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Abstract 

In recent times, spectrum resource scarcity in Radio Frequency (RF) systems is one of the 

biggest and prime issues in the area of wireless communications. Owing to the cost of 

spectrum, increase in the bandwidth allocation as alternative solution, employed in the recent 

past, does no longer offer an effective means to fulfilling high demand in higher data rates. 

Consequently, Free Space Optical (FSO) communication systems has received considerable 

attention in the research community as an attractive means among other popular solutions to 

offering high bandwidth and high capacity compared to conventional RF systems. In 

addition, FSO systems have positive features which include license-free operation, cheap and 

ease of deployment, immunity to interference, high security, etc. Thus, FSO systems have 

been favoured in many areas especially, as a viable solution for the last-mile connectivity 

problem and a potential candidate for heterogeneous wireless backhaul network. With these 

attractive features, however, FSO systems are weather-dependent wireless channels. 

Therefore, it is usually susceptible to atmospheric induced turbulence, pointing error and 

attenuation under adverse weather conditions which impose severe challenges on the system 

performance and transmission reliability. Thus, before widespread deployment of the system 

will be possible, promising mitigation techniques need to be found to address these problems. 

In this thesis, the performance of spatial diversity combining and relay-assisted techniques 

with Spatial Modulation (SM) as viable mitigating tools to overcome the problem of 

atmospheric channel impairments along the FSO communication system link is studied. 

Firstly, the performance analysis of a heterodyne FSO-SM system with different diversity 

combiners such as Maximum Ratio Combining (MRC), Equal Gain Combining (EGC) and 

Selection Combining (SC) under the influence of lognormal and Gamma-Gamma 

atmospheric-induced turbulence fading is presented. A theoretical framework for the system 

error is provided by deriving the Average Pairwise Error Probability (APEP) expression for 

each diversity scheme under study and union bounding technique is applied to obtain their 

Average Bit Error Rate (ABER). Under the influence of Gamma-Gamma turbulence, an 

APEP expression is obtained through a generalized infinite power series expansion approach 

and the system performance is further enhanced by convolutional coding technique. 

Furthermore, the performance of proposed system under the combined effect of misalignment 

and Gamma-Gamma turbulence fading is also studied using the same mathematical approach.  



 

x 
 

Moreover, the performance analysis of relay-assisted dual-hop heterodyne FSO-SM system 

with diversity combiners over a Gamma-Gamma atmospheric turbulence channel using 

Decode-and-Forward (DF) relay and Amplify-and-Forward (AF) relay protocols also is 

presented. Under DF dual-hop FSO system, power series expansion of the modified Bessel 

function is used to derive the closed-form expression for the end-to-end APEP expressions 

for each of the combiners under study over Gamma-Gamma channel, and a tight upper bound 

on the ABER per hop is given. Thus, the overall end-to-end ABER for the dual-hop FSO 

system is then evaluated. Under AF dual-hop FSO system, the statistical characteristics of AF 

relay in terms of Moment Generating Function (MGF), Probability Density Function (PDF) 

and Cumulative Distribution Function (CDF) are derived for the combined Gamma-Gamma 

turbulence and/or pointing error distributions channel in terms of Meijer-G function. Based 

on these expressions, the APEP for each of the under studied combiners is determined and the 

ABER for the system is given by using union bounding technique. By utilizing the derived 

ABER expressions, the effective capacity for the considered system is then obtained. 

Furthermore, the performance of a dual-hop heterodyne FSO-SM asymmetric RF/FSO 

relaying system with MRC as mitigation tools at the destination is evaluated. The RF link 

experiences Nakagami-m distribution and FSO link is subjected to Gamma-Gamma 

distribution with and/or without pointing error. The MGF of the system equivalent SNR is 

derived using the CDF of the system equivalent SNR. Utilizing the MGF, the APEP for the 

system is then obtained and the ABER for the system is determined. 

Finally, owing to the slow nature of the FSO channel, the Block Error Rate (BLER) 

performance of FSO Subcarrier Intensity Modulation (SIM) system with spatial diversity 

combiners employing Binary Phase Shift Keying (BPSK) modulation over Gamma-Gamma 

atmospheric turbulence with and without pointing error is studied. The channel PDF for MRC 

and EGC by using power series expansion of the modified Bessel function is derived. 

Through this, the BLER closed-form expressions for the combiners under study are obtained.  
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CHAPTER ONE 

Introduction 

1.1 Background Information and Motivation 

The transmission of information using optical carrier is an old-age technology which roots 

can be traced back to antiquity. In ancient time, around 800BC and 150BC, smoke and fire 

beacons signals were used for signaling purpose in military operations [1, 2]. In 1821, a solar 

telegraphy called heliography was invented by Carl Friedrich Gauss for geodetic survey 

where a pair of mirror was used to reflect a controlled beam of sunlight over a great distant 

[3]. Also, French sea Navigators during 1790-1794 used Semaphore as means of optical 

signaling to convey information over long distances [3]. In December 14, 1880, the first 

known optical wireless communication system called photophone was invented and patented 

by Alexandra Graham Bell as illustrated in Figure 1.1. In his experiment, voice signal was 

used to modulate intensity of sunlight and transmitted over a distance of 200 m to a parabolic 

mirror receiver having selenium crystal at the focal point to convert optical energy to 

electrical current [4-6]. The simple experiment set-up suffered a lot of challenges due to the 

intermittent nature of the sunlight and the crudity of the devices employed. Optical 

communication system was quantum leap in 1960s through the advent of new optical sources 

such Laser invented by Theodore Maiman [7]. It was during this time the earliest full duplex 

laser link was demonstrated by Nippon Electric Company (NEC) in Japan for commercial use 

[8]. Thus, from this time, optical communication has found usefulness in military operations 

and deep space applications. 

The successful records of optical communication in military applications and the new 

development in optical techniques rejuvenated and fueled the research interest in the optical 

broadband access technology for civil applications [9]. Nowadays, with the number of users 

growing exponentially, the demand for high data rate transmission for present and emerging 

applications such as file transfer or video and audio streaming, VoIP, video conferencing, 

high-definition TV, is higher than ever and hence demanding more transmission bandwidth. 

Nevertheless, as the optical fiber infrastructure known as network backbone is capable of 

subsisting the current demands of bandwidth in global communication network, the issues of 

‘last mile’ problem is still the major bottleneck experienced by the end users which limit the 
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availability of data rate or download rate [10, 11]. This is mostly as a result of bandwidth 

limitations of copper-based connections and Radio Frequency (RF) wireless services 

employed by the end users to access the backbone. In this case, it was revealed that the RF 

band of electromagnetic spectrum is highly limited in capacity as the number of users 

increases and its allocation is progressively more expensive.  

Recently, free space optical communication systems have received considerable attention as a 

viable alternative technology to its RF communication systems counterpart. It offers 

comparable huge bandwidth in the order of Terabyte similar to optical fiber link at a low cost 

without trenches digging. Free Space Optical (FSO) communication systems have seamless 

feature of wireless systems which make it easy to be integrated with the existing access 

networks [12, 13]. Moreover, when comparing FSO with RF technology, the formal requires 

less power, unlicensed spectrum, high security and ease of design and implementation for 

various applications [6, 14]. Practically, FSO was found useful in facilitating high definition 

(HD) video transmission during 2010 FAFA world cup events between temporary studios in 

Cape Town, South Africa due to its high speed capability. Furthermore, because FSO is very 

easy to deploy, it was then employed during September 11, 2001 terrorist attack on world 

trade center in New York, USA as a temporary communication means for post disaster 

recovery [11].  

 

Figure 1.1: Photophone invented by Alexandra Graham Bell [15] 

Despite these great attributes aforementioned, FSO systems are still facing a lot of challenges 

which degrade its performance. This is because, the transmission of information in FSO 

systems is via unguided media such as free space and it requires Line of Sight (LOS) between 



 

3 
 

the transmitter and the receiver. As a result, the system is highly vulnerable to adverse 

weather conditions resulting in absorption, scattering and atmospheric turbulence. These 

challenges hamper the transmission data rate, link range, availability and maximum 

performance of the system [14]. Absorption and scattering phenomenon depend on the laser 

wavelength and the types of particle present in atmosphere. The particles that cause 

absorption and scattering of light beam along FSO link could be fog, rain, snow, dust, 

aerosols, smoke and others. These particles attenuate the optical power by absorbing some 

degree of transmitted laser light energy. They also scatter laser light by deflecting it from its 

direction leading to spatial, angular and temporal spread. In this respect, scattering coefficient 

may be very high in some cases when the particles diameter is on the order of light 

wavelength [3, 16-18]. For instance, attenuation caused by fog and haze as a result of 

comparable diameter with the laser wavelength is far higher than that of the rain and snow. It 

is reported in [19, 20] that attenuation due to dense fog is about 350 dB/km compared to > 45 

dB/km loss caused by snow and 20-30 dB/km loss at the rate of 150 mm/h caused by rain. 

These attenuation losses can hamper the availability of the system and limit its range to short 

distance especially under a very dense fog. In this regard, additional optical power would be 

needed to mitigate this effect, such as the use of RF technology as back-up in order to achieve 

99.99% carrier-grade link availability for the FSO systems [21-23]. Therefore, the effects of 

absorption and scattering on FSO systems are deterministic and these can be predicted by 

using different software such as LOWTRAN, FASCODE, MODTRAN, HITRAN, and 

LNPCWIN as a function of wavelength [17, 24, 25].  

Under clear weather conditions, however, FSO links may still be susceptible to the effect due 

to atmospheric turbulence which simple means fluctuation in the refractive index as a result 

of variation in temperature and pressure of the atmospheric medium. This impairment 

becomes more pronounced especially over a distance of 1 km or more and can degrade the 

performance and availability of an FSO link [26, 27]. In addition to atmospheric turbulence, 

when the receiver employs no tracking mechanism, pointing error is another impairment that 

can deteriorate the FSO systems performance. This occurs as a result of a misalignment 

between the transmitter and the receiver due to the narrowness of the beam divergence angle 

and small receiver Field of View (FOV). Thus, building sway in respect to thermal 

expansion, dynamic wind loads, and weak earthquakes can effectively interrupt the systems 

link [28, 29]. Hence, atmospheric turbulence and pointing error are the serious impairments 

that can significantly degrade the performance of FSO link.  



 

4 
 

1.2 Literature Review on FSO Systems 

Over the past decade, the need for higher data rate, higher spectral efficiency and quality of 

service in the wireless communication systems are growing exponentially due to the increase 

in number of users. As result of this, next-generation wireless communication systems are 

expected to offer various broadband wireless services such as the high-definition television, 

computer network applications (up to 100 Mbps), mobile videophones, video conferencing, 

high-speed Internet access, and so on. However, the disruptive nature of wireless 

communication channels due to multipath signal propagation and induced-fading effect has 

posed intriguing challenges from achieving these highly demanding goals. Therefore, in order 

to overcome these limitations that is particular with wireless systems; different technologies 

have been proposed which include the copper and coaxial cables, wireless Internet access, 

broadband RF (millimeter and microwave radio) and fiber optics [19]. These technologies, 

especially the RF based, has limitations such as congested spectrum, an expensive licensing, 

security issues and a high cost of installation which prevent in meeting all the aforementioned 

communication requirements for today services. Consequently, FSO technology is considered 

as one of the most promising alternative technology which can bring superior quality, 

wideband services to users’ premises. Recently, FSO communication has drawn attention in 

research community due to its various characteristics including high capacity and free large 

bandwidth with security, compared to its RF communication counterpart [14]. Moreover, it is 

very easy and cheap to deploy without digging of trenches. Hence, it is found useful in 

several applications where high data rate is required. With all these virtues, the FSO systems 

suffer from atmospheric induced turbulence and pointing errors which significantly limit its 

operations to a short transmission distance and also degrade its performance. As a 

consequence, powerful mitigation techniques need to be employed for the FSO systems to 

surmount over the stated challenges and this is the focus of this thesis. 

As mention earlier, FSO systems are prone to atmospheric turbulence. As a result, different 

statistical distributions have been proposed to evaluate the effect of turbulence conditions on 

its performance. Unfortunately, a general model that is valid for all types of turbulence 

conditions has not been established in the literature due to mathematical complexity in 

modeling the atmospheric turbulence. Notwithstanding, previous researches have shown that 

lognormal turbulence model is found suitable for the case of a weak turbulence condition 

especially over a distance less than 1 km in range [27, 30-34]. In the work presented in [35-

38], it was confirmed that the K-distribution tends to be appropriate for the case of strong 
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atmospheric turbulence condition. Under saturation regime, irradiance fluctuations can be 

modelled accurately by negative exponential distribution [32, 39, 40]. Moreover, Gamma-

Gamma distribution proposed by Andrew et al has received considerable attention as it is 

found used in various FSO research works [41]. This is as a result of its excellent fitness with 

experimental measured data for a wide turbulence regime and it has also made it useful to 

model weak to strong turbulence conditions [41, 42]. In addition to these models, other 

distributions proposed in the literature include the I-K distribution [43, 44], exponentiated 

Weibull [45] and log-normal Rice model (Beckmann) [44, 46, 47].  

In addition to atmospheric turbulence effect, pointing error due to misalignment between the 

transmitter and receiver can also degrade the performance of FSO systems. In this case, 

various studies have been carried out on the combined effect of pointing errors with 

atmospheric turbulence under different weather conditions. The combined effect of these 

impairments was first analyzed by Arnon for On/Off Keying (OOK)-based FSO systems, but 

the effect of detector size was assumed to be negligible [48, 49]. Later, Farid and Hranilovic 

presented a composite model for FSO system over the lognormal and Gamma-Gamma 

turbulence conditions [50]. The authors specifically considered the effect of beam waist, jitter 

variance and detector size in obtaining the PDF for the composite channels, and the model 

with Gamma-Gamma turbulence was obtained in terms of integral. However, the pursuit of a 

closed-form expression for the composite channel model under Gamma-Gamma turbulence 

has led to further studies on pointing errors. In [51, 52], Sandalidis et al provided the PDF for 

the combined effect of strong turbulence with pointing errors to study the performance of the 

FSO system and the composite channel was obtained in terms of the Meijer-G function. 

Based on this, most works have employed this model to evaluate the performance of FSO 

system under the combined effects of the two impairments as it is found used in [53-58]. In 

spite of this, Song et al applied series expansion approach to study the combined effect of 

pointing errors over Gamma-Gamma turbulence for subcarrier binary phase shift keying 

modulated FSO system [59] and the analysis provides more insight for the system. In all the 

aforementioned works, the pointing error was modeled by Rayleigh distribution with the 

assumption that the jitter variance in the horizontal and vertical direction is the same. 

However, in [60], Gappmair et al employed Hoyt distribution to model the radial 

displacement at the receiver by assuming different jitters in orthogonal direction and this led 

to a finite series expression for the BER performance of the FSO system. In considering the 

boresight, Yang et al, developed a non-zero boresight pointing error for OOK-based FSO 
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system [61].The authors obtained a closed-form PDF for the composite lognormal and finite 

series approximation PDF for the composite Gamma-Gamma turbulence channels. 

Basically, there are two types of detection for FSO systems and these include Intensity 

Modulation with Direct Detection (IM/DD) and coherent detection (that is, heterodyne and 

homodyne). In IM/DD, the photo-detector directly detects the change of light intensity 

emitted from the laser. In coherent detection, the optical field is mixed with the locally 

generated optical field before photo-detection [62]. It was reported that coherent detection 

offers better background noise rejection and increases the receiver sensitivity compared to 

IM/DD [63-65]. Also, power and bandwidth efficiency are the two most critical factors that 

need to be considered in selecting a modulation scheme for any FSO applications. Power 

efficiency of a modulation implies the maximum achievable data rate at a BER target while 

the bandwidth efficiency refers to the information transmission rate for a given bandwidth 

without considering the required transmit power [19, 66]. The most widely used signal format 

for FSO-based systems is well known to be On/Off Keying (OOK) modulation due to its 

simplicity and low cost. However, this modulation scheme requires adaptive detection 

threshold in order to achieve its optimum performance owing to its high sensitivity to channel 

turbulence [67]. This can be costly to implement at the expense of channel estimation errors. 

Thus, a predetermined fixed detection threshold is employed for practical implementation of 

OOK IM/DD systems for FSO applications but this suboptimal technique usually leads to 

undesirable irreducible error floors especially under strong turbulence conditions [68]. In 

addition to the need of adaptive detection threshold, OOK has a relatively poor energy and 

spectral efficiency [3, 69, 70]. Alternatively, Pulse Position Modulation (PPM) has been 

proposed for FSO systems to overcome the deficiency in OOK modulation scheme. It has 

superior energy efficiency and requires no adaptive detection threshold for optimal detection. 

However, PPM suffers from poor bandwidth efficiency due to short duration pulses and 

requires tight synchronization resulting in complex transceiver design [66]. To overcome the 

limitations of the conventional modulations (OOK and PPM), Subcarrier Intensity 

Modulation (SIM) technology was proposed by Huang et al in [69] for FSO applications. The 

idea of SIM is drawn from the well-known Orthogonal Frequency Division Multiplexing 

(OFDM) system where several data streams are modulated onto different RF subcarrier 

frequencies and the composite RF is used to modulate the laser irradiance [71]. The 

performance of SIM modulation in FSO systems has been studied in various works under 

atmospheric conditions [68-75]. However, this modulation yields a significantly higher 
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transceiver complexity as the number of subcarrier increases and also causes poor optical 

average power efficiency due to an increase in the number of required DC biases [19, 75]. 

Recently, optical spatial modulation (SM) emerged as a powerful transmission technique for 

FSO communication systems. It has been known to be an efficient low complex Multiple 

Input Multiple Output (MIMO) technique compared with other conventional MIMO schemes 

such as spatial multiplexing (Vertical Bell Labs Layered Space-Time Architecture) and 

repetitive coding [76]. SM makes use of the index of an activated Laser to convey 

information data at an instant while other Lasers remain idle [77]. As a result of this, it has 

advantages of avoiding inter-channel interference, eliminating the needs of inter-antenna 

synchronization, and provides a robust system against channel estimation errors [78, 79]. The 

concept was studied for indoor FSO in [80-83] and later applied for outdoor FSO systems. In 

[82, 84], it was reported that SM can increase the data rate of FSO systems when compared 

with OOK and PPM by a factor of 2 and 4 respectively with significant reduction in receiver 

complexity and system design. In [85], SM was proposed for FSO communication systems 

where SIM was combined with SM to enhance the FSO system performance. The results 

from this work showed that SM offered better performance compared to SIM. Popoola et al 

employed channel gain measurement to study the combined effect of SM with PPM for FSO 

system [86]. Later, in [87] the behaviour of optical spatial modulation system was 

experimentally carried out and measurement of symbol error rate at different distance was 

obtained. Likewise Pham et al evaluate the effect of combining SM with PPM for FSO 

system over weak turbulence channel. The results showed that the system benefit from the 

simplicity of the SM and the energy efficiency of the PPM [88]. In [89], SM was integrated 

with Pulse Position and Amplitude Modulation (PPAM) under the lognormal and Gamma-

Gamma atmospheric turbulence. Peppas et al proposed SM for a coherent detection FSO 

system under H-K atmospheric turbulent channel in [90].  

Based on the fact that FSO systems are susceptible to atmospheric turbulence, several 

counter-fading techniques have been proposed to mitigate the effect of turbulence induced 

fading along the system link. Thus, Maximum Likelihood Sequence Detection (MLSD) was 

also proposed by [91] as a means of combating fading over FSO links. This technique 

however, suffers from excessive computational complexity since its analysis requires 

complicated multidimensional integration. Moreover, aperture averaging is another 

mitigation technique which has been widely used in practical FSO applications and studied in 

literatures as a simple solution to reduce fading effect [92-98]. The drawback of this 
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technique is that, the system receiver needs a relatively large lens for the scheme to be 

efficient that is, aperture lens must be larger than the fading correlation length. Therefore, the 

increase in aperture size in aperture averaging amount to increase in background noise 

collected at the receiver [95]. A significant fading reduction can also be achieved when using 

adaptive optics. This is mostly employed in optical astronomy and deep space optical 

communication to deliver undistorted beam [2, 99]. The technique involves the use of wave-

front sensor and deformable mirrors to reduce the distortion induced in the wave-front 

resulting from atmospheric turbulence[2]. However, while the technique is feasible, it is 

highly costly and complex to implement. In [100], error control coding in-conjunction with 

interleaving was used as mitigation tools for FSO systems. However, this is impracticable 

because its effectiveness requires large interleave as a result of slow/quasi-static fading nature 

of the FSO channels; thus it is more useful under weak turbulence conditions [96, 101]. 

Under moderate to strong conditions, error control coding is also significantly efficient, 

provided that it is combined with other mitigation techniques [96]. 

Spatial Diversity (SD) technique is a suitable alternative mitigation tool compared to the 

aforementioned mitigation techniques. It has an advantage of improving the error 

performance and reliability of the link by using multiple lasers at the transmitter and /or 

multiple photo-detectors at the receiver. It also prevents laser misalignment and temporary 

blockage of beam by obstructions [102]. This method of combating fading effect was first 

proposed in FSO system by Ibrahim et al [103]. In [31], the performance of different spatial 

diversity combining was investigated under clear weather, and MRC outperformed EGC. Zhu 

et al used maximum likelihood detector with spatial diversity to study the symbol-by-symbol 

performance of MIMO FSO system over independent and correlated lognormal channel [33]. 

Under a K-distribution channel, Tsiftsis et al studied the performance of OOK IM/DD FSO 

system using various spatial diversity combiners [26]. Wilson et al evaluated the performance 

of PPM and Q-ary PPM of MIMO FSO system under Rayleigh and lognormal fading channel 

[32]. Popoola et al investigated the performance of SIM FSO system using MRC, EGC and 

SC under lognormal turbulence conditions [104]. MIMO IM/DD FSO link error performance 

over a Gamma-Gamma channel was evaluated by Bayaki et al using MRC and EGC as 

mitigation tools [105]. Song et al studied the error rate performance of MIMO SIM-FSO 

system with repetition coding under Gamma-Gamma turbulence condition [106]. Also, Niu et 

al, considered the three diversity combining techniques to study the performance of coherent 

SIM FSO system [37]. In [107], the spatial modulation was used in-conjunction with 
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diversity combiners to improve the performance of SIM-FSO system over the lognormal 

fading channel but the analysis has no traceable closed-form expression for the system error 

rate. 

Owing to the distance-dependent nature of atmospheric fading, relay-assisted transmission 

technique has been considered as a promising solution to improve the coverage area and 

reliability of FSO links. The scheme involves the use of relay devices to convey information 

between the source and destination nodes. Generally, relay can be categorized into two 

protocols comprising Amplify–and-Forward (AF) and Decode-and-Forward (DF) relays. The 

former amplifies any incoming signal from the source and retransmits it to the destination 

while the latter decodes any received signal from the source re-encodes and then re-transmits 

the decoded information to the destination [108, 109]. A relay-assisted technique was first 

proposed in FSO systems by Acampora and Krishnamurthy [110] and results from the study 

showed that the technique can increase the link range of FSO system. Few years later, error 

performance due to visibility conditions was first developed by Akella et al for a single hop 

relay FSO system [111]. Later, Tsiftsis et al studied the outage performance of multi-hops 

FSO system with AF and DF relays over strong Gamma-Gamma turbulence channels [112]. 

The Bit Error Rate (BER) performance of a DF based relay-assisted FSO system over the 

Gamma-Gamma turbulence with pointing error was studied by Fu et al [113]. The end-to-end 

performance of multi-hop FSO system with AF relays over Gamma-Gamma fading channel 

was extensively studied by Datsikas et al and subcarrier phase shift keying and differential 

phase shift keying (DPSK) were considered as modulation schemes [114]. Aggarwal et al 

investigated the performance of SIM-based DF relayed FSO system under the combined 

influence of turbulence and pointing error impairment [115]. These authors also evaluated the 

capacity performance of dual-hop CSI relay SIM based FSO system under the same channel 

conditions [71]. Tang et al studied the error probability and outage probability of a multi-

hops FSO link employing CSI-assisted and fixed gain relays over Gamma-Gamma and 

pointing error channels using heterodyne detection [116]. Zedini et al studied the end-to-end 

performance of multi-hops FSO system with AF-CSI relaying using IM/DD technique over 

Gamma-Gamma fading with pointing error impairment [117]. Castillo-Vazquez et al studied 

the outage performance of DF-relay-assisted FSO system under the combined effects of 

Gamma-Gamma distribution and pointing error using time diversity [118]. In this work 

however, the time diversity introduced several delays in the system due to slow nature of the 

atmospheric turbulence channel. Dang et al combined techniques of M-ary PPM, spatial 
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diversity and multi-hops transmission for DF relay FSO system to overcome the impairments 

caused by strong atmospheric turbulence and pointing error [119]. 

Recently, asymmetric RF/FSO relaying technique emerged as the means of facilitating radio 

over free space optical communication. In some cases where optical fibers are not enough, 

this scheme offers advantage of multiplexing large number of RF users/devices into the 

backbone network. Due to high capacity of FSO systems compared to RF links, the scheme 

increases the end-to-end system throughput. Asymmetric RF/FSO technique was first 

employed in FSO systems by Lee et al where the authors studied the outage performance of 

AF dual-hop SIM based FSO system and RF and FSO links were assumed respectively to be 

Rayleigh and Gamma-Gamma fading [120]. Performance analysis of asymmetric RF/FSO 

dual-hop AF relay SIM based FSO system for Unmanned Aerial Vehicle (UAV) applications 

was studied by Park et al with RF link undergone Rayleigh fading and FSO link experienced 

Gamma-Gamma distribution [121]. Ansari et al investigated the impact of pointing error on 

the performance on the Gamma-Gamma turbulence FSO link of mixed RF/FSO AF dual-hop 

system over the RF Rayleigh fading channel [122]. Zhang et al proposed a mixed RF/FSO 

AF dual-hop system with RF undergone generalized ߢ − ߟ or ߤ −  distributions while FSO ߤ

experiences Gamma-Gamma distribution [123]. In [124, 125], the performance of AF dual-

hop relay system over the asymmetric link, with RF link undergone Nakagami-m and FSO 

link experienced the combined effect of Gamma-Gamma distribution and pointing error was 

investigated. Anees et al later evaluate the capacity of a DF based dual-hop asymmetric 

RF/FSO system where RF link was assumed to be Nakagami-m and FSO link was 

characterized by path loss, Gamma-Gamma and pointing error impairments [126]. 

In a communication system which transmits data in block of ܰ bits, the probability ܲ	(ܯ,ܰ) 

of more than ܯ bits error in a block can be estimated by average Block Error Rate (BLER). 

Typically, the influence of atmospheric turbulence on the FSO links has been described as a 

slow varying channel with its coefficient resulting in the corruption of block of data bits 

[127]. Previous works have shown the needs to evaluate the block data transmission 

performance under the slow varying fading condition so as to establish good data 

transmission. RF research works, specifically in [127-129], have considered the systems 

BLER performance over a very slow fading Rayleigh channel. From our findings, works on 

BLER performance in FSO systems are still at infancy stage. Recently, Zhang et al [130] 

presented the BLER performance of SIM-FSO system for both coherent and non-coherent 

binary modulations over different atmospheric channels. However, the study did not consider 



 

11 
 

diversity combiners at the receiver end. Also, Cheng et al [131] studied the BLER of FSO 

link with pointing error over non-Kolmogorov turbulence channel, but the work did not 

consider combiners and SIM-BPSK binary modulation.  

1.3  Aim and Objectives of the Research  

This thesis aim at investigating the performance of spatial diversity combining and relay-

assisted technique as mitigation tools against the effects of atmospheric turbulence and 

pointing error induced-fading on FSO systems. The objectives of this thesis are: 

1. To investigate the performance of heterodyne optical spatial modulation based FSO 

system with diversity combining over lognormal and Gamma-Gamma atmospheric 

turbulence channels and to study the impact of combined effect of pointing error with 

Gamma-Gamma turbulence conditions on the proposed system. 

2. To investigate the performance of relay-assisted dual-hop DF and AF optical spatial 

modulation with diversity combining as alternative mitigation technique over 

Gamma-Gamma turbulence channel. 

3. To evaluate the performance of dual-hop AF Asymmetric RF/FSO optical spatial 

modulation with diversity combining and the influence of pointing error on the system 

performance. 

4. To investigate the BLER performance of FSO-SIM system with diversity combining 

over Gamma-Gamma turbulence channel and the effect of pointing error on the 

system performance. 

1.4 Thesis Organization  

The total number of chapters arranged in this thesis is seven. Chapter 1 provides some 

background information about the evolution and development of the FSO communication 

systems. A comprehensive literature review on the FSO is presented in this chapter.  

Technical background details needed for the whole thesis is presented in chapter 2. An 

overview of FSO system configuration with detection schemes is reported. Different 

statistical models for atmospheric turbulence induced fading and pointing errors are 

discussed. In addition, we describe different diversity combining techniques for fading 

mitigation as well as relay technology. A comparison between the mathematical tools in 

analyzing FSO system over Gamma-Gamma channel using SIM-FSO system as case study is 

illustrated in order to complete the chapter.   
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In chapter 3, the error performance of optical spatial modulation based FSO system with 

different diversity combiner over atmospheric turbulence conditions is analyzed. The closed-

form expressions for the error performance of each under studied combiner is obtained using 

Gauss-Laguerre quadrature and power series expansion respectively over lognormal and 

Gamma-Gamma atmospheric induced fading channels. The impact of pointing error on the 

system performance under the Gamma-Gamma turbulence condition by using power series 

expansion approach is examined in the chapter. 

The error performance of the optical spatial modulation with diversity combiner in dual-hop 

AF and DF relaying systems over Gamma-Gamma turbulence channel is presented in chapter 

4. For dual-hop DF relaying system, a derived closed-form expression for the end-to-end 

APEP expression for each of the combiners under study and a tight upper bound on the 

ABER per hop is given. Thus, the overall end-to-end ABER for the dual-hops system is then 

evaluated. For the AF relaying system, the statistical characteristics of CSI-assisted AF relay 

in terms of MGF, PDF and CDF are derived for combined effect of Gamma-Gamma 

turbulence with and/or without pointing error. Based on these expressions, the APEP for each 

of the combiner is determined and the ABER for the system is also given by using union 

bounding technique. By utilizing the derived ABER expressions, the effective capacity for 

the considered system is then obtained. These are the core interest of chapter 4. 

In chapter 5, the performance of a dual-hop spatial modulation asymmetric RF/FSO relaying 

system with heterodyne detection and MRC as mitigation tools at the destination is evaluated. 

Nakagami-m distribution is adopted to represent the RF channel distribution while the FSO 

links is subjected to Gamma-Gamma distribution with and/or without pointing error. The 

MGF of the system equivalent SNR is derived using the CDF of the system equivalent SNR. 

Utilizing the MGF, the APEP for the system is then obtained. Through this, the ABER for the 

system is determined using the union bounding technique. 

In chapter 6, the BLER performance of SIM-based FSO system with spatial diversity 

combiners employing BPSK modulation over Gamma-Gamma atmospheric turbulence was 

discussed. The channel Probability Density Function (PDF) for MRC and EGC by using 

power series expansion of the modified Bessel function was derived and used to provide 

selection for the evaluation. Through this solution, the BLER closed-form expressions for the 

combiners are obtained. Also within this chapter, the influence of pointing error on the BLER 

performance on the system was illustrated over the Gamma-Gamma turbulence channel. 
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Research summary and future work are detailed in chapter 7.  

1.5 Original Contributions 

The contributions of this thesis to the existing body of knowledge are listed below: 

 Optical spatial modulation has been well studied in many FSO communication 

researches as it is reported in the literature review section. However, a general 

received diversity technique which involves multiple receive photo-detectors is 

being considered at the systems receiving end. By our findings, the consideration 

of spatial diversity combining in-conjunction with the optical SM as a mitigation 

tool has not been employed for FSO systems. Thus, the combination of optical 

SM with diversity combining for fading mitigation over atmospheric turbulence 

using heterodyne detection at the receiver is established in this thesis. The error 

performances of the proposed systems for various types of combiner over 

lognormal and Gamma-Gamma atmospheric turbulence channels are detailed in 

chapter 3. The impacts of pointing error with zero boresight for the spatial 

modulation based FSO system are reported and the closed-form expression for the 

error performance is obtained through infinite power series approach.  

 By our knowledge, it shows that spatial modulation has been extensively 

investigated with relay technology mostly in RF wireless systems [77, 132-136] 

but this modulation scheme has not been found employed in the FSO relay-

assisted systems. Thus, the performance of optical spatial modulation based FSO 

system with spatial diversity combiner at the destination and/or relay in a dual-hop 

AF and DF relaying system is presented in chapter 4. The results confirm that 

relay schemes improve the system performance than the direct transmission. It is 

also discovered that the used of optical spatial modulation has not been found 

useful for asymmetric RF/FSO relaying scenario. Therefore, the performance of 

asymmetric RF/FSO relaying system with MRC combiner is presented in chapter 

5. The result shows that the proposed system offers better performance than the 

existing system under the same turbulence conditions. 

 Due to the slow nature of atmospheric turbulence channel of FSO channel, BLER 

can also be used to study the performance of the system. To the best of our 

knowledge, the improvement on BLER through the use of diversity combiner was 

only employed in RF conventional systems [127-129] but has not yet been 
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considered for FSO system. Thus, the BLER performance of SIM-FSO system 

with diversity combiner is presented in chapter 6. The results indicate that 

diversity combining technique significantly improves the system BLER 

performance.  
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CHAPTER TWO  

General Overview of Free Space Optical Systems 

2.1 FSO Communication Systems Configuration 

The block diagram of a FSO system configuration is illustrated in Figure 2.1. Similar to other 

types of communication systems, a FSO system comprises of three basic units which include 

the transmitter, transmission channel, and the receiver. Each of these units is detailed in the 

sections of this chapter. 

 

Figure 2.1: Illustration of a FSO communication system 

2.1.1 FSO Transmitter System 

In an FSO transmitter system, information data to be transmitted from the transmitter are 

modulated onto the optical field carrier produced by light source(s). Optionally, the 

modulated beam may be allowed to pass through the optical amplifier to boost the optical 

intensity. Thereafter, by means of beamforming optics, the optical radiation is collected, 

collimated, refocused and then propagated through transmission medium which can be any or 

combination of space, sea or atmosphere to the receiving end [3, 137]. The modulation can 
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either be internal or external. The most commonly used internal modulation is called 

intensity/direct modulation where the information data is modulated on the intensity of the 

optical radiation by varying the driving current of the light source in accordance with the data 

to be transmitted. This can also be achieved externally by the use of Symmetric Mach-

Zehnder interferometer where radiation properties such as amplitude, frequency, phases and 

state of polarization can also be modulated with information to be transmitted. External 

modulator can offer a higher data rate than direct modulation at the expense of nonlinear 

response [138].  

In FSO transmitter design, it is very important to condition the optical radiation to be within 

the safety recommendation so as to prevent issues with human in contact. This is because; 

optical radiation is highly powerful and can injure both the skin and the eye. Thus, eye safety 

is the most important factor to be considered due to the ability of the eye to focus and 

concentrate on the optical energy. It was found that certain wavelength in the near-infrared 

window have intensity power to penetrate into human eye and cause damage to the retina 

while other can be absorbed by the other part of the eye [12]. As a result, the front part of eye 

has higher absorption coefficient for wavelength that is greater than 1400 nm [139]. In this 

case, several international bodies have provided guidelines to limit and monitor the 

transmitted optical power for the safety use of optical beam and a number of standards can be 

found in [19]. Therefore, various light sources are available for FSO transmitter but the most 

widely used in optical communication are the Lasers and Light Emitting Diode (LED) in 

which the operations of both are based on the electronics excitation of semiconductor. 

Selecting the appropriate light source for the FSO systems depends on the particular 

application and the key features such as optical power versus current characteristics, speed 

and the beam profile [139]. Actually, optical communication systems operate within 700-

10,000 nm wavelength bands where there are transmission windows that can offer higher 

transparent with an attenuation of less than 0.2 dB/km in clear air transmission [138]. 

Typically, FSO systems operate in the near-IR wavelength range of 750-1600 nm and a clear 

atmosphere is expected to offer high transparent for the system. However, due to the presence 

of different molecules, certain wavelengths still experience severe absorptions and scattering 

[3]. In this case, FSO systems are majorly designed to operate with 780-850 nm and 1520-

1600 nm spectral windows. Owing to the availability and the low cost of devices and 

components in the 780-850 nm range, FSO systems are mostly designed within this 

wavelength range. Moreover, FSO systems operating within 1550 nm window allows more 
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power to be transmitted (eye safety) than 750 nm band. It also reduces solar background noise 

and scattering effect which make it mostly useful especially in light haze and fog to 

overcome attenuation. However, the devices in 1550 nm band are highly expensive and also 

slightly reduced the detector sensitivity [138].  

2.1.2 FSO Receiver System 

The FSO receiver functionally helps in detecting and recovering the transmitted information 

data from the incident optical radiation. The optical field is collected and converted to 

electrical current by photo-detector and the detected electrical current is then processed to 

recover the transmitted information from the source. Based on the detection type, FSO 

systems can be classified into two: the IM/DD systems and coherent systems [138]. In 

IM/DD systems, the emitted light intensity is used to transmit/send/convey information data 

and the photo-detector directly detects the variation in the light intensity at the receiver. In 

coherent systems on the other hand, the amplitude, frequency and phase of optical signal are 

employed to modulate the information data. At the receiving end, the received optical field is 

then mixed with the locally generated optical field before being detected by photo-detector. 

Thus, coherent FSO systems increase the receiver sensitivity and also reject background 

noise and other inference compared to IM/DD FSO systems [19]. In this case, there are two 

detection approaches in coherent FSO systems, and these include the Heterodyne and 

Homodyne detection schemes. The Heterodyne detection is widely used for FSO systems 

design because accurate phase-locked loop is required in using homodyne detection which is 

very expensive to achieve [30].  

Photo-Detector (PD) is an optoelectronic transducer device in FSO receiver system that obeys 

square law in generating electrical signal in proportion to the optical filed impinging on it. It 

has good quantum efficiency for detecting the common light wavelength due to its junction 

materials such as Silicon (Si), Indium Gallium Arsenide (InGaAs) or Germanium (Ge) which 

has primary sensitivity to the light wavelength with extremely short transit time. As a result 

of this, they have high bandwidth and fast speed response. Si and InGaAs Photo-detectors 

respectively have maximum sensitivity for 850nm and 1550nm wavelength; except the Ge 

photo-detectors that are rarely found useful in FSO systems due to high level of dark noise 

[138]. In optical receiver, there are four types of photo-detectors and these include the 

Positive-Intrinsic Negative (PIN) diode, Avalanche photodiode (APD), photoconductors and 

metal-semiconductor metal photodiodes. PIN and APD are solid state photo-detectors mostly 
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used for FSO systems. PIN is widely used for FSO systems over a range of few kilometers 

but the receiver suffers from thermal noise [19]. APD on the other hand, is suitable for long 

communication link as it provides current gain through the repeated electron ionization 

process which increases the device sensitivity. However, this process increases the noise 

current generated by the APD, and the gain of APD needs to be optimized in order to 

maximize the received SNR at a particular optical power [11]. 

2.1.2.1 Direct Detection Scheme 

Direct detection can be illustrated as a photon counting optical detection since the photo-

detector at the receiver only responds to the change in intensity of optical field impinging on 

its surface as it is illustrated in Figure 2.2. Thus, the photo-detector then converts the optical 

incident beam into photocurrent which is further processed for the recovery of information 

data transmitted from the transmitter.  

( )di t( )iE t

 

Figure 2.2: Block diagram of direct detection FSO receiver  

The beam incident on the photo-detector can therefore be expressed in terms of electrical 

field as [137]: 

(ݐ)௜ܧ  = ඥ2 ௧ܼܲ௢ cos(߱௖ݐ + ߶௛ + ߶) (2.1) 

where ௧ܲ	is the transmitter laser power, ܼ௢ is the free space impedance, ߱௖ is the carrier 

frequency, ߶௛  is the phase noise due to turbulence and ߶ is the phase associated with the 

modulation order. 

In response to the optical field by the photo-detector, the generated output photocurrent can 

be expressed as [137]: 
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 																						݅ௗ(ݐ) =
ܴ
ܼ௢
൫ܧ௜(ݐ)൯

ଶ
+  (ݐ)݊

≜
ܴ
ܼ௢
൫ඥ2 ௧ܼܲ௢ cos(߱௖ݐ + ߶௛ + ߶)൯

ଶ
+  (ݐ)݊

(2.2) 

where ܴ = ௘ݍ is the responsivity of the photo-detector while ݒ௘/ℎݍߟ = 1.6 × 10ିଵଽ	ܾܥ is 

the electronic charge, ℎ = 6.6 × 10ିଷସ	ݏܬ is the plank constant,	ߟ is the photo-detector 

efficiency and ݒ is the optical central frequency given as ߱௢/2 and ݊(ݐ) is additive noise. 

The main noise sources in direct detection are the background noise and the circuit noise. 

Using trigonometrical identity, the photocurrent in (2.2) can be further simplified but due to 

low-pass nature of the photo-detector which prevents double frequency term, only average 

DC term of the output current is obtained as: 

 ݅ௗ(ݐ) = ܴ ௧ܲ +  (2.3) (ݐ)݊

Hence, it can be deduced from (2.3) that the direct detection technique only responds to the 

variation in the power of the optical beam received. Therefore, the received instantaneous 

intensity for direct modulation transmitting laser beam can be expressed as: 

(ݐ)ܫ  = ௔(1ܫ +  (2.4) ((ݐ)ݏߩ

where ܫ௔is the average received optical intensity, (ݐ)ݏ is the modulating signal and ߩ is the 

modulation index. Thus, for laser beam to operate within its dynamic range, |(ݐ)ݏߩ| ≤ 1 is 

required since the transmitting optical intensity is non-negative. If the OOK modulating 

scheme is employed, a digital data bit (ݐ)ݏ = 0 is transmitted as “OFF” and data bit (ݐ)ݏ = 1 

indicate “ON” while		ߩ = 1. Then, the generated photocurrent after detection at the receiver 

is given as: 

 ݅ௗ(ݐ) = ܫܴ +  (2.5) (ݐ)݊

where ݊(ݐ) is the additive noise model as zero mean and variance 	ߪ௡ଶ. 

2.1.2.2 Heterodyne Detection Scheme 

The configuration of the heterodyne detection is shown in Figure 2.3 where the optical 

incoming field from the transmitter is mixed with the Local Oscillator (LO) generated optical 

field resulting into another optical field with intermediate frequency carrier which is then 
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detected by photo-detector. The mixed optical beam received at the aperture plane of the 

photo-detector in terms of electrical field can be expressed as [90, 137]: 

 
(ݐ)௠௜௫௘ௗܧ							 = (ݐ)௜ܧ +  (ݐ)௅ைܧ

≜ ඥ2 ௧ܼܲ௢ cos(ݓ௖ݐ + ߶௛ + ߶) + ඥ2 ௅ܲைܼ௢ cos(߱௅ைݐ) (2.6) 

where ௅ܲை and ܼ௢	are local oscillator power and free space impedance respectively, ߱௅ை =

߱௖ + ߱ூி  is the local oscillator frequency while ߱௖ and ߱ூி are respectively the carrier 

frequency and intermediate frequency, ߶௛ is the phase noise due to turbulence and ߶ is the 

phase associate with the modulation order. 

Thus, the generated photocurrent from the output of the photo-detector in response to the 

received mixed optical beam can be expressed as [140]: 

 ݅ௗ(ݐ) =
ܴ
ܼ௢
൫ܧ௠௜௫௘ௗ(ݐ)൯

ଶ
+  (ݐ)݊

≜ ݅஽஼ + ݅஺஼(ݐ) +  (ݐ)݊
(2.7) 

where 	݅஽஼ = ܴ( ௦ܲ + ௅ܲை) and ݅஺஼(ݐ) = 2ܴඥ ௦ܲ ௅ܲைܿݏ݋(߱ூிݐ−߶௛ − ߶) are the DC and AC 

terms respectively and ݊(ݐ) is the zero-mean short noise with variance	ߪ௦ଶ. Practically,	 ௅ܲை ≫

௦ܲ, thus, the DC term is dominated by ܴ ௅ܲை and the shot noise generated by the LO 

dominates any other noise sources and its variance can be expressed as [90]: 

௦ଶߪ	  = ܴݍ2 ௅ܲை∆݂ (2.8) 

where  ∆݂ is the noise equivalent bandwidth of the photo-detector. 

( )LOE t

( )mixedE t ( )di t( )iE t

 

Figure 2.3: Block diagram of heterodyne detection FSO receiver  
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2.1.3 Additive Noise in FSO Systems 

Apart from all channel impairments stated so far, additive noise can also degrade the 

performance of FSO systems. At the receiver, a photocurrent converts incoming optical field 

to electrical current and this contained additive noise such as background noise, dark current 

noise, shot noise and thermal noise [141]. In direct detection, thermal noise is highly 

pronounced than any other noise while shot noise is highly dominant in heterodyne detection 

owing to the use of local oscillator. In both cases, background noise and dark current noise 

are generally considered to be negligible. Therefore, thermal noise and shot noise are the two 

fundamental noises in FSO systems.  

2.1.3.1 Thermal Noise 

Thermal noise occurs as a result of random thermal movement of electrons in a resistor at 

finite temperature which manifests as a fluctuating current even in the absence of applied 

voltage. This noise is also called Johnson noise or Nyquist noise [141, 142]. The current 

produced by the thermal noise can be modeled mathematically as a stationary Gaussian 

process with a frequency independent spectral density defined as [137]: 

 ்ܵ(݂) =
2݇஻ܶ
ܴ௟

 (2.9) 

where ݇஻ is the Boltzmann constant, ܶ is the temperature in Kelvin, and ܴ௟ is the load 

resistor. 

The spectral density is double-sided and the photocurrent noise variance for the thermal noise 

can be defined as [137]: 

ଶ்ߪ  = න ଶ݂݀|(݂)ܪ|(݂)்ܵ
ஶ

ିஶ
 

																	≜ න ்ܵ(݂)݂݀
∆௙

ି∆௙
=

4∆݂݇஻ܶ
ܴ௟

 
(2.10) 

where 	ܪ(݂)	is assumed to be unity and is called frequency response of the receiver’s filter, 

∆݂ is the noise equivalent bandwidth of the photo-detector. It is very important to note that 

both the spectral density and photocurrent noise variance are independent on the received 

signal. 
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2.1.3.2  Shot Noise 

This was first studied by Schottky in 1918 [143] and since then, it has been widely 

investigated [144, 145]. It occurs as a result of quantization of photons and electrons in which 

photons caused quantum noise and electrons caused dark noise [19]. Mathematically, 

quantum noise can be modeled as a stationary random process following Poisson statistics 

and normally approximated by Gaussian statistics. Similar to thermal noise, with the spectral 

density		்ܵ(݂) =  :௤, the noise variance of the quantum noise can be expressed as [137]ܫݍ

௤ଶߪ  ≜ න ்ܵ(݂)݂݀
ஶ

ିஶ
=  ௤∆݂ (2.11)ܫݍ2

where ܫ௤ is the received average current of the photo-detector 

On the other hand, dark noise current flows in the absence of incident light due to 

semiconductor nature of photo-detector where electrons and holes carriers overcome band-

gap as a result of thermal effect in the semiconductor photo-detector. With the spectral 

density		்ܵ(݂) = ௗܫݍ , the noise variance of the quantum noise can be expressed as [137]: 

ௗଶߪ  ≜ න ்ܵ(݂)݂݀
ஶ

ିஶ
=  ௗ∆݂ (2.12)ܫݍ2

where ܫௗ is the received average current of the photo-detector 

Hence, the shot noise variance is the sum of the quantum noise variance and dark noise 

variance obtained as: 

௦௛ଶߪ  = ௤ଶߪ + ௗଶߪ = 2∆݂൫ܫ௤ +  ௗ൯ (2.13)ܫ

2.1.4 Optical Receive Signal-to-Noise Ratio 

In FSO systems, Signal-to-Noise Ratio (SNR) is one of the vital parameters for evaluating the 

performance of communication systems and it is defined as the ratio of signal power to the 

total noise power. The instantaneous received SNR for both direct detection system and 

heterodyne detection FSO system can be obtained from equation (2.5) and (2.7) respectively 

in the absence of background noise and dark noise. Thus, the instantaneous SNR at the direct 

detection receiver can then be expressed as the ratio of time-average alternating current (AC) 

photocurrent power to the noise variance; for 	்ߪଶ ≫ ௦௛ଶߪ  and is given as [137]: 
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ௗௗߛ  =
〈݅ௗ(ݐ)〉ଶ

ଶ்ߪ	
 (2.14) 

The instantaneous SNR in the heterodyne receiver, on the other hand, can thus be expressed 

as the ratio of the RMS magnitude of AC photocurrent power to the total noise variance; for 

௦௛ଶߪ	 ≫   :ଶ and is given as [37, 140]்ߪ

 
௛௘௧ߛ =

〈݅஺஼(ݐ)〉ଶ

௦௛ଶߪ	
 (2.15) 

2.2 Atmospheric Turbulence  

As stated earlier in chapter 1, atmospheric turbulence is random effects that occur along the 

FSO propagation link as a result of inhomogeneities in atmospheric temperature and pressure 

from one location point to the other along the system link. This random effects form turbulent 

cells are called eddies of different sizes and refractive indices which cause constructive and 

destructive interferences of the optical beam intensity. As a result of this, it redistributes the 

signal energy which leads to fluctuation in both the amplitude and phases of the propagation 

beam intensity at the receiver and significantly degrades the system performance [146, 147]. 

In this case, atmospheric turbulence can be characterized by three parameters which include 

the inner scale		݈௢ , outer scale ܮ௢	and the refractive index structure parameter	ܥ௡ଶ. According 

to Kolmogorov Theory of turbulence, the outer scale is described as the largest cell size 

before the energy is injected into a region while the inner scale is defined as the smallest cell 

size before energy is dissipated into heat [3, 146]. In practice, the outer scale has negligible 

impact on the turbulence since its value is approximated as		ܮ௢ → ∞. In case of the inner 

scale, its large value has significant impact on the turbulence resulting in higher irradiance 

variance especially during strong turbulence [96, 148]. Therefore, the Scintillation Index (SI) 

is the most useful parameter to estimate the fluctuation resulting from atmospheric turbulence 

over the FSO links and it can be expressed as [146]: 

ௌூଶߪ  =
(ଶܫ)ܧ

ଶ((ܫ)ܧ) − 1 (2.16) 

where ܫ is the optical intensity, and the expected value is denoted as ܧ(. ). 

Moreover, the SI can be defined in terms of Rytov variance and under the assumption of 

plane wave, the weak turbulent condition can be written as [92]: 
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ௌூଶߪ = ோଶߪ =  			ଵଵ/଺ܮ௡ଶ݇଻/଺ܥ	1.23

and for spherical plane : 

ௌூଶߪ = ோଶߪ0.4 =  	ଵଵ/଺ܮ௡ଶ݇଻/଺ܥ	0.5

(2.17) 

where ܮ is the link distance, ݇ =  ௡ଶ is the refractiveܥ	 is the optical wavenumber and ߣ/ߨ2

index structure parameter. 

Based on the values of the Rytov variance, the turbulence conditions can be classified 

approximately as follows [149-151]: weak turbulence conditions as ߪோଶ ≤ 0.3	moderate to 

strong turbulence conditions 0.3	 ≤ ோଶߪ ≤ 5	and saturation turbulence conditions	ߪோଶ ≫ 1. The 

refractive index structure parameter	ܥ௡ଶ, on the other hand, measures the strength of the 

turbulence and its value depends on the altitude and link distance, but is assumed to be 

constant for a horizontal propagation field. It has large values at lower altitudes due to heat 

transfer between the air and the earth surface [146]. It is assumed that for homogenous 

turbulence however 	ܥ௡ଶ is independent on the distance especially for terrestrial FSO systems 

[94]. Typically, its values range from 10ିଵଶ݉ିଶ/ଷfor strong turbulence to 10ିଵ଻݉ିଶ/ଷ	for 

the weak turbulence. In the literature, several empirical models of 	ܥ௡ଶ have been proposed 

based on experimental measurements in different locations, time of the day, wind speeds and 

terrain type and so on, for the estimation of turbulent strength but Hufnagle-Valley (H-V) 

model is the most widely used empirical model to characterize 	ܥ௡ଶ [10, 16, 146] and is given 

as: 

௡ଶܥ	  = 0.000594ቀ
ݒ

27
ቁ
ଶ

(10ିହℎ)ଵ଴ exp ൬−
ℎ

1000൰+ 2.7

× 10ିଵ଺ exp ൬−
ℎ

1500൰ܣ
መ exp ൬−

ℎ
1000൰ 

(2.18) 

where ℎ is the altitude, ݒ is the root mean square (RMS) of the wind speed, and ܣመ is the 

normal value of 	ܥ௡ଶ(0) at ground level. 

2.2.1 Atmospheric Turbulence Distributions  

As mentioned earlier, in FSO systems, atmospheric turbulence induced-fading is one of the 

most significant channel impairments that degrade the system performance. Actually, it is 

highly difficult to express the exact PDF that fit the statistics of the optical radiation received 

through the atmospheric turbulence. To the best of our knowledge, there is no valid universal 
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statistical model that can be used to study and predict atmospheric turbulence conditions over 

FSO links due to mathematical complexity involved in its modeling. As a result of this, 

several researchers have proposed different atmospheric turbulence models based on the 

turbulence regimes and the most widely accepted ones will be briefly discussed. 

2.2.1.1 Lognormal Turbulence Model 

Lognormal turbulence model is a suitable statistical distribution to study FSO systems under 

clear weather condition for short distance propagation [152]. The model is derived based on 

the Rytov approximation theory, which requires the magnitude of the scattered field wave to 

be small, compared to the unperturbed phase gradient. Unfortunately, this assumption is only 

valid in single scattering event characterizing weak turbulence. When multiple scatterings are 

experienced, especially in longer link ranges, the incident wave becomes increasingly 

incoherent and lognormal model becomes invalid [70]. The model has Rytov variance of less 

than unity for the weak turbulence. For a small 	C୬ଶ constant, this model is also valid for long 

distance propagation since Rytov variance is proportional to the propagation distance [153] as 

it is stated in (2.18). The detailed derivation of lognormal distribution is given in Appendix 

B1. Thus, the PDF for the random variable 	h can be expressed as [146]: 

 ௛݂(ℎ) =
1

ℎඥ2ߪߨ௛ଶ
݌ݔ݁ ቆ−

(݈݊(ℎ) + ௛ଶ)ଶߪ0.5

௛ଶߪ2
ቇ (2.19) 

where ߪ௛ଶ is the log-amplitude variance, ߪ௛ଶ ≈ ோଶ/4ߪ =  ଵଵ/଺ and ݈݊ is the naturalܮ௡ଶ݇଻/଺ܥ	0.31

logarithm. 

2.2.1.2 Gamma-Gamma Turbulence Model 

The Gamma-Gamma is a multiplicative random process which was proposed by Andrew et al 

as a valid PDF for modeling FSO links over a wide range of turbulence conditions from weak 

to strong because it offers an excellent fit with the experimental data. The detailed derivation 

of Gamma-Gamma distribution is given in appendix B2. Thus, the PDF for the random 

variable  ℎ can be expressed as [41, 146]: 

 
௛݂(ℎ) =

(ߚߙ)2
ఈାఉ
ଶ

Γ(ߙ)Γ(ߚ) ℎ
ఈାఉ
ଶ ିଵܭఈିఉ൫2ඥߚߙℎ൯,											ℎ > ߙ,0 > ߚ,0 > 0							 (2.20) 

where Γ(. ) and ܭ(௩)(. ) are defined as gamma function and ݒ௧௛	order modified Bessel 

function of the second kind respectively, ߙ and ߚ are scintillation parameters which are 
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defined as the effective number of large scale and small scale eddies respectively, and thus 

are specified as [42, 146]: 

 
ߙ = ቎݁݌ݔ ቌ

ோଶߪ0.49

൫1 + ோߪ1.11
ଵଶ/ହ൯

଻/଺ቍ− 1቏

ିଵ

 

ߚ = ቎݁݌ݔ ቌ
ோଶߪ0.51

൫1 + ோߪ0.69
ଵଶ/ହ൯

ହ/଺ቍ− 1቏

ିଵ

 

(2.21) 

where ߪோଶ	 is the Rytov variance, and the SI to quantify the level of turbulence can be 

expressed as [146, 154]: 

ௌூଶߪ  =
1
ߙ

+
1
ߚ

+
1
ߚߙ

 (2.22) 

When ߚ is set to unity, the Gamma-Gamma turbulence PDF degenerates to another PDF 

called K-distribution which is widely used to model strong turbulence condition. 

Experimental data were used by Andrew and Philip to validate the accuracy of this PDF 

under strong turbulence conditions [41, 153]. At times, it gives accurate result over a distance 

of approximate 1km or when the scintillation index is restricted to the range of (2, 3) [146]. 

Thus, from (2.20), when		ߚ = 1, the K-distribution can then be written as: 

 
௛݂(ℎ) =

(ߚߙ)2
ఈାଵ
ଶ

Γ(ߙ) ℎ
ఈ
ଶିଵܭఈିఉ൫2√ߙℎ൯,											ℎ > 0, (2.23) 

Also, from (2.22), the SI can be for K-distribution can therefore be obtained as: 

ௌூଶߪ  =
2 + ߙ
ߙ  (2.24) 

2.3 Pointing Error Distribution 

Mostly, FSO systems are widely installed on the high building so as to establish a clear LOS 

required between the transmitter and receiver. However, thermal expansion, dynamic wind 

loads and weak earthquake resulting in building sway, cause mechanical vibrations of the 

transmitter beam which lead to a misalignment between the transmitter and the receiver and 

is known as pointing error [49, 155]. In addition, atmospheric turbulence can also cause 
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pointing error in FSO systems due to inhomogeneity of large scale atmospheric eddies that 

result in beam wander leading to random deflection of optical beam from its transmit path 

and should be taken into consideration over a long distance path [156]. Also, as the distance 

between the transmitter and receiver increases, the pointing error becomes pronounced, 

owing to the narrowness of transmitted beam and small receiver FOV [29]. In any of this 

case, the pointing error affects the power efficiency of the FSO links by a significant amount 

at the receive photo-detectors resulting in high error. Thus, pointing error effect has three 

components which include, the beam width, boresight and jitter. The beam width represents 

the beam waist (radius computed at		݁ିଶ). Boresight is the fixed displacement between beam 

center and the center of the detector and mostly affected by thermal expansion of the 

building. Jitter on the other hand is the random offset of the beam at the detector plane and 

mostly caused by the building sway and building vibration  [61, 157]. The typical range of 

boresight is 0.0039 − −0.0033	while that of jitter standard variance is ,݀ܽݎ݉	0.0117

 .[61] ݀ܽݎ݉	0.0100

By considering a circular detection aperture with radius ݎ receiving Gaussian beam 

propagation through distance ݖ		from the transmit laser, and instantaneous radical 

displacement between the centroid and detector center is assumed to be	ݎ, then, the fraction 

of the collection power by detector can be approximated as [50]: 

 ℎ௣(ݎ, (ݖ ≈ ݌ݔ௢݁ܣ ቆ−
ଶݎ2

௭೐೜ଶݓ
ቇ (2.25) 

where ܣ௢ is the fraction of the collected power at zero radial distance given as ܣ௢ =

.)݂ݎ݁	ଶ while[(ݒ)݂ݎ݁] ) is the error function. The equivalent beam width/waist 	ݓ௭೐೜ 	 can be 

written as: 

௭೐೜ݓ	  =
(ݒ)݂ݎ݁ߨ√௘ଶݓ

ݒ2 ×  (2.26) (ଶݒ−)݌ݔ݁

where		ݒ = ඥݓ/ݎ2/ߨ௘ 	 is the ratio between the aperture radius with ݓ௘ 	denoting the beam 

width/waist at distance	ݓ .ݖ௘/ݎ	is the normalized beam width/waist by the receiver aperture 

radius. The beam width can be approximated by		ݓ௘ =  is the transmit divergence ߠ ௭, whereߠ

angle describing the increase in the beam radius with distance from the transmitter. 



 

29 
 

It is assumed that both the elevation and horizontal displacement (sway) follow an 

independent identically distributed zero-mean Gaussian distribution. Thus, Rayleigh 

distribution is used to model the radial displacement 	ݎ at the receiver and can be expressed as 

[49, 50]: 

 ௥݂(ݎ) = −
ݎ
௦ଶߪ

݌ݔ݁ ቆ−
ଶݎ

௦ଶߪ2
ቇ , ݎ > 0 (2.27) 

where ߪ௦ଶ	is the jitter variance at the receiver. Hence, by combining (2.25) and (2.27), the 

pointing error PDF for zero boresight can be obtained as  [50, 59]: 

 ௛݂೛൫ℎ௣൯ =
ଶߦ

଴ܣ
ఊమ ℎ௣

ఊమିଵ (2.28) 

where ߦଶ =  ௦ଶ is the ratio between the equivalent radius at the receiver and theߪ௭೐೜/2ݓ

pointing error displacement standard variance at the receiver which measures the degree of 

pointing error effect. 

2.4 Modulation Techniques 

In selecting a modulation technique for any communication system, power and bandwidth 

efficiency are the most prime metrics against which a particular modulation technique may be 

considered [19]. Transmitted power in FSO systems is the average optical power required to 

achieve a desired bit error rate at a given data rate. This depends on the factors like eye and 

skin safety requirement which limits the maximum propagation distance during severe 

turbulence conditions. Likewise, in some battery power optical wireless system, power 

consumption needs to be minimized as well in order to improve the battery life [66]. On the 

other hand, bandwidth determines the maximum data for a given link distance with a 

particular modulation scheme [147]. Although, the bandwidth of optical communication is 

“unlimited”, however, factors like optoelectronics devices, multipath channel, limit the 

amount of bandwidth practically available for a distortion-free communication system [158, 

159]. There are different modulation schemes for efficient FSO systems operations and these 

include: OOK modulation which is a baseband modulation mostly used for FSO systems with 

advantages such as simplicity and cost effectiveness. However, the scheme required adaptive 

threshold in order to perform optimally [67]. To overcome this short coming, PPM is another 

baseband modulation which requires no adaptive threshold and has good power efficiency. 

However, the scheme suffers from poor bandwidth efficiency and requires complex receiver 
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design due to tight synchronization requirement [66]. The emphasis in this section will be on 

more powerful modulation techniques which have more advantages than the ones stated 

above and they include subcarrier intensity modulation and optical spatial modulation which 

are the major modulation schemes considered in this thesis. 

2.4.1 Subcarrier Intensity Modulation 

Subcarrier Intensity Modulation is a modulation scheme whose concept is based on multiple 

carriers RF communication used in many applications such as digital television, local area 

network , asymmetric digital subscriber line, 4G carrier system and optical fiber carrier [160, 

161]. In SIM, a data stream is first modulated onto RF signal which is used to change the 

intensity of an optical source. Through this, SIM improves the FSO systems error 

performance as compared to other conventional modulation schemes such as OOK and PPM. 

It requires no adaptive threshold for optical performance and does not suffers from 

irreversible error floor like OOK [68]. Also, compared with PPM, it does not suffer from 

poor bandwidth efficiency. Moreover, it can improve the system capacity/throughput because 

it allows multiple subcarriers to transmit information signal with minimal inter-symbol 

interference (ISI). SIM allows seamless integration of FSO systems into present and future 

networks such as optical fiber cable. However, this modulation scheme requires tight 

synchronization at the receiving end which will result in a higher receiver complexity. The 

main drawback of SIM is the poor optical average power efficiency which deteriorates as the 

number of subcarrier increases. This is as a result of DC bias that is required to be added to 

multiple subcarrier electrical signals before optical intensity modulation since optical 

intensity must be non-negative [66]. In this case, different techniques have been proposed in 

order to improve the poor power problem in SIM [19, 75], but this is not the focus of this 

thesis. 

The block diagram of a FSO SIM system is demonstrated in Figure 2.4 where the serial-to-

parallel converter distributes information data (ݐ)ݏ	across an ܰ-subcarrier coherent 

modulator. The RF subcarriers signal ݉(ݐ)	then pre-modulates with the information data 

which is used to modulate the optical beam intensity ܲ(ݐ)	of a continuous wave laser source. 

Due to positive and negative values of subcarrier signal, a DC bias ܾ௢ 	is applied to the 

subcarriers before it is used to drive the laser source in order to prevent signal clipping. 
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Figure 2.4: Block diagram of a FSO-SIM system 

Thus, the general expression for multiple subcarrier modulating signals (ݐ)ݏ	can be defined 

as [104]: 

(ݐ)ݏ  = ℜ቎ቌ෍ܣ௝݁݌ݔ ቀ݆൫2ߨ ௝݂ + ௝൯ቁߠ
ே

௝ୀଵ

ቍ exp	(2ߨ ௖݂)቏ (2.29) 

where ℜ(ݖ) is the real part of		ܣ ,ݖ௝, ௝݂ and ߠ௝  respectively are the amplitude, frequency and 

phase of the ݆௧௛  base band equivalent signal and ௖݂ is the carrier frequency. After proper DC 

biases of subcarrier modulating signal		(ݐ)ݏ, the transmitted power of the modulated 

continuous wave laser beam can be expressed as [162]: 

 ௧ܲ = ܲ[1 +  (2.30) [(ݐ)ݏߩ

where		ܲ is the average transmitting optical power. At the receiver, the photo-detector 

converts the received optical intensity beam into an electrical signal and hence, the 

photocurrent produced by the photo-detector can be written as [162]: 

 ݅௥(ݐ) = ൫1ܫܴܲ + ൯(ݐ)ݏߩ +  (2.31) (ݐ)݊

where	ߩ is the modulation index with conditions −1 ≤ (ݐ)ݏߩ ≤ 1 in order to avoid over-

modulation. 

2.4.2 Optical Spatial Modulation 

Optical Spatial Modulation (SM) is a promising low-complex energy and bandwidth efficient 

single carrier transmission technique which effectively operates in diverse MIMO 

configurations. It employs a simple modulation mechanism in which only active 
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transmitter(s) propagate signal(s) and this is based on the active laser index to convey 

information to the receiver. As a result of this, the required energy needed to power the laser 

sources is drastically reduced [163, 164]. At the receiver, a low-complex detector/decoder is 

used to estimate the index of active laser through which the transmitted symbol is estimated 

and the group of information data bit are then retrieved/recovered. Since only one laser is 

active at an instant, it requires only one transmit chain for data transmission, and inter 

channel interference (ICI) is completely prevented at the receiver which simplifies the 

receiver design [79]. Moreover, it offers robustness against channel estimation and 

correlation compared to other conventional MIMO schemes [165, 166]. As a matter of fact, 

SM scheme increases the data rate/spectral efficiency of a system by base two logarithms of 

the number of transmits units without any bandwidth expansion compared to any other 

conventional MIMO and modulation schemes [82, 84, 90, 167].  

A simple optical SM system with transmit lasers	 ௧ܰ, received photo-detectors	 ௥ܰ , and a ܯ 

constellation size is illustrated in Figure 2.5. The information to be transmitted at the 

transmitter is grouped into two blocks of ݈݃݋ଶ(ܯ	 ௧ܰ) bits. The first group of ݈݃݋ଶ( ௧ܰ) bits 

are used to choose the laser that would switch on for data transmission while others are 

inactive at that instant. Then, the other block of ݈݃݋ଶ(ܯ) bits are used to select a symbol 

from the signal constellation diagram. The resultant modulated symbol which is the 

combination of symbol ݔ௞ and the active transmit-laser index	݈ forms a constellation vector 

defined as [168]: 

 

௟ܺ,௞ = ቎0			0		. . .			 ௞ดݔ
௟೟೓௟௔௦௘௥	௣௢௦௜௧௜௢௡

… 	0			0቏

்

 (2.32) 

where ݇ is the symbol from the M-ary constellation and ݈ is the activated laser index. 

Hence, the SM signal is transmitted over the MIMO atmospheric turbulence channel	ܪ which 

can be described as a ௥ܰ × ௧ܰ dimensional matrix optical MIMO channel and is given as 

[90]: 

             
(ݐ)ܪ =

⎣
⎢
⎢
⎡ ℎଵଵ(ݐ) ℎଵଶ(ݐ) ⋯ ℎଵே೟(ݐ)
ℎଵଶ(ݐ) ℎଵଶ(ݐ) ⋯ ℎଶே೟(ݐ)
⋮

ℎேೝଵ(ݐ)
⋮

ℎேೝଶ(ݐ)
⋱ ⋮

… ℎேೝே೟(ݐ)⎦
⎥
⎥
⎤
 (2.33) 
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where ℎ௜௝		denotes the channel path gain between the	݅௧௛ transmit laser and the ݆௧௛ 	receive 

photo-detector for ݅ = 1,2, . . . ௧ܰ  and ݆ = 1,2, . . . ௥ܰ. The corresponding received SM signal at 

the receiver which is a 	 ௥ܰ × 1	vector can be expressed as [89]:    

ݕ         = ඥ̅ߛ	ℎ௟ݔ௞ +  (ݐ)݊

               ≜ ඥ̅ܪߛ ௟ܺ,௞ +                 (ݐ)݊
(2.34) 

where ௟ܺ,௞ 	is the transmitted symbol defined in (2.32), ̅ߛ	is the average received SNR 

observed at each receiver branch, ݊(ݐ)	is the ௥ܰ × 1 channel noise whose elements are 

modeled as independent identically distributed (I.I.D.) according to ~ܰܥ(ߪ,0௡ଶ), and 

ℎ௟ 	denotes the activation of the	݈௧௛ 	column of channel matrix ܪ for a randomly chosen 

݈	during each transmission period and it is given as: 

 ℎ௟ = ൣℎଵ௟ ,ℎଶ௟,. . . ℎேೝ௟൧
்
 (2.35) 

At the receiver side, the incoming optical radiation is converted to electrical signals by the 

photo-detectors and the OSM detector is then applied to estimate the Laser transmit index	෠݈  

and ෠݇   constellation symbol which are used to decode the transmitted bit stream. Actually, 

there are three different SM detectors that are mostly used, namely Minimum Mean Square 

Error (MMSE), Maximum likelihood (ML) and Optimal Detection (OD) [169]. A jointly 

optimized Maximum likelihood (ML) can thus be employed as a SM demodulator due to its 

excellent performance compared to the others [170, 171], and can be expressed as: 

  

  
ൣ መ݈	, ෠݇൧ = max݃ݎܽ

௟መ	,௞෠
หܺ௟,௞ݕ௒൫݌  ൯ܪ,

                              ≜ min݃ݎܽ
௟መ	,௞෠

ඥ̅ߛ‖ℎ௟ݔ௞‖ிଶ −  {௞ݔுℎ௟ݕ}2ܴ݁
(2.36) 

where መ݈	and ෠݇ 	are the estimated laser and transmitted symbol index, respectively,‖. ‖ிଶ  is the 

squared Frobenius norm and ݌௒൫ݕห ௟ܺ,௞  is the PDF of y conditioned on H and ௟ܺ,௞ which	൯ܪ,

can be expressed as [171]: 

หݕ௒൫݌  ௟ܺ,௞ ൯ܪ, = ݌ݔேೝ݁ିߨ ቀ−ฮݕ − ඥ̅ܪߛ ௟ܺ,௞ฮி
ଶ
ቁ (2.37) 
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Figure 2.5: Optical spatial modulation system configuration 

2.5 Diversity Techniques 

Diversity technique involves the use of multiple photo-detectors at the receiver with low 

probability that all the detectors will simultaneously experience deep fade due to channel 

impairments. It is one of the efficient and powerful methods employed to mitigate against 

atmospheric turbulence impairment along the FSO links. With a wide divergence optical 

source, it combats misalignment between the transmitter and receiver and this circumvents 

the use of active tracking. Aside this, it also prevents temporary blockage or outage of the 

link due to obstruction as a result of moving object across the link [147, 172]. To achieve the 

stated benefits, different diversity techniques have been developed to obtain signal replica at 

the receiver and these include; wavelength (frequency) diversity, temporal (time) diversity 

and spatial diversity. In wavelength diversity, information signal is transmitted by composite 

transmitter onto different carrier wavelengths and each of the receiver only detects the signal 

at a specific wavelength [173, 174]. However, owing to the atmospheric turbulence which 

remains unchanged for all wavelengths window; this technique becomes less efficient for 

FSO systems [175]. Temporal diversity on the other hand, involves transmission of the same 

signal at different time slots [176-178] and this requires large processing time due to slow 

nature of the FSO channels [11]. As a consequence, the receiver may require a large 

memories for storing long data frames that cannot be practically implemented for the system 

[178, 179]. In spatial diversity, the receiver needs to be provided with redundantly the same 

transmitted signal through independent fading channels. It then combines these multiple 

replicas, leading to an increase in the overall received SNR at the receiver and lower the error 
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performance and outage probability of the system [180]. In order to prevent any correlation in 

the received signal, the photo-detectors need to be separated by a few centimeters since the 

spatial coherent length of the atmospheric channel is nearly a few centimeters [70, 146] and 

the beam footprint covers the whole detectors’ field of view at the receiver. Comparing this 

scheme with the aperture averaging technique, it is easier to provide independent aperture 

averaging with multiple aperture systems since a single aperture system requires the aperture 

size to be far greater than spatial coherent length [96, 179]. In this section, we briefly 

describe three different popular spatial diversity combining techniques which are widely used 

for FSO systems and they are; Maximum Ratio Combining (MRC), Equal Gain Combining 

(EGC) and Selection Combining (SC).  

2.5.1 Maximum Ratio Combining Scheme 

In the MRC combiner technique illustrated in Figure 2.6, the received incoming optical 

radiation signals on the N- receiver branch are co-phased by eliminating the influence of 

random phases induced from multiple branches and Lasers. Thereafter, the signals are then 

optimally weighted accordingly by the fading attenuation of each path link before summing 

so as to maximize the received SNR at the combiner’s output. The signal at the output of the 

MRC combiner can be expressed as [104]: 

(ݐ)்݅  = ෍ܽ௜exp	(−݆߶௜)݅௜

ே

௜ୀଵ

 (2.38) (ݐ)

where ܽ௜ is the weighting factor on the ݅௧௛ branch and is proportional to the amplitude of the 

received electric field while the complex exponential is used for equalizing the channel phase 

noise ߶௜ on the ݅௧௛ branch. Assuming that each receiver branch has the same average noise 

power, the instantaneous SNR at the output of the combiner is simply the sum of the SNRs in 

each branch and can be expressed as [181, 182]: 

ெோ஼ߛ  = ෍ߛ௜

ே

௜ୀଵ

 (2.39) 

where ߛ௜ is the SNR on each receiver branch. 

The MRC combiner is the optimal combining technique in the absence of other interferences 

and result in maximum-likelihood receiver structure. However, the MRC receiver is highly 

complex because the receiver requires knowledge of all channel fading parameters such as 



 

36 
 

phase and amplitude and hence, making the scheme very difficult to implement practically 

[180]. 
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Figure 2.6: Maximum ratio combining Scheme 

2.5.2 Equal Gain Combining Scheme 

EGC technique is based on the same principle of operation as MRC, except that the weight 

factor is set to unity as presented in Figure 2.7. In EGC scheme, the combiner co-phases and 

equally weights all the incoming optical radiation signals on each receiver branch and are 

then coherently summed. Thus, the instantaneous signal at the EGC combiner output can be 

expressed as: 

(ݐ)்݅  = ෍ exp	(−݆߶௜)݅௜

ே

௜ୀଵ

 (2.40) (ݐ)

Although EGC is suboptimal compared to MRC but it is practically feasible because of its 

lower receiver complexity scheme since the receiver only requires the estimation of channel 

fading phase without  the knowledge of the channel fading amplitude.  Assuming that each 

branch has the same average noise power, the instantaneous SNR at the output of the 

combiner can be expressed as [181, 182]: 

ாீ஼ߛ  =
1
ܰ
൭෍ඥߛ௜

ே

௜ୀଵ

൱

ଶ

 (2.41) 

where ߛ௜ is the SNR on each receiver branch. 
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Figure 2.7: Equal gain combining Scheme 

2.5.3 Selection Combining Scheme 

SC combiner scheme is the simplest receiver among the diversity combiners mentioned 

earlier and can be referred to as switching technique as it is demonstrated in Figure 2.8. At a 

given time instant, it only samples all the optical received power level among the receiver 

branches and selects the link with the maximum signal strength (that is, highest instantaneous 

SNR) for decoding. The signal at the SC combiner output is equal to the signal on the only 

one received branch; therefore the coherent sum of the individual branch is not needed as it is 

in the case of MRC and EGC. Thus, the instantaneous signal at the SC combiner output can 

be expressed as: 

 ݅ௌ஼(ݐ) = ,(ݐ)ଶ݅ଶܽ,(ݐ)ଵ݅ଵܽ)ݔܽ݉ . . . ,ܽே݅ே(ݐ)) (2.42) 

The simplicity behind the SC combiner scheme is that, it has lower receiver complexity and 

computation compare to MRC and EGC since it requires no phase estimation and only one 

received chain is needed. However, it performance is suboptimal compared to MRC and EGC 

since it only selects from one receiver branch while others information are negligible. 

Assuming that each branch has the same average noise power, the instantaneous SNR at the 

output of the combiner can be expressed as [181, 182]: 

ௌ஼ߛ  = ,ଵߛ)ݔܽ݉ ,ଶߛ . . . ,  ே) (2.43)ߛ
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Figure 2.8: Selection combining Scheme 

2.6 Relay-Assisted Technology 

Relay-assisted technology has been proposed as a promising and viable technique which has 

the potential to broaden the transmission coverage area and improve the quality of service. 

Furthermore, it can also enhance gap connectivity and mitigate fading channel with less 

transmit power in wireless communication systems [183]. It extends the communication 

network to area where it is either technically or economically impossible to set up full fledge 

communication system such as desert or offshore. In addition, relay technology can help to 

reduce interference and improve the overall network performance. The performance of 

relaying systems can be evaluated under various fading environment. When the fading 

distributions of relay link are the same, then the channel condition is called Symmetric fading 

channel and in case of different fading distributions, the channel nature is referred to as 

Asymmetric fading channel (also called Mixed fading channels) [114]. In relay-assisted 

systems, the source node (transmitter) propagates data signal to one or more low-cost 

intermediate nodes (relay) which process the received signals and retransmit the processed 

signals to the next node. The next node (receiver) may be the destination node in case of 

dual-hop relaying system or another relay node in case of multi-hop relaying system [184]. 

Furthermore, the source and relay nodes use orthogonal and non-orthogonal transmission 

technique to assign signals to the channel.  

Orthogonal transmission is the simplest scheme that allows the relay nodes to operate in half-

duplex using TDMA or FDMA [185, 186]. Therefore, it prevents inter-signal interference 

because all source signals are independent during the orthogonal slot and this makes the 

destination node to receive independent replicas of source signal. On the other hand, non-
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orthogonal scheme allows simultaneous transmission of relay signal on the same frequency or 

time slot which leads to inter-signal interference. As a result of this, the destination node in 

this scenario requires interference cancellation technique [187] and this increase the design 

complexity compared to orthogonal scheme. Depending on the method employed by the relay 

to process the received signal, the relay technology can be classified into major relay 

protocols, namely, the Amplified-and-Forward (AF) Relaying and Decode-and Forward (DF) 

Relaying. 

2.6.1 Amplify-and-Forward (AF) Relaying 

In AF relaying system, the relay amplifies the received signal and retransmits it to the 

destination without performing any sort of decoding. This is also called non-regenerative or 

analog relaying system. This kind of relaying protocol has low complexity design and easy to 

implement since there is no demodulation and decoding of received signal during the 

transmission phases [188]. However, noise along the transmission path is accumulated and 

propagated to the destination. AF relaying system can be generally classified into three ways 

according to availability of the channel state information (CSI) at the relay node: CSI-assisted 

relaying, fixed or blind relaying and Semi-blind relaying. CSI-assisted relaying is AF 

relaying system which is based on the optimistic assumption that every relay has perfect 

knowledge of the channel information. Therefore, it employs the channel state information of 

the preceding hop (source-to-relay link) to control the gain introduced by the relay leading to 

power control of the retransmitted signal [189]. As a result of this, it has optimum 

performance than other AF schemes at the expense of higher complexity. In contrast, the 

fixed or blind relaying does not employ the channel state information of the previous hop but 

rather uses the power amplifiers with a constant gain to amplify the received signal leading to 

signal with variable power at the relay output [190]. Thus, this approach reduces the 

processing overhead and leads to less complexity in the relay [191]. Semi-blind relaying, on 

the other hand, depends on the average CSI of the previous hop not the instantaneous CSI as 

the case of CSI-assisted relaying. Therefore, it exhibits a comparable performance to that of 

CSI-assisted relaying with lower design complexity.  

2.6.2 Decode-and Forward (DF) Relaying 

In DF relaying system, the received source signal during the first transmission phase is fully 

decoded, re-encoded before retransmitting to the destination. This type of relaying protocol is 

also called regenerative or digital relaying system. It has the advantage of improving the 
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propagation error, if the relay can successfully decode the source signal, and noise at the 

relay is eliminated. However, it is very complex to design compared to AF relaying system 

since it requires demodulation and decoding of the received signal [192]. Thus, DF relaying 

system can be further sub-categorized into fixed DF relaying and adaptive/selection DF 

relaying depending on whether relay acquires error detection or not. In fixed DF relaying 

system, relay detects the source signal and retransmits it to the next node or destination 

without applying error correcting decoder to correct the possible channel error in the received 

signal. This scheme depends on the quality of preceding link/hop. Adaptive/selection DF 

relaying on the other hand, is based on error detection method where it encodes and 

retransmits the received data only if it can correctly decode the received signal from the 

source. This is done by checking a cyclic redundancy check (CRC) code of the source signal 

or using the specific SNR threshold of the preceding hop to determine the accuracy of the 

decoded source signal [193]. 

2.7 Relay Network Topologies 

Transmission model in relay-assisted systems can be classified as serial relaying model and 

parallel relaying model[194]. In a serial relaying model, the source node transmits signal 

information to a relay node and relay detects the signal and retransmits it to the next relay 

until the source data reaches the destination. This model can be sub-classified into dual-hop 

relay network and multi-hop relay network [195] which are briefly discussed in a sub-section 

of this section. Parallel relaying model, also called cooperative relaying, is where the source 

terminal is equipped with multi-laser transmitter with each of the transmitter pointing out in 

the direction of corresponding relay terminal. Thus, the source broadcasts the same signal 

through the use of multiple transmit apertures to relay nodes and each detects and retransmit 

the signal to the destination only if the received SNR exceeds a given decoding threshold 

[193]. This model is more cost-free in RF transmission since the propagation angle of the 

antenna is wide enough for both the relay and destination to receive the source signal. 

However, the main drawback of parallel relaying scheme in FSO systems is that the transmit 

laser requires line of sight transmission. Thus, the relay nodes cannot see the source leading 

to no cooperation within the transmission process. As a result of this, there must be another 

laser for transmitting source signal to the relay at the expense of extra hardware [109, 193]. 

Therefore, these results in a difficulty and higher cost to deploy parallel relaying model for 

FSO transmission compared to serial relaying model. Hence, it is not considered in this 

thesis. Additionally, the use of multiple relays between the source and the destination suffers 



 

41 
 

from limitation of power distribution leading to the need of more transmitting power or 

equally divide the power into all the relays, and this requires strict synchronization at the 

receiver [196].  

2.7.1 Two-hop or Dual-hop Relay Network 

In dual-hop relay, the transmission process is in two orthogonal phases. In the first phase, the 

source transmit its signal to the relay and/or destination while during the second phase, the 

relay processes the received signal from the source and forward the result to the destination. 

However, the direct link between the source and the destination depends on the propagation 

condition and is usually in deep fade; therefore signal is mostly propagated from the source to 

the destination via the relay node. Considering the dual-hop relaying system illustrated in the 

Figure 2.9, the received signals during the first transmission phase at the relay can be 

expressed as: 

(ݐ)஽ோݕ  = ℎௌோ(ݐ)ݏ + ݊ோ(ݐ) (2.44) 

where  ℎௌோ are the channel coefficients of S-to-R link, and ݊ோ(ݐ) is the AWGN at the relay 

during the first phase. During the second phase, the relay received and processes the signal by 

using a specific relaying protocol (AF or DF) and then forwards the resulting signal to the 

destination. Thus, the received signal at the destination in the course of this phase can be 

expressed as: 

(ݐ)஽ݕ  = ℎோ஽݂(ݏ, ݊ோ) + ݊஽(ݐ) (2.45) 

where ݂(. , . )	is the utilized relaying protocol, ℎோ஽ is the channel coefficient of R-to-D link 

and ݊஽(ݐ) is the AWGN at the destination. Generally, if the relay considered in the system is 

AF relaying system, then the end-to-end SNR of dual-hop AF system can be expressed as 

[197]: 

௘ௗߛ  =
ோ஽ߛௌோߛ

ௌோߛܽ + ோ஽ߛ + ܾ (2.46) 

where	ߛௌோ and ߛோ஽ are the instantaneous SNR on the S-to-R and R-to-D links respectively. 

Therefore, the expression in (2.46) can be described as end-to-end SNR of dual-hop CSI-

assisted AF system if ܽ = 1 and ܾ = 0	 and can be expressed as: 
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௘ௗߛ  =
ோ஽ߛௌோߛ
ௌோߛ + ோ஽ߛ

 (2.47) 

In case of fixed gain or semi-blind gain, ܽ = 0 such that the end-to-end SNR can be obtained 

as: 

௘ௗߛ  =
ோ஽ߛௌோߛ
ோ஽ߛ + ܾ (2.48) 

where ܾ is the constant. 

 

Figure 2.9: Illustration of a dual-hop network 

2.7.2 Multi-Hop Relay Network 

Topology of multi-hop relay network can be considered as a generalized model for the dual-

hop relay system where the source signal can be transverse through multiple intermediate 

relay nodes. As a result of this, the use of multi-hop relaying transmission can significantly 

extend the coverage area of wireless system network [109]. As illustrated in Figure 2.10, a 

general (ܮ + 1)-hops relaying system has source S, destination D and relay R nodes where 

communication span over ܮ + 1 hops. During the first hop transmission, the source transmits 

its signal to the first relay	ܴଵ. During the (ܮ + 1)௧௛ hop, the ܮ௧௛ relay employs relay protocol 

(DF or AF) to forward the received signal to the next relay. Considering the multi-hop 

relaying system illustrated in the Figure 2.10, the received signals at the destination or at each 

relay node can be generally expressed as [198, 199]: 

(ݐ)஽ݎ  = ෑܽ௜݃௜ିଵ(ݐ)ܵ +
௅

௜ୀଵ

෍݊଴,௜(ݐ)
௅

௜ୀଵ

+ ෑ ܽ௜݃௝ି௜

௅

௝ୀ௜ାଵ

	 , 						݃଴ = 1		 (2.49) 
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where ܵ(ݐ) is the transmit source signal, ܽ௜ 	is the channel fading amplitude of ݅௧௛ hop, ݃௜ିଵ is 

the relay gain of 	݅ − 1 node and ݊଴,௜(ݐ) is the AWGN signal at the input of 	݅௧௛ node. 

It is very clear that the dual-hop wireless network can be extended into multi-hop wireless 

network by merely increasing the number of relay nodes between the source and the 

destination in order to meet the coverage and reliability when demand arises [114]. However, 

in multi-hop relay systems, traffic accumulation occurs and tends to grow larger as the 

number of the relay increases leading to high system complexity. Also, due to unnecessary 

congestion and rise in media access time, the overall end-to-end packet delay would also 

increase. Frequent route changes and the resulting route discovery procedures could cause 

high signaling overhead [200]. Actually, relay assisted multi-hop network has significant 

advantages by cost-effectively extending the wireless communication system coverage area 

but by considering the stated limitations, a simple dual-hop relaying system may appear to be 

better in contrast to multi-hop relaying system. Therefore, in this thesis, innovative 

techniques are developed for the dual-hop relaying scheme so as to evaluate the performance 

of the proposed FSO system. 

1R  
2R 1LR 

 

Figure 2.10: Illustration of a multi-hop network 

2.8 Mathematical Tools for Analyzing FSO Systems over Gamma-Gamma Turbulence 

Channel 

Owing to difficulty in obtaining fast computational and a traceable closed-form result, 

Meijer-G function and infinite power series expansion have been considered in many works 

[51-55, 57, 58, 106, 162, 201, 202] to analyze the performance of the FSO systems over 

Gamma-Gamma turbulence conditions. In this section, the performance difference between 

the Meijer-G function and infinite power series expansion as mathematical tools for 

analyzing the performance of FSO systems over Gamma-Gamma atmospheric turbulence is 



 

44 
 

presented. This provides a theoretical framework on the benefit of the two approaches and 

means of adopting them to solve problems in FSO communication systems. The PDF for the 

Gamma-Gamma channel is obtained in terms of Meijer-G function and infinite power series 

expansion. Thus, the ABER and outage probability closed-form expressions of a FSO-SIM 

system that employed BPSK are then derived using the derived channel statistical PDF. 

2.8.1 Gamma-Gamma Channel Statistical Models 

The probability distribution function of Gamma-Gamma atmospheric turbulence given in 

(2.20) contains a modified Bessel function	ܭ௩(ݔ), hence mathematical complication arises in 

evaluating the system performance over the channel. Moreover, in some complex system 

model analyses, the performance metrics may not have closed-form expressions. To avoid 

this mathematical difficulty, the modified Bessel function ܭ௩(ݔ) in the channel PDF can be 

expressed in terms of Meijer-G function as [203,equation (14)]: 

(ݔ)௩ܭ  =
1
଴,ଶܩ2

ଶ,଴ ൭
ଶݔ

4
อ
−,−
ݒ
2 2ݒ−,

൱																								 (2.50) 

So, substituting (2.50) into (2.20), the PDF of the Gamma-Gamma channel can be defined as: 

 ݂ீ (ܫ)ீ =
(ߚߙ)

ఈାఉ
ଶ

Γ(ߙ)Γ(ߚ) ܫ
ఈାఉ
ଶ ିଵܩ଴,ଶ

ଶ,଴ ൭ܫߚߙอ
−,−

ߙ − ߚ
2 ߚ, − ߙ

2
൱ ܫ			, > 0 (2.51) 

Also, the Gamma-Gamma channel PDF can be defined in terms of generalized power series 

representation method of the modified Bessel function of the second kind as [204]: 

(ݔ)௩ܭ =
ߨ

2sin	(ݒߨ) ෍൤
1

Γ(݃ − ݒ + 1)݃!
ቀ
ݔ
2
ቁ
ଶ௚ି௩

−
1

Γ(݃ + ݒ + 1)݃!
ቀ
ݔ
2
ቁ
ଶ௚ା௩

൨
ஶ

௚ୀ଴

												 (2.52) 

where ݒ ∉ ℤ	 and |ݔ| < ∞ 

Thus, putting (2.52) into (2.20), the Gamma-Gamma channel PDF can also be expressed as: 

 ݂ீ (ܫ)ீ = ෍ൣ ௚݉(ߚ,ߙ)ܫ௚ାఉିଵ + ݉௚(ߙ,ߚ)ܫ௚ାఈିଵ൧
ஶ

௣ୀ଴

				 (2.53) 
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where 

݉௚(ݕ,ݔ) =
ݔ)௚ା௬Γ(ݕݔ) − −Γ(1(ݕ ݔ + (ݕ
Γ(ݔ)Γ(ݕ)Γ(݃ − ݔ + ݕ + 1)݃!  

The plot of the Gamma-Gamma PDF in Figure 2.11 shows that the distribution spreads out 

more over the irradiance I as the turbulent strength (SI) increases from weak to strong 

turbulence. 

 

Figure 2.11: Gamma-Gamma PDF under different turbulence conditions 

2.8.2 Performance Analysis 

The performance of the SIM-BPSK FSO system in terms of average BER and outage 

probability over the Gamma-Gamma distribution channel is presented in this section. Meijer-

G function and infinite Power Series expansion approach are used to obtain the closed-form 

expression for the two performance metrics. Thus, from (2.31), the instantaneous SNR for the 

SIM system can be obtained by following (2.14) as: 

ߛ  =
ଶ(ߩܴܲ)

௡ଶߪ
ଶܫ =  ଶ (2.54)ܫߛ̅

where ̅ߛ =  . is the average SNR	௡ଶߪ/ଶ(ߩܴܲ)
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2.8.2.1 Average BER using Infinite Power Series Expansion 

The average BER of the SIM-BPSK FSO system can be defined as [204]: 

 ௕ܲ = න ௘ܲ(ܫ)݂ீ ܫ݀(ܫ)ீ
ஶ

଴
	 (2.55) 

where ௘ܲ(ܫ)	is the conditional probability which is given as	 ௘ܲ(ܫ) = ܳቀඥ2̅ܫߛଶቁ. By using the 

definition of the Q-function formulated by Craig’s as		ܳ(ݔ) = ଵ
గ ∫ ݌ݔ݁ ቀ− ௫మ

ଶ௦௜௡మఏ
ቁ గߠ݀

଴ , the 

ABER can then be expressed as: 

 																				 ௘ܲ =
1
නߨ න ݌ݔ݁ ቆ−

ଶܫߛ̅

ቇߠଶ݊݅ݏ
గ
ଶൗ

଴

ஶ

଴
݂ீ  ܫ݀ߠ݀(ܫ)ீ

≜
1
නߨ ௒ܯ ൬

ߛ̅
൰ߠଶ݊݅ݏ

గ
ଶൗ

଴
 	ߠ݀

(2.56) 

where ܯ௒(. ) is the Moment Generating Function (MGF) which can be defined as ܯ௒(ܵ) =

∫ ݁ି௦ூ݂ீ ஶܫ݀(ܫ)ீ
଴ . The MGF of Y can therefore be determined as: 

(ܵ)௒ܯ  =
1
2 ෍൤݉௚(ߚ,ߙ)Γ ൬

݃ + ߚ
2 ൰ ܵି

௚ାఉ
ଶ + ݉௚(ߙ,ߚ)Γ ൬

݃ + ߙ
2 ൰ܵି

௚ାఈ
ଶ ൨

ஶ

௚ୀ଴

		 (2.57) 

Substituting (2.56) into (2.57), the ABER for the system can be obtained as: 

 ௕ܲ =
1

Γ(ߚ,ߙ)෍ቈ݉௚ߨ2 ൬
݃ + ߚ

2 ൰ ି(ߛ̅)
௚ାఉ
ଶ න ߠ௚ାఉ݀(ߠ݊݅ݏ)

గ
ଶൗ

଴

ஶ

௚ୀ଴

+ ݉௚(ߙ,ߚ)Γ൬
݃ + ߙ

2 ൰ ି(ߛ̅)
௚ାఈ
ଶ න ߠ௚ାఈ݀(ߠ݊݅ݏ)

గ
ଶൗ

଴
቉	 

(2.58) 

Using the integral identity in [205,equation (3.621(1))] (see Appendix A3.2), and the Beta 

function identity in [205, equation (8.384(4))] (see Appendix A2.6), the integral in (2.58) can 

be expressed as:  

 
න ߠ௫݀(ߠ݊݅ݏ) =

1
ܤ2 ൬

1
2 ,
ݔ + 1

2 ൰
ଶగ

଴
 (2.59) 

Thus, the ABER closed-form expression for the system can be obtained by using the integral 

defined in (2.59) as: 
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 ௕ܲ ≜
1

෍ߨ4 ൤݉௚(ߚ,ߙ)Γ ൬
݃ + ߚ

2 ൰ ି(ߛ̅)
௚ାఉ
ଶ ൬ܤ

1
2 ,
݃ + ߚ + 1

2 ൰
ஶ

௚ୀ଴

+ ݉௚(ߙ,ߚ)Γ൬
݃ + ߙ

2 ൰ ି(ߛ̅)
௚ାఈ
ଶ ܤ ൬

1
2 ,
݃ + ߙ + 1

2 ൰൨	 
(2.60) 

Since ABER is defined in (2.60) in the form of infinite series, the issue of convergence arises. 

As a result of this, the convergence radius ܴଵ for the first sub-series in (2.60) is determined 

using a Cauchy ratio test which states that a series is absolutely convergent if: 

 													ܴଵ = lim
௚→ஶ

ቤ
݉௚ାଵ(ߚ,ߙ)
݉௚(ߚ,ߙ) ቤ < 1 

	≜
Γ൬݃(ߚߙ) + ߚ + 1

2 ൰ܤ ൬1
2 ,݃ + ߚ + 2

2 ൰

Γ ൬݃ + ߚ
2 ൰ܤ ൬1

2 ,݃ + ߚ + 1
2 ൰ (݃ − ߙ + ߚ + 1)(݃ + 1)

 
(2.61) 

Thus, it can be deduced that as the index ݃ increases, (2.60) approaches zero and hence it is 

absolutely the convergent. Similarly, the second sub-series convergence radius ܴଶ in (2.60) 

also tends to zero as ݃	approaches infinity and thus, converges for	ߛഥ < ∞. 

In practices, however, it is necessary to use some finite values of ݃ for the upper limit of the 

summation in (2.60) which approximate the closed-form expression of the series error rate for 

the system. In order to evaluate the truncation error caused by eliminating all terms after 

ܭ + 1 term in (2.60), the truncation error is then defined as: 

௄ߝ  =
1

(ߚ)Γ(ߙ)Γߨ4 ෍
1
݃! ൣ߰௚

(ߚ,ߙ) + ߰௚(ߙ,ߚ)൧
ஶ

௚ୀ௄ାଵ

ቆ
ߚߙ
ඥ̅ߛ

ቇ
௚

 (2.62) 

where 

 
߰௚(ݔ, (ݕ =

Γ(1 − ݔ + Γ(ݕ ቀ݃ + ݕ
2 ቁ Γ(ݔ − (ݕ

Γ(݃ − ݔ + ݕ + 1) ܤ ൬
1
2 ,
݃ + ݕ + 1

2 ൰ ቆ
ݕݔ
ඥ̅ߛ

ቇ
௬

 (2.6 3) 

The summation of the term in the (2.62) can be simplified by employing Taylor series 

expansion of an exponential function and the upper bound of truncation error is obtained as: 
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௄ߝ  =
1

(ߚ)Γ(ߙ)Γߨ4 max
௚வ௄

൛߰௚(ߚ,ߙ) + ߰௚(ߙ,ߚ)ൟ ݌ݔ݁ ቆ
ߚߙ
ඥ̅ߛ

ቇ (2.64) 

We thus noted that		߰௚(ߚ,ߙ) or ߰௚(ߙ,ߚ) tends to zero when	݃ → ∞. Therefore,	ߝ௄  

diminishes as the index	݃ increases. Based on this, (2.63) exists and (2.64) holds. Thus, 

(2.64) diminishes with an increase in index	ܭ. 

2.8.2.2 Average BER using Meijer-G Function 

The ABER for the SIM-BPSK system can also be determined by using Meijer-G function 

approach. Thus, using the ABER defined in (2.55), the conditional probability can be 

expressed as:  

 ௘ܲ(ܫ) = ܳ ቀඥ2̅ܫߛଶቁ =
1
2 ݂ܿݎ݁

ቀඥ̅ܫߛଶቁ (2.65) 

Substituting (2.51) and (2.65) into (2.55), the ݂݁ܿݎ	(. ) can be expressed in terms of Meijer-G 

function defined in [203,equation (12)] (see Appendix A2.2), the ABER can therefore be 

obtained as:  

 
௕ܲ = න

(ߚߙ)
ఈାఉ
ଶ ܫ

ఈାఉ
ଶ ିଵ

(ߚ)Γ(ߙ)Γߨ√2

ஶ

଴
଴,ଶܩ
ଶ,଴ ൭ܫߚߙอ

−,−
ߙ − ߚ

2 ߚ, − ߙ
2

൱	ܩଵ,ଶ
ଶ,଴ ൭̅ܫߛଶอ

1
0, 1

2
൱			 (2.66) 

By applying the integral identity in [203,equation (21)] (see Appendix A3.5) to (2.66), the 

closed-form solution for the ABER of SIM-BPSK can be expressed as: 

 

௕ܲ =
2ఈାఉିଷ

(ߚ)Γ(ߙ)ଷΓߨ√
ହ,ଶܩ
ଶ,ସ൮

ߛ16̅
ଶ(ߚߙ) ተ

1 − ߙ
2 , 2 − ߙ

2 , 1 − ߚ
2 , 2 − ߚ

2 , 1

0,					12
൲ (2.67) 

2.8.2.3 Outage Probability using Infinite Power Series Expansion 

Outage probability is an alternative performance metric for quantifying the performance of 

wireless communication systems in the fading channels [179]. This can be interpreted as the 

probability that the system instantaneous SNR fall below a specific threshold ߛ௧௛	and above 

which the quality of the channel is satisfactory, and can be mathematically defined as [206]: 
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 ௢ܲ௨௧(ߛ௧௛) = න ݂ீ ߛ݀(ߛ)ீ
ఊ೟೓

଴
 (2.68) 

Thus, by power transformation from (2.54), I = ඥγ/γത, the PDF defined in (2.53) can be 

rewritten as: 

 
݂ீ (ߛ)ீ =

1
2෍

቎ ௚݉(ߚ,ߙ)ߛ
௚ାఉ
ଶ ିଵ

ߛ̅
௚ାఉ
ଶ

+
݉௚(ߙ,ߚ)ߛ

௚ାఈ
ଶ ିଵ

ߛ̅
௚ାఈ
ଶ

቏
ஶ

௚ୀ଴

 (2.69) 

Substitute (2.69) into (2.68), the closed-form expression for the outage probability in terms of 

infinite power series expansion can be obtained as:  

௢ܲ௨௧(ߛ௧௛) =
1
2 ෍ቈ݉௚(ߚ,ߙ)̅ିߛ

௚ାఉ
ଶ න ߛ

௚ାఉ
ଶ ିଵ݀ߛ

ఊ೟೓

଴
+ ௚݉(ߙ,ߚ)̅ିߛ

௚ାఈ
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௚ାఈ
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଴
቉

ஶ

௚ୀ଴
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൥
݉௚(ߚ,ߙ)
݃ + ߚ ൬

௧௛ߛ
ߛ̅ ൰
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ଶ
൩

ஶ

௚ୀ଴

 
(2.70) 

Since (2.70) is in form of infinite series expression, we followed the same truncation error 

analysis used for ABER expression to evaluate the resulting approximation error. If the 

outage probability defined in (2.70) is re-written as: 

 
௢ܲ௨௧(ߛ௧௛) =

1
2Γ(ߙ)Γ(ߚ)෍

1
݃!
቎
Γ(1 − ߙ + ߙ)Γ(ߚ − (ߚ

Γ(݃ − ߙ + ߚ + 1)(݃ + ቆ(ߚ
௧௛ߛඥߚߙ
ඥ̅ߛ

ቇ
௚ାఉஶ

௚ୀ଴

+
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௧௛ߛඥߚߙ
ඥ̅ߛ

ቇ
௚ାఈ

቏ 

(2.71) 

Then, the power series expression in (2.71) is truncated to a finite number of ܭ terms as: 

௄ߝ   =
1

2Γ(ߙ)Γ(ߚ) ෍
1
݃! ൣܳ௚

(ߚ,ߙ) + ܳ௚(ߙ,ߚ)൧
ஶ

௚ୀ௄ାଵ

ቆ
௧௛ߛඥߚߙ
ඥ̅ߛ

ቇ
௚

 (2.72) 

where 

 ܳ௚(ݔ, (ݕ =
Γ(1 − ݔ + ߙ)Γ(ݕ − (ݕ

Γ(݃ − ݔ + ݕ + 1)(݃ + ඨݕݔቌ(ݕ
௧௛ߛ
ߛ̅
ቍ

௬

 (2.73) 



 

50 
 

Using Taylor series expansion of an exponential function, the summation of the term in the 

(2.72) simplified and the upper bound of 	ߝ௄  is obtained as: 

 
௄ߝ =

1
2Γ(ߙ)Γ(ߚ) max

௚வ௄
൛ܳ௚(ߚ,ߙ) + ܳ௚(ߙ,ߚ)ൟ ݌ݔ݁ ቌߚߙඨ

௧௛ߛ
ߛ̅
ቍ (2.74) 

Thus, it is noted that		ܳ௚(ߚ,ߙ) or ܳ௚(ߙ,ߚ) tends to zero when	݃ → ∞, therefore		ߝ௄  

diminishes as index	݃ increases. Thus, (2.74) diminishes with increase in		ܭ. 

2.8.2.4 Outage Probability Using Meijer-G Function 

The outage probability of the considered system can also be obtained by using Meijer-G 

function approach. By power transformation, channel PDF defined (2.51) can be rewritten as: 

 ݂ீ (ߛ)ீ =
(ߚߙ)

ఈାఉ
ଶ ߛ

ఈାఉ
ସ ିଵ

Γ(ߙ)Γ(ߚ)̅ߛ
ఈାఉ
ସ

଴,ଶܩ
ଶ,଴ቌߚߙඨ

ߛ
ߛ̅
ቮ

−,−
ߙ − ߚ

2 ߚ, − ߙ
2

ቍ (2.75) 

Then, substituting (2.75) into (2.68), the outage probability can be expressed as:  

 
௢ܲ௨௧(ߛ௧௛) =

(ߚߙ)
ఈାఉ
ଶ

Γ(ߙ)Γ(ߚ)̅ߛ
ఈାఉ
ସ
න ߛ

ఈାఉ
ସ ିଵܩ଴,ଶ

ଶ,଴ ቌߚߙඨ
ߛ
ߛ̅
ቮ

−,−
ߙ − ߚ

2 ߚ, − ߙ
2

ቍ݀ߛ
ఊ೟೓

଴
 (2.761) 

By applying the identity defined in [203,equation (26)] (see Appendix A3.4), the closed-form 

expression for the outage probability in terms of Meijer-G can be expression: 

 
௢ܲ௨௧(ߛ௧௛) =

1
Γ(ߙ)Γ(ߚ)ܩଵ,ଷ

ଶ,ଵ ቌߚߙඨ
௧௛ߛ
ߛ̅
ቮ

1
ߚ				,				ߙ

ቍ (2.77) 

2.8.3 Numerical Results and Discussions 

In this section, the results on the average BER and outage probability of SIM-BPSK FSO 

system over the Gamma-Gamma channel are presented using the derived expressions of 

equation (2.60), (2.67), (2.70) and (2.77) for Meijer-G function and infinite power Series 

expansion method. The approximated error rate and outage probability for the power series 

expansion approach is obtained by eliminating infinite terms after the first (ܭ + 1) term in 

our series equations by using the value of		ܭ = 50. The closed-form expressions are verified 

by numerical integration of the exact error rate given in equation (2.55) and (2.68). The 

analysis for the two mathematical tools is based on the influence of the following parameters 
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such as laser wavelength	ߣ = 1550	݊݉, index of refractive structure parameter of		ܥ௡ଶ = 3 ×

10ିଵସ		݉ଶ/ଷ. Also, the channel atmospheric turbulence levels are considered to be weak	(ߙ =

ߚ,3.78 = 3.74), moderate (ߙ = ߚ,2.50 = 2.06) and strong	(ߙ = ߚ,2.04 = 1.10). 

Figure 2.12 illustrates the average BER of the SIM-BPSK system over atmospheric 

turbulence ranging from weak to strong regime. It can be deduced that as the turbulence 

increases from weak to strong turbulence, the more system error performance get deteriorated 

and the two mathematical approaches offer the same performance. For instance, at average 

SNR of	40	݀ܤ, system yields an approximated BER of 10ିସ over a weak turbulence 

compared with 10ିଶ BER for strong turbulence.  

The outage probability of the system is depicted in Figure 2.13 at threshold SNR of		5	݀ܤ. It 

can also be indicated that both mathematical approaches offer the same outage probability 

under the turbulence condition. Outage performance is better under the influence of weak 

turbulence compared to strong turbulence condition. For example, at BER of 10ିଵ the system 

requires a power of 28	݀ܤ under the weak condition compared to 42	݀ܤ under strong 

turbulence.  
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Figure 2.12: Average bit error rate for SIM-BPSK system 
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Figure 2.13: Outage probability performance for SIM-BPSK system at threshold of 5	݀ܤ 

Table 2.1 shows the comparison between the average computational running time of the 

Meijer-G function and infinite power series expansion for all the performance metric. It can 

be depicted that in all cases, the computational time taken to evaluate the analytical 

expressions given by power series expansion method is much lower than that of the Meijer-G 

approach. 

TABLE 2.1: Computational running time comparison between Meijer-G function and power 

series expansion  

PERFORMANCE METRIC 
AVERAGE COMPUTATIONAL 

RUNNING TIME (Seconds) 

Power Series (ABER) 0.0510 

Meijer-G (ABER) 3.303 

Power Series (Outage Probability) 0.0410 

Meijer-G (Outage Probability) 3.6710 
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2.9 Chapter Summary 

In this chapter, a general overview concerning the FSO communication systems was 

provided. Likewise, different statistical atmospheric channel distributions such as lognormal 

model, Gamma-Gamma model and pointing error distribution for the FSO communication 

links were also reported. Also, background information on different modulation techniques 

and mitigation tools such as diversity combiner and relay-assisted technology were presented. 

The comparison between the Meijer-G function and power series expansion as mathematical 

tools in analyzing FSO systems over Gamma-Gamma turbulence channel was studied, and 

FSO SIM-BPSK system was employed as a case study. The analytical results showed that the 

two methods achieved the same ABER and outage probability under the same turbulence 

conditions. In addition, the results proved that Meijer-G function approach has higher 

computational running time than power series expansion. More so, Meijer-G closed-form 

expressions did not show any insight of the system parameters as compared to the power 

series closed-form expression, but it offers a traceable result than the power series expansion. 
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CHAPTER THREE 

Free Space Optical Spatial Modulation System with Diversity Combining over different 

Atmospheric Turbulent Channels 

In this chapter, the performance of an heterodyne FSO-SM system with different diversity 

combining scheme as mitigation techniques over different atmospheric induced-turbulence 

channels is studied. The diversity combining considered at the receiving end of the proposed 

system includes; MRC, EGC and SC. A theoretical error performance using APEP and the 

ABER for each diversity scheme over lognormal and Gamma-Gamma atmospheric 

turbulence channel is carried out. Under the influence of Gamma-Gamma turbulence, a 

generalized infinite power series expansion approach is used to obtain the APEP for the 

system and the proposed system performance is further improved by convolutional coding 

technique. Under both turbulence scenario, the performance of the proposed system is 

compared with the well-established FSO systems with diversity combiner and the result 

proved that the proposed configuration provides better mitigation techniques. Finally, the 

impact of combined effects of turbulence with pointing error is also carried out on the system 

performance. 

3.1 Heterodyne Optical Spatial Modulation System Model 

Consider an FSO-SM link consisting of ௧ܰ  transmit laser units and	 ௥ܰ heterodyne receivers 

as illustrated in Figure 3.1. The ௥ܰ  receive apertures is assumed to be separated sufficiently 

by more than a coherent length from each other so as to ensure the independency of channel 

path. Random sequences of independent incoming information bit streams to be transmitted 

at each time instants are mapped into vectors of logଶ( ௧ܰܯ) bits with ܯ equal to the 

constellation size. This is further split into sub-vectors where the first group of logଶ( ௧ܰ) bits 

are used to indicate the active transmit-laser index ݈ while the last logଶ(ܯ)	bits are used to 

choose a ݇௧௛ 	BPSK symbol from the signal-constellation diagram produce by March-Zehnder 

Modulator (MZM). At an instant, the information bits are modulated on the electric field of 

an optical beam as ݔ௞exp	(݆߶௫ೖ) and are then emitted from the active transmit-laser index ݈ 

over the ௥ܰ
௞ × ௧ܰ

௠ 	MIMO atmospheric turbulence channel defined as [90]:  
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where ℎ௟,௥	and ߶௟,௥  are the real positive fading gain and the phase of channel respectively 

between the ݈௧௛ 	activated transmit laser and the ݊௧௛ 	receiver aperture. Thus, the source 

transmits the SM signal during this phase over the optical channel as [168]: 

 

௟ܺ,௞ = ቎0	0	 ⋯	 (݆߶௫ೖ)ᇣᇧᇧᇧᇤᇧᇧᇧᇥ	௞expݔ
௟೟೓	௟௔௦௘௥	௣௢௦௜௧௜௢௡

⋯ 	0	0቏

்

							 (3.2) 

At the receiver, the transmitted SM optical field is mixed with a local oscillator field and the 

photo-detector converts the combined signal into electrical form. The intermediate frequency 

component is then extracted by using a bandpass filter. Thus, following the derivation of 

(2.7), the photocurrent generated during the ݇௧௛ symbol interval by the ݎ௧௛  receiver in 

response to the square of the aggregate optical field can be expressed as: 

 ݅௥(ݐ) =
ܴ
ܼ௢

ଶ[(ݐ)௥ܧ] + ݊௥(ݐ)	 (3.3) 

where ݊௥  is the ௥ܰ × 1 Local Oscillator (LO) noise signal whose elements are modeled as 

independent and identically distributed (i.i.d.) Additive White Gaussian Noise (AWGN) 

according to ~ܰܥ(ߪ,0௡ଶ) and ܧ௥(ݐ)	is the received field at the aperture of the ݎ௧௛  receiver 

and this can be expressed following the (2.6) as: 

(ݐ)௥ܧ  = 	ඥ2 ௧ܼܲ௢ݔ௞ℎ௟,௥ܿݏ݋൫߱௅ைݐ + ߶௟ ,௥ + ߶௫ೖ൯ + ඥ2 ௅ܲைܼ௢ܿݏ݋(߱௅ைݐ)											 (3.4) 

where ߶௫ೖ  is the phase of the ݇௧௛	transmitted SM symbol. 

By substituting (3.4) into (3.3), and solving the expansion with the elimination of double-

frequency terms by bandpass filter, the photocurrent can thus be expressed as: 

 ݅௥(ݐ) = ܴ ௧ܲݔ௞ଶℎ௟,௥ଶ + ܴ ௅ܲை + 2ܴඥ ௧ܲ ௅ܲைݔ௞ℎ௟,௥ܿݏ݋൫߱௅ைݐ − ߶௟,௥ − ߶௫ೖ൯ + ݊௥(ݐ) 

           ≜ ݅஽஼(ݐ) + ݅஺஼(ݐ) + ݊௥(ݐ)	      
(3.5) 

(ݐ)ܪ    = ൣℎଵ, ℎଶ, . . . ,ℎே೟൧  

  											≜

⎣
⎢
⎢
⎡ ℎଵଵ(ݐ)exp	(݆߶ଵଵ) ℎଵଶ(ݐ)exp	(݆߶ଵଶ) ⋯ ℎଵே೟(ݐ)exp	(݆߶ଵே೟)
ℎଶଵ(ݐ)exp	(݆߶ଶଵ) ℎଶଶ(ݐ)exp	(݆߶ଶଶ) ⋯ ℎଶே೟(ݐ)exp	(݆߶ଶே೟)

⋮
ℎேೝଵ(ݐ)exp	(݆߶ேೝଵ)

⋮
ℎேೝଶ(ݐ)exp	(݆߶ேೝଶ)

⋮
… ℎேೝே೟(ݐ)exp	(݆߶ேೝே೟)⎦

⎥
⎥
⎤
 

(3.1) 
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where ݅஺஼(ݐ) ≜ 2ܴඥ ௧ܲ ௅ܲைݔ௞ℎ௟,௥ܿݏ݋൫߱௅ைݐ − ߶௟,௥ −߶௫ೖ൯ is the received photocurrent which 

contains the information about the frequency and the phase of the received signal that 

differentiates the heterodyne receiver from direct detection. The term	݅஽஼(ݐ) = ܴ൫ ௧ܲݔ௞ଶℎ௟,௥ଶ +

௅ܲை൯	is the DC component generated by the signal and the local oscillator respectively. This 

DC component leads to signal and local oscillator noises with variance ߪ௦௛௢௥௧,௦
ଶ =

௘ܴݍ2 ௧ܲݔ௞ଶℎ௟,௥ଶ ∆݂ and ߪ௦௛௢௥௧,௅
ଶ = ௘ܴݍ2 ௅ܲை∆݂		respectively where ∆݂ denotes the noise 

equivalent bandwidth of the photo-detector. Since it is assumed that the intermediate 

frequency in heterodyne receiver is said to be non-zero [140, 202], thus the signal power can 

be expressed as	 ௦ܲ = 2ܴଶ ௧ܲ ௅ܲைݔ௞ଶℎ௟,௥ଶ 	. It is noted that when	 ௅ܲை ≫ 	 ௦ܲ, ߪ௦௛௢௥௧,௦	
ଶ becomes 

negligible, and then the DC component can be approximated as	݅஽஼(ݐ) ≈ ܴ ௅ܲை. In view of 

(2.15), the SNR for the heterodyne detection of ݎ௧௛  receiver in a given symbol period is given 

as: 

ு௘௧ߛ  = ௦ܲ

௦௛௢௥௧,௅ߪ
ଶ =

ܴ ௧ܲหݔ௞ℎ௟,௥ห
ଶ

݂∆௘ݍ
	 (3.6) 

Thus, the received signal model for the heterodyne detection of 	ݎ௧௛  receiver can be 

statistically expressed based on the SNR defined in (3.6) as: 

      
௥ݕ = ඥ̅ߛ	ℎ௟,௥ݔ௞exp	(݆߶௟,௥ + ݆߶௫ೖ) 	+ ݊௥(ݐ) 

                                 ≜ ඥ̅ߛℎ௟ݔ௞ + ݊௥(ݐ) 
(3.7) 

where	̅ߛ = ܴ ௧ܲ ∕  corresponds to electric field	௞ݔ	 ,is the average received SNR		(݂∆௘ݍ)

(݆߶௫ೖ) transmitted over the optical channel and ℎ௟	௞expݔ 	denotes the activation of the ݅௧௛ 

column of channel matrix ܪ for a randomly chosen ݈ during each transmission period.  

It is assumed that the received signal in (3.7) is combined using the spatial diversity combiner 

such as MRC, EGC and SC combiners. Thereafter, the SM detector is applied to detect the 

Laser transmit index መ݈	and ෠݇ 	constellation symbol which are used to decode the transmitted 

bit stream following the joint optimum ML spatial modulation detection give in (2.37) as:  

 
ൣ መ݈	, ෠݇ ൧ = max݃ݎܽ

௟መ	,௞෠
หݕ௒൫݌ ௟ܺ,௞  ൯ܪ,

                                  ≜ min݃ݎܽ
௟መ	,௞෠

ඥ̅ߛ‖ℎ௟ݔ௞‖ிଶ −  (3.8) {௞ݔுℎ௟ݕ}2ܴ݁
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where 

หݕ௒൫݌  ௟ܺ,௞,ܪ൯	is the  PDF of y conditioned on ܪ and ݔ௟,௞  which can be expressed as 

[171]: 

หݕ௒൫݌  ௟ܺ,௞ ൯ܪ, = ݌ݔேೝ݁ିߨ ቀ−ฮݕ − ඥ̅ܺܪߛ௟,௞ฮி
ଶ
ቁ (3.9) 
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Figure 3.1: Heterodyne FSO-SM system where PD=Photo-detector, BC=Beam Combiner, 

LO=Local Oscillator, DC=Down Converter and PC= Phase Noise Compensation  

3.2 Error Performance Analysis 

In this section, the analytical expression for the optical spatial modulation ABER can be 

obtained using a simple and efficient union bounding technique and thus, the ABER under no 

turbulence condition is union bounded as [171, 180, 207]: 

ௌெܴܧܤܣ  ≤
( ௧ܰܯ)ିଵ

logଶ( ௧ܰܯ)෍෍ ෍ ෍ ܰ൫݇, ෠݇൯ܲܧܲܣ൫ ௟ܺ,௞ → ܺ௟,෡௞෠ ൯		
ெ

	௞෡ୀ௞ାଵ

ே೟

௟	෡ୀ௟ାଵ

ெ

௞ୀଵ

ே೟

௟ୀଵ

 (3.10) 

where ܰ൫݇, ෠݇൯	is the number of bit errors when selecting ݇	instead of ෠݇ 	as the transmit unit 

index and the ܲܲܧ൫ ௟ܺ,௞ → ܺ௟ ,෡௞෠ ൯ denotes the average pairwise error probability of deciding on 

the constellation vector ܺ௟,௞  given that ܺ௟,෡௞෠ 	is transmitted and can therefore be expressed as 

follows [90, 208]: 
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൫ܲܧܲ  ௟ܺ,௞ → ܺ௟ ,෡௞෠ ൯ = ܧ ቎ܳ ቌඨ
ߛ̅
4ܼ

ቍ቏ (3.11) 

where ܳ(. ) function is the Craig’s formulation function 

Thus, it can be deduced that the probability of error in SM systems is determined by the 

difference between channels associated with the different transmit Lasers rather than actual 

channel realization [77], and then from (3.11) ܼ = ‖ℎ௟ݔ௞ − ℎ௟መݔ௞෠‖ிଶ  

3.3 FSO-SM System with Diversity Combining over Lognormal Atmospheric 

Turbulence 

In this section, MRC, EGC and SC are the spatial diversity schemes considered for the FSO-

SM system over the lognormal channel and the average BER are derived for each combining 

technique. 

3.3.1 FSO-SM System with Maximum Ratio Combiner 

When considering MRC as diversity combiner for the system, the incoming optical radiation 

signals on each photo-detector at the receiver are first co-phased. Once the phase distortions 

are cancelled out, the optical signal in each branch is then weighted by the fading attenuation 

of each path link and then coherently summed to obtain the combiner output. Therefore, the 

pairwise error probability conditioned on the channel ܪ is defined for MRC as [209, 210]: 

ெோ஼൫ܲܧܲ  ௟ܺ,௞ → ܺ௟,෡௞෠ ൯ܪ| = ܳቌඨ
ߛ̅
4
‖ℎ௟ݔ௞ − ℎ௟መݔ௞෠ ‖ிଶቍ		 (3.12) 

Since an error in SM systems depends on the difference between channels associated with the 

different transmit element, then the squared Frobenious norm in (3.12) can be written as [90]: 

 ܼ = ‖ℎ௟ݔ௞ − ℎ௟መݔ௞෠ ‖ிଶ ≜ ෍ |ℎ௟ݔ௞ − ℎ௟መݔ௞෠ |ଶ
ேೝ

௠ୀଵ

						 (3.13) 

Then, 

 
ܧܲ ெܲோ஼൫ ௟ܺ,௞ → ܺ௟,෡௞෠ ൯ܪ| = ܳ

⎝

⎜
⎛ඩ̅ߛ

4 ෍ |ℎ௟ݔ௞ − ℎ௟መݔ௞෠ |ଶ
ேೝ

௠ୀଵ

⎠

⎟
⎞

 (3.14) 
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By letting the ߙ௠ = ℎ௟ݔ௞ − ℎ௟መݔ௞෠  be defined as a complex Gaussian random variable with the 

real and imaginary parts of the components being a lognormal distribution with equal mean 

and variance, then the PEP can be further expressed as: 

 
ܧܲ ெܲோ஼൫ܺ௟,௞ → ܺ௟,෡௞෠ ൯ܪ| = ܳ

⎝

⎜
⎛ඩ̅ߛ

4 ෍ ௠|ଶߙ|
ேೝ

௠ୀଵ

⎠

⎟
⎞

 (3.15) 

Through the definition of the Q-function formulated by Craig’s as 

(ݔ)ܳ = ଵ
గ
∫ ݌ݔ݁ ቀ− ௫మ

ଶ௦௜௡మఏ
ቁ గߠ݀

଴  and subsequently integrate over the randomness of the 

channel coefficients to determine the unconditional PEP as: 

 
ܧܲ ெܲோ஼൫ ௟ܺ,௞ → ܺ௟ ,෡௞෠ ൯ܪ| =

1
නߨ ݌ݔ݁ ቆ−

ߛ̅ ∑ ௠|ଶேೝߙ|
௠ୀଵ
ߠଶ݊݅ݏ8 ቇ݀ߠ

గ
ଶ

଴

			 (3.16) 

The average pairwise error probability of MRC,	ܲܧܲܣெோ஼ 	, can therefore be obtained by 

averaging (3.16) over the fading statistic and it is given as: 

ெோ஼ܲܧܲܣ  =
1
ߨ න න ݌ݔ݁ ቆ−

ߛ̅ ∑ ௠|ଶேೝߙ|
௠ୀଵ
ߠଶ݊݅ݏ8 ቇ ݂|ఈ೘|మ(ݖ)݀ߠ݀ݖ

ஶ

଴

గ/ଶ

଴

					 (3.17) 

where the |ߙ௠|ଶ lognormal PDF of the fading channel can be expressed following equation 

(2.19), as: 

 ݂|ఈ೙|మ(ݖ) = 	
ଵିݖ

ߨ௛√2ߪ
݌ݔ݁ ቆ−

(ln(ݖ) + ௛ଶ/2)ଶߪ

௛ଶߪ2
ቇ (3.18) 

With the aid of the MGF-based method for analyzing the performance of wireless 

communication systems over fading channel, the average PEP from (3.17) can therefore also 

be further obtained as: 

 
ܧܲܣ ெܲோ஼ ≜

1
ఈ೘|మ|ܯනෑ൤ߨ ൬

ߛ̅
ߠ൰൨݀ߠଶ݊݅ݏ8

ேೝ

௠ୀଵ

గ
ଶ

଴

			 (3.19) 

where the integral representation of the MGF of |ߙ௠|ଶ	can be expressed as: 
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(ݏ)ఈ೘|మ|ܯ										  = න exp	(ݖݏ)݂|ఈ೘|మ(ݖ)݀ݖ
ஶ

଴

 

≜ න exp	(ݖݏ)
ଵିݖ

ߨ௛√2ߪ
݌ݔ݁ ቆ−

(ln(ݖ) + ௛ଶ/2)ଶߪ

௛ଶߪ2
ቇ݀ݖ

ஶ

଴

 

(3.20) 

Due to the fact that the integral expression presented in (3.19) has no possible solution, it is 

difficult, if not impossible, to evaluate in closed-form. Therefore, a tight approximation for 

Gaussian Q-function is obtained using equations (2) and (14) in [211] as	ܳ(ݔ) ≈
ଵ
ଵଶ

exp ቀ− ௫మ

ଶ
ቁ + ଵ

ସ
exp ቀ− ଶ௫మ

ଷ
ቁ	. Based on a tight approximation for Gaussian Q-function, 

(3.15) can the expressed as: 

 
ெோ஼൫ܺ௟,௞ܲܧܲ → ܺ௟,෡௞෠ ൯ܪ| =

1
12 ݌ݔ݁

ቌ−
ߛ̅
8 ෍ ௠|ଶߙ|

ேೝ

௠ୀଵ

ቍ +
1
4 expቌ−

ߛ̅
6 ෍ ௠|ଶߙ|

ேೝ

௠ୀଵ

ቍ			 (3.21) 

By letting	ܴ =  :௠|ଶ, then the APEP for the approximated MRC can be obtained asߙ|

ܧܲܣ ெܲோ஼ =
1

12ෑන ݌ݔ݁ ൬−
ߛ̅
8ܴ൰ ோ݂(ܴ)ܴ݀

ஶ

଴

ேೝ

௠ୀଵ

+
1
4 ෑන ݌ݔ݁ ൬−

ߛ̅
6ܴ൰ ோ݂(ܴ)ܴ݀

ஶ

଴

ேೝ

௠ୀଵ

 

																								≜
1

12 ෑ൤ܯ|ఈ೘|మ ൬
ߛ̅
8൰൨ +

1
4

ேೝ

௠ୀଵ

ෑ൤ܯ|ఈ೘|మ ൬
ߛ̅
6൰൨

ேೝ

௠ୀଵ

						 

(3.22) 

where  ܯ|ఈ೘|మ(ݏ) = ∫ ఈ೘|మ(ܴ)ܴ݀ஶ|݂(ܴݏ−)݌ݔ݁
଴ . 

By numerical integration, (3.22) would actually produce no closed-form solution. As a result 

of this, the use of Gauss Hermit quadrature integration circumvents this problem and this is 

expressed as [104]: 

 න ݂(ܽ)exp	(−ܽ)݀ܽ
ஶ

ିஶ

≅෍ݓ௝݂൫ ௝ܽ൯
ே೐

௝ୀଵ

			 (3.23) 

where ௘ܰ
௧௛  is the order of the Hermite polynomial ݁ܪ௡(. ) with its value typically set at 20, 

gives an excellent accuracy, ൛ ௝ܽൟ௝ୀଵ
ே೐  and ൛ݓ௝ൟ௝ୀଵ

ே೐  represent the zeros of the ௘ܰ
௧௛  order Hermit 
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polynomial ݁ܪ௡(ܽ) and corresponding weight factors, respectively. Thus, jw  can be 

expressed [212]: 

௝ݓ  =
2ே೐ିଵ ௘ܰ ߨ√!

௘ܰ
ଶൣ݁ܪே೐ିଵ( ௝ܽ)൧

ଶ											 (3.24) 

Using the Gauss-Hermit quadrature integration given in (3.23), then (3.22) can therefore be 

expressed as: 

(ݏ)ఈ೙|మ|ܯ  = ෍
௝ݓ
ߨ√

൫݌ݔ݁ݖൣ݌ݔ݁ ௝ܽ√2ߪ௛ − ௛ଶ/2൯൧ߪ
ே೐

௝ୀଵ

	 (3.25) 

By incorporating (3.25) in (3.22), the improved approximated APEP expression for the MRC 

can be written as: 

ெோ஼ܲܧܲܣ =
1

12ෑ
቎෍

௝ݓ
ߨ√

ܳ ൤
ߛ̅
8 ൫݌ݔ݁ ௝ܽ√2ߪ௛೘ − ௛೘ߪ

ଶ /2൯൨
ே೐

௝ୀଵ

቏
ேೝ

௠ୀଵ

 

+
1
4ෑ

቎෍
௝ݓ
ߨ√

ܳ ൤
ߛ̅
6 ൫݌ݔ݁ ௝ܽ√2ߪ௛೘ − ௛೘ߪ

ଶ /2൯൨
ே೐

௝ୀଵ

቏
ேೝ

௠ୀଵ

 

(3.26) 

Finally, plugging (3.26) into (3.10), the closed form expression for the average BER for MRC 

diversity technique in FSO-SM-MRC systems over lognormal fading channel can be obtained 

as: 

ௌெ(ெோ஼)ܴܧܤܣ

≤	
( ௧ܰܯ)ିଵ

logଶ( ௧ܰܯ)෍෍ ෍ ෍ ܰ൫݇, ෠݇൯ ቎
1

12ෑ
቎෍

௝ݓ
ߨ√

ܳ ቈ
ߛ̅
8 ݌ݔ݁ ቆ ௝ܽ√2ߪ௛೘

ே೐

௝ୀଵ

ேೝ

௠ୀଵ

ெ

	௞෡ୀ௞ାଵ

ே೟

௟	෡ୀ௟ାଵ

ெ

௞ୀଵ

ே೟

௟ୀଵ

−
௛೙ߪ
ଶ

2 ቇ቉቏ +
1
4 ෑ

቎෍
௝ݓ
ߨ√

ܳ ቈ
ߛ̅
6 ݌ݔ݁ ቆ ௝ܽ√2ߪ௛೘ −

௛೘ߪ
ଶ

2 ቇ቉
ே೐

௝ୀଵ

቏
ேೝ

௠ୀଵ

቏	 

(3.27) 

3.3.2 FSO-SM System with Equal Gain Combiner 

In EGC, the diversity combiner co-phases and equally weights the incoming optical radiation 

on each PD and then coherently sums them. The pairwise error probability of EGC can be 

expressed as [209, 210]: 
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ܧܲ ாܲீ஼൫ܺ௟,௞ → ܺ௟,෡௞෠ ൯ܪ| = ܳ

⎝

⎛ඩ ߛ̅
4 ௥ܰ

ቌ෍ |ℎ௟ݔ௞ − ℎ௟መݔ௞෠ |
ேೝ

௠ୀଵ

ቍ

ଶ

⎠

⎞ 

																								≜ ܳ

⎝

⎛ඩ ߛ̅
4 ௥ܰ

ቌ෍ |௠ߙ|
ேೝ

௠ୀଵ

ቍ

ଶ

⎠

⎞ 

(3.28) 

Defining ܲ = ∑ ௠|ேೝߙ|
௠ୀଵ  as the sum of ௥ܰ lognormal random variables, it can be 

approximately expressed by a single lognormal variable	ܲ ≈ exp	(ݕ), where y is normally 

distributed with mean y  and variance 2
y . Thus, following the equation (2.19), the PDF for 

the approximated lognormal random variable P is given as [104]:  

 
௉݂(ܲ) = 	

ܲିଵ

ߨ௬√2ߪ
݌ݔ݁ ൭−

൫ln(ܲ) + ௬൯ߤ
ଶ

௬ଶߪ2
൱								 (3.29) 

where its mean and variance can be expressed as ߤ௬ = ln( ௥ܰ)− ଵ
ଶ

lnቀ1 + ௘௫௣൫ఙ೓
మ൯ିଵ

ேೝ
ቁ	and 

௬ଶߪ = ln ቀ1 + ௘௫௣൫ఙ೓
మ൯ିଵ

ேೝ
ቁ		respectively. By using the Craig’s formula for the Gaussian Q-

function which is defined as ܳ(ݔ) = ଵ
గ ∫ ݌ݔ݁ ቀ− ௫మ

ଶ௦௜௡మఏ
ቁ గ	ߠ݀

଴ and the MGF based method, the 

average PEP can be obtained as: 

ܧܲܣ	  ாܲீ஼ = 	න ܳ ቌඨ
ߛ̅

4 ௥ܰ
ܲଶቍ ௉݂(ܲ)݀ܲ

ஶ

଴

 

																		≜
1
නߨ ൤ܯ௣ ൬

ߛ̅
8 ௥ܰ݊݅ݏଶߠ

൰൨ ߠ݀

గ
ଶ

଴

 

(3.30) 

where ܯ௣(. ) is the MGF for the random variable ܲ and can be expressed as: 

(ݏ)௉ܯ  = න exp	(ܲݏ)
ܲିଵ

ߨ௬√2ߪ
݌ݔ݁ ൭−

൫ln(ܲ) − ௬൯ߤ
ଶ

௬ଶߪ2
൱ ݀ܲ

ஶ

଴

						 (3.31) 

The closed-form expression for (3.31) can therefore be tightly approximated by using the 

Gaussian-Hermit expression defined in (3.23) as: 
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(ݏ)௉ܯ  = ෍
௝ݓ
ߨ√

൫݌ݔ݁ܲൣ݌ݔ݁ ௝ܽ√2ߪ௬ + ௬൯൧ߤ
ே೐

௝ୀଵ

				 (3.32) 

The average PEP expression for EGC combining technique can finally be obtained by using 

(3.32) in (3.30) which can be obtained as: 

ܧܲܣ  ாܲீ஼ = ෍
௝ݓ
ߨ√

ܳ ൤
ߛ̅

4 ௥ܰ
൫݌ݔ݁ ௝ܽ√2ߪ௬ + ௬൯൨ߤ

ே೐

௝ୀଵ

	 (3.33) 

By substituting (3.33) into (3.10), the closed form expression for the average BER for EGC 

diversity technique in FSO-SM-EGC system over log-normal fading channel can finally be 

obtained as:  

ௌெ(ாீ஼)ܴܧܤܣ ≤
( ௧ܰܯ)ିଵ

logଶ( ௧ܰܯ)෍෍ ෍ ෍ ܰ൫݇, ෠݇൯
ெ

	௞෡ୀ௞ାଵ

ே೟

௟	෡ୀ௟ାଵ

ெ

௞ୀଵ

ே೟

௟ୀଵ

 

× ቎෍
௝ݓ
ߨ√

ܳ ൤
ߛ̅

4 ௥ܰ
൫݌ݔ݁ ௝ܽ√2ߪ௬ + ௬൯൨ߤ

ே೐

௝ୀଵ

቏ 

(3.34) 

3.3.3 FSO-SM System with Selection Combiner 

When SC is considered for the system, the combiner samples all the optical radiation from 

the transmit lasers and selects the link with the maximum signal strength that is ℎ௠௔௫ =

൫ℎଵଶݔܽ݉ ,ℎଶଶ, . . . ,ℎேೝ
ଶ ൯	without the need of estimating the phase of all incoming radiation. In 

this case, the pairwise error probability for the selection combiner is given as [210, 213]:  

ܧܲ  ௌܲ஼൫ ௟ܺ,௞ → ܺ௟,෡௞෠ ൯ܪ| = ܳቌඨ
ߛ̅
4 ൫ℎหݔ௟,௞ − ௟,෡௞෠ݔ ห൯

ଶቍ						 (3.35) 

In the (3.35), the ℎหݔ௟,௞ − ௟,෡௞෠ݔ ห can be expressed as random variable Z, thus, by using the 

Craig’s formulation, the PEP for the selection combiner can therefore be written as:  

ܧܲ										  ௌܲ஼൫ܺ௟,௞ → ܺ௟,෡௞෠ ൯ܪ| = ܳቌඨ
ߛ̅
4ܼ

ଶቍ 

		≜
1
නߨ ݌ݔ݁ ቆ−

ܼଶ̅ߛ
ߠቇ݀ߠଶ݊݅ݏ8

గ
ଶ

଴

 

(3.36) 
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Now, the average PEP for the receiver can be obtained by averaging the (3.35) with the 

application of MGF-based method as:  

 

ܧܲܣ															 ௌܲ஼ =
1
නනߨ −ቆ݌ݔ݁

ܼଶ̅ߛ
ቇߠଶ݊݅ݏ8 ௭݂(ℎ௠௔௫)݀ℎ௠௔௫݀ߠ

ஶ

଴

గ
ଶ

଴

	 

≜
1
නߨ ൤ܯ௛೘ೌೣ ൬

ߛ̅
ߠ൰൨݀ߠଶ݊݅ݏ8

గ
ଶ

଴

 

(3.37) 

The PDF of		ℎ௠௔௫ , ௭݂(ℎ௠௔௫), can be determined by first deriving its cumulative density 

function and differentiating it with respect to ℎ௠௔௫ , which is given as [104]:  

 ௭݂(ℎ௠௔௫) =
2ଵିேೝ ௥ܰ݁݌ݔ(−ݑଶ)

ℎߪ௛√2ߨ
[1 +  ேೝିଵ (3.38)[(ݑ)݂ݎ݁

where ݑ =
ቆ୪୬(௛)ା

഑೓
మ

మ ቇ

√ଶఙ೓
 

By using the MGF whose solution can be tightly approximated by the Gaussian-Hermit 

expression defined in (3.23), then (3.37) can be further expressed as: 

௛೘ೌೣܯ 
(ݏ) = න exp	(ݏℎ)

2ଵିேೝ ௥ܰ݁݌ݔ(−ݑଶ)
ℎߪ௛√2ߨ

[1 + ߠேೝିଵ݀ℎ௠௔௫݀[(ݑ)݂ݎ݁
ஶ

଴

 

										≜
2ଵିேೝ ௥ܰ

ߨ√
෍ݓ௝ൣ1 + ൫݂ݎ݁ ௝ܽ൯൧

ேೝିଵ݁݌ݔ ቌℎ݁݌ݔ ቆ ௝ܽ√2ߪ௛ − ௛ଶߪ

ߠଶ݊݅ݏ4 ቇቍ
ே೐

௝ୀଵ

 
(3.39) 

Using (3.39) in (3.37), the APEP for the system is achieved as: 

ܧܲܣ  ௌܲ஼ =
2ଵିேೝ ௥ܰ

ߨ√
෍ݓ௝ൣ1 + ൫݂ݎ݁ ௝ܽ൯൧

ேೝିଵܳቌ
ߛ̅
4 ݌ݔ݁ ቆ

௝ܽ√2ߪ௛ − ௛ଶߪ

2 ቇቍ
ே೐

௝ୀଵ

	 (3.40) 

Lastly, to obtain the closed form expression for the average BER for SC diversity technique 

in FSO-SM-SC system over log-normal fading channel, plugging (3.40) into (3.10) results in: 
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ௌெ(ௌ஼)ܴܧܤܣ  ≤
( ௧ܰܯ)ିଵ

logଶ( ௧ܰܯ)෍෍ ෍ ෍ ܰ൫݇, ෠݇൯
ெ

	௞෡ୀ௞ାଵ

ே೟

௟	෡ୀ௟ାଵ

ெ

௞ୀଵ

ே೟

௟ୀଵ

቎
2ଵିேೝ ௥ܰ

ߨ√
෍ݓ௝ൣ1
ே೐

௝ୀଵ

+ ൫݂ݎ݁ ௝ܽ൯൧
ேೝିଵܳቌ

ߛ̅
4 ݌ݔ݁ ቆ

௝ܽ√2ߪ௛ − ௛ଶߪ

2 ቇቍ	቏	 

(3.41) 

3.3.4 Numerical Results and Discussions 

The numerical results on the performance error rate of FSO-SM systems over the lognormal 

channel for different diversity combiners are presented in this section. The derived close form 

expressions in (3.27), (3.34), and (3.41) are used to study the system error rate. In the 

simulation, the wavelength of transmitting laser is set to be	ߣ = ௧ܰ ,݉ߤ	1.55 = 2	transmit 

lasers, ܯ = 2 bits and turbulence strength parameter ܥ௡ଶ	is fixed at	1.7 ×

10ିଵସ	݉ଶ/ଷ	according to the weak turbulence condition.  

The results depicted in Figures 3.2 and 3.3 illustrate the system error performance of the three 

combiners as a function of link range under different PDs configurations at	ܴܵܰ =  .ܤ݀	15

Obviously, it is deduced from the figures that the average bit error rate increases with the 

increase in the link range. At average link range of	3000	݉, it is clearly observed that there is 

no significant change in error rate despite the fact that the link range increases. This effect 

demonstrates the saturation scenario of the turbulence strength as the link range increases for 

all the combiners. As a matter of fact, it proves that the scintillation index (SI) increases as 

the link range increases since the turbulent strength is a function of link range. Under the 

same propagation conditions, Figure 3.2 confirmed that EGC outperforms SC in the entire 

PDs configurations, but yields worse performance when compared with MRC as it is 

demonstrated in Figure 3.3.  

Generally, it is evident that the diversity gain at the receiver can drastically reduce the system 

error as the link range increases. This is illustrated by Figure 3.4 where the performance of 

the FSO-SM systems is significantly improved as the number of receive PD increases. For 

instance, at six PDs, the MRC offers an approximate BER of 10ି଺ compared with EGC and 

SC respectively yield an approximate BER of 10ିସ and	10ିଷ. 

Moreover, the performance comparison between the diversity combiners for the FSO-SM 

systems is carried out under the same atmospheric SI of 0.5 as it is illustrated in Figure 3.5 

when the receiver is equipped with four PDs. As expected, it is clearly confirmed that MRC 
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combiner outperforms the other diversity combining schemes because it maximizes the SNR 

of the combined signal. For instance, at	ܴܵܰ =  it is evident that MRC offers error ,ܤ݀	15

rate of 4.2 × 10ିହ compared to EGC and SC with error rate of 4.7 × 10ିସ and 1.7 × 10ିଶ 

respectively. As a result of this, MRC and EGC diversity combiners can therefore be 

practically recommended as the best desirable mitigation tools for any optical wireless 

communication systems but at the expense of receiver complexity. In addition, Figure 3.5 

provides the comparison between the simulation results and the analytical results obtained 

from (3.27), (3.34) and (3.41). It is noted that the analytical results almost agreed with the 

simulation results, which verified the accuracy of the derived closed form expressions for 

each diversity combiner. 

Looking at Figure 3.6, MRC system is employed to evaluate the performance of FSO-SM 

under various SI levels with different number of PD at the receiver. The result confirmed that 

the increase in turbulence level significantly affects the system performance. As earlier 

mentioned, the increase in the number of PD reduced this effect. For instance, at a BER 

of	10ି଺, when	ܵܫ = 1.0 (highest level), the system error performance is enhanced by 6.2	݀ܤ 

when the PDs are four.  

 

Figure 3.2: ABER with FSO-SM-EGC and FSO-SM-SC against the link range for various 

number of receive PDs  
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Figure 3.3: ABER with FSO-SM-EGC and FSO-SM-MRC against the link range for various 

number of receive PDs 

 

Figure 3.4: Performance of FSO-SM-SD systems for various number of receive PDs at 

average SNR of 20	݀ܤ	when SI is	0.7 
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Figure 3.5: Performance comparison between the three diversity combiners for ௥ܰ = 4 at 

ܫܵ = 	0.5 
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Figure 3.6: Performance of FSO-SM-MRC systems for various scintillation indexes 
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Finally, because of the simplicity of the EGC and its close performance with MRC, the 

proposed spatial diversity FSO-SM-EGC system is compared with a well-established spatial 

diversity FSO-SIM-EGC system in [104]. Therefore, the derived numerical expression in 

(3.34) is used to compare the proposed system performance with the derived average bit error 

rate of FSO-SIM-EGC system provided in [104,equation (29)] as:  

 
௘ܲ(ாீ஼ିௌூெ) =

1
ߨ√

෍ݓ௜ܳ ቀ݌ݔ݁ܭ൫ ௝ܽ√2ߪ௨ + ௨൯ቁߤ
௠೔

௜ୀଵ

 (3.42) 

where 	ܭ =  .௨are mean and standard deviation, respectivelyߤ and	௨ߪ ,ܰߪ2√/ܣ௢ܫܴ

Under the same propagation channel condition and receive PDs configuration, it can clearly 

be observed in Figure 3.7 that the performance of FSO-SM-EGC is much better than FSO-

SIM-EGC even when the number of PDs is increased. This is as a result of multiple 

subcarriers required by FSO-SIM-EGC for the transmission that leads to its poor 

performance. For instance, the average error rate of FSO-SM-EGC proposed system at 

ܴܵܰ = 	is 29.8% better than FSO-SIM-EGC when ܤ݀	20 ௥ܰ = 4. 

 

Figure 3.7: Comparison between the FSO-SM-EGC system with FSO-SIM-EGC system 

under the ܵܫ = 0.5 
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3.4 FSO-SM System with Diversity Combining over Gamma-Gamma Atomspheric 

Turbulence 

In this section, the performance of the FSO-SM system over Gamma-Gamma atmospheric 

turbulence is investigated. Thus, the performance of the under studied combiners are 

analyzed under the uncoded and coded scenario as follows: 

3.4.1 Uncoded FSO-SM System with Maximum Ratio Combiner 

When MRC combiner is considered at the system receiving end, the average PEP for the 

FSO-SM-MRC system can be obtained by using the PEP defined in (3.16) as:  

ܧܲܣ  ௌܲெିெோ஼ ≜
1
නߨ

ቂΦ௓ ቀ−
ߤ

ߠଶ݊݅ݏ8
ቁቃ݀ߠ

గ
ଶ

଴
		 (3.43) 

In order to determine the MGF of random variable ܩ in (3.43), letting	ܴ =  ௠|ଶ, then theߙ|

MGF of random variable ܴ can be defined as: 

 Φோ(ݏ) = Ε[exp	(−ܴݏ)] = න ݁ି௦ோ ோ݂(ܴ)ܴ݀
ஶ

଴

 (3.44) 

Substituting (2.53) into (3.44), then the MGF of ܴ	can be obtained as: 

 Φோ(ݏ) ≜
1
2 ෍൤݉௚(ߚ,ߙ)Γ൬

݃ + ߚ
2 ൰ (ݏ−)

௚ାఉ
ଶ −݉௚(ߙ,ߚ)Γ൬

݃ + ߙ
2 ൰ (ݏ−)

௚ାఈ
ଶ ൨

ஶ

௚ୀ଴

 (3.45) 

The MGF of the sum of the square Gamma-Gamma distribution of random variable ܼ =

∑ ௠|ଶே௥ߙ|
௡ୀଵ  can be obtained by using binomial expansion as: 

      
							Φ௓(ݏ) = [Φோ(ݏ)]ேೝ 

≜
1

2ேೝ ෍൬ ௥ܰ
ݍ ൰෍ܭ௚( ௥ܰ − ,ݍ (ݏ−)(ݍ

ି௚ିேೝఉି௤(ఈିఉ)
ଶ 			

ஶ

௚ୀ଴

ேೝ

௤ୀ଴

 
(3.46) 

where 

 K௚( ௥ܰ − (ݍ,ݍ = ൤ ௚݉(ߚ,ߙ)Γ ൬
݃ + ߚ

2 ൰൨
[ேೝି௤]

∗ 					 ൤ ௚݉(ߙ,ߚ)Γ ൬
݃ + ߙ

2 ൰൨
[௤]

 (3.47) 
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where 

ቂ݉௚(ݔ, Γቀ௚ା௬(ݕ
ଶ
ቁቃ

[௡]
 implies that ௚݉(ݕ,ݔ)Γ ቀ௚ା௬

ଶ
ቁ	 is convolved ݊ − 1	times with itself.  

From (3.43), the ABER for the system can be obtained as: 

 
ܧܲܣ ௌܲெିெோ஼ =

1
ߨ න

቎
1

2ேೝ ෍൬ ௥ܰ
ݍ ൰෍ K௚( ௥ܰ − ,ݍ ൬(ݍ

ߛ̅
8൰

ିటଶ
ି(ߠଶ݊݅ݏ)

ట
ଶ

ஶ

௚ୀ଴

ே௥

௤ୀ଴

቏

గ/ଶ

଴

 (3.48) 	ߠ݀

where  

߰ = ݃ + ௥ܰߚ + ߙ)ݍ −  (ߚ

By applying integral identity defined in (2.59) to (3.48), then the ABER for the combiner can 

be defined as: 

ܧܲܣ  ௌܲெିெோ஼ =
1

2ேೝାଵߨ෍൬ ௥ܰ
ݍ ൰෍ K௚( ௥ܰ − (ݍ,ݍ ൬

ߛ̅
8൰

ିటଶ
ܤ ൬

1
2 ,
߰ + 1

2 ൰	
ஶ

௚ୀ଴

ேೝ

௤ୀ଴

 (3.49) 

where (ݕ,ݔ)ܤ is the Beta function [205].  

Finally, the ABER for the system is therefore obtained by substituting equation (3.49) into 

(3.10) and is obtained as: 

ௌெିெோ஼ܴܧܤܣ  ≤
( ௧ܰܯ)ିଵ

2ேೝାଵߨlogଶ( ௧ܰܯ)෍෍ ෍ ෍ ෍ܰ൫݇, ෠݇൯ ൬ ௥ܰ
ݍ ൰

ேೝ

௤ୀ଴

ெ

	௞෡ୀ௞ାଵ

ே೟

௟	෡ୀ௟ାଵ

ெ

௞ୀଵ

ே೟

௟ୀଵ

 

× ෍቎K௚( ௥ܰ − (ݍ,ݍ ൬
ߛ̅
8൰

ିటଶ
ܤ ൬

1
2 ,
߰ + 1

2 ൰቏
ஶ

௚ୀ଴

 

(3.50) 

Since (3.50) is in the form of power series expansion, it will be good to truncate the 

expression to finite number of terms ܮ by eliminating the infinite term after the ܮ + 1 term in 

(3.50).Thus, to eliminate the error resulting in series error expansion, the truncation error is 

expressed as: 
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௅ߝ =
( ௧ܰܯ)ିଵ

2ே௥ାଵߨlogଶ( ௧ܰܯ)෍෍ ෍ ෍ ෍ܰ൫݇, ෠݇൯ ൬ ௥ܰ
ݍ ൰

ேೝ

௤ୀ଴

ெ

	௞෡ୀ௞ାଵ

ே೟

௟	෡ୀ௟ାଵ

ெ

௞ୀଵ

ே೟

௟ୀଵ

 

× ෍ ቌඨ(ߚ,ߙ,ݍ)௚ݑ
8
ߛ̅
ቍ

௚
ஶ

௚ୀ௅ାଵ

 

(3.51) 

where 

 
(ߚ,ߙ,ݍ)௚ݑ = K௚( ௥ܰ − ,ݍ ቆܤ(ݍ

1
2 ,
݃ + ௥ܰߚ + ߙ)ݍ − (ߚ + 1

2 ቇቌඨ
8
ߛ̅
ቍ

ேೝఉା௤(ఈିఉ)

 (3.52) 

Using the Taylor series expansion of	ݔ௡/	(1 −  then, the summation term in (3.51) can be ,(ݔ

simplified, and the upper bound of the truncation error can be obtained as: 

௅ߝ =
√8( ௧ܰܯ)ିଵ

2ேೝାଵߨlogଶ( ௧ܰܯ) ൫ඥ̅ߛ − 1൯൫ඥ̅ߛ൯
௅෍෍ ෍ ෍ ෍ܰ൫݇, ෠݇൯

ேೝ

௤ୀ଴

ெ

	௞෡ୀ௞ାଵ

ே೟

௟	෡ୀ௟ାଵ

ெ

௞ୀଵ

ே೟

௟ୀଵ

 

× ൬ ௥ܰ
ݍ ൰max

௚வ௅
 {(ߚ,ߙ,ݍ)௅ݑ}

(3.53) 

After examining the first term in (3.52), it was discovered that ݑ௚(ߚ,ߙ,ݍ) approaches zero 

when ݃	tends to infinity, and thus shows that truncation error	ߝ௅	reduces with increasing in	ܮ. 

3.4.2 Uncoded FSO-SM System with Equal Gain Combiner 

When EGC is employed for the system, the average PEP for the FSO-SM-EGC system can 

be obtained by using the PEP defined in (3.30) as: 

ܧܲܣ  ௌܲெିாீ஼ ≜
1
නߨ ൤Φீ ൬−

ߛ̅
௥ܰ8݊݅ݏଶߠ൰൨݀ߠ	

గ
ଶ

଴
 (3.54) 

In order to determine the MGF of random variable ܩ in (3.54), letting	ܩ = (∑ ௠|ே௥ߙ|
௠ୀଵ )ଶ, 

ܻ = ܷ		 and	௠|ߙ| = ∑ ௠|ே௥ߙ|
௠ୀଵ , then the MGF of random variable ܻ can be defined as: 

 Φ௒(ݏ) = Ε[exp	(−ܻݏ)] = න ݁ି௦௒ ௒݂(ܻ)ܻ݀
ஶ

଴
 (3.55) 

Substituting (2.53) into (3.55), then the MGF of ܻ can be obtained as: 
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Φ௒(ݏ) =
1
2෍ൣ݉௚(ߚ,ߙ)Γ(݃ + ௚ାఉି(ݏ−)(ߚ + ݉௚(ߙ,ߚ)Γ(݃ + 		௚ାఈ൧ି(ݏ−)(ߙ

ஶ

௚ୀ଴

 (3.56) 

Then, the sum of the Gamma-Gamma distribution for the EGC random variable ܷ is derived 

by binomial expansion as follows: 

															Φ௎(ݏ) = [Φ௒(ݏ)]ே௥ 

≜ ෍൬ ௥ܰ
ݍ ൰ ൦ቌ෍݉௚(ߚ,ߙ)Γ(݃ + ௚ାఉି(ݏ−)(ߚ

ஶ

௚ୀ଴

ቍ

ேೝି௤ே௥

௤ୀ଴

 

× ቌ෍݉௚(ߙ,ߚ)Γ(݃ + ௚ାఈି(ݏ−)(ߙ
ஶ

௚ୀ଴

ቍ

௤

቏ 

(3.57) 

Thus, the PDF of random variable ܷ can be obtained by the inverse Laplace transform as: 

 
௎݂(ܷ) = ෍൬ ௥ܰ

ݍ ൰෍
Λ௚(ߚ,ߙ, ௥ܰ − ,ݍ (ݍ

Γ൫݃ + ௥ܰߚ + ߚ)ݍ − ൯(ߙ

ஶ

௚ୀ଴

ேೝ

௤ୀ଴

ܷனିଵ	 (3.58) 

where  

߱ = 	݃ + ௥ܰߚ + ߚ)ݍ −  and , (ߙ

Λ௚(ߚ,ߙ, ௥ܰ − (ݍ,ݍ = ൣ݉௚(ߚ,ߙ)Γ(݃ + ൧(ߚ
ேೝି௤ ∗ ൣ݉௚(ߙ,ߚ)Γ(݃+ ൧(ߙ

௤
								 

Integrate (3.58) with respect to ܷ and substitute for	ܩ = ܷଶ, thereafter differentiate with 

respect to G. Hence, the PDF of ܩ is expressed as: 

 ݂ீ (ܩ) =
1
2෍൬ ௥ܰ

ݍ ൰෍
Λ௚(ߚ,ߙ, ௥ܰ − (ݍ,ݍ

Γ൫݃ + ௥ܰߚ + ߚ)ݍ − ൯(ߙ

ஶ

௚ୀ଴

ேೝ

௤ୀ଴

ܷ
ఠ
ଶିଵ		 (3.59) 

 By using binomial expansion, the MGF of G can be obtained as: 

Φீ(ݏ) =
1
2෍൬ ௥ܰ

ݍ ൰෍
Λ௚(ߚ,ߙ, ௥ܰ − ,ݍ Γ(ݍ ቀ1

2ൗ ൫݃ + ௥ܰߚ + ߚ)ݍ − ൯ቁ(ߙ

Γ൫݃ + ௥ܰߚ + ߚ)ݍ − ൯(ߙ

ஶ

௚ୀ଴

ேೝ

௤ୀ଴

ି(ݏ−)
ఠ
ଶ  (3.60) 

Therefore, the average PEP for the system defined in (3.54) can be expressed as: 
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ܧܲܣ ௌܲெିாீ஼ =
1
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(3.61) 

Finally, the ABER for the FSO-SM-EGC can thus be obtained by substituting (3.61) into 

(3.10) as: 

ௌெିாீ஼ܴܧܤܣ  ≤
( ௧ܰܯ)ିଵ

)logଶߨ2 ௧ܰܯ)෍෍ ෍ ෍ ෍ܰ൫݇, ෠݇൯ ൬ ௥ܰ
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(3.62) 

It can be deduced that (3.62) is in form of infinite series and to evaluate the truncation error 

caused by eliminating the infinite term after the ܮ + 1 term in ABER expression, the 

truncation error can thus be defined as: 

௅ߝ =
( ௧ܰܯ)ିଵ

)logଶߨ2 ௧ܰܯ)෍෍ ෍ ෍ ෍ܰ൫݇, ෠݇൯ ൬ ௥ܰ
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௤ୀ଴

ெ

	௞෡ୀ௞ାଵ
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 (3.63) 

where 

 
௚ܸ(ߚ,ߙ,ݍ) =

Λ௚(ߚ,ߙ, ௥ܰ − (2/ݓ)Γ(ݍ,ݍ
Γ(ݓ) ܤ ൬

1
2 ,
ݓ
2൰

ቌඨ
8 ௥ܰ
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ቍ

ேೝఉା௤(ఈିఉ)

 (3.64) 

Therefore, the summation term in (3.63) can be simplified by using the Taylor series 

expansion of		ݔ௡/	(1 −  :and the upper bound of truncation error can then be obtained as (ݔ
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× ൬ ௥ܰ
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௚வ௅
൛ ௚ܸ(ߚ,ߙ,ݍ)ൟ 

(3.65) 

After examining the first term in (3.64), it was noted that ௚ܸ(ߚ,ߙ,ݍ) approaches zero when 

݃	tends to infinity, thus the truncation error reduces with increasing in index		ܮ. 

3.4.3 Hard-Coded Technique for Enhancing the Proposed System 

In this study, the performance of the systems under the influence of Gamma-Gamma 

atmospheric turbulence is further enhanced by a convolutional coding technique. 

Convolutional code was first introduced by Peter Elias as one of the error controlling codes 

alternative to block code for transmission in 1955 [214]. It processes sequence of input bit 

stream as well as data block in short block lengths. Convolutional encoder for encoding the 

codes can be considered as a finite state machine with given number of shift register stages 

and exclusive-OR gates network. It is often denoted as (݊,݇,ܯ) with ݇ indicates the number 

of input bits shifted into the encoder at a time, ݊ is the number of encoder output bit 

corresponding to the ݇ information bit, and ܯ is the constraint length (i.e encoder memory). 

The rate of the convolutional encoder is a measure of the coding efficiency and can thus be 

expressed as		݇/݊; and the corresponding output bits stream has the length of 	݊(ܯ +

݇)	successive bits [215, 216]. On the other hand, convolutional decoding involves the process 

of searching for the best path that an encoder has traversed. Therefore, Viterbi decoder is the 

most common efficient decoding technique for the convolutional codes. It employs maximum 

likelihood decoding algorithm which examining all code sequence or code path through 

trellis and select the one that gives the largest likelihood function or smallest hamming 

distance [217]. This process starts from an initial state and attempts to determine the 

maximum likelihood function for each possible path remerging at a specific state (node). In 

each state, it compares the maximum likelihood (metric) of different paths arriving at that 

state, preserves the path with the largest metric and discards the rest. This path is called the 

survivor. The surviving path is stored at each node level together with its metric. The 

algorithm proceeds through the trellis in an iterative manner and maintains a relatively small 

list of paths that are always guaranteed to contain the maximum likelihood path [218]. 

Consequently, a rate ½ encoder of octal representation (5, 7), constraint length of 3 and a free 

distance of 5 as reported in [214] is employed in this study. Firstly, the input data are 
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encoded, and then interleaved by a random block interleaver before transmitting via the 

optical channel by using the established spatial modulation in section 3.1. At the receiving 

end, (3.8) is used to retrieve and estimate the transmitted bits and the deinterleaved by the 

random deinterleaver. The ABER for this coded FSO-SM-SD system can be obtained as 

[219]: 

ௌெି஼௢ௗ௘ௗܴܧܤܣ  ≤ ෍
1
݇ 				௥ܼ௥ܯ

ஶ

௥ୀௗ೑ೝ೐೐

 (3.66) 

where ݀௙௥௘௘		is the minimum rate free distance of rate ݇/݊	convolutional code, ݎ is the 

Hamming distance, ܯ௥ is the weighting coefficient and ܼ௥	is given as: 

 

ܼ௥ =

⎩
⎪⎪
⎨

⎪⎪
⎧ ෍ ቀ݁ݎቁ ݌

௘(1 − ௥ି௘(݌
௥

௘ୀ௥ାଵଶ

																																																														 , ݀݀݋	ݎ

1
2 ൬

ݎ
2൰/ݎ ݌

௥
ଶൗ (1 − ௥(݌ ଶൗ + ෍ ቀ݁ݎቁ ݌

௘(1 − ௥ି௘(݌ 															, ݊݁ݒ݁	ݎ
௥

௘ୀ௥ଶାଵ

							 (3.67) 

where ݌ is the ABER derived in equation (3.50) and (3.62) for uncoded SM-MRC and SM-

EGC respectively. 

3.4.4 Numerical Results and Discussions 

In this section, the numerical results for ABER performance of coded and uncoded FSO-SM-

SD system over the Gamma-Gamma atmospheric turbulence channel are presented. This is 

carried out by using the derived expression obtained with respect to equations (3.50), (3.62) 

and (3.66). It must be noted that the approximate error rate is obtained by eliminating infinite 

terms after the first ܮ + 1 term in the series equations (3.50) and (3.62). The analysis is based 

on the influence of the following parameters such as laser wavelength	ߣ = 1550	݊݉, index 

of refractive structure parameter of	ܥ௡ = 3 × 10ିଵସ	݉ଶ/ଷ. In all the simulation, the value 

of		ܮ = 50 and the channel atmospheric turbulence levels is considered to be weak	(ߙ =

ߚ,3.78 = 3.74), moderate (ߙ = ߚ,2.50 = 2.06) and strong	(ߙ = ߚ,2.04 = 1.10).  

Figure 3.8 shows the system performance as a function of average SNR for a link range of 

3000	݉ which is equivalent to	(ߙ = ߚ,4.15 = 1.41). It is confirmed from the result that the 

increase in the number of PD at the receiving end efficiently reduces the system error that 

occurs as a result of turbulence fading. It is also evident that MRC technique offers the best 
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performance as compared to EGC having a relatively close result. At an ABER of 10ିଵସ	for 

instant, only approximately 1	݀ܤ of average SNR is required for EGC to achieve the same 

MRC performance. However, the practical implementation of MRC is more complex than the 

EGC due to the fact that it requires channel knowledge on each link. In consequence, it is 

practically recommended to employ SM-EGC since it almost offers the same performance as 

MRC at a lower receiver complexity.  

Moreover, the performance comparison between SM-MRC and SM-EGC systems with SISO 

system under different atmospheric turbulence conditions such as weak, moderate and strong 

levels is reported in Figure 3.9 where two PDs are considered at the receiving end. At an 

average SNR of		35	݀ܤ, when the turbulence is strong, the SM-MRC system has an ABER 

of	10ି଺, while the SISO system achieves an error of	10ିସ. As expected, the increase in 

turbulence from weak to strong significantly increases the system error rate. It can be 

confirmed also from the result that MRC combiner outperformed other two systems since it 

maximizes the output SNR of the combined signal, although with little margin in the case of 

EGC combiner. Thus, the result proved that the use of combiner with more than one PD at 

the receiving end improves the system performance by reducing the error rate of the 

transmitting signal. In addition, Figure 3.9 also confirms that there is precise agreement 

between the derived series analytical expressions given in (3.50) and (3.62).and the exact 

ABER obtained by numerical integration through Monte-Carlo simulation and this therefore 

validates the accuracy of the derived series expressions. 

Furthermore, the average BER for the system as a function of link range is presented in the 

Figure 3.10. The result is computed by considering the link range of using different PD 

configurations for MRC and EGC combiners at an average		ܴܵܰ =  Thus, it clearly .ܤ݀	40

shows that the system performance deteriorates with an increase in link range. At an average 

link range of	5000	݉, it is observed that there is no significant change in error despite the 

fact that the link increases as the turbulence strength becomes saturated. However, it is 

evident that the increase in the number of PDs substantially improves the system error 

performance and thus, SM-MRC system still offers a better ABER performance than the 

EGC system irrespective of the link range.  
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Figure 3.8: ABER of FSO-SM-SD system for various number of receive PDs 
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Figure 3.9: Performance comparison of FSO-SM-SD and SISO system under different 

turbulence levels 
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Figure 3.10: Performance of FSO-SM-SD under different link ranges 

 

In Figure 3.11, the effect of increase in SI on the system performance is investigated. The 

result confirms that as the magnitude of scintillation increases, the system error rate also 

increases. However, it is noticed here that the performances of SM-MRC and SM-EGC 

systems do not change significantly by the increase in SI. This shows that the Gamma-

Gamma random variable of the channel distribution varies in accordance with the original 

channel distribution. As a result of this, scintillation only has little effect on the system 

performance even when the number of PD at the receiving end is varied as it is demonstrated 

in Figure 3.12 for the SM-EGC system. For instance, it can be deduced from Figure 3.12 that 

at an average ܴܵܰ = ܫܵ	and ܤ݀	30	 = 2.3, the system with ௥ܰ = 2 yields an approximate 

error of 10ି଺ while when ௥ܰ = 4 offers an approximate error rate of	10ିଵ଴. It therefore 

shows that the FSO-SM-SD system has a degree of robustness against the variations in 

channel turbulence effect especially in the case of scintillation. 
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Figure 3.11: Impact of scintillation index on the FSO-SM-SD performance. 
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Figure 3.12: Effect on the scintillation index of the EGC-SM 
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Figure 3.13 presents the comparative studies of FSO-SM-SD with other systems that employ 

spatial diversity techniques. The two examined systems are SIM-MRC-BPSK and SIM-EGC-

DPSK. The comparative studies are done under the condition of ௥ܰ = 4 or ௥ܰ = 2 as the 

receive photo-detectors. It can be seen that the proposed SM-MRC-BPSK offers a better error 

rate performance than SIM-MRC-BPSK and SIM-EGC-DPSK. For example, to achieve a bit 

error of 10ିହ	with four transmit lasers, the SM-MRC-BPSK requires an average SNR of 

 ܤ݀	and 32 ܤ݀	compared with SIM-MRC-BPSK and SIM-EGC-DPSK that require 25 ܤ݀	19

respectively. This generally shows that SM-MRC-BPSK outperforms the other systems even 

when considering two PDs at the receiving end.  

The performance comparison between the uncoded SM-SD system and coded SM-SD system 

under the strong atmospheric turbulence condition is presented in Figure 3.14. This shows the 

effect of convolutional coding technique as it enhances the system performance and four 

receive PDs are considered at the receiving end. It can be depicted from the result that coding 

scheme significantly improves the systems performance for both SM-MRC and SM-EGC. 

The technique enhances the performance of SM-MRC system by about 20	݀ܤ while for that 

SM-EGC system by about	17	݀ܤ. Therefore, this illustrates the advantage of using coding 

technique for the proposed system.  
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Figure 3.13: Performance comparison of SM-MRC-BPSK with SIM-MRC-BPSK and SIM-

EGC-DPSK. 
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Figure 3.14: Performance comparison between uncoded and coded FSO-SM-SD with four 

PDs 

3.5 Impact of Combined Effects of Atmospheric Turbulence and Pointing Error 

Impairments on the Performance of Optical Spatial Modulation FSO System 

In this section, the report presents the performance error rate of an FSO-SM system under the 

influence of combined effect of Gamma-Gamma atmospheric turbulence and pointing error. 

Figure 3.1 is employed as the proposed system model except that a general received diversity 

is considered at the receiving end.  

3.5.1 Statistical Characteristics for the Composite Channel 

Since FSO systems is prone to both the effect of Gamma-Gamma atmospheric turbulence 

fading and pointing error impairments, the channel gain ℎ௟ at an instance is defined as the 

product of two random variables; that is,		ℎ௟ = ℎ௟
(௔)ℎ௟

(௣), where ℎ௟
(௔) is the atmospheric 

turbulence attenuation and ℎ௟
(௣) is the attenuation due to geometric spread and pointing error. 

Thus, the PDF of the Gamma-Gamma distribution is given in (2.20) as: 
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ఈାఉ
ଶ
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ఈାఉ
ଶ ିଵ

ఈିఉܭ ቆ2ටߚߙℎ௟
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(௔)௚ାఉିଵ + ௚݉(ߙ,ߚ)ℎ௟

(௔)௚ାఈିଵ൨
ஶ

௚ୀ଴

 

(3.68) 

Regarding the statistical distribution for the pointing error, the model defined in [50] where 

the beam waist, jitter variance and detector size were considered is employed in this study 

and the PDF for the pointing error is defined as: 

ு݂ቀℎ௟
(௣)ቁ =

ଶߦ

௢ܣ
కమ ℎ௟

(௣)క
మିଵ

,										0 ≤ ℎ௟
(௣) ≤  ௢ (3.69)ܣ

where ߦ =   is the ratio between the equivalent beam waist at the receiver and the	௦ߪ௭௘௤/2ݓ

pointing error displacement standard derivative (jitter) at the receive end, ݓ௭௘௤ =

(ݒ)erfߨ√௘ටݓ ݒ , (ଶݒ−)݌ݔ݁ݒ2/ = ௢ܣ ,௘ݓ2√/ݎߨ√ = [erf	(ݒ)]ଶ is the fraction of power 

collected at radical distance zero and erf	(. ) is the error function. 

Thus, the PDF of the combined channel effect is obtained as [50]: 

ு݂(ℎ௟) = 	න ு݂ቀℎ௟
(௔)ቁ ௛݂(ℎ௔)݂௛೗ቚ௛೗(ೌ) ቀℎ௟ቚℎ௟

(௔)ቁ݀ℎ௟
(௔)

ஶ

௛/஺೚
 (3.70) 

where ݂௛೗ቚ௛೗
(ೌ) ቀℎ௟ቚℎ௟

(௔)ቁ is the conditional probability given a distribution state ℎ௟
(௔) and can 

be expressed as: 

݂௛೗ቚ௛೗(ೌ) ቀℎ௟ቚℎ௟
(௔)ቁ =

ଶߦ

௢కܣ
మℎ௟

(௔) ൭
ℎ௟
ℎ௟

(௔)൱
కమିଵ

 (3.71) 

Putting (3.68), (3.71) into (3.70), then the composite PDF can be expressed as: 
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(3.72) 



 

84 
 

With the used of the identity ߨ sin	(ݒߨ)ൗ = Γ(ݒ)Γ(1 − ,ߚ,ߙ)ܥ	and (ݒ (ߦ = కమ୻(ఈିఉ)୻(ଵିఈାఉ)
୻(ఈ)୻(ఉ)

, 

then the composite PDF for the combined channel impairments can be rewritten as: 

ு݂(ℎ௟) = ,ߚ,ߙ)ܥ ෍቎(ߦ
௚ାఉ(ߚߙ) ௚ܷ(ߚ)ℎ௟

(௔)௚ାఉିଵ
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቏

ஶ
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	 (3.73) 

where 

௚ܷ(ݔ) = න ݃)]݌ݔ݁ + ݔ − ݐ݀[ݐ(ଶߦ
ஶ

଴

 

3.5.2 Performance Analysis  

In determining the ABER for the system; the parameter	ߦଶ is assumed to be greater than	ߙ 

and the pairwise error probability for the system is defined by following (3.11) as: 

൫ܲܧܲ ௟ܺ,௞ → ܺ௟,෡௞෠൯ = ܧ ቎ܳ ቌඨ
ߛ̅
4ܼ

ቍ቏		 (3.74) 

By letting the difference channel gain be defined as	߰௠ = ℎ௟ݔ௤ − ℎ௟መݔ௤ො  which is assumed to 

be i.i.d, then 	ܼ becomes ܼ = ∑ |߰௠|ଶேೝ
௠ୀଵ  

By using MGF approach and the Q-function formulated by Craig 

as	ܳ(ݔ) = ଵ
గ ∫ ݌ݔ݁ ቀ− ௫మ

ଶ௦௜௡మఏ
ቁ గߠ݀

଴ , the APEP for the system can then be derived as: 

ܧܲܣ ௌܲெ ≜
1
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൰൨ߠଶ݊݅ݏ8 		ߠ݀

ேೝ

௠ୀଵ

గ/ଶ

଴
 (3.75) 

Then, the analytical expression for the MGF of |߰௠|ଶ Gamma-Gamma random variable can 

be obtained as: 

(ݏ)ట೘|మ|ܯ         = Ε[݁݌ݔ(−ݏ|߰௠|ଶ)] 

≜
ଶߦ

2 ෍൦
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(3.76) 
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Thus, (3.75) becomes: 
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where  
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௢ܣ
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(3.78) 

It is observed that the integral in ௚ܷ(ݔ) does not converge when		ߦଶ < ݃ +  and (3.78) only ݔ

converges to zero when	݃ = 0. Therefore, (3.78) can be approximated to a finite series which 

can be obtained by using the integral identity defined in (2.59) as: 
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(3.79) 

where ܴ = ଶߦ⌋ − .⌋ and ⌊ߙ ⌋ is the floor operation. 

Finally, by substituting (3.79) into (3.10), the 	ܴܧܤܣௌெ is derived as: 
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(3.80) 

In order to enhance the performance of the system against the combined channel 

impairments, then, convolutional coding technique is introduced by substituting (3.80) into 

(3.66). 

3.5.3 Numerical Results and Discussions 

In this section, the numerical performance results of FSO-SM system over the Gamma-

Gamma atmospheric turbulence with misalignment effect are presented. The following 

system parameters are considered by setting normalized jitter standard deviation	ߪ௦	 = 1, 

noise standard deviation	ߪ௡	 = 	10ି଻ݖܪܣ, and the lasers wavelength to be	1550	݊݉. 

According to strong turbulence condition, the structural parameter is fixed to be		3 ×

10ିଵସ	݉ଶ/ଷ. Also, the number of transmit laser is set to be two and the system is subjected to 

strong atmospheric turbulence with parameters ߙ = 2.04	and ߚ = 1.10 in all the simulations. 

For the coded FSO-SM system under the combined influence of turbulence and pointing error 

effect, a rate ½ encoder of octal representation	(5, 7), constraint length of 3 and a free 

distance of 5 is employed as it is stated in (3.66). 

Figure 3.15 shows the effect of normalized beam waist on the system performance under the 

strong atmospheric turbulence condition for different receive PD configurations. It can be 

deduced that in both configurations, a narrow beam waist offers the system a better ABER 

performance due to increase in the received signal power. However, the use of narrow beam 

waist is highly prone to misalignment effect and this may result in loss of LOS which can halt 

the system link and reduce its reliability. Moreover, the result shows that the received 

diversity technique prevents this effect of misalignment in LOS as the number of receive PD 

increases, but still the system error performance deteriorates even with increase in beam 

waists.  

Also, the performance of the SM system as a function of link range at a selected normalized 

beam waist of 10 with the unity pointing jitter is illustrated in Figure 3.16. The result shows 
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that as the link range increases, the system error increases and more power is required to 

achieve a minimum ABER. For instance, to achieve an error rate of 10ି଺ with ௥ܰ = 2 at a 

link range of 3000	݉ and	4000	݉, a transmitted power of 2	݀݉ܤ to 4	݀݉ܤ is required 

respectively. Thus, at any link range, the error performance of FSO-SM system can be 

substantially improved with lower transmitted power by increasing the receive PD. For 

example, when the receiver is equipped with two PDs, a high transmitted power of 2	݀݉ܤ 

will achieve an error rate of 1.7 × 10ି଼ at a link range of 3000	݉ compared to a lower error 

rate of 5.7 × 10ିଵଶ achieved when the PD is four.  

The effect of scintillation index on the system error performance for an FSO-SM system with 

	 ௥ܰ	 = 2 and		ݓ௘/ݎ = 10 is reported in Figure 3.17. It is evident here that the increase in 

scintillation index drastically increases the system ABER and more power is needed to 

achieve a minimum system error. However, the increase in the number of PD at the receiving 

end can therefore substantially be used to mitigate this scintillation effect as can be seen in 

Figure 3.18 with ௥ܰ = 4	configuration. It can be depicted from the result that the system error 

reduces when compared with configuration ௥ܰ = 2	 under the same scintillation indices and 

the required transmitted power drastically reduced. For instance, at a strong scintillation 

index of	2.9, it requires a low power of −6	݀݉ܤ	to achieve an error rate of 1.8 × 10ି଼ with 

௥ܰ = 4	 configuration as compared to a configuration of ௥ܰ = 2	that needs a high power of 

 .to achieve the same ABER ݉ܤ8݀

Figure 3.19 indicates how the increase in link range greatly affects the system performance 

for different normalized beam waists at power of	15	݀݉ܤ. As expected, it is clearly 

highlighted that the longer the link range, the more the error rate for the system for any beam 

waist used at the transmitter. Thus, the use of more PD at the receiving end significantly 

improves the system error rate. For example, at a link range of 4000	݉ when transmitter 

normalized beam waist is 10, the use of four PDs approximately reduce the system error by a 

difference of	10ି଺.  
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Figure 3.15: Performance of the SM under different normalized beam waist 
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Figure 3.16: ABER vs transmitted optical power for various values of link range 
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Figure 3.17: Scintillation index effect on the FSO-SM system at ௥ܰ = 2	configuration 
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Figure 3.18: Impart of SI on FSO-SM under different MIMO configuration 
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Figure 3.19: Error rate performance of the FSO-SM-SD over link ranges 

 

The performance of convolutional coding technique on the ABER of FSO-SM system is 

presented in Figure 3.20. The system is considered with two PDs at the receiving end and 

subjected to the same atmospheric condition. It is clearly illustrated here that coding 

technique significantly enhances the system performance for any transmitted normalized 

beam waist without requiring much optical power to achieve a minimum error rate compared 

with uncoded system. For instance, when considering a normalized beam waist of 5, it 

requires a power of 2.5	݀݉ܤ to achieve a minimum ABER of 10ିଵସ for coded system 

compared to a power of 10	݀݉ܤ that is required to achieve a minimum error rate of 10ି଺	for 

the uncoded system.  
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Figure 3.20: Performance of convolutional coded SM system 

 

3.6 Chapter Summary  

In this chapter, error performance analysis for FSO-SM communication systems under the 

lognormal, Gamma-Gamma distributions and pointing error were presented. The error 

analysis under the influence of Gamma-Gamma turbulence was based on infinite power 

series approach. It was demonstrated that the ABER of the proposed system under the 

influence of both distributions can be greatly improved with the aid of spatial diversity 

techniques such as MRC, EGC and SC. The framework revealed the effect of atmospheric 

turbulence levels, link range and SI on the overall system performance. Under the same 

propagation conditions, it was deduced that MRC combiner outperforms other diversity 

schemes with a tradeoff of system complexity as the number of receive PD increases. Also, 

the study proved that the longer the link range, the stronger atmospheric turbulence has 

severity effect on the system performance, and the influence of PD configurations on this 

effect has been identified. The result also demonstrated the performance comparison between 

the proposed systems and other conventional systems that employ diversity combiner and the 
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proposed systems offered the best performance among all of them. Furthermore, the 

performance of the proposed system over Gamma-Gamma channel was enhanced by 

employing convolutional coding technique and MRC scheme yielded the best error 

performance over the EGC scheme. In addition, the performance analysis of optical spatial 

modulation FSO system under the combined effect of misalignment and Gamma-Gamma 

turbulence fading was also analyzed. The derived ABER for this system was also based on 

power series expansion. The result revealed that the narrow beam waist offers the system a 

better performance than the wide beam waist. Therefore, an increase in the transmitter beam 

waist strongly affects the system error rate with higher transmitter optical power, but improve 

the system robustness against loss of LOS due to misalignment. 
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CHAPTER FOUR 

Relay Assisted Dual-Hop Heterodyne Free Space Optical Spatial Modulation System 

with Diversity Combining over Induced Fading Channel 

In this chapter, the performance analysis of relay-assisted dual-hop heterodyne FSO-SM 

systems in-conjunction with diversity combiners over a Gamma-Gamma atmospheric 

turbulence channel is presented. DF relay and AF relay protocols are considered for the 

proposed system. Under DF dual-hop FSO system, power series expansion of modified 

Bessel function is used to obtain the closed-form expressions for the end-to-end APEP for 

each of the combiners under study over Gamma-Gamma channel and a tight upper bound on 

the ABER per hop is given. Thus, the overall end-to-end ABER for the dual-hop FSO system 

is then evaluated. Thus, it is confirmed that the dual-hop transmission systems outperformed 

the direct link systems and the combination of dual-hop transmission with spatial modulation 

and diversity combiner significantly improves the systems error rate. Under AF dual-hop 

FSO system, the statistical characteristics of AF relay in terms of MGF, PDF and CDF are 

derived for the combined Gamma-Gamma turbulence and/or pointing error distributions 

channel. Based on these expressions, the APEP for each of the under study combiner is 

determined in terms of Meijer-G function and the ABER for the system is given by using 

union bounding technique. By utilizing the derived ABER expressions, the effective capacity 

for the considered system is then obtained. The effect of turbulence strength ranging from 

weak to strong levels and pointing errors in terms of beam width and jitter displacement are 

studied. 

4.1 Optical Spatial Modulation with Diversity Combiner in Dual-Hop Decode-and-

Forward Relay Systems over Atmospheric Turbulence 

In this section, the performance analysis of DF dual-hop FSO systems in-conjunction with 

optical SM and diversity combiners over a Gamma-Gamma atmospheric turbulence channel 

using heterodyne detection is presented. MRC, EGC and SC are considered at the relay and 

destination as mitigation tools to improve the system error performance. 

4.1.1 System Model 

In this study, dual-hop heterodyne FSO relaying system consisting of a Source (S), Relay (R) 

and Destination (D) is considered and illustrated in Figure 4.1. A comprehensive description 
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of each unit is shown in Figure 4.1 (a), (b) and (c). Since optical SM is considered for the 

transmission, the scheme requires that the transmitter should have more than one laser. In this 

case, source and relay systems are considered as transmitting node, that is, ݉ ∈ {ܵ,ܴ}, and at 

the same time provided with ௧ܰ
௠ transmit lasers in which only one is active at any 

transmitting instant to convey SM signals. Also, the relay and the destination are regarded as 

receiving nodes that is ݇ ∈ and equipped with ௥ܰ	{ܦ,ܴ}
௞  receive photo-detector 

diodes	( ௥ܰ
௞ ≥ 1) for heterodyne detection. In this system, the transmission of SM signal 

occurs in two phases. In the first phase, a block of ܤ		bits that is, ܤ = )ଶ݃݋݈ ௧ܰ
௦ܯ) is mapped 

into a constellation vector ܺ = ଷݔ,ଶݔ,ଵݔൣ … . ே೟ೞ൧ݔ.
்
 at the source and ܯ is the constellation 

size. The first group of these bits ݈݃݋ଶ( ௧ܰ
௦) is used to identify the active transmit laser 

index	݈௧௛, while the remaining ݈݃݋ଶ(ܯ) bits are employed to indicate the BPSK modulation 

symbol ݔ௣ from the ݌௧௛	 signal constellation generated by the March-Zehnder Modulator 

(MZM) for the transmission. At an instant, the information bits are modulated on the electric 

field of an optical beam as ݔ௣௦exp	(݆߶௫೛)  and are then emitted from the active transmit-laser 

index ݈ over the ௥ܰ
௞ × ௧ܰ

௠ 	MIMO atmospheric turbulence channel defined as [90]:  

(ݐ)௠௞ܪ	 = ൣℎଵ,ℎଶ , . . . ,ℎே೟൧		                                                                          

																≜

⎣
⎢
⎢
⎡ ℎଵଵ(ݐ)exp	(݆߶ଵଵ) ℎଵଶ(ݐ)exp	(݆߶ଵଶ) ⋯ ℎଵே೟(ݐ)exp	(݆߶ଵே೟)
ℎଶଵ(ݐ)exp	(݆߶ଶଵ) ℎଶଶ(ݐ)exp	(݆߶ଶଶ) ⋯ ℎଶே೟(ݐ)exp	(݆߶ଶே೟)

⋮
ℎேೝଵ(ݐ)exp	(݆߶ேೝଵ)

⋮
ℎேೝଶ(ݐ)exp	(݆߶ேೝଶ)

⋮
… ℎேೝே೟(ݐ)exp	(݆߶ேೝே೟)⎦

⎥
⎥
⎤
 

(4.1) 

where ℎ௟,௡௠ 	and ߶௟,௡௠  are the real positive fading gain and the phase of channel respectively 

between the ݈௧௛ 	activated transmit laser and the ݊௧௛ 	receiver aperture. Thus, the source 

transmits the SM signal during this phase over the optical channel as [168]: 

 
௟ܺ௣
௠ = ቎0	0	 ᇣᇧᇧᇧᇤᇧᇧᇧᇥ		(݆߶௫೛)	௣௠expݔ	⋯

௟೟೓	௟௔௦௘௥	௣௢௦௜௧௜௢௡

⋯ 	0	0቏

்

							 (4.2) 

At the relay, the incoming optical field is combined with the optical LO field and the process 

produces another optical field at intermediate frequency (߱ூி). The resulted field is then 

converted to electrical signal by the photo-detector. Due to slow nature of optical channel, the 

phase noise from the turbulence is then fully compensated with a carrier phase estimator 

circuit. Finally, the signals from each branch of the receiver are then combined using 
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diversity combiner and maximum-likelihood based optimum detection. This is used to 

retrieve the active transmit-laser index which result in estimating the sequence of data bit B 

emitted from the transmitter. 

In analyzing the aforementioned detection process, the received optical field ܧ௡(ݐ)	at the 

aperture plane of the relay photo-detector is obtained as the sum of transmitted optical field 

݁௦,௡(ݐ) from the source and the locally generated optical field ݁௅ை ,௡(ݐ) at the relay following 

the equation (2.6) as: 

             
(ݐ)௡ܧ	  = ݁௦ ,௡(ݐ) + ݁௅ை ,௡(ݐ) 

    ≜ 	ඥ2 ௧ܼܲ௢ݔ௣ௌℎ௟,௡ௌ ݏ݋ܿ ቀ߱௅ைݐ + ߶௟,௡ௌ + ߶௫೛ቁ + ඥ2 ௅ܲைܼ௢ܿݏ݋(߱௅ைݐ)   
(4.3) 

Thus, the generated photocurrent from the output of the photo-detector in response to the 

received mixed optical beam ܧ௡(ݐ)	can then be expressed, following the (2.7), as: 

 ݅௡(ݐ) = 	
ܴ
ܼ௢

ଶ[(ݐ)௡ܧ] + ݊ௌோ(ݐ) 

≜ ݅ோ,௡(ݐ) + ݊ௌோ(ݐ)     
(4.4) 

where ݊ௌோ	is the additive noise vector at the relay input which is modeled as AWGN and is 

assumed to be dominated by LO shot noise with zero-mean and variance ߪ௦௛௢௧,௅ை
ଶ =

௘ܴݍ2 ௅ܲைܤ௘, and ݅ோ ,௡(ݐ) is the information-carrying current at the relay which can be defined 

as: 

 ݅ோ,௡(ݐ) = ܴ ௧ܲหݔ௣ௌℎ௟,௡ௌ ห
ଶ

+ ܴ ௅ܲை + 2ܴඥ ௧ܲ ௅ܲைݔ௣ௌℎ௟ ,௡ௌ ݏ݋ܿ ቀ߱௅ைݐ − ߶௟ ,௡ௌ −߶௫೛ቁ 

																	≜ ݅஽஼,௡ + ݅஺஼,௡(ݐ)  
(4.5) 

where ݅஽஼,௡ = ܴ ቀ ௧ܲหݔ௣ௌℎ௟,௡ௌ ห
ଶ

+ ௅ܲைቁ is the DC component generated by the transmitted 

signal and the LO fields at the relay and ݅஺஼,௡(ݐ) ≜ 2ܴඥ ௧ܲ ௅ܲைݔ௣ௌℎ௟,௡ௌ ݏ݋ܿ ቀ߱௅ைݐ − ߶௟,௡ௌ −

߶௫೛ቁ is the received photocurrent which contains the information about the frequency and the 

phase of the received signal. Therefore, the SNR of the optical receiver can be defined as the 

ratio of the time-average AC photocurrent and the total noise. In view of equation (2.15), the 

SNR for the ݊௧௛ heterodyne receiver can be expressed as: 
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ு௘௧ߛ  =
ܴ ௧ܲหݔ௣ௌℎ௟,௡ௌ ห

ଶ

௘ܤ௘ݍ
 (4.6) 

Based on the		ߛு௘௧, the sufficient statistics at the ݊௧௛ heterodyne receiver at the relay can be 

modeled as [90, 140]: 

 
ௌோݕ = ඥߤௌோℎ௟,௡ௌ (݆߶௟,௡ௌ	௣ௌexpݔ + ݆߶௫೛) 	+ 	 ݊ௌோ(ݐ) 

                                    ≜ ඥߤௌோܪௌோ ௟ܺ௣
ௌ + 	 ݊ௌோ(ݐ)           

(4.7) 

where	ߤௌோ = ܴ ௧ܲ ∕  corresponds	௣ௌݔ	 ,is the average received SNR at the relay system		(݂∆௘ݍ)

to the SM signal transmitted over the optical channel from the transmitter. ܪௌோ  is the channel 

matrix between source and relay with dimension ௥ܰ
ோ × ௧ܰ

ௌ	whose elements are modeled as 

i.i.d with distribution ߪ,0)ܰܥௌோଶ ) which is defined in (4.1). 

During the second transmission phase, the relay node first combines the entire FSO radiation 

signal from the source during the first phase using MRC, EGC or SC; it then decodes the SM 

symbol, and re-transmits the decoded SM signal vector ௟ܺ௣
ோ  to the destination. At the 

destination, following the same heterodyne detection process at the relay, the received signal 

can be modeled as:  

 
ோ஽ݕ = ඥߤோ஽ℎ௟,௡ோ (݆߶௟	௣ோexpݔ ,௡ோ + ݆߶௫೛) 	+ 	 ݊ோ஽(ݐ) 

                              ≜ ோ஽ܪோ஽ߤ√ ௟ܺ௣
ோ + 	 ݊ோ஽(ݐ)              

(4.8) 

where ߤோ஽ is the average SNR at the destination and is assumed to be equal to		ߤௌோ, ܪோ஽  is 

the channel matrix between relay and destination with dimension ௥ܰ
஽ × ௧ܰ

ோ 	whose elements 

are modeled as IID with distribution ߪ,0)ܰܥோ஽ଶ )	and ݊ோ஽ is the additive noise vector at the 

input of the destination which is also assumed to be dominated by LO shot noise and is 

modeled as AWGN. 

In order to detect the SM signal vector ܺ௟௣௠ transmitted from the S-to-R and R-to-D 

respectively, after the signal has been combined by spatial diversity combiner, a jointly 

optimum ML detection is applied to estimate the transmit laser index 	 መ݈(௠) and the 

transmitted constellation symbol index ̂݌(௠) at the R and D following (2.36) as: 
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																										ൣ	 መ݈(௠)	, ൧(௠)̂݌	 = ݔܽ݉݃ݎܽ

	௟መ(೘)	,	௣ො(೘)
หݕ௒൫݌	 ௟ܺ௣

௠  ௠௞൯ܪ,

																																																≜ ݊݅݉݃ݎܽ
	௟መ(೘) 	,	௣ො(೘)

ඥߤ௠௞ฮℎ௟௠ݔ௣௠ฮி
ଶ
− 2ܴ݁൛ݕ௠௞

ு ℎ௟௠ݔ௣௠ൟ	 
(4.9) 
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Figure 4.1: Dual-hop relaying FSO system with SM and SD where PD: Photo-detector, LO: 

Local Oscillator, BC: Beam Combiner, DC: Down Converter, PC: Phase Compensator  
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Figure 4.1(a): Source Unit 
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Figure 4.1(b): Relay Unit 
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Figure 4.1(c): Destination Unit 
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4.1.2 Performance Analysis of End-to-End ABER 

The end-to-end bit error rate for the dual-hop FSO system over the independent channel 

SNRs is presented in this section. Hence, the overall bit error rate for the dual-hop system 

using DF relay protocol is a function of the individual average BER SM links and this can be 

expressed as [220]: 

 
௕ܲ
௢௩௘௥௔௟௟(ܧௌ஽) = ௕ܲ(ܧௌோ) + ௕ܲ(ܧோ஽) − 2 ௕ܲ(ܧௌோ) ௕ܲ(ܧோ஽) (4.10) 

where ௕ܲ(. ) is the ABER per hop with the energy ܧ௠௞ between the node ݉ and ݇ 

In order to determine the average BER per hop over the Gamma-Gamma atmospheric 

turbulence channel, union bounding technique is adopted following (3.10) and the ABER per 

hop can be defined as [171]: 

(௠௞ܧ)ௌெܴܧܤܣ ≤
( ௧ܰ

௠ܯ)ିଵ

logଶ( ௧ܰ
௠ܯ)෍෍ ෍ ෍ ,݌)ܰ ቀܲܧܲܣ(̂݌ ௟ܺ,௣

௠ → ௟ܺ,෡௣ො
௠ ቁ	

ெ

	௣ෝୀ௣ାଵ

ே೟
೘

௟	෡ୀ௟ାଵ

ெ

௣ୀଵ

ே೟
೘

௟ୀଵ

 (4.11) 

where ܰ(݌,  as the transmit unit	̂݌ instead of	݌ is the number of bit error when selecting	(̂݌

index 

4.1.2.1 Maximum Ratio Combiner 

The ܲܲܧቀ ௟ܺ,௣
௠ → ௟ܺ,෡௣ො

௠ ቁ for the MRC scheme can therefore be expressed by following the 

(3.15): 

 

ܧܲ ௌܲெିெோ஼ቀ ௟ܺ,௣
௠ → ௟ܺ,෡௣ො

௠ ௠௞ቁܪ| = ܳ

⎝

⎜
⎛ඩߤ௠௞

4 ෍|ߙ௡|ଶ		
ேೝೖ

௡ୀଵ

⎠

⎟
⎞

 (4.12) 

By applying a tight approximation for Gaussian Q-function obtained in [211] as	ܳ(ݔ) ≈
ଵ
ଵଶ

exp ቀ− ௫మ

ଶ
ቁ + ଵ

ସ
exp ቀ− ଶ௫మ

ଷ
ቁ	, equation (4.12) can be expressed as: 

ܧܲ ௌܲெିெோ஼ቀ ௟ܺ,௣
௠ → ௟ܺ,෡௣ො

௠ ௠௞ቁܪ| =
1

12 ݌ݔ݁
ቌ−

௠௞ߤ

8 ෍|ߙ௡|ଶ
ேೝೖ

௡ୀଵ

ቍ +
1
4 expቌ−

௠௞ߤ

6 ෍|ߙ௡|ଶ
ேೝೖ

௡ୀଵ

ቍ	 (4.13) 

If we let	ܻ =  :௡|ଶ, then the average PEP for the approximated MRC can be obtained asߙ|
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ܧܲܣ ௌܲெିெோ஼ =
1

12ෑන ݌ݔ݁ ቀ−
௠௞ߤ

8 ܻቁ ௒݂(ܻ)ܻ݀
ஶ

଴

ேೝೖ

௡ୀଵ

+
1
4ෑන ݌ݔ݁ ቀ−

௠௞ߤ

6 ܻቁ ௒݂(ܻ)ܻ݀
ஶ

଴

ேೝೖ

௡ୀଵ

 

																														≜
1

12ෑ
ቂܯ|ఈ೙|మ ቀ

௠௞ߤ

8
ቁቃ +

1
4

ேೝೖ

௡ୀଵ

ෑቂܯ|ఈ೙|మ ቀ
௠௞ߤ

6
ቁቃ

ேೝೖ

௡ୀଵ

		 
(4.14) 

where ܯ|ఈ೙|మ(. )	is the Moment Generating Function (MGF) of  |ߙ௡|ଶ	which can be obtained 

as: 

(ݏ)ఈ೙|మ|ܯ  = න ܻ݀(ܻ)ఈ೙|మ|݂(ܻݏ−)݌ݔ݁
ஶ

଴
 

														≜
1
2 ෍൤݉௚(ߚ,ߙ)Γ ൬

݃ + ߚ
2 ൰ (ݏ−)

௚ାఉ
ଶ + ݉௚(ߙ,ߚ)Γ ൬

݃ + ߙ
2 ൰ (ݏ−)

௚ାఈ
ଶ ൨

ஶ

௚ୀ଴

	 
(4.15) 

Thus,  

 
ܧܲܣ ௌܲெିெோ஼ ≜

1
24ෑ

[ଵܣ] +
1
8

ேೝೖ

௡ୀଵ

ෑ[ܣଶ]
ேೝೖ

௡ୀଵ

		 (4.16) 

where 

ଵܣ = ෍ቈ݉௚(ߚ,ߙ)Γ൬
݃ + ߚ

2 ൰ ቀ
௠௞ߤ

8
ቁ

(௚ାఉ)/ଶ
+ ݉௚(ߙ,ߚ)Γ൬

݃ + ߙ
2 ൰ ቀ

௠௞ߤ

8
ቁ

(௚ାఈ)/ଶ
቉

ஶ

௚ୀ଴

 

ଶܣ = ෍ቈ݉௚(ߚ,ߙ)Γ ൬
݃ + ߚ

2 ൰ቀ
௠௞ߤ

6
ቁ

(௚ାఉ)/ଶ
+ ௚݉(ߙ,ߚ)Γ൬

݃ + ߙ
2 ൰ቀ

௠௞ߤ

6
ቁ

(௚ାఈ)/ଶ
቉

ஶ

௚ୀ଴

 

Consequently, the average BER per hop can be expressed by substituting (4.16) into (4.11) 

as: 

(௠௞ܧ)ௌெିெோ஼ܴܧܤܣ

≤
( ௧ܰ

௠ܯ)ିଵ

logଶ( ௧ܰ
௠ܯ)෍෍ ෍ ෍ ,݌)ܰ (̂݌ ቎

1
24ෑ

[ଵܣ] +
1
8

ேೝೖ

௡ୀଵ

ෑ[ܣଶ]
ேೝೖ

௡ୀଵ

቏	
ெ

	௣ෝୀ௣ାଵ

ே೟
೘

௟	෡ୀ௟ାଵ

ெ

௣ୀଵ

ே೟
೘

௟ୀଵ

 (4.17) 

The overall average BER for the dual-hop MRC system can therefore be determined by 

substituting the ܴܧܤܣெோ஼ିௌெ(ܧ௠௞) in (4.17) into the (4.10).  
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4.1.2.2 Equal Gain Combiner  

The ܲܲܧቀ ௟ܺ ,௣
௠ → ܺ௟,෡௣ො

௠ ቁ for the EGC combiner scheme can therefore be expressed, following 

(3.28), as: 

 
ܧܲ ௌܲெିாீ஼ቀ ௟ܺ,௣

௠ → ௟ܺ,෡௣ො
௠ ௠௞ቁܪ| = ܳ

⎝

⎜
⎛ඩߤ௠௞

4 ௥ܰ
௞ ቌ෍|ߙ௡|

ேೝೖ

௡ୀଵ

ቍ

ଶ

⎠

⎟
⎞

 (4.18) 

By letting	ܲ = ቀ∑ ௡|ேೝೖߙ|
௡ୀଵ ቁ

ଶ
, then (4.18) can be expressed as: 

ܧܲ  ௌܲெିாீ஼ቀ ௟ܺ,௣
௠ → ௟ܺ ,෡௣ො

௠ ௠௞ቁܪ| = ܳቌඨ
௠௞ߤ

4 ௥ܰ
௞ ܲቍ (4.19) 

By using the definition of the Q-function formulated by Craig’s 

as	ܳ(ݔ) = ଵ
గ
∫ ݌ݔ݁ ቀ− ௫మ

ଶ௦௜௡మఏ
ቁ గߠ݀

଴ , then the average PEP for the EGC can be written as: 

ܧܲܣ  ௌܲெିாீ஼ =
1
ߨ න න ݌ݔ݁ ቆ−

௠௞ܲߤ
8 ௥ܰ

௞݊݅ݏଶߠ
ቇ ௉݂(ܲ)݀ܲ݀ߠ	

ஶ

଴

గ/ଶ

଴

 (4.20) 

Through MGF, the squared sum of the random variable 	ܲ is obtained, and this can be 

expressed by letting ܶ = ∑ ௡|ேೝೖߙ|
௡ୀଵ  and	ܼ = ܲ	௡|, theߙ| = (ܴ)ଶ. Cast in this way, 

(ݏ)௓ܯ = න ܼ݀(ܼ)ఈ೙|మ|݂(ܼݏ−)݌ݔ݁
ஶ

଴
 

					≜
1
2෍ൣ݉௚(ߚ,ߙ)Γ(݃ + (௚ାఉ)(ܵ−)(ߚ + ݉௚(ߙ,ߚ)Γ(݃ + ൧(௚ାఈ)(ݏ−)(ߙ

ஶ

௚ୀ଴

 
(4.21) 

By using binomial expansion, the MGF of the sum of ܶ can be expressed as: 

M்(ݏ) = [M௓(ݏ)]ேೝೖ 

					≜ ෍൬ ௥ܰ
௞

ݍ ൰ ൤൫ ௚݉(ߚ,ߙ)Γ(݃ + ൯(௚ାఉ)(ݏ−)(ߚ
ேೝೖି௤൫ ௚݉(ߙ,ߚ)Γ(݃ + ൯(௚ାఈ)(ݏ−)(ߙ

௤
൨

ேೝೖ

௤ୀ଴

 
(4.22) 

The PDF of the	ܶ can be determined by applying the Laplace transform to its MGF obtained 

in (4.22): 
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்݂ (ܶ) = ෍൬ ௥ܰ

௞

ݍ ൰෍
e௚(ߚ,ߙ, ௥ܰ

௞ − ,ݍ (ݍ

Γ ቀ݃ + ௥ܰ
௞ߚ + ߚ)ݍ − ቁ(ߙ

ஶ

௚ୀ଴

ேೝೖ

௤ୀ଴

ܴஏିଵ	 (4.23) 

where  

Ψ = 	݃ + ௥ܰ
௞ߚ + ߚ)ݍ −  and , (ߙ

e௚(ߚ,ߙ, ௥ܰ
௞ − (ݍ,ݍ = ݃)Γ(ߚ,ߙ)௚ߦൣ + ൧(ߚ

ேೝೖି௤ ∗ ݃)Γ(ߙ,ߚ)௚ߦൣ + ൧(ߙ
௤
 

where ൣ ௚݉(ߚ,ߙ)Γ(݃ + ൧(ߚ
[௫]

 implies that ݉௚(ߚ,ߙ)Γ(݃ + ݔ is convolved 	(ߚ − 1	times with 

itself.  

By integrating (4.23) with respect to ܶ and substituting ܲ = ܶଶ thereafter, then differentiate 

with respect to ܲ, then the PDF of ܲ is expressed as: 

 
௉݂(ܲ) =

1
2෍൬ ௥ܰ

௞

ݍ ൰෍
௚݁(ߚ,ߙ, ௥ܰ

௞ − ,ݍ (ݍ

Γቀ݃ + ௥ܰ
௞ߚ + ߚ)ݍ − ቁ(ߙ

ஶ

௚ୀ଴

ேೝೖ

௤ୀ଴

ܲ
ஏ
ଶିଵ			 (4.24) 

That being so, the ܧܲܣ ௌܲெିாீ஼  in (4.20) can be further expressed as: 

ܧܲܣ ௌܲெିாீ஼ 	

=
1

නනߨ2 ݌ݔ݁ ቆ−
௠௞ܲߤ

8 ௥ܰ
௞݊݅ݏଶߠ

ቇ෍൬ ௥ܰ
௞

ݍ ൰෍
௚݁(ߚ,ߙ, ௥ܰ

௞ − (ݍ,ݍ

Γ ቀ݃ + ௥ܰ
௞ߚ + ߚ)ݍ − ቁ(ߙ

ஶ

௚ୀ଴

ேೝೖ

௤ୀ଴

ஶ

଴

గ
ଶ

଴

ܲ
ஏ
ଶିଵ݀ܲ݀ߠ 

≜
1

෍෍൬ߨ2 ௥ܰ
௞

ݍ ൰
௚݁(ߚ,ߙ, ௥ܰ

௞ − (ݍ,ݍ

Γ ቀ݃ + ௥ܰ
௞ߚ + ߚ)ݍ − ቁ(ߙ

න න ݌ݔ݁ ቆ−
௠௞ܲߤ

8 ௥ܰ
௞݊݅ݏଶߠ

ቇ
ஶ

଴

గ
ଶ

଴

ஶ

௚ୀ଴

ேೝೖ

௤ୀ଴

ܲ
ஏ
ଶିଵ݀ܲ݀ߠ 

(4.25) 

Applying the integral identities in (2.59) to the (4.25), the average PEP for the EGC can be 

expressed as: 

 
ܧܲܣ ௌܲெିாீ஼ =

1
෍෍൬ߨ2 ௥ܰ

௞

ݍ ൰
௚݁(ߚ,ߙ, ௥ܰ

௞ − (ݍ,ݍ

Γ ቀ݃ + ௥ܰ
௞ߚ + ߚ)ݍ − ቁ(ߙ

ஶ

௚ୀ଴

ேೝೖ

௤ୀ଴

 

× Γ ቆ
݃ + ௥ܰ

௞ߚ + ߚ)ݍ − (ߙ
2 ቇቆ

௠௞ߤ

8 ௥ܰ
௞ቇ

ିஏଶ
ܤ ൬

1
2 ,
Ψ
2൰ 

(4.26) 
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Consequently, the average BER per hop can be expressed by substituting (4.26) into (4.11) 

as: 

(௠௞ܧ)ௌெିாீ஼ܴܧܤܣ 		≤
( ௧ܰ

௠ܯ)ିଵ

logଶ( ௧ܰ
௠ܯ)෍෍ ෍ ෍ ,݌)ܰ (̂݌ ቎

1
෍෍൬ߨ2 ௥ܰ

௞

ݍ ൰
ஶ

௚ୀ଴

ேೝೖ

௤ୀ଴

ெ

	௣ෝୀ௣ାଵ

ே೟
೘

௟	෡ୀ௟ାଵ

ெ

௣ୀଵ

ே೟
೘

௟ୀଵ

 

× ௚݁(ߚ,ߙ, ௥ܰ
௞ − ,ݍ (ݍ

Γ ቀ݃ + ௥ܰ
௞ߚ + ߚ)ݍ − ቁ(ߙ

Γ ቆ
݃ + ௥ܰ

௞ߚ + ߚ)ݍ − (ߙ
2 ቇቆ

௠௞ߤ

8 ௥ܰ
௞ቇ

ିஏଶ
ܤ ൬

1
2 ,
Ψ
2൰
቏ 

(4.27) 

Substitute the ܴܧܤܣௌெିாீ஼(ܧ௠௞) in (4.27) into the (4.10) to determine the overall average 

BER for the dual hop EGC system. 

4.1.2.3 Selection Combiner 

The pairwise error probability for the selection combiner is given by following the (3.35) as:  

 
ܧܲ ௌܲெିௌ஼ቀ ௟ܺ ,௣

௠ → ௟ܺ,෡௣ො
௠ ௠௞ቁܪ| = ܳ ቆට

௠௞ߤ

4
൫ℎ௟௠หݔ௣௠ − ௣ො௠ห൯ݔ

ଶቇ (4.28) 

In the (4.28), the ℎ௟௠หݔ௣௠ −  ௣ො௠ห can be expressed as random variable U and since selection isݔ

made according to		ℎ௟(௠௔௫)
௠ = ݔܽ݉ ቀℎଵ௠ ,ℎଶ௠ , . . . ,ℎேೝೖ

௠ ቁ, then the average PEP for the SC 

combiner can be expressed as: 

ܧܲܣ		  ௌܲெିௌ஼ = 	න ܳ ቆට
௠௞ߤ

4 ܷଶቇ݂	௛೗(೘ೌೣ)
೘ (ܷ)ܷ݀

ஶ

଴

 

≜ −න ௛೗(೘ೌೣ)	ܨ
೘

௦௘௟ (ܷ)ܳ/
ஶ

଴
ቆට

௠௞ߤ

4 ܷଶቇܷ݀																		 
(4.29) 

where ܳ∕(. ) is the derivative of Q-function which is defined in [124] as ܳ∕(ݔ) =
ଵ

ଶ√గ
exp	(−ݔଶ/2) and ܨ	௛೗(೘ೌೣ)

೘
௦௘௟ (ܷ) is the CDF of random variable U for the SC combiner and 

can be expressed as [221]: 

 
௛೗(೘ೌೣ)	ܨ

೘
௦௘௟ (ܷ) = ෑܨ௛೙೘(ܷ)

ேೝೖ

௡ୀଵ

	 (4.30) 

Thus, the CDF of the channel is then obtained by using the series expression for the PDF of 

the Gamma-Gamma turbulence channel given in (2.53) as: 
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 ݂௛೗೘(ℎ) = ෍ൣ݉௚(ߚ,ߙ)ℎ௚ାఉିଵ + ݉௚(ߙ,ߚ)ℎ௚ାఈିଵ൧
ஶ

௚ୀ଴

 (4.31) 

Then, the Cumulative Distribution Function (CDF) for the Gamma-Gamma distribution for 

the system channel can be obtained from (4.13) as: 

௛೗೘(ℎ)ܨ																													  = න ݂௛೗೘(ℎ)݀ℎ
ஶ

଴
 

																						≜ ෍ ቈ ௚݉(ߚ,ߙ)
݃ + ߚ ℎ௚ାఉ + ௚݉(ߙ,ߚ)

݃ + ߙ ℎ௚ାఈ቉
ஶ

௚ୀ଴

 
(4.32) 

So, the average conditional PEP for the SC can therefore be expressed as: 

 
ܧܲܣ		 ௌܲெିௌ஼ =

ඥߤ௠௞

ߨ2√2
ෑ቎෍ ቈ

݉௚(ߚ,ߙ)
݃ + ߚ න ݌ݔ݁ ቀ

௠௞ߤ−

8 ܷଶቁܷ௚ାఉܷ݀
ஶ

଴
	

ஶ

௚ୀ଴

ேೝೖ

௡ୀଵ

+
݉௚(ߙ,ߚ)
݃ + ߙ න ݌ݔ݁ ቀ

௠௞ߤ−

8 ܷଶቁܷ௚ାఈܷ݀
ஶ

଴
቉቏	 

(4.33) 

The integration in the (4.33) can then be solved by applying integral identity defined in [205, 

equation (3.326(2))] (see Appendix A3.1), and the 		ܧܲܣ ௌܲெିௌ஼ can be expressed as: 

ܧܲܣ		 ௌܲெିௌ஼ =
1
4
ට
௠௞ߤ

ߨ2 ෑ

⎣
⎢
⎢
⎢
⎡
෍

⎣
⎢
⎢
⎢
⎡ ௚݉(ߚ,ߙ)Γ ൬݃ + ߚ + 1

2 ൰

(݃ + (ߚ ቀߤ௠௞
8 ቁ

௚ାఉାଵ
ଶ

+
݉௚(ߙ,ߚ)Γቀ݃ + ߙ + 1

2 ቁ

(݃ + (ߙ ቀߤ௠௞
8 ቁ

௚ାఈାଵ
ଶ

⎦
⎥
⎥
⎥
⎤ஶ

௚ୀ଴
⎦
⎥
⎥
⎥
⎤ேೝೖ

௡ୀଵ
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(4.34) 

Substituting the average PEP in (4.34) into (4.11) to determine the ABER per hop for the SC 

combiner as:  
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(4.35) 

Thus, the overall average BER for the system can be obtained by substituting the 

 .in (4.35) into the (4.10) (௠௞ܧ)ௌெିௌ஼ܴܧܤܣ

4.1.3 Numerical Results and Discussions  

In this section, the numerical results on the average BER of the dual-hop system over the 

Gamma-Gamma channel are presented using the derived expression of equations (4.17), 

(4.27) and (4.35) in (4.10) for the overall system ABER. Generally, the relay and destination 

terminals are assumed to employ MRC, EGC, SC for combining the SM signal during each 

transmission phase. The analysis in this study is based on the influence of the following 

parameters such as laser wavelength	ߣ = 1550	݊݉, index of refractive structure parameter 

of		ܥ௡ଶ = 3 × 10ିଵସ݉ିଶ/ଷ. Also, we considered the channel atmospheric turbulence levels to 

be weak	(ߙ = ߚ,3.78 = 3.74), moderate (ߙ = ߚ,2.50 = 2.06) and strong	(ߙ = ߚ,2.04 =

1.10). Moreover, the values of ௧ܰ
௠ and 	M	 are set to be 2 in all cases; both at the source and 

relay, except otherwise stated in the simulations. The results presented illustrate the different 

behaviours of the proposed system when varying the atmospheric turbulence conditions, 

average SNR at the relay and destination, the link range, the receive photo-detector at the 

relay and destination. It should be noted here for instance that, a MRC-with-MRC (MRC-

MRC) dual-hop system describes that either R or D has MRC combiner. Likewise strong-to-

moderate channel condition for example implies that S-to-R link is subjected to strong 

turbulence condition and R-to-D link experiences moderate turbulence condition. 

Looking at Figure 4.2, the performance comparison between the direct link system without 

relay with a dual-hop systems is presented. The relay and destination terminal possess the 

same combiner for SM signal combination over a link range of 6	݇݉ with both terminals 

having four photodetectors. It is depicted that the dual-hop system equiped with MRC on 

both R and D outperformed other systems snice it maximazes its output SNR of the combined 

signal while SC-direct link offers the least preformance because it depends on only the the 
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highest SNR of the combined signal. In all cases, the EGC has a very close performance 

relative to MRC. However, both MRC and EGC direct link performed better than dual-hop 

with SC on both R and D since the system makes use of channels with the maxium SNR. For 

instance, in comparing the dual hops with direct link systems, it is clear that at an average 

received SNR of 30	݀ܤ, MRC-MRC system offers an ABER of 3.26 × 10ିଵଵ compared with 

MRC without relay which gives 3.75 × 10ିଽ over the same link range. Also, the SC-SC dual 

hop system produces an ABER of 8.87 × 10ି଻compare with 1.62 × 10ିହ by SC direct link 

system. This generally shows that relay unit actually increases the FSO systems coverage 

area.  

In considering different combiners at the R and D over link range of 6	݇݉ as it is shown in 

Figure 4.3, it is confirmed that when MRC and EGC either at R or D, the dual-hop systems 

offer the best performance than other sytems as compared with direct link with MRC and 

EGC. Nevertheless, dual-hop systems with MRC-SC and EGC-SC yield the same error 

peformance of 4.43 × 10ି଻ and outperform the SC direct link system with ABER of 

1.62 × 10ିହ. It is also discovered that direct link system with the MRC and EGC 

outperforms the two sytems (that is, MRC-SC and EGC-SC) due to the fact that SC combiner 

within the systems cause degration in the hops of the transmission phase. This is because, SC 

combiner requires only the highest SNR which might have suffered from the turbulence. 

The effect of different levels of atmospheric turbulence on the performance of dual-hop 

systems when the relay is equipped with one receive PD and the destination with two receive 

PDs is presented in Figure 4.4. As expected, the increase in turbulence level from weak to 

strong severely degrades the systems error performance with MRC outperforming the other 

systems. For instance, at average SNR of	35	݀ܤ, MRC system yields an approximate ABER 

of 10ିହ and 10ିଷ respectively over a weak and strong turbulence as compared with SC of 

10ିଶand 10ିଵ respectively under the channel conditions. Based on the numerical integration 

through Monte-Carlo simulation, the exact error rate is determined to validate the accuracy of 

the analytical series expressions derived in (4.17), (4.27) and (4.35). It can thus be deduced 

from the Figure 4.4 that there is excellent agreement between series expressions and the exact 

ABER of the systems. 

When different and identical combiners are considered for the dual-hop systems, the 

performance behaviour of the system over different turbulence levels is presented in Figure 

4.5. It is shown that dual-hop system with MRC-MRC at R and D offers the best performance 
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while the EGC-EGC and MRC-EGC systems performance are the same and very close to 

MRC-MRC system. Over a strong turbulence condition, it is indicated that they offer a BER 

of approximately 10ିସ at the average received SNR of	25	݀ܤ. Also, it is indicated that dual-

hop systems with SC-SC, EGC-SC and MRC-SC at either R or D produce the same 

performance for all the turbulence levels but with poor ABER of 10ିଶ at the same SNR as 

compared with the other systems under strong turbulence. 

 

 

Figure 4.2: Comparison between direct link and dual-hop systems with same combiners at 

the relay and destination for ௥ܰ
ோ = 4 and ௥ܰ

஽ = 4 over 6	݇݉	link range 
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Figure 4.3: Comparison between direct link and dual-hop systems with different combiners 

at the relay and destination for ௥ܰ
ோ = 4 and ௥ܰ

஽ = 4 over 6	݇݉ link range 
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Figure 4.4: Effect of turbulence conditions on the dual-hop system with ௥ܰ
ோ = 1 and ௥ܰ

஽ = 2 
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Figure 4.5: Comparison between dual-hop system with the same and different combiners at 

the relay and destination under different turbulence conditions when ௥ܰ
ோ = 2 and ௥ܰ

஽ = 4 

 

Dual-hop technology introduces two channels between the source and the destination. As a 

result of this, the effect of having symetrical and non-symeterical channel conditions between 

S and D is illustrated in Figure 4.6 with the same combiner at the R and D. It can be clearly 

shown that symetrical channel significantly degrades the system peformance as compared 

with non-symetrical channel conditions. Thus, in all cases, MRC-MRC systems yield the best 

performance compared with other systems. For instance, at a SNR of 30	݀ܤ over a strong 

symmetric channel, MRC-MRC system offers an ABER of 10ିହ as compared with SC-SC 

system of 10ିଶ. It can also be deduced that there is an improvement of	5	݀ܤ	for MRC-MRC 

system over symetrical and non-symeterical channel system at ABER of 10ି଺. 
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Figure 4.6: Performance of dual-hop system over symmeteric and non-symeteric turbulence 

channel when ௥ܰ
ோ = 2 and ௥ܰ

஽ = 4 

In Figure 4.7, it is illustrated that the increase in the number of receive photo-detectors at the 

R and D significantly improves the dual-hop error performance against the atmospheric 

turbulence. The increment effect in the receive photo-detector caused the MRC-MRC dual-

hop system to have the best performance among other systems in all channel cases. For 

example, MRC-MRC achieved an ABER of 10ିଽ when both the R and D are equipped with 

six received photo-detectors as compared with MRC-SC and SC-SC of ABER value of 10ି଻ 

over a non-symmetric channel. It should be noted that the change in channel condition does 

not affect the performance of MRC-SC system. 

The effect of average SNR on the dual-hop systems error performance is illustrated in Figure 

4.8 over a strong atmospheric turbulence. It is clearly shown that when the average received 

SNR on the S-to-R link is less than the average received SNR on the R-to-D link; there is 

upward shift in the error performance for the entire system. For instance, at ABER of	10ିହ, 

the condition caused the performance of the MRC-MRC system to reduce by 5	݀ܤ as 

compared to EGC-EGC of 5.4	݀ܤ and the worst performance is observed in the case of SC 

with the SNR value of	15	݀ܤ. Generally, it is observed that as the average received SNR on 
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the S-to-R link is increasing more than the average received SNR on the R-to-D link, then the 

more the system error performance improves. This is clearly illustrated in Figure 4.9 where 

the EGC is considered at the relay and destination terminals with the system performance 

shift inward. By the way of illustration, at average SNR of	35	݀ܤ, the dual-hop systems with 

EGC at both R and D achieve an ABER of	10ି଼, 10ି଻ and 10ିଽ respectively when the 

received SNR of S-to-R link is increased by the order of	1/5,	1, and 5 magnitude of the 

average received SNR of R-to-D link.  

Also, the comparison between the effect of symmetric and non-systematic average received 

SNR on the systems performance are illustrated in Figure 4.10 when the same and different 

combiners are considered at the R and D terminals. As it is mentioned earlier, the increase in 

average received SNR on the S-to-R link significantly improves the system performance with 

EGC-EGC dual-hop system having the best performance compared with MRC-SC in all 

cases. For instance, at an ABER of	10ି଺, EGC-EGC yields an improvement of 6	݀ܤ when 

the average received SNR of S-to-D is increased by	5	݀ܤ, while the MRC-SC offers	8	݀ܤ. 

 

Figure 4.7: Effect of receive photo-detector on the system over symmetric and non-

symmetric turbulence channel 
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Figure 4.8: Performance comparison between when ߤௌோ = ௌோߤ ோ஽ andߤ =  ோ஽ overߤ1/5

strong turbulence for ௥ܰ
ோ = 4 and ௥ܰ

஽ = 4 with same combiner 

 

Figure 4.9: ABER Performance comparis at the different values of average SNR at the 

destination 
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Figure 4.10: ABER Performance comparison between dual-hop system with different and 

identical combiners over strong turbulence for different values of average SNR 

4.2 Optical Spatial Modulation with Diversity Combiner in Dual-Hop Amplify-and-
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In this section, the analysis of average BER and effective capacity of a dual-hop FSO-SM 

CSI-assisted AF relay system with diversity combiner over atmospheric turbulence and/or 

pointing error is reported. MRC and EGC are the two combining techniques considered as 

mitigation tools against the channel impairments. 

4.2.1 System Model 

Figure 4.11 illustrates a dual-hop SM-based relay FSO system with the Source (S) as 

transmitter, Destination (D) as receiver and Relay (R). The S-to-R and R-to-D links are 

assumed to be independent, non-identical channel and heterodyne detection is considered at 

D. The Source and the Destination are respectively equipped with ௧ܰ
ௌ  transmit lasers and ௥ܰ

஽ 

photo-detectors. The relay (R) in the system operates as Channel State Information (CSI)-

assisted AF protocol and the destination employed spatial diversity combiner such MRC and 
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ݍ = )ଶ݃݋݈ ௧ܰܯ)	of	ܺ = ଷݔ,ଶݔ,ଵݔൣ … . ே೟൧ݔ.
்
. The first group of these bits ݈݃݋ଶ( ௧ܰ) are used 

to represent the transmit laser index ݆௧௛	with the laser array while the remaining ݈݃݋ଶ(ܯ) bits 

identify the BPSK modulation symbol ݔ௣ in the signal constellation produced by MZM. 

During this phase, the information bits are modulated on the electric field of an optical beam 

as ݔ௣ =  (݆߶௫೛) and are then emitted from the active transmit-laser index ݆ at an	௣expݔ

instance over the optical atmospheric channel as:  

 
௝ܺ௣ = ൦0	0⋯	 ௣݁ݔ

௝థೣ೛ᇩᇭᇪᇭᇫ
௝೟೓௟௔௦௘௥	௣௢௦௜௧௜௢௡

⋯ 0	0൪

்

 (4.36) 

At any instance of time, the received electric field at the aperture plane of the relay is the sum 

of the optical field from the transmitter and the Local oscillator at the relay which can be 

expressed by following (2.6) as: 

(ݐ)ோܧ				 = (ݐ)௦ܧ +  (ݐ)௅ܧ

       ≜ ඥ2 ௧ܼܲ௢ห ௝ܺ௣ܪௌோหܿݏ݋ ቀ߱ை ,ௌݐ + ߶௛,ௌ + ߶௫೛ቁ + ඥ2 ௅ܲைܼ௢ܿݏ݋൫߱௅ை ,ோݐ൯ 
(4.37) 

where 

(ݐ)௦ܧ	 = ඥ2 ௧ܲ,ௌܼ௢ห ௝ܺ௣ܪௌோหܿݏ݋ ቀ߱ை ,ௌݐ + ߶௛,ௌ + ߶௫೛ቁ	is the optical field from the transmitter 

and ܧ௅(ݐ) = ඥ2 ௅ܲை ,ோܼ௢ܿݏ݋൫߱௅ை ,ோݐ൯ is the LO field. ܪௌோ = |ℎௌோ|݁௝థ೓,ೄ denotes the fading 

factor with the ℎௌோ and ߶௛,ௌare the fading gain and the link phase between the source and the 

relay.  

Thus, the photocurrent at the relay photo-detector output can be obtained, following (2.7), as: 

݅ோ(ݐ) = ܴ ௧ܲ,ௌห ௝ܺ௣ܪௌோห
ଶ

+ ܴ ௅ܲ,ோ + 2ܴඥ ௧ܲ ௅ܲை,ோห ௝ܺ௣ܪௌோหܿݏ݋ ቀ߱ூி ,ோݐ − ߶௛,ௌ −߶௫೛ቁ (4.38) 

where		ܫ஽஼,ௌ ≜ ܴ ௧ܲ,ௌห ௝ܺ௣ܪௌோห
ଶ
and ܫ஽஼,௅ ≜ ܴ ௅ܲ,ோ is the DC current generated due to signal and 

LO electric field respectively. ܫ஺஼ ≜ 2ܴඥ ௧ܲ,ௌ ௅ܲ,ோห ௝ܺ௣ܪௌோหܿݏ݋ ቀ߱ூி,ோݐ − ߶௛ ,ௌ − ߶௫೛ቁ is the 

AC current which contains the useful information about the frequency and the phase of the 

received signal at the relay. The total output of DC current at the photo-detector can be 

approximately equal to	ܴ ௅ܲ,ோ. Therefore, the shot noise impairment during the photo-
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detection process at this stage is dominated by LO shot noise with variance of	ߪ௦௛௢௥௧ ,௅,ோ
ଶ =

௘ܴݍ2 ௅ܲைܤ௘. In other words, the instantaneous SNR of the optical receiver can be defined as 

the ratio of time-average AC photocurrent and the total noise [37] and thus the SNR for the 

heterodyne relay receiver can be expressed, following the (2.15), as: 

ௌோߛ  =
ܴ ௧ܲห ௝ܺ௣ܪௌோห

ଶ

௘ܤ௘ݍ
	≜ ௌோߛ̅ 	ห ௝ܺ௣ܪௌோห

ଶ
			 (4.39) 

Based on the	ܴܵܰ(ு௘௧),ௌோ 	, the sufficient statistics at the relay can be modeled as [90, 140]: 

(ݐ)ோݕ  = ඥ̅ߛௌோܪௌோ ௝ܺ௣ + 	 ݊ோ(ݐ)	 (4.40) 

where	̅ߛௌோ = ܴ ௧ܲ ∕  is the	(ݐ)is the average received SNR at the relay system and ݊ோ		(݂∆௘ݍ)

noise term at the relay dominated by LO shot noise modeled as AWGN with zero-mean and 

௦௛௢௥௧,௅ߪ ,ோ
ଶ . 

During the second phase, the photocurrent ݅ோ(ݐ) at the relay photo-detector output is then 

amplified by the relay gain G, converted to optical signal and retransmitted to the destination. 

At the destination, using the same approach at the relay, the received optical signal at the ݊௧௛ 

heterodyne receiver at the destination can be expressed as: 

(ݐ)஽,௡ܧ  = ඥ2 ௧ܲ,ோܼ௢|ݕோ(ݐ)ܪܩோ஽|ܿݏ݋൫߱ை ,ோݐ + ߶௛,ோ൯ + ඥ2 ௅ܲ,஽ܿݏ݋൫߱௅ை,஽ݐ൯ (4.41) 

where ܧ௦(ݐ) ≜ ඥ2 ௧ܼܲ௢|ݕோ(ݐ)ܪܩோ஽|ܿݏ݋൫߱௅ைݐ + ߶௛,ோ൯ is the electric field transmitted by 

relay and ܧ௅ ,஽(ݐ) ≜ ඥ2 ௅ܲ,஽ܼ௢ܿݏ݋൫߱௅ை ,஽ݐ൯ is the LO electric field at the destination. 

ோ஽ܪ ≜ |ℎோ஽|݁௝థ೓,ೃ is the fading factor having the ℎோ஽ and ߶௛,ோ	as the fading gain and the 

link phase respectively between the relay and the destination. 

The photocurrent at the ݊௧௛ photo-detector at the destination can be similarly obtained as: 

		݅஽,௡(ݐ) = 	
ܴ
ܼ௢

(ݐ)௦ܧ] +  ଶ[(ݐ)௅ܧ

≜ ܴ ௧ܲ,ோ|ݕோ(ݐ)ܪܩோ஽|ଶ + ܴ ௅ܲ,ோܪܩோ஽ + 2ܴඥ ௧ܲ,ோ ௅ܲ,ோ|ݕோ(ݐ)ܪܩோ஽|ܿݏ݋൫߱ூிݐ − ߶௛,ோ൯ 
(4.42) 

where ܫ஽஼,௦ ≜ ܴ ௧ܲ,ோ|ݕோ(ݐ)ܪܩோ஽|ଶ and ܫ஽஼,௅ ≜ ܴ ௅ܲ,ோܪܩோ஽  are the DC current generated due 

to signal and LO electric field respectively at the ݊௧௛ heterodyne receiver at the 
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destination.	ܫ஺஼ ,஽ ≜ 2ܴඥ ௧ܲ ௅ܲ,ோ|ݕோ(ݐ)ܪܩோ஽|ܿݏ݋൫߱ூிݐ − ߶௛,ோ൯ is the AC current which 

contains the useful information about the frequency and the phase of the received signal at 

the destination. The shot noise impaired during the photo-detection process at this stage is 

also dominated by destination LO short noise with variance of	ߪ௦௛௢௥௧ ,௅,஽
ଶ = ௘ܴݍ2 ௅ܲ,஽ܤ௘. The 

SNR on the R-to-D link for the ݊௧௛ heterodyne receiver can therefore be expressed as:  

ோ஽ߛ  =
ܴ ௧ܲ|ܪݏோ஽|ଶ

௘ܤ௘ݍ
≜ ோ஽ܪݏ|ோ஽ߛ̅ |ଶ						 (4.43) 

where 	ݏ =  .is the amplified signal transmitted from the relay unit to the destination ܩ(ݐ)ோݕ

The received signal at the ݊௧௛ heterodyne receiver can be statistically obtained as: 

(ݐ)஽ݕ			  = ඥ̅ߛோ஽ܪܩோ஽ݕோ(ݐ) + ݊஽(ݐ) 

														≜ ඥ̅ߛோ஽ܪܩோ஽൫ඥ̅ߛௌோܪௌோ ௝ܺ௣ + 	݊ோ(ݐ)൯ + ݊஽(ݐ) 

            	≜ ඥ̅ߛோ஽̅ߛௌோܪܩோ஽ܪௌோ ௝ܺ௣ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
௦௜௚௡௔௟	௣௔௥௧

+ ඥ̅ߛோ஽ܪܩோ஽݊ோ(ݐ) + 	 ݊஽(ݐ)ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ	
ே௢௜௦௘	௣௔௥௧

    

(4.44) 

In this study, the receiver is assumed to have full CSI and therefore after the normalization of 

the noise, the received signal at the ݊௧௛ heterodyne receiver at the destination can be further 

simplified as: 

(ݐ)஽ݕ  = ோ஽ܪܭ√ ௝ܺ௣ + ො݊(ݐ) (4.45) 

where ܭ = ீమுೃವ
మ ఊഥೃವఊഥೄೃ

ఊഥೃವீమுೃವ
మ ାଵ

 with ܩ	denotes the amplification factor at the relay and ො݊(ݐ) is the 

complex additive with Gaussian noise (AWGN) at the input of the destination having similar 

statistical characteristic as ݊ோ(ݐ). 

At destination, an optimum ML detection is considered to detect the transmitted SM signal 

vector	 ௝ܺ௣ from the Source after the signal is combined by spatial diversity combiner. When 

the detector is applied, the estimated laser index 	ଔ̂ and the transmitted constellation symbol 

index ̂݌ at a specific time instance can be expressed following (2.36) as [171]: 
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[	ଔ̂	, [̂݌ = ݔܽ݉݃ݎܽ

	ఫ̂,			௣ො
஽หݕ௒൫݌	 ௝ܺ௣  ோ஽൯ܪ,

																																										≜ ݊݅݉݃ݎܽ
ఫ̂,			௣ො

௣ฮிݔฮℎ௟஽ܭ√
ଶ
− 2ܴ݁൛ݕ஽ுℎோ஽ݔ௣ൟ			 

(4.46) 

In view of (2.47), the equivalent end-to-end SNR that is, the instantaneous received SNR at 

the destination can be obtained as [71, 116, 222]: 

௘௤ߛ  =
ଶߛଵߛ
ଵߛ + ଶߛ

≜ ൭෍
1
௜ߛ

ଶ

௜ୀଵ

൱

ିଵ

, ݅߳	(1,2) (4.47) 

where ߛଵ and ߛଶ are the instantaneous SNR at S-to-R and R-to-S links respectively which are 

define in equations (4.39) and (4.43). It is assumed that both links have the same average 

SNR obtained as	̅ߛଵ = ଶߛ̅ = ܴ ௧ܲ ∕  Thus, the upper bound for the end-to-end SNR .(݂∆௘ݍ)

 can be derived by using the well-known inequality between geometric and harmonic	௘௤ߛ	

means for the random variable ̅ߛଵ	and ̅ߛଶ which is given as [71, 116]: 

௘௤ߛ  ≤ ௔ߛ =
1
2ෑߛ௜

ଶ

௜ୀଵ

				 (4.48) 
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Figure 4.11: Dual-hop FSO-SM AF relay FSO system where PD: Photo-detector, LO: Local 

Oscillator, BC: Beam Combiner, DC: Down Converter, and PC: Phase Compensator  
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4.2.2 Statistical Characteristics of End-to-End SNR 

The channel statistical model of Gamma-Gamma atmospheric turbulence for modeling FSO 

link with the conditions from weak to strong turbulence has been stated in (2.20) and the 

model PDF can be expressed as: 

 
ு݂೘ೖ

(ℎ௔) =
(ߚߙ)2

ఈାఉ
ଶ

Γ(ߙ)Γ(ߚ) ℎ௔
ఈାఉ
ଶ ିଵ

ℎ௔											ℎ௔൯,ߚߙఈିఉ൫2ඥܭ > 0	 (4.49) 

Expressing ܭ௩(ݔ) in terms of Meijer-G function, the PDF of the Gamma-Gamma channel has 

been defined in (2.51) as: 

 
ு݂೘ೖ

(ℎ௔) =
(ߚߙ)

ఈାఉ
ଶ

Γ(ߙ)Γ(ߚ)ℎ௔
ఈାఉ
ଶ ିଵ

଴,ଶܩ
ଶ,଴ ൭ߚߙℎ௔อ

−,−
ߙ − ߚ

2 ߚ, − ߙ
2

൱ ,											ℎ௔ > 0	 (4.50) 

Also, the Gamma-Gamma channel PDF can be defined in terms of generalized power series 

representation method of the modified Bessel function of the second kind as is it defined in 

(2.53): 

 ு݂೘ೖ
(ℎ௔) = ෍ቂ݉௚(ߚ,ߙ)ℎ௔

௚ାఉିଵ + ݉௚(ߙ,ߚ)ℎ௔
௚ାఈିଵቃ

ஶ

௚ୀ଴

	 (4.51) 

4.2.3 Under the Influence of Atmospheric Turbulence without Pointing Error 

In this section, the MGF, PDF and CDF of the end-to-end SNR ߛ௔ defined in (4.48) are 

derived, by assuming that independent non-identical distribution Gamma-Gamma turbulence 

channel. 

 4.2.3.1 MGF of the End-to-End SNR ࢇࢽ 

The MGF of the end-to-end SNR ߛ௔ can be derived in closed form as: 

ఊೌܯ  (ݏ−) = න න ൥݁݌ݔ − ൭ݏෑߛ௜ଵ/ଶ
ଶ

௜ୀଵ

൱൩
ஶ

଴

ஶ

଴
൥ෑ ఊ݂೔(ߛ௜)

ଶ

௜ୀଵ

൩  ௜ߛ݀

															≜ න න ݌ݔ݁ ൬−ߛݏଵ
ଵ
ଶߛଶ

ଵ
ଶ൰

ஶ

଴

ஶ

଴
ఊ݂భ(ߛଵ) ఊ݂మ(ߛଶ)݀ߛଵ݀ߛଶ 

(4.52) 
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It should be noted here that the Gamma-Gamma PDF defined in (4.50) and (4.51) may be 

used to evaluate the MGF defined in (4.52). However, the integrals of the equation will yield 

infinite and untraceable result if (4.51) is applied to compute these integrals and therefore the 

exact closed-form expression for the end-to-end SNR cannot be obtained. As a result of this, 

PDF defined in (4.50) is applied to determine the MGF as follows: 

Utilizing a random variable transformation through (4.39) or (4.43), the PDF in terms of end-

to-end SNR for the Gamma-Gamma distribution can be expressed as: 

 

ఊ݂೔(ߛ௜) =
(௜ߚ௜ߙ)

ఈ೔శఉ೔
ଶ ௜ߛ

ఈ೔శఉ೔
ସ ିଵ

2Γ(ߙ௜)Γ(ߚ௜)̅ߛ௜
ఈ೔శఉ೔
ସ

଴,ଶܩ
ଶ,଴ ൭

ߚߙ
ඥ̅ߛ௜

ඥߛ௜อ
−,−

௜ߚ௜ିߙ
2 ௜ߚ, − ௜ߙ

2
൱ (4.53) 

By letting Ξ௜ = ఈఉ
ඥఊഥ೔

 and applying the Meijer-G identity defined in [205,equation (9.31.5)], 

then the PDF can be expressed as: 

 

																										 ఊ݂೔(ߛ௜) =
൫Ξ௜ඥߛ௜൯

ఈ೔శఉ೔
ଶ

2Γ(ߙ௜)Γ(ߚ௜)
଴,ଶܩ௜ିଵߛ

ଶ,଴ ൭Ξ௜ඥߛ௜อ
−,−

௜ߚ௜ିߙ
2 ௜ߚ, − ௜ߙ

2
൱ 

≜
1

2Γ(ߙ௜)Γ(ߚ௜)
଴,ଶܩ௜ିଵߛ

ଶ,଴ ൭Ξ௜ඥߛ௜อ
−,−
௜ߙ
2 ௜2ߚ,

൱ 

(4.54) 

The first integration in (4.52), that is the one on		ߛଵ, is of the form: 

 
ॎଵ(ݏ) =

1
2Γ(ߙଵ)Γ(ߚଵ)න ଴,ଶܩଵିଵߛ

ଶ,଴ ൭Ξଵඥߛଵอ
−,−
ଵߙ
2 ଵ2ߚ,

൱
ஶ

଴
 ଵ (4.55)ߛଵଵ/ଶ൯݀ߛܸݏ−൫݌ݔ݁

where ܸ = √ఊమ
ଶ

 

Using a Meijer-G identity of the exponential function in [203,equation (11)] (see Appendix 

A2.4) to the (4.55), then, 

 ॎଵ(ݏ) =
1

2Γ(ߙଵ)Γ(ߚଵ)න ଴,ଶܩଵିଵߛ
ଶ,଴ ൭Ξଵඥߛଵอ

−,−
ଵߙ
2 ଵ2ߚ,

൱
ஶ

଴
଴,ଵܩ
ଵ,଴ ቀߛܸݏଵଵ/ଶቚ

−
0
ቁ݀ߛଵ (4.56) 

Let 	ܼ = ଵଵ/ଶ , ܼଶߛ = ଵ, ௗఊభߛ
ௗ௓

= 2ܼ and ݀ߛଵ = 2ܼܼ݀, then apply the integral identity in [203, 

equation (21)] (see Appendix A3.5) to (4.56), then, 
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ॎଵ(ݏ) =

1
2Γ(ߙଵ)Γ(ߚଵ)න ܼିଵܩ଴,ଶ

ଶ,଴ ൭Ξଵܼอ
−,−
ଵߙ
2 ଵ2ߚ,

൱
ஶ

଴
଴,ଵܩ
ଵ,଴ ቀܼܸݏቚ

−
0
ቁ ܼ݀ 

																						≜
1

Γ(ߙଵ)Γ(ߚଵ)ܩଶ,ଵ
ଵ,ଶ ൬

ܸݏ
Ξଵ
ฬ

1 − ,ଵߙ 1 − ଵߚ
0 ൰	 

(4.57) 

Using the similar method, the integration on ߛଶ can be obtained by substituting (4.57) into 

(4.52) and apply the same integral identity, then 	ॎଶ(ݏ) can be obtained as: 

ॎଶ(ݏ)

=
1

Γ(ߙଵ)Γ(ߚଵ)
1

2Γ(ߙଶ)Γ(ߚଶ)න ଴,ଶܩଶିଵߛ
ଶ,଴ ൬Ξଶඥߛଶฬ

−,−
ଶߚ,ଶߙ

൰ܩଶ,ଵ
ଵ,ଶ ൬

ܸݏ
Ξଵ
ඥߛଶฬ

1 − ,ଵߙ 1 − ଵߚ
0

൰ ଶߛ݀
ஶ

଴
 

		≜
1

Γ(ߙଵ)Γ(ߚଵ)
1

Γ(ߙଶ)Γ(ߚଶ)ܩସ,ଵ
ଵ,ସ ൬

ܸݏ
ΞଵΞଶ

ฬ
1 − ,ଵߙ 1− ,ଵߚ 1 − ଶߙ , 1 − ଶߚ

0 ൰ 

(4.58) 

Thus, by substituting (4.57) and (4.58) into (4.52), then the MGF can be obtained as:  

 
(ݏ)ఊ್ܯ = ෑ

1
Γ(ߙ௜)Γ(ߚ௜)

ଶ

௜ୀଵ

ସ,ଵܩ
ଵ,ସ ൬

ݏ
2ΞଵΞଶ

ฬ
1 − ,ଵߙ 1 − ଵߚ , 1 − ,ଶߙ 1 − ଶߚ

0 ൰ (4.59) 

4.2.3.2 PDF of End-to-End SNR ࢇࢽ 

The PDF of ߛ௕can be determined by applying the inversed Laplace Transform ℒିଵ	to the 

MGF in (4.59), and this can be expressed as	 ఊ݂ೌ(ߛ) = ℒିଵ൛ܯఊೌ(ݏ),ߛൟ. Applying the identity 

[223, equation (3.40.1.1)] (see Appendix A4.1) for the inverse Laplace transform of the 

Meijer-G function, the PDF of ߛ௕in closed form can be obtained as: 

 
ఊ݂ೌ(ߛ) = ଵෑିߛ

1
Γ(ߙ௜)Γ(ߚ௜)

ଶ

௜ୀଵ

ସ,ଵܩ
ଵ,ସ ൭2ߛෑΞ௜

ଶ

௜ୀଵ

อ
−

ଶߚ,ଶߙ,ଵߚ,ଵߙ
൱ (4.60) 

4.2.3.3 CDF of End-to-End SNR ࢇࢽ 

The CDF of the ߛ௔can be defined as	ܨఊೌ(ߛ) = ∫ ఊ݂ೌ(ߛ)݀ߛఊ
଴ . Applying the integral identity 

stated in [203,equation (26)] (see Appendix A3.4), the CDF can therefore be obtained as 

follows: 
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(ߛ)ఊ್ܨ = ෑ
1

Γ(ߙ௜)Γ(ߚ௜)

ଶ

௜ୀଵ

න ଵෑିߛ
1

Γ(ߙ௜)Γ(ߚ௜)

ଶ

௜ୀଵ

ସ,ଵܩ
ଵ,ସ ൭2ߛෑΞ௜

ଶ

௜ୀଵ

อ
−

ଶߚ,ଶߙ,ଵߚ,ଵߙ
൱

ఊ

଴
 

												≜ෑ
1

Γ(ߙ௜)Γ(ߚ௜)
ଵ,ହܩ
ସ,ଵ ൭2ߛෑΞ௜

ଶ

௜ୀଵ

อ
1

ଵߙ ଵߚ, ଶߙ, ,ଶߚ, 0
൱

ଶ

௜ୀଵ

 

(4.61) 

4.2.4 Under the Combined Influence of Atmospheric Turbulence and Pointing Error 

The PDF of the misalignment fading due to pointing error ൫ℎ௣൯ loss can be expressed by 

considering the Raleigh distributions for both the horizontal and vertical displacement (sway) 

at the receiver as is it given in (2.28): 

 ு݂೘ೖ൫ℎ௣൯ =
ଶߦ

௢ܣ
కమ ℎ௣ߦ

ଶ − 1	, 0 ≤ ℎ௣ ≤   (4.62)		௢ܣ

The combined distributions of ℎ = ℎ௔ℎ௣ can be obtained as: 

 ு݂೘ೖ
(ℎ) = 	න ௛݂(ℎ௔) ௛݂|௛ೌ(ℎ|ℎ௔)݀ℎ௔

ஶ

௛/஺೚
 (4.63) 

where ௛݂|௛ೌ(ℎ|ℎ௔) is the conditional probability given a distribution state ℎ௔ and can be 

expressed as: 

 ௛݂|௛ೌ(ℎ|ℎ௔) =
ଶߦ

௢కܣ
మ
ℎ௔
൬
ℎ
ℎ௔
൰
కమିଵ

 (4.64) 

Considering the impact of pointing error impairment, the PDF of the combined channel can 

therefore be expressed by substituting (4.50) and (4.64) into (4.63) as: 

 ு݂೘ೖ
(ℎ) =

ଶߦߚߙ

ସ,ଵܩ(ߚ)Γ(ߙ)௢Γܣ
ଵ,ସ ቆ

ߚߙ
௢ܣ

ℎቤ
ଶߦ

ଶߦ − ߙ,1 − ߚ,1 − 1ቇ			 (4.65) 

The PDF of ߛ௜ is obtained by using simple random variable transformation of the (4.50) and 

is expressed as: 

 
ఊ݂೔(ߛ௜) =

௜ଶߦ

(௜ߚ)Γ(௜ߙ)௜Γߛ2
ଵ,ଷܩ
ଷ,଴ ቌߙ௜ߚ௜ඨ

௜ߛ
௜ߛ̅
ቮ
௜ଶߦ + 1
௜ଶߦ ௜ߙ, ௜ߚ,

ቍ (4.66) 
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 4.2.4.1 MGF of End-to-End SNR ࢇࢽ for the Pointing Error 

Following the same approach used in obtaining the MGF of end-to-end SNR without pointing 

error, the MGF of end-to-end SNR with pointing error can thus be obtained by using (4.54), 

and the first integral on ߛଵ is expressed as: 

ॎଵ(ݏ) =
ଵଶߦ

2Γ(ߙଵ)Γ(ߚଵ)න ଵ,ଷܩଵିଵߛ
ଷ,଴ቌߙଵߚଵඨ

ଵߛ
ଵߛ̅
ቮ
ଵଶߦ + 1
ଵଶߦ ଵߙ, ଵߚ,

ቍ
ஶ

଴
଴,ଵܩ
ଵ,଴ ቀߛܸݏଵଵ/ଶቚ

−
0
ቁ  ଵ (4.67)ߛ݀

By letting 	ܼ = ଵଵ/ଶ , ܼଶߛ = ଵ, ௗఊభߛ
ௗ௓

= 2ܼ and ݀ߛଵ = 2ܼܼ݀, then the integration of ॎଵ(ܵ) can 

be solved using [203,equation (21)] (see Appendix A3.5) as: 

 
ॎଵ(ݏ) =

ଵଶߦ

2Γ(ߙଵ)Γ(ߚଵ)න ܼିଵܩଵ,ଷ
ଷ,଴ ቌߙଵߚଵඨ

ଵߛ
ଵߛ̅
ቮ
ଵଶߦ + 1
ଵଶߦ ଵߙ, ଵߚ,

ቍ
ஶ

଴
଴,ଵܩ
ଵ,଴ ቀܼܸݏቚ

−
0
ቁ ܼ݀ 

															≜
ଵଶߦ

Γ(ߙଵ)Γ(ߚଵ)ܩଶ,ଷ
ଷ,ଵ ቆ

ଵߚଵߙ
ଵߛඥܸ̅ݏ

ቤ
1, ଵଶߦ + 1
ଵଶߦ ଵߙ, ଵߚ,

ቇ	 

(4.68) 

To solve the second integral in (4.54), substitute for ॎଵ(ݏ) and follow the same approach by 

applying the integral identity given in [203, equation (21)], then the MGF is therefore 

obtained as: 

(ݏ)ఊೌܯ  = ෑቈ
௜ଶߦ

Γ(ߙ௜)Γ(ߚ௜)
቉

ଶ

௜ୀଵ

ଷ,଺ܩ
଺,ଵ ൭

2
ෑΞ௜ݏ

ଶ

௜ୀଵ

อ
1,߰ଷ

߰ଵ ,߰ଶ
൱ (4.69) 

where  ߰ଵ = ଶߙଵߚ,ଵߙ ଶ, ߰ଶߚ, = ଵଶߦ , ଶଶ and ߰ଷߦ = ଵଶߦ + 1, ଶଶߦ + 1  

4.2.4.2 PDF of End-to-End SNR ࢇࢽ for the Pointing Error 

To determine the PDF of the end-to-end SNR,	 ఊ݂ೌ  the inverse Laplace transform is ,(ߛ)

applied to (4.69) using the identity given in [223,equation (30.40.1.1)] (see Appendix A4.1) 

as: 

 
ఊ݂ೌ(ߛ) = ଵෑቈିߛ

௜ଶߦ

Γ(ߙ௜)Γ(ߚ௜)
቉

ଶ

௜ୀଵ

ଷ,଺ܩ
଺,ଵ ൭2ߛෑΞ௜

ଶ

௜ୀଵ

อ
	߰ଷ

߰ଵ ,߰ଶ
൱ (4.70) 
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4.2.4.3 CDF of End-to-End SNR ࢇࢽ for the Pointing Error 

The CDF for the end-to-end SNR can be obtained as	ܨఊೌ(ߛ) = ∫ ఊ݂ೌ(ߛ)݀ߛఊ
଴ . Applying the 

integral identity stated in [203,equation (26)] (see Appendix A3.4), the CDF can therefore be 

obtained as follows: 

 
(ߛ)ఊೌܨ					 = න ଵෑቈିߛ

௜ଶߦ

Γ(ߙ௜)Γ(ߚ௜)
቉

ଶ
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ଶ,଺ܩ
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߰ଵ,߰ଶ
൱݀ߛ

ఊ

଴
 

≜ෑቈ
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଺,ଵ ൭2ߛෑΞ௜
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௜ୀଵ

อ
1,߰ଷ

߰ଵ,߰ଶ
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(4.71) 

4.2.5 Performance Analysis 

At the destination, the receiver combines the amplified SM signal transmitted from the relay 

through the use of MRC and EGC. Thus, to determine the ABER for the proposed FSO-SM 

dual-hop AF relay system, a well-known boundary technique, adopted in (4.11) is used to 

evaluate the ABER under the fading condition. The ABER can be bounded as given in [171] 

by: 

 
ௌெିௌ஽ܴܧܤܣ ≤

( ௧ܰ
௦ܯ)ିଵ

logଶ( ௧ܰ
௦ܯ)෍෍ ෍ ෍ ,݌)ܰ ൫ܲܧܲܣ(̂݌ ௝ܺ,௣ → ఫܺ,ෝ௣ො൯	

ெ

	௣ෝୀ௣ାଵ

ே೟
ೞ

ఫ	ෝୀ௝ାଵ

ெ

௣ୀଵ

ே೟
ೞ

௝ୀଵ

 (4.72) 

4.2.5.1 Average Pairwise Error Probability for the MRC Combiner 

By following (2.39), the instantaneous SNR at the output of MRC is defined as: 

௧ெோ஼ߛ  = ෍ߛ௔௡

ேೝವ

௡ୀଵ

	 (4.73) 

where ߛ௔௡ is the end-to-end SNR received at the ݊௧௛ heterodyne receiver defined in (4.47). 

Thus, the PEP can be expressed in terms of instantaneous SNR as [77]: 

 
ܧܲ								 ெܲோ஼൫ ௝ܺ,௣ → ఫܺ,ෝ௣ො൯ = ܳ ቆට2ߛ௧ெோ஼ቇ 

≜ ܳ

⎝

⎜
⎛ඩ2 ෍ߛ௔௡

ேೝವ

௡ୀଵ

⎠

⎟
⎞

 

(4.74) 
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Thus, by averaging the (4.74), the average PEP for the SM-MRC system can be obtained as: 

 
ெோ஼൫ܲܧܲܣ ௝ܺ,௣ → ఫܺ,ෝ௣ො൯ = න

⎝

⎜
⎛ඩ2 ෍ߛ௔௡

ேೝವ

௡ୀଵ

⎠

⎟
⎞ஶ

଴
ఊ݂ೌ೙

 (4.75) 		ߛ݀(ߛ)

Using the upper bound of Craig’s Q-function defined as	ܳ(ݔ) ≤  then ,[181] (ଶ/2ݔ−)݌ݔ1/2݁

the average PEP can be expressed as: 

 
ெோ஼൫ܲܧܲܣ																 ௝ܺ,௣ → ఫܺ,ෝ௣ො൯ =

1
2න ݌ݔ݁ ቌ−෍ߛ௔௡

ேೝವ

௡ୀଵ

ቍ ఊ݂ೌ ߛ݀(ߛ)
ஶ

଴
 

≜
1
2ෑܯఊೌ೙

(ݏ)
ேೝವ

௡ୀଵ

		 

(4.76) 

To determine the average PEP for the SM-MRC system under the influence of atmospheric 

turbulence without pointing error, substitute (4.59) into (4.76) as: 

ெோ஼൫ܲܧܲܣ ௝ܺ,௣ → ఫܺ,ෝ௣ො൯

=
1
2
൥ෑ

1
Γ(ߙ௜)Γ(ߚ௜)

ଶ

௜ୀଵ

ସ,ଵܩ
ଵ,ସ ൬

1
2ΞଵΞଶ

ฬ
1 − ଵߙ , 1 − ,ଵߚ 1 − ,ଶߙ 1 − ଶߚ

0 ൰൩

ேೝವ

 
(4.77) 

Similarly, for the average PEP for the SM-MRC system under the influence of atmospheric 

turbulence with pointing error, substitute (4.69) into (4.76) as: 

 
ெோ஼൫ܲܧܲܣ ௝ܺ,௣ → ఫܺ,ෝ௣ො൯ =

1
2
൥ෑቈ

௜ଶߦ
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ଶ

௜ୀଵ

อ
1,߰ଷ

߰ଵ ,߰ଶ
൱൩

ேೝವ

	 (4.78) 

Thus, the average BER for the SM-MRC dual-hop relay system without and with pointing 

error can therefore be respectively obtained by substituting (4.77) and (4.78) into (4.72) to 

give: 
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௘௥௥௢௥)	௣௢௜௡௧௜௡௚		ெோ஼(௪௜௧௛௢௨௧ܴܧܤܣ ≤
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(4.79) 
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(4.80) 

4.2.5.2 Average Pairwise Error Probability for the EGC Combiner 

In view of (2.14), the instantaneous SNR at the output of EGC is defined as [224]: 

 
௧ாீ஼ߛ =

1
௥ܰ
஽ ቌ෍ඥߛ௔௡

ேೝವ

௡ୀଵ

ቍ

ଶ

	 (4.81) 

Following the approach detailed in [179, 225], where ்ߛ = ቀ∑ ඥߛ௔௡
ேೝವ
௡ୀଵ ቁ

ଶ
 represents the sum 

of ௥ܰ
஽  Gamma-Gamma random variable with mean	்̅ߛ = ௥ܰ

஽̅ߛ, and parameters	ߙఊ೅ = ௥ܰ
஽ߙ +

ఊߝ  and ߚఊ೅ = ௥ܰ
஽ߚ which contain ߝఊ  as adjustment parameter for the improvement on the 

accuracy of the proposed approximation [225] and it is defined as: 

ఊߝ  = ൬
1
௥ܰ
஽ − 1൰

−0.127− ߙ0.95 − ߚ0.0058
1 + ߙ0.00124 + ߚ0.98 		 (4.82) 

The average PEP for the SM-EGC system can be expressed as: 

 
ܧܲܣ			 ாܲீ஼൫ ௝ܺ,௣ → ఫܺ,ෝ௣ො൯ = න ቆට2ߛ௧ாீ஼ቇ

ஶ

଴
ఊ݂ೌ  ߛ݀(ߛ)

																																					≜ −න ܳ/
ஶ

଴
ቆට2ߛ௧ாீ஼ቇܨఊೌ(ߛ)݀ߛ	 

(4.83) 

where ܳ∕(. ) is the derivative of Q-function which is defined in [124] as ܳ∕(ݔ) =
ଵ

ଶ√గ
exp	(−ݔଶ/2). Thus, the APEP for the system can then be expressed as: 
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ܧܲܣ  ாܲீ஼൫ ௝ܺ,௣ → ఫܺ,ෝ௣ො൯ =
1

ߨ√2
න

1
்ߛ√
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௥ܰ
஽൰ ்ߛ݀(்ߛ)ఊೌܨ

ஶ

଴
 (4.84) 

To determine the APER for the SM-EGC dual-hop AF system under the influence of 

atmospheric turbulence without pointing error, substitute for the CDF defined in (4.61) into 

(4.84), then average PEP for the system can be expressed as: 
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(4.85) 

Applying the integral identity defined in [205,equation (7.813.1)] (see Appendix A3.3), the 

APER for the SM-EGC dual-hop AF system under the influence of atmospheric turbulence 

without pointing error can be expressed as: 

ாீ஼൫ܲܧܲܣ ௝ܺ,௣ → ఫܺ,ෝ௣ො൯ ≜
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(4.86) 

Under the influence of pointing error, using (4.71) in (4.83), the average PEP for the system 

can be expressed as: 

ܧܲܣ ாܲீ஼൫ ௝ܺ,௣ → ఫܺ,ෝ௣ො൯ =
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(4.87) 

Apply the integral identity defined in [205,equation (7.813.1)] (see Appendix A3.3), the 

APER for the SM-EGC dual-hop AF system under the influence of atmospheric turbulence 

without pointing error can be expressed as: 
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Thus, the average BER for the SM-EGC dual hop relay system without and with pointing 

error can therefore be respectively be obtained by substituting (4.86) and (4.88) into (4.72): 
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(4.90) 

4.2.6  Effective Capacity for the Systems 

The capacity of spatial modulation systems as stated in [169, 226, 227] cannot be determined 

in the same way it is done in MIMO communication systems. This is because, the number of 

transmitting antenna represents the added information, and the antenna index signifies the 

spatial constellation not as the information source as in other MIMO systems. Therefore, 

using the conventional approach stated in [226], the capacity for the dual-hop spatial 

modulation with combiners can be expressed as: 

ௌெܥ  = )ଶ݃݋݈ ௧ܰ
௦1](ܯ + ௘݈ܲ݃݋ଶ( ௘ܲ) + ௖݈ܲ݃݋ଶ( ௖ܲ)] (4.91) 

where, ௘ܲ is the overall probability of error defined in (4.72) which has been obtained for the 

systems and ௖ܲ = 1 − ௘ܲ  represents the probability of correct detection and ݈݃݋ଶ( ௧ܰ
௦ܯ) 

define the total bits convey by the system. 
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4.2.7 Numerical Results and Discussions  

In this section, using the derived expression of equations (4.79), (4.80), (4.89), (4.90) and 

(4.91), the effect of atmospheric turbulence and pointing error on the average BER and the 

effective capacity performance of optical SM-SD dual-hop CSI-assisted relay are presented. 

Generally, the link between the S-R and R-D are assumed to be symmetric atmospheric 

turbulence channel with weak	(ߙ = ߚ,3.78 = 3.74), moderate (ߙ = ߚ,2.50 = 2.06) and 

strong	(ߙ = ߚ,2.04 = 1.10) conditions.  

Figure 4.12 shows the effect of atmospheric turbulence conditions on the average BER on the 

system performance under different PD configurations when MRC is considered at the 

receiver. This result confirmed that the change in turbulence condition from weak to strong 

level significantly degrades the system performance. For instance, at average SNR of 25	݀ܤ 

when considering two PDs at the receiver, it is discovered that atmospheric turbulence greatly 

degraded the system error by 99.76% between the weak and strong turbulence condition. 

However, this performance can be improved by increasing the number of PD. Thus, at 

average BER of	10ିସ, it is shown that the MRC system with four PDs offers a gain of 5	݀ܤ 

when compared with two PDs system under the same weak turbulence. 

The performance comparison between the MRC and EGC is presented in Figure 4.13. It is 

clearly shown that the MRC yields an optimal performance than EGC under the same 

conditions as it is maximized the output SNR of the combined signal. For instance, at average 

SNR of 20	݀ܤ under moderate turbulence conditions, MRC offers an error rate of 1.32 ×

	10ିହ compared with EGC of	6.20 × 	10ିସ. Moreover, it can be observed from the Figure 

4.13 that the derived analytical expressions provide a perfect match with the simulation result 

obtained through Monte-Carlo simulation and this therefore validates the accuracy of the 

presented analytical framework. 

The impact of beam width on the system error rate is also illustrated in Figure 4.14. It is 

depicted in Figure 4.14(a) that as the beam width increases the better the system error 

performance for the MRC system over a strong atmospheric turbulence for both PD 

configurations and is least with no pointing error. It can be deduced that with four PDs, there 

is less error compared with two PDs. For instance, when considering four PDs at the MRC 

system, at average SNR of	20	݀ܤ, the system offers an error improvement of 97% by 

producing an error of 3.03 × 	10ିହ compared to 1.5 × 10ିଷ average errors produced when 

using two PDs. Moreover, the performance of the MRC dual-hop AF relay system is also 
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compared with the EGC in Figure 4.14(b) when using two PDs at the receiving end. Under 

the strong turbulence condition, it is clearly shown that MRC offers a 2	݀ܤ diversity gain 

compared to EGC at the average BER of	10ିଶ.  
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Figure 4.12: Performance of dual-hop AF FSO-SM-MRC system under different 

atmospheric turbulence without pointing error when the ௥ܰ
஽ = 2	and ௥ܰ

஽ = 4	 
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Figure 4.13: Performance comparison between the SM EGC and MRC dual-hop AF system 

under different atmospheric turbulence without pointing error when the ௥ܰ
஽ = 4  
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Figure 4.14: (a) Impact of normalized beam width on the SM-MRC dual-hop AF system 

with different receive photo-detector at the destination (b) Performance comparison between 

the SM-MRC and SM-EGC dual-hop AF system under influence of normalized beam width 

at ௥ܰ
஽ = 2 
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Figure 4.15: (a) Impact of pointing error on the SM-MRC dual-hop AF system with different 

receive photo-detector at the destination (b) Performance comparison between the SM-MRC 

and SM-EGC dual-hop AF system under the influence of strong turbulence and pointing error 

at ௥ܰ
஽ = 2	 

Furthermore, the impart of pointing error on the dual-hop MRC AF relay system is 

demonstrated in figure 4.15(a) under different turbulence conditions. It clearly shows that as 

the pointing error increases from values 2 to		5, the more the system error rate deteriorates. 

For instance, under the strong turbulence condition, the pointing error value of 5 causes the 

MRC system to offer an average error of 9.5 × 10ିଷ compared to when no pointing error is 

considered with error	2.25 × 	10ିସ. Under the same turbulence condition and pointing error, 

comparison between the performance of MRC and EGC systems are presented in Figure 5(b). 

As expected, the MRC system offers the best performance compared to the EGC system for 

various values of pointing error. For instance, to achieve an average BER of 	10ିଷ	when 

pointing error value is set to	2, the MRC system requires only a power of 21	݀ܤ compared to 

EGC of 24	݀ܤ when the receiver is equipped with two PDs. 

In addition, the average error performance of the dual-hop MRC AF relay system is presented 

in Figure 4.16(a) under different values of ߦ and atmospheric turbulence ranging from weak 

to strong levels. It can be clearly depicted that the higher the value of	ߦ, the lower the system 

error rate and also the system performance deteriorates as the atmospheric turbulence 
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condition gets worst. For instance, at an average SNR of 20	݀ܤ under weak turbulence, there 

is a margin error of 3.93 × 	10ିସ between the two ߦ values, and this shows that there is 74% 

error improvement when	ߦ = 6.5 under the same average SNR. Comparing the MRC with 

EGC as it is demonstrated in Figure 4.16(b) at a high value of	ߦ = 6.5, it is found that at 

average BER of 10ିଷ, the MRC required a power of 20	݀ܤ compared to 25	݀ܤ for EGC. 

The capacity performance of the dual-hop AF relay system is illustrated in Figure 4.17 under 

different turbulence conditions without pointing error when considering both the MRC and 

EGC at the receiver. It is clearly confirmed that as the turbulence gets severe, the more the 

capacity of the system deteriorates. It is also indicated in the result that the number of lasers 

at the transmitter significantly improved the system capacity. For instance, at the average 

SNR of 14	݀ܤ, it is shown that MRC offers an effective capacity of 1.72	ܾ݅ݖܪ/ݏ/ݏݐ 

compared to 1.60	ܾ݅ݖܪ/ݏ/ݏݐ offered by EGC and the use of four lasers caused 32% 

increment in capacity for MRC under the same conditions. 
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Figure 4.16: Average error performance of SM-MRC dual-hop AF system under different 

values of ߦ and atmospheric turbulence (b) Performance comparison between SM-MRC and 

SM-EGC dual-hop AF systems at ߦ = 6.5  

 

 



 

133 
 

Figure 4.18 illustrates the influence of both pointing error and turbulence on the MRC dual-

hop AF system capacity. It is clearly shown that as the pointing error increases, the system 

capacity performance deteriorates for both when the transmit laser is two and four as against 

when there is no pointing error. It is also confirmed that for a given turbulence condition and 

pointing error, the capacity of MRC with four lasers is higher compared to when the 

transmitter is equipped with two lasers. This proved that the higher the laser at the 

transmitter, the more the system capacity which is an advantage of MIMO scheme specially 

SM with lower system complexity. 

 The impact of beam width on the system capacity is presented in Figure 4.19. The 

transmitter is equipped with two lasers and the receiver makes use of MRC and EGC under a 

strong turbulence condition. It can be deduced that the system capacity increases with the 

increase in the beam width. Thus, the MRC offers the best performance. For example, at 

beam width of			8, the MRC system offers capacity of 1.87	ܾ݅ݖܪ/ݏ/ݏݐ compared with 

 .ܤ݀	18	at the same average SNR of ݖܪ/ݏ/ݏݐܾ݅	1.85
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Figure 4.17: Comparison between the capacity of MRC and EGC systems under various 

turbulence conditions without pointing error 
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Figure 4.18: Influence of pointing error on capacity of the SM-MRC dual hop AF system 

under different atmospheric turbulence conditions  
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Figure 4.19: Impact of normalized beam width on the SM-MRC and SM-EGC dual-hop AF 

  system under strong turbulence with pointing error for ௧ܰ
ௌ = 2	ܽ݊݀	 ௥ܰ

஽ = 2 
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4.3 Chapter Summary 

In this chapter, a DF dual-hop FSO system using spatial modulation inconjunction with 

diversity combiners at the relay and destination was proposed. Power series expansion of 

modified Bessel function was employed to determine the system end-to-end average BER per 

hop for the systems. The results showed that the dual-hop actually increased the system 

coverage area with lower error performance when compared with the direct link. Also, the 

impact of having the same and different combiners at the relay and destination was presented. 

Additionally, the performance analysis and evaluation of optical spatial modulation 

heterodyne dual-hop CSI-assisted relay system with MRC and EGC combiners at the 

destination over Gamma-Gamma turbulence induced fading with and without pointing error 

were reported. The statistical characteristics of the equivalent end-to-end SNR were derived 

and utilized to determine the average PEP for each combiner in terms of Meijer-G function. 

The average BER closed-form express for the system was then determined. The results 

showed the significant effect of atmospheric turbulence and/or pointing error conditions on 

the system average BER and the effective system capacity.  
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CHAPTER FIVE 

Dual-Hop Free Space Optical Spatial Modulation Relaying System with Spatial 

Diversity over Asymmetric Channels 

In this chapter, the performance of a dual-hop spatial modulation asymmetric RF/FSO 

relaying system with MRC as mitigation tools at the destination is investigated. The RF link 

experiences Nakagami-m distribution and FSO links subjected to Gamma-Gamma 

distribution with and/or without pointing error. The MGF of the system equivalent SNR is 

derived using the CDF of the system equivalent SNR. Utilizing the MGF, the APEP for the 

system was then obtained. Through this, the ABER for the system is determined using the 

union bounding technique. The analytical results showed that fading and turbulence induced 

on the RF and FSO links respectively and pointing error strongly degraded the system error 

performance.  

5.1 System Model 

The asymmetric RF/FSO communication system that consist of multiple antennas Source (S), 

a Relay (R), and a multi-PDs Destination (D) units is illustrated in Figure 5.1. The S-R link is 

assumed to be Nakagami-m distribution while the R-D link is modeled as Gamma-Gamma 

distribution with and/or without pointing error. Moreover, AF scheme is considered at the 

relay units which amplify the received signal by fixed gain; converting the electrical signal to 

optical signal and retransmits it to destination. At the destination, a heterodyne receiver is 

employed to detect the optical signals before being combined by MRC. Time Division 

Multiple Access is assumed for transmission over both links, and the orthogonal half-duplex 

operation is implemented to avoid inter-signal interference. Therefore, the overall systems 

communication is established in two different phases. 

In the first phase, the random sequences of independent incoming information bit streams to 

be transmitted at the source are mapped into a constellation vector		ܺ = ଷݔ,ଶݔ,ଵݔൣ … . ே೟ೞ൧ݔ.
்

. 

The first group of these bits ݈݃݋ଶ( ௧ܰ
௦) is used to identify the active transmit antenna index 

݇௧௛ 	while the remaining ݈݃݋ଶ(ܯ) bits are employed to indicate the BPSK modulation symbol 

  signal constellation for transmission. At any instance, the information bits	௧௛ݍ ௤ from theݔ

are then transmitted from the active antenna index ݇ over the Nakagami-m RF link as:  
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 ܺ௞,௤ = [0	0. . . ௤ฏݔ
௤೟೓௔௡௧௘௡௡௔	௣௢௦௜௧௜௢௡

. . .0	0]் (5.1) 

Thus, the received signal at the relay unit at an instant can therefore be expressed as [18]: 

 
ோݕ = ඥ̅ߛௌோℎௌோ௞ ௤ݔ	 + ݊ோ(ݐ) 

        ≜ ඥ̅ߛௌோܪௌோܺ௞,௤ + ݊ோ(ݐ) 
(5.2) 

where ̅ߛௌோ is the average SNR of the S-to-R link, ݊ோ is the relay noise signal whose elements 

are modeled as independent identically distributed (i.i.d.) Additive White Gaussian Noise 

(AWGN) according to ~ܰܥ൫0,ߪ௡ೃ
ଶ ൯ and ℎௌோ௞ 	denotes the activation of the ݇௧௛ column of 

channel matrix ܪௌோ  for a randomly chosen ݇	during each transmission period. 

During the second phase, at an instant, the relay unit detects and coverts the transmitted SM 

signal into optical signal. The photo-detector current ݅ோ(ݐ) at the relay photo-detector is 

amplified by the fixed relay gain and then retransmitted to the destination. At the destination, 

the received optical signal at the ݎ௧௛  heterodyne receiver is expressed as the sum of the signal 

electric field ܧ௦(ݐ) transmitted by relay and LO electric field ܧ௅ை(ݐ)	at the destination which 

can be defined, following the (2.6), as: 

 
(ݐ)௥ܧ		 = (ݐ)௦ܧ +  (ݐ)௅ைܧ

		≜ ඥ2 ௧ܼܲ௢|ݕோ(ݐ)ܪܩோ஽|ܿݏ݋൫߱ைݐ + ߶௛,ோ൯ 				+ ඥ2 ௅ܲைܿݏ݋(߱௅ைݐ)			 
(5.3) 

where  ܪோ஽ = |ℎோ஽|݁௝థ೓   denotes the fading factor while ℎௌோ and ߶௛	are the fading gain and 

the link phase between the source and the relay respectively. 

Thus, the photo-current at the output of each ݎ௧௛ 	photo-detector at the destination can be 

expressed as [90, 171]: 

݅஽(ݐ) = 	
ܴ
ܼ௢

(ݐ)ௌܧ] + ଶ[(ݐ)௅ைܧ ≜ ஽஼ܫ ,௦ + ஽஼ܫ ,௅ை + ஺஼,஽ܫ  

    		≜ ܴ ௧ܲ|ݕோ(ݐ)ܪܩோ஽|ଶ + ܴ ௧ܲܪܩோ஽ + 2ܴඥ ௧ܲ ௅ܲை|ݕோ(ݐ)ܪܩோ஽|ܿݏ݋(߱ூிݐ − ߶௛)		 
(5.4) 

where ܫ஽஼,௦  and ܫ஽஼ ,௅ை  are the DC current generated due to signal and LO electric field 

respectively at the ݎ௧௛  heterodyne receiver at the destination while ܫ஺஼,஽ is the AC current 

which contains the useful information about the frequency and the phase of the received 
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signal at the destination. The short noise impairment during the photo-detection process at 

this stage is dominated by destination LO short noise with variance of		ߪ௦௛௢௥௧,௅,஽
ଶ =

௘ܴݍ2 ௅ܲ,஽ܤ௘. The SNR on the R-to-D link for the ݎ௧௛  heterodyne receiver can therefore be 

expressed following (2.15) as:  

ோ஽ߛ  =
ܴ ௧ܲ|ܪݏோ஽|ଶ

௘ܤ௘ݍ
≜   (5.5)	ோ஽|ଶܪݏ|ோ஽ߛ̅

The received signal at the ݎ௧௛  heterodyne receiver can be statistically obtained as: 

(ݐ)஽ݕ  = ඥ̅ߛோ஽̅ߛௌோܪܩோ஽ܪௌோܺ௞௤ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
௦௜௚௡௔௟	௣௔௥௧

+ ඥ̅ߛோ஽ܪܩோ஽݊ோ(ݐ) 	+ 	 ݊஽(ݐ)ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ			
ே௢௜௦௘	௣௔௥௧

 
(5.6) 

where 	̅ߛோ஽ = ܴ ௧ܲ/ݍ௘ܤ௘  is the average SNR of the R-to-D link and ݊஽(ݐ)	is the noise term at 

the input of the relay unit  modeled as a zero-mean unit variance complex Gaussian random 

variable. 

s
tN

D
rN

 

Figure 5.1: A dual-hop spatial modulation asymmetric RF/FSO relaying system 

In this study, the receiver is assumed to have full channel state information. Therefore, after 

the normalization of the noise, the received signal at the ݎ௧௛  heterodyne receiver at the 

destination can be further simplified as: 

(ݐ)஽ݕ  = ௌோܺ௞௤ܪܣ√ + ො݊(ݐ)	 (5.7) 

where ܣ = ீమுೃವ
మ ఊഥೃವఊഥೄೃ

ఊഥೃವீమுೃವ
మ ାଵ

 with ܩ	denoting the amplification factor at the relay and ො݊(ݐ) is the 

complex AWGN at the input of the destination having  similar statistical characteristic as 

݊ோ(ݐ). 
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Considering an optimal decoder at the destination, the estimated laser index 	 ෠݇ and the 

transmitted constellation symbol index ݍො from the transmitted SM signal vector	ܺ௞௤ 	at a 

specific time instant can then be obtained, following the (2.36), as: 

 ൣ	 ෠݇ ො൧ݍ,	 = ݔܽ݉݃ݎܽ
	௞෠ ,			௤ො

஽หܺ௞௤ݕ௒൫݌	  ௌோ൯ܪ,

																																						≜ ݊݅݉݃ݎܽ
௞෠ ,			௤ො

ฮℎௌோ௞ܣ√ ௤ฮிݔ
ଶ − 2ܴ݁൛ݕ஽ுℎௌோ௞  	௤ൟݔ

(5.8) 

From (5.6), using the similar analysis in [121], the equivalent instantaneous SNR at the 

destination in a fixed gain relay system can be expressed as: 

௘௤ߛ  =
ௌோߛோ஽ߛ
ோ஽ߛ +  			ܥ

(5.9) 

where ܥ ≥ 0	is the fixed relay gain, 	ߛௌோ is the instantaneous SNR of the S-to-R link and 

ோ஽ߛ 	is the instantaneous SNR of the R-to-D link. 

5.2 Statistical Channel Models 

Since the S-to-R link is assumed to experience Nakagami-m fading, the channel PDF can 

therefore be expressed as [125]: 

 ఊ݂ೄೃ(ߛௌோ) =
݉௠ߛௌோ௠ିଵ

Γ(݉)̅ߛௌோ௠
݌ݔ݁ ൬−

ௌோߛ݉
ௌோߛ̅

൰	 (5.10) 

where m is the Nakagami fading parameter (݉ ≥ 1/2) and Γ(. )	is the Gamma function. 

The turbulence in the R-to-D link is considered to undergo Gamma-Gamma distribution and 

the PDF for this channel without pointing error can be defined by following the (4.53), as:  

 
ఊ݂ೃವ(ߛோ஽) =

(ߚߙ)
ఈାఉ
ଶ ோ஽ߛ̅

ି൬ఈାఉସ ൰

2Γ(ߙ)Γ(ߚ) ோ஽ߛ
ఈାఉ
ସ ିଵ

଴,ଶܩ
ଶ,଴ቌߚߙඨ

ோ஽ߛ
ோ஽ߛ̅

ቮ
−,−

ߙ − ߚ
2 ߚ, − ߙ

2
ቍ	 (5.11) 

Considering the impact of pointing error impairment, the PDF of the combined atmospheric 

turbulence with pointing error can therefore be expressed by following (4.66) and further 

simplified using Meijer-G identity in [205, equation (9.31.5)] (see Appendix A2.5) as:  

ఊ݂ೃವ(ߛோ஽) =
ଶߦߚߙ

2ඥ̅ߛோ஽Γ(ߙ)Γ(ߚ)
ோ஽ߛ
ିଵ/ଶܩଵ,ଷ

ଷ,଴ ቌߚߙඨ
ோ஽ߛ
ோ஽ߛ̅

ቮ
ଶߦ

ଶߦ − ߙ,1 − ߚ,1 − 1
ቍ (5.12) 
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5.3 Statistical Characteristics 

The mathematical expression for the CDF and MGF is presented for the proposed system 

when the link between the relay and the destination experienced Gamma-Gamma induced-

fading with or without pointing error. 

5.3.1 CDF for the Equivalent SNR 

The S-to-R link experiences Nakagami-m fading and R-to-D undergoes Gamma-Gamma 

distributions, the CDF can therefore be obtained as [125]: 

(ߛ)ఊ೐೜ܨ = ௥ܲ ൤
ௌோߛோ஽ߛ
ோ஽ߛ + ܥ ≤  										൨ߛ

																																															≜ න ௥ܲ ൤ߛௌோ ≤
ோ஽ߛ + ܥ
ௌோߛ

൨
ஶ

଴
ఊ݂ೃವ(ߛோ஽)݀ߛோ஽ 

(5.13) 

The CDF of the equivalent SNR under the influence of atmospheric turbulence without 

pointing error can be determined by substituting (5.11) into (5.13), and the CDF of ߛ௘௤ can be 

expressed as: 

(ߛ)ఊ೐೜ܨ = 1 −
(ߚߙ)

ఈାఉ
ଶ

Γ(݉)Γ(ߙ)Γ(ߚ)̅ߛோ஽
ఈାఉ
ସ
න ோ஽ߛ

ఈାఉ
ସ ିଵΓ ቆ݉,

ோ஽ߛ)ߛ݉ + (ܥ
ோ஽ߛௌோߛ̅

ቇ
ஶ

଴
 ோ஽ߛ݀

× ଴,ଶܩ
ଶ,଴ ൭

ߚߙ
ඥ̅ߛோ஽

ோ஽ଵ/ଶอߛ
−,−

ߙ − ߚ
2 ߚ, − ߙ

2
൱ 

(5.14) 

where Γ(m, y) is the upper incomplete Gamma function and its finite power series form can 

be expressed as [205, equation (8.352(7))]: 

 
Γ(m, y) = (m − 1)!ቌexp	(−ݕ) ෍

௝ݕ

݆!

௠ିଵ

௝ୀ଴

ቍ (5.15) 

Thus, the Gamma function in (5.14) can then be expressed as:  

Γ ቆ݉,
ோ஽ߛ)ߛ݉ + (ܥ

ோ஽ߛௌோߛ̅
ቇ = (m − 1)! ቎݁݌ݔ ቆ−

ோ஽ߛ)ߛ݉ + (ܥ
ோ஽ߛௌோߛ̅

ቇ ෍
1
݆!ቆ

ோ஽ߛ)ߛ݉ + (ܥ
ோ஽ߛௌோߛ̅

ቇ
௝௠ିଵ

௝ୀ଴

቏ 

			≜ (m − 1)! ቎݁݌ݔ ൬−
ߛ݉
ௌோߛ̅

൰ ݌ݔ݁ ൬−
ߛܥ݉
ோ஽ߛௌோߛ̅

൰ ෍
1
݆! ൬

ߛ݉
ௌோߛ̅

൰
௝
൬1 +

ܥ
ோ஽ߛ

൰
௝௠ିଵ

௝ୀ଴

቏ 

(5.16) 



 

141 
 

Using binomial expansion, ቀ1 + ஼
ఊೃವ

ቁ
௞

= ∑ ቀ௝௣ቁ ቀ
௖

ఊೃವ
ቁ
௣௝

௣ୀ଴  

Substitute (5.16) into (5.14) and express ݁݌ݔ ቀ− ௠஼ఊ
ఊഥೄೃఊೃವ

ቁ	in terms of Meijer-G representation 

using identity in [203, equation (11)] (see Appendix A2.4), then (5.14) 	can be expressed as: 

(ߛ)ఊ೐೜ܨ = 1 −
(ߚߙ)

ఈାఉ
ଶ

Γ(ߙ)Γ(ߚ)̅ߛோ஽
ఈାఉ
ସ
݌ݔ݁ ൬−

ߛ݉
ௌோߛ̅

൰ ෍
1
݆! ൬

ߛ݉
ௌோߛ̅

൰
௝௠ିଵ

௝ୀ଴

෍൬
݆
ܥ൰݌

௣

௝

௣ୀ଴

 

× න ோ஽ߛ
ఈାఉ
ସ ି௝ିଵ

ஶ

଴
ଵ,଴ܩ
଴,ଵ ൬

ோ஽ߛௌோߛ̅
ߛܥ݉ ฬ

0
1,൰ܩ଴,ଶ

ଶ,଴ ൭
ߚߙ
ඥ̅ߛோ஽

ோ஽ଵ/ଶอߛ
−,−

ߙ − ߚ
2 ߚ, − ߙ

2
൱  ோ஽ߛ݀

(5.17) 

Using the integral identity [203, equation (21)] (see Appendix A3.5), CDF of ߛ௘௤ 	can be 

derived as: 

 
(ߛ)ఊ೐೜ܨ = 1 −෍෍Ψଵߛ

ఈାఉ
ସ ା௣ exp ൬−

ߛ݉
ௌோߛ̅

൰
௝

௣ୀ଴

௠

௝ୀ଴

଴,ହܩ
ହ,଴ ቆ

ߛܥଶ(ߚߙ)݉
ோ஽ߛௌோ̅ߛ16̅

ቤ
−
Ξଵ
ቇ (5.18) 

where 

Ψଵ =
(ߚߙ)

ఈାఉ
ଶ ݆! (ܥ)

ఈାఉ
ସ (݉)

ఈାఉ
ସ ା௣

!݌ߨ4 (݆ − ݆)Γ(ߚ)Γ(ߙ)Γ!(݌ + ௌோߛ̅(1
ఈାఉ
ସ ା௣

ோ஽ߛ̅
ఈାఉ
ସ

 

Ξଵ = ൤
ߙ − ߚ

4 ,
ߙ − ߚ + 2

4 ,
ߚ − ߙ

4 ,
ߚ − ߙ + 2

4 ,
ߙ− − ߚ

4 − ݌ + ݆൨ 

Similarly, obtained by substituting (5.12) into (5.13), the CDF for the turbulence with 

pointing error can be expressed as: 

 
(ߛ)ఊ೐೜ܨ = 1 −

ଶߦߚߙ

2Γ(ߙ)Γ(ߚ)Γ(݉)න
1
ோ஽ߛ

ஶ

଴
Γ ቆ݉,

ோ஽ߛ)ߛ݉ + (ܥ
ோ஽ߛௌோߛ̅

ቇ 

× ଵ,ଷܩ
ଷ,଴ ቌߚߙඨ

ோ஽ߛ
ோ஽ߛ̅

ቮ
ଶߦ

ଶߦ − ߙ,1 − ߚ,1 − 1
ቍ݀ߛோ஽  

(5.19) 

Following the same analysis of CDF for the turbulence without pointing error, the CDF of 

 :for the turbulence with pointing error can be derived as	௘௤ߛ
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(ߛ)ఊ೐೜ܨ = 1 −෍෍Ψଶߛ
ଵ
ଶା௣ exp ൬−

ߛ݉
ௌோߛ̅

൰
௝

௣ୀ଴

௠

௝ୀ଴

ଶ,଻ܩ
଻,଴ ቌ

ߛܥଶ(ߚߙ)݉
ோ஽ߛௌோ̅ߛ16̅

ቮ
ଶߦ
2 , ߦ

ଶ + 1
2

Ξଶ
ቍ (5.20) 

where  

Ψଶ =
2ఈାఉିଷ(ߚߙ)ߦଶ݆! (ܥ)

ଵ
ଶ(݉)௣ା

ଵ
ଶ̅ߛோ஽

ିଵଶ

!݌ߨ4 (݆ − !(݌ Γ(ߙ)Γ(ߚ)Γ(݆ + ௌோߛ̅(1
௣ାଵଶ

	 

Ξଶ = ቈ
ଶߦ − 1

2 ,
ଶߦ

2 ,
ߙ − 1

2 ,
ߙ
2 ,
ߚ − 1

2 ,
ߚ
2 ,

1
2 − ݌ + ݆቉ 

5.3.2 MGF for the Equivalent SNR 

The MGF equivalent SNR under the influence of atmospheric turbulence with and without 

pointing error can be expressed as:  

ఊ೐೜ೝܯ 
(ܵ) = ܵන ݁ିௌఊܨఊ೐೜(ߛ)݀ߛ

ஶ

଴
		 (5.21) 

By substituting (5.18) into (5.21) and applying the integral identity in [205, equation. 

(7.813.1)] (see Appendix A3.3), the MGF under the influence of turbulence without pointing 

error can be obtained as:  

ఊ೐೜ೝܯ
(ܵ) = 1 − ܵΨଵ෍෍൬

ௌோߛ̅ܵ + ݉
ௌோߛ̅

൰
ି൬ఈାఉସ ൰ି௣ିଵ

	
௝

௣ୀ଴

௠

௝ୀ଴

 

× ଵ,ହܩ
ହ,ଵ ቌ

ௌோߛ̅ܥଶ(ߚߙ)݉
ௌோߛ̅)ோ஽ܵߛௌோ̅ߛ16̅ + ݉) ቮ

ߙ− − ߚ
4 − ݌
Ξଵ

ቍ 

(5.22) 

Similarly, by substituting (5.20) into (5.21) and applying the integral identity in [205, 

equation (7.813.1)] (see Appendix A3.3), the MGF under the influence of turbulence with 

pointing error is obtained as: 

 
ఊ೐೜ೝܯ

(ܵ) = 1 − ܵΨଶ෍෍൬
ௌோߛ̅ܵ + ݉

ௌோߛ̅
൰
ି൬ఈାఉସ ൰ି௣ିଵ

				
௝

௣ୀ଴

௠

௝ୀ଴

 

× ଷ,଻ܩ
଻,ଵ ቌ

ௌோߛ̅ܥଶ(ߚߙ)݉
ௌோߛ̅)ோ஽ܵߛௌோ̅ߛ16̅ + ݉) ቮ

݌− − 1
2 , ߦ

ଶ

2 , ߦ
ଶ + 1

2
Ξଶ

ቍ 

(5.23) 
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5.4 Performance Analysis 

At the system destination, the amplified SM signal from the relay is combined using MRC 

combining technique. Thus, to determine the ABER for the proposed asymmetric RF/FSO 

dual-hop AF relay system, a well-known boundary technique is adopted to evaluate the 

ABER under the fading condition, following (3.10), as: 

ௌெܴܧܤܣ ≤
( ௧ܰ

௦ܯ)ିଵ

logଶ( ௧ܰ
௦ܯ)෍෍ ෍ ෍ ,ݍ)ܰ ൫ܺ௞,௤ܲܧܲܣ(ොݍ → ܺ௞ ,෡௤ො൯			

ெ

	௤ෝୀ௤ାଵ

ே೟
ೞ

௞	෡ୀ௞ାଵ

ெ

௤ୀଵ

ே೟
ೞ

௞ୀଵ

 (5.24) 

To determine the APEP for the system with MRC combiner, the instantaneous SNR at the 

output of MRC is defined following the (2.39) as: 

௧ெோ஼ߛ  = ෍ߛ௘௤௥

ேೝವ

௥ୀଵ

	 (5.25) 

where ߛ௘௤௥ is the equivalent SNR received at the ݎ௧௛  heterodyne receiver defined in (5.9). 

Thus, the PEP can be expressed, by following (4.74), as: 

 
൫ܺ௞ܲܧܲ ,௤ → ܺ௞ ,෡௤ො൯ = ܳ ቆට2ߛ௧ெோ஼ቇ		 

																																								≜ ܳ

⎝

⎜
⎛ඩ2෍ߛ௘௤௥

ேೝವ

௥ୀଵ

⎠

⎟
⎞

 
(5.26) 

Thus, using the upper bound of Craig’s Q-function defined as	ܳ(ݔ) ≤  (ଶ/2ݔ−)݌ݔ1/2݁

[124], the average PEP for the system can be expressed as: 

 
൫ܺ௞,௤ܲܧܲܣ → ܺ௞,෡௤ො൯ =

1
2න ௘௤௥ߛቌ−෍݌ݔ݁

ேೝವ

௥ୀଵ

ቍ ఊ݂೐೜(ߛ)݀ߛ
ஶ

଴
 

			≜
1
2ෑܯఊ೐೜ೝ

(ܵ)
ேೝವ

௥ୀଵ

 

(5.27) 
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By substituting (5.22) and (5.23) into (5.27), the APEP for the system under the influence of 

atmospheric turbulence without and with pointing error can be obtained as it is defined in 

(5.28) and (5.29) respectively. 

ܧܲܣ ௪ܲ௜௧௛௢௨௧	௉௢௜௡௧௜௡௚	ா௥௥௢௥ =
1
2ෑ

቎1 −Ψଵ෍෍൬
ௌோߛ̅ + ݉
ௌோߛ̅

൰
ି൬ఈାఉସ ൰ି௣ିଵ

௝

௣ୀ଴

௠

௝ୀ଴

ேೝವ

௥ୀଵ

	 

	× ଵ,ହܩ	
ହ,ଵ ቌ

ௌோߛ̅ܥଶ(ߚߙ)݉
ௌோߛ̅)ோ஽ߛௌோ̅ߛ16̅ + ݉) ቮ

ߙ− − ߚ
4 − ݌
Ξଵ

ቍ቏ 

(5.28) 

ܧܲܣ ௪ܲ௜௧௛	௉௢௜௡௧௜௡௚	ா௥௥௢௥ =
1
2ෑ

቎1 − Ψଶ෍෍൬
ௌோߛ̅ + ݉
ௌோߛ̅

൰
ି൬ఈାఉସ ൰ି௣ିଵ

௝

௣ୀ଴

௠

௝ୀ଴

ேೝವ

௥ୀଵ

	 

	× ଷ,଻ܩ	
଻,ଵ ቌ

ௌோߛ̅ܥଶ(ߚߙ)݉
ௌோߛ̅)ோ஽ߛௌோ̅ߛ16̅ + ݉) ቮ

݌− − 1
2 , ߦ

ଶ

2 , ߦ
ଶ + 1

2
Ξଶ

ቍ቏ 

(5.29) 

The ABER for the system under the influence of atmospheric turbulence with and without 

pointing error can therefore be determined by substituting (5.28) and (5.29) respectively into 

(5.24). 

5.5 Numerical Results and Discussions  

In this section, the analytical results on the asymmetric RF/FSO system under the influence 

of atmospheric channel with and/or without pointing error are presented using the derived 

average BER expression through equations (5.28) and (5.29). The value of the fixed relay 

gain is set in such a way that		ܥ = 0.75. Moreover, the link between the relay and destination 

is assumed to be atmospheric turbulence channel with weak	(ߙ = ߚ,3.78 = 3.74), moderate 

ߙ) = ߚ,2.50 = 2.06) and strong	(ߙ = ߚ,2.04 = 1.10) turbulence conditions. 

Figure 5.2 illustrates the performance of the system under the varying effect of different 

values of fading parameters and turbulence conditions without pointing error effect. As 

expected, the increase in the fading and turbulence, the more the system performance 

deteriorates. This explains that the ABER for the system becomes poorer with the unified 

effect of fading and turbulence at the S-to-R and R-to-D links respectively. For instance, 

at	ܴܵܰ = ݉ when ,ܤ݀	20	 = 	3 under weak turbulence condition, the ABER produced by the 

system is 2.13 × 10ିଵ଴ and it increases to 8.24 × 10ି଼ and 1.01 × 10ିହ respectively under 

moderate and strong conditions. In addition, the accuracy of the derived analytical 
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expressions and their computational realizations are compared with the Monte-Carlo 

simulation in Figure 5.2. It can be observed from the result that the derived expressions 

agreed with the simulation and thus validate their accuracy.  

The performance comparison between the proposed system and the well-established SIM 

asymmetric system is presented in Figure 5.3. It is clearly shown that the use of MRC at the 

receiving end significantly improves the proposed system performance. Expectedly, as the 

number of the PD at the destination increases the better the ABER for the system. For 

example, at		ܴܵܰ = 	when ܤ݀	15 ௥ܰ
஽ = 1, the system offers ABER of		0.54 × 10ିଶ		and this 

is reduced to 3.09 × 10ିସ and 7.66 × 10ି଻when ௥ܰ
஽ = 2	and	 ௥ܰ

஽ = 4 respectively. 

Additionally, it can be observed that the proposed system outperformed the well-established 

SIM system with different modulation schemes under the same conditions. For instance, 

at	ܴܵܰ = the SM-BPSK system offers error of 2.58 ,ܤ݀	20 × 10ିହ when ௥ܰ
஽ = 2		as 

compared to 0.44 × 10ିଶ produced by SIM-CBPSK system. 
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Figure 5.2: Performance of the system under different fading and turbulence conditions 

without pointing error when ௥ܰ
஽ = 2 
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The effect of pointing error on the system performance is depicted in Figure 5.4 for different 

values of beam waist at	݉ = 3. As it is clearly shown, the system performance gets degraded 

as the turbulence conditions become more severe on the FSO link. Moreover, it is confirmed 

that large beam waist reduces the system error because the value for ߦ results in lower 

pointing error. Thus, as the beam waist increases, the better the system performance becomes. 

For instance, when	ܴܵܰ	 =  at moderate turbulence, the normalized beam waist of 8 ܤ݀	20	

radius offers the system ABER of 5.2 × 10ି଻ as compared to 9.68 × 10ିସ produced 

when	ݓ௘/ݎ = 4. 

The performance of the proposed system is compared with well-established SIM-CBPSK 

system presented in [124] under the influence of pointing error as it is depicted in Figure 5.5. 

Generally, it is deduced that large value of normalized jitter caused low value in ߦ and this 

results in stronger effect of pointing error. Therefore, as the normalized jitter increases, the 

more the performance of the both systems deteriorate, with SM-BPSK offering the best 

performance compared with SIM-CBPSK under the same turbulence condition. For instance, 

at ܴܵܰ = ݎ/௦ߪ	when ܤ݀	20 = 4, the SM-BPSK yields error of 1.50 × 10ି଺ compared to 

1.69 × 10ିଶ	produced by SIM-CBPSK. 

 

Figure 5.3: Performance comparison between SM-BPSK-MRC and the SIM with different 

binary modulations at ݉ = 2 over a strong turbulence 

0 5 10 15 20 25 30 35

10
-8

10
-6

10
-4

10
-2

10
0

Average SNR (dB)

A
ve

ra
ge

 B
E

R

 

 

SIM-CBFSK
SIM-CBPSK
SIM-NBFSK
SIM-DBPSK
SM-BPSK (Nr=1)
SM-BPSK (Nr=2)
SM-BPSK (Nr=4)



 

147 
 

0 5 10 15 20 25 30 35

10
-8

10
-6

10
-4

10
-2

10
0

Average SNR (dB)

A
ve

ra
ge

 B
E

R

 

 
(we/r= 4)

(we/r= 6)

(we/r= 8)

No Pointing Errors

2 .50
2.06






2.04
1.10






 

Figure 5.4: Effect of normalized beam waist on the SM-BPSK at ݉ = 3 and ௥ܰ
஽ = 2	over 

the moderate and strong turbulence at	ߪ௦/ݎ = 2 
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Figure 5.5: Comparison between the SIM-CBPSK and SM-BPSK under the effect of 

normalized sigma at	݉ = ݎ/௘ݓ	 ,2 = 8	and ௥ܰ
஽ = 4	over a strong turbulence 
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5.6 Chapter Summary 

In this chapter, the performance analysis of a dual-hop spatial modulation relaying system 

over asymmetric RF/FSO with heterodyne detection and MRC combiner at the destination 

was presented. The S-to-R and R-to-D links were respectively considered to be Nakagami-m 

fading and Gamma-Gamma turbulence with and/or without pointing error. For this 

asymmetric channel system, a mathematical closed form expression for the CDF, PDF and 

MGF was derived. Thus, the finite power series approach was then used to determine the 

ABER for the system under study in term of Meijer-G function. The effect of pointing error 

and atmospheric turbulence on the system was investigated. Finally, the results proved that 

the performance of the proposed system was better than the well-established systems under 

the same conditions. 
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CHAPTER SIX 

Block Error Rate Performance of Subcarrier Intensity Modulation FSO Link with 

Spatial Diversity over Atmospheric Channel Impairments. 

When transmitting data in block of ܰ bits in a communication system, the probability 

 bits error in a block can be estimated by average BLER. This is ܯ of more than (ܰ,ܯ)ܲ

based on the fact that the optical channel is slow in nature and causes the received signal 

strength to be constant over the duration of a block of ܰ bits. Due to the rigorous 

mathematical complexity and untraceable closed-form expression that may result from using 

spatial modulation scheme, the BLER performance of the FSO system was carried by 

considering subcarrier intensity modulation scheme. In this chapter, block error rate 

performance of SIM-BPSK FSO system with spatial diversity combiners over Gamma-

Gamma atmospheric turbulence with and without pointing error is reported. The channel PDF 

for MRC and EGC by using power series expansion of the modified Bessel function is 

derived. Through this, the BLER closed-form expressions for the combiners are obtained. 

Under the same atmospheric conditions, BLER performance of the proposed FSO-SIM 

system with diversity combiners is compared with the well-established FSO-SIM system 

without combiner. Convolutional error control coding technique was also introduced to 

further enhance the system performance.  

6.1 System Model 

At the transmitter of the FSO-SIM system, pre-modulated RF signal (ݐ)ݏ is used to modulate 

a continuous wave optical laser beam and the transmitted power of the modulated optical 

beam is given following equation (2.30) as: 

(ݐ)்ܲ    = ܲ[1 +  (6.1) [(ݐ)ݏߩ

At the receiving end, the laser optical beam is converted into electrical signal through direct 

detection. The photocurrent at the photo-detector (PD) can therefore be expressed following 

equation (2.31) as: 

(ݐ)݅  = ܴܲ[1 + (ݐ)ܫ[(ݐ)ݏߩ +  (6.2) (ݐ)݊
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where ݊(ݐ) is the AWGN with zero-mean and variance defined as ~ℕ(0,ߪ௡ଶ). The 

instantaneous SNR at the input of the electrical demodulator of an optical receiver can be 

derived from equation (6.2) as: 

ߛ  =
ଶ(ߩܴܲ)

௡ଶߪ
ଶܫ =   (6.3)															ଶܫߛ̅

In this study, the BPSK binary modulation FSO system is considered for the transmission and 

 is normalized to unity. The two combiners considered at the receiver are the MRC and	(ݐ)ܲ

EGC having identical PDs on each channel link. The receiver converts the optical beam into 

electrical signals and ௥ܰ- detectors PD combine the signal before being demodulated 

coherently. For ܵ	number of subcarriers, the (ݐ)ݏ	 over one symbol duration can be given 

following (2.29) as: 

(ݐ)ݏ  = ෍ܣ௝݃(ݐ) cos(ݓ௖ݐ) + ௝ߠ

ௌ

௝ୀଵ

								 (6.4) 

Thus, the output from the combiner can be expressed as [75]: 

(ݐ)௜ݎ  =
ܴ
௥ܰ
௜ܫ ቌ1 + ෍ܣ௝݃(ݐ) cos(ݓ௖ݐ) + ௝ߠ

ௌ

௝ୀଵ

ቍ + ݊௜(ݐ), ݆ = 1,2,3. . . , ௥ܰ		 (6.5) 

6.2 Performance Analysis of FSO-SIM System with Diversity Combiner under the 

Influence of Gamma-Gamma Turbulence 

The average BLER for the FSO-SIM system with spatial diversity combiner over a slow 

fading channel can be expressed as [127, 130, 131]: 

 
(ܰ,ܯ)ܲ = න ෍ ൬

ܰ
݉൰ܲ

௠(1 − ܲ)ேି௠
ே

௠ୀெାଵ
ூ݂(ܫ)݀ܫ

ஶ

଴

		 (6.6) 

where ܲ is the probability of bit error, ܯ is the number of bit errors within a block length , ܰ 

is the number of blocks of bits and ூ݂(ܫ) denotes the PDF of the Gamma-Gamma distribution 

defined in (2.53). 

Since the BPSK modulation is considered on each subcarrier, the conditional probability of 

bit error for the modulation is obtained as [228]:  
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(ܫ)ܲ  = ܳ൫ඥ2̅ܫߛଶ൯ (6.7) 

Therefore, the Q-function in (6.7) can be expressed through of used the Q-function derived in 

[130] as: 

(ݔ)ܳ  =
5

24 exp(−2ݔଶ) +
4

24 ൬−
11
20 ݔ

ଶ൰ +
1

24 ݌ݔ݁ ൬−
1
ݔ2

ଶ൰ (6.8) 

Thus, from (6.8), the conditional probability can be expressed as: 

 
(ܫ)ܲ =

5
24 exp(−4̅ܫߛଶ) +

1
6 ൬−

11
10 ܫߛ̅

ଶ൰+
1

24 ݌ݔ݁
 (6.9) (ଶܫߛ̅−)

By substituting for probability of bit error into the (6.9), then the BLER, defined as (6.6), can 

be rewritten as:  

(ܰ,ܯ)ܲ  = න ෍ ෍ ൬
ܰ
݉൰൬

ܰ − ݉
ݍ ൰ (−1)௤ܳ൫ඥ2̅ܫߛଶ൯

௠ା௤
ூ݂(ܫ)݀ܫ

ேି௠

௤ୀ଴

ே

௠ୀெାଵ

ஶ

଴

 (6.10) 

To expand the Q-function in (6.10), multinomial expansion approach is applied and this is 

obtained as: 

൭
5

24 exp(−4̅ܫߛଶ) +
1
6 ൬−

11
10 ܫߛ̅

ଶ൰+
1

24 ݌ݔ݁
൱(ଶܫߛ̅−)

௠ା௤

 

= ෍ ෍൬
݉ + ݍ
ܾ ൰ ൬

ܾ
݈ ൰ ൬

1
24൰

௠ା௤ିଵ

൬
5

24൰
௕ି௟

൬
1
6൰

௟

exp	ቆ−̅ܫߛଶ ൬݉ + 3ܾ −
29
10 ݈൰ቇ

௕

௟ୀ଴

௠ା௤

௕ୀ଴

 
(6.11) 

6.2.1 BLER for SIM-BPSK System with MRC over Gamma-Gamma Channel  

When MRC is considered at the receiver, the combiner weights the transmitted optical beam 

from each link. Following the instantaneous SNR for the MRC combiner defined in (2.39) as: 

௦ߛ  = ௜ଶܫ෍ߛ̅
ேೝ

௜ୀଵ

		 (6.12) 

The PDF of the MRC combiner channel is determined through the use of MGF. From (6.12), 

ܻ = ∑ ଶேೝܫ
௜ୀଵ  and 	ܫ௑ =  :is obtained as ܫ ଶ , the MGF ofܫ
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 Φூ(ݏ) = Ε[exp	(−ܫݏ௑)] = න ݁ି௦ூ ூ݂೉(ܫ௑)݀ܫ௑

ஶ

଴

 

≜
1
2෍൤ ௚݉(ߚ,ߙ)Γ ൬

݃ + ߚ
2 ൰ (ݏ−)

௚ାఉ
ଶ −݉௚(ߙ,ߚ)Γ ൬

݃ + ߙ
2 ൰ (ݏ−)

௚ାఈ
ଶ ൨

ஶ

௚ୀ଴

 
(6.13) 

Thus, the summation of the MGF of Y can be obtained through binomial expansion as:  

 
								Φ௒(ݏ) = [Φூ(ݏ)]ேೝ 

≜
1

2ே௥෍൬ ௥ܰ
݆ ൰෍݀௚( ௥ܰ 			− ݆, (ݏ−)(݆

ି௚ିேೝఉି௝(ఈିఉ)
ଶ 				

ஶ

௚ୀ଴

ேೝ

௝ୀ଴

 
(6.14) 

where; 

݀௚( ௥ܰ − ݆, ݆) = ൤݉௚(ߚ,ߙ)Γ൬
݃ + ߚ

2 ൰൨
[ேೝି௝]

∗ 				 ൤ ௚݉(ߙ,ߚ)Γ ൬
݃ + ߙ

2 ൰൨
[௝]

			 

for ቂ݉௚(ݕ,ݔ)Γ ቀ௚ା௬
ଶ
ቁቃ

[௡]
 implies that ݉௚(ݕ,ݔ)Γ ቀ௚ା௬

ଶ
ቁ	 is convolved by ݊ − 1 times with 

itself.  

By applying the inverse Laplace transform to the (6.14), the PDF of		 ௒݂(ܻ) = ெ݂ோ஼(ܫ) can be 

expressed as: 

 
ெ݂ோ஼(ܫ) =

1
2ே௥෍൬ ௥ܰ

݆ ൰෍
݀௚( ௥ܰ − ݆, ݆)

Γ(Δ) I୼ିଵ		
ஶ

௚ୀ଴

ேೝ

௝ୀ଴

 (6.15) 

where 

Δ =
−݃ − ௥ܰߚ − ߙ)݆ − (ߚ

2  

To determine the BLER for the considered combiner, the derived combiner channel PDF 

(6.15) is substituted into (6.10), and the BLER of the MRC receiver can then be obtained as:  
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ܲெோ஼(ܯ,ܰ)
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(6.16) 

Then, by applying the integral identity defined in [205,equation 3.326(2)] (see Appendix 

A3.1), the BLER for the system can be expressed as: 
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(6.17) 

6.2.2 BLER for SIM-BPSK System with EGC over Gamma-Gamma Channel 

When considering EGC at the receiver, the combiner gathers all the transmitted optical beam, 

estimates and sums them coherently with equal weights of one. The instantaneous SNR for 

the EGC can be defined by following the (2.41) as: 

 
௦ߛ =

ߛ̅
௥ܰ
ቌ෍ܫ௜

ேೝ

௜ୀଵ

ቍ

ଶ

 (6.18) 

Therefore, the combiner channel PDF for the system is then determined through the MGF. 

From (6.18), then, ܴ = ൫∑ ௜ܫ
ேೝ
௜ୀଵ ൯

ଶ
and ܲ = ௜ܫ 	 and ܼ = ∑ ௜ܫ

ேೝ
௜ୀଵ , then the MGF of ܲ is obtained 

as: 

 
Φ௉(ݏ) = Ε[exp	(−ܲݏ)] = න ݁ି௦௉ ௉݂(ܲ)݀ܲ

ஶ

଴
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1
2 ෍ൣ݉௚(ߚ,ߙ)Γ(݃ + ௚ାఉି(ݏ−)(ߚ + ݉௚(ߙ,ߚ)Γ(݃ + 		௚ାఈ൧ି(ݏ−)(ߙ

ஶ

௚ୀ଴

 
(6.19) 

Then, by binomial expansion, the sum of the Gamma-Gamma distribution for the EGC 

random variable ܼ is derived as follows: 
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(6.20) 

By applying inverse Laplace transform to (6.20), the PDF of ܼ can be obtained as: 

 
௓݂(ܼ) = ෍൬ ௥ܰ

݆ ൰෍
ς௚(ݎܰ,ߚ,ߙ − ݆, ݆)

Γ(μ)

ஶ

௚ୀ଴
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௝ୀ଴

ܼஜିଵ		 (6.21) 

where  

           μ = 	݇ + ௥ܰߚ + ߚ)݆ −  and ,	(ߙ

ς௚(ݎܰ,ߚ,ߙ − ݆, ݆) = ൣ݉௚(ߚ,ߙ)Γ(݃ + ൧(ߚ
ேೝି௝ ∗ ൣ݉௚(ߙ,ߚ)Γ(݃ + ൧(ߙ

௝
             

In order to obtain the channel PDF for the EGC combiner, the (6.21) is integrated with 

respect to ܼ and ܴ = ܼଶis substituted. Then, by differentiating with respect to		ܴ, the PDF 

of	ܴ, that is, ோ݂(ܴ) = ா݂ீ஼(ܫ) is obtained as: 

 
ா݂ீ஼(ܫ) =

1
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Following the same approach in MRC, the BLER of the EGC receiver can then be obtained 

by substituting for combiner channel PDF into equation (6.10) as: 

ாܲீ஼(ܯ,ܰ)
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1
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(6.23) 

Then, by applying the integral identity defined in [205,equation 3.326(2)] (see Appendix 

A3.1), the BLER for EGC can be expressed as: 
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(6.24) 

It should be noted that both the (6.17) and (6.24) are in form of infinite series and this needs 

to be truncated to finite terms for evaluation purpose. Based on this, it is necessary to 

evaluate the approximate error resulting from the elimination of all term after ܭ + 1	in the 

BLER rate series expression. Thus, average BLER for MRC in (6.17) is used as illustration, 

since the EGC follows similar procedure and thus, the truncation error is defined as:    
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(6.25) 

where 

 ߰௚(ߚ,ߙ) =
݀௚( ௥ܰ − ݆, ݆)Γ(Δ/2)
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ேೝఉି௝(ఈିఉ) 
(6.26) 

The summation in (6.25) can therefore be simplified using the Taylor series expansion 

of		ݔ௡/	(1 −  :and the upper bound of truncation error can then be obtained as ,(ݔ

௄ߝ =
1
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where 

߷஺ = ݉ + 3ܾ −
29
10 ݈ 
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It is evident that as ݃ tends to infinity, the (6.26) approaches zero and thus the ߝ௄ in (6.27) 

reduces with increase in index	݃. 

6.2.3 Hard-Coded Technique for SIM-BPSK FSO System  

In this study, the error control coding technique called convolutional coding is adopted to 

further improve the BLER of the system due to its performance over a slow channel fading 

like FSO link. A ½ rate encoder of octal representation (5, 7), constraint length of 3 and a free 

distance of 5 as presented in [214] is considered. The BLER for this coded SIM-BPSK 

system can be obtained following equation (3.66). 

6.2.4 Numerical Results and Discussions 

In this section, the results on BLER performance of the SIM with MRC and EGC over 

Gamma-Gamma turbulence channel are presented. The approximate error rate is obtained by 

eliminating the infinite term after the ܭ + 1 term of the derived series solutions and the ܭ 

term is set to be		50. This is verified by numerical integration of the exact error rate given in 

equation (6.10). In the simulation, the number of bit errors in a block length of ܰ is denoted 

as	ܯ = 2, except otherwise stated. Since Gamma-Gamma turbulence channel was 

considered, the following turbulence levels are employed and these include, weak	(ߙ =

ߚ,3.78 = 3.74), moderate (ߙ = ߚ,2.50 = 2.06) and strong	(ߙ = ߚ,2.04 = 1.10). 

The performance of the system with both MRC and EGC are compared under different PD 

configurations over the link range of	3000	݉, and are illustrated in Figure 6.1. It can be 

depicted here that MRC has superior BLER improvement at an expense of system complexity 

than EGC for different PDs since the MRC receiver complexity is directly proportional to the 

number of branch signal present at it receiver. For instance, at SNR of	20	݀ܤ, the MRC 

yields an approximate BLER of	10ିଶ, while EGC produces 10ିଵ	with PDs of two. This is 

further enhanced by increasing the system PDs to four, and the MRC offers an improved 

BLER of approximate	10ିହ, while EGC gives 10ିଷ error rate at the same SNR. Also, the 

result demonstrated clearly that the series solution at ܮ = 50 has a perfect agreement with the 

exact BLER calculated by the numerical integration. 

The systems error performance over Gamma-Gamma turbulence is illustrated in Figure 6.2 

for 15	block lengths with two PDs at the receiver. This clearly showed that as the turbulence 

increases, the error rate for the system also increased. As expected, MRC offers better 

performance in all the turbulence levels than EGC system. For instance, at weak turbulence 
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condition, the BLER performance for the two systems is better; with MRC and EGC offers 

approximate error rate of 10ି଺ and 10ିହ respectively at SNR of	35	݀ܤ. This degrades to 

≅ 10ିଵand ≅ 10ିଶ	respectively for MRC and EGC over the strong turbulence. Moreover, it 

can be observed from the Figure 6.2 that the derived analytical expressions in (6.17) and 

(6.24) provide a perfect match with the exact BLER result obtained through Monte-Carlo 

simulation and this therefore validates the accuracy of the numerical expressions. 

The increase in the number of block bits transmitted at the transmitter also has influence on 

the systems error rate. It can be depicted in Figure 6.3 that as the block length increases 

from	5	݋ݐ	20, the more the system error rate increases. However, a point is reached where the 

effect becomes less pronounced due to lack of independence between the successive bit 

errors in a block under the slow fading channel. Nevertheless, the increase in the number of 

PDs employed at the receiving end therefore improves the system error performance as can 

be seen when		 ௥ܰ = 4. 
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Figure 6.1: Performance comparison between MRC-SIM and EGC-SIM for 20 block lengths 
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Figure 6.2: Performance comparison between MRC and EGC under different turbulence 

strengths at ௥ܰ = 2 for 15	block lengths 
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Figure 6.3: Performance of MRC under different block lengths 
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The impact of link range on the system BLER is demonstrated by EGC system in Figure 6.4. 

It is clearly shown that the increase in link range increases the BLER for the system. This 

effect can be significantly reduced by increasing the number of PD at the receiving end. For 

instance, at link range of		2500	݉, the system produces approximate BLER of 10ିଶ	and 

10ି଺	when ௥ܰ = 2 and 4 respectively at SNR of	35	݀ܤ. This degrades when considering a 

link range of 3500	݉ at the same SNR, as the system offers approximate BLER of 

10ିଵ	when ௥ܰ = 2 and 10ିହ	when	 ௥ܰ = 4. However, it is noticed that as the link range 

increases the system performance deteriorated in terms of block error due to Gamma-Gamma 

random variable whose variation is in parallel with the original channel. 
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Figure 6.4: Performance of BLER EGC system under different link range for 20 block 

lengths 
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To validate the performance of the proposed system, the impact of diversity combiner on the 

FSO-SIM system is illustrated in Figure 6.5, where the proposed system is compared with 

other well-established systems presented in [130] under the same channel condition. In order 

to have a fair comparison, the systems were subjected to the same atmospheric condition with 

the SIM-BPSK-MRC and SIM-BPSK-EGC systems having four PDs at the receiving end. As 

it can be observed, the SIM-DPSK and SIM-NCFSK offer a poor BLER performance while 

MRC-BPSK system yields the best performance among all the systems. For instance, it can 

be depicted that at a BLER of	10ିସ, MRC combiner enhances the BLER performance of 

BPSK system by 10	݀ܤ as compared with the case of EGC with the value of	5	݀ܤ. 

 

Figure 6.5: Comparison between the proposed FSO-SIM systems with well-established FSO-

SIM for 10 block lengths when ௥ܰ = 4 over the strong turbulence 

The performance of the convolutional coding technique on the BLER of MRC-BPSK and its 

EGC counterpart is presented in Figure 6.6. The two systems are subjected to a strong 

turbulence with the transmission of 10 block lengths of bits over the link. It can be deduced 

that the coding technique greatly enhanced the systems BLER, and the MRC-BPSK is found 

to produce the best performance than the EGC. For instance, at a system of four PDs, the 
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coding technique enhances the system performance by about 	32	݀ܤ in SNR at a BLER of 

10ି଺	as compared with EGC system of	35	݀ܤ. At the same BLER, the coding gain between 

௥ܰ = 2	and ௥ܰ = 4 is around 6dB and 	8	݀ܤ respectively for MRC and EGC combiners. 
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Figure 6.6: Performance of convolutional coding on SIM BPSK-SD systems for 10 block 

lengths over the strong turbulence 

6.3 Performance Analysis of Block Error Rate for SIM-FSO System with Diversity 

Combiner under the combined influence of Gamma-Gamma Fading and Pointing Error 

Channel 

In this study, the combined effect of Gamma-Gamma atmospheric turbulence fading with 

pointing error are considered since of FSO systems is susceptible to either conditions. 

Following the (3.72), the PDF of the combined impairments can therefore be expressed 

through infinite power series expansion as:  

ூ݂(ܫ) = Ξ(ߚ,ߙ, ௚ାఉିଵܫ(ߚ)௚ܴ(଴ܣ,ߚ,ߙ)෍ൣ߰௚(ߦ −߰௚(ܣ,ߙ,ߚ଴)ܴ௚(ߙ)ܫ௚ାఈିଵ൧
ஶ

௜ୀ଴

					 (6.28) 
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where  

Ξ(ߚ,ߙ, (ߦ =
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Γ(ߙ)Γ(ߚ)  

߰௚(ܣ,ݕ,ݔ଴) =
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ܴ௚(ݕ) = න ݃)]݌ݔ݁ + ݕ − ݐ݀[ݐ(ଶߦ
ஶ

଴

 

6.3.1 BLER for SIM-BPSK System with MRC over Combined Distributions  

When MRC is considered at the system receiving end, the channel PDF can then be obtained 

following the same approach given in (6.13). Thus, the MGF of ܻ under the influence of 

pointing error is obtained as: 

 Mூ(ݏ) ≜
Ξ(ߚ,ߙ, (ߦ

2 ෍൤߰௚(ܣ,ߚ,ߙ଴)ܴ௚(ߚ)Γ൬
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௚ାఈ
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(6.29) 

It is deduced from the ܴ௚(ݕ) defined in (6.28) that when	ߦଶ < ݇ +  the integral does not ,ݕ

converge. Also, it is noticed from (6.29) that the infinite series equation converges to zero 

when	݃ = 0. Thus, the MGF of the sum of ௥ܰ link can be approximated as a finite series and 

expressed through binomial expansion as: 
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(6.30) 

where ܹ = ଶߦ⌋ − .⌋ with ⌊ߙ ⌋	is the floor operator and  

ܿ௚(ߚ,ߙ, ௥ܰ − ,݌ (଴ܣ,݌ = ቈ
ట೒(ఈ,ఉ,஺బ)୻ቀ೒శഁమ ቁ
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∗ 				 ቈ
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 denotes that 
ట೒(௫,௬ ,஺బ)୻ቀ೒శ೤మ ቁ

(కమି௚ି௬)
	 is convolved by ݊ − 1	times with itself. 
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By applying the inverse Laplace transform to the equation (6.30), the PDF of			 ௒݂(ܻ) =

ெ݂ோ஼(ܫ), and can be expressed as: 

 
ெ݂ோ஼(ܫ) = ቆ
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By substituting (6.28) and (6.11) into (6.10) and applying integral identity in [205, equation 

3.326(2)] (see Appendix A3.1), then the average BLER for the SIM-BPSK system with MRC 

can be expressed as:  
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6.3.2 BLER for SIM-BPSK System with EGC over Combined Distributions  

When the system employs EGC combiner, following the approach in (6.19), the MGF of ܼ 

under the influence of pointing error is obtained as: 

Mீ(ݏ) = Ε[exp	(−ܩݏ)] = න ݁ି௦ீ ݂ீ ܩ݀(ܩ)
ஶ

଴
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+߰௚(ܣ,ߙ,ߚ଴)ܴ௚(ߙ)Γ(݃ +  ௚ାఈ൧ି(ݏ−)(ߙ

(6.33) 

As mentioned earlier, the integral in 	ܴ௚(ݕ) does not converge when	ߦଶ < ݃ +  Thus, the .ݕ

sum of the Gamma-Gamma distribution for the EGC random variable can then be 

approximated as a finite series and derived as: 
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				M௓(ݏ) = [Mீ(ݏ)]ேೝ 

≜ ൫Ξ(ߚ,ߙ, ൯(ߦ
ேೝ ෍൬ ௥ܰ
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ௐ

௚ୀ଴

ேೝ

௣ୀ଴

ܵஜିଵ (6.34) 

where 

d௚(ݎܰ,ߚ,ߙ − (଴ܣ,݌,݌ = ቈ
߰௚(ܣ,ߚ,ߙ଴)Γ(݃ + (ߚ

ଶߦ) − ݃ − (ߚ ቉
ேೝି௣

∗ ቈ
߰௚(ܣ,ߙ,ߚ଴)Γ(݃ + (ߙ

ଶߦ) − ݃ − (ߙ ቉
௣

 

Then, from (6.34), the PDF of ܼ can then be obtained by the inverse Laplace transform as: 

 
௓݂(ܼ) = ൫Ξ(ߚ,ߙ, ൯(ߦ

ேೝ ෍൬ ௥ܰ
݌ ൰෍

d௚(ݎܰ,ߚ,ߙ − (଴ܣ,݌,݌
Γ൫݃ + ௥ܰߚ + ߚ)݌ − ൯(ߙ

ௐ

௚ୀ଴

ேೝ

௣ୀ଴

ܼஜିଵ					 (6.35) 

By integrating (6.35) with respect to ܼ and substitute for	ܴ = ܼଶ, and thereafter, differentiate 

with respect to		ܴ, the PDF of ܴ, that is, ோ݂(ܴ) = ா݂ீ஼(ܫ) is obtained as: 

ா݂ீ஼(ܫ) =
൫Ξ(ߚ,ߙ, ൯(ߦ

ேೝ

2 ෍൬ ௥ܰ
݌ ൰෍

d௚(ݎܰ,ߚ,ߙ − ,݌ (଴ܣ,݌
Γ(μ)

ௐ

௚ୀ଴

ேೝ

௣ୀ଴

ܫ
ஜ
ଶିଵ		 (6.36) 

By substituting (6.36) and (6.11) into (6.10) and applying integral identity in [205, equation 

3.326(2)] (see Appendix A3.1), the average BLER for the SIM-BPSK with EGC can be 

obtained as:  

ாܲீ஼(ܯ,ܰ) 	

=
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ஜ
ସ 

(6.37) 

6.3.3 Numerical Results and Discussions  

In this section, the analytical BLER results of FSO SIM-BPSK over Gamma-Gamma 

atmospheric turbulence and pointing error with assumption that 		ߦଶ >  is presented. The ߙ

BLER for the system with MRC and EGC at the receiving end is presented using the derived 

closed form expressions in (6.32) and (6.37). The Gamma-Gamma turbulence channel is 

described by the following turbulence levels which include, weak	(ߙ = ߚ,3.78 = 3.74), 
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moderate (ߙ = ߚ,2.50 = 2.06) and strong	(ߙ = ߚ,2.04 = 1.10). Also, the pointing error 

parameters are characterized as follows; the normalized Jitter standard deviation and noise 

standard deviation to be ߪ௦/ݎ = 1 and ߪ௡ = 10ି଻ݖܪ/ܣ respectively, normalized beam waist 

is varied accordingly and the number of bit errors in a block length of ܰ is set to	ܯ = 2.  

Figure 6.7 illustrates the performance of MRC and EGC systems over different normalized 

beam waist when the block length is 10 and number of the photo-detector is		2. It is 

confirmed from Figure 6.7 (a) that a very narrow beam waist of 5 offers the MRC system a 

better error performance compared to others. For instance, at optical power of		5	݀݉ܤ, the 

system beam waist of 5 offers error of 1.87 × 10ି଼ compared 2.32 × 10ିହ produced 

when		ݓ௘/ݎ = 8. However, the effect of narrow beam waist may cause the system to lose its 

LOS in the direction of the receiver due to misalignment. The performance comparison 

between MRC and EGC systems are illustrated in Figure 6.7(b) where MRC offers the best 

performance compared to EGC under different beam waists. 

The BLER performance of the MRC and EGC under different turbulence conditions is 

demonstrated in Figure 6.8 where 10 block lengths of bits are transmitted with the beam 

waist and the photo-detector are set to 15 and 2 respectively. It is noted from the result that 

the turbulence significantly degrades the system performance. For instance, at optical power 

of 10	݀݉ܤ under weak turbulent, the MRC offers 7.21 × 10ିହ error and this is increased to 

1.71 × 10ିଶ and 3.11 × 10ିଵ	respectively under the moderate and strong turbulence. Under 

the same turbulence condition, it is confirmed that the MRC produces better error with 

4.01 × 10ିଷcompared with 2.01 × 10ିଷfor EGC at optical power of 20	݀݉ܤ under 

moderate condition. Furthermore, the Figure 6.8 is employed to verify the accuracy of the 

derived analytical expressions in (6.32) and (6.37). It is observed that the derived expressions 

coincided with simulation and this validate the accuracy of the analytical expressions 

obtained for the proposed FSO system. 
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Figure 6.7: (a) Effect of beam waist on the MRC at ܰ = 10 when ௥ܰ = 2 over strong 

turbulence (b) Performance comparison between the MRC and EGC under different beam 

waist 

-10 -5 0 5 10 15 20 25
10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

Link Range, L(m)

B
lo

ck
 E

rro
r P

ro
ba

bi
lit

y

 

 

MRC, Eq.(6.32)
EGC, Eq.(6.37)
Simulation

 

Figure 6.8: BLER Performance of MRC and EGC SIM system over difference turbulence 

when ௥ܰ = 2 and ݓ௘/ݎ = 15 and ܰ = 10 
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In Figure 6.9, the performance of the proposed system over several link ranges is presented. 

Obviously, it is deduced from the result that the BLER increases with the increase in the link 

range but this can be reduced with the increase in the number of PDs at the receiving end. For 

example, at a link range of		3500	݉, the MRC yields 2.21 × 10ିସ error when ௥ܰ = 2 and 

this is reduced to 6.15 × 10ି଻ when	 ௥ܰ = 4. Expectedly, the MRC outperformed the EGC by 

9.2% over the link range of 4500	݉ when	 ௥ܰ = 4. 

The effect of an increase in the number of block lengths over the channel impairment is 

demonstrated in Figure 6.10. It is confirmed from the result that as the number of block 

lengths increases the more the system performance got deteriorated. It is noticed however that 

a point is reached where the effect became less pronounced due to lack of independence 

between the successive bit errors in a block under the slow fading channel. Notwithstanding, 

the MRC technique offered the system better performance in all cases compared to EGC 

combining. 
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Figure 6.9: BLER performance between the MRC and EGC over the link range when 

ݎ/௘ݓ = 12 and 	ܰ = 10 
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Figure 6.10: Performance of MRC and EGC at ௥ܰ = 2 and ݓ௘/ݎ = 10 

6.4 Chapter Summary 

In this chapter, the analysis of BLER performance of FSO-SIM system with diversity 

combiners was presented under the Gamma-Gamma atmospheric turbulence channel and/or 

pointing error. In both cases, the channel PDF for MRC and EGC was derived by using 

power series expansion of the modified Bessel function. Then, the BLER closed-form 

expressions for the combiners were obtained. The effect of Gamma-Gamma induced fading 

channel on the block transmissions in FSO systems was evaluated. The results confirmed that 

atmospheric turbulence has severe effects on the systems BLER. The impact of pointing error 

on the system performance was presented with narrow beam waist offering the system good 

performance but highly prone to loss of LOS. Moreover, it was also shown that as the data 

block length and link range increased; the more the system performance deteriorated. 

   



 

169 
 

CHAPTER SEVEN 

Conclusions and Future Research  

In this chapter, the results obtained in this thesis are summarized and potential 

recommendations relating to our accomplished work are suggested for future research. 

7.1 Summary of Results 

In this thesis, spatial diversity combining and relay-assisted technique were introduced to 

address the challenges facing the performance of FSO communication systems. Firstly, the 

performance comparison between the Meijer-G function and infinite power series expansion 

as mathematical tools in analyzing FSO systems over Gamma-Gamma turbulence channel 

was investigated with the two methods offer the same performance under the same turbulence 

condition. Thus, the performance of the FSO optical spatial modulation system with diversity 

combiner under the influence of lognormal and Gamma-Gamma atmospheric turbulence 

which describes the channel conditions of FSO link from weak to strong turbulence was 

investigated. Moreover, the influence of pointing error on the proposed system was also 

carried out. Thereafter, the performance of dual-hop relay-assisted technique on the FSO 

optical spatial modulation system in-conjunction with the combiner was demonstrated in 

order to improve the system error rate and capacity as well as coverage area. Furthermore, the 

system under study was also subjected to asymmetric channel environment. Due to the slow 

nature of the FSO channel, the performance of BLER on the FSO system over Gamma-

Gamma atmospheric turbulence with and without pointing error was also presented using 

SIM modulation scheme. Thus, the accomplished works in this thesis are summarized as 

follows: 

In chapter three, the error performance analysis for FSO-SM communication systems under 

the lognormal and Gamma-Gamma distributions were presented. The error analysis under the 

influence of Gamma-Gamma turbulence was based on power series approach. It was 

demonstrated that the ABER of the proposed system can be greatly improved with the aid of 

spatial diversity techniques such as MRC, EGC and SC. The theoretical framework revealed 

the effect of atmospheric turbulence levels and link range on the overall system performance. 

It was shown that the increase in the SI degrades the system performance for each diversity 

scheme and the results confirmed that MRC yields better error performance than the other 

diversity schemes. Also, the study proves that the longer the link range, the stronger the 
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atmospheric turbulence has severe effect on the system performance and the influence of PD 

configurations on this effect has been identified. In both channel distributions, the simulation 

results therefore showed that EGC has yielded lower average BER performance than MRC, 

but it is very simple to implement practically. Thus, it can be recommended that as spatial 

diversity technique for FSO-SM to mitigate atmospheric turbulence. The performance of the 

proposed FSO-SM system was also compared with other conventional systems that employ 

diversity combiner and the proposed system offered the best performance among all of them. 

Furthermore, the performance of the proposed system over Gamma-Gamma channel was also 

enhanced by employing convolutional coding technique, and MRC scheme yielded the best 

error performance compared with the EGC scheme. In addition, under the joint influence of 

both Gamma-Gamma turbulence and pointing error effect, the result revealed that FSO 

system with narrow beam waist offers a better performance than the wide beam waist. Thus, 

increase in the transmitter beam waist strongly affects the system error rate with higher 

transmitter optical power, but improves the system robustness against loss of LOS due to 

misalignment. 

In chapter four, a dual-hop DF relaying FSO spatial modulation system using diversity 

combiners at the relay and destination was proposed. The power series expansion of modified 

Bessel function was employed for the considered turbulence channel to determine the system 

end-to-end average BER per hop for the system. The results showed that the dual-hop 

actually increased the system coverage area with lower error performance when compared 

with the direct link. In all cases, it was demonstrated that MRC combiner offers an optimal 

error performance than any other combiners. It was also inferred from the results that 

considering two identical optimal combiners (MRC or EGC) for a dual-hop system, the better 

the error performance, except when the optimal combiner is inconjunction with the SC 

combiner that the system performance degraded. This is a result of maximum channel gain 

upon which SC combiner depends. Furthermore, it was shown in this study that the higher the 

average received SNR on the S-to-R link, the more improvement on the BER for the dual-hop 

system. The results also depicted that a dual hop FSO system under non-symmetric 

turbulence channel performs better than when subjected to symmetric turbulence channel. 

From this, it was noticed that providing substantial received photo-detectors at the relay and 

destination of the system, the better the error performance of dual-hop FSO system. 

Additionally, analysis and evaluation for the performance of heterodyne optical spatial 

modulation dual-hop AF CSI-assisted relay systems with MRC and EGC combiners at the 
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destination over Gamma-Gamma turbulence induced fading with and without pointing error 

were carried out. The statistical characteristics of the equivalent end-to-end SNR were 

derived and this was utilized to determine the APEP for each combiner. The ABER closed-

form expression for the system was then determined. The results illustrated in this thesis 

show the significant effect of atmospheric turbulence and/or pointing error conditions on the 

SM-SD dual hop system. It is therefore proved that as atmospheric turbulence varies from 

weak to strong levels, the more the ABER and the effective system capacity performance 

degraded. Also, the result further confirmed that as the pointing error increases the worst the 

system error and capacity becomes, but large beam width offers the system better 

performance, while the MRC yields the best performance compared with EGC. 

In chapter five, the performance analysis of a dual-hop spatial modulation relaying system 

over asymmetric RF/FSO with heterodyne detection and MRC combiner at the destination 

was presented. The S-to-R and R-to-D links were respectively considered to be Nakagami-m 

fading and Gamma-Gamma turbulence with and/or without pointing error. According to our 

results, the system clearly showed worse performance in ABER as the fading and turbulence 

induced on the RF and FSO links increased respectively. Also, the result of the effect of 

normalized jitter and beam waist on FSO link confirmed that pointing error significantly 

deteriorates the system ABER. It was also depicted from the results that the MRC combiner 

improved the system performance as the number of PDs at the destination increases. Finally, 

the results proved that the performance of the proposed system is better than the well-

established systems under the same conditions.  

In chapter six, the analysis of BLER performance of SIM with diversity combiners was 

presented under the Gamma-Gamma atmospheric turbulence channel with and without 

pointing error. Under the influence of Gamma-Gamma atmospheric turbulence, the effect of 

Gamma-Gamma induced fading channel on the data block transmissions in FSO systems was 

evaluated. The results confirmed that atmospheric turbulence has severe effects on the 

systems BLER. Moreover, it also showed that as the data block length and link range 

increases, the more the system performance deteriorates. It was also inferred that the systems 

BLER can be improved by increasing the number of PDs at the receiving end for both MRC 

and EGC systems. The performance analysis results of using these combiners were compared 

with other well-established FSO-SIM systems and the results showed the importance of using 

diversity combiner to mitigate atmospheric turbulence impairment in the FSO communication 

channel. In addition, the performance of the FSO SIM system was also enhanced through the 
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use of convolutional coding technique, and the MRC scheme yielded the best BLER 

performance over the EGC scheme. Under the influence of pointing error, it was confirmed 

from the result that the impairments greatly degraded the system error performance as the 

pointing error made the system power inefficient. It was also revealed that narrow beam waist 

offered the system good performance but highly prone to loss of LOS. The impact of using 

high number photo-detectors at the receiver over large link range showed that the system with 

MRC offers the best BLER performance compare to EGC. 

7.2 Suggestions for Future Research  

In this thesis, the performance of FSO-SM system over lognormal and Gamma-Gamma 

atmospheric channel with diversity combiners at the receiving end was presented. It will be 

very interesting to evaluate the performance of the proposed system over other channel 

distributions which can also be used to express the conditions of the FSO links. Also, in this 

thesis the distance between the diversity branches was assumed to be greater than the spatial 

coherent distance which results in each branch receiving independent signals. In practical 

scenario, this may not be valid as the correlation between the branches will deteriorate the 

system performance. Thus, it will be useful to evaluate the effect of correlation on the 

proposed system performance over the lognormal and Gamma-Gamma channel. Moreover, 

the impact of pointing error on the performance of the FSO systems was considered and the 

boresight component of the pointing error was assumed to be zero, that is, zero-boresight 

pointing error. As a result, the random radical displacements (jitter) in both vertical and 

horizontal directions are assumed to be the same and modeled as Rayleigh distribution. Thus, 

it will be very important to evaluate the impact of nonzero-boresight pointing error where 

jitter is taken into consideration in both vertical and horizontal direction and can be modeled 

using different statistical distributions. In addition, a serial dual-hop relay model using the AF 

and DF relay protocol was considered for the proposed system. Therefore, it will be very 

interesting to evaluate the performance of parallel relay model between the transmitter and 

receiver for which there can be possibility of improving the system error performance. At the 

same time, other possible mitigation techniques are open for study to improve the 

performance of the proposed system such as Radio on FSO where RF signals are transmitted 

through FSO link can also be investigated for this proposed systems over different turbulence 

conditions. 
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Finally, thorough analytical performance of FSO-SM system using diversity combiner and 

relay-assisted scheme over atmospheric turbulence channel was reported in this thesis. Also, 

it is well known that spatial modulation scheme offers less complexity and better error 

performance as compared to other modulation techniques. Therefore, this makes its 

implementation a promising system for the next generation FSO systems. As a result of this, 

it is very important to carry out the experimental verification for this type of modulation 

scheme using empirical data through which theoretical and experimental investigation 

research may lead to adoption of spatial modulation for future FSO systems. 
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Appendix 

A. Special Function and Identities 

A1. Meijer-G Function 

The Meijer-G function is an extremely broad function, first presented as analytical 

continuation of the generalized hypergeometric function for divergent cases. It is 

characterized as a line integral in complex plane as: 
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A3. Integral Identities  
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A4. Inverse Laplace Transform Identity 
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Generally, 

 where  
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B. Derivation of Distribution Models 

B1. Lognormal Distribution  

The first order Rytov approximation of a random variable ℎ of optical intensity through 

atmospheric turbulence can be expressed by as: 

 ℎ = 〈ℎ〉 exp(2߯ଵ) B1.1 

where ߯ଵ is the first order log-amplitude perturbation which obeys Gaussian distributions by 

normalized the intensity in the sense that 〈ℎ〉 = 1. Thus, the Lognormal PDF of ℎ can be 

obtained as: 
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When the variance of ߯ଵ is expressed as: 

୪୬௛ଶߪ  = ఞభߪ4
ଶ  B1.3 

and thus, by taking the expected value of (B1.1) result in: 
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where this is valid only when the exponential is zero, then 
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Substitute (B1.3) and (B1.4) into (B1.2), then the lognormal PDF of intensity can be 

expressed as: 
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B2. Gamma-Gamma Distribution 

The Gamma-Gamma distributed random variable of h can be expressed as a product of large 

scale ℎ௫ and small scale ℎ௬ eddies proposed by Andrew et al [146] which can be defined as: 

 ℎ = ℎ௫ℎ௬ B2.1 

Thus, the Gamma distribution PDF of ℎ௫  and ℎ௬ can be respectively expressed as: 
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B2.2 

By first fixing ℎ௫ and using change of variable, ℎ௬ = ℎ/ℎ௫  then the conditional PDF is 

expressed as: 

 
௛݂೤(ℎ/ℎ௫) =

ఉିଵ(ℎ/ℎ௫ߚ)ߚ

Γ(ߚ) ,(ℎ/ℎ௫ߚ−)݌ݔ݁ ℎ = 0 B2.3 

The unconditional PDF can therefore be obtained by averaging the Gamma distribution ℎ௫ to 

gives the Gamma-Gamma distribution as: 

 
௛݂(ℎ) = න ௛݂೤(ℎ/ℎ௫) ௛݂ೣ(ℎ௫)݀ℎ௫

ஶ

଴
 

																																														≜
(ߚߙ)2

ఈାఉ
ଶ

Γ(ߙ)Γ(ߚ) ℎ
ఈାఉ
ଶ ିଵܭఈିఉ൫2ඥߚߙℎ൯,											ℎ > 0 

B2.4 

 

 


