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Multilevel Monte Carlo for stochastic differential
equations with small noise

David F. Anderson’ Desmond J. Higham! Yu Sunt
December 10, 2014

Abstract

We consider the problem of numerically estimating expectations of solutions to
stochastic differential equations driven by Brownian motions in the small noise regime.
We consider (i) standard Monte Carlo methods combined with numerical discretiza-
tion algorithms tailored to the small noise setting, and (ii) a multilevel Monte Carlo
method combined with a standard Euler-Maruyama implementation. The multilevel
method combined with FKuler-Maruyama is found to be the most efficient option un-
der the assumptions we make on the underlying model. Further, under a wide range
of scalings the multilevel method is found to be optimal in the sense that it has the
same asymptotic computational complexity that arises from Monte Carlo with direct
sampling from the exact distribution — something that is typically impossible to do.
The variance between two coupled paths, as opposed to the L? distance, is directly
analyzed in order to provide sharp estimates in the multilevel setting.

1 Introduction

We study the problem of numerically estimating expectations of solutions to stochastic dif-
ferential equations (SDEs) with small noise via Monte Carlo and multilevel Monte Carlo
methods. Such models arise in a number of areas including electrical circuit simulation
[3], modeling of signal propagation in neurons [1], and biochemistry [2]. Our particular
motivation comes from biochemistry and cell biology where the diffusion and linear noise
approximations to the usual jump models are SDEs with small noise [2].

Let (Q,F,{Fi}t>0, P) be a filtered probability space satisfying the usual conditions;
i.e. the filtration is complete and right-continuous. Let W (t) = (Wy(t), Wa(t), ..., Wpn(t)) be
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an m-dimensional standard Wiener processes under {F; };>o. Let € > 0 be a small parameter
and let D* be the solution to the following Ito SDE,

DE(t) = D(0) + /O (DE(s))ds + & /0 (D (s))dW (s), (1)

where ;1 : R = R? and ¢ : R? — R¥™ are continuous functions.

Let f : R? — R have bounded first and second partial derivatives and let T' > 0 be a fixed
positive number. We are interested in the problem of numerically estimating E[f(D=(T))]
to an accuracy of & > 0 in the sense of confidence intervals. In particular, we study the
computational complexity required to solve this problem utilizing both (i) standard Monte
Carlo methods combined with discretization methods tailored to the small noise setting
[10, 9], and (ii) multilevel Monte Carlo methods combined with Euler-Maruyama [5]. The
L? bounds on the difference between exact and approximate processes that are already in
the literature [9] do not provide sharp estimates for the variance between two coupled paths;
an analogous issue was previously addressed in the jump process setting [1]. Our main effort
is therefore directed at analysing the variance between two coupled paths in the small noise
setting.

We note that if realizations of f(D®(T')) could be generated with a single numerical
calculation, and if Var(f(D?(T))) = O(e?), then the computational complexity of solving
the problem would be O(g%2§72%). We show below that the multilevel Monte Carlo method
combined with a standard implementation of Euler-Maruyama solves the problem with this
same optimal computational complexity.

We make the following regularity assumption throughout the manuscript.

Running assumption. We suppose there are constants a,b > 0 such that for all x,y € R?
the following inequalities hold:

V(@) * v V() < a,

and

(@) = p()P* < alz =y, o(z) —o(y)]* < bz —yl,

and
(@) < a(l+[zf?), |o()* <1+ |zf).

Under the above assumptions, the SDE (1) is known to have a unique strong solution (see,
for example, Theorem 3.1 on page 51 in [3]).

1.1 Euler-Maruyama and a statement of main mathematical result

We provide a continuous version of the Euler-Maruyama discretization method. Let h > 0
and let Dj be the solution to

D;(t) = D(0) + / w(D5(n(s))) ds + ¢ / o(Df (mn(s))) AV (5). 2)
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where 7(s) & |s/h]h. It is straightforward to see that the solution to (2) restricted to the

set of times {0, h, 2h, ...} has the same distribution as the discrete time process generated
by the usual Euler-Maruyama method [7].

In order to understand the computational complexity of the multilevel scheme, we need
sharp estimates for the variance between two coupled paths. The following provides such
an estimate and is the main theorem provided in this manuscript. The result bounds the
variance between two coupled process; both are generated via (2), though they have different
time discretization parameters. See the beginning of section 3 for more details related to the

coupling.

Theorem 1. Suppose the functions . and o satisfy our running assumptions and that T > 0.
Suppose further that Dj (t) and Dj, (t) satisfy (2) with time discretization parameters
he =T -M~% and hy_y = T - M~ | respectively, where M is a positive integer, and that
these two processes are constructed with the same realization of Brownian motions. Assume
that f : R — R has continuous second derivative and there exists a constant Cy, such that

of 0 f o
< < =12 ...d.
‘ oz, OO_CL and ‘ D0z, OO_C'L for any i, 2, ...,d
Then, ) )
e Var(F(Df, () — £(Df,_, (t)) < Cik2_y2* + Gl e (3)

where t,, = n-hy_1, and Cy and Cy are positive constants only depending on a,b,d, m,T, D(0)
and CL.

In the context of analysing the classical mean-square error, it was shown by Milstein and
Tretyakov in [9] that under the same assumptions as in Theorem 1,

E[lf(DX(T)) = f(D,(T)[*] = O(h* + he"), (4)

where D¢ is the solution to (1). The bound (4) implies that for some C,Cy > 0 we have
maxg<,<pe—1 Var(f(D5,(tn)) — f(D;, (tn))) < Cihi_y + Cohy_se*, where, again, t,, = n -
he_1. Theorem 1 sharpens this bound considerably, showing that the overall variance scales
favourably with ¢, even though the Euler-Maruyama method has not been customized to
exploit the small noise property.

2 Complexity Analysis

2.1 Standard Monte Carlo methods

As a basis for comparison, we first analyze the complexity of standard Monte Carlo with a
general discretization method.

Suppose Dj is generated by a numerical scheme (not necessarily (2)) for which the bias
of the discretization method satisfies

[ELf(DR(T))] = E[f(D(T))]| = O(h* + £"h%). (5)
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where ¢ < p. In order to ensure that the bias (5) is smaller than §, we require that
h = O(max(5"/?, 6"/ 1e7"/1)).

Under our running assumptions and generalizing the analysis in Lemma 2 below, which
applies to Euler-Maruyama, implies

s<T

Var(f(Dy(T))) = Var(f(Dy(T)) — f(z(T))) < CE {Sup |Di(s) = zn(s)*| = O(e?),

where z;, is the Euler solution to the associated deterministic model obtained when ¢ is set
to 0 in (1), see (13). Thus, the standard Monte Carlo estimator

Q

€ 154 1 - &€
E[f(DX(T))] = ELf(DLT)] = —~ > (D (1)),
i=1
where D;[i] is the ith independent realization of the process, has a variance that is O(n~'e?).

Because we require an overall estimator variance of O(8?), we require that n = O(g2672).
Assuming that the cost of generating a single path of the scheme scales like h~!, we obtain
an upper bound on the overall computational complexity of order

—2.2
022y = 0 ( e ) .

max(él/P’ 51/f15—T/Q)

For example, for the Euler-Maruyama scheme (2), we have that p = ¢ = 1,7 = 0 yielding
a bias of O(h) in (5). In this case we select h = O(¢), and find a computational complexity
of O(g2673).

2.2 FEuler-based multilevel Monte Carlo

Here we specify and analyze an Euler-Maruyama based multilevel Monte Carlo method for
the diffusion approximation. We follow the original framework of Giles [5].
For a fixed positive integer M we let hy = T'- M~* for £ € {0,..., L}. Reasonable choices

for M include M € {2,3,4,...,7}, and L is determined below. For each ¢ € {0,1,..., L},
let Dj, denote the approximate process generated by (2) with a step size of hy. Note that

L

E[f(D(1))] = E[f (D}, (T)] = E[f (D5, (T))] + Y EIf (D5, (1) = £(D5,_,(T))],

(=1

with the quality of the approximation only depending upon hy. As mentioned in [9], the Euler
discretization has a weak order of one in the present setting for a large class of functionals
f. Hence, we set hy, = § in order for the bias to be O(9). This choice yields L = O(]log(6)|).
We now let

e

~_ de 1 0 e de 1
Qs o Z F(D5, (7)), and Q% — D (D5 (D) = F(D5, (1)),

n
L



for ¢ =1,..., L, where ng and the different n, have yet to be determined. Our estimator is
then

L
Ne def J AN
Q= Q5+ 0
(=1

Set

0c, = Var(f(Dy,(T) — f(Dj,_,(T))).
By Theorem 1, we have d. , = O(h7e*+ hye*) under a wide array of circumstances. Also note
that 6. = Var(f(Dg§)) = O(?).

For ¢ € {1,..., L}, let C; be the computational complexity required to generate a single
pair of coupled trajectories at level £. Let Cy be the computational complexity required to
generate a single trajectory at the coarsest level. To be concrete, we set C; to be the number
of random variables required to generate the requisite path. To determine ny, we solve the
following optimization problem, which ensures a total variance of J° no greater than §2:

ne

L
minimize E neCYy,
=0
L
. 00
subject to E == =5
T
=0

We use Lagrange multipliers. Since Cy = h[l, the optimization problem above is solved at

solutions to
L Los . )
e ht+ ) ) =0.
V O ----- L7A (Z né Z _l_ <Z ne ) )

=0 =0
By taking a derivative with respect to n, we obtain,

ng = \/)\5575}1,@, for ¢ € {0,1,2,...,L} (6)

and some \ > 0. Thus,
L

> % = VAo
=0 ¢
and, by Theorem 1,
L[5 L
VA=07Y ([ TES 00 Y Vhe? 42t < O(6 e + 57, (7)
=0 ¢ =0

Recall that L = O(log %) Hence, if § > e+, which implies £2L < ¢, then
A= 0(67%2).

In this case the overall computational complexity is

L L
> nehyt =V /%” =52\ = 0(67%2). (8)
/=0 (=0
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If 6 < e_é, in which case €L > ¢, then
A= 0(6L?),
and the overall computational complexity becomes

O(6%*|log() ). (9)

2.3 Comparison

The regime § < e~% in which we derived (9) represents an extremely severe accuracy re-
quest that is unlikely to be relevant in practice. Hence, we focus on the complexity bound
O(672¢%) in (8). This bound compares favourably with the bound O(¢2§7?) that we derived
in subsection 2.2 for standard Monte Carlo with Euler-Maruyama, allowing us to carry
through a conclusion that applies to general SDEs [5]: multilevel Monte Carlo can improve
on the complexity of standard Monte Carlo by a factor 1, where ¢ is the required accuracy.
Furthermore, following the discussion in subsection 1, we note that this multilevel Euler
computational complexity is optimal in that we cannot do better—asymptotically in the
parameters ¢ or e—even if we could generate independent realizations of f(D°(T")) exactly
in a single step.

3 Proof of Theorem 1

Throughout this section, we assume the conditions of Theorem 1 are met with positive
integer M fixed.
The coupling of the two approximate processes, Dj (t) and Dj _ (t), takes the form

D;, (t) = D(0) + / w(D;, (n(s))) ds + ¢ / o(D5, (1 (3))) AW (s),
D, ()= D(0) + / w(D;, (n(s)))ds + / o(Df, (1 ())) AW (s).

Forn € {0,1,...,M* '} and k € {0,..., M} let
t, = nhy_1, and tfl =nhy_1 + khy.

Note that for each n we have

9 =t,, tM=t,.

We use the following discretization scheme to simulate the coupling above. First, for each
ne{0,1,..., M~} and k € {0,..., M — 1}, let

D;, (tn71) = Dj, (t5) + n(D5, (t5)he + e/ heo (D, (85)) Wi, (10)



where the random vector W* € R™ has independent components (from each other and all
previous random variables), and each component is distributed as N(0,1). Note that (10)
implies

g

M-1
Dy, (tus1) = Di,(ta) + Y (D5, (th)he +ex/he Y o (D5, (£0)WE,
0 k=0

B
Il

To simulate Dj , we then use

S

ey (toen) = Djy,_, (ta) + (D5, (t0)her + ev/hemao (D5, (1) ) Wi

=
i
o

We begin with a series of necessary lemmas.

Lemma 1. For any T > 0 we have
E { sup |D,Ew(s)|4] < C.
0<s<T
for some C' = C(a,b, T, D(0)).
Proof. For any t > 0,

4
+ 27e%

4

|1 D5, (O] < 271D(0)[* + 27 /Otu(DZZ(n(S)))dS /OtU(DZZ(n(S)))dW(S)

Thus,

t
sup |Dj, (s)|* < 27|D(0)|4+271t3/ sup |u(Dj, (n(r)))|*ds
0

0<s<t 0<r<s
4

+ 27 sup ) (11)

0<s<t

Azwmwwwwm

since the right-hand-side is monotonically increasing in ¢. Applying the Burkholder-Davis-
Gundy inequality [8] to the term (11) and taking expectations we get

t
Hwﬁ%ﬁﬂéWW@WMW/Emewmwmﬂ%
0<s<t 0 0<r<s

. (12)
+mwééﬁwwmmmwm,

where K (7T') is a generic constant only depending on 7. Using (12) with t = nhy and s = mbhy,



where n and m are nonnegative integers for which mh, < nh, <t <T', we get

n—1

B |sup [DF (mho)! | < 271D + 2768 3B |sup (D5, ()]
m<n m<1t

=0

+ K(T)a‘*iE [|lo (D5, (ihe))|*] he

< 27|D(0)|* + 54a°T* 4 K (T)b*<*

2

n—1
+ (540’73 + K(T)b*e") ) E {Sup | Dy, (mhe)IQ} ha,
=0

m<i

where in the final inequality we applied the growth conditions for both pu and ¢ found in the
running assumption. We then use the discrete version of Gronwall’s Lemma to obtain

B |sup [DF, (mh)]*| < Cilab.T, DIO),
m<n

Now we return to (12) and, after applying the growth conditions pertaining to both u and
0 in our running assumption, conclude

B | s D)1 < Clabr, D)),

0<s<T

for some new constant C. O

Let z be the deterministic solution to
t
4lt) = DO+ [ ulen(al))ds, (13)
0

which is an Euler approximation to the ODE obtained from (1) when ¢ is set to zero.
Lemma 2. For any T > 0 we have
E [ sup |Dj,(s) — zhl(s)|2] < Ce?,
0<s<T
for some C = C(a,b,T, D(0)).

Proof. For t <T', we have
2

| D5, (1) — 2, ()] < QT/O |1(D5, (1(s))) — plzn, (n(s))[*ds + 2€° /0 a(Dj, (n(s)))dW (s)

As a result of the Burkholder-Davis-Gundy inequality and our running assumptions,

B | sup [DF,() = 2,6

0<s<t

< 2aT/0 E{Sup | D5, (n(s)) _Zhe(n(s))|2:| d?“+862/0 Ello(Dj, (1(s)))[*]ds (14)

0<s<r

< SUTE| sup (1-+ D7, ()1 | -+ 207 [ | s D3, (0(6)) = o (n(sD) |

0<s<t 0<s<r



Specializing the above to t = nh, and s = mhy,, where n and m are nonnegative integers
for which mh, < nh, <t <T, we get

E [ sup \Dil (mhg) — zp, (mhg)ﬂ

m<n

n—1
< 8VTE [ sup (1 + |D2Z(s)|2)} e?+2aTY hy B [sup |D;, (mhe) — 2, (mhg)ﬁ]

0<s<t - m<i
=0

n—1
< 8T (1 + K)e* + 2aTZ he-E {sup | D}, (mhy) — th(mhg)‘2:| :

=0 msi

for some K = K(a,b, T, D(0)), where the first inequality follows from (14) and the second
utilizes Lemma 1.
By the discrete version of Gronwall’s inequality we see

E {Sup | D;, (mhe) — 2, (mhg)ﬁ] < (RUT(1+ K))e* T e,

m<n

Since n satisfying nh, < T was arbitrary, we return to (14) to conclude that for any 0 < ¢ < T

B s D5, (5~ 1, (9P| < Ca.0. 7, D)2 -
s<t
Lemma 3.
max [E[Dj (ty) — D, (tn)]] < CMhy,
0<n<Mt-1
1<k<M

where C' is a positive constant that only depends on a,b, T, m, D(0).

Proof. Tterating (10) yields

£ [17,() - Df, ()] < [B | Y w07, (E)ne | + B emia%(t;))m]
k-1

< STE [Jn(Dj, (£)hl]

%

< hev/a (1 + B0, (1)),

Il
o

where the first inequality is simply the triangle inequality, the second follows from the triangle
inequality combined with the observation that the expectations of the diffusion terms are
zero, and the third inequality follows from our running assumptions. The proof is completed

by using Lemma 1 and recalling that k& < M. O
Lemma 4.
max E[Dj, (tp) — Dj, (ta)|"]] < CLM*hy + Coc' MPR7,
0<n<M‘—1
1<k<M

where Cy and Cy are positive constants that only depend on a,b, T, m, D(0).

9



Proof. ITterating (10) yields
k—1
D;,(th) = D (ta) = > p( D5, (t)he + e/ Z o (D5, (1))
=0

Denoting || X|| p1(o,re) = (EHX|4])1/4 and ¢’ to be the jth column of o, we use the inequality
(a+b)* < 8a*+ 8b* to conclude

k—1 E—1 4
(D5, (t8)—D5, (t)[*] < 8M* > "E [|u(D5, (t)hel*] +8* W7 | > o(D5, (t,) W,
=0 1=0
M—-1 m 2
< C(a,b, T, D(0))M*h{ + 2048¢*h; (Z > ||aJ<DzZ<t;>>||i4m,Rd))
i=0 j=1

< C(a,b, T, D(0))*M*hy + 2048be* M*him?*(2 + 2 max ||D (o)
< C(a,b, T, D(0))*M*h; + Coc* M?h3,

where the second inequality follows from Lemma 1 and Lemma 3.8 in [6], the last inequality
follows from Lemma 1, and C; and Cy are constants only depending on a,b,7,m, D(0). O

The following is a Taylor expansion of the drift coefficient.

Lemma 5. Let p;(x) be the ith component of u(x), then

pi( D5, (t0)) = pi( D}, (tn)) = Ay + By + Ey, (15)
where
A= [ [VilDi(6) + (D7 (8 mx»ﬂw<m§n<<w0
m:ﬂmwmmm~G¢E§k@m@mw), (16)
and

M_U/i“mZVW%@%%WW%%%WMNM%
-@@Zc%mmﬂ
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Proof. Using Taylor’s expansion (see Lemma 12 in the appendix) we see
pi(Dy,, (t7)) = 1i(Dj,, (t0))

= /0 [Via( Dy, (ta) + (D5, (t,) — Dy, (t2))] ds - (D, (t,) — Dj, (ta))

— | [9(DF () + (D5, () = DF (42))] - (m iu(%ﬁﬂ)))

j=0
1
+ / (Vui(D;, (t,) + s(Dj,, (t%) — Dj, (t.)))] ds - (w Z o (D5, (1)) ) .
0
Applying a multidimensional version of Lemma 12,

/Ol[Vm(Diz(tn) + (D5, (t%) — Dj, (t.)))]ds - (5\/E§U(Dil(t{;))wg>
= V(D5 () - (“FZ (D% () )
( / / [H (1) (D5, (ta) + 7(D;, (th) — Dj (t2))) (D, (tr) — D5 ()] drds)
| (WT 2 <D;Z<tzl>>w,z) .

Therefore,
pi(D, (th)) — 11 (Df, (£0))
— | (90D 0) + (D5 85) = Df () (mZMDzl(tﬁ)))

+ Vui(Dy,, (tn (5\/72 a(Dy,( (t7)) )
( / / 21(D5, (1) + (D5, (1) — D5, (1 >>><D2Z<t2>—D;Atn))]drds)
(VAo ms)

= A, + B, + E. O
The following result is similar to the L? bound found in [9] in the case where the numerical

discretization method is Euler-Maruyama.

Lemma 6.

max EHD ( ) — }ieil(tn)P] < dlhg_l + d2€4h5_1,

0<n<ME-1

where dy and dy are positive constants that depend on a,b, T, m, D(0).

11



Proof. For n < M*' — 1 we have

Dj, (tns1) = Dj,_ (tns1) = Di, (tn) = Dj,_, (ta) + he Zgwwzxtﬁ)) = ulDj,_, (ta)))
+evhe Z o(D;,(th) — o (Dj,_ (t)) Wy
= Dj,(ta) = Dj,_, (ta) + he ]Zg__;(u(p,;(tg)) — u(Dj,,(t)))
+ hy ZZZ_:@(D;[(%)) — u(Dj,_, (ta)))

+evhe Z o(Dy, (t)) = o (Dj, (£))) Wy

M—-1
Z D?L[ O-(D;,gfl(tn)))wflf7
k=

where the final equality simply comes from adding and subtracting some terms. After some
manipulation the above implies

| D5, (tns1) = Dj,_, (tur1)[* < D}, (tn) — Dj,_, (ta)[* + 4] Z (D5, () = u(Dj, (ta)))?
+ 4hj| Z (D5, (t)) = (D5, (ta)))[?
+4\6\FZ o(Dj, () = a(Dj, (ta))) Wy ?

+4|€\/h72 o(Dj, (tn)) — o(D5,_, (ta) )Wy ?

M-1

+2he Y (D}, (ta) = Dj,_, (tn), (D5, (1)) = 1(Df, ()

+2he Yy _(Dj, (t) = D, (ta), (D5 (1)) — p(D5,_, (ta)))

+2ev/he Z_: (D, (ta) = Dj,_, (ta), (oD}, (t,)) — o(Df,, (ta)) W)

+25v/he Z_: (D5, (ta) = Dj,_, (ta), (0(Dj, (ta)) = o(Dj,_, (ta)))Wy),
k=0

12



where (u,v) denotes the inner product of u and v. Therefore,

E[D;, (toss) — D, (tusn)])
E(IDS, (1) — D5, (ta)") + 4MA2 S E[u(D5, (15) — (D5, (1))
L aMB2 S E[u(DF, (6)) — u(D (£))])
L4y S E[(o(D5, (1)) — o (D5, (1)) WA
k=0

42, 3 B (0(Df, () — o(DF, (L)W
k=0

M-1

+2he Y E[(D;, (t.) = Dj,_, (ta), p(Dj,, (£5)) — p(Dj,, ()]

+2he Y B[(D;, (t) = Dj,_, (ta), u(Dj,, (t)) — p(Dj,_, (ta))));

where we used that W} is independent from Dj (t,),D;, (t,), and Dj (t;). Hence, by
Lemma 4, there are positive constants C; and Cy that only depend on a, b, T, m, D(0), such
that

E[|Dj, (tn41) = Di,_, (tar1)I?]
< E[|D;,(ta) — D5, (ta) ] + 4aCy M*hy + 4aCoe® M>hj}

M-—1
+4aMhi Y " E[|D;, (t,) — Dj,  (ta) "] + 4bC1> M3 b + 4bCoe* M1
k=0
M—-1
+4bs*hy Y E[|Dj, (ta) — Dj, , (ta)|]
k=0
M—-1
+2h Y E[(D;, (ta) — D5, (tn), (D5, (8)) — (D5, (£)))]
k=0

+ th\/aMEHDig (t”) - D;zf1(t”>|2]’

where the final term follows from the Cauchy-Schwarz inequality. Continuing,

E[| Dy, (tns1) = Dj,_, (tns1)[’]
< E[|Dj, (t.) — Dj,_, (ta) "] + (2Va+ 4aMhy + 240) MIE[| Dj, (t.) — Dj,_, (ta)]]
+ 4aC’1 M*hy + 4aCoc® MPhj + 4bC1e® MPhj} + 4bCoc M?hj

+ 2hy Z E[( ey (t), (D5, () = u(Dj, (8)))]: (17)

13



We turn to the term (17). Applying Lemma 5, we know
pi( D5, (%)) = pi( D5, (tn)) = Ay + By + Ej.
Also we notice,
E[|A’] < KiMhi,
where K7 is a constant that only depends on a,b, T, m, D(0). Utilizing Lemmas 1 and 4

k—1
E(| B[] < ahe®E ||Dj,,(8) = Dy, (ta)] D IU(DZZ(tf;))WZIQI

=0

k-1 1/2
< ahye® (B]|D;, (%) — D5, (t)[") " (kZE [|a<D;Z<tz>>Wz;|4}>

§=0
< KoM?hje® + K3M?hie",
where K, and K3 are constants depending only on a, b, T, m, D(0). As a result,

M-1

2he Y E[(D;, (ta) = Dj,_, (tn), (D5, (£1)) = (D5, ()]

k=0

— 9%, 2_: E[(Dj,(tn) — D5, (tn), Ar)]

M-1

+2hy 3" E[(DF, (t) — Df, (). By)] (19)
k=0

+2hy Yy BUD;, () = Dj, | (tn), Er)]
k=0
M-—1 M—1

< 2MhE[| D}, (ta) = D5, (ta) ] + he D B AP+ he Y El|Ef’]
k=0 k=0
< 2MWE[|D;, (t) — Di,, (ta)|?] + KiM>hi + KoM*hye® + K3 M>hije*,

where the first inequality follows from: (i) the observation that the expectation (19) is zero,
(ii) the Cauchy-Schwarz inequality, and (iii) the inequality 2ab < a* + b*. Combining all the
estimates above, we find

E[|Dj, (tn1) = Dj,, (tar)I?]
<E|[|Dj,(t) — Dj,_, ()]
(24 2v/a + 4aMhy + 4be?) MhyE [|D§w(tn) — D5, (tn)?
+ 4aCy M*hy + 4aCye® MP R} + 4bC1e* MPhi + 4bCye* M2k}
+ K\ M3h3 4+ KoM*hje? + KsM3hie?,

Noting that the dominant terms above are of order h? ,e* and hy |, an application of Gron-
wall’s inequality completes the proof. O
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We are now ready to prove our main result.

Proof of Theorem 1. Following [1], we first prove the result in the case that f(z) = z; for
some i € {1,...,d}. We have that for n < M1 —1,

(D5, (tn1) = Dy, (bns)]s

(D5, (1) — D5, () b S (D5 (5)) — (D5, (£)))
k=0
i 3 (D (00)) — (D5, (6))) + /e 3 (03(D5 (1)) — (D, (1)) )W

b ev/ie S (D5, () — (D5, (B,

where p; is the ith component of p and o; is the ith row of 0. As a result, and after some
manipulation,

Var([D}, (tns1) = Dy, (tni1)):)
< (L+ Mhg)Var([Dy, (t.) = Dy, (ta)l:)

FARM S Var(u(D5, (15)) — (D5, () (20)

T (AMBe 4 )MNar(u(D5, (1)) — (D5, (1)) (21)

£ 4y S Var((o4(D5, (1)) — 02(D5, (4))) W) (22)
k=0

4%y 3" Var((o(D, (1) — 03(D5,_ (62)))WH) (23)

L 9Cou((D5, (1) — D5, (ta)lihe S (u(D5, () — (DR (). (24)

We must bound each of the terms above in order to apply Gronwall’s inequality. We first
consider (22), which leads to a dominant factor. Lemma 4 implies that

™ Var(04(D5, (1)) — o(D5, (b))W) < 3 Eflon(D5, () — 00(D5, (1))
k=0 k=0

< Mb(ci MR + coe®Mhy).

Similarly, by Lemma 6 we may bound (23), which also yields a dominant factor,

S Var(04(D5, (1) — 0(D5, L (t))WE) < 3 Ellou(D5, (62)) — o1(D5, 1 (t)

< Mb(dy M?h3 + dac*Mhy),

15



where ¢q, ¢y, dy and dy are positive constants only depending on a, b, T, m, D(0).
Turning to (20), we have the following lemma.
Lemma 7.
Var (a(D5, (££)) — a( D5, (£2))) < CMhye?,
where C is a positive constant that only depends on a,b, T, d, m, D(0).
Proof. From Lemma 12 in the appendix (Taylor approximation), we have
pa(DF () = 1D, (1)) = (1) - (D, (#5) — Df, (1)) (25)

where
) = [ (90D (0) + (D5, 05) = D (8)] i

In order to bound the right hand side of (25), we will apply Lemma 11 in the appendix
with AS"e-1 = [p¥(t,)]; and Bt = [D5 (tF) — Dj, (t,)];. Hence, we must find appropriate
bounds on these components.

We begin with B="-1. We use Lemmas 1 and 2 after iterating (10) to find

Var([D; () — D5, (t.)];)

k—1 k—1
< 2Var (m ZuxDa(t;))) +2Var (WT Zajwzl(t;))vv,:)

o A (26)
< 2h2Var (ijwz[(t;» - w(zhg(t;)))) Lo |3 oy (D5, ()W)

S Cleh?é‘z -+ CQth€2,

where C and Cy are positive constants that only depend on a, b, T, m, D(0).
Turning to A*"-1, we apply Lemma 10 in the appendix with Xi(s) = Dj, (s), X5(s) =
D5, (n(s)), z1(s) = zn(s), z2(s) = 2n(n(s)) and u(xr) = V;u(z) to obtain

Var([p"(t,)];) = Var ( [ 193, (0 403,08 - sztn)mdr) < K¢

where K is positive constant that only depends on a, b, T',m, D(0).
We may now combine Lemma 11 with Lemma 3 to conclude

Var ([ (1), + (D, (1) = D7, (1)) < CKM2he + 15aVar([Dj, (1) — D, (1))
< (CK 4 15aC) M?h2e® + 15C, M hye?
S C’thg€2,
where C} is positive and does not depend on e and hy, and we applied (26) in the second

inequality.
Returning to (25), the above allows us to conclude

Var(ui(Df, (1)) — 1s(DF, (1)) < d*CiMhye?. =

16



We now turn to the first term of (21).

Lemma 8.

Var (11:(Dj, (tn)) — pi( D5, —1(t0)))
d
< 15ad Yy Var([D;,(tn) — D, (t)];) + K1 M?hje® + Ko Mhyge®,

j=1
where Ky, Ky are positive constants that only depend on a,b,T,d, m, D(0).
Proof. We first write

1i( Dy, () = pi(Di, -1 () = p(tn) - (D}, (tn) — Dy, —1(tn)),
where

p(tn) :/0 [Vii(Dy, 1 (tn) + (D5, () = Dy, (En)))]dr

We will again apply Lemma 11 to get the necessary bounds. Therefore, we let A=" = [p(t,,)];
a'nd B&h = [D;( (tn) - D;g—l(tn)]]

Letting Xi(s) = Dj,(s), Xa(s) = Dj, (s), w1(s) = zn,(s), x2(s) = 2n,_,(s) and u(x) =
V;pi(x) for an application of Lemma 10, we have

Var(A®") < K¢e?,

for some K(a,b,T,m, D(0)), where we recall the running assumption that |[Vu,];|? is uni-
formly bounded by a. Hence, applying Lemmas 6 and 11 we see there are positive constants
K1, K5 depending only on a, b, T, m, D(0), such that,

Var([p(tn)];([Dy, (tn) = D1 (t0)15))
< Ky M2h2e? + Ky Mhee + 15aVar([D5, (t,) — D5, (a)];,

and

Var(ui(Dy,, (tn)) — 1i(Dy,,  (tn)))

d
< 15ad Y _Var([D;,(tn) — D, (t.)];) + d*KiM*hie® + d* Ky Mhye®,

j=1

Finally, we turn to the term (24).

Lemma 9.

M—1
Cov([Dzl (1) = D%, (t)lishe S (s D5, (15)) — ul D5, <tn>>>)
k=0
< MhyVar([D;, (t,) — D5, (ta)]i) + Ky M?h}e* + KoMPhje? + KsM>his*,

where K1, Ky and K3 are positive constants that only depend on a,b,T,m, D(0).

17



Proof. As a result of combining (15) in Lemma 5 with

Cov ([ he(tn) — Dy, 1(tn)]i,th_Bk> =0,

where we recall the definition of By in (16), we have

COV([DZe(tn) = Dj_ (8 he Y (il D5 (1)) = ui(Dil(tn))))

k=0

= Cov <[D2£ (tn) — D;hl (tn)]i, hy Z_ (Ak + Ek))

Vo (27)
+ Cov ([Dil (t) = Di,_ (t)]ihe Y Bk>
k=0
M-1 M—-1
< MhNVar([D;,(t,) — D5, (t.)];) + th > Var (4;) + = hg Z Var (Ey) .
k=0

First we want to estimate Var (Ay). Applying Lemma 11 with

Azt = /0 [Via(Dy, (8n) + r(Dj, (8) = Dj, (£)))] dr

and
k-1

Bhe-1 = p, Z 15 (Dh, (),

r=0
we can get for some Ki(a,b,T,m,d, D(0)) that may change from line to line,

k—1
Var(A4;) < Ky M?h2e* + 15adZVar (hé > w(D;, t’")))

i=1 r=0

k-1 2
< K1M2h, 52 + 15CLdZE hf (Z L Dhl tr)> _ MJ(ZhZ(t;)))

i=1 r=0
< K1 M?hie?
where we also use Lemma 2 for the last line. On the other hand, from (18)
Var(Ey) < E[|EpY] < KoM*hje? + KsM?h2e!

Returning to (27), we see,
Cov <[DZL, (tn) = Dh,, (tn)li; he Z_ (pa( D5, (t)) = m(DZe(tn))))

d
1 1 1
< Mh» Var([D; (t.) — Dj,_ (t.)];) + §K1M3h§’52 + §K2M5h252 + §K3M3h§’54

Jj=1

18



Now we return to (20)—(24) and combine all the estimates above to conclude that there
exist C1, Cy, and C5 which only depend on a, b, T, m,d, D(0) such that

Var <[D,i£ (tnyt) — Dfml(tnﬂ)]i) < Var[D5, (tn) — D5, (ta)]; + Cy MPh3e® + Cy M2h2e*
d
+C3Mhy y Var([Dj (t,) — D;,_ (ta)];)-
j=1

Therefore,

it dVar <[D’€le(t"+1) N D’iefl(tnﬂ)]i)

< max Var ([DZZ (t,) — D5, (tn)]i> + O MPR3E? + CoMPh2e

+ CydMh; _max Var ([D;Z (ta) — Dilil(tn)]» .
Applying Gronwall’s lemma, we obtain,

max max Var ([D,EM (tn) — Dfml(tn)]i) < O\ M?hie® + CoMhye,

0<n<M*-11<i<d
where C and Cy are some universal constants which only depend on a,b, T, m,d, D(0).

We have shown the result under the assumption that f(x) = ;. To show the general
case, note that from Lemma 12 in the appendix we have

f(D5, ()= f(Dy,_, (tn)))
= /0 [Vf(Dh, () + 7Dy, (tn) — Dy, (tn)]dr - (D3, (82) — Dy, (tn))-

We let X, (t) = Dj,(t), Xao(t) = D, (t), v1(t) = 21, (t), 72(t) = 2p,_, (t) and u(z) = V; f(x)
in an application of Lemma 10 which yields

Var ([ (9,036 + 1 (D7 62) = D ()l ) < K22,

where K is a universal constant that depends on Cp, D, a,b, T, D(0). Hence, by an applica-
tion of Lemmas 6 and 11 and the work above we see,

Var </0 Vi f(D;,(tn) + (D5, (t) — D5, (tn)))dr - (D}, (tn) — Dzzl(t”)]j)

< K (dyM?hj + dyMhye*)e? + 15dC3Var([D (s) — Dj, (s)];)
< (Kdy + 15dC7Cy ) M?hie* + (15dC;Cy + Kdo) Mhee®.

Thus
Var(f(D;,(tn)) — f(D;, (tn))) < d*(Kdy + 15dCFCy) M?hie® + d*(15dCT Co + Kdo)hye®,

giving the result. O
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(a) e = 276 fixed while h is varied. The best fit
curve is y = 1.03z — 19.68.

(b) € = 2717 fixed while h is varied. The best fit
curve is y = 1.99z — 28.43.

Figure 1: Log-log plots of Var(Dj (1) — Dj, (1)) with ¢ held constant and h,_; varied. The
best fit curves for all data are overlain in the dashed blue line. Each data point in (a) was
generated using 2,000 independent samples and each data point in (b) was generated using
5,000 independent samples.

4 Numerical Test

In this section we provide numerical evidence for the sharpness of both Theorem 1 and
the computational complexity analyses provided in sections 2.1 and 2.2. We consider the
following simple one dimensional model,

De(t)=1-— /t D (s)ds + E/t D (s)dW (s),

where we simulate until 7" = 1.

To gather evidence in support of the sharpnesss of the bound Var(Dj (t) — Dj (1)) =
O(h%e? + he'), we fix one of h or ¢ in different scaling regimes and vary the other parameter
in order to generate log-log plots. We note that there are four exponents to discover, and
so four log-log plots are used. Note also that h?e? is the dominant term in h%c? + he? if and
only if h > 2. We emphasize that these experiments use extreme parameter choices solely
for the purpose of testing the sharpness of the delicate asymptotic bound.

The exponent of h in het. We fix ¢ = 27% and vary
hf—l c {2—13 2—14 2—15 2—16 2—17 2—18}

to ensure hy_; < €% As a result, h,_1? is likely to be the dominant term in (3). See Figure
1(a), where the log-log plot is consistent with the functional form

Var(Dj,(T) — Dj,, (T)) = O(he_1).

The exponent of h in h%e?. We fix ¢ = 2717 and vary

hZ—l c {2—12’ 2—13’ 2—14’ 2—15’ 2—16’ 2—17}
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(a) he—1 = 2720 fixed while € is varied. The best (b) he—1 = 2710 fixed while ¢ is varied. The best
fit curve is y = 3.93z — 17.54. fit curve is y = 2.00x — 18.62.

Figure 2: Log-log plots of Var(Dj (1) — Dj, (1)) with iy, held constant and & varied. The
best fit curves for all data are overlain in the dashed blue line. Each data point was generated
using 2,000 independent samples.

to ensure hy_y > 2. As a result, h7_e? is likely to be the dominant term in (3). See Figure
1(b), where the log-log plot is consistent with the functional form

Var(D;, (1) = Dj, (1)) = O(hj_y).

The exponent of ¢ in he?. We fix hy_; = 272 and vary
e {279,276, 277 278 279 9~101

to ensure hy_; < €% As a result, h,_1? is likely to be the dominant term in (3). See Figure
2(a), where the log-log plot is consistent with the functional form

Var(Dj, (1) — Dj,_, (1)) = O(e").

The exponent of ¢ in h%e2. We fix hy_; = 271° and vary
= {2—12 2—13 2—14 2—15 2—16 2—17}

to ensure hy_; > 2. As a result, h? e is likely to be the dominant term in (3). See Figure
2(b), where the log-log plot is consistent with the functional form

Var(D;, (1) = Dy, (1))

We turn to numerically demonstrating our conclusions related to the complexity of Euler
based multilevel Monte Carlo and the complexity of Euler based standard Monte Carlo. We
will measure complexity in two ways, by total number of random variables utilized and by
required CPU time. Our implementation of MLMC proceeded as follows. We chose hy = 27¢
and for each § > 0 we set L = [log(d)/log(2)]. For each level we generated 200 independent

=0(?).
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(b) § =27 held constant and e varied. The best
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and y = 1.99z 4+ 9.58 for standard Euler based

(a) € = 0.1 held constant and 0 varied. The best
fit lines are y = —1.96x — 15.65 for Euler based
MLMC and y = —2.91x — 5.44 for standard Euler
based Monte Carlo. Monte Carlo.

Figure 3: Log-log plots of runtime (in seconds) for both multilevel and standard Euler based

Monte Carlo.

sample trajectories in order to estimate J.y, as defined in section 2.2. According to (6) and
(7) we then selected

L
Oc
ny = |75—2,/5€7ghfz h—’]“, f0r56{0,1,2,...,L}.
=0V

We implemented Euler’s method combined with standard Monte Carlo by selecting the
number of paths by

N = [67*Var(D;(1))]
where h = 277 and the parameter Var(D5 (1)) was estimated using 500 independent realiza-

tions of the relevant processes.
In Figures 3(a) and 4(a), we provide log-log plots of runtime (in seconds) and complexity

(quantified by the total number of random variables utilized) for our implementation of
multilevel and standard Monte Carlo with € = 0.1 fixed and

9 € {0.00032,0.00016, 0.00008, 0.00004, 0.00002},

which ensures § > %e‘é (see section 2.2). The best fit curves are consistent with the
conclusion that the computational complexity of the Euler based multilevel Monte Carlo
method is O(672) while that of standard Monte Carlo method is O(673) when ¢ is fixed.
The Monte Carlo estimates which came from these simulations are detailed in tables 1 and

2. Notice that E[D?(1)] can be found explicitly in this case,
E[D?(1)] = e~ ' ~ 0.3678794.

In Figure 3(b) and 4(b), we provide similar log-log plots of runtime and computational
complexity for Euler based multilevel Monte Carlo and standard Monte Carlo when § = 271

is fixed and e is varied as
e € {0.07,0.06,0.05,0.04,0.03},
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(a) e = 0.1 held constant and § varied. The best

fit lines are y = —2.04x — 3.33 for MLMC and y =
—2.91z — 22.95 for standard MC.

(b) 6 = 274 held constant and ¢ varied. The best
fit lines are y = 2.06x 4+ 21.13 for MLMC and y =
1.99z + 27.12 for standard MC.

Figure 4: Log-log plots of computational complexity, quantified by the number of random

variables used.

0 Mean Standard deviation of estimator
0.00032 | 0.367944 0.000305
0.00016 | 0.367906 0.000153
0.00008 | 0.367891 0.000077
0.00004 | 0.367863 0.000039
0.00002 | 0.367883 0.000020

Table 1: Result of Euler based multilevel Monte Carlo for fixed € = 0.1 and varying 0.

0 Mean Standard deviation of estimator
0.00032 | 0.367449 0.000320
0.00016 | 0.368028 0.000160
0.00008 | 0.367839 0.000080
0.00004 | 0.367941 0.000040
0.00002 | 0.367851 0.000020

Table 2: Result of Euler based standard Monte Carlo for fixed € = 0.1 and varying 6.
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€ Mean Standard deviation of estimator
0.07 | 0.367834 0.000059
0.06 | 0.367920 0.000059
0.05 | 0.367819 0.000059
0.04 | 0.367856 0.000059
0.03 | 0.367925 0.000059

Table 3: Results of Euler based multilevel Monte Carlo for fixed § = 2714 ~ 0.000061 and

varying €.
€ Mean Standard deviation of estimator
0.07 | 0.367830 0.000061
0.06 | 0.367755 0.000061
0.05 | 0.367933 0.000061
0.04 | 0.367809 0.000061
0.03 | 0.367879 0.000061

Table 4: Results of Euler based standard Monte Carlo for fixed § = 27 ~ 0.000061 and
varying €.

which ensures § > e~=. The best fit curves are again consistent with the conclusion that the
complexity of Euler based multilevel Monte Carlo and standard Monte Carlo Methods are
both O(¢7%) when 4 is fixed. The Monte Carlo estimates which came from these simulations
are detailed in tables 3 and 4.

5 Summary

This work focussed on Monte Carlo methods for approximating expectations arising from
SDEs with small noise. Our motivation was that for the highly effective multilevel approach,
the classical strong error measure is less relevant than the variance between coupled pairs
of paths at different discretization levels. By analyzing this variance directly, we showed
that, under reasonable assumptions, a basic Euler—-Maruyama discretization leads to optimal
asymptotic computational complexity when used in a multilevel setting.

A Some Technical Lemmas

We provide here some technical lemmas which were used in section 3.
The following is Lemma 5 in the appendix of [1].

Lemma 10. Suppose Xi(s) and Xo(s) are stochastic processes on RY and that z(s) and
15(s) are deterministic processes on R®. Further, suppose that

supE [|X1(s) — 21(5)|] < Co(T)e?,  supE [|Xa(s) — ma(s)[*] < Co(T)e?,

s<T s<T
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for some 61,62 depending upon T. Assume that v : R? — R is Lipschitz with Lipschitz
constant C'r,. Then,

sup Var < /0 1 w(Xo(s) + r(Xi(s) — XQ(S)))dr) < C? max(Ch, Cs)e?.

s<T

The following lemma is only a slight perturbation of Lemma 6 in [1]. A proof is therefore
omitted.

Lemma 11. Suppose that A>" and B*" are families of random wvariables determined by
scaling parameters € and h. Further, suppose that there are C; > 0,Cy > 0 and C5 > 0 such
that for all € > 0 the following three conditions hold:

1. Var(Ash) < C1e? uniformly in h.
2. |As" < Cy uniformly in h.
3. |E[B="]| < Csh.

Then
Var(A®"B=") < 3C2C, h*e* 4 15C2 Var(B=").

The following lemma is standard, but is included for completeness.

Lemma 12. Let f : R? — R have continuous first derivative. Then, for any xz,y € R,
1
f@) = Fw)+ [ T+ (1= shy)ds- (2 = )
0
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