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Abstract

We study convergence analysis of generalized split feasibility problems in the frame work
of Hilbert spaces and introduce a modified iterative algorithm which does not require any
prior knowledge of operator norm for solving generalized split feasibility problems and
obtained a strong convergence result. Further, we analyse an iterative method for finding
a common element of the solution set of the split feasibility problem and the set F(T)
of fixed points of a right Bregman strongly nonexpansive mapping 7" in the setting of p-
uniformly convex Banach spaces which are also uniformly smooth. By combining Mann’s
iterative method and the Halpern’s approximation method, we propose an iterative algo-
rithm for finding an element in the intersection of F'(T") and the solution set of the split
feasibility problem; derive the strong convergence of the proposed algorithm under appro-
priate conditions and give numerical results to verify the efficiency and implementation
of our method. Moreover, we propose an iterative scheme for solving multiple-set split
feasiblity problems in p-uniformly convex Banach spaces which are also uniformly smooth
using Bregman distance techniques and obtain a strong convergence result for approxi-
mating solutions of multiple-set split feasiblity problem in the framework of p-uniformly
convex Banach spaces which are also uniformly smooth with a numerical computation.
Also, we carried out a study of split variational inclusion problem in real Banach spaces
with a view to analyse an iterative method for obtaining a solution of the split variational
inclusion problem in Banach spaces. We propose an Halpern type algorithm and with our
algorithm, we state and prove a strong convergence theorem for the approximation of solu-
tion of split variational inclusion problem in the framework of p-uniformly convex Banach
spaces which are also uniformly smooth. We further consider split monotone variational
inclusion problem and fixed point problem for multivalued strictly pseudocontractive-type
mappings in real Hilbert spaces with a view to finding a point in the intersection of the
set of solutions of split monotone variational inclusion problem and the set of solutions of
fixed point problem for multivalued strictly pseudocontractive-type mappings. We intro-
duce an iterative algorithm and with this iterative algorithm, we state and prove a strong
convergence theorem for approximating a common solution of split monotone variational
inclusion problem and fixed point problem for multivalued strictly pseudocontractive-type
mappings in the frame work of real Hilbert spaces. We further applied our result to solve
split minimization problem and split variational inequality problem. Still on inclusion
problem, we give a general iterative algorithm that does not require any knowledge of
the operator norm for approximating a solution of a split monotone variational inclusion
problem which is also a common element of the set of fixed points of a finite family of
strictly pseudocontractive mappings. A strong convergence theorem for approximating a
common solution of split monotone variational inclusion problem and a fixed point prob-
lem of a finite family of strictly pseudocontractive mappings, which is also a solution of
some variational inequality problems was stated and proved in the frame work of Hilbert
spaces. An iterative algorithm for approximating a solution of a split equality monotone
variational inclusion problem for monotone operators which is also a solution of a split
equality fixed point problem for strictly pseudocontractive maps in real Hilbert spaces was
given and using our iterative algorithm, we state and prove a strong convergence theo-
rem for approximating a common solution of split equality monotone variational inclusion
problem and a split equality fixed point problem for strictly pseudocontractive maps in
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the frame work of real Hilbert spaces. A numerical example was also given to demon-
strate the efficiency of the result. Again, an iterative algorithm that does not require any
knowledge of the operator norm for approximating a solution of split generalised mixed
equilibrium problem which is also a fixed point of a x-strictly pseudocontractive mapping
was constructed and a strong convergence theorem for approximating a common solution
of a split generalised mixed equilibrium problem and a fixed point problem for x-strictly
pseudocontractive mapping was stated and proved in the frame work of Hilbert spaces.
A numerical example was also given. A new simultaneous iterative algorithm for solving
split equality for systems of generalised mixed equilibrium problem and split equality fixed
point problem in p-uniformly convex Banach spaces which are also uniformly smooth using
the Bregmann distance techniques was introduced and with the iterative algorithm, we
state and prove a strong convergence theorem for the approximation of a solution of split
equality for systems of generalised mixed equilibrium problem and split equality fixed point
problem in the frame work of p-uniformly convex Banach spaces which are also uniformly
smooth. This result extends results on split equality generalised mixed equilibrium prob-
lems from Hilbert spaces to p-uniformly convex Banach spaces which are also uniformly
smooth. Furthermore, we introduce an iterative algorithm for approximating a common
fixed point of an infinite family of left Bregman strongly nonexpansive mappings which
is also a common solution of a finite system of generalised mixed equilibrium problems
and a common zero of a finite family of maximal monotone operators in a reflexive real
Banach space. A strong convergence theorem is also proved for finding an element in the
intersection of the set of solution of a fixed point problem for infinite family of left Breg-
man strongly nonexpansive mappings, the set of solutions of a system of generalised mixed
equilibrium problems and the set of zero points of a finite family of maximal monotone op-
erators in a reflexive real Banach space. Lastly, we study the split hierarchical variational
inequality problem, introduce an iterative algorithm to approximate the solution of split
hierarchical variational inequality problem for demi-contractive mappings in real Hilbert
spaces and obtain a strong convergence result with no compactness assumptions on the
space and the map. As well, we propose a method to solve convex minimization problems
of the type min{ f(z) + g(z)} where f and g are convex, f has a Lipschitz gradient and
the proximal mapping of g can be evaluated. Our method mixes together the relaxations
and a ”viscosity” term, to steer the iterates towards a specific minimizer. We prove that
our iterative scheme converges strongly to a minimizer of the sum of two mappings in real
Hilbert spaces. Our resulting algorithm and its convergence analysis appear new to this
type of convex minimization problem. We give some applications of our results and give
some numerical example to illustrate the performance of our algorithm.
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Chapter 1

General Introduction

1.1 Background of the study

The theory of fixed point is one of the most powerful tools of modern mathematics. The-
orems concerning the existence and properties of fixed points are known as fixed point
theory. Fixed point theory blends analysis, topology and geometry. In particular, it has
been applied in such fields as mathematics, engineering, physics, economics, game theory,
biology, chemistry and so on.

In 1886, Poincare [I77] was the first to work in this field. Then Brouwer [32] in 1912,
proved fixed point theorem for a square, a sphere and their n-dimensional counter parts
which was further extended by Kakutani [I15]. The Banach contraction mapping principle
which is one of the fundamental principle in the field of functional analysis was obtained
by Stephan Banach in 1922, see Banach [13]. This shows that a contraction mapping on
a complete metric space possesses a unique fixed point.

The origin of metric fixed point theory itself, rests in the method of successive approxi-
mations for proving existence and uniqueness of solutions of differential equations. This
method is associated with the names of such celebrated nineteenth century mathemati-
cians as Cauchy, Liouville, Lipschitz, Peano, and especially, Picard. In fact the precursors
of the fixed point theoretic approach are explicit in the work of Picard. However it is the
Polish mathematician Stefan Banach who is credited with placing the ideas underlying the
method into an abstract framework suitable for broad applications well beyond the scope
of elementary differential and integral equations.

The Banach contraction mapping principle is remarkable in its simplicity, yet it is perhaps
the most widely applied fixed point theorem in analysis. This is because the contractive
condition on the mapping is easy to test and it requires only the structure of a complete
metric space for its setting.

The key components of the Banach Contraction Mapping Principle as it first appeared in
Banach’s 1922 thesis [I3] are these: (X, d) is a complete metric space and T : X — X
is a contraction mapping. Thus there exists a constant k < 1 such that d(T'(z),T(y)) <
kd(x,y) for each z,y € X. From this one draws three conclusions:



(i) T has a unique fixed point, say x.

(i) For each = € X the Picard sequence {T™(x)} converges to x.

(iii) The convergence is uniform.

In fact condition (iii) can be put in much more explicit form in terms of error estimates:
(

a) d(T"(z), z )glk_—kd(x,T( )) for each # € X and n > 1;

k
(b) d(T" (), ) < ﬁd(T”“x, T"(x)) for each x € X and n > 1.
In particular, there is an explicit rate of convergence:

(iv) d(T" Y (z), 20) < kd(T"z, 0).

A new direction of research took place in the field of fixed point theory for approximating
fixed points and convergence of iterative sequences after the work of Mann [148] and
Ishikawa [109]. The importance of this new direction of research in fixed point theory is
that whenever there is no exact solution to an equation or the solution is difficult to obtain,
some sort of approximate solution is desired. The fixed point can be obtained either by
changing the nature of mappings or by working on the structure of the underlying spaces,
such as its topological structures.

In functional analysis, fixed point theory is divided mainly into four branches, namely: set
theoretical fixed point theory, topological fixed point theory, fuzzy topological fixed point
theory and metric fixed point theory [13, [33] 122] 123]. In this study, we are interested in
metric fixed point theory with particular interest on Split Feasibility Problems (SFP) and
some of its generalisations.

It is worth mentioning that SFP in finite-dimensional spaces was first introduced by Censor
and Elfving [54] for modeling inverse problems which arise from phase retrievals and in
medical image reconstruction [46]. Recently, it has been found that the SFP can also be
used in various disciplines such as image restoration, computer tomograph, and radiation
therapy treatment planning [52] [55, 58, [62]. SFP and some of its generalisations in infinite-
dimensional Hilbert spaces and some Banach spaces can be found in |46} (55, 168, 205], 210,
200, 2251, 2311, 237, 250]. Moreover, the convex feasibility formalism is at the core of the
modeling of many inverse problems and has been used to model significant real-world
problems. For some existing results on SFP, see [60, 158, 161, 162, 234].

Censor and Elfving [54] introduced the concept of SFP and used multidistance method to
obtain the iterative algorithms for solving this problem. Their algorithms as well as others
obtained later involves matrix inverses at each step [§]. Byrne [46] [45] proposed a new
iterative method called CQ-method that involves only the orthogonal projections onto C
and ) and does not need to compute the matrix inverses, where C' and () are nonempty
closed convex subsets of R and RM respectively. It is one of the main advantages of this
method compare to other methods. The C'(Q algorithm is as follows:

Tpr1 = Po(x, — vAT([ — Pp)Ax,), n=0,1,---,

where v € (0, %), Ais an M x N matrix, AT denotes the transpose of the matrix A, L is
the largest eigenvalue of the matrix AT A, and P and Py denote the metric projections
onto C' and @ respectively. Byrne also studied the convergence of the C'Q) algorithm for
arbitrary nonzero matrix A.



Motivated by the work of Byrne |46, 45], Yang [237] proposed a modification of the C'Q
algorithm, called relaxed C'Q) algorithm in which he replaced Po and Py by Pc, and
Py, , respectively, where (), and @), are half-spaces. One common advantage of the C'Q)
algorithm and relaxed C'Q) algorithm is that the computation of the matrix inverses is
not necessary. However, a fixed step-size related to the largest eigenvalue of the matrix
AT A is used. Computing the largest eigenvalue may be hard and conservative estimate
of the step-size usually results in slow convergence. So, Qu and Xiu [I80] modified the
CQ algorithm and relaxed C'Q) algorithm by adopting Armijo-like searches. The modified
algorithm need not compute the matrix inverses and the largest eigenvalue of the matrix
AT A, and make a sufficient decrease of the objective function at each iteration.

Zhao et al. [251] proposed a modified C'Q) algorithm by computing step-size adaptively
and perform an additional projection step onto some simple closed convex set X C RY
in each iteration. Since all the algorithms have been introduced in finite-dimensional set-
ting, Xu [236] proposed the relaxed CQ algorithm in infinite-dimensional setting, and also
proved the weak convergence of the proposed algorithm. In 2011, Li [137] developed some
improved relaxed C'() methods with the optimal step-length to solve the split feasibility
problem based on the modified relaxed C'Q) algorithm [180].

Recently, several authors has extended the concept of split feasibility problems to multiple
set split feasibility problems, split equilibrium problems, split monotone variational inclu-
sion problems and split variational inequality problems. In this work, we studied multiple
set split feasibility problem, split equilibrium problems, split monotone variational inclu-
sion problems, split hierarchical variational inequality problem and minimisation problems
and obtained some important convergence results which either compliment or improve
some results in the literation as highlighted in chapter 8.

1.2 Research problems and motivation

In this section, we discuss the research problems and motivation for the study.

1.2.1 Research Problems

Recently, many authors have studied and introduced different iterative algorithms for
fixed point problems, split monotone variational inclusion problems, convex feasibility
problems, split feasibility problems and equilibrium problems see for example [47, 64 [55]
80}, 03, 120}, 158, [160] and the references therein. These authors have produced weak and
strong convergence results in Hilbert spaces and to the best of our knowledge not much
has been done on split monotone variational inclusion problems in a more general Banach
spaces other than the Hilbert spaces.

In this work, we study the split monotone variational inclusion problem in more general
Banach spaces for example g-uniformly smooth Banach spaces which are p-uniformly con-
vex. Also, we extend some of the results on split monotone variational inclusion problem
and some of its special cases from Hilbert spaces to higher Banach spaces.



Moreover, most of the results on split monotone variational inclusion problems and split
equilibrium problems in Hilbert spaces require a prior knowledge of the operator norm
which is not always easy to calculate or estimate. Thus, we introduce some iterative
schemes for solving split monotone variational inclusion problem and split generalised
mixed equilibrium problems which do not require the knowledge of the operator norm.

We also study variational inclusion and generalised mixed equilibrium problems in reflexive
Banach spaces using Bregman distance techniques. Furthermore, we also carry out some
studies on fixed point problems, spilt feasibility problems and multiple set split feasibility
problems using Bregman distance techniques in reflexive Banach spaces.

Finally, We improve on some recent and important results of Moudafi [160], Kazmi and
Rizvi [120], Chang et al. [63], Martin-Marquez et al. [154], Masad and Reich [I5§],
Moudafi [I61], Suantai et al. [215], Yao and Cho [240], Yao et al. [241], Zhu and Chang
[253] and others.

1.2.2 Motivation

Our motivation for this work is discussed under the following headings:

1. Fixed point problems;
2. Split monotone inclusion problems;
3. Generalized mixed Equilibrium problems;

4. Split feasibility problems.

1. Fixed point problems:

Bruck [36] noted that apart from being an obvious generalization of the contraction
mappings, nonexpansive maps are important for the following two reasons:

(a) Nonexpansive maps are intimately connected with the monotonicity methods
developed since the early 1960’s and constitute one of the first classes of nonlinear
mappings for which fixed point theorems were obtained by using the fine geometric
properties of the underlying Banach spaces instead of compactness properties.

(b) Nonexpansive mappings appear in applications as the transition operators for
initial value problems of differential inclusions of the form 0 € %% + T'(t)u, where
the operators T'(t) are in general set-valued and are accretive or dissipative and
minimally continuous.

(c) Many well-known algorithms in signal processing and image reconstruction are
iterative in nature and a wide variety of iterative procedures used in signal processing
and image reconstruction and elsewhere are special cases of the Krasnoselskii-Mann

iteration procedure, for particular choices of the nonexpansive operator, see [45].

Despite many existing results for nonexpansive type mapping in the literature, there
are still much to be done on nonexpansive type mappings using Bregman distance
Technique.



2. Split monotone inclusion problems:

An important and perhaps interesting topic in nonlinear analysis and convex opti-
mization concerns solving inclusions of the form 0 € A(x), where A is a maximal
monotone operator on a Banach space E. Its importance in convex optimization is
evidenced from the fact that many problems that involve convexity can be formulated
as finding zeros of maximal monotone operators. For example, convex minimizations
and convex-concave mini-max problems, to mention but a few can be formulated in
this way. Furthermore, the variational inclusion problem is important generalization
of variational inequality problems and have been extensively studied and general-
ized in different directions to study a wide class of problems arising in mechanics,
optimization, nonlinear programming, economics, finance and applied sciences. In
particular, the subdiferential of a proper, convex and lower semi-continuous (Isc)
function f on a Banach space F, df is a maximal monotone operator and a point
p € E minimizes f if and only if 0 € df(p).

Many Mathematicians have studied this split monotone variational inclusion problem
extensively in Hilbert spaces by introducing different iterative schemes and proving
convergence theorems for solving split monotone variational inclusion problems in
Hilbert spaces, (see, [47, 120} 160] and some of the references there in).

The point of interest here is that as important as the split monotone variational
inclusion problem is, much have not been done on it in Banach spaces more general
than Hilbert spaces. Also, most of the existing results in Hilbert spaces involve
iterative schemes such as shrinking projection algorithm or requires the knowledge
of the operator norm which some times may be difficult to compute. Thus, there
is the need to introduce simpler and much easier iterative algorithms or iterative
algorithms that do not require any prior knowledge of the operator norm for solving
split monotone variational inclusion problem in certain Banach spaces.

3. Generalised mixed equilibrium:

Equilibrium theory represents an important area of mathematical sciences as numer-
ous problems in physics, optimization, operations research, economics, game theory,
financial mathematics and mechanics can be formulated as an equilibrium problem.
Equilibrium problems include variational inequalities, optimization problems, Nash
equilibria problems, saddle point problems, fixed point problems and complemen-
tarity problems as special cases, and the generalised mixed equilibrium problems
generalize the equilibrium problems.

In the theory of variational inequalities, variational inclusions, and equilibrium prob-
lems, the development of an efficient and implementable iterative algorithms is inter-
esting and important. In past years, some iterative methods have been proposed to
solve the equilibrium problem and variational inequality problems in Hilbert spaces
and Banach spaces, see, for instance |23, 511, [73], 93], 112} 113] [129] and the references
therein.

In the literature, results on split equilibrium problems are mostly in Hilbert spaces
and also depends on a prior knowledge of the operator norm. Hence, It will be
important to introduce iterative algorithms for solving split equilibrium problems



which do not require knowledge of operator norm. Furthermore, there is also the need
to obtain iterative solution of split equilibrium problem or any of its generalisations
in Banach spaces more general than Hilbert spaces.

4. Split feasibility problems:

Recently, The SFP have been extended infinite-dimensional Hilbert spaces, see [406,
o, 225, 235 239, 250] and have also been applied in solving problems in areas
such as image restoration, computer tomograph, and radiation therapy treatment
planning, see [52 b5, 58]. For some existing results on split feasibility problem,
see [60)], 158, 161} 162, 234]. For some existing results on split equality fixed point
Problems, split common fixed point problems and split Convex feasibility problems,
see [46, 52 54 55 239].

The study of split feasibility problem and multiple set split feasibility problem in
Banach spaces outside Hilbert spaces is still rare. Thus, it is a step in the right
direction to study these in the framework of Banach spaces.

To further substantiate the merit of the study of split feasibility, we present following
practical application of split feasibility.

Example 1.2.1. (see [245]) We consider an equilibrium-optimization model which can
be regarded as an extension of a Nash-Cournot oligopolistic equilibrium model in elec-
tricity markets. The latter model has been investigated in some research papers (see
e.g. [80, I&81]). In this equilibrium model, it is assumed that there are n companies,
each company ¢ may posses [; generating units. Let x denote the vector whose entry
x; stands for the power generating unit j . Similarly as in [245], let the price p;(s) be
a decreasing affine function of s with s = Zjvzl x; where N is the number of all gen-
erating units, i.e., p;(s) = a — f;s. Then the profit made by company i is given by
filz) = pi(3)<2jeli a:j> — > jer, Ci(w;), where Cj(z;) is the cost for generating z; by
the generating unit j. Suppose that K; is the strategy set of company ¢, the condi-
tion Zje 1, T € K; must be satisfied for every i. Then the strategy set of the model is
K=K xKyx--xK,.

Infact, each company seeks to maximize its profit by choosing the corresponding produc-
tion level provided that the production of the other companies are parametric input. A
commonly used approach to this model is based upon the famous Nash equilibrium con-
cept.

We recall that a point z* € K = K7 x Ky X --- x K, is an equilibrium point of the model
if fi(x*) > fi(a*[x;]) Vo, € K;, Vi = 1,2,--- ,n, where the vector z*[z;] stands for the
vector obtained from z* by replacing x} with x; . By taking f(z,y) = ¢¥(x,y) — ¢¥(z,x)
with

O(x,y) == filxly]) (1.1)
i=1
the problem of finding a Nash equilibrium point of the model can be formulated as
e K: f(x*, ) >0Vr € K.
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We extend this equilibrium model by additionally assuming that to produce electricity the
generating units used some materials.

Let a;; denote the quality of material I(l = 1,---,m) for producing one unit electricity
by the generating unit j(j = 1,---,N). Let A be the matrix whose entries are a ;.
Then, the entry [ of the vector Az is the quantity of material [ for producing x. Using
materials for production may cause pollution to environment for which companies have to
pay environmental fee. Suppose that g(Az) is the total environmental fee for producing
x. The task now is to find a production z* such that it is a Nash equilibrium point with
minimum environmental fee. This problem can be formulated as a split feasibility problem
of the form:

Find

e K: f(x*,2) >0,V € K, g(Az") < g(Az) Vz € K. (1.2)

1.3 Objectives of the study

The main objectives of this study are:

(i) to introduce iterative algorithms and prove strong convergence theorems for solving
split feasibility problems and multiple set split feasibility problems in p-uniformly convex
Banach spaces which are also uniformly smooth and give some numerical examples with
applications;

(ii) to propose an iterative algorithm and with the proposed algorithm state and prove a
strong convergence result for approximating a common solution of a fixed point problem,
generalised mixed equilibrium problem and variational inclusion problem in the frame work
of real reflexive Banach spaces using Bregman distance technique and also give applications
to convex feasibility problems, variational inequality problems and the problem of finding
zeroes of Bregman inverse strongly monotone operators;

(iii) to extend some existing results on split monotone variational inclusion problems from
the frame work of Hilbert spaces to g-uniformly smooth Banach spaces which are also
p-uniformly convex;

(iv) to introduce an iterative method that does not require any knowledge of the operator
norm for approximating a solution of a split generalised mixed equilibrium problem which
is also a fixed point of a x-strictly pseudocontractive mapping and give some numerical
examples with applications;

(v) to state and prove a strong convergence result for approximating common solution of
finite family of split equality generalised mixed equilibrium problems and split equality
fixed point problems using Bregman distance technique;

(vi) to propose an iterative method for solving convex minimization problems of the form
min{ f(z) + g(x)} where f and g are convex functions and give some numerical examples
with applications to split feasibility problems and LASSO problems;

(vii) to state and prove a strong convergence theorem for approximating a common solution
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of a monotone variational inclusion problem and a fixed point problem of a finite family of
strictly pseudocontractive mappings, which is also a solution of some variational inequality
problems.

1.4 Organization of the thesis

The thesis is divided into eight chapters as follows:

In chapter 1, we give a brief historical background of our study, discussed the research
problems and motivation for the study, give the objectives of the study and finally describe
the organization of the thesis.

In chapter two, we introduce some basic concepts and terms and give some existing results
and classical inequalities that are needed in establishing our results in this work. Some
notable existing iterative scheme and the concept of Bregmann distance are also discussed.

Our major work begins in Chapter three. This chapter comprises four sections with a
strong convergence result given in each of the three sections.

In section 3.1, we give a brief introduction of SFP and Multiple-set split feasibility prob-
lems and some existing results on them.

In section 3.2, a non-operator norm dependent iterative solution of generalised split feasi-
bility problems was given with a strong convergence theorem stated and proved.

In Section 3.3, we study and analyse an iterative method for finding a common element of
the solution set of the split feasibility problem and the set F(T) of fixed points of a right
Bregman strongly nonexpansive mapping 7" in the setting of p-uniformly convex Banach
spaces which are also uniformly smooth. Moreover, we derive the strong convergence of
the proposed algorithm under appropriate conditions and give numerical results to verify
the efficiency and implementation of our method.

In Section 3.4, we introduce an iterative scheme for solving multiple-set split feasiblity
problems in p-uniformly convex Banach spaces which are also uniformly smooth using
Bregman distance techniques. We further obtain a strong convergence result for approx-
imating solutions of multiple-set split feasiblity problem in the framework of p-uniformly
convex Banach spaces which are also uniformly smooth with a numerical computation.

In chapter four, we introduce an iterative algorithm for approximating a common fixed
point of an infinite family of left Bregman strongly nonexpansive mappings which is also
a common solution of a finite system of generalised mixed equilibrium problems and a
common zero of a finite family of maximal monotone operators in a reflexive real Banach
space. A strong convergence theorem is also proved for finding an element in the inter-
section of the set of solution of a fixed point problem for infinite family of left Bregman
strongly nonexpansive mappings, the set of solutions of a system of generalised mixed
equilibrium problems and the set of zero points of a finite family of maximal monotone
operators in a reflexive real Banach space.

Chapter five was devoted to split equilibrium problems and two strong convergence results,
each in a separate section were presented. In section 5.1, we presented the definitions of
split equilibrium problem and split generalized mixed equilibrium problems, and some of



the convergence results already obtained on them in the literature.

In section 5.2, we introduce an iterative algorithm that does not require any knowledge
of the operator norm for approximating a solution of a split generalised mixed equilib-
rium problem which is also a fixed point of a k-strictly pseudocontractive mapping. Fur-
thermore, a strong convergence theorem for approximating a common solution of a split
generalised mixed equilibrium problem and a fixed point problem for s-strictly pseudocon-
tractive mapping was stated and proved in the frame work of Hilbert spaces. A numerical
example was also given.

In section 5.3, we introduce a simultaneous iterative algorithm for solving split equality for
system of generalised mixed equilibriums problem and split equality fixed point problem in
p-uniformly convex Banach spaces which are also uniformly smooth using the Bregmann
distance techniques. Furthermore, we state and prove a strong convergence theorem for
the approximation of a solution of split equality for systems of generalised mixed equi-
librium problem and split equality fixed point problem in the frame work of p-uniformly
convex Banach spaces which are also uniformly smooth.

Chapter six was devoted to the study of split inclusion problems and four strong conver-
gence results were discussed with one in each section of the chapter.

In section 6.1, a short description of split monotone variational inclusion problem and a
few of the results already obtained for solving split monotone variational inclusion prob-
lem. In section 6.2, we study split variational inclusion problem in real Banach spaces
with a view to analyse an iterative method for obtaining a solution of the split variational
inclusion problem in Banach spaces. We propose a Halpern type algorithm and with our
algorithm, we state and prove a strong convergence theorem for the approximation of solu-
tion of split variational inclusion problem in the framework of p-uniformly convex Banach
spaces which are also uniformly smooth.

In section 6.3, we consider split monotone variational inclusion problem and fixed point
problem for multivalued strictly pseudocontractive-type mappings in real Hilbert spaces
with a view to finding a point in the intersection of the set of solutions of split monotone
variational inclusion problem and the set of solutions of fixed point problem for multival-
ued strictly pseudocontractive-type mappings. We introduce an iterative algorithm and
with this iterative algorithm, we state and prove a strong convergence theorem for ap-
proximating a common solution of split monotone variational inclusion problem and fixed
point problem for multivalued strictly pseudocontractive-type mappings in the frame work
of real Hilbert spaces. We further applied our result to solve split minimization problem
and split variational inequality problem.

In section 6.4, we introduce a general iterative algorithm that does not require any knowl-
edge of the operator norm for approximating a solution of a split monotone variational
inclusion problem which is also a common element of the set of fixed points of a finite fam-
ily of strictly pseudocontractive mappings. Furthermore, a strong convergence theorem
for approximating a common solution of a split monotone variational inclusion problem
and a fixed point problem of a finite family of strictly pseudocontractive mappings, which
is also a solution of some variational inequality problems was stated and proved in the
frame work of Hilbert spaces.

In section 6.5, an iterative algorithm for approximating a solution of a split equality
monotone variational inclusion problem for monotone operators which is also a solution



of a split equality fixed point problem for strictly pseudocontractive maps in real Hilbert
spaces. Using our iterative algorithm, we state and prove a strong convergence theorem for
approximating a common solution of split equality monotone variational inclusion prob-
lem and a split equality fixed point problem for strictly pseudocontractive maps in the
frame work of real Hilbert spaces. A numerical example was also given to demonstrate
the efficiency of the result.

The following sections make up chapter seven:

Section 7.1: In this section, we study the split hierarchical variational inequality problem
and the convergence analysis in Hilbert space. Moreover we introduce an iterative algo-
rithm to approximate the solution of split hierarchical variational inequality problem for
demi-contractive mappings in a real Hilbert space and obtain a strong convergence result
with no compactness assumptions on the space and the map.

Section 7.2: In this section, we propose a method to solve convex minimization problems
of the type min{f(x) + g(z)} where f and g are convex, f has a Lipschitz gradient and
the proximal mapping of g can be evaluated. Our method mixes together the relaxations
and a "viscosity” term, to steer the iterates towards a specific minimizer. We prove that
our iterative scheme converges strongly to a minimizer of the sum of two mappings in real
Hilbert spaces. Our resulting algorithm and its convergence analysis appear new to this
type of convex minimization problem. We give some applications of our results and give
some numerical example to illustrate the performance of our algorithm.

In the last chapter, our contribution to knowledge is discussed and some areas of future
research are also pointed out.
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Chapter 2

Preliminaries and Some Important
Results

2.1 Preliminaries

In this section, some important basic concepts, terms and results that are relevant to the
study are introduced and presented. Our main references for this section are [22] and [30].

2.1.1 Reflexive Banach spaces

Let E be a Banach space, the dual space E* of E is the space of continuous linear func-
tionals on F. E* is a Banach space with the norm ||.||g« defined by

€]

where the paring (¢, z) is defined by the action of £ € E* at x € E, that is (£, z) := &(z).
Bilinearity and continuity in both arguments are obvious and since

(6, )]

1z

g o= sup{[(§, z)| : x € B, ||z]| <1}, € E7, (2.1)

X

we have that

[(€, z)| < |[¢] z||p forall £ € E*,x € E. (2.2)

The inequality (2.2) is known as the generalised Cauchy-Schwartz inequality. The mapping
tg that maps FE into its bi-dual E** defined by

(tp(2),§) = (§2), ve B Lk

E*

is called the canonical embedding of E into its bi-dual E**. Clearly tg is linear and an
isometry but it is not in general surjective. If 15 is surjective, we say that it is an isometric
isomorphism and the Banach space E is reflexive. Moreover, F is reflexive if and only
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it E* is reflexive. Examples of reflexive Banach spaces include Hilbert spaces, [, and L,
spaces (1 < p < o0) and the Sobolev spaces. Some important spaces in analysis that are
not reflexive include L; and L.

The following property of reflexive Banach space is fundamental to the convergence anal-
ysis in this thesis.

Theorem 2.1.1. ([30] Theorem 3.18) Assume that E is a reflexive Banach space and let
{z,} be a bounded sequence in E. Then there exists a subsequence {x,, } of {z,} that
converges in the weak topology o(E, E*).

Definition 2.1.1. A normed space E is called smooth if for every x € E, ||z|| = 1, there
exists a unique x* € E* such that ||z*|| = 1 and (z,2*) = ||z|].

Let dim F > 2. The modulus of smoothness of E is the function pg : [0,00) — [0, 00)
defined by

1
pe(t) = sup{z([lo +yll +[lz —yll) = 1: ||l2[] < 1, [ly[| < ¢}
FE is said to be uniformly smooth if and only if

lim 228 _
t—0 ¢

and g-uniformly smooth if there exists C, > 0 such that pg(7) < C,79 for any 7 > 0.

Definition 2.1.2. A normed space F is called uniformly convex if for any € € (0, 2] there
exists a 6 = d(e) > 0 such that for z,y € F with ||z|| = 1,||y|| =1 and ||z — y|| > ¢, then
@ +yl<1-0

Let dim E > 2. The modulus of convezity of E is the function dg : (0,2] — [0, 1] defined
by

, Tty

ou(e) i= inf {1 — || “2| < llall = llyll = 1se = ]z il }.

E is said to be wuniformly convez if and only if dg(e) > 0 for all € € (0,2] and p-uniformly
convez if there is C,, > 0 so that dg(e) > Cpe? for any € € (0,2]. It is a common knowledge
that every uniformly convex Banach space E is reflexive.

Definition 2.1.3. Let E be a real Banach space with the dual E* and let p be a given
real number with p > 1. The generalized duality mapping Jf from E into 2F" is defined
by

Iy (@) = {a* € B+ {w,2") = [[|, [|2"]] = [J«|"~"},

where (-, -) denotes the generalized duality pairing.
In particular, J = JJ is called the normalized duality mapping and J(x) = ||z|[P~2J(x)
for all z # 0. If E is a Hilbert space, then J = I , where [ is the identity mapping. The

normalised duality mapping J has the following properties:
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1. if F is smooth, then J is single-valued;
2. if F is strictly convex, then J is one-to-one;
3. if E is reflexive, then J is surjective;

4. if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E.

5. if E* is uniformly convex, then J is uniformly continuous on each bounded subsets
of E and J is single-valued and also one-to-one.

It is known that E is p-uniformly convex and uniformly smooth if and only if its dual E*
is g-uniformly smooth and uniformly convex. In a g-uniformly smooth Banach space F,
the generalised duality mapping is one-to-one and satisfies J = (JF")~! where J" is the
generalised duality mapping of E* (see [6, [74]). The generalised duality mapping .J7 is
said to be weak-to-weak continuous if

To = &= (JP,y) = (JPx,y)

holds true for any y € E. We note here that [, (p > 1) spaces has such a property, but
the L, (p > 2) does not share this property.

2.1.2 Bounded linear operators on Banach spaces

Let (X,]|.]|) and (Y,]].]|1) be two Banach spaces over the same scalar field F. A mapping
A:D(A) C X — Y satisfying

Alaz + By) = aAz + fAy

for all z,y € D(A) and «, 5 € F is called a linear operator or a linear transformation. If
A is linear and there exists K > 0 such that

[ Az[]y < K[z, ¥V z € X,

then A is called a bounded (continuous) linear operator.

Proposition 2.1.2. Let X* and Y™ be the dual spaces of X and Y respectively and let
A:D(A) C X — Y be densely defined linear operator, then there exists a linear operator
A" D(A*) CY* — X* such that

(§, Az) = (A", x), V x € D(A),§ € D(AY),
and any other linear mapping B : D(B) C Y* — X* satisfying
(§ Az) = (B¢, x), V x € D(A),{ € D(B),

s a restriction of A*.
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Proof. Let D(A) be dense in X and let
S:={{e€Y":x— (£ Ax) continuous on D(A)}.
For £ € S, define g¢ : D(A) — F by
ge(x) = (§, Ax) ¥V x € D(A).

Since D(A) is dense in X, g¢ has a unique continuous conjugate linear extension to all of
X, preserving the norm. Let us denote extension of g¢ by ge. Taking D(A*) = S, define
A*: D(A*) = X* by A*¢ = g¢. It can be seen that A* is a linear operator and it satisfies

(A*¢,x) = (£, Ax), Yo € D(A), £ € D(AY).
Now suppose B : D(B) C Y* — X* is another linear operator such that
(B¢, x) = (&, Ax), Vo € D(A),& € D(B).
Note that if £ € D(B), then
(&, Az)| = [(BE, x)| < ||B&|l||=||, = € D(A).

So that z — (£, Az) is continuous on D(A). Thus, D(B) C S = D(A*). Further ¢ €
D(B) C D(A*) implies

(B, x) = (€, Ax) = (A*¢,x), Vo € D(A).

Hence, B = A*¢ for all £ € D(B), showing that B is a restriction of A*. O

The operator A* defined in Proposition above is called the adjoint of A. Moreover,
if D(A) = X and A is a bounded operator, then A* : Y* — X* is the operator which

satisfies
(A€, z) = ({,Ax), VEeY o e X

and A* is a bounded linear operator with ||A*|| = ||A]l.

2.1.3 Some operators on Hilbert spaces

Let K be a nonempty subset of a real Hilbert space H and 2% the family of all nonempty
subsets of K. A mapping 7' : K — K is said to be nonezpansive [241] if

[Tz =Tyl < ||z —yll, ¥V z,y€K, (2.3)
and T : K — K is said to be A-strictly pseudocontractive [2] [34], if for 0 < A < 1,
T = Tyll? < |l — ylP + NI =T — (I = TYylP, ¥ 2,y € K. (2.0
It is well known that (2.4) is equivalent to

(Te— Ty —y) < |le —yll* = 25200 = The — (1 =Ty (25)
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A mapping T : K — K is said to be demicontractive, if 3 8 € [0,1) such that

T2 = ql* < ||z — gl + Bllz = Tz|*, Ve KqeF(T) (2.6)
Obviously, (2.6) is equivalent to

2Tx —z,x—q) < (B—=1)||lz —Tz||*>, VrecK,qeF(T). (2.7)

Clearly, every strictly pseudocontractive mapping with a nonempty fixed point set is demi-
contractive.
A mapping T': K — K is said to be
(i) monotone, if
(Te —Ty,x—y) >0, Vr,y€eK;

(ii) a-strongly monotone, if there exists a constant o > 0 such that
(Tx —Ty,z —y) > allz —y|?, Vaz,yeK;
(iii) p-inverse strongly monotone (fS-ism), if there exists a constant 8 > 0 such that
(T —Ty,x —y) > B|Tx = Ty|?, ¥ az,y€K;
(iv) firmly nonexpansive, if
(T — Ty,x —y) > ||Tx — Ty|?>, Vz,y€cK.
A bounded linear operator D on H is called strongly positive if there exists § > 0 such

that B
(Dx,x) > ollx|]?, Ve H.

Let T : K — 2K be a multivalued map, then z € D(T) is a fixed point of T'if z € Tx and
the set Fy(T) = {x € D(T) : Tx = {x}} is called the strict fixed point set of 7.

Definition 2.1.4. Let H be a Hilbert space. A subset K of H is called proziminal, if for
each © € H there exists k € K such that

|z — k|| = inf{[[z —y[| - y € K} = d(z, K), (2.8)

The family of all proximinal subsets of H will be denoted by P(H). It is known that every
closed convex subset of a Hilbert space is proximinal.

Let H(-,-) denote the Hausdorff metric induced by the metric d on H, that is for A, B €
CB(H),

H(A, B) = max { sup d(a, B), sup(b, A) } (2.9)

a€A beB

where C'B(H) is the set of all closed and bounded subset of H. Let H be a Hilbert space
and T : D(T) C H — 28 be a multivalued mapping, 7T is said to be L—Lipschzian if there
exists L > 0 such that for all z,y € D(T)

H(Tz,Ty) < Ll|lz — yl|. (2.10)
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In (2.10), if L € [0,1), T is a contraction while 7" is nonexpansive if L = 1. T is called
quasi-nonexpansive if F(T) ={x € D(T) : x € Ta} # () and for p € F(T),

H(Tz,Tp) < ||z —pl|. (2.11)

T is said to be k-strictly pseudocontractive-type in the sense of Isiogugu [I11], if there
exists k € [0,1) such that, given any pair z,y € D(T) and u € Tz, there exists v € Ty
satisfying ||u — v|| < H(Tx,Ty) and

H(Te, Ty) < |l — | + Kl —u — (y - 0)|" (2.12)

T:D(T) C H— CB(H) issaid to be s-strictly pseudocontractive in the sense of Chidume
et al. [68], if there exists k € [0, 1) such that for all x,y € D(T)

H*(Tz,Ty) < ||z =yl +kllr —u— (y —)|]*, VueTz,veTy. (2.13)

It has been observed (see Isiogugu [110]) that every s-strictly pseudocontractive mapping
T:D(T)C H— P(H) is k-strictly pseudocontractive-type.

The study of fixed points for multivalued contractions and nonexpansive mappings (see
[221]) was initiated by Nadler [164] and Markin [I51] respectively, and by now there exists
an extensive literature on multivalued fixed point theory which has applications in convex
optimization, differential inclusions, fractals, discontinuous differential equations, optimal
control, computing homology of maps, computer-assisted proofs in dynamics, digital imag-
ing and economics (e.g., [I00} [1T4] and references cited therein). There are many classical
and well developed areas of applications (see [I14] and the references therein) where a
multivalued map is used as a generalization of a single valued map.

2.1.4 The metric projection on Hilbert spaces

Let C' be a nonempty closed convex subset of a Hilbert space H. The metric projection
onto C' is the mapping P : H — C which assigns to each x € H the unique point Pox in
C with the property

||z = Poz|| = min{||z —y|| : y € C}.

The metric projections have the following characterisations (see [14] for details)

Proposition 2.1.3. Givenx € H and z € C, then z = Pox if and only if (x—2z,y—2z) <0
forally € C.

It then follows from Proposition [2.1.3] that

(i) ||Pcx — Poyl||* < {x —y, Pox — Pey) for all x,y € H, that is, the metric projection is
firmly nonexpansive;

(ii) ||z — Pox|* <|lz —y||* — ||y — Pcx||? for all z € H and y € C;

(iii) if C' is a closed subspace, then Py coincides with the orthogonal projection from H
onto C, that is, for € H, x — P is orthogonal to C' (i.e., (x — Poz,y) =0 for y € C).
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The following are some examples of closed convex subsets of Hilbert spaces and the pro-
jection mapping on them [152].
1. f C={x € H :||z—u|l <r}is a closed ball centred at u € H with radius r > 0, then

(z—u)
Poc = { U T T ¢ C

x, xeC.
2. If C' = [a, 1] is a closed rectangle in R™, where a = (ay,as, -+ ,a,)T and
b= (by,by, -+ ,b,)T, then for 1 < i < n, Pox has the ith coordinate given by
i, T; <y
(Pox)i = T, i € lai, byl
bl‘, x; > b;.

3. If C ={y € H: (a,y) = a} is a hyperplane, with a # 0 and « € R, then

Pox =2 — WCL.
||al]

4. IfC={ye H: (a,y) < a} is a closed half space, with a # 0 and o € R, then

2.1.5 Convex functions

Here, we present a brief and concise study of convex functions that is relevant to this our
work.

Definition 2.1.5. A function f: E — RU {+oo} is said to be

1. proper if its effective domain D(f) = {z € E : f(z) < oo} is nonempty;

2. convex if

Oz + (1= Ny) <Af(@) + (1 =N f(y) VA€ (0,1);2,y € D(f);
3. lower semicontinuous at xy € D(f) if

f(x0) < Timiin (),

T—T0

4. upper semicontinuous at xg € D(f) if

f(zo) > limsup f(z).

T—T0
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We say that f is lower (upper) semicontinuous on D( f) if it is lower (upper) semicontinuous
at every zo € D(f);

Let f be a function on a Banach space F and x € int(domf), for any y in F, we define
the directional derivative of f at x by

fO(ZL',y> — lim f(ﬂf +ty) - f(QT)

t—0+ t

(2.14)

If the limit as ¢ — 0" in exists for each y, then the function f is said to be Gateauz
differentiable at x. In this case, the gradient of f at x is the linear function V f(x), which
is defined by (Vf(z),y) := f°(z,y) for all y € E (see [57]). The function f is said to be
Gateaux differentiable if it is Gateaux differentiable at each x € int(domf). When the
limit as ¢ — 0 in is attained uniformly for any y € F with ||y|| = 1, we say that f is
Fréchet differentiable at x. A function f: E — RU {400} is said to be subdifferentiable
at xg € D(f) if there exists a functional x* € E* called subgradient of f at z( such that

f(z) > f(xo) + (z*,x — xp), Vx € E.
The set of all the subgradients of f at x,
Of (zo) ={a* € E*: f(x) > f(xo) + (2", — x0), Vx € E}
is called the subdifferential of f at xg.

Proposition 2.1.4. (Cioranescu [7])]) Let f : E — R U {400} be a proper convez lower
semicontinuous function. Then

1. the function f is subdifferentiable on intD(f), where intD(f) denotes the interior
of the domain of f;

2. the function f is Gateauz differentiable at x € intD(f) if and only if it has a unique
subgradient Of (x) = V f(x) called the gradient of f.

The Fenchel conjugate function of f is the convex function f*: E* — R defined by

fH(&) = sup{{¢,z) — f(z) : x € E}.

It is not difficult to check that whenever f is proper and lower semicontinuous, so is f*.
The function f is said to be cofinite if domf* = E*.

The function f is said to be Legendre if it satisfies the following two conditions:
(L1) int(domf) # 0 and the subdifferential df is single-valued on its domain.
(L2) int(domf*) # 0 and 9 f* is single-valued on its domain.

The class of Legendre functions in infinite dimensional Banach spaces was first introduced
and studied by Bauschke, Borwein and Combettes in [I6]. Their definition is equivalent
to conditions (L1) and (L2) because the space E is assumed to be reflexive (see [16],
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Theorems 5.4 and 5.6, page 634). It is well known that in reflexive spaces V f = (V f*)~!
(see [25], page 83). When this fact is combined with conditions (L1) and (L2), we obtain

ranV f = domV f* = int(domf)* and ranV f* = domV f = int(domf).

It also follows that f is Legendre if and only if f* is Legendre (see [16], Corollary 5.5, page
634) and that the functions f and f* are Gateaux differentiable and strictly convex in the
interior of their respective domains.

When the Banach space E is smooth and strictly convex, in particular, a Hilbert space,

1
the function (=)[.||? with p € (1,00) is Legendre (cf. [16], Lemma 6.2, page 639). For
p

examples and more information regarding Legendre functions, see, for instance, [15] [16].

2.1.6 Bregman distance and some related notions

In 1967, Bregman [28] introduced a nice and effective method for using the so called Breg-
man distance function Dy (see, Definition in the process of designing and analysing
feasibility and optimization algorithms. This opened a growing area of research in which
Bregman distance techniques is applied in various ways in order to design and analyse
iterative algorithms for solving equilibria and for computing fixed points of nonlinear
mappings (see, e.g.,[5, 6] [7, (15, 19, 28] 38, 39], 41, 42| [44], 88|, 125, [186), 188, 189 190, 191,
192], 193], 214, [66] and the references therein).

Let f: E — R be an admissible function, that is, a proper, lower semicontinuous, convex
and Gateaux differentiable function. Under these conditions, we know that f is continuous
in int(domf) (see [10]).

Definition 2.1.6. The bifunction Dy : domf x int(domf) — [0, +00) defined by
Dily,x) == f(y) = f(z) = (V[f(2),y — x), (2.15)
is called the Bregman distance (cf. [28, 57]).

The Bregman distance does not satisfy the well-known properties of a metric, but it does
have the following important property, which is called the three point identity: for any
x € domf and y, z € int(domf)

Dy(x,y) + Dy(y, z) = Dy(x,2) = (V(2) = Vf(y),z = y). (2.16)

The modulus of total convexity of f is the bifunction vy : int(domf) x [0, +00) — [0, +00]
which is defined by

vi(a,t) :=inf{Ds(y,x) : y € domf, |ly —z| =1t)}.

The function f is said to be totally convex at a point x € int(domf) if vs(z,t) > 0
whenever ¢ > 0. The function f is said to be totally convexr when it is totally convex
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at every point x € int(domf). This property is less stringent than uniform convexity
(see [38], Section 2.3, page 92). Examples of totally convex functions can be found, for
instance, in [27], 38 [41].

We remark that f is totally convex on bounded subsets if and only if f is uniformly convex
on bounded subsets (see [41], Theorem 2.10, page 9).

The Bregman projection (cf. [28]) with respect to f of x € int(domf) onto a nonempty,
closed and convex set C' C int(domf) is defined as the necessarily unique vector
Projl.(z) € C, which satisfies

Dy (Projl(z),z) = inf{Ds(y,z) : y € C}. (2.17)

Let C' be a nonempty, closed and convex subset of E. Let f : E — R be a Gateaux
differentiable and totally convex function and let € E. It is known from [41] that
z = Projéx if and only if (Vf(z) — Vf(z),y —2) <0 for all y € C. We also have

Dy (y, Projé(:v)) + Df(Projé(a:),:z:) < D¢(y,z), Ve e E,yeC. (2.18)

Similar to the metric projection in Hilbert spaces, the Bregman projection with respect
to totally convex and Gateaux differentiable functions has a variational characterization
(cf. [41], Corollary 4.4, page 23).

Proposition 2.1.5. (see [188])(Characterization of Bregman Projections). Suppose that
f: E — R is totally convexr and Gateaux differentiable in int(domf). Let x € int(domf)
and let C' C int(domf) be a nonempty, closed and conver set. If & € C, then the following
conditions are equivalent:

(i) The vector z is the Bregman projection of x onto C with respect to f.

(ii) The vector & is the unique solution of the variational inequality

(Vf(x)=V[f(2),z—y) >0, Vyel.
(111) The vector & is the unique solution of the inequality D¢(y, z)+D¢(z,x) < Ds(y,x) Vy €
C.

Recall that the function f is said to be sequentially consistent [17], if for any two sequences
{z,} and {y,} in E such that the first is bounded,

lim D¢(z,,y,) = 0= lim ||z, —y,|| = 0. (2.19)
n—oo

n—oo

Let C' be a convex subset of int(domf) and let T" be a self-mapping of C'. A point p € C'is
said to be an asymptotic fized point of T if C' contains a sequence {z,}>°, which converges
weakly to p and limy, o [|[ 2, —T'z,|| = 0. The set of asymptotic fixed points of 7" is denoted
by F(T).

Noting that the Bregman distance is not symmetric, we define the following operators.

20



Definition 2.1.7. (i) A mapping 7' : C' — C with a nonempty asymptotic fixed point set
is said to be left Bregman strongly nonexpansive (see [155]) with respect to a nonempty
F(T) if

Dy(p,Tx) < Dy(p,x) Yz €C,pe F(T)

and if whenever {z,} C C' is bounded, p € F(T) and
lim (Dy(p. 2) = Dy(p,T,)) =

then
lim D¢(Tx,,z,) = 0.

n—oo

(ii) An operator T : C' — int(domf) is said to be left Bregman firmly nonexpansive
(L-BFNE) if,

(Vf(Tz) =V [(Ty), Tz —Ty) <(Vf(z) = V[f(y), Tz —Ty)
for any x,y € C, or equivalently,

D¢(Tz,Ty)+ Dy(Ty,Tx) + D¢(Tx,z) + Ds(Ty,y) < Di(Tx,y) + De(Ty, x).

See [I7, 27, 191] for more information and examples of L-BFNE operators (operators in
this class are also called Dy -firm and BFNE). For two recent studies of the existence and
approximation of fixed points of left Bregman firmly nonexpansive operators, see [155] [191].
It is also known that if 7" is left Bregman firmly nonexpansive and f is Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on bounded subsets
of E, then F(T) = F(T) and F(T) is closed and convex (see [I91]). It also follows that
every left Bregman firmly nonexpansive mapping is left Bregman strongly nonexpansive
with respect to F(T) = F(T).

Definition 2.1.8. (i) A mapping 7" with a nonempty asymptotic fixed point set is said

~

to be right Bregman strongly nonexpansive (see [154]) with respect to a nonempty F(T) if
Dy(Tx,p) < Dy(x,p), Va€C, peF(T)
and if whenever {z,} C C is bounded, p € F(T) and

n—oo

then
lim D (z,, Tx,) = 0.

n—oo

(#7) An operator T : C' — int domf is said to be right Bregman firmly nonexpansive
(R-BFNE) if

(Vf(Tz) =V [(Ty), Tz —Ty) <(Vf(Tz) = V[(Ty),z—y)
for any x,y € C, or equivalently,

D¢(Tz,Ty) + Dy(Ty,Tx)+ Dy(x,Tx) + Ds(y, Ty) < Ds(x,Ty) + D¢y, Tx).
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According to Martin-Marquez et al. [154], a left (right) Bregman strongly nonexpansive
mapping T with respect to a nonempty ﬁ(T) is called strictly left (right) Bregman strongly
nonezpansive mapping. See [154] for more information and examples of R-BFNE opera-
tors. From [154], we know that every right Bregman firmly nonexpansive mapping is right
Bregman strongly nonexpansive with respect to F(T') = F(T).

Let f: E — RU{+00} be a convex, Legendre and Gateaux differentiable function. Let
the function Vy : B x E* — [0, +00) associated with f be defined as
Vi(z,2") = f(z) — (&, z) + f*(2"), Ve € E, 2" € E.
Then V; is nonnegative and
Vi(z,2*) = Dy(z, Vf*(z")) Vo € E, 2" € E”,
and by the subdifferential inequality, we have
Vi(x,x*)+(y", Vf*(a")—z) < Vi(z,2"+y"), Yo € Eand z*,y" € E* (see[126], Lemmas 3.2

In addition, if f is a proper lower semi-continuous function, then f*: E* — RU {400} is
a proper weak® lower semi-continuous and convex function (see [175]). Hence V} is convex
in the second variable. Thus, for all z € F,

N N
Dp(z, V(Y iV f(x:) <Y tiDs(z, ), (2.20)
i=1 i=1
where {z;}¥, € F and {t;} C (0,1) with 3N #; = 1.

The generalised duality mapping Jf is actually the subdifferential of the function f,(x) =
(%)||x||p . Given that f = f,, then the Bregman distance with respect to f, now becomes

1 1
Ap(z,y) = allxllp—<Jfﬂc,y>+Z—9llyll”
1
= 5(H:¢/Hp—Hpr)+<JffB,w—y>
1

= Ukl =gl = (Jyw =Ty y).

The Bregman distance also posses the following important properties

Ap(z,y) = Ap(w,2) + Dp(2,9) + (2 —y, Jjx — JJy), Va,y,z€E. (2.21)

Ap(z,y) + Ap(y,2) = (x —y, Jjx = JJy), Va,ye k. (2.22)

For the p-uniformly convex space, the norm metric and Bregman distance has the following
relation(see [201]):

Tlle =yl < Aple,y) < (o —y, Jjw = Jy), (2.23)

22

and 3.3).



where 7 > 0 is some fixed number. Let C' be a nonempty, closed and convex subset of E.
The metric projection
Pox := argmin||z — y||, = € E,
yeC

is the unique minimizer of the norm distance, which can be characterized by a variational
inequality:

(JpE(m — Pox),z— Pox) <0, VzeCl. (2.24)
Similarly, to the metric projection, the Bregman projection is defined as

[Mex = argminA,(z,y), x € E,
yeC

the unique minimizer of the Bregman distance (see [200]). The Bregman projection can
also be characterized by a variational inequality:

(JP(x) — JP(Nex), 2 — Hex) <0, V 2 € C, (2.25)
from which one has
A,(Hew, z) < Ap(z,2) — Ap(z,ez), V 2z € C. (2.26)

Let C be a convex subset of int domf,, where f,(x) = (%)Hx“p, 2 <p<ooandlet T be

a self-mapping of C. Following [6], we make use of the function V, : E* x E' — [0, +00),
which is defined by

1 1 . .
%(l’,y) :5||x||q_<x’y>+§||yl|p7 Vi'ek 7ZE€E.

V,, is nonnegative and V, (2%, x) = A, (JE (2*), x) for all 2 € E* and y € E. Moreover, by
the subdifferential inequality,

(Vf(x),y —x) < fly) — f(2),
with f(z) = 1[|z]|%, z € E*, then Vf(z) = JF' ().

T g
So, we have

« 1 1
(I (x),y) < 5!|w+yllq - 5H1‘Hq- (2.27)
From ([2.27)), we obtain that
Vo™ +y"z) = gllfv +yf = (=" +y ,x>+allxllp
1 A * E* * * * 1 p
> 5\\96 19+ (y", Iy (27)) — (" +y >$>+5H$H
1 * * 1 * * * *
= —[lz"]|" = («", z) +EHCEH”+ (y*, Jp (@) = (y", )

q

1 % % 1 * * *
= 5||1’ 14— (= ,x)+]—)||x||p+<y Iy (@) =)

= Vy(a",z) + (y", Jf*(:v*) — ), (2.28)
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for all x € E and x*,y* € E*. In addition, since f = f, is a proper lower semi-continuous
and convex function, we have that f* = f is a proper weak™ lower semi-continuous and
convex function (see, for example, [I75]). Hence V), is convex in the second variable. Thus
for all z € F,

N N
A (TE (St (@), 2) = %(Ztijf(mi),z)
=1 3
- —||ZtJE ()] — ZwE (1) }9||z||p
1 E q E 1 p
—ZtillJp ()] —ZMJP (%%ZHZ;IIZII
_ p—1)q 1 p
= —Zt\l z;)||¢ th + = |||
p
1 » B 1 »
= —Ztill(%)l\ —Zti(Jp (z3), 2) + —||2]]
qi:l =1 p

N
= Y il (1;,2), (2.29)
=1

IN

where {z;}1, € F and {t;,}}¥, € (0,1) with 3 ¢, = 1.

2.2 Fixed point iteration procedures

In this section, we discuss some notable iteration schemes that have been used in the study
of fixed point and optimisation problems. Our main references for this section are [22] and

67).

2.2.1 Picard iteration

Let (X, d) be a metric space and C' a closed subset of X. A mapping T : C' — C'is said to
be a contraction if there exists a € (0, 1) such that d(Tz,Ty) < ad(z,y), ¥V x,y € C. Let
T : C — C be a mapping possessing at least one fixed point p € F(T). For some zy € X,
the sequence of iteration {z,} given

Tp1 =T (zy,), n >0, (2.30)

is known as the Picard iteration. The Banach contraction mapping principle established
that if (X, d) is a complete metric space and 7' : X — X is a contraction, then 7" has a
unique fixed point and for arbitrary zo € X, the Picard sequence iteration converges to
the unique fixed point of T

The following example shows that the Picard sequence may fail to converge to a fixed
point of a nonexpansive mapping with a unique fixed point.
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Example 2.2.1. Let B := {z € R? : ||z|| < 1} and let T denote an anticlockwise rotation
of 7 about the origin of coordinates. Then T' is nonexpansive with the origin as the
only fixed point. Moreover, the Picard sequence does not converge to zero. If C' is a
closed nonempty subset of a Banach space and T : C' — C' is nonexpansive (not a strict
contraction), it is known that 7' may not have a fixed point. Even when it has, the Picard
iteration may fail to converge to such a fixed point, thus the need to consider some other
iteration procedures.

2.2.2 Krasnoselskii Iteration

Krasnoselskii [128] showed that in Example [2.2.1] one can obtain a convergent sequence of
successive approximations if instead of 7" one takes the auxiliary nonexpansive mapping
%(I +T), where I denotes the identity transformation of the plane, i.e., if the sequence of
successive approximations is defined by zg € K,

1
Tpp1 = E(xn +Tx,),n >0, (2.31)

instead of the Picard iterates, x,.1 = Tx,, xg € K,n > 0. It is easy to see that the
mappings 7" and %(I +T') have the same set of fixed points, so that the limit of a convergent
sequence defined by (22.31]) is necessarily a fixed point of 7.

More generally, if ' is a normed linear space and K is a convex subset of F, a generalization
of equation which has proved successful in the approximation of fixed points of
nonexpansive mappings 7' : K — K (when they exist) is the following scheme called
Krasnoselskii iteration: xoq € K,

Tpy1 = (1= N, + AXT2,,n=0,1,2, ..., (2.32)

A € [0,1] is a constant (see, e.g., Schaefer [202]). The Krasnoselskii iteration is exactly
the picard iteration corresponding to the averaged operator Ty = (1 — A\)I + AT, where
I is identity operator and clearly, if A = 1, the Krasnoselskii iteration process reduces to
the Picard iteration process.

2.2.3 Mann Iteration

The Mann iteration is the sequence generated iteratively by xy € E,
Tpr1 = (1 —ap)z, + a0, Txy, n >0,

where {«a,} C [0,1]. Observe that if T,, = (1 — ay,)! + @, T, then F(T) = F(T,), Ya, €
(0, 1]. If the sequence «,, = A (constant), then the Mann iteration reduces to the Kras-
noselskii iteration. The Mann iteration was originally defined in a matrix formulation (see
[22] chapter 4 for more details).

The Mann iteration scheme has only weak convergence in general (see, [95], 21§] for exam-
ple). The Mann iteration method has been successfully employed in approximating fixed
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points (when they exist) of nonexpansive mappings, see for example [67], but this success
has not carried over to the more general class of pseudo-contractions. If K is a compact
convex subset of a Hilbert space and T' : K — K is Lipschitz, then, by Schauder fixed
point theorem, T has a fixed point in K. All efforts to approximate such a fixed point
by means of the Mann sequence when T is also assumed to be pseudo-contractive proved
abortive. Hicks and Kubicek [251] gave an example of a discontinuous pseudo-contraction
with a unique fixed point for which the Mann iteration does not always converge. Bor-
wein and Borwein [33], (Proposition 8) gave an example of a Lipschitz map (which is
not pseudocontractive) with a unique fixed point for which the Mann sequence fails to
converge.

It had remained an open question (see e.g., Borwein and Borwein [26], Chidume and Moore
[69], Hicks and Kubicek [107]) whether or not the Mann recursion formula converges to a
fixed point of T if the operator T is pseudo-contractive and Lipschitz until it was eventually
resolved in the negative by Chidume and Mutangadura [148] in the following example.

Example 2.2.2. Let X be the real Hilbert space R? under the usual Euclidean inner
product. If z = (a,b) € X, we define - € X to be (b, —a). Trivially, we have (x,z+) = 0
and |[zt]| = ||2|], (=, ") = (x,9), llot = y*|| = [Jo = y|| and (z*,y) + (z,y") = 0 for
all z,y € X. We take our closed and bounded convex set K to be the closed unit ball in
X and put Ky = {z € X : ||z]| < 3}, K> = {z € X : § < |[z|| < 1}. Define the map
T: K — K as follows:

x4+t ifre K
Tz= ﬁ—xﬁtx{ if z € K.
x

Then, T is a Lipschitz pseudo-contractive map of a compact convex set into itself with a
unique fixed point for which the Mann sequence does not converge.

2.2.4 Ishikawa Iteration
The Ishikawa iteration scheme is defined as follows: for xy € F,
Tpr1 = (1 —ap)x, + a,T[(1 — Bn)xn + BTy,

where {a, }, {8,} C [0, 1]. Ishikawa iteration was first used to establish the convergence to
a fixed point for Lipschtzian and pseudocontrative selfmap of a convex compact subset of
a Hilbert space. Ishikawa [109] introduced the iteration scheme and proved the following
theorem.

Theorem 2.2.3. If K is a compact convex subset of a Hilbert space H, T : K — K 1is
a Lipschitzian pseudo-contractive map and xqy is any point of K, then the sequence {x,}
converges strongly to a fized point of T, where x,, is defined iteratively for each positive
integer n > 0 by the Ishikawa iteration scheme where {ay}, {Bn} are sequences of positive
numbers satisfying the conditions

1. 0< an < By < 1;
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2. lim 8, = 0;

n—o0

3. ano 0 fn = 0.

Although the Mann and Ishikawa iterations are related in the sense that if 5,, = 0, Ishikawa
iteration reduces to the Mann iteration, there is no general dependence between conver-
gence results for Mann iteration and Ishikawa iteration.

Several authors have recently started considering the modified Mann iteration, respectively
modified Ishikawa iteration by replacing the operator T by its nth iterate 7™. The modified
Ishikawa iteration is defined by

{ Yn = (1 - ﬁn)xn + BTy,

Tpr1 = (1 —ap)zn + a0 T"y,, VYn > 0. (2.33)

The modified Mann iteration is obtained from ([2.33)) by setting 5, = 0.

Recently, the Ishikawa and Mann iterations with errors for nonlinear mappings were in-
troduced as follows; Let xo € C' and

{ Yn = (1 - ﬁn)xn + 6nT«Tn + Up,

Tl = (1 —ap)xy + @ Tyn + u,, V>0, (2:34)

where C'is a nonempty subset of a Banach space £, T': C' — E an operator, {a,} and
{f,} are sequences in (0,1) and {u,}, {v,} are sequences in C' such that

> lunll < 00, > [lvall < oo (2.35)

Iterative sequence is known as the Ishikawa iteration with error and if we set £, = 0
in (2.34), we obtain the Mann iteration with errors. It was noted in [22] that in spite of
the fact that the fixed point iteration procedures are designed for numerical purposes and
hence the consideration of errors is of both theoretical and practical importance, however
it seems that the iteration process with errors introduced by is not satisfactory from
practical point of view. Condition indeed imply that the errors tend to zero, which
is not suitable for the randomness of the occurrence of errors in practical computations.
To correct this loop hole in the iterative scheme another Ishikawa interation with
error was given as follows: Let C' be a nonempty convex subset of a Banach space E and
T :C — E be a mapping. For a given zy € C, the sequence {z,} defined iteratively by

Tpy1 = Ay + B TYn + Vottn, Vn >0,

where {a, }, {Bn}, {1}, {,}. {0}, and {~)} are sequences in the interval (0, 1) such that
O+ B+ =1=0a,+ 5, + ., and {u,},{v,} are bounded sequences in C'.
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2.2.5 Kirk iteration

Let E be a Banach space and T a mapping of F into E. The Kirk’s iteration is the
iteration defined as follows: for xy € F,

2 k
Tnt1 = Ty + 1Ty, + T2, + - - + Tz,

where k is a fixed integer, k > 1, a; > 0for 0 <i <k, a; >0and ag+a3+---+az = 1.
This iteration becomes the Picard iteration if ag = 0, K = 1 and the Krasnoselskii iteration
if k=1.

The iteration processes of Kirk, Mann, Krasnoselskii and Ishikawa are mainly used to
generate successive approximations for fixed points in normed linear spaces for which the
Picard iteration does not converge.

2.2.6 Figueiredo Iteration

Let H be a Hilbert space and C' a closed, bounded and convex subset of H containing 0.
The Figueiredo sequence {x,} is defined by zy € C' and

2
LTy = T: Tn—1, N > 17

where T,x = “5Tx, n > 1. It is known that the Figueiredo iteration converges strongly
to a fixed point of nonexpansive operators.

2.2.7 Halpern Iteration

Let C be a closed convex subset of a real Banach space F and T : C' — C' a nonexpansive
mapping. For fixed t € (0,1) and arbitrary u € C, let z; € C' denote the unique fixed point
of T; defined by Tyx :=tu+ (1 —t)Tz, x € C. Assume F(T):={x € C : Tz =z} # 0.
Browder [35] established that in a Hilbert space, lim; .o z; exists and is a fixed point of
T. Reich [I84] extended this result to uniformly smooth Banach spaces and Kirk [124]
obtained the same result in arbitrary Banach spaces under the additional assumption that
T has pre-compact range. Let «, € [0,1] and arbitrary u € C, the Halpern iteration
method is given by {z,} in C defined by z, € C,

Tpi1 = apu+ (1 — ) Txy,n > 0. (2.37)

Reich in [I84] posed the following question.

Question: Let F be a Banach space. Is there a sequence {a,} such that whenever
a weakly compact convex subset C' of E has the fixed point property for nonexpansive
mappings, then the sequence {z,} defined by converges to a fixed point of T' for
arbitrary fixed u € C' and all nonexpansive T : C' — C?

Halpern [102] was the first to study the convergence of the algorithm in the frame-
work of Hilbert spaces. He proved the following Theorem.
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Theorem 2.2.4. (Halpern, [102]) Let C' be a bounded closed convex subset of a Hilbert
space H and T : C' — C be a nonexpansive mapping. Let uw € C' be arbitrary. Define
a real sequence {ay,} in [0,1] by a, = n7% 0 € (0,1). Define a sequence {x,} in C by
x1 € C, xpp = apu+ (1 —a,)Tx,,n > 1. Then, {x,} converges strongly to the element
of F(T) :==z € C:Tx = x nearest to u.

Lions [138] improved Theorem in Hilbert spaces, by proving strong convergence of
{z,} to a fixed point of T if the real sequence {«,} satisfies the following conditions: (i)

lim oy, = 0; (i) 3°°° v, = 00; (iid) limy, a0 lon—an—1| _

af

Reich [184] gave an affirmative answer to the above question in the case when E' is uni-
formly smooth and «,, = n™* with 0 < a < 1. It was observed that both Halpern’s and
Lions’ conditions on the real sequence {a,} excluded the natural choice, a,, := (n+1)71.
This was overcome by Wittmann [229] who proved, still in Hilbert spaces, the strong
convergence of {x,} if {«,} satisfies the following conditions:

lim oy, = 0; (i) Y an =005 (i) Y _ |oms1 — | < 00 (2.38)
n=1

n=1

Reich [I85] extended this result of Wittmann to the class of Banach spaces which are
uniformly smooth and have weakly sequentially continuous duality maps (e.g., [,(1 < p <
c0)), where the sequence {a,,} is required to satisfy conditions (i) and (ii) of and to
be decreasing (and hence also satisfies (iii) of ([2.38)). Shioji and Takahashi [212] extended
Wittmann’s result to Banach spaces with uniformly Gateaux differentiable norms and in
which each nonempty closed convex bounded subset of C' has the fixed point property
for nonexpansive mappings (e.g., L, spaces (1 < p < o0)). They proved the following
theorem.

Theorem 2.2.5. Let E be a Banach space whose norm is uniformly Gaateaux differen-
tiable and let C' be a closed convex subset of E. Let T be a nonexpansive mapping from C
into C' such that the set of fized points of T is nonempty. Let {«,} be a sequence which sat-
isfies the following conditions: lim o, = 0; (49) Y.~ 0y, = 00;  (118) D | |yt — a] <
oco. Let w € C and let {x,} be the sequence defined by xy € C, x,11 = ayu + (1 —
an)Tx,,n > 0. Assume that {z;} converges strongly to z € F(T) as t | 0, where for
0 <t <1, z is the unique element of C'" which satisfies z, = tu+ (1 — t)Tz. Then, {z,}
converges strongly to z.

Halpern showed that the conditions (i) lima,, = 0; and (ii) Y -, o, = 00 are necessary
for the convergence of the sequence {z,,} defined by (2.37)). It is not known if in general
they are sufficient. Some authors have established that if in the recursion formula (2.37)),
T, is replaced with Tp,a,, := > 71—} T*x,, then conditions (i) and (i) are sufficient.

2.3 Some important concepts and results

In this section, we present further definitions and state some important results that will
be needed in the proof of our convergence theorems.
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Let T be a mapping on a Banach space E, then a point x € E is called a fized point of T
if Tx = x. The set of fixed points of T is denoted by F(T).

Definition 2.2 (Demiclosedness property ) Let T : E — E be a nonlinear mapping. Then
T is said to be demiclosed aty € F, if x,, =~ x € E and Tx, — vy, then y = Tx.

Lemma 2.3.1. (Demiclosedness principle) [172] Let K be a nonempty, closed and convex
subset of a real Hilbert space H. Let T : K — K be k-strictly pseudocontractive mapping.
Then I — T is demi closed at 0, i.e., if v, = x € K and x, — Tx, — 0, then v = Tx.

Lemma 2.3.2. [750] Assume that D is a strongly positive linear operator on a Hilbert
space H with a coefficient § > 0 and 0 < p < ||D||™*. Then ||I — pD|| <1 — pd.

Lemma 2.3.3. [2] Let C' be a nonempty closed convex subset of a Hilbert space H. Let
T,:C —H, (i=1,2,---,N) be a finite family of k;-strictly pseudocontractive mappings
and suppose {n;}, is a positive sequence such that SN mi = 1. Then SN 0T is a
k-strictly pseudocontractive mapping with k = max{k; : 1 <1 < N}.

Lemma 2.3.4. [2] Let C' be a nonempty closed convex subset of a Hilbert space H. Let
T,:C— H, (i=1,2,---,N) be a finite family of k;-strictly pseudocontractive mappings
and suppose {n;}¥., is a positive sequence such that SN i = 1. Then F(3N, n/T;) =
NS F(T)).

Lemma 2.3.5. [2] Let C be a nonempty, closed and convex subset of a Hilbert space H.
Assume that f: C — C is a contraction with a coefficient p € (0,1) and D is a strongly
positive linear bounded operator with a coefficient 6 > 0. Then, for 0 < § < %,

That is, D — 0 f is strongly monotone with coefficient 6 — dp.

Lemma 2.3.6. [110] Let K be a nonempty subset of a real Hilbert space H and let T :
K — P(K) be a k-strictly pseudocontractive-type mapping such that Fs(T') is nonempty.
Then F4(T) is closed and convez.

Lemma 2.3.7. [81,(82] Let H be a Hilbert space and T : H — H a nonezpansive mapping,
then for all x,y € H,

(2~ Ta) — (y — Ty), Ty~ T} < ||(Ta —2) — (Ty ~ )|, (2.39)
and consequently if y € F(T') then
(x =Tz, Ty —Tx) < %||Tx—x||2. (2.40)
Lemma 2.3.8. Let H be a real Hilbert space. Then the following results hold

lz +yll* < loll* + 2y, 2 +y),V 2,y € H

and
|z —yl|* = [|=]]* = 2(z, y) + ||yl|*>, V x,y € H.
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Lemma 2.3.9. Let H be a Hilbert space, then Vx,y € H and « € (0,1), we have
laz + (1 — a)yl|* = allz||* + (1 — a)[|y|* — a(l — a)||z — y||*.

Let F be a real Banach space and let £* be the dual space of E. Denote the value of
v € B* at v € E by (2*,2). Let B : E — 2" be a set-valued mapping, then the do-
main of B is defined as domB := {x € E : Bx # (} and the graph of B is given as
G(B) :={(x,2*) € E x E* : * € Bx}. A set valued mapping B is said to be monotone
if (z* —y*,x —y) > 0 whenever (z,z%),(y,y*) € G(B) and B is said to be maximal
monotone if its graph is not contained in the graph of any other monotone operator on E.
It is known that if B is maximal monotone, then the set B~1(0) = {z € F: 0 € B(7)} is
closed and convex.

Lemma 2.3.10. [15)] Let M : H — 2% be a mazimal monotone mapping and f : H — H
be a Lipschitz continuous mapping. Then the mapping G = M + f : H — 2 is a mazimal
monotone mapping.

A mapping T : H — H is said to be averaged if and only if it can be written as the average
of the identity mapping and a nonexpansive mapping, i.e.,

T:=(1-B)+BS

where § € (0,1), S: H — H is a nonexpansive mapping and [ is the identity mapping on
H. Every averaged mapping is nonexpansive and every firmly nonexpansive mapping is av-
eraged. Thus since the resolvent of maximal monotone operators are firmly nonexpansive,
they are averaged and therefore nonexpansive. For details, see [I8] [45] [T42] [160].

Lemma 2.3.11. Let x,y € E. If £ is g-uniformly smooth, then there exists C, > 0 such
that

|z = yll* < lz]]* = ¢(Jo(2), ) + Collyl|*. (2.41)

Lemma 2.3.12. (Xu [230]) Let {a,} be a sequence of nonnegative real numbers satisfying
the following relation:

an—i—l S (1 - an)an + OOy + f}/ny n 2 07

where

(1) {an} C[0,1], D = o0;

(#) lim sup o,, < 0;

(113) v >0, D>y, < 00.
Then, a, — 0 as n — oc.

Lemma 2.3.13. (Mainge [1}7]) Let {a,} be a sequence of real numbers such that there
exists a subsequence {n;} of {n} such that a,, < a,,+1 for all i € N. Then there exists
a nondecreasing sequence {my} C N such that my — oo and the following properties are
satisfied by all ( sufficiently large) numbers k € N:

Ay, S Amy+1 and ag S Qg 41+

In fact, m = max{j < k:a; <aj41}.
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Lemma 2.3.14. (Reich and Sabach [189]) Let f : E — R be a Gateaux differentiable and
totally conver function. If xg € E and the sequence {D¢(x,,x0)}32, is bounded, then the
sequence {x,}°° | is also bounded.

Lemma 2.3.15. (Reich and Sabach [188]) If f : E — R is uniformly Fréchet differentiable
and bounded on bounded subsets of E/, then V f is uniformly continuous on bounded subsets
of E from the strong topology of E to the strong topology of E*.

Lemma 2.3.16. (Butnariu and Iusem [38]) The function f is totally convex on bounded
sets if and only if it is sequentially consistent.

Lemma 2.3.17. (Reich and Sabach [189]) Let f : E — R be a Gateaux differentiable and
totally convex function. If xg € E and the sequence {D¢(x,,, x0)}5>; is bounded, then the
sequence {x,}°2 | is also bounded.

Lemma 2.3.18. (Suantai et al.[215]) Let E be a reflexive real Banach space. Let C' be a
nonempty, closed and convex function of . Let f : E — R be a Gateaux differentiable and

totally convex function. Suppose T' is a left Bregman strongly nonexpansive mappings of C
into E such that F(T') = F(T) # 0. If {x,,}5°, is bounded sequence such that x,—Tx, — 0

and z 1= Projgfzu, then

lim sup(x,, — 2, Vf(u) — Vf(2)) <0.

n—oo

Lemma 2.3.19. ([189]) Let A : E — 2% be a mazimal monotone operator such that
A7H0*) £ 0. Then

Dy(p, Resy;(«) + Dy(Res),(2), ) < Dy(p,z)
for all A >0,p € A7 (0*) and z € E.
Lemma 2.3.20. ([146]) Let {a,} be a sequence of non-negative numbers such that
ant1 < (1= m)an + Yo,

where {r,} is a bounded sequence of real numbers and {v,} C [0,1] satisfies > v, = 0.
Then it follows that

lim supa,, < lim supr,.
n—oo n—oo

The following lemma was given by Wang and Xu [224]. We include its proof for the sake
of completeness.

Lemma 2.3.21. ([22)], Lemma 2.15) Assume v > 7 > 0. Then

|[prox;, (I =3V f)x — x|| < 2[|prox.,, (I —+'Vf)z — ||
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Chapter 3

Split Feasibility and Fixed Point
Problems

3.1 Introduction

The Convex Feasibility Problem (CFP), as an important optimization problem is to find
a common element of the intersection of finitely many convex sets (see [70]).

Let Ey and Es be Banach spaces and let C' and () be nonempty closed and convex subsets
of F1 and Es respectively. Let A : E; — FE5 be a bounded linear operator, then the Split
Feasibility Problem (SFP), see [54], is to find an element x € E) satisfying

x € C such that Az € Q. (3.1)

Let {Ci}i_, and {Q;}}_, be nonempty, closed and convex subsets of R" and R" respec-
tively, where t > 1 and r > 1 are integers. Let A be an M x N real matrix and A*
the transpose of A. The Multiple-Sets Split Feasibility Problem (MSFP) introduced by
Censor et al.[55] is to find a point z* € RY such that

e Ci=n_C;, Azt eQ:=n_,Q;. (3.2)

The MSFEP can be applied as a unified model for various practical problems which include
signal processing and image reconstruction [21], intensity-modulated radiation therapy
[52, 53], 55], 135] 136] and other fields of applied sciences. If we let ¢ = r = 1 in MSFP
(3-2)), we obtain the following problem: Find x* € RY such that

x* e C and Ax* € (Q

which is the SFP, for example, see [46), [45] 541, 85], [144], 158, [17T], 216}, 235], 236, 238, 239], 249].
Let S be the solution set of MSFP (3.2)), then the MSFP corresponds to the following
minimisation problem:

! 1
min {5z = Po(@)| + 5|4z — Po(42)]*},

z€RN
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where Po and P are the orthogonal projections onto C' and () respectively.
Censor et al. [55] defined the proximity function p(z) to measure the distance of a point
to all sets:

1 t
= EZlin—PC 2)|I* + ZA lAz — Pg, (Az)|I?, (3.3)
i=1

where [;(1 =1,2,...,t) and X\;(j = 1,2, ...,r) are positive constants such that
S L+ > i1 Aj = L. Censor et al. [55] showed that

Zl )+ Z/\ A(I — Pg,)Aw. (3.4)

7=1

Let © C RY be an auxiliary simple nonempty, closed and convex set such that QNS # 0,
Censor et al. [55] studied the constrained MSFP as follows:

find 2* € Q such that z* solves (3.2). (3.5)

They proposed the following projection algorithm

Tni1 = Polz, — sVp(x,)), (3.6)

where s is a positive scalar and obtained the global convergence of this algorithm under
the condition that 0 < a < s < b < %, for some real numbers a,b and with L being
the Lipschitz constant of Vp. Algorithm involves a fixed stepsize that is restricted
by Lipschitz constant L of Vp. But the Lipschitz constant L of Vp depends on the
largest eigenvalue (spectral radius) of the matrix A*A, which is very hard to compute. To
overcome the set back of computing the spectral radius of A*A, Zhang et al. [248] inspired
by the self adaptive method given by He et al. [104] for solving variational inequality
problems, proposed a self adaptive projection method for solving the MSFP, which does
not require the computation or estimation of the spectral radius of A*A.

Zhao et al. [I47], introduced a modified relaxed C'Q) algorithm to solve the MSFP that
can be implemented easily, since it computes projections onto half-spaces and does not
involve the computation or estimation of the spectral radius of A*A.

Recently, authors have started studying SFP in infinite dimensional Hilbert spaces instead
of RN and RM for example see [135], 236, [158].

Let the closed and convex subsets C; (i = 1,2,...,t) and Q; (j = 1,2,...,r) of an infinite
dimensional Hilbert space be the level sets of convex functions given as follows:

Ci={r e H:¢x) <0} and Q; ={y € Hy:q;(y) <0}, (3.7)

where ¢; : H; = R, i=1,2,...,t,and ¢; : H, = R, j=1,2,...,r, are convex functions.
Let¢; (1=1,2,. ) tyandg; (j=1,2,...,7)be subdlfferentlable on H1 and Hs respectively,
and Jdc; (i = 1, 2 ., t) and Jg; (j 1,2,...,7) be bounded operators (i.e. bounded on
bounded sets).

Set

Cl'={z € Hy :ci(zn) < (&', xy, — )}, (3.8)
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where £ € d¢;(x,,) for i =1,2,...,t and

Q? = {y € H2 . q]<A:En) S <C]n7 A-rn - y)}a (39)

where (7 € dq;(Aw,,) for j =1,2,.
Obviously, C" (i = 1,2, ..., t) and Q” ( j =1,2,...,r) are half spaces and it is easy to verify

that C' O C; (i = 1,2,... t) and Q” DQ; (= 1 ,2,...,7) holds for every n > 0, noting
the subdifferentiable inequality. Let p, be defined as follows:

1 t
—EZlin—Pcn z)||? + Z/\HA:I: Pgn(Az)|” (3.10)
=1

7=1

and thus we have that

Vpn(z Zl(x—PCn ) ZAA*(I PQn>A() (3.11)

where A* is the adjoint of A. Ldpez et al. [I35] introduced a relaxed C'Q algorithm with a
new adaptive way of determining the stepsize sequence (7,,) for solving the SFP in infinite
dimensional Hilbert spaces, where the closed and convex subsets C' and @) are level sets of
convex functions, and obtained a weak convergence result.

Precisely, Lopez et al. [135] proved the following result:

Theorem 3.1.1. Let H, and Hy be real Hilbert spaces. Let C' = {x € Hy : ¢(x) <0} and

Q ={x € Hy:q(x) <0}. Let C, = {x € Hy : ¢i(x,) < (&nyxp — )}, & € Oc(2); Qn =

{z € Hy : qi(Azn) < (G, Az — 9}, G € 0q(Axy); ful2) = 3II(1 — Po,)Az|?, V fu(z) =
A (I — Pg,)Az and

pym Podnl@) oy (3.12)

Han(:I:n)

The sequence {x,} is constructed as follows:
Choose an arbitrary xo € Hy. Assume x, has been constructed. If V f,(x,) = 0, then stop;
otherwise continue and construct x, 11 via the formula

T+l = PCn(xn - Tann<xn))

Then under some certain conditions, {x,} converges weakly to a solution of SFP.

Since the computation 7,, does not depend on the operator norm of A, it is implementable.
Motivated by the work of Zhao et al. [251] and Ldpez et al [I35], He et al. [105] introduced
a new relaxed C'Q) algorithm for the MSFP in infinite dimensional Hilbert spaces.

Let v € Hy, and start an initial guess xq € H; arbitrarily. Assume that x,, has been
constructed. If Vp,(z,) = 0, then stop (x, is an approximate solution of MSFP (3.2))).
Otherwise continue and calculate x, 1 by

Tyt = apu+ (1 — o) (@n — 7o Vpn(22)), (3.13)
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where the sequence o, € (0,1), Vp, is given in (3.11)), 7, = %,
et al. [105] with some mild conditions on the sequences {a,,} and {p,} proved that the
above algorithm converges in norm to Psu. For some other recent results on MSFP see
[219, [158] and some of the references therein.

Schopfer et al. [201] introduced in p-uniformly smooth Banach spaces the following algo-
rithm: for xg € E7 and n > 0, set

0 < pp, < 4. He

Tpi1 = oI [TP (2,) — tA* P2 (A, — Po(Awy))), (3.14)

where 1o denotes the Bregman projection and JpE the duality mapping. Using algorithm
(3-14), Schopfer et al. [201] obtained a weak convergence result in a p-uniformly convex
and uniformly smooth Banach space, with the condition that the duality mapping of E
is sequentially weak-to-weak continuous. To obtain strong convergence, Wang [222] based
on an idea in Nakajo-Takahashi [165], introduced the following algorithm: for any initial
guess zg, define {z,,} recursively by

Yn = Tnxm
Dn = {U € E : Ap(ynau) S Ap(x'ruu)}v (3 15)
E,={ue€E: (xy—u,J xo— J x,) >0}, '
Tnt1 = HDnmE,L(fEO)7
where T), is defined for each n € N by
e, (x), 1<i(n) <,
Tz = Ei(”);) . < iln) < (3.16)
Jo [y e — 4, AT (1 — Po,,))Az],r +1 <i(n) <7+,

i : N — I is the cyclic control mapping i(n) = nmod(r + s) + 1, and t,, satisfies

1
q q—1
0<t<t, < ( ) )
CylATP

Censor and Segal [60] in 2008 proposed the Split Common Fixed Point Problem (SCFPP)
for directed operators in finite dimensional Hilbert spaces. They developed an algorithm
for the two set SCFPP which generated a sequence {x,} according to the iterative proce-
dure: Let xy € R™ be arbitrary

Tpt1 = U(:Uk +’}/A*(T — I)Al‘k>, keN

2
where v € <0, X) with A being the spectral radius of the operator A*A and proved the

convergence of the algorithm in finite dimensional spaces. Cui et al. [83] proposed a
damped projection method for SCFPP and studied its convergence result. Inspired by the
work of Censor and Segal, Moudafi [161] introduced the following algorithm for SCFPP
for demicontractive operators 7" and U in Hilbert spaces:

o € Hl,
up = xp + YA (T — I)Axy, (3.17)
Tpt1 = (1 — tk)uk + tkUyk, ke N,
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1—
where v € (O, Tu), with A being the spectral radius of the operator A*A, t; € (0,1).
Using the iterative scheme (3.17)), Moudafi proved weak convergence result for the SCFPP.
We observe that strong convergence result of SCFPP using iterative scheme ({3.17)) can

be obtained by putting compactness assumption on the space or on the operator or by
modifying the iterative scheme (3.17)).

Furthermore, Cui and Wang [84] give a new algorithm that does not require any prior
information on the operator norm to find a solution of SCFPP and obtained a weak
convergence result. Also in 2011, Moudafi [162] considered the relaxed algorithm for com-
puting the approximate solutions of SCFPP for quasi-nonexpansive operators and studied
the weak convergence of the proposed algorithm. Kraikaew and Saejung [127] considered
SCFPP for quasi-nonexpansive operators and obtained a strong convergence result with
their proposed algorithm.

Let B : H, — 2t be a multivalued mapping, T : H, — H, a mapping, and A : H; — Hs a
bounded linear operator. Takahashi et al.[217] studied the following problem: find = € H;
such that

0 € B(z) and Az € F(T). (3.18)
We shall denote by 2 the solution set of (3.18)).

Takahashi et al.[217] stated and proved the following two weak convergence results.

Theorem 3.1.2. [217] Let H, and H, be Hilbert spaces. Let B : Hy — 211 be a mazimal
monotone mapping and let JE = (I+ A B)~* be the resolvent of B for X > 0. Let T : Hy —

Hy be a nonexpansive mapping and A : Hi — Hy a bounded linear operator. Suppose
B Y 0)NATYF(T) #0. For any x, = x € Hy, define

Tpi1 = J{ (I — A" (I = T)A)z,, Vn €N,
where the sequences {\,} and {v,} satisfy the following conditions:

(i) 0 < liminf), <limsup), < oo,
n—oo

n—oo
1
(ii) 0 < lim infry, <limsupy, < 71—
n—yoo n-r00 [1A]]

Then {x,} converges weakly to a point zo € B~1(0) N A™YF(T), which is a strong limit of
the projection of {x,} onto B™' N AT'F(T), that is zy = lim,_,o Pp-1(0)na~1F(T)Tn-
Theorem 3.1.3. [217] Let H, and Hy be Hilbert spaces. Let B : H — 2 be a mazimal
monotone mapping and let JE = (I+AB)™" be the resolvent of B for X > 0. Let T : Hy —
Hy be a nonexpansive mapping and A : Hi — Hs a bounded linear operator. Suppose

B Y 0)NATYE(T) # 0, for any v, = x € Hy, define
Tpi1 = Bpxn + (1 — Bn)Jﬁ(I — A (I -T)A)z,, VneN,

where the sequences {fn} C (0,1) and {\,} C (0,00) satisfy the conditions:
(C1) 22021 Ba(1— Bn)l< 0,
(02) 0<a S An S w and Zzozl |/\n - )\n-‘rll < o0.

Then z, — zo € B~1(0) N A7 F(T'), where zy = limy, o0 Pp-1(0)na-1F(T)Zn-
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In this chapter, we give iterative solution of generalised split feasibility problems which do
not depend on any knowledge of the operator norm. Also iterative solutions of split feasi-
bility and multiple set split feasibility problems were given with numerical computations
in the frame work of p-uniformly convex Banach spaces which are uniformly smooth.

3.2 A non operator norm dependent iterative solu-
tion of generalised split feasibility problems

In this section, we consider problem for the case where T' is a demicontractive
mapping and obtained a strong convergence result. Since there exists some linear operator
A such that ||A|| is very hard if not impossible to calculate or to estimate, we made a
proper choice of the step length ~,, introduced an iterative scheme that do not require
any prior knowledge of the operator norm and obtained a strong convergence result.

Theorem 3.2.1. Let H; and Hy be real Hilbert spaces and A : Hy — Hy be a bounded

linear operator. Let B : Hy — 281 be a mazimal monotone mapping and let JP =

(I + AB)~! be the resolvent of B for X > 0. Let T : Hy — Hy be k-demicontractive

mapping and suppose that B0 N ATV F(T) # 0. L2et the step size 7y, be chosen such
1 —r)||T Ay, — Ay, . ‘

( HA*)(‘;—y[)Aynf]JQ I — e), if TAy, # Ay,; otherwise

Yo = (7 being any nonnegative real number). Suppose {a,} is a sequence in (0,1), and

the following conditions are satisfied:

(1) Ji_{goo‘n =0, 22,2 an = 0,

(2) T — I are demiclosed at the origin.

Then the sequence {x,} generated for any xo,u € Hy by

that for some ¢ > 0, v, € (e,

{ Yn = (1 = an)zn + anu, (3.19)

Tpyl = Jf(yn + AT — 1) Ay,), n >0,

converges strongly to x = Pqu.

Proof. Let p € Q, from (3.19)), we have

e = pIP = |[JF (Yo + 1A (T = 1) Ay,) — pl|?
||yn + ’ynA*(T - I)Ayn - pH2
= |lgn — I + 2| AT — 1) Ayn > + 290y — 0, A*(T — 1) Ayy,)
[y = PII® + V2 A(T = 1) Ayn|? + 29 (Alyn — p), (T — 1) Ayy)
[y = pII? + 2| AT = T) Aya|?
+27[(Ayn — Ap, T Ay, — Ap) + (Ayn — Ap, Ap — Ayy)]
= Nyn = pI* + 2l AN(T — 1) Ay, ||”
+279[(Ayn — Ap, T Ay,, — Ap) — || Ay, — Ap||?]

IN
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IN

[y = plI? + 2| AT = I) Aya|®

(5 — DT Ay — Aynl|® — 2||Ayn — Apl|*]

yn — plI? + 2 AT = 1) Ayal® + v (k5 — DT Ay, — Aya||?

[y = PII? + Yyl [A*(T = I) Ay, |

+(k — D)||T Ay, — Ay, %] (3.20)

From the choice of ,, (3.20) and (3.19), we get

|[yn — Dl
(1 — )|y — pl| + anllp — ul|
max{ ||z, — p||, [|p — ul|}

VANRVAN

|01 = pll

IA A CIA

max{|zo — pl|, [lp — ul[}- (3.21)

Hence, {||z, — p||} is bounded and therefore {z,} and {y,} are also bounded.

We now divide into two cases to establish strong convergence.
Case 1. Suppose {||z, — p||} is monotonically decreasing, then obviously

l|Zni1 — pl| = ||zn — p|| = 0,7 — 0. (3.22)

If T Ay,, = Ay, then
lim ||[A*(T — I)Ay,l|| = 0.
n—oo

1 = R)|[T Ay, — Ayal|*
||A*(T — 1) Ay,||?

Suppose T' Ay, # Ay,, then ~, € <e, ( e) and from (3.20)), we

have

znar —pI? < lyn = 2P + Al [A*(T = 1) Ayal? + (5 — DT Ay, — Ayal?]
JE _pH2 + O‘inn - uH2 — 200, (T — P, Ty — )
+/Yn[’7n||A*(T - ])Ayn||2 + (K“ - 1)||TAyn - Ayn||2]
||xn - p||2 + O‘inn - u||2 - 2an<xn — P, Tn — U)

— V€| | A (T — I) Ay, | |*. (3.23)

IN

Therefore

e[| AT = DAy|I* < lzn = pII* = llznn = pII* + agllzn — ull®
=20, (xp — p, Ty — u) — 0, — 00. (3.24)

Thus
lim ||A*(T — I)Ay,|| = 0. (3.25)
n—oo

Again from (3.23)), we have

lznis = pl* < Mlan = plI* + onllzn — ul]® = 200 (20 — p, 2 — u)
9Vl |[AN(T = D Ayl |* + (5 = DIIT Ay — Ayall?),  (3.26)
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which implies

(L = &) T Ay, — Ayal* < [l2n = plI* = [Jwnss — plf*
+a2||z, — ul|? = 200z, — p, TH — u)

+92||A(T — I Ay, ||* — 0,n — oo, (3.27)
Hence,
nhjg) | T Ay, — Ayn|| = 0. (3.28)
From (3.19)
l|Tn — ynl| = anllzn —ul| — 0,n — 0. (3.29)

Now, from (3.20))
1% (Y + AT = 1) Ay,) — plf?
(Tns1 = Dy Yn + AT — 1) Ay, — p)
s = Bl Il + 30 A" (7 — 1) Ay — pIP
—l&ns1 = p = (Yo + WA (T = 1) Ay,) — p)|J’]
< Sllwer oI o — P 4+ 3 bl | AT — 1) Ay,
(= DT Ay, — Ayal’] = ||2n11 = Yo — AT — 1) Ay, — p)| ]

Hxn-i-l _p||2

IN

1 *

< Slllzas — oIl lyn — PP = (|zns1 — val? + 2| A(T — 1) Aya||?
=29 (Tpg1 — Yn, AT — I)Ayn>>]
1

< Slllzas —pl* + llyn = 2II° = [|2ns1 — ynll?

+ 29| |A(znar — ) [[II(T = 1) Ayl []. (3.30)

That is,

Zns1 — D> < lyn — 2I> = |01 — al?
29| |[A(Zng1 — y)|[[(T — 1) Ayl (3.31)

which implies that

Hxn+1 - yn|’2 < ||yn —p||2 - Hxn+1 —p||2 + 2’7nHA(l'n+1 - yn)HH(T - I)AynH
= (1 = an)zn + anu — pl|> = [[2ne1 — |1 + 29| A(znia — ) 1I(T — 1) Ay ||

< Al = pll? = [|20s1 = 2l + g llp = ull* + 20, (1 — a) (20 — p,p — u)
+29, || A(zni1 — y)||[(T — 1) Ayn|| — 0 as n — oo. (3.32)
Therefore,
l|Zni1 — ynl| = 0 as n — oco. (3.33)
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It follows from ((3.29)) and (3.33)) that

|2Znt1 = zall < [|2nta = ynll + |lgn — 2al[ = 0,2 — 0.
Let u, = yn + 1A (T — I) Ayp.
|yn = un|| = | |A™(T = I) Ayn|| = 0,n — occ.
Thus
|Zn1 = tnll < [|2Zna = ynll + |lgn — tnl[ = 0, — 0.

Since {x,} is bounded and H; is a Hilbert space, there exists a subsequence {z,,} of {z,}
such that z,, — ¢, for some ¢ € H;. Furthermore, ||x,.; — x,|| — 0 as n — oo, implies
that {z,, 11} — ¢.

We now show that 0 € B(q).

Let (v,2) € G(B), that is z € B(v). From z,,,1 = JPu,, we obtain that

That is )
X(uni - x”i"‘l) € B(‘Tni-f-l)'
Using the maximal monotonicity of B, we have
1
<U — Tni+1, %2 — X(um - ‘rnﬁ-l)) > 0.
Therefore,
1
<U — Tni+1, Z) 2 <U — Tni+1) X(unz - xnri-l))‘

(3.34)
Since x,,+1 — ¢, we have

lim (v — zp,41,2) = (V—p, 2).
1—00
Thus from ((3.34))
(v—gq,2) >0.

Since B is maximally monotone, we have 0 € B(q).
Moreover, since ||y, — Zn+1]| — 0, we have that Ay,, converges weakly to Aq and by (13.28))
and the fact that I — T is demiclosed at 0, we get that

Ag € F(T).

Hence, q € Q.
Next, we prove that {z,} and {y,} converge strongly to .
Choose subsequence {z,,} of {x,} such that

limsup(z, — z,u — z) = lim (x,, — T,u — T).
n—00 =00
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Since x,,, — ¢ then it follows from Propositio that

limsup(z, —Z,u—z) = lim(z,, —Z,u—I)
n—00 1—00
= (¢q—T,u—2)<0. (3.35)
From (3.20])
12w =2l < lyn = 27 + Yyl |A(T = 1) Ayl
—i_(’i - 1)||TAyn - AynHQ]
< lyn — 2P
= (1 - an)(@n — 7) — an(@ — u)?
(1 = an)’llz = ql* + o]z — ul
—20,(1 — o ) (@, — T, T — )
< (1= a)llzn — gl + anlan| |7 — ul®
—2(1 — ap)(xp, — 2, T — ). (3.36)
Clearly,

)| —ul]* = 2(1 — ap){z, — 7,7 — u) — 0.

Applying Lemma [2.3.12[ to (3.36]), we obtain that {z,} converges strongly to g.

Case 2. Assume that {||z, — p||} is not monotonically decreasing sequence.
Set T, = ||z, — p||? and let 7 : N — N be a mapping for all n > ng(for some ng large
enough)

7(n) :=max{k e N: k <n,T) <Tp}.

Clearly, 7 is a nondecreasing sequence such that 7(n) — oo as n — oo and
1—‘7'(71) < 1—“r(n)+17 fOT n = ng.
From (3.24]), we have

IYT(n)EHA*(T - I)AyT(n)HQ < Oé,zr(n)||l‘7-(n) - U’||
_2a7(n) <'T7'(n) — P, Tr(n) — u> — 07 T(n) — Q. (337)

Thus
[|A*(T = I)Ayry|| = 0, as n — oo.
Again from (3.23)), we have

|Zry1 =PI < @) — I + ozz(n)||x7(n) — ul|?
=207 () (Tr(n) — D Tr(n) — W)
) 1 [1AT(T = T) Ay ||
(& = DT AYr(n) — Ayl 7], (3.38)
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which implies
Vo) (1= T Ay = Ayr [P < 02 llery = ull® = 2000 (@r ) = P 2y — )
A2 [AY(T = 1) Ay [P = 0,0 — 00, (3.39)
Hence,
T AYr(ny = AYr(n)|| = 0.

By same argument as in case 1, we get that there is a subsequence of {x,(,)} also denoted
as {@(n)} which converges weakly to ¢ € Q as 7(n) — oo and

lim sup(@-(n) — Z,u — ) < 0.
n—oo

Now, for all n > ny,
0 < ||x7(n)+1 - ZEHQ - HxT(n) - 3_3||2

< armylarmll — ul]? = 201 = ar) ) (Trmy — T, % — u) = ||27m) — 7[?],

ie
oy = 212 < o[ = ll? = 2(1 = ) oy — 7,3 — ) = 0.
Hence,
nILm ||x‘r(n) —zl| =
Therefore,

S [lerny — 2l* = lim ||y = 2]* =0.

Furthermore, for n > ny, it is easily observed that ||z, () —Z||* < ||@r(m)11 —Z||* if n # 7(n)
(that is 7(n) < n) because ||z; — Z||* > ||;41 — Z||* for 7(n) + 1 < j < n. Consequently
for all n > ny,

0< ||wn - f||2 < maX{HxT(n) - j||27 ||J77(n)+1 - j}||2} = ||m7(n)+1 - j||2

So, lim, o ||z, — Z||* = 0, that is {z,,} and {y,} converge strongly to Z.
[

Corollary 3.2.2. Let H; and Hy be real Hilbert spaces and A : Hy — Hy be a bounded

linear operator. Let B : Hy — 2H1 be a mazimal monotone mapping and let JP =

(I + AB)™! be the resolvent of B for X > 0. Let T : Hy — Hy be quasi-nonezpansive

mapping and suppose that B0 N A F(T) # 0. LQet the step size 7y, be chosen such
1 —r)||T Ay, — Ay, _ .

( |\A*)(|;—yI)Ayn|?]J2 I — e), if TAy, # Ay,; otherwise

Yo = (7 being any nonnegative real number). Suppose {a,} is a sequence in (0,1), and

the following conditions are satisfied:

(1) nli_{roloan =0, X0l = o0,

(2) I —T is demiclosed at 0.

Then the sequence {x,} generated for any xg,u € Hy by

Yn = (1 - an)mn + anu,

that for some € > 0, v, € (6,

(3.40)

converges strongly to * = Pqu.
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Corollary 3.2.3. Let H; and Hy be real Hilbert spaces and A : Hi — Hy be a bounded
linear operator. Let B : H; — 2H' be a mazimal monotone mapping and let JP =
(I + AB)™! be the resolvent of B for A > 0. Let T : Hy — Hy be nonexpansive mapping
and suppose that B0 N A7 F(T) # 0. Let the step size 7y, be chosen such that for some
>0 € (6 (1= m)IT Ay, — Ayl
o L AT = 1) Ayal?
any nonnegative real number). Suppose {a,} is a sequence in (0,1), and the following
condition are satisfied:

lim a,, = 0, Y 02 o, = 00,
n—00 -

Then the sequence {x,} generated for any xo,u € Hy by

e), if T Ay, # Ay,; otherwise v, = (v being

Yn = (1 = an)wn + anu, (3.41)
Tpt1 = J)j\g(yn + ’YnA*(T - I)Ayn)> n >0, .

converges strongly to x = Pou.

3.3 Convergence analysis of iterative method for multiple-
set split feasibility problems in certain Banach
spaces

Our aim here is to construct an iterative scheme for approximating a solution of MSFP
and prove strong convergence of the sequence generated by our scheme in p-uniformly
convex real Banach spaces which are also uniformly smooth. Our result complements some
related results in the literature.

Theorem 3.3.1. Let E; and Fy be two p-uniformly convexr real Banach spaces which are
also uniformly smooth. Let C;, i =1,2,...,t and Q;, j =1,2,....,7 be finite families of
nonempty, closed and convex subsets of Fy and Fy respectively, A : E1 — FEs be a bounded
linear operator and A* : E5 — EY be the adjoint of A. Suppose that MSFP (see also
(1) in [219]) has a nonempty solution set Qprs. Let {a,} , {Bn} and {yin} be sequences in
(0,1). For a fired u € Hy, let sequences {x,} and {u,} be iteratively generated by uy € Ey,

20 = JOTTE (u,) — t, A T2 (I — P o) Auy)],
{ q [ P ( ) P (( ﬂleJ) )} (342)

i = e g @B () + (1= @) (BaJE(@0) + S0y I (esn) )|

with the conditions

i) lima, =0;
n—oo

(
(i) D07y = 00;
(1ii) 0<a<p,<b<1;
(i) Bo+ Xicy Yim = 1 1
q -1
(W) 0<t<t,<k< (—) .
CllAlle
Then, {u,} and {z,} both converge strongly to =, where T = llg,, u.
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Proof. Let z € Qpg, then it follows from (2.24)) that

(JE((I — Pry_ ;) Auy), Au, — Az> = [ Auy — Py_ g, (Au,)[?
+<J52<<I - nglej)AUn), nglej(Aun) — Az)
> (I = Prr_ ) Aunll”. (3.43)

Also, from (3.43]) and Lemma [2.3.8] we obtain
Ap(xa,2) < Dp(JP [T (un) — ta A"T2 (1 = Py _ ) Aun)) 2)

1 *
= gllJfl(un) — tn A" (I = Pryp_ ) At — (T (un), 2)

1
(T2 (1= Pro_ ;) Auy), Az) + ]—9||z||1’

IN

1
§||J51 (wn)[|? — tn(Auy, JfQ (I — Pﬂ§:1Q]’)Aun)>

C,(ta||A]])?
# AR 78 (1 - P 0 ) AP
1
—(JP (), 2) + to(Az, JP2((1 - Pri_q;)Aun)) + ;HZHP

1 1
= gllunllp — (" (un), 2) + Z—)IIZIIP +tn (2 (1= Pry_q,) Atin, Az — Auy)
CyltallAlD? HAII)

—— (I = Pry_,q;) Aun| [P
Cy(tn]|A]])?
= Ap(tn, 2) + tn (2w, Az — Auy) + MH(I — Prr_ ;) Aun||?
Cy(ta]|Al])4
< Ap(up, z) — <tn — W) [(1 = Prr_ ;) Aun| P (3.44)

Now, using condition (iv) in ({3.44)), we have
Ap(zn, 2) < Ap(un, 2).

Furthermore, using in , we have that
Ap(tpin,2) < Ap(Jqu [aanl () + (1 — ) (@JEl ) + Z%n (I, x))] z)
= AP<J;3f [aanl (u) + (1 — an)ﬂnjfl (xn) + (1 — Z%n L(Ig, xn)} , z)

S anAp<u> Z) + (1 - O‘n)ﬁnAp(xm 1 — Op ZVzn HC Ly, R )
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VANRVAN

anAp(u, 2) + (1 — o) BnAp(zn, 2) + (1 — ayy Z%” (2, 2

anAy(u, 2) + (1 — an)Ap(zp, 2)
anAp(u, z) + (1 — ay) Ap(uy, 2)
max{A,(u, z), Ap(un, 2)}

max{A,(u, z), Ap(u, 2) }. (3.45)

Therefore, {A,(u,, 2)} is bounded and consequently, we have that {A,(z,, z)} is bounded.
Thus, the sequences {u,} and {z,} are bounded.

Now,

Ap<xn+17 Z) S

IN

IN

Ap(unJrla Z)

AT o TP ) + (1 00) (BT () + Z%n Neza)) ], 2)

Vol I () + (1 = ) (BuJf () + wawnaxn))

i=1

—ozn(Jflu — JElz), z) — <—ozn(JE1u - Jflz), JqET [oszpEl (u)

+(1 —ozn)< (T, +Z%n Hc%))} - z)

— V;)(oznjfl(z) + (1 —ay) <6njfl<xn) + Z %meEl(HCixn)>

=1

E E
Fon (S u — S 2 U1 — 2)

= A

(T [0 TP (2) + (1= ) (B (1 +va {lle,a,))]2)

E E
Fan (S u — I 2 U — 2)

IN

anAp(z,2) + (1 = ) BnBp(xn, 2) + (1 — an Z%n (He@n, 2)

+ozn(Jflu — Jflz, Upi1 — 2)
< (1= o) Ap(@n, 2) + an (S — I 2 gy — 2). (3.46)

We now consider two cases to prove the strong convergence.

Case 1. Suppose that there exists ng € N such that {A,(zy, 2)}52,,, is monotonically
non-increasing. Then, obviously {A,(z,, )} converges and

Ap(zpi1,2) — Ap(xy, 2) = 0, n— o0. (3.47)
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Let s,, = J (BnJElxn + ZZ ViDL zy),m > 1

Then
Ap(sn,2) = A(JH (6nJE1xn+Z%n (Mg, 2))
=1
< Buly(Tn, 2 +va (g, wn, 2)
< p(Tns 2 +Z%n (zn, 2

= Ay(xn,2). (3.48)
Hence, we have

0

bS]
—
8
S
+
—
N
~—
bS]
—~
»
3
N
~—

IN A

|
>
s
8
3
w

Again, we obtain

Ap(sna Z) S ﬁnAp(xm Z) + Z ’Yi,nAp(HCﬁEm Z)

= Ap(Ty, 2) + Z Vi (Ap(Ue,n, 2) — Ap(Tn, 2)). (3.50)

Therefore,
nym p(Tn, 2) — Ap(He, 2, 2)) < Ap(Tp, 2) — Ap(sp, 2) = 0,n — o0.

By condition (iii), we have that
Ap(zy, 2) — Ap(Lle,x, 2) = 0,1 — 00,
Since Il¢, for each 7 is right Bregman strongly nonexpansive, we have that

lim A,(Ilg, 2, 2,) =0

n—00

which implies by ([2.23)) that

lim ||¢,2, — 2] = 0. (3.51)
n—oo
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Since the sequence {x,} is bounded and E is reflexive, there exists a subsequence {x,, }
of {z,} that converges weakly to z* € E;. From (3.51)), it follows that z* € F(Ils,)
for i = 1,2,...,t since F(Ilg,) = F(Hci)- Thus, * € C; for all i = 1,2,...,t, that is
z* e nt_,C;.

Next, we show that Az* € N}_,Q);.

From (3.44]), we obtain for some M; > 0 that

Cy(tn||Al])?
<tn - W) H(I - Pm;::le)Auan < Ap(u"’ Z) - Ap(ﬂﬁn, Z)

< O‘n—lMl—{'Ap(l'n—lvz)
—Ay(xp,2) >0, n—o00, (3.52)
and since
ka1 Alle
0 < o1 Gk
q
Al
¢ (1, CaltllAlry
q

we have that ||w,||? — 0, n — oo, which implies
| Aun, — Prr_ g, Aun|| = 0, n — oo.
Hence, we obtain from the definition of ¥, that

0 < ||Jflxn—Jflun||

< tal|AM|[[17,72 (Aun — Po(Auy)|

IN

4 \TT ) s -
(i)™ 1471w = Po(Aun)]| = 0.0 = cc.

Since JqE ! is norm- to- norm uniformly continuous on bounded subsets of £}, we have that
lim ||z, — u,|| = 0, n — 0. (3.53)
n—oo

Now, using (2.24), we get

(I = Prv_ o)Az I[P = (J72(Ax" — Pry_ g, Ax"), Ax* — Prv_ g, Az™)
(J72(Ax* — Prr_ g, Ax"), Ax* — Auy,)

+<J£2 (A{L'* N Pﬁ;:IQjAfk)’ Aunk o nglejAunk>
+<Jf2 (Al'* N Pﬁ?leij*)’ Pm;.:leAunk o ngleij*>

IA

<JpE2 (A:L’* - Pﬁ;:lQ]-A'T*)7 Ax* — Aunk>

—I—(JPE2 (Ax™ — PQ;ZIQ].Ax*), Auy, — ijr_lejAunk) (3.54)

By the continuity of A, Az, — Az* k — oo and ||z, — u,|| = 0,n — oo, we have that
Au,, — Ax*, k — oo. Hence, letting & — oo in (3.54)), we have that

||Az* — nglejAf‘H =0.
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Therefore, Az* = Pm;;:lQ].Ax*, that is, Az* € Q;, j = 1,2,..,r. Hence, we have that
r* € Qurs.

Next, we show that the sequence {z,} converges strongly to Ilg,, ,u. Now

t
Ap(Unt1, Tn) = Ap(JqET [O‘n‘]fl (w) + (1 = an) <Bnt]fl (zn) + Z'Yi,njfl (Hszn)ﬂ , Tn)
=1

< anAp(t,n) + (1= an) BuAp(Tn, 7n)

¢
+(1 — ay) Z%nAp(HCixn, z,) =0, n— oo,
i=1

Hence,
||tns1 — xnl| = 0,m — 0.

Let = Ilg,,;u. Then, we have from (3.46|) that
Ap(@ni1,2) < (1= o) Ap(@, B) + (S u — TP T up gy — 7).
We now choose a subsequence {z,,} of {z,} such that

limsup(JZu — JP 7 2, — ) = lim (JP'u — JPz 2, — 7).
P p b ; P p T In
n—00 j—o0

Then, we have from ([2.25]) that

lim sup(Jflu — Jfli, T, —T) = lim(Jflu — Jflf,mnj —I) = (Jflu — JpEl:E,cc* —z) <0.
n— o0 J

Since ||z, — un11||] = 0, n — 0o, we have

lim sup(Jflu — Jfli’,unﬂ — ) = lim Sup(Jflu — Jfliz, x, —Z) <0.
n—0o0 n—oo

Therefore by Lemma [2.3.12] we conclude that A,(z,,z) — 0, n — oo. Thus, z, —
z, n— o00. By ||z, —u,|| = 0, n — oo, we have that u, — Z, n — occ.

Case 2. Suppose there exists a subsequence {n;} of {n} such that A,(z,, .) < A,(zp,+1, 2)
for all i € N. Then by Lemma [2.3.13] there exists a nondecreasing sequence {m;} C N
such that my — oo,

Ap(xmm Z) < Ap(xmk-i-l’ 2)7
and
Bp(@,2) < Ay, ).

Using the same line of arguments in (3.48)), (3.49) and (3.50) (noting that A,(z,,,,2) <

Ap(Tpm, 41,2)), we can show that

lim |[|II¢, 2, — Tm, || = 0.
k—o0
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By same arguments as in case 1, we obtain that

limsup(J7 u — JPE, Uy, 41 — Z) < 0.
k—o0

Again from (3.46)), we have
Ap(xmk-‘rl?f) < (1 - amk)AP($mk7j) + Qi <J1;Elu - Jflfv Umy4+1 — i‘>v

which implies

U Ap(Tinyy T) < Ap(Tinys T) — Ap(XTimyi1, T) + amk(Jflu — Jfli, Umy+1 — T).
That is,
Ap(Ty, T) < (S0 — JPZ Uiy 1 — T).
Therefore
klggo Ap(Tpm,, ) =0
and since

Ap(xkv j) < Ap(xmk-l-la ‘7_:)7

for all £ € N, we conclude that
T — T,k — o0.

3.3.1 Numerical example

We present some numerical results. More precisely, we give a numerical example in
(R3,|].||2) of the problem considered in Theorem in this section. Now take

C; = {x = (z1,79,73) € R¥: (a, 1) > bi},
where a = (8, —3,—7) and b = —5, then
~ bi—(a,1)

a—+ .
|all3

HC’i ($)

Let
Qj = {ZE = (x17x27x3> S R3 : <CL,$> - bj}?
where a = (—5,6,—3) and b = 7 then

bj —
Pq,(x) = max {0, M}a + x.
lall3
o 6 —5 —8
oy, = %H,Bn =1- ;T(Ell) )y Yim = (2711)2- and A= | —3 2 —4 |, then our iterative
-6 -2 5

scheme ([3.42)) becomes
{ Ty = [Un — tnAT<AUn — Pm;f:le (Aun))],

) Ly (3.55)
wnir = (5 + 0 = (0 = 52w+ Si piyllesa)), n 1

|Znt1—Znl|

Me2—z1]| < 1072 for stopping criterion.

We make different choices of uy, u, t, and use
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|Znt1 = @nll, [[Unt1 — unll lZnt1 — 2l [[Unt1 — unll

”anrl - :Un”, ||Un+1 - un”

—— |41 — 24|
o g1 — ual|

20

lZnt1 — 2l [[unt1 — unll

—

e
o

T
— |41 — 24|
o g1 — |

Figure 3.1: Example 1: example 1la left, example 1b right

1.5

—— |Tpg1 — x|

o un1 — ual|

|Znt1 = Znll, [[Unt1 — ual|

—
ot

—_

e
3

o

——[[Zn41 — T4

o w1 — ual|

Figure 3.2: Example 2: example 2a left, example 2b right

(=)

S

[\

o

[Ty — @n |
o [Jungr — |

Figure 3.3: Example 3:

30

”anrl - xn”a ||un+1 - un”
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(=)

S

[\

o

[Ty — @l

o [Jungr — un|

example 3a left, example 3b right



Example 1:

Take u = (1,1,—1) and uy; = (3, -1, 2).

The numerical result of this problem using our algorithm ([3.55)) with;
case la (fig[3.1]left): ¢, = 0.0078,

and

case 1b(fig[3.1] right): ¢, = 0.0000001.

Example 2:

Take u = (2,0,1) and uy = (4, -2, 3).

case 2a (fig[3.2]left): ¢, = 0.0078,

and

case 2b(fig[3.2) right): Take ¢, = 0.0000001.

Example 3:

Take u = (—3,5,—6) and u; = (15,13,17).
case 3a (fig[3.3|left): ¢, = 0.0078,

and

case 3b(fig[3.3| right): ¢,, = 0.0000001.

The Mathlab version used is R2014a and the execution times are as follows:

—_

. Example 1a (case 1la) 0.0810 seconds.

2. Example 1b (case 1b) 0.0551 seconds.

w

. Example 2a (case 2a) 0.0728 seconds.

(
(
(
(
(
(

I

. Example 2b (case 2b) 0.0568 seconds.

ot

. Example 3a (case 3a) 0.0635 seconds.

(=)

. Example 3b (case 3b) 0.0700 seconds.

3.4 Further investigation into approximation of a com-
mon solution of fixed point problems and split
feasibility problems

By combining Mann’s iterative method and the Halpern’s approximation method, we
propose an iterative method and obtain strong convergence result for finding a common
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element of the set of solutions of the SFP and the set of fixed points of a right Bregman
strongly nonexpansive mapping in the setting of p-uniformly convex Banach spaces which
are also uniformly smooth.

Theorem 3.4.1. Let E; and FEy be two p-uniformly convexr real Banach spaces which
are also uniformly smooth. Let C' and () be nonempty, closed and convezr subsets of F;
and Ey respectively, A : Ey — Fy be a bounded linear operator and A* : E5 — FEf be
the adjoint of A. Suppose that SFP has a nonempty solution set Qg. Let T be a
right Bregman strongly nonexpansive mapping of C into C' such that F(T) = ﬁ(T) #
and F(T) N Qs # 0. Suppose {an}, {8} and {v.} are sequences in (0,1) such that
U+ Bt =10, <b<1,(1—ay)a<v,a>0. Fora fizedu € C, let sequences {z,}
and {u,} be iteratively generated by ug € F,

{ 2y = e J2 [JEl(un)—tA*JEZ(I Fo)Au,], (3.56)

Un+1 = HCJ [an‘]fl( )+ 6n‘];? (zn) + 'VnJ;;EI (Tn)],

with the conditions
(¢) lima, =0;

’ n%oooo
(11) D=y an = 00;

(i) O<t§tn§k:§<

1

q )ﬁ
Cyl| Al

Then, {x,} converges strongly to Ilpmnogu.

Proof. Let w, := Au,, — Py(Au,,). Then for any z € F(T) N Qg if follows from ([2.24) that

<J52wn, Au, — Az) = ||Au, — Po(Au,)||” + <J52wn, Po(Au,) — Az)
> [ Au, — Po(Au,)|?
= |lwal” (3.57)

From (3.57) and Lemma [2.3.8, we obtain that
Ap(xy,z) < Ap(JqET[JI;El (un) — tn A" T2 (I — Pg)Auy), 2)

1 E * 7E Eq E 1
= 1o () = tn AT Pl = (T () 2) 6 (J, 2 (), A2) + I

< P ]t T )+ SR g (780, 2
Az TP (wn) + |2

= Slluall = ) 2} S+ T Az = A+ S

_ A(un,z)+tn<J52wn,Az_Aun>+M||( DIIP

< Afuns) — (= LAY (359

Then from condition (iv), we have that

Ap(xm z) <A (una z).
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Now

Ap(tnt, 2) Ap(J7 a7 () + Budy (2n) + Y dy (Txn)), 2)
anAy(u, 2) + BnAp (20, 2) + 1Ay (T, 2)
anA,(u, 2) + By (2, 2) + 1l (2n, 2)

Ap(u, 2) + (B + V) Ap(2n, 2)
( ) (ﬁn +7n)Ap(unvz)
maX{Ap(u, 2), Ap (U, 2)}

INIAIA

IA A

max{A,(u, z), Ay(u1, 2) }. (3.59)

Therefore {A,(un, 2)} is bounded and consequently, we have that {A,(x,, 2)} is bounded.
Thus the sequences {u,} and {z,} are bounded.

Set v, = Jy t [an JP(2) + B P (2,) + 4P (T,)], then

Ap(Tni1,2) < Ap(unta, 2)
< Ap(Jff [aanl (u) + ﬁanl(a:n) + ’yanEl (Txy)], 2)
= Vi(anJ 7 (w) 4 Bud T (wn) + 1) (T2y), 2)
< Vf(aanl (u) + ﬁanl () + ”yanl (Txy,) — an(Jflu — Jflz), z)
—(—an (S0 u— TP 2), JP [ JP (u) + B (20) + Y (Tay)] — 2)
= Vi(nJ P (2) + Bud P (@) + Y P (Tn), 2) + an (S u — TP 2 0, — 2)
= AP o 7N (2) + Bud N (@n) + 1N (Tay)], 2) + an (0w — TP 2,0, — 2)
< anAp(2, 2) + Bup(Tn, 2) + 1D p(Ty, 2) + an(Jflu — JpElz, Up — 2)
< (1= ) Ap(wn, 2) + an (S u — S 2 0, — 2). (3.60)

We now consider two cases to prove the strong convergence.

Case 1. Suppose that there exists ng € N such that {A,(x,, 2)} is monotonically nonin-
creasing. Then, {A,(z,, z)} converges and

Ap(xpi1,2) — Ap(xn, 2) = 0,n — 0. (3.61)

Let s, := Jff(lf_gnjflxn + 22-T'x,). Then

Bplsnz) = A (= a JEl + s j“a Tx,),z)
Bn Tn
<
< 7o anAp(:vn, z) + . anAp(Tasn, 2)
Bn + T
<
— 1— ay, Ap(xm Z)
= Ay(xn,2). (3.62)
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Thus

0 < Ap(zn,2) —Ay(sn, 2)
= Ap(®n, 2) = Bp(Tnt1,2) + Bp(@ns1, 2) — By(sn, 2)
< Ay, 2) = Ap(Tn1, 2) + Ap(Unir, 2) — Ap(sn, 2)
< Ap(mn, 2) = Ap(@ngt, 2) + anAp(u, 2) — (1 — o) Ap(Sn, 2) — Ap(sn, 2)
= Ap(xn,2) — Ap(Tng1, 2) + an(Ap(u, 2) — Ap(sn, 2)) = 0, n—o00.  (3.63)
Again
Bn Tn
Ap(sn,2) < o Ap(xp, 2) + . Ay (Txy, 2)
(1 Tn
= (1 - an)Ap(xn, z) + T anAp<Txn’ z)
Tn
= Ay(an,2) + T (Ap(Ta:n,z) — Ay(wn, z)). (3.64)

n

Hence, since a,, +7v, < 1 and a,, < b < 1, we obtain

a(Ap(zy,2) — Ap(Tzy, 2)) < : n (Ap(:zrn,z) — Ay(Txy, z))

< Ap(zp, 2) — Ap(sp,2) = 0 = 0. (3.65)

Therefore, since T is right Bregman strongly nonexpansive, we have that

lim A, (T, x,) =0

n—oo

which implies that

lim || Tz, — z,|| = 0. (3.66)

n—oo

Since {x,} is bounded and E is reflexive, there exists a subsequence {xz,,} of {z,} that
converges weakly to 2* € C. From (3.66)), it follows that z* € F(T') since F(T') = F(T)

Next, we show that Az* € @, that is 2* € Qg. Set y, = Jo1 [T (un) — tn A* T2 (1 —

Py)Au,], then from (2.26)), (3.58)) and (3.60]) we have

Ap(ymxn> AP(:UmHCyn)

Ap(Yn, 2) = Bp(wn, 2)

Ap(tn, 2) — Ap(xy, 2)

A M+ Ap(xn_1,2) — Ap(Tn, 2) = 0,n — 00, (3.67)

IA A CINA

where M > 0 is such that Ap(z,_1, 2) + (JF'u— J 2, 0,1 — z) < M. Thus, we have that

Tim [, — ya|| = 0. (3.68)
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Also from (3.58]), we obtain

VAN

C,(t,||Al])?
(1 = S 7 < 8y, 2) = Ay, 2)

< api M+ Ap(xn-1,2)
—Ap(Ty, 2) = 0, n— o0, (3.69)

and since

oot = CRUADY Gty

q q
we have that ||w,|[? — 0,7 — oo, which implies
|| Au,, — Po(Au,)|| — 0,n — oo.
Hence, we obtain from the definition of g, that
0 < | Yo — ) wnl
< tal|AT[]1 77 (Aun — Po(Aun)||

IN

q a1
A*|||Au,, — Po(A .
(eiam) ™ 147 A, = Po(Aun)l| = 0,0 — oc

. EY . . .
Since J; ' is norm-to-norm uniformly continuous on bounded subsets of £}, we have that

7}1_{20“% —uy|| = nli_>nolo||JffJflyn — JPL P || = 0,n — oo, (3.70)

It follows from (3.68]) and (3.70]) that

|20 = wnl] < 20 = ynll + [[yn = unll = 0, n = o0.

Now from ([2.24]), we have
(I — Po)Az*||P = (JF2(Ax* — PyAx®), Ax* — PoAx*)
{

p

JP2(Ax* — PoAx*), Ax* — Auy,) + (J]2(Az* — PoAx*), Au,, — PoAus,)

HUP (A" — PyAT), PoAus, — PoAr”)
< (JP(Ax* — PoAx®), Ax* — Auy,) + (JP(Ax* — PoAx®), Aun, — PoAu,,).

By the continuity of A and ||z, — u,|| — 0,n — oo, we have that Au,, — Az*,j — oo.
Hence, letting 7 — oo, we have that

||Ax™ — PoAx*|| = 0.

Therefore, Az* = PyAx*, that is Az* € ). Hence, we have that 2* € F(T') N Q.

Next, we show that {z,} converges strongly to Ilrnosu. Now

Ap(vn, @) = Ap(J7 an ) (W) + Budy (xn) + Yy (Tn)], )
< anAp(u, ) + Bulp (2, ) + Y Ap(TTy, ) — 0,n — 00.
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Hence,
l|on, — zn|] = 0, n — 0.

Let = Ilp()nogu. Then from (3.60)), we have
Ap(®ni1,2) < (1= o) Ap(n, ) + o (S u — TP Z, v, — T).
We now choose a subsequence {z,,} of {z,} such that

limsup(JZu — JP % 2, — ) = lim (JP'u — JP7, 2, — 7).
P p o\ p Lrln
n—00 J—=oe

Then from ([2.26)), we have

lim sup(Jflu — Jflzi, Ty —T) = ]1i_>I£10(Jflu — Jflf, Tp; — T) = (Jflu — Jfli, r*—z) <0.
n—oo

Hence, since ||z, — v,|| = 0,7 — oo, we have

lim sup(Jflu — Jflf,vn —z) <lim sup(Jflu — Jflf, x, —T) <0.
n—oo n—oo

Therefore, by Lemma|2.3.12] we conclude that A,(z,,z) — 0, n — oo, that is ||z, —Z|| —
0, n — oo. Therefore, x, — .

Case 2. Suppose there exists a subsequence {n;} of {n} such that A,(z,, .) < Ap(zp,+1, 2)
for all i € N. Then, by Lemma [2.3.13| there exists a nondecreasing sequence {m;} C N
such that my; — oo.

Ap(Tmy; 2) < Ap(Timy11,2),
and

Ap(zg, 2) < Ap(Tpmy 41, 2).
Also, we have

Ap(zpm,,2) = Ap(Txm,,2) = Ap(Tm,,2) o (Timgt15 2) + Ap(Timpt1, 2) — Ap(Txpy, , 2)
< Ap@mm z) p(xkarla z)
0, (A (u, 2) — Ap(z,,, 2)) = 0,k — o0.

—A
- A
Thus

By same arguments as in case 1, we obtain that

limsup(J7 u — JP'Z, vy, — Z) < 0.
k—ro0

Again from (3.60)), we have

Ap<xmk+1v :i‘) < (1 - O‘mk)Ap($mk7f) + amk<JpElu - Jflj,vmk - f)?
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which implies that

U Ap (T, T) < Ap(@ny, T) — Ap(Tpny41,T) + Ozmk<Jflu - JpEl:i,vm,c —I).
That is,
Ap(Tpy, 2) < (JPu— TP T, 0, — 7).
Therefore
klggo Ap(xmka j) =0
and since

Ap(xlﬁ 1_;) < Ap<xmk+1> j)

for all £ € N, we conclude that
T, — T, k— oo.

[]

Corollary 3.4.2. Let E; and Es be two p-uniformly convex real Banach spaces which are
also uniformly smooth. Let C' and Q) be nonempty, closed and convex subsets of Ey and Es
respectively, A : By — Es be a bounded linear operator and A* : E5 — E} be the adjoint of
A. Suppose that SFP has a nonempty solution set Qg. Suppose {c,} is a sequence in
(0,1) such that a,, <b < 1. For a fized u € C, let sequences {x,} and {u,} be iteratively
generated by ug € Eq,

{ 0 =Tlody [T (un) = tn A" T2 (I = Po) Auy ), (3.71)

Ung1 = ey fan P (w) + (1 — a,) JF (2,)],

with the conditions
(¢) lima, =0;
n—oo
(1) Doy an = 00;
q =T
(zzz)O<t§tn§k‘§< ) )
CyllAlle

Then, {x,} converges strongly to g u.

Next, using the idea in [I53], we consider the mapping 7' : C' — C defined by T =
TyoTn_qo0---0Ty, where T;(i = 1,2,..., N) are right Bregman strongly nonexpansive
mappings on E. Using Theorem [3.4.1] we have the following corollary.

Corollary 3.4.3. Let E; and Es be two p-uniformly convexr real Banach spaces which
are also uniformly smooth. Let C' and () be nonempty, closed and convexr subsets of F;
and Ey respectively, A : Ey — Fy be a bounded linear operator and A* : E5 — FEf be
the adjoint of A. Suppose that SFP has a nonempty solution set Qg. Let T =
TyoTy-10---0Ty whereT;: C — C fori=1,2,...,N is a finite family of right Bregman
strongly nonexpansive mappings such that F(T;) = F(T;) and (N, F(T})) N Qs # 0.
Suppose {a,}, {Bn} and {v,} are sequences in (0,1) such that o, + Bn + vy = 1, <
b<1,(1—ay)a<yn,a>0. Fora fitedu € C, let sequences {x,} and {u,} be iteratively
generated by ug € Eq,
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{ w0 = Uy [J7 (un) = tn A J72(1 = Po) Auy), (3.72)

Uns1 = ey [an I B () + Bad B2 (20) + v JF (T,)],

with the conditions

) a0 =0,

(i) Do, am = 00;
1
q q—1
(mz)O<t§tn§k§( ) )
Cqll Al
Then, {x,} converges strongly to prynasu.

Corollary 3.4.4. Let Hy and Hy be two real Hilbert spaces. Let C' and () be nonempty,
closed and convex subsets of Hy and Hs respectively, A : Hy — Hy be a bounded linear
operator and A* : Hy — Hy be the adjoint of A. Suppose that SFP has a nonempty
solution set Qg. Let T be a strongly quasi-nonexrpansive operator of C' into C such that
F(T) #0, I —T is demi-closed at zero and F(T)NQs # 0. Suppose {a,,}, {Bn} and {v,}
are sequences in (0,1) such that a, + Bp + v = 1,0, < b < 1,(1 — ayy)a < yp,a > 0. For
a fited u € C, let sequences {x,} and {u,} be iteratively generated by uy € Hy,

{ Ty = Poluy, — t, A*(I = Pg)Auy), (3.73)

Up+1 = PC [anu + ﬁnxn + 7n(T$n>]a

with the conditions

W) Eon =0

i > ay, = 00;
( ) ano n Y
m00<t§%§k<ﬁ#

Then, {u,} and {x,} both converge strongly to T, where T = Ppr)nogu.

Remark Prototype for the sequences {a,,}, {5,}, {7} and {t,} in Theorem are:

1 2an + 1 2an
Qp = , Ba=1-— y In = )
n+1 n+1 n+1
1 1. :
a € (0, 5), (a= 7 o oour next numerical example) Vn > 0.

and )

n q o
= > 0.
tn <n—|—1)(Cq||AH‘1> , Yn >0

3.4.1 Numerical examples

In this subsection, we present some numerical results. All codes were written in Matlab
2012b and run on Hp i-5 dual core laptop.
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Example
Here, we take Ey = Ly([0, 1]) = E with inner product given as

(f,9) = /01 f(t)g(t)dt.

Now, let
C:={x € Ly([0,1]) : (x,a) = b},

where a = 2t2, b = 0. Then
b— {a,z)

lall3

Peo(z) = max{0, ta+x.
Also, let

Q = {z € Ly([0,1]) : (x,c) > d},
where ¢ = £, d = —1. Then

Mo (x) = Polx) = %ﬁé”c b

Let us assume that

At Ly([0,1]) = Ly([0,1]), Ax(t) = @

Then A is a bounded linear operator with ||A|| = 1 and A* = A. Suppose that we take the
operator 1" in Theorem [3.4.1| as T' = P¢, the metric projection onto C. Then the problem
considered in Theorem [3.4.1] reduces to:

Find z € F(T) N C(= C) such that Az € Q. (3.74)

We observe that if € denotes the set of solutions of (3.74]),then Qg # (), since x* = 0 € Qg.
Furthermore, our iterative scheme ({3.56)) becomes u; € La([0, 1]),

(3.75)

u

unt1 = Polig + sy + s (Pota)lin 2 1.

{ z, = Polu, — t, A*(I — Pg)Auy,,

We make different choices of u; and t,, with a choice of u = th — 2t and take

% < 10~* as our stopping criterion.

Casel: t, = 0.0000001, u; = t. We have the numerical analysis tabulated in table 1 and
graph shown below.

Case2: t,, = 0.0002, u; = t. We have the numerical analysis tabulated in table 2 and graph
shown below.

Case3: t, = 0.0000002, u; = t. We have the numerical analysis tabulated in table 3 and
graph shown below.

Remark We remark from this numerical example that different choices of u; and ¢,
within the specified spaces and range have no effect on the number of iterations required
for convergence and with very insignificant effect on the cpu run time as can be seen from

60



g 7 s Mgl
1%l Ml

2 4 6 8 10 12 14 2 4 [ 8 10 12 14
Number of iterations Number of iterations

8
Number of iterations

the Tables and the corresponding Figures. The representation of ||z, 1 — x,|| against the
number of iterations (blue line) is the same as the representation of ||u,11 — u,|| against
the number of iterations (red line) in the figures. This is because the values of ||z, 11 — x,||
and ||un4+1—u,|| are either the same or very close to each other and so the curves (blue and
red lines) overlapped each other. Also, we see from the tables and graphs that the closer
the values of t,, to zero, the less the number of iterations required for the convergence.
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Table 3.1: Example 4, Case [

Time taken No. of iterations ||z,+1 — Znlly  [|Uns1 — Unlly

1.882076 2 0.353553 0.353553
3 0.117851 0.117851
4 0.0589256 0.0589256
5 0.0353553 0.0353553
6 0.0235702 0.0235702
7 0.0168359 0.0168359
8 0.0126269 0.0126269
9 0.00982093 0.00982093
10 0.00785674 0.00785674
11 0.00642824 0.00642824
12 0.00535687 0.00535687
13 0.00453274 0.00453274
14 0.0038852 0.0038852

Table 3.2: Example 4, Case II

Time taken

No. of iterations

Hxn+1 - xn||2

||Un+1 _un||2

2.173481

0.35379
0.118088
0.0591626
0.0355924
0.0238074
0.0170731
0.0128642
0.0100584
0.0080943
0.00666593
0.0055947
0.00477072
0.00412335
0.00360549

0.353805
0.118093
0.0591651
0.0355939
0.0238084
0.0170738
0.0128648
0.0100588
0.00809464
0.00666622
0.00559494
0.00477092
0.00412352
0.00360565
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Table 3.3: Example 4, Case III

Time taken No. of iterations ||z,+1 — Znlly  ||Unt1 — wnlly

2.321461 2 0.353554 0.353554
3 0.117851 0.117851
4 0.0589258 0.0589258
3 0.0353556 0.0353556
6 0.0235705 0.0235705
7 0.0168361 0.0168361
8 0.0126271 0.0126271
9 0.00982116 0.00982116
10 0.00785698 0.00785698
11 0.00642848 0.00642848
12 0.00535711 0.00535711
13 0.00453297 0.00453297
14 0.00388544 0.00388544
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Chapter 4

Convergence Analysis of Common
Solution of Certain Nonlinear
Problems

4.1 Introduction

The problem of finding zero points for maximal monotone operators plays an important
role in optimizations because it can be reduced to a convex minimization problem and a
variational inequality problem. We observe here that if we denote by N (v), the normal
cone of some nonempty, closed and convex set C' of a Hilbert space H at a point v € C,
ie.,

Ne(w):={de H:{(d,y—v) <0,VyeC},
and define the set valued mapping B by

,_ f(v) + Ne(v),v € C,
B(v) := { 0, otherwise,

where f is some given operator, then under certain continuity assumption on f, Rockafel-
lar (see Theorem 3 of [197]) showed that B is maximal monotone mapping and B~!(0)
solves the variational inequality problem which is to find x* € C such that

(f(x*),x —a*) >0,Vxel.

Let f : E — E* be inverse strongly monotone mapping and let B : £ — 2F" be maximal
monotone mapping. The Monotone Variational Inclusion Problem (MVIP) is to find z € E
such that

0 € f(x)+ B(x), (4.1)

where 0 is the zero vector in E. If f = 0, then we have the variational inclusion problem.
The set of solutions to the MVIP (4.1)) is denoted by I(f, M). For further studies on MVIP
see for example [174] and some of the references therein.
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Let A be a maximal monotone operator, the resolvent of A denoted by Resf1 B —2F is
defined as follows [17]:

Resh(z) = (Vf + A) o V)(2).
It is known that F(Res’) = A~1(0*) and Res, is single valued (see [17]). If f is Legendre
function which is bounded, uniformly Fréchet differetiable on bounded subsets of E, then

F(Res’) = F(Res") (see [I7]). The Yosida approximation Ay : E — E*, A > 0 is also
defined by

Ax(w) = (Y () = T (Res{y(x),

for all z € E. From Proposition 2.7 [I89], it is known that (Res] ,(z), Ax(z)) € G(A) and
0* € Az if and only if 0* € Az for all z € E and A > 0.

Zegeye and Shahzad [240] proved a strong convergence theorem for a common fixed point
of a finite family of right Bregman strongly nonexpansive mappings in the framework of
real reflexive Banach spaces. Furthermore, they applied their method to approximate a
common zero of a finite family of maximal monotone mappings and a solution of a finite
family of convex feasibility problems in reflexive real Banach spaces. In particular, they
proved the following theorem:

Theorem 4.1.1. (Zegeye and Shahzad, [240]) Let f : E — R be a cofinite function which
15 bounded, uniformly Fréchet differentiable and totally convexr on bounded subsets of E.
Let C' be a nonempty, closed and convex subset of int(dom f) and let T; : C — C, for
i=1,2,...,N, be a finite family of right Bregman strongly nonerpansive mappings such
that F(T;) = F(T;), for eachi € {1,2,...,N}. Assume that § := NN, F(T;) is nonempty.
For u,zy € C, let {x,} be a sequence generated by

Tp1 =opu+ (1 —a,)Tx,, n=12,...

where T' = TyoTy_j0- - -0Ty0Ty, {a, } C (0,1) satisfy (i) lim o, = 0 and (i) > a, = 0.
n—oo n=1

Then, {x,} converges strongly to a point p in §.

Rockafeller [195], motivated by the work of Martinet [I56], introduced in a Hilbert space
the following proximal point iterative algorithm:

{xlszEv

Tnp1 = JL Ty, V> 1, (42)

where {A,} C (0,00) and J{ is the resolvent of B defined by J{ = (I + AB)~! for all

A > 0, and B is a maximal monotone operator on E. He proved that the sequence {x,}

generated by (4.2)) converges weakly to an element in B~'(0) provided lim inf),, > 0.
n—o0

A weak convergence result was also obtained by Kamimura and Takahashi [116] in a real
Hilbert space with the following iterative scheme:

Tpi1 = QpZp + (1 — Ozn)J)ixn, Vn > 1,
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where {a,} C [0,1] and {\,} C (0,00) under some suitable conditions on {\,}.
Inspired by the result of Kamimura and Takahashi [116], Kohsaka and Takahashi [126] in
reflexive Banach space introduced the following iterative algorithm:

Tpi1 = VI,V (@) + (1 —an)V(IL 2,)), Vn>1,

where {a,} C [0,1] and {A,} C (0,00), f: E — R is a Bregman function and

JP = (Vf+AB)"toVf for all A > 0. They obtained a weak convergence result with the
proposed algorithm. For some other existing results for finding zero points of maximal
monotone operators see for example [29, 43, [71), (96} 173], 189, 213] and some of the references
therein.

Let E be a reflexive Banach space and C' a nonempty, closed and convex subset of E. Let
g : C x C — R be a bifunction, ¢ : C — R U {400} be a function and & : C — E*
be a nonlinear mapping. The Generalised Mized Equilibrium Problem (GMEP) is to find
u € C such that

9(u,y) +(Pu,y —u) + ¢(y) —(u) 20, VyeC. (4.3)
Denote the set of solutions of problem (4.3) by GM EP(g,®, ). That is
GMEP(g,2,0) ={ue C:g(u,y) + (Pu,y —u) +¢(y) —pu) >0, Vyecl}

If ® = 0, then the generalised mixed equilibrium problem (4.3)) reduces to the following
mixed equilibrium problem, find u € C' such that

g(u,y) +¢(y) —p(u) >0, VyeC.

If ¢ = 0, then the generalised mixed equilibrium problem (4.3)) becomes the generalised
equilibrium problem, find u € C' such that

g(u,y) + (Pu,y —u) >0, VyeC.

Again, if & = ¢ = 0, then the generalised mixed equilibrium problem (4.3) becomes the
equilibrium problem, find u € C' such that

9(u,y) >0, VyeC. (4.4)

We denote the solution set of as EP(g). Equilibrium problems and their general-
izations have been widely applied to solve problems in various fields such as: linear or
nonlinear programming, variational inequalities, complementary problems, optimization
problems, fixed point problems and have also been widely applied to physics, structural
analysis, management sciences, economics, etc (see, for example [23], [77, 179, [178]).

In solving equilibrium problem , the bifunction ¢ is assumed to satisfy the following
conditions:

(A1) g(x,z) =0 for all z € C;

(A2) g is monotone, i.e., g(x,y) + g(y,x) > 0 for all z,y € C;

(A3) for each x,y € C, %i_{%g(tz + (1 =t)x,y) < g(z,y);
(A4)

A4) for each x € C'; y — g(x,y) is convex and lower semicontinuous.
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It is known (see [247]) that if g(x,y) satisfies (A1) — (A4), then the function

F(z,y) := g(z,y) + (Px,y — ) + ¢(y) — p(z) satisfies (A1) — (A4) and GM EP(g, B, p,) is
closed and convex. The resolvent of a bifunction g : C'x C' — R (see [190]) is the operator
Resg : E — C defined by

Res!(z) ={z € C:g(z,9) + (Vf(2) = Vf(z),y —2) >0 Vy e C}. (4.5)
For any « € E, there exists z € C' such that z = Res/(z) (see [190]).

Lemma 4.1.2. ([247]) Let C be nonempty closed convex subset of a Hilbert space H. Let
B : C — H be a continuous and monotone mapping, ¢ : C — R be a lower semicontinuous
and convez function, and f : C x C — R be a bifunction that satisfies (Al) — (A4)
(Conditions Al — A4 is stated in chapter 4 of this thesis). For r > 0 and x € H; then
there exists u € C such that

flu,y) + (Bu,y —u) + o(y) — ¢(u) + %(y—u,u—@ >0, VyeC. (4.6)

Define a mapping T : C — C as follows:

T/ (x) = {ueC: f(u,y)+ (Bu,y —u)+ ¢(y) — p(u)
+%<y—u,u—x>20, VyeC). (4.7)

Then, the following conclusions hold:

1. T! is single-valued,

2. T! is firmly nonexpansive, i.e., for any x,y € H; ||T/(x) — T/ (y)||* < (T/(x) —
THy),z —y).

3. F(T!) = GMEP(f; B; p),

4. GMEP(F; B; ) is closed and conver.

Lemma 4.1.3. (Reich and Sabach [190]) Let f : E — (—o0,+00) be a coercive and
Gateauz differentiable function. Let C be a closed and convexr subset of E. If the bifunction
g: C x C — R satisfies conditions (A1)-(A4), then,

1. Reséc s single-valued;

2. Resg 1s a Bregman firmly nonexpansive mapping;

3. F(Resl) = EP(g);

4. EP(g) is a closed and convex subset of C';

5. for allz € E and q € F(Res]),

D¢(q, Resg(x)) + Df(Resg(x),x) < Dy¢(q, ).

Many authors have proposed some efficient and implementable algorithms and obtain some
convergence theorems for solving equilibrium problems and some of their generalizations,
(see for example, [3, [72] [77, 129, 130} 141, 163, 187, 206}, 207, 223], 227, 242] 244] and the
references therein). Cholamjiak and Suantai [72] proposed a hybrid iterative scheme for
finding a common element in the solution set of system of equilibrium problems and the
common fixed points set of an infinitely countable family of quasi-nonexpansive mappings
and prove the following strong convergence theorem.
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Theorem 4.1.4. Let E be a uniformly convex and uniformly smooth Banach space, and let
C be a nonempty, closed and convex subset of E/. Let {f]}jj‘i1 be bifunctions from C' x C
to R which satisfies conditions (Al) — (A4), and let {T;}3°, be an infinitely countable
family of closed and relatively quasi-nonexpansive mappings from C' into itself. Assume
that F := (N2, F(T;)) N (ML, EP(f;)) # 0. For any initial point xg € E with 1 = Ig,xo
and Cy = C, define the sequence {x,} as follows:

Yni = JE (o JExy + (1 — ) JETi2y,),
Up; = TyfA]/V[{nTT]j\Iy—_ll,n"'Tﬁ Ynis

T1,n
Cn+1 = {Z S Cn : Supi21 ¢(Z7 un,i) S ¢(Z7 xn)};
Tpt1 = g, 7o, n=>0.

Assume that {c,,} and {r;,} for j =1,2,..., M are sequences which satisfy the following
conditions:
(B1) limsupa,, < 1,

n—o0

(B2) lim infr;,, > 0.

Then the sequence {x,} converges strongly to I pxy.

Inspired and motivated by the researches going on in this direction, in this chapter, we
propose an iterative algorithm for approximating a fixed point of an infinite family of left
Bregman strongly nonexpansive mappings, which is also a common solution to a finite
system of equilibrium problems and finite system of variational inclusion problems in a
reflexive real Banach space and give some applications.

4.2 Main results

Theorem 4.2.1. Let E be a reflexive real Banach space and C' a nonempty, closed and
convex subset of E. Let {T;}52, be an infinite family of left Bregman strongly nonexpasive
mappings from C into itself and F(T;) = F(T;), ¥j > 1. Let g : C x C — R, (k =
1,2,...,N) be bifunctions satisfying conditions (Al) — (A4). Let By, : E — E* (k =
1,2,...,N) be continuous and monotone mappings, ¢r : C — RU {4+o0}, (k =1,2,...,N)
be a proper lower semicontinuous and convex functions. Let f : E — R be strongly coercive
Legendre function which is bounded, uniformly Fréchet differentiable and totally convexr on
bounded subsets of E such that C C int(domf) and A; : E — 2F" (i =1,2,..., N) be mazi-
mal monotone operators, such that Qag := N3, F(T;) N (N EP(G) N (N, A;71(0)) # 0.
Then the sequence {x,} generated for arbitrary u, 1 € E by

f

M AN

Uy = ReséN o ReséN_l 0--:0 Resé2 o Resélyn, (4.8)
T = VS @V F() + B,V f () + S5 gV F(Tyua)), V> 1,

_ f f f
Yn = Res/\%,AN o Res o o Res/\%A2 o Res/\“lxn,

F
converges strongly to a point p = ProjéAsu € Qas, where G(z,y) := g(z,y)+{(Bx,y—x)+
o(y) —(x) and the sequences {a, },{Bn}, {Vn;} and {\,} satisfy the following conditions:
(i) lima, = 0;
n—oo
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(i) D7y = 00;

(111) o+ B+ 2272 i = 1

() 0<a<fBn,d 2 Y <b<1;
(

v) lHminfA* > 0 for each k =1,2,..., N.

n—o0

k

A prototype example of the control sequences are; \F = Q(JLT)’“ a, = n+r6, Bn = (ﬁg)%

and TYnj = m

Proof. 1t is known (see [247]) that the function G(z,y) := g(z,y)+(Bz,y—x)+¢(y) —¢(x)
satisfies (A1) — (A4) and GM EP(g, ¢, B) is closed and convex.

For any z* € Q g, then from (4.8), we have that

Dy(z*,yn) = Dys(x*, Res! o Res!

. f f
AN Ay -1y, OO Res)\%A2 o ResA}LAlxn)

< Dy(z*, Res! _ L oo Res{%A2 o Res{;LAlxn)

< Dg(z*, zy). (4.9)

Also from ([4.8]), we have
D¢(x*,u,) = Dy(a”, ReséN o Resém1 0..0 Resé2 o Resélyn)

< Dy(a”, ReséN_1 0..0 Resé2 o Resélyn)

< Dpla",yn)- (4.10)
Again from (2:20),([E8),(E9) and (EI0), we have

Dy(a",wns1) = D",V (anV f(w) + BV f(wn) + Y iV F(Tiun)))

j=1
< o Dy(a u) + BuDp(x" un) + Y Yy Dp(”, Ty(uy))
j=1
< a,D¢(z",u) + By Dy(x™, uy,) + Z%]-Df(x*, Up,)
j=1
j=1
< anDp(a" u) + (Bn + Yni) Dy (27, yn)
< aan($*7u> + (ﬁn + Z’Ynj)Df(x*»fﬂn)
j=1
= a,Ds(a",u)+ (1 —ay,)Ds(x”, x,)
< max{Ds(z",u), Ds(z", x,)}
< max{Ds(z",u), Ds(z*,21)}. (4.11)
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Therefore, {Dy(z*, x,)} is bounded and so also are {Dy(z*, u,)} and {Ds(z*,y,)}. Con-
sequently, we have that the sequences {z,}, {u,} and {y,} are bounded.
Moreover,

Df(l‘*, un+1) < Df(x*7 In+1)

= Vi(@", VW) + BV () + > 4V (Tiun))

< V)0 £ + () D0,V (L) — 00 (V) — V)
—(V [V f(u) + BV fun) + Z VgV [ (Ljug)) — 2%, —an(V f(u) — V f(z7)))
= V2", a, Vf(z") + 5.V f(u,) + Z Vi V f (Tjun))
o (Tns1 — 2%, Vf(u) = V("))
= Dy(a", VI (anVf(z") + BV [f(un) + Z AoV f (T,
+an (T — 27,V f(u) = V("))
< @D 7 + BaDy (e un) + 3 A Dy, Titan)
b {tun — ", V1) = V1))
= GuDg(x" uy,) + Z%]»Df(x*,Tjun) + ap{xy — 2", Vf(u) = Vf(z"))
< BuDg(x™ uy) + Z'ynij(x*, Up) + Q{1 — 2, Vf(u) = Vf(x"))
= (1 —oa)Ds(z",up) + an(Tps1 — 2, V(u) = Vf(x")). (4.12)

We consider two cases to obtain strong convergence.

Case 1. Suppose that there exists ng € N such that {D;(z*, u,)}32, is monotonically
nonincreasing. Then {D(z*, u,)}22, converges and Dy(x*, upy1) — Dy(2*,u,) — 0,n —
00

Let s, i= Vf* (2= V f(u,) + 2222V f(Tyu,,)).
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Then,

Dy sn) = Dy(a", VI (= V() + ==V f(Thu))
S 7 _aan(x  Un) + f_—%Df(x , Tun)
Bn Z]oil Vnj
< Dy(z* ————D¢(a"
= 1—a, f($vun)+ 1—a, f(xvun)
< Pat 2 LDy (x*, up). (4.13)
1—aq,
Thus,
0 < Dy(z*,uy) — Ds(a", s,)
= Df(x*,un) - Df(z*’un-i-l) + Df($ 7un+1) - Df(x 7371)
< Df(x*7un) - Df<x*7un+1> + Df([)?*,l‘n+1) - Df(x 7571)
< Dy(z*,uy) — Dp(x™, uns1) + 0 Dy(z*, u) + (1 — o) Dy(2*, s,) — Dy(x™, 5p)
= Dy(z", up) — Dp(a™, upt1) + an(Dp(z*, u) — Dy(x, s,)) = 0,n = 00.  (4.14)
Furthermore
> et g D et g
( 1—Oén> f(x7un)‘|‘ 1—a, f( ) Jun)
* 2011 Ynj % %
= Dz ,un)+1ﬂ_—aj<0f<x  Tiun) — Dy(x*, uy)). (4.15)

Therefore from (4.15)), we have

f D¢(x*,un) — Dy(z*, Tju,)) < Dp(x*,u,) — Dy(2*,s,) = 0,n — 00. (4.16)
“a,

Since Tj is left Bregman strongly nonexpansive, we obtain that

lim Dy (un, Tiu,) =0,

n—0o0

which implies that
lim ||u,, — Tju,|| = 0. (4.17)
n—oo

Since {u,} is bounded and £ is a reflexive Banach space, there exists a subsequence {uy, }
of {u,} that converges weakly to p € C. It then follows from (4.17) that p € N2, F(T}),

since F(T3) = F(T}).

We next show that p € N2, EP(Gy) = N2 GMEP(Fy, vk, Br). Denote ©f = Resék o
Resék_lo,...,oResé1 for k = 1,2,...N and ©9 = I. We note that u, = Opny,. Now,
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by using the fact that Resék,k = 1,2,---,N; is properly left Bregman nonexpansive
mapping, we have

-

Dy(x*, uy) (", OnYn)

(

rlx”, ResGNQN lyn)
(
Dy(

|
S

*

f T, ON_1Yn) < oo < Dy(a”, yn)
o). (4.18)

IN N

Since 2* € EP(Gy) = F(Resé ), then from Lemma (4.10) and (4.18)), we have

D (ty, On_1Yn)

Df(ResGN@N 1Yn)s ON_1Yn)

D¢(z*, On_1yn) — Dy(z", up)

Dy(a",yn) — Dy(z", un)

Dy(x*, x,) — Dy(z*, uy)

(1 = an1) Dy(a", tn1) + an1(@n — 27, Vf(u) = Vf(27)) = Ds(2", un)
1M + D¢(z*, up—1) — Dy(x", u,) = 0,n — 00, (4.19)

VAN VAN VAN VAN VAN

where M > 0 is such that Dg(x*, uy—1) + (@, — 2%, V f(u) — Vf(z*)) < M.
Therefore,
Tim Dp(Onyn, On-19n) = lim Dg(un, On-1ys) = 0.

From Lemma [2.3.12 we have
Tim [0y, — 01y, || = lim [fu, — O¥ /[ = 0. (4.20)
Thus, we have from that
Tim [[V£(©y,) — VA 1y, = 0. (4.21)

Again, since ¥ € EP(Gy_1) = F(ReséN_l), it follows from (4.18) and Lemma [4.1.3| that

Dy (0" 1y, 08 %y,) Dy(Resl,  ©N %y, 0" 2y,
Dy(a*, 0N 2y,) — Dy(x*, 0N 1y,)
Dy(a",yn) — Dy(x7, un)
D¢(x*, x,) — Dy(z", up)
ap1M + Dy(z*, up—1) — Dyp(x”,u,) = 0,n — 00. (4.22)

VAN VAN VAN VAN

That is
lim D; (O 1y, 0N 2y,) = 0.

n—oo

Hence from Lemma [2.3.12] we have

lim [|©Y 1y, — 0N "%y,|| =0, (4.23)
n—o0
and consequently, we have
lim [|V (O y,) — V(O 2y, = 0. (4.24)
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In a similar way, we can verify that

lim ||@N_2yn - @N_gynH == lim ||®1yn - yn” =0. (4'25)
n—o0 n—oo
It is now easily seen from (4.20)),(4.23) and (4.25)), that
lim ||©Fy, — 0 'y,||=0,k=1,2,--- ,N. (4.26)
n—oo

and
lim ||u, — yn|| = 0.
n—oo

Now since u,; — p and lim, o |[un—yn|| = 0, we have that y,,, — p. Also from(4.20)),(4.23)),
(4.25) and y,, — p, we have that @kyn]. — p,j — oo, for each k = 1,2,--- | N. Again

using , we get that
Tim [|V£(©4y,) — VA© )] = 0.k = 1,2, . (4.27)
Therefore by , we have that for each k =1,2,--- , N,
GOy, y) + (y — OFyn,, Vf(OFy,,) = V(0  'y,,)) >0, VyeC.
Again using (A2), we obtain

(y — ©"yn,, V(O yn,) = V(O yn,)) > Gily, O yn,). (4.28)
Thus, a combination of (A4),(4.27),(4.28)) and @kynj — p,j — 00, gives us that for each

k:1727“' 7N7

Then for fixed y € C, let 2, :=ty + (1 — ¢)p for all ¢t € (0, 1]. This implies that z, € C
and further yields that G (2, p) < 0. It then follows from (A1) and (A4) that
0 = Gk(zw, Zt,y)

< tGr(2y,y) + (1 = 1)Gr(2ty,p)
S tGk<Zt,y7 y)

and hence, from condition (A3), we obtain Gi(p,y) > 0, V y € C, which implies that
P € ML EP(Gy).
Next, we show that p € NN¥,A4;(0) = ﬁf\;IF(Resf\t%Ai).
Set & = Res’;mi o Res’ 0-+-0 Res{%A2 o Resf\;Al7 for each i« = 1,2,--- , N, and

)\:‘17114{'71
®° = J. We note that y,, = ®'z,,.

Since z* € A3'(0), by Lemma [2.3.19] we have

Di(yn, ®¥ Hzn)) < Dy(a”, @V () — Dy(z", yn)
< Dy(a* @) — Dp(a", yn)
= (I —an1)Dp(@" up—1) + an-1({zp—1 — 2%, Vf(u) = Vf(2")) — Dy(z", yn)
< a1 My + De(x* up—1 — Dy(z*,u,) — 0,n — 00, (4.29)
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where M, is such that Dg(x*, up—1) + p_1(2n—1 — 2", Vf(u) — V f(z*)) < M. Since f is

sequentially consistent, then we have from (4.29)) that
lim ||y, — ®V 'a,|| =0,
n—0o0

and hence

lim [[9£(z,) = V(@ 1z, )| = 0

Again, since z* € Ay' ,(0), by Lemma [2.3.19] we have

Df(q)N_l(xn)7 CI)N_Q(xn)) Dy(x, q)N_2(xn)) — Dy(a7, @N_1<a7n))
Df(x*v .’L’n) - Df<x*7 yn)
o1 My

+D¢(z", up—1) — D(x*, up) — 0,n — 0.

IA N CIA

Thus since f is sequentially consistent, we have

lim [|® () — @72 ()| = 0,

n—oo

and hence
i [ (@Y (@,)) = VS (@ 2(a)]| = 0.

Following the same procedure, we have that

lim H(I)N_Q(:z:n) — (IDN_S(xn)H =...= lim H(I)l(a:n) —x,|| = 0.

n—o0 n—o0

Therefore, from (|4.30)),(4.33]) and (4.34)), we conclude that
lim ||®*(x,) — & '(z,)]| =0, i=1,2,--- N

n—oo

and
T [V (@) = V@ z))]| =0

Thus, we have that
lim ||y, — x,|| = 0.
n—oo

Since y,,;, — p and limy, o0 |[yn — 74|| = 0, we have that x,, — p. For each i = 1,2,

we note that ®(x,) = Res?, 4,27 (w,) and therefore
‘ 1 N Z.
1Ay, ]| = IV (@ (@) = V(@ (@)

Hence from (4.35]) and the condition lim A} > 0, we have

n—o0

lim [|Ay; @'z,|| = 0.
n—oo
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Now, since (®'z,,, Ay @~ 1(z,,)) € G(4;) for each i = 1,2,--- | N. If (w,w*) € G(4;) for
eachi=1,2,--- N, then it follows from the monotonicity of A;,7 =1,2,--- , N, that

(w* — Ay (), w — Ay @ (z,)) > 0.
Since x,, — p, then ®'(z,,,) — p for each i = 1,2,--- , N. Thus from (4.36), we have
(w*;w—p) >0,

and since A; is maximally monotone for each ¢ = 1,2,---, N, we conclude that p €
NZi A7 (0).
Thus we have

p €N F(T;)N (Mo EP(Gr)) N (N, A (0)),

that is
p e ﬂjoilF<Tj) N (ﬂfcvzlGMEP<gka Pk, Bk)) N (mﬁilA;:l1(O))~

%
We now show that {z, } converges strongly to z := P rojéu.

j=1
<y Df(tp, u) + BrDy(un, uy) + Z%]-Df(un,Tun) — 0,n — oo.
j=1
Therefore, by Lemma [2.3.12] it follows that

Hun_'xn+1|’ — Oun_> 0.

Now,
|2n = Tnral] S |2 = Yall + [lyn — unll + [[tn = Zpaa|| = 0,7 — o0

~ .
Let z := P?”O]éu, we now show that

lim sup (@1 — 2,V f(u) — Vf(2)) < 0.

n—o0

Choose a subsequence {x,,} of {x,} such that

limsup(x,, — 2, Vf(u) — Vf(2)) = jli_>r£10<xnj — 2, Vf(u) = Vf(z)).

n—oo

Then, from ||z, — zp41]] = 0,7 — oo and Lemma [2.3.18, we have

limsup (e — 2 VI(u) = VF(2)) = limsup(z, — 2, Vf(u) = VF(2)) < 0.

Now, from ,
Dy(z,2p41) < (L= ) Dys(z,un) + an(ns1 — 2, Vf(u) = Vf(2))
< (1 - an)Df(Zyyn) + an<xn+l - Z7Vf(u) - Vf(2)>
< (1= an)Ds(z,20) + an(@nrs — 2, Vf(u) — Vf(2)).
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Hence by Lemma [2.3.4) we obtain D¢(z,z,) — 0,n — oo and so
||z, — 2|| — 0.

%
That is {x,} converges strongly to z := Projg;u.

Case 2. Suppose there exists a subsequence {n,} of {x,} such that
D¢(x*,xp,) < Dp(x™,xp,41) V€N

Then by Lemma [2.3.5 there exists a nondecreasing sequence {m.,} C N such that m, —
00, T — 00,
Df('x*? xm‘r) S Df(x*7 ‘Imr+1)

and
D¢(z*,z;) < D¢(z", pm,+1) V7 €N,

Again, let s, == V*(;22V f(u,,) + S22V f(Tyu,,)).

Then
* B Zoi Tnrj
Dy(a,sn,) + Dp(@”, V(T ——Vf(un,) + IV f(Thu, )
< ~—)D¢(x* ————)D(x*,T
— <1_C(n7_) f(x 7un7)+ 1_Oén7_ ) f(x ? ]unT)
5n7— + Z;.il 'Ynfj
- Dz u,
< (TEE D)
Therefore,
= Df(‘r*’ un'r) Df(‘r* unT"’_l) + Df(x unr+1) Df(m*7 S”T)
< f(x*vunr) Df<x*aunr+1)+Df(x :ajnTJrl) _Df(x*asnr)
< Dp(a* up,) — Dp(”, up 1) + o, Dy(x* u) + (1 — i, ) Dy (a7, 8n.) — Dyp(a”, 8n.)
= Dg(a", up,) — Dp(x", un,11) + o, (Dp(x™,u) — Dy(x™, s,) = 0,n — 00.
Furthermore
Df('T*’ 8”7’) S 1 ?n&nﬁ Df(x*7 unT) + le_;a’j:rjl)f(x*’ j}“’”r)
Zi1 Yrrj * Zoil TYnrj *
= (1= T )04 wn) + 222Dy (o Ty, )

(Dy(2*,up.) — Dy(a*, Tjun,)) < Dy(a*,un,) — Dy(a*, $0.) — 0,n — 00.(4.38)
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Since T for each j is left Bregman strongly nonexpansive, we obtain that
Tlggo D¢(uy,, Tiuy,) =0,
which implies that
rlggo ||y, — Tjun, || = 0. (4.39)
By the same arguments as in Case 1, we obtain that

lim sup(x,,,+1 — 2, Vf(u) — Vf(z)) <O0. (4.40)

T—00

and
S (1 — OénT)Df(z7an> + Oén7<~rn7+l —Z, vf(u) - Vf(Z)),
< Dy¢(2,%pn,+1) implies

Di(z,20.) — Dp(2, 20, 41) + Qn (T 1 — 2, Vf(u) — VF(2))
Qp,, <xn7—+1 -z Vf(”) - Vf(z»

Df(z’ I”T"'l)

~—

which since D¢(z, z,,

a”r Df(z7 m”‘r)

VARVAN

Since a;,, > 0, we have

Df(zaan—) < <xn7+1 -z Vf(U) - Vf(2)>
Hence it follows from (4.40]) that

Th_}r(r)lon(z,an) = 0.
Since Dy(z,2,) < Dy(2,2m,41) for all 7 € N, we conclude that z, — 2,7 — oo. This
implies that z,, — z,n — oo, which completes the proof. O

Corollary 4.2.2. Let E be a reflexive real Banach space and C' a nonempty, closed and
convex subset of E. Let {T};}32, be an infinite family of left Bregman nonezxpasive mappings
from C' into itself and F(1;) = F(Tj), Vj > 1. Let f : E — R be strongly coercive
Legendre function which is bounded, uniformly Fréchet differentiable and totally convex
on bounded subsets of E such that C C int(domf) and A; : E — 2F" (i = 1,2,...,N) be
mazimal monotone operators such that Q4 = N2, F(T;) N (N, A;71(0)) # 0. Then the
sequence {x,} generated for arbitrary u, v1 € E by

Res! Res!
C-++0 O
AN An M tAn_, es)\%AQ es}\}lAlxn7

Yn = Res! o Res’ (4.41)
Tp1 = VI (Vf(u) + BV fyn) + Z(;il 'Ynjvf(ijn))’ Vn > 1, .

converges strongly to a point p = <157“0‘7'{-;Au € 4, where the sequences au,, B, nj and A,
satisfy the following conditions:

(1) limp_eo o = 0;

(6) > pey On = 00;

(“Z) an + By + Z;i1 Tnj = 1;

() 0<a<fn,d 2 Y <b<1;

(v) lminfA* >0 for each k =1,2, ..., N.

n—o0
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Corollary 4.2.3. Let E be a reflexive real Banach space and C a nonempty, closed and
convex subset of E. Let {TJ};”;I be an infinite family of left Bregman nonexpasive mappings
from C into itself and F(T;) = F(T;), Vj > 1. Let g : C x C = R, (k = 1,2,..., N)
be bifunction satisfying conditions (Al) — (A4). Let By, : E — E*,(k = 1,2,...,N) be
continuous and monotone mappings, ¢ : C — R U {+o0},(k = 1,2,...,N) be proper
lower semicontinuous and convex functions. Let f : E — R be strongly coercive Legendre
function which is bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E such that C' C int(domf) with Qg = N5, F(T;) N (ML, EP(Gy) # 0. Then
the sequence {x,} generated for arbitrary u, v, € E by

{ Un = Resl, o Resl, o..oResl, oResl wn, (4.42)

trer = VI @V I )+ BV ) + S5, 1V (D)), Vn > 1,

converges strongly to a point p = ?rojg;su € Qg, where G(z,y) := g(z,y) + (Bxr,y — x) +
o(y) — ¢(x) and the sequences au,, By, and vy,; satisfies the following conditions:

(1) limy, oo o = 0;

(i1) Y, an = o;

(i) ‘an T o+ 5, g = 1

() 0<a<PBud 2 9m <b<Ll

4.3 Applications

4.3.1 Convex feasibility problem

Let {K;}32, be nonempty closed and convex subsets of E such that N2, K; # (. The

= f
Convex Feasibility Problem (CFP) is to find z € Nj2, K;. Obviously F(Projy,) = K;
for all j > 1. If the Legendre function is uniformly Fréchet differentiable and bounded

= f
on bounded subsets of F, then the Bregman projection Proj K, is BEFNE, hence BSNE

and F(<}—77‘0j2) = F(?roji(j) (see, [191] Lemma 1.2.3). Thus, if we take T} = j'?rojﬁ(j
in Theorem [4.2.1] we get a strong convergence theorem for approximating the solution of
CFPs, a common solution to a finite system of generalised mixed equilibrium problems and
a common element of the set of zeros of a finite family of maximal monotone operators.

Theorem 4.3.1. Let E be a reflexive real Banach space and C' a nonempty, closed and

convex subset of E. Let T; = ?roj;j, where {K;}%2,, are nonempty closed and conver
subsets of C. Let g, : C x C — R, (k = 1,2,...,N) be bifunctions satisfying conditions
(A1) — (A4). Let By : E — E*,(k =1,2,...,N) be continuous and monotone mappings,
ok C = RU{+00}, (k =1,2,..., N) be proper lower semicontinuous and convez functions.
Let f: E — R be strongly coercive Legendre function which is bounded, uniformly Fréchet
differentiable and totally convex on bounded subsets of E such that C' C int(domf) and A; :
E — 28 (i = 1,2,..., N) be maximal monotone operators, such that Qags := N2, F(T5) N
(NN_EP(Gy) N (NY,A71(0)) # 0. Then the sequence {x,} generated for arbitrary u,
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x1 € F by

Yn = Res{TJLVAN o Resﬁg,lAN_l 0---0 Resf\c%A2 o) Resf\cmlxn,
Up = ReséN o ReséNil 0...0 Resé2 o Resélyn, (4.43)

Tui1 = V(0 VF () + BV F () + X2 v VI (D)), Yn = 1,

converges strongly to a point p = ?rojé/}su € Qag, where G(x,y) = g(x,y) + (Bx,y —
z) + ¢(y) — ¢(z) and the sequences o, Br,Vn; and N, satisfy the following conditions:
(1) lim, e o, = 0;

i) Y gy O = 00

i1) o+ B+ D000 Ty = 1

) 0<a< B0 <b<l;

v) ligriior.}f)\fZ >0 for each k=1,2,...,N.

4.3.2 Zeroes of Bregman inversely strongly monotone operators

Let the Legendre function f be such that
ran(Vf — A) Cran(Vf). (4.44)
The operator A : E — 2F" is called Bregman inversly strongly monotone (BISM) if
(domA) N (int(domf) # 0
and for any x,y € int(domf), and each £ € Az, n € Ay, we have
(§=n VI (Vi)=& - VIf(Vfly)—n) =0.

This class of operators was introduced by Butnariu and Kassey (see [183]). For any
operator A : E — 27 the anti resolvent A/ : £ — 2F of A is defined by

Al =V f o (Vf—A).

Observe that domA’ C (domA) N (int(domf) and ranA’/ C int(domf). The operator A
[183] is BISM if and only if the anti-resolvent A/ is a single valued BFNE operator. Some
examples of BISM operator can be seen in [I83]. From the definition of anti-resolvent and
([183], Lemma 3.5), we obtain the following proposition.

Proposition 4.3.2. Let f : E — (—o0, +00| be a Legendre function and let A : E — 2F°
be a BISM operator such that A=*(0)* # 0. Then the following statements holds;

(i) A7 (0)" = F(AT),

(ii) for any v € A7*(0)* and x € domAS, we have

Di(u, A) + Dp(Al 2, 2) < Dy(u, z).

So, if the Legendre function f is uniformly Fréchet differentiable and bounded on bounded
subsets of E, then the resolvent of A of A is a single-valued BSNE operator which satisfies
F(AY) = F(AY) ([191] Lemma 1.5.2).
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In Theorem , if we let T; = A{ and let f be the Legendre function such that is
satisfied then we obtain the following result for approximating a common zeroes of infinite
family Bregman Inversely Strongly Monotone Operators, a common solution to a finite
system of generalised mixed equilibrium problems and a common element of the set of
zeros of a finite family of maximal monotone operators.

Theorem 4.3.3. Let E be a reflexive real Banach space and C' a nonempty, closed and
conver subset of E. Let {T;}%2, = {A;};’il Let g, : C x C — R, (k = 1,2,...,N)
be bifunctions satisfying conditions (A1) — (A4). Let By : E — E* (k = 1,2,...,N) be
continuous and monotone mappings, ¢, : C — R U {+o0},(k = 1,2,...,N) be proper
lower semicontinuous and convex functions. Let f : E — R be strongly coercive Legendre
function which is bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E such that C C int(domf) and A; : E — 25 (i = 1,2,...,N) be mazimal
monotone operators with Qas := N2, F(T;) N (ML, EP(Gr) N (N, A71(0)) # 0. Then the
sequence {x,} generated for arbitrary u, v1 € E by

Yn = ResigAN o Res{g_lAN 0o ReS{%A2 e Resf\cmlwn,

Uy = ReséN o Resél\]i1 0..0 Resé2 o Resélyn, (4.45)

converges strongly to a point p = jgrojéAsu € Qag, where G(x,y) == g(z,y) + (Bx,y —
x) + o(y) — o(x) and the sequences au,, By, Ynj and A, satisfy the following conditions:
(1) limp_eo oy = 0;

() > pey On = 00;

(i) an Bt Sy = 1

() 0<a<PBn,d 2 Y <b<1;
(

v) lminfA* >0 for each k = 1,2, ..., N.
n—oo

4.3.3 Variational inequalities

Let A: E — E* be a BISM operator and let C' be a nonempty, closed and convex subset
of domA. The variational inequality problem corresponding to A is to find z € C such
that

(Az,y —7) >0, VyeC. (4.46)
The set of solutions of (4.46) is denoted by VI(A,C).

Proposition 4.3.4. ([190/Proposition 8). Let f : E — (—o00,+0o0] be a Legendre and
totally convex function which satisfies the range condition (4.44). Let A : E — E* be a
BISM operator. If C is a nonempty, closed and convez subset of domA Nint(domf), then

f
VI(A,C) = F(Projuo A).
So, if the Legendre function f is uniformly Fréchet differentiable and bounded on bounded
subsets of E, the anti-resolvent A/ is single-valued ([183], Lemma 3.5(d))and BSNE op-
erator (see Section 2 and [I83] Lemma 3.5(c)) which satisfies F'(A7) = F(A'). Since the
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— f S
Bregman projection Proj. is a BENE operator, it is a BSNE which satisfies F'( Proj) =
Lo f & f
F(Projg). It now follows (see [I86] Lemma 2) that Proj. o Af is also a BSNE oper-
&~ f A=
ator which satisfies F'(Proj, o A') = F(Proj, o A'). From Proposition 4.4 we know

— f s,
that F(Projs o A’) = V(A,C). Therefore in Theorem [4.2.1} if we let T; = Proj, o A7,
we get an algorithm for finding a common solution to the variational inequality problem
corresponding to infinitely many BISM operators and system of equilibrium problem.

Theorem 4.3.5. Let E be a reflexive real Banach space and C' a nonempty, closed and
convex subset of E. Let Aj : E — E*, j > 1, be an infinite family of BISM operators such

that C C domA; and {T;}°, = {?rojé o A;};L Let g : C xC = R, (k=1,2,...,N)
be bifunction satisfying conditions (Al) — (A4). Let By, : E — E*,(k = 1,2,...,N) be
continuous and monotone mappings, ¢ : C — R U {+o0},(k = 1,2,...,N) be proper
lower semicontinuous and convex functions. Let f : E — R be strongly coercive Legendre
function which is bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E such that C C int(domf) and A; : E — 2F°(i = 1,2,...,N) be mazimal
monotone operators with Qas := N2, F(T;) N (ML, EP(Gr) N (N, A71(0)) # 0. Then the
sequence {x,} generated for arbitrary u, v, € E by

Yn = Res{TJLVAN o Resﬁg,lAN_l

Up = ReséN o ReséNil 0...0 Resé2 o Resélyn, (4.47)
Tpy1 = Vf*(Oéan(U) + anf(un) + Z]oi1 anvf(Tjun))a Vn > 17

f f
0---0 Res/\%A2 o Res/\mlxn,

converges strongly to a point p = ?roj{;ASu € Qag, where G(x,y) = g(x,y) + (Bx,y —
z) + ¢(y) — o(z) and the sequences o, By, Vn; and N, satisfy the following conditions:
(1) lim, e o, = 0;

(#6) >ty an = 00;

(i) o+ Bt S s = 1

() 0<a<Pn,d 2 Ym <b<1

(v) lminfA* > 0 for each k =1,2, ..., N.

n—0o0
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Chapter 5

Split Equilibrium and Fixed Point
Problems

5.1 Introduction

Let H; and H, be real Hilbert spaces and C' and () nonempty, closed and convex subsets
of H; and Hj respectively. Let f; : C x C — R, f5 : Q@ x @ — R be bifunctions,
1 : C = RU{+400}, 2 : @ = RU {+0o0} be functions and By : C' — H;y, By : Q — H,
be nonlinear mappings. Let A : H; — H, be a bounded linear operator. Then the split
generalised mized equilibrium problem is to find z* € C such that

filz*,z) + (Bix™,z — x*) + p1(x) — p1(x*) > 0, Ve, (5.1)
and y* = Az* € @ solves

Ly y) + (B y —y*) + 02(y) — 2(y’) 20, Vye@. (5.2)
We shall denote the solution set of - by
Qcevep = {x* € GMEP(f1, By, ¢1) : Az* € GMEP(f2, B2, p2)}.

If By =0 and By = 0, then (5.1)-(5.2) reduces to the following split mixed equilibrium
problem, find x* € C such that

fil@® ) + o1(2) — 1 (2*) 20, Vzedl, (5.3)
and y* = Ax* € @ solves

Ly y) +e2y) —e2y”) 20, Vye@, (5.4)
with solution set Q, = {z* € MEP(f1,¢1) : Az* € MEP(f5,2)}.
Again in (5.1))-(5.2)) if 1 = @2 = 0, we obtain the following split generalised equilibrium
problem, find x* € C' such that

filz® x) + (Bix*,x —2*) >0, VzeCl, (5.5)
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and y* = Ax* € @ solves

fQ(y*7y)+<BQy*7y_y*> 207 vye Q? (56)

with solution set Qgrp = {z* € GEP(f1, B1) : Ax* € GEP(fs, Ba)}.
Moreover, if By = B, and ¢ = @9 = 0, we have the split equilibrium problem, find z* € C
such that

fl(l’*,l') Zoa VI’GC, (57)
and y* = Az* € @ solves

fQ(y*ay) > 07 v y e Qa (58)

with solution set Qy = {z* € EP(f1) : Az* € EP(f2)}.

Kazmi and Rizvi [119] studied the pair of equilibrium problems (5.7) and (5.8)) called split
equilibrium problem.

Bnouhachem [24] stated and proved the following strong convergence result.

Theorem 5.1.1. Let Hy and Hy be two real Hilbert spaces, and let C' C Hy and Q) C Hy
be nonempty closed and convex subset of Hy and Hy respectively. Let A : Hy — Hy be a
bounded linear operator. Assume that f1 : C x C — R and fy : Q X Q — R are bifunctions
satisfying A1 — A4 and f5 is upper semicontinuous in the first argument. Let S,T : C — C
be a nonexpansive mapping such that Qo N F(T) # 0. Let f : C — C be a k-Lipschitzian
mapping and n-strongly monotone, and let U : C' — C' be 7-Lipschitzian mapping. For a
given arbitrary xo € C, let the iterative sequence {x,}, {u,} and {y,} be generated by

U, =TI (z, + yA* (T2 — 1) Ax,,),
Tn+1l = PC[O‘npU(xn) + (I - anﬂf)(T(yn))] Vn=>0,

where {r,} C (0,2¢) and v € (0,7), L is the spectral radius of the operator A*A, and
%); 0<pn<v,

where v =1— /1 — u(2n — pk?) and {a,,} and {B,} are sequences in (0,1) satisfying the

following conditions:

(a) lim,, o0 0y = 0 and "7y, = 00,

(1) i (22) =

(C) ZZL |an—1 - O‘n| < 0o and 2211 |6n—1 - 6n| < o0,

(d) liminf, . r, <lmsup,_,. 7 < 2¢ and Y 7 |rp_1 — 1| < 00.

Then {x,} converges strongly to z € Qg N F(T).

A* s the adjoint of A. Suppose the parameters satisfy 0 < p < (

In this chapter, we present an operator norm independent iterative solution of split gen-
eralised mixed equilibrium problems with numerical example and a simultaneous itera-
tive scheme for approximating a common solution of split equality for finite family of
equilibrium problems and split equality fixed point problems for left Bregmann strongly
nonexpansive mappings.
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5.2 On split generalised mixed equilibrium problems
and fixed point problems with no prior knowledge
of operator norm

It is our intention here to introduce an iterative scheme which does not require any knowl-
edge of the operator norm and obtain a strong convergence theorem for approximating
solution of split generalised mixed equilibrium problem which also solves a fixed point
problem for k-strictly pseudocontractive mapping.

Precisely, we consider the following problem: find z* € F'(S) such that
filz™,z) + (Biz*, o — 2*) + ¢1(x) — 1 (2*) >0, Ve, (5.10)
and y* = Azx* € @) solves

Fo(y™ y) + (Boy™ y —y™) + p2(y) — 02(y") 20, VyeQ, (5.11)

where S is a strictly pseudocontractive mapping on C, C' and ) being nonempty closed
and convex subsets of real Hilbert spaces H; and Hy respectively.

Theorem 5.2.1. Let H, and Hs be two real Hilbert spaces, let C' and ) be nonempty closed
conver subsets of Hy and Hy respectively. Let A : Hy — Hy be a bounded linear operator
and A* the adjoint of A. Let fi : C'xC — R and fo : Q x QQ — R be bifunctions satisfying
conditions (A1) — (A4) and fy is upper semicontinuous in first argument. Let By : C — H;
and By : Q — Hy be continuous and monotone mappings, ¢1 : C — R U {+o0} and
w2 : Q = RU{+00} be proper lower semicontinuous and convex function. Let S : C — C
be a k-strictly pseudocontraction, such that Qaypp N F(S) # 0. Let the step size v,
(T — 1) Aw,||?
€, . — e) for
|A=(TH: = 1) Aw,|[?
TrfjAwn # Aw, and 7y, = 7, otherwise (v being any nonnegative real number). Then the
sequence {wy}, {x,} and {y,} generated iteratively for an arbitrary xy € C and a fized
ueC by

be chosen in such a way that for some ¢ > 0; v, € (

wy, = (1 — o)y + anu,
Yn = T (wy, + 7, A (T2 — T) Aw,), (5.12)
Tpt+1 = (]‘ - ,Bn>yn + 6nsyn7 vn Z 07

converges strongly to the point ©* = Po,, ,pnr(s)t, where {on )02, and {B,}52, are real
sequences in (0,1) satisfying the following conditions

(i) imy, o0 0ty = 0, > 07 | vy, = 00,

(#7) 0 < liminf 8, < limsupf, < 1 — k.
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Proof. Let p € Qappp N F(S), then from (5.12)), we have

|znsr — 2P = [I(1 = Ba)yn + BuSyn — plI?

(1 = Ba) (yn — p) + Bu(Syn — )|

= (1= 8)llyn — plI* + B2lISyn — plI> + 26.(1 = B2){yn — P, Sy — p)
(1= Bu)lyn = pII* + Balllyn — plI* + Kllyn — Synll?]

<
—K

+26u(1 = B)lllgn = pII* = —5— 9 — Syall’]
= (1 =260+ B)llyn — I + B2lllyn — pII” + #llyn — Synll?]

260 lyn — plI* = 2631 [yn — pII* = Bu(1 = Ba) (1 = K)|[yn — Syal|?
= |lyn = plI* + [B35 = Ba(l = Ba) (1 = K)]|yn — Synll®
= ||yn _p”2 +Bn[/{+ﬁn - 1]||yn - Syn||2
< lyn — pI*. (5.13)

Again, from (5.12)), we have

Hyn - p||2 = ||Trfnl(wn + fYnA*(Tgi? - ]>Awn) - p||2
< ||wn + %A*(Tr{? - I)Awn - pH2
||wn = pl* + 2 l|A(TE — 1) Aw,|?
+27, (wy, — p, AT — I Aw,,), (5.14)

but from Lemma [2.3.8] we have

29 (wy, — p,A*(TT{f — I Aw,)
= 29, (A(w, — p) + (Trff — 1) Aw, — (Tﬂ;? — 1) Aw,, (Tfj — I)Aw,)
= 2”yn[(TrfjAwn — Ap, (T{f — D Aw,) — H(Trfj — [)AwnH2

r

1
< 29 | FI(TE = DAw, | = [T = DAw,|?
= =7l (T2 = 1) Aw,[|*. (5.15)

(T2 — 1) Aw,|? )

Therefore, from (5.14)),(5.15) and the condition v, € (e, V
|A(T7 — I)Aw,|[?

obtain
yn —plI* < lwn — plI? + 72 AS(TE = 1) Aw, || — 7 |[(T2 — 1) Aw,|?

= Dl + [l | AT = D) Aw,||* = |[(T — 1) Aw,||?
- pl]*. (5.16)

IA
T s
3 3
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Thus, from ((5.13) and (§ -

|znp = pll < lwn = pll

(1 = an)zn + apu — p|
= |[(1 — an)(@n — p) + an(u —p)l|
< (1= a)l|wn = pl| + an||u —p]
< max{|[z, —p||, [[u—p|[}

< max{||zo — pl], [lu — pl[}. (5.17)

Therefore, {z,} is bounded and so also are {y,}, {w,} and {Sy,} bounded.
Since S is a k-strictly pseudo-contraction then,

Sz — p||* < ||z — pl|* + &[|lz — Sz||?
= (Sz —p, Sz —p) < (xr —p,v —p) + k||xr — Sz||?

= (Sz —p, S —=x

(Sz —p,xz—p) < (xz—p,x —p) + Kl|z — Sz|”

)+
= (Sz —p, Sz —x) < (x — Sz, x — p) + K|z — Sz|?
)+

= (Sez —x,Sr —x) +

(x —p, Sz —2) < (v — Sx,2 — p) + Kl|r — Sx|)?

= ||Sz —z||* < (x — p,v — Sz) — (x — p,Sx — ) + +Kl||lz — Sx||?
= (1 —k)||S7 — =||* < 2(x — p,r — Sz). (5.18)

It follows from ((5.12)) and (5.18]) that

|Zn1 = plf?

IA A

(L = Ba)yn + B Syn — plI?

||yn —p+ Bn(syn - yn)||2

yn = pII? + B[Sy — PII* = 2B0(Yn — Py Syn — )

yn — I + Bu(Bn — (1 = £)|ISyn — plI?

wn = pl* + Bn(Bn — (1 = K))IISyn — plI?

(1 — an)zn + anu —p||* + Bu(Bn — (1 — K))||Syn — plI?

(1= an)?||zn — plI* + a2 llu = pl* + 20 (1 — ) (2 — p,u — p)
+80(Bn — (1 = K))[|Syn — pl*. (5.19)

We now consider two cases to establish the strong convergence of {z,,} to 2* = Po,,pnr( S)U.
Case 1. Assume that {||z,, — p||} is monotonically decreasing sequence. Then {x,} is
convergent and clearly

lim ||z, —p|| = lim ||z,11 — p||- (5.20)

Thus, from (5.19)), we have

Pn((1 = )

Therefore,

= BllSyn = yall® < (1= an)?llzn = p|I* = [|lznss = pl* + af|lu — pl®

+20,(1 — a)(zyy — p,u —p) = 0,n — 00.  (5.21)

1SYn = yull = 0,n — oo. (5.22)
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From (512),

[|\wn, — z,|| = anllu — x,]| = 0,0 — 0. (5.23)

Again from ([5.12)), we obtain

|21 = plI* =

VARVAN

IA A

IN

(1 = Bu)yn + BaSyn — pl|?

(1= Bn)?Mlyn — pII> + BallSyn — pII> + 284(1 = B) (Y — P, Sy — P)
yn = pI1? + Bal=1 + & + Bulllyn — Syall”

|y — plI”

HTJJ (wn + 'YnA*(Trfj - [)Awn) - pH2

[|wn = plI? + V2NANTE — 1) Aw,|]? = 3 |[(TE — 1) Aw,||?

(1 = an)?|lzn — pII? + apllu = pl|* + 20 (1 = ) (. — p,u — p)

Al AT — 1) Awy || — 7l (T2 — T) Aw, |

(1 - O‘n)ZHxn - p||2 + O‘ELHU —p||2 + 2an(1 - an)<xn —pu —p>
| A (T2 = 1) Aw,|P = (T2 = 1) Aw, 7). (5.24)

It then follows from ((5.24]) and the condition

that

|z —pl* <

which implies

e||A*(T)

Hence,

(5.25)

( (T2 = 1) Aw,|? >
n €, — €],
||A(TE2 — 1) Aw, |2

(1= aw)?[an = plI* + allu = pII* + 200 (1 — ) (2 — p,u = p)
— e[| AT — ) Aw, |2, (5.26)

— DAw,[[* < (1= an)llzn —pl* = |2 — pII”

+ag||u = pl* + 20 (1 — o) (@ — pyu—p). (527

lim ||A*(T? — I)Aw,||> = 0. (5.28)

n—oo

Furthermore, from ((5.24]) and ([5.28))

Wl (T = DAw|* < (1= an)?[|l2n = pII* = [[#nss — pIf

Therefore

+opllu = pll* + 9l |AN(TE = 1) Aw,|?
+20,(1 — a)(zy, — py,u — p) — 0,n — 0. (5.29)

lim |[(T? — I)Aw,|| = 0. (5.30)
n—o0
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On the other hand, if Trfj Aw,, = Aw,, then obviously

Tim [|A%(T]: = 1) Aw,|* = 0, (5.31)
and
lim (T — I) Aw,||*> = 0. (5.32)
Also,
lyn —pI* = [T (wn + AN (TE = 1) Aw,) — p||?
< Yo — pywy +pAN(TE = 1) Aw, — p)
= Ll =PI+l + 70 AT — 1) A — P
g~ P~ (i + AT~ D Awn) ~ D))
< Sl =PI + 1w = Bl + 2l A° (T = D) Auwn | = (T2 = 1) Aw, )
~lyn = p = (wa + 1A (T2 = 1) Aw, — p)|*]
< 2l = pIP + Tl = I = (Il — wal P+ 221 A* (T2 — D) A |
—29, (Yo — W, A*(T2 — 1) Aw,))]
< Sl = 9l + lfwn = 51 = llga = wall? +22114° (T2 = 1) A
27l — wa 1A (T2 = 1) Awy ] (53
That is

lyn = pII* < lwn = pII* =y = wal* + 290y — wall[[[A(TE — 1) Aw,]|. (5.34)
It then follows from ([5.24]) and ([5.34)) that

[z =l < lwa = pl* = [lyn — wall?
+ 29l lyn — wallllA*(T2 — 1) Awn]], (5.35)

which implies that

yn — wall® < Jwn = pIPP = [[Zn1 = DI + 290l |yn — wal[||A*(T2 — 1) Aw,||
= [|(1 = an)ry + anu _pH2 — |41 _pHQ + 27 [Yn — wnHHA*(Tr{f — I)Aw,||
< ||xn _p||2 - ||xn+1 _p||2 +a721||u _pH2 + 2an(1 - an)<xn —pu _p>

29 [Yn — wi|[[|A* (T2 — T) Aw,|| — 0,n — oo, (5.36)

From (/5.23) and (5.36)), we obtain that

[|2n = ynll < |z — wnl] + ||wn — yall = 0,7 — oco. (5.37)
Again,

Hxn—&-l_ynH :/BnHSyn_ynH — 0, n — oo. (5'38)
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From ([5.38)), we have

n1 = Zall < llenia = wall + llyn — 2ll = 0, 0 — oo, (5.39)

Let u, = w, + 1, A*(T> — I) Aw,.

Then,

[, — wy|| = Y| [A*(T? — ) Aw,|| — 0,n — <. (5.40)
Combining and , we get

[y = unl] < |yn — wall + [[wn = un|| = 0,7 — oco. (5.41)

Since {y,} is bounded, the there exists a subsequence {y,, } of {y,,} that converges weakly
to ¢ € C and it follows from and Lemma [2.3.1] that ¢ € F(T'). Moreover, {x,, } and
{wp, } converges weakly to g.

Next, we show that ¢ € GMEP(f1, By, ¢1). Since y, = T (w,, + 7, A (T2 — ) Aw,), we
have

J1Wn>y) + (Biyn, ¥ — yn) + 01(y) — ©1(yn)

1 1
+T’_<y — Yn, Yn — wn> - T’_<y - yernA*(T#:? - I)Awn> Z O,V Yy e C. (542)

n n

Thus, from the monotonicity of Fi(z,y) := fi(z,y)+ (Bix,y —x) +¢1(y) — p1(z), we have

1 1 .
—(Y = Yn, Yn — Wy) — r—<y — Yo, WA (T2 — DAw,) > fi(y,yn) + (B1Y, Yo — ¥)
+01(yn) —e1(y),  (5.43)
which implies that

1 1 .
Y = Yo Y — W) = Y = Y A (T8 —DAwn) > fi(ysYn) + (BiYs Y, — )

k " () — o1(y). (5.44)

Since yp, — ¢, then it follows from ([5.23)),(5.30)),(5.35)), (5.37) and A4 that,

Tn

[y, @) + (Biy,q —y) + v1(q) —¢a1(y) <0,V y e C. (5.45)

Now, for fixed y € C, let y; := ty + (1 — t)q for all ¢ € (0,1). This implies that y, € C.
Thus from Al and A4

0 = filyeye) + (Bive, e — ye) + 01(ye) — 01 ()

< iy y) + (B, y — ye) +01(y) — @1(ve)]
+(1 =) fi(ye @) + (Brye, ¢ — ve) + 01(0) — 1(w1)]
< U YY) + (B y — ye) +e1(y) — e1(ve)]. (5.46)
Therefore,
J1e,y) + (Biye, vy — ye) + 01(y) — o1(ye) > 0. (5.47)
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Furthermore, from A3, we have

fi(g,y) + (Big,y — @) + ¢1(y) — ¢1(q) >0, (5.48)

which implies that ¢ € GMEP(f1, By, ¢1). Now we show that Ag € GM EP(f3, By, p2).
Since w,, — ¢ and since A is a bounded linear operator, Aw,, — Agq.

Set z,, = Aw,, — T,,J;?k Awy, . Then we have that Aw,, — z,, = Tffk Awy, , and from (j5.30),
we have

lim z,, =0. (5.49)

n—o0

Therefore, from the definition of Trfjk, we observe that

fQ(Awnk - an y) + <BQAwnk - anv y— Awnk + an> + @2(?/) - QPZ(Awnk - an)
1
+—(y — (Awy,, — 2zn,.), (Aw,, — 2p,) — Aw,, ) > 0,Vy € C. (5.50)

nk

Since f5 is upper semicontinuous in first argument, then F5 defined as

Fy(z,y) := folw,y) + (B, y — ) + @a(y) — wa(7), (5.51)

is also upper semicontinuous in first argument. Thus, taking limsup to the inequality
(5.50) as k — oo and using assumption A3, we have

f2(Aq,y) + (B2Aq,y — Aq) + p2(y) — w2(Ag) >0 Vy € C, (5.52)

which implies Aq € GM EP(fs, B2, ¢2). Hence ¢ € Qaarpp N F(S).

We now show that {x,} converges strongly to z* = P, ppnr(s)U.

201 =27 = [I(1 = Bu)yn + BuSyn — ||
< Ay — 277
< hwn — 27|

||(1—an)xn+anu—x*||2
= (1 — an)(zn — ") + an(u— )|
= (1 —a)?||lzn — 2*||* + 2] Ju — 2*||* + 20, (1 — o) (@ — 2%, u — %)
(1_O‘n)“xn_"E*||2+an[an||u_m*||2

+2(1 — o) (T, — 2%, u — ™). (5.53)

IN

Choose subsequence {z,, } of {z,} such that

lim sup(z,, — 2*,u — z*) = lim (z,, — 2", u —z7),
n—00 k—o0

Since x,,, — ¢ then it follows from Proposition2.1.3

limsup(z, — 2", u —z*) = lim (z,, —z",u—1z")
n—00 k—o0
= (¢—2",u—1a") <0. (5.54)
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Therefore, by Lemma [2.3.12[ and ([5.53)), we obtain z,, — z*, n — oo.

Case 2. Assume that {||z, — p||} is not monotonically decreasing sequence. Set I',, =
|z, — p||* and let 7 : N — N be a mapping for all n > ng (for some ng large enough)
defined by

7(n) :=max{k e N: k <n,I'y <y} (5.55)

Clearly 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and I'- () < I'r(ny41,

for n > ng. It follows from ((5.19) that

0 < |lzrgyr1 — pII* = |#rm) — I
< N@rmy1 — pIIP = (1 = ar)?||zry — 2l
< a2l|u—p|* + (1l — o) (0 — p,u —p)

+6n(6n - (1 - H))Hyn - Syn||2 (556)
That is,
Ky < O‘E(n)HU —P||2
+207(n) (1 = ) (Tr(n) —pyu —p) = 0, as n — o0, (5.57)

where K‘r(n) = ﬁT(n)((l - /f) - /BT(n))HSyT(n) - yT(n)||2'
By the same argument as (5.22)) to (5.41)) in case 1, we conclude that {z ()}, {¥-n)} and
{wrmy} converge weakly to ¢ € F'(S) N Qaumep. Now for all n > ng, and

lim sup(@-(n) — 2%, u —2*) <0. (5.58)
n—oo
0 < Zrmyr = |17 = |27 — 2*[|?
< (1- O‘T(n))”x'r(n) - x*||2 + O‘z(n)Hu - x*||2 + 2047(71)(1 — Qr(n) <xr(n) — 7" u— ") — ||x7(n) - JZ*||2
= Q) [rm)||u — | |? + 200 () (1 = () (Tr(n) — 55 u — %) — |27y — z*| 2. (5.59)
Therefore,
||x7(n) - x*||2 < O‘T(n)Hu - I*”Q
2070 (1 = () ){(Tr(n) — 2", 0 —2%) = 0, n—o00. (5.60)
Thus,
lim ||z, — 2*]|* =0, (5.61)
n—oo
and
lim F.,-(n) = lim FT(n)+1. (562)
n—o0 n—o0

Furthermore, for n > ny, it is observed that I'-(,y < I'z(ny41 if n # 7(n) (that is 7(n) < n)
because I'; > I';4; for 7(n) + 1 < j < n. Consequently for all n > ny,

0 S Fn S maX{FT(n), FT(n)+1} = FT(n)+1. (563)
So lim, oI, = 0, that is {z,},{y.} and {w,} converge strongly to z* € F(S) N
Qemep, Vn>0. O
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Corollary 5.2.2. Let H, and Hy be two real Hilbert spaces, let C' and () be nonempty closed
conver subsets of Hy and Hy respectively. Let A : Hy — Hy be a bounded linear operator
and A* the adjoint of A. Let fi : C'xC = R and fo : Q x Q) — R be bifunctions satisfying
conditions (A1)—(A4) and fy is upper semicontinuous in first argument. Let By : Hy — H,
and By : Hy — Hjy be continuous and monotone mappings, ¢1 : C — R U {+oc} and
v : Q = RU{+00} be proper lower semicontinuous and convex function. Let S : C' — C
be a nonexpansive mapping such that Qarpp NF(S) # 0. Let the step size v, be chosen in
(T2 — I) Aw,|
“ —e) for TTfQAwn #+ Aw, and
| A*(T2 — T) Awy| | !
Yo = 7y otherwise (v being any nonnegative real number). Then the sequences {w,},{z,}
and {y,} generated iteratively for an arbitrary xzo € C' and a fized u € C by

such a way that for some € > 0; 7, € (e,

wy, = (1 — ap)x, + anu,
Yn = T (w,, + 7, A (T2 — I) Aw,), (5.64)
Tn1 = (1 - Bn)yn + BnSYn, Vn >0,

converges strongly to a point x* € Pog,.pnr)U, where {an o2, and {8y}, are real
sequences in (0,1) satisfying the following conditions

(i) limy, oo oy, = 0, D07 vy = 00,

(#) 0 < liminf 3, <limsup 3, < 1.

Corollary 5.2.3. Let H, and Hy be two real Hilbert spaces, let C' C Hy and (Q C Hsy be
nonempty closed convex subsets of Hy and Hy respectively. Let A : Hi — Hs be a bounded
linear operator and A* the adjoint of A. Let fi : C xC — R and fo : Q@ x Q — R
be bifunctions satisfying conditions (Al) — (A4) and fy is upper semicontinuous in first
argument. Let By : Hy — Hy and By : Hy — Hs be continuous and monotone mappings.
Let S : C — C be a k strictly pseudo contraction such that Qgpp N F(S) # (. Let the step
(T — 1) Aw,|?
, - — e) for
1A~(T — 1) Aw, |
Tl Aw, # Aw, and v, = v, otherwise (v being any nonnegative real number). Then the
sequences {wp}, {x,} and {y,} generated iteratively for an arbitrary xo € C and a fizved
ueC by

size v, be chosen in such a way that for some € > 0; v, € <e

wy, = (1 — ap)x, + apu,
Yn = T (w, + 7, A (T2 — I) Aw,), (5.65)
Tn1 = (1 - ﬁn)yn + B,SYn, ¥n >0,

converges strongly to a point ©* € Pog,pnrs)t, where {an}o2, and {B,}52, are real se-
quences in (0,1) satisfying the following conditions

(i) lim, oo oy, = 0, D07 | vy = 00,

(77) 0 < liminf 8, < limsup 3, < 1 — k.

Corollary 5.2.4. Let H, and Hy be two real Hilbert spaces, let C' and () be nonempty closed
conver subsets of Hy and Hy respectively. Let A : Hy — Hy be a bounded linear operator
and A* the adjoint of A. Let fi : C'xC — R and fo: Q x Q) — R be bifunctions satisfying
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conditions (A1) — (A4) and fy is upper semicontinuous in first argument. Let @1 : C' —
RU{+o0} and vy : Q — RU {400} be proper lower semicontinuous and convez function.
Let S: C — C be a k strictly pseudo contraction, such that Q, N F(S) # (. Let the step
(T2 — 1) Aw, |?
; ; — e) for
|A*(T57 — 1) Aw,|[?
TfjAwn # Aw, and 7y, = 7y, otherwise (v being any nonnegative real number). Then the
sequences {wp}, {x,} and {y,} generated iteratively for an arbitrary xo € C and a fizved
ue C by

size v, be chosen in such a way that for some e > 0; v, € <6

wy, = (1 — o)z, + anu,
Yo = T (w, + 7, A5(TS2 — T) Aw,), (5.66)
Tp4+1 = (1 - Bn)fyn + ﬂnsym vV n Z 07

converges strongly to a point v* € Po np(s)y where {an}52, and {B,}52, are real sequences
in (0,1) satisfying the following conditions

(i) lim, oo vy, = 0, D7 | @y = 00,

(i1) 0 < liminf 8, < limsup f, < 1 — k.

Corollary 5.2.5. Let Hy and Hs be two real Hilbert spaces, let C' and Q) be nonempty
closed convex subsets of Hy and Hs respectively. Let A : Hy — Hy be a bounded linear
operator and A* the adjoint of A. Let f1 : C x C' = R and fy : QQ X Q — R be bifunctions
satisfying conditions (A1) — (A4) and fo is upper semicontinuous in first argument. Let
S:C — C be ak strictly pseudo contraction, such that Qo N F(S) # 0. Let the step size
(T2 — I) Aw,|
, L — e) for
|A=(Tf: = 1) Aw,||?
TrfjAwn # Aw, and 7y, =, otherwise (v being any nonnegative real number). Then the
sequences {wy}, {zn} and {y,} generated iteratively for an arbitrary xo € C and a fized
ueC by

Y be chosen in such a way that for some e > 0; v, € <6

wy, = (1 — o)z, + auu,
Yo = T (wy, + 7 A*(T — T) Aw,), (5.67)

Tn

Tpt1 = (1 - ﬁn)yn + ﬁnsyna vVn > 07

converges strongly to a point x* € Pojnps)u, where {an}e2, and {B,}52, are real se-
quences in (0,1) satisfying the following conditions

(i) im, oo 0ty = 0, D07 | vy = 00,

(i1) 0 < liminf 8, < limsup 8, < 1 — k.

5.2.1 Numerical example and application

We present here in this section an example, a numerical result and an application to split
convex minimization problem.

Example
Let Hy = Hy, = L*([0,1]) with inner product given as (f,g) = fol f(t)g(t)dt. Now take
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fi(x,y) = lyllz2=||x][z2; Bix == 225 ¢1(2) = ||z]| 12 and Sz = z. Suppose A : L*([0,1]) —
L*([0,1]) is defined by

Ax(s) = /01 Vs, Da(t)dt,¥ « € L2([0,1]).

where V' : [0,1] x [0,1] — R is continuous. Then A is a bounded linear operator and the
adjoint A* of A is defined by

Aa(s) = /01 V(t, s)a(t)dt, ¥ = € L2([0, 1]).

Here we take V(s,t) = e*. Finally take fo(z,y) := ||y||32 — ||2]|72; Bax := 3z; po(x) =
||z[|2,. We consider the problem; find 2* € H; such that

Sz* = a*, (5.68)
filz*,z) + (Biz",x — 2") + p1(x) — p1(z*) >0, Vo e Hy, (5.69)

and y* = Ax* € Hy solves
Fa(y",y) + (Bay™sy = y") + 02(y) — a(y") 20, Vy € Hy. (5.70)
The set of solutions of problem (5.68))-(5.70 - is nonempty (since z(t) = 0, a.e. is in the
set of solutions). Take a,, = #3, B, =1(1- n+r2) and let the step size v, be chosen in

(T — 1) Aw,|?

AT = 1) Aw,||?
and 7y, = =, otherwise (v being any nonnegative real number) in iterative scheme (|5.12))
to obtain

such a way that for some € > 0, v, € (e — e) for TTfjAwn % Aw,

=(1- n+3)xn + n%:«zu’
Z/n =T/ (wn + 7 A" (T — I)Awn) (5.71)
T = (1= 5(1 = 55090 + 5(1 = 535)¥n, V0 > 0.

Example with numerical computation
Let H = Hy =R and C = Q = R. Let fi(x,y) = —52% + zy + 49?, ¢1(x) = 2? and
Bi(z) = 4z, then T/ (x) = . Also Let fo(w,y) = =322 + zy + 29, ¢o(x) = 227

15r +1
and By(z) = 2w, then T/(x) = T x+ T Furthermore, let Az = 8z, A*x = 8z and
r
S(x) = —2x. We make difference choices of xy,u and use H:ﬁ’;l%gﬁ” < 107* for stopping
criterion. Take a,, = %”, B, = %(1 — n+r2), rp = - :L_ 1 and let the step size 7, be chosen

(T2 — 1) Aw, ||

AT = 1) Aw, |2
and v, any positive real number otherwise, in iterative scheme ({5.12)) to obtain

in such a way that for some € > 0, v, € < e) for Tr’:wan #+ Aw,

w18 _—%mn)
v — n T Tn () +1 (5.72)
! 15(n+1)+1 ’

Lnt+l = (1 - _(1 - n_+2))y - %(1 - %.;_Q)yna Vn>0.
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Figure 5.1: Errors: Case 1, e = 107 (top left; 0.010sec); Case 2, ¢ = 107 (top right;
0.011sec); Case 3, e = 10~* (bottom; 0.013sec).

(T — 1) Aw,||?
AT — 1) Aw, |2

Case 1. g =2, u=1and v, € (e
¥, = 0.0000021 otherwise.

— e) for T2 Aw,, # Aw, and

(T2 — 1) Aw,||?
[|A*(T = I) Aw, ||

Case 2. g =6, u =3 and v, € (e, — €> for T,!;QAwn % Aw, and

¥ = 0.0000222 otherwise.

(T2 — 1) Aw,||?
[|A*(T — I) Aw, ||

Case 3. 7o =1, u =8 and 7, € (e, — e) for Tﬂ:wan #+ Aw, and

¥n = 0.0003 otherwise.

The Mathlab version used is R2014a and the execution times are as follows:
1. (case 1, e = 107*) and execution time is 0.010 sec.
2. (case 2, e = 107*) and execution time is 0.011 sec.

3. (case 3, ¢ = 107*) and execution time is 0.013 sec.
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Applications to split convex minimisation problem
Here, we apply our result to study the following split convex minimisation problem:find

z* € F(S) such that z* = arg miél(h1<£lj') + o1(z) + ¢1(x)), (5.73)
S
and such that

Ax* = arg r;gg(hg(:v) + po(x) + a(x)), (5.74)
where C' and () are nonempty closed and convex subset of H; and Hy. Also hy, 1 : C — R
and hg, o : () — R are four convex and lower semi-continuous functionals. Furthermore,
¢1 : C — R and ¢ : Q — R are convex continuously differentiable functions and A :
H, — H, a bounded linear operator. Let f;(x,y) = h;(y) — hi(x) and B; = V¢,;, i=1,2
and V¢ denotes the gradient of ¢.
Then the split convex minimisation problem (5.73)-(5.74) can be formulated as the fol-
lowing split generalised mixed equilibrium problem: find z* € F(S) such that

hi(z) = hi(a") + (Vora™, x — 2%) + o1(x) — ¢1(a") 20, Vo el (5.75)
and y* = Az* € @ solves

ha(y) — ha(y™) + (Vdoy™,y — y*) + w2(y) —¢a(y") >0, VyeQ. (5.76)

Thus, Theorem [5.2.1] provides a strong convergence theorem for solving split convex min-

imisation problem ({5.73))-(5.74]).

5.3 On split equality for finite family of generalised
mixed equilibrium problem and fixed point prob-
lem in real Banach spaces

Let Ei, E» and E3 be three real Banach spaces and C, () be nonempty closed and convex
subsets of F; and FEs, respectively. Let A : Fy — E3 and B : E5 — E3 be bounded linear
operators. Let g¢ : Cx C =R (i=1,2,..,N)and ¢} : Q xQ =R (j=1,2,..., M) be
two finite families of bifunctions satisfying conditions (A1) — (A4). Let @ : C' — Ef (i =
1,2,...,N) and @g :Q — E5 (j =1,2,...,M) be two finite families of continuous and
monotone mappings, ¢} : C — RU+{oo} (i =1,2,...,N) and o Q- RU+{oc} (j =
1,2,..., M) be two finite families of proper lower semicontinuous and convex functions.
Let T:C'— C and S : Q — @ be nonlinear mappings. Then, we consider the following
problem: find z € F(T) and y € F(S) such that

gz, 2) + D'z, 2 — ) + ¢l (x) — 9 (Z) >0, VzeCi=1,2,--- N; (5.77)

BGY) + (P, y —9) + ¢h(y) —0h(y) >0, VyeQ,j=1,2,--,M; (5.78)
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and Az = Bjy. We shall denote the solution set of (5.77)-(6.78) by Qg, = {(z,9) : T €
F(T) N (MY, GMEP(gl, B, 41)),7 € F(S) N (N, GMEP(g], ¥4, ¢4)), A7 = B}

This problem ((5.77] - - that we are COIlSldeI'IIlg has as special cases the split equality
equilibrium problem, the split equality variational inequality problem, the split equality
convex minimisation problem and the split generalised mixed equilibrium problem.

Theorem 5.3.1. Let Ey, E5 and E3 be three real Banach spaces which are p—uniformly
convex and uniformly smooth and C', () be nonempty closed and convex subsets of F,
and FEy respectively. Let A : By — FE3 and B : Ey — FE3 be bounded linear operators,
A*: E} — Ef and B* : E5 — FE} the adjoints of A and B respectively. Let gi : C x C' —
R (i =12.,N)and g} : QxQ — R (j = 1,2,..., M) be two finite families of
bifunctions satisfying conditions (A1) — (A4). Let ®, : C — Ef (i = 1,2,...,N) and
<I>% Q= E5 (j=1,2,..., M) be two finite families of continuous and monotone mappings,
©C - RU{+00} (i=1,2,...,N) and ¢} : Q — RU{+o0} (j=1,2,... M) be two
finite families of proper lower semicontinuous and convex functions. Let T : C'— C' and
S 1 Q — Q be left Bregman strongly nonexpansive mappings such that Qg, # 0 and let
{an},{Bn} and {v,} be sequences in (0,1) such that o, + Bn + v = 1. For a fized u € Fy
and a fized v € Es, let the sequences {x,} and {y,} be iteratively generated by xo € E
and yy € FEs:

([ u, :ReséNoReséN ,0...0Res! 2oResGqu [JEl( n) — tnA* 53 (A, — By,

P
= Res’ G © ResGM L o0...0Res/ 2 © Res Jq [JfQ (Yn) + tnB*Jf?’(Axn — By,)]

2

%Wdﬁ%ﬁm+wwmw%ﬂ<uﬂ

| (5.79)
[ Boer = I |2 (0) + B (00) + 70 I (S(00)]

with the conditions
(1) limy_eo oy = 0;
(i) D pey = 00;
(17) 0<a< B,y <d<l,;
. q -1 q -1
(i) 0<tstnsks (26’q\|AHq> ! <2Dq\|BHq> ’
G.(z,y) .= gz, y) + (Pux,y — ) + @(y) — @), (0=1,2).
Then, the sequence {(xn,yn)} strongly converges to (z,y) = (Ilp,u, Hp,v), where (T'1,Ty) =
{(z,9) : 2 € F(T)N(NL,GMEP(g}, 9, ¢})),5 € F(S)NML,GMEP(g5, 93, 3)) and Az =
By} and Ir,, Iy, are the Bregman projections onto I'y and 'y respectively.

Proof. Tt is known (see [247]), that the function G(z,y) := g(z,y)+{(®x, y—z)+(y)—p(z)
satisfies (A1) — (A4) and GM EP(g,®, ¢) is closed and convex.
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For any (x,y) € Qg,, it follows from (5.79) that

Aplnst @)+ Dplpniny) = Al JE [P (w) + Bud () + AT ()] 2)

0, (TFE [an J 2 (0) + Bu P2 (0) + 12 (S(0n)) ] )
W Ap(U, ) + Bulp(tn, ) + 1 p(T(un), x)
+0n Ap (0, y) + BrAp(Vn, y) + 1 p(S(vn), y)
anAp(u, ) + By (tn, ) + 1y (U, )
FanAp(0,y) + BnAp(Un, ) + 1 lp(Vn, y)
= an(Ap(u, ) + Ay(v,y))
+(1 — ) (Ap(un, ) + Ap(vn, y)). (5.80)

IN

IN

Noting that Ax = By, we obtain from (5.79))

IN

IA

Ap(tn, ) + Ap(vy, @)

A, <Resé¥ o Reséi\,_1 0..0 Resé% o ReséiJff [JP () — t, A" T2 (Azy — By, x)
+A, <Resé¥ o Resgéw_1 0..0 Reség o Ji’esé%)JqE5 [ (yn) + t, B* T2 (Ax, — Byy)], y)
A,,(Jff B (2,) — tn A" JE3(Az, — By,)), x)

0, (JELIE (ga) + B IE (Ao — Byn),y)

1 . 1
5||Jfl(xn) —t,A J;])E:”(Axn — By,)||? - <Jfl(xn),x> + tn<J53(Axn — By,), Az) + ]_?”pr

1 \ t 1
+5||J52(yn) + BT, (Awn — Bya)||* = (1,2 (yn), @) — ta{ ;" (Azy — Bya), By) + 5I|y||”

Cy(tn][ Al
q

[ JE (@0)|9 = o (T2 (Azy — By), Azy) + |23 (Az,, — By,)||

1
q

1
—(JpE1 (zn), ) + tn<Jf3(Axn — By,), Az) + ]—)||x||p

Dy (]| B}

1
+5HJpEQ(3/n)Hq + tn<JfS(Axn — Byn), Byn) + HJEB(AQ;H — Byn)||?

1
_<sz(yn)ay> - tn<JpES(AIn - Byn)vBy> + ];Hpr
1 1
&Hxn“p - (Jfl(xn),x> + ]_)H"EHP +tn<J£3(AIn — By,), Az — Axy,)
Cy(tal[Al)*
+qTHJpES(A$n — By,)||?
1 P Es 1 p E3

Dy (tn]|BJ])*
+M,,J53(Axn—3yn)!!q
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= Ap(y, @) + t,(J*(Azy — By,), Av — Az,) +

+Ap(Yn, y) + tn<Jf3(Axn — Byy), By, — By) +

Cy(tal|Al])?
CaltullAD) 725 4, — By ) I

Dy(ta]|B])*
M||Jf3(Axn—Byn)Hq

= Ap(@n, ) + Bp(Yn, y) + tn<Jfg<Axn — Byy), By, — Axy)

Gt

Therefore,

D,(t,||B|])?
17,7 (Azy, — Byn)[[* + WHJEP)(M — Byy)||". (5.81)

Ap(tn, T) + Ap(vp, )

IA

Ap(xm ) + A (yna ) tn<J£3(A[En - Byn)7 Byn - Axn>
C,(t,||A D,(t,||B]|)?

Azy — Byn)||*

= Ap(an, ) + 4, (ym )

_[tn_(

which implies

Coltall AT Dy(tal| BID®
q

II(Azy, — Bya)|[?, (5.82)

Ap(tn, ) + Ap(vp, 2) < Ap(@n, @) + Ap(yn, y). (5.83)

Substituting ((5.83)) into ([5.80]), we have

Ap(l‘n—i-la ZL’) + Ap(yn-‘rl) y)

< an(Ap(u,z) + Ap(v,y)) + (1 — ) (Ap(zn, ) + Ay(Yn, y))
< max{(A,(u, ) + Ap(v,9)), (Ap(2n, ) + Ap(yn, y))}

IN

max{ (A1, ) + Ay(0,9)), (Apl0,2) + A, (o, ). (5.84)

Therefore, ({A,(z,, )}, {A,(x,, 2)}) are bounded and consequently we have that {z,},
{yn}{unt, {vn}, {T(u,)} and {S(v,)} are all bounded.

Moreover,

Ap<xn+1’ ZL‘) =

IN

IA A

A (JE [ T (0) + B2 () + 302 (T ()] )
V, (T2 (u) + B B () + P (T un)),w>

( (
() + B () + 0P (T (1)) = o (7 (0) = I (@) ) )
(
(

p

(o
A
(= (2 () = I (), T [ 2 (0) + Bt (o) + 30 I (T ()| = )

Vo (@ (2) + B () + 307 (T (), 2) + (P (w) = I (@), 21 — )

Ay (T [ I (2) 4 B (1) + P (T () | )
o (S (u) — TP (2), 2 — @)

Ay (2, ) + Bnlp(tn, 2) + 1 Ap(T (un), )

+on (JIH (u) — S (2), 2y — )

(1 — ) Ap(tn, ) + an<Jfl (u) — Jfl (), Zpy1 — )

(1 — ) Ap(zn, ) + an(Jfl (u) — JE(2), 20 y1 — 7). (5.85)

p
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Similarly, we have

Ap(net,y) < (1= ) Ap(yn, ) + an(J2(0) = T2 (), Y — ). (5.86)

We divide into two cases to obtain the strong convergence.

Case 1. Suppose that there exists ng € N such that {A,(z,, ) + Ap(yn, y)} is monoton-
ically non-increasing. Then obviously {A,(z,,z) + Ap(y,, y)} converges and

(AP($N+1>x) + Ap(yn-i-la y)) - (Ap(znv ) + A (yna )) — 0,n — oo. (587)
Let wy, = Jit (1 fnan Jo (un)—i-1 jnanT(un)> and z, == Ji <1 fan JE2 (vy)+ ; jnoénS(vn))
Then,
By )+ Byn) = Ay (2T ) + 12 (T ) )
ey (f (0 f () 12 (S(0) ). )
< A 1) + A (T ), )
Bn Tn
"’1 —OénA (vn,y) + _ nAp(S(Un)’w
< 1 fnomAp(umx) + 1 Z/anAp(un,$)
+1 fnanA (Umy) + nAP(Um y)
= Ap(un,x) + Ap(vy,y). (5.88)

Therefore,

0 < (Bp(tn, ) + Ap(vn,y)) = (Ap(wn, 7) + A (Zna y))
= Ap(un, ) = Bp(@nir, ) + Ap(Tns1, ) = Ap(wn, )
+Ap (0, Y) = Bp(Un15Y) + Ap(Yni1,4) = Bpl2n, )

< A (xm CL’) - Ap(ccn—i-la x) + Ap(xn—&-l» ) (wm )
+A (yny ) - Ap<yn+1> y) + Ap(ynJrlu y) Ap(zna y)
< Ap(zp, ) — Ap(Tpa1,7) + anAp(u, ) + (1 — ap) Ap(wy, ) — Ap(wn,a:)

+A (ym ) - A (yn—l-lu y) + anAP(U y) + (1 - Oén) (Zm ) (Zmy)

= (Ap(zn,2) + Ap(yn,y)) — (Ap(@ns1, )+A (Ynt1,9))
+an, ((Ap(u, ) + Ap(v,y)) — (Ap(wp, ) + Ap(2n,y))) = 0, n—oo. (5.89)
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Furthermore,

Bt )+ Byfans) € Ty ) + 1A (T ) )
P A )+ T2, (5(0). )
= Byln) (1= 1)y )+ T 8 (T 1), )
By 0n,) = (L= T2 A0 9) + 122, (S(00). )
= By, )+ By00,9) + 7 (AT o), ) = By, ) )
1 jn% (Ap(S (vn), ) + Ap(vn, y))- (5.90)

Thus, from ((5.90))

2 [t ) = By (T) )+ (By(0,1) = Ay(S(22). )]

< (A, 0) + Ap(vn,9)) = Ap(wn, @) + By, 9)) = 0m = 00, (5.91)
which by condition (iii) implies
Ay (up, ) — Ap(T(uy), ) = 0,n — o0,
and

Ay (Un,y) — Ap(S(vy),y) — 0,n — 0.

Since T and S are left Bregman strongly nonexpansive, we have

lim Ay (Tuy, u,) = 0,

n—o0

and
lim A,(Sv,,v,) =0,

n—oo

which implies

lim ||Tuy, — u,|| =0 (5.92)

n—oo

and
lim ||Sv, — v,|| =0 (5.93)
n—oo

respectively. Since {u,} is bounded and FEj is reflexive, there exists subsequence {u,, }
of {u,} that converges weakly to z* € E,. From (5.92), it follows that z* € F(T) since
F(T) = F(T). Also since {u,} is bounded and E, is reflexive, there exists subsequence
{vn,} of {v,} that converges weakly to y* € E,. From (5.93), it follows that y* € F(S)
since F(S) = F(S).
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Next, we show that Az* = By*.
Now from (5.82)), we obtain

- (Gl DB

q
Ap(@n; ) + Ap(Yns y) = (Bp(tn, ) + Ap(vn, y))

Ap(Tn, ) = Ap(Tni1, ©) + Bp(Tng1, ) — Ap(tin, 7)
+A (yn, y) — AP(:yn—l-luy) + Ap(Ynt1, y) — (Umy)

< Dp(@n, @) = Bp(Tnr1, ) + (1 = an) Ap(un, )
Fan (7 () = TN (), T — @) — Ap(un, 7)
FAp(Yns ) — Dp(Yng1,Y) + (1 — ) Ap (v, )
—I—an<JfQ (v) — Jfg (Y)s Ynt+1 — y) — Dp(vn, y)
= Ap(Tn, ) — Ap(Tny1,T)
o (—Ap (U, x) + an<Jfl (u) — Jfl(x),xnﬂ — 1))
T (s y) = Bp(Yns1, )
(= (U, y) + an (12 (V) = J2(Y), Ynsr — ) = 0, n—o00,  (5.94)
and since
Cok ™ ([JA[D? | Dgka'(||B]])® Cqltal |A[)T | Dy(tn]|B]])?
v<t(i- () = (- (T )

we have that ||(Az,, — Byn)||P — 0,n — oo.
Let 1, = Jo 1 [JEl(a:n) t A*JE3(A:Cn By,)] and v, = Ji* [Jf2 (Yn) —tn A* T3 (Az,— Byy)].
Denote ©; = Res o Rest 10, ... oResf forv =1,2,...N and ©g = I. We note that
= Ont,. Also denote U, = Res oResGJ 10, . oResél forj=1,2,...M and Vg = I.
2

We note that v, = Wyu,. Since (x,y) € ﬂf\ilEP(G’i) X ﬂjNilEP(Gé), then from ((5.3.1))
and Lemma [4.1.3)5),

Ap(ON_1fn, tn) + Ap(Var_10, )
= AP(G)N,lun,Res @N 1) + Ap(Was 1yn,ResGM\IJM,1yn)
< Ap(On_1ptn,T) — Ap(um z) + Ap(Var-10n,y) — Ap(vn, y)
< Ay ) = Ap(un, @) + By (Vs y) — Bp(vns y)
< Ap(zn, ) = Ap(un, ) + Bp(Yns y) — Ap(vn, )
= Dp(@n,x) = BDp(Tnt1, ) + Ap(Tny1, T) — Ap(un, T)
A (Yns ¥) = Bp(Uns1¥) + Bp(Uns1,y) = Bp(vn, y)
< Bp(@n, @) = Bp(Tnr1, @) + (1 = an) Ap(un, )

+ozn<JE1( ) — Jfl (), Zps1 — x) — Ap(up, x)
+8Yns ¥) = Dp(Ynt1,y) + (1 — an) Ap(vy, y)
+an<JE2< ) — JE2< )y Ynt1 — Y) — DBp(vn, y)
= Ap(Tn, ) + Bp(Yn, ¥) — (Ap(@ny1, ) + Ap(Ynt1, )
i (=B (Un, ) + () (1) = T (2), 20 — )
+an, (—Ap(vn, y) + an<JfQ(v) — JfQ(y),ynH —y)) =0, n—o0, (5.95)
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which implies

ON_1ptn — un]| — 0,n — o0, (5.96)
and
[|War—1n — vpl] — 0,n — o0. (5.97)
Consequently, we have
T2 (O 111n) — JE @nepin) || = 0, = o, (5.98)
and
T2 (Wag—avm) — T2 (W ag)|| = 0,n — oc. (5.99)
Again

p(ON_2fn, On_1ptn) + Ap(Var_ovy, War_11p)
D @N—2,umx) - Ap(®N 1Hn, T ) + A (‘IJM—QVm y) - Ap(\I/M—IVm y)
)

VAN VARN VAN
R =
/\/‘\{2\/\/—\

S
8

) _Ap(um:E + A (Vn?y> AP(Umy)
D ZL’n,$) - Ap(un7$) + A (mi ) - A ('Unay)
= p\Tn, ) AP(‘IH-H? ) + p\Lnt1, L ) - AP(“”? l’)

A (Y ¥) = Bp(Ynt1,y) + A p(Un+1:Y) — Dp(vn, y)
Ap(xmx) - Ap(xn-&-la r)+(1—a,)A (umI)
—i—ozn<JE1( )—Jfl( )s Tng1 — &) — Ap(tp, x)
+A (ym y) — Ap(yn+1>3/) + (1 - an)Ap(Una Y)
+an (L2 (0) = T2 (), Unir = ¥) — Ap(0n, 1)
= Ap(n, ) + Bp(Yn,y) — (Ap(Tnt1,2) + Ap(Ynt1,Y))
Fan (= (Un, ) + an (S (u) = T (2), 2 — )
i (=Ap(Un, y) + n (2 (0) = I (), Yns1 — y)) = 0, n =00, (5.100)

IA

which implies

1Ox attn — On—1ftal| = 0,1 — 00, (5.101)
and
Wnr_ovy — Vpr_qvp|| = 0,m — 0. (5.102)
Consequently, we have
||Jfl(@N_2,un) - JpEl(@N_l,un)H —0,n — o0, (5.103)
and
T2 (W ar—ovn) — T2 (War—1vs)|| = 0,n — . (5.104)
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In a similar way, we can verify that

T [[On oty — Onspin|| = -+ = lim [[O110, — || = 0, (5.105)
and

Hm ||V ovy, — VUprsiyl| =+ = lim [|¥1, — 1,|| = 0. (5.106)

n—oo n—o0

Hence, it follows that

lim [|O;p, — O;1pn|| =0,0=1,2,--- N, (5.107)
n—0o0
and
lim ||u, — pa|| = 0.
n—od
Moreover
lim ||\I/jUn—\Ifj_1Vn|| :O,j:1,2,"' ,M, (5108)
n—oo
and
lim ||v, — vy]| = 0.
n—oo

Again, we obtain from the definition of u, that

0 < ||Jflﬂn_<]flmn||
< tl|AT|1E Az, — By
1
q 1
< (5 ) A (A, = Byl = 0.1 oo.
C,IIAT

Since J; ' is norm to norm uniformly continuous on bounded subsets of £}, we have that

. T Ef 7E Ef 7E
lim [ = 2ol = lim |7 T 0, = I TP ]| = 0,0 = oo (5.109)

Thus, from ((5.96) and (5.109)), we have
zn = un|| < J[2n = pinl] + |t — un|| = 0,7 — o0.

Similarly, we have lim ||v, — y,|| = 0 and ||y, — v,|| = 0,n — 0.
n—oo

Thus, Az* — By* € wy,(Az, — By,) and since the norm is weakly lower semicontinuous,
we obtain
||Az* — By*|| < liminf ||Az,, — By,|| = 0.
n—oo

We next show that (z*,y*) € NY,EP(GY) x ﬂjj\ilEP(Gg).

Now since u,, — z* and lim,_, |[|u, — pn|| = 0, we have that p,, — z*. Also from

(5.96),(5.101)), (5.105) and w,, — z*, we have that ©;u,, — x*,k — oo, for each i =
1,2,--- ,N. Again using (5.107)), we get that

lim ||J(Optn) — S (Oicapin)|| = 0,0 =1,2,--- | N. (5.110)
n—oo
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Therefore, by (4.5)), we have that for each i =1,2,--- | N,
G (Oipng, 2) + (2 = Oittny ) (Oipiny) — Iy (Os1pin)) >0, ¥ 2 € C.
Again using (A2), we obtain

<Z - @Z:LLTLM J (@l:unk) ‘]El (62—1ynk)> > Gi(’% ®Z:U’nk> (5111)

p

Thus, a combination of (A4), (5.110)), (5.111) and O;u,, — z*, k — oo, gives us that for
eacht=1,2,--- /N, '

Gi(z,2") <0, VzeC.
Then for fixed z € C, let a;, :=tz + (1 — t)z* for all ¢t € (0, 1]. This implies that a,, € C
and further yields that G¥(z,,2*) < 0. It then follows from (A1) and (A4) that

0 Gzl (at,Z7 at,z)
tGY(arz,y) + (1 = 1)Gi(arz, 27)

tG’i(am, ),

<
<

and hence, from condition (A3), we obtain G%(z*,z) >0, V z € C, which implies that
z* € NY,EP(GY).

Similarly, we have
y* € ML EP(GY).

Next, we show that {(x,,y,)} converges strongly to (z*, y*).
Now, we observe that

Byt tn) + Ayl vn) = Ayl [P (w) 4+ Bud P () + 307 (T () | )

O, (T [an I () 4+ BT (0n) + 32 (S(0)) ] v0)
Ay, up) + By (tn, un) + 1 Ap(T (un), un)
+an Ap(u, vy) 4+ Bnlp (U, vn) + Y Ap(S(vy), v,) = 0,1 — 00.

IN

Hence,
|| Znse1 —unl| = 0, n— o0, and ||ypi1 —vn|] = 0, n — occ.
Thus
|n1 = Zall < flenia = unl| + [lun = 2a]] = 0,n = o0,
and

Y1 = Ynll < [|Yns1 — vall + [[vn — yall = 0,n — o0
From ([5.85)) and ([5.86]), we obtain

Ap(Tny1, T) + Ap(yn—i—l; ) < (1—a,)(A p(Tn, T) + (ym )
Fan (7 (u) = JJH (), 21 — )

(2 (V) = L2 (@), Ynsr — ) (5.112)
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Choose subsequences {x,,} of {z,} and {y,,} of {y,} such that
i sup(J2 () — JE (@), 21— 7) = limn (J5 () = I (2), 20,41 — ),
n—00 J—roo

and
limsup(J22(v) = JP2(9), ynsr — §) = Hm (2 (v) = J2(5), Y41 — 1)

n—00 J—o0
Since ,,, — x* and y,;, — y*, we have
: E FE1 (= — . E Ey /= _
hfln_}sogp(Jp Hu) = ;N (T), Ty — T) = jlirglo(Jp Hu) = SN T), Tnyy1 — T)
= (JP(u) = JP (@), 2" — 1) <0, (5.113)

and

limsup(J)2(v) = JP2 (1), o1 — 9) = lm (J2(v) = T2 (§), Yn, 1 — )

n—00 Jj—roo

= (J2w) = J2(@),y" —y) <0.  (5.114)

Therefore, by Lemma |2.3.12/and (5.112)), we conclude that Ay, (z,,, Z)+Ap(Yn,y) — 0, n —
oo, that is ||z, — Z|| = 0, n — oo and ||y, — y|| = 0, n — oo. Therefore, x,, — = and

Yn = Y-

Case 2. Suppose there exists a subsequence {ny} of {n} such that A, (2, ») + 2 (Yny.y) <
Ap(Trpt1, %) + Ap(Yny+1,y) for all k& € N. Then, by Lemma [2.3.13] there exists a nonde-
creasing sequence {m,} C N such that m, — oco.

Ap(xm‘,—v 'T) + AP(@/mTa y) S Ap('rm7+17 LE) + Ap(ym-,—+17 y)7
and

Ap(l’k, ZC) < Ap(xmk+1v 'T)

Using the same line of arguments as in ([5.88)),(5.89)),(5.90)),(5.91)) and noting that A, (x,,, , x)+
Ay (Y ¥) < Ap(Tmrs1, ) + Ap(Ym,+1,Y), we can show that

Th_)rgo T U, — U || =0 and Tli_)rg()HSva — U, || = 0.
Moreover, as in and , we have
lim sup(Jf1 (u) — Jfl (%), Tmo41 — ) <0, (5.115)
n—oo
and
s Sup (I (0) = JE(5)s 41— 5 < 0. (5.116)

Again, from (5.85)) and ([5.86)), we have

Ap(xmﬁ-la j) + A13<y7nT+17 y) < (1- O‘mT)(Ap(xmm T) + Ap(ymﬂ Y))
b, (U5 (1) = JE (&), 2,11 — )

(S22 () = IP2(0), Ymo 1 — ).
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which implies

A, (Bp (@ T) + By (Ym.» 9)) < (Bp(m,, T) + Bp(Ym, §) = (Bp(Tme 1, T) + Bp(Ym, 41, 9)
+O‘m7(<Jfl (u) — Jfl (Z), T, 11 — )

+(I2 () = T2(G), Ymotr — 9))-
That is,

(s )+ Ay, 5) < (T () = T @), 1 — &) + (T2 (0) = T (@), Y1 — ).
Therefore
lim (Ap(xm_r, f) + Ap(ymﬂ g)) = 0’

T—00

and since
Ap(mﬂj> + Ap(y'ra g) S Ap(mmﬁ-la :i‘) + Ap(ym-r+17g)v for all 7€ N,

we conclude that
rr — T and Yy, =y, T — .

]

Corollary 5.3.2. Let Ey, E5 and E3 be three real Banach spaces which are p—uniformly
convezr and uniformly smooth and C', ) be nonempty closed and convexr subsets of F;
and Ey respectively. Let A : Ey — E3 and B : Ey — FE3 be bounded linear opera-
tors, A* : B — E} and B* : Ei — Ej the adjoints of A and B respectively. Let
g :CxC =R (i=1,2,...N)and g} : QxQ =R (j =1,2,..., M) be two finite families
of bifunctions satisfying conditions (A1) — (A4). Let ¢! : C — RU{+oc} (1=1,2,....,N)
and gp% :Q > RU{+o00} (j=1,2,..., M) be two finite families of proper lower semicon-
tinuous and convex functions. Let T : C' — C and S : QQ — @ be left Bregman strongly
nonexpansive mappings such that Qp, = {(7,9) : ¢ € F(T) N (NY,GMEP(g,¢})),7 €
F(S)N (N1 ,GMEP(g},})) : AT = By} # 0 and let {o,},{8,} and {v.} be sequences in
(0,1) such that o, + Bp + v = 1. For a fized uw € Ey and a fized v € Es, let the sequences
{z,} and {y,} be iteratively generated by xy € E1 and yo € Es:

([ wu, = Resé{\, o Reséiv_1 0..0 Reséf o Resf JET (S0 (20) — ta A* T3 (A, — By,
Up = Resl,y o ReséM_1 o...0 Resl, o Resl, J [Jf2 (Yn) + taB*J 3 (A, — Byn)],

z 2 ? 5.117

Tnt1 = Jqu aanEl (U) + ﬁanEl (Un) + 'YnJEl( ( n)):| ( )

[ et = I B2 (0) 4 B2 (0n) + 3 (S(00))]

with the conditions
(1) limp_eo oy = 0;
o0
(#) > o=y o = 00;
111

(111) 0<a < Bo,m <d<
(i) 0<t§tn§k§<

1 1

q )ﬁ ( q )ﬁ,
2C || Alle/ "\2Dg||Blja/
Gu(z,y) = gz, y) + @y) —elz), (=1,2).
Then, the sequence {(xn,yn)} strongly converges to (z, ) = (Ip,u, IIr,v), where (I'1,T'y) =
{(@,9) : 2 € F(T) N (NL,GMEP(gi,¢1)),5 € F(S) N (N}L,GMEP (g3, ¢3)) and Az =
By} and Iyp,, Iy, are the Bregman projections onto I'y and 'y respectively.
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Corollary 5.3.3. Let Fy, Es and Es be three real Banach spaces which are p—uniformly
conver and uniformly smooth and C', ) be nonempty closed and convexr subsets of F;
and Es respectively. Let A : Fy — E3 and B : Ey — FE3 be bounded linear operators,
A*: B3 — Ef and B* : E} — Ej the adjoints of A and B respectively. Let gt : C x C —
R (i =12..N)and g} : QxQ — R (j = 1,2,..., M) be two finite families of
bifunctions satisfying conditions (A1) — (A4). Let ® : C — Ef (i = 1,2,...,N) and
(ID% :Q — E5 (j=1,2,..., M) be two finite families of continuous and monotone mappings.
LetT :C — C and S : Q — Q be left Bregman strongly nonexpansive mappings such that
Qp = {(7.9) : 7 € F(T) N (NY,GMEP(g}, ), j € F() N (N, GMEP(g}, ®}) : A7 —
By} # 0 and let {a, },{Bn} and {v,} be sequences in (0,1) such that o, + B, +~, = 1. For
a fited w € By and a fized v € Ey, let the sequences {x,} and {y,} be iteratively generated
by xo € Ey and yg € Es:

([ u, = ReséN o Reséiv,1 o ..o Res’ o © Res?! 1Jq [Jfl( Tn) — tn A*J (Az, — Byy)],
— Res’,, o Res! ,,_, o...0 Res’ a2 © Res Jq [J;)EQ (yn) + tn B*J 3 (A — Byn)),

G M G 2

%ﬁdﬁ%$w+mfww%ﬁw<ﬂ,

with the conditions
(1) lim, o o, = 0;
(i) D oa2y om = 00;
(49i) 0<a < Bp,ym <d<1;
1 1
. q 71 q -1
(i) 0<t<t,<k< <—) <_) ,.
2C,| Al 2D, Bl

GL($7y> = gL(-T,y)‘i‘ <q)bx>y_x>a (L: 172

Then, the sequence {(,,yn)} strongly converges to (z,y) = (r,u, [Ir,v), where (I'1,Ty) =
{(,9) : T € F(T) N (NYL,GMEP(g, ®})),5 € F(S) N (ML, GMEP(g3, ®3)) and AT =
By} and My, Iy, are the Bregman projections onto T'y and T'y respectively.

] (5.118)

\

5.3.1 Numerical Example

In this subsection, we present an numerical example of Theorem as follows:
Let £y = Fy = E3 =R and C = @Q = [—1,1]. Take gl(x y) = =9z + zy + (9 — 1)y,
i (z) = (9 — 3)x, ¢ (x) := (9 — 6)x, i =1,2,3,--- , M, we have Res ( ) = ’

5(9i — 3)°
Also, we take g} (z,y) := —Tiz® +zy+ (7i— 1)y?, ®4(z) = (7i—3)z, p}(x) == (7i—6)z, j =
1,2,3,---, N, and obtain Reséj (x) = ﬁ Furthermore, let Az := 22, Bx := 3x
2 1 —

and let T'(z) = S(z) = ll.(z) = llg(z) = Po(x), with

-1, z< -1,

Pc(x) = PQ(CL’) = xr, T € [—1, 1],
1, =z>1.
2 1 1
Let a, = ——, B, = e and vy, = L Then, letting M = N = 5 the iteration
n+2 2(n +2) 2(n +2)

scheme (5.79)) becomes
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( 1
n — 5— n 2tn2 n 3n )
n:HE?— n— 3tn (20, — 3yn )
. 2 " n+1 (un) n—l—l( (1))
1 n+1 (v) n+1 (Polv,))
n - Un Un
SR S BTy 2(n+2)" ¢

5.3.2 Example 1:

Take u =1, v =3, o = 0.1 and yo = 0.22.
The numerical result of this problem using our algorithm ([5.119)) with;
case la: t,, = 0.0000032

and
case 1b: t,, = 0.00000051.

5.3.3 Example 2:

Take u =2, v=0.1, zg = 0.3 and yo = 0.02.
case 2a: t,, = 0.00018

and

case 2b: t,, = 0.00000071.

5.3.4 Example 3:

Take u =1, v=1, xog = 0.1 and yo = 0.1.
case 3a: Taken t,, = 0.00008

and
case 3b: ¢, = 0.00000011.
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Figure 5.2: Example 4.1, case la: errors vs number of iterations (top); execution time vs
accuracy (bottom left); number of iterations vs accuracy (bottom right).
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Figure 5.3: Example 4.1, case 1b: errors vs number of iterations (top); execution time vs
accuracy (bottom left); number of iterations vs accuracy (bottom right).
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Figure 5.6: Example 4.3, case la: errors vs number of iterations (top); execution time vs
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Chapter 6

Split Variational Inclusion and Fixed
Point Problems

6.1 Introduction

Let E; and Es be real Banach spaces, f; : £y — Ej, fo : E; — Ej be inverse strongly
monotone mappings and By : By — 251, By : Ey — 252 be maximal monotone mappings.
Let A: Fy — E5 be a bounded linear mapping. The Split Monotone Variational Inclusion
Problem (SMVIP) is to find z* € E; such that

and
y* = Az* € Ey such that, 0 € fo(y") + Ba(y"). (6.2)

The SMVIP (6.1)-(6.2) was introduced in 2011 by Moudafi[I60] in the frame work of real
Hilbert spaces. The split common fixed point problem, the split variational inequality
problem, the split zero problem, and the SFP (see, e.g.,[47, 48], 52, 54], 12T, 158, 160, 161]),
which have been studied and used in practice as a model in intensity-modulated radiation
therapy treatment planning, modelling of inverse problems arising from phase retrieval,
and in sensor networks in computerised tomography and data compression [46] [76] are

special cases of the SMVIP (6.1)-(6.2]).

Suppose in SMVIP (6.1) - (6.2), fi = 0 and f; = 0, we obtain in the following Split
Variational Inclusion Problem (SVIP): Find z* € E; such that

0 € By(z") (6.3)
and
y* = Az* € Hy such that, 0 € By(y"). (6.4)

Denote 25 by the solution set of (6.3))-(6.4).
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Let A be a maximal monotone operator, then the resolvent of A denoted by Resﬁ B —2F
is defined as follows (see, [17]):

Res)(x) = ((J; + A) 7' o J7)(2).

It is known that F/(Res’,) = A~'(0*) and Res’, is single valued (see [I7]). If f is a Legendre
function which is bounded and uniformly Fréchet differetiable on bounded subsets of E,
then F(Res’,) = F(Res’,) (see [17]). The Yosida approximation Ay : E — E*, A > 0 is
also defined by

Ax(z) = S (7 (2) = I (Resiu (@),

for all z € E. From Proposition 2.7 [I89], it is known that (Res],(z)), Ax(z)) € G(A)
and 0* € Az if and only if 0* € A,z for all z € E and A > 0. It is well known that B is
maximal if and only if for (z,u) € Ex E*, (x —y,u—v) > 0 for all (y,v) € G(M) implies
u € M(x).

In a Hilbert space H, the resolvent operator J associated with B and A is the mapping
JP . H — H defined by

JE(x) =T+ B) 'z, x€ H X>0. (6.5)

Also in a Hilbert space, it is known that the resolvent operator J¥ is single valued, non-
expansive and 1-inverse strongly monotone (for example see [31]) and the solution of
is a fixed point of JM(I —Af), VA > 0 (see for example [134]). If f is a-inverse strongly
monotone mapping with 0 < A < 2a, then one can easily see that J} (I — \f) is nonex-
pansive and I(f, M) is closed and convex. If we consider and separately, we
have that is a MVIP with its solution set I(f;, B1) and is a MVIP with solution
set I( fa, Ba).

Byrne et al. [47] using the following iterative scheme: for a given xy € H; the sequence
{z,} generated iteratively by:;

Tpi1 = SO (@, + YA (P2 — 1) Az,), A >0,

obtained a weak and strong convergence theorem for solving SVIP —. Inspired
by the work of Byrne et al., Kazmi and Rizvi[I20], proposed the following algorithm for
approximating a solution of SVIP — which is a fixed point of a nonexpansive
mapping S: for a given xy € Hy, let the sequences {u,} and {x,} be generated by

(6.6)

Uy = Jfl(:cn + ’yA*(J/\BQ — 1) Az,),
Tni1 = anf(z,) + (1 — ay)Su,,n >0,

and proved that both {u,} and {z,} converge strongly to z € F(S)N g, where Qp is the
solution set of SVIP ([6.3)-(6.4). In 2015, Wen and Chen [228] introduced a modified general
iterative method for a split variational inclusion — and nonexpansive semigroups,
which is defined as follows:

1 sn
Tpr1 = oy f(zn) + (I — anB)—/ T(s)Jf1 [, + EA*(J;\BQ — I)Az,]ds,
0

Sn
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where v, ay,, B, € [0,1] and B is a strongly positive bounded linear operator on H; and
obtained a strong convergence result.

Also in 2015, Shehu and Ogbuisi [210] proposed the following iterative algorithm for ap-
proximating solution of split monotone variational inclusion problem — with f;
and fo not necessarily 0 which also solves a fixed point problem for strictly pseudocon-
tractive mapping in real Hilbert space:

wy, = (1 — ap)xy,
Yo = JO (T — N1 (wn + YA (T2 (1 — Nfo) — I)Aw,), (6.7)
xn—&-l - (1 - Bn)yn + anym VTL Z 07

where v € (0, %), L is the spectral radius of the operator AA* and A* is the adjoint of
A and proved a strong convergence result. For more on variational inclusion problem see
[140, [139).

Deepho et. al [87] obtained the following result:

Theorem 6.1.1. Let H; and Hy be two real Hilbert spaces and let C' C Hy and (Q C Hy
be nonempty closed convex subsets. Let A : Hy — Hs be a bounded linear operator. Let D
be strongly positive bounded linear operator on Hy with a coefficient T > 0. Assume that
T,:C — Hy (i=1,2,---,N) is a family of ky-strictly pseudo-contraction mappings such
that "X, F(T;) N Qp # 0. Suppose that f is a contraction with coefficient p € (0,1) and
{775") N | are finite sequences of positive numbers such that Zf;l 772(”) =1 for allmn > 0.
For a given point o € C, o, By € (0,1) and 0 < 7 < %, let {x,} be a sequence generated
in the following:

Uy = Jf”l(:cn +’ynA*(J)]\32 — 1) Az,),

Tpi1 = T f(2n) + (I — anD)yn, Yn =1,

where A > 0 and v € (0, %),L s the spectral radius of the operator A*A and A* is the
adjoint of A. Suppose the following conditions are satisfied:

(C1) limy, o0 0, =0, Y07 vy = 00 and Y oo o, — ayq| < 00,

(C2) ki < B, <1 <1, limy o0 B =1 and Y7 |Bn — Bri] < 00,

(C3) S0 SN |17i(") — ! < oo. Then the sequence {x,} generated by converges
strongly to q € N, F(T;) N Qg which solves the variational inequality

(D —7f)q,q—p) <0,Ypecn,F(T;)) N Qp.

Guo et al.[101] considered the split equality variational inclusion problem:

find x € U'(0) = F(J!), yeV'(0)=F(J)) such that Az = By, (6.9)

Un

where H,, Hy, H3 are real Hilbert spaces, U : H; — 2t and V : Hy — 22 are set valued
maximal monotone mappings, and A : H; — Hs, B : Hy — Hj3 are two bounded linear
operators. Let A be the solution set of (6.9). Precisely Guo et al. [I01] stated and proved
the following theorem:
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Theorem 6.1.2. ([101], Theorem 3.2) Let Hy, Hy, H3 be real Hilbert spaces and U : Hy —
20 Vo Hy — 212 be set valued mazimal monotone mappings. Let A : H, — Hs, B :
Hy; — Hj be two bounded linear operators and A*, B* the adjoint of A and B respectively.

Let f = [ ;Zl ], where f;,1 = 1,2 are contraction mappings on H; with constant k € (0,1)
2

and {S,} a sequence of nonexpansive mappings on Hy, D a strongly positive bounded linear
operator with coefficient 7 > 0. Assume the solution set of SEVIP 1S nonempty,

U

JéZ’V)z[fﬂ, G=[A -B], G*G:[

Un

A*A —A*B
—B*A B*B }

Let w,, be generated by

{ e (6.10)

Wpy1 = a0 f(wy) + (1 — @, D) Sy vy.
Suppose S,, satisfies the AKKT condition, F(S) =N, F(S,) (S is as defined in Lemma
2.8 of Guo et al. [101)]). If F(S)NA is nonempty and the following conditions are satisfied:
(i) an € (0,1), imy, yo0 ay, = 0,07t = 00;
(i) 52 o [otnss — aun] < 00
(1) 3 1 — ] < o0
(i) 0<y <, 0<0<].

Then the sequence {w, } converges strongly to a point w*, where
w* = Pps)na(I — D — o f)(w*) is a unique solution of the variational inequalities

(D—of)yw*,w*—2) <0,z € F(S)NA.

For Further results on split inclusion problems see [I68] and the references therein.

In this Chapter, we obtained an iterative solution of split variational inclusion problems
in p-uniformly Banach space which are uniformly convex. We further give iterative al-
gorithms for approximating a common solution of split monotone variational inclusion
problems and fixed point problems for two multivalued strictly pseudocontractive type
mappings, a common solution of a split monotone variational inclusion problem and a
fixed point problem of a finite family of strictly pseudocontractive mappings, which solves
a variational inequality problem and a solution of split equality monotone variational in-
clusion problems which is also a solution of a split equality fixed point problem in real
Hilbert spaces.

6.2 Iterative solution of split variational inclusion prob-
lem in real Banach spaces

Let Fy and Es be p-uniformly convex real Banach spaces which are also uniformly smooth.
Let By : By — 251, By : By — 22 be maximal monotone mappings. Let A : £} — F5 be
a bounded linear mapping. Then in this part, we study the SVIP (6.3))-(6.4), Our result
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complements other related results in the literature and extends the result of Byrne et al.
[47] from the frame work of real Hilbert space to the frame work of p-uniformly convex
real Banach spaces which are also uniformly smooth.

Theorem 6.2.1. Let £y and Fy be two p-uniformly convexr real Banach spaces which are
also uniformly smooth. Let A : By — FE5 be a bounded linear operator and A* : ES — E}
be the adjoint of A. Let T and S be the resolvents of multi-valued maximal monotone
operators By : By — 251 and By : By — 252 respectively. Suppose that SVIP —
has a nonempty solution set Qp and that {co,} and {5,} are sequences in (0,1). For a
fized u € Ey, let the sequences {x,} and {y,} be iteratively generated by xy € Ej,

Y = Jg TP () — 6, AW TP (1 — S) Ay,
Tpy1 = Jqu [an‘]fl(u) + (1 - O‘ﬂ) <6njflyn + (1 - Bn)‘]fl (T?/n)>} )
with the conditions
(¢) lima, =0;
n—0o0
(i) > o=y o = 00;
(1ii) 0<a<p,<d<l;
1
. q q—1
O0<t<t,<Ek< .
) 0<t<tu<k < (Gm)

Then, {x,} converges strongly to Il u.

(6.11)

Proof. For any z € Qp it follows from (6.11)) that
Dp(yn2) = Ap(JEI (@) = ta A TE(T = 8) Az, ], 2)

1 *
= 5||J];El (xn) —t,A JPE?(I — S)Ax, || — <JpE1 (xn), 2)

1
(S (1 — S)Azy, Az) + Z_7HZHP

< éwfl ()|t — ta (TP — S) A, Axy)
CL (4] Al
L Galtall A G gy Ao = (P (20, 2)
(S22 (I — S)Azy, Az) + %Hsz
1 1
= 5Hxn\|p — <Jfl (n), 2) + 2—?Hz||p + tn<JPEQ(I — S)Ax,, Az — Az,)
A q
4 CollalAD s ) e, 1
= Ap(Tn, 2) + tu(J2(] — S) Az, Az — Ax,)
A q
+WH‘]’?(I — S)Ax, || (6.12)
But
<J52(1 — S)Az,, Az, — Az) = ||Az, — S(Az,)||F + (JpE2(J — S)Ax,, S(Azx,) — A2)
> || Az, — S(Az,)[|”. (6.13)
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Thus from (6.13)), we have
—|Az, — S(Az,)|[P > (J2(I — S)Ax,, Az — Azy,). (6.14)

Therefore, from ((6.12)) we obtain

A < A JP (I — S)Az,, Az — A CaltulAD*) 72 1~ ) A, 7
p(Un; 2) < By, 2) + 8,2 (1 = S)Awy, Az — Azy) + 17,2 (1 = ) Azn||
q
< Ap(:cn,z)—th(I—S)Aanp+MH(I—S)A%H”
Alle
< Ap(xn,z)—(tn—w)nu—smxnup. (6.15)

Thus from condition (iv), we have
Ap(Yn, 2) < Dp(wn, 2).

Furthermore, from (6.11]), we get

AT a1 () + (1 = an) (BT g + (1= B) TP (Tya) )| 2)
L= )88y (s 2) + (1= @) (1= B) AT (). 2)
A

Ap(Tnt1, 2) (
( ( )

anAp(u, 2) + (1 — ) Ba By (Yn, 2) + (1 — ) (1 = Bo) Ap(Yn, 2)
( ( )
( ( )

IAIA

IAIA

max{A,(u, z), A,(x1, 2)}. (6.16)

IN

Therefore, {A,(x,, 2)} is bounded and consequently we have that {z,}, {y,} and {T'(y,)}
are all bounded. Now,

By ?) S Dylansa, 2)
= AU fan P )+ (L= ) (Budf v+ (L= 82 (Ty) )] 2)

— Vol () + (1= ) (BT g + (1= B) I (T0n) ), 2)
< Vplan P () + (1= @) (Budftyn + (1= B) I (Ty) ) = an( P () = P (2), 2)
~(—an(JE () = T (2)), I | ()
+(1 = an) (B g + (L= B) JE () ) | = 2)
= V(@) + (L= ) (BT + (1= B I (T). 2)
o (S (1) — TP (2), Tngr — 2)
~ Ap(in“ [anjfl(z) +(1— o) (5njflyn + (1= B,) 0 (Tyn))] : z)
o (S (u) — JPH(2), Tngr — 2)
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< (2, 2) + (1= ) Bap(Yn, 2) + (1= ) (1 = 5n) Ap(T(yn), 2)
+on (" (W) = I (2), B — 2)

< (1= an)Ap(Yn, 2) + an( Ty (w) = T, (2), s = 2). (6.17)

We now consider two cases to prove the strong convergence.

Case 1. Suppose that there exists ng € N such that {A,(y,, 2)} is monotonically nonin-
creasing. Then obviously {A,(yn,2)} converges and

Ap(Yns1, 2) — Ap(Yn, 2) = 0,n — 0. (6.18)
Let s, := J (5nJE1yn + (1= B.)Tyn).
Then,
Ap(sn,2) = Ap(JF(Bud g + (1= Ba)Tyn), 2)
< Balp(Yn, 2) + (1 = Ba)Ap(Tyn, 2)
S BnAp(ynv Z) + (1 - Bn)A]D(yna Z)
N (6.19)
Thus
0 < Ap(Yn,2) — Ap(sn, 2)
= ApUn 2) = Bp(Uns1,2) + Dp(Yny1,2) — Bp(sn, 2)
< Ap(Yns 2) = Bp(Yns1,2) + Ap(Tngr, 2) — Ap(n, 2)
< Ap(Yns 2) = Bp(Yn1, 2) + anlp(u, 2) + (1 — an)Ap(8n, 2) — Ap(sn, 2)
= Ap(Yn, 2) = Ap(Ynt1, 2) + an(Dp(u, 2) — Ap(sp, 2)) = 0, n — oco. (6.20)
Again

Ap(sn,2) < Bulp(Yn; 2) + (1 = Bn) Ap(Tyn, 2)
= Ap(n,2) = (1= Bn)Ap(Yn, 2) + (1 = 5n) Ap(Tyn, 2)

= Ay 2) + (1= B) (Ap(Tyn, 2) = Al 2))- (6.21)
Hence, by condition (iii)
(1= B2)(Ap(@n, 2) = ATy, 2)) < (Aplyn, 2) = Bp(Twn, 2)) = 0,n = 00, (6.22)

Therefore, since T is the resolvent of a maximal monotone operator and hence left Bregman
strongly nonexpansive, we have that

Tim Ay (T, yn) = 0,
which implies that
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Since {y,} is bounded and E is reflexive, there exists a subsequence {yn,} of {y,} that

converges weakly to x* € E;. From (6.23)), it follows that z* € F(T) since F(T) = F(T).
That is, 0 € By (x*).

Next, we show that Az* € F(S), that is, 0 € By(Az*). Now from ([6.15]), we obtain
C,(ta]|Al])?
(10 = S s, — ST < Byl 2) = Byt )
< anr(B(as )+ (JE (W) = JE () 2 — )
+Ap(Yn—1,2) — Dp(Yn, 2) = 0, n — 00,(6.24)
and since
_ qu’ql(HAH)q) < <t B Cq(tnllAH)q)
q — n q Y

we have that ||Az, — S(Ax,)|[? — 0,n — oco. Hence, we obtain from the definition of y,
that

0<t<1

0 < Py — IPl
<l A1 (A, — S(Aza)|
q e
< (=" |14%I|Az, — S(Ax, 0, .
< (i) 14 Mz = S(Az)l] > 0.0 > o0

Since J; ' is norm to norm uniformly continuous on bounded subsets of E}, we have that

lim ||y, —z,|| = lim ||JquJflyn - Jff(]flunH — 0,n — o0. (6.25)
n—oo n—o0

Now,

(I = S)Az*||P = (JF2(Az* — SAz™), Ax* — SAx™)

{p
(JP2(Ax* — SAx*), Ax* — Ax, ) + (72 (Aa* — SAx"), Ay, — SAx,,)

p

+(JP2(Ax* — SAx¥), SAx,, — SAx")
< (J;EQ (Az™ — SAz™), Ax™ — Aw,,) + (JfQ (Az™ — SAz™), Az, — SAx,,).

By the continuity of A and ||y, — x,|| — 0,n — oo, we have that Az, — Az*,j — ooc.
Hence, letting 7 — oo, we have that

||Az* — SAx™|| = 0.

Therefore, Ax* = SAx*, that is Az* € F(S) which implies 0 € By(Ax*). Hence, we have
that z* € Qp.

Next, we show that {z,} converges strongly to Il u.
Now, we observe that

Apl@aiin) = Ayl [P () + (1= ) (B g + (1= B)IE (Tyn) )| v0)

S OénAp(’U,, SL’n) + (1 - O‘n)ﬁnAP(yn’yn)
+(1 — ) (1 = Bo) Ap(TYn, yn) — 0,n — 00.
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Hence,
[|Zni1 — ynl| = 0, n — 0.

Thus
@n1 = 2al|l < Tns1 = Ynll + [[Yn — 20l = 0,17 — o0

Let z = Ilg,u. Then from (6.17), we have

(1= ) Ap(Yn, &) + an (S u — SO Z, 3001 — T)

(1 —an)Ap(z,,Z) + an(Jflu - Jflf,$n+1 —I).

Ap(xn+17 3_7)

IA A

We now choose a subsequence {z,,} of {z,} such that

limsup(J% v — JP' 7, 2, — 7) = lim (J5'u — JP' 7,2, — 7).
P p b ; P p Lrlng
n—o00 J—0

Then from ([2.25)), we have

lim sup(Jflu — Jfl.ti", Ty —T) = ]li)r&(t]flu — Jfljz, Tp; — T) = (Jflu — Jfli“, z*—7) <0.
n—oo

Hence, since ||z, — Z,41|| = 0,n — oo, we have

lim Sup<Jflu — Jfli,xnﬂ — ) = lim sup(Jz;Elu — Jflf, z, —T) <0.

Therefore, by Lemma[2.3.12 we conclude that A,(x,,z) — 0, n — oo, that is ||z, —Z|| —

0, n — oo. Therefore, z,, — .

Case 2. Suppose there exists a subsequence {n;} of {n} such that A,(yy, .) < Ap(Yn,+1, 2)
for all i € N. Then, by Lemma [2.3.13| there exists a nondecreasing sequence {m;} C N
such that my; — oo.

Ap(ym/w Z) < AP(yMkJrlv Z)v
and
AP(Qka Z) < Ap(ymwrl» Z)

Using the same line of arguments as in ((6.19)),(6.20]),(6.21)),(6.22)) and noting that A, (yy,, , 2) <
Ay (Ymy+1, 2), we can show that

khm HTymk - ymkH = 0.
— 00
By same arguments as in case 1, we obtain that

lim sup(Jflu — Jflf, Tpt1 — T) < 0.
k—o0

Again from (6.17)), we have

Ap(ymk-&-lvf) < (1 - amk)AP(ymwi) + Qmy, <J1])51u - Jflj’ Tmp+1 — j>a
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which implies that

O‘mkAP(ymwj) < A (ymw ) - Ap(ymk-i-hj) T Qi <Jflu - Jfljv Tmp+1 — J_;>

That is,
Ay (Y, T) < (JpElu — Jflf, Tps1 — T).
Therefore
hm Ap(Ym,,T) =0
and since

A (yk7 ) < A (ykarlaj)

for all k£ € N, we conclude that
Y = T, k— oo.

Since ||y, — x,|| — 0, then z), — Z. O

6.2.1 Applications

In this subsection we present two applications to highlight the importance of the theory
we have developed in Theorem [6.2.1]

Application to split minimisation problem
In many practical problems in science and engineering, there is always the need to find
minimum-norm solution of given problems. In an abstract way, we may formulate such
problems as finding a point z* with the property

z* € H, ||z*|| = min{||z|| : z € H}, (6.26)

where H is a Hilbert space. It is well known that (6.26)) is equivalent to the following
particular variational inequality problem:

z* € H, such that (z", 2" —x) <0, Vae€ H. (6.27)
Now, let By = L?([a,b]) = F,. Suppose that A : L?([a, b]) — L?([a, b]) is defined by

b
Az(s) = / V(s,t)z(t)dt, ¥ x € L*([a,b]),

V i |a,b] x [a,b] — R is continuous. It can be easily shown that A is a bounded linear
operator and the adjoint A* of A is defined by

b
A*z(s) = / V(t,s)x(t)dt, ¥z € L*([a,b]).
Let ||.||2 : L*([a,b]) = R, C = {z € L? : {a,x) = b}, for some a € L* — {0} and
Q= {x € L*: (a,x) > b}, for some a € L?* — {0},b € R. Then x* minimises ||.||z2 + d¢

if and only if 0 € O(||.||z2 + é¢)(z*) and Az* minimises ||.|| + d¢ if and only if 0 €

125



O(||-||z2 + dg)(Az*), where d¢ [defined as dc(z) = 0 if x € C' and +o0 otherwise] and d¢
stand for the indicator function of C' and @ respectively and 0¢ for the subdifferential

of 6, [06(x) = {u € B : o(y) > 6(x) + (u,y — x),¥y € EY). I in [©3) - (6), we set
By = 0(||.||2 + éc), Ba = O(]].||z2 + dg), then we obtain the following Split Minimization
Problem (SMP):

find 2* € C' such that z* = argmin{||z||z2 : x € C}, (6.28)
and such that
y* = Az* € Q solves y* = argmin{||z||.2 : z € Q}. (6.29)

Let Q) be a solution set of (6.28)- and Qy; # 0. We remark here that the solu-
tion to problem (6.28))- is a minimum-norm solution. From this example, we see
that the problem considered in Theorem generalizes the Split Minimization Problem
considered by several authors (see, e.g., [160]).

Application to split feasibility problem

Furthermore, we consider a split feasibility problem which is a special case of our problem
(6.3)-(6.4) in real Hilbert spaces. Let C' and @ be a nonempty closed and convex subset
of Hy and H, respectively. Suppose that A : H; — H, be a bounded linear operator.
Suppose that in (6.3)-(6.4), we set By = N¢, By = Ng, where N¢ and Ng are the normal
cones of C' and @) respectively. Then problem ([6.3)-(6.4) reduces to:

find z* € H, such that z* = (I + ANg) 'z*,
and Ax* = (I + ANg)'Az*, A >0. (6.30)

We know that
y=({I+ANg) 'z o2 cy+ANgy &y = Pox.

Problem then reduces to:
find 2* € Hy such that z* = Pox®, and Az* = Py(Az"), (6.31)
which in turn reduces to
find 2z € C  such that Az* € Q. (6.32)

Thus, problem (/6.32)), which is the split feasibility problem considered by many authors
(see, for example, [45], 180, 231, 237, 239 243] and references therein), is a special case of

our problem (6.3))-(6.4)).

6.3 Solving split monotone variational inclusion prob-
lem and fixed point problem for certain multival-
ued maps in Hilbert spaces.

In this section, we introduce an iterative scheme and obtain a strong convergence result
for approximating a solution of the SMVIP - ( f1 and f; not necessarily zero)
which is also a common solution of fixed point problems for two multivalued strictly
pseudocontractive mappings in the sense of Isiogugu [111].
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Theorem 6.3.1. Let H; and Hy be two real Hilbert spaces and A : Hy — Hy be a
bounded linear operator. Let f; : Hy — H; be p-inverse strongly monotone mapping
and fy : Hy — Hy be v-inverse strongly monotone mapping. Let By : H; — 291 and
By : Hy — 282 be multi-valued mazimal monotone mappings. Let Qg be a solution set
of - (6.2). Let S, T : Hy — P(H,) be two strictly pseudocontractive-type mappings
with contractive coefficients k1 and ko such that Fs(S)NEFs(T)NQyp # 0. Let {x,} be the
sequence generated for xo,u € Hy by

wy, = (1 — ap)z, + anu,
Tpy1 = Bnyn + (1 - ﬁn)[pnvn + (1 - pn)un]: Vn 2 07
where v, € Ty, and u, € Sy,, 0 < A < 2u,2v and v € (0, %), L is the spectral radius
of the operator AA* and A* is the adjoint of A. Suppose {an}, {pn} and {B,} are real
sequences in [0, 1] satisfying the following conditions
(i) im o, =0, > | @, = 00,
n—oo
(i) Bn > max{ki, ka} Vn >0,
(111) liminf(1 — B,)(1 — pn)(Bn — K1) > 0,
n—oo
(iv) iminf(1 — B,)(B8, — k2)pn > 0.
n—oo
Then {x,} converges strongly to q = Pr,(s)nr.(1)nq,5U-

Proof. Let p € Fy(S)NFy(T) N Qyp and let z, = p,v, + (1 — pn)uy, then

1201 = pI* = [1[Bayn + (1= Bo)lpnvn + (1 = Ba)un]] — plf*
= |Bayn + (1 = Ba)za] — plI?
= Bullyn — oIl + (1= Bo)llzn — pII* = Ba(L = Ba)llyn — 2all*, (6.34)

and
||2n _p||2 = ||pnvn + (1 - pn)un _p||2
= pallvn — oI + (1 = Bo)|Jun — pl|?
—pa(L = pa)l[vn — unl[*. (6.35)

From (/6.34) and (6.35]), we have

| =l = Bullyn — 2II° + (1 = Ba)pallon = pl* + (1 = B) (1 = pu)tn — ||
_(1_571)/071(1_pn)an_unHQ_Bn(l_ﬁn)Hyn_ZnHz

< Bullyn _pH2 +(1 - 5n)an2(Tym Tp)+ (1= B)(1 — pn)H2<Sym Sp)
—(1 = Ba)pa(l = Ba)llvn — unH2 — Bu(1 = Bu)llyn — ZnH2
< Ballyn = pII* + (1 = Ba)palllyn — pII* + Kallyn — vall’]
+(1 = B2) (L = p)lllyn = pII* + Fallyn — ual ]
—(1 = Ba)pa(l = Ba)llvn — unH2 = Bn(1 = Ba)llyn — ZnH2 (6.36)
Again
Yy — Zn||2 = ||yn — [pnvn + (1 — pn)unmz

= Pnllyn — Un”z + (1 — pn)Hyn - unH2 — pn(1— pn)an - un||2 (6.37)
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Inserting into (|6.36[), we obtain
|2ni1 = pl* < [Ba+ (1= Ba)pn + (1= Ba)(1 = pu)llyn — 2l
+H[(1 = Ba)puria = Bu(L = Bu)palllyn — val[?
+[(1 = Bn) (1 = purir — Bu(L = Bu)(1 = pu)]llyn — UnHQ
+[(1 = Ba)(X = pu)pnBn — (1= B) (1 — pu) pnl v — un||2
= |lyn = plI* = pu(1 = B2) (B — K2)|[yn — val|?
—(1 = Bu) (1 = pn) (B — K1)l [yn — unH2
—(1- 671)2(1 — Pn)Pnl|vn — un||2

< lyn — pl%. (6.38)
But
g = plI* = V(I = M) (wn + v A (S = Afo) = 1) Aw,) — pl|?
< Jwn + A (I = A o) — I) Aw, — pl|?
= fJw, —pl|* + 72||A*(J)]\32<] — Ma) = 1) Aw,||?
+2y(wy,, — p, A (JP2(I — \fa) — 1) Aw,), (6.39)
and

VAT = Mfa) = DAw, | = (S = Mfo) = I)Awn, AA*(J2(1 = Afo) — 1) Aw,)
< Ly (1 = Afa) = D) Awn, (1 = Mo) — 1) Awy)
= LY = Af2) — 1) Aw, | (6.40)
Let YT, = 2y(w, — p, A*(J(I — Af2) — I)Aw,), then from (6.40), we have
Y, = 2v(w, —p, A*(sz(f — o) — I)Aw,)
29(A(wn = p) + (J\* (I = Afa) = 1) Aw, — (J{P(I = Mfa) = I) Awn, (J(1 = Mfo) — 1) Awy)
29[(J\2(1 = M) Awy, — Ap, J\®(I = Mfo) — 1) Aw,) — [|J* (1 = Afa) — DAw,||?]  (6.41)
2y [SITE(T = M) = D AP = 12T = Afa) = T) Aw, 7]
—YHJBQ(I Ma) = I)Aw,|.
From - and - we have

lyn —pII* < Hwn—pll2+L7 12 = Af2) = D Aw,|* = A||J3> (1 = Mfe) = I) Aw,|[?

IN

= NJwn = pl* +(Ly = DI = M) = 1) Awy|[? (6.42)
< ||wn p||2'
By G239 and E1D)

Ty =Dl < Jwn — 1|
= ||(1 = an)zn + ayu — pl|
= H(l—an)(ﬂ?n—p)—an(p—u)\l

< (1= an)||zn — pl| + aullp — ul|
< max{||z, —pl|,||p — u||}
< max{||zo — p||, |[p — ull}-
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Therefore, {z,} is bounded and consequently {y,}, {Svn}, {Ty,} and {w,} are bounded.

We divide into two cases to establish the strong convergence of {z,} to p.
Case 1. Assume that {||z, —pl||} is a monotonically decreasing sequence. Then {||z,, — p||}
is convergent and clearly

Now,

Hxn-i-l - p||2 <

IN

IN

IN

Let

lim ||z, —p|| = lim ||z,1 — pll.
n—o0 n—oo

Y = DI = pu(1 = Ba) (B — K2)|[yn — vnl|”

—(1 = B2)(A = pn)(Bn — £1)[lyn — Un|’2 —(1- 671)2(1 — Pn)Pul|vn — un||2
[lwn = pII* = pu(L = Ba) (B — K2)l |y — val

—(1 = 8,)(1 = pn)(Ba — £1)|yn — unHZ —(1- /Bn)z(l — pn)Pullvn — Un||2
[(1 = an)wn + au —p||2 — pu(1 = Bn)(Bn — K2y — Un||2

—(1 = B2) (1 = pn) (B = &)y — wnl]* = (1 = 82)2(1 = pu) pullvn — un|®

|20 _p”2 + O‘?z“‘%n - u||2 — 20, (Tp — D, Tr — u) — pu(1 — Bn)(Bn — K2)[|yn — Un||2

—(1 = Ba)(1 = pn)(Bn — £1)|[Yn — un|’2
—(1— ﬂn)z(l — Pn)Pnl|Vn — unH2

Dn = pn(l - 671)(/371 - ﬁ2)||yn - Un||2
+(1 = B80) (1 = pn) (B — K1)|yn — unHQ

Thus, from (6.43)), we have

Dy < lwn =l = llnss — pll?

"‘O‘ZH% - UH2 — 20, {xy — p,xy, —u) = 0, as n — oo. (6.44)

Thus, by conditions (iii) and (iv) and (6.44), we have

and

From ([6.33]), we have

Again from ([6.38])

%41 — plI*

l|Yyn — vnl| = 0, as n — oo, (6.45)
||y — un|| = 0, as n — oo. (6.46)
llw, — x,|| = anl|zn —u|| = 0, as n— co. (6.47)
S ||yn_p||2
|JFH (L = M) (wn + YA (21 = M o) — 1) Aw,) — pl|?
< wp = plP +y(Ly = DIV = Af2) = 1) Awy|?
< (1= an)l[zn —pl* + aqllp — ul® = 20, (1 — an)(zn — p,p — u)

+y(Ly = DI (1 = Afa) — D) Aw,|]*. (6.48)

129

(6.43)



Therefore,

V(1 = I[P = M) = I) Awy|?
< Nl = pl* = lJznsr = pl? + aillp — ul?
—2a,(1 — ap)(zp —p,p—u) — 0, as n — oo.

Hence,
|(JP22(I = Mfa) — D Aw,|| — 0, as n — oco.
From (|6.42)), we have

yn —plI> = (I = A1) (wy + YA (P21 — A fa) — 1) Aw,) — pl|?
(Yn — Dy Wy + YA (T2 (I — Nfy) — I) Aw, — p)

1 i

5l =PI+ [l + 74 (J2(I = M fo) — 1) Aw,, — p||?
||y — P — (wy + YA (JP2(I = A fo) — ) Aw,, — p)||*]

IN

(6.49)

(6.50)

< Sl = I + e = plP 4L = DI = Afa) = 1) A |
~Mlyn = wn = YA (L2 (I = Afa) = 1) Aw, — p)|[’]

< Sl = AP e = Bl = Ul — wal P+ A2A (L = Afo) = 1) A |
=2y — i, AT = M) = 1) Aw, )]

< 2l = oI+ = I~ llgn — il

+29|| Ay — wa)|I(J3> (1 = Afa) — I) Awy|].
That is,

g = plI* < Jwn = pl1* = ||yn — wal|?
+29[|A(yn — wa)||[|(J2(I = Afo) — I) Aw,|.

It then follows from (/6.38]) and (6.52)) that

e = pl* < Hwn = pl* = [y — wal?
+29][ Ay — wa) [II1(JR* (1 = Ma) = 1) Aw,|],

which implies that

(6.51)

(6.52)

(6.53)

1o = wall® < hwn = Pl = llznser = pIP + 291 Alyn — wi)[[I(J3 (L = M2) — I) Aw,|
= (0= aw)zn = pIP = [lenss = pIP + 29[ A0 = w)ll[[(J> (1 = Mfz) = 1) Aw,|]
< =2l = llens = plI” + aqllp — l* + 2001 — a) {2 — p,p — w)

29| A(yn — w)|[|[(J2(I — Af2) — I)Aw,|| — 0, as n — oo.
Therefore,

llyn — wn|] = 0, as n — .
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From ([6.47)),
|z = ynll < |20 — wal| + [Jwn — yal[ = 0. (6.56)

Let 0, = w, +yA*(JP*(I — \fy) — I)Aw,, then

1160, — wa|[* = LY2||(J22(I — Mfa) — 1) Aw,||* — 0. (6.57)
Combining (6.55)) and (6.57]), we have
yn = Onll < [lyn — wall + [lwn — 0a]| = 0. (6.58)

It follows from (/6.45|) and (6.46|) that there exists a subsequence y,, of {y, } which converges
weakly to a point z* € F,(S) N Fy(T) and so do {z,,} and {w,,} converge weakly to z*.

1
We now show that z* € I(f, By). Since f; is —Lipschitz monotone mapping and the

domain of f; is H; then by Lemma|[2.3.12, we conclude that By + f; is maximally monotone.
Let (v,2) € G(By + f1), that is z — fiv € B;(v).
Since yn, = JPNT — A f1)0n,, we obtain

(] — )\fl)gnj € (I—I— )\Bl)ynj
That is,

1

X(en] - )‘flenj - yn]) < Bl(yn]>

Using the maximal monotonicity of (B; + f1), we have

1
<U —Yn;s 2 — flU - X(en] - )‘flenj - yn]» > 0.

Therefore,
1
<U - ynj>z> 2 <U - ynj>flv + X(enj - )\flenj - yn]>>
1
= <U_ynj7flv_f1yn]‘+f1ynj _flen]_’_X(en] _ynj)>

1
Z 0+ <U - ynja flynj - flenj> + <U - ynjy X(enj - yn])> (6‘59)
By (6.58)), we obtain
Hm || fiyn, — f10n,[| = 0.
n—0o0
Also, since y,,;, — z*, we have

lim (v — 4y, 2) = (v — 27, 2).
j—o0

Thus from (6.59))

(v—2a",2)>0.

Since B; + f; is maximally monotone, we have 0 € (B; + fi)z* which implies that

" € I(f1,B).

131



Moreover, since ||w, — yn|| — 0, we have that Aw, converges weakly to Az*. Thus, by
(6.50) and the fact that J )1\3 2(I — \fs) is nonexpansive, it follows from Lemma that

0e fQAp + BQ(AI*)

That is, Az* € I(f2, B2). Hence, z* € F,(S) N Fs(T) N Qyp.
We now show that {x,} converges strongly to ¢ = Pr,(s)nr,(1)ne,pU-

201 = pI* < lyn — I
S ||wn_Q||2
— (1 = )2 + s — g
= ||(1 = an)(zn — q) — an(q — u)||?
= (I—a)?|lzn —qll* + ajllg — ul]?
—2Q’n(1 — Oén)(vxn — 4,9 — U>
< (1= on)llzn — gl + anlanllg — ul

=2(1 = an){@n — ¢, 0 — w)- (6.60)
Choose subsequence {x,,} of {x,} such that

limsup(z, — ¢,u —q) = lim (z,, —q,u — q),
n—00 J—roo

Since x,; — ¢ then it follows from Proposition2.1.3]

limsup(z, —q,u—¢q) = lim(z,, —qu—q)
n—00 J—o0
= (" —qu—q) <0. (6.61)

Therefore, by and Lemma [2.3.12] we obtain z,, — ¢, n — oo.

Case 2. Assume that {||x, — p||} is not a monotonically decreasing sequence. Set I',, =
|z, — p||* and let 7 : N — N be a mapping for all n > ng(for some ng large enough)
defined by

7(n) :=max{k e N: k>n, Iy <1}

Clearly, 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and Iy < Trny+s
for n > ny.

It follows from (6.43) that

0 |27 my1 = DI = [|%7(m) — plI?

2 |7 (m) = ul|* = 207 ) (@7 n) — Py Ty — 1)
—pr(m) (1 = Brn) (Briny — K2)||Yr(n) — Ve |

—(1 = Brw)) (L = pr(n)) (Brny — 1) |[Yr(n) — tr ()|

(1= Brw))* (1 = prw)) Pr(m| [0y — e ||

IA A
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Let

DT(n) = pT(n)(l - ﬂT(n))(ﬁT(n) - 52)Hy’r(n) - UT(”)H2
"‘(1 - ﬁq—(n))(l - pT(ﬂ))(ﬂT(n) - Rl)HyT(”) - uT(n)H2'

Then,
D7y < Oéi(n)Hﬂ?r(n)H2 — 207(n)(Tr(n) — D, Tr(n) —u) = 0, as n — oo.
Thus, by conditions (iii) and (iv) and (6.44)), we have
||Yr(m) — Uray|| = 0, as n — oo,
and
Yrm)y — tr@)l| = 0, as n — oo.

By the same argument as in case 1, we conclude that there exists a subsequence of {x(»)},
also denoted {x.(,)} which converges weakly to 2* € F,(S) N Fy(T) N Qyp and

lim sup(z;(n) — ¢, u — ¢) < 0.

n—oo

Now for all n > ny,

0 < |lzrmyr1 — all = [|#r@m) — ql]?
< (1= arm)larmy — qll* + 2y llg — ul?
=20 () (1 = Qo) (@7 (m) — €50 — 1) — || () — q|?
= armlarmlla —ul]* = 2(1 = arp) ) (@re) — €. ¢ — 1) = ||z-n) — PII)-
Therefore,

22y — all? < argollg = ull? =21 = ) (21 — q.0 — u) = 0.

Thus,
. B 2 _
Jim [l —ql” = 0,
and so

iz T = Jig Pra

Furthermore, for n > ng, it is observed that I';(,) < I'z(n)41 if n # 7(n)(that is 7(n) < n)
because I'; > I'; 1 for 7(n) + 1 < j < n. Consequently, for all n > ny,

0 <Tp <max{lrn), [rm) + 1} = oy + 1.

So lim I',, = 0, that is {x, },{yn} and {w,} converge strongly to ¢ € Pp,(s)nr,(r)na,zu- O
n—oo
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Corollary 6.3.2. Let H; and Hy be two real Hilbert spaces and A : Hy — Hy be a
bounded linear operator. Let f; : Hy — H; be p-inverse strongly monotone mapping
and fy : Hy — Hy be v-inverse strongly monotone mapping. Let By : H; — 291 and
By : Hy — 22 be multi-valued mazimal monotone mappings. Let Qsp be a solution set of
-(6.2). Let S,T : Hy — P(H) be two multivalued nonezpansive mappings such that
Fy(S)NFy(T)NQyp # 0. Let {x,} be the sequence generated for xo,u € Hy by

wy, = (1 — ap)x, + anu,
Yo = V(I — M1 (wn + YA (P2 (1 = Afo) — I) Aw,), (6.62)
Tpt+1 = Bnyn + (1 - ﬁn)[pnvn + (1 - pn)un], Vn > 0,

where v, € Ty, and u, € Sy,, 0 < A < 2u,2v and v € (0, %), L 1is the spectral radius

of the operator AA* and A* is the adjoint of A. Suppose {an}, {pn} and {B,} are real
sequences in [0, 1] satisfying the following conditions
(i) im oy, =0, > | @, = 00,
n—o0
(i) lim inf (1 — 8,)(1 — p,) B, > 0,
n— o0
(#i) lim inf(1 — 5,) Bnpn > 0.
n—oo
Then {x,} converges strongly to ¢ = Pr,(s)nF.(1)nq,5U-
Corollary 6.3.3. Let H, and Hs be two real Hilbert spaces and A : Hy — Hs be a bounded
linear operator. Let By : Hy — 21 and By : Hy — 22 be multi-valued mazimal monotone
mappings. Let Qg be a solution set of (6.3) - (6.4). Let S,T : Hi — P(Hy) be two
strictly pseudocontractive-type mappings with contractive coefficients k1 and ko such that
Fi(S)NF{(T)N Qg # 0. Let {x,} be the sequence generated for xo,u € Hy by
w, = (1 — ap)z, + anu,
Y = J2 Wy + yAS(JP? — 1) Aw,,),
Tpy1 = 6nyn + (1 - ﬁn)[pnvn + (1 - pn)un]’ vn > 07
where X > 0 and v € (0, %), L is the spectral radius of the operator AA* and A* is the
adjoint of A. Suppose {an}, {pn} and {B.} are real sequences in [0,1] satisfying the
following conditions
(i) im o, =0, Y77 | v, = 00,
n—oo
(i1) B, > max{ky, ke} Vn >0,
(7i) iminf(1 — 5,)(1 — pn)(Bn — k1) > 0,
n—oo
(iv) iminf(1 — 3,)(8, — K2)pn > 0.
n—oo
Then {x,} converges strongly to ¢ = Pr,(s)nr,(1)nosU-
Corollary 6.3.4. Let H; and Hy be two real Hilbert spaces and A : Hi — Hy be a
bounded linear operator. Let f; : Hi — H; be p-inverse strongly monotone mapping
and fy : Hy — Hy be v-inverse strongly monotone mapping. Let By : H; — 27 and
By : Hy — 282 be multi-valued mazimal monotone mappings. Let Qg be a solution set
of (6.1) - (6.2). Let S, T : H — P(Hy) be two strictly pseudocontractive-type mappings
with contractive coefficients k1 and ko such that Fs(S)N EFs(T)NQgp # 0. Let {x,} be the
sequence generated for xg,u € Hy by

wy, = (1 — ap)z, + apu,
Yo = JOI — N1 (wn + YA (T2 (I — Nfo) — I) Aw,), (6.63)
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where v, € Pry, and u, € Psy,, 0 < X\ < 2u,2v and v € (0, %), L s the spectral radius
of the operator AA* and A* is the adjoint of A. Suppose {an}, {pn} and {B,} are real
sequences in [0, 1] satisfying the following conditions
(i) im o, =0, > | @, = 00,
n—oo

(i1) By > max{ky, ke} Vn >0,
(117) liminf(1 — B,)(1 — pn)(Bn — K1) > 0,

n—oo
(iv) liminf(1 — 3,)(B, — K2)pn > 0.

n—oo
Then {x,} converges strongly to q = Pr,(s)nr.(1)nq,5U-

6.3.1 Applications

Application to split minimization problem
Consider the following split minimization problem: find z* € H; such that

x® = min (1 () + 1(2)), (6.64)

rxeHq

and y* = Ax* € Hy is such that
y* = min(pa(y) + ¢2(y)), (6.65)
yEH>

where 1,11 : Hi — R and 9,15 : Hy — R are convex lower semicontinuous functions.
Moreover ¢, and o are assumed to be differentiable, A : H; — Hs is a bounded linear

operator. Denote the solution set of (6.64))-(6.65) by A,,.

Recall that the subdifferential of a function h : H — R at x is the set-valued operator on
H defined by

Oh(xz):={z€ H:h(Z) > h(z)+ (2,2 —x) V T € H}.

It is well known that 0vy; and 0v», are maximal monotone operators. Also we know that
wai = proxyy, (1 = 1,2). The proximinal operators prozyy, (i = 1,2) of ¢; with parameter
A > 0 is defined by

. 1
prozy, (z) = arg min{y;(u) + ||z —ulf}.

Lemma 6.3.5. ([1] Lemma 1.5, [12] Corollary 10) Let ¢ : H — R be a differentiable
convex function and let L > 0. Suppose that Vi is L-Lipschitz continuous. Then YV is
L~ '-inverse strongly monotone. In [1|], the word cocoercive is used for inverse strongly
monotone.

Theorem 6.3.6. Let H, and Hy be two real Hilbert spaces and A : Hy — Hy be a bounded
linear operator. Let ¢y : Hi — R be a differentiable convex function with %—Lipschitz

continuous gradient and py : Hy — R be a differentiable convex function with %-Lipschitz
continuous gradient. Let 1y : Hy — R and 19 : Hy — R be convexr lower semicontinuous
functions. Let S, T : Hi — P(H;) be two strictly pseudocontractive-type mappings with
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contractive coefficients k1 and ko such that Fy(S) N Fo(T) N A, # 0. Let {x,} be the
sequence generated for xo,u € Hy by

wy, = (1 — o)y + anu,
Yn = proxyg, (I — AV 1) (wn, + yA* (proxag, (I — AVes) — I)Aw,), (6.66)
Tpt+1 = Bnyn + (1 - 6n)[pnvn + (1 - pn)un], Vn > 0,

where v, € Ty, and u, € Sy,, 0 < A < 2u,2v and v € (0, %), L 1is the spectral radius
of the operator AA* and A* is the adjoint of A. Suppose {a,}, {pn} and {5,} are real
sequences in [0, 1] satisfying the following conditions
(i) im o, =0, > | @, = 00,
n—oo

(i) Bn > max{ki, ka} ¥n >0,
(111) liminf(1 — 3,)(1 — pn)(Bn — K1) > 0,

n—oo
(iv) iminf(1 — 5,,))(Bn — K2)pn > 0.

n—oo
Then {xn} converges strongly to ¢ = Pr,(s)nr,(1)nA,, U-

Proof: Let fi = Vi, fo = Vg, By = 011 and By = 01y. Then the conclusion follows
from Theorem [6.3.1]

Application to split variational inequality problem

Let By : Hi — H; and By, : Hy — H, be operators and A : H; — H, a bounded
linear operator. Suppose C and () are nonempty, closed and convex subsets of H; and H,
respectively. The split variational inequality problem is:

find a point 2* € C such that (Bi(z*),z—2z") >0 V z€C, (6.67)
and such that
the point y* = Az™ € Q solves (Bs(y*),y —y*) >0 V yeQ. (6.68)

Let © denote the solution set of (6.67)-(6.68).

If considered alone, (6.67)) is the classical variational inequality problem with solution set
VI(C, By).

Let D be a nonempty, closed and convex subset of a real Hilbert space H. The normal
cone of D at the point x € D is defined by

Np(z):={de H:(d,y —z) <0,Vy € D}. (6.69)

Let h be an a-inverse strongly monotone operator on D C H, let Np(x) be the normal
cone of D at a point z € D and define the following set valued operator:

G(z) = { g’(a:) + Np(z), i ;g (6.70)

From [197], Theorem 3, we have that GG is a maximal monotone operator. Furthermore
0 € G(x) if and only if z € VI(D, G).
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Let C and @) be nonempty, closed and convex subsets of H; and Hs respectively. Suppose
Ne¢(x) is the normal cone of C' at a point x € C' and Ng(y) is the normal cone of @) at
a point y € ). Let hy : C' — H; be a p-inverse strongly monotone operator on C' and
hs : QQ — Hy be a p-inverse strongly monotone operator on (). Define

Gy(z) = { gj(x) + Nelo), ' ; g (6.71)
and
Ga(y) = { g?(?ﬁ + No(v), f:Z ; g (6.72)

If we let By = G; and By = G, then we obtain from Corollary [6.3.3] a strong convergence
theorem for approximating a point x € F,(S) N F,(T) N O.

6.4 Operator norm independent solution of split mono-
tone variational inclusion problem in Hilbert spaces

In this section, we present a general algorithm which does not require prior knowledge of
the operator norm for solving split monotone variational inclusion problem, fixed point
problem for a finite family of strictly pseudocontractive mappings and certain variational
inequality problem.

Theorem 6.4.1. Let H, and Hs be two real Hilbert spaces, A : Hi — Hy be a bounded
linear operator and A* the adjoint of A. Let fi : Hy — Hy be pu-inverse strongly monotone
mapping and fy : Hy — Hy be v-inverse strongly monotone mapping. Let By : H; — 21
and By : Hy — 252 be multi-valued mazimal monotone mappings. Let Q¢p be a solution
set of - , S Hi — Hy (i=1,2,...,N) be r;-strictly pseudocontractive mappings
and FNQyp # O where F = NY F(S;). Let D be a strongly positive bounded linear operator

- )

on Hy with a coefficient 6 > 0, G a p contraction on Hy, 0 < 6 < — and {n,;}, € (0,1)
P

are such that Zf\;l Mn,i = 1. Let the step size 7, be chosen in such a way that for some

JB2 (I = M fy) = ) Aw,||?
||Q£(?]B<2(I— 1\02]22) _)I)JZUIUHHQ B 6) for J*(I — Mo)Aw, # Aw, and
)\ n

Yn =7, otherwise (v being any nonnegative real number). Then the sequences {w,},{z,}
and {y,} generated iteratively for an arbitrary o € Hy by

e>0,7n€<e,

wp, = (I — D)y + 0, 0G(24),
Yn = JOHI — M1 (wn + 1 AT (I — Nfy) — I) Awy,), (6.73)
Tpy1 = (1 - ﬂn)yn + Bn Zi\il nn,isiyna Vn > 07

converges strongly to a point p € Qyp NF which is also a solution of the variational

inequality
(D—=0G)p,p—q) <0, VgeQpNnF,
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where X > 0 is such that where 0 < X\ < 2u,2v and {a,} and {B,} are real sequences in
(0,1) satisfying the following conditions
(i) im o, =0, > | @, = 00,
n—oo
(i) k = max{k; : 1 <i < N}, 0<liminfg, <limsupf, <1— k.

Proof. For any z,y € H, we have

|Pone(I — D + 0G)(z) — Porp(I — D + 0G)(y) (I = D +6G)(z) — (I = D+ G)(y)l|
(1 = D)z = (I = D)y|| + d[| G — Gy||
(1= 0)[|z —yl| + dpllz — yl|

(1= (3 —dp)llz — yl|-
Thus, Po,prr(f — D + d@) is a contraction and by the Banach contraction mapping prin-

ciple, we conclude that there exists p € H such that p = Po,,r(I — D + 6G)p.
Next, we show that {x,} is bounded.

VAN VAN VAN VAN

|wn —pll = [|(I = anD)(xn — p) + n(6G(zn) — Dp)|
< (1_an_)||xn_p||+O‘n||5G(xn)_Dp||
< (1= and)||zn = pl[ + an[[0G (2n) = 0G (p)]| + an[[0G () — Dp)l|
< 1= (0 = dp)an]|[zn — pl| + an|[dG(p) — Dp)|. (6.74)
But
Nym =2l = [T = A1) (wn + 3 A (T2 (I = Mfa) = T) Aw,) — pl|?

< wn + 1 A (2 = A fo) = 1) Aw, — pl|?
= |Jwn = pl]P + 2| A (I (1 = Mo) — I) Aw,|]?
+29, (wy, — p, A (JP2(I — Afa) — I) Aw,). (6.75)

Now by Lemma [2.3.7| and (2.40)), we have

290wy — p, AT(J2 (1 = Afo) = DAw,) = 29 (A(wn — ), (32 (1 = Afo) = I)Aw,)
= 2%[{(\P (1 = M) Aw, — Ap, (J* (1 = Afz) — I) Awy,)

(4
[
—[I(J BQ(I Af2) = 1) Aw,|[’]
27l H(JBQ(I Ma) = I)Aw,|?
—II(Jf?Q(f— Af2) = 1) Aw,|[’]
= Yl (2 = Mfo) = 1) Aw, . (6.76)
Thus from (6.75)) and -, we have

1o = pII> < lwn = plI? + 92l A (2T = Afa) = DAw]]* = 1l [(J3 (1 = Af2) = 1) Aw,|[?
= lwn = pIP + byl |A (T = Afa) = 1) Aw, |2
IR = Afo) = T) Aw,|[?]. (6.77)

IA
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Hence from the condition =, € (e

|21 = plI* =

IN

<

(2L = Afa) — I) Awy| |
A (T2 = Afo) = 1) Aw, ||

— e), we obtain

lyn —pIP < Jwn —pl]>. (6.78)

N

=1

N N
(1 - Bn)”yn - pH2 + Bn“ Znn,isiyn - p”2 - B’n(l - 6n)||yn - Znn,isiynHQ
i=1 i=1

N
(L= Bu)llyn — pII* + Bulllyn — pII* + Ellyn =D 1iSitnl )

i=1
N

_571(1 - 6n)||yn - Z nn,iSiynHz

=1

N
Hyn - sz - ﬁn(l - 571 - K’)Hyn - Znn,isiynH2

=1

[y — plI>. (6.79)

Therefore, from ([6.74]), we have

[|Zns1 = pl]

We then conclude that {x,} is bounded.

Again

<~ sl
< [1—=(6 = dp)an]|lzn — pl| + an||6G(p) — Dp)|
= (1= 6= p)aulllen = 1ll + (= Bp)o 5= 19G) = Do)
1

< maX{Hl’n—pH,mH(sG(p)—Dp)||}
' 1
< maX{||$o—P||»m||5G(P)—DP)H}- (6.80)
llw, —zn|| = ||(I — anD)xy, + andG(xy,) — x4

= oy,||Dx, — 0G(z,)|| = 0,n — oc. (6.81)
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Moreover,

N
s =pII* < lygn = 2IP = Bl = B = ©)lyn = D mosSitiml
=1

N
< = A = a1 = o = W)l — S iSigall
i=1
N
= |[(I = anD)an + andG(w,) = pl|* = Ba(1 = B — #)|lyn — Znn,isiynHz
i=1
< |z — p|]* + &2|| Dz, — 6G(20)||* — 200 (2 — p, Dxyy — G (2,))

N
—Ba(1 = B = K)[|yn — Z Tn,iiSitnl |- (6.82)
i=1

We divide into two cases to obtain strong convergence.
Case 1. Assume that {||z,, — p||?} is a monotonically decreasing sequence. It then follows
that {||x, — p||*} is convergent and

[z = Pl = [[#nt1 = pl| = 0,n — oco. (6.83)
Therefore, from ([6.82]), we have
N
Ba(1 = Bu = &)llyn = D mniSinll® < Nz = plI* = [|2ns1 — pl* + a2 | Dy — 6G ()|

i=1

—2a,(x, — p, Dx,, — 6G(x,)) — 0,n — o0.

That is
N
i=1
Also,
2011 — pl|? |y — I

wn = I + Y [l [A (T2 (I = Af2) = I)Awy|[* = [[(JZ2(I = Af2) = ) Aw,| ]
||z, — p||2 + aiHDxn - 56’(:5,1)||2 — 2ay,(x, — p, Dx,, — 6G(x,,))
Fn [l |AT (T2 (I = Afo) = D Aw,|* = ||(J2(1 = Mfa) = D Aw,|[P]. (6.85)

IN A IA

It then follows from ([6.85)) and the condition

(21 = M) — DAw,|?
e (e [A(JP2(1 = M) — 1) Aw, |2 o)

that

i1 =PI < |l — pl® + 02]| Dy — 8G (@) — 200 (20 — p, Dy — 6G (x))
— (AT = M) — ) Aw, P, (6.86)
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which implies
ENJA (I = Mfo) = DAw|? < e = plI” = |znsr = plI? + ][ Dy — 6G ()|
—2ap,(xy, — p, Dz, — 0G(2,,)) — 0,0 — 00.

Therefore,

lim ||A*(JP2(I — Mfy) — I)Aw,|| = 0. (6.87)

n—oo
Also from ([6.85)), we have

Wl (T2 = Afo) = T) Aw,||?

< e = ol = |z = plI* + a3 || Dy — G ()|
—2a,(x, — p, Dx,, — 6G(xy,))

2 |A (TP (T = M fo) — D) Aw,||*> — 0,n — 0. (6.88)
Further,
lym —pIP = 1T = Af) (wn + 1 AT (= A fa) = T) Aw,) — pl|?
S <yn — D, Wn + VnA*(J)\Bz (I - )‘f2) - [>Awn - p>
1 . X
= §[||yn _pH2 + Hwn + A (Jf (I - >‘f2) - I)Awn _pH2
_||yn 2 (wn + 771*’4*(‘])]\32(1 - )‘f2) - I)Awn> _p)||2]
1
< Sl =PI + [lewn =PI
9 (Wl [A* (T2 (I = A fo) = I) Aw,||* = [[(JY2(I — M) — I) Awy|[?)
_||yn —pP— (wn + '7nA*(J)j\B2(] - )‘f2) - I)Awn _p)HQ]
1 *
< 5lllyn — Il + llwn — pII® = (lgn — wal | + 22l |A* (T2 (I = A f2) = I) Aw,[]?
_2’7n<yn — Wn, A*<J>j\92 ([ - )‘f2) - I)Awn>)}
1
< Sl —pl* + llwn = pIPP = llyn — wnl
29[y — wal |[[A* (T2 (1 = Afa) — 1) Aw,||]. (6.89)
That is,
yn = 2IP < Nwn = pII? = [|yn — wall?
+29yn — wal [[|A*(JY2(T = A f2) — 1) Awy||. (6.90)
Thus, it follows from (6.79)) and that
|2Zni = pIP < [lwn = plI* = |yn — wal
+29n[yn — wal|[[A* (T2 (1 = Af2) — 1) Aw,||. (6.91)
Hence
yn — wall* < Nwn = plI? = N|@nsr — DI + 29y — wal[|[[A* (T2 (T — M) — I) Aw,||
< ||xn _p||2 + O‘iHDZEn - 5G(xn)||2
—20 (2 — p, Dty — 0G () — ||2p41 — pl/?
29[y — Wi [|[|A* (T2 (I — Mfa) — 1) Awy|| — 0,1 — oo. (6.92)
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Furthermore

20 = |l < [0 = wnl[ + [Jwn = ynl| = 0,1 = oo.

N

||In+1 - yn|| = 6n||yn - Znn,zs’zynH — O,n — 00,
=1

and hence

|nt1 = @nll < Hznis = yall + (|2 = ynll = 0, = o0

Let u, = wy, + 1 A*(JP2 (I — \fy) — I) Aw,, then
[t = wll? = L[ (J2 (1 = Afa) = I) Awy || = 0.
Combining (6.92) and (6.96), we have that

1Y = wnll < llyn = wnll + flwn = unl[ = 0.

Next, we show that
limsup(D — 0G)q, q — x,,) < 0.

n—oo

We choose a subsequence {xz,,} of {z,} such that

lim (D — 6G)q, q — x,,) = limsup(D — 6G)q,q — x,).

=00 n—»00

(6.93)

(6.94)

(6.95)

(6.96)

(6.97)

Since {x,,} is bounded, there exists a subsequence of {z,,} also denoted as {z,,} that
converges weakly to some ¢ € H and consequently we have {y,,} and {w,,} converge

weakly to ¢. From Lemma , Lemma [4.1.3] Lemma and (/6.84)), we conclude

qeF.

1
We now show that ¢ € I(f1, B1). Since f; is a —-Lipschitz monotone mapping and the

domain of f; is Hy, then by Lemma|2.3.12] we conclude that B+ f; is maximally monotone.

Let (v,2) € G(By + f1), that is z — fiv € B;(v).
Since y,, = J2' (I — A\f1)un,, we obtain that

That is,
1

X(unz - /\flum - ym) S Bl(?Jm)

Using the maximal monotonicity of (B; + f1), we have

1
<U —Yn;y 2 flU - X(unz - )\flunz - ym)> > 0.
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Therefore,

1
<v—yni,z) Z <U_yniaflv+X(uni_)\flun,-_yni»

1
= <U_yn¢7flv_f1yni+flyni _flun,—i_X(unl _ynz)>

1
By (6.97)), we obtain that
1—00
Also, since y,,, — ¢, we have
lim (v — y,,,2) = (v —gq, 2).
1—00
Thus, from (6.98))
(v—gq,z) >0.
Since B + f; is maximally monotone, we have 0 € (B; + f1)¢ which implies that
q € [(fb Bl)

Moreover, we have Aw,, converges weakly to Ag, thus by (6.88) and the fact that J{2(I —
Afe) is nonexpansive, then by Lemma [2.3.1] we get that

That is, Aq € I(fa, B2). Hence g € Qpp NF.
Since p = Po,znr({ — D + 6G)p and q € Q5 N'TF, we have

n—00 100
= ((D—-0G)p,p—q) <0. (6.99)
We now show that {z, } converges strongly to p.
@41 _p||2 < lyn _pH2
< lwn —pl?
= ||(I — anD)x, + a,6G(x,) — pl||?
< (1= and)?[lz = plI* + a3 ||6G (2n) — Dpl|®
+2a,((I — a,D)(x,, — p),0G(x,) — Dp)
< (1= and)?[|z = plI* + ap||6G (2,) — Dpl|?
+20,(z,, — p, 0G(x,) — Dp) — 2a2(Dx,, — Dp, G (x,,) — Dp)
< (1= and)lln — pIP + 02[I6G () — Dpl? + 20,8 (2 — p, Gln) — G (1)
+2a, (2, — p,0G(p) — Dp) — 2a2(Dx,, — Dp,5G(x,) — Dp)
< (1= and)llen — bl + Q216G (@) — Dpll* + 2ampdllan — plI

+2an<l‘n - b 6G(p) - Dp) B 2a3z<Dxn - Dpa 5G(xn) - Dp)
= (1=20,(0 = pd) + 0% ||z — plI* + 07 [[6G (2) — Dpl|*
+2a,(x, — p,8G(p) — Dp) — 2a2(Dx,, — Dp, 5G(x,) — Dp).
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Therefore
_ — 1
||xn+1 - P||2 < (1 - O‘ﬂ((; - pé))Hxn —p||2 + O‘n(é - p§)[ =
(0 — pd)

+0[6G () — Dpl|* + 2{an — p. 6G(p) — Dp)
—2a,(Dx,, — Dp, §G(z,,) — Dp))].

(0n0?[zn — plf?

Thus by Lemma [2.3.12], we have x,, — p.
Case 2. Assume that {||z,, — p||} is not a monotonically decreasing sequence. Set I',, =
|z, — p||* and let 7 : N — N be a mapping for all n > ng (for some ny large enough)
defined by

7(n) :=max{k e N: k>n, Ty <T)i1}.

Clearly, 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and Iy < Trgny+s
for n > nyg.
Then from (6.82)), we have

0 < lrgyrr =PI = [|2re) — 2l
< O‘Z(n)”DxT (n) — 0G 2+ n))” QO‘T () (Tr(n) = Py DTr(ny — 6G(T7(n)))

_Br(n ( Br(n) — R ||y7'(n ZT/T (n) iSin(n)||27

which implies

_2067—(71) <x7—(n) - Db Da:T(n) - 5G(x7—(n)>> — 0.
By the same argument as in (6.84)-(6.99) in case 1, we conclude that
limsup(D — 6G)q,q — &-(n)) < 0.

n—oo

Hence for all n > ng,

0 < lazgmer =PI = |2z = I
< (1= army (6 = pd))||2r(m) — 2l
+r () (0 — 05)[(5_ 5)( 0|7y = PI* + ) [10G (7(n)) — Dpl|?

+2(2r(n) =, 0G(p) — Dp) — 207(n) (D) — Dp, 6G (7(n)) — Dp))] = ||y — pI|?
~ 1 ~
= O‘T(n)((s - p5)[m (O‘T(n)52||x7(n) - p||2 + O‘T(n)||5G(xT(n)) - Dp||2

+2(2r(n) — P, 0G(p) — Dp) — 202 { Do) — Dp, 0G () — Dp)) = |2y — pII].
That is
1
(0 — po)
+2(27(n) — p,0G(p) — Dp)
—QaT(n)(D:BT(n) — Dp,6G (7)) — Dp)) — 0,n — oco.  (6.100)

|27y — pII? ()0l 2-m) — PII? + rm [|6G (2-(n)) — Dpl|?
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Therefore,

||x7(n) _pl|2 < Oﬁ'(”)HpH2 - 2ar(n)<1 - aT(n))<xT(n) _p7p> — 0.

Thus,
lim ||J}T(n) —pH2 = 0,
n—oo

and hence

Jizn Trey = Jig T

Furthermore, for n > ny, it is observed that I';,) < I'z(n)41 if n # 7(n)(that is 7(n) < n)
because I'; > I';4; for 7(n) + 1 < j < n. Consequently for all n > ny,

0<r, < maX{FT(n)a FT(”)+1} = FT(")+1'

So lim I';, = 0, that is {x, },{y,} and {w,} converge strongly to p € Q5 NTF which is also
n—oo

a solution of the variational inequality

(D —=dG)p,p—q) <0, YgeQpnF.

Corollary 6.4.2. Let H, and Hs be two real Hilbert spaces, A : Hi — Hs be a bounded
linear operator and A* the adjoint of A. Let By : H, — 2" and By : Hy — 22 be
multi-valued maximal monotone mappings. Let S; : Hy — H;y (i=1,2,...,N) be k;-strictly
pseudocontractive mappings and F N Qp # O where F = NY,F(S;). Let D be a strongly
positive bounded linear operator on H, with a coefficient 8§ > 0, G a p contraction on

)
Hy, 0 <6 < = and {n,;}N, € (0,1) are such that SN nn. = 1. Let the step size v,
p
JY2 = 1) Aw,||?
P DAy g
A3 = 1) Aw,[[?

JfQAwn # Aw, and 7y, = vy, otherwise (v being any nonnegative real number). Then the
sequences {wy, },{x,} and {y,} generated iteratively for an arbitrary xzo € Hy by

be chosen in such a way that for some e > 0, ~, € (e

wy, = (I — a, D)z, + @, 0G(xy,),
Y = Sy (Wi + 1 A (TP — 1) Aw,), (6.101)
Tpt1 = (1 - 5n)yn + Bn vazl nn,isiyna n > 07

converges strongly to a point p € QNI which is also a solution of the variational inequality
(D —0G)p,p—q) <0, VgeQpnF,

where X > 0 is a positive real number and {a,} and {5,} are real sequences in (0,1)
satisfying the following conditions
(i) im o, =0, Y7, = 00,
n—oo
(i1) k = max{k; : 1 <i < N}, 0<liminfg, <limsupf, <1— k.
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Corollary 6.4.3. Let H, and Hs be two real Hilbert spaces, A : Hi — Hs be a bounded
linear operator and A* the adjoint of A. Let fi : Hy — Hy be p-inverse strongly monotone
mapping and fs : Hy — Hy be v-inverse strongly monotone mapping. Let By : H; — 21
and By : Hy — 2M2 be multi-valued mazimal monotone mappings. Let Qg be a solution
set of -(6-2), S; : Hy = H; (i=1,2,...,N) be nonexpansive mappings and FNQp # 0
where F = ML, F(S;). Let D be a strongly positive bounded linear operator on Hy with a

_ )
coefficient 6 > 0, G a p contraction on Hy, 0 < § < — and {n,;}Y, C (0,1) are such
P
that Zf;l i = 1. Let the step size v, be chosen in such a way that for some € > 0,

(12 = Afa) — I)Aw,||” B
e (e —€) for JP(I = Af)Aw, # Aw, and 5, = 7,
[[A* (2 (1 = Afa) = 1) Aw, |2 "
otherwise (v being any nonnegative real number). Then the sequences {wy},{x,} and
{yn} generated iteratively for an arbitrary xo € Hy by

wp, = (I — D)y + 0, 0G(24),
Yo = SN = A1) (wn + 1 AT (22 (1 = M) — 1) Awy,), (6.102)
Tpt1 = (1 - 5n)yn + 5y Zf\;1 nn,isiyna Vn >0,

converges strongly to a point p € Qyp NF which is also a solution of the variational

inequality
(D—=d0G)p,p—q) <0, VgeQpnT,

where X > 0 is such that where 0 < X\ < 2u,2v and {a,} and {5,} are real sequences in
(0,1) satisfying the following conditions
(i) im oy, =0, Y7 | @, = 00,
n—oo
(#) 0 < liminf 3, <limsup g, < 1.

6.5 An iterative technique for split equality mono-
tone variational inclusion and fixed point prob-
lems

In this section, we consider the following problem: Let H;, Hy and Hj3 be real Hilbert
spaces, A : Hi — Hsand B : Hy — H3 be two bounded linear operators. Let f; : H; — H;
and f, : Hy — H, be inverse strongly monotone mappings and 7} : H; — 2%t and
Ty : Hy — 22 maximal monotone mappings. Find z* € F(S)) and y* € F(S,) such that

0€ file*) + Ti(z"), (6.103)

0€ fo(y") +Ta(y"), and Az" = By, (6.104)

where S, : Hi — H; and Sy : Hy — Hy are two strictly pseudocontractive mappings. In
what follows, we will denote by T the solution set of problem (|6.103))-(6.104)). Furthermore,

we propose an iterative scheme and using the iterative scheme, we state and prove a strong

convergence result for the approximation of a solution of problem (|6.103)-({6.104)).
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Theorem 6.5.1. Let Hi, Hy and Hs be three real Hilbert spaces, and A : Hy — Hsj,
B : Hy — Hj3 be two bounded linear operators. Let f; : Hi — Hy be u-inverse strongly
monotone mapping and fo : Hy — Hy be v-inverse strongly monotone mapping. Let Ty :
H, — 25 and Ty : Hy — 22 be multivalued maximal monotone mappings. Let S; : Hy —
Hy, and Sy : Hy — Hy be ki-strictly pseudocontractive and ko-strictly pseudocontractive
mappings respectively. Suppose T # () and

c ( 2||Awn—anH2
T =\ A (Aw, — Bzo)|]? + [|B*(Aw, — Bzy)|?

—e),nEQ

otherwise, v, = = (v being any nonegative value), where the set of indexes Q@ = {n :
Aw,, — Bz, # 0}. Let {(zn,yn)} be the sequence generated for xy € Hy and yo € Hy by

([ w, = (1 — ay)Tn,

Zn = (1 - an)yna

Uy = J{ (1 = A1) (W, — A" (Aw, — Bz,)),
Op = J2(I = N fo)(2n + Y B*(Aw, — Bz,)),
Tpy1 = (1 - ﬁn)un + ﬁnsluna vn > 07

L Ynt1 = (1= 0,)vp + 0,520, Vn >0,

(6.105)

where 0 < A < 2u,2v and A*, B* are the adjoint of A and B respectively. Suppose {ay,},
{Bn} and {6,} are real sequences in (0,1) satisfying the following conditions

(i) Ji_fgoan =0, Y52 an = 00,

(1) 0 <a< B, <b< 11—k,

(i1i) 0 < ¢ <6, < d < 1— kg,

then {(xn,yn)} converges strongly to (z,y) € Y.

Proof. Clearly ~, is well defined, since for any (x,y) € T, we have

(A*(Aw,, — Bz,),w, — x) = (Aw,, — Bz,, Aw,, — Az) (6.106)
and

(B*(Aw,, — Bz,),y — zn) = (Aw,, — Bz,, By — Bz,). (6.107)
Adding and and taking into account the fact Az = By, we obtain V n € (,

|| Aw,, — an||2 = (A" (Aw, — Bz,),w, — x) + (B*(Aw, — Bz,),y — zy)
< |[|A"(Aw, — Bzy)|[||wy, — 2| + [|B*(Aw, — Bzy)||||ly — 2al-

Therefore, for n € €2, that is, ||Aw, — Bz,|| > 0, we have ||A*(Aw, — Bz,)|| # 0 or
||B*(Aw,, — Bz,)|| # 0. Thus 7, is well defined.
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Let (z*,y*) € T, then

[y

and

1(1 = Bu)un + BuSiun — I*||2

(X = Ba)(un — 2%) + Ba(Sruy, — )|

(1- ﬁn)2||un - l'*||2 + /872L||Slun - x*||2 +28,(1 = Bp){(up — 2%, S1u, — %)
(1= Ba)?lun — 2" |1 + B [llun — 2" + KalJun — Syug||?]

<
11—k

+25n(1_ﬁn>[”un_x*”2_ 9 lHun_SlunHQ]

= (1 =260+ B2)Jun — 2*| P + Balllun — 21> + K| |[un — Srun]]?]
+2ﬁn(1_ﬁn>|’un_x*||2_671(1_ﬁn)(l_"il)Hun_SlunHQ

= Nlup — 2> + [Brr1 — Bu(1 = Bn) (1 — 51)] |t — Syun] [

= ||un_x*||2+ﬁn[’fl+ﬁn_1]||un_51un||2

< lun — 27| (6.108)

un — 2*1* = |[J3(] = A1) (wn — 1A (Aw, — Bz,)) — 2|

IN

||wy, — v A" (Aw,, — Bz,) — x*HQ
||w, — 317*||2 = 27w, — z*, A" (Aw, — Bz,))
+2 || A* (Aw, — Bz,)||*. (6.109)

Also, from Lemma [2.3.8, we have

— 2w, —z*, A*(Aw, — Bz,)) = —2(Aw, — Ax*, Aw, — Bz,)

= —||Aw, — Az*||* — ||Aw, — Bz,||?
+||Bz, — Az*||?. (6.110)

Substituting (6.110)) into (6.109]), we obtain

|[un — x*||2 < lw, — $*||2 = Ynl|Aw, — Al‘*||2 — Y| Awy, — an||2

+Yn||Bzn — Az*||* + 2||A*(Aw,, — Bz,)||*. (6.111)

It then follows from ((6.108)) and (|6.111]) that

|2 — | < lwn — 27|* — yllAwn — A2”(]* — yal| Aw, — Bznl[?

Fall Bz — A |2 4+ 22| A* (Aw, — Bz, (6.112)

Following similar steps as in (6.108))-(6.112)), we have

1ner =7 I* < lzn = 57 II* = Wl B2n — By*|]* — vl Awy — Bz |*

+nl[Aw, — By*||* + ~2||B*(Aw, — Bz,)||*. (6.113)
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Adding inequalities (6.112)) and (6.113]) and noting that Ax* = By*, we have

|z = 2+ ynsr — 0117 < lwa — 27117 + (|20 = y7|]° = m[2]|Aw, — Bz, |?
—vn (|| A*(Aw, — Bzp)||? + || B*(Aw, — Bz,)|[?)] (6.114)

< wn = 2| + |20 — 7| I?

= 10 = an)za — 2"+ [I(1 = o)y — vl

= |I(1 = o) (@n — o) — o™ |* + [|(1 — o) (. — ") — "l
< (= an)llzn — 2|17 + anll2™ | + (1 = an)llyn — 57 |* + aally"|?
= (1= an)lllzn — 21" + [lyn — y"II*] + awlll2]1* + [y "|I7]

< max{[Jzn = 2"|* + [y — y7 |2 [l + [ly*]*}

< max{|lzo — 2" + [lyo — y"I[*]. [ll="]1* + lly"[I*}. (6.115)

Thus {||z, — z*||* +||y» — ¥*||*} is bounded and consequently {z,.}, {yn}, {tn}, {vn}, {w,}
and {z,} are all bounded.

Now from (6.114)), we have

|Znsr = 2P+ [ynir =0 1° < Jlwn — 2P + (20 — v |1 = m[2]|Aw, — B2yl|?
~Yu(||A"(Awy, — Bz,)|[? + || B*(Aw, — Bz,)|[*)]
< (U= an)llzn =2 + lyn — v"|P] + anlllz*[1* + [1y* 7]
—Vnl2]| Awy, — an”2 — (|| A" (Aw,, — BZn)HQ
+||B*(Aw, — Bz,|*)]. (6.116)

We now divide into two cases to obtain the strong convergence of {(z,,y,)} to (z,7) € T.
Case 1. Assume {||z,, — z*||* + ||y» — ¥*||*} is monotonically decreasing. Clearly
(2w =2 + Ny = ¥711) = (lzn — 2117 + {lyn — y7|]*) = 0,n = oo,

Let P, = ||A*(Aw, — Bz,)||* + || B*(Aw, — Bz,)||* and n € Q, then it follows from ([6.116)
that

V2l Awn — Bzol[* = Pa] < llon — 2717 + llyn — 3 1P] = (lznss — 271 + [[gnss — y7]

+an[[|2* 17 + ||y 1], (6.117)
which implies
By < llen = 2|+ llyn — 11 = llonsr — 21 + [y — y*I]
(||l + [y |1P)- (6.118)

From (6.118)), we have
lim P, = lim ||A*(Aw, — Bz,)||* + ||B*(Aw, — Bz,)||* = 0.
n—oo n—o0
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Observe that Aw,, — Bz, =0, if n & Q.

Hence,
Tim [[A"(Aw, — Bz,)||* =0, (6.119)
and
lim [|B*(Aw, — Bz,)|)? = 0. (6.120)
From , we have
711220||wn—xn||2 = ay||z,|[* = 0,7 — oo, (6.121)
and
nli_{IOlonn—ynH2 = | |yn||* — 0,n — oo. (6.122)
Again
lun = | = (I = Afi)(wn — A (Aw, — Bzy)) — 2™
< Aup — 25w, — A (Aw, — Bz,) — x)
= Ll — I+ [ — A (A, — Bz) — |
—Jtn — 2* = (wy, — A" (Aw, — Bz,) — 27)]|?]
< gl — I+ o, — 2
2|4 (A, — Bz + 25l — 27[[|A* (A, — B,
~(llun = wal I* + || A" (Awy, — Bzy)|* = 23w — wa, A (Aw, — Bzy))]
= %[Hun = &|[* + [[wn — 27| + 2wy — 27| || A" (Aw, — Bz,
||t — W |* 4 2795 (1, — wh, A*(Aw,, — Bz,))]
< %[llun = 2|+ [[wn — 2| + 2w, — 27| || A (Aw, — Bz,)|
~lun = wal* + 29 un — wy|||[| A" (Aw, — Bz,)|[]
< %[Hun — | + [z — 2"|° + oqll@al* — 200 (2 — 27, 24)
+29n[wn — 27(|||A"(Aw, — Bza)|| = [Jun — wy|[?
+27nl[un — wnl|[[A*(Awn — Bzy)|[]. (6.123)
That is

| wn — x*HQ < lzn — 1‘*||2 + aerHanQ — 200 (@y — ", p) + 29 |[wn — 27| A" (Aw,, — Bzy)||
||t — wa |+ 290 [t — w, ||| A*(Aw, — Bz,)]]. (6.124)

It follows from (6.108]) and ((6.124]) that

| =2 []F < o — 27| 4 ap |zl = 20m (2, — 2%, 20) + 290w, — 27||||A*(Aw, — Bz,)|
_||un_wn||2+27n“un_wnHHA*(Awn_an)Ha (6.125)
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which implies

[ = wnl[* < g = 2|7 = |z — 2|7 + ol |2n]|* = 20 (z) — 27, 2,)
+ 29w, — 2 |[[|A*(Aw, — Bz = ||un — wy| [
+29,|[tn — wyl|||A*(Aw, — Bz,)|| — 0,n — 0. (6.126)

By using similar argument as in (6.123)) to (6.126]), we obtain

[vn — 2n|]* = 0,m — o0. (6.127)

Observe that since S; is k;-strictly pseudocontractive and z* € F(Sh).

1512 = 27[] < ||z — 2"|]* + ka2 — S |?

= (Six — 2%, Sz — %) < (x — 2", 2 — %) + Ky||r — S12|?

= (Siz — 2,812 — 2) + (S1x — 2%, v — 2*) < (v — 2%, — ) + Ki||x — Sz||?
= (Siz — 2", 517 — 2) < (v — Sim, v — %) + K|z — Sy

= (S1z — 2, S —2) + (v — 2%, 517 — 2) < (x — Sz, — ) + Ki||x — S12)?
= ||S1z — z|]* < {z — 2,2 — S12) — (x — 2*, S12 — x) + +Ky||z — S12|?

= (1 —r)||S12 — 2|]* < 2(x — 2%, 2 — Sy71). (6.128)
Thus, from (6.105)), we have
|z — 2" | = [I(1 = Bu)un + BuSiun — 27|

[(tn = 27) + Ba(S1tn — up)|[?

= |up — ¥ + B2|S1tn — un|* — 2B (un — ¥, up — Siuy,)

|un — x*|]2 + Bn(Bn — (1 — K1) |un — Slun”2

fwn — 2| * = || Aw, — Az*[|? — || Aw, — Bzy||?

+nl| Bzn — AJZ*||2 + /7121||A*(Awn - an)||2

+B80 (B — (1 — 51|t — Srun||. (6.129)

VANVAN

Similarly,

Iy =y 117 < lza = ¥ [1? =l Bzw — By*|]? = vl Aw, — Bz|?
+Yal|Aw, — By*|[* + 72| | B (Aw, — Bz,)|
+00(0 — (1 = £2))||vn — Savnl[*. (6.130)

Adding (6.129) and (6.130]), we have

||mn+1 - :L‘*||2 + ||yn+1 - y*“2 < ||wn - ‘T*HQ + ||zn - y*“2 + 571(571 - (1 - ’fl))Hun - Slun“2
+6n (6 — (1 = K2))|[vn — S2Un||2
+2[||A*(Aw,, — Bz,)||*> + ||B*(Aw,, — Bz,)|?].  (6.131)
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Let K, = B,(8n — (1 — £1))|Jun — S1un|* + 0,(6, — (1 — K2))||vn — Sava] |2
Then from (6.131f), we obtain

Ky < (lwn = 2"IP + 2o = 9'11%) = (lznsn — 271 + [[gnsr — 7117
7l A" (Awy — Bzl + || B* (Awy, — Bz )|

= (10 = an)zn —2"[1* + 11 = o)y — ¥ I17) = (1201 — 27| + Nynrr — y711%)
7l A"(Awy, — Bz )||* + || B (Awy, — Bz )||]

< (e = 2P+ lyn = ¥ I17) = (Jwner = 27 + [ynser = y7I°)
+ag ([lzal* + [lyal?) = 20 (20 — 2%, 20) + (Y = ¥", yn)
+2[||A*(Aw, — Bz,)||* + ||B*(Aw,, — Bz,)||?] = 0,n — oo. (6.132)
Therefore,
||S1un — uy]| — 0,n — o0, (6.133)
and
||Savn, — vy || = 0,n — o0. (6.134)
Also,
|| Znt1 — Unl| = Bullun — S1un|| = 0,n — o0, (6.135)
and
|Ynt1 — vnl| = Bullvn — Sovn|| = 0,n — oc. (6.136)
Furthermore,
l|lzn — unl| < |20 — wy|| + ||wn — un|| = 0,n — o0, (6.137)
and
[y = vnll < [lyn = znll + |[2n — vnl| = 0,0 — o0 (6.138)

From (6.135)) and (6.137))

2041 = @]l < [[2ns1 = unl[ + [fun = 2al| = 0,n = o0,

and from (/6.136) and (6.138)

191 = Ynll < N[Yns1 = vall +[lvn = yall = 0, = 0.

It follows from and Lemma that wy,(u,) C F(S1), where wy(u,) := {z :
Ju,, — x} is the weak w — limit set of {u,}. But wy,(x,) = wy(u,) = wy,(w,), therefore,
Wy (uy,) C F(S7). Thus, since {u,} is bounded, there exists a subsequence {uy,} of {u,}
that converges weakly to a fixed point z of 5.

It also follows from ((6.134) and Lemma that w,,(v,) C F(Sz2), where w,,(v,) := {x :
v, — x} is the weak w — limit set of {v,}. But wy,(y,) = wy(vn) = wy(z,), therefore,
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Wy (vy,) C F(S3), thus since {u,} is bounded, there exists a subsequence {v,, } of {v,} that
converges weakly to a fixed point § of S,.

Also, Aw,,, — Az and Bz,, — By.

But

|Az — By||* = (Az — By, Az — By)
= (Az — By, Az — By — Aw,,, + Aw,,, — Bz,, + Bz,,)
(Az — By, At — Aw,,) + (AZ — By, Aw,, — Bz,,)
+(Az — By, Bz,, — By)
= (Az — By, Az — Aw,,) + (Az, Aw,, — Bzy,)
—(By, Aw,, — Bz,,) + (AZ — By, Bz,, — BY)
= (Az — By, Az — Aw,,) + (7, A" (Aw,, — Bz,,))
—(y, B*(Aw,, — Bz,,)) + (AT — By, Bz,, — BY)
(Az — By, Az — Aw,,,) + ||Z||||A"(Aw,, — Bzy,,)||
+|g/ll| B*(Aw,, — Bzy,)|| + (AZ — By, Bz,, — By) — 0,n — cc.

IN

That is ||AZ — By|| = 0, which implies Az = By.

We now show that z € I(f;,71) and gy € I(fa, T3).
Since f; is —-Lipschitz monotone mapping and the domain of f; is H;, then by Lemma

2.3.12) we conclude that 77 + f; is maximal monotone. Let (u,w) € G(T} + f1), that is
w — flu S Tl(u)
Let ©,,, = (W, — Yo, A*(Aw,, — Bz,,)). Then u,, = J* (I — Af1)©,,,, which implies

(I = M1)On, € (I + AT,

That is,
1
X(@nz - >‘fl®m - uni) € Tl(um)
Applying the maximal monotonicity of (77 + f1), we have
1
(U — Up,, w — fru— X<@n — A16y, — uy,)) > 0.

Therefore,

1
(U —up,wy > (U= Uy, frv+ —(On, — Af1O, — up,))

A
1
= <U - um?flu - fluni + fluni - f1@nl + X(@n - uni>
1
> 0+ (U — Up,, frtln, — [1On,) + (U — Up,, —(On — uy,)). (6.139)

A
But,

A*(Awy,, — Bzy,)|| — 0,

H@m - wnzH = Tn;
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and

||unz - @mH < Hum — Wnp, + Hwnz - @mH — O,Tl — O0.

Thus, it follows that
=0.

lim Hflum - fl@m
n—00

Also, since u,, — Z, we have

lim (u — up,,, w) = (u— T, w).
n—o0

Thus from ((6.139)), we have
(u—z,w) > 0.

Since T} + f; is maximal monotone, we have 0 € (T} + f1)Z which implies that z € I(f1,T}).
By a similar argument, we also have y € I(fy, T3).
Thus (z,7y) € Y.

Next, we show that {(x,,y,)} converges strongly to (z,7).

2y = 2l + Ny = 3117 < Hwn = 2| + []20 — 7117
= 11 = an)za — 2" + [I(1 = o)y — 711°
= (1= an)’llz = 2" + oq|2]]* = 200 (1 — @) (20 — 7, 7)
+(1 = an)?lyn = I1° + oG l|711* = 200(1 = ) (ya — ,7)
< (1= an)lllzn =21+ [lyn — 3]
o o (||2]* + [171])
—2(1 = an)({zn = 2,2) + (Yo — 4, 9))]. (6.140)

Applying Lemma [2.3.12] to (6.140]), we conclude {(zn,yn)} — (Z,7).

Case 2. Assume {||z,, — =*||* + ||y, — y*||*} is not monotonically decreasing. Set T',, =
||z, — 2*[|* + ||yn — y*||* and let 7 : N — N be a mapping defined for all n > ng (for some
large ng) by

T(n) :=max{k e N: k <n, T} <Thi1}.

Obviously, 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and
F‘r(n) < Ff(n)Jrlavn > Ng.
Let Pr(n) = ||A*(Awr(n) — B2zr(m))||* + || B* (Awr(n) — Bzr(n))||* and 7(n) € Q, then it follows
from (6.116f) that
Vo) 2N Awr ) = B2z I = vrmy Prem] < [|#ry — 2|17 + ey — 37 |I°]
~[Nrmy+1 = 2117 + [[Yriye1 = y7II7]

Il + 1y, (6.141)
which implies
EQPT(H) < [||x7(n) - IL‘*||2 + ||y'r(n) - y*||2] — [||x7(n)+1 — x*||2 + ||y'r(n)+1 _ y*||2]
o [l[27 117 + [y ]]7]
< ar 7|+ 11y 1P (6.142)
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From (6.142)), we have
i Py = lim [[A° (At sy — B2+ 1B (Awsg) — Berio)[[2 = 0.

Observe that Aw,(ny — Bzr(n) = 0, if 7(n) & Q.

Hence,

Tim || A" (Awr () — Bze)l|* =0, (6.143)
and

Jim [|B*(Awe(n) — Bzr(m))||* = 0. (6.144)

By the same argument as in case 1, we conclude that there exists a subsequence of
{(@r(n)s Yr(n)) }, still denoted as {(@+(n), Yr(n))} Which converges weakly to (z,7) € T.
Now for all n > ny,

0 ey = 22+ yrmsr = ¥* 1] = 12y — 1 + [yrem) — v711%)
(1- O‘T(n))mxf(n) - j||2 + ||yT(n) - g||2] - [||x7'(n) - x*||2 + ||y‘r(n) - y*||2]

+Qr(n) [O‘T(N)[HEHQ + ||’gH2 —2(1 - O‘T(ﬂ))(<x7(n) —Z,T) + <yT(n) -4, 7)),

IA A

which implies

ey = Z* 4+ [y — 0P < o [lZI° + |31
—2(1 = () ((Tr(n) — T, &) + (Yr(n) — ¥, 7)) — 0.

Hence
i (||2(m) — Z[|* + [|yrm) — 3l[*) = 0.

n—oo

Therefore,

iz T = Jim T =0

Moreover, for n > nyg, it is easily observed that I';(,) < T'rny41 if n # 7(n) ( that is
7(n) < n) because I'; > I';44 for 7(n) + 1 < j < n. Consequently for all n > ny,

0 < T, < max{Tr(n), Driys1} = Drnyr-

Thus, limI';, = 0. That is {(x,,y,)} converges strongly to (z, ). O

Corollary 6.5.2. Let Hi, Hy and Hsz be three real Hilbert spaces, and A : Hy — Hs,
B : Hy — Hs be two bounded linear operators. Let Ty : Hy — 25t and Ty : Hy — 212 be
multivalued maximal monotone mappings. Let Sy : Hy — Hy and Sy : Hy — Hy be kq-
strictly pseudocontractive and ko-strictly pseudocontractive mappings respectively. Suppose

T # 0 and

e (e 2||Aw,, — Bz,||?
" "||A*(Aw,, — Bz,)|]? + || B*(Aw,, — Bz,

e —e>,n€Q
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otherwise, v, = = (v being any nonegative value), where the set of indexes Q@ = {n :
Aw,, — Bz, # 0}. Let {(z,,yn)} be the sequence generated for xy € Hy and yo € Hy by

([ w, = (1 — ap)x,,

n = (1 N an)yna

Uy, = JATl(wn — Y A*(Aw,, — Bz,)),

vy, = J/\Tz(zn + v B*(Aw,, — Bz,)),
o1 = (1 = Bo)un + BnSity, ¥Yn >0,
Ynt1 = (1 — 5n)vn + 5nS2vn, Vn 2 O,

(6.145)

\

where A*, B* are the adjoints of A and B respectively. Suppose {c,}, {8.} and {9,} are
real sequences in (0,1) satisfying the following conditions

(i) nhlf)loan =0, 20 om = 0,

(1) 0 <a < B, <b<1-—ky,

(111) 0 < ¢ <6, <d < 1— kg,

then {(xn, yn)} converges strongly to (z,y) € Y.

Corollary 6.5.3. Let H,, Hy and Hs be three real Hilbert spaces, and A : Hy — Hs,
B : Hy — Hj be two bounded linear operators. Let f; : Hi — Hy be p-inverse strongly
monotone mapping and fo : Hy — Hy be v-inverse strongly monotone mapping. Let
Ty : H — 2% and Ty : Hy — 282 be multivalued maximal monotone mappings. Let
Sy : Hy — Hy and Sy : Hy — Hy be nonexpansive mappings. Suppose T # 0 and

e (e 2||Aw,, — Bz,||?
" "||A*(Aw,, — Bz,)| > + || B*(Aw, — Bz,)|[?

—e),nEQ

otherwise, v, = = (v being any nonegative value), where the set of indexes Q = {n :
Aw,, — Bz, # 0}. Let {(x,,yn)} be the sequence generated for xo € Hy and yy € Hy by

([ w, = (1 — )z,

zn = (1 — ) Yn,

Up = ng(l — A1) (wy, — 7 A" (Aw, — Bzy)),
v, = JP(I = Nfo) (20 + B (Aw, — Bz,)),
Tpr1 = (1 = Bn)un + BnSiun, VYn >0,

L Ynt1 = (1= 0p) vy + 0,50, Vn >0,

(6.146)

where 0 < X\ < 2u,2v and A*, B* are the adjoints of A and B respectively. Suppose {ay,},
{Bn} and {5, } are real sequences in (0,1) satisfying the following conditions

(i) nh_{f)loo‘n =0, Y02 an = 00,

(1)) 0<a<f,<b<1,

(i) 0 < c <9, <d <1,

then {(xn, yn)} converges strongly to (z,y) € Y.

6.5.1 Application and numerical example

Split equality convex minimization problem Let F' : H — R be a convex and
differentiable function and G : H — R is a convex function. It has been established (see
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[12]) that if VF is {-Lipschitz continuous, then it is L-inverse strongly monotone. It is
also known (see [196]) that OG is maximal monotone. Moreover,

F(z*)+ G(z*) = min F(z) + G(z) © 0 € VF(z") + 0G (7).

zeH

Consider the following fixed point and split equality convex minimization problem: find

x* € F(S),y" € F(Sy) and

Fi(z*) + Gi(z") = ;relgll Fi(z) 4+ Gi(x), (6.147)
Fy(y™) + Galy") = min Fr(y) + Ga(y) (6.148)

such that Az* = By*, where H,, H, and Hj are real Hilbert spaces, A : Hy — Hj
and B : Hy — Hj are bounded linear operators, F; : H; — R (i=1,2) are convex and
differentiable functions and G; : H; — R (i=1,2) convex function. S; : H; — H; and
Sy 1 Hy — H, are strictly pseudocontractive mappings. Let the set of solutions of problem

(6.147))-(6.148) be U, then putting T; = 9G; and f; = VF; (i = 1,2), we obtain the

following result.
Theorem 6.5.4. Let Hy, Hy and Hs be three real Hilbert spaces, and A : Hy — Hs, B :
Hy; — Hj be two bounded linear operators. Let Fy : Hi — R be a convexr and differentiable

1
function with —-Lipschitz continuous gradient VFy and let Fy : Hy — R be a convex and
1

1
differentiable function with —-Lipschitz continuous gradient VFy. Let G1 : H — R and
v

Gy : Hy — R be convexr and lower semi-continuous functions. Let S : Hi — Hy and
Sy 1 Hy — Hs be kq-strictly pseudocontractive and ko-strictly pseudocontractive mappings
respectively. Suppose T # () and

c ( 2||Aw,, — Bz,||?
T =\ A (Aw, — Bzo)|? + [|B*(Aw, — Bzy)|?

—6),7169

otherwise, v, = v (v being any nonegative value), where the set of indexes Q = {n :
Aw,, — Bz, # 0}. Let {(zn,yn)} be the sequence generated for xy € Hy and yo € Hy by

( Wy, = (1 - Oén>xn7

zn = (1 — an)yn,

Uy = JO (I = AV E) (wy, — 1 A*(Aw, — Bz,)),
vy = JO(I — AV F) (2, + 1 B*(Aw, — Bz,)),
Tpi1 = (1 — Bp)un + BnSiu,, Vn >0,

L Ynt1 = (1 —0p) v, + 0,520, Vn >0,

(6.149)

where 0 < X\ < 2u,2v and A*, B* are the adjoints of A and B respectively. Suppose {ay,},
{Bn} and {d,} are real sequences in (0,1) satisfying the following conditions

(i) nh_{{)loo‘n =0, Y50 an = 00,

(1) 0 <a< B, <b<1-—k,

(i1i) 0 < ¢ < 6§, < d <1 — kg,

then {(xn, yn)} converges strongly to (Z,y) € O.
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Numerical example

We give a numerical example in (R?||.||2) of the problem considered in Theorem in
this subsection. Now take H; = Hy = H3 = R%. Let A : R?2 — R? be given as

0= (15 (%)
s (25)(5):

T1<Zi‘) = Tl(,Il,l'Q) = (CL’Q, —1'1),

and B : R? — R? be given as

Define T} : R? — R? by:

Then

1 — )\JZQ Tro + /\l'1>

ng(i)zjfl(xl7$2):( 14+ A2 7 14+ )2

Again define T : R? — R? by:
Tg(f) = TQ(Z’l,.lTQ) = (.171 + o, Ty — .171).

Then

1+ /\)(L’l - )\1’2 )\ZEl + (]_ =+ /\)CL’Q
TP () = TP = <( )
8 = I = (e T o an
Let f; : R? — R? be the mapping fi(£) = fi(x1,12) = (371,372) and fo : R? — R?
the mapping fo(%) = fao(x1,29) := (4oy — 1,425 — 1). Also, we define S : R? — R? and

1
Sy i R? — R? as S)(£) = —27 and Sy(#) = £, where £ = (z1,22) € R?. Let v, = 1)
1-4 2
B = 6(1—4-7%) and 9, = 3(1—-1-%) Then our iterative scheme (6.105]) becomes: for ¢ € H;
and yo € Ho,
( 1
n — l———= ny
wn == 573"
w= (1= 5y,
= 2(n+ 1>)y
U = YT = Nf1)(wy, — 1 AT (Aw, — Bz,)),
Y T _ (6.150)
v, = 2 (L — Afa)(zn + 1 B* (Aw, — Bz,)),
_1 _1
n =(1- "= n+ =S s v > 07
Tt = (1= Gy Jun G Iy S W
2 2
n = 1 574 . 1N n + —S ny v Z 07
| v = gy gy S

AT and BT stand for the transpose of A and B respectively and

c ( 2||Aw,, — Bz,||? B )
T =\ A (Aw, — Bzo)|P + [[B*(Aw, — Bz)[2 ©

,n €
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Figure 6.1: Errors: Case I(a), e = 1072 (left) and € = 10™* (right).

otherwise, 7, = v (v being any nonegative value), where the set of indexes @ = {n :
Aw,, — Bz, # 0}.

Case 1.

(a) Take zo = (1, 3)", yo = (—1,1)" and A = 0.002.

(b)Take z¢ = (1, %)T, y = (-1 1) and A = 0.0000001.

Case II.
(a) Take zg = (0.02,0.03)7, yo = (0.3,0.05)T and X = 0.001.
(b) Take zo = (0.1,0.2)7, yo = (1,0.2)T and XA = 0.001.

The Mathlab version used is R2014a and the execution times and number of iterations are
as follows:

1072) 0.063765 seconds, Number of iterations: 23.

o
®
03]
(¢]
—
“93
H

107%) 0.079304 seconds, Number of iterations: 129.

o
&
0
)
—_

\‘99

||

1072) 0.054949 seconds, Number of iterations: 23.

Q
&
n
@
—_
JU'
||

10~*) 0.081124 seconds, Number of iterations: 166.

o
o
02}
@D
—
“U'
||

107*) 0.067724 seconds, Number of iterations: 93.

o
o
n
@)
O
“93
||

1072) 0.058681 seconds, Number of iterations: 13.

o
o
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@
]
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||

)
)
)
)
1072) 0.051959 seconds, Number of iterations: 7.
)
)
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@
DO
“93
||

107%) 0.074799 seconds, Number of iterations: 130.
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lZn+1 — Znll + 1Ynt1 — ynll lZn+1 — ol + |Yns1 — Yanll

lZn+1 = Zoll + |Yns1 — Yanll

0.5

||$n+1 - an + ||yn+1 - ynH

1 — Zoll + 1Ynt1 — ynll

\
||$n+1 - an + ||yn+1 - ynH

10

1072 (left)

50
n

| |
100 150

and € = 10~ (right).

0.2
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1072 (left) and €

40

60 80

=10~ (right).

ol
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|
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Figure 6.4: Errors: Case II(b), ¢ = 1072 (left) and e = 10~* (right).
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Chapter 7

Variational Inequality and
Minimisation Problems

In this chapter, we introduce an iterative algorithm to approximate the solution of split
hierarchical variational inequality problems and further introduce an iterative scheme that
converges strongly to a minimizer of the sum of two convex functions in real Hilbert spaces.

7.1 Strong convergence result for solving split hier-
archical variational inequality problem for demi-
contractive mappings.

Recently, Ansari et al. [10] introduced the Split Hierarchical Variational Inequality Prob-
lem (SHVIP) which is given as follows: Let H; and Hs be real Hilbert spaces, f, T : Hy —
H; be operators such that F(T) # () and h, S : Hy — Hy with FI(S) # (). Let A: Hy — H,
be an operator with R(A) N F(S) # 0, where R(A) denotes the range of A. The SHVIP
is to find z* € F(T') such that

(f(z*),x —2") >0, VeeF(T), (7.1)
and such that Az* € F(S) satisfies
(h(Ax™),y — Ax™) >0, Yye F(5). (7.2)

We shall denote by Qgp the solution set of SHVIP ([7.1)-(7.2)).

Another problem which is closely related to SHVIP is the following Split Hierarchical
Minty Variational Inequality Problem (SHMVIP): Find z* € F(T') such that

(f(x),x—a*) >0, VxeF(T), (7.3)
and such that Az* € F(S) satisfies

(h(y),y — Ax™) >0, Vye F(S). (7.4)
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It can be seen by the Minty lemma [I59], Lemma 1 that if F/(7") and F(S) are nonempty,
closed and convex, f and h are monotone and continuous, then the SHVIP —
and SHMVIP - are equivalent. For further details on hierarchical variational
inequality problems, see [9].

Ansari et al. [10] showed that many problems, namely split convex minimization problem,
split variational inequality problem over the solution set of monotone variational inclusion
problem, split variational inequality problem over the solution set of equilibrium problem
are particular cases of SHVIP.

Ansari et al. [I0] proposed an iterative scheme for solving SHVIP and got a weak conver-
gence result. In 2015, Ansari et al. [11] give a common solution method for finding a fixed
point of a nonexpansive operator and a solution of split hierarchical variational inequality
problems, stated and proved a weak convergence result.

Motivated by the recent results in this direction, we study SHVIP in Hilbert spaces. We
further propose an iterative algorithm for approximating solution of SHVIP and stated
and proved a strong convergence result.

Theorem 7.1.1. Let H; and Hy be real Hilbert spaces and A : Hy — Hy be a bounded
linear operator. Let S : Hi — Hy and T : Hy — Hy be k-demicontractive and \-
demicontractive mappings respectively, with C = F(S) # 0 and Q = F(T) # 0. Let
fi: H — Hy be p-inverse strongly monotone mapping and fo : Hy — Hy be v-inverse
strongly monotone mapping. Assume that Qsy # O and suppose {a,} and {B3,} are se-
quences in (0,1), v > 0,7 > 0 real numbers and the following conditions are satisfied:

(1) Bn € (a,(1 — K)) for some a > 0,

(2) I, = 0, Yo 1, = oo,

(3) v € (0, ﬁ)

(4) S —1I and T — I are demiclosed at the origin.
Then the sequence {x,} generated by

xo,u € Hy,
wy, = (1 — o)z, + auu,
Yn = wy, + YA(T — I) Aw,, (7.5)

un, = Po(l — pfi)(yn + TA*(Po(I — pf2) — 1) Ayy),
Tpr1 = (1 = Bn)upn + BnSun, n >0,

1

converges strongly to ¢ = Pog,u, where 0 < p < p,v and 7 € (0, ¢

radius of the operator AA* and A* is the adjoint of A.

), L is the spectral
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Proof. Let p € Qgpy, then by Lemma [2.3.8] we have

[ _pH2 = [[(1 = Ba)(un — p) + Bu(Sun —p)||2
= (1- 5n)2|‘un - pH2 + 530“57% - pH2
+2(1 = B,)Bn{Sun — p,un — p)
= (1- ﬂn)QHUn _pH2 + BELHSUTL - p||2
+2(1 — 5,) Bn(Sup — Uy + Uy, — p, wy, — p)
= (1= 8.)lun —pl* + B3l Sun — pl*
+2(1 = Bn) Bul(Stn — tn, un — p) + (Up — p, up — )]
(1= Ba)?llun = plI* + Balllun — pII* + £l Sun — ]
(k= 1)(1 = B) Bull St — wn||* + 2(1 — B) Bl — |
(1 - ﬁn>2 + /873, +2(1 = Ba)Bulllun — sz
‘I'['%BEL + (k= 1)(Bn — BZ)]HSun - un||2
[tn = pII* + Ba(Bn + K = 1| Sty — un|®
lun = pl*. (7.6)

IN

IA

But,

Pe(I = pfr)(yn + TA(Po(I = pfa) — I)Ayn) — plI®

lyn + TA*(Po(I — pfa) — 1) Ay, — p||?

yn = pII” + | A" (Po(I — pf2) — I) Ay, ||

+27(yn — p, A (Po(I — pf2) — I)Ayy), (7.7)

llun — pII®

IA

and

A (Po(I = pfa) = DAy|I* = 7{(Po( — pf2) = 1) Ayn, AA"(Po(I — pfa) — 1) Aya)
LT*((Po(I = pf2) — I)Aya, (Po(I = pfa) — ) Ay,)

LT*||A*(Po(I = pf2) — I) Ayal|*. (7.8)

Al

Also, we get

27(yn — p, A"(Po(I — pfa) — 1) Ayn)

= 27(A(yn — p) + (P — pfo) — D) Ay, — (Po(I — pf2) — I) Ay, (Po(I — pf2) — I)Ayy)
= 21[(Po(I — pfa)Ayn — Ap, (Po(I — pfa) — I)Ayn) — ||[(Po(I — pfa) — I) Ayal ]

< 27[%\\(13@(1 — pfa) = D Ay|)? = [|(Po(I — pf2) — I)Ayal|?]

= —7(|(Po(I = pfa) = D Ayal|. (7.9)

From ([7.7)), (7.8)) and ((7.9), we have

lun = pII* < lyn = pl* + LT2|[(Po(I = pfa) — D Ayn||? = 7l|(Po(I = pf2) — 1) Aya|[?
= |lya =l + (L7 = DI[(Po(I — pfo) — 1) Ay, |?
< lyn — pl%. (7.10)
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Furthermore,

lyn — 2> = Nwn —p+ AT — 1) Aw,|?
= Jwn = plI* + 7 A(T = I) Aw,|?
+2v{(w,, — p, A (T — I)Aw,,). (7.11)
Now
VNAX(T — I Aw,||* = ~Y*AY(T — I)Aw,, A*(T — I)Aw,)
= V{AAY(T — I)Aw,, (T — 1) Aw,)
< YIAIPIT Aw, — Aw,|f?, (7.12)
and

2v(w, — p, AY(T — N Aw) = 2vy(A(w, —p), (T — I)Aw,)
v[(Aw, — Ap, T Aw,, — Ap) + (Aw,, — Ap, Ap — Aw,,)
2y[(Aw, — Ap, T Aw,, — Ap) — || Ap — Aw,|]?]
N =D T Aw, — Aw,||* = 2[|Ap — Aw,||’]
YA = DT Aw,, — Aw,||*. (7.13)

Substituting (7.12)) and (7.13)) in (7.11), we obtain
lyn = pII* < llwn = pl* + AP T Awn — Aw,||* + (A = DT Aw, — Aw,||*

I
DO

IAIA

< ||wn—p||2~ (7.14)
Therefore, from ,, and , we have
[0 —pll < flun —pll
< Alyn = pl|
< lwa —pll
< (1= an)||lzn — pll + anllp — ull
< max{|[z, — pll, |[p — ul|}.

Thus, by induction we have

|20 = pl| < max{][zo = pl], |lp — ull}.

Hence {||z, — p||} is bounded and consequently {z,}, {w,}, {u,} and {y,} are bounded.
We divide into two cases to establish strong convergence.
Case 1. Suppose {||z, — p||} is monotonically decreasing, then obviously

|Zn 41 =Pl = [lzn = pl| = 0. (7.15)
From ([7.6)), we have

Nznsr — PII2 < |ltn — Pl + Bu(Bn + 5 — 1| Stn — un?
< Ny — 2l + Ba(Ba + £ — 1) || St — 1y |2
< lwn = plI” + PIANPIT Aw, — Aw,||* + (A = 1)|| T Aw,, — Aw, ||?

+Bn (B + £ = 1)||Suy, — unHQ
20 = plI* + apllzn — ull® = 200 (2 — p, 20 — u) + | AP T Aw, — Aw,|®
+y(A = DT Aw,, — Aw,||* + Bu(Bn + £ — 1)||Suy — u, || (7.16)
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Therefore,

amfomflan = ull* = 2zn = pyn —w)] = lznss = pII* = [lon = pll*
~AI + v\ = DT Aw, — Aw,||?
BB + K — 1)[| St — ug||. (7.17)

Since {z,}, {yn}, {un} and {w,} are bounded, there is an M > 0 such that
||z — ul]* = 2{z, — p, 2, —u) < M.
oM > lzpy = pl* = 2w = pl* = YA + (A = DIIT Aw, — Aw,|)*
—Bn(Bn + K — 1)||Sun_un||2- (7.18)

From ([7.15)), (7.18)), the condition a,, — 0 and since v?||A||*> + v(A — 1) < 0, we have

| Sun — uy|| — 0, (7.19)
and
| T Aw,, — Aw,|| — 0. (7.20)
From ([7.19)),
tn — Tny1ll = Ball St — unl| — 0.
Also from (7.10]), we have
Hwn-i-l_pH2 > Hun_pH2
= ||Pc(I = pfi)(yn + TA*(Po(I — pfa) — I)Ay,) — pl|?
< Ny = plI? + (L7 = DI[(Po(I — pf2) — 1) Ay,
< wn = p|? + 7(LT = D|[(Po(I — pf2) — 1) Aynl|®
< (1- O‘n)2||$n - p“2 + O‘i“p - U||2 —2an(1 = ap){Tp — p,p — u)
+7(Lr = D||[(Po(I = pfa) — 1) Ayal[*. (7.21)
Thus,

T(1 = L7)|[(Po(I = pf2) = DAylI* < 2w = pII* = [lzne — pl* + aqllp — ul?
=20, (1 — ap)(zy, — p,p —u) — 0. (7.22)

Hence,
[(Po(I = pfa) = 1) Aynl| = 0,n — oo. (7.23)
Again from and
[yn = wnll = [ly AT = I) Awn||
< AAIITAw, — Aw, || = 0.
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From ([7.5)

|20 — wal| = anl|zn —ul| = 0.
Thus
|Zn = Ynll < |20 — wal| + [Jwn — yul| = 0.

Now, since Po(I — pfy) is firmly nonexpansive, we have

i —plP = (1P~ pfi) i+ 74" (Pl — pfs) — 1) Aya) — I
< <un — Dy Yn + TA*<PQ(I - pf2) - ])Ayn _p>
= Sl = pIP + Il + A" (Po7 — pf) ~ ) Ay — 9l
~lun = p = (g + TA (Po(I — pfa) — ) Ay — p)|I’]

< Sl = plP +llgn =PI+ (L7 = DI Pl = pfo) — 1) Ay
~|[tn = yn +TA(Po(I = pfa) — I) Ay |[’]

< g lltn = Bl + g = 91 = ltn = gl + A" (PalT = pf) — 1) Ay
=27t~ g, A°(Po(1 = pfy) — 1) Apn))]

S | A

2
27| Al — gl PoI = pfz) — 1) Ayl (7.24)

that is,

= pI> < lyn — 2II> = [t — yal?
27| A(tn, — yu) ||| Po(I — pf2) — 1) Ayal|. (7.25)

It then follows from (7.25)), that

121 =pI* < lyn = I = [lun — yal
+27(|Aun — yu)ll[[ Po(I = pf2) = 1) Ayall, (7.26)

which implies

(7.27)

lun =yl < Ny = pII° = ll2nsr = plI* + 27/ Alun — ya) [l Po(I = pf2) — 1) Ayal|
< wn =l = llzns = plI* + 27/ Alun — ya) [l Po(I = pfo) — I) Ay, |
< (1 = an)an + anu = pl* = [|zaer = plI” + 27| A(un — y) [ Po(I = pfz) — 1) Aya||
< Alzw = plI? = |20 = pI* + aqllp = ul]* = 200 (1 — ) (20 — p,p — u)
+27([A(un — ya) [|[[Po(I = pf2) = I)Ayn|| = 0,n — oco.
Therefore,
Moreover,

lun =zl < Jun = yull + [lyn = 20|l = 0,1 = o0,
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and
l|tn — wn|| < ||t — o] + ||2n — wa|] = 0,n — 0.

Since I — S is demiclosed at 0 and {u,} is bounded, then it follows from that there
exists a subsequence {u,,} of {u,} which converges weakly to a fixed point z* of S and
consequently {y,.}, {w,,} and {z,,} converge weakly to z*. Thus, z* € C' = F(S).

It also follows from ([7.20), since A is continuous that Az* € Q = F(T).

We now show that z* € VI(f,C).

Let

Be— { fiz+ Nz, ze€C (7.28)

0, =z¢C.
Then B is maximal monotone (see [197]). Let (z,w) € G(B), since w — fiz € Noz and
u, € C, we have (z — u,,w — f1z) > 0.
Let v, =y + TA(Po(I — pf2) — I)Ayn.
Then

v = yal|* = LT?|| Po(I — pfa) — 1) Aynl[* — 0,1 — oo,
and
[|tn = vnl| < [lun = ynll + [y — vnl| = 0,0 = o0.
From w,, = Po(v, — pfiv,), we have
(2 = tn, un — (v — pfivg)) >0,

that is
Uy — U

<Z — Up, + flvn> Z 0.

Therefore, we obtain

<Z - umvw> > <Z - um?flz>

Uy, — Unp.
> (2= Un,, [12) — (2 = Up,, —— + fro,)

P
U, (U
= (2= Uy, 1z — fivn, — mp =)
Up,; — Up,
= <Z_uni7flz_f1uni>+<Z_uniafluni _flvni>_<z_uan>
Un, — Un,
Z <Z_um7f1um_flvni>_<z_unia%>~

Noting that f; is Lipschitz continuous, we obtain (z — z*,w) > 0. Since B is maximal
monotone, we have z* € B~1(0), and so x* € VI(f,C).

Furthermore, since ||u,, — y,|| — 0, and A is continuous, we conclude that Ay, converges
weakly to Az*. Thus, by and the fact that Py(I — pf2) is nonexpansive, we have

from Lemma [2.3.19| that * = Po(I — pfa)z*.
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Thus 2* € VI(f>, Q).
We next prove that {z,}, {u,}, {w,} and {y,} converge strongly to g.

From([7.15)), we get

| Tns1 — QHZ < ug — Q||2
< llyn —al?
< lwn — gff?
= H(l - O‘n)(mn - Q) - an<p - u)”2
= (1 —aw)?llzn — ql* + &2llg — ul®
=20, (1 — o) (@0 — ¢, ¢ — )
< (1 —an)llzn — gl + anlomllg — ull?

—2(1 — o) (@0 — ¢, — ). (7.29)
Clearly, Choose subsequence {z,,} of {z,} such that

limsup(z, — ¢,u — q) = lim (z,, — ¢,u — q),
n—00 1—00

Since x,, — ¢ then it follows from Proposition2.1.3

lim Sup<xn —q,u— q> = hm <xnj —q,u— q>
n—00 =00
= (" —qu—q) <0. (7.30)

Thus,
an|lpll? = 2(1 — an)(zn —q,g —u) = 0 n — oo,

and applying Lemma [2.3.12] to ([7.29)), we obtain that {z, } converges strongly to g.

Case 2. Assume that {||z, — p||} is not a monotonically decreasing sequence. Set I',, =
|z, — pl|*> and let n : N — N be a mapping for all n > ng (for some ng large enough)

nn) :=max{k e N: k <n, T\ <Tpu}
Clearly, n is a nondecreasing sequence such that n(n) — oo as n — oo and
Loy < T+ for n > ny.
It follows from ((7.16) that
0 < lzgur — 2lI* = 12y — 2l
< Nlzgm) = Il = [[2nm) = 2l + e zqm| P = 20mm) (@nm) — 2, Tym))
V(AN + (A = DIT Awyny — Awnn)|* + By (Byny + £ = DS unny — I
YN = 1) = ANAIPHT Awyny = Awyo I* = Boy By + £ = DIStyn) = wnwy[I* < ety M — 0.

Hence,
[ttn(ny — Stin@myll = 0,
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and
||TAw,7(n) — Awn(n)H — 0.

By using the same argument as in case 1, we get that there exists a subsequence of {z, )}
also denoted as {x,,)} which converges weakly to z* and

lim Sup<x7'(n) —q,u— Q> <0.

n—oo

Now for all n > ny,

0 < |logmyr — all* = 2o — al?
< gy [anmllg = ull* = 2(1 = ) ) (@) — @50 — 1) = l|2ge) — pII°];

1.e.
[Znm) = PI* < anmllg = ull® = 2(1 = ay@) (Tym) — ¢,¢ — u) — 0.
Hence,
nlglgo ||xn(n) - QH = 0.
Therefore,
i T =l T2 =0

Furthermore, for n > ny, it is easily observed that I'yy < I'ymy+1 if n # n(n) (that is
n(n) < n) because I'; > T'j 44 for n(n) +1 < j < n. Consequently for all n > ny,

0 < T, <max{lym), [ymy+1} = D)1

So, imI',, = 0, that is {z,} as well as {y,}, {u,} and {w,} converges strongly to g¢.
n—oo
[

Corollary 7.1.2. Let Hy and Hy be real Hilbert spaces and A : Hi — Hy be a bounded
linear operator. Let S : Hy — Hy and T : Hy — Hs be k-strictly pseudocontractive and
A-strictly pseudocontractive mappings respectively,with C = F(S) # () and Q = F(T) # (.
Let fy : Hi — H; be p-inverse strongly monotone mapping and fo : Hy — Hsy be v-
inverse strongly monotone mapping. Assume that Qspy # 0 and suppose {a,} and {B,}
are sequences in (0,1), v > 0,7 > 0 real numbers and the following conditions are satisfied:
(1) Bn € (a, (1 — K)) for some a > 0,

(2) lim 0, = 0, g 0 = 00,

1-\
(3) v €0, 77m )-
( 1A] )
Then the sequence {x,} generated by

Lo, U - Hl,
wp = (1 — ap)z, + anu,
Yn = wyp + yA(T — 1) Aw,, (7.31)

un = Po(l — pfi)(yn + TA (Po(I — pf2) — I)Ayn),
Tpr1 = (1 = Bn)un + BnSun, n >0,

converges strongly to a point ¢ = Po,,, where 0 < p < p,v and 7 € (0, %), L 1s the spectral
radius of the operator AA* and A* is the adjoint of A.
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Corollary 7.1.3. Let H; and Hy be real Hilbert spaces and A : Hi — Hy be a bounded
linear operator. Let S : Hy — Hy and T : Hy — Hs be nonexpansive mappings, with C' =
F(S)# 0 and Q = F(T) # 0. Let f1 : HA — Hy be p-inverse strongly monotone mapping
and fo : Hy — Hy be v-inverse strongly monotone mapping. Assume that Qg # 0 and
suppose {ay, } and {5, } are sequences in (0,1), v > 0,7 > 0 real numbers and the following
conditions are satisfied:

(1) B, € (a,1) for some a > 0,

(2) nlig)loozn =0, Y2 o, =00,

(3) 7 € (O,W).

Then the sequence {x,} generated by

xo,u € Hy,
wy, = (1 — ap)z, + anu,
Yn = Wy + yA(T — 1) Aw,, (7.32)

Up = PC(I - pfl)(yn + TA*(PQ([ - pr) - [)Ayn>7
Tnt+1 = (1 - ﬁn)un + ﬁnsunu n > Oa

converges strongly to a point ¢ = Pag,,, where 0 < p < p,v and 7 € (0, %), L 1s the spectral
radius of the operator AA* and A* is the adjoint of A.

7.2 Strong convergence of regularized algorithm for
minimizing sum of two functions in Hilbert spaces

Definition 7.2.1. Let h be a proper, convex and lower semicontinuous function on a real
Hilbert space H. The prozimal map associated with A is the function prox, : H — H
defined by

1
o = in [h ~||z —yl|*].
prox; () = argmin | h(y) + 5l ~ ]
The proximal map defined in Definition [7.2.1] is uniquely defined and generalizes the
projection on a closed convex set to convex functions.

Let f and g be two convex and lower semi continuous functions from H to RU{+oo} such
that f is differentiable with L—Lipschitz continuous gradient, and ¢ is ”"simple” meaning
that its ”proximal map”

: ||z — yl|?
% -
z = argmin g(y) + o

can easily be computed. In this section, we shall consider the following minimization
problem

min F'(z) := min[f(z) + g(2)] (7.33)

and assume that this problem has at least a solution. Let the set of solutions of ([7.33)) be
denoted by I',,.
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The proximal-gradient method (see, for example, [79, [167]) have been employed in solving
(7.33]) with a sequence {x,} generated by the algorithm: for an initial x; € H,

T+l = (pI"OX%g o (Il =V f))n, (7.34)

where Vf is the gradient of f, and {~,} is a sequence of positive real numbers. If T',, # ()
and the following conditions are satisfied

IVf(z) =Vl < Lllz—yll, =yeH (7.35)
and
o . 2
0 < liminf~, <limsup~y, < —, (7.36)
n—00 n—00 L

then the sequence {z,}, (see, [T9, 232]) converges weakly to a point in I',,. The proximal
gradient algorithm can also be interpreted as a fixed point iteration. It is well known that
a point z* € H is a solution to the problem (7.33), that is, z* is a minimizer f(z) + g(z),
if and only if 0 € Vf(2*) 4+ dg(z*). For any v > 0 this optimality condition holds if and
only if the following equivalent statements hold:

0 € Vf(@") +~0g(z7)
0 € AVf(z") —a" + 2" +~v0g(z")
(I+409)(") € (I—VN)()
F o= (I 4+709) (I =V (")
r* = prox, (2" =V f(z")). (7.37)

The last two expressions hold with equality because the proximal operator is single-valued.
The final statement says that z* minimizes f 4 ¢ if and only if it is a fixed point of
the Forward-Backward operator (I + dg)~'(I — vV f). The proximal gradient method
repeatedly applies this operator to obtain a fixed point and thus a solution to the original
problem. The condition vy € (0, %], where L is the Lipschitz constant of V f guarantees
that the Forward-Backward operator is averaged and thus that the iteration converges to
a fixed point (when one exists).

Many authors have studied Problem using different iterative algorithms. Among
these algorithms that have been applied to problem is the proximal splitting algo-
rithm, which performs alternating descents in f and in g and is frequently used because
of it simplicity and relatively small per-iteration complexity. Other algorithms that have
been used to study problem (|7.33), include but not limited to; the Forward-Backward
[143], the Douglas-Rachford splitting [89], and the alternating direction method of multi-
pliers (ADMM). Problem has wide applications in many imaging problems such as
denoising, inpainting, deconvolution and colour transfer. For more details on the recent
algorithms for solving Problem and its applications, kindly see [61], [78], [79].

Recently, Chambolle and Dossal [61] studied problem using the Fast Iterative Soft
Thresholding Algorithm(FISTA), which is an accelerated variant of the Forward-Backward
algorithm proposed by Beck and Teboulle [20]. As a passing comment, the Forward-
Backward algorithm of Beck and Teboulle [20] was built upon the ideas of Nesterov [166]
and Guler [97]. So, in [61], Chambolle and Dossal proved the following convergence result.
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Theorem 7.2.1. ([61]) Let a > 2 be a positive real number, and for all n € N, let t, =
-1
M. Then the sequence {x,},{yn} and {u,}, generated for vy € H by y; = u; = x;

a
and for alln > 2

Ty = T(yn—1>7
1 1
Yn = (L= ——)&n + —Un, (7.38)
tn—l—l tn+1

or

Ty = T(ynfl%

tp — 1 ‘
Yn = Tp + p(Tp — Tp1), Qp := (7.39)

, n>2,

tn+1

converges weakly to a minimizer of F, where T'x := prox_ (v — vV f(1)).

Using the result of Hundal [108], Xu [233] constructed an example to show that the iter-
ative scheme (7.34)), in general, has weak convergence only, unless the underlying Hilbert
space is finite-dimensional. Therefore, it is of interest to obtain strong convergence result

for solving ([7.33]) by modifying ((7.34) appropriately.

Theorem 7.2.2. Let H be a real Hilbert space and f and g be two convex, lower semi-
continuous functions from H to R U {400} such that f is differentiable with Lipschitz
continuous gradient, and g is simple, be such that I'j;; denotes the set of solution of
and Tyrp # 0. Let {v,} denote a nonnegative real sequence and L is the Lipschitz
constant of V f. Let the sequence {x,} be generated for initial x1 € H and a fized but
arbitrary w € H by

{ Yn = QU + (1 - &n)xna (740)

Tnt1 = (1= Bp)yn + BnprOX%g(yn — ¥V fYn)), n=>1

where {a, },{B,} and {~,} are non-negative sequences that satisfy the following conditions:
(H1) 0 < liminff, < limsupg, < 1;

n—oo n—00
(H2) lim o, = 0;

n—oo
(H3) anl Qn = OO,
(H4) o 5 =0,
1
(H5) 0 < liminf~, < limsupy, < —.
n—oo

L
n—oo
Then {x,} converges strongly to q :== Pr,,,u, where Pr,,, is the metric projection from H

onto I'ysr.

Proof. First we show that the sequence {x,} given by (7.40)) is bounded.
Let ¢ = Pr,,,u. Since prox, ,(I—7,Vf), foralln > 1,is averaged and hence nonexpansive,
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then for any x in the domain of prox, (I —7,Vf)

lprox, ,(I =1V )z —ql* < [z —q|?
= (prox, (I =%V f)z —q,prox, ,(I =vVf)lr—q < (z—qx—prox, ([ —-7Vf)r)
+(z — g, prox, (I =V f)z —q)
= (prox,, (I =7,V f)r —q,prox, ,(I —vVf)r—x) < (x—q,z—prox, (I —7Vf)r)
= (prox, (I =7,V f)r —z,prox, (I —Vf)r—x) < (v—q,2—prox, (I —7Vf)r)
+(x —q,x — prox, (I =7, Vf)z)
= ||z — prox, ,(I =V )zl < 2(x—qx—prox, (I — 7,V [)z).

Therefore, from ([7.40)),

znsr —all? = [ — @) = Bu(yn — Prox,, o (4n — 1V f (yu))|
= yn — all® + B2y — prox,, o (yn — 1V f (ya))|I?
=268 (Yn — ¢ Yn — ProxX,, (Y — WMV [ (yn)))
Ny — al* = Ba(1 = Ba)|[yn — Prox., ,(yn — WV f(ya))||>. (7.41)

IN

But, )
prox., ,(Yn — VI (¥n)) = Yn = B—(%'nﬂ ~ Yn)-

Therefore, from ([7.41]) we have,

1
e = all* < llyn — gl - 7, (L= Bo)lln = Yol (7.42)

Using condition (H1) and (7.40)) in the last inequality (7.42]), we get

e —all < [y —al
< auflu— gl + (1= an)le. —
< max { |l =l Ju— gl |

< max {Hl'l —qll; llu - QH}’

which shows that {z,} is bounded.

Observe from ([7.40]) that
1
[prox,, o (yn = 1V f(¥a)) = yul® = [l 2= (2ns1 — ya)lI”

n

1
= @Hxnﬂ - ?Jn||2

_ %(—”xnz ;y””2>. (7.43)

173



Using Lemma in (7.40) (noting that a, € (0,1)), we have

lom (u = q) + (1 = an) (0 — @)|?

O‘?@HU - QHQ + 20, (1 — an)(“ —q, Ty — Q> + (1 — an)QH'%n - QHQ
apllu— gl + 200 (1 — an)(u — ¢, 20 — q) + (1 — o) |0 — g
alllu— ql* = 20, (1 — ) (u — ¢, q — z4) + (1 — a) |2, — q]|*. (7.44)

Using ((7.44) in (7.42]), we obtain

lznir —all* < anllu—ql® = 200 (1 — an)(u — q,q — z)

1y — gl

IN

(1= anllen =gl = 5-(1= B)llow =
= (1= an)llzn =l = an( = anllu = gl +2(1 = an)(u — g.q — )

(U= Al — ) (7.45)
Let

Lp = —agpflu—q|*+2(1 - an)(u—q,q — )

g (U= Bl —wall?, n> 1 (7.46)

Then becomes

lenss — all* < (1 — @) len — gl — auTs. (7.47)

We know that {z,} is bounded and so it is bounded below. Hence, I, is bounded below.
Furthermore, using Lemma [2.3.20| and condition (H3) in ((7.47)), we have

limsupl||z, — ¢||> < limsup(-T,)

n—oo n—oo

= —liminfl,. (7.48)

n—oo

Therefore, liminf T, is a finite real number and by condition (H2), we have from ([7.46))

n—oo
that
1

5 (= Bl = alP).

Since {z,} is bounded, there exists a subsequence {z,, } of {z,} such that z,, — z* € H
and

liminf '), = liminf(Q(u —q,q— Tp) +

n—o0 n—o0

1

A, Bnk

liminf T, = lim (2<u —q,q— )+

n— 00 k—o0

(= Bu) e = g |F). (749)

Since {z,} is bounded and lim inf I, is finite, we have that - lﬂ (1= B )T 11 — Yn, |2
NN

n—o0

is bounded. Also, by condition (H1), we have that there exists b € (0,1) such that
B, < b < 1 and this implies that ——5-(1 — f,) > ;=5-(1 —b) > 0 and so we have that

nfn
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a5 a1 — Yn, [|* is bounded. Therefore, we obtain from (7.43) using condition (H2)
T P
that

HprOX'ynkg(ynk - ’Ynkvf(ynk)) - y”k” - 07 k — oo.

Similarly from ((7.40)), we have

||l‘nk+1 - ynk” = ﬁnkarOX'ynkg(ynk - /ynkvf(ynk)) - ynk” — 07 k — oo (750)
and
||ynk - 'Tnk” - ank”” - xnk“ — 07 k — oo.
Hence,
[Zn41 = Tog | < N[ @n41 = Y| + Wi — @ [l = 0,k — o0

Observe that y,, — z* € H, k — oo since y,, — z,, — 0, k — oo and z,, — 2" €
H, k — oo. By condition (H5), we have that v, > 6 >0, ¥n > 1 and by Lemma [2.3.21]
we get that

|IProxsy (Yn, = OV f (Yn,)) — Yne |
< 2||prOX'ynkg(ynk - ,ynkvf(ynk)) - ynk” — Oa k — oo. (751)

Using Lemma (demiclosedness principle) in ([7.51)), we have that 2* € I'y;;. Now, we
obtain from ([7.49)) and ((7.50) that
1

liminfT, = lim (20— q,q — 20} + ———
< k> ankﬁnk

n—00 k—o0

(1= Bu)llny 1 = v ?)
= 2(u—q,q—2x%) >0. (7.52)
Then, we have from ([7.48)) that

lim sup||z, — ¢||* < —liminfT,, < 0.
n—oo

n—oo
Therefore, lim ||z, — ¢|| = 0 and this implies that {z,} converges strongly to ¢. This
n—oo
completes the proof. [

7.2.1 Applications

1. Application to split feasibility problems
Let C be closed convex subset of a Hilbert space. Recall that the indicator function
on (' is the function i¢, defined as

io(z) == { 0, =€l (7.53)

oo, otherwise.
It is well known that the proximal mapping of i¢ is the metric projection on C i.e,
prox,, () = argmin [lu— 1
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Let Hy; and H, be Hilbert spaces. Let A : H; — Hs be a bounded linear operator
and A* the adjoint of A. Let Py be the projection of Hy onto nonempty, closed
and convex subset Q. Define f : Hy — R* by f(z) := }||Az — PoAz|[*. Obviously
f is continuous and the gradient of f which is given as V f(x) = A*(I — Py)Ax is
Lipschitz with Lipschitz constant L = [|A||>. Therefore, from Theorem [7.2.2] we

obtain the following theorem for solving split feasibility problems:

Theorem 7.2.3. Let H; and Hy be Hilbert spaces. Let A : Hy — Hy be a bounded

linear operator and A* the adjoint of A. Let C' and @ be nonempty closed convex

subsets of Hy and Hy respectively, and g(z) = ic(z) and f(z) = i||Az — PoAz||>.
1

Let 7y, denote a nonnegative real sequence such that , € (0, W).Let U= {z e

C:Ax e Q} #0. Let the sequence {x,} be generated for initial x1 € Hy and a fixed

but arbitrary u € Hy by

{ Yn = au+ (1 — ap)n, (7.54)
xn+1 = (1 - Bn)yn + ﬁnPC(yn - PYnA*(I - PQ)Ayn)a n 2 1

where {a, } and {B,} are non-negative sequences that satisfy the following conditions:
(H1) 0 < liminfg, <limsupf, < 1;
n—oo

n— oo
(H2) lim o, = 0;
n—oo

(H3) anl ay, = 00;
(H4) lim B2 = 0;

1
Al S
Then {x,} converges strongly to q := Pyu, where Py is the metric projection from
H, onto U.

(H5) 0 < liminf, . 7y, < limsup,,_,., ¥ <

. Application to LASSO problem
The [;-norm regularized least squares model is

) 1
mmmeRnﬁHAaﬁ—bH%—i—)\Hle, (7.55)

where A € R™*" is a given matrix, b is a given vector and A a positive scalar. Let
T be the solution set of .

The concept of [; regularization has been studied for many years. The least squares
problem with [; penalty was presented and popularized independently under names;
Least Absolute Selection and Shrinkage Operator (LASSO)[238], and Basis Pursuit
Denoising [135].

The interest in compressed sensing, is in recovering a solution x to an undetermined
system of linear equations Ax = b in the case where n > m. It is known from linear
algebra that this linear system either does not exist or is not unique when the number
of unknowns is greater than the number of equations. The system is usually solved
by finding the minimum [5-norm solution, also known as linear least squares. If x is
sparse, as is usually the case in applications, then x can be recovered by computing
the above [1-norm regularized least squares model . This ([7.55)) model is most
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often referred to as LASSO. The LASSO problem can be cast as a second order cone
programming and solve by standard general algorithms like an interior point method
[21], but the computational complexity of such traditional methods is too high to
handle large-scale data encountered in many real applications.

Two notable algorithms that take advantage of special structure of LASSO problems
are iterative shrinkage thresholding algorithm (ISTA) and its accelerated version fast
iterative shrinkage thresholding algorithm (FISTA). The computation of ISTA, which
is also known as the proximal gradient method, only involves matrix and vector mul-
tiplication,and w has great advantage over standard convex algorithms by avoiding a
matrix factorization [I71]. Beck and Teboulle [20] put forward an accelerated ISTA
named as FISTA, in which a relaxation parameter is chosen. Meanwhile, Nestrov
[166] had earlier developed a similar algorithm to Fista. These two algorithms are
designed for solving problems containing convex differentiable objectives combined
with an [; regularization terms as the following problem:

min{f(z) + g(x) : z € R"}, (7.56)
where f is a smooth convex function and ¢ is continuous function but possibly
nonsmooth Clearly, LASSO problem is a special case of ([7.56|), formulation with
f(z) = 3||[Az — b|]*>, g(z) = A||z|:. Its gradient Vf = AT Az — ATb is Lipschitz
contmuous with constant L(f) = ||ATA||. The proximal map with g(x) = \||z||;
is given as prox,(z) = argmin, Al[z||; + §||u — z||3, which is separable in indices.

Each i coordinate can be optimized separately and the i** coordinate is given by
prox, (v)i = sgn(x;)[|Zi|—minfje;|s A}- That is

T — A, T > A,
0, || < A, (7.57)

Thus we get from Theorem the following theorem for solving Lasso problem.

Theorem 7.2.4. Let H be a real Hilbert space and f and g from H to R such that
f(z) = 3||Az = b|?, g(x) = A||z||. Let v, denote a nonnegative real sequence such

that ~, € (0 ) and let T # 0. Let the sequence {x,} be generated for initial

1
[|ATA]] .
x1 € H and a fixed but arbitrary v € H by

{ Un = i+ (1 — )2y,

Tnt1 = (1 = Bn)yn + Bnproxyng(yn — 1V fYn), n=>1,
where {a, } and {B,} are non-negative sequences that satisfy the following conditions:
(H1) 0 < hmmfﬂn < limsuppg, < 1;

n—o0
(H2) nh_)ngoan =0,

(H3) Zn>1 Qp = OO,
(H4) hm ==

(7.58)

1
H5)0 < llmlnf n < lim supy, .
(H5) <SP < T

Then {a:n} converges strongly to q := Pyu, where Py is the metric projection from
H onto Y.
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7.2.2 Numerical example

In this section, we present some numerical example to illustrate the performance of our
algorithm. We consider the linear inverse problem as our test problem.

Example 7.2.5. Let H; = Ly([a, f]) = H and we give a numerical example in (Lo ([ev, 8]), ||-]|1,)
of the problem considered in Theorem [7.2.3| in this section. Now take

C:={z € Ly([a, ]) : {a,z) < b},
where 0 # a € Ly([o, 8]) and b € R, then (see [50])

Pc(x)Z{ Talata, (o) >

|
z, (a,x) <.

Let
Q =A{z € Lo([a, B]) : ||z — dl|, <7}
be a closed ball centered at d € Ly([e, 5]) with radius r > 0, then

{ d+ =g ZH,xgéQ

Pole) =14 reQ.

Now, suppose .
O = {x € Ly([0,27]) - / 2(t)dt < 1}
and
Q={reLy(.2n]) /O (1) — sin(®)%dt < 16

and A : L*([0,27]) — L*([0,27]), (Ax)(s) = z(s), Vz € L*([0,2n]). Then (A*z)(s) =
x(s) and ||A|| = 1. Let us consider the following problem:

find z* € C' such that Az" € Q. (7.59)

Observe that the set of solutions of problem is non-empty (since z(t) =0, a.e. isin
the set of solutions). Since there are steering sequences {a,}, {8,} and {7,} to be chosen
in our iterative scheme , we shall investigate the influence of the different sequences
using numerical example. Take oy, = —5, Vn > 1 and x(t) = u = sin(t), t € [0,27].

Then our iterative scheme ([7.54}) becomes

{ Yn = g sin(t) + (1 — 39) 2, (7.60)
Tpt1 = (1 - ﬁn)yn + BnPC’((l - '7n)yn + ’YnPQ(yn))7 n =1, .

where

sint 4 4——tn=sint__ ",
Pqo(yn(t)) = { SIE lm () s 2t 7 (1) ¢Q

yn(t), yn(t) € Q
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and

o= RO ), wa(t) ¢ C
PC( n(t)) - { wn(t) ( ) c C

with w, (1) == (1 = %) yn(t) + 1 Po(yn(t)).

We investigate the influence of the sequences {f,} C (0,1) and {v,} C (0,00) on the
iterative scheme (7.60)) by choosing different 3, € (0,1) and v, € (0, 1= ).

With our choice of a,, = HLH, Vn > 1, we consider and study these cases:
(1) Take B, := 5 and Y = 812,

(2) Take 8, := 505 and v, = 87r2—n+1,

(3) Take 3, := 35 and 7, == m,

(4) Take 8, := g7 and v, == 555

(5) Take 8, := 525 and v, == 557

The Mathlab version used is R2014a and the different tolerance levels € with the execution
times are as follows:

2

case 1, e = 1077), execution time is 8.232 seconds.

3

case 1, e = 1077) , execution time 35.486 seconds.

2

case 2, ¢ = 1077), execution time is 9.2525 seconds.

3

case 2, ¢ = 107°) , execution time 42.0306 seconds.

2

case 3, ¢ = 107°), execution time is 8.9618 seconds.

2

case 4, ¢ = 1077), execution time is 7.3688 seconds.

3

case 4, ¢ = 107°) , execution time 52.9123 seconds.

2

case b, ¢ = 1077), execution time is 9.983 seconds.

( )
( )
( )
( )
( )
6. (case 3, e = 1073) | execution time 53.9514 seconds.
( )
( )
( )
( %)

10. (case 5, e = 1077) , execution time 45.835 seconds.
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Figure 7.1: Errors: Case (1), e = 1072 (left; 8.2324sec), e = 1073 (right; 35.4863sec).
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Figure 7.2: Errors: Case (2), e = 1072 (left; 9.2525sec), € = 1072 (right; 42.0306sec).
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Figure 7.3: Errors: Case (3), e = 1072 (left; 8.9618sec), e = 1073 (right; 53.9514sec).
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Figure 7.4: Errors: Case (4), e = 1072 (left; 7.3688sec), e = 1073 (right; 52.9123sec).
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Figure 7.5: Errors: Case (5), e = 1072 (left; 9.9838sec), e = 1073 (right; 45.8356sec).
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Chapter 8

Contribution to Knowledge and Area
of Future Research

In this chapter, we give the summary of the results obtained in this work which serve as
our contribution to knowledge. Also, possible areas of future research are also identified
and discussed.

8.1 Contribution to knowledge

We now highlight our contributions in this work.

Takahashi et al.[217] stated and proved weak convergence results for solving for
nonexpansive mappings while in section 3.2, we presented a strong convergence theorem
for solving for demicontractive mappings. Thus, the result of section 3.2 is an
improvement on the two results of [217].

Furthermore, the result of section 3.3 extends results on MSFP from the frame work
of real Hilbert spaces to p-uniformly Banach spaces which are also uniformly smooth.

In [46], a weak convergence result was obtained for split feasibility problems in real Hilbert
spaces, while in section 3.4, we obtained a strong convergence result for split feasibility
problems and fixed point problems for right Bregman strongly nonexpansive mappings
in p-uniformly convex real Banach spaces which are also uniformly smooth. Hence, our
result improve and extend the results of Byrne [46] and more applicable than the results
of Schopfer et.al. [201] and Wang [222].

In [246], Zegeye and Shahzad proved strong convergence result for a common fixed point
of a finite family of right Bregman strongly nonexpansive mappings in the framework
of real reflexive Banach spaces, while in the result of section 3.4, we obtained strong
convergence result for approximation of a common solution of split feasibility problem and
fixed point problem for a finite family of right Bregman strongly nonexpansive mappings
p-uniformly convex real Banach spaces which are also uniformly smooth (see Corollary
. Therefore, our result complements the result of Zegeye and Shahzad [246] in p-
uniformly convex real Banach spaces which are also uniformly smooth.
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In chapter four, we gave an iterative algorithm for finding a common fixed point of an
infinite family of left Bregman strongly nonexpansive mappings, a common solution of a
finite system of generalised mixed equilibrium problems and a finite system of variational
inclusion problems in real reflexive Banach spaces. A strong convergence result was stated
and proved using the iterative scheme. The result of chapter six complements some con-
vergence results on equilibrium and variational inclusion problems for example [4] and
[71].

The result of Bnouhachem [24] and other related results on split equilibrium in literature
depend on the prior knowledge of the operator norm. But J. M. Hendrickx and A. Ole-
shevsky [L06] observed that when p = oo or p = 1 the p-matrix norm is the largest of the
row/column sums, and thus may be easily computed exactly. When p = 2, this problem
reduces to computing an eigenvalue of AT A and thus can be solved in polynomial time in
n, log% and the bit-size of the entries of A.

J. M. Hendrickx and A. Oleshevsky [106] further stated and proved the following theorem:

Theorem 8.1.1. (J. M. Hendrickz and A. Oleshevsky [106]) Fiz a rational p € [1,00)
with p # 1,2. Unless P = NP, there is no algorithm which, given input € and a matrix
M with entries in {—1,0,1}, computes ||M]||, to relative accuracy €, in time which is
polynomial in €' and the dimensions of the matriz.

The result of Theore shows that sometimes it is very difficult if not impossible to
calculate or even estimate the operator norm.

In section 5.2, we introduce an iterative scheme which does not require any knowledge of
the operator norm and obtain a strong convergence theorem for approximating solution
of split generalised mixed equilibrium problem which also solves a fixed point problem for
r-strctly pseudocontractive mapping. Thus overcoming the set back of having to estimate
the operator norm which sometimes is a big task.

In section 5.3, we gave a strong convergence theorem for split equality generalised mixed
equilibrium problem in p-uniformly Banach space which is uniformly smooth. This is an
improvement as previous results on split equality generalised mixed equilibrium were all
in the frame work of Hilbert spaces.

Byrne et al [47], Kazmi and Rizvi [I120] and Wen and Chen [228] obtained convergence
results for solving SVIP — in the frame work of real Hilbert spaces but in section
6.2, we obtained a strong convergence result for approximating a solution of the split
variational inclusion problem - in p-uniformly convex real Banach spaces that
are also uniformly smooth, which is an extension of the works of Byrne et al [47], Kazmi
and Rizvi [I120] and Wen and Chen [228] from Hilbert spaces to p-uniformly convex real
Banach spaces which are also uniformly smooth.

Shehu and Ogbuisi [210] obtained a strong convergence result for approximating a solution
of SMVIP — which is also a solution of a fixed point problem for single valued
strictly pseudocontractive mapping. In section 6.3, we presented a strong convergence
result for approximating a solution of SMVIP — which is also a common solution
of fixed point problems for two multivalued strictly pseudocontractive type mappings.
Thus the result of section 6.2 extends the result of Shehu and Ogbuisi [210] from single
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valued to multivalued strictly pseudocontractive type mapping.

In section 6.4, we present a general algorithm which does not require prior knowledge of
the operator norm for solving split monotone variational inclusion problem, fixed point
problem for a finite family of strictly pseudocontractive mappings and certain variational
inequality problem. The result of this Section 6.4 improve on the results of Shehu and
Ogbuisi [210] and Deepho et. al [87] as follows:

1. The results of Shehu and Ogbuisi [210] and Deepho et. al [87] both require the
knowledge of the operator norm while the result of Section 6.4 does not require any
knowledge of the operator norm.

2. The result of Deepho et. al [87] took f; and f, to be identically zero but the result
of Section 6.4 does not require f; and f5 to be necessarily zero.

3. The result of this section solve a variational inequality problem while the result
of Shehu and Ogbuisi [210] did not do so. Furthermore, the split equality mono-
tone variational inclusion studied in Section 6.5 is a obvious generalisation of the
SMVIP —. Therefore, result of Section 6.5 generalises the result of Shehu
and Ogbuisi [210] and other similar results on split monotone variational inclusion
problems.

In 2015, Ansari et al. [11] gave a method for finding a fixed point of a nonexpansive
operator and a solution of SHVIP (7.1)-(7.2]), stated and proved a weak convergence
result but in Section 7.1, we stated and proved a strong convergence result for solving

SHVIP (|7.1)-(7.2)) and split fixed point problem for demicontractive mappings. Therefore
our result in Section 7.1 extends and complements the result of Ansari et al. [11].

In Section 7.2, we improve the existing weak convergence result for solving using
a combination of relaxation and viscosity terms and obtain strong convergence result.
Secondly, we give a more simpler alternative proof to solving without recourse to
two cases method of proof studied by other authors (see, for example, Wang and Xu [224])
for solving . Our method of proof here is shorter, easier to read and less technical.
We also give some applications of our results and give some numerical example to illustrate
the performance of our algorithm.

8.2 Area for future research

The result of section 6.2 give a strong convergence theorem for approximating solution
of the split variational inclusion problem —, i.e the split variational inclusion
problem — with fi = fo = 0 in p-uniformly convex real Banach spaces which
are also uniformly smooth. It will also be interesting to consider the result of Shehu and
Ogbuisi [210] which gave an iterative algorithm and a strong convergence theorem for
approximating solution of split monotone variational inclusion problem — with
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f1 and fy not necessarily 0, with a view to extend the result from real Hilbert space to
p-uniformly convex real Banach spaces which are also uniformly smooth.

In section 7.2, we propose a proximal algorithm based on the Forward-Backward algorithm
with relaxation and a viscosity term which ensure the strong convergence of the iterates of
the algorithm in real Hilbert spaces. In implementing our result in this section, one needs
to compute or obtain an estimate of the Lipschitz constant of V f. This is a draw back
since computing the Lipschitz constant of V f may be difficult for certain functions f in
application. In the future, we shall try to get rid of this strong condition and still obtain
strong convergence result which will improve the results of this Section 7.2.

Furthermore, part of our future research is to present accelerated Forward-Backward al-
gorithm with relaxation and a viscosity term and obtain strong convergence result in
real Hilbert spaces. This will improve the result of Chambolle and Dossal [61], which is

Theorem [7.2.1]
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