompose S
in the manner [8,25] that generalizes what we did in the previous Section. We first choose a
point on S far away from the punctures and starting from it draw a separate loop around each of
them, dividing S into n disjoint particle regions D; and the asymptotic empty region £ with the
boundary I'. Similarly as before, every region D; can be deformed into a punctured disc, with
polar coordinates p; € (0, 1], ¢; € [0, 2], where the connection Ag has the form

X _ C( __ _ __ _
AP =7 %dd),- P b de T, e =0)=hy. (53)

Meanwhile, the empty region £ (where Ag is given by (8)) can be seen as a n-sided polygon
whose edges I'; (I' = Ui I';) correspond to the boundaries of discs D;. At the i’th vertex of the
polygon the endpoint ¢; = 27 of the incoming edge I'; coincides with the endpoint ¢;11 =0
of the outgoing edge I'; ;. However, on every I'; we have an independent sewing condition

AESDi )|1~’, = Ag) Ir; and therefore we can apply the same methods as for a single particle.
3.1. The Poincaré case

Let us first restrict to the Poincaré gauge group, with A =0 and n = 0. Following Section 2,
for each particle we derive the effective Lagrangian of the form (24), i.e. (after evaluating the
scalar product)

Li=« (ﬁi_ll'li)a (x;)* + S(i) (Ui_lﬁ,‘>0 s 54

with momentum I1; = nie%m@JOn;l and position x; = niﬁinfl. Moreover, we have to ensure
the continuity of y at all vertices of £ except i = 1 (where y has a jump, analogously to (10)),
imposing the conditions y (¢;+1 =0) = y(¢; =2m), i < n. Similarly as in the previous Section,
we may also fix the gauge at the first vertex via y (¢1 = 0) = 1. Together this leads to the sequence
of relations

vl =1,  wuy =10, o3ty ' =1, ...,
ry =xi, r2=H1X2H1_1~|—%T1, I'3=H1H2X3H2_1H1_1
+ Hl%Tznf] + %Th N GR))
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l, X; = ﬁ,-ﬁ,-ﬁl._l and angular momentum Y; =« (1 — Ad(I1;)) x; +

S N A
where now I1; = uieF’"“)JOui
s ~—1
U; S(i) P()ul- .

Substituting the conditions (55) into individual Lagrangians (54), we choose to eliminate vari-
ables v; in favour of ;. Performing the summation over all particles we then obtain the effective

n-particle Lagrangian, which can be written as

n
L=y (i =00 I D Ty (H)°

i=1
n

S (e 0 5),
i=1

_ (ao(n;_ll...nl—l)nl ...Hi_1>a(Tl-)°‘). (56)

In particular, in the 3-particle case the explicit expression for L, is (here we arrange it in a
different way)

3
. . . @
L3= Z (K (Hi_ll_li)a )" +53) (ui lui)o) - (1‘[1 11‘[1>a (Tz + T Y510 1)

i=1
- (fl;lnz)a (T3)" . (57)

The Lagrangian (56) agrees with the corresponding symplectic form [8]. As one can observe,
it describes a collection of self-gravitating particles whose angular momentum 7Y; is coupling
to the total momentum of preceding particles (i.e. the ones labelled by j’s smaller than a given
i <n). Furthermore, the terms proportional to Y; depend on the order of particle labels.

To verify the composition rule for such group-valued momenta and angular momenta we note
that the holonomy of Ag along an edge I'; is given by y(¢; = 0) y ~!(¢; = 27) (similarly to
(25)), and hence for the holonomy circumventing j < n particles along I'(j) = U{:l I'; we have

PeltnAs =y (g1 =0)y (¢ = 27)
=My T (4 A0 T T+ L) L (s8)

It confirms that the composition rule is determined by the non-Abelian group multiplication
(22), leading to the deformed addition of both p; and j;. When (58) is calculated along the
whole boundary I', we naturally interpret IT = I1;...II, as the total momentum of the sys-
temand [I-! Y = H;lTn I, + l'[;ll'[;j] Yn—111,-111, + ... as the total angular momentum
conjugated by IT. By construction, for a closed topology of S it has to be [T =1, Y = 0. The
holonomy (58) also depends on the ordering of particles. This peculiar property [34] is actu-
ally a natural feature of non-Abelian field theories in two spatial dimensions, where a system of
topological defects is not invariant under a usual permutation of the pair characterized by group
elements g; and g;4+1: (gi, &i+1) — (gi+1, &), but instead under a so-called braid: right-handed

(8 8i+1) = (8i+1, 811 18igi+1)s ie.
(I, igp) — (Hi+1, H;rlll'lil'liﬂ) ,

(Vi Y = (Vi AT (T = (1= AdT) Vi) (59)
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or left-handed (g;. gi+1) = (8igi+18; - 8i)- i.e.
(M M) = (WM T )
(ViYoo) = (AT T + (1= AdCT e 7)) T2 ) (60)

for i < n. Simply speaking, a loop I'; can not be pulled through I'; 1, or vice versa, but has to
be deformed around the latter, which accordingly modifies the holonomy g; or g; 1 (see [35]
for the illustrations). Taking this into account, once a given particle ordering is chosen, the total
holonomy (58) (with j = n) is defined unambiguously, since it is invariant under the braid group
of n elements. The above braid symmetry is obviously reflected in the properties of particle
scattering and statistics at the quantum level [9,34-36].

Finally, considering the spinless case V;s(;) = 0, we may rewrite the Lagrangian (56) in the
form that includes the mass shell constraints for individual particles, analogously to (29). Despite
the presence of coupling between different particles, we find that it leads to the equations of
motion

)'C%) ZA(i)COS%pz), p'z) =O, (61)
which are the same as for a single particle (37), reflecting the absence of local interactions in
three-dimensional gravity. The derivation of these equations can conveniently be done in the
recursive manner, starting from the 1’st particle for variations of the Lagrangian with respect to
positions and then from the »n’th particle for variations with respect to momenta. Nevertheless,
the particles experience a topological interaction between themselves via the sewing conditions
(55) (see also [5]).

3.2. The k-deformed Carroll case

The other possibility that can be studied is to take the action (52) with A > 0, n= (\/X ,0,0)
and later perform the contraction of the gauge group to any(2)* > ANy (2), introduced in Sub-
section 2.2. Following the steps from the beginning of this Section and repeating calculations of
the single particle case (39), we derive the effective Lagrangians for individual particles

Liy=x (Hiﬁi_l)a x)* +50) (5713:')0 : (62)

. Ly .. - - . .
with momentum IT; = 5,~ex’"<’)s"5i ! and position X; = §;V;§; I Then, requiring the continuity
conditions at the vertices y (¢;+1 = 0) = y(¢; = 27) and partially fixing the gauge via y (¢ =
0) = 1, we again obtain the relations

us =1, w5, =, 65 =ML, ...
avis;'=x1. B '=xn+in. BwEgl=x+ln+ninm. .

(63)

where the (quasi-)angular momentum Y; = « (Ad(IT; 1) - Dx; +50) fo and now x; = u;. After

(63) is applied to every L to replace the variables v; with u;, summing over i we ultimately
arrive at the effective n-particle Lagrangian
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n

&~
3
1

. . _ _ o
("), oo+ (mit) (Yo + 02 G i ) )

I
LN

I
.M=

I
-

. [04
(M) (exi+ i+ 00 T T )

+50 (57'%1), ) (64)

This expression can also be arranged analogously to (56), as we show in the simple example

L=y (e () o450 (57'%1), ) + (maty ') (1)
i=l1
+ (Mnsty 'y + 1y ') or”. (65)

Repeating what we did in (45), for vanishing spins V;s(, = 0 we may add to (64) the mass shell
constraint for every particle. This leads us to the equations of motion

.0 . .

Xy = OLIOR xf’i) =0, p‘é-) =0, (66)
which are again the same as in the single particle case (46). In the recursive derivation of these
equations we start from the »’th particle for variations of the Lagrangian with respect to positions

and then from the 1’st particle for variations with respect to momenta.
Moreover, calculating the holonomy of Ag along I'(j) = U{:l [, j <nwefind

Pelrin’s =y (1 =0y~ (9 =2m)
= (Lo e b T ) T, 6D)

which is determined by the group multiplication (34) and allows to call IT = I1; ... IT,, the total
momentum and Y =1, + I1,; Iy, 1T, + ... the total (quasi-)angular momentum of all parti-
cles. For a closed S there is IT = 1, T = 0. The holonomy (67) is invariant under the braids of
individual holonomies but here the transformations of angular momenta from (59) and (60) have
the form

0 i) = (i, A Ty + (1= AT 7 ) T ) (68)
and

(T Vi) = (AL (Yt = (1= AT ) T )L T3 ) (69)
respectively.

We note that, as in the Poincaré case (56), the final Lagrangian (64) consists of both free
and interacting terms. The only difference is that now angular momentum of a given particle
is coupling to the total momentum of the following particles, instead of the preceding ones.
This is associated with the fact that in the initial Lagrangians (54) we have a right action of the
momentum sector of the gauge group on R>!, while for (62) it is a left action. The Lagrangian
(56) can be transformed into the expression analogous to (64) through the following change of
variables
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JJ RS Y RN § B § PN s P

x; — I I Ty T = i T Y Ty T —
— iy,
T | LI | AT (70)

while the corresponding transformation for (64) is
[J RSy LR § B § PN s P
x; — 7 I Ty T = A s T — = Ly
5 — I s (71)

4. Summary

In this paper we considered the Chern—Simons theory describing gravity in three spacetime
dimensions, with a system of point particles. Our approach was to apply the local factorization
of gauge groups into the product of the Lorentz group and the ANy (2) group. This allowed us
to solve the sewing condition for the Cartan connection and obtain partial results for the effec-
tive (single) particle actions with the (anti-)de Sitter group as well as with the double-product
factorization of the Poincaré group. However, it remains an open question how to perform the
final integration in these actions, while another complication is that the variables of particle’s
momentum and angular momentum belong to the subalgebras spanned by the generators J, and
P, instead of J,, and S, . It also turns out to be similarly problematic to simplify the expressions
for the holonomy of a particle in all the above cases, using the standard gauge fixing condition
y (¢ =0) =1 at the boundary of a punctured disc.

On the other hand, we reviewed the known final results for particles in the theory with the
Poincaré gauge group, trying to stress certain of their aspects. Furthermore, we extended the
analysis of the so-called reciprocal contraction of the de Sitter group (introduced by us in an
earlier paper), including the generalization to a system of multiple particles, which have not been
discussed before. In this way we showed that, apart from the different type of the mass shell
condition, it is completely analogous to the Poincaré case.

Finally, let us speculate about possibilities for the related future research. An area that es-
pecially deserves more interest are applications of the Chern—Simons theory in the context of
general relativity in four spacetime dimensions. In particular, the latter can also be expressed
[37] as a topological gauge field theory but with an extra term that breaks down the full gauge
symmetry to the Lorentz symmetry, restoring local degrees of freedom. There has been a par-
tial attempt [38] to use the Chern—Simons theory to describe a system of point particles coupled
to four-dimensional gravity (with positive cosmological constant) in the limit where this gauge
symmetry is preserved. A different potential research direction are (planar) gravitational waves,
which effectively are three-dimensional objects, while the appropriately reduced Chern—Simons
theory can be defined on a hypersurface in four dimensions [39].

One can also notice a certain similarity between three-dimensional gravity and relativis-
tic physics in the Carrollian limit (for any number of dimensions). Namely, while in the first
case there are no local interactions between particles coupled to the theory, in the second one
the worldlines of particles turn out to be causally disconnected. However, the latter apparently
changes when we introduce some interaction potential [33] and the considered analogy is proba-
bly superficial. On the other hand, as we mentioned in Subsection 2.2, spacetime in the Carrollian
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limit can be embedded as a null hypersurface in one dimension higher. A manifestation of this
fact is that the three-dimensional Carroll group contains the symmetries of a gravitational wave
in four dimensions [40]. The hybrid model of «-deformed Carroll particles derived in our paper
may also be worth to explore as such a link between the three and four dimensions, perhaps in the
quantum context. We note here that its effective action (45) can be straightforwardly generalized
to higher dimensions, in contrast to (29).

Three-dimensional gravity naturally serves as a testing ground for different ideas associated
with the quantization of general relativity. In particular, in light of the recent results that were
discussed in the Introduction, the issue to be verified is whether the x-Poincaré algebra actu-
ally describes symmetries of the effective theory of quantum gravity with particles included (as
already tentatively analyzed in [21]). Then the AN(2) group would play the role of curved mo-
mentum space, which is a characteristic ingredient in the hypothetical relative locality regime of
quantum gravity [15]. However, since the above result is presumably derived in the limit of van-
ishing cosmological constant, it is not yet clear how it can be reconciled with the corresponding
classical case, reviewed in our Subsection 2.1. The situation is additionally complicated by the
peculiar case from Subsection 2.2, which is obtained instead of the expected classical particle
with the AN(2) momentum space. On the other hand, the «-deformed Carroll particles can be
treated as another example of the model with curved momentum space. Furthermore, the multi-
particle dynamics presented in this paper may help to improve the formulation of the principle of
relative locality, as it was attempted in [41]. On a separate note, let us mention that the quantum
statistics satisfying the braid symmetry, called the non-Abelian anyonic statistics, can theoreti-
cally be realized in the fractional quantum Hall effect and on spin lattices, as well as be applied
in the topological quantum computing [42]. This allows us to establish links between these areas
and gravity, see e.g. [43] (which also shows how the Chern—Simons theory can model a black
hole horizon in the quantum theory) and references therein.
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Appendix A

For any value of the cosmological constant A, the (local) isometry group of three-dimensional
spacetime is generated by the algebra [7]

o, Jpl = €apy I, [Jo, Pgl=€apy PV, [Po, Pgl=—Aéapy J”, (72)

where the first bracket defines the three-dimensional Lorentz subalgebra sl(2, R) (or equivalently
su(l1, 1)). Introducing a formal parameter 6, such that 02 =—A,itis possible to make the identi-
fication of generators: P, = 6 J,. Then each of the three isometry algebras becomes isomorphic
to an extension of sl(2, R) over the Abelian ring R (with a given A), whose elements have the
form a + 0b € Ry, a,b € R [44]. For A > 0 we have 6 = i~/A, Ry = C but in other cases 0
cannot be expressed via +/[A] and therefore is not a number.

It is convenient to use the (double cover of the) Lorentz group SL(2,R) (or SU(1, 1)) in
the quaternionic representation. Namely, one can easily see that SL(2, R) is isomorphic to the
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group of unit pseudo-quaternions H{‘ (the Lorentzian version of the group of unit quaternions).
Generators % of the algebra of pseudo-quaternions H’ are defined by the relation

eqep = —Tapl + €qpye” (73)

with the identity element 1. This leads to the following map J, — %ea. Consequently, all isome-
try groups can be represented as the group HlL = SL(2, R) over a given ring Ry, whose elements
can be parametrized as [10]

g=(k3+0g3)1+ (k* +09*)Ja . (74)

where real-valued group coordinates satisfy the conditions k3g3 + %k -q =0 and k% - Aq32 +
}T(kz — Aq?) =1, so that g is a unit pseudo-quaternion. In particular, for A > 0 the parametriza-
tion (74) explicitly describes the SL(2,C) group. For A = 0 the standard group structure
SL(2,R) p< R%! can be recovered as a special (global) case of the factorization (79). Finally,
the situation is more subtle for A < 0. In order to recover the SL(2, R) x SL(2, R) factorization
one defines new generators Jojt =04+ Jy, where 04 = %(1 + %) are the zero divisors of Ry,
satisfying the relations 03 = O+ and 040+ = 0. Indeed, in terms of JE the algebra (72) (with
A < 0) becomes

Uy Jgl=eapyJL, 115 J51=0, (75)
while group elements (74) split into the pairs of g4+, g— € SL(2, R), i.e.
g=0484 +0-g- =04 (u3 1 +ufJ") +0- (uz1+u2J;), (76)

where u? =kst+/—Agzand u =k% £/ —Ag“.
On the other hand, introducing the generators

Se =Py +eqpynPJ7, m*=A, (77)
where n is some vector from R%!, we can rewrite the algebra (72) as

[Jo. Jgl = €apy 7, [Jo. Sl =€apy SY +npJy — napn’ J, ,

[Sa, Sgl=nqSg —ngSy . (78)

The third bracket defines the so-called any,(2) algebra, which can be seen as a deformed RZ!
algebra, with the deformation vector n. In the case n =0 (when A = 0), the algebra actually be-
comes R>!. Furthermore, it has been shown [ 10] that there exists the corresponding factorization
of isometry group elements into

g=us=(u3l 4+ u*Jy)(s31 + s#Sp), (79)
where u € SL(2, R), 5 € ANp(2) (or 5 € R>1), if the condition s3 + in - s > 0 is satisfied. u3

and s3 are given by u3 = ,/1 — %uz, §s3=,/1+ i(n -5)2. The relation with the global group
parametrization (74) is presented in [10], although not in terms of coordinates. Here we calculate
their explicit form (the same for any A)

1 1 o 1 o o o B,v
H3=N—L(k3+§n'Q), u ZN_L(k —2q3n +6/3an)’

1 ’ 1 1 2, 1,2
8= 2NL, (NL+ D), st = Ny (kgq”‘ —q3k* — fe%ykﬂqy +2(a5+ 34 )na) ’

L
(80)
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where the normalizing constant
N7 =k3 + Ag3 + 1K + Aq®) + kan - q — g3n -k — Leapyn®kPq? (81)

which is equivalent to Ny = s3 + %n - 8.
On the other hand, a group element can be factorized in the reverse order into

g=10=(r31+7r"Sy)(v31 + v’ Jp), (82)

where t € AN, (2), v € SL(2,R) (or t € R>!), under the condition r3 — n r > 0. v3 and r3

are again given by v3 = \/ 11— —v L3 = \/ 1+ Z(n -1)2. The expressions for coordinates of (82)
are similar to the previous ones (80). Furthermore, when both factorizations exist, it is naturally
possible to make a transformation from the first to the second one or vice versa [ 10]. In the former
case we calculate here the following explicit formulae
1
b= N—R(V3]l +v¥Jy), vi=u;3 (S3 — %n . s) + %eaﬁyu“nﬂsy ,
VY= (53— n-s)u” +n-su® —u-sn® (83)

and
1
t= (@I 40"S). e3=1+{s’ (v’ - (n-w?)
R

+%(S3—%n-s)(—n~s+%<n-su2—n~uu-s)

0% = %52 (% (n cuu® — u2n“‘) — uge‘)/‘gynﬁu”)

(S3—%ll s)(s +2(u su® —u’s >+u3eﬂy ﬁs}’>.
(84)

The normalizing constant Ng can be written as Ng = r3 — %n -1, with the condition r3 — %n >0
or explicitly

NI%E1+%sz(n2u2—(n~u)2)+(s:5—%n-s)(—n-s—f-%(n-suz—n-uu~s)

+ u36a5yu“nﬁs”), (83)

+

and by construction it satisfies the relations N3 = Q% — %(n“ga)z, 03 > % as well as N12e =
V3 + 7 Ly, For clarity let us also note that o3 + %naga =1
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