
Proceedings of the DAE Symp. on Nucl. Phys. 57 (2012) 45

Available online at www.sympnp.org/proceedings

Review of critical point symmetries and shape phase
transitions within algebraic and collective models

L.Fortunato1, C.E.Alonso2, J.M.Arias2, and A.Vitturi1
1Dipartimento di Fisica e Astronomia “G.Galilei” and I.N.F.N.- Sez. Padova,

via Marzolo 8, I-35131 Padova, ITALY and
2Departamento de F́ısica Atómica, Molecular y Nuclear,
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Several aspect of shape phase transitions and critical point symmstries are reviewed in
this contribution within the frameworks of the Interacting Boson Model(IBM) and the
Interacting Boson Fermion Model(IBFM) for even and odd sysstems respectively and
compared with collective geometric models. We discuss in particular the case of an odd
j = 3/2 particle coupled to an even-even boson core that undergoes a transition from the
spherical limit U(5) to the γ-unstable limit O(6). The spectrum and transition rates at
the critical point are similar to those of the even core and they agree qualitatively with the
E(5/4) boson-fermion symmetry. We discuss also the UBF (5) to SUBF (3) shape phase
transition in which the allowed fermionic orbitals are j = 1/2, 3/2, 5/2. The formalism
of the intrinsic or coherent states is used to describe in details the ground state as well
as the excited β− and γ−bands. This formalism is also used to calculate the Potential
Energy Surface of the cubic quadrupole operator that leads to traixiality.

1. Shape phase transitions
Nuclei are complex systems that can be

studied with algebraic models like the IBM
and IBFM or with geometric collective mod-
els, like the Bohr-Mottelson model and its ex-
tensions (for example the Frankfurth model).
Although they are quantum objects they can
be assigned with a specific shape (see Fig. 1)
characterized by a given underlying dynam-
ical symmetry or, more commonly, be situ-
ated somewhere along a transitional path that
goes from one shape to another. Under cer-
tain approximations, at the critical point of
the shape phase transition a new kind of dy-
namical symmetry might be found [1, 2]. This
fact has been established within the Bohr-
Mottelson collective approach owing to new
analytic solutions of the Bohr hamiltonian [3–
5] that have been applied to several nuclei and
have initiated a new large chapter of research
in nuclear physics. Several successful studies
using the IBM have followed, because this for-
malism takes into account the finite number
of particle and yields results that are more
directly comparable with spectroscopic data.
Much of this work however, has reserved at-
tention only to even-even systems. In our ac-
tivity along the years we have extended the

concepts of shape phase transitions and criti-
cal point symmetries to odd nuclei within the
IBFM, that allows a proper treatment of the

FIG. 1: Polar plane for the description of
quadrupole shapes as a function of the radial vari-
able β (quadrupole deformation) and the angle γ
(asymmetry). The fundamental 60o wedge is suf-
ficient to describe all possible intrinsic ellipsoidal
shapes because any other point in the diagram
can be obtained by simply relabelling the intrin-
sic axes.
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unpaired fermion together with the bosonic
core. The formalism of the intrinsic or coher-
ent states [8, 13] is used to describe in detail
the ground state as well as the excited β− and
γ−bands and the potential energy surfaces ob-
tained from model hamiltonians are compared
with the corresponding cases proposed within
the geometric collective model based on the
Bohr hamiltonian.

The concept of E(5) symmetry, summarized
in Fig. 2, that takes place at the critical point
for the U(5)-SO(6) phase transition, has been
generalized to the E(5/4) symmetry [6] in the
context of the collective model. In this case
the bosonic core, that undergoes a spherical
to γ-unstable shape phase transition, is cou-
pled to a fermion moving in a j = 3/2 orbital
(that preserves the γ-independence of the to-
tal energy surface [7]). The equivalent de-
scription in the IBFM, that has a finite num-
ber of valence particles, has been given in Ref.
[8]. The energy spectrum and transition rates
at the critical point are shown in Fig. 3. This
has been obtained with the hamiltonian

H = HB +HF + VBF , (1)

HB = xn̂d −
1− x
N

Q̂χ=0
B · Q̂χ=0

B , (2)

which produces, varying the parameter x from
0 to 1, a transition between the two sym-
metries SO(6) and U(5), keeping the SO(5)
symmetry untouched. The fermionic hamil-
tonian for a single j-shell is just a constant
and can be skipped. The part that couples
bosonic and fermionic degrees of freedom is
VBF = −2 1−x

N Q̂χ=0
B ·q̂F , where Q̂χ=0

B and q̂F =

(a†3/2 × ã3/2)(2) are the boson and fermion

quadrupole operators, respectively. The full
evolution of energy levels along this transi-
tional line is shown in Fig. 4 with all the
quantum numbers that are needed to label
the states. Notice that, when the odd fermion
lies in an orbital that does not have j = 3/2,
the multiplets are split (see Ref. [8, 9]). The
total boson-fermion hamiltonian (1) describe
the transition from Spin(6) to U(5/4), main-
taining the Spin(5) symmetry along the en-
tire transitional region. When one couples
any other orbital the supersymmetric features

(namely the γ−independence of the result-
ing potential energy surface) associated to the
j = 3/2 orbit are lost. For example, when
j = 9/2, the core-fermion coupling gives rise
to a smoother transition than in the even-core
case [9]. Fig. 5 shows the evolution of the
energy surfaces along the shape phase tran-
sition (here c = 1 − x) for the even core and
for the five components K = 1/2, 3/2, 5/2, 7/2
and 9/2. One can notice that, while the core
jumps into equivalent (γ−unstable) minima at
the critical point, the preference of low values
of K orbitals is for oblate shapes and the pref-
erence of high values of K orbitals is for pro-
late deformation. This fact has a simple ex-
planation in terms of the matter distribution
that results from the alignment of the angular
momentum vector with the privileged z-axis.
K is the same for the fermionic and total sys-
tem because the bosonic part is restricted to
the ground state (See Eq. (3.4) of Ref. [9]).

Another case worth mentioning is that when
the fermion sits in a set of j = 1/2, 3/2, 5/2
orbits and it is coupled to a γ-unstable core by
an appropriately chosen boson-fermion inter-
action, the γ−unstable character is still pre-
served [10]. The analytical model E(5/12)
[11] for the critical point between spherical
and γ−unstable has also been studied along-
side with the corresponding interacting boson-
fermion model [10]. This particular multi-
j situation has also been investigated along
the spherical to axially deformed shape phase
transition [12] with the hamiltonian:

H = x(n̂d + n̂3/2 + n̂5/2)− 1− x
4NB

Q̂BF · Q̂BF ,

(3)

where Q̂BF = Q̂χB + q̂F , Q̂χB is the boson

quadrupole operator with χ = −
√

7/2 and q̂F
is given in Ref. [12]. The spectrum at the
critical point is shown in Fig. 6 where one can
see the band structure of both the even-even
and the odd-even cases: λ and µ are SU(3)
quantum numbers that, strictly speaking are
valid only at the limiting dynamical symme-
try and not at the critical point. We use them
with the label ”asymptotic” as a tool to or-
ganize the band structure (see Ref. [12] for
more details). Here K is the projection of
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FIG. 2: The potential V (β) = aβ2 + bβ4 (left) spans from spherical to γ-unstable deformed cases,
crossing the critical point (c.p.). In the E(5) solution (centre) the β4 potential at the critical point is
approximated by an infinite square well. The ground state radial wave function, which is essentially
a Bessel J function is shown in green. The lower portion of the analytic spectrum of the E(5) critical
point symmetry is shown on the right. The slightly anharmonic eigenstates are labelled by Jπ and by
a family index ξ. Arrows indicate electric quadrupole transitions.
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FIG. 3: Energy levels and quadrupole transition rates for the odd system (with N = 7 bosons and
a fermion in a j = 3/2 orbit) at the core critical point for the spherical to γ−unstable shape phase
transition (SU(5) to SO(6)). Multiplets have been arbitrarily split according to the J quantum number.
Normalized energies are found in the leftmost column. States are labeled by Spin(5) quantum numbers,
i.e. (τ1, τ2), spin and ξ, that labels different bands. B(E2)s have been normalized to 100 for the lowest
transitions.

the core angular momentum. In the odd-even case several additional bands are present. The
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FIG. 4: Energy levels for the even and odd systems are displayed as a function of the parameter (1−x)
for the boson and boson-fermion Hamiltonians for the spherical to γ−unstable shape phase transition.
A number N = 7 of bosons has been assumed in both cases and the odd particle has been taken in the
j = 3/2 orbital. In the left panel (even case) we indicate for each level the τ quantum number, spin
and parity. In the right panel we quote the (τ1, τ2) quantum numbers and spin. The position of the
even critical point is marked.

qualitative overall look is quite similar to the
corresponding even-even case. For complete-
ness we show in Fig. 7 cuts of the odd-even
(black) and even-even (violet, dashed) poten-
tial energy surfaces along γ = 0 in three cases:
axially deformed dynamical symmetry, critical
point of the even core and critical point of the
total nucleus. The core has NB = 9 bosons in
all cases. All energy surfaces have been cal-
culated within the intrinsic frame approach.
They display the minimum for the same value
of the deformation parameter in the leftmost
panel. Here the addition of the extra parti-
cle is not changing the features of the system.
At the core critical point the extra particle
drives the system toward deformed or spher-
ical shapes depending on the different which
state of the odd-even nucleus we are consider-
ing. Notice how the odd-even potential energy

surfaces are rather flat in the third panel that
corresponds to the critical point of the odd
system.

In testing and exploring the validity of crit-
ical point symmetries, other directions can be
taken: for example one might want to know
the predictive power of the coherent state ap-
proach to the IBM in this context. This has
been tested for the ground and excited bands
(i.e. the β-band in this case) far from the IBM
dynamical symmetry limits in the transitional
region along the γ-unstable path from U(5) to
O(6) in Ref. [13]. We have found that it is
a good approximation all over the transition
with the exception of a narrow region close to
the critical point.

In summary the salient features of shape
phase transitions are quite robust with re-
spect to the addition of an unpaired fermion,
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FIG. 5: Energy surfaces for the even-even core and for the different K states in the odd-even system
as a function of deformation. The control parameter (c in this case correspond to 1 − x of Eq. (2) is
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although, clearly, all the values of quantum
numbers, excitation energies and transition
rates are rather different and each case must
be studied in detail to provide experimental-
ists with detailed predictions. In this respect,
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we would like to stress that an extensive cor-
pus of theories exists that still lacks the exper-
imental counterpart with a few exceptions: for
instance the work of Fetea et al.[14], that have
performed a β-decay experiment to study the
energy levels of 135Ba. The results have been
compared with the E(5/4) symmetry as well as
with IBFM results, showing some agreement,
but pointing also to discrepancies that might
mean that more work on the comparison of
theory and experiment is needed to establish
the most important features of odd-even tran-
sitional nuclei.

Recently, Iachello, Leviatan and Petrellis
have made several studies on various shape
phase transitions [15] reaching essentially the
same conclusions although they insist more on
the fact that the position of the critical point
is retarded (or anticipated) by the presence of
the fermion.

2. Other studies using coherent
states

We have undertaken several other studies
that are based on the coherent state formal-
ism. For example, in collaboration with I.Inci
[13] we have tested the predictive power of
the coherent state approach to the interact-
ing boson model far from the IBM dynamical
symmetry limits. By considering the transi-
tional region along the γ-unstable path that
leads from U(5) to O(6) we have calculated the
spectrum of the excited beta-band as well as
intraband and interband quadrupole electro-
magnetic transitions. The results of obtained
with the intrinsic states are compared with
the exact results as a function of the boson
number N. We find that this formalism pro-
vides approximations to the exact results that
are correct up to the order 1/N in the transi-
tional region, except in a narrow region close
to the critical point. In this work we have
given explicit expressions for several quanti-
ties, like quadrupole moments and transition
rates.

Another example is the work with R.Fossion
[16] where we concentrate on two-particle
transfer reactions. We study whether the evo-
lution of the transfer spectroscopic intensities,

I(N → N +1), where N is the boson number,
could be used as a possible signature of shape-
phase transitions, finding a positive answer.
By considering chains of even-even nuclei that
display analogous changes in shape, such as
from spherical to axial-symmetric deformed or
from spherical to deformed γ-unstable, within
the IBM we find that, in correspondence to
the critical points, the ground-to-ground two-
particle transfer matrix elements show a rapid
discontinuity (see Fig. 8). This discontinuity
is associated with a corresponding increase in
the transition to the excited 0+ states, a fact
that could be used as a signature in the analy-
sis of spectroscopic data. Simple formulas are

FIG. 8: Spherical to γ-unstable, U(5)-O(6), shape
phase transition. (a) Cuts of PESs for N = 515 as
a function of the quadrupole deformation β, and
(b) position of the absolute minima of the different
PESs. Two-particle transfer intensities calculated
in the IBM (solid lines) and the boson coherent-
state framework (dashed lines) are shown in (c) for
the gs → gs transfer and in (d) for the gs → beta
vibration transfer. The IBM predictions for the
U(5) and O(6) limits are also indicated (dotted
lines).
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given using the intrinsic-frame formalism.

Yet another example of the profitable use
that can be made of the coherent state is the
work in collaboration with J.E. Garćıa-Ramos
[17], where we have introduced an extension of
the Interacting Boson Model that includes the
cubic (Q̂×Q̂×Q̂)(0) term. We have calculated
the potential energy surface, dsiplayed in Fig9
for the cubic quadrupole interaction explicitly
within the coherent state formalism using the
complete (χ−dependent) expression for the
quadrupole operator, at a variance with pre-
vious studies. This term is found to depend
on the asymmetry deformation parameter γ as
a linear combination of cos (3γ) and cos2 (3γ)
terms, thereby allowing for the occurrence of
triaxial minima in the PES of a consisten-Q
formalism hamiltonian plus cubic correction.
The phase diagram of the model in the large
N limit is explored: the orders of the phase
transition surfaces that define the phase dia-
gram are described, and the possible nuclear
equilibrium shapes are established. It is found
that for this particular Hamiltonian, contrary
to expectations, there is only a very tiny re-
gion of triaxiality, and that the transition from
prolate to oblate shapes is so fast that, in most
cases, the onset of triaxiality might go unno-
ticed.

To conclude this roundup of various uses of
coherent states, we mention the recent study
with A. Giannatiempo [18] where the the
spherical to prolate deformed shape transition
is studied in the framework of the interact-
ing boson IBA-2 model, that distinguish be-
tween proton bosons and neutron bosons, by
using a one-parameter Hamiltonian based on
the consistent-Q hamiltonian. Excitation en-
ergies and B(E2) reduced transition strengths
of the ground-state, quasi-beta, and quasi-
gamma bands are considered. The effects re-
lated to the finite boson number are taken
into account. The IBA-2 and X(5) predic-
tions are compared to the experimental data
on 150Nd, considered one of the best exam-
ples of an X(5)- like nucleus. The analysis of
potential energy surfaces of 144−156Nd, carried
out in the framework of the IBA-2 model, pro-
vides further information on the structure of

the neodymiun chain and the identification of
the phase transition critical point.
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