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Abstract—In this paper, we investigate the outage prob-
ability of a network coded cooperation (NCC) system
in the presence of frequency selective channels with the
usage of orthogonal frequency division multiple access
(OFDMA) technique. As OFDMA offers a flexible design
of bandwidth usage by letting smart subcarrier allocation
schemes in the frequency selective channels, combining
NCC with OFDMA leads to feasible transmission schemes
for efficient resource utilization. A single relay selection
(SRS) technique is used to alleviate the complexity of
utilizing all relay nodes. This system model is referred to
as NCC-OFDMA-SRS. The first approximation of outage
probability expressions of the NCC-OFDMA-SRS system
is derived, and the results are supported by extensive
simulations. In addition, asymptotic outage probability
expressions are obtained, showing that the achievable
maximum diversity gain results are attained.

Index Terms—Dense network, network coded coopera-
tion, network coding, OFDMA, relay selection.

I. INTRODUCTION

Network coding is a promising technique which al-
lows cross-layer optimization by providing robustness
against the error propagation and an increase in through-
put for wireless networks [1]. Relay nodes use network
coding coefficients, which are selected from a field
of size q denoted by GF(q), to create network-coded
symbols. Each detected source symbol is multiplied with
the corresponding network code coefficient and all terms
are summed. In wireless networks, a direct link may
exist between the source and the destination due to the
propagation characteristics of the wireless channel in
each direction of a network coded system. This system,
named as network coded cooperation (NCC) system, is
proposed in [2].

The simultaneous use of all relay nodes may create
trouble about efficient use of bandwidth in NCC systems
due to the feedback requirements about the channel
states [3]. NCC systems require exact channel estima-
tions of all relay to destination links to obtain source
symbols. Hence, a relay selection scheme is important
for simplification of the NCC system implementation.
Selecting the best relay node instead of using all re-
lays gives the full diversity gain (equal to one greater
than the number of relay nodes) for the cooperative
communication. Surprisingly, as shown in [4], [5], these
results are not valid for NCC systems. If the number of
selected relays is less than the number of sources, the
full diversity gain cannot be achieved and the diversity

order is equal to one greater than the number of selected
relays [4]. Hence, it is demonstrated that the diversity
order of an NCC system with single relay selection can
reach up to 2 without using any multiplexing scheme.
Multiple relay selection cases for NCC systems are also
investigated in [5].

Orthogonal frequency division multiple access
(OFDMA) is the most frequently used multiplexing
technique in wireless communications. The OFDMA
extension of NCC abbreviated by NCC-OFDMA is
also investigated as a resource scaling technique in
NCC systems [6]. On the other hand, the diversity gain
and decoding probability analysis of relay selection
of NCC-OFDMA system is not yet available in the
literature. In this paper, the decoding probability of
an NCC-OFDMA system with a single relay selection
indicated by NCC-OFDMA-SRS, is investigated. The
expression of diversity order of NCC-OFDMA-SRS
system in the asymptotic SNR region is derived.
Maximum distance separable (MDS) codes are used
at the relay nodes, and the Random Rotation and
Expansion based Hopcroft-Karp (R2EHK) algorithm
[7] is implemented in the subcarrier allocation part
in both of the transmission phases with L coherence
bandwidths. Min-max relay selection criteria are used
to determine the best SNR in a set that contains the
worst SNR of each pair of source-to-relay (sr) and
relay-to-destination (rd) links. We establish that the
diversity order of NCC-OFDMA-SRS depends on L
and is equal to 2L. The accuracy of the theoretical
findings is supported by extensive simulation results.

II. SYSTEM MODEL

The NCC-OFDMA system contains P source nodes,
M relay nodes, and one destination node. The total
number of subcarriers is denoted by N , satisfying the
condition N > {P,M}. This assumption is realistic
since the number of subcarriers is usually greater than
the number of source and relay nodes. The number
of coherence bandwidths of the NCC-OFDMA system,
indicated by L, could be smaller than N if the channel
is frequency selective. The transmission is completed
in two orthogonal phases, namely the broadcast phase
and the relaying phase. In the broadcast phase, source
nodes radiate their symbols through the wireless channel.
Due to the broadcast nature of the wireless channel, the
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symbols of the source nodes can be overheard by the
relay nodes and the destination node.

Let the frequency domain representation of the nth

subcarrier channel gain of u be given by H
u

[n], where
u 2 {s

i

d, s
i

r
j

, r
j

d}, i = 1, . . . , P, j = 1, . . . ,M, n =
1, . . . , N . It is assumed that H

u

[n] has Rayleigh dis-
tribution. The received symbols at the jth relay node
and destination node in the broadcast phase are given
respectively, as:

Ysirj [n] =Hsirj [n]Xi

[n] +Wsirj [n]

Ysid[n] =Hsid[n]Xi

[n] +Wsid[n],
(1)

where each symbol X
i

[n] is transmitted at unit power.
The additive white Gaussian noise (AWGN) at the jth

relay node and the destination node in the broadcast
phase are denoted by Wsirj [n] and Wsid[n], respectively.
The jth relay node detects X

i

[n] by using Ysirj [n].
The detected version of X

i

[n] is represented by X̃
i

[n].
The SNR values of sr links are assumed to be higher
than those of source-to-destination (sd) links. Hence,
the subcarrier assignment is carried out based on the
qualities of the sd links.

Then, the selected relay node generates the network
coded symbol by first multiplying each X

i

[n] by a
network coefficient ↵

ij

and then adding the P products.
The coefficients are selected either from an MDS code
satisfying the Singleton bound or randomly selected
from GF(q) as in RLNC with sufficiently large q. The
network coded symbol of the jth relay node can be
calculated as:

C
j

[n] = ↵1jX̃1[n]B↵2jX̃2[n] . . . ,B↵
Pj

X̃
P

[n], (2)

where B represents the summation operator in GF(q).
The received symbol at the destination node in the
relaying phase equals to:

Yrjd[n] = Hrjd[n]Cj

[n] +Wrjd[n], (3)

where Wrjd[n] indicates the AWGN component. Hence,
the destination node has multiple symbols.

The transmission is realized by OFDMA in both
phases. The subcarrier selection process is critical in or-
der to enhance the NCC-OFDMA system performance.
The bipartite graph model is preferred for the assignment
of subcarriers to the users [7] by introducing a maximum
matching problem. The Hopcroft-Karp algorithm gives
the maximum cardinality matching for bipartite graphs
[8]. Hence, the minimum number of users in outage is
calculated by using the Hopcroft-Karp algorithm in the
subcarrier assignment problem. The R2EHK algorithm,
which provides the fairness between all nodes [7], is
an extended version of the Hopcroft-Karp algorithm. In
R2EHK algorithm, the vertices are randomly rotated
with equal probability to guarantee the fairness among
users. In addition, if the number of users is lower than
the number of subcarriers, the vertices are expanded
based on the required number of subcarriers of each
vertex. It is used to allocate the subcarriers [7] and

to achieve the optimal outage probability. It exploits
both frequency and multiuser diversity and gives the
minimum outage probability in OFDMA systems, while
giving the diversity order of L under the condition of
L < P  N [7]. Hence, each link has L independent
transmission channels. In the relaying phase, a single
relay is chosen according to Hsirj [n] and Hrjd[n] values,
as detailed in the next section.

III. DECODING FAILURE PROBABILITY ANALYSIS

Before calculating the decoding failure probability
of NCC-OFDMA-SRS, it is necessary to calculate the
outage probability per link. The outage probability of
transmission link ul in the system can be determined
as:

�l

u

= Pr
n

log{1 +
�

�H l

u

[n]
�

�

2
�̄l

u

} < R
o

, (4)

for l = 1, . . . , L, where �̄l

u

and R denote the average
SNR of link ul and target transmission rate of the
system, respectively. The instantaneous SNR of link ul

is equal to �l

u

=
�

�H l

u

[n]
�

�

2
�̄l

u

. And then, �l

u

can be
calculated as:

�l

u

= Pr
n

�

�H l

u

[n]
�

�

2
< �

th

/�̄l

u

o

, (5)

where �
th

= 2R � 1. If all transmission links are
assumed to have Rayleigh distribution in the system, the
expression in (5) becomes �l

u

= 1 � exp
�

��
th

/�̄l

u

�

.
The overall decoding probability can be derived if the
outage probability of each link is first calculated.

A. Min-max Single Relay Selection Rule
The optimum relay selection rule for network coding

systems is related with the selection of the best relay
for each source node [9]. However, this selection rule
brings the inefficient use of limited bandwidth. There is
another relay selection technique called min-max relay
selection, which aims at maximizing the worst end-to-
end (source-to-relay-to-destination) SNR. Hence, min-
max relay selection criteria are preferred in single-relay
selection schemes to maximize the decoding probability
of NCC.

Before detailing the steps of min-max relay selection,
the conceptual variables will be defined. The perfor-
mance of a source-to-relay-to-destination link is dom-
inated by the weakest SNR link. Hence, the reliability
of a relay node is determined by the worst SNR of all
links that are connected to the relay node. The weakest
SNR value of jth relay node can be determined through
the following expression:

�
j

= min
n

. . . , �l

sirj , . . . , �
1
rjd

, . . . , �L

rjd

o

, (6)

which considers coherence bandwidths. Hence, there are
(P + 1)L different independent SNR values for each
relay node. Through the independent terms in (6), the
outage probability of the jth relay is given by:

�
�j

= 1� exp
�

��th/�̄j
�

, (7)
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where �̄
j

represents the average value of �
j

and can be
computed as [9]:
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Hence, the SNR value of the selected relay is given as:

�srs = max{�1, . . . , �M}. (9)
Due to the mutually independent terms of �

j

, the outage
probability of single relay selection can be calculated as:

�srs =

M

Y

j=1

�
�j
. (10)

B. Decoding Failure Probability of NCC-OFDMA-SRS
At the end of the two phases, the destination node

has gathered distinct symbols, which can be decoded
only if P of them are linearly independent. Hence,
at least P links should be in non-outage out of the
P +1 available links, given that only one relay has been
selected. Otherwise, the destination node cannot decode
the source symbols, correctly. By using the success
probability, the average decoding failure probability of
the NCC-OFDMA-SRS system is calculated as:

P
f

= 1�[Pr{P links > �th}+ Pr{P + 1 links > �th}] .
When considering all transmission links in the system,
P
f

can be calculated as:

P
f

=1� [Pr{P sd links > �th}
+ Pr{P � 1 sd links > �th, �srs > �th}] .

(11)

Theorem. Consider an NCC-OFDMA system that con-
sists of P source nodes, M relay nodes and one desti-
nation node. OFDMA uses N subcarriers. If the single
relay selection is employed, the asymptotic decoding
failure probability of the NCC-OFDMA-SRS system can
be approximated by:

P asym

f

⇡
P

X

i1=1, i2=1,
i1 6=i2

�̄2L
th

�̄L

si1d
�̄L

si2d

. (12)

The theorem states that the diversity gain of the NCC-
OFDMA-SRS system which is independent of the values
of M and P , is equal to 2L.

Proof. Using (11), the decoding failure probability of
NCC-OFDMA-SRS system can be calculated as in (13)
by using the first order approximation of the theoretical
outage probability of R2EHK algorithm given in (14)
of [7]. The diversity gain of a communication system
is calculated as SNR ! 1. In order to investigate the
asymptotic performance and find the diversity gain of
NCC-OFDMA-SRS system, we will focus only on the
dominant terms of P

f

. In the high SNR region, (13) is
dominated by the first term in the summation. Hence
(13) is approximately equal to:
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This expression is dominated by the last term of the
summation and thus, can be further reduced to:

P asym

f

⇡
P

X

i1=1,...,iP�2=1
i1 6=... 6=iP�2

S={i1,...,iP�2}

✓

Y

8i2S
(1� �L

sid
)

P

Y

i

0=1
i

0 62S

�L

�si0d

◆

. (15)

Since the dominant terms are kept to find the diversity
gain, the expression in (15) becomes:
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Using the first-order Taylor approximation, e�x ⇡ 1�x,
expression (12) is obtained. Hence the diversity order of
the NCC-OFDMA-SRS scheme is 2L.
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Fig. 1: Comparison of simulation and theoretical results of the
decoding failure probability of NCC-OFDMA-SRS for L = 1,
N = 8 and different values of P and M .

IV. SIMULATION RESULTS

Comprehensive simulation results based on different
system parameters that support the theoretical results
are presented in this section. The results of the NCC-
OFDMA-SRS system are compared to the results of
a system that supports only source-to-destination links,
given in [7]. For brevity, we refer to the two systems
as NCC and SD, respectively, in Fig. 1 and Fig. 2. It is
assumed that sr links have 20 dB better SNR values than
sd links considered to set-up relay-aided communication.
The mentioned assumption is valid because relay nodes
are closer to the source nodes than the destination
nodes in practical applications. The R2EHK algorithm is
used for assignment of the subcarriers in broadcast and
relaying phases. It is assumed that only three types of
links are available in the system for notational simplicity,
�̄sid = �̄sd, �̄sirj = �̄sr, and �̄rjd = �̄rd. The accuracy
of the theoretical derivations with the simulations is
demonstrated.

The approximation and simulation results of the de-
coding failure probability of NCC-OFDMA-SRS system
and only sd links against varying M , P and N values are
given in Fig. 1. The number of coherence bandwidths is
fixed to L = 1 to observe the effect of other parameters.
In order to increase the visualization of the effects of
the system parameters, it is assumed that sd and rd
links have the same average SNR value, expressed as
�̄ = �̄

sd

= �̄
rd

and sr links have the average SNR
of �̄

sr

= �̄ + 20 dB. An increase in the number of
source nodes, P , has a negative effect on the decoding
probability performance without changing the diversity
gain. When only sd links are present, worse decoding
performance is obtained for all cases. It is expected
that the diversity order of the NCC scheme is equal
to 2 when L = 1. On the other hand, the SD system
achieves a smaller diversity gain than the NCC scheme
in the same conditions. Simulation results confirm the
theoretical expressions.

Fig. 2 depicts the effect of the number of coherence
bandwidths on system performance. It can be seen that
the diversity gain of NCC-OFDMA-SRS system is only
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Fig. 2: Comparison of simulation and theoretical results of the
decoding failure probability of NCC-OFDMA-SRS for N = 8,
P = 4, M = 4 and different values of L.

dependent on L parameter in (12). Simulations are
consistent with the theoretical results. It can be deduced
from the figure that, if L remains constant, the diversity
order does not change. It can be observed that the SD
system cannot achieve the same diversity of the NCC
system.

V. CONCLUSION

In this paper, the performance analysis of NCC-
OFDMA-SRS has been examined for the first time
in the literature. Analytical expressions both for the
decoding failure probability and the diversity gain of
NCC-OFDMA-SRS have been derived. It is proved that
the diversity gain of the system is dependent only on
the number of coherence bandwidths by applying the
R2EHK algorithm to allocate the subcarriers. Simulation
results of the decoding failure probability have verified
the theoretical results.
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